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Summary. --- iTe main results dlerived 1)i*v E. Wir.i aiild 1'. IiMOAX, re-
IatIing to thle proipaga tion iiif sevoiiri -order ci rrela tionsq ini elpet ronagreietI
fields are generalizedl to the (ase- oif a noti-statiuiari rv fiedi Iiort aining vitr-

renit, anti oharges. rihe timsii' differeuntial equl ivinms rel~hitog t ie( correla.

tioirs are dcuriveil. r'itey fall iritii two griiuips. onie of wIiiill cortaiiis onily

differential ellinat imir 'if thle first order. hoit jinvolves ierilaiii pa~ramleters
that seeml ilillietilt to Is. dletermiinedl CelirimrenirallY. When thlese quiantities

tire elimniiateud a seciond set if eq niatiokis is oiltaiiieil, Equiationirs of t his
set aire of a lilrhier orider but heY rioitaiu ii tl 'v the' elei-vt ti :irid thle Ilag-

nietit vojeeitlitirii tplim'fs anid a Ie;is'ir phnaraqereri7.ilig thle iioie-latiiol inl
th el p tie i-el I -11'ri e l-er s.

1. -Introduction.

In se*verail papers putidlished inl recent yea rs 0".) at unified foirmulatioin of

the theory i 4 partial I oherr'nce w id pirt ial po la ri -a:iooii wos oblaii neil, for sta-I
tiona~fry elettri inninet ic tiplils ill Vilci co. Ill#-' rhief I ii:1vi h t n ;i Wj ONl ill

thlis thIeory are pertaiin correla t ion t en sors w lii hi leserii le t he cro s,-vitrrehatIion

(*) The researvhil dscrjibedill t his pa per was suippio'trih blie 1ii.A. .% ir- Voiii inliler
eiit raet rrionijtirel liv flie # 4 'tiler' of .er~tirsace lHesearcil -. of thle Air l'irve I Wtivie

iE. IV rf N nwor I im i-n,#, 12, Ms4 I19141
WflK Iirt- Vo ifrtlibit iiin ill I'ris.Sq;io'i 'opi A4iiwfoii, f)pjdo* (A.Iiist er ela ill.

19.56,4 i 177.
0)I. andl F. Wir N .iore Vinmi-nlii 17. 462 ( 1900). We Anill r 'er tio

referenceo (1) as paper 1. Fiirtiliiae friitr this pal' %% i ~Ill II le 414iolr i I Ii hut el.
(0) V, lti~rf %, il an . NVory,: Niinr:, "intenid, 17. 477 ( l9W).i
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EQU.ATION'•GOVERNINI TIle PROPAGATION OF A(ECOND-ORI)ER COfUZLATION1 F.TC. [329]

functions of the electromag•etic field at any two points in the field. These

correlations tensors were found to he rigorously connected by a set of partial

linear dif'ereitial equations. From these equations a number of eonservation

laws were derived. Some applications of the theory were described in refe-

rence (') and (4).

More recently Rom..•N (7) extended the theory to take into account the
presence of random charges and currents and he suggested possible application

of the theory to the study of propagation of electromagnetic fields in plasmas.

Another possible application of the theory may well be in studies of the pro-

perties of the electromagnetic field grenerated by an optical maser. For the

purpose of these and other appliications (e.g. the analysis of transient pheno-

Miena). it is, however. desirahle to extend the theory to electromaignetie fields
that are, not necessarily stationary. It is the purpose of the present paper to

derive the ha.,ie dil'erPnti'il equations relating to fields of this type.

In e4-ction 2 the detinition of the basic correlation fun,,tions is extended

tIo non-stationary ele'Itr•Iniagnetie fields containing charges and currents. In
Section 3 a set of partial dillerential equations governing the propagation of
Ohse qii;mntities in vac.io is (ierived. These equations are aw in linear partial

dilfferential e-quations of the first order but they include eertain quantities that

a plm-r to lm- difticuIlt to de.lermine exiperinmenta-Ily. Theae quantities are eli-

miinadiu in .•e'tion 4 mid one is led to linear partial differential equations of

highlir orn Irs whiou., however, involve only the bassie correlation tensors of

the theory.

2. - The defining equations.

Let E,ix. t) and l1,(x. 1) (j 1. 2. 3) he the analytic signals (1) associated
with tle (Cart•,si an eoi|iponentts of the u•'lectrie and magnetie field vectors at
a tIvpic.al 11,hdl plit lt'X) at tin i. . WeVu defi ne the field rorrelrhtiopu timsors fo r

tlti' iion-station1irY vnse, lhY the relatiions

*.',j (xI. x_. T1. r,) . IE,(x,. t r,) 1l(z,, I- rS)
3',. (X,. X1., T1. 72) El, (X, T 1,(, " f T.

(X ,.T 2 1,(I . T') 'E', (X", t .•r)

(3) F.. %V .m : .V ,,, C' im,,enin, 13. 1#;.-; (0959).
(') G;. H. |PAIRIYE'T :1i141 1'. Num-I'• . C' iotr pt i ntt. MS 3711 (19M1l).

C7) 1. lt•o.%\: .. •V•rw o, (tue.nf. 20. 7.-m (OWIIQl).
M'II. l3.,.s mt i E. I ii I,: 'ri.'ipjlem ,n/ )IpieN (l.e.nd n atnd New VY rk). I11.2.
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1330] Y. KANO 3

Here the sharp brackets denote time average, defined as follows:

(2.2) (F(i rj rG~ 4- -r,)> _ lim I ~fF't + TI; T) G~ + T,; T) dt,
2~T

with

F(t, T)= F(t) tl< T.

ý 0 lw> T.

In this special case when the field is stationary, the quantities defined by
(2.1) Peah b)ecome funcetions of the differenceP T=T-T Only andl tile four
eorre'lati4)n tensors. reduice to those introduced by WorsF (') and discurised fully
by him and oAN(.)

As is easily seen fromt the definitions these .. jisors have thle following sym-
mnetry relations

(2.3)
A~, 1 , (X ;.T, T2) = 'IJ (Xt. X1, T1 , T2,)j

Xjý4t X2 , 71, TZa = WAj(Xý, X1, T.. 71)

Finrther we iletine a, ehenngv' eorro',firioto xi'rlhr by the relation

(2.4) X.(f, T' i . T2) -- n(X,, I 4- T) *(X.,,I -- T2)>,

where o(x, 1) is Ldte analytic signtal associated with the( real change density.
Finially wev introluvce tithem- cnro'o'e-rcvhion feimor J by the formula

(2.5) fj&(Xj. X, I, T, T2) -'i,(x,.- t -,)T i*(X., t +~ 72)>

where i1 j 1. 2.1 3) is t114' analy' tic siiclassociated with a typical ('artesian
(omponenis of the( electrin' current veetor.

Obviously .O aind .f have the( following- symmtetry relations:

.0 (XI, X., T1, 72) .)0* (X,, *,, 7,. TI)
(2. ()

I~ firi.2.l , .-a2) .16r*(X2.X1 . Tt, TI).

In adlditioin Wve inittrodunce, for notational convenience, the a uxilia ry cor-
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relationis

21 (XI, X2 9 Tftj T2) = (I'E,(x 1, t ±ý T1 )Q*(XI, I Tj>,)

#i, (Xz1 ,X1 9 TI, T2) ( H,(X1 , t4~ T1)Q0(X,, t Tsr)>,
(2.7)

'/,1(XI X, 9 T, 91 T2) = <E, (x, ( +-T,) i,(x,, t + rj)),

The quiantities .90, 2" fl,. 7 ,k and r),, are greneraiizationx to tion-staktionary
fieldsi of simhila r jimilt it ies iiit roihiieii reveiitiy by RomAtN (7).

3. - First order differential equations for the correlations.

The Maxwell equat ions in the presence or souIrces may be written in the

forma

(3.3 1 k'E (x, , 11) Itr~( , (X -~

I' Ij( , 1 - _~ XI I

w.here F,, is the v4()llpetely antis vnimnetrie init teilvlor or Levi-4 ivita, i.e. pk.
k~ ý- I or - I arvording, as the subseripts (j, k, 11, are an even or an ondi per-

1ll1ltatioll of (1i. 21. 3ý :1nd F", -< 1) when two sutflee-4 are equial. WeP shall use
siiper~seript I or 21 mcorting whether the operaitor act., oti the 4-o-4)rfiifatem

of X, * or X., if.e

(k- 2, 3).

Wir we multip~ly (3.3) by to(X,. IL Tý) and averae ovr W, e ' o itin if We

ai-oi set f, =t--T

7' 'P,,(X. f r1 ) to(X~. f T...) -kT 'n()(,, t +- TI) )(X2. -4-- T3)

If we ise the notnt (Iion initromivedi~i in t he lproweim.i 4 r ection. this relationt fW( ompqe

(:1.5) x,(x 1 . x- r,* -r,) =.- .,r (X2. TI, T213
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Next we multiply (3.3) by l,:(x,, t+;-T) and average Over t. This gives
the relation

(3.6a) x~, , Tltr) = 4-tz:, (x,, x2, l, Tj)

If we start front the, complex conjugrate of (3.3) with z1 x, 1-. ,,t
E'ýý, multiply the equation by E,(x1, t1), set tj1 t1-r,, t2 = 4--T2 and aver-

age over t, we obtain

t + T,) E:(XI, t + .)> 4.T<Ej(x,, t, T) 2(z 2, I +r,.)>

ie.

T:.e two eqs. (3.6ae) and (3.0b) are genl'ralizatio)ls. to a noln-stationary' field
containing currents and eharge:; of eq~s. Jf. 3. 13a) and JI. 3.13b) of R~OMAN
and Woix. These equations give the c-onneetion between t,,k and 2, .It ap-
pears that e,, is at ,nesurable quantit *Y. ( )i the( othier hand i, can hardly
he mieasured. although it has at definlite ph ' sival meaning, i.e. it represtents
the correla tion between thle (ha rge olensitY antd the electric field.

Furither we obta in from (3.3) in it simnila r wa~*. thle foillowing two equat ions:

'SIL(xI.x, X., TI, T., 4r(X,, T. r, TI)

These 4'qlatiouls ca toit he' '4,lsifllered as hasit' miuat ionls, since thelqt- i
tit jes ý, aniid j$ are agrai in oit Inca-mrii a le. lb iwe er, if thet fiehld is free, these

e'quaations turn OUlT to he- 111r(- fO'nin :1011fii I. II I hail I ease Iianil

the equations then represent t di%ýergenee cc oiilit ionis on '!f ani V' and a r- gele -
raliza tions if the siminphe dli Verge tire relationS (1. :1.1 tot) a111d (I. 3.41b) for the
stationary case.

From (3.1 ) we ea i readily 41111Ain oithter d(VI fVergn'e I,'latiOnIs

(3. 7 () 7 7,~ (X,. x", T1 , TO

(3I.7b) ? ' (x, x.T, ;.rio

(3.s4 .*)r4 (X,, X.-. TI, TZ) I)

(3.8b) Jk(IX11 2

These foure('lia t ions lmiýiyo ri's pierti 4lY V 14'sa iii fi niii as eqfs. (1. 3.11)(1), (J. 3. 15rb),
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(J. 3.6a) and (L. 3.16b). This is s) because the starting eq. (3.4) from which
they are derived is the sanie as in the source free ease.

Next we shall derive the correlation equation which relate the (orrelation
tensors , ,,k, 9 M., yJk and J,,. These equations can he obtained from (3.2).
Multiplying (3.2) by i:(x,, tI±T) and usinIg the same procedure of averaging
ais before %e obtain the formulae

I+T ,)i(x, I+ r2 )T - - <E(X, I+t)TO(44, t +T)T> =
C F~T,

•,,,•,,I,~.(XI,X. , To. 'r,) -- / ;, ,.(XI, X3, To. 'r, = . Jm(=. X1, To, TO)
(3.4.

This is one of the required .o'rrelation equations bmut it meenis hotter not to

re,,,ird it as a batsic e lination. heca use it cont:in.; the quantities rj. and Y,
whic.h appear to he difticult to ii.easulre, althotigh they have a well detined
physiv'al inea niing. This eq |tatioiln is. i owever, usefnl for deriving vorrelalion

eq at ion.s a nig',g . ,Jr, ;, ... I",,, and .f,. This will be dlone laiter.
N*Pxt we niuiltilvy (3. 2) by II,,*(x .t -) iT2ian set it -t-' r, ainild ýt --- !i

a1uid a vera gedl over t. Tids leads n)i thi. rhlation

I -1,"417" ll ,(X,, t 7-1)i*lx ,t• ) ... '4-1;,x, t T-011l 4l.l , t rT)*... .

4.7

(3- -101r1 -~k .' 't,(x .-t, 'r, r.,) rl.(+ ;r X.- r.)d

P/ . . (X , X,, r.. td).

Takinu the ni'pililpiex c'(iiljll•ilt tft I(3 (3 .). ehiii •hi , x, X-.x. t, Ind au1 ehang-

ing the indice-s (j. k. I) to) in,. i, b) wt, find that

. . li , . e i 1.n

W e niul1tiply the almive e.qltialiem Toy II,(.r, , 1)+ s't tio t 11" , f, It T, 141111
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average over t as before. This leads to the formula

F_
F'-.. K H: (x., + T.) HI,(x, t I ) - - .-- ''E(X t +- T2) HI(x1 , tX ri)> =

V CTr

t<i + ±Ti)H( 1 t + TS)>,
C

x.e.

(3.10b) (x x. " ) -r2: rl,(x1 , x,, T, T,) - ,i,,(z1 , x,, r•, i,)

(0.10a) and (3.10b) give relations among 1j, . andi q* and among .0n,

. and q,,. Therefore, if .;F,. and 4j,., are known from experiment the
quantity q.*, which cannot be measured directly can then be evaluated. When

the field is free these two equations reduce to

(- -'l (XI. X-, TI, Ti)

and

Fk, *',.,(X,, x... 'r,.) - .,(XI. X... ,. T)O

respectively. These two equations are- gener:lizations to a non-stationary field
of ihe eqs. (1.3.12a) and (I.3.12b).

Al1o fromn (3.2') the sanie proeedure as before leads to the following equitions:

(3.1%) r,, ,, X2. ,.rT)- ( -X. -X,.( r,, -) 1 X1. T2, TI),

I Pli) , 7 (X. X.. 7 )--TO - (XI¶, - X-. r -1 r2) ;',,,(X. I 2, r•, r. )

With the help of these equation.s one can evaluate the quantities y* and

rr,, m frr the knowledgc of X_,. !,,.and T Ti the (ase of a free field, the

riht-hrioni sides of the eqlwatwnis vanish and t hese equations are- then gene-

rali/Mit ions to a non-statiiona ry free field of eils. (1.3.1 Jl) and (1.3.11b).

Thie remiainingi correlation eqluations may hfe derived from eql. (3.1), which

is tlite- snime as for the free field. Or' 2 obtains

:i~:•a •,,;l ,. X .. TI. T,, 2) -_ TI""• .( , . , T, ,) 0
r "-
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M•aking use of the synmietry properties (2.3), one readily finds front (3.12a)

that
1 ?

(3.12b) f. kc,8l,(X1 , X-, TiT -T - 'f;(X 1 , X1, To, T .
c CT,

One also obtains from (3.1) the equations

(3.13p) El#, 'f,, . (xI, X2. TI, TS)+ 1-1Z-p',.(X, X,,Tot ) = 0,c ('To

(3.13b) ,,,.(X,. x,, rT. r):) + - -w- X..(z1 , z, r•, To ) = 1)
r (T,

The above four equations apply to a field whether or not it contains cur-

rents and eharges. Equation (3.12a) gives simply the relation between of,.
and ,,. and (3.12b) gives the relation between fro. anti '1,, and so forth.

These equations are generalizatiens to a non-stationary field of the eqs. (1.3.9a),

(1.3.9b), (1.3.111a) and (1.3.10b).

4. - Higher order differential equations for the correlatlons.

The differential equlations derived so far contain derivatives of order not

higher than the first. Monie of the equations containi, however, the anxiliinyr-

4iu1anltities X,. fI, 7,,.. and 1,,,. It is possibhi to eliminate these quantities eonm-
phet4ely and one is then iead to differential equatiwns of higzher Order, which

appear to be rnore basic. These eronations will now lhe lerived.
Mubstituting (3.0;b) into (3.5) we arrive at the ei'ormd order 4 divergence

equation * which gives the relation between tf' and .:I

ll) Fyk -,,k(x," X2. 7,, T,) -: 16.1"2- t, zI , r,, Ti 7).

O)n ntiltiplying (3.1Ob) by we obtain the equation

7 .*', 1( 1.)f . rT. T.) - Fk, ;r, , *, r,.r1 )
C TS

PFojfofi,,(X, X , To TS)..

and multiplying (3.11b) by - (l!)(Pi&?rT), we ond that

:'i, , X2 1, Tj. T2) l, O X-, To. -. )

4:r P
w- ~ '1-(X,. X., To, TO)
fro7?
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Therefore, using (3.9), it follows that

F.b -I6( gtT I jl k I I Sj.(xj, X29 Tl, t2)--

- e(12 I '&k . i-. .. , Xl, T1. TI) + . tr.(Z" X•, T19 T,)

V2r

= 16.f ,.(x,, x2, r,, "r•)

If the field is stationary, then relations of the following form may be used:

(F(x,, 1)G*(x,, t-r) = <F(x,, +T +t)G*(x,, t)>

We may then replace ir, -- I/'!T and F7i72 --- /T, since in this case wa
put 1, = t 1,-= I- Tr. Therefore eq. (4.2) becomes

1 "1 a - 1 r I P ! 6=M

(' C T C T C' FT'

This is just the equation derived by ROMAN (') for the stationary case.

Further we can derive a correlation equation which contains only 4 and .)0.
This cam be (Ions by eliminating, I from (3.18a) and (3.12b). We apply the

operator (l !)(
7 i?7) to eq. (3.13a) andi obtain the relation

^ - - .l X( , 71. Tr.) - .•,2 x 2, TI, TO) = .

e' CT C' FT~f(7,

Substituting (3.12b) into the above equation, we find that

".3) , (Xt X2 "rT, x )) =T).

It shouhl be noted that this equation contains only & and .)V tensors.

Also we can eliminate Sy and ". from (4.2). To do this we first change the

indi.es in (3.12a) as follows: j.--1f, k-- o, 1--b. We then apply the ope-
rator , and obtain the equation

FAIO••,• ',,,(x1' X2 , TI, r.,) + - .... l,,(x,, x,, rT, T2) = 0

Utilizing the well-known identity
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where 5 is the Kroneeker symbol, we obtain the equation

(4.4) Xk¢(x,, 71, T, T2) - •,,S(*I, -1,, T1)

+ -e,,t A -.. x,, X2, Ti) = O0

In a ..milar way we obtain from (3.12b) the relation

(4.5) ( (X,, , Ti) - ,:, X9, T ) +

+ O cT,,

Applying the operators (I/l0)(F2/Fr) and (1/e')(?'/•r•) to the eqs. (4.6) and
(4.5), respectively, we have

(4.A)' - i 1,€ -- 3#-- (XI, X2, Ti, T) =

I i" I C1
.

T
. ,,,,

where.J-: r•" (i 1,2).
Next w• apply the oip.rator {lc)(1 •(/T• to (4.2). This gives

I7T PI) (XI I2 _ j Ti4 T2)

lit1 (XX, i I

(X, X- 12 Tt - -1 Ti 73) -

Nuextitutiwg (4.-a)' and (1.5)' into (41.6), we finally ohtain the equation
A~ o. F..

"s2  
fT, (TS e'j (

T
iTI

' ;I C•3 7 ; " - .. , -.-.

For the statio(A ry cane equationt (4.7) refielly ob to

I 1 117 Vý4 1'f'. 1(
(4.7) al j~ kk 4-~ sI

e CT (T es(' ýT'ISOf f = t). -
CI 7T -f kt -- CT rf T~l T'(C4 T, T

Fo te taiitrycap qaton(IT re•'1"--eto•'•¢ - ',[ 0



[3381 Y. KANO I

as can be seen by setting ~Fa 12 = a/F and P/Ir - a/aýr in (4.7). It is of
interest to note that the term appearing under the differentiation sign 02IaT2

(i.e. th.- term in the largve braecket) is identically equal to zero in the analysis
of Roman relating to the stationary case.

Further we can eliminate -*t from eq. (4.7) with the help of eq. (4.3). The
resultant eqtiation is

(4.8) -- + z~lPg +
Ia' 0 1i~~R~~~ig(2 -'j + '.+ u

CTS C
2 

FTi C
2 

Cr C a"

1 a2F 16:0 01

This P-plation contains only the electric correlation tensor .9 and the current
correlation tensor f.

If the current correlation terisor J. is given, the eq. (4.8) represents 9 equa-
tions for the 9 components of 1. These equations, with the subsidiary con-
dition (4.1) make it in principle possible to determine tf from the knowledge
of .0. Once d' is known, the magnetic correlation tenser .0' may be determined
fironi eqs9. (4.3) subject to the i divergence relations * (3.8a, b). Finally one
may *(veternine the correlation tensors I and :7 by substituting for e into
eqs. (3.12a, b) or by substituting ior .9 into (3.13a, b).

The author wishes to express his sincere thanks to Professor EXIL WOLF,
who sugglested this problem, for continued encouragement.

RIASS17NTO)(*

Si generalizzano al caso di tin eanipo non stazionario contenente correnii e cariche,
ipriticipaii ristaltati derivati da E. WVOLF e P. HOI4 relativi ails propagazione di

:torrelaziutni di s4ceondo ordine nej camnpi elettroniaý,netiei. Si derivano le eqi-azioni
lifferuenziali fondanientali relative alle correlaziorii. Qtetste eqtuazioni 4i dividono in
(hle grit ppi. lint dlpi quali e-)ntietie suolo eqtiiazion i li fferentzialIi (lei prinio ordine. nin
coniporta aletini paranietri diffitvili da detertnijiare iperitnientaltnente. So si elimntinan)
quieste qnantith -4i ot tiene tin seeondo grttpp~o di eq tazion i. the Aoul) di ordi ne pit'i elevato.
ina contengono solo tensori dii correlazzione ele~ttrici e niagnetivi e tin tetisore che*
earatterizza la correlazione nelle voi-renti elett rielie.


