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~ STIMULATED BACKSCATTERING FROM
RELATIVISTIC UNMAGNETIZED ELECTRON BEAMS

Section I. Introduction

Stimulated emission of backscattered radiation from intense relativistic electron beams
has received considerable interest in the past few years. The primary reason for this interest
lies in the fact that radiation backscattered from relativistic electron beams can undergo a
dramatic frequency increase and is readily tunable over a wide frequency range. Hence, these
scattering mechanisms, which rely on relativistic electron beams, may soon lead to a new class
of submillimeter and infrared generating devices which could find application in such areas as

radar, plasma heating, diagnostics, isotope separation and laser pellet fusion.

Analyses of the scattering phenomena have been carried out using both, a quantum
mechanical formalism! ™ as well as a classical approach.5 % In these theories, the incident
pump field has taken various forms such as periodic static fields and traveling electromagnetic
waves. Numerical simulations of the scattering processes have shown that the efficiency of
converting electron kinetic energy into electromagnetic energy can be as high as 30% under
certain conditions. 1%!! The frequency enhancement can be viewed as a double doppler upshift
of the incident pump wave. An incident electromagnetic pump field at frequency w ,, propagat-
ing antiparallel to a relativistic electron beam with speed v, will backscatter into a frequency

~ Q@ +v,/e) zygwo where y, = (1 — (v, /c) 2y ~1/2 1p the case of a periodic static pump

Manuscript submitted August 11, 1977.




SPRANGLE AND DROBOT

field of period /, the frequency of the backscattered wave will be approximately given by
a + vo/c)ygvo (27/1). The upshifted frequency can be easily varied by changing the energy
of the electron beam. Experiments at Stanford University have demonstrated laser action at
wavelengths of 10.6 um as well as 3.4 um using a static periodic pump. The gain in these ex-
periments was relatively low: 7% increase in power was achieved in a 5.2 m interaction length
at 10.6 um and in an oscillator experiment only 0.01% of the electron beam energy was con-
verted into radation. Recent experiments at the Naval Research Laboratory using a traveling
electromagnetic pump field have produced power levels of 1.5 MWs at 0.5 mm with an overall
efficiency of 0.01%. At Columbia University experiments 1213 employing a static periodic mag-
netic pump have resulted in megawatts of scattered radiation at wavelengths in the neighbor-
hood of 1 mm. Scattering experiments using relativistic electron beams are also in progress at

the Ecole Polytechnique in France.!4

The two principal types of scattering processes in which an incident pump field is back-
scattered off an electron distribution into a transverse wave are wave-wave (Raman) and
wave-particle (Compton) scaltering.15 R 7 general, these two scattering modes are present
simultaneously; however, the wave-wave process dominates if the incident pump wavelength
in the electron beam frame is much greater than the Debye wavelength. Scattering then takes
place off collective plasma oscillations. On the other hand, wave-particle scattering dominates
when the pump wavelength is comparable to or smaller than the Debye wavelength. In this
situation, scattering takes place off shielded or "dressed” particles . This paper will address both,

wave-wave and wave-particle scattering.

The physical mechanism responsible for the instability of the backscattered electromag-
netic wave, i.e., stimulated emission, can readily be described classically in the beam frame. In
what follows, quantities in the beam frame will be written with primes. In the beam frame we

stipulate that the existing electron equilibrium is perturbed by a low frequency density wave in

2
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the absence of an external magnetic field. Only waves propagating along the z axis, i.e., direc-
tion of beam velocity in the laboratory frame, will be considered. The electrostatic perturbation

at frequency and wavenumber (w), k| ) need not be an eigenmode of the electron distribu-

tion. The introduction of a large amplitude high frequency incident pump, E(;, at (o, k(;)
forces the electrons to oscillate at a frequency w(; in the direction along E; with a maximum
velocity given by v, = | e| E(;/ (mowl;). This transverse oscillation velocity, v{;s perpendicular

to k.,

,» couples to the density wave, thus inducing transverse currents at frequency

w, =) £ o, and wave numbers k, =k;; = k, These currents now generate new

electromagnetic waves at (w;_;, k4 ). The generated or scattered electromagnetic field consists
of backscattered waves propagating antiparalle!l to the incident pump wave. Forward scattered
waves are also induced, but will not be considered because they are down shifted in frequency
and also have a much smaller growth rate than the backscattered radiation. The pump and
backscattered wave couple through the v/ x B’ term in the Lorentz force equation resulting in
a longitudinal force at (w|i , k\{ ). This induced longitudinal force, also called the ponderomo-
tive or radiation pressure force, if properly phased will reinforce the originial density wave. The
backscattered electromagnetic wave is, therefore, unstable resulting in stimulated emission of
radiation. It should be noted that in the beam frame, the pump frequency is usually much

greater than the frequency of the longitudinal wave, |w,| >> |oj |.

For a cold electron beam the electrostatic wave is an eigenmode of the system, |w) | is

roughly equal to the electron plasma frequency, “’/; = (4mle| 2/1(;/;10) /2 and the scattering
process is referred to as Raman scattering. However, if the pump strengh is sufficiently strong,
the frequency of the electrostatic wave is modified by the pump field and is greater than the
plasma frequency. In this regime the scattering process is called modified Raman scattering. In
either case, the phase velocity of the electrostatic wave is far removed from the electron

velocity, |w|{//\‘||'| >> Vxﬁ» where vlh is the electron thermal velocity; therefore, they are

3




SPRANGLE AND DROBOT

referred to as nonresonant, wave-wave or collective scattering modes. If the electron beam is
sufficiently thermal so that the phase velocity of the electrostatic wave is comparable to the
electron velocity, a resonance between the wave and particles results. This regime is called
Compton scattering, resonant wave-particle scattering or inverse nonlinear Landau damping.
Here the nonlinear coupling between the pump wave and scattered electromagnetic wave in-
duces a longitudinal wave with a phase velocity comparable to the electron thermal velocity,

lwi 7k | = vy
Section II. Dispersion Relation

In this section equations describing the coupling of the incident pump wave and the scat-
tered electromagnetic and scattered electrostatic waves are derived. The large amplitude in-
cident pump field is assumed to be linearly polarized in the x direction with frequency w,, and
wavenumber k, = k,é.. Only spatial variations along the z axis will be considered. The pump
field is incident upon a system of electrons which are electrostatically as well as magnetically
neutral. The model is depicted in Fig. (1) and the analysis is fully relativistic and is performed
in the laboratory frame of reference. The electromagnetic field of the incident pump wave is

chosen to be of the form

E,(z,t) =E,cos (k,z —w,1)é,,
ck,
B,(z, 1) =—E, cos (k,z —w,1)é,
@o (1a)
where E, is the electric fleld amplitude and the direction of the axial Poynting flux along the z

axis is given by the sign of w,/k,. The form of the scattered electrostatic wave is

E| =Ej cos (kjz —awyt + ¢ )eé.,
)]

where ¢ is the phase of the longitudinal field with respect to the pump field. The scattered

electromagnetic field is chosen to be of the form

4
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= Y E cos (kyz —w, t +¢,)é,
+'_

ck

B_s,=2w E,cos (kpyz —o, t +¢,)¢,
+, - + (33)

where k., =k * k,,0, =w) * w, ¢, is the phase with respect to the pump wave and

the sum is taken over +,

k_ = Mko8,, w_ = —Mw,
A
dVAVAVAVA ¥t
—
A BACKSCATTERED
ko8,, w, £.M. WAVE
RELATIVISTIC
ELECTRON BEAM
Fi 1. Sei tic of Backscatt INCIDENT E.M.
- A
Figure 1. Schematic of Backscatter PUMP K = Mk8,, @y = —Maw,
ing Off a Relativistic Electron Beam. A M= (1 + v, /ci?y2
: oA
" BACKSCATTERED
’e‘z LONGITUDINAL WAVE

2>

The evolution of the electron distribution is described by the relativistic Viasov equation
[—+VH -— —L'f(‘.,v 1 =
9z )

where v| =v - é. is the component of velocity along the z axis, L =|e|/m,(E +

v x B/c) - 8/6u,E =E, +E| +E,B =B, + B, u = yv is the normalized momentum,

= —Ez) ~1/2 ang B =v/c. In order to obtain the currents which drive the scattered
fields we use a perturbation expansion to find the distribution function f(z, v, t) in terms of
the scattered fields. Since the operator L consists of the perturbing fields, which include the

pump, we may expand f in powers of the perturbating field amplitudes, that is

f =f(0) +f(1) +f(2) + o,
(%)
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where
-(0)
___a/a —0,
! ©6)
i + v i f(”) - Lf("_l)»
at 0z )
and n =1, 2, .. In what follows the equilibrium distribution function described in (6) is
chosen to have the form
SO W) =n )b u)g, ) ),
(®
where #n, is the ambient electron density, 8 (4,) is a delta function and f g, (uy Yduy =1.

That is, the equilibrium distribution function is chosen to be cold in momentum space
transverse to the direction of wave propagation while having a velocity spread parallel to the
direction of wave propagation. It proves convenient to write the operator, L as the sum of two

terms, one involving the pump field and the other scattered fields, thatis, L = L, + L, where

L, = J’fl— [E, cos (k,z —w,1)8,],
4]

LSEMEII cos (/\'Ill_w||t+¢||)‘*ah—+ ZEiCOS (kiz_w+f+¢+)l9+
m, 6Ll|| £ - = + +
and
19 l[,() 8 V.\‘ko a
0 = . Ou ® YK
0 x 0 1l
i A
1’-0- = = 8 + = 9 ,
- W BuJ\ wi auH
by S0, vk, Yy Ty =V ky,
Y = o = vk
(9a-g)
6
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The perturbing density and currents which drive the backscattered waves are given by

: n, =% 0G0,
n=1
: and,
_ (1)
J =331,
n =t
where n(" = ff(”) (z,u, )d%u and I = — || f (/y)f ™ (z,w, )d3u. The response

current J drives the fields in Egs. (1), (2) and (3) through the wave equation:
VE —c29%E/012 =4nc 729I/91 + V(V - E).

Solving Eq. (7) for f(1 ) (z, u, 1), the first order particle and current density take the form

k)|

. n(])(wH , k|| ) = _JﬁL X(O)H , k|| )EH sin (k“ Z o)l + ¢|| ),
m, 2
P

. @) .
. J||(])(w||,k|| ) = 4 x(w”,k” )EH Sin (kHZ —w||t +d)|| );
w?

JO(]) (w,, k,) = — —2 sin (kyz — w,t),

dr <y > o,

2
E

() - “p oin ks —o .t

Ji (wy, k) i<y, > w, sin (k. w ! +d,),

(10a-d)
where w, = (dne| 2ng/m) V2 x oy, Ky ) = (w/?/k“ ) f duy (dg, (u )/duy Iy, is the

electron susceptibility, <y > -l= fa’ungo () )]y, and y; =1 + u|2|/c2)1/2. For a

cold electron beam, g, (i, ) = 8(u; —u,), the electron susceptibility is then given by
Xeod = — @2/v2?)/ (w;, — v,k )% The arguments of the quantities on the left hand side
- of Egs. (10) denote the frequency and wavenumber of the quantities. Using (10b-d) in the

wave equation the linear dispersion relations for the pump, scattered electrostatic and elec-

‘ tromagnetic waves are respectively:
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(l)2 "Czkoz —w,?/<y” > =0,

[un—y

+x (o), k) =0,

wi —Czk_z_F —w3/<'y|l > =0.

(11a-¢)
Evaluating the second order particle and current density gives:
ki E
H(Z)((UH,kH ) = - — 2 __+—COS (kHZ ot +¢+)
87 myw, 4 :
E_
—T'COS (k||Z —w||t +d)_) )’(.(w”,kn ),
w) Ky |elE, [E
JH(2)(Q,H,/(”) = el &, 1 £+ cos (kjz —w;t +¢,)
87m myw, w4
E_
- cos (kHZ —w||t+¢>_) )Z((UH,/(” ),
ki lel E
@) oy = *
Jo™ wo ko) 87 [~ myw,
EH cos (k“Z —w,lx ((ﬁi - ¢>|| )))Z(w” , kH ).
ki lelE
JD (0. k) = = - °
£ @r ky) 87 myw,
Eycos (kyz —wyt + ¢ )% w), k),
(12a-d)

where % (), k) = (02/k))) f duy (9g, (uy )/duy )/ <y ;). Note the difference in

the definitions of x and x. It is necessary to find the third order transverse current density at
(wi, k. ) in order to recover the wave-particle scattering. The third order current density at

(wy, ky)is
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el 2n, (1l E,)2 ki w, (E+
I (wy ky) = 2 2 sin (k,z —w, t+¢,)
+ + "t 4m0 myw, wgwi :tlw+ * + +
E_
— ——sin (kyz —wyt +6_)
“- (13)
where
w. w go(un
Ay = - ]f 'JJ (k|2| —w|2|/62)¢':t¢'0 + (koky — ‘”o“’:t/cz)‘l'ﬁ
yiufy
U wy )
o | koo o ko) ke + =5 (kok + wooy /c?) @y +uyky/v)
e

(14)

Now substituting the currents J| (o, k) = 4 + IO I, e k) =0 + J& +

J8) and J, (w,, k,) = J + J2) into the wave equation for E|, E * and E, we obtain

|l £,

iy itk z —w 0 i
e = —

2 k” )Z(w” ;k“ )

(1 + X (w” , k” ))EH e

070

E+ i 4 E _ ei¢_ ei(k”z —wHt)

X |—e - ,
(U+ w _
] (k Z —w f) Ie|Eo
D (w,,k, )E elqsiel * =4 — ko
+ + Nty /T h 2 Myw, =~
(1 + x(wH ’ k|| )) w, ,'¢H

. itkyz —wyt)
x X (@), k) £ E ez sl
% oy, Ky ) + % @, k) o, e €

i(koz —w,t) i le .
D, (wok,)Epe' " 7000 = _,2__|n_1|_ k@ o By X (o, Ky )
0

Ey i@ —ty)  E- —i- o)) itkz =,

x .
@+ @ - (15a-c)

Combining Egs. (15), the following dispersion relation for the scattered waves is obtained
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le| E, |2

2m,w

0~ o

=
=
Pas)

a+yx) =I

D, D " (16)

.[()Z -0 /A + xwy/o,) 4 X+ O0_/0+x)o,/o_)

The dispersion relation in Eq. (16) describes the relationship between w) and kj in the
laboratory frame. It is convenient, however, to transform Eq. (16) to the beam frame where the
average electron momentum is zero; < u; > =0. Beam frame quantities willl be denoted by
primes. In order to simplify the dispersion relation in the beam frame we assume that the fre-
quency of the electrostatic wave is much smaller than either the pump or scattered electromag-
netic wave, |w),| << |w,|,and hence w, = * w_.Itis easy to see that this is an excellent
approximation in the beam frame. The expression for A and x in the prime frame can be ap-

proximated by

(17a,b)

By using Egs. (17a, b) and assuming the electron thermal velocity is nonrelativistic in the

beam frame, Eq. (16) reduces to the rather simple form

(U +x) = = 0o/ 20 2y |- + Lo
Dy D_ (18)
where
L w)? , 98, (v )/ay, , _ lelE,
x'= —— [ av] ————, Vos = 2
ki ®) = VK Mo
D, = @))? —c2(k,)? —w?, w, = @r|e| 2n,/m,) 12,

Note that m,, is the electron rest mass and hence is the same in all frames. Equation (18) is
the dispersion relation for waves scattered parallel or antiparallel to the incident pump wave off

a cold (Raman Scattering) or thermal (Compton Scattering) distribution of particles in the

10
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beam frame. Before examining the different scattering modes given by Eq. (18), the electron

susceptibility is written in terms of the standard plasma dispersion function, Z(¢') =

w 12 f dxexp(—x2)/ (x — ¢') for Im¢’ > 0.1In terms of Z(£'), the suceptibility is

)2 Y2
k k
X' = —,D] A +&£2Z)) = ——;— DV sz70¢
k)| ] ky, 19)

where kp = wpl/v,',, is the Debye wavenumber, £’ = (w| /k )/ (~2 v,,), and v, is the ther-

mal electron velocity defined by g, (v, ) ‘= (V2w v,,) “Pexp(—v;?/ Qv,2)).

The temporal linear growth rates for Raman and Compton scattering can now be ob-
tained for the backscattered electromagnetic wave in the beam frame. The energy flux of the
incident pump will be assumed to propagate towards the right, ie., w(; > 0 and k(; > 0, as

shown in Fig. (1).

Raman Scattering (Wave-Wave Scattering)

We first consider scattering off a cold electron distribution such that |cu|'| /k|'| | >> vl;1
or ¢ >> 1.In the case of a small amplitude pump field the electrostatic mode is very close

to being an eigenmode of the pump-free system. That is, for a small amplitude pump ‘”Ii and
k|'| approximately satisfy the dispersion relation 1 + x ’(w|'| , k{' ) = 0. If the pump amplitude
is large enough, the eigenmodes of the electrostatic wave are modified and no longer satisfy the

relationship given by 1 + x '(m|'| , k,i ) = 0. This strong pump regime will be discussed later.

’ The dispersion relation in Eq. (18) leads to unstable roots if D_or D'+ vanish simultaneously
along with the left hand side of the equation. Figure (2) shows the general form of the disper-
sion relation in Eq. (18) for a cold electron system and small amplitude pump field. The situa-
tion where both D _ or D’+ vanish simultaneously will not be considered here since this case

does not correspond to stimulated backscattering; and hence, will not lead to the proper fre-

11
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quency enhancement in the laboratory frame. Furthermore, the linear growth rate is substan-
tially smaller for this instability. Because the frequency of the longitudinal wave is much less
than the frequency of the pump wave, the quantity D'i (w;,k’i ) can be approximated. With

this assumption we find that

o 1. kK Pk
Dy (wyky) =% 2w, o) — F ,

w, 20, | (20)

T+ /D' fw ,K.)=0

o UNSTABLE ROOT
N Ny
o o NN Ky
\\ = N 3 Figure 2. Dispersion Relation in the
/ \/ —w'y \ Beam Frame, for a Cold Electron Beam,
UNSTABLE ROOT ' TH X'y, Kyh = 0 Showing Stimulated Growth of the Scat-
/ T %o tered Radiation.

"D lw'y, K} =0

In obtaining (20) the fact that the pump wave satisfies the dispersion relation, D,; (w(;,kl;)
= 0, was also used. Since we are considering scattered waves such that |w|; /k,] | >> v['h,
the susceptibility can be expanded to give y = *w/;z/wm “3“’/;2"1;12I"|i2/‘”ii4 + ilm(x")
where Im(x") == 172 £ 'exp (—¢ 2) is the imaginary part of the electron susceptibility. From
here on we will take the wave at (w _, kK _) to be resonant, ie. D_ (v _, k_) = 0, and the
(w4, k) wave to be nonresonant, i.e. D (o + k) # 0. Therefore, we consider the case
where wol/k(; > 0 and w_/k_ < 0. Our choice for the resonant backscattered wave,
D _ =0, is completely arbitrary, since it is easy to see that choosing D;L ~0and D_ #0

leads to the same results. The dispersion relation in (18) now becomes

L AR I
(0 =" A —ilm(x )@, —Q )= I a—— (21)
wo

12
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Q'= k0,k|1| Cz/w(; - czk|i2/ (Zwol) and w,iz = wp'2 + 3vt;12k|i2 = w[;z.

Equation (21) is the approximate form of the dispersion relation when 1 + x '=0,D_ = 0,
D'+ Z 0, ¢ " >> land w[; << w(;. From Fig. (2) we note that the unstable roots occur for

kl] =3 k(;, which corresponds to stimulated backscattering.

To obtain the growth rate from Eq. (21) we set o), =, + 8w where , is set equal to

Q 'and |8w | as well as |w;im(x)| are assumed much less than lw,|. Substituting

w|'| = w,' + 8w in Eq. (21) gives the following expression for 8w '
iy in in Y172
, 2.,'2,°2
. wy - , i . "Ny 2 ®p Vs kll
S = -—i~4—lm(x) +—4— (w/Im(x ))* + .
w,@, J 22)

There are two cases to consider in Eq. (22), depending on the strength of the incident pump

wave. If the incident pump amplitude is sufficiently weak to satisfy the inequality

/ , L1172
' (w,3w0) /2 s @p .

By << ————Im(x) =|—+| Im(x)

prkH 2&)0 (23)
where ,80'3 = vols/c, then the temporal growth rate is given by
P X R W " ,
, , W,V i ' ’8 w
I =imBw ) -1 'I" % , [m(x) - Pos 0

8 1w, /im(x) w, 2 Im(x) 24)

and the real part of the frequency is Re(w,i ) = w,' = wp'. In the moderately strong pump re-
gime where B(;s >> (w,’3w¢;) Y2 1 (x Y/ (wi;ck|/| ), but small enough so as not to greatly

modify the pump-free eigenmodes, the growth rate is

Voskiy g 12
. . w " . , ®
I =imGw) =%—L—(ﬁf —w/lm(x )| = 2‘” 21,
-\’(UIQ)O wOJ (25)

13
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the real part of the frequency is

o
(l)p (L)o ~w

/2 h— p'
w; 26)

, , 1 .
Relw)|) =w; + 5 B

We now consider the situation where the pump amplitude is so large that it modifies the
eigenmodes of the electrostatic waves. That is, if B,, > B, where Bt = Qofo )2 =

(2wl;/w(;) /2 The frequency and wavenumber of the longitudinal wave, (w|} , k|] ), no longer

satisfies the relationship 1 + x '(w|'| , k|'| ) = 0. In this case w|’| >> m,',Q "and the disper-

sion relation in (21) takes the form w|® = — (B(;Swl;) 2w,/2 which gives the growth rate
r = Im(w|l| ) = g((ﬁoyswl;) 2w(;/2) 13,
27
The real part of the frequency in this case is
Re(w))) =% ((B;swl;)zm‘;/2) 173,
(28)

Equations (24), (25) and (27) are the expressions for the temporal growth rates for stimu-
lated Raman backscattering in the beam frame. These expressions all have a different
parametric dependence on the pump amplitude. Since /m(x ) << 1, for a cold electron distri-
bution, we set Im(x ) =0 and discuss only the moderately strong and strong pump regimes
whose growth rates are given in Egs. (25) and (27) respectively. The results of the linear
theory for these two cases can easily be transformed back to the laboratory frame. The value
of B, in the laboratory frame, which distinguishes the moderately strong and strong pump re-
gime is B, and is given by

oy ] 1/2
Berir = 70—3/2 1 +8,) 2 l2 o

@, |

1/2
~3/2 i, @olvd”
=y,320 +8,) R

@o ' (29)
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where 8, =v, /ey, = (1 — (v,/c)2) "2 and v, is the axial speed of the beam in the
laboratory frame. From Eq. (25) and (27) we find that the linear growth rate in the laboratory

frame, for the moderately strong and strong pump regime, is given respectively by

1 1
r = '2—[303-),(}/2 a + Bo)wowl) 12 '2—Bos7(}/2 (1 + Bo)wowp/,y(}/Z)l/z,

(30)
when B, < B and
r =‘?‘ (@ +B,)BRwwf/2) 1 = % (A +B)BLw w2y /),
(31)

when B, > By The frequency of the backscattered electromagnetic wave in both the

above cases is
lw—| = (1 +Bo)273wo'

32)
In the beam frame of reference the phase velocity of the electrostatic wave is
when B‘;s < Bc'm and
o)) Ik = % (Bow) 0 2 VK, > o/l2k,,
34

for B, > Berr- The growth rates in Egs. (30) and (31) are valid as long as |w /k | is much
greater than the thermal velocity Vt,h- The opposite limit is the Compton regime and will be
discussed in detail later. The thermal velocity in the beam frame is related to the thermal velo-
city in the laboratory frame by the relation vt'h =1y 3vth. The total spread in the beam energy
in the laboratory frame due to the thermal velocity spread vy, is Aey, =28,y 3 vy /e)me.?
Therefore, for thermal effects to be negligible and Eq. (30) and (31) applicable, the following

conditions on A€, must be satisfied in the moderately strong pump case

B, w,ly 2

T +8,) 0 —D| . 35)

Aeyfe, <<

15
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and in the strong pump case

, 1/3
Y oBo/2 w,/y“] (1 +8,)
dewlo << T3 B G D P e, |7 |
Bo Yo l @, ] (36)
where ¢, = (y, — l)m(,c2 is the electron kinetic energy. These results are summarized in

Table I for a highly relativistic electron beam. Estimates for the efficiency of converting elec-
tron beam energy into electromagnetic energy are also given in Table I and will be discussed

shortly.
Compron Scattering (Wave-Particle Scattering)

We now consider the kinetic regime where the phase velocity of the longitudinal wave is

of the order of the electron thermal velocity. i.e., w, /k;, =9 (v, ). In this regime the elec-

trostatic waves are heavily Landau damped in the absence of the pump wave. This scattering
mode is called stimulated Compton or inverse nonlinear Landau scattering because the elec-
trostatic wave, resulting from the beating of the two electromagnetic waves, is resonant with
the electrons. Since the longitudinal wave is not an eigenmode of the system,ie., 1 + x =0,

the dispersion relation of the electrostatic wave for Compton backscattering takes the form

o —0 =@B2ox/0 +x),
(37)

where Eq. (20) for D _ together with k| = 2k, = 2w,/c were used in obtaining Eq. (37).

Taking the imaginary part of both sides of Eq. (37) and noting that

y .

-1 = —Im
1 +x

im

»

1+x'

the growth rate for Compton scattering, in the beam frame, is found to be

1 l

1+ x (Q 2k,) ' (38)

r = — B,2/2)w,im
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)2
K .

; —D lm(Zé-)

2 2 X 2 2
Re(Z:)| + L /\—2 Im(Zé)

>

ml(1 +x (Q 2k,)) 7' = ’

L1

2 |k
o
Zg =9Z/9f ,and ¢ = w /(x/fvlhk' ). The term Im((1 + x ) ~!) can be readily approxi-
mated in the limit that o /k << v,.ie. ¢ << 1. In this domain the wavelength of the
electrostatic disturbance, |27/ & |, is much less than the shielding length, 27/kp. Therefore,

in the limit that Ap/k << 1and

2 2
) k
m [(1 +x)—1]| 2%!—9—' Im(Z,;) = ] gexp(—¢ 2).
ik <<t (N A (39)
Substituting Eq. (39) into (38). the Compton growth rate becomes
2
_12 k
ro="sle, 2l gexp(—£ ).
v (40)
The term & exp( —¢ 2) has a maximum when &€ =1.2. ie.o ,k = v, S0 the max-
imum value of I' in Eq. (40) is approximately given by
s 2
3 5 1 @, | Vo
[ax = 4w B0 Kp/k )- = —1—6 - .
W, | Vin (41)

In ref. (8) it was shown that the temporal Compton growth rate has the following transforma-

tion properties from the beam frame to the laboratory frame,

[ =
vl +v, o) (42)

17
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Substituting Eq. (41) into (42) and writing the beam frame quantities in terms of laboratory

frame quantities we obtain

ro_ L w; Vos ]2
max 10 75 (1 + B )Zwo lvlh J
0 4]

L2 Blvel  BL (e )
S +B8,)%, (&, --;)2 A€y,

1@ Bufe | )
10 o, vy, A€y,

where the last expression is valid for a highly relativistic electron beam.

Section III. Saturation Levels and Efficiencies

This section will deal primarily with the saturation and efficiency levels of Raman back-
scattering off a cold, i.e., Vih = 0, electron beam. Saturation of the backscattered electromagnetic
wave may be due to either pump depletion or nonlinearities associated with the electrostatic
wave (density wave). Pump depletion ocurrs when the amplitude of the pump is depleted by
the Scatlering process. Nonlinearities result when the electrostatic wave, given in Eq. (2),
grows to a level sufficient to trap electrons. Roughly speaking, for a small amplitude pump
field, pump depletion occurs before the electron dynamics become nonlinear. However, for a
large amplitude pump field electron trapping takes place before all the incident photons are

scattered. Therefore, the magnitude of 8,, determines the nature of the saturation mechanism.

In the beam frame the magnitude of the backscattered electromagnetic wave, when sa-

turation is due to pump depletion, is given by

|E_| = (w ,__/wo,) I/ZE{;.
(44)

18
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Equation (44) is just a statement of conservation of wave action. When the frequency of the
scattered wave, w _ is approximately equal to the pump frequency, w(;, in the beam frame, we
find that |E_| =~ E‘; and virtually all the incident pump photons are backscattered. However,
before this happens the level of the density wave may become comparable to the ambient den-
sity of the electrons. When this happens the electron dynamics become nonlinear and electron
trapping occurs in the potential well associated with the total electrostatic field. The total longi-
tudinal electrostatic field consists of the sum of the self consistent field given by Eq. (15a) and
the ponderomotive field associated with the v x B/c axial force. The magnitude of the sum of
these two fields is
L kX el EEL

|E’n' ' =15 : I
roral 2 (1 +x) mo,w_ (45)

Associated with | E,,,,| is a density wave, the magnitude of which is

1 kX EEL

[t}

18/11| =|— ; ; .
87 (1 + x) myw,w _ (46)

'

Equating |87 ] to the ambient electron density # , we find that electron trapping limits | £ _|

o?
to the value
(1 + y Yy w,w _

X KPE, (47)

|E_| =|8mwn,m,

For the moderately strong pump regime we find that

Y12
oo w,
= l2l'/wl,| 2“—1 '——I l

[3’“ lwn J (48)

X

where Eq. (25) was used for I . In the case of a strong pump the magnitude of the susceptibil-

ity is much less than unity and therefore
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1 l ' )2 , 2
1 +X — L - wl "‘lBOS w,
X X Il w, | 2‘”/) 49)

where Egs (27) and (28) were used for wli. Substituting these expressions for x /(1 + yx )
into Eq. (47) we find that the amplitude of the backscattered electromagnetic wave, when sa-

turation is due to electron trapping, for the moderate and strong pump case is respectively

given by
)32
‘ 1| ®p 0 ' :
IE—l =? — L Boy < Beri
w, ] ﬁ().\ (503)
and
4/3 .
|E‘ l 1 O)/) E(i ﬁ ‘ [3 ‘
ol B — os > B
2% o, | B, T (50b)

where we have used the fact that k) = 2k, = 2w /c and & _ = ,. Comparing Eq. (50a)
with (44) we find that if B, < By, where B{ = (1/2) (wl;/(u(;)yz, then pump depletion sa-
turates the backscattering process before electron trapping takes place. Since By is always less
than B itis clear that for 8, > B, electron trapping is the saturation mechanism and it oc-
curs before the pump is depleted. The level of the fields at saturation in the beam frame can

then be summarized as follows

E., for B‘;\ < /3]', pump depletion

0

|E_| =} 81/B,) E, for B < B, < B, trapping
1 o ‘ o , , (51a-c)

Nz (ﬁl/lscril) (Bcril/ﬁr:\')Z/}Em for ﬁm‘ > ﬁcril' lrapping.

l V2
In order to oblaih the efficiency it is necessary to transform the magnitudes of the backscat-
tered fields in Egs. (51) to the laboratory frame. Since the electric fields have the following
transformation properties, |E_| =[E_|/(y, (1 +g,)) and E, = (1 +B,)y,E,, the ampli-
tudes in Egs. (51) when written in the laboratory frame become

20




NRL MEMORANDUM REPORT 3587

EO’ for Bos < ﬁ]
4 BI
) |E_| = ( +8,)2%2 5 Eo for B; < Buy < Beri
" / (52a-¢)
2/3
’ 1 By Berit |
‘ 2 E, for B, > Beri
\/5 [30“1 [B()_y l ¢ 03 crit
where
5./ 1/2 3
w,lY
By =%v,,_5/2(1 +p,) 22X | and
1/2

Bcril = 2 1/2,),”—3/2 (1 + ﬁ()) _I/2

4

are the expressions for [31' and Bclm transformed to the laboratory frame.

The efficiency of stimulated backscattering can be defined as the ratio of the average elec-

. tromagnetic energy density in the laboratory frame to the kinetic energy density of the elec-
trons. Efficiency is then defined as n= < W, + Wy >/(n,(y, = 1)m,c?) where

< Wep> = < Wy > = |E2_|/167r is the average electric field energy density. The electric

energy densily is very nearly equal to the magnetic energy density, since ¢k _ = o _. Using

the expressions in Egs. (52) for | £ _|, the efficiencies in the three regimes determined by the

magnitude of 8 are given by

(73

5 | 2
17,0 +B,)% | o, B2, for 8,, < B,
2 (y, - 1) w/,/y{}n . ;

* /
(1 +8,) |o,/yl?
n = —é_ (Y —'(1)) pw - ’ forBl < 3(;; < Bcril
0 0
af 2 3

1 y a+B8,)"10,/v,
€6, S0 2 t L IR R T
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Table I contains a summary of the results obtained for the Raman backscattering instability off

a highly relativistic electron beam. It contains the pump amplitude regimes in terms of 8

05°

temporal growth rates, saturation mechanisms, efficiencies at saturation and energy spread re-

quirements.

Table I. Summary of Collective Wave-Wave Scattering Results in the Laboratory Frame
for a Highly Relativistic Electron Beam. The parameters are defined as

B, =1, B, =lelEJ(y mw,e), By = 3212, =5/2¢32 g

crit

- 1/2
=y, 212,

£ = (0,/v))w,and Aeyfe, =2y3 v/ (y, —1).

. Saturation Saturation Energy Spread
Regime Growth Rate Mechanism Efficiency Requirements
B, 875 Aey, £
- 1/2,, gl/2 | pump = 2
0 <Bps <By r NG Yo' Wok depletion m Yo -1 (Bos /%) €, << 2(7,-1)
Bos ; Acwn :
) = 1/2 1/2 i = <
By <Bos <Berit| T \/g Yo wOE trapping n 4(y, -1) € 2(v, - 1)
Ae Yo BosE)*?
/3 23 ) _ l Yo 9/3 th o\Pos
Berit < Bos [==g— wolBost)™ | trapping | 0= g 3 (Bos8)*® | — (v, - D)
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