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Glossary of Notation

Symbol Definition
® convolution which is either circular or skew-circular
extended version of a vector, matrix, or sequence
® Kronecker or tensor product
* linear convolution
overbar denoting expectation

® point-wise or Hadamard product
superscript denoting complex conjugate

vector 2-norm

0 zero vector or zero matrix

[4],, m-nth entry of the matrix 4

© circular convolution operator

Cions s Caen N x N discrete cosine transform matrices of types I - IV for even-

length sequences

Cions o5 Caon N x N discrete cosine transform matrices of types I - IV for odd-
length sequences

Cuw object covariance matrix; N x N for one-dimensional object;
N,N, x N;N, for a lexicographically-ordered two-dimensional ob-
ject

.o} - Crole} discrete cosine transform operators of types I - IV for even-length
sequences

Ciols}s - Cuole} discrete cosine transform operators of types I - IV for odd-length

sequences

viii




Symbeol

d(n)

d(nlanz)

d

a?*

d

s

d;, dg

d

aa’

d

as?

dsa 4 dSS

1 13 1
daa 2 das 2 sa?’ dSS

n " " ”
dﬂﬂ 2 das > dsa 2 dA'S

" " " "t
dr. dr dr d”

aa’® as? sa?

dl

Definition

one-dimensional data sequence representing a corrupted, noisy ver-
sion of a signal

two-dimensional data sequence representing a blurred, noisy image
of an object

arbitrary dimension; e.g., a D-dimensional sequence, x(n;,n,,...,n,)

data sequence expressed as a vector; N x 1 for a one-dimensional

sequence; N,N, x1 for a lexicographic representation of a two-
dimensional sequence

N x1 vectors which are portions of d calculated from symmetrically

convolving the vectors /&, and k; with the vector 8; d =d, +d,

N x1 vectors which are portions of d calculated from symmetrically

convolving the vectors A, and A/ with the vector @ using different
forms of symmetric convolution; with appropriate zero-padding in
the vectors K, ], and 6, then d, =d, andd, =d|

NN, x1 vectors which are portions of two-dimensional version of
d calculated from symmetrically convolving the vectors f,,, I,
K, and K, withthe vector 8; d =d,, +d, +d ,+d,

sa?’

NN, x1 vectors which are portions of two-dimensional version of

d calculated from symmetrically convolving the vectors k., k;

as >
rr
hsa 4

convolution; with appropriate zero-padding in the vectors k.., k..,
K, K7, and 6, then d,, =d!, =d" =d", d, =d =d!=d"

sa? 8§82 aa?’ as?

et — g = g gt =t = g
dsa - dsa - dsa d and dss - dss dss dss

sa?

and K, with the vector @ using different forms of symmetric

two-dimensional data sequence expressed as an N, x N, matrix

M x M diagonal matrix with elements [D]mm = exp{ J T’;-m} for
m=0,1, ..., M—1; relates extended discrete trigonometric trans-

form matrices to generalized discrete Fourier transform matrices

expected value operator

ix



Symbeol

ESE

EWSWS’ tee EHAWS

(E,®E,)

&sp{o}

Eysws {'}a o5 Ehaws {’}

f@), f(m.n)

f

F, BSC

Definition

shorthand notation to describe an arbitrary M x L symmetric ex-
tension matrix

M x L symmetric extension matrices; sixteen different matrices ex-
ist based on different possible ways to symmetrically extend a finite
sequence

M, M, x L, L, symmetric extension matrix which acts on a lexico-
graphic vector representing a matrix; has the effect of extending both
the rows and columns of the matrix; E, and E, are each one of the

sixteen different symmetric extension matrices Ey gy, ..., Eyups

shorthand notation to describe an arbitrary symmetric extension op-
erator

symmetric extension operators; sixteen different operators exist
based on different possible ways to symmetrically extend a finite se-
quence

error vector, £ =60 - é; N x 1 if the vector @ represents a one-
dimensional sequence; N,N, x1 if the vector & represents a lexi-
cographically-ordered two-dimensional sequence

one and two-dimensional recovery filter impulse responses

vector representation of recovery filter impulse response; N x 1

for a one-dimensional sequence; NN, x1 for a lexicographically-
ordered two-dimensional sequence

N, x N, matrix representation of recovery filter two-dimensional
impulse response

NN, x NN, block circulant matrix which performs two-
dimensional circular convolution for recovery filter

N|N, x N|N, block symmetric convolution matrix which performs
two-dimensional symmetric convolution for recovery filter



Symbol

F, BSC.aa> F, BSC.as>

F, BSC,sa* F, BSC,ss

Zr(k), Zelkiskr)
70 (k) Zr(kisksy)

Zra(k), Zr (k)

7T,aa (kl ’ k2 )’ 7T,as (kl 3 k2 )3
77‘,sa (kl H k2 )’ 7T,ss(k] ’ k2 )

Zr

Zr

Definition

NN, x N|N, block symmetric convolution matrices implementing
two-dimensional block symmetric convolution by the antisymmetric
and symmetric portions of the matrix Fg.; the ‘BSC’ subscript is
dropped in later chapters when it is obvious that the form of convo-
lution is block symmetric

N x N circulant matrix which performs one-dimensional circular
convolution for recovery filter

N x N symmetric convolution matrix which performs one-
dimensional symmetric convolution for recovery filter

N x N symmetric convolution matrices implementing symmetric
convolution by the antisymmetric and symmetric portions of the
matrix Fg.; the ‘SC’ subscript is dropped in later chapters when it is
obvious that the form of convolution is symmetric

discrete Fourier transform operator

discrete Fourier transforms of f(n) and f(n;,n,)
discrete trigonometric transforms of f(n) and f(n;,n,)

decomposition of Z.(k) into its antisymmetric and symmetric parts;
the 'T" subscript is dropped in later chapters when it is obvious that
the transform domain is trigonometric

decomposition of Z.(k;,k,) into its antisymmetric and symmetric

parts; the 'T” subscript is dropped in later chapters when it is obvious

that the transform domain is trigonometric

diagonalized recovery filter matrix in the Fourier domain; N x N
for one-dimensional data; N,N, x N,N, for lexicographically-

ordered two-dimensional data

diagonalized recovery filter matrix in the trigonometric transform
domain; N x N for one-dimensional data; N,N, x N|N, for lexi-

cographically-ordered two-dimensional data

xi



Symbol

77',0 ’ ?T,s

7T,aa’ ?T ,as? 7T,sa’ 7T,ss

Ga,b,M

Gante}

h(n)
h(n,n,)
h,(n), hy(n)

by (n), b (n)

haa (n] > n2 )9 has (nl s n2 ):
hsa (nl s )’ hss(nl ) )

hZ (nl st ), h(:sr (nl ) )

by (ny,ny), by (m,n,)

Definition

N x N diagonalized forms of one-dimensional symmetric convolu-
tion matrices Fy. , and Fy. ; the 'T" subscript is dropped in later

chapters when it is obvious that the transform domain is trigonomet-
ric

N|N, x N\N, trigonometric transforms of the matrices Fyq ,,,
Fysc o5 Fyse sas and Fyge 5 the 'T" subscript is dropped in later
chapters when it is obvious that the transform domain is trigonomet-
ric

M x M generalized discrete Fourier transform matrix with input
and output index variable shifts of g and b

generalized discrete Fourier transform operator with input and out-
put index variable shifts of a and b

one-dimensional degrading system impulse response

two-dimensional degrading system point spread function
antisymmetric and symmetric portions of A(n); h(n) = h,(n)+ h,(n)

sequences representing portions of 4,(n) and A, (n) which exist to
the right of the origin; the superscript 7’ indicates the filter right-half
terms

sequences representing portions of the decomposition of h(n;,n,)
into its antisymmetric and symmetric parts about the », and n, axes;
h(ny,ny) = h,,(ny,n,) + b (ny,my) + by (ny,n,)) + b (ny,m,)

sequences representing portions of A, (n,n,), h,(n,n,),
hy,(n,n,), and h,(n,n,) which exist in the first quadrant of the
n, - n, plane; the superscript 7r' indicates the filter right-half terms
about both #, and n,

vector representation of degrading system impulse response; N x 1
for a one-dimensional sequence; N,N, x 1 for a lexicographically-

ordered two-dimensional sequence

xii



Symbol
by, kg

hrr hrr hrr hrr

aa® "%as? ""sa> "'ss

H
H

ied rr rr r
Haa’ Has’ Hsa’ Hss

Hy

HBC

Hpg

H BSC

H BSC aa> H BSC.as>

H BSC,sa* H BSC,ss

’ ’
HBSC,aa’ AR HBSC,ss
" "
HBSC,aa’ sy HBSC,ss

" 1"
HBSC,aa 5 e BSC ss

Definition

N x1 vector representations of #;(n) and 4] (n)

NN, x1 lexicographic vector representations of %, (n,,n,),

by (my,my), b (m,my), and Ay (m,n,)

superscript denoting Hermitian or conjugate transpose

N,xN, matrix representation of two-dimensional degrading system
point spread function

N xN, matrix representations of #,,(n,,n,), h,(n,m), hy(n,n,),

and A (n,,n,)

MM, x M, M, matrix which can be either block circulant, block
skew-circulant, or a combination depending on the underlying sym-
metry of the rows and columns of H

NN, x N|N, block circulant matrix which performs two-
dimensional circular convolution for degrading system

NN, x N|N, block skew-circulant matrix which performs two-
dimensional skew-circular convolution

N,N, x N|N, block symmetric convolution matrix

NN, x N|N, block symmetric convolution matrices implementing

two-dimensional block symmetric convolution by the matrices

H, H;, H, and H; the 'BSC' subscript is dropped in later

chapters when it is obvious that the form of convolution is block
symmetric

NN, x N;N, block symmetric convolution matrices implementing
two-dimensional block symmetric convolution by the matrices
Hrr Hrr Hrr

aa?’ as? sa’

and H/ using alternate but equivalent forms of

block symmetric convolution

N x N circulant matrix which performs one-dimensional circular
convolution for degrading system

Xiii



' '
HSC,a’ HSC,S

ﬂF(k)’ g(F(kbkz)

#o(k), Fo(kisky)

#(k), #r(k,k,)

WT,a (k)’ gIT,s(k)

Definition

NN, x N\N, matrix of partitioned blocks of skew-circulant matri-
ces arranged in a circulant pattern

M x M circulant or skew-circulant matrix used inside matrix defi-
nition for symmetric convolution

N x N skew-circulant matrix which performs one-dimensional
skew-circular convolution

N,N, x N;N, matrix of partitioned blocks of circulant matrices ar-
ranged in a skew-circulant pattern

N x N symmetric convolution matrix

N x N symmetric convolution matrices implementing symmetric
convolution by the vectors &, and i; e.g., Hsc, = 85, y%7,Copy

and Hy-  =C,, e‘ v#rCo. s the 'SC' subscript is dropped in later
chapters when it is obvious that the form of convolution is symmet-
ric

N x N symmetric convolution matrices implementing symmetric
convolution by the vectors 4, and &, using alternate but equivalent
forms of symmetric convolution; e.g., Hg. , = —C;el, N#r,482. n and

' — ¢l . ' r
He = 85, y%r 82 ns Hyco # Hye, and Hge o # Hge

one and two-dimensional discrete Fourier transforms of A(») and
h(ny,m,)

one and two-dimensional odd discrete Fourier transforms of A(n)
and h(n,,n,)

one and two-dimensional discrete trigonometric transforms of A(n)
and h(n;,n,)

decomposition of #;(k) into its antisymmetric and symmetric
parts; the ‘7" subscript is dropped in later chapters when it is obvious
that the transform domain is trigonometric

Xiv



Symbol

?T,aa (kl > k2 )’ 7lT,as(kl b k2 )a
q'/T,;a (kl H k2 )’ WT,ss(kl H k2 )

érr érr érr 4rsr

aa® "as? sa® s

ﬁT a? g(T,s

rr r rr rr
Taa® T Tas> " Tsa> 7T,ss

g(T,aa s q‘T ,as? ?(T,sa s 7“’{T,ss

Definition

decomposition of #,(k;,k,) into its antisymmetric and symmetric

parts; the 7" subscript is dropped in later chapters when it is obvious

that the transform domain is trigonometric

NN, x1 trigonometric transforms of the vectors k,, k, k.., and
kg

diagonalized degrading system convolution matrix in the Fourier
domain; N x N for a one-dimensional object; N,N, x N|N, for a
lexicographically-ordered two-dimensional object

NN, x NN, diagonal form of H_g

M x M transform of H,,; equal to #, if H,, is circulant, or %,
if H,, is skew-circulant

diagonalized convolution matrix in the odd Fourier transform do-
main; N x N for a one-dimensional object; N;N, x N|N, for a
lexicographically-ordered two-dimensional object

N|N, x N,N, diagonal form of Hy,

diagonalized symmetric convolution matrix in the trigonometric
transform domain; N x N for a one-dimensional object; N,N, x
N, N, for a lexicographically-ordered two-dimensional object

N x N diagonalized forms of one-dimensional symmetric convolu-
tion matrices; e.g., #;, = diag{Sle, N } and % = diag{Cle‘Nhs’ };
the 'T" subscript is dropped in later chapters when it is obvious that

the transform domain is trigonometric

N, x N, trigonometric transforms of the matrices H,,, H,;, H_,,

rr
and H

NN, x NN, trigonometric transforms of the matrices H g ,,,

H g oor Hpge ons and Hpge 5 the 'T" subscript is dropped in later
chapters when it is obvious that the transform domain is trigonomet-
ric

XV



Symbol

L, L,

min{-}

M,, M,

Ho

ny

n, n

N, N,

Definition
identity matrix when dimension is obvious from context

L x L identity matrix

one-dimensional transform domain index

two-dimensional transform domain indices

constant term in definition of discrete trigonometric transform ma-
trices; k, =1/2 forn=0 or N, 1 otherwise

length of possibly N —1, N, or N +1 depending on length of par-
ticular discrete trigonometric transform

lengths of possibly N, -1, N, or N;+1 and N, -1, N,, or N, +1
depending on length of particular two-dimensional discrete trigono-
metric transform

minimum

length of a extended version of a one-dimensional sequence;
M=2N for Nevenor M =2N -1 for N odd

lengths of extended versions of two-dimensional sequences; M, =
2N, for N, evenor M, =2N, -1 for N, odd, and M, =2N, for
N, evenor M, =2N, -1 for N, odd

object mean vector; N x1 for a one-dimensional object; NN, x 1
for a lexicographically-ordered two-dimensional object

one-dimensional sequence domain index

a particular value of #; symmetric convolution induces a delay of
ny=0orl

two-dimensional spatial domain indices

length of a one-dimensional sequence

lengths in n,, n, directions of two-dimensional sequences

Xvi



Symbol

R.(n)

(R,®R,)

Ry, R

RWaaWaa ’

R’”uﬂﬂm ?

W,

R’”ﬂ&' WIIS ?

R%s%y

Definition

rectangular window of length L

Lx M matrix equivalent of 2,(n); R, =[I, 0]

L, L, x MM, windowing matrix which retains samples of interest
form two-dimensional symmetric convolution expression; R 1, Te-

tains L, samples from each column, and R, retains L, samples

from each row; R, =[I L 0] and R, =[I L 0]

object correlation matrix; N x N for a one-dimensional object;
NN, x NN, for a lexicographically-ordered two-dimensional ob-
ject

Fourier domain object correlation matrix; N x N for a one-

dimensional object; NN, x N;N, for a lexicographically-ordered
two-dimensional object

N x N discrete cosine transform domain object correlation matrix

for a one-dimensional object; subscript s’ denotes symmetric portion

NN, x N;N, discrete cosine transform domain object correlation

matrix for a lexicographically-ordered two-dimensional object; sub-
script 'ss’ denotes symmetric portion about both axes

noise correlation matrix; N x N for a one-dimensional noise se-
quence; N,N, x NN, for a lexicographically-ordered two-
dimensional noise sequence

N x N trigonometric domain noise correlation matrices for a one-

dimensional noise sequence; subscripts ‘a’ and s’ denote antisym-
metric and symmetric portions

N,N, x N|N, trigonometric domain noise correlation matrices for a
lexicographically-ordered two-dimensional noise sequence; sub-

scripts ‘aa’, ‘as’, 'sa’, and 'ss’ denote antisymmetric and symmetric
portions about the »; and n, axes

xvii



Symbol

W

6(”), 0(711 H n2)

(n), O(m,my)

Definition

Fourier domain noise correlation matrix; N x N for one-

dimensional data; NN, x N, N, for lexicographically-ordered two-
dimensional data

correlation coefficient
skew-circular convolution operator

N x N discrete sine transform matrices of types I - IV for even-
length sequences

N x N discrete sine transform matrices of types I - IV for odd-
length sequences

discrete sine transform operators of types I - IV for even-length se-
quences

discrete sine transform operators of types I - IV for odd-length se-
quences

superscript denoting transpose of a vector or matrix

trace of a matrix
L x L trigonometric transform matrix

M x L extended trigonometric transform matrix; 7' has twice as

many rows as T,

L, L, x L, L, two-dimensional trigonometric transform matrix which

acts on a lexicographic vector representing a matrix; 7, ; and 7, ;.
are different one-dimensional trigonometric transform matrices
which act on the columns and the rows of the matrix

trigonometric transform operator
one and two-dimensional object sequences

one and two-dimensional object estimates

xviii




Symbol

'9F(k)a ‘9F(k15k2)

Io(k), So(ki,ky)

8r(k), Sr(kisk;)

OL(k), O%(k,k,)

O (k), O (k;,ky)

D>

D>

min

Definition

one and two-dimensional discrete Fourier transforms of an object
sequence

one and two-dimensional odd discrete Fourier transforms of an ob-
ject sequence

one and two-dimensional discrete trigonometric transforms of an
object sequence

diagonal elements of one and two-dimensional Fourier domain ob-
ject correlation matrices

diagonal elements of one and two-dimensional discrete cosine trans-
form domain object correlation matrices

object sequence expressed as a vector; N x1 for a one-dimensional

object; NN, x1 for a lexicographically-ordered two-dimensional
object

object estimate expressed as a vector; N x1 for a one-dimensional

object; NN, x1 for a lexicographically-ordered two-dimensional
object

linear minimum mean-squared error estimate; N x 1 for a one-
dimensional object; N;N, x1 for a lexicographically-ordered two-
dimensional object

discrete Fourier transform of object vector; N x 1 for a one-
dimensional object; N;N, x1 for a lexicographically-ordered two-
dimensional object

discrete trigonometric transform of object vector; N x1 for a one-
dimensional object; N,N, x1 for a lexicographically-ordered two-
dimensional object

NN, x1 vector in the discrete cosine transform domain having
half-sample symmetry about both axes

N, x N, matrix representation of a two-dimensional object

Xix



@T,ss

vee {0}

2%

w(n), w(nl :nz)

le(k)s ng(klak2)

;. (k), 2%} (k)

(ki ky), (ky,k,),
W2k ky), %3 (ky k)

w;!
x(n), x(n,m,)
x,(n), x.(n)

Xaa (nl NG )’ Xas (711 ) ),
Xsa (nl 0 )’ Xss (nl ’ n’Z)

=

Definition

N, x N, matrix representation of discrete Fourier transform of ob-
ject matrix
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Abstract

This dissertation demonstrates how the symmetric convolution-multiplication property of
discrete trigonometric transforms can be applied to traditional problems in image reconstruction
with slightly better performance than Fourier techniques and increased savings in computational
complexity for symmetric point spread functions. The fact that the discrete Fourier transform
diagonalizes a circulant matrix provides an alternate way to derive the symmetric convolution-
multiplication property for discrete trigonometric transforms. Derived in this manner, the sym-
metric convolution-multiplication property extends easily to multiple dimensions and generalizes
to multidimensional asymmetric sequences. The symmetric convolution-multiplication property
allows for linear filtering of degraded images via point-by-point multiplication in the transform
domain of trigonometric transforms. Specifically in the transform domain of a type-II discrete
cosine transform, there is an asymptotically optimum energy compaction about the low-
frequency indices of highly correlated images which has advantages in reconstructing images
with high-frequency noise. The symmetric convolution-multiplication property allows for well-
approximated scalar representations in the trigonometric transform domain for linear reconstruc-
tion filters such as the Wiener filter. An analysis of the scalar Wiener filter's improved mean-

squared error performance in the trigonometric transform domain is given.




TRIGONOMETRIC TRANSFORMS FOR

IMAGE RECONSTRUCTION

1. Introduction

The results of the research presented in this dissertation demonstrate new forms of linear
image reconstruction filters which employ a recently-developed property of trigonometric trans-
forms. Image reconstruction is the process of restoring degraded images [40]. An imaging sys-
tem typically measures a blurred, noisy image of an object. The system must then apply image
reconstruction techniques to recover an estimate of the object from its blurred, noisy version.
Linear image reconstruction techniques use linear shift-invariant filters to recover the ob-
ject [27]. A linear shift-invariant filter is a system whose response to a.m arbitrary input is com-
pletely characterized by its response to a single impulse [37].

The Air Force is interested in image reconstruction because it has a need to image space-
borne objects from the ground [13]. This problem is complicated by the turbulent atmosphere
which has a severe degrading effect on the quality of images [40] and by the noise present in im-
age detection systems [17]. Many existing nonlinear image reconstruction techniques are itera-
tive [30] - [32], and require large amounts of computer processing time with a high degree of
computational complexity. Existing linear methods [15], [21], [27], [38], [44], require fewer
computations than iterative methods, but suffer from poorer performance. An image reconstruc-
tion technique which has better performance than existing linear techniques, yet still offers the

computational advantage of linearity would thus be of great interest to the Air Force.




The general purpose of this dissertation is to investigate the application of trigonometric
transforms to the two-dimensional image reconstruction problem. Two-dimensional trigonomet-
ric transforms [26], [27] convert the pixels of a discretely-sampled image into a two-dimensional
series of coefficients which represents the amount of information contained in the image at sinu-
soids of different spatial frequencies. A spatial frequency is the two-dimensional equivalent of a
one-dimensional temporal frequency. Specifically, this research shows how the symmetric con-
volution-multiplication property of discrete trigonometric transforms can improve linear image
reconstruction filters.

Martucci [34] recently developed the symmetric convolution-multiplication property for
the family of discrete trigonometric transforms. The discrete trigonometric transform family
consists of sixteen different one-dimensional transforms which are even and odd-length versions
of type I - IV discrete sine and cosine transforms [26], [27], [39]. A sine or cosine transform per-
forms a similar operation on an image as a Fourier transform. Consider the sequence

G (ki ky)=7 {9(111,}12 )} which is the two-dimensional trigonometric transform of the sequence
6(n,,n,). The subscript ‘T’ denotes that the sequence 9,(k,,k,) exists in the trigonometric
transform domain. The operator 7 {-} is a two-dimensional discrete trigonometric transform
based on any of the sixteen one-dimensional discrete trigonometric transforms. The indices »,

and n, correspond to an ordering of the pixels of the image. The indices k, and &, represent the
locations of sample points in trigonometric transform domain space which correspond to differ-
ent spatial frequencies. The values of the sequence 3,(k;,k,) at each point represent the
amount of information contained in the image which agrees with sinusoids having spatial fre-

quencies corresponding to k, and k,.




Similarly the sequence 9. (k;,k,) =7 {6‘(711 oM, )} in the Fourier domain represents the

amount of information contained in an image which agrees with complex exponentials of differ-
ent spatial frequencies. Here the subscript 'F' indicates the Fourier domain, and the operator

7{.} represents the discrete Fourier transform. The sequences $,(k;,k,) and 9. (k,,k,) are
both transform-domain spatial frequency representations of the sequence &(n,,n,). One notable
difference between the sequences $,(k,,k,) and 9. (k,,k,) is that if &(n,n,) is real-valued,
then the sequence 3,(k;,k,) will also be real-valued, but the sequence 9. (k,,k,) will be com-

plex-valued.

There are sixteen different one-dimensional discrete trigonometric transforms. Different
transforms exist for sines and cosines, for even and odd-length sequences, and for different types
distinguished as types I - IV [26], [27], [39]. The four types I - IV impose half-sample shifts in
the input or output indices of the sine and cosine transforms. A type-I trigonometric transform
imposes no shift to either the input or the output sequence indices. A type-II transform imposes a
half-sample shift to just the input index. A type-III transform imposes a half-sample shift to just
the output index. A type-IV transform imposes a half-sample shift to both the input and the out-
put indices. The fact that these four transforms require either no shift or a half-sample shift is
related to the idea of the point of symmetry in the symmetric extension of a finite sequence. The
point of symmetry can be either the end point in the sequence or a point which lies one-half
sample beyond the end point of the sequence.

The discrete trigonometric transform family lies at the heart of many image transform
coding applications [27], [33], [39]. The objective of image transform coding, which is different
than the goal of this research, is to reduce the information content of an image for storage or

transmission. Although very useful for transform coding, the discrete trigonometric transforms




have not proved very useful in a wide variety of image filtering applications, because until re-
cently no convolution-multiplication property existed for the entire family. The advantage of a
transform that possesses a convolution-multiplication property is that the property allows a filter
to be implemented more efficiently in the transform domain through point-wise multiplication.
To implement the effects of a filter through convolution directly in the spatial domain requires a
large number of shifts, adds, and multiplies.

The circular convolution-multiplication property of discrete Fourier transforms is well-
known [37]. A symmetric convolution-multiplication property for the entire family of discrete
trigonometric transforms has only existed since 1994 [34]. An earlier attempt to define a convo-
lution-multiplication property for the discrete cosine transform [6] produced a result limited to
the convolution of only certain types of symmetric sequences. It was based solely on the type-II
even-length discrete cosine transform.

Martucci [34] defines symmetric convolution as the form of convolution for the entire
family of discrete trigonometric transforms similar to the manner in which circular convolu-
tion [37] is the form of convolution for the discrete Fourier transform. Circular convolution in-
volves the point-by-point shifting and adding of periodic replicas of the finite sequences being
convolved. Symmetric convolution involves the point-by-point shifting and adding of symmetric
extensions of the sequences being convolved. The symmetric convolution-multiplication prop-
erty states that an inverse trigonometric transform of the product of the trigonometric transforms
of two sequences yields the same result as the symmetric convolution of the two sequences [34].

Mathematically, the symmetric convolution-multiplication property states that the sequence
d(n,n,) which is calculated as d(n;,n,) = 7% {71 {t9(n1,n2 )} ) {h(nl,n2 )}} is exactly the same

sequence which results from computing the symmetric convolution of the sequences 8(n;,n,)




and h(n;,n,) directly. The operators 71{.}, 72{-}, and ‘73{.} are different two-dimensional dis-
crete trigonometric transforms. The circular convolution-multiplication property for discrete

Fourier transforms, d(n,,n,) = 7'1{7{0(n1,n2)} 7 {h(nl,nz)}}, is very similar to the symmetric
convolution-multiplication property for discrete trigonometric transforms. The operator 7 {-}

again represents the discrete Fourier transform. The symmetric convolution-multiplication prop-
erty exists for forty different one-dimensional cases of various combinations of the sixteen trans-
forms in the discrete trigonometric transform family. Symmetric convolution is limited to se-
quences having underlying symmetry. The forty different cases cover many possibilities for both
symmetric and antisymmetric sequences which allows an asymmetric sequence to be decom-
posed into its symmetric and antisymmetric parts prior to being convolved.

Previous applications of the discrete cosine transform to linear image reconstruction [26],
[27] provided very good diagonal approximations for certain types of correlation matrices. Many
linear image processing techniques require knowledge of how the individual pixels of an image

are correlated with each other. If the elements of the vector & represent the pixels of the image

6(m,n,), the correlation between pixels is expressed by the matrix R,, = EO_T The overbar,

indicates the expected value operator, and the superscript ‘7" denotes the transpose of the vector

0. 1If the size of the image is N, x N,, then @ will be an N|N, x1 vector and R,, will be an
NN, x NN, matrix. The type-II discrete cosine transform has the property that it very nearly

diagonalizes the correlation matrix of an image whose pixels are highly correlated [27]. An im-
age with highly-correlated pixels has few abrupt transitions within a small neighborhood of pix-

els in the image. The approximate diagonal form of the correlation matrix for a highly-correlated

image is Ry o =Cy, v NzRgnge,NlNz. The NN, x N\N, matrix Cy, y v, is a type-Il discrete




cosine transform matrix for even-length two-dimensional sequences. The discrete cosine trans-

form of the vector & is the vector 9, =Cy, v, 0. The off-diagonal elements of the matrix
R, ;. are all approximately zero. As the pixels in an image become more highly correlated, the
off-diagonal elements in its transform-domain correlation matrix, R, ;. approach zero [39].

One of the results of this research demonstrates another diagonalizing property of discrete
trigonometric transforms. Symmetric convolution has an equivalent matrix representation as

d = Hy.0. The matrix Hg. incorporates all of the symmetric extensions, shifts, additions, and
multiplications of symmetric convolution. The resulting vector d contains the same elements as
the elements in d(n,,n,) which resulted from the symmetric convolution of the two-dimensional
sequences 6(n;,n,) and h(n;,n,). In the vector-matrix representation, the sequences 6(n;,n,)
and h(m,n,) are represented by the vectors & and A.

Trigonometric transforms diagonalize symmetric convolution matrices because symmetric
convolution in the spatial domain is equivalent to point-wise multiplication in the transform do-

main. The results of this research reveal diagonalizing forms for all forty cases of symmetric
convolution. In general, d =T, '#%,T,0, where the matrix %, is diagonal with the vector Th
along its diagonal. This expression is exactly equivalent to d = T;"'[T;0 © T,h], where ® rep-
resents a point-wise or Hadamard product [22]. The three matrices 7;, T,, and T; are matrix
representations of two-dimensional trigonometric transforms. The fact that the above matrix
equation produces exactly the same result as d(n;,n,) = % {‘71 {«9(n1 ,nz)} D {h(n1 1, )}} is one
of the main contributions of this research [9].

The matrix form of the symmetric convolution-multiplication property allows for a more

natural extension of the property to asymmetric multidimensional sequences than the operator




form of the property. The ability to apply the property to asymmetric two-dimensional sequences
is important because they are the most general class of sequences encountered in image recon-
struction. The alternate derivation of the matrix form of the property depends on the fact that a
discrete Fourier transform matrix diagonalizes a circulant matrix representing circular convolu-
tion [23].

The diagonalizing results for symmetric convolution matrices presented here are related to
the work of Sanchez e al. Her team shows that diagonalizing forms exist for the eight discrete
cosine transforms [41] and the eight discrete sine transforms [42]. Their method is to determine
the class of matrices whose eigenvectors are sine and cosine transforms, but their results reveal
diagonalizing forms for only sixteen of the forty cases of symmetric convolution -- one case of
symmetric convolution for each of the sixteen transforms. Their results therefore do not extend
to the general case of convolving an asymmetric sequence which requires different convolution
relations for each part of the sequence's underlying symmetry. The approach taken here is to re-
late the discrete trigonometric transform to the discrete Fourier transform which already pos-
sesses a diagonalizing form [23]. These newly derived diagonalizing matrix forms then allow for
a natural extension of all the cases of the symmetric convolution-multiplication property to mul-
tidimensional asymmetric sequences.

The notion that a type-II discrete cosine transform matrix approximately diagonalizes the
correlation matrix of a highly-correlated image and the property of the trigonometric transform to
exactly diagonalize a symmetric convolution matrix both play important roles in applying trigo-
nometric transforms to image reconstruction problems. Many existing linear image reconstruc-
tion techniques rely on knowledge of both the correlation of the pixels in an object being imaged
and the impulse response of the system which degrades the object. Optical scientists and engi-

neers refer to the two-dimensional impulse response of the degrading system as its point spread




function. The name arises from the blurring or spreading of individual points comprising the
object [16].

As mentioned previously, it is computationally more efficient to calculate convolutional
results in the transform domain. The calculations become even more efficient if all the transform
domain matrices involved are either diagonal or well-approximated by their diagonal elements.
Transform domain implementations of filters which rely on just the diagonal elements of matri-
ces are called scalar filters.

Traditional Fourier image reconstruction filters have scalar forms. For an image recon-
struction filter to have a scalar form, both the matrix representing convolution of the degrading
point spread function and the correlation matrix of the object must have diagonal or approxi-
mately diagonal forms. Discrete Fourier transform matrices diagonalize circulant convolution
matrices [23]. Discrete Fourier transform matrices also provide approximate diagonal forms of
object correlation matrices in the transform domain [48]. For a highly correlated image, the dis-
crete Fourier transform will not, however, condense as much of the content in all the transform
domain terms onto the diagonal as a type-II discrete cosine transform [20], [29]. The lower en-
ergy in the off-diagonal elements in the cosine transform domain leads to a better diagonal ap-
proximation than the discrete Fourier transform.

The results of this research show for the first time that trigonometric transform represen-
tations of image reconstruction filters also have scalar forms. The fact that a type-iI discrete co-
sine transform matrix approximately diagonalizes the correlation matrix of a highly-correlated
image is well-known [27]. More recently, Martucci's symmetric convolution-multiplication
property for discrete trigonometric transforms [34] allows the matrix diagonalization form of
symmetric convolution presented here. Thus both matrices underlying the trigonometric image

reconstruction filter are either diagonal or approximately diagonal and a scalar filter results.




To help illustrate how a filter can recover an estimate of an object from its distorted, noisy

version, consider the imaging scenario in Figure 1. In the figure, 6(n,n,) represents the original

O(n;,n,) d(n,n,) é(nl’n2)
N h(nlsnz) f(nlsn2) >

w(n,,n,)

Figure 1. Imaging Scenario

object. The sequence /(n,n,) represents the point spread function of the system blurring the
object. The scenario adds noise represented by the sequence w(n;,n,) to produce the received
data sequence d(n;,n,) = h(n;,n,)*6(n,n,) +w(n,n,). The recovery filter in the scenario has a
two-dimensional impulse response, f(r;,n,), so that the estimate of the object is é(n,,nz) =

S (m,m)*d(m,m). The goal of image reconstruction is to find the impulse response of the re-
covery filter, f(n,,n,), which produces the best possible estimate @(nl,n2 ).

If the noise, w(n,,n,), is negligible, then the recovery system can use an inverse filter to

produce an estimate é(nl,nz) = @(m,n,) which recovers the object exactly. Otherwise an opti-

mum choice for a recovery filter is the Wiener filter. Inverse and Wiener filters are two tradi-
tional types of linear image reconstruction filters. They both have scalar representations in the
Fourier domain. Inverse filters simply invert the Fourier transform coefficients of the degrada-
tion filter to recover the original object [15], [27]. Wiener filters are regularized versions of in-
verse filters designed to operate in the presence of noise. They minimize the mean-squared error

between the estimates they recover and the original object being imaged [21], [38], [44], [52].




This research shows that both inverse and Wiener filters can benefit from the symmetric convo-
lution-multiplication property of discrete trigonometric transforms. The results derived here
create new versions of inverse and scalar Wiener filters which exist in the transform domain of
the trigonometric transforms.

All scalar Wiener filters, including the traditional Fourier domain and new trigonometric
transform domain versions, are approximations of more optimum vector or generalized Wiener
filters [38]. A vector Wiener filter accounts for the off-diagonal elements present in the trans-
form domain representation of the object correlation matrix. Vector Wiener filters provide better
estimates than scalar Wiener filters [13], [14], but they are more computationally intense than
scalar Wiener filters. Pratt [38] shows that the mean-squared error performance of vector Wiener
filters in the transform domain is independent of the choice of transform. Different scalar ap-
proximations of a vector Wiener filter will, however, yield different levels of performance based
on how well the transform domain matrices underlying the filter approximate diagonal matrices.
The trigonometric scalar Wiener filter derived here yields better performance than its Fourier
counterpart because the discrete cosine transform yields a more accurate diagonal approximation
of an object correlation matrix for a highly-correlated image than a discrete Fourier trans-
form [27].

Traditional Fourier-domain scalar Wiener filters are computationally less intense than
nonlinear iterative techniques, but suffer from poorer mean-squared error performance. The fil-
ters which result from this research require fewer computations than Fourier scalar Wiener filters
while demonstrating better mean-squared error performance. They thus provide one possible
solution to the Air Force's overall problem of finding image reconstruction techniques which are
computationally more efficient than nonlinear techniques, but which have better performance

than existing linear methods.
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This research effort represents the first time the symmetric convolution-multiplication
property of discrete trigonometric transforms [34] has ever been applied to image reconstruction.
The focus is therefore on applying the new technique to the most basic image reconstruction
methods. To apply this new technique to create new versions of inverse and Wiener filters re-
quires a few basic assumptions which must underlie the model of the basic imaging scenario.
These assumptions involve the form of the filters which cause the degradation, the statistics of
the object being imaged, and the noise in the model.

The image reconstruction techniques of inverse and Wiener filtering are linear and shift-
invariant. The techniques must therefore assume that the degradation is caused by a system
which is also linear and shift-invariant. The implication of linearity and shift-invariance is that
the form of the point spread function degrading the object is the same for each pixel of the ob-
Ject. This assumption is valid for real-world imaging situations [16]. The trigonometric inverse
and Wiener filters derived here require knowledge of the point spread function of the degrading
system. Fourier domain inverse and scalar Wiener filters also require a known point spread
function. In practice the point spread function of the degrading system is often not known ex-
actly. In many cases it can be modeled as a random process with reasonable assumptions made
for its statistics. For example, if the distortion in an image is caused by atmospheric turbulence,
then reasonable approximations to a wide variety of atmospheric point spread functions can often
be found [40].

An additional limitation within the imaging model for this application of the symmetric
convolution-multiplication property is related to the statistics of the object being imaged. The
object statistics must be assumed to be wide-sense stationary and highly correlated. A wide-
sense stationary object has a constant mean and an autocorrelation which depends only on the

difference between the locations of the samples in an image [7]. If the vector & represents the
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object sequence 6(n,n,), the mean of the vector @ is the vector Hg. For a wide-sense station-
ary object, the vector u, must first be constant with the same value for each of its elements.
The second condition for the vector € to be wide-sense stationary is that the m-nth element of its

correlation matrix, [Rag]mn, must only depend on the difference between m and n. An image

with highly-correlated pixels will have only minor fluctuations in the values of its pixelsin a
small region. Both assumptions of wide-sense stationarity and highly-correlated pixels are nec-
essary for the correlation matrix to become almost diagonal in the trigonometric transform do-
main. A good scalar approximation of the filter will result if the correlation matrix becomes al-
most diagonal in the transform domain.

The imaging model also includes assumptions regarding the noise in the system. The
model requires that the noise samples be zero-mean, additive, of uniform variance, uncorrelated
with each other, and independent of the object. These assumptions imply that the amount of
noise present in each pixel of the image is completely unrelated to both the object intensity and
the amount of noise present in any other pixel. In most imaging situations, this noise model is
not as accurate as one which assumes that the noise is an object-dependent Poisson random proc-
ess [17]. The filtering techniques derived here do not use a more accurate Poisson noise model
because this research provides a first look at the benefits of symmetric convolution to image re-
construction. Earlier Fourier domain inverse and Wiener filters use exactly the same noise
model as that assumed here. A logical next step for future research would be to extend the the-
ory developed here to incorporate object-dependent photon noise.

The assumptions made for the trigonometric transform domain filters derived here are the
very same assumptions underlying traditional Fourier-domain filters. These assumptions allow

the performance of the inverse and scalar Wiener filters for trigonometric transforms to be real-
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istically compared to their traditional Fourier domain ancestors. The research performed for this
dissertation represents the first time the symmetric convolution-multiplication property of trigo-
nometric transforms has ever been applied to image reconstruction of any type, so the compari-
son to earlier techniques is warranted. The performance results of these brand new trigonometric
transform domain filters show that this technique appears to be promising.

This research achieves its overall goal of applying the recently-developed symmetric con-
volution-multiplication property of the discrete trigonometric transforms [34] to the traditional
image reconstruction problems of inverse and Wiener filtering. The results extend the existing
theory behind the symmetric convolution-multiplication property by recasting the problem into
vector-matrix form and then demonstrating how discrete trigonometric transform matrices di-
agonalize matrices which represent symmetric convolution. The development then presents
vector-matrix forms of the symmetric convolution property for multidimensional asymmetric se-
quences which represent the most general type of sequences encountered in image reconstruc-
tion. The filtering of multidimensional asymmetric sequences is then possible because symmet-
ric convolution is equivalent to multiplication in the transform domain for each of the underlying
types of symmetry in an asymmetric image.

The research presented here uses the newly-derived vector-matrix form of symmetric con-
volution to calculate for the first time inverse and scalar Wiener filters in the trigonometric trans-
form domain. The new forms of the inverse and scalar Wiener filters closely resemble their
traditional Fourier domain counterparts. These results demonstrate how a scalar Wiener filter
provides better mean-squared error performance for symmetric point spread functions while re-
ducing the required number of computations. The trigonometric transform domain realizations
use fewer calculations because the trigonometric transform of a real sequence is also all real.

The Fourier transform produces complex sequences in the transform domain.
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The remainder of this dissertation is organized as follows. Chapter II provides some back-
ground on the discrete Fourier transform and its diagonalizing forms, inverse and Wiener filter-
ing, and the symmetric convolution-multiplication property of discrete trigonometric transforms.
The notion of how one and two-dimensional discrete Fourier transform matrices diagonalize cir-
culant and block circulant matrices, respectively, serves as a comparison to similar diagonalizing
results derived for the symmetric convolution-multiplication property of trigonometric trans-
forms. The background on inverse and Wiener filtering in the Fourier domain will later be com-
pared to new results for these filters in the trigonometric transform domain. The background on
the symmetric convolution-multiplication property of trigonometric transforms is essential to
understanding how this property is later extended theoretically and then applied to the inverse
and Wiener filtering problems.

All of the material presented in Chapter I summarizes previously conducted work, while
the material in Chapters III - V represents the results of new work performed for this dissertation.
In Chapter III, the symmetric convolution-multiplication property of discrete trigonometric trans-
forms is derived using vector-matrix methods and then extended to multidimensional and asym-
metric sequences. Chapter IV presents the derivation of one and two-dimensional inverse filters
expressed in the trigonometric transform domain of symmetrically convolved sequences. Also in
Chapter IV are derivations of one and two-dimensional trigonometric transform versions of sca-
lar Wiener filters. Chapter V provides an example of recovering a distorted image using inverse
and scalar Wiener filters and details the mean-squared error performance of the scalar Wiener

filter. A conclusion appears as Chapter VI.
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II. Background

This chapter provides background on the discrete Fourier transform and its diagonalizing
forms, inverse and Wiener filtering, and the symmetric convolution-multiplication property of
discrete trigonometric transforms. The concept of how one and two-dimensional discrete Fourier
transform (DFT) matrices diagonalize circulant and block circulant matrices will later serve as a
comparison to similar diagonalizing results for the symmetric convolution-multiplication prop-
erty of trigonometric transforms. In the second section, inverse and Wiener filters are derived in
the Fourier domain. The traditional representation of these filters will be similar to new trigo-
nometric transform versions derived in later chapters. The final section of this chapter intro-
duces the symmetric convolution-multiplication property of trigonometric transforms. This
chapter provides a baseline from which the property is later extended to a more general class of

signals and then used to derive inverse and Wiener filters in the trigonometric transform domain.

2.1 Diagonalizing Forms of the Discrete Fourier Transform

The well-known circular convolution-multiplication property of the DFT [37] for one and
two dimensions is reviewed in this section. One and two-dimensional DFT matrices are defined
and then shown to diagonalize circulant and block circulant matrices, respectively.

Hunt [23] was the first to observe that a DFT matrix diagonalizes a circulant matrix which

performs circular convolution. Consider two finite one-dimensional sequences, 4(n) and 6(n),

which equal zero outside the interval 0<»# < N —1. The circular convolution of the two se-

quences is expressible in vector-matrix notation as d = h © 8 = H.0, where © represents circu-

lar convolution. The N x N matrix H_. is circulant as indicated by the subscript ‘C’, and has the
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vector h as its first column. Hunt proves that H. is transformed into a diagonal matrix through
the relation

H: :WNWFW;- (1)
In Eq. (1), Wy !isthe N x N DFT matrix with m-nth entry

[W};l] =exp{~j2%mn}; mn=0,1, .., N-1. )

mn

Its inverse, W), , is the N x N inverse DFT matrix with m-nth entry
[WN] =—1—exp{+j27”mn}; mn=0,1,..., N-1. 3)
mn N

The N x N matrix %, in Eq. (1) is diagonal with the elements of the vector W'k along the
diagonal. Hunt [23] shows that the elements of W};'h are the eigenvalues of H,.. The boldface
script notation indicates a matrix in the transform domain, while the subscript 7’ indicates the
Fourier transform domain. Thus Wy'd = #,.W'6 or equivalently

wy'd=(w;'n) @ (Wy'0) (4)
where @ represents a point-wise or Hadamard product [22]. Equation (4) is the one-dimensional
circular convolution-multiplication property for the DFT expressed in vector-matrix form.

Hunt's results extend naturally to two dimensions [24] using Kronecker (or tensor) prod-

ucts [18]. The Kronecker product, ®, of an M, x N, matrix, A, and an M, x N, matrix, B, is
[A]ooB [A]mB [A]O(N,—I)B

[A]}OB [A].IIB [A]l(iyl—l)B

[A](Ml-l)OB [A](M,-l)lB [A](Ml—l)(N,—l)B
where [A],, is the m-nth entry of the matrix 4. The Kronecker product 4® B has dimension

MM, x N\N,. Intwo dimensions, the lexicographically-ordered vector 8 = vec{®} provides
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an alternate means to express an N, x N, matrix, @. The vec{o} operation converts the matrix
into an N,N, x1 column vector of stacked transposed rows [24]. The vector-matrix expression
for the two-dimensional DFT is then

9= (Wil ow!e. (6)
Note that it requires fewer calculations to compute &, = ng@W,;zT, where @ is the matrix

representation of the lexicographically-ordered vector, $,. This matrix form exists because the

Fourier transform acts on the rows and columns of the matrix @ separately [27]. The connection
between the one and two-dimensional DFT is, however, easier to visualize from Eq. (6). Equa-
tion (6) is also the only way to calculate the second order moments of the vector & in the trans-
form domain when @ is later modeled as a random vector.

To extend his one-dimensional results to two dimensions, Hunt [24] defines the discrete

two-dimensional circular convolution of two N, x N, matrices, H and @, as a vector-matrix
operation. The matrices H and @ represent finite two-dimensional sequences s(n;,n,) and
O(n,,n,) which are zero outside the region 0<n <N, -1, 0<n, <N, —1. The vector-matrix
form of two-dimensional circular convolution is d = H -0, where d and @ are lexicographi-
cally-ordered vectors. The matrix Hj- is an NN, x N|N, block-circulant matrix, which is a

matrix of partitioned blocks of circulant matrices arranged in a circulant pattern. The first col-

umn of the matrix Hy. will be the vector A= vec{H } Hunt shows that the NN, x N|N, two-
dimensional DFT matrix, (W,;l1 ® WA}: ), diagonalizes Hp-. Specifically,

Hyc = (W, © W, ) (Wi @ W31, )
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where % is diagonal with the vector (W,\“,l1 ® W,;zl )vec{H } along the diagonal. Equation (7)

implies that
(i @ Wl )d = (Wi @wyl)n © (Wl ew;l)e, @)
which is the two-dimensional version of Eq. (4).
The circular convolution-multiplication property of DFTs greatly reduces the number of

calculations in image reconstruction problems which involve linear filtering. The computational

cost savings in implementing Eq. (8) instead of d = H,.6@ arises because it requires fewer com-

putations to compute the transforms, point-multiply the results, and then apply an inverse trans-
form than it does to compute the large vector-matrix multiplication directly. Note that the DFT is
not a unique transform for implementing filtering operations in the transform domain. This re-
view of the diagonalizing forms for the DFT matrix has established a reference point from which
to analyze and later apply the results of more recent developments in the diagonalizing forms of

the trigonometric transforms.

2.2 Signal and Image Reconstruction in the Fourier Domain

The vector-matrix diagonalizing forms of the previous section play an important role in
deriving traditional Fourier domain inverse and Wiener filters. These filters can reconstruct one-
dimensional signals and two-dimensional images which are degraded by linear processes. This
background material on inverse and Wiener filtering in the Fourier domain will later serve as a
comparison to similar, but improved versions of these filters derived in the trigonometric trans-
form domain.

2.2.1 Inverse filtering. The derivations of inverse filters for one and two dimensions in

the Fourier domain are presented in this subsection. The one-dimensional circular convolution-
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multiplication property in Eq. (4) is valid for any N x1 vectors d, h, and @, which represent N-
point sequences d(n), h(n), and 8(n). All three sequences equal zero outside the interval

0<n< N -1 Inone-dimensional signal reconstruction, the vectors and sequences take on spe-
cial meaning beyond that of just being arbitrary sequences for which the circular convolution

d = H.0 holds. The sequence /(n) represents the finite impulse response of a linear shift-

invariant filter which distorts a signal (») to produce a data sequence d(n). The goal of signal

reconstruction is to obtain an estimate, é(n), of 6(n) from the corrupted data sequence d(n).

A notational variation of this problem is to replace the above sequences with vectors. The

goal of the problem is to find the impulse response of a filter, represented by the vector f, which
recovers the vector & from d, given knowledge of k. Because the underlying form of convolu-
tion for the DFT is circular, the vector f can be represented as a circulant matrix, F, so that
6= F.d = F.H_.0. The matrix F. will recover the vector @ exactly if F. = H_', or equiva-

lently in the Fourier domain if
-1
WN7FWIJI = [WNWFWJGI . )]

It follows that 7, = #%;'. Both of the matrices . and %, are diagonal, and can be completely
characterized by their elements 7.(k) and #(k), so that Eq. (9) reduces to the scalar equation

1

, 10
#p (k) ()

7F(k) =

for k=0, 1, ...,N -1, provided %.(k)=0. Recall that script letters denote transform domain

quantities, and the subscript 'F’ denotes the Fourier domain. Equation (10) is the one-

dimensional inverse filter expressed in the Fourier domain.
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The two-dimensional imaging scenario uses the NN, x 1 vectors d and & to represent a

detected image and an original object, respectively. The vectors are lexicographic reorderings of

the N, x N, matrices D and ®. The two-dimensional finite impulse response, H, of a system
which distorts an object is its point spread function (PSF). The lexicographically-ordered vector
h= vec{H } represents the PSF. As in the previous section, the vector 4 is the first column of
the N,N, x N|N, block circulant matrix Hy.. Inthe two-dimensional circular convolution re-
lation, d = Hy-0, the matrix Hp blurs the object to produce the distorted data.

Just as in one dimension, this classical image reconstruction problem is to find the two-

dimensional impulse response of a filter which recovers an estimate 6 from d, given k. The im-
pulse response is represented by the lexicographically-ordered vector f. The two-dimensional

convolution operation of the filter is implemented as a block circulant matrix, Fj., with the
vector f as its first column. The expression to recover the estimate then becomes 6= Fpd =
Fy.H 0. The object vector @ is exactly recovered if Fy = Hpe. This problem is commonly
presented in the Fourier domain [27], [15] as

(wy 0w, )7:(wy e w;!)= [(WM OW,, )7 (Wy' W) )]1 (11)

From Eq. (11) it follows that 2. = %;', where both matrices are diagonal and can be represented
by their diagonal elements 7:(k;,k,) and #.(k,,k,). The scalar form of Eq. (11) is thus

1

S — 12
#p (ki k) (12)

7F(k1ak2)=

for £, =0, 1, ..., Ny -1, k, =0, 1, ...,N, - 1; provided #(k;,k,)#0. Equation (12) is the two-

dimensional Fourier domain inverse filter. Note its similarity to Eq. (10).
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One limitation of inverse filtering in the Fourier domain [27], [15] is that for most practi-

cal realizations, #.(k,k,) takes on very small values for increasing &, and k,. These small
values produce very high gains in 7.(k,,k,) at the higher spatial frequencies in Eq. (12). This

problem becomes quite serious when the image model expands to incorporate noise with a uni-
form power spectral density across all frequencies. The solution to this problem involves regu-
larizing the high frequency gain of the inverse filter.

2.2.2 Wiener filtering. The development of scalar Wiener filters for one and two dimen-
sions in the Fourier transform domain is reviewed in this subsection. Wiener filters bear the
name of Norbert Wiener who pioneered them in the 1940s during studies on time series analy-
sis [52]. Helstrom [21] and Slepian [44] later applied Wiener filters to the image reconstruction
problem. These filters introduce a degree of regularization to the inverse problem by minimizing
the mean-squared error between the object estimate they produce and the original object. They
have better mean-squared error performance than inverse filters when reconstructing noisy sig-
nals or images.

The data model of the previous sections must have an added term to incorporate noise so
that the model now becomes d = H.6+w for the one-dimensional circulant case. In the new
model, wis an N x1 zero-mean uniform-variance noise vector whose samples are uncorrelated

both with the object vector, 8, and with each other. The model assumes that the object vector,

6, is also a random vector which will, in general, have a mean vector u, = E {9} =6. The op-

erator E {o} and the overbar, « , are equivalent ways to denote expectation. The vector 8 will
. . T ) .
also have a covariance matrix Cgp = E {(0 - /19)(9— ,u,,) } Under these assumptions, Wiener

filters produce an estimate represented by the vector 6 which minimizes the expected value of
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the square of the 2-norm of the error vector, £=8-6. If l€ll, denotes the 2-norm of the vector

&, then the linear minimum mean-squared error estimate, 6

min *

occurs at min{@} or equiva-

lently min

STs}.

Solutions to the problem of finding filters which recover 6 from d under these conditions
appear in many statistical signal processing texts [28], [43], [48]. The solution which follows is
from [28] and is the linear minimum mean-squared error estimate which results from the Baye-

sian Gauss-Markov Theorem under the conditions described above:
N -1
6:”9+C99H5[HCC99H5+CWW] (d‘Hc/la)- (13)

If the mean of the vector & is constant, then without loss of generality [28], the mean can be as-

sumed to be the zero vector, 0, so that Eq. (13) becomes

A T T -l

0 = Ry HE[H RoHE + R, | d. (14)
In Eq. (14) the covariance matrices of Eq. (13) are replaced with correlation matrices defined by

Ry, = 66", In this case, Cgz will equal R,, because of the assumption that the vector u, =0.

It is not difficult to derive Eq. (14) using standard vector-matrix minimization techniques

as outlined in [38]. First observe that the goal of the problem is to find the filter which mini-

mizes |&]; = e = Tr{aTs} = Tr{ger}. The operation Tr{s} denotes the trace of a matrix.

The transpose denoted by the superscript 7" is used because it is assumed that all sequence do-

main quantities are real. Substituting - @ for the error vector, &, produces

1ok - 1e{£{{0- )0~}

- Tr{E{eeT —00" - 00" + ééT}} .
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=Tr{E{99T—2éeT+ééT}}. (15)
The intermediate steps of Eq. (15) use the fact that for any two real vectors, Tr{abT} =
Tr{bTa} =b'a=a"b= Tr{aTb} = Tr{baT}. If F. is the circulant matrix version of the one-

dimensional impulse response of the reconstruction filter, then substituting for 6= F.d=

F.H 0+ F,w yields

I = Tr{E{eeT —2(F.Ho0+ Fw)0" +(F H 0+ Fow)(FoH 0 + ch)T}}. (16)

After expanding and recognizing that because the object and noise are uncorrelated, wo’ =

ow” =0, an N x N zero matrix, Eq. (16) becomes

e = Tr{ Ryg ~ 2FHRop + Fe(HoRogHE + Ry JFC | a7

where Ry, = 66" and R,, =ww”. The next step in finding the filter, F., which minimizes

2
el

is to take the first derivative of Eq. (17) with respect to F. which yields

0,,_'_2
%‘L— = 2Ry H! +2F(H RyH + R, ). (18)

C
Taking the derivative of Eq. (17) requires using the matrix derivatives o”Tr{XA } /o”X =A" and

aTr{XAXT} J2x = X(A+ A7) =2XA, if A is symmetric [54].
Setting Eq. (18) equal to the zero matrix and solving for F. produces the filter which

minimizes the mean-squared error between the original object and its estimate,

-1
F; zRaeHg[HcRogHg +wa] . (19)
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Equation (19) is exactly equivalent to Eq. (14) because 6= F.d. Converting Eq. (19) to the

Fourier domain using Eq. (1), produces
_ N\H _ N\H B
WN7Fl;VN1 = R08 (WN?(FWNI) I:(WNWFWNI)RHQ (WNQFWNI) + wa:| . (20)

The superscript ‘H’ which denotes the Hermitian or conjugate transpose is now required because
Fourier domain quantities are complex. Solving Eq. (20) for 2. and distributing the Hermitian

operator results in

_ _ _ _ -1
P = WNIRBBWNHWI{:I W)\? [WNWFWNIRGGWNHW? W]SI + wa] Wy

21)
* - - - * - — A
= WJJIRBBWA_/HWF[WNIWNWFWNIRWWNHWFWJSI Wyt + WNlwaWNH] ’
where ﬁ’ff = #;. because #; is diagonal. Equation (21) reduces to
* * -1
Fr = RQF@FQ{F[WFR@F@FWF + RWFWF] ; (22)

where Ry o = WJQIR%W,;H and R, ,, = W,QIRWWW,;H . Equation (22) is the general or vector
Wiener filter in the Fourier transform domain [38].

Note that in Eq. (22) the matrices 7., %, and #; are diagonal by definition, and the
matrix R, ,, is diagonal because of the assumption of uniform-variance uncorrelated noise
samples. The matrix Ry o Will be approximately diagonal under the assumption of wide-sense

stationarity for the object. The approximation arises because the discrete Fourier transform does

not exactly diagonalize the symmetric Toeplitz form of the correlation matrix for a wide-sense

stationary object [48]. The scalar equation which results from approximating R, o by retain-

ing only its diagonal elements is then
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# (k)

7 = @3)
() + 228

&1 (k)

The terms % (k) and @%(k) are the diagonal elements of Ry, and Ry o and represent the

power spectral densities of the noise and object respectively. The terms 7. (k) and #.(k) are

the elements of the diagonal matrices 7. and #,. Equation (23) also uses the fact that

% (k)#:(k) = IWF(k)|2. The Fourier domain filter in Eq. (23) is referred to as the one-

dimensional scalar Wiener filter. Under the assumption of wide-sense stationarity for the object,
it is a good approximation to the vector Wiener filter [38].
The extension of the preceding development to two dimensions is straightforward. The

data model incorporating noise becomes d = Hy-.0+w. The NN, x NN, block circulant deg-
radation matrix Hy. has the lexicographically-ordered vector k= vec{H } which represents the
PSF as its first column. The vectors d and @ are N|N, x1 lexicographically-ordered vectors

representing the data and the original object matrices D and @ respectively. The lexicographi-

cally-ordered vector w is an N|N, x 1 zero-mean uniform-variance noise vector whose samples
are again assumed uncorrelated both with the object vector, 8, and with each other. The object

vector, @, is again random. It has a constant mean vector u,, which equals 0 without loss of

generality. The autocorrelation matrix of the vector 8 is Ry, = 06". The linear minimum
mean-squared error estimate represented by the vector 6 is then [28]

A T T -

0 = RgpH 5 [H scRooH pc + wa] d. (24)

The only differences between Eqs. (14) and (24) are that in the two-dimensional case the degra-

dation matrix, Hp, is block circulant, the autocorrelation matrix, Ry, is block symmetric
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Toeplitz, and the vectors 6, 6, h, w, and d are all lexicographically-ordered. From Eq. (24) it
follows that the two-dimensional impulse response of the reconstruction filter is
Fye = RyHpye [H scRogH g + wa]_l- (25)
Expanding Eq. (25) using Eq. (7) produces
Zr= R@F@Fﬂ‘;[’””/FR@F@Fg‘; + Ry, ]—1’ (26)

in the Fourier domain. As in the one-dimensional case, the vector Wiener filter of Eq. (26) is

well-approximated by the scalar equation [15]

#: (k. ky)
g (k. k)
O (ky,ky)

Ze(ky,ky) = 2N

|7/F(k1 .k, )‘2 +

which retains only the diagonal elements of the matrices in Eq. (26). The terms % (k;,k,) and

@ (k,,k,) are the diagonal elements of R, . and Ry o which represent the two-dimensional

power spectral densities of the noise and object respectively. The Fourier domain filter in
Eq. (27) is the two-dimensional scalar Wiener filter for reconstructing a corrupted image in noise
given knowledge of the degrading PSF which distorted it.

The overall goal of this research is to derive new expressions for the one and two-
dimensional inverse and scalar Wiener filters of Egs. (10), (12), (23), and (27) which lie not in
the Fourier domain, but which instead lie in the trigonometric transform domain. These filters
will also employ the newly-developed symmetric convolution-multiplication property of trigo-
nometric transforms [34]. To derive expressions for these filters in the trigonometric transform
domain which employ this new property, it is necessary to first provide some background on the

symmetric convolution-multiplication property itself.
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2.3 Symmetric Convolution and the Discrete Trigonometric Transforms

This section provides background on the recently-developed symmetric convolution-
multiplication property of discrete trigonometric transforms (DTTs) [34]. The material presented
here serves as an essential baseline from which the property will be theoretically extended to a
broader class of signals in later chapters and then applied to traditional inverse and Wiener filter-
ing problems.

The discrete cosine transform was first introduced in 1974 [1]. Since then it has been ex-
panded into an entire family of trigonometric transforms [26], [39] consisting of sixteen DTTs
which are even and odd-length versions of the discrete sine and cosine transforms (DSTs and
DCTs). The family lies at the heart of many image transform coding applications [27], [33],
[39]. Although useful for transform coding, the DTTs have not proved very useful in a wide va-
riety of image filtering applications, because until recently no convolution-multiplication prop-
erty existed for the entire family.

Martucci [34] has recently developed a convolution-multiplication property for the family
of DTTs. He defines symmetric convolution as the form of convolution for DTTs. His results
are analogous to the circular convolution-multiplication property of the DFT [37]. The symmet-
ric convolution-multiplication property states that an inverse trigonometric transform of the
product of the trigonometric transforms of two sequences yields the same result as the symmetric
convolution of the two sequences [34]. The symmetric convolution-multiplication property exists
for forty different combinations of the sixteen transforms in the DTT family based on the under-
lying symmetric periodicities of the different DTTs.

There are four ways to symmetrically extend a finite sequence about a single point of

symmetry. These are whole-sample symmetry (WS), whole-sample antisymmetry (WA), half-
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sample symmetry (HS), and half-sample antisymmetry (HA). An example of each appears in

Figure 2. Note that the point of symmetry for the WS sequence is the end point in the finite se-

HA

tzlllllh. “lLﬂTr Al ;
0 n O n 0 n 0 u“n

Figure 2. Four Ways to Symmetrically Extend a Finite Sequence [34]

quence before extension, and the point of symmetry for the WA sequence is a zero which must
appear after the end point before extension. The points of symmetry for both the HS and HA
sequences lie one-half sample beyond the end points in each finite sequence before extension.

There are 16 symmetric periodic sequences (SPS's) which result from symmetrically eﬁ-
tending a finite sequence to the left using one of the four ways and to the right using possibly a
different way. A convention for naming each of the 16 SPS's is to label first the left symmetric
extension and then the right symmetric extension. For example a WSHA sequence would exhibit
whole-sample symmetry to the left and half-sample antisymmetry to the right.

A finite sequence is converted into an SPS by applying a symmetric extension operator.

For example, the WSHA extension of x(n), forn=0, 1, ..., N-1, is

x(n),

n
28
-x(M-n), n=N,..,M-1, 28)

%(n) = eyspny {x(n)} = {

where M =2N —1. The symmetric extension operator &, {-} is one of sixteen different

symmetric extension operators -- one for each type of SPS. If x is a column vector whose indi-
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vidual entries are x(n), then Eq. (28) is equivalent to the vector-matrix equation, ¥ = Eyo.x,

where X is an M x1 column vector. The M x N matrix E,g,, is defined by

x(0) 1 1 T x©)
x(1) 1 x(1)
x(2) 1 x(2)
X=E,x=| x(N-1) |= 1| x(N-D]. (29)
—-x(N-1) -1
—x(2) -1
-x() | |0 -1 |

The definitions of the remaining symmetric extension operators follow in a similar fashion.

Each of the 16 DTTs has an underlying symmetry for both the input sequence and the out-
put sequence in the trigonometric transform domain. This behavior is similar to the underlying
periodicity of the input and output sequences for the DFT. The underlying input and output
symmetries for each DTT as well as its form and other information appears in Table 1. The sub-
scripts on each transform denote the type (from types I - IV) and whether the transform is even or
odd. Note that unlike the previous notational convention, no subscript, 'N,’ indicating the length
of the transform appears in the table. Omitting the subscript preserves space in the table, and this

information appears in the columns for the input and output ranges. Also the constant k, which

appears in the definition of the transforms should not be confused with the one-dimensional
transform domain index, £, or with the two-dimensional transform domain indices, %, or k.

The form of each transform in Table 1 is slightly different from traditional representations
of the DTTs [26], [39], [50]. Martucci [34] refers to the form in Table 1 as the convolution form

of the DTTs and relates each transform to its representation in terms of the generalized discrete
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Table 1. Forward Discrete Trigonometric Transforms

Input Output Equivalent
Type | m-nth Entry Symmetry | Range Symmetry | Range Transform
b [C.],, =2 cos( _ﬂzn_{l_) WSWS 0>N WSWS 0>N o oEwsws
se | [s.], = 2sin(ﬂ) WAWA [ 1>N-1 | WAWA | 1> N1 | jGootmuma
&, (€], =2 COS(M) HSHS 0> N-1 | WSWA 0> N-1 | %.6usus
2e fun — N 2
Su | [s.], = 2sin( mm(n+ %)) HAHA | 0> N-1 |WAWS [ 1DN | j%yEnmum
2e bnn N
&, [C.], =2 COS(M) WSWA 0-> N-1 | HSHS 0> N-1 Gy oEwsia
e Inn " N
S3e [s ] - 2k sin(”(_””"_‘%)l’_) WAWS 1 9 N HAHA 0 9 N"l jqi',()gWAWS
3¢ Jmn n N

b |[c.], = 2005( a(m + ?(n + 4[)) HSHA (0> N-1 |HSHA [ 0> N-1 | ) 6usm

Ste [S4,]m” = 25in(f_(.’ﬁ’7}vM) HAHS 0->N-1 | HAHS 0->N-1 j¢.zl,2L€HAHS

Zﬂmn) WSHS 0> N-1 | WSHS 0> N-1 | Gomsus

e]o [q"]mn = 2k" OOS(ZN -1

s, [Sl,,]m=2sin( 22;71»11) WAHA | 1>N-1 | WAHA | 1D N-1 | jGomum
% |G, =2, cos(%) HSWS 0>N-1 | WSHA | 0> N-1 | %, 8mms

27m(n + %)) HAWA 0->N-2 | WAHS 1> N-1 %o 18 Hawa

520 [Sz,,]mn=2sin( T

& | [c]. =26 00 %) WSHA |0>N-1 |HSWS |0 N1 | Gyobwom
s |[s.]. - 2sin( gz_rig]g_}f_)g) WAHS [1>N-1 |HAWA [0 N2 | %, ofmms
o |[c,], - 202D D) [HSWA [0S N2 [HSWA [0 N2 | Gy seuom
St | [Si],, =24 sin(W) HAWS [ 0> N-1 |HAWS [0 N-1 | 4y 6nms
. ={1/2, n=0orN ; z{l, n=0,1,.., N-2
", n=1,2 ..,N-1 " [1/2, n=N-1

Fourier transform (GDFT) [3]. The GDFT operator, represented by the script character, &, ,{+},

is expressible as a matrix with m-nth entry

[Gasa,, = exp(—j %(mw)(n +b)); mn=0,1,.., M-1. (30)
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The boldface character G, ,, in Eq. (30) denotes the matrix which represents the operator,

Gap {o} The subscripts ‘a’ and ‘b’ indicate the amounts of the shifts in the sequence and trans-

form domains. The subscript ‘M’ denotes the M x M dimension of the transform matrix which
results from extending the original sequence length so that M = 2N for Nevenor M =2N —1
for Nodd. Expressed in this form, each transform in Table 1 is equivalent to the GDFT of a

symmetrically extended version of the finite input sequence with the same symmetry that under-
lies the trigonometric transform. For example, ¢, {k(n)} =4, , {aWSWS {h(n)}}, where h(n) isa
finite sequence which the type-I DCT assumes has WSWS underlying symmetry. These equiva-

lent relationships also appear in the last column of Table 1 for each transform. The values of a

and b in the GDFT for these cases are always either 0 or 1.

Table 2 lists similar information to Table 1 for each inverse DTT. The second column of
Table 2 lists the relationship between the forward and inverse transforms.
Based on the underlying principles discussed above, Martucci [34] defines the symmetric

convolution of two sequences, &(rn) and A(n), as

d(n) =2, (n)]&,{6(m)} @ ¢, {h(n)}] , (31)
where &, (n) is a rectangular window of length L which extracts the representative samples from
the result. The operations &,{6(n)} and &, {h(n)} create symmetric periodic extensions of the

two sequences being convolved. The convolution operation '®' represents either circular or
skew-circular convolution. The need to perform skew-circular convolution arises because in half
of the forty cases of symmetric convolution, the two SPS's to be convolved are not strictly peri-

odic, but are actually anti-periodic depending on the symmetric extension operator for that case.
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Table 2. Inverse Discrete Trigonometric Transforms

Relation to Input Output Equivalent
Type | Forward Matrix Symmetry | Range Symmetry | Range Transform
X Cl= ﬁ c. WSWS 0>N WSWS 0>N GovEwsws
;! s ﬁ s, WAWA | 12 N-1 | WAWA | 1D N-1 | ~jgstepmy
A = ﬁ c, WSWA 0-> N-1 | HSHS 0-> N-1 ¢(;,’%g,,,s,m
s;) = % s, WAWS 12N HAHA 0>N-1 |- J4,, l%gmqws
o) o % c,. HSHS 0->N-1 | WSWA 0 - N-1 q;{,g,,s,,s
P - Zlﬁ s, HAHA [0>N-1 |WAWS [1>N ~ s o s
&) o Elﬁ C. HSHA 0> N-1 | HSHA 0> N-1 @lyfysm
s;) S = ﬁ s, HAHS 0> N-1 | HAHS 0>N1 | - j@l%ems
! C' = 57v_l:_l_ c. WSHS 0->N-1 | WSHS 0> N-1 | Gooemsus
s S = 2Nl_1 3 WAHA 1> N-1 | WAHA 1> N1 | ~jgstemam
! -t 2Nl_1 3 WSHA 0> N-1 | HSWS 0> N-1 ¢°‘,‘%5WSHA
s;) o ﬁ s, WAHS 1> N-1 | HAWA 0->N2 |- jqo‘,'%emﬁs
e Cl - 2Nl_1 3 HSWS 0->N-1 | WSHA 0->N-1 ¢;})gms
;! sio 2N1—1 3 HAWA 0> N-2 | WAHS 1> N-1 - jq;})gm,m
el cl= 2Nl_] C., HSWA 0> N-2 | HSWA 0> N2 4;'%€st,1
s = 2Nl_ 1 s, HAWS 0->N-1 | HAWS 0>N-1 |- j¢:%eHAWS

The formula for circular convolution, denoted by ©, is well-known [37]. Skew-circular convo-

lution is expressed as

d(n)=6(n)® h(n)

Martucci's key result [34] is that Eq. (31) is exactly equivalent to
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where 7, {o} denotes one of the 16 DTT operators. The value of n, equals either 0 or 1 indicat-

ing that in some cases the multiplication and inverse trigonometric transform operations intro-

duce a one-sample delay in the output. Table 3 lists all forty cases from [34] of the symmetric

convolution-multiplication property, and identifies those cases where the output is delayed by

one sample.
Table 3. Forty Cases of Symmetric Convolution-Multiplication
Neven, M =2N N odd, M = 2N-1
& & ® 7 % 7" n | g & ® 7 A %! o
Ewsws | Ewsws | © é. é. e 0 Ewsns Ewss © | éa. &, N 0
Ewsws | Ewawa © |a Ste s, 0 Ewsns | Ewamn © | e, Si sy 0
Ewawa Ewawa © S S —6,:,' 0 Ewana Ewana @ S, S _31—01 0
Euss | Ewsws © |e. . G 0 Ensws | Ewsus © &, é, G, 0
Enses Ewawa © . S, s;, 0 Ehsws Ewana © &, S s, 0
Eum | Ewsws |© | S G S 0 Eams | Evsns | © | S é, s;, 0
EHanA Ewawa © She S, -6, |0 Exawa Ewara © S5 S -6, |0
Guss | & |© | G |G | & |1 | g |&ws |© |G |6 |& |1
Eusms | G |© | G Se S, 1 g | G |© | €. 2 s, 1
Erarn Exana © Sze Sze -G. |1 Etawa__ | Enawa © S S -G, |1
Ewswa Ewswa @ C,. &, éz_el 0 EwsHa EwsHa @ &, &, 63;] 0
Ewsa | Evans |© | G Sse S5 0 | &vau | wans @ | e S0 S5, 0
Ewaws _| Ewaws ® | s. Sse -6 |0 Ewaws | Ewans @ | s, Ss -6, |0
EusHa Ewswa @ .. b, @4-: 0 Enswa Ewsna ® és, &, e;ol 0
Eistia Ewaws © |é. Sse S 0 Erswa Ewans © C Sy, s, 0
Erars | Ewswa ©® | s. G. Sie 0 | guws Ewstn © S &, s, 0
Erans | Ewaws ® | s. Sse -G |0 Eraws | Ewans ®© Si S50 -G, |0
Ensra__| Eusna ©® | e. i & 1 Enswa__| Euswa ®© Cio G . 1
Enistia Erars © |e. S S 1 Euswa__| Eraws S i S S5, 1
Erans | Erans ® | s, Sie -G |1 Enaws | Eraws © Sio Sy, -6, |1

Each group of transforms in an entry of Table 3 performs convolution in the sequence do-

main by transforming the two sequences, multiplying the results in the transform domain, and

then taking the inverse transform to produce an answer in the sequence domain. Using the sym-
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metric convolution-multiplication property results in a savings in computational complexity as

fast algorithms exist for the DTTs [5], [39], [50]. The algorithms have the same computational
complexity as the fast Fourier transform.

The symmetric convolution-multiplication property of the DTTs requires implicit symme-
try in the sequences being convolved. The underlying symmetry is analogous to the implied pe-
riodicity required of sequences that are circularly convolved [37]. Martucci states [34] that the
symmetric convolution-multiplication property he derives for one-dimensional sequences extends
to asymmetric sequences if they are first decomposed into their symmetric and antisymmetric
parts. This decomposition is straightforward in one dimension, but can be complicated in multi-
ple dimensions because an asymmetric sequence must be decomposed into its symmetric and an-
tisymmetric parts in each dimension across multiple lines, planes, or hyperplanes of symme-
try [34].

The first section of this background chapter described how DFT matrices diagonalize cir-
cular convolution matrices. The next chapter shows how to derive similar relationships where
the DTT matrices presented in this last section diagonalize symmetric convolution matrices.
When represented by matrices, the symmetric convolution-multiplication property extends more
easily to both multidimensional and asymmetric sequences. The new matrix form of the sym-
metric convolution-multiplication property then becomes the basis for deriving inverse and scalar
Wiener filters in the trigonometric transform domain. These filters are shown to be similar but
improved versions of the Fourier domain representations presented in the second section of this

chapter.
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IIL. Symmetric Convolution of Asymmetric
Multidimensional Sequences
An alternate method of deriving Martucci's [34] symmetric convolution-multiplication
property of discrete trigonometric transforms is presented in this chapter. A vector-matrix form
of the property is produced by this alternate method [9]. A new procedure is demonstrated of
how the convolutional forms of trigonometric transforms can operate as matrices which diagonal-
ize symmetric convolution matrices [11]. The diagonalized forms of the symmetric convolution
matrices then allow the symmetric convolution-multiplication property to be easily extended to

multidimensional and asymmetric sequences.

3.1 Vector-Matrix Derivation of the Symmetric Convolution-Multiplication Property

It is possible to derive the symmetric convolution-multiplication property for discrete
trigonometric transforms (DTTs) using vector-matrix methods [9]. The result of the derivation is
very similar to Hunt's result [23] for the discrete Fourier transform (DFT) presented as back-
ground in the previous chapter. This alternate derivation provides a new look at the symmetric
convolution-multiplication property for the DTTs, just as Hunt's result provided a vector-matrix
proof of the circular convolution-multiplication property for the DFT. The derivation which
follows relies heavily on his key result expressed as Eq. (1).

The first step in the vector-matrix derivation of the symmetric convolution-multiplication

property is to recognize the matrix relationship between the DFT and the generalized DFT

(GDFT). An M x M DFT matrix, W,;, defined in Eq. (2) is expressible in terms of each of the

four forward and inverse GDFT matrices, G, ,, and G, }, v» from Eq. (30) where a and b equal

0 or 1. The DFT matrix relates to each of these GDFT matrices through an M x M diagonal
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matrix D,, with elements [DM]mm = exp{ J ﬁm} for m=0, 1, ..., M—-1. The sizes of the

transform matrices and the matrix, D,,, which relates them are all M x M since they operate on

symmetric extensions of the sequences to be convolved. Recall that the original sequences to be
convolved had length N, but the symmetric extension required to perform symmetric convolution
increases their length to M =2N for Neven or M =2N -1 for Nodd. The relationship among

the four forward GDFTs is

folT_
2M

-1 _ _ _ _ J
Wi =Goos =Gy, Dy =DyyGy y ,, =D, G

14, D (34)
The inverse DFT matrix is expressible in terms of the inverse GDFT matrix for each case by in-

verting the above expressions. All inverses exist so that

-l el el
Wi = Gooar = DGy \ =G

-1 _ iz py-1p-1 -1
oiuDi =¢ DG Dyl 35)

An additional convolution-multiplication property exists for the skew-circular convolution

operation d = h ®60 = H0, where H isan N x N skew-circulant matrix. That is,

BO) ~B(N-1) - —h(l)
L ] 66)
WN-1) h(N-2) - h0)

As mentioned previously, skew-circular convolution is the underlying form of convolution in
half of the forty cases of symmetric convolution [34]. The convolution-multiplication property

for skew-circular convolution is an extension of a result of Vernet's [49]. His result begins with

the GDFT of 6(n) for a=+ and b=0,
8o(k) =G, ,{0(m)}

N-1 N 37
= Zﬁ(n) exp(—jZn%), G7
=0
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for k=0, 1, ..., N-1. The subscript ‘O’in the term 3,(k) indicates the transform domain of

the odd DFT as Vernet defines this transform. The skew-circulant convolution of two sequences,

h(n) and @(n), is exactly equivalent to the inverse odd DFT of the product of their transforms,

#,(k) and 9, (k), or equivalently,
d(n) =G {Fo (k)90 (k)}

v (k+3)m 38
= Fz Wo(k)BO(k)exp( j27r——ﬁ2—),
k=0

for n=0, 1, ..., N-1. Interms of matrices, Martucci [34] generalizes Vernet's result for the

inverse odd DFT to G

=L - LG*
10N =50y =%0

LN 04N

Equation (38) implies that an odd DFT matrix diagonalizes a skew-circulant matrix H

through the relation Hy =V, #,Vy'. The odd DFT matrix,V;', equalsthe N x N GDFT ma-

trix, G, , y» Where a=% and b=0. The matrix %, is diagonal with the elements of G, h
along the diagonal. Thus, for skew-circular convolution, G%,o, vd= (G%,o, Nh) (O] (G%,o, . 49).

The matrix V;;' is the odd DFT matrix which operates on symmetrically extended se-
quences of length M. This matrix will diagonalize an M x M skew-circulant convolution ma-
trix. Like the DFT matrix in Egs. (34) and (35), the matrix V,;,l is expressible in terms of each of

the four special cases of the M x M GDFT for which @ and b equal 0 or 5. Here the relation-

ships are
-1 -1 _ -1 _ i
Vie =GoomuDi = Gyp = DGy 10Dy =¢ DGy - (39)
Again all inverses exist, so that
-1 -1 A p-l_ el pl
Vie =Dy Goope =Grop = DMG% Dy =e ™ G%,%,MDM . (40)
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The matrices in Eqs. (34) and (39) and their inverses in Egs. (35) and (40) will pre- and
post-multiply the circulant and skew-circulant matrices underlying symmetric convolution as part
of deriving the symmetric convolution-multiplication property of the DTTs. The result of this
multiplication must be diagonal for each of the forty cases of symmetric convolution to show that
the multiplication property holds. First, however, symmetric convolution must be expressed as a
matrix operation. Equation (31) which used operator notation is equivalent to

d=R,H,E®, (41)
which is expressed using vector-matrix notation. The vectors #and d are L x 1 input and output

vectors. The matrix E, isan M x L symmetric extension matrix. The matrix H), isan M x M
circulant or skew-circulant matrix with the vector E,h as its first column. The matrix R; =
[1, 0], where I, isan Lx L identity matrix, and 0 is an appropriately-sized zero matrix to

make R, an L x M matrix. The length L equals N —1, N, or N +1 depending on the type of

symmetry implied and the different sizes for input and output sequences listed in Table 1. As
before, the length M equals 2N for N even or 2N —1 for N odd.

All of the symmetric extensions, shifts, additions, and multiplications of symmetric convo-

lution in Eq. (41) can be captured in a single L x L matrix, Hg- = R H\E,, so that d = H0.

The subscript ‘SC’ denotes symmetric convolution, which is generalized in this derivation to any

one of the forty cases of symmetric convolution. The form of the matrix Hg- will be different

for each of the forty different cases. The goal of this alternate method of deriving the symmetric

convolution-multiplication property is to show that an L x L diagonal matrix form, #;, exists
for the symmetric convolution matrix, Hg.. The subscript 'T" denotes that the diagonal matrix

%, exists in the trigonometric transform domain. It will be shown that Lx L trigonometric
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transform matrices, represented, in general, by the matrix T, cause this diagonalization. The
matrix T; can represent any one of the sixteen DTTs.

Before proceeding with the derivation, it is useful to present a summary of the three types
of one-dimensional transforms discussed thus far in tabular form. This summary for the DFT,

the odd DFT, and an arbitrary DTT appears in Table 4. All of the matrices related to the DFT

Table 4. One-Dimensional Transforms

Matrix Repre- | Underlying Form | Convolution | Diagonal Form in
Type sentation of Convolution Matrix Transform Domain
DFT WA}I circular H, #e
0dd-DFT | p} skew-circular H %,
DTT T, symmetric Hy #r

and the odd DFT listed in Table 4 have dimension M x M because they operate within the
definition of symmetric convolution on symmetric extensions of the sequences being convolved.
The trigonometric transform matrix, T;, and the matrices Hg- and %, all have dimension

L x L because the individual DTT matrices can have dimension N -1xN -1, Nx N, or

N +1x N +1 depending on the choice of transform from Table 1 in the previous chapter. The
dimension of each of the sixteen transforms is based on the underlying type of symmetry present
in the sequence being transformed. Table 1 also listed the underlying symmetry and sequence

length for each of the sixteen DTTs.

To proceed with the vector-matrix derivation of the symmetric convolution-multiplication

property, the diagonal form of the matrix H,, must next be substituted into Eq. (41). The matrix
H,, will be either circulant or skew-circulant depending on the underlying form of convolution

in the particular case of symmetric convolution from Table 3 that Eq. (41) represents. Recall that

Eq. (41) generically represents any one of the forty cases. Thus the appropriate substitution for
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H,, in Eq. (41) will be W, %, W,;, where %, = diag{WA}’Ezh} if the underlying form of con-
volution is circular. The substitution for H,, in Eq. (41) will be ¥,,%,V,;, where %, =

diag{Vh}lEzh} if the underlying form of convolution is skew-circular. The diag{s} operation

creates a diagonal matrix from a vector. Any of the equivalent expressions from Egs. (34), (35),
(39), or (40) then become allowable substitutions for W,;', W,,, V', or ¥,, in the result. With
these substitutions, Eq. (41) becomes

d = R,G;'#,,GE0
= R,G;"[diag{G,E,h}G,E 6| (42)
= R,G;'[G,E;k ® G,E 6]

The matrix #,, in Eq. (42) is either %, or %, depending on the underlying form of convolution.

The three matrices, G,,, each represent one of the four special cases of an M x M GDFT matrix

for which a and b equal 0 or 1. In some cases the matrix G, may include multiplication by a

factor of j or —j. This factor is necessary because of the relationship between each trigonomet-

ric transform and the GDFT.

The relationship between each DTT operator, 7{s}, and the GDFT operator, &, ,{s}, is

shown in Tables 1 and 2 for the forward and inverse transforms. One of Martucci's results [34] is

that the DTT of a sequence can be expressed as a GDFT operating on a symmetrically extended
version of the sequence. That is, 7{x(n)} = Gap {ESE {x(n)}}, where &g {.} is one of the sixteen
symmetric extension operators, hence bearing the subscript ‘SE". The example was given in the

previous chapter that ¢, {x(n)} = %,O{EWSWS {x(n)}}. Another example which shows the
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equivalence of a DTT to the GDFT is S, {x(n)} =—jg;) { E qaws {x(n)}} from Table 2. Here the

11
2°2

need for multiplication by a factor of —j is illustrated.

An equivalence between DTT and GDFT matrices exists that is similar to the equivalence

between DTT and GDFT operators. If the sequence x(n) is expressed as an L x 1 vector x, then
it can be symmetrically extended by the M x L matrix Eg; as demonstrated in the previous
chapter. This extension prdduces the M x1 vector X = Eg;x. Now multiplying the vector X
by an M x M GDFT matrix, G, ,,, will be exactly equivalent to multiplying the vector x by
the M x L extended DTT matrix 7. Thatis, Tx = G,y X =G, \ Egx, so that the vector-
matrix equivalent form of 7 {x(n)} = %,b{sSE {x(n)}} is Tx = G,y Es:x. The tilde, ~, on the
transform matrix, 7', indicates that it is an extended-length transform. Normally a DTT matrix,
T;, has dimension L x L, butits Mx L extended version, T, has twice as many rows. The
equivalence between DTT and GDFT matrices allows substitutions of the form T,=G,E,, tobe
made in Eq. (42). These substitutions produce

d=R.G;'|;h © 76| (43)
The portion of Eq. (43) inside the brackets results in an M x 1 vector because of the point-wise
multiplication. The vectors &and k both have dimension L x 1, but are transformed into M x 1

vectors by the M x L transformation matrices T, and T,. The Mx1 vectors 7,6 and T, will

both represent symmetric periodic sequences (SPS's). They will be SPS's because the DTTs re-
quire an implied symmetry associated with both their input and output sequences. Just like the
input and output sequences to a DFT are periodic, the input and output sequences to a DTT are

symmetric periodic. The product of any two SPS's is itself an SPS, so that the point-wise product
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Tzh O] ]N}H will also represent an SPS. Because the product I,k ® 7,0 has dimension M x 1, it
will have twice as many samples as the L samples which are needed to completely characterize it
as an SPS. The L samples which completely characterize the vector T,k ® 7,0 are analogous to
the samples which characterize a periodic sequence by its fundamental period. Since the vector
T,h ® T;6 can be completely characterized by L samples, the M x I matrices T, and 7, in

Eq. (43) can be reduced to their standard L x L size represented by 7, and T,. A third Mx L
symmetric extension matrix, E;, can then symmetrically extend the result of the L x1 point-
wise multiplication T,h ® T,0. Making the substitution T,# © T,0= E3[T2h O] 710] in

Eq. (43) produces

d = R,G;'E||T,h ® T,6]
=R,T'[Ih © T,6),

(44)
by recognizing that G;'E; =T,"'. The effect of the L x M matrix R, is to retain the first L
samples of the M x1 vector 1~‘3‘1[T2h O] Tﬂ]. These L samples are the same which result from
reducing the M x L matrix T, in Eq. (44) to its standard L x L size represented by T;. Thus
d=T;'[T,k © T,), (45)
where T;, T,, and T; ' represent L x L trigonometric forward and inverse transforms. Equa-

tion (45) is the symmetric convolution-multiplication property of the discrete trigonometric
transforms expressed in vector-matrix notation. An alternate and sometimes more useful method
of expressing the result in Eq. (45) is

d =T;'#,T,0. (46)
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The Lx L diagonal matrix #;, equals diag{Tzh}, where the subscript '7” again indicates the

trigonometric transform domain.

The preceding general procedure allows for the derivation of any one of the forty versions
of symmetric convolution in Table 3 using vector notation. The key to deriving any particular
case is to make the appropriate substitutions for each E, and G,, in Eqgs. (41) - (44) which will
yield the correct three transforms, T, in Eqs. (45) and (46). The appropriate substitutions for
E, and G, for each of the forty cases appear in Table 5. Note that the entries in the table tem-
porarily suppress the subscript ‘M’ indicating the dimension of the transform since all GDFT en-

tries have dimension M x M. Note that some inverse transforms in the table have the form

G orG{!

o L0 114> Where the '1" indicates a whole-sample delay. These delaying forms of the
ERtl 220

GDFT result from the expressions G, Dj,=G,! and G}, ,e'¥D} =G

0.0.M 01M LM They occur in

each case where a one-sample delay occurs in the symmetric convolution output in Eq. (33) for
the cases where n, = 1.

As an example of how to derive one of the forty types of symmetric convolution, consider
the case where the N x 1 vectors A and & have WSWS and HSHS symmetry, respectively. In

this case

where H. isan M x M circulant matrix with the M x1 vector Eygych as its first column. The

matrix H. is then replaced by W, %W, where %, = diag{WA}lEWSWSh}. The facts from

Egs. (34) and (35) that W, = &;MD;}, W, = DMGO’%’M, and W, = Gy allow H tobe

43



Table 5. Substitutions in Eqgs. (41) - (44) used to
Derive the Forty Cases of Symmetric Convolution

Neven, M =2N Nodd, M =2N-1

El E2 E3 1 El EZ E3 1 GZ

Ewsws |Ewsws |Ewsws 00 Ewsis |\Ewsus |Ewsns o0 00
Ewsws (Ewawa |Ewawa G, |J Ewsus |Ewana |Ewana G, |JG,
Ewaws |Ewawa |Ewsws JG,, |J Ewana |Ewana |Ewsus JG,, |JG,,
Eysus  |Ewsws |Ewswa o4 Eysws (Ewsns |Ewsna Go,% G,,
Ensns  |Ewawa |Ewaws oy |J Eysws (Ewana |Ewans G, |/G,,
Enana |Ewsws |Ewaws JG,, Enawa |Ewsus |Ewans JG,, |Gy,
Enana |Ewawa |Ewswa JGy, |J Ervawa |Ewana |Ewsya | jG o |JG,s
Evrsys  |Ensus  |Ewsws 04 Eysws |Eusws |Ewsus 04 G, s
Ensis  |Enana | Ewawa o4 Eysws |Enaws |Ewana s |G, A
Enana |Epana | Ewsws jGo’ s Enawa |Egaws |Ewsns jGO, N jGo, s
Eyswa |Ewswa |Egsus G%’0 Ewsia |Ewsra  |Ensws 1o | o
Ewswa |Ewaws |Enana G, |J Ewsta |Ewans |Enawa G, |G,
Ewaws |Ewaws |Ensus jG%, o |JG, Ewaws |Ewans |Ensws JjG,, JG,,
Eysua  |Ewswa |Ensua 1t Eyswa |Ewsia |Enswa 14 G%’ .
Ensiia  |{Ewaws |Enans 11 J ) Eysws |Ewans |Enaws |G 14 jG%’ o
Enans (Ewswa |Ensns jG%’ s Eyaws |Ewsaa |Enaws jG 13 G%, 0
Enns |Ewaws |Ensia jG%, s J Exaws |Ewans |Enswa jG%, s jG%’ o
Eysis |Ensua  |Ensas |G| Eyswa |Enswa |Ensws 14 G La

14 : ,

Ensiia |Enans  |Erans " Ernsws |Enaws |Enawa o Iy
Enans |Egans  |Ensus J6,, Enaws |Enaws |Ensws JG,, |JG,,

-1

. _ -1
rewritten as H. = Go)%’MDMWF

becomes
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d = RLGO‘,I%,M[diag{GO’O’MEWSWSh} Go’%,MEHSHSG]
= RLGO_, I%,M[GO,O,MEWSWS,’ © GO,%,MEHSHSG]
= R,G;) \[Ciesih © €. .0

= RLGQ_;,MEWSWA[CIe,Nh © C2e,N‘9]

= RL62—e],M[C1e,Nh © CZe,Na]
=Cron[Cinh © C,, 6] (48)

The matrix R; retains the first N samples of the M x 1 vector 5{; M[Cle, vh® C2e,N6]' An al-
ternate way to express the result of Eq. (48) is in the matrix form

d= CZ_el,NqIT,sCZe,NH > (49)
where the N x N diagonal matrix %, = diag{ C., Nh}. The lowercase subscript ‘s’ indicates the

vector C,, yh has whole-sample symmetry in the transform domain. The end results of Egs. (48)

or (49) are exactly equivalent to the same case of symmetric convolution expressed using opera-
tor notation in Table 3.

By making the appropriate substitutions from Table 5, the remaining 39 cases of symmet-
ric convolution are just as easily derived. The vector-matrix derivation presented here is there-
fore equivalent to all forty cases of the symmetric convolution-multiplication property of the

DTTs which Martucci [34] derives using operator notation.

3.2 Extension to Multiple Dimensions

An advantage to deriving the symmetric convolution-multiplication property in terms of
vectors and matrices is that for orthogonally-sampled data in multiple dimensions, the results of
the previous section extend naturally using Kronecker products as defined in Eq. (5). Data which
are orthogonally sampled in two dimensions have their samples aligned on a unit-square grid.

Before extending the results of the previous section, diagonalizing forms for the two-dimensional

45




odd DFT are presented. The two-dimensional odd DFT is used in cases where skew-circular
convolution is the underlying form of convolution in symmetric convolution. These diagonaliz-
ing forms lay the groundwork for the presentation which follows on two-dimensional forms of
the previous section's results. The case of multiple dimensions higher than two is also consid-
ered in this section.

A result similar to the diagonalizing form of two-dimensional circular convolution in
Eq. (7) exists for two-dimensional skew-circular convolution based on the two-dimensional odd

DFT. Inthis case Hyg is an NN, x N\N, block skew-circulant matrix of partitioned blocks of
skew-circulant matrices arranged in a skew-circulant pattern. Odd DFT matrices will diagonalize
the two-dimensional skew-circulant convolution matrix, H g, through the relation
Hys =(Vy, ®V,, J#o (V5! V) (50)
The matrix #, equals diag{(V,\jl1 ®V,};)h}, where h= vec{H }, the lexicographic representation
of a system point spread function (PSF), H. Thus the two-dimensional skew-circular convolu-
tion-multiplication property is
(Vi eVl =(vil ovi e © (vitevye. (51)
which is similar to Eq. (8).
The possibilities also exist for a matrix of partitioned blocks of circulant matrices arranged

in a skew-circulant pattern, Hy, ., or a matrix of partitioned blocks of skew-circulant matrices
arranged in a circulant pattern, H.. ;. The NN, x N|N, matrices H, and H_ s operate on

lexicographically-ordered vectors which represent matrices. The subscript 'S x C ' indicates that

the matrix H, . operates on the samples corresponding to the rows using circular convolution
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and on the samples corresponding to the columns using skew-circular convolution. The converse

is true for the matrix H, ;. The diagonalizing forms of these particular cases respectively are

H, .= (VNl ® WN2 )WOxF(Vz;ll ® W];; ), (_52)
and He,s =Wy, ®Vyy )#eo(Wil ©V3]). (53)
In Eqs. (52) and (53), the N,N, x N, N, matrices %, and %, equal diag{(V,;l] ® W];:)h}

and diag{(W,;l1 ®V§21)h}, respectively.

The problem of calculating the two-dimensional symmetric convolution of two L, x L,
matrices, H and @, can be made less computationally intense by the above diagonalizing forms
of block circulant matrices, block skew-circulant matrices, or combinations of the two. The ma-

trices H and @ have dimension L, x L, because in general L, equals either N, -1, N,, or
N, +1 and L, equals either N, -1, N,, or N, +1 based on the type of symmetric extension

underlying the rows and columns of H and .

An equivalent way to represent the matrices H and @, is by the L, L, x 1 lexicographi-
cally-ordered vectors # and 8. The two-dimensional form of Eq. (41) is thus

d=(R, ®R, )H,(E, ®F,)p. (54)
The matrices R; and R, have the same form as R; from before, whichis R, = [I L O] and
R, =[I L 0]. The L L, x M, M, windowing matrix (qu ®R14) thus retains L, samples from

each column and L, samples from each row. The symmetric extension matrices E;, and E,,

operate on the rows and columns of @ separately giving it possibly different symmetry in hori-

zontal and vertical directions. The dimensions of E,, and E;, will be M; x L, and M, x L,, re-
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spectively, where M, =2N, for N, evenor M, =2N, -1 for N, odd, and M, =2N, for N,
evenor M, =2N, -1 for N, odd. The MM, x M|M, matrix Hy can be either block circulant,
block skew-circulant, or a combination depending on the underlying symmetry of the rows and
columns of the L, x L, matrix H. The matrix H, will have the vector (Ezc ® EZ,)h as its first
column. The matrices E,, and E,, will also have dimension M, x L, and M, x L,, respectively.

They will perform a two-dimensional symmetric extension on the matrix H, just as the matrices

E,, and E,, perform a two-dimensional symmetric extension on the matrix &.

As before in the one-dimensional case, all of the symmetric extensions, shifts, additions,

and multiplications of two-dimensional symmetric convolution in Eq. (54) can be contained in a
single L L, x L, L, matrix Hygg- = (RL, R, )H B (Eu ®E1,), so that d = Hyg-0. The subscript

'‘BSC’ denotes block symmetric convolution. It also follows from the one-dimensional case that a

diagonal form, %;, exists for the matrix Hs-. The diagonalization in two dimensions is car-
ried out using Kronecker products of the DTTs which have the form (TC L ®T, ) The L, x L,
DTT matrix T, ; acts on the samples of a lexicographic vector which represent the columns of a

matrix. Similarly, the L, x L, DTT matrix 7, ,; acts on the samples which represent the rows.

A summary of the two-dimensional transforms discussed thus far appears in Table 6. All

of the matrices in Table 6 related to the DFT or odd DFT have dimension M, M, x M, M, be-

cause they act on symmetric extensions of matrices inside the definition of symmetric convolu-

tion. The two-dimensional trigonometric transform matrix, (TC L, ®T, ), has dimension

L, L, x L, L, because it acts directly on a lexicographic vector representing a matrix. The matri-

ces Hy, and #; in Table 6 also have dimension L,L, x L, L,.
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Table 6. Two-Dimensional Transforms
Matrix Repre- | Underlying Form | Convolution | Diagonal Form in

Type sentation of Convolution Matrix Transform Domain
Dl*;T on rows and (WA}: ® W[;I: ) cirgula{ for rows H,. #p
columns and columns
od:]i DI;T on rows (VAZ ® Vz\}: ) skew—ciilcule;r for H %,
and columns rows and columns
DFT on rows; (V‘l QW] ) circular for rows; | Hj, . #our
odd DFT on col- M My skew-circular for
umns columns
odd DFT on rows; (WAZ ® VA:I:) skew‘—ci'rcular for | Hg, Zr0
DFT on columns rows; circular for

columns
DTT on rows and (T QT ) symmetric for H, #;
columns oh = rh rows and columns

The procedure to extend symmetric convolution to multiple dimensions follows a similar
derivation as the previous section's derivation for one dimension. Here, substitutions from
Egs. (34), (35), (39), and (40) are made into the appropriate diagonal form in Egs. (6), (50), (52),
or (53). The DTT matrices which result from these substitutions appear in the two-dimensional

equivalent of Eq. (45) as
d=(r} @1} (5. 81, )i © (1, T, )9 (55)
An alternate way to express Eq. (55) is
p-1|(nAT) © (08 )[5,". (56)
The two results in Eqs. (55) and (56) are equivalent because for any separable transform repre-

sented by the matrix U, the vector %, = (U v, ®Uy, )x is lexicographically equivalent to the ma-
trix &, =Uy XU ,{,2 [27]. The DFT, the odd DFT, and the entire family of trigonometric trans-

forms are all separable. In Eqgs. (55) and (56) the set of DTTs, {7},, L,, T;}, which acts on the

rows and the set of DTTs, {Tm T,, I;;l}, which acts on the columns must each come from one

of the allowable sets of forty transforms in Table 3, but they need not be the same set. They may
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be different because the matrices H and @ may have different underlying symmetry in each di-
rection.

These same diagonalizing principles apply to higher dimensional data by cascading the
Kronecker products in the diagonalizing equations. For example a D-dimensional circulant con-

volution matrix acting on D-dimensional data of size N, x N, x---xN,, is diagonalized by
Heocuonc = (WNl ® WN2 ® - ® WND )WF(WA;II ® WA;ZI Q- ® W]GII, ), (57)
where #,. is diagonal with the vector (W,\jl1 ® WA721 ® - ® W,;; )h along the diagonal. In this

D-dimensional case, there are 2” possible combinations of circulant and skew-circulant multiple

sub-blocks in the block circulant structure of H,. Also in this multiple dimensional case, the

points of symmetry underlying the sequences in one dimension and the lines of symmetry under-
lying the sequences in two dimensions become planes of symmetry in three dimensions and hy-
perplanes of symmetry in more than three dimensions. In the next section, the behavior of sym-
metric convolution is examined for cases where the sequences to be convolved do not possess the
underlying symmetry required for the symmetric convolution-multiplication property of the

DTTs to hold.

3.3 Extension to Asymmetric Sequences

Even though the symmetric convolution-multiplication property of the DTTs extends eas-
ily to multiple dimensions, it is still limited by the underlying symmetry in the sequences to be
convolved or multiplied in the transform domain. For multidimensional sequences, there must be
symmetry in every dimension [34]. Martucci mentions [34] that asymmetric sequences can be
decomposed into their symmetric and antisymmetric parts, transformed using different trans-

forms because of the different underlying symmetry, and then multiplied.
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This decomposition is straightforward for one-dimension, but can be complicated for two
or more dimensions. A finite one-dimensional sequence, x(n), which is zero outside the region

0<n< N -1, can be decomposed as x(n) = x,(n) + x,(n) in two ways. Using whole-sample

symmetry,
-1x(-n), n<0 1 x(-n), n<0
x,(n)=+0, n=0 and x,(n)=1x(n), n=0 (58)
1 x(n), n>0, 1 x(n), n>0,

where x,(n) has WA symmetry to the left and x,(n) has WS symmetry to the left. The symme-
try to the right for x,(n) can be any one of the four types (WA, WS, HA, or HS) as long as the
symmetric extension of x () to the right cancels with it to yield x(n) = x,(n) + x,(n) which is
zero outside the region 0<n< N —1. For example if x,(n) has WAHS symmetry, then x,(n)

must have WSHA symmetry. Similarly using half-sample symmetry to the left,

_ ~ix(-n-1), n<0 | Fx(=n-1), n<0
xa(n)—{%x(n), USROS {%x o PN

Again the right-hand symmetry is arbitrary as long as the two types of right-hand symmetry for
x,(n) and x,(n) cancel with each other for the two sequences.

In two dimensions, there are four ways to decompose an orthogonally-sampled sequence
using combinations of half-sample and whole-sample symmetry. Each decomposition must have
four terms consisting of symmetric and antisymmetric parts in each dimension so that

x(m, 1)) = Xoq (1,1)) + X (1y,1) + X (1, 1,) + X5 (1, 1y). (60)
Definitions of the four terms for each of the four possible decompositions appear in Table 7. The
orthogonal coordinate system axes form the lines of symmetry because of orthogonal sampling.

These definitions exist for a sequence in the first quadrant, i.e., 0<n <N, -1, 0<n, <N, -1
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Table 7. Decomposition of a Two-Dimensional
Asymmetric Sequence into Symmetric and Antisymmetric Parts

m, whole - sample symmetry, n, whole - sample symmetry

Xaa (M, 1) Xos (M5 15) X5 (1,71,) X5s (1, 1)
m <0,n, <0 | Lx(~n,-n,) —5x(=n,—-n,) -+ x(-n,-n,) +x(-n,-n,)
m <0,n,=010 -+ x(-n,,0) 0 3 x(-n,,0)
m <0,n,>0 —5x(-m,n,) —+x(-n;,m,) Fx(=n,n,) Tx(-m,m,)
m =0,n, <00 0 -3x(0,-n,) 3%(0,~1,)
m=n=0 |0 0 0 x(0,0)
n=0,n,>010 0 +x(0,n,) 3x(0,n,)
m>0,n, <0 —Lx(n,~n,) +x(n,—n,) —+x(n,-n,) +x(n,—n,)
n>0,n,=0[0 +x(n,,0) 0 7x(m,0)
m >0,nm, >0 L x(n,n,) Tx(m,n,) Tx(m,n,) Fx(n,n,)
n, whole - sample symmetry, n, half - sample symmetry
PG o U 713) > 71) %, (1)
m <0,n, <0 | Lx(~n,-n, —1) —5x(=n,-n, - 1) —+x(-n,—-n, - 1) +x(-n,—n, = 1)
n <0,m, 20 |-t x(-n,n,) ~5x(=m,n,) Tx(=n,n,) T x(=m,n,)
m=0,m <00 0 —1x(0,-m, - 1) 1x(0,-n, ~ 1)
n=0,n20)0 0 +x(0,n,) +x(0,n,)
m>0,m <0 —Lx(n,—n,—1) +x(n,-n, = 1) —ix(n,—n, = 1) +x(n,—n, —1)
m>0,m 20 | 3x(n,n,) +x(n,m,) +x(m,n,) +x(m,n,)
m half - sample symmetry, n, whole - sample symmetry
X, (1y,ny) X, (ny,n,) X, (n,n,) x,(n,n,)
m <0,n, <0 | Lx(~n —1,-n,) —+x(-n, —1,-n,) —+x(-n -1,-n,) Tx(-n —1-n,)
n <0,n, =010 —+x(-n, -1,0) 0 +x(-n, —1,0)
m<0,m >0 —fx(-n -1n,) —5x(-m ~Ln,) Tx(=n, -1,n,) x(=n —1n,)
m 20,n, <0 | —Lx(n,~n,) Tx(m,—n,) = x(m,—n,) T x(my,—n,)
nm=0,n,=0]0 +x(n,,0) 0 +x(n,,0)
m20,n,>0|Lx(n,n,) +x(n,m,) +x(n,n,) +x(n,n,)
m half - sample symmetry, », half - sample symmetry
X oo (15 1,) X5 (1, 1) X,q (1) x,(ny,n,)
m<0,m <O x(-m —1-m,-1) [-4x(-m-1L-n,-1) |-Lx(-n —1-n,-1) +x(=n —1,~n, - 1)
m <0,m, 20 —Lx(-n —1,n,) —+x(-n -1Ln,) +x(-n -1n) +x(-nm -1n,)
m 20, <0 -Lx(n,~n, —1) +x(n,—n, - 1) —+x(n,—n, -1) +x(n,—n, = 1)
m20,m, 20 [ Lx(n,n,) Lx(n,n,) +x(m,my) Tx(m,n,)

Similar definitions exist for sequences in other quadrants. This decomposition still applies to

sequences which exist in more than one quadrant. The decomposition of a multiquadrant se-
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quence requires it to be separated into subsequences which exist in the individual quadrants of

the n —n, plane. The four subsequences must then be individually decomposed into their anti-

symmetric-antisymmetric, antisymmetric-symmetric, symmetric-antisymmetric and symmetric-
symmetric parts, and the results added.
These concepts apply to orthogonally-sampled asymmetric sequences in three and higher

dimensions as well. A three-dimensional sequence must be decomposed into eight symmetric

and antisymmetric parts in each dimension. In general a D-dimensional sequence will have 27
components in its decomposition. A three-dimensional sequence will have planes of symmetry,
and a D-dimensional sequence will have hyperplanes of symmetry [34]. This multidimensional
decomposition is very similar to the decomposition needed to implement a multidimensional Hil-
bert transform [19], except here the phase is reversed by 180° instead of being rotated by 90°.

In the previous discussion an alternate way to derive Martucci's symmetric convolution-
multiplication property [34] was shown using vector-matrix notation and the property was ex-
tended to the more general class of asymmetric multidimensional sequences. The focus now

turns to filtering asymmetric multidimensional sequences in the trigonometric transform domain.

3.4 A Filtering Example

A problem that requires the convolution of multidimensional asymmetric sequences is
modeling the effects of atmospheric turbulence on imaging systems [40]. This model provides a
good example of a problem which requires multidimensional asymmetry to demonstrate the
symmetric convolution-multiplication property for DTTs because models for atmospheric turbu-
lence result in asymmetric point spread functions (PSFs).

Figure 3 shows an example of a 256 x 256 PSF selected to model the effects of atmos-

pheric turbulence on the aperture of an imaging system. The entire PSF appears in F igure 3(a).
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(e) Decomposed PSF, central samples, (f) Decomposed PSF, central samples,

n;, symmetric, n, antisymmetric n, symmetric, n, symmetric

Figure 3. Decomposition of Point Spread Function (PSF)
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The central 32 x 32 samples appear in Figure 3(b) where the asymmetry is clearly evident. A
direct transformation of this PSF into the trigonometric transform domain is not possible because
of its asymmétry. The trigonometric transforms can only act directly on the decomposed sym-

metric and antisymmetric parts of the PSF about both the »; and n, axes. If A(n,n,) denotes the
PSF, the decomposition becomes

A1) = B (M, 1) + By (M) + by (10 ) + B (). (61)
The decomposition in Eq. (61) is not direct since A(n;,n,) exists in all four quadrants of the
n, —n, plane. The correct decomposition technique is to decompose the portion of the PSF in

each quadrant separately and then add the results having like symmetry. For example, the term
h,(n,n,) in Eq. (61) which is antisymmetric in », and symmetric in », would arise from the
sum of the anﬁsymmetric—symmetric portions of the whole-sample symmetric decompositions for
each quadrant. The central samples of the decomposition of this PSF using whole-sample sym-

metry for both », and n, appear in Figures 3(c)-(f). The antisymmetric-antisymmetric portion of
the decomposition, 4,,(n;,n,), appears in Figure 3(c), h,(n,,n,) appears in Figure 3(d),
h,,(n,n,) appears in Figure 3(e), and A, (n;,n,) appears in Figure 3(f). Half-sample symmetry
for either or both directions could have just as easily been chosen for this decomposition instead

of whole-sample symmetry. The only impact to this example would be the choice of trigono-
metric transform to apply later.

Figure 4 shows the negative of a 256 x 256 pixel computer-generated rendering of an
ocean reconnaissance satellite. The goal of this filtering example is to convolve this satellite
object with the PSF in Figure 3 by converting each to the trigonometric transform domain, point-
multiplying the results and then inverse transforming the product back to the spatial domain.

Decomposing the object to be imaged into its symmetric and antisymmetric parts is unnecessary
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Figure 4. Simulated Satellite Object
(Negative Shown for Clarity)
because the convolution shift property [37] allows for a shift of the object's origin. The convo-
lution shift property states that if d,(n) = h(n)*8(n) and d,(n) = h(n)*6(n—n,), then d,(n) =
d;(n—n,). The shift of the object's origin allows the entire object to appear as if it were one

fundamental period of a two-dimensional symmetric periodic sequence. The symmetric periodic
extensions of the object are external to the object itself and therefore transparent to the problem.
The symmetric periodic extensions of the PSF must, however, occur internally within the subse-

quences h,,(n,n,), h,(n,n), h,(m,n), and A (n,n,), and thus need to be accounted for.

The DTTs imply an underlying symmetric periodicity in both the sequence and the trans-
form domains in the same way that the DFT of a finite sequence implies periodicity in both do-
mains. Therefore the implementation of a filter in the transform domain does not require the full
symmetric extensions of either the object or the PSF. The symmetry is implied by the trigono-
metric transforms just like the DFT implies periodicity. In fact since the symmetry of the four
parts of the decomposition of the PSF must be accounted for internally for each subsequence, the

filter needs only to retain the principal 128 x 128 values in the first quadrant of each part. These
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rr

parts in the first quadrant are designated by 7, (n,n,), I (n,n), h,(n,n,), and h(n,n,),

where the superscript #r’ indicates the filter right-half terms about both », and n,. The 128 x

128 right-half subsequences have the remainder of each array padded with zeros so their full
sizes are all 256 x256. This process is the two-dimensional equivalent of retaining just the
right-half samples of the filter impulse response and then zero-padding in the one-dimensional
examples of [34] and [35].

With all underlying symmetry properly accounted for, trigonometric transforms must next
be applied to the object and the decomposed PSF to perform symmetric convolution via multipli-
cation in the transform domain. In this example the finite length of the object being imaged is

even in both directions, i.e., N; = N, =256, so any one of the eight even-length DTTs can be
applied for each direction, », and n,. The same transform does not need to be applied for each
direction. For this example let the matrix @ represent the satellite object, and then apply a type-
II DCT to both the rows and columns of @. The transform domain representation of the matrix
O thus becomes & =C,, . @CZTe w,- All matrices in this expression have dimension 256 x 256.
Thus far the filtering problem has allowed freedom to choose any type of symmetry in the
decomposition of A(n,n,). There has also been freedom to choose any of the even-length trans-
forms to apply to the object being filtered. In this example, whole-sample symmetry has been
chosen in each direction for the decomposition of A(n;,n,), and a type-Il DCT has been chosen
to transform both the rows and columns of the object. These two choices now dictate the type of
transforms to apply to the individual components of the decomposition of the PSF, A(n;,n,).
The choices also restrict which inverse transforms can be used to produce the convolved image.

From Table 3 which specifies the types of symmetric convolution, there are only two allowable

even-length cases of symmetric convolution which have a type-Il DCT operating on one se-
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quence and whole-sample symmetry in the other sequence. In vector-matrix form, the allowable
cases are C;el,N[Cle, yh © CZe’NG] for h whole-sample symmetric, and S;:,N[Sle’ v ® CZe’Né’]
for k whole-sample antisymmetric. Thus the filter needs to apply a type-I DCT and a type-I DST
to the appropriate symmetric and antisymmetric rows and columns of the decomposed subse-
quences of h(n,n,). If H,,, H,,, H,,, and H,, represent the 128 x 128 principal values of
h(n,my), hy(n,m,), hy,(n,n,), and h (n,n,) zero-padded to dimension 256 x 256, then the
transforms to apply are

rr _ rr T
Q(T,aa - Cle,N,IIas‘S,Ie,N2 ]

rro_ rr ~T roo_ rr T
7('I‘,sa - Sle,Nle C‘le,Nz s and WT,ss - Cle,Nles Cle,N2 .

a

_ rroT rr
- Sle,NlHaaSIe,Nz ] #

T.,as

(62)

Each result in Eq. (62) must then be point-multiplied with &, before inverting to return to the

sequence domain. The final convolved result represented by the matrix D is thus expressible as

the sum

D= Sz—el,Nl[W;taa © @T]SZ_eT,'NZ + Cz;l,lvl [g{;‘fas © @T]SZ—ZNZ 63)
+ S;:,Nl[g{;'tsa © @T]Cz—ej,wwz +C2_el,N1 [W;":ss © @T]CZ_Z:NZ'

Figure 5(a) depicts the resulting image from Eq. (63). Figure 5(b) depicts the image result-
ing from a conventional DFT multiplication to implement circular convolution. Note the simi-
larity between the two images and the effects of blurring caused by atmospheric turbulence in
each. The average absolute difference between the pixels in Figures 5(a) and (b) is 0.024 gray
levels, which is 0.0094% of the total dynamic range of 256 gray levels. The maximum difference
between any two pixels is 0.270 gray levels, which is 0.11% of the dynamic range. The very
slight differences between the images.is caused by the very small outer values in the PSF wrap-

ping back into the image in a slightly different manner for circular and symmetric convolution.
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(a) Turbulence effects applied using DTTs (b) Turbulence effects applied using DFT
to implement symmetric convolution. to implement circular convolution.

Figure 5. Degraded Satellite Image Showing the Effects of Atmospheric
Turbulence on a 1 m Circular Aperture (Negative Shown for Clarity)
To summarize the procedure used in this example and to implement the symmetric convo-
lution-multiplication property in general, the following list of steps is provided:

(1) Decompose the filter impulse response into parts having support only in a single
quadrant (or orthant, if D > 2).
(2) Decompose the parts existing in a single quadrant (or orthant) into antisymmet-
ric and symmetric parts about each axis.
(3) Add parts with like symmetry from each decomposition, retain only the first-
quadrant values, and pad with zeros.
(4) Apply a trigonometric transform to each dimension of the data.
(5) Select appropriate transform relations from Table 3 based on the type of sym-

metry selected in step (1) and the transforms selected in step (4).
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(6) Apply the forward transforms to the impulse response matrices calculated in
step (3).

(7) Point-multiply each part of the decomposed and transformed impulse response
with the transformed data from step (4).

(8) Apply the inverse transforms determined from step (5) to each point-multiplied
transform-domain sequence.

(9) Add the results of the inverse transforms to yield the symmetrically convolved
sequence.

In this chapter, the results of deriving each of the forty forms of the symmetric convolu-
tion-multiplication property for discrete trigonometric transforms has been presented by showing
how the transforms diagonalize a matrix which represents the symmetric convolution operation.
Derived in this manner, the symmetric convolution-multiplication property extends easily to
multiple dimensions. The filtering of multidimensional asymmetric sequences is then possible
because symmetric convolution is equivalent to multiplication in the transform domain for each
of the underlying types of symmetry in an asymmetric image. The next step in this development
is to seek filters in the trigonometric transform domain which remove the effects of blurring

caused by PSFs which are similar to the PSF used in this example.

60




IV. Image Reconstruction Using
Symmetric Convolution

The theory developed in this chapter applies the symmetric convolution-multiplication
property of the discrete trigonometric transforms (DTTs) [34] to the linear image reconstruction
problem [10]. The presentation includes a derivation of one and two-dimensional inverse and
scalar Wiener filters expressed in the trigonometric transform domain. For finite sequences,
point-wise multiplication in the trigonometric transform domain is equivalent to symmetric con-
volution in the sequence domain. Previous applications of the discrete cosine transform (DCT)
to linear image reconstruction [26], [27] provided very good diagonal approximations for certain
types of covariance matrices. The DCT cannot, however, simultaneously diagonalize the matrix
representing degradation in the linear model. Now, with the symmetric convolution-
multiplication property, very good scalar filter approximations are possible because an exact di-
agonalization of the degradation matrix is achievable, while still retaining the near optimum ap-
proximation to the diagonal form of the object covariance matrix. In this chapter, the specific
forms needed from among the forty cases of symmetric convolution are first reviewed, and then
the derivations of trigonometric one and two-dimensional inverse and scalar Wiener filters are
presented. The next section also presents a subtle property on the equivalence of symmetric con-

volution to linear convolution.

4.1 Equivalence Between Symmetric Convolution and Linear Convolution
Throughout the remainder of this dissertation, only four of the forty one-dimensional cases
of symmetric convolution from Table 3 are considered. This section presents these cases along

with the sixteen two-dimensional cases which result from applying the four cases to the rows and
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columns of matrices. In the latter two sections of this chapter, these specific cases are used to
derive inverse and scalar Wiener filters which recover an object from distorted data. The
equivalence between symmetric and linear convolution for appropriately zero-padded sequences
[34], [35] is first developed in this section. This equivalence between symmetric and linear con-
volution is similar to the equivalence which exists between circular and linear convolution which
also arises from appropriate zero-padding in the sequence domain [37].

The remaining theory presented in this dissertation requires only four of the forty one-
dimensional cases of symmetric convolution from Table 3. These cases, expressed in vector-

matrix notation, are

d, =S5y [Siesly ® o6} (64)
dé = _C2_el,N[Sle,Nh; © S2e,N6]9 (65)
d, = Cooy[Ciowl © C 6] (66)
and d; =S5, [Clonh © S, 4] (67)

The vector 8 represents a one-dimensional sequence #(n) which is finite and zero outside the

interval 0<n < N —1. It has underlying half-sample symmetry in both the left and right direc-
tions (HSHS) in Eqgs. (64) and (66) and underlying half-sample antisymmetry in both the left and
right directions (HAHA) in Eqs. (65) and (67). Recall that the underlying symmetry for a trigo-

nometric transform is similar to the underlying periodicity required by the discrete Fourier trans-
form (DFT). The vectors A, and A; represent the right halves of impulse responses which are
whole-sample antisymmetric and whole-sample symmetric in both the left and right directions
(WAWA and WSWS), respectively. These impulse response right halves, &, and k;, distort the

vector @ to produce the data sequences d,,, d., d, and d;. The subscripts ‘a’and 's' refer to
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antisymmetric and symmetric parts and the prime superscript distinguishes between data vectors
calculated using different cases of symmetric convolution.

As previously demonstrated, symmetric convolution requires only the right half of a filter's
impulse response, because the symmetry is required instead of implied. If the sequence repre-

senting the impulse response of the system causing distortion, 4(#), is not symmetric initially, it
must be decomposed into its antisymmetric and symmetric parts, 4, (n) and 4] (n), which are rep-

resented by the vectors #, and ;. Then either Eq. (64) or (65) can convolve the symmetric part
and either Eq. (66) or (67) can convolve the antisymmetric part [34], [35]. The four cases in
Egs. (64) - (67) are all based on the type-II DCT for even length sequences, represented by the
matrix C,, ;. The other matrix transforms in Eqgs. (64) - (67) are C,, y, S}, y, and S,, y, which
represent the type-I DCT, the type-I discrete sine transform (DST), and the type-II DST, respec-
tively, all for even-length sequences.

A matrix multiplication operation can perform symmetric convolution in the same way

that a circulant matrix performs circular convolution. Multiplications by the diagonal matrices
= diag{Sle, v } and % = diag{Cle, i } replace the point-wise multiplications in

Eqgs. (64) - (67). The subscript 'T" refers to the trigonometric transform domain. These di-

agonalizations result in the expressions

d, = Syen#1.Cren0 = Hyc 10, (68)
d; = ~Cso 102 n0 = Hic 0, (69)
d,= CZ_el,NWT,sCZe,NH = Hsc,se > (70)
and d! =85, y#r Sye 0 =Hic 0. (71)
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The matrices Hy,, Hyc,, Hgc ;, and Hyg. . are symmetric convolution matrices for the four
types of symmetric convolution of interest here. It is important to note that even though H. SCa *
Hy. , and Hy  # Hg. , with appropriate zero-padding in the sequences A, h, and @ as de-
scribed in [34] and [35], then d, =d and d, =d!. The equality of this vector representation is

assured because of the equality which exists for the sequences d,(n) =d(n) and d (n) = d!(n)

as demonstrated by Martucci [34]. Appropriate zero-padding assures that the symmetric convo-
lution of the two vectors, & and &, will equal the result from linear convolution. The equiva-
lence of symmetric and linear convolution is completely analogous to the equivalence of circular

and linear convolution which also results from appropriate zero-padding [37]. Thus, provided
the vectors h; and k; have the correct underlying symmetry and all sequences are appropriately

zero-padded, the results of applying different types of symmetric convolution in Egs. (68) - (71)
are the same because they equal the result from linear convolution.
The equivalence between symmetric and linear convolution applies in two dimensions as

well. Consider the lexicographically-ordered vector, 8, representing the N, x N, object matrix,

@. Applying a type-II DCT to both dimensions represented within the vector @ yields
"9T,ss = (C’VZe,Nl ® C'Ze,N2 )0 (72)

in the transform domain. The subscript 'ss’ shows that the matrix @ has underlying half-sample

symmetry about both n, and », in the sequence domain (HSHS-HSHS). Equation (72) is the
lexicographic equivalent of &, = C,, @CzTe v, used for the example in the last section of the

previous chapter.

Allow the N, x N, matrix, H, which can be viewed as a point spread function (PSF), to

represent the other sequence to be convolved. Recall that the matrices H,,, H,;, H,, and H
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represent the decomposition of H into its symmetric and antisymmetric parts. The superscript

rr' refers to the PSF's right halves about both 7, and n,. If the vectors A, k%, k7, and A"

aa> "fas> "sa°

represent lexicographic reorderings of the above decomposed components of H, then the correct

transformations to apply are

b = (Siew, ® i s 7y =(Crop, @ Sy,

T,as as ?
é rr

Tsa = (Sle,Nl ®C,, v, )hrr and 4,

sa’ 7,85

(73)

(Cle,Nl ®Cy, y, )h:sr >
based on the different types of symmetry about the #, and n, axes. The expressions in Eq. (73)
are lexicographically equivalent to the expressions in Eq. (62) because each of the DTTs is sepa-
rable [27]. Eachresult, 4, 41, 41 ,, and 4., from Eq. (73) must then be point-multiplied
with the vector 3, before inverting to return to the sequence domain. If the lexicographically-
ordered vector d represents the final convolved result, then

d = (8520, @ Siw, | #7720 @ S|+ (Cil, ® 520, [ 1 @ 1.,

T,aa

B i 74)
+ (SZ_el,Nl ® C2_el,N2 )[é;fm @ ‘9 T,ss] + (CZ(»:],N, ® CZel,Nz )[éT,ss @ '9 Tss|°
which is lexicographically equivalent to Eq. (63).
Just as in the one-dimensional case, the NN, x N, N, diagonal matrices
‘Z{T aa = dlag {éi’r‘faa }’ ﬂ(T,as = diag{é;fas }’
’ (75)

q(T,sa = diag{éTr‘fsa}7 and ﬂlT,ss = dlag{égss}’
can replace the point-wise multiplications in Eq. (74). The N,N, x N;N, symmetric convolution

matrices for the two-dimensional case are thus

Hise na = (8500, @ S50, )P r00(Coo, @ Coon, ) (76)

H BSC,as — (C2_e],N1 ® SZ_eI,NZ )7“"/T,as(cze,1vl ® Cze,N2 ), a7
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H BSC,sa = (SZ—el,Nl ® CZ_el,Nz )#T,sa (Cze,N, ® Cze,lv2 ), (78)
and Hyseo = (Coan, @ Cil, J#r4(Cou , ©Ciy, ), (79)

where the subscript '‘BSC’ indicates the matrices perform block symmetric convolution in two
dimensions.

Notice that Egs. (76) - (79) apply the convolution rules from Egs. (68) and (70), but these
convolution rules are not unique since Eq. (69) produces the same result as Eq. (68), and Eq. (71)
produces the same result as Eq. (70), as long as appropriate zero-padding exists for all sequences.
Just as two representations yielded the same result in each of the two one-dimensional cases,
there are now four representations which yield the same result for each of the four two-
dimensional cases, producing a total of sixteen cases in all. The transform relation acting on ei-
ther the rows or the columns in two dimensions may have an equivalent form from Eqgs. (68) -
(71) substituted for it. Thus the family of two-dimensional symmetric convolution matrices for

the antisymmetric-antisymmetric portion of the decomposed PSF is:

Hisc oo = (S5, ® 83000 1P 100 (Cro, ® Cao ) (76)
Hise oo =~(Ciln, ® S50, r.a( S0, ® Cao, ) (80)
Hioc oo =~(500, ® Gl #1.a(Cro, ® S2n, ) (81)
and Hieoo =(Col, ®Crts, )7 1.0a(S2e, @ S, ) (82)

The family for the antisymmetric-symmetric portion is:

Hige o = (Cil, ® S5, )P 1.00 (Cze,&, ®Cyon, ), &)
H ll?SC,as = ('5'2::1,1\/l ® SZ_eI,Nz )#T,as (S 2e,N, ® Cze,iv2 ), (83)
H gSC,as = _(Cz_el,zvl ® CZ_eI,Nz )ﬁT,as (Cze,Nl ® S2e,N2 ), (34)
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and Hie oo =~(S5 0, @ C3, J#1.0(Sse, ® 30, ) (85)

The family for the symmetric-antisymmetric portion is:

Hise oo = (S50, ® Coon }#r5a( Coooy, ®Cn ) (78)
Hise oo =~(Col, ® Gl )#1sa(S20, © Co 1), (86)
o0 = (85230, © 8713 J0(Cooy ® S0, ) 87
and Hie o =~(Cot, ® S50, )#r5a(S20, @ S ) (88)

The family for the symmetric-symmetric portion is:

Hyse oo =(Cily, ®Cily #1.(Cou, @Gy, ) (79)
Hise o = (8500, ® Cot, 1. S0, ®Coon, ) (89)
Hise oo = (€30, ® S50, /1. Coeor, ® S2e, ) (90)
and Hie oo = (S50, ® 8300 1#rse(S20, © Sr0m, ) ©1)

Here again none of the symmetric convolution matrices within a particular family are exactly

equal, Z.e. Hpge o # Hpge go # Hpse ga # Hise ga> Hipseas # Hise g # Hse g # Hpge g

Hge o # Hpge 50 # Hpse o # Hpgegqr and Hpge o # Hioe o # Hpge oo # Hpge . However, with
appropriate zero-padding, the vectors d,, = Hyg .0, d,, = Hys .0, d,, = Hgg .0, and

d}y = Hpg. .0 will all be equal; the vectors d,, = Hpg .0, dj; = Hpge 0, dy = Hpge .0, and
d}y = Hyg. .0 will all be equal; the vectors d, = Hpge .0, dj, = Hpge (.0, dy = Hige .0, and
d! = Hy. 0 will all be equal; and the vectors d, = Hyge (0, dg, = Hpge (0, dig = Hig 0,
and d}/= H. .6 will all be equal. The resulting sequences will also equal the sequence which

arises from circular convolution with appropriate zero padding, because all are equal to the result

67



from linear convolution. The same vector d will result if any of the different equivalent forms in
Eqgs. (76) - (91) are substituted into Eq. (74), as long the vectors h and @ are appropriately zero
padded. All of the different forms of symmetric convolution in Egs. (76) - (91) use the vector-
matrix form [9] of Martucci's [34] symmetric convolution-multiplication property for trigono-
metric transforms derived in the previous chapter.

The equivalence of symmetric convolution to linear convolution as outlined in this section
holds in the trigonometric transform domain for any linear shift-invariant filtering application.
These results are applied in the following sections by recasting some traditional linear image re-

construction filtering operations into the trigonometric transform domain.

4.2 Inverse Filtering in the Trigonometric Transform Domain

The results of the previous sections are valid for any finite sequences represented by the
vectors d, h, and &, which are all lexicographically-ordered for the two-dimensional case. The
only underlying assumption was appropriate zero-padding to demonstrate the equivalence of the
convolutional forms. In this section the vector d represents a detected image which arises from
blurring an original object vector @ by a point spread function (PSF) represented lexicographi-
cally as A. The goal of the inverse filters derived in this section is to recover a vector estimate of
the object, é, from the vector d in the trigonometric transform domain. This classical problem
as it applies to image reconstruction finds the two-dimensional impulse response of a filter, rep-
resented lexicographically by the vector f, which recovers 6 from d, given knowledge of . This
is the same problem which generated Fourier transform domain solutions presented in Sec-

tion 2.2 as background. The following subsections present equivalent representations in the

trigonometric transform domain, first for one and then for two dimensions.
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4.2.1 The One-Dimensional Inverse Filter for Trigonometric Transforms. The devel-
opment of this subsection derives a result in the trigonometric transform domain similar to
Eq. (10) which presented the one-dimensional inverse filter in the Fourier domain. Using the
same notation as before whereby d = HO and 6 =Fd = FH 6, understand that in this case the
matrices H and F represent one-dimensional symmetric convolution matrices rather than circular
convolution matrices. The notation here drops the subscript ‘SC’ which was useful in previous
sections to distinguish between symmetric and circular or skew-circular convolution. The dis-
cussion from here forward concerns itself exclusively with symmetric convolution and trigono-
metric transforms. The 'BSC’ subscripts will likewise not appear in two-dimensional block sym-
metric convolution matrices, nor will the subscript ‘7" appear in trigonometric transform domain
quantities.

The symmetric convolution matrices H and F may, in general, be asymmetric, which re-

quires a decomposition into their symmetric and antisymmetric parts so that d = (Ha +Hx)¢9 and
6 =(F,+F,)d = (F, +F,)(H,+H,)6. (92)
Expanding Eq. (92) and making substitutions from Eqs. (68) - (71) results in

0 =((~CoinZSsen | Srn#uCoo )+ (~ColnZSsen [(S2in®Ssen)

(%93)
+ (C2_el,N7sC2e,N )(—Cz_el,NWasze,N ) + (CZ_el,NZCZe,N )(CZ—e],N #Coon )]9 .

Equation (93) incorporates substitutions of the different equivalent forms of symmetric convolu-
tion based on the assumption that the sequence domain data vector, d, is the result of linear con-
volution. This assumption implies that sufficient zero-padding [34], [35] exists in the vectors A
and @ to ensure their equivalence. The innermost matrices inside each term of Eq. (93) multiply
to identity, so that exact reconstruction to yield the vector 6= 0, requires

?sq(s - 7agla =1, (94)
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and ZH#+FHF, =0, 95)
where Iisan N x N identity matrix, and 0 isan N x N zero matrix. Because all the matrices in

Eqgs. (94) and (95) are diagonal, the equations are equivalent to the matrix equation

~#,(k) #®]ZHE] [1
[Ws(k) ?‘a(k)}[?s(k)}[o}’ %96)

for k=0, 1, ..., N-1 Theterms #,(k), #(k), 7,(k), and Z.(k) in Eq. (96) represent the
k-kth terms, [ﬂ/a]kk, [Ws]kk, [?ﬂ]kk’ and [?s]kk, of the matrices #,, #,, 7,, and 7, respectively.
Solving Eq. (96) for 7,(k) and Z,(k) yields

—#,(k)

S CEET) ©n
am
and 0= e ©8)

Equations (97) and (98) are the one-dimensional inverse filter expressed in the trigonometric

transform domain for symmetrically convolved sequences. If the sequence A(n) possesses

strictly whole-sample symmetry, i.e., h,(n) = #,(k) = 0, then the inverse filter reduces to

7k = : 99)

Equation (99) is similar to the Fourier domain result in Eq. (10). The following subsection
shows similar results for two dimensions.

4.2.2 The Two-Dimensional Inverse Filter for Trigonometric Transforms. In two di-
mensions, H and F become two-dimensional block symmetric convolution matrices which may

also in general be asymmetric. They therefore require a decomposition into their symmetric and

antisymmetric parts about both the »; and n, axes so that d = (Haa +H, +H , + HSS)H and
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(100)

Expanding Eq. (100) and making substitutions from the equivalent forms in Egs. (76) - (91) re-

sults in

o= (CZ—el,Nl ® CZ_eI,NZ)

®
Q

?aa(SZeN ®S23N )[(SZ—e]N ®S2—eN )gaa(CZe Ny

2e Nz)
* (Szel @S, )W“S(Sze 0 @ Co NZ)
(S50 ® S5, ), (Cze 5, ®5,, Nz)

)

P )
- C;;,Nl ®C;;,N )% (Caon, ® S200,)
) )

+ CZ_:,NI ® Cz_;,iv2 )Wss(cze,Nl ®C, e,Nz)]; 6. (101)

Equation (101) incorporates substitutions of the different equivalent forms of the convolution
matrices in Egs. (76) - (91). The substitutions are permissible because of the assumption that the
lexicographically-ordered data vector, d, arises as the result of linear convolution in the sequence

domain.
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For this two-dimensional case, the interior matrices in each term of Eq. (101) again multi-

ply to identity, so that exact reconstruction requires

FiaFaa — FasFas — FoaFsa T FosFss =1 (102)
FiaPas + ZusHoa = PaFss — 7% = 0, (103)
ZaFsa = ZasFss ¥ PaFaa = FosFas = 0, (104)
and Pa Pt Pyt FaHos + 70 =0. (105)

Each matrix in Eqgs. (102) - (105) is diagonal, which generates the matrix equation

Falhsk) ~Fulhok) —Fo(hk) #(hk) | Zalth.k) | |1
#ulkiohky)  Falh k) —F(hk) —Fa(hk)| Z.(hk) | |0
Falhnky) ~# (k) (k) % (kk))| Fukk) | [0)
#hky)  Fhk)  Fi(hk)  Folhk) | Z(kk) ]| |0

(106)

for k,=0,1, ..., N,-landk,=0,1, ..., N, -1 Theterms %, (k,k,), #,(k,k,),
% (k. k), #(kky), Za(kLky), Z.(kiky), Z.(kk,), and Z,.(k,k,) in Eq. (106) repre-
sent the diagonal elements of the N, N, x N, N, matrices #,,, #F.s Hu> HFs> Faas Pus> Foas

and 7, respectively. Equation (106) has the solution

1 Wsa(kli k’l) + ﬁaa(klﬂkz )‘thfs(kl’ ]6) + Waa(klﬂ k2 )Wsza(kl’kz)
Zoalkishy) = ———— , , (107)
%(kl’ kl) - glaa(kl’ k2 )ﬂlss(klb kZ) + 22{as(kl’ k2 )ﬂlsa(kl’ kZ )gss(kl’ kZ)
3 2 _ 2
7as(k1,k2) — -1 {Was(kl’kl) + g(as(zklﬂkz)‘gzaa(klakZ) g{as(kbkz )‘g{sa(kl’kz) }, (108)
ﬂ(kl’ kZ) + 7"7las(kl9kz)q/ss(kli’kz) + Z‘Zlaa(kl’kz)gsa(kl’kz)g{ss(klﬂ kZ)
3 2 _ 2
Za(kl,k2)= -1 g‘sa(kl’kl)_l'q{sa(zkl’k2)ﬂlaa(kl’k2) Wsa(kl’kl)glas(kl’kl) }’ (109)
Alksky) |+ B, (k)R (k) + 2%, (s Ko ), (ks R ) (R )

3 (ki k) — %, (ki by YR (K, %, (ky, kY% (K,
and Zs(kl,kl)= 1 {ﬁss( lbkl) ss( 1 kl) aa( 1 k2)+ ( 1 k?) ( 1 kZ) }’ (110)

”(kl ? kz ) + ?(ss (kl > k2 )gsza(k] ° k2 ) + 2ﬂ{aa'(kl H kQ )qlas (kl s kZ )q{sa (kl H k2 )

where the determinant of the 4 x4 matrix in Eq. (106) is given by
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k) = [ )+ )] 4Gk~ 1 |
(111)
X {[Waa(kl’kZ) —# (ki ky )]2 + [ﬁas(kl’kZ) +#, (k. k, )]2}

Equations (107) - (111) are the two-dimensional inverse filter for trigonometric transforms. If

the sequence h(m,n,) possesses strictly whole-sample symmetry about the #, and n, axes, i.e.,
haa(nl’nZ) = Waa(klﬁkz) = 0’ has(nlﬁnZ) = q(ax(kl’k2) = 0’ and hsa(nl’nZ) = gzsa(klt'kZ) = Oa then

the two-dimensional inverse filter reduces to

1

—_— 112
?ss(kl’kz) ( )

?ss(kl’kz):

Equation (112) closely resembles its Fourier domain equivalent in Eq. (12).

The trigonometric transform domain realizations of the inverse filter for symmetrically-
convolved one and two-dimensional sequences expressed in Egs. (97), (98), and (107) - (111)
suffer from the same high-frequency gain problem which plagued their Fourier domain equiva-
lent forms for noisy sequences. The problem becomes quite serious when the image model ex-
pands to incorporate noise with a uniform power spectral density across all frequencies. In the
next section, a method is presented of regularizing the high frequency gain of the inverse filter in

the presence of noise.

4.3 Wiener Filtering in the Trigonometric Transform Domain

In this section, a derivation of the scalar Wiener filter is presented in the trigonometric
transform domain [12]. A Wiener filter introduces a degree of regularization to the inverse
problem and is more capable of filtering data models with noise, as explained in the background
section on Wiener filtering in Chapter II. To incorporate noise into the data model of the previ-
ous section, the model must have an added term so that it now becomes d = HO + w. The matrix

H is a symmetric convolution matrix for the one-dimensional case and a block symmetric convo-
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lution matrix for the two-dimensional case. The vector w is again a zero-mean uniform-variance
noise vector whose samples are uncorrelated both with the samples of the object vector, 8, and
with each other. The vectors d and @ represent finite sequences for one dimension and are lexi-

cographically-ordered representations of finite matrices for two dimensions. The object vector,

0, is itself random with constant mean vector u, = 6, which can be assumed to equal 0 without
loss of generality [28], and correlation matrix R,, = 89”. The Wiener filter seeks the vector

estimate, 9, of # which minimizes the mean squared error, E, where the vector &= 6- 6.
The solution to this problem from [28] appeared previously for circulant and block circu-

lant matrices in the Fourier transform case. The equivalent to Eq. (14) for symmetric convolu-
tion is

n -1

6= RHQHT[HR%HT + wa] d, (113)
which produces the recovery filter

T T -1
F = RH'[HRH' +R,,] . (114)

Recall that the background section on Wiener filtering in Chapter II described vector and scalar
Wiener filters in one and two dimensions expressed in the Fourier transform domain. In that
case the matrices F and H were circulant for one-dimensional filters and block circulant for two
dimensional filters. Here in the trigonometric case, the matrices F and H will represent sym-
metric convolution matrices for one-dimensional filters and block symmetric convolution matri-
ces for two-dimensional filters.
The Fourier-domain scalar Wiener filters presented for background in Egs. (23) and (27)

for one and two dimensions under the assumption of wide-sense stationarity for the object, pro-

vide a good approximation to the vector or generalized Wiener filter [38]. The approximation
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arose because the discrete Fourier transform did not exactly diagonalize the symmetric Toeplitz
form of the correlation matrix for a wide-sense stationary object [48]. Note that the noise is al-
ready stationary because it has zero mean and its samples are uncorrelated with each other.

In the derivations which follow in the trigonometric transform domain, the data vector, d,
must arise as the result of a linear convolution of the object vector, &, with the point spread
function, &. This assumption of linear convolution allows the substitution of different equivalent
forms of the two-dimensional convolution matrices from Eqgs. (76) - (91) into the components
which result from decomposing the matrix H in Eq. (114). In the one-dimensional problem, the
one-dimensional convolution matrices from Egs. (68) - (71) may be substituted. This assumption
of linear convolution also exists in Fourier-domain derivations because the processes which gen-
erate blurred data are linear and not circular in nature. Circular convolution arises because it is
the underlying form of convolution for DFTs and it is convenient mathematically to process the
data using DFTs. However, for the data to arise from linear convolution, the object must be
zero-padded, but a zero-padded or support-constrained sequence cannot be wide-sense stationary.
The assumption of linear convolution underlying the process which generated the blurred data
thus seems to contradict the assumption of wide-sense stationarity for the object.

Hunt and Cannon [25] addressed this conundrum, and their work is further refined in [51].
Their work chooses the more accurate nonstationary object model with support constraints to
account for the zeros which must exist to be equivalent to linear convolution. A model without
support constraints does not reflect the true statistics of the object. The correlation matrix of an
object with support constraints has zeros which appear due to the zero-padding which must exist
for linear convolution to appear. These zeros do not appear for an object without support con-
straints. A model without support constraints is, however, more mathematically tractable be-

cause it is well-approximated by a diagonal matrix in the transform domain [48]. In a support-
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constrained model, a higher degree of correlation exists between frequencies in the Fourier do-
main [36]. The purpose of this research is to find scalar filters which require good diagonal ap-
proximations in the trigonometric transform domain. In this case it is better not to use support
constraints in the model so that good diagonal approximations result. For vector filters, the sup-
port-constrained nonstationary object model is better because it exhibits enhanced performance
by incorporating the off-diagonal correlations into the filter design [14]. The choice of a model
without support constraints is also more appropriate in this scalar filter derivation because this
effort is the first attempt to apply the symmetric convolution-multiplication property to a Wiener
filter. The original Fourier-domain Wiener filters were all unconstrained [15], [27], [28], [43],
[48], so this choice provides a better comparison to earlier work. In the following discussion, the
one-dimensional scalar Wiener filter for trigonometric transforms is derived first, and then its
two-dimensional equivalent is presented.

4.3.1 The One-Dimensional Scalar Wiener Filter for Trigonometric Transforms. The
first step in deriving the one-dimensional scalar Wiener filter is to substitute the decomposed

symmetric convolution matrices F = F, + F, and H = H, + H_ into Eq. (114). Making these

substitutions and then bringing the bracketed expression over to the left side produces
(F, + F;)[(Ha +H,)Ryy(H, + H,) + wa] = Ryy(H,+H,)". (115)

This derivation then follows a similar procedure as the inverse filter derivation. It expands

Eq. (115) and then substitutes the equivalent forms from Egs. (68) - (71) to produce
- - - T
‘Czel,N‘Z:Sze,N )(Szel,NWacze,N )Rﬁa(SZe],NWaCR,N)

+ CZ_el,N7aS2e,N )(Sz—el,NWacze,N )Rea (CZ_el,NﬂsCZe,N )T

(

(
HS5EwFCoon N Crin P oo VRao( Sy FeCron )

( (

(

~

+ S2—el,N7aC2e,N)(C;:,Nﬂka,N)RBH C2_eI,NWsC2e,N

)
+ S2~el,N?sS2e,N )(SZ_el,NﬂlaCZe,N )Rae (S;el,NWaCZe,N )T
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+ 2eN7S2eN)( 2—er C2eN) aa(Cz—elNg C2eN)

(

+( enZCae N)(CZ—el v# Gy, N) 0«9(S2—el %o N)
(
-

+

CZ_e N7 CZe N ( 2e, NW C2e N)RHG(CZ-e Nq( C2e N)
CoonZiSoen )RS3 iS5 +(Coa wFCoe )Ry, Gy G
= C2—e,NC2e,N RBH(SZ_e,NWaCZe,N) + C2_el,NC2e,NR96 (CZ_el,NglsCh,N )T' ( 11 6)

Equation (116) simplifies to

CZ_eI,N[ 7 (W Roo #,+ Ry, )+ 7 'Z‘sR@s@:Wa]sz_eTN
+CZ—e1,N [_7aWaR@,@s ?s + Z(Wsk@x@s gls + Rwsw, )]CZ_eY:N
+S2-el,N [ZstR@,@S?‘a +Z#,Ro 0. Wa]sznef,njv

+S Z_eI,N [741 q(sRQSQS g‘s + Zg{a R@x@S Ws ]CZ_e}:vN
= CZ—eI,NR@sQS Wasz—ZN + Cz_el,NR@,@: Wscz_eT,N 5 (117)

where Ry o = Cyo v R3oCoo > R, =Sy iR, SM, and R,, =C, R, CM The simpli-

+

fication of Eq. (116) to produce Eq. (117) uses the facts that %, = % and %, = %.. For

Eq. (117) to hold, it must follow that

7, (FRo0,Fs + Royp, )+ FH Ro 0, %, = Ro 0 Fs, (118)

~2H R0 #, + Z(WJRQ@S'Z/S + Ry ) =Ro o ., (119)

7 #Ro o %, + 7 H#Rp 0 #, =0, (120)

and 2% R0 %, + 7%, Ro o %, =0, (121)

Every matrix in Egs. (118) - (121) is either exactly or approximately diagonal. Recognize

that the matrices 7,, 7., #,, and #, are always diagonal because they are the diagonalized

forms of symmetric convolution matrices in the trigonometric transform domain. The matrices

R, ,, and R, ,, will be diagonal because the samples of w are assumed to be uncorrelated with
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each other and to have uniform variance, o”, so that R,, = 1. In general, the transform-
domain correlation matrix R, o Will be well-approximated by its diagonal elements if the sam-
ples of the object, 8, are highly correlated with each other [27]. Specifically if R,, is the

N x N correlation matrix for a Markov-I process, [38], [47], [53], then the correlation matrix

R, o, inthe DCT domain will approximate a diagonal matrix. For a Markov-I process, the

m—n}

m — nth element of R, is [R{;g]mn = pI where 0< p<1. As an example of how well the
transform domain correlation matrix approximates a diagonal matrix, let R,, be the 256 x 256
correlation matrix of a Markov-I process with p=09. Then the matrix R, , = C,, NRQGCZTe’ N
in the DCT domain has 98.75% of its total energy, i.e., the sum of the squares of its elements,

along the diagonal. As a comparison the Fourier domain matrix R, o = Wy RyyWi " has

98.20% of its total energy contained in its diagonal elements. The transform domain correlation
matrix, Ry o , Will approach an exactly diagonal matrix either as N increases without bound or
as p increases to 1. This approximate diagonalization occurs because the DCT provides an ex-

cellent approximation to the eigenvectors of the correlation matrix of a Markov-I process [27],

[39]. Thus under the above assumptions for the noise and object processes, R,, and R,, are

exactly represented by their diagonal elements 7>(k) and %7 (k) for k=0, 1, ..., N, and

R, , is well-approximated by its diagonal elements @f (k) for k=0,1,..., N-1

The above approximations allow for a scalar solution based solely on the diagonal ele-
ments of the matrices in Egs. (118) - (121). Solving for the diagonal elements of Eqs. (118) -

(121) produces the 4 x 2 overdetermined matrix equation
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- - -
w;} (k
(ﬂé(m# ~#,(®E) |70 ~,(k)
2 =
A LA R AR Y #,(k)
#,()#,(k) #, (k) 0
# (k) #,(k)y#, (k) 0
L J )
Equation (122) reduces to
r _2‘ _( F N
H A 0 7 ~#,
0 o H = -75 #,
g(aﬂ{s _#a g(s ’ (123)
0 0 % —
R i R
0 0 0
where each term in Eq. (123) depends on the index, £, but temporarily has the indexing sup-
pressed to preserve space in the equation. The system of equations will be consistent, and
Eq. (123) will equal
2
22 (k) + A2 (k) + 7””2(") 0 7,(k) ~%,(k)
&, (k) : = ., (124)
0 HOREHORLACS PIC 2,(5)

2
s
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#, (k)% (k) 3 #,(k)#. (k)
%’ (k) W} (k)

if

(125)
H2 (k) + 2 (k) + 2L

s s

(k) + # (k) + ==L

It is straightforward from the definitions of the DTTs and the definitions of R, , and

Rm » 10 show that

JQ k=0

%) (k)=12No*, k=12, .., N-1 (126)
[4No?, k=N
(4NG?, k=0

and % (k)=<2No?, k=1,2,..., N-1 (127)
0, k=N

whenever R, = o>I. From Egs. (126) and (127) it follows that Eq. (125) holds for
k=1,2,..., N-1 ltis also straightforward to verify Eq. (125) at k = 0 by using the fact that

#,(0) = 0 based on its required symmetry in the transform domain [34]. Verifying that

Eq. (125) holds at k = N requires the facts that ®*(N)=0 and #,(N) =0 based on their re-

quired symmetry in the transform domain [34]. Then L'Hépital's rule must be applied to take the

limit as @}(N)— 0 of the derivative of the numerator and denominator of each side of Eq. (125)

with respect to @i(N ).
Thus Eq. (125) is valid for all values of k, and Eq. (124) will hold, from which matrix

multiplication followed by scalar division produces

~#,(k)

7(k) = (128)

%, (k)

#(k)+ #2 (k) + ==L
O’ (k)
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and Z(k) = #(H)

. 129
%, (k) (129

Fo () + A (k) + =
@;(k)

Equations (128) and (129) are the one-dimensional scalar Wiener filter expressed in the trigono-

metric transform domain for symmetrically convolved sequences. Note first that for the noise-

free case where w =0, which implies that %7 (k) =0 and 27 (k)=0, Egs. (128) and (129) re-
duce to Egs. (97) and (98), and the scalar Wiener filter becomes an inverse filter. Note also that
if the sequence h(n) possesses strictly whole-sample symmetry, i.e., h,(n) = #,(k) =0, then the

scalar Wiener filter reduces to

#,(k)
k)
O (k)

7(k) = (130)

#. (k) +

Equation (130) closely resembles Eq. (23) for the one-dimensional Fourier case. Similar results
for two dimensions are shown in the following subsection.

4.3.2 The Two-Dimensional Scalar Wiener Filter for Trigonometric Transforms. The
derivation of the two-dimensional scalar Wiener filter in the trigonometric transform domain is
somewhat more involved than it was for one dimension. The two-dimensional version of the
general asymmetric cases for the filter matrices requires a four-way decomposition for each

block symmetric convolution matrix, so that F = F,, + F, + F,, +F,, and H=H_,, + H, +

H , + H_ . Making these substitutions into Eq. (114) yields

(Eza + Ev + F;a +Efs)[(Haa +Hax +Hsa + Hss)Rﬁﬁ(Haa +Has + Hsa + Hss)T + wa (13 1)
= R@O(Haa +Has +Haa +Has)T'
The expansion of Eq. (131) produces 68 terms on the left-hand side. The Kronecker product

transformations of the convolution matrices in Egs. (76) - (91) must then transform each of these
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terms into the trigonometric transform domain. The two-dimensional versions of Eqgs. (116) -
(121) will subsequently become quite cumbersome. The details of this lengthy derivation appear
in the appendix. The end result in the appendix is a 16 x 4 overdetermined system of equations

similar to Eq. (122), which reduces to the 7 x 4 matrix equation

I Py T 7 i ]
Wja + a; hﬂ(aag{as '—g(aag(sa g(aa?{vs ?aa ”#aa
s§
u’
_g{aa?as ﬂljs + @a.; ﬂlasg(sa _Wasﬂlss 70: _q{ax
S8 % =
g(aa?(sa ﬂ{a Wsa W; + @SL; Wsaﬂlm 7sa _g{sa
55 %
F s H o Hes Fou  Ft =] F | Fs | (132)
@ss -
Was g(aa _q{ss Wsa 0
ﬂfm _?(ss g{aa _g(as 0
’”’(ss g(.ra g{as g(aa J L O J

All the quantities in the matrix equation are indexed over k; and k,, but Eq. (132) temporarily
suppresses the indexing to conserve space.

Unfortunately the set of equations in Eq. (132) is not consistent as it was in the one-
dimensional case. Thus no general solution exists in the trigonometric transform domain for the

general case of a PSF, A(n,n,), which possesses all four types of underlying symmetry. Solu-
tions exist for f(n,n,) in the sequence domain from solving Eq. (131) directly, but this involves

a large matrix inversion for even small image and PSF sizes. Transform domain representations
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are computationally easier to implement, so the following discussion focuses on the conditions
under which a solution to Eq. (132) exists.

The solution Z,,(k,k,) = 7,.(k., k) = 7, (k,k,) = Zs(k, k) = 0 exists trivially for the
case when %, (k,k,) = %, (k. k,) = #,,(ky,k,) = #,,(k;, k,) = 0, but is of little use. A solution
also exists for the four cases where any three of the four components are zero. If %, (k,,k,) =
#q(kiky) = #(k,k,)) =0 and %, (k;,k,) %0, then the PSF h(m,n,) would possess strictly
whole-sample antisymmetry about both the », and #, axes, and the scalar Wiener filter for this

case is

Waa(kl’k2) .
W (ky,ky)
O’ (k. k)

Zoa(kisky) = (133)

CACNAE

For the case where %, (k;,k,) = #,,(k,,k,) = #,(k;,k,) =0 and #,(k,k,) # 0, the scalar

Wiener filter is
_glas (k 12 k2 )

W2 (kky)
@, (k. k,)

Zs(ky, k) = (134)

o (ky k) +

For the case where %, (k;,k,) = #,,(k),k,) = #,,(k,k,) =0 and %,,(k,,k,)#0, the scalar

Wiener filter is
_ﬂlsa (kl > k2 )

W2 (k,ky)
@gs(kl ’kZ)

Za(ki k) = (135)

#2 (ke ky) +

For the case where #,,(k;,k,) = #,,(k;,k,) = #,,(k;,k,) =0 and #_(k,,k,) # 0, the scalar

Wiener filter is
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Zs(klskz)‘—" ’les(kl,lfzz)k ' (136)
W;(kl,kmz”%(_p_@
O (k, ky)

Equation (136) is the scalar Wiener filter for the case of a PSF which possesses strictly whole

sample symmetry about both the », and », axes.

Note that the subscript ‘ss’ remains in the term @ (k;,k,) for all four cases in Egs. (133) -

(136). Throughout the derivation of the two-dimensional scalar Wiener filter presented in the
appendix, substitutions of equivalent convolution matrices in the transform domain from

Egs. (76) - (91) has resulted in a transform domain object correlation matrix of the form
T
Ro o = (CZe, v, ®C, Nz)Rea(Cze,Nl ®C,, Nz) . Choosing transform relations so that the trans-

form domain object correlation matrix always lies in the transform domain of the type-II DCT is
what allows it to be well-approximated by its diagonal elements and yield a scalar filter.
Equation (132) will also produce a consistent set of equations in four of the six cases
where two of the four types of underlying symmetry are simultaneously nonzero. The equations
will be inconsistent for the two cases where:
(D Falkiky) = F (ki ky) =0, #, (ki ky) = 0, and %, (k;,k,) # 0;
and (i) #,(k, k) =%, (k. k) =0, #,(k.k,))#0, and %, (k;,k,)#0.
They will be consistent for the four cases where:
(@) #a(k,ky) =% (k,k) =0, #,(k,ky)#0, and % (k;,k,)=0;
(i) Fa(ky k) =%, (ki k) =0, #,(k,ky) =0, and % (k,k,)#0;
i) Foyhihy) = Boy(biky) = 0, By (k) %0, and %, (ki) # 0

and (v) #,(k,ky) = # (ki k) =0, #,(k,k,)#0, and %, (k,k,)=0.
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For the first case where %, (k;,k,) = #,,(k;,k,) =0, #a(ki,ky) #0, and %, (k) k) #0,

the resulting scalar Wiener filter will be

Al =0 (137)
Fullila) =0 (138)
% (k,

7sa(k1:k2)= Sa( 1 kl) Wz(k kz) ’ (139)
sza(kl’kg)"f‘g(é(kl,]%)_l._és_g(;cﬁ’““
ss\Vs V2

" AR S %2 (K, k) : (140)
s 27

% (k, Hl(ky k) + 22
ks )+ (k) + O (k)

For the second case where %, (k;.k,) = #,,(k,,k,) =0, %, (k,,k,)#0, and #,(k,k,) =0, the

resulting scalar Wiener filter will be

7aa(k19k2)=0, (141)
—%#.(k
Zzs(klakz)= ﬁas( 1=k2) Wz(k k) ) (142)
#5S(kl’k2)+g{;(kls]§)+ﬁ
S8 1542
Za(klak2)=0, (143)
and 7ss(k1,k2)= Wss(kl,kz) WZ - - (144)
Wi(kl,kZ)-'-Wé(kl’]%)-i_%
ss\"™M>

For the third case where #,,(k;,k,) = %, (k,,k,) =0, #,,(k,k,)#0, and %, (k;,k,) =0, the

resulting scalar Wiener filter will be

ﬂ{aa(klilﬁ) (145)

w2 (k k)
#2 (ke k) + B (e k) + =2
( 1 k’l) 1 ](2 @fs(kl,kz)

?aa(kIJkQ) =
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Zs(k1,ky) =0, (146)

_Wsa (kl > k2 )

Zalki by) = (147)

P) P
B, (ko ky) + 7 (k) + Halbola).
@ss(kla kz)
and 2‘s(k]’k2) =0. (148)
For the fourth case where %,,(k;,k,) = #(k;,k,) =0, #,,(k;,k,)#0, and %, (k,,k,) # 0, the

resulting scalar Wiener filter will be

Zeaki hy) = LAY, (149)

2 ’
2, (k) + 7 (k) + Zaah).
@is (kl H kz )

2.k, k) = : _’?"‘(kl’kZ) AR (150)
‘Z‘aa(kp/fz)+7‘as(kp/a)+@”§s(*—k—;m

Zsalkiky) =0, (151)

and 2. (k. k,) = 0. (152)

Note that for each of the eight nontrivial cases where the two-dimensional scalar Wiener
filter exists, it reduces to the inverse filter of Eqs. (107) - (111) whenever the noise terms go to
zero. The set of equations in Eq. (132) is inconsistent for each of the four cases having three
nonzero terms and for the general case of four nonzero terms.

Two options are available to find a solution to the general problem of a PSF having all
four types of underlying symmetry. The first option finds the least-squares solution to the over-
determined system in Eq. (132). The second option makes different substitutions from equiva-

lent forms for the transforms to yield a 4 x 4 system of equations.
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Using shorthand notation to express the 7 x 4 matrix equation in Eq. (132) as # =4, the
~ -1
least-squares solution is ¢ = (‘ZITW) #"¢. The inverse of #”# exists because % has rank

four. The vector {A is the solution which minimizes ”% - W{”z [46]. Unfortunately, both the

least squares solution and the solution to the 4 x 4 system of equations which results from
choosing different equivalent forms for the transforms are too lengthy to be presented.

Each of these two methods of finding a general solution has other disadvantages as well.
The disadvantage to finding the least squares solution to Eq. (132) is that it is not exact and will
therefore introduce more error in addition to the errors caused by noise and by the scalar ap-
proximation which retains just the diagonal elements of the object correlation matrix. The dis-

advantage to choosing different transforms in the derivation of the two-dimensional filter is that

the result depends on the terms @, (k,,k,), @2 (k;,k,), and @2, (k,,k,), which are all not as

well-approximated by their diagonal elements as m [26]. The energy in the off-diagonal
terms which is not accounted for in the diagonal approximation will introduce additional error as
well.

The fact that no exact géneral solution exists to Eq. (132) is not as restrictive as it might
first appear. The form of the solution appearing in Eq. (136) based on a PSF having only whole-
sample symmetry is the form of the filter which will likely prove the most useful in practice, be-
cause whole-sample symmetry is a necessary condition for a filter to have linear phase [37].
Many image reconstruction methods model asymmetric PSFs with inherent nonlinear phase, such
as those used to model the effects of atmospheric turbulence [40], as random processes. In these

cases, even though individual realizations of a PSF are asymmetric, the mean PSF will often be
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symmetric so that only whole-sample symmetry will be present in the scalar Wiener filter.
Equation (136) is a valid form of the scalar Wiener filter in these cases.

The existence of inverse and scalar Wiener filters in the trigonometric transform domain
for one and two dimensions has been demonstrated in this chapter. The two dimensional scalar
Wiener filter is limited by the type of symmetry present in the PSF in certain cases. It was
claimed that the two-dimensional whole-sample symmetric version is the most useful case for
image processing. In the following chapter, the performance of the scalar Wiener filter for this

particular case is analyzed.
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V. Performance of the Scalar Wiener Filter
Sor Trigonometric Transforms
The performance of the two-dimensional scalar Wiener filter is analyzed in this chapter

under the assumption that the degradation system point spread function (PSF) is whole-sample
symmetric. Systems possessing this characteristic are the most likely to be encountered in prac-
tice. Systems with random asymmetric PSFs often have a mean PSF which is whole-sample
symmetric. To analyze the scalar Wiener filter's performance, an example is first provided and
then the normalized mean-squared error is calculated for several PSFs and objects with varying
parameters. The chapter concludes with a brief discussion on the computational advantages of

the trigonometric transform-based filter.

5.1 An Example

In this section, the performance of the new trigonometric transform versions of the two-
dimensional inverse and scalar Wiener filters is demonstrated by providing an example. It is
shown how a blurred object can be completely recovered with an inverse filter. An inverse filter
cannot, however, recover the original object in the presence of noise. A scalar Wiener filter then
recovers an estimate of the object from its noisy blurred version by regularizing the high-
frequency gain of an inverse filter. The results of this example compare an estimate of the object
using a trigonometric scalar Wiener filter to an estimate using a traditional Fourier scalar Wiener
filter. This example serves to visually demonstrate the effects of image reconstruction filters in
the trigonometric transform domain.

The 256 x 256 pixel satellite object shown in Figure 4 for the trigonometric transform

domain filtering example in Section 3.4 forms the basis of this example as well. Figure 6 shows
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the effects of inverse filtering in the trigonometric transform domain for a blurred noiseless ob-

ject and a blurred noisy object. In Figure 6(a), the object is blurred using a 16 x 16 pixel Gaus-

a. Blurred Noiseless Object b. Object Recovered with Inverse Filter

¢. Noisy Blurred Object (SNR =20 dB) d. Noisy Object Unrecoverable with
Inverse Filter

Figure 6. Inverse Trigonometric Filtering Example Using Hanning-Windowed
Gaussian Degradation Filter with 1/e Width of 4 Pixels
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sian-shaped PSF windowed with a Hanning window [37] to prevent an abrupt cutoff at the tran-
sition point. The shape of the PSF rolls off to a value of 1/e at a distance of 4 pixels from the
center. Applying the two-dimensional inverse filter of Eq. (112) in the trigonometric transform
domain results in the image shown in Figure 6(b). The original object is completely recovered
from its blurred version based on knowledge of the blurring PSF. Figure 6(c) shows the results
of adding noise with a signal-to-noise ratio (SNR) of 20 dB to the blurred object. After adding
noise, the object is no longer recoverable with an inverse filter as demonstrated by the result in
Figure 6(d). The reason the trigonometric inverse filter no longer recovers the object from the
noise is that, like the Fourier inverse filter, it amplifies high-frequency components of the noise.
Figure 7 presents the results of applying Fourier and trigonometric scalar Wiener filters to

the noisy blurred object of Figure 6(c). Equation (27) implements the scalar Wiener filter in the

a. Object Estimate Using Fourier Scalar b. Object Estimate Using Trigonometric
Wiener Filter Scalar Wiener Filter

Figure 7. Scalar Wiener Filtering Example Using Same
Degradation Filter as Inverse Filtering Example
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Fourier transform domain, and Eq. (136) implements the scalar Wiener filter in the trigonometric
transform domain. Unlike the inverse filters for Figure 6, the scalar Wiener filters for F igure 7
use a block processing technique for their implementation. The need for a block technique arises
because the correlation matrices which regularize the inverse filter become very large, even

though a scalar Wiener filter is only concerned with their diagonal elements. These diagonal

elements in the Fourier domain are the 7% (k;,k,) and O3 (k;,k,) terms in Eq. (27). The diago-

nal elements in the trigonometric transform domain are the terms % (k;,k,) and @> (k,,k,) in

Eq. (136). The block processing technique divides the noisy blurred image of Figure 6(c) into
16 x 16 blocks, zero pads each block to a size of 32 x 32, performs all calculations in 32 x 32
tiles of transform space, inverse transforms the results back to the spatial domain, and then sums
the overlapping results. Since a Wiener filter depends on an object to originate from a random
process with known mean and covariance, this example uses the statistics of the object itself to
calculate the matrices R,,, and C,y. The object has a nonzero mean which yields a covariance

rather than a correlation matrix. The noise variance is set equal to 1/100th of the object variance
to achieve a 20 dB SNR.

Comparing Figures 7(a) and (b), it is clear that the trigonometric scalar Wiener filter pro-
duces a better quality estimate of the object than the Fourier scalar Wiener filter. One criticism
of Wiener ﬁlfering is that it tends to oversmooth an image to compensate for noise. This effect is
clearly more pronounced in the Fourier case, because the object estimate is still quite blurry al-
though the noise has been averaged out. The trigonometric case achieves a much sharper con-
trast and higher spatial frequency resolution because of the improved energy compaction of the
DCT. Comparing the results of Figures 7(a) and (b) to the original object, a mean-squared error

normalized to the total number of pixels is 345.5 for the Fourier case and 211.7 for the trigono-
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metric case. Expressed as a ratio to the square of the highest gray scale value of 256, these be-
come -22.7 dB and -24.9 dB, respectively. These values fall within the ranges of some more
general expressions for the mean-squared error of the Fourier and trigonometric scalar Wiener

filters, as will be seen from the results of the following section.

5.2 Mean-Squared Error Performance
Closed-form expressions exist for the mean-squared error of Wiener filters because Wie-

ner filtering is a linear technique. Using the method of [28] and [38], the mean-squared error is

expressed as W =ele= Tr{?} = Tr{E{(B - 9)(0 - @)T}}, which expands to

el = Tr{ Rop —~2FBRsy + F(HRGH + R,,,)F" ). (153)

The transform domain expression for Eq. (153) is

e Tr{R@@ ~27ARoo + 7(FRoo%" + Ry, );rT}, (154)

where the matrix T represents either a DFT or a DCT matrix. All other quantities in Egs. (153)
and (154) have been defined previously. It is easier to calculate the mean-squared error using
Eq. (154) in the transform domain because all of the matrices are diagonal except the transform

domain correlation matrix, Rg,. Recall that the diagonal transform domain filter matrix, 7, de-

pends on a diagonal approximation of R,,. The terms in the diagonal approximation are the

@ (k;,k,) terms from the Fourier domain case of Eq. (27), and the @2 (k;,k,) terms from

Eq. (136) for the trigonometric case. To accurately assess the error that this approximation in-
troduces, the error expression must compare the diagonalized version imbedded in the filter ma-

trix, 7, to the nondiagonal version in Eq. (154) which it approximates. Each transform has dif-

ferent scale factors which cause different gains in the transform domain. The error calculations
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in the transform domain must account for these different scale factors. The error calculations
must then apply the appropriate scale factors to calculate the mean-squared error which results
back in the spatial domain for both the Fourier and the trigonometric transforms.

Figures 8 - 11 display the results of calculating the error using Eq. (154) in various two-
dimensional filtering scenarios. Each filtering scenario depicted uses Hanning-windowed Gaus-
sian-shaped PSF filters to model the degradation similar to the previous example. The scenarios

adjust parameters for the length (V) of the N x N PSF, the correlation coefficient (o) in the

Markov-I object correlation matrix, the signal-to-noise ratio (SNR), and the width in pixels to the
point at which the PSF has a value of 1/e. Adjusting these parameters creates different scalar
Wiener filters in Eqs. (27) and (136) for the Fourier and trigonometric transform domains. Each
graph displays the mean-squared error (MSE) for the Fourier scalar Wiener filter with a solid
line, and the MSE for the trigonometric scalar Wiener filter with a dashed line.

In Figure 8, the PSF filter dimension, &, increases while the correlation coefficient, p, is

set to 0.9. Additionally the SNR is fixed at 20 dB, and the PSF 1/e width increases at a constant

-5

-10 4+
g 5 DFT
g T DCT
E

-20 4

-25 : } t : : :

5 10 15 20 25 30 35 40
Filter Dimension (N)

Figure 8. Normalized Mean-Squared Error
vs. Filter Dimension
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rate of N/16 pixels as N increases. In each of the remaining Figures 9 - 11, the filter dimension,
N, is held to 16 x 16 pixels. Figure 9 shows how the MSE decreases as p increases for PSF 1/e
widths of 1 and 8 pixels, with the SNR fixed at 20 dB. Figure 10 shows the MSE decreasing

with increasing SNR for values of p of 0.5, 0.9, and 0.99, with the PSF 1/e width fixed at 1 pixel.

0
width = 8 pixels
-5 B SRR e
0 T DFT
] S — TN | [ DCT
T L | T
o 15
]
E -20 1 /\
25 ¢ width = 1 pixel
-30 ; : f :
05 06 07 08 09 1
Correlation Coefficient (p)
Figure 9. Normalized Mean-Squared Error
vs. Correlation Coefficient
DFT
~~~~~~~~~~~~~~~~ DCT

mse (dB)

10 0 10 20 30 40
SNR (dB)

Figure 10. Normalized Mean-Squared Error
vs. Signal-to-Noise Ratio (SNR)

Finally Figure 11 shows the MSE increasing as the filter 1/e width increases and the filter band-

width decreases. The figure shows curves for SNRs of 0, 20, and 40 dB, with p fixed at 0.9.
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Figure 11. Normalized Mean-Squared Error
vs. Point Spread Function (PSF) 1/e Width
In all of the cases tested, the trigonometric scalar Wiener filter performed better than the

Fourier scalar Wiener filter, often demonstrating an improvement in mean-squared error on the
order of 20 - 35%. The greatest increase in performance occurs as the bandwidth of the degrada-
tion filter in the linear model decreases. The larger gap between the DFT and DCT curves at the
higher SNRs in Figure 11 demonstrate this effect. The fact that the gap is greater in Figure 9 for
the case where the PSF 1/e width is 8 pixels than it is for the case where it is 1 pixel also dem-
onstrates this improvement. The increased performance results from the fact that a type-Il DCT
possesses a near optimum energy compaction property about the low-frequency indices for
highly correlated images [27]. The improvement with increasing correlation appears in Figures 9

and 10.

5.3 Computational Complexity

In addition to its improved MSE performance, the trigonometric scalar Wiener filter has
the advantage of requiring fewer calculations to implement. The advantage to performing filter-
ing in the trigonometric transform domain is that for real sequences, the transform domain coef-

ficients are also all real, where they are complex in the Fourier domain. Fast algorithms exist for
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the DCT based entirely on real arithmetic which operate with the same number of floating point
operations as fast Fourier transforms [5S], [27], [39]. These real-arithmetic algorithms for the
DCT amount to a tremendous savings in computational performance since complex additions
require twice the number of floating point operations as real additions and complex multiplica-
tions typically require six times the number of floating point operations as real multiplications.
Fast hardware realizations of these trigonometric image processing techniques are also possible
because of their computational cost savings.

In this chapter the performance of the scalar Wiener filter has been demonstrated visually
through the use of an example, and algebraically through calculations of the filter's mean squared
error performance. An argument has been presented that the filter also possesses the additional
advantage of requiring fewer calculations to implement. Thus the filter designed during the
course of this dissertation research not only has better performance than its Fourier equivalent,

but it is easier to compute as well.
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V1. Conclusions

A summary of the major results and contributions of the research conducted for this disser-
tation is presented in this chapter. Some directions for future research in this area of study are

also given.

6.1 Results and Contributions

The results of this research demonstrate how to apply the recently-developed symmetric
convolution-multiplication property of the discrete trigonometric transforms [34] to the tradi-
tional image reconstruction problems of inverse and Wiener filtering. Each of the forty forms of
the symmetric convolution-multiplication property for discrete trigonometric transforms is shown
to exist as a vector-matrix operation. The convolutional forms of the trigonometric transforms
can then diagonalize a matrix which represents the symmetric convolution operation [9], [11].
Derived in this manner, the symmetric convolution-multiplication property extends easily to
multidimensional asymmetric sequences which represent the most general type of sequences en-
countered in practice.

The new diagonal forms for symmetric convolution matrices represent the first time such
forms have been developed for the entire family of all forty cases of symmetric convolution.
Although diagonal forms have been shown to exist for some of the forty cases [41], [42], and the
initial discovery of a symmetric convolution-multiplication property for discrete trigonometric
transforms [34] was not part of this research, the diagonal forms derived during the course of this
research still make a significant contribution to the depth of knowledge surrounding symmetric

convolution. As a result of this research, the relationship between the diagonal properties of dis-
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crete Fourier transform matrices and discrete trigonometric transform matrices has been related
for the first time.

The diagonalizing forms developed through this research permit a clearer understanding of
the principle of how symmetric convolution in the sequence domain is equivalent to multiplica-
tion in the transform domain. With the new matrix formalism of symmetric convolution, it is
much easier to visualize how the symmetric convolution-multiplication property extends to se-
quences in multiple dimensions and which might be asymmetric. The filtering of multidimen-
sional asymmetric sequences is then possible because of the equivalence of symmetric convolu-
tion to multiplication in the transform domain for each of the underlying types of symmetry in an
asymmetric image.

The research presented here uses the newly-derived vector-matrix form of symmetric con-
volution to calculate for the first time inverse and scalar Wiener filters in the trigonometric trans-
form domain [10]. The new forms of the inverse and scalar Wiener filters closely resemble their
traditional Fourier domain counterparts. Specifically, the new forms of scalar Wiener filters [12]
are possible only because of the newly-developed symmetric convolution multiplication property
of discrete trigonometric transforms [34]. Previous applications of the discrete cosine transform
to linear filtering [26], [27] provided very good diagonal approximations for certain types of co-
variance matrices. The trigonometric transforms could not, however, simultaneously diagonalize
a matrix representing degradation in the linear model. Now, with the symmetric convolution-
multiplication property, very good scalar filter approximations are possible because an exact di-
agonalization of the degradation matrix is achievable, while still retaining the near optimum ap-
proximation to the diagonal form of the object covariance matrix.

The two-dimensional scalar Wiener filter is, however, limited by the type of symmetry

present in the point spread function in certain cases. In general, a two-dimensional sequence can
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possess four types of underlying symmetry. It can have antisymmetric and symmetric compo-
nents about each of its two axes. The two-dimensional scalar Wiener filter derived during the
course of this research is found to exist in the trigonometric transform domain only in cases
where at most two of the four types of underlying symmetry are present at one time. This limita-
tion is not severe because the two-dimensional version of the scalar Wiener filter which has
whole-sample symmetry about both axes is claimed to be the most useful case for image process-
ing. The whole-sample symmetric case is thus the focus for analyzing the performance of the
scalar Wiener filter.

It was demonstrated that a scalar Wiener filter provides better mean-squared error per-
formance for symmetric point spread functions while reducing the required number of computa-
tions. The trigonometric transform domain realizations of scalar Wiener filters use fewer calcu-
lations than traditional Fourier realizations of the same types of filters because they use entirely
real arithmetic for real inputs. The fact that these filters provide better performance with fewer
calculations should prove beneficial to a wide variety of other communications, signal process-
ing, and control system applications, even though they were derived specifically for image re-
construction.

The need to improve the quality of noisy, blurred images of spaceborne objects is what
initially prompted the Air Force to sponsor this design of two-dimensional trigonometric scalar
Wiener filters. The large number of computations required for nonlinear, iterative image recon-
struction techniques launched this reinvestigation of ways to improve traditional linear ap-
proaches. The results of this research show that the performance of traditional linear image re-
construction methods can be enhanced while also reducing the number of computations required.

It is hoped that even better performance can be achieved by applying the symmetric convolution-
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multiplication property of discrete trigonometric transforms to some of the other more powerful
nonlinear image reconstruction techniques by reducing their number of calculations as well.
6.2 Directions for Future Research

Any future research which applies the symmetric convolution-multiplication property of
discrete trigonometric transforms to image reconstruction should attempt to compensate for the
assumptions which were required to conduct this research. This research required many as-
sumptions because it was the first time symmetric convolution had ever been used in image re-
construction. Two assumptions which can be eliminated through future research are the assump-
tion of an object-independent noise model and the assumption that the point spread function
which distorts the object is completely known.

The imaging model for this research requires noise that is zero-mean, additive, of uniform
variance, uncorrelated with itself, and independent of the object. For real-world imaging situa-
tions, this noise model is not as accurate as one which assumes that the noise is an object-
dependent Poisson random process [17]. The filtering techniques derived here can be improved
by using a more accurate Poisson noise model. Incorporating object-dependent photon noise into
the imaging scenario would make the techniques developed here compatible with more modern
image reconstruction methods.

The second assumption which can be eliminated through future research is that the trigo-
nometric inverse and Wiener filters derived here require knowledge of the point spread function
of the degrading system. In practice the point spread function of the degrading system is often
not known exactly. This lack of knowledge leads to a technique called blind deconvolution [4],
[45]. In blind deconvolution an estimate is sought for both the object and the unknown point

spread function. In blind deconvolution, the point spread function is unknown but deterministic.
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Two iterative techniques use inverse [2] and scalar Wiener filters [8] in the Fourier do-
main to estimate the object and the unknown point spread function. Both of these techniques
should benefit from the increased performance of trigonometric inverse and scalar Wiener filters.
The estimates should be of better quality and the iterations should converge to a solution faster.
The number of computations should also be reduced because the trigonometric filters use real
arithmetic. If future research reveals success with these iterative techniques, then the symmetric
convolution-multiplication property could be applied to other more advanced techniques such as
bispectrum processing for multiframe blind deconvolution [40].

A final area for future research which allows the point spread function to be unknown is to
model the point spread function as a random process. Reasonable statistical approximations to a
wide variety of atmospheric degradations can often be found [40]. These statistical approxima-
tions lead to wide variety of powerful techniques [13], [14] which require knowledge of the sta-
tistics of the distorting process but not the point spread function itself. These techniques all use
Fourier domain representations which could benefit from being recast into the trigonometric
transform domain.

Theoretically it can be concluded from the promising results of this research that almost
any Fourier-domain image reconstruction technique should be able to benefit from being recast

into the trigonometric transform domain.
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Appendix: Derivation of the Two-Dimensional Scalar
Wiener Filter for Trigonometric Transforms

Many of the significant steps in the derivation of the two-dimensional scalar Wiener filter
for trigonometric transforms are presented in this appendix. The end result is the 7 x 4 matrix
equation displayed in Eq. (132) of Section 4.3.2. The derivation starts with Eq. (131) which is

repeated below

(Faa +F, +F, +F;s)[(Haa +H, +H,, +Hss)R66(Haa +H, +H, +Hss)T +wa] (131)

= R99(Haa +Has +Haa +Has)T'
Recall that Eq. (131) is the solution resulting from the Bayesian Gauss-Markov Theorem [28] for

two-dimensional asymmetric filters represented by the matrices F = F,, + F, + F,, + F,, and

H=H,+H,+ H,+H_, Thematrix H performs symmetric convolution to implement the
point spread function (PSF) of a system which degrades an object represented by the vector 6.
The matrix F performs symmetric convolution to recover a vector estimate, &, of the original

object.

Expanding the terms on the left-hand side of Eq. (131) produces

F H, RoH, + F, H, RooH , + F, ,H Ry, H, + F, H R, H,
+F, H, RoH,, + F, H,Ro,H, +F,H wsRogH  + F H Ry, HL,
+Fy,H RopH , + FooH  RogH , + F H o RopH L, + F, H, Ry H
+F H RoyH,, + F H Ry, H, + F, H Ry, H, + F, H wRooH s
+F,H, RooH , + F H, RyyH, + F, H, R, H., + F, H, Ry H,
+F H  RyoH, + Fo H o Ry H Y, + F, H, Ry, H, + F, H, Ry H,
+F,H,,RsH, +F,H waRogH gy + Fo H Ry  H, + F, H  RyH,
+F, H RyoH, + F H Ry H + F H Ry,H + F, H Ry,H]
+F o H  RogH y + F H , RogH y, + F H , Ry H + F, H,, Ry, H,
T
s

+EyaH asRﬁeH aTa + F;aH asRBHH aTs + F:caH asRHHH sfz + F;aH asRGHH S.
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+F:vaH saR09H 43;1 + EsaH saR¢99H aTs' + EsaH saRﬁﬂH sfz + EraH saRf)&H 37_;
+F H, Ry,H,, +F,H RooH 3y + F,H RopH oy + F H RooH

+F,H,,RyH,, +F,H, RyH, +F.H, RyH,, +FH, RyH
+FH, RoH, + F H, RyH, + F H, Ry, H., + F,H, Ry ,H’
+F H  RooH , + F H  RogH . + F, H Ry H', + F,H, Ry, H’
+F,H RyH,, +F.H o RogH g5 + F H Ry H, + F H R, H
+F,R,, +F,R, +F,R, +FR,,

aa= ww sa= ww

=RyH. + RH" + RyyH” + R, HT . (155)

After substituting the trigonometric transform domain versions of the symmetric convolution

. matrices from Egs. (76) - (91), Eq. (155) becomes

(€2t ©Cal, )Pu(S2e © S, )[ (852, © S5t s (Caom, © Ca)]
Rog[ (5234 © 85200 (Cao © Cov )|

H(Cito OCitn, a2, ® Sae,)[ (S5, © S50} (Car, © o)
R (Cit o, © 210, oo, @ )|

H(Cat O Cila, o 20, ® S, )85, © S5} Ca, © o)
Roe] (7224, © it} Car, © Can, )|

(Gl ®C o P (S2ei, ® S, [ (852w ® S5, P Car, @ Co )|
Reo](Cok, @ C5l, ) Caom, ©Co )|

(8520 B Col )P oo, @S2, )| (G, ® S5} Car, @ Cos)]

Roo] (S22, @ S50, ) Cao © o )|

(8520 B €5 )7 Coe, © Soe, )| (G, @ S5 e (Car, @ Coos )|

- T

(Cotm @852, 2 (Coer, ©Coe, )|
(8220 © €5, P (oo, © o, [ (it @ 52, ) (Coo, @ Crr,
(8520, @ Ct e} (Car, ®Coons)]|

(8320 @ ol )Pun (Cac, © S [l © 852, )P Car, © Cans)]

R, 5[(c2-el, 3 ®Ciin J#(Co, ®C i, )]T .

'Ree

'Rﬁ

D

4
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_[(Cz_el,zvl ® S5, n, )7““ (SZE’N  ®Cen, )

R85 08300 (Con 06 )]

((CZ_el,Nl ® S;;,NZ )7aa (Sze,Nl ® CZe»Nz )

(Cot ® S5, oo Sz, © o)

R,
(Col, ® 852 P (S, ® )

R
(852, © 852, )Puc Cac, ® Ce,
R

(52, ® 55

-+

'Rae

(550, ® 520, ) Coc, ® Ccr,
'R&?

(8723, ® S5, ) (Coon, ®Cru,)

'RBB

1

:(‘sz_el,zvl ® Cz_el,Nz )7‘“ (S”’Nl ©Sae, )

'R99 |

:(S;:,N, ® Ct ) S2e., @S2, ):

'Rag[(cz—el, n® SZ_eI,Nz )Was (Cze,N, QCy, v, )]
:(S{el, v ® Cz_el,zv2 )Wsa (Cze,Nl ®Cy, n, )]T
(O o 5]
(Sz_ el v, ® Sz_el N, )Waa (Cze,N, ®Cy, )]T
oo e © o)
:(Cz_el,N, ® Sz_el,Nz )Was (Cze,zvl ® CZe,N2 )]T
(Sz_el,N1 ® Cz_el,N2 )Wsa (CZe,Nl ® C2e’N2 )]T

(Cits OGP Coo ©Cu)]

RSN |

(82610 @ ol Ja Cor, © Cucs )]

| T(Sz_el,iv, ® C2—el,N2 )ﬂﬁa (CZe,Nl ®Cyn, )

T

j :(S{:,Nl ® Cz_el’Nz )Ws“ (CZE’N G, )
(S22 ®Cstn, )2 (Coe, ©Co)
T

: :(CZ“eI,N1 ® CZ_el,N2 )WsS(CZe,Nl ® CZe,N2 )

{(C{:,Nl ® CZ—el,Nz )q(ss(CZe,Nl ®C,, , )

:(C{el,N, ® CZ—eI,Nz )WJS(CZC,M ® C23’N2 )

:(C?__el,N1 ® Cz—el,N2 )g{ss (CZB,M ® C2€>N2 )

(SZ_el,Nl ® S2_e1,N2 )Waa (Cze,Nl ® C2e,N2 )

(8223, © 83000 )P (o, BCi )|

Roe| (5L, @ 52, )P oo, ©Coo )|

(8520 ® Col, oS, ® e, )| (S50, © S, o Ca, ®Cie )]
Reo| (832, @ Cil, P Co, © Co )|

(8520, © Cod, 7o (Sae, ® s, )| (S5 © S, o Coe, ® Ces)]

R 99[((;2-9{ 1 ®Citn, #(Cron, ®Coe, )]T ..
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_[(c;;,Nl ® 30, )7us(Coo, © S5 v,)

(G, @ 8520 (Ca, ©Coo)

'Rafi[(‘gz_el,NI ® SZ—el,Nz )W"" (Cze’N  ®Coe, ) ]T

_[(cz‘el, v, ©®Coon )‘Z,S(Cze,m ® Sze.w, )

'Raa[(cz_el,zvl ® S5, )ﬂm (CZ@NI ®Coeny )]

_[(C{:’M ®Cst, )us( Coo, ® Sy, )

(G5, © 850 ) Car, ©Co)|

T

(€310, ® 854 Con, ©Cinn)]

'Ree[(sz_el,m ®C, )75‘1 (Cze’Nl ®Cre, )]T

(c;;,Nl ®C,, y, );{,s (CZe,Nl ® 85, n, )J

+

(5005 960

+

(S04, © S50, ) (S20, ©Co )

.

.-Ree[(CEeI,N, ® 'Sz_el,N2 )g(as<c2€,N1 ® C28:N2 )

52 88500 (100, 9o,

'RBG[(S;:,N, ® Cz—el,zv2 )Wsa (C2e,Nl ® Cze,N2 ) '

+[(S{;,Nl ® SZ—el,Nz )ZIS(SZe,Nl ® C2e,N2)

'Ree[<cz_:,zvl ®Cii, Al Cao, @ o, )]T

e o5 o)

-RGG[(SZ—el,Nl R )Waa (CZ@M ©Cacn, )]T

'Rae[(CZ_el,Nl ® Cz—el’Nz )’3{” (Cze’N  ®Coe, )]

'RGB[(SZ_el,Nl ® Sf:,Nz )W,,,, (CZB,M ® C2esz ) '

(Gl ® 8300, #u(Coo, ©Cac )|
T

ERERTI,

(852, 8 Gl Ja(Car, B Coo )|
T

ERERTI,

(8520, ®Clog Jo(Cov, ©Coe )

(G52, © Col, ) (Cae, ©Cy)

o5t

:(CZ_el,Nl ® C;:,Nz )ﬂﬂs (CZe,M ® C2e,N2)

Roe| (it @ 3t P Coon, ©Coos)]|

+(Col, ® 8520, )7 Car, 8 Coo, )| (ot ® Cil, ) Cac, ®Cocs )|
. R(,,,[(s;;,m ®C;l 3, J#0a(Cror, ®Ci, )]T

+{(Co 8820w, )7 (Coo, ® Cans )| (ot © oo, e Car, ® Cic)]

'Rae[(cz_el,N, ®C2_el,N2 )7"‘ss(C2e,Nl ®Cze,1v2 )]T e
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(€l @50, (S, © S (550, © 532, (Crom, 8Cac )
Reo (S22, © 8520, s Cor, © Con )|

(G5t @ 85 Ju(S2e @ 820, (S50, © 8520 Vi Cor, B, )
Roo (€l © 10,0 (Corn, ©Cn )|

(€t @850, o (Soe © 82 [ (S50 © 5520, 0 (Carn ©Cn, )
oo (9220, 8 il (Cro, © )|

(G5t ® 8310 )P (S, © S )] (520, © 852, s (o, ©C )
Ra (Gl © Col e (Co, © Con )|

(820, @830, Com, © 820 J[(Gol © 8581, ) (o, O, )
Reo] (8301, © 8523, e Covi, 8o, )|

(8520 © 8300, 2 (Corr, © 820 ) [(Cil, © 852, 00 (Coo, ©C )
Ra (Gl © 850, (Coon, @G )|

(852 © 8321, 2o (Cor, © S0, )| (Gt ®52 0 Coo, @G, )
Roo] (8520, €2l o (Cor, @ Co )|

(85 © 53410 (Cor, ® Suu )| (51 ® 551, J2u(Coo, ©C)]
Reo| (Gl © 3 0 Coo, 0 Co )|

(€32 O3l )P (S20, © oo [ (852, © G5l Yo (Con, @€, )
Reo] (851, © 8523, P (Cov, © o )|

(€50 © Gl (Sae, © Co, (852, © 5, s Coon, ©Co )
Reol (G5l © 8520, ), © o )|

(€5 ol )P (S2e, © oo [ (S5, © G5l Y (Co @€, )
Beo[ (8503, 8 €L o Cor, @ Co )|

(€5 @ Gl P(Sae, @ Con, ] (852, © €5, Y (Con, ©Co )

'Rae[(cz_el,zvl ® CZ_eI,NZ )W’ss(cze,zvl ® Cze,lv2 )]T e

4+

-+
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+

(8520, ® Cit )7 Cao, ® Crns)

|
'RHG
:(S; o, ®Coax )Za (Cze,zvl ®Cy, v, )

.Re

D

bl

(Cz_ el v ® S{:,NZ )#as (Cze,Nl ®C,y, v, )]

(Cz_el,Nl ®Cyen, )ﬁm(cze”"’ O e, )]

(5220, © 832, JPun Cor © o )|

:(Cvzwel,Nl ® CZ—el,Nz )ﬂlss(CZe,Nl ® Cze,N2 )]
T

:(*5'2_el,1v1 ® Cz_el,zv2 )7sa (CZe,Nl ®Cyen, )

'RGG

:(S; el v, ® C{,_,I,N2 )75,, (CZe,Nl ®C,, , )

.Re

D

(8500, © 55,
R,

(8520, © 8200, )7 (S2er, © Sacs )
R,

foiosin nlsn 5.0

R,
(8200, © 8520, )P0 S2e, © S )|
Ry
H(Cat, ® 85 )P oo, © S,

’ R6€

r

f(s;:,N, ®C3lx, J#ea( Coo, ®C ) |

[T N A
DCHLE |
(520 ® 5L G )]
:(Cz_el,N, ® ‘Sz_el,N2 )WaS(CZe)Nl ® C2e,N2 )
(S50 © Cit (oo, ©Co)|

(c;;,M ®C, )W (Cze,M ®Cy, n, )]T

(Sz_el,N, ® S{el,Nz )ﬁaa (CZE»NI ® Cze’Nz )]T

( (C{:,N, ®C;l,. )‘Z‘ss(cze, §, ®Con, )]

T

(60 2 )p(C 06,
T

(s;;,Nl ®s;;:N2 )ﬂf (Cze,N, ®Cy n, )
(S;el,N, ® Sz_el,;vz )Waa (CZe,M ® C25>N2 )

1T

:(SZ_el,Nl ® S n, )“‘aa (Cze,m ®Cy, )J

T(S;Q,Nl ® S50, )#ua(Coe, ®Coon,)

(Cz_el,N, ® SZ—el,Nz )%'S(Cze”"l OCoem, )J

(€5, © 8520, )Pl Coe, © S2e v,

(G, © 8300} (Cor, ® )

Roe| (52, @ Sk VP (Co, ® Coons)]|

H(Ca @820, )7u(Carpr, ® s, )| (o, © 2w, Jur(Ca, ® Coc, )]
Reo| (8311, O Cil o JaCorr, @ Ca )|

(€l ® 8520, )P Coe, © S, )] (o, ® S5t ) (Coe, ® Coc, )

'RGG[(CZ_el,Nl ® C{el,]v2 )Wss(cze,zv, ®Cy p, )]T e
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(8550, B Cadoe J7( e, © oo, )] (8504 © Gt} (Car, ©Co )]
Reg[ (852, © 520 P (Cao, © oo )|

(8200 B C5 0, )7 (S2e, © o, [ (S5, © il Jr o, © o)
Reo|(Cot, ® 8310, )Pur(Coo, © o)

(820 © o, 7 S2e, © o, ) [ (S5, @ i, J e o, © )
Roo| (S5, @ Gt} Co, ® Coons )|

(82430 © oo} S2er, ® Coo, )| (S50, @ i, P (Ca, ©
(Gt @Gl Al Coum, 8o )]|

(€l O3, J2u(Coon, © Coo, [(Cot ol )7 Cao, @ Cos )
Reg] (S22, ® S50, ) Caom ©Con )|

(€t ol J7u(Coep © Ca, [ (Gt © €} Coo, @ o)
Rog|(Cot, @ S50} (Caom ©Co )|

(€2l 8 Gl )7 Coom ® oo, )| (Gl © Col J Ca, ©Cn,)
Roo|(S52, @ G, P Caom, © oo )|

(€5t © ot )P Cae, ® Coo, )| (Gt @ Cit, VA Crm, € Coe,)

-+

'Rae

N

_|_

d

+

+
—_—
D
g -
®
)
;2 -
~—~—
N
g

=
®
R
2
~——
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Equation (156) can be simplified by making the substitutions

and

Ro0, = (Cze,N, ®C,y, , )Raa (Cze,N1 ®C,y, v, )T,

Ry, = (Sze,N, ® 8w, )wa (Sze,zv1 ® S8y n, )Ta
RW (CZe N, ®‘S2e N, ) ( 2¢,N, ®S2e NZ)T,
Ry, = (Sze,N, G, Nz) ( 2en, ©Co NZ>T’

Roys, =(Coup, ®Coo, )R (Cou, ®Cc, ) -

Making the substitutions from Eqs. (157) - (161) into Eq. (156) produces

(Coo, ®Coe,) FuBaRo 0,7, (SM ®S,.,)
HCoom, 8Coop) FuFouRo 0, Fu(Coup ®Ss0,)
HCoom, ®Coun,) FraPaaRo 0, Foa(S2, ®Cor,)
HCoum, ®Cour) FuPaaRo 0, %s(Cou, ®Crup)

)
)
)
n) %
) Fe
)
Cze,N, ®Sacn) FruHsaRo,0, o S2en, ®Ce
)
)
)
)
)

HS%en, ®S85 n, _17a¢ssR@::@ ﬂ{aa(SZ N, ®S2e,N2)-T
(S0, ® 820w, ) FruFsRo 0, Fas(Cro ®Sse,)
S50 v, @S5 w. _17 #sRo 0 g‘sa(s:zeiv ®C2e,NZ)-T
HS2en, 8o n _17aa¢ Ry o 7ss(cz v, ®C;, N2)~T.
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= Cze,N, ® Cze,N2 )_1 R@”@”Waa (Sze,N, ® Sze,N2 )_T

1 -T
"‘(Cze,zv1 ®Cy, n, ) Ry 0, % (Cze,Nl ® S2e,N2)

+(C2e,N, ®C,, v, )_1 Ro 0 #. (Sze,N1 ®C,, v, )_T

*’(Cze,zvl ®C,, v, )—1 Rp o #, (Cze,Nl ®C, , )_T . (162)

The simplification of Eq. (156) to produce Eq. (162) makes use of the facts that #,, = WL,

#, =H

sa’

and %, =% because the matrices #,,, #,, #,,, and %, are all di-

—_ T
g(as =% aa>

as?

agonal. Combining terms in Eq. (162) results in the expression

-1
(C'Ze,Nl ® C2e,N2) [7aaﬁaaR@m9ﬂ.ﬁaa - ?asﬂ/asR@ﬂ@H g(aa + ?aaRWaa’Z(lm
-T
_ZaﬂsaR@H@mWaa + Z‘SWSSR@“@:SQ‘GH ](SZe,Nl ® SZe,Nz )
-1
+(C‘2£3,Nl ® CZe,NZ) [7aaﬂaaR@”@”Was - 7a:WaSR@”@“ﬁas - ?asRWmWas

~ZuFaRo o #i+ 7s#Ro_o Has ](Cze,Nl ® SZe,NZ)

sa ‘" sa

-T

~1r
+(C2e,N 1 ® CZe,Nz) _Zwﬂ‘aaRQSS@ﬂWsa - 7as#asR@m@m ﬂ‘m - zaRWme
-T
_Zag(saR@,S@“#sa + ?ssﬂlssR@m@“ Wsa ](S 2e,N; ® C2e,NZ )
=1r
+(C2e,N1 ® CZe,NZ) _ZzaﬁaaR@H@mWss - ?asﬁasR@ﬂ@_“ q(sx + ZJRM:W”

-T
~ZuPalo o i+ ZsHuRo 0, s ](Cze,N, QCy, y, )

+(S2e,N, ® Cze,Nz)_l :~7aaq{asR@_“9“ ﬁaa - ?asﬂ(aaR@“@Nq{aa

+7.FRo 0 #u + 7 HuRo o, g(aa]<s23,Nl ® S5 n, )_T
+(S2e,1v, ®C,, y, )_1 [—?aaﬂ‘asRé)H@m Fos — ZusFaalo 0, Has

+Z#Ro_o_Has + ZsHsaRo o0, Fas ](C2e,N1 ® Sy, )~T
+<S2e,Nl ®Cy, n, )—1 [—7aaq(asR@m9m H0— ZusFulRo_ o0, #sa

+7 FRo o #u+ ZsHuRo o0, % ](S 2en, @Coen, )‘T
+(S2e,N, ® Cze,N2 )_] [_7aa¢asR0n.Qﬂ #ys — FosFaalo 0, Hss

17, % Ro 0 #s + Z:sHuRo o His ](Cze,N, ®C,, y, )—T
+(C2e,N, ® S2e,N2)—1[_7aaq‘saR@“@mﬁaa + 7 HRo_ o0 #ua

-T
”ZaﬂaaR@:s@mWaa + ng(asR@m@mWaa](SZe,Nl ® SZe,NZ) cot
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~ZaFulo o0 Fut 7 FuRo o, g‘sa](sze,Nl QCy, v, )_T

~1r
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—1r
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=17
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+7saﬂaSR@m@ﬂ glas + staaRQ_“@mWas](CZe,Nl ® S22,N2)
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+7.# o Ro o, Hsa + ZssFaalo 0, #sa ](S 2o, @Ce )

=1r
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" Ro o #(Coon, ®Sen)

T

HCoe m, ®C2e,N2 Ro o
1
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HCoon, ® o) Royo, Fe(S2em, ®Cocp)
(

55 58

-1 -T
HCen, ® Cze,N2 ) R@“@m”")ﬂrs(cze,N1 ® C2e,N2 ) . (163)
Equality in Eq. (163) will hold only if

Zaa (ﬂaaR@H@m_ Wﬂa + RW,,,,WM ) - 7asqasR@H@“ g(aa =P WSGR@“@H q‘aa
+7ssﬂ{ssR@ﬂ@ﬂ ﬁaa = R@m@" g{aa ’ ( 1 64)

?aa g(aa R@“@H Was - 7as (g{asR@,:@n. Was + RW,,,W,,S ) - Zaﬂ(sa R@,,@ - q{as
+7ssﬂssR@ﬂ@m Was = R@naﬂ g(as ’ ( 165 )

7aa ‘Zlaa R@“@H Wsa - ZZSWMR@H@“ Wsa - 7sa (Wsa R@_‘S@:I Wsa + RWMWM )
+?ssqlssR9”@“ gsa = R@_u@_“ Wsa ’ ( 1 66)
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ss"haa
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and Zu#sRo 0 Fs + ZusFualo 0 Fes + Zua®isRo 0, %

aa " ss sa’"as s S8

+7, %, R o #;, =0. (179)

§s° aa
Just as in the one-dimensional derivation of the scalar Wiener filter, every matrix in

Egs. (164) - (179) is either diagonal or approximately diagonal. The matrices 7., 7., 7.,

Pr o> Fas Fo» and # will always be diagonal. The transform domain noise correlation

aa’ as?

matrices, R, ,, , Ry 4 Ry 4 and R, , , will be diagonal because the noise samples are

uncorrelated and have uniform variance. The matrices Ry, ,, , Ry, 5 , Ry 4 and R, ,, are

thus exactly represented by their diagonal elements 7%, (k;,k,), %.(k,,k,), % (k,k,), and

%?(k,,k,). The transform-domain object correlation matrix, R, o_, will be well-approximated

by its diagonal elements based on the same assumption of a highly-correlated object used for the

one-dimensional case. The matrix R, o  is therefore well-approximated by its diagonal ele-

ments @ (k,,k,).

The above approximations allow for a scalar solution based solely on the diagonal ele-
ments of the matrices in Egs. (164) - (179). Solving for the diagonal elements of Egs. (164) -
(179) produces the 16 x4 overdetermined matrix equation which appears as Eq. (180) on the
following page. Each entry in Eq. (180) is dependent on the transform domain index variables
k, and k,, but this dependence is suppressed in the equation to conserve space. The 16 x4 ma-
trix equation in Eq. (180) reduces to the 7 x 4 matrix equation of Eq. (132) from Section 4.3.2

which is repeated here following Eq. (180).
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