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THE TRANSVERSE OSCILLATION OF COAXIAL MULTIPLE BEAMS
PROPAGATING ALONG A MAGNETIC FIELD IN A VACUUM TUBE

: H. C. CHEN
NAVAL SURFACE WEAPONS CENTER
WHITE OAK, SILVER SPRING, MARYLAND 20910

A fluid-Maxwell theory has been derived to study a system of multi-beams
propagating parallel to an applied axial magnetic field in an evacuated
conducting drift tube, fhe stability ana1ysfs is performed for a rigid-rotor
and cold laminar flow equilibria. It is assumed that the particle beams»are
tenuous and the guiding field is very strong. As a result, the perturbation
theory is derived under the condition that the plasma frequency is much
smaller than the cyclotron frequency for each beam particle. A dispersion
relation is obtained for a special case of sharp boundary density profiles.
The stability properties of infinitely long beams are illustrated in detail
for different geometries and various beam parameters. The results agree with
those obtained by Uhm in a special case where a solid electron beam propagates
through an annular electron beam. The finite geometry effect of the
accelerator is discussed briefly. It might have a substantial influence on

the behavior of a real device.




I. Introduction

There has been some resurgence of interest in thé production of high-
energy particle beams, especially ion beams, by the collective-acceleration
process in the last few years. The collective particle accelerators, in
principle, are designed to generate high-power particle beams by means of .
energy transfer from a negative-energy wave train grown on the intense annular
relativistic electron beam. Generally, the electron beam propagates along a
guided magnetic field inside an evacuated conducting drift tube [17-[3]1. The
phase velocity of these travelling waves can be controlled by manipulating the
beam parameters so that the particles to be accelerated can be trapped by the
waves. As the wave energy increases, the trapped particles will be dragged
and gain energy from the waves. However, there exist in practice some
difficulties which stir numerous theoretical and experimental investigations.
Naturally, the stability of this multi-beam system becomes one of the
important subjects and big concerns in the acceleration process. The
collective particle accelerator at NRL has suggested that a density modulated
intense relativistic electron beam propagating in a spatially modulated
magnetic field can drag particles and accelerate them to high energies. To
make the problem tractable we simplify it by neglecting the beam modulation
and rippled magnetic field and concentrate on the stability analysis of a two-
beam system. The diocotron instability of a'hol1ow coaxial multi-ring electron
beam has been studied previously [4]-[6] using the fluid-Maxwell model for a
broad range of beam parameters and different geometries. The same technique -
for stability analysis has been extended in this paper to investigate the most
serious transverse oscillation for the general case of two different particle

beams propagating along an external magnetic field. Nevertheless, the

previously assumed infinitely long wavelength perturbation (k = 0) has been




removed. Furthermore, two beams are allowed not only to carry different
charge and current, but also to travel in any direction with different speed
along the tube,

A macroscopic cold fluid-Maxwell theory is used to perform the linear
stability analysis of these'infihitely long intense relativistic particle
beams. Equilibrium properties of the beams along with the basic theory and
assumptions are examined in Section II. In the linear regime, a set of
eigenvalue equations for the perturbed field is derived in the rigid-rotor and
cold laminar flow limit. In a special case where the density profi]e'has
sharp boundary, the magnetic fie]& is strong and the barticle beams are
tenuous, a dispersion relation is derived in Section III and served as a tool
to investigate the instability for a broad range of system parameters of
experimental interest. In Section IV, the dispersion relation is solved
numerically for various beam parameters. The stability properties are
illustrated in great detail with particular emphasis on the beam current, beam
location, beam charge and the velocities of the beam particles. Finally, we
conclude the results of the instability which is based on the assumption of
infinite long beams in Section V, with\a brief discussion including the effect

of finite geometry of the accelerator.




II. Basic theory and equilibrium state

The mechanism of a collective accelerator can accelerate ions as well as
electrons. For the purpose of generality, let us consider the equilibrium
configuration as illustrated in Figure 1. It consists of two cylindrically
symmetric intense relativistic annular particle beams which propagate parallel .
to a uniform applied axial magnetic field §0 in vacuum through a smooth
perfectly conducting drift tube of radius R. The cylindrical polar
coordinates (r, 8, z) are used with the z-axis along the axis of symmetry.
Two particle beams are located separately in between Ry < r < Ry and
Ry < r <Ry respectively, and are characterized by their charge g, mass mj,
axial velocity V,q = B4C and density profile n,. Where i = 1 and 2 represent
the inner and outer beam respectively, c¢ is the speed of light in vacuum,
‘Normally, we allow partial neutralization by a small fraction of charges of
opposite sign trapped in the beam. The influence of ion background on the
stability of a relativistic electron beam has been discussed in great detail
[11]. For simplicity, we assume that the partial neutralization is small and
can be neglected here. As to the beams under investigation, the flow of

particles can be considered laminar provided that

v_1 1
¥ 17 ooy << —

where Budker's parameter v is the number of electrons per classical electron-

radius length of the beam, y is the relativistic factor of the beam particle,

I is the beam current and I, is the Alfven-Lawson limiting current [7]. The

2 2 2
Z

) where P; denotes

beam particles motion is taken to be paraxial (P > Pr + Py




the three components of the particle momentum in the i direction
respectively., The axial velocity is very large compared to the transverse

velocity and is considered to be a constant.

Analysis of dynamic properties is baéed oﬁ a macroscopic cold filuid
model. The beams in equilibrium are assumed to be azimuthally
symetric (3= = 0), infinitely long and uniform axially (5= 0). The
equations of particle conservation and momentum conservation can be expressed
in the relativistic form as

an,

3-El +V e (ni V.) =0 (1)

and

3
Gp*+ Y9 vm V=g (E+V

where i = 1 or 2 denote the type of particles in the inner or outer beam
respectively, q and m are the charge and rest mass of the

particle, n(x,t) and V(x,t) are the density and mean velocity of the particle

~ A~

and E(x,t) and B(x,t) are the electric and magnetic fields respectively. The

~ o~ ~ ~

system with unknown variables such as n, V, E, B can be closed by including
the Maxwell's equations. The self-induced radial space-charge electric field
and azimuthal magnetic field are calculated from Poisson's equation and

Ampere's law which are shown below respectively
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VxB=ugay Vg nge, b g g (4)

~

where u, and e, are permeability and permittivity of free space.
0 0

In the steady-state (%f = 0) the beam quantities are assumed axially and

azimuthally symmetric (2—-= 0 and 2. = 0). Let us consider the following zero
0z a6

order equilibrium quantities
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From Egs. (3) and (4), the fields inside the beams have the following form

amn (r‘2 - R]Z)/(Zeor) R] <r <-,“R‘2‘"'

Er(r) = { (5) .

2 2 2 2
[q]n](R2 - R]) *+ 4, N, (r® - R3)]/(2e0r) R3 <r< R4

2 2
“0n1qlvzl(r - R])/Zr R] <rc< R2

2 2 2 2
“0[q1”1Vz1(R2 - Rl) +an,V o, (rc - R3)]/2r Ry < T <Ry




In the zero order approximation, the balance between forces due to
electric and magnetic field gives rise to the slow rotational equilibrium of
the fluid element. One can readily obtain from Fg. (?) that there is only a
radial component which supports the angular velocity mb(r) of the particle

fluid element in slow rigid rotational equilibrium,

<<

8

mb(r) === (v By - Er)/r‘B0 (7)

z
where w, > > wy has been assumed and w, = qBolym is the angular cyclotron
frequency. The radial dependence of Be and Er has already been expressed in
Egs. (5) and (6). Note that the mean azimuthal motion of the beam particles
is a function of r. Because of the éngu1ar rotation shear of the beam, the
surface waves propagate relative to one anbther. Under suitable conditions,
the intefaction can become synchronized so as to produce a single
exponentially growing transverse oscillation, Of'course, the growth rate will
be affected strongly by the beam parameters such as beam charge g, beam

density n and beam velocity Vz . + o etc,




[II. Stability analysis
We are seeking for the first-order perturbed quantities

8@ such as sn, 8V, 8E and §B which are assumed to vary with 6, z and t

~ ~ ~

according to

§8(x,t) = 60(r) exp [i(wt = kz - 28)]
where the oscillating angular frequency w is assumed to be complex with
Imw < 0, k is the propagation wave number in the z direction and £ is the
azimuthal harmonic number. Accordingly, we will use the following linear

operators to linearize the set of Eqs. (1) thru (4)

After some algebraic manipulation we obtain the following result for perturbed

density

ei(&b - Vg4 GAz) [ an (8)
.) ar -
zi

én, =
i r‘B0 (w - Lwy = kv
where ¢ and A are the scalar and vector potentials of the electromagnetic -
field with E = - V% and B = V x A. The sign of the charge, tl1 is given "
by €5 With the help of the constants V,; and V.5, the perturbed

fields & and SAZ can be linearly combined to form the following two coupling

eigenvalue equations
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where Gw] = & - V21 GAZ and swz = & - VZz SAZ. Several assumpfionsuhave

been made in deriving Eqs. (8), (9) and (10). Firstly, a tenuous particle
beam with strong guiding magnetic field By have been considered so

that w. > > wy or w. > > Wb where “pb and w_. are the beam particle plasma

c
frequency and cyclotron frequency, respectively. Secondly the diocotron
instability investigated here is characterized by a low frequency
perturbation. Therefore, we consider only wavelengths long and frequencies

low compared to quantities that characterize the beam radius Ry, i.e.,
|ka| <<1 :  and ‘mRb‘ << 4c

For the special case of a square constant density profile for each beam
as illustrated in Figure 2, the contribution to the right-hand side of Eq. (8)
becomes two delta functions at the sharp boundaries for each beam. The right-
hand side of the eigenvalue Egs. (9) and (10), are equal to zero except at the
surface of the beam. Therefore the piece-wise solutions for the homoygeneous

Eqs. (9) and (10) can be expressed as




5wi1(r) =ar + by r 0 <r <R
8ys,(r) = cirz + d; rt Ry < r <R,
Gwi(r) = 6w13(r) = e, r4 fs rt R, < r <Ry (11)
61p1.4(r) = g, Pt s h; r* Ry < r < Ry
awig(r) = o+ g rt Ry < 1 <R, .

where the solutions with i = 1 or 2 are corresponding to Egs. (9) or (10)
respectively., The coefficients a;, bj... are functions of Rl’ Ry ... Rc to be
determined by the boundary conditions, the requirement imposed by delta
functions., In other words the eigenfunction js continuous at each boundary
and vanishes both at r =0 and r = Rc' In addition, the contribution from
four delta functions can be obtained by integrating the eigenvalue equation
across the discontinuities. Following the same procedure as one does in [47,
we obtain totally 20 relationships which are listed below for reference.

First we obtain from Eq. (1) the following 10 conditions

S0y (Ry) = 89y, (Ry)

- - 2% e, 8v..(Ry)

1 8911 (Ry

8y (Ry) =8y (Ry) =

12 1 1 1 N (X - YO) R.l A
8915 (Ry) = 895 (R)) (12) )

. : . 2% . 8y, (R,)

) p S¥g, (Ry

Sb13 (Ry) - 8vyp (Rp) = = (X — VTR,

S5 (Ry) = 8¥yy (Ry)

10




) ) 20 805 (Ry) X
. 13 (R3) X,
8914 (Rg) = 895 (Ry) = - 13— Y, R

Sb1q (Ry) = 8¥y5 (Ry)

) . 20 §p.. (R,) X
14 (Rg) X5
§¥15 (Ry) = 89y, (Ry) = —= V3T R,

|
—
—
N
~—

|
(o]

6¢15 (RC) -

Similary, we obtain from Eq. (10) the following 10 relationships

6¢21 (O) =0
6¢21 (R]) = 5¢22 (R])
- - 2% 81 5¢21 (Rl) X1

8¥py (Ry) = 8y (Ry) = —rx VoI Ry

S¥gp (Rp) = S¥g3 (Rp)

- 6¢‘ (R = - 2% € 6¢22 (RZ) X1
22 2 N (X - Yl) Ry

(13)
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w
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6w24 (R4) = 6¢25 (R4)
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S¥o5 (Ry) = ¥y (Ry) = 13— BEN

Sy (Re) =0

where the prime denotes differentiation with respect to r and the following

abbreviations have been used:

_w
X=a
D
. KV,
1] wD
KV '
_Ka 2 .2 2
Y, = & et (R = R]) / (NRS)
kv
_ z2 2 2 2
Y, = W22 L, X. (R2-RY) / (W) + 2 RZ-RY) / R?
37wy 1~ M\ ® 4 4~ "3 4
W
N=-u-)9_2-
D1

. : . . _ 2 2 .
The diocotron frequencies wy; are defined by i = Ypbi / ZYi Wy where i =1

for inner beam and i = 2 for outer beam. Therefore we have the dispersion

12




relation given by 20 equations with 20 unknowns. For a solution to exist, the
determinant of the homogeneous linear set of equations must be equal to
zero. In practice, a straight forward algebraic manipulation leads us to the

following important relationships.

d, = dy X
_ 2% 24
e, = [e1 RS+ f (1- x]xz)] / R X

Under the circumstance of By = B,, we can obtain easily that d, = dy, fo =
and e, = e;. The two eigenvalues, Egs. (9) and (10), become essentially
identical; It goes back exactly to the case of coaxial multi-ring electron
beam we have studied before [4]. For the general case,'Eqs. (12) and (13)
have to be solved simultaneously. After some elementary but tedious algebra,
we obtain finally the following dispersion relation which is a quartic
polynomial equation

x4+clx3+62x2+c3x+c4=0 (15)
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IV. Numerical results

The dispersion relation (15) is solved numerically to determine the
growth rate and oscillating frequency of the instability as a function of
wavenumber k in terms of various beam parameters and geometries. We are
primarily interested in the perturbations with lower azimuthal mode .
numbers %, especially the mode with 2 = 1 which corresponds to a sideways
displacement of the whole beam. This is the most dangerous kink mode
perturbation which causes the asymmetry of the beam and triggles the break up
of the beam. In principle, the same mechanism that accelerates electrons can
also accelerate ions. Therefore it is more appropriate to include both

situations in the following stability analysis.

First, we will consider the electron accelerator. In this case both beam
particles are singly charged electrons. It can be described more specifically

in the following cases

Two electron beams propagate in the opposite axial direction with
velocities By and 8, respectively. It turns out to be the most unstable
configuration in the system when both beams have the same energy,
i.e., |8;] = |6,]- The growth rate and real frequency of the instability are
shown in Figure 3 versus wavenumber for the modes with £ =1 and 2. In order -
to illustrate the effect of geometry and density of two beams on instability,
three different beam locations are chosen with two different values of ny/np,
the number density ratio of inner beam n; to outer beam np. For convenience,

we fix the location of the outer annular electron beam between radius ry = .85

14




R, and Ry = .95 R. and place the inner electron beam with the same thickness

(R2 - Ry = Ry - R3) at three different locations. First, when r; = R3 the inner
beam coincides with the outer beam, the growth rate

for 2 = 2 is larger than £ = 1 and both have the magnitude of several times

of “p the diocotron frequency of the outer electron beam. As ry

“p2°
decreases half-way (rl = R3/2) the growth rates for 2 = 1 and 2 decreases and
become comparahle to each other. Finally, when re=0, i.e., the inner beam
becomes essentially a solid beam, the growth rates decrease further

with £ = 1 mode dominates the instability which agrees with those obtained by
Uhm [8]. Note tha£ in these calculations the inner beam with the same
thickness and density numbers at three different locations carry three
different amounts of current. Another important feature of Figure 3 is that
the growth rates increase as the ratio of nl/n2 increases. More specifically,
the growth rate varies directly proportional to /ﬁ;7ﬁ§f If there is a
requirement for the inner beam to carry the same current at three different
locations as indicated in Figure 3, the growth rate in three cases are all
comparable. It‘is concluded that the counter two-stream electron beams is the
most unstable set up and therefore has to be avoided in the accelerator
experiment. Otherwise, the inner beam has not only to carry less current but
also to be as thin as possible and keep distance from the outer beam. Because
the fluid element of each beam rotates around the axis in the opposite
direction, the self-induced fields therefore oppose to each other and have the
tendency to break the equilibrium configuration easily. As far as the wave
mode competition, it seems that the kink mode (& = 1) is more unstable when
there is an inner solid beam., Finally and mnst importantly, in Figure 3 the

real frequency wp for the oscillation is nearly a constant versus wavenumber k.

15



So that the group velocity is very small compared to ¢, i.e., 0 < Vg <c, It

is a critical criteria while considering the finite geometry effect which will

be discussed later.
(b) q1=q2=-e381=620

In this case the two electron beams may actually come from the same
source in the laboratory. The diocotron instability of the coaxial multi=-ring
hollow electron beam has been studied extensively before [4]. For the purpose
of comparison, we do the similar calculations as those in Figure 3 except
that 8, = ]le ;z' The results are shown in Figure 4 with a few
disti;ctions. As we can see immediately, the £ = 1 mode is stable all the
time as indicated in the previous paper [4]. The growth rates for £ = 2 are
relatively small and no longer a function of wavenumber. However, in contrast
with those in Figure 3 the group velocity can be very large. It seems that
the group velocity can be very large whenever the growth rate is small and
vise versa. Generally speaking, the growth rate dereases when the gap between
two beams increases. F&r the same beam geometry, the increase of ni/n; will

enhance the growth rate.

(C) ql=q2=-e’ -EZ<E]<52. (1
In most of the collective particle accelerators, the beam particles,

whether they are propagating at the same direction or opposite to each other,

do not have to travel at the same speed. In light of this, we add another

figure here to demonstrate the evolution of growth rates due to the change

of El from, -|8,| e, to |le e,. Namely, we do the same exercises as those in

16




Figure 3 or Figure 4 except that By = 0. The results are shown in Figure 5
which gives an intermediate pictu:e between Figure 3 and Figure 4. As one can
see clearly that the growth rates in most cases are moderate even for By = 0.
In other words, the electron plasma have an important effect on the diocotron
instébi]ity of a nollow electron beam [9], [10]. At this stage, it is
apparent that the counter two electron beams will suffer the most as far as
the transverse oscillation is concerned. Finally, in most collective electron
accelerators, the inner beam is solid, i.e. Ry = 0. MWe demonstrate in Figure 6
as a final example the growth rate of the instability for a solid electron
beam with various velocities propagating through an annular electron beam.

As 8y change gradually from - |82| to |82’, the growth rates for £ = 1 and 2
modes decrease. There is no doubt that it is more stable to have two electron

beams propagate in the same direction.

Next, as we turn our attention to the collective ion accelerator, we
consider the case where q; = + €, ¢p = - e and Ry = 0, i.e., the inner beam
particle is a solid beam and carries singly charged ion. In collective ion
accelerators, a high-power relativistic electron beam is used to accelerate a
beam of positive ions to high energy. This process is achieved through the
use of the collective fields of the primary electron beam. The effect of ion
background on diocotron instability of an annular electron beam has been
studied in connection with autoaccelerator [11]. Nevertheless, we have
extended here the perturbation to the axial direction with finite wavenumber k.
Recall that in our theory of perturbation, the condition of Wobi < < wy was used
in deriving Egs. (8), (9) and (10), where Bob and w_ are the plasma and
cyclotron frequency of the beam particle species electron or ion. Because of
the large mass of the ion comparing to the electron (e.g., mj = 1840 mg), it

17




might be difficult to find the experimental condition with beam parameters

satisfying the requirement of mpbi << v If the

condition wpbi << Wy fails or even wpbi W the theory of perturbatidn
derived in Section III is no longer valid. The additional terms have to be

kept in the dispersion relation (e.g., Eq. (2.6.20) of [12] or Eq. (6) of N
[137). The theory of perturbation for this particular beam parameter is

currently under investigation. However, as long as the requirement

of wpbi << v is fulfilled then the formalism is still valid. We choose a

few examples to demonstrate the results.

In Figure 7 the growth rates have been shown versus wavenumber
for 81 = - .1, 0 and .1 respectively. When Y, = 10 and nl/n2 = ,01, the
growth rates are relatively small and become almost a constant for larger
|k The magnitude of 81 is so small that the effeét of ion speed on

instability is virtually unseen. This is what we should expect from the

conventional diocotron instability under the influence of the ion

background. If we reduce Yy from 10 to 4 and change B] from -.2 to .2 instead

of from -.1 to .1. The growth rates decreases and become almost independent

of wavenumber k as illustrated in Figure 8. Note that in Figures 7 and 8,

the £ = 1 is always unstable as predicted in [11] due to the influence of the
background ions. In the particle simulation for a long pulse accelerator, the .
ions created from the wall will travel towards the center of the tube.

Because of the formation of the virtual anode near the center, the ions do not
go through or move very close to the center of the tube. Instead they are
reflected and travel back towards the wall. It is likely that we can have two

sets of ion distribution, e.g.; one from r = 0 to .8 R, and the other from

18




r=.2R. toR.. The growth rates versus wavenumber are shown in Figure 9 for
three different values of ny/n,. The increase of the ion number density

clearly will enhance the instability which has been observed before (11].



V. Discussions

The stability analysis for the case of infinitely long coaxial multiple
beams has been studied using the fluid-Maxwell model. The stability property
has been illustrated in great detail for a variety of experimentally
interesting circumstances. In summary, for the electron-electron transverse y
oscillation it is more unstable when the two electron beams move in the
opposite direction. Because the most dangerous kink mode can be destabilized
with growth rate a few times of the diocotron frequency. It is similar to the
resonant counter two-stream instability. On the other hand, if the beams
travel in the same direction, the kink mode becomes stable and the growth rate
for 2 = 2 mode is only a few tenths of diocotron frequency. It is essentially
a conventional diocotron instability. As to the ion-electron transverse
oscillation, two beam particles can not interact each other closely in the
parameter regime where the plasma frequency is much smaller than the cyclotron
frequency for both ions and electrons. Therefore, the resonant two-stream
instability is not observed. In the light of the collective particle
accelerator, supressing the transverse oscillation or reducing the growth rate
to a tolerable level is a necessary requirement for a successful
accelerator. Although some of the features in the real device such as the
beam density modulation and spatial variation of the magnetic field have been
left out in the calculations. As a reminder, we want to mention that the ¢
growth rates calculated in Section IV have been normalized to the diocotron
frequency wp of the outer annular beam. From the definition of the diocotron

frequency wp which is a function of static magnetic field By and relativistic

scaling factor y. The growth rate can be easily reduced by either increasing




the kinetic energy of the annular beam or increasing the applied magnetic
field. Other methods of reducing the growth rate can also be found by

adjusting the beam geometry and parameters.

In the real device of the collective particle accelerator, most
importantly the effect of finite geometry on the transverse oscillation, has
to be taken into account. For any convective instability, knowing the growth
rate is not quite enough, we have to know the group ve]ocity to show how fast
the waves propagate. As to the collective electron accelerator, it has been
concluded that the growth rate can be very large because of the counter two-
stream instability. However, if one looks carefully from Figure 3 and Figure 5,
the real frequency of oscillation is almost a constant while varying the wave
number k. Therefore, the group velocity Vg is very small compared to the beam
velocity Vv, i.e., 0 < Vg < <V~c. One finds from the wave kinetic equation
that the peak of the wave is very far away from reaching the beam head. In
this sense, one can almost be certain that the instability does not prevent
acceleration of the beam head in the experiment. Another idea of chopping the
electron beam will undoubtly prevent the instability from continuing to grow

and follow the beam head.

In the collective ion accelerator, the numerical result has indicated
that the group velocity is very large compared to the slow ion beam velocity
V, i.e., Vg > V. This means that the transverse oscillation has the maximum
at the head of the beam. Fortunately, the growth rates for the ion-electron
transverse oscillations are re]ative]y small. Furthermore, the yrowth rate

can pe reduced very much by simply reducing the radius of the ion beam.
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FIGURE CAPTIONS

Longitudinal and cross section of equilibrium configuration

and coordinate system.

. Beam particle density for two-beam geometry.
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Figure 9

The affect of ion background on the diocotron instability

of an annular electron beam.
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