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ABSTRACT

In several unpublished manuscripts written from 1993 to 1995, Michael Stein, C.L. Winter, and Robert
Tenney introduced a multitarget tracking and evidential-accumulation concept called a ”Probability Hy-
pothesis Surface” (PHS). A PHS is the graph of a probability distribution—the Probability Hypothesis
Density (PHD)—that, when integrated over a region in target state space, gives the expected number
of targets in that region. The PHD is uniquely defined by this property: Any other density function
that satisfies it must be the PHD. In particular, the PHD is the ezpected value of the point process of a
random track-set—i.e., of the density that, when integrated over a region in state space, gives the exact
(random) number of targets in that region. In 1997 in the book Mathematics of Data Fusion I sketched
the elements of a theoretical foundation for PHS/PHD. The purpose of this paper is to publish a full
account of this material for the first time. We show that the PHD is a first-order moment statistic of the
random multitarget process and, consequently that from a computational perspective it is a multitarget
analog of single-target constant-gain Kalman filters such as the a-(-v filter.!

1.0 INTRODUCTION

In several unpublished manuscripts written during the period from 1993 to 1995, Michael Stein and
C.L. Winter (Los Alamos National Laboratory) and Robert Tenney (Alphatech Corp.) introduced a
multitarget tracking and evidential-accumulation concept “called a ”Probability Hypothesis Surface” or
"PHS” [20,19]. A PHS is the graph of a certain unnormalized probability distribution—the PHD or
Probability Hypothesis Density Ek| % (x|Z())—that has the following property: Given any region S in
target state space, the integral f g Dk|k(x|Z (k))dx is the expected number of targets contained in S. This
property characterizes the PHD uniquely. That is, if gx(x) is any other density which gives the expected
number of targets in S when integrated over 9, then it is (no matter how imaginative the name one might
assign to it) nothing else but the PHD. For, since [ ge(x)dx = [ Dy (x|Z*))dx for all measurable S
then gyx = ﬁk”c almost everywhere. In particular, the PHD is the expected value of the point process of
a random track-set—i.e., of the density that, when integrated over a region in state space, gives the exact
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(random) number of targets in that region (see Section 2.4). -Stein and Winter devised the PHD concept
in part as a structure for a new inference technique called Weak Evidence Accrual (WEA) that exploits
the additive rather than multiplicative properties of Bayes’ rule. We will not discuss this aspect of the
PHD approach in great detail here (see, however, Theorem 5). Rather, we will discuss the potential
significance of the PHD as a computational strategy for Bayes-optimal multitarget filtering—specifically,
as a a multitarget-tracking analog of constant-gain Kalman filters such as the a-3-y filter that results in
additive information-update rules of the WEA type.

In 1997 in section 4.3.4, pages 168-170 of the book Mathematics of Data Fusion [7] I sketched
the elements of a theoretical foundation for PHD based on the ”finite-set statistics (FISST)” approach
described in Chapters 2 and 4 through 8 of that book. Because of page limitations, the full description
of this work—specifically, the proofs of the various assertions—had to be cut from the final draft of the
book. The purpose of this paper is to publish this material in the open literature for the first time, as
well as to show how FISST tools such as the set derivative can be used to develop a Bayes filtering scheme
for PHD’s. Because of space limitations, it is not possible to provide a summary of FISST and the FISST
calculus in this paper. See the monograph An Introduction to Multisource-Multitarget Statistics and Its
Applications [11] and the book chapter Multisensor-Multitarget Statistics [13] for more details.

1.1 APPROXIMATION WITH STATISTICAL MOMENTS

The theoretical starting-point of single-target tracking is the following Bayesian discrete-time recursive
nonlinear filtering equations (see [8], [17], [2, pp. 373-377], and [9, p. 174]:

Freryp(ee1|2®) = /fk+1|k(xk+1|xk) T (%) Z%)dx
f@Zrr1]Xk41) Frot1ie(Xn41|2%)
X Zk+1 -
fk+1|k+1( k+ll ) f(zk+1|Zk)
Rpdilker = args‘ipfk+1ik+1(x|zk+l), Reiiiher = /x‘fk+1|k+1(x|2k+l)dx

where

(1) xj is the target state variable at time-step k& and zy, is the observed measurement at time-step k;
(2) fxix(xx|Z*) is the Bayes posterior distribution conditioned on the data-stream Z* = {z,, ..., 2z };
(3) f(z|x) is the sensor likelihood function;

(4) fr41)x(Xk+1|Xx) is the target Markov transition density that models between-measurements target
motion;
(8) fr+1x(Xr+1]Z*) is the time-prediction of the posterior fyjx(xx|Z*) to time-step k + 1;
(6) (zx+112%) = [ f(Zrs1|¥r+1) Fit1)6(Yx+11Z2%)dys+1 is the Bayes normalization constant; and
7 i%_’}ﬁc +1 and )‘c,’fffr 1 8re the Bayes-optimal maximum a posteriori (MAP) and expected a posteriori
(EAP) state estimators, respectively.

In all of these formulas, data and state vectors have the form y = (yi,...,Yn, W, ..., w,,) Where
Y1,---,Yn are continuous variables and wy, ..., w, are discrete variables, and we denote the space of all
state vectors as S. Integrals of functions of such variables involve both summations and continuous

integrals. Since state vectors x may have discrete components, f(z|x) can encompass different
measurement models for different target types and fk+1!k(xk+1|xk) can encompass different motion



models for different target types. If the measurement and motion models are linear and Gaussian, the
above equations reduce to the Kalman time-update and information-update equations, respectively (8].

All relevant information about the state-vector x of the target at time-step k is contained in
the Bayes posterior density function fyx(x|Z*). Updating it to a new posterior Fer1jer (x|Z25+1)
using the Bayes filtering equations usually presents a formidable computational challenge. If signal-to-
noise ratio (SNR) is high enough that all time-evolving posteriors are not too complex, however, one can
compress the posterior into a finite number of summary statistics and propagate these statistics in time
instead of the posterior itself. The two most familiar summary statistics are the first-moment vector and
second-moment matrix

iklk = /X fk|k(x|Z’°)dx, s / xx (x| Z7)dx

where ”"T” denotes matrix tranpose. If SNR is so high that the second-order and higher moments can

be neglected then the first moment is approximately a sufficient statistic, fi(x|Z¥) & fre(x|Rkx). In
this case we can propagate X in time instead of the full distribution using a constant-gain Kalman
filter such as the o-(3-y filter—i.e., using completely linear equations. Otherwise, if SNR is such that
the higher-order moments can be neglected but covariance cannot, then Ry(x and Qk| , are approximate
sufficient statistics, fix(x|2%) = fy, e(X|R gk, Qk| k), and we can propagate R, and le % using a Kalman
filter.

1.2 STATISTICAL MOMENTS FOR MULTITARGET PROBLEMS

Stein and Winter’s PHD approach can be thought of as, in part, an attempt to extend the reasoning just
outlined to multitarget tracking problems. In such problems the optimal approach would be to write
down the following multisensor, multitarget analogs of the Bayes nonlinear filtering equations:

Feane(Xesr| 2 /flc+1|k(Xk+lle) Fue(Xe|Z*))6 X5,
fk+llk+1(Xk+1|Z(k+l) o f(Zrt+1|Xpt1) frarp(Xesr IZ(k))
_ x|
I‘c’illvlfk+l = argsup mfk-q-llkﬂ (X|Z*+)

In this case,

(1) X is the multitarget state, i.e. the set of unknown target states (which are also of unknown number)
and Zj, is the set of all measurements collected off of all targets at time-step k;

(2") fep(Xe|Z®) is a muititarget posterior density at time-set k conditioned on the time-stream Z*) =
{Zl, ey Zk};

(8") f(Z|X) is the multisensor, multitarget likelihood function that describes the likelihood of observing
the observation-set Z given that the multitarget system has multitarget state-set X;

(4) fe+1x(Xx+1|Xx) is the multitarget Markov transition density that describes the likelihood that the
targets will have state-set Xy at time-step k + 1 given that they had state-set at time-step k;

(5) fr+r1e(Xe+11Z (%)) is the time-prediction of the multitarget posterior Tuu(Xk|Z (%)) to time-step
k+1;

(6") f(Ze:11Z2®) = [ f(Zir|Y) Frsrx(Y|Z®)8Y is the Bayes normalization constant; and



(™) X,‘c]_ﬂ’llk +1 i a multitarget analog of the MAP estimator (whose direct multitarget extension is
undefined).

The multitarget filtering equations cannot be used in the blind fashion just indicated but, rather,
require the tools of finite-set statistics (FISST). [7,11] A short history of multitarget Bayes filtering can
be found in Section 1. 4 below.

In more detail, a multitarget state-set X has the form

X=0, {x}, {x1,x2} {x1 %o

where X = 0 indicates that no target is present, X = {x} indicates that one target with state x is
present, X = {X;,X,} indicates that two targets with states x;,X are present, and so on. The Bayes
multitarget posterior fx(X|Z (*)) has the form

fure(@Z®) = posterior likelihood that no targets are present
fap({x}2Z () = post. like. of one target with state x

Fee({x1, .,xn}[Z(k)) = post. like. of n targets with states x;, .,x,

It must sum to one over all multitarget states. That is, let
() L/ )
Fup(01Z2®) = fr(@2®),  fr(i|2P) = il / fee({x1, ,x}Z2®)dx,  dx;

be the marginal posterior probability that there are i = 0,1,2, ... targets present. Then for fix(X|Z¥)
to be a multitarget probability density the following quantity, called a set integral, must sum to one:

1= / Fup(X1Z¥N6X = £k (012F) + fup(LZP) + fix1ZF) +  + fir(n|Z2®) +

Given the formidable computational complexity of the single-target Bayes nonlinear filtering equa-
tions, it should be clear that this complexity will be magnified many-fold in multitarget problems. Drastic
but intelligent approximation strategies are required. In arecent paper [14] I proposed one computational
strategy based on a multitarget analog of the familiar Gaussian approximation. In this paper 1 exploit
a different computational analogy: propagating multitarget analogs of first-order (and/or second-order)
moments of the time-evolving random track-set. I use the multitarget moments outlined in Section 4.3.4,
pages 168-170 of Mathematics of Data Fusion. [7T] Let x be a fixed target state. Then for any 7 > 1
the marginal-density value

1/
ﬁ/fklk({x,xi,...,xi}lZ(k))dxl...dxi

is the total posterior likelihood that the multitarget system has i 41 targets and that one of these targets
has state x. Consequently, for each X the marginal-density value

Dy ;,({X}M*’”):/f,,,;({x}UHZ”")M :Zﬁ/,f;:“,(‘{x,x]. xHZ®)dx,  dx;
t=1



is the total posterior likelihood that the multitarget system contains a target that has state x. Consequently,
Dy ({x}}Z®) will tend to have maxima approximately at the locations of the targets.

It can be shown (see Section 2.2) that [ Dyx({x}|Z*))dx is the expected number of targets in S—

which means that Dy ({x}|Z(®) is the same thing as the Stein-Winter PHD Dyx(x|Z®). Intuitively
speaking, just as the value of the probability density function fx(x) of a continuous random vector X
provides a means of describing the zero-probability event Pr(X = x), so the PHD Dp(x) of a finite
random track-set I' provides a means of describing the zero-probability event Pr(x € T') (see Section
2.5). Also, the state vector x in any PHD should be interpreted as an accumulated (or compressed)
multitarget state rather than as a conventional single-target state.

Last but not least, from the point of view of point-process theory, the PHD is the same thing as the
expectation density or first factorial-moment density of the random track-set I' at time-step k (see Section
2.4). This means, in particular, that Dk[k(XIZ (*)) is a type of least-squares best-fit approximation of
the multitarget posterior fix(X|Z (%)) by a single-target density function (see Section 2.4). In this sense
the PHD is a multitarget analog of the single-target first-order moment X x. If the multitarget sensing
situation is benign enough—meaning that signal-to-clutter ratio (SCR) as well as SNR is large, then the
PHD will be an approximate sufficient statistic: fjx(X|Z (*)) = Fe(X |Dk| x)- In principle, therefore,
it should be possible and desirable to propagate ]:)k| £(X]Z®)) instead of the full multitarget posterior
(X112 (¥)), using suitable analogs of the single-target Bayes recursive filtering equations of Section 1.1.
Real-time multitarget tracking would then be, from a computational point of view, reduced to the (still
very difficult) problem of implementing a real-time single-target nonlinear filter capable of modeling the
rather complex time-evolution of the PHD.

That is, what we would like to be able to do is to establish the existence of a diagram of the form

multitarget prediction __multitarget Bayes’ rule

fk+1|k+1 -
I

Dk+1|k+1 -

s fklk - fk+1|k

_,PHD prediction?? _,PHD Bayes rule??

-+ = Dyp Dysre

where: (1) the top row portrays the time-sequence of the multitarget Bayes filtering equations; (2)
the downward-pointing arrows indicate the replacement of multitarget posteriors by their corresponding
PHD’s; and (3) the bottom row portrays a recursive time-sequence of filtering operations on PHD’s that
always yields the result that one would get if one computed multitarget posteriors using only the top row
and then transformed them into their PHD approximations.

Our goal, then, is to fill in the "question marks” in the bottom row of the diagram. We will show
(Section 3.1) that the PHD bk| £(X|Z(®)) can, under certain assumptions, be time-propagated between
measurements to a new PHD ﬁk+1| x(x]Z(*)) using a suitable extension of the first of the two single-target
Bayes filtering equations of Section 1.1, one that accounts for multitarget behaviors such as appearance
and disappearance of targets. We will also show (Section 3.2) that, given a new multisensor-multitarget
observation-set Z.1, the PHD ﬁkH,k(XIZ("’)) can be updated to a new PHD Dk+l|k+1(x|Z(k+1))
using one of two different approximate methods. First, a relatively simple PHD version of Bayes’
rule; and second, a more complicated but ”additive” update transformation based on the concept of the
” approximate multitarget posterior” of a PHD.

1.3 RELATED APPROACHES

The idea of using a single-target density function g% (or, more commonly, probability contours of
its graph) as a basis for multitarget tracking is a relatively common one. Examples are the Naval Re-



search Laboratory’s TABS (Tactical Antisubmarine-warfare Battle-management System) tracker, Metron
Corp.’s Nodestar tracker, [22] and others [23]. The work described in this paper differs from earlier
work in its systematic and theoretically rigorous treatment of the ”correct” grx as a PHD: ie., asa
first-order factorial-moment statistic of the multitarget system.

1.4 A SHORT HISTORY OF BAYES MULTITARGET FILTERING

The concept of multitarget Bayesian nonlinear filtering (Section 1.3) is a relatively new one. If one
assumes that the number of targets is known beforehand, the earliest exposition appears to be due to
Washburn [24] in 1987, using a point process formulation (see Section 2.4 for a summary of point process
theory).

Date Author(s) Theoretical Basis
- Miller et. al. [10 ! C e
1991 iller et. al. [10} Stochastic PDEs
Jump Diffusion |
1994 | Jethel and Paras [3] Discrete filtering
1994 N :\Ia}‘i]('l‘ [ll} o FISST
Finite-Set Statistics
. Stone et. al. [21]
996 Heuristic
1996 "Unified Data Fusion” CHrIstic

! Mahler-Kastella [15]

1996 FISST

” Joint Multitarget Probabilities”
1997 Portenko et. al. [16] ‘ Point processes

The table summarizes the history of the approach when the number n of targets is not known and must
be determined along with the individual target states. The earliest work in this case appears to be due
to Miller, O’Sullivan, Srivistava, et. al. [10]. Their very sophisticated approach requires solution of
stochastic diffusion equations on non-Euclidean manifolds. It is also apparently the only approach to
deal with continuous evolution of the multitarget state. (All other approaches listed in the table assume
discrete state-evolution.) Mahler was apparently the first to systematically deal with the general discrete
state-evolution case (Bethel and Paras assume discrete observation and state variables). Kastella’s ”joint
multitarget probabilities (JMP),” introduced at Lockheed Martin in 1996, are a renaming of a number
of early core FISST concepts (set integrals, multitarget information metrics, multitarget posteriors, joint
multitarget state estimators, etc.) devised two years earlier [15]. A ”JMP” itself is just a discretization
of a FISST (or, for that matter, a Jump-Diffusion) multitarget posterior:

! fiup(X1  Xa|Z) = frisst({x1  ,%xa}|Z) =n! frissT(X1, ,Xn|Z)

Stone et. al. have provided a valuable contribution by clarifying the relationship between multitarget
Bayes filtering and multi-hypothesis correlation. Nevertheless, their approach is, with regrets, described
as "heuristic” in the table for the reasons summarized in [11, pp. 91-93].

1.5 ORGANIZATION OF THE PAPER

The paper is organized as follows. Basic concepts are covered in Section 2: multitarget moment densities
(Section 2.1); the properties of multitarget moments and the PHD, including their direct construction
using set derivatives (Section 2.2); examples of PHD’s (Section 2.3); identification of the PHD as a
first-order statistical moment (Section 2.4); and PHD’s in the discrete-state case (Section 2.5). Section
3 is devoted to the Bayes filtering equations for the PHD: the time-update equation (Section 3.1), the



approximate Bayes-update equation (Section 3.2), and prior PHD’s (Section 3.3). Proofs of the theorems
are relegated to Section 4. Conclusions may be found in Section 5.

2.0 MULTITARGET MOMENT DENSITIES AND THE PHD

The purpose of this section is to: (1) formally define the concept of a multitarget moment density function
Dyp(X|Z (%)); (2) provide a general procedure for constructing it using the FISST set derivative; and
(3) show that the first-order multitarget moment density Dyx({x}|Z*)) is the same thing as the Stein-
Winter Probability Hypothesis Density ﬁk| x(x|Z (k)). I define multitarget moment densities in Section
2.1, describe their major properties in Section 2.2, provide examples of PHD’s in Section 2.3, show that
the PHD is a first-order statistical moment in Section 2.4 and, in Section 2.5, consider PHD’s in the
special case when the target state-space is discrete.

2.1 MULTITARGET MOMENT DENSITIES

1 begin with a definition:

Definition 1 (Multitarget Moment Densities) [7, p. 169]: The multitarget moment density
[);\“(‘\‘/ ):/ f‘ ;,(‘_\ [WRY! ‘Z i.“)(\‘lt 42;[’/ f‘;;‘};(A\ LJ{xl.....x,}‘]:ix1~--:ixl

Notice that Dy x(0]Z*)) = 1. If the number |X| of elements in X is restricted to n then I will
call the function Dk|k({x1,...,xn}|Z(k)) the n’'th multitarget moment density. Also notice that the
set integral is well-defined in the sense that frz(X U wl|z (k)) always has the same units as X and so
there are no units-mismatch problems of the kind described in [11, p. 39]. For any multitarget state
X = {x1,-sXn}, Dipp({x1, w0y Xn }]Z®)) is the marginal-posterior likelihood that, regardless of how
many targets there may be in the multitarget system, exactly n of them have states Xi,...,Xp.
2.2 COMPUTING PHD’S USING THE SET DERIVATIVE
In this section I show how to construct multitarget moment densities directly from the random multitarget
track-set using the FISST set derivative (Theorem 1) and use this fact to show that the PHD and the
first-order multitarget moment density are the same thing (Theorem 2). I begin by demonstrating the
first result (which will also allow us to compute between-measurement laws of motion for PHD’s directly
from multitarget motion models, see Section 3.1). Let I'x, be the random set of current tracks at time-
step k, meaning that fx(X|Z {k)) is the multitarget density corresponding to the belief-mass function
Brx(S1Z*®)) = Pr(T'y, € S). Then:

Theorem 1 (Computing Multitarget Moments Using the Set Derivative) (7, p. 169]: Let
Dy (X|Z®)) be the multitarget moment density corresponding to the multitarget posterior fxx(X|Z (¥)).

Then:
6Bk

6X
for all finite subsets X of (single-target) state space S.

Dy (X|Z2®) = (S512%)

The proof of this assertion can be found in Section 4.1. It should be compared to the similar formula
for constructing multitarget posterior densities [11, pp. 30-31}:

6Bk

®y —
Fun(X|2™) = —=

012*)



As already noted, because of Theorem 1 we can show that the first-order moment density and the
PHD are the same thing. If T'x NS is the set of tracks contained in S then |TxN S| is the number
of tracks in S and E[|[Tx N S|} is the expected number of tracks in S. Then:

Theorem 2 (The PHD is the First Multitarget Moment Density) [7, p. 169]: For any
measurable subset S C S of state-vectors,

B, 05)] = [ Duel{x}1z®)ax

Consequently, the first multitarget moment density and the Probability Hypothesis Density (PHD) are
equal almost everyhere: Dyx(x|Z*)) = Dyi({x}|2®)).

See Section 4.2 for the proof.
2.3 EXAMPLES OF PHD’s

2.3.1 EXAMPLE 1: INFORMATION LOSS IN PHD’s. Information is lost when we
compress a single-target posterior density fyx(x|Z*) into its first moment Ryx = [X fie(x|Z%)dx.
Likewise, information is lost when we compress a multitarget posterior fix(X|Z *)) into its PHD

Dk|k(x|Z (k)). For example, suppose that we are trying to determine the locations of two targets on the
real-number line based on a single sensor-scan Z; = {21,22}. Suppose that the multitarget posterior
has the form ’

fm({xl,asz}lz(l)) = Np2 (21 — 21)Ny2 (22 — 22) + Ny2(22 — 21) N2 (Z1 — 22)

where N,2(z) = (v2m0) ™! exp(—2z2/202) is the normal distribution with variance o2. The correspond-
ing PHD and second moment are, respectively,

D1|1($|Z(l))

/fm({w,y}lZ“))dy = N,2(z — 21) + Np2 (z — 22)
Dip({z1,22}12M) = fin({z1, 22}12V)

Note that [ f)m(:z:IZ W)dx = 2, so that the expected number of targets is two. In general, Dlll is
bimodal. However, it is easily shown that it is unimodal with maximal value at z = %(zl +23) whenever
|21 — 2| < 20. The multitarget posterior fij;({Z1,22}|Z™), on the other hand, is always unimodal (as
a function of a set variable) but fails to distinguish two distinct targets when |2z; — 25| < Vv20. In this
case its unique maximal value is located at z, = 23 = %(zl + 22). So, for data separations in the range
V20 < |21 — 22| < 20 the multitarget posterior is capable of separating two targets whereas the PHD
is not. This indicates, not unexpectedly, that a PHD-based multitarget tracker will experience more
difficulty with closely-spaced targets than would a tracker based on the full multitarget nonlinear filtering
equations of Section 1.2.

2.3.2 EXAMPLE 2: CLUTTER AND PHD’s. Extend the previous example by including
the effects of clutter. Assume that a single sensor observes two targets with no missed detections but
with false alarms governed by the independent clutter process k(Z). If we collect one scan Z; = {21, 22}
consisting of two distinct observations 2;,2; and assume a uniform prior then the following multitarget
posterior is the result:

f1|1({x1,$2}|Z(1)) =

m Z (Naz ($1 —_ zl)N¢72 (132 - Z2) + Naz (1:2 — zl)N02 (:1:1 - 22))
{ VCZ

{z1,22}C



with fi1(X|Z (M) =0 whenever X does not contain exactly two elements. The corresponding PHD
is:

ﬁ1|1(m|Z(l)) = % ZNgz(E has Z)

z€Z

Notice that [ Dy (z|Z(V)dz = 2. As a function of the set {1,272}, the multitarget posterior has
Cim,2 = 3m(m—1) peaks. Each peak corresponds to a different hypothesis regarding which two-element
subset of Z are target-generated reports rather than false alarms. Since the PHD condenses multitarget
information into a density on single-target state space, it has at most m peaks. If targets are sufficiently
separated, each peak corresponds to a different hypothesis about the location of the individual targets.
2.4 THE PHD IS A FIRST-ORDER MOMENT OF A RANDOM SET [7, p. 169]
The purpose of this section is to: (1) show that the multitarget moment density Dyx(X |Z®) s
identical to the ”factorial-moment densities” of point process theory; (2) conclude that the PHD is a first
moment of the multitarget system; and (3) provide an inversion formula for transforming multitarget
moment densities Dy)x(X|Z*)} into multitarget posteriors fyx(X|Z (%)), All unreferenced page numbers

in this section refer to the textbook by Daly & Vere-Jones [4]. Let I'x be a random track-set. Then
either the random integer-valued measure

Ni(S|2®) =T, N S| = / 6r, (x)dx = no. of tracks in T'y contained in region S
s

or its random density function b, (X) = Y cp, Sw(X) is called a multi-dimensional point process. Point
process theory is a special case of random set theory and, in fact, multi-dimensional point processes seem
to have been originally defined as random sets rather than as random measures [1]. The statistical
behavior of Ni(S|Z*))—or, equivalently, of 'y and 8y, (x)—is characterized by its family j k(X1 s Xi)
of Janossy densities (pp. 122-123). Janossy densities are completely symmetric in all arguments; vanish
whenever x; = x; for some i # j (p. 134, Prop. 5.4.1V); and are jointly normalized in the sense that
Yoo il!jky,-(xl,...,xi) = 1. The multitarget posterior density fijx(X |Z(*)) of T} is the same thing as
the family of Janossy densities jx; of Ni(S|Z®):

Iri (K15 s X3) = frgr({x1, o Xi}|Z))

for all distinct Xi,...,X; (In like manner, the following quantities are just different notations for a
multitarget posterior:

Fepe{Xes s Xn HZ®) = fiip(By + oo + 62,12P) = Fee Ny .. 2} 1Z2P)

where the second and third quantities denote, respectively, posterior probability distributions over all
point-process densities dx or all point-process measures N. X

The expected value
Mo (11(812%) = E[Nyx(8)2M)] = E[[Tx N S]] = /SE[5F,,(X)]dX
is called the expectation measure or first factorial-moment measure of Ni(S|Z®) (p. 130). Its density

i (%) = Eldr, (x)} = / 5x (%) fup(X12*)5X



is called the expectation density or first factorial-moment density. Higher-order factorial-moment densi-
ties 7y (ij(X1,...,X;) can be defined (pp. 130, 112) and, from Definition 1 (Section 2.1), it follows that
(p. 133, equation 5.4.11):

Dklk({xlv ---,xj}|Z(k)) = mk,m(Xh ey Xj)

for distinct X;,...,X; € S. That is, the Dyx(X|Z (%)) are statistical moments of the random set T and
the PHD is the first factorial-moment density. Moreover, the multitarget posterior density fi(x(X|Z (%))

can be recovered from the multitarget moment density Dyx(X |Z(*¥)) via the following set integral (p.
133, equation 5.4.12):

Theorem 3: (Inversion formula for multitarget moment densities) {7, p. 169]:
Fur(X12%) = /("1)'W|Dk1k(X UwW|Z®)sw

This formula confirms the obvious fact that the multitarget posterior cannot be completely described
by any one multitarget moment density Dyx(X|Z(*®) and, in particular, by the PHD ﬁk|k(x|Z (k).
Rather, all multitarget moment densities are required to completely recover the information contained in
the multitarget posterior.

2.5 THE PHD IN THE DISCRETE-STATE CASE [7, p. 169] .

Suppose that (single-target) state space S is a finite set of target-state cells z. Let T be the randomly
varying track-set and note that fxx(X]Z*)) = Pr(I' = X). Then:

Dy ;‘(J"Z“M ) = Z pri(X) = Y Pr(l'=X) = Z Prlze X, I'=X)=Pr(zel
X3z X3z X

This result shows that, in the discrete case, the PHD of a random track-set T is the same thing as LR.
Goodman’s one-point covering function pp(z) = Pr(z € T) = D(z) of the random set T. [5,6] The
existence of this relationship is the reason why, in Mathematics of Data Fusion, I used the term ”global
covering densities” for what in this paper I call ” multitarget moment densities.” It also shows that in the
continuous case, the PHD provides a means of representing the zero-probability event Pr(x € I') in much
the same way that the density fx(x) of a continuous random vector provides a means of representing
the zero-probability event Pr(X = x). Furthermore, it is easy to show that

> Dyp(lZz®) =" preX,T=X)=)_ ( > pze X)) pr(X) = E[IT N X|]
T z X

X \N=z

In the fuzzy logic literature, the sum ) _pu(x) is called the ”sigma-count” of the fuzzy membership
function ¢ and is interpreted as the "number of elements” in the fuzzy set corresponding to pu.

3.0 RECURSIVE BAYES FILTERING OF THE PHD

In this section we derive recursive filtering equations for the PHD analogous to the single-target Bayes
recursive filtering equations of Section 1.1. These equations include between-measurements time-update
equations (see Section 3.1) and an approzimate Bayes information-update equation (see Section 3.2).
The construction of prior PHD's is discussed in Section 3.3.

3.1 TIME-UPDATE OF THE PHD



The between-measurements time-evolution of a single-target posterior is described by the first of the
single-target Bayes filtering equations of Section 1.1. 'The purpose of this section is to show how to
construct similar laws of motion for PHD’s. Let fx41x(Y]X) be the multitarget Markov transition
density that corresponds to some multitarget motion model [11, pp. 21-23] and let fi,1x(Y]Z*))
be the time-predicted multitarget posterior as computed in the first of the multitarget Bayes filtering
equations of Section 1.2. The PHD’s corresponding to these two multitarget posteriors are

Dup(1Z®) = [ Fun((xPUWIZONW,  DuaapiZ®) = [ fure(x) U WIZ®)ow

It might appear that the law of motion relating Dy qx(x|Z®) and Dyx(x|Z*)) is nothing more
complicated than the following simple analog of the first Bayes filtering equation:

Dy 1p(yl2¥) = /fk+1|k(Y|x) Dy (x| 2%)dx

In actuality, this evolution law describes only multitarget motion in which target motions are independent
and the number of targets does not change (Corollary 2 below). We begin, therefore, with a general
result that encompasses quite general multitarget motion models that account for ”birth” and ”death”
of targets—i.e., targets that enter and leave the scenario for whatever reason. The result itself is less
important than its method of proof (see Section 4.3).

Theorem 4 (Laws of Motion for PHD’s): Suppose that between time-step k and time-step
k+1, the following multitarget motion model is assumed: (1) target motions are statistically independent;
(2) the Markov motion model for single targets is fiy1x(¥|%); (3) the probability that any individual
target will not ”die” (i.e., not vanish from the scenario) if it has state x at time-step k is dpy1x(X);
and (4) each target with state X at time-step k generates, independently of all other targets, new
“birth” targets in a fashion governed by a FISST multitarget density by, 1x(Y]x). Then:

Dk+1|k()’|Z(k))=/(dk+1|k(x)fk+1|k(}’|x)+5k+1[k(}'|x)) Dy (x|Z2®)dx

where byy1x(y]x) denotes the PHD of the multitarget density by 1x(X]|x).

The proof can be found in Section 4.3. Let Ny = [ ﬁk|k(y|Z(k))dx be the expected number
of targets in the track-set I'y. Then from Theorem 4 it follows that the expected number Niiix of
time-extrapolated targets is

Nipajp = / ((1,,‘,1 1 (X) Ny + N2 1;‘,(x)> Dy (x| Z2%))dx

where N’§+1| LX) = 5k+1| x(¥|x)dy is the expected number of birth targets.

The following is a special case of Theorem 4 that employs a simple state-dependent Poisson model
to account for the appearance of new targets.

Corollary 1 (Law of Motion for PHD’s With Poisson Births):  Suppose that between
time-step k and time-step & + 1, the following multitarget motion model is assumed: (1) target
motions are statistically independent; (2) the Markov motion model for single targets is fr+1x(y}x); (3)
the probability that any individual target will not "die” is dgy1)%; and (4) each state x at time-step &



generates, independently of all other targets, new ”birth” targets in a Poisson-distributed fashion with
Poisson parameter Mxiyx and birth distribution bgyyx(y|x). Then:

Drrajp(y)Z2®)) = /(dk+1|kfk+1|k(}’|x)+>\k+ e x(¥1X)) Dajie(x125))dx

The proof of this fact follows immediately from Theorem 4 by noting that

Ak

br+1e({y: Ya}x) =€ AL pbere(Y1X)  bkarp(Yalx) berx(Olx) =€

and so

. — 1 -
bk (SIx;) = Z 3 /S bk+1]k({)’1a yn}|x)dy1 dy, = M1k (Bri1e(S1x:)-1)
i=0  J5°

and therefore

s Obrt 1)k ) )
br1 (Y Xi) = [#”(Slxi) = P‘k+1[kbk+1|k(Y|xi)e)‘k+”k(bk' (S 1)] o = Aesrppbere(yix:

Note that the time-extrapolated number of targets is Ngyqx = (dk+ & + Ax41 k) Ni)x. We conclude
by deriving the law of motion for PHD’s whose between-measurements time-evolution is governed by the
simplest possible multitarget motion model.

Corollary 2 (Simplest Law of Motion for PHD’s): Suppose that between time-step k¥ and
time-step k+1, the following multitarget motion model is assumed: (1) target number does not change;
(2) target motions are statistically independent; and (3) the Markov transition model for the single-target
motion model is fr41x(¥|x). Then

Din(y)2®) = /fk+1|k(}’|x) Dy (x]Z2®))dx

The proof of this fact results from setting diiq % =1 (no targets disappear) and Agyyx =0 (no
targets appear) in Corollary 1. Stated in different words: Given this simple multiarget motion model,
the between-measurements time-evolution of the PHD is governed by the same law of motion as that
which governs the between-measurements time-evolution of the posterior density of any single target in
the multitarget system.

3.2 BAYES INFORMATION-UPDATE OF THE PHD

In the single-target case, when a new measurement 2., is collected this information can be incorporated
into the time-extrapolated posterior fk+lik(y|Zk) using Bayes’ rule (the second of the single-target
Bayes filtering equations of Section 1.1). The question that confronts us in this section is as follows.
Suppose that we have collected a new multisensor-multitarget observation-set Zgi;. Let f(Z|X) be
the multisensor-multitarget likelihood function that corresponds to some multisensor-multitarget sensor
model [11, pp. 17-20] and let the Bayes-rule update of the time-predicted multitarget posterior be
computed as in the second of the multitarget Bayes filtering equations of Section 1.2. Then given the
corresponding PHD’s

Dir1jpr1 (x| ZFH0) = /fk+l|k+1({x} uw|z®)sw Dryap(x]2®) = /fk+1|k({x} uw|z®)sw



what rule will allow us to use Zz,; to update ﬁk+1| $(x|Z*)) to get Dk+1| per(X]ZEFD)? As it
turns out, it is not possible to construct a simple recursive update for PHD’s that faithfully reflects the
Bayes update on multitarget posteriors.

3.2.1 INFORMATION-UPDATE USING AN APPROXIMATE BAYES’ RULE. We
have no choice, then, but to adopt an approrimate Bayes update step. One possible approximation is
suggested by turning to the discrete case described in Section 2.5. Assume that current observations
depend only on the current condensed state x—i.e, Pr(Zg41|x € T4y, 2Z")) = Pr(Zx+1|x € Try1).
Then

. PriZesa|s €T) Priz € TIZW)  D(Zppa]x) Dppq (] Z21)
Dyt 1)k+1 (x]2*+V) = Pr(z e T|Z2*+D) = I Erl e 120E)) f I (7 :'I G0
WP ! FE S RES2N B

where
JFZI{x} UW) fo({x} UW)sW
[ fo({x}uwW)sw

The likelihood should be ”biased” only by the previous PHD bk+1, #(X]Z(®)). Therefore we assume that
fo(X) is a multitarget uniform density u(X) (see Section 3.3 below).

3.2.2 INFORMATION-UPDATE USING THE APPROXIMATE POSTERIOR OF A
PHD. The work described in this paper can be viewed from a different perspective that, for lack of
space, we can only summarize here. (Details will appear in a subsequent paper.) Let fix(X|Z (%))
be a multitarget posterior, Dk,k(x|z(k>) its associated PHD, and N = [ ﬁkl x(x]Z*))dx. We want
to approximate f; by an approximate multitarget posterior fk|k = fyx that is covariance-free—i.e.,
whose multitarget moments are

D(Z)x) =

Dy(08)2%) = Dy (X|Z®) = Dy (x:1]1Z2®)  Di(x0)Z2®)

where X ={x; ,Xn,} Theorem 3 of Section 2.4 yields fklk
fnX12®) = [()YIDyux UYIZ®)8Y

o0

1 1
Zﬁ/(_l) Dy (x1)Z2™) - - - Dyyso(%n|Z*) Diy(y112®)  Dyia(ynl2®)dy.  dy,
i=0

(= Nk!k)

Dyyx(x1|1Z2%) Dk|k(xn|Z(’°))Z e M4k Dy (x1]Z2®) Dy (x| 29

=0

where fyx(0|Z*)) = e~Neix. Because fyx = fyx We can propagate fi; in place of fys. Given this,
Section 3.1 can be interpreted in a different light. We replace frx and fxi1x by fk| % and fk+1] x and
determine what law of motion Dk] b — Dk+1]k corresponds to the law of motion fk| P fk+1|k specified
by the multitarget time-prediction integral of Section 1.2. Theorem 4 emerges as a consequence.

The multitarget Bayes’ rule information-update step of Section 1.2) can be mterpreted in a similar
manner. That is, we replace fr, 1% and fk+1ik+1 by their approximations fk+1,k and fk+1,k+1 and
then determine what transformation Dk+1| E — Dk+1| r+1 of the associated PHD’s corresponds to the



transformation fk+1 k= fk+1| %»+1 specified by the multitarget Bayes’ rule. Under certain assumptions
it is possible to derive formulas for Dk+1|k — Dk+1|k+1

Theorem 5 For example, suppose that (1) there is a single sensor with (single-target) likelihood
function f(z}x); (2) target observations are independent; (3) the probability of missed detection pp is
state-independent; (4) Ngiyx < (1 —pp)~!; and (5) sensor observations are corrupted by independent,
state-independent, Poisson false alarms with Poisson parameter A and distribution c(z). Let Zpyi =
{Z1,....,Zm} denote the latest scan of data. Then it can be shown that

. (k1) — D;*]( | Z (kD) (I =pp)Nit1)x
Dy qipsr (X ZU"LJ) o T -D (sz Z”“‘)%- - V Dipoyin(x Z‘*'“J)
e (X] 25%‘ 1+ Dpry 5\7" ) FrHEE (I = (1 =pp)Nes16) Ntk ke 14(X]

where

115l \,/f *) )dy

. _ ~ N po [ 4
Desajens (2, 29) = K1(20) Dusae(®1Z®),  Dena(@z®) 75 [ 1t

and where K = [ f (z]y)bk+1;k(y|Z (*))dy. That is, the Bayes-update step for PHD’s is additive—a
property that Stein and Winter call ” Weak Evidential Accrual.”
3.3 PRIOR PHD’s

Let fo(X) be a prior multitarget density [11, p. 37]. Then we can construct the corresponding prior
PHD using the definition of a first multitarget moment function (Definition 1): Do(x) = [ fo({x} U
W)6W. Alternatively, if we specify a prior random track-set T’ then the prior PHD can be constructed
directly from T using Theorem 1.

For example, suppose that we have 7 independent tracks with prior densities f1(x),...,fn(x) and
that the ¢’th track is believed to exist with probability @;. Then the prior track-setis I' =T, U...UT,
where T; = {X;}U07. The prior belief-mass function is

Bo(S)=Pr(FC8)=Pr(IN CS)---Pr(Tn CS) = (1 —m + mp1(S)) --- (1 —Tn +7npa(S))
where pi(S) = [, fi(x)dx. Using Theorem 1 we find that the prior PHD is

Do(x) = [”"(S)] = | (=14 Tapr(8) - Tpi(S) -+ (1 = T + Tapa(S))
i=1 S=S

= mfi(X) +... +Tnfa(x)
The prior expected number of target is, therefore, Ny = f ﬁo(x)dx =71+ ... +Tp.

As another example, suppose that fo(X) is a multitarget uniform distribution [11, p. 37],
{ plV-*(M+1)"! if XCS
0

if otherwise

w(X) =

Then for x € S,

M-1

N i 1)
Do(x) = / l\}‘ ‘II \Il Y / L‘d}(] 'dXi

(M + 1

11\/+1 Y" VM+1) 2 2v




The prior expected number of targets is, therefore, No = |, s Do(x)dx = %M ‘

4.0 MATHEMATICAL PROOFS

4.1 PROOF OF THEOREM 1

Let T'x be a finite random subset of state space S and let Dy (X|Z (k)) be its corresponding multitarget
moment density. We are to prove that

5:,'7';, E
Dklk(XIZ(k)) = 0 ;\' (‘@‘Z“}"J‘)

for all X C S, where ﬁklk(S’|Z(’°)) = Pr(I'x C S) is the belief-mass function of T'x. Let ¢ = —— and
suppose we knew that

2(s)= [ 0w

for any measurable S C S. Then since W N X = ) almost everywhere it would follow that

P " P " A b ) i ) ' (ﬂtp A ’) 7.
Din(X129) = [ frn(XUW|Z2ENsW = [ | ( NEW = [ —(0)6W = (S k(s
ki (X12) / Trir |Z8)¢ / L\” s || (0)¢ 5w (0) (8) = -5~ (5)

and we would be done. So let us prove that ®(S) = [ &Z(0)6W for & = . First, by Theorem 17 of
[7, p. 155] we know that

Brye(S12*) =Zai/_fi(xl, xi)dx;  dx;
=0 Y5

for some real numbers a; and where f; is a completely symmetric density in ¢ arguments. Thus if we
set

B:(S) é/;,- filxi, xi)dx,  dx;

it follows that

5(5) = 2Hk(5) = 30 Bi(5)= 3" ad(s)

1=0

where &; £ %%i for all i > 0. It is enough to prove that ®;(S) = fs 7 (0)6W for all 4 > 0 since it would
then follow that

_— (3 ai®) s L _—
A — —=t= (M = o
O(S) = § a; /\ S (MW = /H SV (D)6Ww /\ Mi_[ﬂ)(”

=0

as desired. To show that ®;(S) = fs%(ﬂﬁw, let Y = {y1, ,y;} with |[Y = j and recall from
Proposition 19 of [7, p. 159] that
63,

ﬂ,‘(ﬂ)*é—;,y i filyr L, Yi)




Y =XUW with X = {x, X}, W={w; wj_p,}and XN'W =0 then

5 . 66, _
w®=szxowm @ =0

if W] # i —n and

-(0) = ! fi(x, Xn, W1 w;.

otherwise. Accordingly,

" od, >~ 1 . 5
/s' ‘””'(@)(” 2‘/‘/ Nwl.....\\',}u) Wi aw;

= . ooy O v
7 MM*, / filwi, o Wi Xy, Xy, AW AW n
On the other hand,
%S = 5O=55 ([ Am wyaw i)
E filwi Wiy [wal;  wi)-dwy [dwy,]  [dw;  dw,

1< #.#5: <V ST

where the last summation is taken over all distinct J1y.- 3 with 1 < 4, ..., 5; < 4, where [w]; indicates
that the argument w; has been replaced by x, and where [dw;] indicates that the differential dw; is
excluded. Since f; is symmetric and since there are !C; n terms in the summation we then get

(2

d(S) = — i / fi(Cw Wien, X1 Xp)dwy  dwy_,

Thus ®;(S) = [, $2 (0)6W for all i > 0 and we are done.
4.2 PROOF OF THEOREM 2
We are to prove the following: for any SC S

E[|Tx 0 S)] = / Dua({x}|2®)ax

Consequently, the first multitarget moment density and the Probability Hypothesis Density (PHD) are
equal almost everyhere: Dy (x|Z(®) = Dy ({x}}Z*)). Let bw(x) = Y wew Ox(W) and 83(x) =0
where 6x(w) is the Dirac delta concentrated on x. First note that

o0

[owifunmiz®mw = 3 [Caw 4 +6w) fuslon willZ®)dwy .

i=1 ¥



o0 l . .
27 / fre({%, ¥ 1 ¥ 2 )dys - - dy;
2.5 v

/ T UY|Z¥)6Y = Dy ({x}]2%)

Now define the indicator function 1g{x) by 1s(x)=1 if x€.S and 1g(x) =0 otherwise. Then

/Dk:k({x}IZ"“))dx = /1.;¢:x:> (/ Sw (x) [ ;«H'z*)m') dx
S . v

/ (/ 1,;-<jxmwpxj>,fx) Fun (W] 255w

/ ISOW] frn(W|Z®)sW = E[ITx N S

]

4.3 PROOF OF THEOREM 4

We are to show:

) l);‘,z(x‘ Z‘: k) ‘)(']X

Disrx(y1Z2™) :/ (d,,l,ix)f cukly
First, notice that by Definition 1 (Section 2.1),
Dk+1|k()’|z(k)) = / frme({yuw|zHF)sw = / (/ Feare({yYUWIX) frn(X|Z* ir\\') SW
/(/‘f;;,l ,v,({y}L,JII'L\")MI') Fep(X|Z%)6X = / Dy (¥|X) frn(X|Z2%5N6X

where
Dyyrin(y \)—/f;Al,t [y} UW|X)oW

Suppose that we know that, given X = {x1, ., X},

Dy (¥ X) = \L‘ Dre 1) (%) Free12(¥]%5)
i=1

k(y1%;)

then we will have

Diet1jx(y1Z2™®) /Dk+1|k(Y|X) fup(X)Z2®)6X
Zi_l'/z(dk“"‘(x")fk“'k(y'xi)+5k+l|k(}’|xj)) Frp({X1, - X} 2Py dxs
i=1 j=1

/ (dk+1|k(x)fk+1|k(YIx) + 5k+1|k()’|x))



— 1
(Z;"/flqk({wil, Wj}|Z(k))dW1 dw; | dx

\Jj=0
/'(dk+1|k(x)fk+1|k(Y‘x)+5k+1|k(Y|x)) Dk+1|k(y|Z(’°))dx

as claimed. We must therefore show that

n

Derp(y1X) =) (dk+1|k(xi)fk+llk()'|xi) + 5k+1|k(}’|xi))
i=1

Let X*+! = ®y(x, Wk ) be the single-target motion model that corresponds to the single-target Markov
density fri1x(¥IX), let X = {xu, ...,Xn} be the target states at time-step k, let Wk, ..., WF be iid.
copies of the random noise vector W¥, and let X} = & (x;, WF). Define rF = {XM}n (0‘,-"‘“'“(")
where @?"““‘(x) is a random subset of state space S such that @?"““‘(X) = { with probability 1 —
dit1)%(x) and (Z)‘:"‘““’ = S with probability dii1x(x). We also assume that @f"“"’(x), ...,(Dik“"’(x)
are 1.i.d. and that (D‘li"““‘(x), ...,(bi””"(x),W’f,...,Wﬁ are statistically independent. Then T'* =0 with
probability 1— dy41jx(x) and Irf= {Xf’“} with probability dgt1)x(x). Furthermore, by assumption
each target with state x at time-step Kk generates, independently of all other targets, new "birth”
targets at time-step k+1 in a manner governed by a multitarget density by x(X|x). Translated into
mathematical terms the multitarget motion model is, therefore,

Tera =T¥L ur*uBfu uBE
ind the corresponding belief-mass function is
Bex(S1X) = Pr(TfuU..UT;UBTU..U BrFC S)
Pr(T* C 8)---Pr(Tk C 8) Pr(Bf C S)---Pr(BL C 5)

= (1= dppap(x) + desajs(X1)Prr1(SI%1)) - - (1 = drja(%n) + o116 (Xn )P+ 115 (S1Xn )
br411p(SIX1) - - brtaye(Sxn)

where brpk(S|X) = [det1jx(X|X)8X is the belief-mass function corresponding to the multitarget
density function fi,1x(X|Z (%)). The first-order set derivative is

\ (SIX = 37 (1= drpaplxs) + disre(X)Prsne(Six1))
v =1

)
oy (1 = dor1p(%:) + D1 (Xi)Prsrix(S|%:))

(1 = dir1jp(Xn) + dit1j6(Xn)Prs1x(SI%n))
ki 6
Y b (S)xa) - 5—ybk+llk(S|xi) -+ by x (Slxa)
i=1

E (1 - dk+l|k(xl) + dk+1|k(x1)Pk+1|k(S|xl)) dk+1|k(xi)fk+1|k(Y|xi)

=1



(1 = gy n(Xn) + drgr |k (Xn) Prsr1x(S]Xn))

it

o Obrivk %, )
Zb;‘»»w k(S]x1) - -- - K (S1x1) -+ - bpgr £ (S]xn)
1=1 Y

Setting S =S and using the fact that bg,;x(Sx;) =1 for all i we get

66, 11 - _
PIESIX) = S (dp e (%0) Fra o (y1%5) + b k(yIxi) )
ﬁy :T]J \

Dipap(ylX) =
as desired

5.0 CONCLUSIONS

In this paper I have used finite-set statistics (FISST) to provide a systematic and theoretically rigorous
theoretical framework for the Stein-Tenney Probability Hypothesis Density (PHD) multitarget tracking
approach. After framing the optimal multitarget tracking problem as a multitarget recursive Bayes
filtering problem, I showed that the PHD is actually a first-order statistical moment of the time-evolving
random track-set TI'y. Consequently, the PHD approach can be interpreted as a multitarget analog of
a constant-gain Kalman filter (e.g., the a-f-y filter). I showed how PHD’s can be computed directly
using the ”set derivative.” 1 also showed how the conventional single-sensor, single-target recursive Bayes
filtering equations can be generalized to the PHD case (though, in the case of the Bayes update step, this
generalization can be only approximate).

Given this, from a computational point of view real-time optimal multitarget tracking is reduced
to the problem of implementing a real-time single-target nonlinear filter that is capable of modeling the
rather complex time-evolution of the PHD. This is in itself a difficult research problem that will not
be successfully addressed by thirty-year-old techniques copied from textbooks. Rather, it will require
advanced techniques currently under development by a number of researchers. See [11, pp. 5-6, 15-16]
for a brief discussion of the major computational issues and some of the major computational strategies.)

The approach outlined here can, in principle, be generalized to develop a filtering approach based
on the second-order multitarget moment densities Dy ({x1,%2}|Z (k)).' Since second moments can be
reformulated to have the general form of a covariance, it is aso possible in principle to develop a statistical
multitarget analog of the Kalman filter.
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