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Abstract

The focus of this research is to provide methods for generating precise parameter estimates
in the face of potentially significant parameter variations such as system component failures. The
standard Multiple Model Adaptive Estimation (MMAE) algorithm uses a bank of Kalman filters,
each based on a different model of the system. A new moving-bank MMAE algorithm is developed
based on exploitation of the density data available from the residuals of the Kalman filters within
the MMAE. The methods used to exploit this information include various measures of the density
data and a decision-making logic used to move, expand, and contract the MMAE bank of filters.
Parameter discretization within the MMAE refers to selection of the parameter values assumed
by the elemental Kalman filters. A new parameter discretization method is developed based on
the probabilities associated with the generalized Chi-Squared random variables formed by residual
. information from the elemental Kalman filters within the MMAE. Modifications to an existing
discretization method are also presented, permitting application of this method in real time and
to nonlinear system models or linear/linearized models that are unstable or astabfe. These new
algorithms are validated through computer simulation of an aircraft navigation system subjected to

interference/jamming while attempting a successful precision landing of the aircraft.
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New Algorithms for Moving-Bank Multiple Model
Adaptive Estimation

Chapter 1 - Introduction

1.1 Overview

Parameter and state estimation are critical in many of today’s complex systems. A motivating
example is that of providing an accurate navigation solution to an aircraft performing a precision
landing. Sufficient accuracy of the state estimate is needed to provide the desired navigation solu-
tion. Adequate parameter estimation is needed so the system can adapt to a failure, such as the onset
of interference or jamming of the onboard GPS receiver, and ensure performance is maintained.

The terms failure detection and isolation (FDI) and parameter estimation will appear synony-
mous in this document, since the methods and theories presented could be applied to either a failure
detection or parameter estimation problem. If failure detection is viewed as event detection and
event detection is accomplished by discerning changes in the parameter estimates, then adequéte
parameter estimation will lead to adequate failure detection.

The focus of this research is to develop methods for generating precise parameter estimates
in the face of potentially significant parameter variations such as system component failures. The
discrete-time system is presented in state space form with uncertain parameters (such as a failure
status parameter) affecting the system matrices. This leads to the idea that nominal parameter values
represent the system in its fully functional mode and variations in certain parameters indicate a pos-
sible failure or significant event. The objective is to identify the unknown parameter, a, precisely
given the time history of a set of measurements, z. This is illustrated in Figure 1 where the mea-

surements are used to generate the parameter estimate, &, and the state estimate, X, simultaneously.



N\
X
z State and —
———>  Parameter a
Estimator ——>

Figure 1. Generic State and Parameter Estimator

A special class of the generic state and parameter estimator is the Multiple Model Adaptive Es-
timator (MMAE) shown in Figure 2, with details presented in Section 2.2. The parameter estimate,
4, is generated in the same manner as % but is not shown to avoid cluttering the diagram. Each of
J(j = 1,2,...,J) Kalman filters in the bank models the operation of the system under a distinct
failure mode, or more generally, under the conditions of a hypothesized discrete value of the vec-
tor of parameters that describe the system model. Each filter independently produces its own state
estimate, %;, and residual vector, r;. The residuals are monitored to determine which filter best
models the system and its sensors at the current time. Each filter’s state estimate, %;, is blended to-
gether through a probability weighted average based on the conditional probability, p;, of that filter
modeling the true current system operating condition. This blending allows for partial failures be-
ing handled with hypothesized failure conditions composed of only “fully functional system” and
“full failed sensor” conditions. A high probability of almost one indicates that a filter is extremely
accurate in its modeling and will almost completely determine the final blended estimate, while all
other model estimates will receive almost zero weighting. From an FDI standpoint, monitoring the
clemental filter residuals or the conditional probabilities will provide insight into the failure mode
of the system. Additionally, it will be shown in Section 2.2 that the parameter estimate 4 can be

directly found via Equation (51) as a best estimate of the current failure status.




Sensors

Kl?ll X, Estimates @
ilter .
based ona, r; Residuals
A Blended
Kalman | X2 Estimates
Filter | N
based on a, +: 2
: X
Kalman 1
Filter r;
based on a;
‘ P Hypothesis
Hypothesis Probabilities
Conditional | P2
Probability
Computation |27

Figure 2. Multiple Model Adaptive Estimation Algorithm

The primary motivation for pursuing multiple model techniques such as MMAE over algo-
rithms involving only one model of the system is the responsiveness of the MMAE to changes in
parameter vatues. Classical state and parameter estimation algorithms, such as maximum likeli-
hood estimators [64,74, 75,79, 80], that have only a single Kalman-like state estimator into which
estimated parameters are inserted, do not have the capacity to respond as quickly or as well to real-
world parameter changes as do multiple model algorithms incorporating parallel Kalman filters. It
is more difficult and time-consuming to generate updated parameter estimates based on a single
filter’s residuals than to do so by comparing the quality of residuals from numerous filters, each
based on a different hypothesized parameter value. One argument against multiple model algo-

rithms was the computational loading associated with running several models in parallel. However,
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advancements in computer technology (particularly distributed and paraliel computing capability)
have made MMAE’s realizable for a large class of problems.

To avoid the potentially large number of elemental filters needed for an MMAE bank, the
concept of a “moving bank” of fewer filters has been developed [18-20, 47,66, 67]. For instance,
if there are two uncertain parameters and each can assume 10 possible values, then J = 10? = 100
separate filters must be implemented in a full-scale fixed-bank MMAE, even if the parameters are
treated as unknown constants. The moving-bank MMAE is identical to the full-bank estimator
discussed previously, except J corresponds to the smaller number of elemental filters in the moving
bank rather than the total number of possible discrete parameter vector values. There is then an on-
line dynamic redeclaration of which points in the parameter space are to be used for the basis of the
elemental filters within the MMAE, i.e., which points are to define the current “moving bank”. In
the example above, one might choose the three discrete values of each scalar parameter that most
closely surround the estimated value, requiring J = 32 = 9 separate elemental filters, rather than
100. This is depicted in Figure 3.

Which particular J filters are in the bank at a given time can be determined by one of the five ad
hoc decision mechanisms presented in Section 2.2.3, with the intention of keeping the estimate of the
parameter in the bounds of the bank and “optimally” placed. For some of the decision mechanisms,
the parameter estimate is kept in the center of the bank of filters. If the parameter estimate is found
to move, then the bank of filters will move within the parameter space as shown in Figure 4, thus
tracking the parameter.

For some of the decision mechanisms, the true parameter value may appear to have moved out-
side the bounds of the current bank; so the bank could expand to the coarsest level of discretization
to bring the true parameter value into the bank, as illustrated in Figure 5. Similarly, once the true

parameter value is deemed to lie within the portion of the parameter space currently spanned by the
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bank, and if that bank were not at the finest discretization level, the bank could be contracted to bring
the filter-assumed values closer to the true parameter and thus improve the parameter (and state) es-
timate. In addition to the decision mechanisms introduced above, is the issue of how to discretize
the parameter spaced spanned by the MMAE bank. This is addressing the question “If allowed J
discretized points (where J is preselected) in the parameter space, where should they be placed for
best state estimation precision, or best parameter estimation accuracy, or best performance with re-
spect to some other chosen criterion?” One discretization method developed by Sheldon [68,69] is
presented in Section 2.2.3.2.

Given that MMAE is chosen as the multiple model algorithm being pursued in this research,

Figure 1 is represented functionally by the conventional MMAE shown in Figure 6. Notice that the

> Conventional
MMAE

Pl

Figure 6. Conventional MMAE

parameters and states are still estimated simultaneously given the measurement history. However,
optimal state estimation and optimal parameter estimation often require different choices for design
variables such as tuning values for a Kalman filter. Additionally, state estimators based on system
models are sensitive to the accuracy in the model parameters. This presents the designer with a
trade-off between obtaining good state estimates versus precise parameter estimates. Therefore, a
decomposition approach depicted in Figure 7 has been proposed by Miller [53] to give the designer
the flexibility to optimize each estimator for its intended use. The architecture is referred to as a

Modified MMAE or M3AE. The idea is first to perform the failure detection by tuning and discre-
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tizing the MMAE bank for best parameter estimation and then to generate the state estimates with
a single Kalman filter based on that good parameter estimate. This architecture has been shown by
Miller [53] to provide superior state estimation results when compared to a conventional MMAE.

A variety of previously developed techniques used for parameter and state estimation will be
presented in Chapter 2 as background information. Specifically, Fixed-Bank and Moving-Bank
Multiple Model Adaptive Estimation algorithms have been used for parameter and state estimation
[1,2,5,14,15,17-22, 26,27, 33-36,42, 47,48, 50-52, 55, 66-72]. The details of these algorithms
will be presented in Section 2.2. Previous researchers have resorted to using ad hoc techniques
within the MMAE algorithm to enhance performance. However, these ad hoc techniques are often
suboptimal and could potentially be improved with closed form analytical solutions designed for
optimality.

The major contributions of this dissertation are the development of new adaptive algorithms
and discretization methods used to control the placement in parameter space of the discrete para-
meter values upon which to base the Kalman filters in a moving-bank MMAE. These algorithms
and methods are applicable to either the conventional MMAE or the M3 AE architecture. Computer
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simulations were conducted for validation and proof of concept. The specific real-world application

that motivated this research is parameter estimation for fault tolerant aircraft precision landing.

1.2 Dissertation Overview

Chapter 2 presents background concepts related to this dissertation. Discussions focus on ex-
isting theories pertaining to hypothesis testing and multiple model state and/or parameter estimation.
Considerable emphasis is placed on moving-bank MMAE.

Chapter 3 gives a detailed account of the theories developed through this dissertation research.
Two new algorithms dedicated to moving-bank MMAE are introduced and modifications to exist-
ing algorithms are presented. Various combinations of these algorithms are described with results
discussed in Chapter 5. An attempt is made to explain the thought processes fully that led to the
development of the algorithms rather than simply stating the final results.

Chapter 4 describes the example problem used to validate the theories presented in Chap-
ter 3. Many of the algorithms have design parameters which are identified for the example prob-
lem. Simulation data based on the aircraft precision landing application is plotted and tabulated, to
demonstrate the enhancement of performance accomplished through the new moving-bank MMAE
methodologies.

Finally, Chapter 5 compares the results obtained using the various algorithms, draws pertinent

conclusions and provides recommendations for future research.
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Chapter 2 - Background Concepts

This chapter provides background theory for many of the techniques used in parameter and
state estimation. Some emphasis is given to applying these techniques to an integrated, multi-sensor,
aircraft navigation system. This will provide a motivating real-world problem, and the techniques
are evaluated based on their ability to meet the more general research objectives of optimal parameter
and state estimation.

A typical multi-sensor navigation system which incorporates an inertial navigation system
(INS), a global positioning system (GPS) receiver, a barometric altimeter and a radar altimeter is
schematically shown in Figure 8. This integration scheme is used as an example for the purpose of
discussing the more general FDI techniques that apply to a larger class of problems. Depending on
the application, consideration should be given to both differential GPS (DGPS) and carrier-phase
GPS to enhance the accuracy of the navigation solution. Chapter 1 indicated that application of this
research to aircraft precision landing is intended, and it is important to recognize the need for the
radar altimeter to enhance the vertical-channel navigation precision during approach and landing
maneuvers [7,16].

A centralized Kalman filter (or possibly a distributed Kalman filter discussed in Section 2.1.5)
is shown to integrate the various sensors and provide a feedforward correction to the navigation
solution provided by the INS. An alternative to feedforward correction would be to feed back a
correction to reset the INS and thus account for its errors. This approach is rarely used because the
Federal Aviation Association (FAA) has deemed that feedback to the INS in these types of integration
schemes has the potential to corrupt the INS and degrade the navigation solution seriously. Given a

failure in any of the sensors, the navigation solution will degrade [30,58,75]. It is desired to detect
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any such failures, or significant events such as the onset of interference or attempted jamming of
GPS signals (not outright failures, but significant changes potentially causing unacceptable degra-

dation of performance), and, when possible, compensate for these changes.
2.1 Parameter Estimation and Failure Detection

2.1.1 Voting Method

One of the simplest failure or event detection techniques is the use of redundant elements for
voting. Given a system with triple redundancy, an algorithm can be easily designed that will com-
pare the outputs of each identical element, allowing them to vote on the failure status condition of

the redundant elements. Simply stated, if two of the elements agree but the third element provides
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a significantly different reading, the latter is considered inadequate to provide accurate information
and is removed from the system. Once this element is removed from the system, the algorithm is
unable to isolate a failure. If the two remaining elements disagree, a failure has been detected but
isolation is not possible. The major disadvantage of the voting method is the need for sufficient re-
dundant hardware to ensure satisfactory performance [13,75,79], with the ensuing weight, volume,

and cost disadvantages.

2.1.2 Chi-Square Test and the Kalman Filter

The chi-square test provides binary testing of simple hypotheses based on the Kalman filter
residuals, r(t;). To set the context, details of the Kalman filter will be discussed first. A linear
discrete-time Kalman filter with sampled data measurements is presented as the standard form con-
sidered for this research. Note that nonlinear models resulting in the use of extended Kalman filters
(EKF) may be necessary to represent the true system adequately; however, the following devel-
opment will focus on the linear Kalman filter for simplicity. Moreover, the system is actually de-
fined by continuous-time dynamics equations with sampled data measurements but the “equivalent
discrete-time model” [44, pp. 42-43] will be used for implementation on a digital computer. The

state and measurement equations are as follows:

x(t;) = ®(t;,tio1)x(ti-1) + Ba(ti—1)uti—1) + Ga(ti-1)wa(ti-1) @

z(t;) = H(t:)x(t:) + v(t:) 2

where:
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n-dimensional system state vector

state transition matrix, the discrete equivalent

of the system dynamics matrix

discrete equivalent of the system control input matrix
deterministic control input vector

discrete equivalent of the noise input matrix
discrete-time zero-mean white Gaussian dynamics
driving noise vector with covariance Qq(%;) at each ¢;
m-dimensional measurement vector

system output matrix

discrete-time zero-mean white Gaussian measurement

noise vector with covariance R(%;) at t;

and initial condition x(to) modeled as Gaussian, with mean X(to) and covariance P(%o), and as-

sumed independent of wq and v. Also assume that wq and v are independent. From the initial

conditions, the Kalman filter states can be propagated using the following equations:

P(t;)

x(t7) = ®(ti,ti1)X(t,) + Ba(ti-1)u(ti-1)

= ®(t;, ti1)P(tH )T (ti, ti1) + Ga(ti-1)Qalti-1)Gq (ti-1)

14
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with measurement updates incorporated as follows:

At) = HG)P(E)HT () +R(%) )

K(t:) = P(t; )H (t:) A~ (t:) | 6)
R(tF) = %(t7) + K () [z — H(t)%()] @)
P(t}) = P() - K(t)H(E)P(E) ®

The residual covariance, A(%;), has been identified in Equation (5) and the Kalman filter residual
vector is given by
r(t;) =z, — H(t:)X(t)) ®
If the filter model matches the “truth” model, then the residuals will be a zero-mean white
Gaussian process with known residual covariance, A(¢;) [44]. Larger magnitudes of the residuals
than anticipated by the filter-computed A(t;) indicate a mismatch between truth and the filter-
assumed model. If the residuals have the anticipated characteristics for a period of time, but later
increase in magnitude beyond what is anticipated, then this would imply that a parameter change has
occurred in the real world. These increased magnitudes may appear as a nonzero mean or a change
in the variance of the residuals. The chi-square random variable, x (t), provides a test statistic that

puts a quadratic penalty on variations in the residuals:

k

x(ts) = D r)ATHG)r(t) (10)

i=k—-N+1
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where N is tllw size of a window sliding across the residual values (used to make decisions based
on the most recent N residuals). The residual values are a result of the real-world dynamics and
the filter-assumed dynamics model, but the system dynamics are not explicitly present in Equation
(10); so this test is relying completely on the information contained in the residuals. A detection
rule based on an empirically determined threshold, 7", would be

x(ty) > T =  Parameter Change

xte) < T = | No Parameter Change (11)
The threshold value would be chosen to meet a désired performance specification such as minimized
response time to real failures or parameter variations while maintaining no more than 2 maximum
admissible false alarm rate. A false alarm is defined here as declaring a failure when no failure actu-
ally exists. Notice that the chi-square test combines the residual vector and the residual covariance
into a single scalar, so it lacks the ability to monitor the individual scalar residuals. This prohibits
the test from isolating failures, but it will often prove easy to implement and effective for detecting
many types of failures. This shortcoming can be overcome by implementing MMAE algorithms
which conceptually perform chi-square tests on many parallel Kalman filters. This approach will

be presented in Section 2.2.

2.1.3 Sequential Probability Ratio Test (SPRT)

Another simple hypothesis test based on the Kalman filter residuals is the SPRT [76]. Recall
that, if the filter model matches the “truth” model, then the residuals will be a zero-mean white
Gaussian process with known residual covariance, A(%;). Associate this “no-fail” condition with
hypothesis, Ho. Assume that a failure has manifested itself as a change in the mean of a residual

and the residual covariance remains unchanged. Associate this “failed” condition with hypothesis,
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H,. Now form the log likelihood ratio for the :*" sample as

Ly =1 (12)

N F(e(t)|Hy, Z(ti1) = Zi—1)
F(x(t:)|Ho, Z(ti—1) = Zi_1)

where f(r(t;)|H;, Z(t;-1) = Z;-1) is the density function of the residuals at time ¢; conditioned on
the hypothesis H; forj = 0,1 and the observed measurement history up to time Z;_1. Notationally,
the measurement history random vector Z(%;) is made up of partitions z(t;), . . . , z(t;) as described
in Equation (2) that are the measurement vectors available at the sample times ¢, . . ., ¢;; similarly,
the realization Z; of the measurement history vector has partitions z1, . . . , z;. Then the test statistic,

s, is given by

l
s = ZLi (13)
i=1

This test statistic is compared to two thresholds, T4 and T g, using the following decision logic

s§>InT4 = Choose Hy
InTg < s <InTy, = take another sample
5, <InTg = Choose Hp (14)
The thresholds can be arbitrarily chosen based on simulations or determined analytically as shown
below, unlike the chi-square test threshold which was only found empirically. Define a false alarm
rate, o, as the probability of incorrectly declaring hypothesis H; is valid when Hy is true. Define a

missed alarm rate, 5, as the probability of not declaring hypothesis H; is valid when Hj is true.
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The thresholds are then governed by
1-5

(8]

Ta <

(15)

i)

Tg >
B=1"a

(16)
and in practice the thresholds are selected at the equalities. Hence, the thresholds are determined
by the chosen values of o and 8. The SPRT is very similar to the well known Neyman-Pearson
test [65, pp. 107-110], which is the most powerful test given a simple hypothesis test satisfying a
desired false alarm rate for a finite data set. The SPRT is superior [32] to the Neyman-Pearson test
for sequential data sets such as those considered in this research.

The SPRT appears slightly more cumbersome than the chi-square test but provides a closed
form solution for choosing threshold values. A single SPRT still lacks the ability to isolate failures,
as did the chi-square test. However, multiple SPRT’s could be used to test several hypotheses and

thus improve parameter estimation [12].

2.14 Generalized Likelihood Ratio (GLR) Test

The GLR test is similar in nature to the Chi-Square test, but with the added benefit of failure
detection and isolation. It is designed to distinguish between different types of failures and to esti-
mate the magnitudes of the failure types [64,74,79,80]. Like the Chi-Square test, the GLR test can
exploit the residuals of a Kalman ﬁltef as its basis for failure analysis and FDI. The GLR test also
does a threshold test, however, it compares a generalized likelihood ratio function, I(t;, 6) (gener-
ated from the ratio of the log-likelihood of possible hypotheses analogous to Equation (12)), to a
predetermined threshold to determine whether or not a failure has occurred. It is derived from the

GLR equations described below [64,75,79,80].
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The hypotheses are established with a Kalman filter based on Hp (no failure) and matched
filters based on H; (a specific failure type added to the system). The ratio of the log-likelihood of
the two hypotheses will be used to generate a generalized likelihood ratio function, I(t;, 6), to be
defined explicitly later in this section (see Equation (28)), which is used to declare failures via:

I(t,0) > T =  FAILURE

I(t;,) < T = NOFAILURE (17)
If I(t;,0) is less than the predetermined threshold, T', then Hp is declared true. Similarly, H; is
declared true if I(t;, 0) is greater than 7. The parameter 6 is the unknown time of the failure. The
remainder of this section describes the derivation of the GLR algorithm for a single, step failure.

The following are the model equations upon which a Kalman filter might be based:
x(ti) = ®(ti, tio1)x(ti-1) + Ga(ti-1)walti-1) (18)

with discrete measurements described by:

z(t;) = H(t:)x(t:) + v(t:) (19)

The matched filters are designed for failure detection, not state estimation, and are based upon:

x(t;) = ®(ti, ti-1)x(ti-1) + Gati-1)wa(ti-1) (20)
z(t,-) = H(ti)x(ti) + V(ti) + d(t,;)n(t,;, 9)1/ (21)
where
d(t;) = failure vector
n(t;,0) = failure function
v = unknown size of the failure
0 = unknown time of the failure

Comparison of Equations (19) and (21) indicate that the matched filter characterizes failures
by modeling them as variations in the actual measurements beyond the variations caused by the
dynamics of the system or measurement noise, as indicated by the failure offset term, d(t;)n(t;, O)v.

Although the failure is modeled as a bias on the measurement, this model can also represent changes

in the states caused by real world anomalies. The failure function term, n(t;, 0), indicates the time
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of the failure onset, 6, within a predetermined sliding “window” of time, and the type of failure
that has occurred; i.e., ramp offset, step offset, etc. A sliding window of predetermined length is
used to avoid a growing set of hypotheses and slides in time to cover all the data collected (as the
window slides in time, the oldest data in the window is discarded as the new data enters the filter,
maintaining the same total amount of information). The v term is the magnitude of the failure and
can be estimated by the GLR algorithm and can also be used for corrective feedback. Note that
after the corrective feedback is utilized, the Kalman filter would be based on hypothesis H;, and
thereafter used as the basis for calculating I(¢;,#). Furthermore, the matched filter should assume
the original no-fail hypothesis, Hy, giving the algorithm the flexibility to recognize that the failed
condition no longer exists. Thé column vector, d(¢;), specifies which of the measurement signals
has the failure. In general, the likelihood ratio function, I(¢;, 0), is based on maximum likelihood
estimates of @ and v. The goal of the GLR algorithm is to identify the failure signal by recognizing
variations in the residuals from their normal operating values.
The Kalman filter residuals r(¢;) are defined as
r(ts) = =z(t:) — H(t:)X(¢;) (22)

and the residuals for each hypothesis are described by

Ho : r(t;) =r°(t)

Hy : r(t;) =r(t:) + gt 0)v (23)
When the system is operating under normal conditions, the Kalman filter tracks the true states,
and r°(t;) is zero-mean white Gaussian noise with covariance A (t;) = H(;)P(¢; )H(t:) T+R (L)
When a failure occurs, a signal of unknown magnitude, g(¢;, 0)v, will be present in the residuals.
This signal is the failure residual offset and found through

g(t;,0) = H(t;)f(t:,0) + d(t;)n(t;, 0) 29
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where the recursive failure quantity £(¢;, 6) is given by
£(tiy1,0) = ®(tip1, t:) [[ — K (&) H(&:)] £(8:, 0) — ®(tir1, t:)K(t:)d(t:)n(ts, 0) (25)
Note that the GLR algorithm is a function of the overall system behavior (® and H) and Kalman
filter gain K as shown in Equations (24) and (25). If the failure is assumed to occur at the beginning
of the sliding window discussed earlier, then Equations (24) and (25) can be simplified by setting

n(t;, 0) = 1 forall ¢;:

g(t:) = H(t:)E(t:) + d(t:) (26)
£(tir1) = (b1, 1)1 — K(G)HE)E (L) — (b, 1) K(t:)d (%) @7
The primary reason for this simplification is to reduce the computational burden associated with
calculating several GLRs based on different values of 0. However, the consequence of this simpli-
fication is a delay in detecting the failure caused by waiting for the failure to reach the beginning of
the sliding window. The Kalman filter outputs combined with the matched filter model determines

the magnitude of the generalized likelihood ratio function defined as

o S52(t;,0)
1t:0) = Sigy 28)
where
5(:,0) = > g (t;,0) A (t;)r(t) 29
=1

is essentially the correlation of the observed residuals with the abrupt change signatures given by

g(;, 0) for the different hypothesized types and times of occurrence. Furthermore,

C(ti’ 9) = Z gT(tj1 G)A_l(tj)g(tjv 9) (30)
=1
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is interpreted as the amount of information present in (%), ..., z(¢;) when an abrupt change occurs
at time 6. In both Equations (29) and (30), A(¢;) is given by

A(t;) = H(t;)P(t; )H™ (1) + R(ty)
and the maximum likelihood estimate (MLE) of the unknown magnitude of the failure, v, is found

by
S(tiv 6)

ﬁ(ti,a) C(t,,ﬂ)

G0

The residual covariance A(¢;) and the residuals are combined in Equations (24) and (25) or Equa-
tions (26) and (27) to form a linear combination of the residuals S(t;, 6) and a deterministic value
C(t;, ) defined in Equations (29) and (30). Finally, the decision rule given by Equation (17) is used
to determine the system’s failure condition.

Thus, the GLR algorithm involves a single Kalman filter, a matched filter, and the likelihood
calculation. It determines failures by observing changes in the filter residuals and calculates the
likelihood of each possible event by correlating the residuals with the corresponding failure signa-
ture. Figure 9 depicts an example of a multiple GLR test with a bank of matched filters designed for
the no failure and step failure modes. The Kalman filter provides its residuals to the bank, wherein
each filter is tuned to a certain type of failure mode. Each matched filter’s output is tested against
a hypothesis, Hy, corresponding to each hypothesized failure mode. An MLE is computed for each
specific hypothesis. Each MLE is fed into the common test logic algorithm, similar to Equation
(17), to determine the correct hypothesis.

One of the key benefits of the GLR test is the need for only one Kalman Filter Additionally,
only one matched filter is required for each failure type, since the algorithm estimates unknown
variables, such as the magnitude of the failure type, in the FDI process. This is a great computational

load benefit, especially in comparison to other multiple model techniques. ~ Even though GLR has
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been successfully applied to a wide variety of FDI applications [64, 74, 75, 79, 80], there are some

limitations which include:

1. It has difficulty handling any parametric changes which may occur in the model due to changes
in the system’s operating condition. Thus, it is difficult for the GLR to model the dynamic nature
of a system and its sensors to represent their behavior in the presence of failures. Therefore,

typical GLR tests lack robustness since they are unable to detect parametric changes while

looking for additive changes.

2. While detection of abrupt changes is a GLR’s strength, detection of ramp failures is difficult.
An unacceptable time delay may occur since the ramp-corrupted signal is slowly moving away

from the desired signal and takes more time to cross the failure threshold [75]; thus, depending
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on the length of the sliding window, the GLR test may fail to detect the failure. An additional
drawback is that ‘windowing’ the estimate of § leads to a direct reduction in the accuracy of

the estimate of the size of the failure, v.

3. Windowing may also cause an unacceptable delay in the identification of failures.

White [77,78] accomplished an indirect comparison of conventional MMAE-based techniques with
a GLR/chi-square based technique applied to an FDI study performed by this author [75] on a

GPS/INS based system. The following observations were made:

1. Both methods were effective at detecting interference failures (represented by increased

measurement noise variances), but the GLR/chi-square based scheme suffered from much larger

time delays as compared to the MMAE.

2. The GLR/chi-square scheme also experienced large time delays when returning to a nominal

no-fail declaration after receiving a large amount of interference, as compared to the MMAE.

3. Additionally, the GLR/chi-square algorithm suffered from its inability to detect/identify ramp

failures adequately.

In summary, the GLR/chi-square failure testing scheme experienced unacceptable time delays com-

pared to the MMAE-based techniques, especially in the face of bias-like failures.

2.1.5 Distributed Kalman Filtering (DKF)

This section parallels the discussion first presented by Miller [53]. An alternative to the stand-
alone or “centralized” Kalman filter is the distributed Kalman filter (DKF). The DKF developed by
Carlson [8-10, 38], also called the federated filter, is another parallel structure like MMAE. How-
ever, unlike the MMAE, “local” filters in the DKF process partitions of the available measurement
vector (whereas the “elemental” filters in the MMAE each process the entire measurement vector)
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and then the information in the “local” filters is fused together in a “master” filter DKF is based
on simple and effective “information-sharing” methodology. The basic procedure involved in this

information-sharing is [38]

1. Divide the total system information among several component filters or modules (“local”

filters).

2. Perform local time propagation and measurement update processing (adding local sensor

information as available).

3. Recombine the updated local information into a new total sum.

DKF has potential benefits gained through its modular structure, i.e., each component filter
is managed and maintained independent of the others. DKF is useful in sensor failure scenarios
because only the associated “local” filter might get corrupted by an undetected sensor failure, rather
than all variables being corrupted as in a single centralized filter approach. However, DKF assumes

statistical independence between the modules which is often impossible to validate.

2.1.6 Multiple Model Adaptive Estimation (MMAE)

The final parameter estimate technique for discussion is the use of multiple model adaptive
estimation to represent a wide range of parameter variations within the system model. MMAE,
like chi-square, SPRT, and GLR, exploits Kalman filter residual information, but it does so using
multiple Kalman filters, each based on a specific hypothesis. The basic structure of an MMAE is
shown in Figure 10 and the detailed equations governing this algorithm will be presented in Section
2.2. The major strength of MMAE is its ability to reconfigure rapidly in the presence of failures
and thus provide accurate state estimates. However, an inherent trade-off exists between accurate

parameter estimation or FDI, and accurate state estimation. ~ Specifically, if one tunes the MMAE
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Figure 10. Multiple Model Adaptive Estimation Algorithm

bank for optimal parameter estimation, then these same tuning values will often result in less than
optimal state estimation. Many researchers have focused on exploiting the capability of MMAE to
provide state or parameter estimation separately as well as attempting to blend them ideally [1,2,
5,14,15,17-22,26,27,33-36,42,44-48, 50-52, 55,66—72]. By running multiple filters in parallel,
residual information at each update is used to identify the system failure status and to reconfigure
the system rapidly to failures. Unlike the GLR algorithm which implements only a single Kalman
filter and multiple matched filters, the MMAE employs multiple Kalman filters to model the dy-

namic nature of the system (and its sensors) to represent performance in the presence of specific

hypothesized failure conditions.
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A logical choice for one is the no-fail condition, with the remainder of the filter bank com-

prised of filters based on hypothesized candidate failure types. The number of elemental filters will

affect the granularity of the parameter estimation and ultimately the accuracy of the state estima-

tion. Section 2.2 will address the various methods used to enhance MMAE performance, including

the Moving-Bank MMAE, which is the focus of this research.

2.2 MMAE Review

This section presents the fundamentals of the MMAE algorithm in detail, along with various

techniques that have been researched to enhance the performance of the MMAE concept. The focus

will be on the Moving-Bank MMAE with some background presented on hierarchical structures

and inter-residual distance feedback.

The following assumptions apply to the MMAE algorithm:

The sampled-data system is adequately represented by a linear stochastic state differential model
for a given parameter vector value, resulting in Gaussian probability density functions, and canbe
described equivalently by linear stochastic difference equations [45,47]. If nonlinear models are
required to describe the system adequately, then extended Kalman filters would replace the lincar
Kalman filters in the MMAE structure and the associated probability density functions would
be approximated as Gaussian. This simplifying assumption enables nonlinear modeling and
approximate nonlinear filtering to fit into the context of the MMAE structure while recognizing
the potential suboptimality in assuming Gaussian densities.

The uncertain parameters to be estimated affect the system matrices (in the linear case, or
structure-defining vector functions in the nonlinear case) or the statistics of the noises entering
the system. This assumption covers a very broad class of problems since only the choice of
measurement sources and choice of state variables are considered fixed.

MMAE theory fundamentally assumes a discrete-valued parameter vector. In actuality, a
parameter value typically varies over a continuous range of parameter space. Thus, parameter
values will have to be discretized to some level of resolution for feasible implementation. Clearly,
poor choices in discrete values for a continuous parameter would result in poor modeling by the
MMAE elemental filters and thus poor estimation from the entire MMAE algorithm itself. This
results because there might not be an elemental filter within the MMAE bank that has a good
model of the system’s current behavior. The choice of discretization is a major design issue being
addressed by this research.
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2.2.1 MMAE Fundamentals

The theory presented in this section will follow the development by Maybeck [45,47] closely.
Let a denote the p-dimensional vector of unknown parameters in the system model and assume that,
in general, the range of a is continuous. In most physically motivated problems, there is a finite
range of reasonable parameter values, but within that finite range there are an uncountably infinite
number of discrete point values for the parameter. A separate elemental filter within the MMAE
will be associated with each discrete parameter value hypothesized during modeling. To make the
number of filters in the bank finite and thus keep the problem tractable, the continuous range of a
is discretized into J representative values. More explicitly, let the model corresponding to a; (for
j=1,2,...,J)be described by an “equivalent discrete-time model” for a continuous-time system
with sampled-data measurements. This is similar to the development shown in Section 2.1.2 with

the 5" filter model given by

xj(t:) = ®5(ti, ti-1)x;(ti-1) + Baj(ti-1)u(ti-1) + Ga;(ti1) waj(ti-1) (32)
z(t:) = H;(ti)x;(t:) + v;(t:) (33)

E {waj(ti-1)Wg;(ti-1) } = Qaj(ti-1) (34)

E {v;(t:)v] (t:)} = Ry(%:) (35)

E{waj(tic1)v) (t)} =0 Vi,k (36)

Note that the parameter can affect ®, By, G4, H, Qq and R, as indicated by the subscriptj on these
matrices. Based on this model, the Kalman filter propagation and update equations are given by
Equations (3) - (8) with the addition of the subscript j on all variables save z and u. More explicitly,
the propagation equations are

2;(t;) = ®5(ti, ti-1)%;(67 ) + Baj(ti-1)ulti-1) (37)

P;(t;) = ®;(ti, ti-1)P;(t1 1) ®] (i, tio1) + Gaj(ti-1)Qaj(ti-1) G, (tim1) (38)
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and the update equations are

Aj(ts) = H;(t:)P;(t; )H] (t:) + R;(t:) 39)
K;(t:) = P;(t; )H] (t:) A5 ' (t:) (40)
®i(t]) = %;(t;) + K;(ts)lzs — Hy()%,(4))] @1
P;(t) = P;(t;) — K;(t:)H;(4:)P; ;) “2)

The hypothesis conditional probability, p;(¢;), is defined as the probability that a assumes the dis-
crete value a;, conditioned on the observed measurement history to time ¢;,
pj(ti) - Prob[a = aj|Z(t,-) == Zz] (43)

Then it can be shown [2,29,37,45] that p;(¢;) can be evaluated recursively for all j via the iteration

Ta(t)le,z(t: 1) il A, Zi-1)p;(ti-1) (44)
Zzﬂ fz(ti)|a,z(ti_1)(zi|aka Z;_1)pr(ti-1)

p;(t:)

in terms of the previous values of p1(¢;—1), - . ., ps(ti—1) and the conditional densities for the current
measurement z(t;) to be defined explicitly in Equations (47) — (49).

Notationally, the measurement history Z(t;) is made up of partitions z(¢1), . . ., z(%;) that are
the measurement vectors available at the sample times Z, . . ., ¢;; similarly, the realization Z; of the
measurement history vector has partitions zj, .. .,z;. Furthermore, the Bayesian minimum mean

square error (MMSE) estimate of the state is the probability-weighted average

J
() = E{x(t)Z(t:) = Z} = Zij(t;F )p;i(ti) (45)
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where %;(t}) is the state estimate generated by a Kalman filter based on the assumption that the
parameter vector equals a;.

Thus, the MMAE algorithm is composed of a bank of J separate Kalman filters, each based
on a particular value ay, . .., ay of the parameter vector, as shown earlier in Figure 10. When the
measurement z; becomes available at ¢;, the residuals 1 (¢;), . . . , t3(¢;) are generated in the J filters,
as shown in Equation (46):

r;(ts) =z — H;(t:)%;(t;) (46)
and used to compute p1(t;), . . ., ps(¢;) via Equation (44). Each numerator density function in Equa-
tion (44) is given by

fattolazt;_) Zilag, Zi1) = Bjexp{-} (47)

where
1
b= GG
and the expression in the brackets of Equation (47) is

(1= {37 @A e | @)

and where m is the measurement vector’s dimension and A ;(t;) is the residual covariance matrix at

(48)

time #; calculated in the %" Kalman filter, as given by Equation (39). Note that the term 3; should
not be confused with false alarm rates often represented as 3. The denominator in Equation (44) is
simply the sum of all the computed numerator terms and thus is the scale factor required to ensure
that all p;(¢;) values sum to one.

One expects the residuals of the Kalman filter based on the best model to have the mean-
squared value most in consonance with its own computed A ;(t;), whereas “mismatched” filters
have larger residuals than anticipated through A ;(¢;). Therefore, the filter based on the most cor-

rect assumed parameter value receives the most probability weighting. However, the performance
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of the algorithm depends on there being significant differences in the characteristics of residuals
in “correct” versus “mismatched” filters. Each filter should be tuned for best performance when
the “true” values of the unknown parameters are identical to its assumed value for these parame-
ters. One should specifically avoid the conservative philosophy of adding considerable dynamics
pseudonoise, often used to open the bandwidth of a single Kalman filter to guard against divergence,
because this tends to mask the differences between good and bad models. However, if this approach
to tuning causes one of the filters to diverge (which is indicated by very large residuals), then it can
be restarted with the current state estimate from the MMAE as computed from the nondivergent

filters.

The Bayesian method was shown earlier to produce a state estimate (the conditional mean of

x) given by Equation (45) which will be denoted as
J
smmae(ty) = Y %()p;t:) (50)
j=1
The corresponding parameter estimate (the conditional mean of a), can be generated as
J
aumae(t) = Y _a;pi(t) (51)
j=1
Alternatively, the maximum a posteriori (MAP) method chooses the state estimate associated with
the model having the highest probability which is given by

ﬁMAP—MMAE(t;}_) =X; (tf) for 7 such that p; (t,) = mgx[pk (tz)] (52)

and similarly for ﬁMAP—MMAE (ti) .
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2.2.2 Simple Performance Enhancements

Several ad hoc techniques have been researched [14, 15,42,45,47,48,50-52, 55,70, 71] with

the intent of enhancing the performance of the standard MMAE algorithm presented in the previous

section. This section will briefly describe the following techniques in order.

10.

Kalman Filter Tuning

[ Dominance Compensation

Scalar Penalty Modification

Lower Bounding Conditional Probabilities

. Probability Smoothing

Scalar Residual Monitoring

Increased Residual Propagation

Markov Process Modeling of Hypothesis Conditional Probabilities
Interacting Multiple Model Form of MMAE

Dithering

1. Kalman filter tuning refers to modifying the covariance of the process noise, Qg;, or the

measurement noise, R;, of the elemental filters. As mentioned in Section 2.2.1, the addition of

considerable process pseudonoise can deteriorate the detection capability of the algorithm and will

often result in detection delays or missed alarms. However, appropriate tuning of these noise levels

is often effective in reducing false alarms and/or missed alarms [14, 15, 22, 42, 45,47]. Although

this technique is primarily ad hoc since exact tuning values are not determined analytically, phys-
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ical insights into the problem will often assist in determining the order of magnitude of the noise
covariances. Specifically, one seeks tuning conditions such that r'jr A; 1p ; is approximately equal to
m (the measurement dimension) when the hypothesized parameter value a; is a good match to the
true parameter value, and significantly larger than m when the assumed parameter value is a poor
match to truth.

2. Beta dominance is the tendency of the probability evaluator to calculate probabilities in-
correctly because of the impact of the 3; term in Equation (48). If all the exponential terms, {}
in Equation (49) were approximately the same size for all the elemental filters, one would desire
all elemental filters to be deemed equally adequate. However, Equations (44) and (49) would put
the highest probability on the elemental filters with the smallest |A;| value. This is inappropriate
weighting since the size of | A ;| has nothing to do with the correctness of the failure detection. A
typical representation of a sensor failure is to zero out the row of H;; corresponding to the failed sen-
sor. All other things being equal, the filters assuming this type of failure will tend to have smaller
|A;| values, and thus an MMAE used for sensor/actuator failure detection will be prone to false
alarms on sensor failures. Two methods have been used to remove the 3 dominance effect [21,47,
48,5052, 70,71]. The first uses scalar residual monitoring, to be discussed presently. A second

technique simply removes the 3, term in the conditional density resulting in a modified “density”
1 _
fate)laz(t:-1) Zilag; Zi—1) = exp {—'z'r,’yr(ti)Aj Y(ti)r; (ti)} (53)

The algorithm functions properly with the 3, term removed because the denominator in Equation

(44) is the sum of all possible numerators and will normalize the probabilities. Specifically, the
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probabilities, p;, will still sum to one even if the area under each of the modified “densities” is no
longer unity. This research does not use this technique.

3. Increasing the magnitude of the negative scalar value of —% in the {-} term in Equation (49)
can decrease the probability convergence time for the MMAE. This technique is referred to as a
scalar penalty increase since increasing the magnitude of the —% term drives probabilities associated
with large residuals to zero faster. 1deally, this should result in a faster convergence of the conditional
probabilities; however, increasing the scalar penalty also increases fluctuations in the probabilities
and thus the false alarm rate [48]. The “best” value of the scalar penalty is empirically determined
through simulations. This research does not use this technique.

4. Placing a lower bound on the conditional probabilities, p;, has been used to prevent filter
lock-out and delays in failure identification [14, 15,21, 42, 45, 47, 48, 5052, 70, 71]. Due to the
recursive nature of the probability calculation, Equation (44), if a probability is ever allowed to
become zero, it will remain at zero thereafter Likewise, if a failure occurred and the probability
associated with the filter matching this failure hypothesis were allowed to get too small, it may take
several iterations for this probability to increase and properly declare the failure. To prevent this from
occurring, the probabilities are artificially bounded above zero to an empirically determined value
and rescaled to ensure that they still sum to one. Alternatively, the IMM approach [3, 5] (and some
others) discussed presently removes the lower bounding of the conditional probabilities and replaces
such lower bounding with a Markov model for the time-propagation of the p; values. However, this
requires knowledge of the J-by-J probability state transition matrix for that Markov process model.
This assumption will be discussed further under Markov Process Modeling that follows. Although
lower bounding the conditional probabilities is an ad hoc technique, it accomplishes analogous
behavior in the computed probabilities without detailed knowledge of the entire probability state

transition matrix. In fact, the probability state transition matrix is set equal to the identity matrix in
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the case of using lower bounds, indicating that the parameters are modeled essentially as constants
over time. This research does apply lower bounding of the probabilities.

5. Immediately following a change in the system operating mode, the probabilities will go
through a transient period before converging to the correct solution. Probability smoothing is used
to minimize the momentary false alarms based on these transients [21,48,51,52,70,71]. The prob-
abilities are smoothed over a moving window, i.e., averaged over a number of data samples. The
size of the window is empirically chosen, with a large window size causing detection delays and a
small window size allowing more false alarms. This research does not use this technique.

6. Scalar residual monitoring is used to minimize false alarms for sensor type failures and
involves component terms in the summation for the likelihood quotient defined by the following
quadratic

Li(t) = 3 (6) A7 (t:)rs (t) (54)
This term comes directly from Equation (49) and, based on discussions up to this point, it is clear
that the useful information pertaining to the “correctness” of the parameter values is captured by
this quadratic [45]. Inspection of Equations (44), (49) and (54) reveals that the probability calcula-
tions are dependent on the magnitude of the entire quadratic form. However, given a sensor failure
modeled by zeroing out the k** row of H corresponding to the failed sensor, the predominant in-
dicator of that failure ought to be a large value of the single scalar term in the likelihood quotient

associated with the &% scalar residual [50], namely:

2 (¢,
L; (t:) = er-:f(—;)' (55)
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in any of the elemental filters (such as the Hy-based filter) except for the one specifically designed
to expect such a failure. The term additional voter implies that scalar residual monitoring would
be used in conjunction with the standard conditional probability hypothesis testing. The ad hoc
nature of scalar residual monitoring is two-fold. First, an empirically chosen threshold is compared
to the scalar likelihood quotient given by Equation (55). Second, the amount of weight given to
the additional vote via scalar residual monitoring versus the standard MMAE hypothesis test is ad
hoc. This research does not use this technique, however, the information contained in the likelihood
quotient, Equation (54), will be exploited extensively.

7. Increased residual propagation is another method used to reduce the decision convergence
time for the MMAE [21, 48]. The idea is to propagate the Kalman filter state estimates, without
updating, for a few sample periods while still monitoring the residuals. This allows the residuals
in the elemental filters based on incorrect hypotheses or assumed parameter values, to grow much
larger since the usual measurement updates are no longer correcting the state estimates toward the
actual measurements; such corrections tend to mask the impact of an incorrect hypothesis. The
number of propagations allowed before an update must be determined empirically. The risk involved
in implementing this technique is an increase in the fluctuations of the conditional probabilities and
thus false alarms [21,48]. Clearly, this would also degrade the precision of the state estimates. This
research does not use this technique.

8. If the parameter vector a can be shown to be a Markov process, then the conditional proba-
bilities are propagated based on the Markov process development shown in [5,45,55]. Of particular
interest is the probability state transition matrix T(¢;, ¢;—1) which allows propagation of the condi-
tional probabilities in place of Equation (44). Let the elements of the J-dimensional vector p(#;) be

the probabilities p;(¢;) defined in Equation (43); then the following is the Markov model for prop-
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agation:

p(t:) = T(ti, ti-1)p(ti-1) (56)
The obvious problem that arises from this approach is the need to determine all the entries of the
probability state transition matrix, which often requires considerable physical insight or some degree
of arbitrary assignment. The benefits of this approach are the ability to implement the IMM approach
[3,5] discussed presently and the avoidance of lower bounding the conditional probabilities with ad
hoc values to handle time-varying p;’s. The predictive nature obtained by using Equation (56) can
overcome the previous problem of lock-out, i.e., it will change a p; = 0 to some small value prior to
its need to grow large and force a change in the choice of hypothesis, if T(t;, t;_1) is nondiagonal.
Typically, choosing a good lower bound for the p;’s is much easier than fully defining T(¢;, ;1)
with any level of certainty. This research does not use this technique.

9. A technique called Interacting Multiple Model (IMM) performs a restart of all the filters
in the bank after every sample period [3, 5]. Given that the probability state transition matrix in
the standard MMAE structure equals identity, the theory in [3, 5] dictates using XMm AE(t;*) from
Equation (50) or some other appropriate function of p; and X; values from the current or most
recent two sample periods to restart the filters. The IMM approach is intended to improve state
estimation but will often degrade FDI performance since subtle failures will often go undetected.
This results from the filters tracking the subtle failure and the intermixing of state estimates in all the
elemental filters. In contrast, if the filters are not reset at each sample time, then the subtle failure
will eventually cause the conditional probability, p;, associated with this type of failure to increase
and thus be detected. This research does not use this technique; however, initialization of filters
with newly declared parameter values will be used as described in Section 3.1.5.2.

10. Dither, defined as the purposeful introduction of excitation into the system, is often neces-

sary for any FDI algorithm, including MMAE, to detect and isolate failures adequately. The primary
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reason is the need to excite the system away from a quiescent state that does not properly depict the
true failure status. Otherwise, the residuals associated with the elemental filters that poorly match
the true system will be indistinguishable from the residuals for the filters that correctly match truth.
In some cases, the system will undergo sufficient dynamic maneuvers to induce the needed stimuli,
i.e., several high-g turns for an aircraft. However, autonomous dithering will tend to enhance FDI
in benign conditions, i.e., straight and level flight. A number of dither signals have been evaluated,
including white noise, square waves, triangle waves, combinations of these forms, and sine waves
[51,52,70,71] with satisfactory results. The white noise dither (which is in reality only white over
the bandpass of the system) provides excitation at all frequencies, whereas the periodic dithers must
be implemented at carefully chosen frequencies and phasings, or else sweep across the frequency
range of interest and dwell at discrete values. The periodic dither has the advantage that the residu-
als can be monitored not just for magnitude but also for frequency effects corresponding to the input
dither. Specifically, the residuals associated with the wrong hypothesis will display the periodic sig-
nal at the known dither frequency, while the residuals for the correct hypothesis will be zero-mean
white Gaussian process of covariance A ;(t;), since the effect of purposeful controls on z(t;) will
be exactly compensated by the [H;(¢;)%;(¢; )] term in Equation (46) if a; corresponds to the cor-
rect parameter value. A negative side effect of autonomous dithering is constructive interference,
which refers to the interaction between multiple dither signals due to coupling inherent in the system
model. This coupling has been shown by [70, 71] to result potentially in a lower frequency dither
than desired and thus a degradation of the frequency monitoring used for FDI. Simple variations
in frequency and phase between channels of the system will often prevent this type of interference.
Careful consideration must be given to keeping dither signals subliminal so as not to introduce un-
wanted dynamics into the system, i.e., avoid fatiguing the pilot of an aircraft with high-g pulsing.

This research does not use this technique.
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2.2.3 Moving-Bank MMAE

The moving-bank MMAE was motivated in Chapter 1 with brief descriptions of moving, ex-
panding and contracting the bank. Additional research has focused on methods to discretize the
parameter space in terms of choosing the best filter-assumed parameter values within the MMAE,
as well as on decision logics to control the bank motion. Further details regarding these topics are

presented here.

2.2.3.1 Decision Logics
The following section parallels the discussion first presented by Maybeck [47]. Five decision
logics have been investigated by Maybeck and others [18-20, 45, 47, 66, 67] with the intention of

keeping the estimate of the parameter in the bounds of the bank and “optimally” placed. They are:

1. Residual Monitoring

2. Parameter Position Estimate Monitoring

3. Parameter Position and “Velocity” Estimate Monitoring
4. Probability Monitoring

5. Parameter Estimation Error Covariance Monitoring

A brief summary of each follows.
Residual Monitoring. Recall the likelihood quotient given by Equation (54):
Lj(t:) = v] (t:) A5 " (t:)r; ()
In the case of scalar measurements, this is the current residual squared, divided by the filter-computed
variance for the residual. When the true parameter value does not lie in the current moving-bank re-
gion, all J likelihood quotients can be expected to exceed a threshold level 77, the numerical value

of which is set in an ad hoc manner during performance evaluations. Thus, a possible detection
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logic would indicate that the bank should be moved and/or expanded at time ¢; if
min(Ly (t;), La(ts), - - -, L;(t:)] = T1 (57
Moreover, the elemental filter based on a; nearest to the true parameter value should have the small-
est likelihood quotient, thereby giving an indication of the direction to move the bank. Tests anal-
ogous to Equation (57) can be applied to a subset of the current bank members, as those along one
edge of a rectangular bank in a 2-dimensional parameter space, to indicate that the subset is not near
the true parameter value. Although this logic would respond effectively to a real need to move or
expand the bank, it would also be prone to false alarms induced by single large samples of measure-
ment noise, since it is based on the single residual vector at time ¢;.
Parameter Position Estimate Monitoring. Another means of keeping the true parameter value
in the region bracketed by the moving bank is to keep the bank centered (as closely as possible in
view of the discrete values that a is allowed to assume) on the current estimate of the parameter.

This estimate was shown in Equation (51) as

J
a(t;) = E{alZ(t;)=12}=) a;p;(t:) (58)
=1

If the distance from the parameter value associated with the center of the bank to a(#;) becomes
larger than some chosen threshold, a move of the bank in that direction is indicated. Since &(%;)
depends on a history of measurements rather than just the single current measurement, it is less

prone to the false alarms discussed in the previous method.
Parameter Position and “Wlocity” Estimate Monitoring. 1If the true parameters are slowly
varying, past values of a(¢;) can be used to generate an estimate of parameter “velocity”. This, along

with the current position estimate a(¢;), can be used to compute a predicted parameter position, one
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sample period into the future. If the distance between the bank center and that projection exceeds
some selected threshold, the bank can be moved in anticipation of the true parameter movement.
This approach introduces lead to the moving-bank logic, but also a higher level of uncertainty and
erratic bank movement.

Probability Monitoring. The conditional hypothesis probabilities, p;, are another indication of
the corfectness of the parameter values a; assumed by the elemental filters of the current bank. If
any of these rise above a chosen threshold level, the bank can be moved in the direction of the a;
associated with the highest p;. In this scheme, the bank seeks to center itself on the elemental filter
with the highest conditional probability weighting. Again, since p; depends on a history of mea-
surements, this method should not be as sensitive to single bad samples of measurement corruption
as is the case under residual monitoring.

Parameter Estimation Error Covariance Monitoring. This concept is discussed last because
it has a somewhat different purpose than deciding when and in what direction to move the bank. It
is also possible to change the size of the bank by altering the discretization level of the parameter
space, as shown in Figure 5 on page 7. For example, initial acquisition can be enhanced by choosing
the values ay, . . ., ay so that they coarsely encompass all possible parameter values, rather than use
a small bank and force it to seek a true parameter value that may well be outside the region of its
assumed parameter values. Then, once a “good” parameter estimate has been achieved with this
coarse discretization, the size of the bank can be contracted and the smaller bank centered on that
good value. To help make such a contraction decision, it would be useful to monitor the parameter

estimation error conditional covariance, computable [45] as
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Pa(t) = E{la-a(t)lla—a(t:)]"|Z(4) = Z:}

= ) [a; — a(t:)]fa; — a(t:)]" - p;(ts) (59
j=1
When an appropriately chosen scalar function (norm) of this matrix falls below a selected threshold,
the bank can be contracted about the parameter estimate. One such norm is the weighted sum of
the diagonal terms of P, for a moving bank constrained to be a square region in a two-dimensional
parameter space [47]. In general, one could use different discretization coarseness decisions in
individual directions of the parameter space, allowing rectangular banks as well as squares.

An indication of the need to expand the size of the bank can be obtained from residual monitor-
ing as before. If all likelihood quotients from Equation (54) are large and close in magnitude, then
none of the current elemental filters appear to have a good model (hypothesized parameter value)
and no clear indication of the true parameter’s value is provided, and it is more appropriate to ex-
pand the bank than to ‘attempt to move it. The error covariance could then be monitored for making
the decision to return the bank to a smaller size. Since Equation (59) depends on the current choice
of a; values, this error covariance is not a reliable indicator for the decision to expand; the Pa(t;)
so computed is artificially bounded from above by the current size of the bank.

Regardless of which technique listed above is used, when the bank is either moved or expanded,
any filter corresponding to newly declared a; locations must be initialized with %;(t;), P;(¢;), and
p;(t;) values. A reasonable choice for %;(t;) is the current moving-bank blended estimate %(t;").
For p;(t;), the total probability weight of one minus the sum of the unreset p;(¢;) values is divided
among the new filters in the bank [23,49]. Although this can be apportioned equally, better perfor-

mance results when it is divided based on the relative correctness of the new filters being added [23,
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49]. This correctness is determined from Equation (49) for each new filter and is used to divide the
probability proportionately, i.e., the most correct filters will have a small value for the likelihood
quotient given by (54) and thus receive the greatest probability allocated to the new filters.

Before a move or expansion, it may be desirable to war‘m up the new filters before bringing
them on line, allowing initial transients in X;(#;) and P]; (t:) to die out. To accomplish this, the move
threshold is left intact, and an additional, tighter warm-up threshold is used to indicate whether or
not to warm up any filters. Until the original move threshold is surpassed, these new elemental

filters do not affect the adaptive filter output.

2.2.3.2 Sheldon Discretization

This section represents a joint effort with Miller [53]. It is important to realize that the level
of discretization of a continuous parameter space directly impacts (1) the ability of the filter bank
to “surround” the parameter and (2) the average and maximum distance from the true parameter
to the parameter value assumed by one of the elemental filters. It is critical that the parameter lie
within the bank’s range of coverage for adequate parameter estimation, and it is desirable to have it
close to one of the elemental filters for improved estimation. One ad hoc method for choosing the
coarseness of discretization is to conduct a performance analysis of a single Kalman filter against a
truth model and to vary one parameter of the truth model in one direction at a time, until the filter, '
based on the nominal parameter point, yields unacceptable levels of degraded performance [18-20,
45,67—69]. Sheldon [68,69] instead chose optimally discretized parameters by minimizing one of
three cost functions, depending on design goals of good state estimation, parameter estimation, or
state control. Consider the first case, in which the cost functional, C, represents the average value

of the mean squared estimation error, where the average is taken as the true parameter ranges over
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the entire admissible parameter set:

_ Jan BUx() - 2(OI"WIx(?) — 2()]}da
an da

/da 4 / / / dayday...day
AA P 2 1

where p is the number of scalar parameters (the dimension of a), and where W is a weighting ma-

C (60)

Note that

trix chosen by the designer to place emphasis on certain states. Also, define A, as the admissible
set of parameter values, where each parameter varies over a continuous bounded range. A five-step
algorithm was developed by Sheldon which allows the designer to approximate and minimize the
cost functional numerically [68, 69]. This procedure is accomplished prior to the réal—time imple-
mentation of the (fixed-bank or moving-bank) MMAE and provides the designer with the optimal
choice for the discretization level. The basic question being addressed is, “If allowed J discretized
points (where I is preselected) in the parameter space, where should they be placed in order to yield
optimal MMAE performance relative to the chosen cost function C?” In general, the three cost
functions described above will yield different discretizations; so the designer must determine which
cost criterion is most pertinent to the problem at hand.

With the focus of this research on parameter estimation, the cost functional for parameter esti-

mation [68, 69],
_ Ja Ella®) - a(t)|"Wla(t) — a(¢)]}da

T (61)
Aa

o

is required. The following summary is taken from Sheldon’s dissertation [68] and highlights his

assumptions, concepts, and presents his design algorithm. Some assumptions, besides those stated

44



earlier for the MMAE development, are required to bound the problem and form the basis for the

mathematical development:

1. The structure of the plant is known except for an p-vector of parameters, which is assumed to

be a member of an infinite set A,, which is Lebesque measurable.

2. The set, Aga,is bounded and connected so that it makes sense to integrate over the set

numerically, in order to find the mean square error.
3. There are a finite number of filters available for the estimation.

4. Pseudo -probabilities are calculated by Equation (44),

Fate e z,_0) (Zilay, Z;_1)p;(ti-1)
Ei:] f: z(t.;)]a,z(t,-_l)(zi |ak, Z; 1 )Pk (ti— 1)

pi(t) =

for j = 1,2, ..., J. The probabilities are referred to as pseudo-probabilities since it is impossible
to have an infinite bank of filters, hence the MMAE algorithm might be calculating the

probability that each filter is the correct one, when in fact none of them are.

5. The Bayesian estimate formulations in Equations (50) and (51), are used to calculate the

estimates:

3
kmmae(ty) = Z %;(tF )pi(ts)
j=1

ammae(t) = Zaj pi(t:)

6. The MMAE system converges to the model closest, in the “Baram sense” (in the information
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measure of Baram [4]), to the true parameter value with probability one.

7. The development assumes steady state, constant-gain filters, i.e., the K;’s do not vary with
time. However, Sheldon points out that the filters in the MMAE do not have to be steady state
Kalman filters. But for this development to apply, the filters must have the same structure as a
Kalman filter. Therefore, any other method to calculate a constant gain that produces a stable
estimator may be used [68,69]. For example, the problem researched in Chapter 4 is an unstable,
nonlinear, integrated GPS/INS problem using extended Kalman filters. A nominal trajectory
point is chosen as the basis for defining the system matrices for determining a “pseudo ”-
constant gain value. Once the gains are calculated, the Sheldon algorithm may be applied
using a finite horizon assumption to generate an approximate solution, since the system never
achieves steady state. The finite horizon is chosen by the designer and based on what finite
period of time is of physical concern for the problem. Specifically, the finite horizon is given
by the number of sample periods into the future that should be used to propagate the iterative

relationship given by Equation (68).

Given these assumptions, the goal is to minimize the cost functional

_ S Bila®) —a@)"Wla(®) — a(t)l}da

T @

c

Since the admissible parameter set is assumed constant for a given problem, only the numerator of

Equation (62),

/ E{la(t) - () "Wla(t) - a()]}da = / tr (WE{[a(t) — a(t)][a(t) — a(H)]"}) da
Aa A

a
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needs to be minimized. This simply entails a sensitivity analysis into the effects of parameter vari-
ations in the elemental filters of the MMAE.
The error autocorrelation equations are derived from the standard Kalman filter equations (32)
and (33) based on the design model hypothesizing the parameter value a;,
x;j(ti) = ®;(ts, ti-1)x;(ti-1) + Gaj(ti-1)waj(ti-1) (63)
a(ts) = H;(ts)x; () + v;(t:) (64)
which varies from the actual truth system based on the true parameter a;:
x¢(ti) = By, ti1)xs(ti-1) + Gas(ti—1) War(ti-1) (65)
2ze(t;) = Hy(ts)xe(ts) + vi(ts) : (66)
Given these standard equations, the estimation error vector is given by
%(t;) = %;(t;) — Txa(t]) 67)
where T denotes a transformation matrix from the true state space to the model state space, which
allows reduced order filter designs.
The appropriate MMAE filter selections are made based on [4] using the one-step prediction
model of the state estimate %;(¢; ). Sheldon derived the one-step prediction model from the standard
Kalman filter equations in terms of the estimation error vector X;(¢; ) to produce the iterative error

autocorrelation matrix equation (the time arguments, (), are dropped for convenience) [68, 69]:
X - _
E { [ . ] [ T x T ] } = T(ti)= LT;(t;ie1) LT + GoQoGY (68)

where

(69)

®,(1-K;H;) TA®-&,K,AH
0 &,
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-TGe ®;K;
G 0

Q= [ Qe 0 ]
and
TA® £ &,T-T®,
AH £ H,;,T-H,
Notice that £, G, and Qp are formed by partitioned matrices. If £ is a contraction, as ¢; — 00,
I';(t;) approaches a constant value which is the steady state prediction error autocorrelation, and is
J J

T
denoted I's°. The upper left partition of L;t:), E { [i‘] [i“] }, is ¥, the autocorrelation of

T
the estimator prediction error for the j%" filter, and E { [i;] W {ij_] } is calculated by:

E{[ijf]W[i;}T} - tr [W\Il;] (70)

This value can be calculated at any point in the parameter space once the filter to which the MMAE
converges is identified. Given that there are sufficient conditions for the MMAE to converge in

“Baram sense” [4], it will converge to the j * filter governed by [68, 69]:
£; = min{y k=1,..,J (71)

where ¢4, is defined as the proximity of the k%" filter generated by [4] as:
0 2 log, |Ax] +tr {[Ad " ([ H: AH]IP[Hy AH 4 R,)} (72)

given

A, =H;P H] + Ry (73)
Careful attention should be paid to Equation (72) recognizing that the notation [ H; AH | indi-

cates partitioned matrices.
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Sheldon developed a five-step algorithm allowing the designer to approximate and minimize

the cost functional given in Equation (60) or (62) numerically :

. Start by describing the system in terms of the parameter vector a, specifying the structure of

the truth system and the filters to be implemented in the estimator
Choose J, the number of filters to be implemented in the estimator.

Choose a representative parameter set to begin the minimization. The set should be chosen

based on which cost functional is being minimized:

— For the cost function that penalizes state estimator errors, a reasonable choice can be
obtained by plotting the optimal estimation error autocorrelation, Equation (70), fora coarse
discretization of the parameter space assuming a; = a; at eachpoint. The larger tr [W ¥} ]
is, the closer the representative parameters should be.

— For the cost function that penalizes parameter estimator errors, a reasonable choice may be
made by equally dividing the admissible parameter region into equal intervals and choosing
the midpoint of each interval as a member of the representative parameter set.

Use a numerical integration technique to evaluate Equation (60) or (62) for any given choice ofa
representative parameter set. The functional evaluations required at each interval are calculated
with Equation (68). The information required to set up Equation (68) is based on the proper
filter selection per Equation (72). Note, for the cost functional pertaining to the parameter
estimator, the value of & needed in Equation (62) is the value of a forming the basis of the filter

selected at the evaluation point.

Step 4 generates a numerical approximation to the value of C(a) for a prespecified choice
of parameter vector a. The problem becomes a vector minimization problem, and a vector
minimization technique can be used to minimize C(a) using the procedure in step 4 to evaluate

the functional for each parameter vector
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To avoid estimator lockup, Sheldon extended his work to account for the design practice of
placing lower bounds on the elemental filter probabilities, p;. The lower bounds, pmin, are used to
ensure that the system is adaptable to true parameter value changes [68,69]. The parameter estimate

is then given by

a(t;) = Za,-p,-(t,-)

= {1- 0 pu))a*() } + Za;(t Puin (4)

where a*¢ indicates the filter-assumed parameter value selected via Equation (71), i.e., the j * filter
to which the MMAE converged in the “Baram sense” [4]. The cost function in Equation (62) is
now solved using a(¢;) from Equation (74).

Sheldon’s algorithm will be modified to provide on-line discretization of an adaptive MMAE
bank, including the use of a finite horizon discussed previously. Specifically, a moving-bank MMAE

will be incorporated with the modified on-line Sheldon discretization, as presented in Section 3.1.5.4.

2.2.4 Hierarchical Structure

Maybeck and his students have researched multiple failures for reconfigurable flight control
via MMAE methods [11, 14, 15,50-52] and the following section parallels the discussion presented
by Miller [53]. If a multiple model algorithm were based upon all possible single and double failures
of K sensors, it would require one elemental filter for the fully functional status, K single-failure
elemental filters, and K!/[(K—2)!2!] double-failure filters. To avoid this computational burden, the
idea of the “moving-bank” leads to the concept of a hierarchical structure that requires at most only
(J=K+1) elemental filters to be on-line at any given time: the same number used when only single

failures are modeled. Figure 11 illustrates such a hierarchical structure. At “Level Zero”, there
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Figure 11. Hierarchical Modeling - Level 0 and Level | MMAE Banks
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are K elemental filters specifically designed for one of the single-failure conditions and one con-
figured for the fully functional system (denoted as ag in the figure). Upon confirmation that failure
“k” (any of the possibilities 1,2,...,K) has occurred, a new MMAE bank is brought on-line from
memory at “Level One” and replaces the original “Level Zero” MMAE. It would consist of J=K+1
elemental filters: one designed for the k" single-failure condition (denoted aj), K—1 configured
for the double-failure condition of the known k failure plus one of the remaining possible fail-
ures (denoted ag;), and one designed for the fully functional (ag) system to allow for using future

measurements to change the decision that the first failure, had, in fact, occurred.

2.2.5 Inter-Residual Distance Feedback (IRDF)

The following section parallels the discussion presented by Miller [53]. The common assump-
tion used when employing MMAE techniques, is that the parameters take on only a finite number
of different values. An MMAE’s successful operation depends on the distinguishability of the mod-
els used and the tuning of the filters based on the parameters chosen. There must be significant
differences in the characteristics of the residual in the “correct” versus “mismatched” filters. Each
filter should be tuned for best performance when the “true” values of the unknown parameters are
identical to its assumed value for these parameters. When Kalman filters are used in the bank, con-
servative tuning should be avoided to prevent the residuals from becoming too close together and
affecting the discrimination property of the filter bank. For fast and reliable discrimination, the
residuals should be as distinct as possible [36,45].

Lund has proposed a modification to the MMAE concept and has successfully demonstrated
it, by simulation, for a second order single-input single-output system [35,36]. The method, Inter-
Residual Distance Feedback (IRDF), provides for on-line modification of the elemental filters for

the purpose of maintaining the discrimination property of the MMAE filter bank. The method
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modifies the elemental filters to keep the predicted measurements from becoming too close in “some
sense”, thus affecting the distinguishability of the elemental filters and thereby the properties of the
MMAE algorithm. The elemental filters are modified by detuning the filters through modulation of
either the dynamic driving noise Qq; or the new information Kjr; directly. Recall that K;; is the
4 elemental filter gain matrix and r; is the residual vector of the 4 elemental filter. Modulation
is governed by a scalar quantity computed from a distance measure between the residuals. The
IRDF concept was initially applied to continuous-time systems by Lund [35,36] and extended to

the discrete-time case by Miller [53].

2.2.6 Model-Group Switching

A new algorithm has been developed that includes the additional flexibility of changing the
number of filters in the MMAE bank [31]. Notice that all the other methods discussed to this point
require the number of filters in the bank to remain fixed. The new algorithm is called model-group
switching (MGS) since it relies on groups of models which are closely related in terms of system
behavior and switches between these model groups. Switching refers to choosing which model
groups are included in the MMAE at each sample time. More than one model group can be active
at a given time and later deactivated based on the decision logic. Clearly the number of vﬁlters inthe
bank as well as the span of the bank in parameter space would change as the switching logic activates
and deactivates model groups. Consider a two-dimensional parameter estimation problem. Several
model groups could be dedicated to each parameter. If a parameter variation is detected in one
dimension, then the model groups associated with that parameter would be candidates for inclusion
into the bank. Once the parameter estimate adapts and is deemed adequate, then either the original
model group or the newly activated model group could be deactivated to reduce computational

loading.
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2.3 Chapter Summary

This chapter presented the background theories that lay the foundation for the new concepts
developed in Chapter 3. Some of the items discussed here, such as chi-square tests and SPRTs,
provided insights into the development of new hypothesis testing ideas and analytical means of
selecting decision thresholds. Sheldon’s discretization technique and the moving-bank MMAE will
receive considerable attention in the next three chapters. All of the ideas presented in this chapter,
including the basic voting method which led to combining decision making measures with logical

AND’s and OR’s, played an important role in the development that follows.
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Chapter 3 - Theory Development

This chapter presents the theory developed in support of the dissertation research. Section2.2.3
introduced the fundamental concepts of a moving-bank MMAE. The focus of the research has been
to develop algorithms designed to direct the placement of the parameter points to be used as the basis
of the elemental filters in a moving-bank MMAE. It is desired to exploit the available information
as fully as possible, to make decisions to move, expand and contract the bank in a better and more
systematic fashion than is currently possible with the ad hoc techniques described in Section 2.2.3.
To this end, two new algorithms have been formulated and are titled the “Density Algorithm” and
the “Probability Algorithm”. The density algorithm is subject to many ad koc methods including
empirically determined thresholds, but some progress has been made in the development of analyt-
ically determined thresholds. Additionally, this algorithm presents the first steps in the exploitation
of density data available from the MMAE as described in the next section. Finally, research into
portions of the density algorithm led to the development of the probability algorithm, which is much
more analytical in both its derivation and implementation. The sections in this chapter describe the
thought processes behind the development of the algorithms, including the underlying theories and
the details of the final implementations.

Figure 12 shows the major topics of interest related to the moving-bank MMAE as (1) decid-
ing when and where to move the bank (2) deciding when and how to expand or contract the bank (3)
determining the level of discretization for the bank and (4) other techniques such as model-group
switching and IRDF. The newly developed algorithms address major topics (1) - (3), and compar-
isons to previous methods are discussed theoretically in this chapter and through simulation results

in Chapter 4.
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Figure 12. Moving-Bank MMAE Topics of Interest

3.1 Density Algorithm

Since considerable research had already been conducted in the realm of moving-bank MMAE’s,

the primary question being asked at the onset of this research was “what new information can be

exploited to derive a new moving-bank algorithm?” The answer is contained in the conditional den-

sity of the current measurements, conditioned on the assumed value of the parameter vector and the

observed values of the previous measurement history, f:,(a,z(t:_,)(Z:|a;, Zi-1), which will be re-

ferred to as the density f;,|a,z,_, for simplicity. Recall that each elemental filter in the MMAE bank

provides a sample of this density function, each for a different value of a;. The sample values are
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calculated using Equation (47), which is repeated here. The density samples are given by
fat)laz(t:1) (@ilaj, Zi-1) = B;exp{-} (75)

where

1
bi = G, e

(76)
and the expression in the brackets is

(= {3 @A G | @
The following subsections discuss the details of a new algorithm based on the above density, begin-
ning with its development through data analysis, followed by a description of the logic flow, and

ending with enhancements that improved the algorithm’s performance.

3.1.1 Algorithm Development

Although this algorithm is focussed on the density fz,ja,z, | the actual density that is more
motivating to monitor and characterize is fajz,. Note the subtlety in the subscripts which identify
this function as the conditional density of the parameters based on the measurement history. The
underlying concept behind utilizing the density f,,|a z, _, is to determine the shape of the conditional
density fqz,. A natural question would be, why not consider f,z, itself directly, and this will be
answered as the discussion develops. The next step might be to center around or contract about the
highest peak of f,z, in the parameter space, as this will appropriately yield the placement of the
elemental filters about the region ofhighest probability. This concept is motivated by the relationship

between the two density functions which is shown here and derived by Maybeck [45]:

fz-laZ~ falZ-
f Zi —_ i|&yLi—1 i—1 (78)
@ f,A, fzi|8,zi—1 fafzi—lda
Note that a can assume any value in a continuum set A, C RP and « is a dummy variable for

the parameter vector. One could simply distribute the discrete parameter values to be used for the

basis of the elemental filters, uniformly about the peak density value. Alternatively, nonuniform
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distributions could be used based on the shape of the density. The problem is that the shape of fqz,
or its peak value are not known but merely J discretized values of it are available, where J is the
number of elemental filters in the bank. If the parameters could only assume one of J discrete values

given by a3, ag, . .., ay, then Equation (??) would yield
J
faz, = Y _pits)é(c—ay) (79)
j=1

where p;(#;) is given by Equation (44), repeated here:

Fa(t) a2t ) (#ilas, Zi—1)pi(ti-1) 80)
P Fatt)iaz(ts—) (#ilak, Zi1)px(ti-1)

pi(t:) =

However, we actually wish to conceive of f,z, as a continuous surface for which Equation (79) is
to be viewed as a discretized approximation (the p;(¢;) are then “volumes” under that surface over
areas surrounding each a;) that will change with the number and location of the discrete values a;.
However, the approximating density given by Equation (79) is normalized in the above equation
such that il p; = 1; so the probabilities only give an indication of the density shape within the
region coxjc;ed by the bank. In other words, it assumes the density function is essentially zero outside
the bank and thus distorts the true shape of the density at the sampled values. For instance, if the
bank were currently located far from the true parameter, then all of the likelihood quotients given by
Equation (54) would be very large (indicative of the bank placement problem), and thus al/ of the
fz:|a,z,_, values given by Equation (75) would be correspondingly small, but the p;(¢;)’s computed
by Equation (80) would always add to one and not reveal the problem. This motivates exploiting

the unnormalized samples of f, |5z, Wwith a newly developed decision logic. Additionally, note
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that p;(t;) in Equation (80) is a function of fy,)a z(z_,) and p;(ti—1) (the elemental probability
value vat the previous sample time), so the density, fz(s,)ja,z(:;_,)> Provides Jead -type information
about the probabilities and anticipates changes in these probabilities. This implies that a decision
logic based on fy(;,)(a,z(::_,) has the potential to react to changes in the true parameter value more
quickly than a decision logic based on p;(¢;). This implication is supported through simulation
results presented in Chapter 4.

Now that the unnormalized samples of .\, 7. were identified as the “quantities of interest”,
extensive empirical analysis was conducted to determine useful trends in this piece of data. Com-
puter simulations were performed using a filter performance evaluation tool named MMSOFE [60]
that subjects a proposed MMAE design against a “truth model” simulation of the real world (and
then conducts a Monte Carlo analysis), and a 13-state GPS / INS navigation model detailed in Chap-
ter 4. In this particular application, the uncertain parameter is a scalar, the covariance Rgpg of the
noise in the GPS measurements, given by Equation (35) and appearing in Equations (37) — (51)
and explicitly in Equation (39). The empirical analysis began by simply observing the raw density
data plotted in MATLAB [41] and manually identifying trends that appeared in the elemental filter
densities when parameter variations were induced into the truth model. The manual analysis led to
investigations into what types of measures of the raw data would provide an algorithm with indica-
tors useful in a decision logic. Candidate measures were analyzed based on consistency of making
the desired (appropriate) decisions such as move, expand or contract the bank in the presence of
parameter changes. Once the candidate measures were classified as accepted or rejected, a prelim-
inary decision-making process was conceived and implemented. A short study was performed to
recognize both desirable and undesirable trends in the preliminary algorithm. Additional measures

and techniques were analyzed, leading to the final algorithm.
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3.1.2 Candidate Measures Rejected

The following paragraphs describe the measures that were considered for use in the density
algorithm but rejected. Reasons for rejecting these relative to other possible measures are discussed
for each measure, and then attention will be focussed on the accepted measures in Section 3.1.3.
Candidate measures that were rejected are labeled m; whereas those that were accepted are labeled
M;.

Sum of density values . This measure was intended to indicate whether the filters assuming
the current parameter values were placed in a region of high or low probability in terms of the true
density f;,ja,z, .- This is best illustrated in simplified drawings of the density function for a one-
dimensional problem. Figure 13 shows that a good choice of parameter values a; —a; (i.e., close
to the true parameter value) would result in all large values for the density function samples. Note
carefully that Figure 13 is a plot of f, |a z,_ (C;l@,Z;-1) versus the parameter o rather than versus
the incoming measurement ¢, as might have been anticipated. In the context of an MMAE, at time

t; we know ; and Z;_1 but we do not know the best value (or values) of a, so this makes sense.

True Density {_z|a,Z

T~

Samples

a; a; aj
Parameter Values

Figure 13. All Density Values Relatively Large
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If ¢; and o were both scalar-valued, then one could conceive of plotting f;jaz.  (¢;le,Zi-1) as
a surface over the ¢; — a plane (let ¢, rise vertically out of the page in Figure 13). Then one could
slice through that surface with a plane at the known (observed) value of ¢;, which would yield the
plane of the previous page and Figure 13 as the appropriate slice out of the surface.

Similarly, Figure 14 shows that a poor choice of parameter values a; — a3 (i.e., far from the
true parameter value) would result in all small values for the density function samples. The resulting

measure

J
m; = Zfz|a,Z(j)
i=1

could then be used as a basis for decision making. Unfortunately, this measure gave inconsistent
trends, as its order of magnitude changed significantly as a function of the true parameter value
rather than how well the filter-assumed parameter values matched the true parameter value (recall
that the uncertain parameter is the measurement noise covariance, R(¢;)). For example, if the true
parameter value changed by an order of magnitude, then the measure would follow suit regardless

of whether or not the filter assumed-values were well placed with respect to truth.

True Density { z|a,Z

a, a, aj
Parameter Values

Figure 14. All Density Values Relatively Small
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Sum of delta density values: The phrase delta density value refers to the difference between
the density samples of two adjacent elemental filters within the bank. The filters are placed within
the bank such that their assumed parameter values are in ascending order. The sum of the absolute

value of these delta values is used to form rejected measure mo:
J-1
my = Z |fz|a,Z(j) - fz|a,z(j + 1)]
Jj=1

Notice that the absolute value of the delta density is used to gain insight into the variations of the
density samples. A lack of variation of the density samples would indicate that the filters are located
close to truth, provided that m is simultaneously large, and thus preclude the algorithm from making
unnecessary bank movements. Figure 13 shows such a case where the density variations would be
small. A lack of variation while m; is simultaneously very small could indicate being very far from
the true parameter value, as seen in Figure 14. In contrast, Figure 15 shows the case where large
variations and thus a large value for ms would exist, leading to the desire to move the filter bank
closer to the density peak, i.e., to the right. This measure also gave inconsistent trends as its order of
magnitude changed significantly as a function of the true parameter value. This was later rectified
by normalizing the delta density values, resulting in the accepted measure M5 discussed presently.
Curvature and slope of spline fit [m3. and m3,]: Recall that J samples of the density function
are available, where J is the number of filters in the bank. The intent is to gain insight into the
shape of the density function based solely on these J samples and make a determination where

the elemental-filter-assumed parameter points lie in the parameter space with respect to truth, The
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Figure 15. Large Variations in Density Values

density samples for each filter are plotted at a given sample time and a spline fit is performed.
The measures, ms, and ms,, represent the first and second derivatives of the spline fit evaluated
at specified points. MATLAB provides toolbox functions for performing both the spline fit and
calculation of its derivatives [41]. The curvature, ms,, or second derivative of the spline fit is
evaluated at the maximum density sample and is used to help determine the appropriate span of the
filter-assumed parameter values within the bank. For instance, a Jarge negative curvature indicates
that the density function has a narrow peak and suggests using a small bank span, while a small
negative curvature which indicates that the density function has a broad peak and suggests using a
large bank span. Additionally, ms. could provide information about the location of the true density
peak with respect to the current density samples. For example, a positive curvature would result
from the density samples shown in Figures 14 or 15, giving an indication that the true density peak
is to the left or right, respectively. A negative curvature would result from the density samples
shown in Figure 13, giving an indication that the true density peak is within the raﬂge spanned by

the filter-assumed parameter values. Additional insights could be obtained by observing the sign of

63



the slope, mas, or first derivative of the spline fit evaluated at each density sample, since a change
from positive to negative slope would indicate that the true density peak lies between the elemental
density samples associated with this sign change.

The spline fit proved to be computationally intensive and suffered oscillations about the zero
crossing when the filter-assumed parameter values spanned a large range, as shown in Figure 16.
Oscillations about the zero crossing is a natural occurrence when attempting to curve fit data that
are separated in the abscissa by orders of magnitude. Nevertheless, this made the measure based
on the slope and curvature of the spline fit unreliable for consistent decision making, since density
functions clearly cannot be negative. Constrained best fits, using nonnegative splines, and other
means of rectifying this problem were considered. However, this was eventually abandoned because
some of the other measures (in Section 3.1.3) provided consistently useful information that was
analogous to this measure’s information, but with much less computational load.

Density Samples
Spline Fit

/]

a, 3, a ~—_—
Parameter Values

Figure 16. Spline Fit of Density Samples

Measures of the likelihood quotieni and residual covariance : Likelihood quotient monitoring
was implemented to help identify the “correctness” of a given filter. Thus m4 = Lj(t;) for j =
1,2,...J. Likelihood quotient monitoring utilizes the likelihood quotient, L; = r;-fAjTlrj, which
is compared to a threshold value. If the threshold is exceeded, the filter is considered a bad match

to truth, i.e., it has relatively large residuals. However, if L; is below the threshold, then the filter
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is considered a good match to truth, i.e., it has relatively small fcsiduals. This information was
intended to provide insights into how harsh a movement should be, i.e., hard, firn or soft. These
relative terms for the harshness of a move indicate how far the bank is moved in the parameter
space and will be explained in Section 3.1.4.2. The upcoming discussion of measure M7 details the
successful use of likelihood quotient monitoring to identify poorly matched filters.

It was also proposed that the likelihood quotient could provide additional information about
which direction to move the bank or when to expand/contract the bank. Preliminary analysis indi-
cated a need to rescale L; by some measure of the matrix A~ prior to comparing it to the threshold.
The reason is that the quadratic r'}"A;lr ; was dominated by large values of the filter-assumed pa-
rameter (i.e., large entries in the R; matrix), regardless of changes in the residuals, r;. Recall that
large residﬁal values relative to the filter-computed residual covariance A ;(¢;) (and thus a large
likelihood quotient) indicate that the filter is a poor match to truth, whereas small residual values
relative to A;(¢;) (and thus a small likelihood quotient) indicate the filter is a good match to truth.
However, the filter-assumed measurement noise covariance, R ;, was varied by three orders of mag-
nitude between elemental filters, and the filter-computed residual covariance matrix was calculated
using A ;= H;P; H +R;. Therefore, the likelihood quotient was dominated by the term A;l and
masked the useful information contained in the residuals. An attempt was made to rescale L; using
measures ms — my shown here:

ms = Ljscaled with Trace(A™1)
me = Ljscaled with Det(A™?)

m; = Lj scaled with sum of all elements of A~
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All three measures failed to provide a consistent method for rescaling L;. An alternate logic was
developed that focused on the similarity of the L; values for each filter and is presented in the

discussion of measures Mg and Mg.

3.1.3 Candidate Measures Accepted

The following paragraphs describe the measures that were considered for use in the density
algorithm and accepted. Recall that candidate measures that were rejected are labeled m; whereas
those that were accepted are labeled M.

Maximum Density Value:: This measure simply takes on the maximum density sample value
from within the filter bank at each sample time.

My =msx [fyaz(@)]  G=1... @81)

The primary use of this measure is to normalize the density samples by dividing A; into some
function of the elemental densities (see measures Ms and Mg). The need to normalize the measures
became apparent when analyzing the raw data. Since the measures are often compared to thresh-
old values, it is necessary that these thresholds be applicable in the presence of the true parameter
variations. However, in many simulation cases in which the true parameters were required to vary
significantly, the density samples and thus the measures were badly scaled, disguising any useful
information. The relative magnitudes of the density samples and measures did present the type
of information needed to make good moving-bank decisions; so the density samples were simply
rescaled by the maximum value, M;, and consistent decision making ensued.

Filter Index Associated with the Maximum Density Walue : With the filters numbered from 1 to

J, the measure M, € [1, J] is the integer value associated with measure M;:

My = arg {m;"x [lea,Z(j)] } j=1...J (82)




For example, if the maximum density sample is associated with filter 3, then My = 3. This measure
indicates which direction, left or right, to move the bank, as explained by the following example.
Consider a bank of three filters (J = 3) in which all three filters are located in parameter space to
the left of the true peak density value (see Figure 15 on page 63). Since filter 3 is associated with
the maximum density sample from within the filter bank, then M> = 3. The ensuing logic is
IF My = J = Move Right OR IF My =1 = Move Left

Further insights into this logic are gained by looking at the expression for the conditional probabil-
ities:

Fa(t) a2zt ) (@il a5, Zi—1)pj(ti-1) 3)
S Fate)lanz(ti—) (Zilag, Zi—1)Pr(ti-1)

pi(t:) =

Measure M, is identifying which filter has the largest numerator density term in Equation (83) and
thus the largest premultiplier for this iterative probability calculation. T his further indicates which
filter is attempting to “absorb” more of the probability and become the filter the MMAE thinks is
the best match to truth. In this manner, focusing on fy(;.ja,z(z,,)(%:|a;, Z;—1) provides a prediction
of future values of p;(t;), i.e., it provides useful “lead” information about probability flows. The
same move logic described previously for measure M, can now be applied. If the filter on the right
end of the bank (filter J) is the best match to truth, then move the bank to the right. Similar logic
is used for moves to the left. The bank would continue to move (left or right) until My becomes
associated with a filter other than the ones on the ends of the bank, i.e., 1 < My < J, and preferably
with one near the center of the bank.

Maximum Probability Value: This measure simply takes on the maximum probability value

from within the filter bank at each sample time. This measure is not explicitly used but is included
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to lend clarification to measure My.

M3=mjaxh)j] j=1...J 8%
Filter Index Associated with the Maximum Probability Value : With the filters numbered from

1 to J, the measure My € [1, J] is the integer value associated with measure M3:
My = arg {m]ax [p,]} j=1...J (85)
For example, if the maximum probability value is associated with filter 2, then My = 2. This
measure indicates the filter which best matches the truth model at each sample time. It is used in
conjunction with measures Mz and My to normalize the likelihood quotients used in these measures.
Sum of Normalized Delta Density Values : The phrase delta density value refers to the differ-
ence between the density samples of two adjacent elemental filters within the bank. The filters are
placed within the bank such that their assumed parameter values are in ascending order. The nor-

malized sum of the absolute values of these delta values is used to form measure Ms:

J-

-5

j=1

faja,z(9) fz|a,z(J +1) (86)

Notice that the absolute value of the delta density is used to gain insight into the variations of the
density samples. A lack of variation of the density samples would indicate that the filters are located
either close to or far from truth.

First, consider the case shown in Figure 13 on page 60 in which the density variations would
be small, and it would be desirable to preclude the algorithm from making unnecessary bank move-
ments. In contrast, Figure 15 on page 63 shows the case in which large variations and thus a large
value for M; would exist, leading to the desire to move the filter bank closer to the density peak,

i.e., to the right. Measure M does not indicate which direction to move the bank but simply that a
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move is needed. This dictates the need to combine measures in the decision logic, as described by
the flowchart in Section 3.1.4.

Next, consider the case shown in Figure 14 on page 61 in which the density variations would
be small (and also their total values would fend be small, unlike above), precluding a move by the
logic of the preceding paragraph, yet a move would be desirable. This combination of conditions is
only likely to occur if the filters are too finely discretized, and the upcoming discussion of measure
Mg will introduce the use of expansions for this scenario. In other words, the lack of distinguisha-
bility between the filters is caused by the discretization being too fine, resulting in a small value for
M and prevention of a bank movement. Clearly a large bank movement would be better than an
expansion, so it will be necessary to check first for movement of the bank and give this precedence
over an expansion. This is illustrated in the flowchart presented in Section 3.1.4. In lieu of the bank
movement, a bank expansion, or possibly several expansions, would improve the distinguishability
between the filters, leading to an increase in Ms such that a bank movement would be permitted.
An alternative and much simpler logic was first considered which relied on the magnitude of the
density values to identify when the density values were all small (see Figure 14 on page 61) versus
all large density values (see Figure 13 on page 60). However, large variations in the frue parameter
value were found to induce large variations in the density samples, making it impossible to establish
a threshold that would consistently distinguish between small and large density values. Therefore,
decision logic based on the magnitude of the density data was abandoned in lieu of decision logic
based on the relative variations of the density data. The examples discussed in these last two para-
graphs make it clear that measure Mj by itself is not sufficient for making movement decisions,
and Section 3.1.4.1 will describe a combined logic based on measures M3 and M5.

The delta density values are normalized via division by M; (the maximum density sample) to

prevent the large magnitude variations encountered with measure ms, Once normalized, the delta
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density measure provides consistent indications that the filter-assumed parameter values are either
very close to or very far from the true parameter values.

The relative terms of large and small used above require a more precise definition. A simple
threshold-based logic is given by

If Ms > Ty => variations are sufficiently large = a move is desired 87

The threshold, T3, is determined empirically in the following way. First, develop the system models
in software so that computer simulations can be conducted on a variety of case studies. The case
studies should represent the designer’s best depiction of real-world variations of the true parameter
values. Next, run simulations and collect raw density data and indications of appropriateness of bank
motion at each time for these case studies. Post-process the raw data to calculate the measures, and
a reasonable choice for 7 that leads to desired bank movements should be apparent. Validate the
decision logic by performing the threshold check in Equation (87).

Counted Filters : This measure provides the number of density samples within a scale factor,
~, of the maximum density sample, indicating if the filter-assumed parameter values are too finely
or too coarsely discretized.

My

J .
My = Y6 where €G)={ o Teet) > )
i=1 ’

Specifically, a filter is considered “counted” = £(j) = 1 if the elemental filter’s density sample,
fala,z(5), is greater than the maximum density sample, M;, divided by ~. This is illustrated in
Figure 17 where 7 out of 9 filters have density samples greater than M; /. Fory = 10, the measure
is indicating how many of the density samples are within an order of magnitude of the maximum

density sample. Notice that Mg will have an integer value in the range [1,J] and leads to two possible
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Figure 17. Ilustration of Scale Factor in Calculating Measure Mg

decisions. If the filter-assumed parameter values are too finely discretized about the true parameter
values, as shown in Figure 18, then the filters will all tend to have density samples of the same
magnitude and thus Mg will be large, i.e., close to the number of filters J. This would warrant an
expansion of the bank. The potential flaw in this logic occurs when all the density samples are
small but still of the same magnitude, as in Figure 14 on page 61. Clearly a movement would be
better than an expansion; so it will be necessary to check first for movement of the bank and give
this precedence over an expansion. This is illustrated in the flowchart presented in Section 3.14.
The reason for giving bank movements precedence over bank expansions is arbitrary and lies
primarily in the development of the decision-making process. It is necessary to establish a structure
for the decision-making process that assumes either moves or expansions have precedence. This
prevents the logic from using a measure such as Mg to cause confusion and simultaneously invoke
both amove and expansion when only one or the other is most desirable. The choice is arbitrary, and
the algorithm could have been constructed with precedence given to expansions and contractions

over movements, but this development did not.
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Figure 18. Finely Discretized Filters = Expand the Bank

Alternatively, if the filter-assumed parameter values are too coarsely discretized about the true
parameter value, as shown in Figure 19, then all the filter density samples relative to the maximum
sample will tend to be small (other than the maximum itself) and thus Mg will be small, i.e., close
to one. This would warrant a contraction of the bank. As with measure Ms, the relative terms of
large and small need further definition. Two threshold based decisions are given by

IF Mg < T, = too coarsely discretized = contract (89)

IF Mg > T3 = too finely discretized = expand (90)
Additionally, measure Mg has a second degree of freedom in the selection of the scale factor .
The same methodology discussed below Equation (87) for the selection of threshold T3 should be
employed here for  and thresholds 75 and 73. Empirically determining all these values may seem
intimidating, if not tedious, at first. However, some simple guidelines should assist considerably in
this effort. First, 73 must be greater than T, (T3 > T3), otherwise the logic could attempt to contract
and expand the bank at the same time, which makes no sense. Second, 7 should be close to one;
since a contraction is only needed when all but one or two of the filter-assumed parameter values
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Figure 19. Coarsely Discretized Filters = Contract the Bank

are far from the true parameter values. The exception to this rule is found when a large number of
filters (more than 7) are dedicated to a single dimension of the parameter estimates, in which case
T, may need to be greater than one or two. Third, T3 should be close to J (the number of filters in
the bank) since an expansion is only needed when most, if not all, of the filter-assumed parameter
values are clustered around the true parameter values. Finally, it is best to set both T3 and T3 prior
to selecting the scale factor ~; since this last degree of freedom is much more problem-dependent
than the thresholds, which are mainly affected by the number of filters in the bank. Analysis of
the raw measure data will give a reasonable indication of where to set ~ such that contractions and
expansions occur when desired.

Bad Filters : This measure represents the number of “bad” filters, “bad” in terms of a large
likelihood quotient r;“AJTIr ; for each filter. Recall that a large likelihood quotient implies the filter
is a poor match to truth, and by simply counting the number of bad filters, decisions can be made

concerning the appropriate harshness of an intended bank movement. Thus let measure M7 be

-
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defined as:

J TA-1

My = 32::1 §7) where £(5) = 0, otherwise
A forthcoming discussion on the types of bank movements employed will show the utility of this
measure. The basic concept is that, if all the filters are a bad match to truth and a decision to move
the bank has already been made, then the harshness of this move should be hard versus medium or
soft. These relative terms for the harshness of a move indicate how far the bank is moved in the
parameter space and will be explained in Section 3.1.4.2.

An alternative use of the information contained in this measure was considered but not thor-
oughly pursued due to time constraints. Notice that £(j) in measure My associates a binary value
with each elemental filter, and the concatenation of these binary values could be viewed as a binary
word. Consider the three cases [10001],[11000],and [0 00 1 1] which all result in M7 = 2, but
depict significantly different scenarios requiring different moving-bank decisions. In this context,
the value of My is less important than the location of the 1’s and 0’s or the decimal value associated
with each binary word. For example, large binary words such as [1 1 0 0 0]s = 24,0 would indicate
a need to move right, away from the “bad” filters, versus small binary words suchas[000 1 1] =
3,0 used to indicate a need to move left. This same type of binary word construct could be used to
enhance the information content of any measures expressed as sums in this section, i.e., M5 through
M. A recommendation is made in Chapter S to pursue a decision-making process that exploits this
type of information.

Determination of the threshold, T}, is a key issue that warrants additional discussion. The fact

that the density function of the quadratic r'fAjTlrj for the case in which the filter is a perfect match
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to truth can be fully characterized, lends insight into what threshold value will separate the good
filters from the bad ones. Recall from the discussion in Section 2.1.2 that, if the filter model matches
the truth model, then its residuals will be a zero-mean white Gaussian process with known residual
covariance, A . Furthermore, the quadratic form,

x; = (rj—0)"A;'(r; - 0) (92)
which explicitly involves both the mean and covariance of the Gaussian residuals, is Chi-Squared
distributed [65]. The well-known density function for x; has a single degree of freedom equal to

the dimension of the residuals, m, and is given by:

filo) = Wc(m/ Dlge/2 o> 0 93)
where c is a dummy variable associated with the random variable x and I' is the standard Gamma
function. Given this knowledge of the density function associated with “good” filters, a threshold
can be chosen based on the probability of correctly classifying “good” filters. Express the proba-
bility that the Chi-Squared variable will lie below a threshold as

Py(x; £Tu) (94)
The shaded area in Figure 20 represents this probability for an example with m = 6 and P, = 0.995.
This is the probability of correctly classifying “good” filters, which if available as a design para-
meter, should be used to set the threshold T}y One simple method for finding T given a desired P,
is to utilize a MATHCAD function “T = gchisg(Py,m)” which is a function of both the desired

probability and the dimension of the residuals [39].
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Figure 20. Chi-Squared Density for m=6 Degrees of Freedom

A more ideal approach to choosing the threshold would incorporate false and missed alarm

rates and a likelihood ratio of the form:

i) = %EEE—;; 95)

where f,(c|H;) represents the density function of the random variable x given that hypothesis H;

is true. If the hypotheses are established as

Hp = filter perfectly matches truth
H; = filter is mismatched to truth

then the density function f, (c|Ho) is precisely the Chi-Squared density function given by Equation
(93) and the generalized Chi-Squared density function, f,(c|H:), must be determined. Given that
a closed form expression could be found for f, (c|H; ), then the common likelihood ratio tests such
as the Neyman-Pearson Test or a Sequential Probability Ratio Test could be employed as described
in [12, 65] and Section 2.1.3. These tests return threshold values based on false and missed alarm

rates specified by the designer. Recall the definition of a false alarm rate, o, as the probability of
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incorrectly declaring hypothesis H; is valid when Hp is true. Define a missed alarm rate, 3, as
the probability of not declaring hypothesis H; is valid when H, is true. Considerable effort was
given to finding a closed form for f, (c|Hy), resulting in expressions for the first two moments of
the random variable. The derivations of these moments are presented in Appendix A. However,
a general equation for the density function was not found and is a topic for future research. The
research in this area branched off to numerical techniques for calculating the probability, P, for
the generalized Chi-Squared case, leading to the new discretization technique presented in Section
3.2. In summary, the method currently used to set threshold, T4, is to designate the probability of
correctly classifying “good” filters, P, (x; < T4), then use MATHCAD [39] to calculate T3 via
Ty = qchisq(Py,m).

Similar Filters: The fundamental concept of measure My, which focused on distinguishing
between good and bad filters, led to the idea of measure Mg. “Similar filters” refers to filters having
similar ro A; lp ; values. Ifa filter’s likelihood quotient is close to the likelihood quotient associated
with the filter having the maximum probability weight (indicated by measure My), then that filter
is declared similar to the one with the maximum probability weight. This is determined by taking
the ratio of the likelihood quotients L; = rF A7 'r; and Ly, = r3;, A7 Ty, then checking if this
ratio falls within the region defined by 1 + 7. If the ratio falls within this region, then the filters

are similar. The measure Mg is given by:

J rT A7lr
. . 1, 1-Ty< 22 M <14 T,
Mg = Zf(j) where g(])={ 8 ThTAy +is (96)
j=1 0, otherwise

Note that, in general, the filter having the maximum probability weight is not guaranteed to

have the minimum likelihood quotient, but the ratio L—Ij"’* provides insights into the similarity or in-

7
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distinguishability of the filters. The likelihood quotient, Ljs,, would typically be less than any other
L; value since the filter associated with M, is currently selected by the MMAE as the best match to
truth. However, with the measurement noise covariance, R, as the parameter, A ;= H,;P; H] +R,
is heavily influenced by R; when the bank is far from truth (as in the case of medium and hard
moves being desired). Therefore, L; = r]TA]Tlrj, which utilizes A]TI, will tend to be smaller than
Ly, for filters assuming R; > R and larger than Ly, for filters assuming R; < R (excluding
the case when Lys, = L;). This motivates the symmetric threshold tests shown in Equations (96)
and (97). The motivation for using Ly, in the ratio versus the minimum L; value is that many of
the decisions used in this algorithm (soft moves, contractions and expansions) are centered around
the filter associated with Mj.

The threshold, Ts, must be determined empirically using the same method discussed below
Equation (87) for the selection of threshold 73. This measure indicates a lack of variation in the filter
models, and by simply counting the number of similar filters, decisions can be made concerning the
appropriate harshness of an intended bank movement. A sequential set of decisions have been made
(with sequential precedence given to move decisions and then expansion/contraction decisions, as
discussed previously), indicating a desire to move the bank as illustrated in the flowchart in Section
3.1.4. The basic concept is that, if all the filters are a similar match to truth and a decision to move
the bank has already been made, then the harshness of this move should be hard versus medium or
soft. This need for a hard move is best illustrated in Figure 14 on page 61, in which all the filters
will tend to have similar likelihood quotients. This logic mimics that used with measure M7 and,
at first look, it appears that the measures are redundant. However, empirical analysis indicated that
both are necessary to account for the various test cases used in this study. In other words, given that

all the filter models are far from the truth model, it is sometimes easier to detect that all the filters
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are bad and sometimes easier to detect that all the filters are similar to each other. The forthcoming
flowchart will indicate that a logical OR allows these two measures to be combined.

Moderately Similar Filters : The last measure is almost identical to measure Mg, and its use
is very problem-dependent. In this case, the number of “moderately similar filters” in terms of

moderately similar likelihood quotients for each filter is determined.

J rl, ALT
. . 1, 1-T <2244 < 14T
My = Zg(]) where £(J)={ 6.— AT T T o7
=1 0, otherwise

This measure simply allows the designer to incorporate medium sized moves rather than being
limited to hard and soft moves (see discussion in Section 3.1.4). The basic concept parallels that
used with measure Mg in that, if all the filters are a moderately similar match to truth and a decision
to move the bank has already been made, then the harshness of this move should be medium versus
soft. This flexibility was found useful for the test cases used in this research. The threshold, T§,
must be determined empirically (see methodology on page 70) but will always be greater than T5.
If Tg is less than T5 (T < Ts), thena given filter could fall in the counterintuitive category of being

deemed “similar” without being deemed “moderately similar”.

3.1.4 Algorithm Description

The previous sections introduced the information exploited by the density algorithm and intro-
duced some of the logic used for decision making. This section will focus on the logic flow of the
decisions, beginning with the methods exploiting the information contained in measures M; — Mg
and explained under the Main Routine subsection. These measures are needed to make the first level
of the moving-bank decisions such as move left, move right, expand, and contract. This discus-

sion is followed by the Move Subroutine subsection, which explains the use of measures My — My
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needed to determine the appropriate harshness of an intended bank movement. Each major event or
decision shown in the flowcharts is labeled with a number to help the reader relate the discussion
below with the figures. A flowchart is not presented for the subroutine Redistribute since the logic

flow is quite simple and a written discussion should suffice.

3.1.4.1 Main Routine

The main routine is depicted in Figure 21 and by virtue of the order of the decision blocks
(diamond-shaped blocks), movements are given order precedence over contractions and expansions.
Recall the discussion on page 71 which explained that the process used to develop the algorithm
led to giving bank movements precedence over contractions and expansions. This choice is nothing
more than a judgment made by the author and not based on any criteria for optimality, nor is it
considered necessarily superior to the method of giving contractions and expansions precedence
over movements. Simply stated, a determination was made to proceed with the decision structure
illustrated in Figure 21 recognizing that other methodologies were equally viable options.

1. Form Measures : Calculate measures M1 — Mg of Section 3.1.3 used in the main routine.

2. Check for Move Lefi: The logic used here combines two measures with a logical AND,
along with a check that the bank is not already at the left end of the parameter space. Consider the
situation depicted in Figure 22, where a move to the left is desired. The filter associated with the
maximum density value is at the left edge of the bank = My = 1. Also, considerable variation
of the density samples exists = M;s > Ti. Finally, the parameter value associated with filter 1 is
not equal to the minimum allowable value for the parameter (a_l # a_min). All three requirements
must be met to deem that a movement to the left is needed, as shown by the following IF-THEN

statement:

IF (Mp=1 & M;>T, & als#amin) THEN (MoveLeft) (98)
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Figure 22. Move MMAE Bank to the Left

A decision to move the bank based solely on measure M, or M; would be victim to some
special cases. First, the true parameter value may be centered in the filter bank (in terms of the
filter-assumed parameter values), but a single noise sample could cause one of the filters on the
edge of the bank to become the filter with the largest density sample momentarily, i.e., My = 1 or
J. A movement would not be desired based solely on measure M, and by also recognizing that the
variation of the density samples is insufficiently large, an undesirable movement would be prevented
under such a circumstance. Second, measure M5 does not indicate which direction to move the
bank, but simply that a move is needed. The direction information is found in measure A5, leading
to the natural combination of these two measures.

3. Set Action to Move Left: A flag is set indicating a move to the left; so the subroutine Move,
which is about to be called, will know which direction to move the bank.

4. Check for Move Right : The concepts and ensuing logic are identical to those for decision
block 2, Check for Move Left with the following exceptions. First, the filter associated with the
maximum density sample must be at the right edge of the bank = M, = J. Second, the parameter
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value associated with filter J must not be equal to the maximum allowable parameter value (a_J #
a_max). The IF-THEN is stated as
IF (Me=J & M;>Ty & aJ#amax) THEN (MoveRight) (99)

5. Set Action to Move Right: A flag is set indicating a move to the right; so the subroutine
Move, which is about to be called, will know which direction to move the bank.

6. Call Move: Call the subroutine Move, which will be discussed in detail presently.

7. Call Redistribute: A move, expansion or a contraction will establish a new set of poten-
tial [aj,ay,... ;aJ] values in parameter space. Given that one of these three operations has been
executed, call the subroutine Redistribute to ensure that the newly assigned parameter values for
the filters lie within the admissible region of the parameter space. It may seem unlikely that a bank
contraction would lead to parameter values outside the admissible parameter region. However, the
method used to contract the bank may lead to a simultaneous move left or right, since the bank is
centered on the parameter value associated with the filter having the maximum probability. This is
discussed further under item 9, Contract the Bank. Similarly, item 11, Expand the Bank, explains
that a bank movement may be induced by a bank expansion. One obvious altemative would be to
perform pure contractions and expansions about the current center of the bank (with movements
taking place only when dictated by a completely separate move logic), eliminating any bank move-
ment.

The newly assigned parameter values for the left and right ends of the bank (21 and a;) are
simply compared to the minimum and maximum allowable parameter values (amin and amax) re-
spectively. If either newly assigned endpoint falls outside the admissible parameter space, then it
is assigned the appropriate value of apm, OT amax. This relatively simple operation is depicted in
Figure 23. Notice that the breadth of the parameters spanned byﬂthe bank is maintained in the redis-

tribution process.  The parameter breadth is defined as the difference between the maximum and
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minimum filter-assumed parameter values in each dimension.

Breadth = aj—ay

a_max

(100)

This implies that all the [a;,as, . .. a;] values are redistributed (moved left or right) by the same

amount rather than adjusting only those parameter values that have fallen outside the admissible pa-

rameter space or using some other criteria to rediscretize all the pardmeter values within the bank.

Simply adjusting only those parameter values that have fallen outside the admissible parameter space

would result in a contraction of the bank, which is not warranted at this time. Rediscretizing the

parameter values based on other criteria is employed by various versions of the density algorithm,

including the density algorithm combined with an on-line Sheldon discretization described in Sec-

tion 3.1.5.4 and the density algorithm combined with the probability based discretization method
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described in Section 3.3. The relative merits of the ad hoc method presented here versus the redis-
cretization methods based on other criteria are discussed in Chapters 4 and 5.

8. Check for Contraction: Note in Figure 21 that this check is only performed if checks for
both lefiward and rightward moves have negative results. Recall the discussion in Section 3.1.3
which explained that, if the filter-assumed parameter values are too coarsely discretized about the
true parameter values, then all the density samples relative to the maximum sample will tend to
be small and thus Mg will be small, i.e., the number of counted filters will be close to one. This
would warrant a contraction of the bank, as shown in Figure 24. Measure M is simply compared
to threshold value T5, and if Mg is less than T3 (Mg < T3), then a contraction is performed.

9. Contract the Bank : Notice in Figure 24 that the bank is contracted about the parameter
values associated with the filter having the maximum probability, i.e., centered around My. The idea
is that this filter’s assumed parameter values provide the best guess, among those in the bank, for
the true parameter values. Therefore, it is the logical choice for the center of the bank in parameter
space. This is no guarantee that this method of contraction, which is symmetric about the filter
associated with My, is optimal. Alternatively, if M, is not in the center of the current filter bank
(prior to contraction), then the asymmetry that exists in the current bank could be applied to the
newly contracted bank. However, applying this asymmetry does not guarantee optimality either.
Therefore, the symmetric method of centering around M4 was chosen for simplicity. The next step
is to determine the remaining parameter values for the filters within the bank by first determining
the amount of contraction desired. |

The underlying concept for choosing the new filter-assumed parameter values in the bank is
based on human eyesight. Specifically, it is desirable to give the MMAE both a foveal and peripheral
view of the parameter space. The foveal view would consist of several filters (say 3 out of 5 filters)

focussing on the current best estimate of the parameter values, as shown by example in Figure 25.
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Figure 24. Contraction of Filter Bank

This is accomplished by centering around the maximum probability filter as mentioned above. Since
the foveal view filters would be relatively close to each other with respect to their assumed parame-
ter values, these filters would tend to have density samples that are close in magnitude and contribute
to the number of “counted” filters via measure Mg (recall Equation (88) and Figure 17). Further-
more, the maximum density sample is most likely to be associated with one of these foveal filters.
This motivates contracting the bank such that the number of counted filters consistenfly matches the
number of desired foveal filters. The peripheral view of the MMAE bank would consist of the re-
maining filters (say 2 out of 5 filters) which would assume parameter values far from the current best
parameter estimate. These filters will not be counted via Mg since their associated density samples
will be small compared to the maximum density sample. These peripheral filters are lying in wait
for a dramatic change of the true parameter values and give the bank the flexibility to react to such a
change. Apply these thoughts to the following example. Let J = 5 and assume Figure 26 represents
the density samples associated with the five filters in the bank prior to a desired contraction. Notice

that the number of significant or “counted” densities is one, Mg = 1. Now let the bank undergo a
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Figure 25. Filter Bank After Contraction
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Figure 26. Filter Bank Prior to Contraction
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contraction followed by the propagate and update cycles of the Kalman filters. The contrived density
samples for this example might appear as in Figure 25 where the number of “counted” filters has
increased from Mg = 1 to Mg = 3. Based on these observations, the following method was
developed which allows the designer to choose the number of desired foveal or counted filters.
Contraction will be applied to the filters in a uniformly spaced parameter range, where the
uniform spaced parameter range refers to the integer numbering assigned to the filters (1, 2, 3,...J).
The spacing here is clearly uniform despite the highly nonuniform spacing in the actual parameter
space that may appear between the parameter values assumed by the filters. This is easier to under-
stand by looking at the contrived example shown in Table 1, in which the parameter values are not
uniformly spaced but the numbers assigned to the filters obviously are uniformly spaced. Recall
that a contraction decision is based on measure Mg which takes on integer values in the range [1,]].
Therefore, it makes sense to work in the uniform parameter space when determining if a contraction
is needed and to determine the amount of contraction. Additionally, from a design standpoint, it
makes sense to designate the number of desired filters (an integer value) in the foveal and peripheral

views of the MMAE.
Table 1. Uniform and Nonuniform Parameter Values

Filter # 1] 2] 3 4 5
Parameter Value [ S| 10 | 50 | 120 | 150

Define a contraction factor, x, equal to the desired number of counted (foveal) filters and
applied in the uniform parameter space to determine new uniform parameter values for the filters,
which are then converted to actual filter-assumed parameter values via interpolation or extrapolation
described presently. As previously stated, the new contracted uniform values, a,, are found by

centering around the filter-assumed parameter value having the maximum probability using the
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following equation:

a’c'f = [a’uhau?, .. -,auJ] = [M4, M4, ves ,M4] +

j-1 J-3 J-3 J-7J
”[_20—1y 20-1) 20-1) '20-1

J-5 J-3 J-1
””2u—1y2@-1y2@-1J

(101)

The first bracketed term in Equation (101) is just a J-dimensional vector with each element equal to
M,. The second bracketed term in Equation (101) will always have the form [—3,...,0,...,3],
resulting in minimum and maximum uniform parameter values of 2,1 = Mj — f$anda,y = My+ z
respectively. Therefore, the new uniform parameter breadth is given by auj—au1 = (M4 + %) —
(Ms — %) = x and supports the design goal of maintaining a set number of counted (foveal) filters.

For example, the case of J = 5, My = 4 and a desired foveal view of 3 filters,

?

] =[2.5,3.25,4,4.75, 5.5]

|-
o=

al = [$4¢g&4y+3.[—%,_
Notice that for this example, the newly contracted parameters only span a uniform range of 5.5 —
2.5 = 3 (equal to x) versus the original span of 5— 1 = 4 (equal to £+1). Likewise, the actual filter-
assumed parameter values found via interpolation and extrapolation will span a contracted range.
Notice that the method used here will always result in a contraction of the bank to 2% of the original
bank span, regardless of the measure Me. Initially, consideration was given to incorporating Me
into the contraction process such that smaller values of Ms (indicating a very coarse discretization

about the true parameter values) would induce larger amounts of contraction. However, performance
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analysis found that a single level of contraction was sufficient, since the bank rarely required a series
of contractions, and this single level of contraction was used for simplicity.

The contraction method just described is used in the final implementation; however, an alterna-
tive method is recommended for consideration. Rather than uniformly spacing all of the filters over
the newly contracted bank span, one might choose to group the foveal filters tightly in the center of
the new span and place the peripheral filters farther to the outside. One such approach is illustrated

in Figure 27 for a five-filter example. Notice that the parameter values for the three foveal filters

F overall span <
5 d ! d | d |
- 3 oo o o
a, a, a, a, a
— foveal filters —]|

Figure 27. Alternative Spacing of New Parameter Values for Contractions

are evenly spaced over the distance “d” in the uniform parameter space and the peripheral filters
are spaced a distance “d” from the outer foveal filters. In general, the number of desired foveal fil-
ters is simply J — 2. Recall that the contraction is performed in the uniform parameter space prior to
conversion to the actual parameter space, which is discussed in the next paragraph. Therefore, the
distance “d” is an integer value equal to the number of desired foveal filters (J — 2) and the over-
all span is equal to 3d. This approach is recommended for its simplicity, and many alternatives are

possible.
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The next issue is, how to convert from the uniform filter parameter spacing to the actual filter-
assumed parameter values. The solution is to plot the uniform filter parameter values versus the
actual filter-assumed parameter values, as shown in Figure 28. The contraction will actually take
place in the uniform parameter space as described above, resulting in non-integer values within this
space. Next employ linear interpolation and extrapolation to determine values in the actual filter-
assumed parameter space corresponding to the non-integer values. Consider the following example
contrived to illustrate the interpolation process. Specifically, use the filter parameter values shown
in Table 1 and assume the contraction process requires a new uniform parameter value of a,; = 2.5.
The mapping of the uniform parameter values to the actual filter parameter values is shown in
Figure 28 including the new filter-assumed parameter value of a; = 30 (shown as an “07) which
corresponds to the new uniform parameter value of a,; = 2.5. Similarly, notice for the example
presented in the previous paragraph that a,s = 5.5, which is outside the current parameter span and
requires extrapolation in the uniform parameter space. Linear extrapolation is applied for simplicity
and provides adequate results for the relatively short extrapolation distances required here. For
instance, the maximum extrapolation distance required in this example is ays —J = 5.5 — 5 = 0.5.
Note that this method of contracting the bank may additionally result in a small move to the left or
the right. This is caused by centering on the filter-assumed parameter value having the maximum
probability unless the associated filter is currently in the center of the bank. The example above
illustrates this attribute since centering around M, = 4 results in a uniform parameter value of
aus = 5.5 and thus actual parameter values which are to the right of the current bank.

Finally, a call to the subroutine Redistribute is made to ensure the new filter-assumed parameter
values lie within the admissible parameter range. The vector a,, is independently obtained for each

dimension of the parameter vector.
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Figure 28. Uniform Versus Actual Filter-Assumed Parameter Values with Interpolation
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10. Check for Expansion: Recall the discussion in Section 3.1.3, which explained that if the

filter-assumed parameter values are too finely discretized about the true parameter value, then all

the filters will tend to have density samples of the same magnitude and thus Ms will be large,

i.e., close to the number of filters, J. This would warrant an expansion of the bank as shown in

Figure 29. Measure Mg is simply compared to threshold vatue T3 and if Mg > 73, then an expansion

is performed. Also, recall the need to check for a move prior to checking for an expansion (or

contraction), as discussed in Section 3.1.3. The sequence of decision blocks shown in the flowchart

(Figure 21) ensures the move decisions have precedence over an expansion.

a_min

a_max

Current Parameter M 4 = location of filter in
Span M bank with max probability
4
Expanded
Bank Center around M4
My

11. Expand the Bank :

Figure 29. Expansion of Filter Bank

Much of the same rational used to contract the filter bank applies to

expanding the bank. The method for expansion is simpler in that conversion from the uniform para-

meter space to the actual parameter space is not performed. Consideration was given to performing

expansions in the uniform space and then converting to the actual parameter space, as done with
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contractions. However, this would require extrapolations over potentially large distances in the uni-
form space, leading to poor results that do not adequately represent the desired expansion.

An expansion factor is simply calculated as

Mg
" # of desired counted (foveal) filters

Expansion Factor : ¢ (102)

where the denominator is now motivated by the designer’s will to keep a set number of filters in
the foveal view of the moving-bank MMAE, and the numerator is simply the number of filters
currently in the foveal view. This ratio shows that if too many (more than desired by the designer)
of the filter-assumed parameter values are tightly packed around the true parameter values, then the
bank will expand until the desired number of filters reside in the neighborhood of truth. The new

filter-assumed parameter values are calculated using

[a':rlv,ew’arzzew “.’a?ew] = [aM4vaM4a"°,aM4]+
(o ) - ¢ 1[ J-1 J-3 J-5 J-J
)4 ol R TR LA P
J—5J-3J-1
: 1
’J—l’J—l’J—l] (103)

which is easily understood from the following description. Multiply the current breadth of the bank,
[ay — a1], times the expansion factor, £, to obtain an expanded breadth of the bank. Next, multiply

by the uniform spacing based on the number of filters and given by

-5 J-1J J
1 'J-1 J-
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to obtain an expanded spacing. Finally, add these products to a vector of the parameter value asso-
ciated with the filter having the maximum probability, asz, , to obtain a new set of parameter values
for the filters, [a7¥, a}®", ..., a}*"], centered around ays,. As with contractions, this method of
expanding the bank may additionaily result in a small move to the left or the right.

A call to the subroutine Redistribute is made to ensure the new filter-assumed parameter val-
ues lie within the admissible parameter range. The J-dimensional vector, [a}*, 25", ..., ae’], is
independently obtained for each dimension of the parameter vector. If only one dimension of the
parameter space (or at least not all of the dimensions) requires an expansion, then it seems unrea-
sonable to expand every dimension of the parameter space. Therefore, systematically checking and
implementing expansions in each dimension independently provides the flexibility needed to ex-
pand in the appropriate dimensions. Additionally, this method is straightforward and a reasonable
first approach. Alternatives to componentwise expansion decisions in the original coordinate sys-
tem of the parameter space might also be pursued (i.e., rotate into principal axes and then apply

componentwise expansion decisions), but this was not done in this research.

3.1.4.2 Move Subroutine

The subroutine Move is called by the main routine when a bank movement is warranted. Fig-
ure 30 shows the decision making process used in this subroutine. Each major event or decision
shown in the flowchart is labeled with a number to help the reader relate the discussion below with
the figure.

1. Form Measures : Calculate measures M; — My of Section 3.1.3 used in the subroutine.

2. Check for Hard Move : Recall from the discussion of measure M-, that if all the filters are
a bad match to truth and a decision to move the bank has already been made, then the harshness of

this move should be hard versus medium or soft. This scenario is handled by checking if M7 = J.
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Figure 30. Density Algorithm Move Subroutine
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Similarly, recall from the discussion of measure Mg, thatifall the filters are a similar match to truth
and a decision to move the bank has already been made, then the harshness of this move should be
hard versus medium or soft. This scenario is handled by checking if Mg = J. The resulting logic is
expressed as

IF (My=J OR Mg=1J) THEN (Move Hard) (104)

3. Check for Medium/Soft Move : Recall that measure My allows the designer to incorporate
medium sized moves rather than being limited to hard and soft moves. The logic is conditioned on
Mz # J AND Mg # J and given by

IF (My=1J) THEN (MoveMedium) ELSE (Move Soft) (105)
indicating that, if all the filters have moderately similar likelihood quotients then a medium move
would be better than a soft move.

The three types of bank movements are illustrated in Figure 31 as soft, medium and hard right.
Moves to the left are performed in the same way. The methods used to determine the new parame-
ter values for the filters are ad hoc and based on the concepts described below. In general, these
three levels of movement were motivated by analysis of various test cases in preliminary stud-
ies/simulations. Initially, only soft moves were invoked, but in cases in which large parameter vari-
ations were induced, several soft moves were required and convergence of the filter-assumed para-
meter values to the neighborhood of the true parameter values was too slow. This motivated the use
of hard moves which overcame the slow convergence times. However, some of the case studies in-
duced moderate parameter changes, and a hard move would cause the ﬁlter-assumed parameter val-
ues to overshoot the true parameter values significantly. Therefore, an intermediate move (medium
move) was pursued. Observation of Equations (91), (96) and (97) for measures M7 — M identifies
the high level of correlation between these measures (particularly measures Ms and Mpy). Therefore,

employing all three levels of moves (or adding more levels) is highly problem-dependent. Empirical
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Figure 31. Types of Bank Movements (Soft, Medium, and Hard)
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analysis through preliminary studies should indicate if more than one level of movement is needed’.
If so, employ measure My to discem between two movement levels. If more levels are required,
continue adding measures Mg, My, M1, (just like My, but with a larger threshold, 77), and so on
to discern between each intermediate level of movement. The only difference among measures Mg,
My, Mg, .. is the value of the thresholds 75, T, T7,. . ., which are empirically determined.

Note the use of scalar notation for the parameter values indicating that each dimension of
the parameter vector is processed independently. First, it may be necessary to only move in one
dimension of the parameter space (or at least some but not all of the dimensions), and working in
one dimension at a time permits moves in any or all of the p dimensions. Second, the methods used
to determine the new parameter values are easily implemented in a single dimension.

4. Soft Move: A soft move is intended to allow the bank to react to small changes in the true
parameter value or to hone in on the true parameter value given that it is already within the bank’s
parameter span. The bank is centered around the filter-assumed parameter value currently having
the maximum probability, as this is the best guess, among those in the bank, for the true parameter
value at this time:

Bcenter = M, (106)
where a™® represents the new parameter value. The parameter breadth = [ay — ai] of the bank is
maintained since there is no indication either to expand or to contract the bank. The new parameter
endpoints of the bank are determined by placing a filter either side of the new parameter center at a
distance of one-half the breadth.

alq’ = ap, F (ag —21) /2 (107)
The remaining filters take on parameter values uniformly distributed between the new center value
and the new endpoints. Notice that, under this methodology, there will exist some overlap between

the newly placed parameter values and the old parameter values since the center of the new bank
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came from the old bank. One alternative to uniformly distributing all the remaining parameter values
is to preserve the parameter values in the overlap region and uniformly distributing all the others.
This methodology was considered late in the research and time did not permit complete analysis of
its performance. It is anticipated that preserving the parameter values in the overlap region would
be superior to uniformly distributing all the parameter values, since the preserved filters will not
require the initialization needed to “start up” those filters taking on new parameter values (see
Section 3.1.5.2) and can avoid transient behavior in their state estimates often encountered by newly
initialized filters.

5. Medium Move: A medium move allows the bank to make a slightly larger step left or right
as the overlap from the old bank to the new bank is reduced to a single filter-assumed parameter
value. Specifically, for the move to the right shown in Figure 31, the new left end of the bank takes
on the parameter value from the old right end of the bank and visa versa for a move to the left.

al™ = ajg (move right)
ay® = a (move left) (108)
The breadth of the bank is maintained allowing the new right (or left) end of the bank to be calculated

as

aszew = aj+ (aJ — al) = 2ay5 — aj (move right)

al®™ = a3 —(ay—a1) =2a; —ag (move left) (109)
The remaining filters take on parameter values uniformly distributed between the new endpoints.
Unlike the soft move, there is no overlap of the old and new parameter values except for one end-
point. Therefore, some method such as uniform distribution is required. Other ad hoc distribution
methods include logarithmic spacing and monitoring estimation accuracy, but only one method is

implemented here [23, 49, 68,69]. Of course, Sheldon’s cost minimization method [68, 69] is not
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ad hoc and is utilized through the combination of the density algorithm with Sheldon discretization
presented in Section 3.1.5.4.

6. Hard Move : A hard move is actually a combination of a move and expansion, as shown in
Figure 31. The rationale for this combination is the desire to extend the bank’s parameter span over
a larger range than that obtained by a medium or soft move, while simultaneously maintaining the
single parameter value overlap described for a medium move. This single parameter value overlap
is motivated by the conservative nature of the algorithm designer who would rather systematically
move right or left toward the true parameter value rather than making huge leaps, resulting in gaps
between the old and new filter bank parameter values. In order to satisfy both desires, the bank
has to move and expand. The ad koc expansion process described in Section 3.1.4.1 could be used
to determine the amount of the expansion associated with the hard move, but an alternative ad hoc
method discussed here is used and based on the following concepts. Neither method is guaranteed to
be superior to the other, and both deserve equal consideration in lieu of some other optimal method.

One endpoint is again governed by Equation (108) to ensure a single filter overlap

at®™ = aj (move right)

ay®™ = a (move left) - (110)
while the other endpoint is a function of the maximum or minimum allowable parameter value
(8max OF 8min). Consider the case of a move right, with the understanding that moves to the left
are accomplished in an analogous manner (i.e., USE amax VEISUS amin and swap the a;’s and a;’s).
One method is simply to set the new right endpoint, a7°”, equal to amax, resulting in the maximum
amount of expansion possible. Preliminary studies indicated that this level of expansion was too
severe for this problem and resulted in too coarse of a discretization. Another idea is to choose the

new right endpoint, a}*", somewhere between the maximum allowable parameter value, amay, and

the old right endpoint, ay. This gives the designer control over the amount of expansion by selecting
101




how close the new right endpoint lies t0 amay versus the old aj. The method used here to select the
new right endpoint, a7, is to add some fraction of the distance between the old left endpoint, a4,
and the maximum allowable parameter value, amax, to the old left endpoint, a3, as given by

al® = aj+ (amax —21)/2  (moveright)

at® = a; — (a) — amm) /2 (move left) (111)
Notice that, as the bank moves cloSer to amax O amin, the amount of expansion decreases. The
fraction of 1/2 chosen here was arbitrarily determined from preliminary studies. The designer can
decrease this fraction (< 1/2) to decrease the amount of expansion for the problem at hand or increase
this fraction (> 1/2) to increase the amount of expansion.

Direct comparison of this expansion method versus the one in Section 3.1.4.1 was not con-
ducted due to time constraints. Additionally, a large expansion could be accomplished in place of
the combined hard move / small expansion presented here. However, given an indication that the
true parameter value is to the left or right of the current filter-assumed parameter values, a move
in the appropriate direction combined with a small expansion makes more sense than simply ex-
panding the bank to a coarse level of discretization. In contrast, if there is no indication of which
direction is best to move the bank, then a simple expansion would be better Since the decision-
making logic first checks for a clear indication of an appropriate move direction before resorting to

simple large expansions, it accounts for all of these cases.

3.1.5 Performance Enhancements

A short study was conducted to evaluate the performance of the density algorithm. The results
of this study motivated the pursuit of several performance enhancements which are detailed in the
following paragraphs. It should be noted that none of the enhancements are necessary for the algo-

rithm to function, but some of them were critical for good performance on the example problem used
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in this study. These critical enhancements include Dead Zone for Soft Moves and a specific form of
Initialization of Newly Declared Filters, which are anticipated to provide significant improvements
in performance for any application of the algorithm. The two other performance enhancements
presented in this section include an ad hoc method identified as Decision Delays and the on-line

version of Sheldon’s cost minimization algorithm referred to as On-Line Sheldon Discretization.

3.1.5.1 Dead Zone for Soft Moves

The density algorithm as described to this point made unnecessary soft moves in the presence
of true parameter variations. Given that a true parameter changed, the bank would move toward and
eventually encompass the true parameter within the bank’s parameter span. Once the true parameter
was encompassed, an additional soft move might be needed to center the bank on the true value.
However, in many cases the algorithm induced multiple soft moves that would overshoot the true
parameter and even oscillate about this true value with multiple soft moves to the left and right. The
result was erratic parameter estimates that degraded performance. One solution was to implement a
dead zone near the center of the bank which precluded a soft move if the filter having the maximum
probability was within this dead zone. The idea is that, if the bank had converged on the true
parameter and was, in fact, nearly centered on this true value, then a filter within the dead zone
would have the greatest probability. If this was not the case, then a filter outside the dead zone
would have the greatest probability and an additional soft move would be warranted.

The ensuing logic is given by

IF (Deadl < M, < Dead2) THEN (Don’t Make Soft Move)

where Deadl and Dead? are integers defining the dead zone and must be determined empirically.
If the dead zone is made too wide, such as by placing more than half the filters in this zone, then

the algorithm will become sluggish in its convergence to the true parameter Empirical analysis
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showed that the dead zone is more effective if it is biased towards the right side of the filter bank
(i.e., larger parameter values) when the parameter of interest is the measurement noise covariance,
R. For instance, with J = 5 a dead zone of Deadl = 3 and Dead2 = 4 was most effective. T his
biasing towards larger R values is justified in the following discussion. Assume the truc scalar
noise covariance is B; = 300 and the two elemental filters closest to R; assume parameter values
of R = 100 and R = 500. Both elemental filters are equally spaced above and below truth in terms
of the parameter values, but the filter based on the larger assumed value of R would tend to receive a
larger probability weight than the filter based on the smaller R value due to the MMAE’s tendency
to favor the more conservative filter This phenomenon is illustrated with a scalar measurement

example. Recall that the scalar likelihood quotient

2(+. ’
Li(t:) = ’“;;L(éz) (112)

where
A; =H;P;H] + R;
indicates the “correctness” of the filter with respect to truth, and a large L; implies that the filter
is a bad match to truth. Consider the following examples in which small and large R; values are
referenced with respect to truth:
Example A: R; small = A; small = L;(t;) large if rf-(t,-) is “medium” or “large”
Versus
Example B: R; large = A; large = L;(t;) large only if 75(2:) is “large”

These examples imply that a much larger residual squared, rf(ti), is needed to make the filter in
example B look bad and receive a smaller probability weight to the same degree as the filter in
example A: thus the MMAE’s tendency to favor the more conservative filter. The ensuing blending

of the parameter estimates given by Equation (51), which is repeated here, will result in a biasing
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high of the parameter estimates:

3
aumap(t) = Y _a; p(t)
=

This concept requires additional research both for validation and for determination of an adequate

method to counter it effects, if that is appropriate.

3.1.5.2 Initialization of Newly Declared Filters

The idea of initializing the bank was presented on page 42, which proposes using the blended
state estimates as initial conditions for the filters that have newly declared parameter values. Specif-
ically, only the elemental filters not already operational in the bank prior to a move, expansion, or
contraction are initialized with Xnm AE(t;*). This method is highly recommended to remove un-
wanted transients that may result if the filters are not initialized with Xym AE(t;L ). In particular,
consider the alternative in which each elemental filter that has newly declared parameter values
chooses to propagate its appropriate state estimate, X; (t}). This is effectively ignoring the infor-
mation contained in the blended state estimate, XMMAE (t:f), which is the current best guess for the
true state vector. In fact, Xym AE(tj) is more likely to be in the neighborhood of the true state vector
than %;(t;"), particularly since %;(¢;") is based on a parameter value that is currently deemed to be
unworthy of being included in the bank. An obvious exception is when a filter assumes parameter
values that match truth very well, in which case, this filter is unlikely to have just been assigned a
new parameter vector. Clearly, when initializing a Kalman filter, it is best to use an initial condition
that is closer to truth than one that is far away, since it will take more sample periods for the filter
initialized with a poor initial condition to converge to the true state values.

Récall the IMM approach discussed in Section 2.2.2 which proposed restarting all the filters in

the bank after every sample period, given that the probability state transition matrix in the standard
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MMAE structure equals identity [5,32]. At first, it may appear that Initialization of Newly Declared
Filters is nothing more than applying the IMM approach given that the probability state transition
matrix equals identity. However, this version of the IMM approach restarts all the filters in the bank
after every sample period, versus restarting only those that have newly declared parameter values.
The difference between these two approaches may seem subtle, but given a coarse discretization
of the filters in the MMAE, the blended state estimate, Xym AE(t;.’“), could vary significantly from
the elemental state estimates, %;(¢;). Therefore, re-initializing an operational elemental filter with
fmmag(t; ) via IMM versus propagating the appropriate value of X; (t) could be significant. This
version of IMM was not implemented in this research because of its tendency to degrade parameter

estimation in lieu of enhanced state estimation.

3.1.5.3 Decision Delays

Decision delays were implemented to reduce erratic bank movement. A simple yet very ad
hoc method allows the designer to choose the number of sample times that must pass before a new
decision (move, expand or contract) can be made. These delays allow the filters to settle out any
transients that result from having just taken on new parameter values. A negative aspect of this
method is the sluggishness induced into the decision making process when attempting to react to a
change in the true parameters. A reasonable process for selecting the amount of decision delay is to
simulate test cases with decision delay values of 0, 1, 5 and 10 sample periods. Larger delays may be
considered but will likely be too detrimental. Evaluate the performance in each case and select the
delay time that provides the best trade-off of parameter variation detection delay versus minimizing
erratic bank changes (moves, expansions or contractions). The aim of this dissertation is to exploit

information available in the MMAE, in a more systematic and theoretically sound manner than
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previous methods, to make good decisions for bank motion and expansion/contraction. Therefore,

the use of ad hoc methods such as this should be avoided when possible.

3.1.5.4 On-Line Sheldon Discretization

The density algorithm provides intelligent decision making for movement, contraction and ex-
pansion of the bank. However, it relies heavily on uniform spacing of the parameter values within
the newly declared parameter span of the bank. This uniform spacing is not inherent in the algo-
rithm, and this section proposes a combination of the basic density algorithm with a discretization
technique that does not rely on simple uniform spacing of the parameter values. A discretization al-
gorithm developed by Sheldon [68, 69] provides a method to choose parameter values intelligently
for an MMAE bank, given minimum and maximum values for each scalar parameter. An obvious
combination is to use the density algorithm to determine the endpoints for the parameter values and
Sheldon’s algorithm to discretize the filter-assumed parameter values between these endpoints.

Section 2.2.3.2 introduced the basic algorithm developed by Sheldon [68] and the concept of
applying a finite horizon to the iterative relationship given by

T;(t:)= LT;(ti—1)LT + GoQoGg

Recall that the finite horizon is used in lieu of having steady state Kalman gains available. One case
where steady state gains are not achievable is for problems with nonlinear system models leading
to the use of extended Kalman filters or other approximate nonlinear filters. Additionally, if the
problem is defined by a linear or linearized system model that is astable or unstable, then steady
state gains are not achievable. The length of the finite horizon is motivated by the designer’s physical
insights into how many sample periods into the future the discretization algorithm should look when
performing its vector minimization, i.e., what period of time into the future makes physical sense in

the specific problem context as a period of current concern for performance.
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The next issue is how to incorporate either the basic Sheldon algorithm or the modified Shel-
don discretization (i.e., Sheldon’s basic algorithm and the use of a finite horizon) with the basic
density algorithm. The following method can utilize either version of the Sheldon algorithm, but
emphasis is placed on the modified version since it will be applied to the example problem in Chap-
ter 4. The Sheldon algorithm requires the designer to specify the admissible parameter region, i.c.,
minimum and maximum values for the elements of the parameter vector a. Obviously the number
of filters in the MMAE and the underlying basic system model must also be specified, but the focus
here is on the range of parameter values used in the discretization process. The density algorithm
provides precisely this information when it moves, contracts and expands the MMAE bank based
on its decision logic. Specifically, the density algorithm will provide the endpoints of the newly
declared parameter range, and either version of Sheldon’s algorithm can be used to discretize the
filter-assumed parameter values between these endpoints. This essentially converts Sheldon’s algo-
rithm from being used exclusively a priori off-line to a new on-line discretization method. There
are, of course, some implementation issues associated with on-line use.

Sheldon is quick to point out that is algorithm his computationally intensive [68], and adequate
minimization of the cost functionals would be cumbersome if performed at every sample time.
This motivated the development of a look-up table concept which allows a priori application of
Sheldon’s discretization to a wide range of parameter regions, i.e., several choices of parameter
value endpoints. The look-up table is accessed on-line to provide the best choice for the filter-
assumed parameter values in a Sheldon cost minimization sense. Clearly the look-up table has a
finite number of entries; so the entry with endpoints that are closest to the endpoints dictated by the
density algorithm is used. The look-up table process requires minimal computation time and can be

performed at every sample time.
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The on-line Sheldon algorithm with a finite horizon was implemented using MATLAB [41] for
the example problem given in Chapter 4. MATLAB code was developed and written to generate the
required parameter sets, including a formatted look-up table that can be read into any FORTRAN
routine [28]. The modified Simpson’s rule presented in Appendix B was the numerical integration
technique used, and the vector minimization was accomplished using MATLAB’s constrained op-
timization techniques which are based on Sequential Quadratic Programming (SQP). Specifically,
the command “constr” in MATLAB’s Optimization Toolbox performs constrained nonlinear opti-
mization for multivariable functions [40]. The application of the Sheldon algorithm with a finite
horizon to the fixed-bank MMAE is presented in Section 4.6, and the performance attributes as-
sociated with the combination of the density algorithm with the on-line Sheldon enhancement are

presented in Section 4.8.

3.2 Probability Algorithm

The second algorithm developed in the research uses the concept of parameter position estimate
monitoring discussed in Section 2.2.3 in conjunction with a new probability-based discretization
method. The major contribution lies in the development of the new discretization method, which is
presented first, followed by the description of the probability algorithm as a stand-alone adaptive
algorithm driving a2 moving-bank MMAE.

The fundamental concept employed by the probability-based discretization method, referred to
as the PBDM, is to choose the parameter values for the elemental Kalman filters in an MMAE based
on the calculation of the probability P, (x; < T'). Recall that each elemental filter assumes a value
for the parameter vector, a;, and the true parameter vector is identified as a;. If any mismodeling
of the true system is present in the filter model (a; # a;), then x; is the generalized Chi-Squared

random variable discussed throughout this dissertation and defined by the following quadratic form
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of the measurement residuals (the difference between z (¢;) based on ay, and H;(¢;)%;(t;") based
on a;), r;, and their associated filter-computed covariance matrix, A;:

X; =1j Aj T (113)
The probability calculation, Py (x; < T), is the probability that the generalized Chi-Squared vari-
able will lie below a threshold, T". The same mathematics presented so far parallel the discussion in
Section 3.1.3 under measure M7 which alluded to calculating the above probabilities numerically
for the new discretization method being presented here. Recall that x; provides an indication of
the correctness of a filter in terms of how well the filter-assumed parameter values match the true
parameter values. Specifically, a value of x; < m (the measurement dimension) indicates that the
filter model is a good match to truth, whereas ; >> m implics a bad match to truth. Py(x; < T)
is statistically stating the probability that filter j is a good match to truth for the threshold value se-
lected. The new discretization method will exploit this probability information and use it as a basis
for assigning the parameter values to the filters in the bank. The basic idea of this method will be
introduced through the following example.

Consider an MMAE with five filters and the goal of accurately estimating a scalar parameter
value. One approach would be to assign the filters parameter values such that the filter probabili-
ties, p; (t;), as calculated by the MMAE using Equation (44) on page 29 would result in the values
shown in Table 2. These choices will be motivated shortly. The Chi-Squared probability value,
Py(x; < T), associated with each p; value is shown in Table 2. For convenience, the shorthand

notation Py, = Py(x; < T) will be used in much of the discussion. It is important to recognize the

Table 2. Example Probability Values

Filter # 1 2 3 4 5
MMAE Probability Value, p; 0.011024105]0.24]0.01
Chi-Squared Probability Value, P, (x; < T) | 0.01 [ 0.24 ] 0.5] 0.76 | 0.99
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difference between the MMAE probabilities, p;, and the probabilities, ij , associated with the Chi-
Squared variable. These differences will be highlighted in the next paragraph following the moti-
vation for the chosen values of the MMAE probabilities, p;. Notice that the center filter in the bank
has a relatively high probability, p;, its neighbors have less probability but still relatively substan-
tial amounts, and the outlying filters have extremely small p; values. These values are determined
in an ad hoc fashion, giving the designer significant latitude in choosing how broad or narrow to
make the filter bank. The motivations for the p; values chosen in this example parallel the thoughts
presented in the density algorithm discussion of contracting the bank (see page 85). Specifically, it
is desirable to give the MMAE both a foveal and peripheral view of the parameter space.

In order to strive for these desired p; values, as calculated by the MMAE, the designer would
select the P, values shown in Table 2. The values for P, may seem more important, since they are
chosen by the designer and used in the PBDM, however, they are motivated by the values shown
here for p;. Both probabilities give indications of how well each elemental filter matches truth.
However, due to the structure of the MMAE, the sum of the p;’s will always equal one; so a filter
that is actually a poor match to truth could have a x;alue of p; = 0.9 (indicating that it is a good match
to truth) simply because it is a better match to truth than all the other elemental filters. In contrast,
the sum of the P, does not equal one, in general, and if all the filters are a poor match to truth, then
all of their associated Py, values would be small. Note that P, = Py(x; < T) is a monotonic
function of T', depicting the cumulative probability associated with y; taking on values less than
or equal to T (not a conditional pfobability that y; takes on values in a small neighborhood about
T). The PBDM will select parameter values for the filters such that the desired “correctness” of the
filter models (in terms of how well the filter-assumed parameter values match the true parameter
values) will be attained. In other words, the filter-assumed parameter values will be chosen by the

PBDM such that the P, values shown in Table 2 (or any other values selected by the designer) will
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be attained. Sections 3.2.1 and 3.2.2 present the methods used to calculate Py, and Section 3.2.3
explains the monotonic increase that is apparent for the P, ; values along with justification for the
specific values shown here. The discussion that follows will detail the methodology and necessary

calculations required to implement the PBDM. .

3.2.1 Probability Calculation and Coordinate Transformation
The first tool needed for the PBDM is an analytical expression for the probability calculation
given by P, . in terms of the density function associated with the generalized Chi-Squared random

variable. The probability that x; < 7' is given by the dne-dhnensional integral
T
P, = Py(x; < T) = /0 Fx(c)de (114)

where f,(c) is the generalized Chi-Squared density function. If the filter is a perfect match of
the true system (a; = az), then the density function, f,(c), is exactly the Chi-Squared density
function given by Equation (93) and the probability, P, ,, can be readily calculated. However, if
any mismodeling of the true system is present in the filter model (a; # a), then the generalized
Chi-Squared density function f, (c) is not readily known, as first mentioned in the discussion of
measure M;. Mathematical analysis did result in the derivation of the first two moments of the
generalized Chi-Squared random variable y in the presence of mismodeling, and these are presented
in Appendix A. Therefore, it is necessary to evaluate an m-dimensional integral based on the density
function for the residuals, fr(p), which can be expressed in the presence of mismodeling. This

multi-dimensional integral is given by

ROy < D= [ /A fe(p)dp (115)
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where A, represents the appropriate region of integration in the parameter space. The functional
mapping of the random variable r to the random variable x is defined by Equation (113).
The density function, fr(p), is fully characterized as a normally distributed random variable
with mean, ;, and covariance matrix, As.
Ty :N[I—‘jaAt] (116)
Hanlon [22] developed expressions for the residual mean vector, p;, in the presence of miémod—
eling and his results are summarized in Appendix C. Additionally, Hanlon showed that the actual
covariance matrix for the residuals in the presence of system mismodeling is the true covariance
matrix, Ay, associated with the residuals and is computed in terms of the true system matrices as
A, =H,P;H{ +R; (117)
where P; is the true error covariance matrix committed by a filter based on a; against a “real-
world” based on a, (the superscript denotes the matrix prior to a measurement update), Hy is the
true system output matrix and R; is the true measurement noise covariance matrix. Similarly, the
filter -computed covariance matrix is given by
A; =H;P;H]+R; (118)
where P is the elemental Kalman filter state estimate covariance matrix prior to a measurement
update, H; is the elemental Kalman filter system output matrix and R; is the elemental Kalman
filter measurement noise covariance matrix. Although Hanlon only considered mismodeling of the
elemental filter model control input matrix, Bq;, the elemental filter model output matrix, H;, and
the elemental filter model state transition matrix, ®;, his work is easily extended to incorporate
mismodeling of the elemental filter measurement noise covariance matrix, R;, and the elemental
filter dynamics driving noise covariance, Qq;. Specifically, since Equation (117) is independent of
R; and Qg;, the frue covariance matrix, A, associated with the residuals is still given by Equation

(117). The mean of the residual in the presence of R; and Qq; mismodeling is presented in Appendix
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C as being zero-mean. Therefore, a fully characterized density function, fr(p), is available for use
in the integration given by Equation (115).

It is possible to simplify this integration and desirable to formulate a closed form solution
that would avoid the use of numerical integration. Unfortunately, a closed form solution was not
found because of the subtle yet significant difference in the covariance matrix, A;, that appears the
quadratic

X = rJTAJTlrj
and the frue covariance matrix associated with the residuals, Ay, ie., A; # A;. Maybeck [44]
utilized a coordinate translation and transformation to find a closed form for a similar integration,
given that the covariance matrix used in the quadratic is A;. Specifically, problem 6.10 of [44]
assumed that the quadratic would be of the form

X;=r1; Ayt
Despite the inability to apply Maybeck’s solution directly, considerable insight was gained into the
use of the coordinate transformation to simplify the numerical integration that would now be nec-
essary. The density function, fr(p), of the m-dimensional residual can be visualized by means ofa
hyperellipsoid contour map, with a two-dimensional example illustrated in Figure 32. Integration
over the shaded (hyper)elliptical region, Ay, would be messy in terms of the limits of integration.
However, this can be simplified if the region is transformed to the shaded (hyper)spherical region,
Ay, associated with the density function, f;/, as shown in Figure 33. The development presented
here will show that the transformed limit of integration is a radius of integration equal to the square
root of the threshold, v/T. The examples shown below assume the residuals are zero-mean for il-
lustrative purposes when, in general, one must consider the non-zero mean case shown in Figure 34

(recall that the residuals are zero-mean for parameters affecting R and Qq, but not for parameters

affecting ®, B4, or H).
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Apply the following linear transformation to the residuals

r;= {/A;'r; (119)

where a Cholesky square root of A;l is used such that

T
A;l = (c A;l) <° A;l) (120)

This linear transformation on the Gaussian random variable maintains its Gaussian nature as r;- :

N{[u;, Aj] with the transformed mean vector and covariance matrix given by
W = $/A7'p; (121)
T
A, = (,C/Ajfl) A; (,C/Agl) _ (122)
and the generalized Chi-Squared variable given by

X; =17 T} (123)

This is quickly verified by first establishing that the quadratic used to calculate y; is unaffected:

T T
Xi = r;-Tr;- = (,C/A;Irj) (,"/A;lrj) = r;r ( g A;1> (C AJTI) r;

= 1 A;'r; (124)

Next the mean of the residual is given by
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p; = E{rj}= E{ ,C/Aglr,-} = {/A7'E{r;} = {/Aj'n; (125)
Finally, the covariance matrix is given by

A, = B{(4-u) (@5 —m)"} = B{xef"} - B {5} — B {uing"} + B e
E{<\/— °A—1r,)T} R A
(1) o (V7))
- (7)ot (487 (7)o (7
(CA;1> (E {rjyrT} - IW.?)( A;1>T=<§/A_f) At(c A;1>T (126)

Q

This leads to the transformation of Equation (115) into the m-dimensional integral

P(x; £ T)= / / fe(p')d (127)

which is now based on the transformed density function fr/(p'). Finally, before delving into the
numerical integration technique used to evaluate Equation (127), the radius of integration shown in
Figure 33 must be identified. The integration has been simplified from hyperellipsoids to hyper-
spheroids, and Equation (123) can be recognized as the equation for a hypersphere; so the upper
limit of integration is simply some radius of this hypersphere. Furthermore, the original limit of in-
tegration for P, (x; < T) in Equation (114) is the threshold, 7', and from the relationship of x; to r'

given by Equation (123), the radius of integration is recognized as the square root of the threshold,
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V'T. The discretization method discussed in Section 3.2.3 will provide one method for calculating

T.

3.2.2 Multi-Dimensional Numerical Integration

The previous section stated the need to perform numerical integration for the evaluation of
Equation (127). Most integration techniques presented in the open literature address numerical
integration up to three dimensions. However, an m-dimensional numerical integration routine is
required here, where m is the number of measurements being fed to the MMAE. The following
integration method was provided by Oxley [61] and Maybeck [44] and simply extends the often
utilized technique of transforming the coordinate system from Cartesian to polar coordinates prior
to performing the numerical integration.

Consider the m-dimensional integration given by

/. ../f(rl,rz, ..rm)dridry ... drm (128)

where f(ri,72,...Tm) is the m-dimensional function that is being integrated. Transform from
Cartesian to hyperspherical coordinates via the following equations

ry = 7cos(¢)

rg = 7sin(¢)cos(61)

r3 = 7sin(¢)sin(f1)cos(f2)

Tm-1 = 7sin(¢)sin(f;)sin(s)...sin(0m-3) cos(fm—2)

rm = 7sin(¢)sin(61)sin(fy)...sin(0n_2)
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where

7 = radius of the hyperspheroids

for ¢ and 6y within the limits

0<p<2m  — gekgg Vk=1,2...m—2

]

and the differential hypervolume dV is given by

dV = dridry . . . drg = | 3| drdgdo; ... dbm-s (129)

where J is the Jacobian matrix given by

dri/dr dr J[do - dri /dBm—2
dro/dT  dre/d <o dry/dfy—
_ 2/. 2/.¢ 2/. 2 (130)
dro/dr dryn/d¢ -+ dry/dOm_o
In fact, the determinant of the Jacobian is given in the new coordinates as
3] = Abs[r™ ! sin™%(¢) sin™ 3(6;) sin™ *(62) . . . $in(Om-3)] (131)

where “Abs” refers to the absolute value. The user defines the spacing between discrete evaluation
points by setting d7, d¢ and df; . . . d0, 2. Now the numerical integration is performed by summing
up the product of the function and the differential hypervolume evaluated at the user defined discrete

points r = [r1,79,...7m]" as shown in Equation (132):

ZZZ f(r1,r2, .. . Tm)dV (132)

T ¢ 6 O

The number of discrete values used for the evaluation points will dictate the accuracy and computer

processing time required to perform the integration.
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In summary, evaluation of Equation (127) is performed numerically using Equation (132)
where

T = is the radius of integration that varies from 0 to VT
¢ and 0, have set ranges previously defined
dV is calculated using Equation (129)

dr,d¢ and dfy, are user specified
and (71,72, ...7m) is given by a normal density function with mean, g, and covariance, A, (see
Equations (121) and (122))

1 1 I 11— !
f(x) = flri,ra,...tm) = CrrA P {"‘2‘ (r—p)" A (- u,-)}

3.2.3 Discretization Method

The discretization method discussed in this section is one of many possible which utilize the
tools presented in the previous two sections. Other concepts inéluding methods to move, contract,
and expand the MMAE‘bank based on the numerical evaluation of P, could be explored. The
method of choosing the parameter values for the elemental Kalman filters based on the calculation
of the probability, P, allows the algorithm to be adaptive and replace previous ad hoc methods
such as uniform spacing of the parameter values. Additionally, it takes into account the system’s
sensitivities to the parameters being estimated, which are often not precisely known to a designer
who is choosing the filter-assumed parameter values in an ad hoc manner.

Return to the five-filter example with the arbitrarily chosen probability values, P, shown
in Table 2 on page 110. In order to integrate these probabilities numerically with Equation (132),
it is necessary to have the mean vector and covariance matrix for the residuals based on both a
truth model and a filter model. Since the parameter value for the truth model is nof. exactly known

(otherwise there would be no estimation needed), it is necessary to assume values for the truth
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model based on the best guess given by the MMAE. Specifically, assume the true parameter values
are equal to the components of Avmag(Z;). This best guess is available on-line, and by design the
filter in the center of the bank will assume its value.

Given this assumption, the threshold, 7', can be determined exactly for any choice of Py,,
where the subscript ¢ indicates that the filter-assumed parameter values are assumed to match truth.
Recall that, if the filter is a perfect match of the true system, then the density function £, (c) is exactly
the Chi-Squared density function given by Equation (93) and the probability can be readily calcu-
lated. Inversely, the threshold can be found using the MATHCAD function “T" = gchisg(Py,,m)”
which is a function of both the desired probability for the filter assumed as truth and the dimension
of the residuals [39]. Note that T is not a function of apvag(t;); so once Py, and m are set, ' will
be known for all values of avmar(t:)-

The remaining four filters will be assigned parameter values above and below aym AE(:)
such that their P, values agree with those shown in Table 2 for the now known threshold value, T'.
This raises the iséue of how to select parameter values for the remaining four filters without simply
running multiple guesses through the numerical integrator and hoping that four of them generate
the desired P, values. An automated search algorithm will be presented shortly to overcome this
problem.

A second issue is how to select the Py, values shown in Table 2 (page 110) in order to strive
for the desired p; values. Recall that the p; values were chosen to meet the design goal of giving the
MMAE both a foveal and peripheral view of the parameter space. Engineering intuition supports the
proposition that selecting parameter values for filter 3 in this five-filter example such that P, = 0.5
(i.e., this filter will be a good match to truth with a probability of 0.5) is equivalent to selecting its
parameter values such that p; = 0.5 (i.e., the MMAE will assign a probability weight of 0.5 for this

filter). This holds for all filters with j < arg [pmax), i.€., filters 1 and 2 for this example. Therefore,
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P, =pjforj=1,2,... arg [Pmax] as shown in Table 2. Additional insights are required prior to
realizing that P, = 1 — p; for j > arg [Pmax]s 1.€., filters 4 and 5 for this example. The values in
Table 2 of P,,, = 0.76 and Py, = 0.99 may seem counterintuitive, since these filters will be assigned
parameter values that are not designed to match truth as well as filter 3, but their probability, Py,
is selected greater than P, , implying that they are a better match to truth.

This phenomenon is best understood (but not limited to) the case in which the parameter value
being estimated is the measurement noise covariance R, and empirical studies provided validation of
this concept for this case. The reason is clear when looking at Equations (117) and (118) on page 113,
which are dependent on the choices of the measurement noise covariances R; and R; respectively.
Given that R, is selected as Avmag (the truth model is based on the best guess from the MMAE),
when R, takes on values greater than R;, the eigenvalues of the associated residual covariance
matrix, A;, will increase. This directly effects A} through Equation (122), resulting in smaller
eigenvalues for A}. The discussion in Appendix C states that the residuals will be zero-mean when
mismodeling the measurement noise covariance. This results in numerically integrating density
functions similar to the two-dimensional example shown in Figure 33. Given that the eigenvalues
of A’ have been reduced, the numerical integration and thus probability value, P, , for a given
integration radius will increase. In other words, given that the eigenvalues of A/, have been reduced,
the density function has become highly peaked with more of the probability density residing about
its zero mean. Therefore, the numerically integrated probabilities, Py, and Py, for filters 4 and 5
will be greater than the probability, Py, for filter 3. It is anticipated that mismodeling in any of
the other system matrices (Qq;, ®;, H;, and Bg;), will result in this same attribute, and this is a
topic for future research. To account for this phenomenon, choose the parameter values such that
the probability variation between the center filter and its neighbors is used in conjunction with the

probability, P, _, calculated through Equation (132).
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Continue with the example problem of five filters and focus on the three inner filters (filter
numbers 2 - 4). The above phenomenon is illustrated in Figure 35, where the probabilities, P, are

shown to grow faster towards one for filters with higher assumed values of R;. The probability

1.0

P4=0.76

Chi-Squared
Probabilities
P3=0.50

P2=0.24

T = Radius of Integration

Figure 35. Example Integration Curves with Equal Probability Variation

variation between filters 3 and 4 is shown as A; and between filters 2 and 3 as Ap. Recall the
design choices for the probabilities of filters 2 and 3 as P, = 0.24 and P, = 0.5. The probability

variations are then given by

A = P - P,

4 3

Ay = P, —P,

3 2

One approach is to require equal probability variations such that

A = A

4 2

= PX4=2PX3_PX2
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and for this example P,, = 0.76. Therefore, when choosing a parameter value for filter 4, the goal
is to find a numerically integrated probability of 0.76. Similarly, for filter 5, Py, = 0.99. Notice
that, in general, P, = 1 — p; for j > arg [Pmax]-

The discretization method presented in this section provides a more systematic and more the-
oretically substantiated means of choosing the filter-assumed parameter values, a;, than the ad hoc
methods used to date. Specifically, the designer’s primary concern is to select desired probability
p; values, leading to the associated P, values such as those in Table 2, then apply the PBDM to

determine the appropriate a; values.

3.2.3.1 Parameter Vilue Search Routine

As mentioned in Section 3.2.3, an automated search routine is presented next which greatly
simplifies the process of finding parameter values for the filters to meet the desired probability
goals. This routine has only been developed for the special case of zero-mean residuals in the
presence of mismodeling and a scalar parameter. Recall that Appendix C identified the special case
of zero-mean residuals as associated with Qq (dynamics noise covariance) and R (measurement
noise covariance) mismodeling. It is believed that a similar search routine could be developed for
the nonzero-mean case and some ideas will be presented along these lines.

The search routine is based on a measure of the eigenvalues of the transformed residual co-
variance matrix A}. Recall the above discussion explaining how the eigenvalues of A} varied with
the choice of the parameter R resulting in the various values for the probabilities Py(x; £T). It
is possible to use a measure of the eigenvalues of A to predict Py without evaluating this prob-
ability numerically. Specifically, the product of the eigenvalues of A} was found to predict Py,

consistently:
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Meig = H/\i (133)
where -
\; = the eigenvalues of A}

This makes sense since the product of the eigenvalues of a matrix is directly related to the volume
of the hyperellipsoid defined by that matrix [73]. The principle axes of this hyperellipsoid are
represented by the eigenvectors of the matrix. The flowchart of the search routine based on the
measure shown in Equation (133) is illustrated in Figure 36. Again, each major event or decision is
labeled with a number to help the reader relate the forthcoming discussion with the flowchart.

The basic process used by the search routine is repeated for each elemental filter. First, assume
a parameter value for the elemental filter, i.e., choose a “guess” value. Minimum and maximum
guess values will be discussed presently, but for now, recognize that the search routine will begin
at either a minimum or maximum guess value. Calculate the measure, M.y, associated with this
guess value and determine if the search criterion defined below is met. If so, the search is complete
and repeat for the other elemental filters. If not, make another guess for the parameter value based
on a guess step size described below and check against the criteria. Continue this process via a loop
until the criterion is met or a set number of guesses have been tried.

1. Set Search Criteria: The search criteria include:

aMMAE = scalar true parameter value (current best guess)

Mg, = desired eigenvalue measure

a = minimum scalar guess value, see block 3 “Initialize Search”

ap = maximum scalar guess value, see block 3 “Initialize Search ”

Ny = number of guesses of parameter values (for each elemental filter) for the search

The value of dmmag is given by the MMAE. The desired eigenvalue measure, Mg;g, must be em-
pirically determined for each filter Recall that one filter (typically the center filter) takes on the
value of ayyag and is assumed to match truth, so there is no need to search for this parameter

value, and thus there is no need to find Mg, for this filter A manual search must be done once for
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Figure 36. Parameter Value Search Routine
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each of the J-1 values of Mgg, as explained below. The phrase manual search refers to arbitrarily
selecting a value (a guess) for the parameter a;, then performing the numerical integration to de-
termine if the resulting P, (x; < T) is equal to the desired probability value in Table 2. Once a
parameter value is found that produces the appropriate probability value, Py, the eigenvalues of

| associated with this parameter value are used to calculate M gg via Equation (133). This process
is repeated to determine each of the J-1 values of M2, . However, after M, is determined once
for any single value of ymag, this search routine will replace the manual method for all other val-
ues of dymag. Section 3.2.3.2 will discuss implementation issues and explain the need to perform
the automated search many times to create a look-up table for on-line use. It is recommended to
perform the manual search with a value of 4ymag that is approximately centered in the parameter
space. More importantly, avoid using the edges of the parameter space for this manual search, since
there will be no room to place parameters in one direction.

Intelligent choices for a; and a5, will be discussed in block 3, “Initialize Search.” The number
of guesses for each elemental filter is arbitrary and often less than 100 for most problems. Large
values of N, will slow down the search routine and rarely provide noticeable improvements in the
final probability calculations. This is largely dependent on the system’s sensitivity to the parameter
in question, but in most cases the numerical precision of the integration is not sufficient to delineate
between a search with 50 guesses and a search with 80 guesses.

2. Find Step Size : The step size between guesses for each elemental filter is calculated for the

scalar parameter as
SMMAR— 2L i . < &
S = R for filters assuming a; < &MMAE (134)
J i—‘h“—';‘vbgm for filters assuming a; > AMMAE
where
a; = assumed parameter value for filter j
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Notice that S; is dependent on whether the elemental filter’s parameter value is assumed to lie above
or below apmMAE.

3. Initialize Search: Start the guess value at the minimum guess value and set a flag used to
indicate when the criterion is met (found = 0). The search time for the routine is heavily dependent
on the chosen minimum and maximum guess values. An obvious choice might be the minimum
and maximum allowable parameter values, however, these would be poor choices in most cases. A

better approach is to let

a = & -aAMMAE
an, = Op-4MMAE

where 6; and 6, represent arbitrary fractions of &mmag. Typical values for a five-filter problem are
shown in Table 3. This approach reduces the parameter space used in the search and significantly

decreases computer processing time.

Table 3. Example Fraction Values

Filter # 1 213 4 5
Fraction Value [ 0.05 [ 04| - 1.3 | 1.5

4. While Loop: The flowchart symbol used here has the following interpretation. The loop
is entered from the top, i.e. after block 3 is complete. Blocks 5 — 8 are repeatedly processed until
either the measure criterion is met or the guess value exceeds Avvag. The loop is exited to the right
to begin processing of block 9.

5. Calculate Measure: The eigenvalue measure, M., is found via Equation (133), which
requires calculation of Equations (117), (118) and (122). One of the primary motivations for using
this search routine is the ability to avoid the computationally intensive numerical integration required
to calculate P, (x; < T). Equations (117), (118), (122) and (133) require much less computer

processing time than the numerical integration.
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6. Check If Criterion is Met: Compare Mp;, to Mgig and set the flag (found = 1) when the
measure criterion is met. Notice that, since the search is increasing (decreasing) the guess value
toward anmag as explained in block 7, the criterion is met if M;, equals or passes by Mgig. For

the cases in which a; < dmmag, Meig Will initially be greater than Mg;g. As the search continues

(the guess value increases), M, will decrease and eventually equal or pass Mg;g. Recall that a;
is initially much less than &y, resulting in large eigenvalues for A} and thus a large value for
M_;q. As the guess value increases, a; gets closer to aymaE, resulting in smaller eigenvalues for
A/, and thus a smaller value for Me;,. Similarly for a; > ammaE, but with M,;, increasing from a
small value as the guess value decreases. The specific logic is given by

IF (Meig < Mgig) THEN (found=1)  fora; < &mmAE

IF (Me,-g > M2

= Heig

) THEN (found=1)  fora; > ammaE

7. Increase Guess by Step Size: If the criterion is not met, then the guess value is increased
by the step size S; for filters assuming a; < &vmaE or decreased by S; for filters assuming a; >
4MMAE-

8. Store Guess: If the criterion is met, then the guess value is stored as the chosen parameter
value for this filter and the found flag is set to 1, allowing the search to terminate.

9. & 10. Repeat for Other Filters : Simply repeat the process for the remaining filters. Again,
the search is performed by increasing the guess value when a; < éymag and decreasing the guess
value for a; > aMMAE.

It is important to validate that the search routine has found parameter values which result in
the designer-chosen values for P, . This is done by numerically integrating via Equation (132) for
each parameter value. Given that the validation is successful, the discretization process is complete

for the chosen value of aMMAE-
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Recall that this routine has only been developed for the special cases of zero-mean residuals
in the presence of mismodeling and a scalar parameter. T his allowed the search routine to focus on
the eigenvalue measure given by Equation (133) since all the densities (matched or mismatched to
truth) are centered at the origin. A similar search routine could be developed that incorporates a

second degree of freedom, namely the magnitude of the transformed residual mean vector:

m 1/2

M, = [Z (ué,.)z] (135)

where
= (1 by, |

For a given value of 7, a large value of M, would lead to smaller numerical probabilities,
Py(x; < T), than a small value of M. Simply look at Figure 34 on page 117 and realize that
a large residual mean vector magnitude will shift the density’s region of high probability outside
the integration region. Other concepts include monitoring the direction of the mean vector This
direction is not important once the density is transformed to the “primed” coordinates and the hy-
perellipsoids are transformed to hyperspheroids, i.e., the transformation from Figure 32 to Figure
33. Similarly, Figure 34 illustrates that changing the direction of the mean vector will not affect the
integrated value of Py(x; < T), i.e., moving the (hyper)spheroids form Cartesian quadrant one to
any other quadrant will not change Py(x; < T') unless the magnitude of the mean vector changes.
The exact methodology used to incorporate M, and the direction of the mean vector is a subject

for future research along with the case in which the parameter vector is not a scalar

3.2.3.2 Implementation Issues
Two options are available for real-time implementation of the discretization method which uti-

lizes the numerical integration calculation and the parameter value search routine. First, at each
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sample time and for the current value of avmag, the search routine could be used to generate can-
didate parameter values for the filters. This would be followed by validating that the candidate para-
meter values produce the design choices for Py (x; < T') via numerical integration. This approach
is extremely computer-intensive since the numerical integration can require considerable process-
ing time for accurate results with problems having multiple measurement sources, i.e, m> 1. T his
motivates a second approach which performs the numerical integration off-line. The search routine
would also be performed off-line for several discrete values of AMmAE which range over the span
of the admissible parameter space. The filter-assumed parameter values determined for each dis-
crete value of aypag would be stored in a look-up table and referenced by that value of dvmAE-
By design, a reference value of Avmag Will be used as the parameter value for the filter residing in
the center of the bank. This look-up table will be available in real-time and the table entry closest
to the current value of ayvar Will be used at each sample time.

A critical assumption must be identified when applying this discretization method, regardless
of which option just described is being used. Recall that the search method considers multiple guess
values for the parameter values, and for each guess the residual covariance matrix must be calcu-
lated. Given that the gains and covariances are chosen to be computed on-line, a Kalman filter
would be required for every possible guess value being considered. Without the use of precom-
putable gains and covariance matrices, a potentially infinite number of Kalman filters being run in
real-time would be needed, which is clearly not practical. In order to calculate the true and filter-
computed residual covariance matrices given by Equations (117) and (118), it is easier to assume
that precomputable Kalman filter gains and covariances are being used (easier in the sense that the

gains and covariances need not be calculated on-line).
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3.2.4 Algorithm Description

The probability-based discretization method (PBDM) is now used in conjunction with para-
meter position estimation monitoring to form a new algorithm titled the “Probability Algorithm”.
The probability algorithm executes a two-step process. First, find the new center of the bank using
parameter position estimation monitoring as introduced on page 40. This first step acts as a bank
movement mechanism, which if applied at every sample period, cbuld induce continual transients in
the state estimates. This motivates using the ad hoc technique of decision delays discussed in Sec-
tion 3.1.5.3. Second, apply the PBDM to determine the parameter values for the remaining filters in
the bank. Notice the absence of any explicit contraction or expansion methods. This algorithm sim-
ply keeps the bank centered on the best estimate for the parameters, ammag (s closely as possible
in view of the discrete values of Ammag stored in the look-up table), then relies on the new dis-
cretization method to determine the span of the parameter values. The same performance enhance-
ment discussed in Section 3.1.5.2 for initialization of newly declared filters is implemented for the
probability algorithm with implementation issues discussed in Chapter 4. The probability algorithm
just described provides only one methodology for utilizing the PBDM bank-sizing algorithm, and
other moving-bank mechanisms could be used in conjunction with the PBDM. In fact, Section 3.3

presents the idea of combining the moving-bank density algorithm with the PBDM algorithm.

3.2.5 Dead Zone for Moves

Applying a dead zone similar to the method discussed in Section 3.1.5.1 can prevent unwanted
bank movements. Given that a true parameter changed, the bank would move toward and eventu-
ally encompass the true parameter within the bank’s parameter span. Once the true parameter was
encompassed, an additional move might be needed to center the bank on the true parameter value.

However, in many cases the algorithm induced multiple moves that would overshoot the true para-
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meter and even oscillate about this true value with multiple moves to the left and right. The result
was erratic parameter estimates that degraded performance. The solution was to implement a dead
zone that precluded the bank from making multiple small movements. The size of the move being
attempted would have to be large enough (implying that it is really needed), or the move would not
be allowed. The rather simple logic is given by:
IF (Attempted Move Size < Minimum Move Size) THEN (Do Not Make Move)

The minimum move size or dead zone is empirically determined with the following guidelines. Con-
sider the typical span of the parameter values stored in the look-up table. Specifically, observe the
distances between the stored values for the bank center and their associated endpoints. These dis-
tances will indicate the amount of true parameter variation that can be tolerated without a large risk
of having the true parameters move outside the current parameter span of the MMAE. A reasonable
first choice for the minimum move size is one-third the average distance from the bank centers to
their endpoints. This one-third factor was determined empirically through simulations. Clearly, too
large of a minimum move size will cause the algorithm to become sluggish in reacting to parame-
ter variations while too small a minimum move size will make the dead zone method ineffective,

leading to nonsystematic moves in the parameter space.

3.3 Combined Density and PBDM Algorithm

Recall the discussion in Section 3.1.5.4 which stated that the density algorithm provides in-
telligent decision making for movement, contraction and expansion of the bank. However, it relies
heavily on uniform spacing of the parameter values within any newly declared parameter span of
the bank. The probability based discretization method provides a process to choose parameter val-
ues intelligently for the remaining filters in an MMAE bank, given the center parameter value for

the bank. An obvious combination is to use the density algorithm to determine the center parameter
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value for the bank and the PBDM to discretize the filter-assumed parameter values about this center
parameter value.

Full descriptions of the decisions made by the density algorithm are given in Section 3.1.4.
When making a soft move, expansion or contraction, the bank is centered on the filter-assumed
parameter value having the maximum probability. This provides the new center parameter value,
amew _ which is then used to reference the look-up table created by the PBDM. For the remaining
decisions (medium and hard moves), the density algorithm only provides new parameter endpoints.
One logical choice for the new center parameter value is found by taking the midpoint between the
newly determined parameter endpoints and given by

new new
new __ ay + aj
Acenter = 92

This relatively simple approach is used since there is no motivation for choosing any other point
between the new parameter endpoints. Again, a7, is then used to reference the look-up table cre-
ated by the PBDM. The same performance enhancements discussed in Section 3.1.5 canbe applied,
with the exception of the on-line Sheldon discretization since the PBDM is already performing the

discretization.

3.4 Chapter Summary

This chapter presented the analysis that led to the development of new algorithms for a moving-
bank MMAE. The underlying concepts were described to assist the reader in understanding why
certain measures were chosen for the density algorithm’s decision making process. Additionally, a
probability-based method was introduced as a new means of discretizing the filter-assumed parame-
ter values in the MMAE bank. Future research could be based on these newly developed concepts,

and the algorithms used in this research provide a few well-developed methods for parameter esti-

mation.
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Chapter 4 - Simulation Performance

4.1 Overview

This chapter first introduces the simulation techniques and computer software used to apply
the concepts developed in previous chapters. The motivating example of parameter estimation for
fault tolerant aircraft precision landing is simulated. It is not the focus of this research to provide an
in-depth sensitivity analysis of the algorithms to all potential real-world scenarios that could apply
to aircraft precision landing. Rather, a single failure mode representing interference/jamming of the
GPS receiver is simulated for proof of concept and validation of the algorithms. An overall descrip-
tion of the integrated system is given, followed by detailed state and measurement modeis for each
of the navigation subsystems used. The implementation details and performance of several algo-
rithms are presented. Specifically, a fixed-bank MMAE and four moving-bank MMAE algorithms

are discussed with some variations on the moving-bank algorithms as shown below:

1. Fixed-Bank MMAE

2. Moving-Bank MMAE Incorporating the Density Algorithm
— Density Algorithm with Expansion and Increased Delay

3. Moving-Bank MMAE Incorporating the Density Algorithm with Sheldon Discretization
— Density Algorithm with Sheldon Discretization, Expansion and Increased Delay

4. Moving-Bank MMAE Incorporating the Probability Algorithm

5. Moving-Bank MMAE Incorporating the Density Algorithm with Probability-Based

Discretization Method

Final comparisons of the algorithms will be discussed in Chapter 5.
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4.2 System Description

The following system description is a modified version of the one presented by White [77,
78] and parallels the discussion presented by Miller [53]. The 3 variations from White’s discussion
include deletion of a differential GPS to yield a conventional GPS, deletion of pseudolites, and
reduction of the truth model from 62 to 13 states, which was a joint effort with Miller [53]. The main
element of the GPS-based precision landing system (PLS) being monitored for parameter variations
in its model is the GPS, specifically with respect to the amount of interference/jamming corruption
(measurement noise) that enters the GPS receiver. The INS, barometric altimeter and radar altimeter
also provide measurements to the Kalman filter. The following measurements are available: four
satellite vehicle (SV) pseudoranges, altitude from the barometric altimeter and height above ground
level from the radar altimeter.

A block diagram representing the PLS configuration is shown in Figure 37. The frue aircraft
position is generated by the trajectory profile generator PROFGEN [56] and is provided to the per-
formance evaluation tool. The GPS satellite vehicle (SV) positions are given by actual satellite data
recorded on 4 May 1991 and are combined with the true aircraft position to obtain true ranges, which
are modified with appropriately modeled noise to provide pseudoranges measurements for use by
the GPS.

Each navigation system generates measurements that are represented as perturbations from the
true range, and the final difference measurements are then formed by subtracting the GPS measured
ranges from their corresponding INS-calculated ranges. The extended Kalman filter (EKF) equa-
tions propagate estimates of the PLS error states and use the measurements to update these state
estimates. Finally, these state estimates are used to correct the INS-indicated position at each sam-
ple time. The truth and filter models consist of 13 states (11 INS states and 2 GPS states) with

details to follow.
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Feedforward Corrections

* Barometric Altimeter incorporated into system to compensate
for the fact that a bare INS has an unstable vertical channel

4.2.1 INS Models

Figure 37. PLS Block Diagram

4.2.1.1 The INS Truth and Filter Models

This section presents the truth and filter models used for the INS. The INS is a strapped-down
wander azimuth system based on the Litton LN-93. The manufacturer, Litton, developed a 93-state

error model [25, 62] describing the error characteristics of the LN-93. The error states 6x used in

the full model may be separated into 6 categories:

o0x = [6x{6x§6x§6xf§x§6x£]iﬂ

where 6x is a 93-dimensional column vector and:
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e &x represents the “general” error vector containing 13 position, velocity, attitude, and vertical
channel errors; the first nine states are those of the standard Pinson model [62] of INS error
characteristics.

e x5 consists of 16 gyro, accelerometer, and baro-altimeter exponentially time-correlated errors,
and “trend” states. These states are modeled as first order Gauss-Markov processes.

e 6&x3 represents gyro bias errors. These 18 states are modeled as random constants.

e 6%y is composed of accelerometer bias error states. These 22 states are modeled in the same
manner as the gyro bias states.

e 6xs5 depicts accelerometer and gyro initial thermal transients. The 6 thermal transient states are
first-order Gauss-Markov processes with ws = 0 so as to account for just the initial transient
effects. .

e &xg models gyro compliance errors. These 18 error states are modeled as biases.

The original truth model state space differential equation is given by

4

(6% ) [Fi3y Fig Fi3 Fu Fi5 Fig | [ 6xa w1
6}'{2 0 F22 0 0 0 0 (5](2 W2a
6x3 _ 0 0 0 0 0 0 6x3 0
1610 0o 0o o o0 o |Yeéxu(T) o0 @37
6}(5 0 0 0 0 F55 0 (5X5 0
| 6%6 | 0 o 0 o o o |{é&xs) (0]

This 93-state error model is a highly accurate LN-93 representation, but the high dimensionality of

the state equation makes the model prohibitively CPU-intensive (computationally, and in terms of

storage) for projects examining a large number of problem variations. The work of Negast [58] at the
Air Force Institute of Technology (AFIT) addressed the reduction of the IN'S error-state model while
preserving enough fidelity to be considered a viable truth model.

A reduced-order model is used for both the truth and filter model in this research and is defined

in Equation (138):

8% Freayin  Freayo { 6x1 } { w1 }
' = 138
{ 6X2 } [ 0 F(red)22 6X2 + W9 ( )
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Note that the submatrix indices used in representing the 13-state model are not identical to those
used in outlining the 93-state INS error model. This difference is indicated by the notation F(,..4 for
reduced order. The relationship between the two models is shown in Appendix D. Therefore, the INS
filter model is comprised of 11 states (the first nine being the standard Pinson error model states):
3 platform misalignment errors, 3 velocity errors, 3 position errors, and 2 states for barometric

altimeter stabilization.

4.2.1.2 The INS Measurement Model

The only measurement model associated directly with the INS is that for barometric altimeter
aiding. The altimeter aiding is used to compensate for the instability inherent in the vertical channel
of the INS. The altimeter output Alt g,y is modeled as the sum of the true altitude h;, the error in
the barometric altimeter 6k, and a random measurement noise v of variance Rparo = 3500 ft2.
Similarly, the INS-calculated altitude Alt;ns is the sum of the true altitude and the INS error in
vehicle altitude above the reference ellipsoid, 6h. A difference measurement is used to eliminate

the unknown true altitude, h, resulting in Equation (139):

6z AltINS - Alth-o
[ht + (5h] - [ht + 6hB - ’U] (139)

6h —bhp +v

INS error in vehicle altitude above the reference ellipsoid, 6, and total barometric altimeter corre-
lated error, Sh, are states 10 and 11 in the 11-state INS model. See Appendix D for the models and

numerical values of the model parameters.

422 The Radar Altimeter Model
A radar altimeter is incorporated into this application because of the intent of generating a

precision landing system. A GPS-aided baro-inertial system does not have sufficient accuracy in the
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vertical direction for this purpose, so the additional accurate input from a radar altimeter is used. The
measurement equation of the radar altimeter is based on the difference between the INS-predicted

altitude Alt;yg and the radar altimeter measurement Altgqis:

6z = Altins — Altgpau
= [ht + 6h] — [he — v] (140)
= 6h+v

The errors in the radar altimeter are modeled as white noise with no time-correlated component.
This may be a rather crude model, but should be sufficient to demonstrate performance trends. Note
that no additional states are required with the addition of this radar altimeter model.

The radar altimeter measurement noise variance Rgq: is a function of aircraft altitude above
ground level (AGL) and will be the same in the truth and filter models. The radar altimeter noise’s
altitude-dependent variance [24] is given by

Rpat = {[0.01]% [AGLirye]?} +0.25 ft2 (141)

4.2.3 GPS Models

The GPS generates user position based on “known” ranges to satellites at “known” positions.
The satellites themselves transmit their position in space (in the form of ephemeris data) as accu-
rately as it is known and the exact time (also a best estimate) at which the transmission is sent. The
actual range information is calculated based on knowledge of the satellite position and the finite

propagation speed of the electromagnetic radiation emitted from the satellite.

4.2.3.1 The 30-State GPS System Model
The GPS model used in this work was developed by past researchers at AFIT [16, 58, 75].
The dynamics and measurement equations for the full 30-state system model are presented in this

section. Five types of error sources are modeled in the GPS state equations. The first error type,
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user clock error, is common to all SV’s. The remaining four error types are unique to each SV. The

first two states represent user clock errors and are modeled as:

Tyelk 01 Ty clk
Fueky L = ,, 142
{ ZUclkgr } [ 00 ] { TUclkg, } (142)

Tyar, = range equivalent of user clock bias
Tyar, = velocity equivalent of user clock drift

where

The initial state estimates and covariances for these states were chosen to be consistent with previous

AFIT research [7, 16, 58, 75] and are:

3Uclls:b(to) _ 0 .
{ Zyciks. (to) } B [0 ] (143)

9.0x 1014 ft2 0
Pucik, Uciks, (fo) = [ 0 f 9.0x 1010 f¢2 /secz] (144)

and

Because these error sources are a function of the user equipment, they are common to all the SV’s.
Recall that each of the remaining error types is specific to each SV, denoted by a subscript j.

The second error type is the code loop error PR ,0p,. The code loop is part of the user
equipment shared by all the SV’s, but its error magnitude is relative to each SV. The third GPS
error type is the result of atmospheric interference with the electromagnetic (EM) signals broadcast
by each SV, specifically, ionospheric and tropospheric delay, § PR;on;, and 6P Rirop,. The code
loop error, tropospheric delay, and ionospheric delay are all modeled as first-order Gauss-Markov
processes with time constants shown in Equation (145). All three are driven by zero-mean white

Gaussian noise with strength shown in Equation (148). The fourth error source is due to inaccuracies
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of the clocks on board the individual SV’s, P Rgx,. The final GPS error source is based on line-

of-sight errors between the SV’s and the receiver, 6z, , 6ys;, and 6z,;.

( 6PRy,
S0PRirop,
6PRZOTLJ
{ 6PRgay,
6:'1:3j
6.ij
0z,

\

\

[ I e I e B B e B

with initial covariance values given by
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(146)

(where all but the Pgps(3,3) term have stationary characteristics. Though this value may seem

strange, it was taken directly from [58]) and noise means and strengths given by

Efwgps(t)wgps(t + 7))

[e R = Il e I o B e B ]

o=
OOOOOOO

E[WGPS (t)] =0

o
OOOOOOO

o= R en T e Y o i e B e B o |

[ee I v I e JY e Y e Y o i
ScCoococooC
(el e i e Y e B B e i ewn

ft?/sec- 6(t)
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(148)

The full 30-state GPS dynamics matrix is not shown explicitly but may be easily constructed by

augmenting Equation (142) and four copies (one for each SV) of Equation (145).
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4.2.3.2 The GPS Truth Model and Filter Design Models

Research has shown [54, 58] that the two user clock error states provide a sufficient filter model
for GPS. The primary argument is that the errors modeled for the 28 other GPS states (assuming
four SV’s) are small when compared to the user clock errors which are common to all SV’s. By
increasing the djnamics driving noise and re-tuning the filter, the overall performance of the inte-
grated navigation system can be maintained. The GPS truth and filter models used in this research

are given by Equation (142) plus noise:

Tyeclk, 01 Tyl Weik,
2 s : 149
{ TUclkq, } [ 00 ] { TUclka, }+{ Welk,, } (149)

4.2.3.3 The GPS Measurement Model
The pseudorange measurements available to the GPS receiver are the sum of the true range,

several error sources, and a random noise:

PRGPS,- = PRtJ- + 6PRcloopj + 6PRt1'opj + 6PRaonJ + 6PRSclkj + 6PRUclk — V5 (150)

where
PRgps, = GPS pseudorange measurement, from SV ; to user
PRy, = true range, from SV to user
8PR.00p, = range error due to code loop error

6PRy.p, = range error due to tropospheric delay

6PR;,n; = range error due to ionospheric delay

0PRgqy, = range error due to SV clock error

SPRyr = range error due to user clock error

vj = zero-mean white Gaussian measurement noise, R; = 9 ft?

Because PR, is not available to the filter, the difference between GPS pseudorange and INS-
indicated pseudorange will be taken eventually to eliminate this term. First, the satellite position

vector X g and the user position vector Xy are defined as:
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z, \° zs ) °
Xp=1{ % y Xg=1¢ Us (151)
2y Zg

where the superscript e denotes coordinates in the earth-centered earth-fixed (ECEF) frame. The
pseudorange from the user to the satellites calculated by the INS, PRy, is the difference between

the GPS/INS-calculated user position, Xy, and the satellite position given by the ephemeris data,

XsZ
Ty e rs e
PRins = | Xu—Xsl=| yv ¢ —4 ¥s (152)
2U 23
An equivalent form of Equation (152) is:
PRins = /(zv — x5)? + (yu —ys)? + (2v — 25)? (153)

With perturbations representing errors in Xy and X s, Equation (153) can be written in terms of the

true range via a truncated first-order Taylor series:

OPRns(Xs,Xv)

6X
X S

(Xs: Xt )nom

PRiyns = PR+

(154)

OPRns(Xs, Xv)

. 6X
Xy v

(x31xU)nom

The solution for PR;n s is found by evaluating the partial derivatives of Equation (153) to get:
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PRins = PR;— |:93.S'—:L‘U] - bz — [u] - dyy — [M] -8z

|PRrNs| |PRNs| |PRins|
(155)
Is — Iy Ys —yu 28 —2ZU
+ | =—=——=| bz5+ |55 - Oys + [———-] -6z
[IPRINS|] g [IPRINsl] YT | TPRns] S
Finally, the truth model GPS pseudorange difference measurement is given as:
8z = PRins— PRgps
(25 — 2y | [ ys —yu | zg — 2y
-_ — ————— . 6x — —————— . 6 — —————— . 6z
[PRivsl] ~ ° ||PRinsl] i [|PR1NS|] v
(156)

(25 —zy | [ ys —yu | zZs — 22U
IS ZTU | spgt |V | +[———]-6z
| |PRins| | 5 |]PRns] | ys |PRins| s

_6PRcloop - 6PRt@'op — 6PR;on, — 6PRgck — 6PRy.x +v

The user position errors in Equation (156) can be derived from the first three (position error) states
of the filter or truth model using an orthogonal transformation [6].

The reduced order truth and filter design measurement models for the GPS measurement do
not contain terms for the errors due to code loop variations, atmospheric delays, satellite clock
deviations, or errors in ephemeris-given satellite position. The filter GPS measurement model can

be written as:
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s — Ty Ys —Yu 28 — 22U
62 = —|——=] by — | == Syy — |—| 62y — 6PR, +v
[IPRmsl] v [IP RINSl] e [IPRmsI] v velk

(157)

4.3 Event Models

This section discusses the methods used to model the event changes in the computer simula-
tions, and it parallels the discussion presented by Miller [53]. Interference/jamming is modeled as a
sudden increase in the measurement noise associated with all four SV’s, resulting in lower carrier-
to-noise ratios, C/Np, in the GPS receiver. This event is induced in all SV measurements because
interference/jamming is assumed to occur at the receiver, which will affect all four channels simulta-
neously. The interference noise variance, Riy, is added to the truth model measurements’ R; values
(see discussion of Equation (150)) to simulate real-world interference and will be allowed to take
on selected values within the interference parameter space spanned by the MMAE filter bank. Em-
phasis will be placed on demonstrating the capability of MMAE to detect and identify interference
events of unspecified magnitude quickly. GPS jamming is used to refer to the total loss of useful
GPS transmissions due to very large signal interference. A GPS jamming event is well-modelled
(and much more easily modelled) via very large measurement noise. When the MMAE algorithm
detects very large diagonal elements in real-world measurement noise covariance matrix R, then
the corresponding measurements will be very lightly weighted by the elemental Kalman filters; the
effect is essentially the same as if those measurements were never received, hence the use of the

term “interference/jamming.” The system measurement noise covariance matrix is given by:

[ Rpaut ]
Rgps 0

_ Rgps
R= Roms (158)

0 Rgps

RBa.ro i
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where Rgpg is the product of the nominal GPS measurement noise variance, Ry, and either a true

multiplier, a;, or a filter-assumed multiplier, a;.

Rgps = a;Rg , for truth model
ajRy , for filter models

Previous research [58, 75, 77] determined reasonable choices for the nominal GPS measurement

(159)

noise and the range for the noise multiplier as:

Ry =9 ft?
1 < az; <2000 (160)

Since the GPS measurement noise will be chosen as the scalar parameter for estimation, future

notation will indicate values for the minimum and maximum allowable parameter values as:

min = 1

amax = 2000

Table 4 shows the six test cases used in the performance analysis. The entries in the table
represent the true interference/jamming levels (multiplier values, a¢, on the four diagonal terms of
R, corresponding to the GPS measurements) for each case and the time in seconds when a parameter
change occurred. The simulations spanned 200 seconds of flight time (3700 — 3900 sec) out of a

2-hour flight profile generated by PROFGEN [56].

Table 4. Simulated Test Cases (Interference/Jamming Levels)

Time (sec) | Case 1 | Case2 | Case3 | Case 4 | Case S | Case 6
3700 1 1 1 1] 2000 1
3750 | 2000 | 1000 850 500 | 1000 1
3800 | 2000 | 1000 850 { 1000 500 1
3850 1 1 1 2000 1 1

The first three test cases represent various levels of simple interference/jamming. Case 1 in-
duces the maximum level of interference/jamming being considered, case 2 tests the algorithms
against an intermediate level of interference, while case 3 was added to provide a fair comparison
of the algorithms. This will be discussed in detail later, but the basic idea is that case 2 induces an

interference level and thus a true parameter value that almost perfectly matches one of the filter-
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assumed parameter values in the fixed-bank MMAE. It is also important to select a true parameter
value that does not match any of the fixed-bank filter-assumed parameter values in order to compare
the performance of the fixed-bank MMAE against the moving-bank algorithms properly. Cases 4
and 5 allow analysis of the algorithms in the presence of relatively small parameter changes and
identify the differences in performance when the parameter value is increasing versus decreasing.
Finally, case 6 provides a baseline indicating the level of state estimation performance achieved in
the environment without any interference/jamming corruption.

The simulated flight profile being implemented is illustrated in Figure 38. Notice the contin-
ual drop in altitude toward ground level, indicating that the landing portion of the flight profile was
used. A fixed-bank MMAE and four moving-bank MMAE algorithms discussed further in Sections
4.6 —4.10 were analyzed for each of the six test cases. This will provide results for a conventional
MMAE (see Figure 6 on page 8) used to provide state and parameter estimates simultancously. How-
ever, all the algorithms have been tuned and otherwise adjusted (such as the selection of threshold
values) to enhance parameter estimation, leaving precise state estimations as a secondary objective.
This includes applying the modified Sheldon discretization optimized for parameter estimation in
lieu of the discretization optimized for state estimation, in cases where a Sheldon discretization is
performed. The motivation for focusing on parameter estimation is the intent to utilize the M2AE
architecture (see Figure 7 on page 9) for the final state estimation. Fortunately, all the data from both
the conventional MMAE and the M3AE is available; so analysis will be conducted on both. Many
of the case studies produce similar trends, so the discussion of some cases will be brief. However,
each case presented did identify at least one strength or weakness of a given algorithm and will be
presented in the section relative to that algorithm. Although some comparisons will be drawn be-

tween algorithms, final conclusions will be stated in Chapter 5.
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4.4 Data Presentation

The simulation data is presented through four types of plots and a tabular listing of two per-
formance measures. First, the state plots of aircraft latitude, longitude and altitude are plotted for
the blended estimates provided by the MMAE and for the single filter generating the final state es-
timates via the M3AE architecture. Each plot contains five traces. The innermost trace (—) on each
data plot is the mean error time history for the applicable state. Mean Error is defined as the differ-
ence between the filter’s estimate of the state and the true state, averaged over the number of Monte

Carlo runs performed. The equation describing this relationship is defined by [44]:

. 1 & 1 &
Me(t:) = -ﬁzew(ti)=ﬁz{ﬁw(ti)—xtrueu(ti)} (161)
w=1 w=1

where %,,(t;) is the filter-computed estimate of a given state and Zypye,, (t;) is the truth model value
of the same state, at time ¢;, for run w, and N is the number of time histories in the simulation (10
in this dissertation).

In addition to the center trace, two more pairs of traces are plotted and identified as the state
estimate error Mean + Sigma (p, + 05). The first pair (represented by - — -—) is symmetrically
displaced about the mean and as a result follows the “undulations” of Me(ti). The locus of these
traces is calculated from M, (t;) + /Pe(t;), where Pe(t;) is the true error variance at time ¢;. The

true standard deviation is calculated from [44]:

N
Otrue(ti) = VP(t:)= \J -N—l_TZez,(t,-) - Nli 1M§(ti) (162)
w=1
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where N is the number of runs in the Monte Carlo simulation (10 in this case), and MZ(t;) is the
square of the mean of a given state at each time of interest; The last pair of traces (—) represent
the filter-computed 0 yi11.r values for the same states and are symmetrically displaced about zero
because the filter “believes” that it is producing zero-mean errors [44]. These traces represent the
filter’s estimate of its own error. Thus, on a single plot, the [Me(ti) + Pe(ti)] traces provide an
indication of true performance, while the [+0 s, traces additionally show how well tuned the
filter is, i.e., how well it predicts its own errors.

The second type of plot presents the filter probabilities over the time history for a single rep-
resentative run. Alternatively, the mean and standard deviation of the probabilities could be pre-
sented, but single run plots provide insights into trends that could be smoothed over or averaged
out by the statistics of the multi-run data. Similarly, single run data may not fully represent the per-
formance being analyzed if there are large variations from run to run. Therefore, all of the Monte
Carlo runs were observed in the selection of this single run to ensure it adequately represents the
overall performance. Also, a single example of the mean and standard deviation of the probabilities
is presented to illustrate that significant variation of the probability data does not exist from run to
run. The ordinate is labeled EF1 —EFS to identify the elemental filter number.

The third type of plot shows the time history for the parameter being estimated in this problem
for a single representative run. The first trace (- - -) represents the true parameter value as dictated
by the case study being simulated. The second trace (—) shows the parameter estimate provided by
the MMAE. The third trace (- - -) indicates the minimum and maximum filter-assumed parameter
values within the MMAE bank at each sample time. This pair of traces illustrates the breadth of the
bank, how well the bank encompasses the true parameter value and where the parameter estimate
lies within the MMAE bank, i.e., close to an endpoint or somewhere in the middle. Alternatively,

the mean and standard deviation of the parameter data based on all the Monte Carlo runs could be
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presented, but the plots would be cluttered and difficult to interpret. Therefore, single representa-
tive runs are presented for these plots with a combination of parameter data, and statistics for the
parameter estimates are shown in the fourth type of plot.

The fourth type of plot shows statistics of the parameter estimate error. The innermost trace
(—) on each data plot is the mean error time history for the parameter estimate. Mean Parameter
Estimate Error, M,_(t;), is defined as the difference between the MMAE blended estimate of the
parameter and the true parameter, averaged over the number of Monte Carlo runs performed. The
equation describing this relationship is defined by [44] and is identical to Equation (161) replacing
ew(ts) = {Zu(t:) — Tirue, (t:)} With e, (t:) = {&mmag, (4:) — atrue,, (t:)}. Similarly, the trace
pair (- — -—) represents the parameter estimate error M, (t;) £ \/Pe.(t:) and utilizes Equation
(162), replacing e, (t;) with e, (;) and M.(t;) with M, (t;).

The performance measure used to assist in analyzing the state plots is the temporally averaged

RMS value of the state estimation error and is given by:

1 Nsamp
N, samp ",

(163)

A2 _
€rMSs =

where Nyamp is the number of time samples of the state estimation error. Similarly, the performance
measure used for parameter estimation analysis, €%,,¢. is the temporally averaged RMS value
of the parameter estimation error given by Equation (163) but with e,,(¢;) replaced by ea, ) =
[amMAE, (i) — atrue, (:)]-
4.5 Simulation Software

Multimode Simulation for Optimal Filter Evaluation (MSOFE) is a general-purpose, multi-

mode simulation program for designing integrated systems that employ optimal (Kalman) filtering
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techniques and for evaluating their performance [57]. The general-purpose construction of MSOFE
allows its application to a wide variety of user-specific problems with a minimal amount of new
software development. The United States Air Force uses MSOFE for the validation of systems that
use optimal filtering techniques. MSOFE provides Monte Carlo and covariance simulation modes.

Multiple Model Simulation for Optimal Filter Evaluation (MMSOFE) was developed at AFIT
by Nielsen [59,60] to support the analysis of systems using a multiple model adaptive filter structure.
MMSOFE is written as an extension to MSOFE and is based on the same core code. The MMSOFE
program propagates multiple filters forward in parallel while performing the hypothesis probability
and blending calculations required for MMAE and other multiple model algorithms. The Monte

Carlo simulation mode of MMSOFE with 10 runs (N = 10) is used in all phases of the work.

4.6 Fixed Bank MMAE

4.6.1 Implementation Issues

A fixed-bank MM AE was simulated for comparison to the various moving-bank MMAE meth-
ods investigated in this chapter. The basic concept of the fixed-bank MMAE was presented in Sec-
tion 2.2. A bank of 5 elemental filters was implemented, and the modified Sheldon discretization
optimized for parameter estimation with‘a finite horizon of 10 samples = 10 seconds was used to

determine the parameter values for the filters. The filter-assumed measurement noise covariance
matrix is given by:

RRalt

Rgps 0
Rgps
Rgps
0 Rgps
RBaro i

&
I

where Rgq is given by Equation (141), Rpgro = 3500 ft2? as stated in Section 4.2.1.2, and Reps

is the product of the nominal GPS measurement noise covariance, Rp = 9f t2 (see Section 4.3), and
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the filter-assumed multiplier, a;.
Rgps = aj Ry

The resulting multipliers of the nominal GPS measurement noise covariance are shown in Table 5.
Notice that filter 1 has a noise multiplier of a; = 1. It makes sense to assign a filter the parame-
ter value associated with the nominal case of no interference/jamming; therefore, the noise multi-
plier for filter 1 was preassigned when performing the Sheldon discretization. Figure 39 shows the
estimation error autocorrelation curve generated by the Sheldon algorithm for this problem. The
parameter values determined by the Sheldon algorithm correspond to the intersection points of the
autocorrelation curve with the abscissa. Lower bounding of the probabilities was implemented as
discussed in Section 2.2.2. Specifically, a lower bound of pmin = 0.001 was used and applied in

every implementation presented in this research.

Table 5. Parameter Values Chosen via Sheldon

Filter ; ilT2]13] 45
Noise Multiplier, a; | 1 | 188 | 615 | 1097 | 1660

4.6.2 Performance

Case 1 (recall Table 4 on page 149): The true and estimated parameter plot shown in Figure 40
identifies a potential liability of the fixed-bank algorithm when the true parameter value approaches
the maximum admissible parameter value. Notice that, although the true parameter multiplier, a;,
equals ap., = 2000 from time 3750 sec < ¢ < 3850 sec, the parameter estimate, AMMAE, IS
consistently lower and bounded above by the largest filter-assumed parameter value of a5 = 1660.
This upper bound is shown by the trace (- - -), and the lower bound trace (- - -) is hidden along the
bottom edge of the plot. One solution to this problem would be to set a5 = amax, but recall that
a5, was determined via a Sheldon discretization over the parameter range amin t0 amax. Attificially

setting a5 = amax Would negate the benefits of using Sheldon’s cost minimization technique for
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minimal parameter estimation error, as would artificially increasing amax prior to implementing
Sheldon’s algorithm such that a5 ~ 2000. The result of underestimating the true parameter value is
illustrated by the relatively large value for the parameter estimation measure, €3,,5 = 203, shown
in Table 16 of Appendix E.

The blended state estimate errors, Xpmag, provided by the conventional MMAE are shown
in Figure 41. All three states show the quick response of the MMAE to the abrupt change in the
true parameter at ¢ = 3750 sec and 3850 sec. The altitude error state plot indicates adequate tun-
ing in this channel. In particular, the filter computed standard deviation, &0 s, encompasses the
majority of the error state z,, + o, values (with a notable exception at ¢ = 3850 sec, at the time of
the second abrupt change in the true parameter value). An important characteristic of the altitude
error state plots is the obvious “tapering down” of both the y,, & 0 and %0 f;zr values over time.
Recall the gradual descent in altitude shown in Figure 38, and the dependence of the radar altime-
ter’s noise variance on this altitude, as seen in Equation (141). This combination results in radar
altimeter measurements which are continually improving over time in terms of their accuracy (i.e.,
the radar altimeter becomes more effective as it approaches ground level, and its associated mea-
surement noise variance is decreasing). Also, note that the size of the “sawtooth” created by the
+0 fiter values increases over time. This increase implies that the measurement update is having a
larger (positive) impact on the error state estimates and makes sense since a decreased measurement
noise variance infers an increased reliance on the measurement data. These accurate radar altime-
ter measurements directly improve the altitude state estimation performance, as seen in the results
throughout this chapter. The latitude and longitude error states are also well tuned in the time frames
of t < 3750 sec and ¢ > 3850 sec (without interference/jamming) with the exception of some tran-
sient behavior around ¢ = 3850 sec. These transients result from the time needed by the MMAE to

converge on the true parameter value. The filter probabilities plotted in Figure 42 indicate that 5
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sample times (3850 sec to 3854 sec) are needed before significant probability weight transfers from
filter S to filter 1, i.e., ps = 0.9948 — 0.001 while p; = 0.001 — 0.9954. During this transfer
time, the error state estimates degrade, resulting in an increase in the relative mean and variance
values. Additionally, once the MMAE has converged on the best filter-assumed parameter match
to truth, several more sample periods are required for the state estimate errors to converge back to a
zero-mean condition.

Although the probability plot is only shown for 1 of the 10 Monte Carlo runs, this trend is
consistent across all the runs, as illustrated by the mean and mean =+ one standard deviation of the
probabilities shown in Figure 43. Comparison of Figures 42 and 43 indicates that the single run data
are representative of the mean probability values (trace —), and the relatively small standard devi-
ations (trace - — -—) in Figure 43 indicate minor variations in the data from run to run. The latitude
and longitude error states are somewhat conservatively tuned (i.e., the filter-computed +0 ;ier Val-
ues overestimate the true p, & o values) when the interference/jamming is present (3750 sec < ¢
< 3850 sec) for both the MMAE and M3AE error state estimates (see Figures 41 and 44). Figure
40 shows that ayryag is biased low with respect to a; (i.e., the measurement noise covariance is
estimated lower than truth), yet the M3AE error state estimates indicate conservative tuning of the
single Kalman filter being sent these parameter estimates. This would make sense if the parame-
ter estimate were biased high such that the single Kalman filter assumes too high a value for the
covariance values associated with the GPS measurement noise. This conservatism will be evident
in many case studies for many of the algorithms, so further discussion will be presented here with
emphasis on the M3AE error state estimates given below. The relatively benign flight environment
is seen from the flight profile in Figure 38. Notice that the latitude and longitude are gradually
changing and monotonic, resulting in accurate representation of the system dynamics by the filter

models. Given a more turbulent flight profile and filter dynamics models not adequately modified
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to account for this high level of turbulence, the dynamics models in the filters could become less -
accurate. However, the scenario in this simulation involves a less turbulent profile and a large in-
crease in the measurement noise covariance values, resulting in more dependence on the accurately
modeled dynamics models and less dependence on the incoming measurements.

This can be seen mathematically from the Kalman filter propagate and update equations re-

peated here.
2(t7) = ®(ti, ti-1)%(¢2 1) + Ba(ti-1)u(ti-1) (164)
K(t;) = P(t; )HT(t:) [H(%) P, JHT (&) + R(%)] (165)
x(t]) = %(t7) + K(t:)[z: — Ht:)%(#)] (166)

Notice that, as R. gets larger, as in the interference/jamming case, the gains K decrease, resulting in
less weight on the measurements, z, and more reliance on the propagated state estimates, X(t;"), in
determining the updated state estimates, :“c(tj ). Furthermore, since the filter and truth models are the
same with the exception of the noise parameter being estimated, the need for accurate measurements
is lessened versus the case in which the filter models are a reduced-order version of the truth model.
Therefore, although error states 1 and 2 do not appear particularly well tuned, this does not result in
significant degradation of their estimates and large variations in the estimation errors.

The final error state estimates provided by the M3AE architecture are shown in Figure 44. The
error state estimation measure, €%,,¢, shown in Tables 17 — 22 of Appendix E, indicates a consid-
erable improvement in the state estimates resulting from the M3AE approach. This is primarily due
to the reduction of the transient behavior around ¢ = 3850 sec. The parameter estimate converges
toward truth within a few sample periods, allowing the single filter, which uses this estimate, to
adapt its measurement noise covariance tuning quickly, resulting in smaller standard deviations for
the érror state estimates. Observation of the M3 AE error state estimates reveals conservative tuning

present from 3700 sec < ¢ < 3750 sec. This is a result of the parameter being estimated much higher
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than truth (Ammag > a:), as seen in Figure 45. The probability lower bounding requires that all
the elemental filters, even those that are clearly far from truth, contribute to the blended parameter

estimate given by:
J
aumae(t) = Y _a;p;t)
j=1

Since some of the filters assume large parameter values, a;, the blended estimate is biased high in
the unjammed environment and causes the conservative tuning of the M3AE estimates. A simple
solution to this conservative tuning will be presented in Section 4.11.

Now that the conservative nature of the M3 AE state estimates is understood when apmae >
a;, a second issue stems from the M3AE error state estimates being more conservatively tuned than
their associated MMAE error state estimates. Recall that the M3AE error state estimates are func-
tions of ayvag Which is passed from the MMAE to the single Kalman filter. More precisely, the
MB3AE error state estimates are generated by a Kalman filter which assumes a parameter value equal
to aymag. Furthermore, aymag is a function of the elemental filter probabilities, p;, and the filter-
assumed parameter values, a;. Similarly, the MMAE error state estimates, XMMAE, are functions
of these same filter probabilities, p;, and the error state estimates generated by each of the elemen-
tal Kalman filters, %;. The natural question that arises is, “Given that both architectures utilize the
same filter probabilities, p;, why are the M®AE error state estimates more conservatively tuned than
their associated MMAE error state estimates?” The research by Miller [53] capitalized on the fact
that these two sets of state estimates would not be the same and used this as a motivation for imple-
menting the M3AE architecture. Particularly, for the case of coarse discretization, a single Kalman

filter based on a good parameter estimate, AvmAE, iS superior to any linear combination of state
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estimates from a bank of Kalman filters, all of which are based on poor a; values. This also relates
directly to the observation that M2AE greatly outperforms MMAE only when there is significant
blending of more than one elemental filter to produce aymag (thereby very different from any of
the a;’s currently in the bank). However, the question raised above has yet to be addressed and is a
natural extension to Miller’s research [53].

Further clarification is needed for the performance of the M3AE error state estimates during
the time frame 3750 sec < ¢ < 3850 sec, in which the parameter estimate is less than truth (i.e.,
AMMAE = 1655 while a; = 2000), and a bias high of the parameter estimate cannot be identified as
the cause for the conservative tuning. Typically, underestimating the measurement noise covariance
would result in a less conservatively tuned filter, and the filter-computed +o f;jer values would
underestimate the true u, 3 o, values. The previous paragraphs explained that the conservatism
was due to a less turbulent profile and a large increase in the measurement noise covariance values.
This concept still holds here despite the underestimation of the true parameter value. The reason
is that, with a; = 2000, the GPS measurements have been effectively eliminated, and the previous
discussion identified that the error state estimates (for states 1 and 2) become a function of the
dynamics model. Again, significant degradation of the error state estimates does not occur in this
benign flight profile with the exception of a gradual increase in the true error variance resulting
from INS drift (i.e., the GPS is not providing any feedforward corrections to the INS). Similarly,
with ymag =~ 1655, which is a large underestimation of a; = 2000, the GPS measurements have
still been effectively eliminated and the filter tuning appears conservative. Additional simulations
(not presented here) were conducted with very small interference levels such as a; = 10 to verify
that this conservatism could be removed in cases in which the resulting 4ymag was less than a; but

not so large as to eliminate the effects of the GPS measurements.
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Case 2: Additional insights into the performance of the fixed-bank algorithm are gained by
observation of the parameter estimate and parameter error plots for this case; recall from Table
4 (page 149) that the step change is from 1 to 1000 on the parameter, rather than 2000 as in the
previous case. The plots of the error state estimates look essentially the same as in case 1, and the
only discernible difference is a slight reduction in the performance measure €%, ¢ forall three states.
Figures 46 and 47 illustrate the interaction between elemental filters 3 and 4 in the tracking of a;.

First, the parameter estimate seems somewhat erratic from ¢ = 3750 sec to 3795 sec, then settles
on a value that is biased high with respect to a;. The parameter error mean =+ 1 standard deviation
plot reinforces this observation with a mean value for the error that is rather dynamic immediately
after the interference/jamming is induced but essentially constant after 1 = 3795 sec. Similarly, the
standard deviation is initially large, then shrinks considerably once the mean value settles down to
a constant value. The probability plots help explain the results above by showing how filters 3 and
4 compete for the probability weight from 7 = 3750 sec to 3795 sec, followed by convergence to the
more conservatively tuned filter (EF4). Recall that filters 3 and 4 have assumed parameter values
of 615 and 1097, respectively, and the true interference/jamming level is a; = 1000 for this case
study. Therefore, the fixed-bank performance which converges to filter 4 makes sense. Additionally,
having an elemental filter assume a parameter value that is very close to the true parameter value
gives the appearance of superior parameter estimation, as seen by comparing the values of €%, 5 in
Table 16 (Appendix E) for each algorithm. This no longer holds when the true parameter value is
not particularly close to any one filter, as seen in case 3 below.

Case 3 : In contrast to case 2, the true parameter value (a; = 850) is halfway between the filter-
assumed parameter values for filters 3 and 4, resulting in a degraded parameter estimate relative to
that of case 2. See the increased standard deviation of the parameter error in Figure 48 and the

increased measure values €%, and €%, in Tables 16 —22 (Appendix E). The primary problem
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is the inability of the fixed-bank MMAE to adapt the parameter choices for the filters such that it
could converge on a filter that is a good match to truth. The moving-bank algorithms will exploit
their ability to make the necessary adaptation of the parameter choices such that this problem can
be avoided.

Case 4. Recall from Table 4 (page 149) that the true parameter undergoes three successive
increases in case 4. This case does not provide any new insights beyond those gained from cases 1 —
3 for the fixed-bank approach, but it does help identify potential advantages of utilizing a moving-
bank algorithm over using the fixed-bank approach. The parameter estimate shown in Figure 49
reinforces the bias problem encountered with the fixed-bank approach when the true parameter is
far from the fixed filter-assumed parameter values. Specifically, an upward bias (above a; = 500)
is seen from ¢ = 3754 sec to 3800 sec. Similarly, a downward bias (below a; = 2000) is seen from ¢ =
3850 sec to 3900 sec, since the largest filter-assumed parameter value is as = 1660. The probability
and error state estimate plots are shown in Figures 50, 51, and 52 for completeness.  The moving-
bank algorithms will be discussed in their appropriate sections to identify their potential benefits
over the fixed-bank approach for this case study.

Case 5: In this case, the true parameter value takes on the same values as in case 4, but in
the opposite sequential order. As with case 4, case 5 is mainly included for completeness and to
allow comparison to the density algorithm with expansions and increased decision delay discussed
presently. Figures 53 — 56 illustrate the fixed-bank performance. Notice the same downward biasing
(when a; = 2000) and upward biasing (when a, = 500) that occurred in case 4. Despite this negative
tendency, the true parameter value is tracked relatively well once the MMAE algorithm converges
to a filter that matches truth reasonably well. For instance, a; = 1000 for ¢ = 3750 sec to 3800
sec, and filter 4 (a; = 1097) finally possesses the majority of the probability weight at # = 3790

sec, resulting in a refinement of the parameter estimate. This refinement is further indicated by the
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parameter error mean = 1 standard deviation plot which shows a near zero mean around ¢ = 3790
sec. Similarly, a; = 500 for ¢ = 3800 sec to 3850 sec, and filter 3 (a; = 615) finally possesses the
majority of the probability weight at # = 3810 sec. However, since a; > a¢, the upward bias effect

is present as stated earlier, and it would be preferable to have greater blending of filters 2 and 3.
4.7 MMAE Incorporating the Density Algorithm

4.7.1 Implementation Issues

The density algorithm presented in Section 3.1 was implemented with five elemental filters.
Several design parameters are associated with this algorithm and summarized in Table 6. The de-
sign parameters were determined using the guidelines and equations described in Section 3.1. The

following paragraphs provide an explanation for these choices.

Table 6. Design Parameters for Density Algorithm

T 0.5

Ty 2

T3 5(4)

~ 4

T 18.5

Ts 0.1

Te 0.9

# of Foveal Filters 3
Deadl 3
Dead2 4
Initialize New Filters Yes
Decision Delay 1(5)
Pmin 0.001

Threshold T} was found empirically such that a reasonable change in the true parameter value
led to 2 movement decision. For example, if the true parameter, a;, changed from a, = 2000 to
a; = 1000 and the 5 filter-assumed parameter values were [a;; j = 1,...,5] = [1066 1300 1533
1766 2000], then a move to the left would be desirable. In this case, M5 changed from 0.29t0 1.15,

crossing the threshold 73 = 0.5 and implying that a move should be performed. See the logic given
178
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by Equations (86) and (87). In contrast, if the true parameter changed from a; = 200 to a; = 300

and the 5 filter-assumed parameter values were [a;; 7 =1,...,5] = [1 188 261 393 523], then a
move would not be necessary. In fact, M5 changed from 0.28 to 0.29, which does not exceed T3,
implying that a move should not be performed. Repeated analysis of this type for several choices
of a; and a; led to the selection of Ty = 0.5.

Threshold T, = 2 implies that a contraction would be executed if only 1 or 2 of the filter-
assumed parameter values are close to the best indication of the true parameter value (associated
with the highest value of f,(,)a,z(,_,))> and the other 3 or 4 filter-assumed parameter values are
outliers with respect to truth. See the logic given by Equations (88) and (89).

Note that when T3 = 5, the Decision Delay = 1, and when T3 = 4, the Decision Delay = 5,
as indicated by the parentheses and explained presently. The threshold, T3, is set to values of 5 and
4 to prevent and allow expansions, respectively. See the logic given by Equations (88) and (90).
Threshold T3 = 5 = J implies that no expansions will be made since the condition Mg > T3 will
never be met. Without the use of expansions, a short decision delay of 1 sample period sufficed to
allow transients to die out after a new moving-bank decision had been made. Allowing expansions
with the basic density algorithm implementation resulted in erratic changes of the filter-assumed
parameter values, and these changes were detrimental to the parameter estimates as presented in
the performance section that follows. To illustrate this point, additional simulations were conducted
with T3 set equal to 4, resulting in expansions for some test cases. To help counter the erratic
bank changes, a decision delay of 5 sample periods was used. This long delay time induced some
sluggishness in the algorithms decision-making process, which is also discussed in the performance
section.

The scale factor, -y, was found empirically after choosing T» and T3 such that filters far from

the truth, in terms of their parameter values, are not counted via measure Mg. For example, let
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[aj; 5 =1,...,5] =[1 188 615 1097 1660] , a; = 2000 and y = 10, resulting in M¢ = 2 since
filters 4 and 5 (a; = 1097 and 1660) are relatively close to truth. A better choice of v = 4 leads to
Mg = 1 since filter 4 is actually rather far from truth and should not contribute to the summation
found in Equation (88) for Me. Similarly, let [a;; j = 1,..., 5] =[1233 350 525 700], a; = 500 and
~ = 4, resulting in Mg = 4, which makes sense since 4 of the 5 filters are close to truth. However,
~ = 1.5 leads to Mg = 1, implying that only 1 filter is close to truth. Although this could be argued
as a correct assessment, letting y = 1.5 versus v = 4 would lead to unneeded contractions based on
the logic in Equation (89) and potentially eliminate the elemental filter’s residual distinguishability.
In other words, the bank could contract to the point that all the filter models would look equally
good, and parameter estimation would tend to degrade. This type of analysis led to the selection of
v =4.

Threshold Ty = gchisq( Py, m) was calculated via MATHCAD [39] such that the probability
of correctly classifying good filters was 99.5% with 6 measurements sources as shown below

Ty = qchisq(0.995,6) = 18.5

This paragraph will discuss the selection of thresholds 75 and Tg. Threshold T was found
empirically such that a medium change in the true parameter value led to a medium movement
. decision. For example, with a; changing from 1000 to 500 and filter-assumed parameter values of
[aj; 7 =1,...,5] = [1000 1300 1533 1766 2000], a threshold of Ts = 0.9 led to My = 5 = J,
resulting in a medium move. See the logic given by Equations (97) and (104). After this medium

move, My reduced to 3 or 4 (negating the possibility of another medium move) since the ratio

T -1
rM4AM4rM4

T A1
r; AT,

used in calculating My fell outside the range
T A—l
|- Ty < SMoMIM g

T A1
i AT
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for one or two of the filters. Specifically, the new parameter values assigned after the move,
[aj; 7=1,...,5] = [1 233 350 525 700], allowed one or two filters to appear “moderately sim-
ilar” in terms of their likelihood quotients. Notice that a; = 500 is well within the parameter span
of the MMAE and additional medium moves are not necessary at this time. The same process dis-
cussed here for selecting 75 led to selecting 75 such that a large change in the true parameter value

led to a hard movement decision.

The number of foveal view filters is set equal to 3 and is motivated by having 3 out of 5
filters focused on the true parameter value and 2 out of 5 filters positioned as outliers, maintaining a
peripheral view of the parameter space. This is based on the design approach used in this simulated

example problem. Recall that the contraction and expansion factors are given by

Contraction Factor : x = # of desired counted (foveal) filters

and
" # of desired counted (foveal) filters

Expansion Factor : ¢

The dead zone region was empirically determined to prevent unneeded soft moves when the
filter associated with the maximum probability is close to the center of the bank. Notice that the dead
zone covers the region defined by filter numbers 3 —4; so a soft move is prevented if either filter 3
or 4 is associated with the maximum probability weight. A single filter dead zone located at filter
3 was found to be ineffective at preventing many unwanted movements, so larger dead zones were
considered. Initially, a dead zone spanning filters 2 —4, which is symmetric about the center of the
bank (and is thus conceptually appealing at first), was proposed but found to prevent desired moves

to the left. This raises a problem-dependent characteristic of an MMAE for which the measurement
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noise covariance matrix, R, is the uncertain parameter. With R as the parameter being estimated, the

probability calculation within the MMAE will tend to favor elemental filters having conservative
(larger) values of R (see discussion in Section 3.1.5.2). Therefore, the dead zone defined by filters 3
—4 was more effective than a dead zone of 2 —4, since it accounted for this attribute of the MMAE.

Filters taking on a new parameter value as a result of a moving-bank decision were newly
initialized with £pmag. Finally, a lower bound on the probabilities of pnin = 0.001 was used for

consistency.

4.7.2 Performance Without Expansion and Additional Delay

Case I : The adaptive nature of this algorithm is illustrated by the parameter estimate perfor-
mance shown in Figure 57. Note that the two traces (- - -) and (- - -) are overlaid from ¢ = 3755 sec
to 3850 sec, causing what appears to be a trace ( - — -— ). In reality, the maximum filter-assumed
parameter value indicated by (- - -) is equal to the true parameter value indicated by (- - -).

Filters 4 and 5 have the strongest influence on the parameter estimate from ¢ = 3750 sec to
3850 sec, as realized from the probability plot in Figure 58, while filters 1 —3 have probabilities at
or near the lower bound of pmin = 0.001. As a result, the parameter estimate is seen to increase
quickly (within 5 sample periods) to a value of dymar = 1494, which is in the neighborhood of
truth, a; = 2000. Notice that, up to this point, the parameter estimate in Figure 57 is the same as the
parameter estimate in Figure 40. More importantly, the density algorithm invokes a soft move to the
right at ¢ = 3755 sec (i.e., upward on Figure 57), allowing filter 5 to assume the value a5 = 2000
and an increase in Ayag to 1878 in one sample period. Filter 1 also assumes a larger parameter
value at this time, and this bank move is indicated by the trace pair (- - -) which shows an increase
in both the minimum and maximum filter-assumed parameter values, i.c., a move right. At¢ =

3782 sec, 3784 sec, and 3823 sec, the algorithm invokes contractions, resulting in further increases
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of the assumed parameter values for filters 1 — 4 and a refinement of the parameter estimate. The
MMAE blending of a, = 1786 and a5 = 2000 still causes the parameter estimate to be biased below
a; = 2000, but this becomes less significant as the bank is repeatedly contracted. The parameter
estimation measure, €%, is shown in Table 16 (Appendix E) as being one of the most competitive
among the algorithms.

The MMAE blended and M3AE final state estimation errors are shown in Figures 59 and 60.
The altitude state is well-tuned for both the MMAE and M3AE error state estimates with some
conservatism prior to the onset of interference/jamming (¢ < 3750 sec) for the M3AE error state

_estimate. Again, this is due to the blended parameter estimate being biased high in the unj ammed
environment, as explained under case 1 for the fixed-bank MMAE. The primary difference between
the results shown here and those for the fixed-bank MMAE is the lack of large transients at ¢ =
3850 sec for the MMAE estimates, resulting in cleaner transitions for the MB3AE estimates. Recall
the case 1 fixed-bank discussion which identified the excessive time (5 sample periods) needed by
the MMAE to converge on the true parameter value when the interference/jamming is removed at
t = 3850 sec. In contrast, the density algorithm converges in 3 sample periods, which is evident
by observing the raw probability data (not shown here) along with the parameter estimate plot in
Figure 57. This improvement in the conventional MMAE’s blended estimates is passed on to the
final M3AE estimates, resulting in better adaptive tuning to the actual measurement noise variances,
and smaller standard deviations for the error state estimates from ¢ = 3850 sec to 3870 sec.

Case 2 : The parameter estimate plot in Figure 61 shows that, following a contraction at ¢ =
3757 sec and some transient behavior in the probabilities shown in Figure 62, the parameter estimate
tracks truth relatively well. The state plots are not included as they look extremely similar to those
in case 1, and the performance measures €%,,¢ and &%, (see Tables 16 —22 in Appendix E) are

more useful.
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Case 3 : The plots for this case are virtually identical to those for case 2 with some improve-
ment in the performance measures, and so they are not presented. Even more significant is the
fact that the fixed-bank performance degrades between cases 2 and 3, whereas the density algo-
rithm performance does not. Recall the discussion presented earlier for the fixed-bank performance
which identified that this degradation results from the true parameter value lying between two filter-
assumed parameter values. The ability of the density algorithm to adapt its filter-assumed parameter
values accounts for the improved parameter estimation measure between cases 2 and 3, i.¢., €xprg
improves from 146 to 110. In contrast, the fixed-bank value for €%, increases from 71 to 128.
As expected, &%, associated with the density algorithm is better than €x,/¢ associated with the
fixed-bank for case 3, i.e., 110 < 128.

Case 4: Some benefits of this moving-bank algorithm versus the fixed-bank approach are
highlighted in this case study. The density algorithm provides a vehicle to modify the filter-assumed
parameter values such that one filter is a particularly good match to truth. This is seen by comparing
the parameter estimation performance plots shown in Figures 49 and 63 for these two algorithms.
In particular, notice the bank motion illustrated by the trace pair (- - -), and the density algorithm’s
ability to “surround” the true parameter value with a bank that has contracted about that true para-
meter value. The two time frames when the fixed-bank suffers a bias on the estimate are from 7 =
3754 sec to 3800 sec and again for ¢ = 3850 sec to 3900 sec. A series of two contractions by the
density algorithm at ¢ = 3751 sec and 3757 sec allows the moving-bank MMAE to provide a refined
estimate of the parameter as compared to the fixed-bank MMAE. Similarly, a hard move rightatf =
3845 sec followed by a soft move right at ¢ = 3852 sec brings the filter-assumed parameter value of
filter 5 close to truth, and this filter obtains the majority of the probability weight, as seen in Figure
64. However, the hard move right is partially made necessary by an undesirable medium move left

at ¢ = 3843 sec. This is due to unusually large (or small) noise samples at each update time for the
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particular stochastic process sample used for this simulation run, which induced the medium move
left and identifies a pétential liability in the density algorithm. Invoking a decision delay will help
remove oscillatory bank movement (i.e., move left then right then left ...), but this will not over-
come unusually larger (or small) noise samples. An attempt was made to smooth out the effect of
such noise samples by averaging data samples of the density f5|a,z over 2 to 10 samples. Unfor-
tunately, the densities for a given filter affected by these unusually large noise samples could vary
by several orders of magnitude, requiring extreme smoothing which then resulted in unacceptable
decision delays for cases in which these noise samples were not a problem. These unusual noise
samples are problematic for all the case studies at ¢ = 3820 sec, since the same random seeds which
initialize the random number generator were used for each case.

Despite the density algorithm’s ability to avoid some of the bias effects plaguing the fixed-bank
MMAE, some biasing is encountered in the regions of ¢ = 3800 sec to 3817 sec and 3823 sec to
3835 sec. This motivates a recommendation in Chapter 5 to pursue a methodology which estimates
or somehow accounts for this biasing. The discussion in Section 3.1.5.1 focused on the residual
covariance matrix given by

A;=H,P;H] + R;
and identified that large values of R; in the scalar measurement case or large eigenvalues of R ; with
m > 1, resulted in more conservative tuning. The discussion then described the MMAE'’s tendency
to favor more conservatively tuned filters. The explanation for this tendency was clear for cases
where the measurement noise, R ;, is the uncertain parameter. However, the dynamics driving noise
covariance, Qg;, also determines how conservatively tuned the filters are and may produce the same
biasing effect. Furthermore, uncertainties in the output matrix, H;, or the state transition matrix,
@, could produce this same biasing trend as they effect the calculation of A ; shown above either

directly in the case of H; or indirectly through P; in the case of ®; (see Equation (4) on page 14).
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Finally, it is not anticipated that uncertainties in the control input matrix, Bq;, will produce this
same biasing effect. Observation of Equations (3) — (8) reveals that By; simply impacts the state
estimates, %(t;), and is not included in the equations related to filter tuning, i.e., Equations (4), (5),
(6), and (8).

When comparing the error state estimates for the MMAE shown in Figure 65 to the error
state estimates for the M3AE shown in Figure 66, it is clear that the M*AE does not significantly
outperform the MMAE. In fact, the MMAE estimates are actually better for states 1 and 2. One of
the conclusions stated by Miller [53] is that the M3 AE will significantly outperform the MMAE only
when there is significant blending of more than one elemental filter. Otherwise, the MMAE and
MB3AE might perform equally well, with no strong preference for the M3AE over the MMAE. This
conclusion holds true for this case in which significant blending is not present (see Figure 64).

In contrast, Miller [53] anticipated that a moving-bank algorithm (which can be centered in
the right neighborhood of the true parameter and contracted to a small enough span such that there
is effective blending of more than one elemental filter) would provide the improvements possible
with the M3AE architecture versus the MMAE, to a greater degree than a fixed-bank algorithm
with a bank that spans the entire admissible parameter space for all time. Recall Figure 57 (case 1),
which shows that the movihg-bank decisions reduce the amount of the parameter space spanned by
the filter-assumed parameter values. The result is significant blending between filters 3 and 4, as
shown in Figure 58 and significant improvements in the latitude and longitude state estimates for
the M3AE over the MMAE (see Figures 59 and 60).

One could further conjecture that blending two elemental filters in the scalar parameter case is
more beneficial than blending three elemental filters in terms of M?3AE versus MMAE performance,
since the distance between aymar and the a;’s for the two-filter case would be greater than the

distance between aymag and the a;’s for the three-filter case (particularly the middle of the three
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a;’s). This conjecture requires validation through simulations and/or support through an analytical
proof, which have not yet been accomplished.

Case 5: The density algorithm suffers erratic bank movements for this case, as seen by the
parameter estimate plot in Figure 67. For example, the following series of movements results in

oscillations of the parameter estimate about the true parameter value of a; = 1000:

Time (sec) Movement Type

3761 medium left
3764 soft right
3772 ' softleft
3784 soft right
3791 medium left
3793 soft right

The probability plot in Figure 68 indicates the MMAE’s confusion about which filter is the best
match to truth over the time frame ¢ = 3750 sec to 3850 sec. The parameter estimation performance
prior to and after this series of erratic movements is very good as the bank is contracted about the true
parameter value. In order to account for the erratic behavior, the decision delay time was increased,
as presented in the next section. The state estimation performance is shown for completeness in

Figures 69 and 70.

473 Performance With Expansion and Additional Delay

Case 1: The parameter plot shown in Figure 71 illustrates the different decisions made by
the density algorithm with expansions available and an increase in the decision delay from 1to5
sample periods. Specifically, the soft move right is delayed from ¢ = 3755 sec with the basic density
algorithm to ¢ = 3759 sec due to the increased decision delay. ~ Also, expansions occur at ¢ =
3781 sec and 3831 sec, but the parameter estimate is seemingly unaffected by these decisions since

filter 5 possesses most of the probability and its parameter value remains unchanged throughout the
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expansions (see Figure 72). The trace pair (- - -) shows the expansion as a reduction in the minimum
filter-assumed parameter value and no change in the maximum value.

Note the slight sluggishness induced in the parameter tracking as a result of the increased
decision delay of 5 samples. This sluggishness is easily seen by comparing Figure 57 and 71 at
the onset and removal of the interference/jamming, i.e., # = 3750 sec and 3850 sec. Also, note the
slight increase in €3, from 80 to 85, which is shown in Table 16 (Appendix E), for the density
algorithm without and with the additional delay, respectively. Furthermore, the same transients in
the MMAE error state estimates that plagued the fixed-bank MMAE for this case exist around ¢ =
3850 sec. Again, this is due to the time needed by the MMAE to converge on the true parameter
value. The final error state estimates provided by the M3AE approach are only slightly degraded as
compared to the density algorithm performance without the additional delay (see Figure 73).

Cases 2 and 3 : For these cases, the density algorithm performance is relatively unchanged
by the addition of expansions and increased decision delays, and the results are not presented. Thé
MMAE error state estimates still suffer some transient behavior once the interference/jamming is
turned off, but the M3 AE error state estimates are nearly identical.

Case 4 : The increased decision delay prevents some of the erratic bank movement encountered
with the basic density algorithm when a; undergoes repeated small step increases, as discussed
earlier This is particularly evident when comparing the parameter estimate plots shown in Figures
63 and 74 at t = 3818 sec to 3845 sec for each version of the algorithm. However, the bank
expansions induce similar erratic behavior as seen from the following sequence of decisions when

the true parameter remains unchanged at a; = 2000:
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Time (sec) Movement Type

3866 soft move right
3872 expand

3878 soft move right
3891 contract

3897 expand

The state estimation performance is very similar for both versions of the density algorithm, as seen
by comparing Figures 65 and 66 to Figures 75 and 76.

Case 5: Recall that the basic density algorithm suffered erratic bank movements when a;
undergoes a sequence of small step decreases, as described earlier for this case study. Comparison
of Figures 67 and 77 shows the significant improvement gained by invoking the additional decision
delay. This version of the density algorithm outperforms all other algorithms tested in terms of the

parameter estimation measure €x /-
4.8 MMAE Incorporating the Density Algorithm with Sheldon Discretization

4.8.1 Implementation Issues

Section 3.1.5.4 detailed the concept of combining the decision making process of the density
algorithm with the discretization process of the on-line Sheldon algorithm. As before, five elemental
filters are used with a lower bound on the probabilities of pyin = 0.001. A look-up table of parame-
ter values is created off-line using the modified Sheldon algorithm for optimal parameter estimation
with finite horizon. The density algorithm provides the Sheldon algorithm with two endpoints over
which to discretize the five filter-assumed parameter values. Each pair of endpoints and their asso-
ciated five filter-assumed parameter values constitute a seven-element row in the table, i.e., there
are seven columns in the table. Recall that the admissible parameter range is 1 < a; < 2000, so
each entry (row) in the table must assume values for the endpoints within this range. In order to ac-

count for every possible endpoint value, a table with an infinite number of entries would be needed.
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Since this is not practical, discrete values for the endpoints are arbitrarily chosen, beginning with
uniformly spacing the endpoints over the parameter range for shﬁplicity. First, 18 left endpoints
are chosen over the range 912 < Rgps < 17,000 in increments of 1000 ft2. This depicts
R} pg = a1 R over the parameter range 1 < a1 < 1889 in increments of 111 where the superscript
on R, indicates the filter number. The increment value of 1000 {2 is purely ad hoc with the
goal of selecting a reasonable number of table entries that are not too far apart. A smaller increment
size might be necessary for problems with higher sensitivity to the parameter value. Note the largest
value for the left endpoint is arbitrarily chosen less than apax since the density algorithm will not
select a left endpoint equal to amax. For each left endpoint, right endpoints are selected over the
range RLpg + 2000f¢2 < R%pg < 18,0001t in increments of 1000 ft? (again chosen in an ad
hoc fashion and depicting R%, g = a5Ro). The two exceptions are (1) with RLpg = 9ft2, the first
right endpoint is 2000 £¢2 versus 2009 f¢* and (2) with RL pg = 17,0002, the only right endpoint
is 18,000¢2. For example, with a left endpoint of RL g = 91 there are 17 associated right end-
points (and thus 17 table entries or rows) with values of RS, g = 2000, 3000, ..., 18000 ft2. Sim-
ilarly, with RL ¢ = 15,000 #? there are two associated right endpoints (and thus 2 table entries or
rows) with values of R%pg = 17,000t and 18,000f 2. Additionally, the smallest value for the
right endpoints is arbitrarily chosen greater than am;, since the density algorithm will not select a
right endpoint equal to amin. The total number of right endpoints is 17+ 164, ..., +2+1+1 = 154,
resulting in 154 entries or rows in the table. Therefore, the table size is 154-by-7 parameter values.

The design parameters used here are the same as those used for the basic density algorithm
summarized in Table 6 (page 178). This allows for a direct comparison of the pros and cons of
implementing the Sheldon discretization over the simple uniform spacing techniques used in the
basic density algorithm. The performance section which follows (see Section 4.8.2) indicates the

inability of this algorithm to react to gradual decreases in the level of interference/jamming. This
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motivated the use of expansions (see Section 4.8.3) which resolve the problem but require the same
longer decision delay time of 5 sample periods used with the basic density algorithm in Section

4.7.3 to counter the erratic bank changes.

4.8.2 Performance Without Expansion and Additional Delay

Case 1 : Figure 78 shows the performance of this algorithm in terms of the parameter estimate.
The traces for the minimum and maximum filter-assumed parameter values (- - -) show a series
of five soft moves to the right at times ¢ = 3755, 3764, 3782, 3784, and 3792 sec, respectively,
as determined by the density algorithm. The resulting parameter estimate is steadily increased but
consistently lower than truth because it is upper bounded by the parameter value assumed by filter 5.
This upper bound comes directly from the Sheldon discretization which never chooses a parameter
value for a filter equal to the maximum admissible parameter value. The cost minimization process
precludes such a choice since doing so would result in larger average values for the mean squared
estimation error given by Equation (60). This is discussed further in cases 4 and 5, and a simple
solution is presented that allows the bank to traverse the entire range of parameter values. The same
trends in the MMAE and MB3AE error state estimates identified for the density algorithm without
expansions are present here, so the nearly identical plots are not shown. The é%,,¢ values also
indicate the silhilarity in their performance.

Case 2: The decisions made here by the density algorithm with the Sheldon discretization
(a single contraction at ¢ = 3757 sec) parallel those for the density algorithm without the Sheldon
discretization. However, the parameter estimate is consistently biased low, as seen in Figure 79, or
biased high for other sample runs due to the choices of the filter-assumed parameter values provided
by the Sheldon algorithm. Although the MMAE tends to favor the more conservatively tuned filters,

as discussed in Section 3.1.5.1, it will assign greater probability to less conservatively tuned filters
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on occasion, resulting in a biased low parameter estimate for a given sample run. The parameter
error mean in Figure 79 is primarily negative when the interference is present, illustrating that a bias
high was more common over the 10 Monte Carlo runs. In fact, observation of the 10 runs reveals
that six of the 10 runs followed the tendency to bias the parameter estimate high.

As with the fixed-bank algorithm, the Sheldon discretization often chooses parameter values
for the filters which lie above or below a; rather than very close to it. This results in a bias in
the parameter estimate not often encountered with the basic density algorithm which uses uniform
discretization. Recall that soft moves, expansions and contractions dictated by the basic density al-
gorithm all center around the filter having the maximum probability. This provides the opportunity
for the center filter to become well matched to truth after a series of such decisions. The Shel-
don discretization esseﬁtially ignores the maximum probability filter since a cost minimization is
performed over a parameter range (amin t0 amax), Which is dictated by the density algorithm, to de-
termine the new filter-assumed parameter values. This will not, in general, lead to a filter-assumed
value that matches truth, as discussed more fully in case 3.

Case 3 : Unlike the results in case 2 above, the Sheldon discretization combined with the den-
sity algorithm outperforms the basic density algorithm with uniform discretization for this case. The
parameter estimate and probability plots shown in Figures 80 and 81 indicate that the Sheldon dis-
cretization made a fortuitous choice for the parameter value assumed by filter 3 as it matches a; very
well when interference/jamming is present.  This is largely coincidental but motivates a recom-
mendation to take the parameter values chosen by a Sheldon discretization and set the one closest to
AvmAE equal to Aymag. This has the potential of overcoming the bias problem encountered with
case 2 above while taking advantage of the cost minimization provided by Sheldon’s algorithxh.

This will be discussed further in Chapter 5.
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Case 4: This case identifies an interesting attribute of the combined density algorithm with
Sheldon discretization which is referred to as “movement-induced contractions.” The density al-
gorithm determines when a bank movement is to be made and passes the endpoints of the new
bank to the Sheldon discretization process, which in turn provides J new filter-assumed parame-
ter values. Since the Sheldon discretization process does not in general choose these endpoints as
two of the new parameter values, the new filter bank will actually cover a smaller portion of the
parameter space, resulting in a bank contraction. For example, given the endpoints amin = 1000
and a. = 6000, the Sheldon chosen parameter values for filters 1—5 are [a;; 7 =1,..., 5] =
[1276 2167 3698 5181 5783]. An alternative approach would be to constrain the Sheldon optimiza-
tion routine such that the endpoints dictate two of the chosen parameter values (i.e., fix two of the
parameter values chosen by the Sheldon routine as these endpoints) and only the inner three (J — 2)
parameter values can affect the cost minimization. This could be viewed as defeating the purpose of
allowing the Sheldon routine to optimize the parameter choices and was not implemented for these
studies. However, future researchers may want to consider this idea, as recommended in Chapter 5.

Evidence of the movement-induced contractions is shown in Figure 82 by observing the mini-
mum and maximum filter-assumed parameter values indicated by the pair of traces (- - -). A series
of four soft moves right occurs between ¢ = 3805 sec and 3817 sec, resulting in significant contrac-
tion of the filter bank and a maximum filter-assumed parameter value, as, which is below a;. This
trend continues throughout the simulation, causing the parameter estimate to be consistently biased
low.

Case 5: The movement—inducéd contractions described under case 4 causes severe problems
in estimating the parameter for case 5. Notice a series of four moves right from 7 = 3707 sec to 3718
sec in Figure 83. Although movement to the right is desirable in this case, the induced contractions

cause two problems.
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First, and somewhat less significant, is the biased low parameter estimate prior to ¢ = 3750 sec
when the interference/jamming level decreases. This is again caused by the Sheldon discretization
choosing a maximum filter-assumed parameter value of as = 1913, which is less than the right
endpoint, amax = 2000, passed by the density algorithm. Furthermore, since a; = 2000, the blended
parameter estimate is guaranteed to be less than truth.

Second, as the bank continually contracts due to the movements and not from a normal con-
traction decision, the filters’ residuals become less distinguishable. This becomes a problem when
the interference/jamming level decreases at ¢ = 3750 sec, and a move left is desired but not made.
The lack of filter residual distinguishability prevents measure Ms in Equation (86) from crossing
threshold 7} and allowing a move left as depicted by the logic in Figure 21. This lacl; of distin-
guishability is further illustrated in Figure 84 by the extremely slow transfer of the probability from
filter 5 to filter 1 during the time frame of ¢ = 3750 sec to 3850 sec. An expansion decision would
be useful here but is currently suppressed. The next section will show the benefit of allowing ex-
pansions for this case. The extreme overestimation of the true parameter value results in overly

conservative tuning of states 1 and 2, as shown in Figures 85 and 86.

4.8.3 Performance With Expansion and Additional Delay

Case 1 : The ability to expand the MMAE filter bank will become more useful in case 5, but its
negative characteristics are highlighted here in case 1. Observation of the parameter plot in Figure
87 shows the somewhat erratic behavior of the moving-bank algorithm.  For example, a series of
[soft move right - expand - soft move right - expand] occurs from ¢ = 3807 sec to 3825 sec, even
though the true parameter value is unchanged. In fact, the probability plot in Figure 88 shows that
filter 5 is identified as the best match to truth (it has the majority of the probability) during this entire

time frame. This is also illustrated in Figure 87 since the parameter estimate trace (—) overlays the
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maximum filter-assumed parameter trace (- - -) during this time frame. This erratic bank movement
causes degradations in both the state and parameter estimates when compared to the performance
of the density algorithm/Sheldon discretization without expansions (see measures €x,yg and é%/6
in Tables 16 —22 in Appendix E).

Of greater importance, is the severe underestimation of the parameter that exists in Figure 87.
Again, the Sheldon discretization selects the largest filter-assumed parameter value, a5, less than the
maximum admissible parameter value, apax, resulting in an upper bound on the parameter estimate
that is considerably less than truth. To compound the problem, the expansion process is causing
the parameter estimate to move away (to the left) from truth by reducing the largest filter-assumed
parameter value. This is poor choice in light of the observation made in the previous paragraph,
that filter 5 is identified as the best match to truth, indicating a need to move right. The decision
logic tries to compensate by invoking a move right, but the expansion that follows simply moves
the bank back to the left. This is best illustrated from ¢ = 3780 sec through 3830 sec. Therefore,
a shortcoming in the current logic needs to be corrected. One simple method would be to check
which filter has the maximum probability, and if this filter is at an edge of the current bank (i.e. a;
or ay), then the expansion process must not be allowed to move the bank away from this filter. For
the example shown in here in case 1, the bank would not be allowed to move left away from aj.

Further notice that Figures 87 and 78 are significantly worse than Figure 57, in which the bank
right edge was allowed to go all the way to a; = 2000. By so doing, the parameter estimate is
given the latitude to become much more accurate. With a, = 2000, we again would want to allow
the modified probability blending of Section 4.11 to remove artificially biased estimates due to the
impact of lower bounds —though of less relative importance at a; = 2000 than ata; = 1. Finally, case

2 will be discussed presently and shows that this artificial degradation of the parameter estimates is
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removed entirely when the bank is allowed to span the range including the true parameter‘value, by
allowing bank motion over the entire admissible region of the parameter space.

Although time did not permit implementation of the modification to the expansion logic or
the modified blending for these test cases, an additional simulation was conducted to illustrate the
benefit of allowing the largest filter-assumed parameter value to exceed the true parameter value.
This case was only simulated for this algorithm (MMAE incorporating the density algorithm with
Sheldon discretization with expansions and additional delay), and the parameter estimate perfor-
mance is shown in Figure 89. This case is identified as case 7 with a GPS noise interference level
of a; = 1500 for 3750 sec < ¢ < 3850 sec. Notice that the parameter underestimation has been sig-
nificantly reduced. Comparison of the parameter error mean values in Figures 87 and 89 is further
evidence that the parameter estimate is no longer suffering from a large bias. The significant im-
provement in performance shown here is strong motivation for allowing the bank motion to cover the
entire admissible parameter space, even though the Sheldon discretization (as implemented) would
prevent this from occurring. Again, Chapter 5 states the recommendation to pursue well-developed
methods that allow this type of bank motion.

Returning to case 1, the error state estimate plots do not reveal any additional insights and are
very similar to the plots shown earlier for the density algorithm without expansions, so they are not
presented. The primary indicator of performance between these algorithms is €x,,g-

Case 2 : The biasing problem encountered with the combined density algorithm/ Sheldon dis-
cretization for this case is partially reduced here via bank expansions. Observe the bias high in
Figure 90 at ¢ = 3770 sec through 3775 sec. This is later rectified by an expansion at 1 = 3776 sec,
which effectively changes the parameter discretization within the MMAE bank such that filter 4,
which is a good match to truth, obtains the greatest probability weight, as shown in Figure 91. This

analysis is not meant to imply that simply adding expansion decisions will ensure the selection by
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the Sheldon discretization of a filter-assumed parameter value that matches truth well. This again
motivates the recommendation to take the parameter values chosen by a Sheldon discretization and
set the one closest to Avmag equal to AvMAE.

Case 3: The same analysis presented under case 3 for the density algorithm/Sheldon dis-
cretization without expansions and additional delay applies here, and the performance plots are not
presented.

Case 4: The same analysis presented under case 4 for the density algorithm/Sheldon discretiza-
tion without expansions and additional delay applies here, and again the performance plots do not
warrant being shown.

Case 5: Recall the need to allow expansions discussed under case 5 for the density algorithm/
Sheldon discretization without expansions and additional delay. Comparison of the parameter esti-
mates shown in Figures 83 (no expansions) and 92 (with expansions) indicates the pros and cons of
adding expansions to this algorithm.

The primary benefit is the ability to respond to a decrease in the interference/jamming level at
t = 3750 sec by expanding the bank and ensuring the filters’ residuals are distinguishable. Without
such expansions, the movement-induced contractions cause the filter’s residuals to become indistin-
guishable and prevent needed bank movements. This problem is not completely resolved, as seen
by the series of soft moves left from ¢ = 3782 sec to 3800 sec, which consequently contract the
bank, resulting in a bank which is too finely discretized and lacking in filter residual distinguisha-
bility. This point is further supported by observing the slowly changing probabilities for filters 1
and 5 shown in Figure 93 at ¢ = 3800 sec to 3850 sec. The problem encountered with allowing
expansions is erratic moving-bank decisions, resulting in poor parameter tracking, as seen by the

numerous soft moves right and expands from ¢ = 3707 sec to 3749 sec.
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4.9 MMAE Incorporating the Probability Algorithm

4.9.1 Implementation Issues

The probability algorithm presented in Section 3.2 was implemented to drive the decisions
for the moving-bank MMAE. Again, five elemental filters were used and the probability-based
discretization method generated a look-up table of parameter values for on-line use. The probability

values used by the PBDM are shown in Table 7. Note that P,, = 0.5and with m = 6 for this problem,

Table 7. Chi-Squared Probability Values

Filter # 1 2 3 |14 5
Chi-Squared Probability Value, P, | 0.01 | 0.24 | 0.5 | 0.76 0.99

the threshold is given by MATHCAD [39] as T' = qchisg(0.5, 6) = 5.348. The threshold, T, is first
defined in Section 3.2, and the MATHCAD approach is explained in Section 3.2.3. A manual search
for filter-assumed parameter values satisfying the probabilities in Table 7 was conducted once to
determine Mgg for filters 1 2,4 and 5. See Section 3.2.3.1 for the discussion of this manual search
and for the definition of M. A value of a; = 1000 was used for the manual search since it lies
close to the center of the admissible parameter space. Given more insights into the sensitivity of the
system to a larger or smaller value for this parameter, a different choice for a; might be motivated.
Next, filter-assumed values of a; = 1, 10, 100, 500, 1250, 1750 and 2000 were combined with
a; = 1000 to calculate P, via numerical integration, giving the designer an idea of which filter-
assumed values would result in the desired values for P, . Finally, approximately 20 more choices

for a; were needed to realize the desired Py, values, resulting in the four values of M, g,.g shown in

Table 8.
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Table 8. Search Criteria

Filter # 1 2 |4 5

M, 51637 | 25 | 0.414 | 0.2656
Initial Guess Percentage, 6, | 0.05 | 0.4 - -
Initial Guess Percentage, 6 - - 1.3 1.5

The search routine described in Section 3.2.3.1 automated the generation of the look-up table.
The desired eigenvalue measures, Mgg, and the initial guess value percentages for the search are
shown for each filter in Table 8. The initial guess value percentages, 6; and 8, (see Section 3.2.3.1),
were quickly determined through trial and error. The search routine was initially allowed to begin
the search at am;, for filters 1 and 2 and ayay for filters 4 and 5. By observing the measure Me;,
(see Section 3.2.3.1) and realizing that it did not come close to the desired measure Mg;g until the
guess value had reached some neighborhood of anmaE. it was clear that starting future searches
at the extreme values of amin and ama, was inefficient. The values for and &, simply started
future searches such that M.;, was in the neighborhood of M, gg. The initial guess percentages are
still conservative and ensure the initial guess values a, = &; - dvmAE and 2, = 61 - AMMAE are
sufficiently low and high respectively. The number of guesses used in the automated search (see
Section 3.2.3.1) was 40 (NN, = 40). Larger values for IV, did not significantly change the results of
the search routine but did significantly increase the computer processing time required to perform
the search. A 40-by-5 look-up table of parameter values was created for on-line use. The first
dimension represents the 40 discrete values assumed for the true parameter value over the range
1 < a < 1,950 at an arbitrary interval spacing of 50. Recall that Rgps = a¢Ro, where Ry is
the nominal noise covariance value of 9 ft2. The second dimension represents the need to store a
look-up value for each of the five filters.

New filter initialization using Zymag and a decision delay of 2 sample periods were imple-

mented for enhanced performance. The probability algorithm’s propensity to oscillate about the true
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parameter value by making repeated moves to the left and right motivated an increase in the deci-
sion delay from 1 to 2 sample periods. Additionally, a dead zone in the form of a minimum move
size was used to counter unwanted movements. Recall the guideline given in Section 3.2.5 to set
the minimum move size equal to one-third the average distance from the table-stored bank centers
to their endpoints. This led to 2 minimum move size = 900/3 = 300. FinalIy, the practice of lower

bounding the probabilities was implemented with the previously used value of Prmin = 0.001.

4.9.2 Performance

Case 1: The plot of the parameter estimate shown in Figure 94 indicates the relatively good
tracking ability of this algorithm. A short convergence time of 5 to 6 samples is required for the
algorithm to adapt to the onset of interference/jamming at ¢ = 3750 sec and reach a parameter esti-
mate value very close to truth. Notice a gradual increase in the minimum filter-assumed parameter
value (- - -) from ¢ = 3752 sec to 3762 sec, resulting from the gradual convergence of &vmAE to-
wards a; via parameter position estimate monitoring. Similarly, when the interference/jamming is
turned off, a gradual decrease in the minimum and maximum filter-assumed parameter values is
seen from ¢ = 3852 sec to 3862 sec. A momentary drop in the parameter estimate at / = 3820 sec
results from an unusually large noise sample. The wide parameter breadth of the bank (ag — a1)
permits the parameter estimate to drop significantly, unlike the algorithms incorporating the density
algorithm, which did not suffer such a dramatic change in the parameter estimate at this time. This
demonstrates a potential liability of allowing the bank to maintain a broad or peripheral view of the
parameter space. The same undesirable transient behavior described under case 1 of the fixed-bank
performance is seen here once the interference/jamming is removed. See the blended estimates in

Figure 95 from ¢ = 3850 sec to 3865 sec.
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Comparison of Figure 41 to Figure 95, along with their associated €%, values, implies the su-
perior performance of the fixed-bank algorithm over the probability algorithm for the conventional
MMAE. However, Figures 44 and 96, along with their associated €%, values, imply the superior
perfonnancev of the probability algorithm over the fixed-bank algorithm for the M3AE. This sup-
ports the statement that tuning the MMAE for better parameter estimation, as with the probability
algorithm, often degrades the MMAE state estimation and also provides an impetus for utilizing the
M3AE architecture.

Case 2: The minimum and maximum filter-assumed parameter values are indicated by the
trace pair (- - -) in Figure 97 and illustrate the capability of this algorithm to bound the true parameter
extremely well for ¢ = 3750 sec to 3820 sec. Consequently, the parameter is tracked extremely
well, but this performance is not consistent, as shown by the erratic parameter estimate for z = 3820
sec through 3850 sec. In particular, the parameter estimate goes from severe underestimation to
overshooting the true parameter value for # = 3820 sec through 3830 sec. The parameter estimate
starts to improve well from about £=3833 sec to ¢ = 3840 sec along with a contraction, but then
again suffers severe overestimation along with too large a bank size from ¢ = 3842 sec through 3850
sec. The problem can be attributed to both the moving-bank method (parameter position estimate
monitoring) and the discretization method (PBDM). The parameter position estimate monitoring
causes continual movement away from the true parameter value and to the right (higher parameter
values). This is illustrated in Figure 97 by the parameter estimate trace (— being superimposed on
the maximum filter-assumed parameter value trace (- - -) shortly after ¢ = 3820 sec and ¢ = 3840
sec. Recall that the bank is centered on anvag, S0 the center of the bank is continually moving to
the right. Given a better method to estimate the true parameter position, these unwanted movements

could be avoided.
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To make things worse, the PBDM assigns parameter values associated with the movements
above that gradually widens the breadth of the bank. Observe the series of bank movements from ¢
= 3823 sec to 3827 sec and notice that the minimum filter-assumed parameter value moves slightly
to the right for each move. In contrast, the maximum filter-assumed parameter value moves quickly
to the right for each move, resulting in an increased bank breadth. This occurs again from ¢ = 3842
sec to 3850 sec. The reason this occurs, is that the peripheral view filter to the right of center, (filter
5) is taking large steps towards amax in an effort to cover the periphery, whereas the peripheral view
filter to the left of center, (filter 1) is taking small steps away from amin in an effort to maintain
its position in the periphery. One solution would be to reduce the peripheral view of the bank by
assigning a larger Chi-Squared probability value, Py, for filter 1 and/or assigning a smaller Chi-
Squared probability value, P,,, for filter 5 (see discussion in Section 3.2). The potential drawback
to this idea is that a reduced peripheral view could increase the time required to converge on a large
change in the true parameter value. On a positive note, for = 3820 sec to 3850 sec, the parameter
error mean shown in Figure 97 is seen to be relatively small (~ —200) witha 1 sigma magnitude of
~ 400. These statistics imply that the severe overestimation and underestimation of the parameter
value do not exist for every Monte Carlo run. In fact, observation of each run showed that only
three of the ten runs suffered from this problem during this time frame, while the other seven runs
generated very good parameter estimates. Nevertheless, it is important to identify this potential
liability through the single run plot at the top of Figure 97.

Case 3: The same conclusions drawn in cases 1 and 2 apply here, so the performance plots
are not shown.

Case 4 - The PBDM selects filter-assumed parameter values which give the MMAE the ability
to react to abrupt changes in the true parameter, as seen in the plot of the parameter estimate in Figure

08 from ¢ = 3800 sec to 3810 sec. Similar performance is seen at ¢ = 3850 sec. The erratic bank
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movement discussed above is still evident for ¢ = 3820 sec through 3842 sec. Again, performance
suffers when the bank size is too large, allowing severe overestimation of the parameter estimate
(¢ = 3820 sec to 3833 sec), even though the parameter estimate is not at the edge of the parameter
space spanned by the filter bank, i.e., amMMAE # a; and &vMAE 7 ag. The error state estimates are
shown in Figures 99 and 100 for completeness.

Case 5: The parameter estimate plot in Figure 101 further supports the claim that the PBDM

provides good bounding of the parameter estimate as seen by the trace pair (- - -).

4.10 MMAE Incorporating the Density Algorithm with Probability
Discretization

4.10.1 Implementation Issues

The final moving-bank MMAE algorithm combines the basic density algorithm with the PBDM,
as discussed in Section 3.3. The design parameters used here are the same as those used for the basic
density algorithm summarized in Table 6 (page 178), with one exception. The decision delay time is
increased to 3 sample periods to prevent erratic changes in the filter-assumed parameter values and
associated degradation of the parameter estimates. The PBDM with the probability values shown
in Téble 7 (page 239), maintains a broad view of the parameter space. This broad view results in a
larger parameter breadth than that obtained with the stand-alone density algorithm. As a result, im-
mediately following a moving-bank decision, the algorithm is susceptible to making an erroneous
decision such as move hard left or hard right. This may occur if one of the outlying filters (the pe-
ripheral view filters) temporarily indicates a need to move. To counter this, the decision delay time
is increased to 3 sample periods, allowing the bank to settle out transients and make better decisions.

Expansion decisions are suppressed (73 = 5), since the PBDM keeps two filters positioned
with a peripheral view of the parameter space, thereby precluding the need for expansions. Note that

the choices to suppress expansions and increase the decision delay are dependent on the probability
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values used by the PBDM shown in Table 7 (page 239). Other probability values, resulting in a
smaller parameter breadth for the bank, might affect these choices. The same 40-by-5 look-up table

of parameter values presented in Section 4.9 was used on-line.

4.10.2 Performance

Case 1 : This algorithm provides the best overall performance for this test case as compared
to the other algorithms being analyzed. The parameter plot in Figure 102 shows both quick conver-
gence to the true parameter value and consistency of the estimate in the presence of a non-changing
truth value. The one exception occurs at ¢ = 3820 sec, which results from the unusually large (or
small) noise values that have affected all the algorithms. The probability plot is shown in Figure
103 for completeness, along with the MMAE and MB3AE error state estimates in Figures 104 and
105. Notice the absence of transient behavior at ¢ = 3850 sec in Figure 104 as compared to Figure
95. This improvement is attributed to the quick response time of the density algorithm decision-
making process. The evidence of this algorithm’s superior performance is found in Tables 16 —22
(Appendix E) of the measures €375 and éxyg.

Case 2 : Although some of the erratic bank movement is removed as seen by comparing Fig-
ure 106 (moves based on the density algorithm) to Figure 97 (moves based on parameter position
estimate monitoring), there is still room for improvement. Specifically, a series of soft moves to the
right increase the breadth of the bank unnecessarily.

Case 3 : No additional insights are gained from this case study. The same conclusions drawn
in cases 1 and 2 apply here, and performance plots do not warrant being shown.

Cases 4 and 5 The trends here match those for case 4 under the MMAE incorporating the
probability algorithm. The erratic bank movements previously caused by the parameter position

estimate monitoring are still present, but are now the result of the density algorithm decision-making
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process. Again, the performance plots do not provide any additional insights and are not shown for

brevity.

4.11 Baseline Without Interference/Jamming

The unjammed test case (case 6) is presented as a baseline for comparison to the other inter-
ference/jamming scenarios and reveals a negative effect of lower bounding the probabilities. This
case is presented in a separate section since all the algorithms produce identical results for this case.
Figures 107 and 108 show the consistent bias in the parameter estimate resulting from blending all
five filter-assumed parameter values when in fact, filter 1 is a perfect match to truth. Although the
MMAGE state estimate errors shown in Figure 109 indicate adequate tuning and selection of the filter
model that best matches truth, the M3AE state estimate errors in Figure 110 show that the single fil-
ter in the M3AE architecture is too conservatively tuned. One alternative that would overcome the
bias on the parameter estimate due to the probability lower bounding is to exclude the filters with a
“low” probability from the blending process. In other words, the lower bounding is employed in the
hypothesis conditional probability calculation to prevent filter “lock-out” as described in Section
2.2.2, but filters either at the lower bound or below some empirical threshold would be excluded
from the estimate blending process described by Equations (50) and (51). Note that the probability
weight associated with the filters that are excluded from the blending process is distributed propor-
tionally among the remaining filters such that the sum of the probability of the remaining filters
is equal to one. Previous research by [18, 50, 67] invoked this idea for a control problem to pre-
vent filter lock-out while lowering the chance of applying inappropriate control input caused by the
blending process.

In order to demonstrate the potential benefits gained by excluding the filters witha “low” prob-

ability from the blending process, the fixed-bank algorithm was implemented using this process.
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The algorithm choice is not important since all the algorithms perform the same under nominal
conditions (no interference/jamming). The empirical threshold used to distinguish between proba-
bilities that are considered too low to be included in the blending process was arbitrarily selected at
2 pmin = 0.002. The state estimation errors are shown in Figure 111 for the MMAE and Figure 112
for the M3AE. Note that Figure 111 is nearly identical to Figure 109, indicating the minor impact
of the probability lower bounding on the MMAE state estimates. In contrast, Figure 110 shows the
overly conservative tuning present in the MBAE estimates due to the lower bounding being applied
to the parameter estimate being sent from the MMAE to the single Kalman filter, whereas the mod-
ified blending process (see Figure 112) does not suffer from this conservatism since the filters re-
siding at the lower bound did not influence the blended parameter estimate. Therefore, it is highly
recommended to apply the modified blending process. Furthermore, a recommendation is made
in Chapter 5 to apply the modified blending approach for the other case studies in which interfer-
ence/jamming exists and when the breadth of the MMAE bank is particularly large. For instance,
algorithms implementing the PBDM designed to keep filters in the periphery of the parameter space
could benefit from the modified blending process, since these peripheral filters would not skew the
parameter estimate high or low, but they would still be on-line waiting for an abrupt change in the
true parameter.

Finally, comparison of Figure 111 (MMAE state estimates) to Figure 112 (M3AE state esti-
mates) reiterates the observations made on page 198, that the M®AE will significantly outperform
the MMAE only when there is significant blending of more than one elemental filter. A quick look
at the probability plot associated with the modified blending (Figure 113) shows that significant

blending is not present and explains the similarity in the MMAE and M3AE state estimates.
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4,12 Single Kalman Filter

A single Kalman filter with Rgps = Rp (i.e., no interference/jamming assumed) was im-
plemented for comparison purposes. The inability of this single filter to adapt to true parameter
changes makes it victim to poor state estimation in the presence of interference/jamming. Although
a seemingly unfair comparison, the degraded state estimation performance in the presence of inter-
ference/jamming motivates the need for the adaptive algorithms being presented here. Error state
estimation plots for cases 1 and 5 are shown in Figures 114 aﬁd 115 as representations of the de-
graded performance encountered with the use of a single Kalman filter without the benefit of being
provided accurate parameter estimates. Note the dramatically different scales on these plots, com-
pared to all previous state estimation error plots. The measure, &%/, is printed on each plot and

further indicates the poor performance.

4.13 Chapter Summary

" This chapter presented the models used for the example problem simulated in software. The
various design parameters for the algorithms were identified, along with numerous implementation
issues relative to each algorithm. Simulated data based on the aircraft precision landing application
was plotted and tabulated, to demonstrate the enhanced performance achievable through the new
moving-bank MMAE methodologies. Although some comparison of the algorithms was accom-
plished in this chapter, final conclusions are made in Chapter 5 along with recommendations for

future research.
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Chapter 5 - Conclusions and Recommendations

5.1 Conclusions

Prior to this research, limited methods were available to determine moving-bank decisions
or parameter discretization adequately within the structure of multiple model adaptive estimation
(MMAE). Most of these methods rely on logic which utilize ad hoc thresholds determined through
empirical analysis. The goal of this research is to replace these existing ad hoc techniques with
analytically-based algorithms, and the contributions made by this research provide designers with
new flexibility when selecting bank moving or sizing methods for a moving-bank MMAE. In par-
ticular, this research has led to the development of new algorithms and modifications to existing
algorithms associated with moving-bank MMAE. These new algorithms exploit information not
previously utilized in a moving-bank MMAE and provide an analytical basis for some of the thresh-
olds used in the decision-making logic. Additionally, a new parameter discretization method was
developed to be used in conjunction with a moving-bank MMAE algorithm.

Chapter 4 demonstrated one application of these algorithms to an aircraft GPS-aided INS nav-
igation system subjected to interference/jamming while attempting a successful precision landing
of the aircraft. In some respects, this example problem is not as interesting as some others, in that
state estimation performance did not always vary significantly from one algorithm to another. This
is primarily due to the relatively benign flight environment that exists for the landing approach por-
tion of the flight profile being simulated and the choice of the unknown parameter. Specifically,
the GPS measurement noise variance is chosen as the unknown parameter, and once a significant
level of interference is induced (i.e., Reps > 500), the GPS signal is effectively lost along with the
feedforward corrections provided from the GPS to the INS. For example, assuming Rgps = 750

when in reality, Rgpg = 500, the associated Kalman filter is too conservatively tuned, but the state
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estimation performance does not suffer appreciably. Therefore, poor parameter estimation does not
always result in poor state estimation, even with the recently developed M3AE architecture which
focuses on enhancing state estimation through enhanced parameter estimation. The state estimate
performance measure, €%,,¢ (the temporally averaged RMS value of the state estimation error),
listed in Tables 17 — 22 of Appendix E, further illustrates this point through both a lack of varia-
tion in the measure values and an inconsistency between superior parameter estimation and superior
state estimation. Despite the lack of variation in the state estimation performance, the parameter es-
timation performance is much more distinct between the algorithms, as illustrated by the measure
&35 (the temporally averaged RMS value of the parameter estimation error) in Table 16. There-
fore, final conclusions are focused on the parameter estimation measure.

Recall case 2, in which the true GPS noise interference level of Rgps = 9000 ft2 (versus the
nominal noise level of Rgps = 9ft%) was induced for 100 sec of the 200 sec flight profile. For
this case, the fixed-bank MMAE outperforms all of the moving-bank algorithms. However, for all
other cases, it is outperformed by at least one of the moving-bank algorithms, and in most cases it
generates one of the worst performance measure values. Recall that case 2 presented the scenario
in which one of the fixed-bank filters was closely matched to truth. The fixed-bank performance
quickly degrades when this is not the case, and given a relatively broad parameter space combined
with a relatively few number of filters, it is unrealistic to assume that one of the fixed-bank filters
would always lie close to truth. Therefore, the moving-bank algorithms are proven worthy of the
additional computations needed for their implementation. The remainder of this discussion will
focus on the moving-bank algorithms.

The basic density algorithm developed in Section 3.1 and the density algorithm with expan-
sions and additional delay (see Section 4.7.3) consistently provide good parameter estimates that

compete very well with all the other algorithms in every case study. In particular, notice that the
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density algorithm with expansions and additional delay has the best value of €%, for case 5 (the
true noise interference/jamming level begins at Rgps = 18000f¢? and undergoes three successive
decreases to Rgps = 900012, 450012, and 9 £t?) and one of the best values of €%, ¢ for all other
cases. In contrast, the other moving-bank algorithms suffer large estimation errors in at least one
case study while performing very well in one or two other cases. When considering whether or not
to include expansions within the density algorithm’s decision-making process, the main issue is the
possibility of erratic bank movement that coincides with allowing expansions. This erratic move-
ment is identified in the performance evaluation discussed in Chapter 4, as causing relatively small
errors in the parameter estimates. Methods to reduce this erratic bank movement are discussed in
Section 4.8.3. As mentioned above, given that a significant level of interference/jamming is in-
duced, this problem’s lack of sensitivity to small errors in the parameter estimate prevented serious
degradation of the MMAE and M3AE state estimates. A different application may be more sen-
sitive to these small parameter estimate errors, requiring the expansion decision to be modified to
eliminate any and all erratic behavior, or to be removed from the algorithm altogether.

The main contribution associated with the density algorithm is the exploitation of new infor-
mation (the conditional density, f5,)a,z, ,, of the current measurements, z;, provided to the MMAE,
conditioned on the assumed value of the parameter vector, a, and the observed values of the pre-
vious measurement history, Z;_1) not previously utilized in moving-bank multiple model adaptive
estimation. The methods used to exploit thfs information include the measures M; — My of Section
3.1.3 and the decision-making logic presented in Section 3.1.4. Future researchers may need to con-
sider other methods (such as those discussed in Section 5.2) in order to build on these first efforts.

A modification to the existing algorithm developed by Sheldon [68, 69] was presented as a
joint effort with Miller [53]. Sheldon’s algorithm is modified to provide on-line discretization of

an adaptive MMAE bank rather than a single off-line discretization for a non-moving-bank MMAE
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algorithm. Also, a previous assumption requiring steady state, constant-gain filters is replaced with
a less restrictive finite horizon assumption for an iterative equation used to generate approximate or
“pseudo ”-constant gain values.

The modified Sheldon algorithm is used in conjunction with the density algorithm of Section
3.1, and the performance varies significantly from case to case, as indicated by é%,,¢. Expansions
are much more necessary when using the on-line Sheldon discretization process, but their use is still
problem-dependent. In general, the on-line Sheldon approach suffered from two implementation
decisions. First, unlike all the other moving-bank algorithms, the MMAE bank is not centered on
ayMAE since the Sheldon algorithm does not, in general, select a filter-assumed parameter value
equal to aymag. Second, the Sheldon algorithm does not, in general, select a filter-assumed para-
meter value equal to amay, resulting in large estimation errors when the true parameter value, ay;, is
close t0 amay. Section 4.8.3 identifies one method to rectify this problem of large estimation errors,
and Section 5.2 will discuss these modifications more fully. However, these modifications Will re-
quire giving “good engineering judgment” precedence over the cost minimization approach which
is the basis of Sheldon’s algorithm. Overall, the current implementations using the on-line Shel-
don discretization did not perform as well as the other algorithms for this example problem. The
contributions include extension of Sheldon’s off-line algorithm for on-line use and application of
Sheldon’s algorithm to systems with nonlinear models or linear/linearized system models that are
astable or unstable.

The probability algorithm of Section 3.2 provided a stand-alone algorithm which combined
parameter estimate position monitoring with the newly-developed probability based discretization
method (PBDM), also discussed in Section 3.2. The fundamental concept employed by the PBDM
is to choose the parameter values for each of the j = 1. .. J elemental Kalman filters in an MMAE,

based on the calculation of the probability Py(x; < T'). This probability calculation is the prob-
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ability that the generalized Chi-Squared variable, x;, will lie below a threshold, T', where ; is
defined by the following quadratic form of the measurement residuals, r;, (assuming that the real
world parameter value is a;) and the associated filter-computed covariance matrix, A, based on
the assumption within the j** elemental filter that the parameter value is a;:
X; =15 A; s

The probability algorithm is somewhat competitive with the other algorithms in terms of €%,,75,
as is the combination of the density algorithm with the PBDM. The real contribution comes from
the development of the PBDM, which is much less ad hoc than other discretization methods such
as uniform or logarithmic parameter spacing. Additionally, the PBDM provides an attractive alter-
native to the Sheldon discretization method.

Additional contributions include:

1. Derivation of the first two moments of the generalized Chi-Squared density function, f,(c), in
the presence of system mismodeling (see Appendix A). This contribution provides the first steps
in the derivation of a general equation for this density function. Given this density function,
one could replace many of the ad hoc techniques used for threshold selection in the density

algorithm (see Section 3.1.3).

2. Development of a new numerical integration method denoted the Modified Simpson’s Rules
(see Appendix B). The modified Simpson’s rules are a more general form of the basic Simpson’s
rules, allowing the spacing between the discrete samples used in the integration to be non-

uniform.

3. Extending Hanlon’s [22] derivations of equations for the mean of the residual in the presence
of mismodeled measurement or dynamics noise covariances (see Appendix C). Cleatly,

mismodeled measurement or dynamics noise covariances can be motivated by many real-world
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applications (including the GPS interference/jamming application used in this research), and the
Kalman filter residuals provide useful information for adaptive parameter and state estimation.
Therefore, characterizing the first two moments of the residuals is extremely worthwhile, as

shown in the development of the PBDM of Section 3.2.

5.2 Recommendations

The discussions in Chapter 3 and Chapter 4 identified several recommendations for future
research. Each recommendation will be briefly stated along with the page number where it was
first proposed in order to assist the reader with the context of the recommendation.

The density algorithm utilized the likelihood quotient r;r A; p ; and the density data fyjaz(7)
for each filter to generate the measures Ms — My given by Equations (86) —(97). An alternative
use of the binary information obtained in forming these measures was first introduced on page 74
relating to measure M~ and is repeated here. Notice that £(j) in Equation (91) for measure M
associates a binary value with each elemental filter, and the concatenation of these binary values
could be viewed as a binary word. Consider the three cases [10001],[11000],and[000 1 1]
which all result in M7 = 2, but depict significantly different scenarios requiring different moving-
bank decisions. In this context, the value of M is less important than the location of the 1°s and
0’s or the decimal value associated with each binary word. For example, large binary words such as
[1100 0]y = 2410 would indicate a need to move right, away from the “bad” filters, versus small
binary words such as [0 0 0 1 1] = 319 used to indicate a need to move left. This binary information
could lead to decisions regarding the harshness of a bank move, as was done with measure M.
Furthermore, the binary information could give insights into which direction to move the bank and/or
when to expand and contract the bank. This same type of binary word construct could be used to

enhance the information content of any measures expressed as sums, i.., My through Mo.
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Derivation of the first two moments of the generalized Chi-Squared density function, f,(c),
in the presence of system mismodeling was presented in Appendix A. However, the discussion on
page 77 identified the benefit of deriving a general equation for the density function and applying
a likelihood ratio test based on false and missed alarm rates specified by the designer Attempts
were made by this author to define the density function fully, including the use of relationships
between characteristic functions and their associated density functions. However, this did not lead
to a characteristic function that is directly related to lany known density function(s). Therefore,
continued research is needed in the development of the generalized Chi-Squared density function,
fx(e)-

The tendency of the MMAE to favor more conservatively tuned filters resulted in a biasing
high of the parameter estimates, &ymag. A recommendation was made on page 105 to account
for this bias when appropriate. One approach would be to focus on the quadratic r}‘A;lr ; Which
affects the density function in Equation (47) and ultimately affects the probability calculation given
by Equation (44). The information contained in this quadratic may lead to an analytical relationship
which characterizes the bias, so that it can be compensated.. Alternatively, asimple ad hoc technique
would be to conduct a performance analysis on the problem at hand and empirically determine the
magnitude and direction of the bias term. This would probably lead to several different bias terms
based on the current “mode of operation”, since the bias is likely to change significantly as the
operational mode of the system changes.

The PBDM requires calculation of the Chi-Squared probability, Py , for each filter in the
MMAE bank. The discussion on page 124 identified that P, should be selected greater than Py,
for the case in which filter 3 is assumed to match truth and 7 > 3. This was demonstrated for the

case in which the parameter value being estimated is the measurement noise covariance R. The rec-
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ommendation is to validate that mismodeling in any of the other system matrices (Qaq;, ®;, H;, and
Bg;) will result in this same attribute.

The parameter value search routine provided a means of simplifying the process of finding pa-
rameter values for the filters to meet the desired probability goals as described in Section 3.2.3.1.
The recommendations on page 132 are (1) extend the search routine for the case in which the pa-
rameter vector is not a scalar and (2) incorporate both the magnitude of the transformed residual
mean vector, M./, and the direction of the mean vector into the search routine.

Two recommendations associated with the Sheldon algorithm were proposed. First is to take
the parameter values chosen by the Sheldon algorithm and set the one closest to dvmAr equal
to AmMmAE (See page 218). Alternatively, one could constrain the optimization such that one of
the parameter values is fixed at Aymag. The motivation for these alternatives is to utilize the
information provided through ayva g, namely the current best estimate of the true parameter value,
to define one of the elemental filters in the bank in order to enhance the algorithm’s performance.

The second recommendation is presented on page 222 as constraining the Sheldon algorithm
by fixing the minimum and maximum filter-assumed parameter values in the optimization process.
This would not only help the integration of the Sheldon algorithm with the density algorithm which
provides the two endpoint parameter values, but would also prevent the severe underestimation of
the parameter that existed in case 1 in which the true GPS noise interference level of Rgps =
18000 ft2 (versus the nominal noise level of Rgps = 9ft%) was induced for 100 sec of the 200 sec
flight profile. Recall that the Sheldon algorithm will not choose a parameter value for a filter equal
to the maximum admissible parameter value, resulting in an upper bound of the parameter estimate
that may be significantly less than the true parameter value. Therefore, it makes good engineering
sense to fix the minimum and maximum filter-assumed parameter values. Alternatively, artificially

increasing amy prior to implementing Sheldon’s algorithm such that aj as computed by that algo-
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rithm satisfies ay = amax, would also prevent this severe parameter underestimation. However, this
requires anticipating which artificial value of amax (in fact, establishing it iteratively) would gener-
ate the desired result and does not present any clear benefits over the method above of simply fixing
aj at amax iN a constrained optimization.

The test cases simulated in Chapter 4 provide strong motivation for implementing these rec-
ommended changes to the Sheldon discretization in the context of a moving-bank MMAE. This is
especially true for moving-bank algorithms that lead to contracted bank sizes which are precluded
from moving to all possible locations in the admissible parameter space. The results show the un-
necessary and potentially severe cost in terms of degraded parameter estimation, if the changes are
not incorporated. The obvious objection to applying either of these two recommendations for the
Sheldon algorithm is that good engineering sense does not guarantee optimality. Furthermore, the
Sheldon algorithm is based on the concept of optimally choosing the parameter values for the fil-
ters, so applying ad hoc engineering may counter this optimality. Simulations followed by analysis
will be necessary to determine any benefits resulting from these two recommendations.

The last recommendation is to apply modified blending of the parameter and state estimates
when the breadth of the MMAE bank is particularly large. Modified blending is first discussed on
page 264 as excluding the filters with a “low” probability from the blending process. The motiva-
tion is to prevent filters at or close to the probability lower bound from skewing the estimates high or
low, which is more likely to occur when the breadth of the bank is large. This concept was shown to
provide superior results under nominal flight conditions (no interference/jamming), but will likely
provide similar benefits in the presence of interference/jamming and for other applications in gen-

eral. This needs to be validated through simulations.
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APPENDIX A - Derivation of Density Moments

This appendix presents the derivations of the first two moments of the generalized Chi-Squared
density function, f,(c), in the presence of system mismodeling (see Sections 3.1.3 and 3.2). The
quadratic of interest is given by

x;=r1; A7'r;
under the conditions that the parameter a; in the truth model is different from the parameter a; used
as the basis of the j ™ elemental filter within the MMAE. Explicitly, the residual r;(t;) in that j **
filter is given by [z(¢;) — H(t:)%(t; )], and the measurement z(¢;) is produced by the real world
sensor, represented by the truth model based on the parameter value a;. The mean of the random
variable x; is given by

Blx) = B{ars) =B o [Tars)} = £ [6D) (a75)]}

= F {tr [(A;lrj) (r]T)] } =k {tr [A;lrjrj'r]} =tr [E {A;lrjr’f}]
= tr [A;'E {x;r]}] (167)
Recall that the residuals, r, are normally distributed with mean, p;, and that Hanlon [22] showed
that the actual covariance matrix for the residuals is the frue covariance matrix, A, given by
A = E{(rj—m) (ri—p)" } = B{ra]} - mp]
= E{rx]}=Ai+pu; (168)
Substituting Equation (168) into (167) gives the final expression for the mean as:
ey = B{x5} = tr A7 (Ac+ puyaef)| (169
The variance is found as
= 2{(o-m)} - o{ (3850}
= E {tr (rJTAJTlrjr}‘A;Irj - ’jrAjflrj,qu — ,u,xerTA;Ir; + p,ij)}
= K {tr (rJTAJTlrjr;FA;lrj - 2Aj'1rjr;r,uxj + ,uij)}
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= E {r}A;:lrjr}A;lrj} — 2ty b (A;lE {rjr}“}) + 15,

E{rTA; el A ey} - 22 + 2, (170)

where the last equality uses Equation (167). From Appendix E of Maybeck [43], the following
relationship is obtained:

E{rTA; T A r ) = tr (A7 A ) tr (A1 A) +2tr (a;7'4:A7%4:) (7D
Now by substituting Equations (171) and (169) into (170), the final expression for the variance is
found as:
o2 = tr(A7A) tr (A71A) + 2t (A7 AAT'AL) — 2, + 15,

= tr (A7A:) tr (A7 A) +2tr (A7 AAT'AL) — i, (172)
Notice that the expressions in Equations (169) and (172) are functions of ;, A; and A, which are

readily available from the MMAE structure and assumed system models.
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APPENDIX B - Numerical Integration

This appendix introduces the development of a new numerical integration method denoted the
“Modified Simpson’s Rules”. The derivation is heavily based on the method used to derive the well-
known 3- and 4-point Simpson’s rules used for numerical integration in one dimension [63]. The
modified Simpson’s rules are a more general form of the basic Simpson’s rules, allowing the spacing
between the discrete samples used in the integration to be non-uniform. This new development was
motivated by the need to integrate a finite set of samples of a function in which the samples are not
evenly spaced along .the abscissa. Other methods considered include the trapezoid rule, curve fitting
the data followed by analytic integrals, and Runge-Kutta methods. The modified Simpson’s rules
provided the best trade-offbetween numerical accuracy and computer processing time. Additionally,
Runge-Kutta methods require a functional form of the integrand which is not available for problems
with a finite set of samples of the function. The 3-point modified Simpson’s rule is derived first,
followed by the 4-point modified Simpson’s rule.

Consider Figure 116 and begin by approximating the integral of the function f (z) by

T2

h ho
dr = h ——
/f(ﬁb‘) 1wofo + T h2w1f1 +

h1 + ho

wi f1 + hawa fo

h

+ hy
= hywofo + — wy f1 + how
1wofo P 1f1 + hawa fa
= hywofo +wifi + hawafo (173)
where

z; = discrete locations of functional values, i = 0, 1,2
fi = function evaluated at discrete locations z;,: = 0,1, 2
w; = weighting values to be determined, s =0, 1,2
h; = interval spacing between discrete locations, j = 1,2

Note that the form of the first equality in Equation (173) is motivated by the standard 3-point Simp-

son’s rule [63].
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Figure 116. Non-Uniform Spacing for Modified Simpson’s Rules

Now let
g = 0
1 = To+hi=h
Ty = z1+ha=hi+hs

Next let f(z) take on 3 expressions for which an exact integral is known, such as f(z) = 1,z, 2%

This will lead to 3 equations for the 3 unknown weights w;. Start with f(z) = 1 which results in

ldz = hywg + w1 + hawe

To
g —xT9 = hijwo+wy+ how

h1i+h2 —0 = hjwe + w1 + hows

hq 1 ho
= _— 1
! (h1+h2) w0+(h1+h2)wl+(h1+h2) w2 (174)

Next let f(z) = z which results in
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/:L‘dz = hjwexo + wiz1 + howoxs

To

22— o2
—22—0 = hywy + hawg (k1 + hg)
hy + hg)?
(;2—2-)— = hiwi + ha (k1 + h2) w2
1 hi ho )
- = — | wy + w 175
2 ((h1+h2)2> ' (h1+h2 ? (17
Finally, let f(z) = z? which results in
T3
/ r2dr = hl'woa:g + wla:% + hzwzzg
To
3_ .3
%Tﬂ"'o = h2wy + howy (hy + hz)2
h1 + he)®
LH:;—Z) = hlwy + hy (b + ha)® w
5 = (o) ()
- = | ———w+ w 176
3 ((h1+h2)3 Y\ xhy) (176)

Combining Equations (174), (175) and (176) as a 3-by-3 system of equations pefmits the weights

to be found through a simple matrix inversion. Specifically,

b 1 _h_ 771
wp Piths hiths hyt+hs 1
hy hy 1
wq = 0 (h1+h2)®  hithe 2 77
h2 h 1
w o =
2 | 0 Tidhy® Taths 3
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which can be efficiently implemented in software by recognizing the often repeated term hy + ho.
The 4-point modified Simpson’s rule is derived in the same manner as above with the approx-
imation of the integral of f(z) given by

z3

/f(x)dx = hywofo +wif1 + wafa + hswsfs (178)

Zo

Now let f(z) = 1,z,22, 23, and this will lead to 4 equations for the 4 unknown weights w;. The

final result is
- hy 1 1 N Bt
r wo 7 h1+h2+h3 h1+h2+h3 h1+h2+h3 h1+h2+h3 [ 1 ]
0 ’h h1+h2 ha 1
wy (hit+hz+hs)’  (hit+ha+hs)®  hithaths 5
= . (179)
w 0 hi (hi+h2) ha 1
2 (athaths) (hthaths)y® Tathaths 3
| w3 | 0 h (hyths)® B | 1
R (hitheths)®  (hithe+hs)®  hithaths |

The 3- and 4-point rules are both required to account for data sets with even and odd numbers
of samples. Notice that at least three samples must be available to implement the 3-point rule. The
length of the data set is first checked, and the 3-point rule is applied repeatedly and exclusively if
the data set has an odd number of samples. However, if there is an even number of samples being
integrated, then the 3-point rule is applied repeatedly for all but the last three samples followed by
a single implementation of the 4-point rule on the last four samples. Alternatively, the 4-point rule
could be given precedence and applied repeatedly, followed by zero, one or two implementations
of the 3-point rule on the last several samples as needed. Table 9 shows three examples to illustrate
the combinations of 3- and 4-point Simpson’s or Modified Simpson’s rules. For example, with 10

samples, either apply three 3-point rules followed by one 4-point rule or apply three 4-point rules
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and no 3-point rules. The advantage of giving 3-point rules precedence over 4-point rules is fewer
inversions of the 4-by-4 matrix in Equation (179) versus the 3-by-3 matrix in Equation (177). There

is a greater chance of ill-conditioning with the 4-by-4 inversions versus the 3-by-3 inversions.

Table 9. Example Combinations of Simpson’s Rule

# Samples | 3-point / 4-point | 4-point / 3-point
10 3/1 3/0
11 5/0 2/2
12 4/1 3/1
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APPENDIX C - Equations for the Mean of the Residual

Hanlon [22] developed equations for the mean of the residual of a Kalman filter given three
mismodeling scenarios. Hanlon defined mismodeling as variations in the system models from the
true system models through the following equations: |

AB; = B;—B; - B;=B;—-AB;
AH; = H;—H; > H;=H;-AH;
AP; = &P, > P; =P, — AP
The error between each elemental Kalman filter state estimate and true state is defined as
ei(t) = xe(ts) — %,(t) (180)
Assume that until a certain point in time, the Kalman filter model matched the true system model.
This time is identified as ¢; and up until this time, all of the modeling errors are zero, €; (t;*) =0,

and
xg(t}) = %;(¢t) }
( RS Vi; <t
xi(t;) = %5(t;) <t

For each mismodeling case, a pair of equations is needed to calculate the mean of the residual. First,

an iterative equation for the mean of the state estimate error is given by

( 0 y fort; < ty
[ - K;H;) A®; — K;AH;®;] %,(t})

+ [(I - Kth) AB; — KjAHij] u(tf) ) fort; =t541
By {ath)} = < . (181)
(I - K;Hy) 8:Ez, ) {¢;(tF 1)}

+[(I - K;Hy) A®; — K;AH;®;] %,(t",)

+ [(I —_ Kth) ABj — KjAHij] u(ti_l) , fort; > trya

\

where Ez;, ) {-} & E{-|Z(ti-1) = Z;_1}. i.e., the conditional expectation, conditioned on the

previous measurement history. Second, a running calculation of the mean state estimate error is
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used to compute the residual mean, p; = Ez(, _,) {r; (t;)}, via the following equation:
Bz, o {ri(t:)} = Hi®:Egq, ) {&(t1)}
+(HA®; + AH;®; — AH;A®)) %;(t] ;)
+ (H,AB; + AH;B; — AH;AB;) u(t;-1) (182)
Equations (181) and (182) can be simplified for each of the following cases in which only one type
of mismodeling is assumed. These cases could be extended for combinations of mismodeling such

as AB; # 0 and AH; # 0.

C.1 Mismodeled Input Matrix

Given that
AB; #0
Equation (181) reduces to
0 , fort; <ty
(I - K;H;) ABju(ts) , forti=trp

EZ(t-;—l) {EJ(t:—)} = <
(I-K;H,) ®:Ez, ) {ei(t5 1)}

+ (I - Kth) ABju(ti_l) , fort; > tryq

and Equation (182) reduces to

EZ(ti—1) {rj(t.,;)} = th’tEZ(ti_l) {ej(ti—l)} -+ HtABju(ti_l)
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C.2 Mismodeled Output Matrix
Given that
AH; #£0

Equation (181) reduces to
( 0 , fort; <ty

—KjAHj'I’jﬁj(t}F) - KjAHiju(tf) s fort; = tf+1

Bz, {&(t)} = o
(I - KJHt) q)tEZ(ti—l) {eﬂ(ti—l)}

. —KjAHj‘I’jij(t,?—_l) — KjAHiju(ti_l) ) fort; > tyy1
and Equation (182) reduces to

By s,y {ri(ts)} = He®:Bgg, ) {e;(t7,)} + AH;@:%;(t ;) + AH;Beu(ti-1)

C.3 Mismodeled State Transition Matrix

Given that
A®; #0
Equation (181) reduces to
0 , fort; <ty
(I - K;H) A®;%,(t}) , fort; =t

Ez("‘i—l) {EJ(t;,F)} = 4
(I —_ Kth) ‘I)tEZ(ti—l) {Gj(tgl__l)}

+ (I - Kth) A‘I’jfcj (t;:l——l) , fort; > tr11

and Equation (182) reduces €o

Bz, {ri(t)} = He®: Bz, {e;(t} 1)} + HeA®;%, (L)

C.4 Mismodeling Measurement or Dynamics Noise Covariances

Hanlon did not explicitly derive expressions for the mean of the state estimate error or the
mean of the residual in the presence of mismodeled measurement or dynamics noise covariances.
However, his work is easily extended for these cases by letting:

ARj = Rt—Rj—éRj=Rt—ARj
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AQa; = Qqt — Qqj — Qaj = Qar — AQu;
Begin by expressing the residual vector in terms of the mismodeled system matrices:
rj(t) & z(ts) - H%;(t7) = [Hexe(t:) + va(ts)] — H%;(t7)
= H[®x:(tio1) + Bau(ti—1) + Gewar(ti-1)] + ve(ts) — Hj [8;%,(tF ;) + Bju(ti-1)]
= H®x,(t;i1) — H;®;%,(t ) + [HBy — H;Bj] u(ti1) + HiGewas(ti—1) + vi(t:)
= H®:xy(ti1) — (He — AH) (¢ — A®;) %5(tL )
+[H:B; — (H; — AH;) (B; — AB;)] u(ti-1) + HiGywas(t;—1) + vi(ts)
= Hide;(t7 ) + (HAS; + AH; @ — AH;A®;) %5(t]))

+ (H,AB; + AH,;B; — AH;AB;) u(t;_1) + HiGywar(ti—1) + ve(ti) (183)
where wq;(t;) is the discrete-time zero-mean white Gaussian dynamics driving noise vector for the
truth model and v(¢;) is the discrete-time zero-mean white Gaussian measurement noise vector for
the truth model. Notice the absence of AR ; and AQyq; explicitly in Equation (183), realizing that
they will affect the explicitly shown terms, €;(¢;") and %;(}). Next take the expectation of this
residual expression to find the mean of the residual:

Bty {ri(t)} = Bz ) {Hi®uei(t],) + (H:A®; + AH; @, — AH;A®;) %;(t )
+ (H:AB; + AH,;B; — AH;AB;j) u(t;i-1) + HiGiwas(ti-1) + ve(ti) }
D OH® ) {60 )

+ (H;A®; + AH;®; — AH;A®;) %,(t ;)

+ (H;AB; + AH,;B; — AH;AB;j) u(t;_1)
where the last simplification results from Ez, ) {wa(t:)} = 0 and Ezg;,_) {ve(t:)} = 0 (ie.,
zero means). This result is exactly Equation (182), indicating that this expression still holds in the
presence of mismodeled measurement or dynamics noise covariances. Similarly, Equation (181)

is duplicated by taking the conditional expectation of Equation (180) and stepping back one data
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sample in time:

Bgg_y {6t} = (I-K;Hy) 8Bz, ) {(t1)}
+[(I - K;H,) A®; — K;AH;®;] %;(t] )
+[(I - K;H) AB; — K;AH;B;| u(t:-1)
+ (I — K;H:) GiEgr, ) {war(ti-1)}
—K;Eg, ) {ve(t:)}

= (I-K;H) ®:Ez, ) {e(tE1)}

+[(I - K;H,) A®; — K;AH;®;] %;(t] )

+ [(I — Kth) ABJ‘ — KjAHij] u(t,-_l)

Furthermore, AB; = 0, AH; = 0 and A®; = 0, resulting in the simplified expressions shown

here.

0 , fort; <ty
Bz, {a(th)} = 0 , fort; =tr11

(I - KHy) @eEp(r, ) {6(t1)} , forti>tp

Which simplifies even further to
Bz, {ei(tH)} =0,V
Similarly,

Egs,_y {ri(ti)} = Hu®:Eg, ) {ei(tF 1)} =0, Vi

This shows that the mean of the residual will be zero if the measurement or dynamics noise covari-

ances alone are being mismodeled.
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APPENDIX D - Model State Definitions and System Matrices

This appendix contains a tabular listing of the 13-state GPS/INS reduced-order model. The

LN-93 error-state dynamics matrix F and the process noise matrix Q as provided by Litton are 93-

by-93 arrays containing a large number of elements that are identically zero [25]. The non-zero

elements of the Litton model that apply to the reduced-order 13-state model are included in Tables

10 through 15.

Table 10. Reduced-Order System Model States

|| State State | Definition LN-93 | PLS
Number | Symbol State | State
1 605 X-component of vector angle from true to computer frame 1 1
2 60, Y-component of vector angle from true to computer frame 2 2
3 60, Z-component of vector angle from true to computer frame 3 3
4 O X-component of vector angle from true to platform frame 4 4
5 qﬁ; Y-component of vector angle from true to platform frame 5 5
6 o, Z-component of vector angle from true to platform frame 6 6
7 8V, | X-component of error in computed velocity 7 7
8 oVy Y-component of error in computed velocity 8 8
9 oV, Z-component of error in computed velocity 9 9
10 oh Error in vehicle altitude above reference ellipsoid 10 10
11 béhp Total baro-altimeter correlated error 23 11
12 8PRy. | GPS User clock bias - 12
13 8Dyar, | GPS User clock drift - 13
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Table 11. Elements of the Dynamics Submatrix F'(;¢4)11

Element Term Element Term

13 —py ) —Cry

G.1) Py 32) ~py

@2) 0, @3) Q

“4.5) Win, (4,6) —Win,

(4>8) '—CRY (5’1) Q,

(5:3) — 34 —Win,

(5:6) Win, (597) CRX

6,1) —, 6,2) Qs

64) Win, (65) ~win,

(7,) =2V, — 2V, Q), (7,2) 2V,

(7,3) 2V, Q, (7,5) —A,

| (7.6 4 a.n —V,Crx

(7,8) 20, (7,9) —p, — 28},

()] 2V, %, 82 | —2vuQ, — 2V, 0,

(8,3) 20,4}, (8.4 A,

(8.,6) —Ay 8,7 —2Q,

®8) ~V.Cry (89) P £ 20;

9.1) 2V, 9,2) 2V, 2,

9.3) =2V, — 2V, 0, 9,4 —Ay

9.5) Ay 9.7 | p, +29y + VoCrx

©O8) | —ps — %% + VyOry |_(9.10) 295/a

(10,9) 1
Pry = Components of angular rate, nav reference frame to earth-fixed frame
Qzy,2 = Components of angular rate, earth-fixed frame to inertial frame
Win,,. = Components of angular rate, nav reference frame to inertial frame
Ve, = Components of vehicle velocity vector in earth-fixed coordinates

z,9,2 = Components of specific force in the sensor reference frame

Crx,ry = Components of earth spheroid inverse radii of curvature
do = Equatorial gravity magnitude (32.08744 ft/ sec?)
a = Equatorial radius of the earth (6378388 m)
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Table 12. Elements of the Dynamics Submatrix F (,.q)12

Element

Term

|| Element

Term |

9,11)

ko

f| (10,11)

ki

Table 13. Elements of the Dynamics Submatrix F (rc4)20

[ Element [ Term

(LI | —Bsn,

Table 14. Elements of Process Noise Submatrix Qreq)11

Element | Term || Element | Term
@4 [Qn || D | @na
(595) Q’Ih,u (8:8) Q’I')AJ‘
(636) Q’f)b, (9a9) Q")Az

Table 15. Elements of Process Noise Submatrix Qreq)22

[ Element

[ L

= Vertical channel gains, see LN-93 documentation [25] for equations

Term_J]
2Bsn. %5, |

= Barometer inverse correlation time (r = 10 min; 3 = 1)
= PSD value of gyro drift rate white noise (6.25e-10-”j—2%§-)
= PSD value of accelerometer white noise (1.037e-7;e&:3)

= Variance of barometric altimeter correlated noise (10000 t2)
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APPENDIX E - Tabulated Performance Measures

The performance measures &2, and é%,,. are discussed in Chapter 4 and shown here in

Tables 16 — 22. The definition of these performance measures is given in Section 4.4. Notice that

the minimum measure values (i.c., the ones associated with the best performance) for each case are

highlighted in boldface, and Chapter 5 will draw final comparisons of the results tabulated here.

Table 16. MMAE Blended Parameter Estimation Measure €%,,¢

Case | Fix | Den | Den/Exp | Sheldon | Sheldon/Exp | Prob Den/Prob

1 {203 80 85 193 295 78 58
2 71| 146 115 150 100 | 192 182
3 128 110 118 82 52| 114 149
4 |[227] 189 198 262 282 | 217 215
5 [239] 284 179 582 293 | 253 276
6 341 34 34 34 34 34 34

Fix - Fixed-Bank Algorithm

Den - Density Algorithm

Den/Exp - Density Algorithm with Expansion and Increased Delay

Sheldon - Density Algorithm with Sheldon Discretization

Sheldon/Exp - Density Algorithm with Sheldon Discretization, Expansion and Increased Delay

Prob - Probability Algorithm

Den/Prob - Density Algorithm with Probability Discretization
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Table 17. MMAE Blended State Estimation Measure €%, 5 — State 1

Case | Fix [ Den | Den/Exp | Sheldon | Sheldon/Exp | Prob | Den/Prob
1 | 3.463 ] 3.045 3.248 3.047 3.284 | 4.008 2.858
2 | 3.206 | 3.064 3.084 3.361 3.043 | 3.206 2.874
3 |3274]2.526 2.794 2.835 2.685] 3.13 2.544
4 | 4.508 | 4.319 4.433 4.504 4.541 | 4.684 4.544
5 |3.546 | 3.312 3.415 2.57 3.291 | 3.777 2.803
6 |[1.171]1.171 1.171 1.171 1.171 1 1.171 1.171

Table 18. MMAE Blended State Estimation Measure €%, — State 2

Case [ Fix | Den | Den/Exp | Prob | Sheldon | Sheldon/Exp | Den/Prob
1 [3932] 3.23 3.483 | 4.541 3.433 3.632 3.029
2 |3.689 ] 3.159 3.554 |1 3.833 3.056 3.335 2.914
3 | 3.911]3.523 3.369 | 3.734 3.349 3.389 3.376
4 6.11 | 5.917 5.997 | 6.207 6.356 6.359 6.045
5 ]3.988]3.048 3.824 | 4.154 2.732 3.42 3.512
6 | 1.329]1.329 1.329 | 1.329 1.329 1.329 1.329

Table 19. MMAE Blended State Estimation Measure €%, o — State 3

Case | Fix | Den | Den/Exp | Sheldon | Sheldon/Exp | Prob | Den/Prob
1 |4.145 | 4.044 4.132 4.046 4.197 | 4.261 4.336
2 |4.105]|5.137 432 4.506 4293 | 4.264 4822
3 |[4.102] 5.143 4251 4,761 4269 | 4.192 4.639
4 |4.224 | 4811 4.524 4.819 4385 | 4.235 5.122
5 [5.345]6018| 5427 5.268 5.701 | 5.43 5.872 |
6 |2.648 ] 2.648 2.648 2.648 2.648 | 2.648 2.648
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Table 20. M3AE Final State Estimation Measure €%, — State 1

Case | Fix | Den | Den/Exp | Sheldon | Sheldon/Exp | Prob | Den/Prob
1 [2637]2.426 2.427 2.519 2.693 | 2.515 2.386
2 | 24341 2.407 2.417 2.372 2.522 | 2.637 2.507
3 | 2477 | 2.406 2.45 2371 2399 | 2.48 2.388
4 |4306]4.477 4315 4.501 4753 | 4.34 4.632
5 13194 3.334 3.123 2.717 3.308 | 3.333 3.344
6 |0.785] 0.785 0.785 0.785 0.785 | 0.785 0.785
Table 21. M2AE Final State Estimation Measure €%, — State 2
Case | Fix [ Den [ Den/Exp | Sheldon | Sheldon/Exp | Prob | Den/Prob |
— 1 | 3353]3.007] 3.08] 3.199]  3.434[3.83] 2.935]
2 3.1} 3.047 3.043 3.009 3.097 | 3.127 2.912
3 3.25 | 3.042 3.094 3.108 3.083 | 3.264 3.112
4 |6.322]6.398 6.214 6.67 6.722 | 6.381 6.474
5 | 3.811 ] 4.047 3.794 3.016 3.796 | 3.55 3.83
6 | 0.858 | 0.858 0.858 0.858 0.858 | 0.858 0.858
Table 22. M3AE Final State Estimation Measure &%, — State 3
Case | Fix | Den | Den/Exp | Sheldon | Sheldon/Exp | Prob | Den/Prob
1 | 4.061 ] 4.049 4.059 4.049 4.048 | 4.092 4.044
2 ]4.045] 4.036 4.048 4.037 4.038 | 4.068 4.041
3 |4.044 | 4.034 4.045 4.033 4.032 | 4.047 4.039
4 |4.804 | 4.806 4.805 4.8 4801 | 4.804 4.796
5 |5.405 | 5.412 5.409 5.41 5.425 | 5.385 5.397
6 |[4.322]4322 4322 4.322 4322 | 4.322 4322
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