NPS-OR-95-002

NAVAL POSTGRADUATE SCHOOL
Monterey, California

DTiC
SRELECTEEN
QN 06 1995 § 8

'i?
% s
\‘A.y,{q"l.f

ASYMPTOTIC PROPERTIES OF A SENSOR
ALLOCATION MODEL

by

Donald P. Gaver
Patricia A. Jacobs
Mark Youngren

May 1995

Approved for public release; distribution is unlimited

Prepared for: Institute for Joint Warfare Analysis, Monterey, CA 93943-5000
and
Force Structure, Resources and Assessment Directorate (J8),
The Joint Staff, Washington, DC 20350-5000

1 9 9 5 0 6 0 2 0 1 8 DI{C QUMTX) m\\JSPJ'.‘:G{iE:U &




NAVAL POSTGRADUATE SCHOOL
MONTEREY, CA 93943-5000

Rear Admiral T. A. Mercer Harrison Shull
Superintendent Provost

This report was prepared for and funded by the Institute for Joint Warfare
Analysis, Monterey, CA, and the Force Structure, Resources, and Assessment
Directorate (J8), The Joint Staff, Washington DC.

Reproduction of all or part of this report is authorized.

This report was prepared by:

’ /JTQ{ z;‘--’/ Qu«é«/

ALD P. GAVER, JR. PATRICIA A. JACOBS
Professor of Operations Research Professor of Operations Research
Accesion For \
NTIS CRA&I
DTIC  TAB E]

Pl Unannounced 0
MARK YOUNGéN = : Justification .

Assistant Professor of Operations

Research B,y ~~~~~ - S

Distribution |

/:\;i—labil.éty Codes
. Avait And

Dist Sp:ciall o

Reviewed by: Released by:
/ A-| ]

oAl e Q  Miant—
PETER PURDUE PA "TMAKTO
Professor and Chairman Dean of Res¥arch

Department of Operations Research




Form Approved

. REPORT DOCUMENTATION PAGE OMB No. 0704-0188

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources,
gathering and maintaining the data needed, and completing and reviewing the collection of information. Send comments regarding this burden estimate or any other aspect of this
coliection of information, inciuding suggestions for reducing this burden,  Washington Headquarters Services, Directorate for information Operations and Reports, 1215 Jefferson
Davis Highway, Suite 1204, Arlington, VA 22202-4302, and to the Office of Management and Budget, Paperwork Reduction Project (0704-0188), Washington, DC 20503.

1. AGENCY USE ONLY (Leave biank) | 2. REPORT DATE 3. REPORT TYPE AND DATES COVERED
May 1995 Technical

4. TITLE AND SUBTITLE 5. FUNDING NUMBERS

Asymptotic Properties of a Sensor Allocation Model
RLGPD

6. AUTHOR(S)

Donald P. Gaver, Patricia A. Jacobs and Mark Youngren

8. PERFORMING ORGANIZATION
REPORT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES)

Naval Postgraduate School

Monterey, CA 93943 NPS-OR-95-002

10. SPONSORING / MONITORING
AGENCY REPORT NUMBER

8. SPONSORING / MONITORING AGENCY NAME(S) AND ADDRESS(ES)
Institute for Joint Warfare Analysis, Monterey, CA 93943-5000

Force Structure, Resources and Assessment Directorate (J8),
The Joint Staff, Washington DC, 20350-5000

11. SUPPLEMENTARY NOTES

12a. DISTRIBUTION / AVAILABILITY STATEMENT 12b. DISTRIBUTION CODE

Approved for public release; distribution is unlimited.

13. ABSTRACT (Maximum 200 words)

A dynamic adaptive protocol for allocating sensor assets to locations where most opponents’
assets appear is described, analyzed, and illustrated.

14. SUBJECT TERMS 15. NUMBER OF PAGES
adaptive allocation; estimation of the number of binomial trials; 36

normal approximations 16. PRICE CODE

17. SECURITY CLASSIFICATION
OF REPORT

Unclassified

18. SECURITY CLASSIFICATION
OF THIS PAGE

Unclassified

19. SECURITY CLASSIFICATION
OF ABSTRACT

Unclassified

20. LIMITATION OF ABSTRACT

UL

NSN 7540-01-280-5500

Standard Form 298 (Rev. 2-89)
Prescribed by ANS! Std. 239-18




Asymptotic Properties of a Sensor Allocation Model

D. P. Gaver
P. A. Jacobs

M. Youngren

0. Introduction and Summary ‘

Sensor resources are to be allocated among I non-overlapping but possibly
contiguous geographical locations called nodes. Each sensor look at a node results
in an observation, with error, of the number of units that are at the node. In
military applications units may be individual assets such as tanks or ships, or
possibly small groups organized as platoons or companies and in geographical
proximity; in ecological applications, they might be animals, singly or in groups,
or particular vegetation types. The observations are then to be used to estimate
the numbers of units at each node. The problem is to allocate sensor resources so
as to minimize a measure of the error of the estimates, and of the estimate of the
sum of the numbers at all nodes. It is assumed that the units remain on the nodes
and do not migrate, although for some sensor types the units must be in motion
on the node at least some of the time in order for detection to take place.

The objective of this paper is to propose and study adaptive allocation of sensor
effort in such a way as to focus the sensor’s attention sequentially and
purposefully on nodes so as to pay most attention to those nodes about which
the greatest uncertainty, or interest, currently prevails. This problem has features
in common with adaptive bin-packing problems (cf. Gaver et al., 1995) and

adaptive allocation of customers to servers (cf. Gaver et al., 1993).




Numerical examples show that a properly selected sequentially adaptive rule
will provide estimates of improved precision.

A related investigation that has recently come to our attention is that by
Thompson and Seber (1994). Their procedures can also be analyzed using the

methodology proposed in this paper.

1. The Model

There are I nodes. Assume that node i contains r; units. Sensor resources are
allocated to one of the I nodes at times that occur according to a Poisson process
with rate A. The sensor resource is allocated to node i with probability o; which is
tailored to depend on past allocations in a purposeful way. Let Z,(i) be the nth
observation of node i; a simple model is that {Z,(i); n=1,2, ...} are iid with
binomial distribution with r; trials and known probability of success p; which is
the probability of unit detection at node i. We assume for illustration that the
number of units on a node does not change, although an adaptive scheme of the
type proposed should effectively follow changes in node population.

Let N(t) be the number of times in [0,¢] that node i is observed by a sensor.

Let
V(i;t) =7 (i)+ T ZN,-(t)(i)

be the sum of all the observations during [0,t] for node i.

Under some conditions V(j; ) has a binomial distribution with N;(t)r; trials
and probability of success p;, given Nj(t), although this assumption may not be
especially accurate in general. Assuming it to be adequate for the moment, an
estimate for the number of units at node i based on observations made during
[0,t]is
1.1

N




with
L oo iNi(®pi(1-p;)
Var7(t)] = N (1.2)
_nll=p) _A5W(-p) _ V() 1-pi) (1.3)

Ni(thp;  Ni(t)p; N;()*p?
There has been much statistical attention paid to estimating the number of trials
in a binomial distribution, given probability of success; for recent discussion see
Hall (1994). Here we use the simplest such estimator.

Now consider the following adaptive allocation rule. A sensor resource arriving

at time ¢ is allocated to node i with probability

(N0, Vi N (), V(D) = i DY) 14
;‘ i(Nj. ;)

where the h; are strictly positive sufficiently smooth functions such that
hj(ch, cPy) = cPhj(x, ).

One possible form for h; is

hi(x,v)= [a’+ ot p,)] for y>0 and a;>0; (1.5)
x % Pl

if it is assumed that given Nj(t), V;(t) is binomially distributed with mean Nj(t)p;,
then from (1.3) it follows that for this function h;, sensor resources tend to be
allocated to those nodes for which the variance, and hence its square root, the
standard error of the estimated number of units, is the largest; the probability of
allocation to the most uncertain node (by this measure) increases rapidly,
approaching unity as yincreases. This tends to bring down that standard error
quickly, and to equate standard errors of the estimates across nodes. Clearly,
alternative measures of overall sensor performance are feasible, and possibly

desirable, such as ones that endeavor to equalize fractional or percent error on




nodes, or ones that also respond to an independent measure of importance of the
units on a node. Additionally, node contents may be of various types, which can
be considered. Thus, the present discussion is of an illustration of an adaptive
allocation scheme.

The purposeful allocation of (1.4) introduces dependence between {Nj(t); t 2 0)
and {V;(#); t 2 0}. Asymptotic results for the means E[N;(t)] and E[V(#)] as the rate
of the Poisson process 4 — o are obtained in Section 2. It is shown that the

purposeful allocation estimate 7(t) is asymptotically unbiased. Section 3 presents
results for the asymptotic means for specific form of function h; (1.5). Section 4

discusses asymptotic results for the second moments of {N;(#); t 2 0} and {Vt);

t >0} and presents approximate expressions for the Var[7;(t)] and Var[Zfi(t)}.
i

Section 5 describes a simpler Poisson approximation. Section 6 presents results

from simulation experiments.

2. First-Moment Calculations and Asymptotics
Note that for h >0

E[N;(t + KIN(t), V(¢)] = Ni(t) + A0 (N, V). 2.1)
Thus
E[N;(t + k)] = E[N;(¢)] + AE[;(N,V)h]. (2.2)

Assuming derivatives exist, we have

Ed;E[N,-(t)]= AE[a;(N(2), V(2))]- (2.3)
Similarly,
E[V;(t+ RN (2), V(#)] = Vi(t) + Aoy (N, V)rip;. (2.4)




Thus,
E[V(t + h)] = E[V(1)] + AhmpE[ (N, V)R], 25)
Assuming derivatives exist, we have
%E[V,-(t)]=r,-piAE[a,-(N,V)]. (2.6)
Assume ¢; is of the form (1.4) where h; is sufficiently smooth with
hi(cPx, cPy) = cPh;i(x, y) for constants ¢ and h;i(x, y) > 0 for all x, y > 0. We have

__h(Ni), Vi)
> hi(Nj(0) v;()
J

o;(N(t), V(1))

(2.7)
hi(Ni(t)/A, Vi(t)/4)

" (N /A e)/A)
]

Assume lim N;(t)/A=m;(t), lim Vi(t)/A=1v;(t), lim iE[N,-(t)/}»] = -‘imi(t),
Ao A—oo A—oodt dt

. d d
and Algr:oEZE[V,-(t)/ﬂ.]=z-t-v,-(t).
Dividing both sides of (2.3) and (2.6) by 4 and letting A — o, the bounded

convergence theorem yields

d o B(mi()vit)
dt"h(t) Zh,-(m,-(t),v,-(t))' ‘ (2.8)
j
and
d_ o hi(m(t),vi(t)
= vi)=rpi Z bl ()0, (t)) (2.9)
j
Thus,
v;(t) = ripim; (¢). (2.10)




3. Purposeful Allocation

The equations for m;(t), (2.8), can be solved for special functions h;. For

example, assume

Since

where ¢; = (1 -p)/p;.

The functions

with

1 -1
K =[ (a +1ci)/ (7“)]
i=1

1

are a solution to (2.8).

(3.1

(3.2)

(3.3)

(3.4)

(3.5)

Thus, in the limit as ¢ — o, the probability that a sensor resource at time ¢

looks at node i is

(8 + 1)1+

%= 3 (o + rjc,.)’/(“" '

.

]

(3.6)




ai=1/1 (3.7)
and the allocation is equally likely.
If y— o, then
2.8)+1j¢j

]
If, further, the probability of detection on node i, p;, is constant for all the nodes,

then the probabilistic allocation for y— e is roughly proportional to the number

of units on the node.

4. Scaling and Approximate Variances of Estimators

Let
x;(t)= 1 (t)JImj 2 @1

Y;i(t)= ZL(L)U—')w (4.2)

In Appendix A, moment generating functions are used to show the
asymptotic normality of {(Xj(#), Yj(t)); t 20} as A — e. Further, differential

equations for their second moments are obtained.

Rewriting
Nj(t) = Am;(t)+VAX;(t) (4.3)
Vj(t) = Avj(t) +VAY;(t) (4.4)

An approximate variance of the estimator of the number of units on node i,

Vi) 1
N;(t) p;

If y=0, then

; 7i(t)= (4.5)




can be computed using the “delta method” as follows; cf. Bickel and Doksum

(1977). To begin,

st Lyl Vi)
Var[7i(t)] = 7 Var[Ni (t)J' (4.6)
A Taylor expansion yields
Vi(t) _ wil))+%(t)/VA
Ni(t) ~ my(t)+ Xi()/NA
_ U (t) 1 s __ Y (t) ,
=) O] (i) “7)

(4.8)

- 2
1 2{E[Yi2(t)]+_:1i((tt))] E[X?(t)]—z%flE[lq(t)Xi(t)]}

- 7 (E¥?)+ (ripi)zE[Xzz(f)]"zriPiE[Xi(t)Yi(t)]}' (49)

Hence, an approximate variance of the estimate of the number of units on

node i

_1
%Am,()

Varl()] E[Y20)]+ (e E[X30)] - 2rpiEl X0

s

. (4.10)




To approximate the variance of the sum of the estimates, a Taylor expansion

yields
E[___)__L) _J a0+ ve/Nz m@+Y 0N }
Ni(®)N;(O) | | mi(t)+ X;(t)/NA m;(t)+ X;(8)/v2
y(tho;(t) 1 1
) mi(f)":j(f) 7 mitym; ) e0) @10
_ v;(t)vi(t) 1
prS— ]E[x 1)X; (t)]+o( /1)
fori#j.
Thus,

(4.12)

1 1 1
A pimy(t) pjm;(t) {E[Y"(t)yi(t)]’ 'ipi’jij[Xi ()X j(l‘)]}-

=

Expressions (4.10) and (4.12) can be used to approximate Var[Zfi(t)}.
i

5. A Simpler Poisson Approximation
Assume the probability of allocation a; is independent of (Vi(t), Ni(t)); then
the number of looks at node i is a Poisson process with rate Ac; independent of

the other nodes. Further

EINi{B] =1 + ot (5.1)
E[V;(t)] = ripi[ 1+ ot] (5.2)
Var[N;(t)] = et (5.3)
Var[V;(t)] = np;(1-p;) + ot [riPi (1-pi)+ ('iPi)2] (5.4)




Cot[N;(t), Vi (t)] = mpent .5)
where we assume that at time 0 each node is looked at once.
In this case (4.10) becomes
9:(1—p:
Var[fi(t)] = -12— M (5.6)
pi 1+a;t

and the estimators 7;(t) are independent.

Assume purposeful allocation is adapted with function k; as in (3.1). A simple

approximation to Var[Zfi(t)} can be obtained by neglecting all covariances and
i

assuming the number of looks at node i, {Nj(t); t 2 0}, is a Poisson process with
rate Ao where o is determined by (3.6). In this case

Var{z:fi(t)}zzlri(l——pi) 5.7)

=P (1+agt)

6. Numerical Examples

Suppose there are 3 nodes with 7; units on node j with r; =49, r, =25, and
r3 = 16. The probabilities of detecting a unit on node j, pj, are p1 =1 /11, p2=0.5,
and p3 = 10/11.

The variance of the estimate of the sum of the units on all the nodes under
purposeful allocation with h; as in (3.1) was studied using simulation for y=0, 1,
10. Each replication of the simulation begins with one observation at each node.
The times of arrival of a Poisson process with rate 1 are then simulated. A node
for observation at time ¢ is randomly chosen using probabilities

sl 453

10




for i =1, 2, 3 with K(t) the normalizing constant. A binomial observation is
generated for the node chosen. The simulation has 500 replications.

Table 1 records the sample mean and square root of the sample variance of

3
the sum of the estimates Zf,(t) for t =5, 10, 20, 50 where
i=1
R Vi(t)
fi(t) = —t—.
Ny

Also shown are the sample means of the square root of the sum of estimated

approximate variances (1.3)

2.0 Vilt)1-pi)
(t)= 2.2 °

N;i(t)"pi

Table 1
Estimate of Total Number of Units on All Nodes
r1=49,7r2=25,1r3=16; p1 =111, p2=0.5, p3 = 10/11

Simulation Approximation
DAt ’20','2 () | Square Rootof | Square Root
i i Differential of Poisson
Time | y | Sample | Square Root | Sample Equation Approx
Mean | of Sample Mean Approx Variance Variance
Variance
5 | 0] 898 18.0 15.0 13.9 139
1] 881 15.1 10.7 123 10.7
10| 893 15.2 10.9 12.5 104
10 | 0| 903 12.4 11.9 10.9 109
1] 8938 9.2 8.2 9.1 8.1
101 90.1 10.2 8.6 10.2 8.0
20 | O 90.0 8.9 8.6 8.2 8.2
1] 895 71 6.1 6.7 6.0
10| 89.5 8.3 6.5 8.0 6.1
50 | 0| 899 58 5.5 5.4 54
1] 899 3.9 3.9 4.2 3.9
10| 89.5 6.2 43 5.7 42

11




Table 1 also displays results of the approximate variance Var[zj;(t)}
obtained using (4.10) and (4.12) and solving the differential equations (2.18) and
the second moment equations in Appendix A, (A.27) - (A.32). The equations
were solved numerically using the 4th/5th order Runge-Kutta-Fehlberg method

as implemented in MATLAB; (cf. Math Works, 1992).

Table 1 also displays the simple Poisson approximation to Var{Zfi(t)} of
i

(5.7) with the o in (3.6).

Recall that the estimate Var[zfi(t)] is unbiased for both approximations. The

1

true value of Zri is 90. The differential equation approximaﬁon is close to the
square root of the sample variance for all values of yfor times 10, 20, and 50. The
Poisson approximation is close to the square root of the sum of the estimated
approximate variances; both of these approximations are neglecting the
covariances induced by the purposeful allocation; these covariances become
more pronounced as ¥ becomes larger. There is no covariance for y=0, equally
likely allocation. Note that the Poisson approximation is conservative. However
for y=1, the Poisson approximation is within about 10% of the differential
equation approximation which incorporates the covariances. However the
difference is larger for y= 10.

Note that the square root of the sample variance and the differential equation
approximation suggest that purposeful allocation with y=1 yields the smallest
variance of the estimated sum of the numbers of units on all the nodes. A
rationale for this suggestion follows.

Suppose there are a fixed number of looks K that the sensor can take of all

nodes and the number of units on each node i, r; is known along with the

12




probability of detecting a unit on node i, p;. Let k; be the number of looks the

sensor gives to node i. If each observation has a binomial distribution

22| o kinpi(1-pi)
Var| Y4 (t) |= 3 -0
arLfir( )J S Kr?

_wnl-pi)
Z{ kpi

Lagrange multipliers can be used to show that the (approximate) k;, i =1, 2,3

3 1
that minimize Var{Zfi(t)] are k; = [r,-(l— pi )/p,-]z. This solution corresponds to

i=1

the ¢; of (3.6) with a; = 0 and y= 1. Thus, if one is interested in minimizing the
estimated variance of the sum of the number of units on all the nodes, then one
should look at node i a number of times proportional to [r;(1- p,-)/pi]o's. If one
were interested in minimizing the estimated variance of the estimate of the
number of units on the node with the greatest number of units then one would
allocate all looks to that node; this corresponds to the purposeful allocation
policy of y= .

Tables 2 and 3 present results of the simulation experiment with rq =49,
r2=25,r3=16 and p; = 0.7, p2 = 0.8, and p3 = 0.9. Table 2 presents the simulation
and approximation results for the estimate of the sum of units on all the nodes.
Table 3 presents the simulation and approximation results for the number of
units on the individual nodes. The differential equation results are close to the
simulated values for times ¢ = 10, 20, 50. The Poisson approximation also seems
to be adequate. The Poisson approximation may be doing better in this case
because the probabilities of unit detection are larger. One source of the

covariance between the estimators 7;(t) is the possibility that V(i, t) may be 0, in

13




which case node i will not be visited very frequently for ¥> 0 for the purposeful

allocation with function k; as in (3.1).

Table 2
Estimate of Total Number of Units on All Nodes
r1=49,r2=251r3=16; p1=0.7,p2=0.8,p3=0.9

Simulation Approximation
() ,2 o7(t)| SquareRootof |Square Root
i i Differential of Poisson
Time| y | Sample | Square Root | Sample Equation Approx
Mean | of Sample Mean Approx Variance | Variance
Variance
5 0] 899 5.52 3.70 3.30 3.30
1] 894 6.53 3.15 3.11 3.02
10| 88.9 8.55 3.14 3.06 298
10 | O 901 2.75 2.84 2.59 2.59
1] 899 2.37 2.45 2.46 235
10| 89.7 246 2.53 251 235
20 | 0| 901 2.04 2.07 1.95 1.95
1 90.0 1.72 1.80 1.90 1.76
10} 89.9 1.87 1.88 2.06 1.80
50 {0} 90.0 1.30 1.32 1.28 1.28
11 90.0 1.12 1.17 1.29 1.16
10| 89.9 1.26 1.24 1.35 1.21

14




Table 3

Simulation: 500 replications
Estimate of Number of Units on Node

Node 1 Node 2 Node 3
(1) ak() At Jak() At JaA()
Time| y | Mean | Square Root | Sample | Mean | Square Root | Sample | Mean | Square Root | Sample
Sample Mean Sample Mean Sample Mean
Variance | (Poisson Variance | (Poisson Variance | (Poisson
(Diff Eqtn | Approx) (Diff Eqtn | Approx) (Diff Eqtn | Approx)
Approx) Approx) Approx)
5 0 | 490 3.89 3.11 249 2.20 1.68 16.0 1.17 0.87
(2.81) (2.81) (1.53) (1.53) (0.82) (0.82)
1 | 48.6 3.95 2.37 248 2.38 1.69 16.0 154 1.13
2.27) (2.38) (1.62) (1.59) (1.07) (0.99)
10 | 485 4.85 2.12 24.6 2.94 1.89 15.8 1.97 1.32
(2.00) 2.17) (1.88) (1.70) (1.33) (1.13)
10 | 0 | 49.1 2.33 2.39 25.0 1.36 1.30 16.0 0.71 0.68
(2.20) (2.20) (1.20) (1.20) (0.64) (0.64)
1 | 490 1.81 1.81 249 1.36 1.32 16.0 0.96 0.93
(1.749) (1.81) 1.27) (1.25) (0.89) (0.82)
10 | 489 1.57 1.61 249 1.50 1.48 159 1.33 1.26
(1.53) (1.63) (1.44) (1.37) (1.29) (1.00)
20 | 0 | 491 1.68 1.75 25.0 0.98 0.95 16.0 0.52 0.50
(1.66) (1.66) (0.90) (0.90) (0.48) (0.48)
1 | 490 1.32 1.32 249 0.97 0.98 16.0 0.71 0.71
(1.30) (1.33) (0.96) (0.95) (0.68) (0.65)
10 | 49.0 1.16 1.19 249 1.08 1.10 159 1.06 0.95
(1.15) (1.19) (1.08) (1.05) (1.00) (0.84)
50 | 0 | 491 1.08 1.12 25.0 0.63 0.61 16.0 0.33 0.32
(1.09) (1.09) (0.59) (0.59) (0.32) 0.32)
1 | 49.0 0.88 0.86 25.0 0.64 0.64 16.0 0.45 0.46
(0.85) (0.86) (0.63) (0.63) (0.45) (0.44)
10 | 49.0 0.77 0.77 249 0.72 0.72 16.0 0.71 0.65
(0.76) (0.77) (0.72) (0.70) (0.66) (0.61)
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APPENDIX A
In the Appendix we present details of the normal approximation. We follow
an analytical approach used in a different context in Gaver and Jacobs (1995), and
in Gaver, Morrison, and Silveira (1993). Let the moment-generating function

(assumed to exist, otherwise use the characteristic function) be

w(6,&1)= Elexp{6N(t) + EV(1)}]

(1 I (A1)
=E exp{z O;N;(t)+ X &V() |
R j=1
Condition on (N;(t), Vi(t)),ie (1,2, ..., I} to obtain
E[exp{ze N t + h) + §]V](t + h)‘{lN(t),V(t):l
j=1
=(1- Ah)exp{aN(t) + &V ()} (A2)
+2h2a, V(1) explan(t) + Ev(t)]e®ib(&)]
where
b(g;) = E[e540]. (A3)

with Z(i) an observation of the number of units on nodei.

Let h — 0 to obtain

—y(6,&t)=-2y (6,5t +ZZE[a, £), V(t))exp{@N(t)+ EV (1)}ebb(£;) ] (A4)
i=1

Scaling
Let

Xi(f)= —dl T .
i(t) Ti (A.5)

17




Y()= -2 W (A.6)
and let A » 1.
Let
o(6,&t) = E[exp{6X(t) + EY(1)}]: (A7)
then
w0/, EINT 1) = 0(6, Et)exp{NA[m(t) + Eu(1)]. (A8)
Thus, we have the following equation from (A.8) and (A.4)
L P
=2 g(6.&)exp{VA[om(1) + &o(t)]
+70(6, & t)exp{A[Om(t) + Eut)]} m'(t) + &'(t)]
= [—/140(0, Et) (A.9)

! 1
+AY Elaj| m v ex + 6i/V2 -4 :]
S om0+ X100+ YO o080+ X0} P 8/ 7)
xexp{ﬁ[&m(t) + {'o(t)]}

Dividing both sides by exp{J— [Bm(t)+ {-v(t)]} we obtain

0(8,&t)+VA o(6,E1)[0m'(t) + &v'(t)]

NI Y

-Ao(6,&:t)

+}*ZEHat (m(t),o(t)) + z—az (t))vljij (t)

i=1 (A.10)

T OO f’*O(T)}‘*"P{"X@>+¢Y t)}} A7)
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Let
By (mi (), (1)
Zh ( i(£),05() )

o;(m(t),v(t)) =

(A.11)

where hj(x, y) is a sufficiently smooth function with first order partial derivatives

and hj(/lpx, }J’y) = #hi(x,y).

Let
“g‘n“h:(mz(t) ,vi(t ))
zh( ()v;(t))
‘—'ht(mx(t) vz(t))
Zh ("‘J )
Hy(x;t)= Fi(mi(1) i (1) 7 om hi(mic(£), v (1))
th("’J(t)'vi(‘))]
j ‘
Hit) =00 2 o 0,000
S (t),,,,.(t))}
j
Note that

o Amy(t) + VAX; (1), Avi(t) + VAY;(t))
_ Ihi(mi(t)l v;(t))

2;’11' (mj(0),0;0)

i

1
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(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

+r  HileXi )+ Hilyit)t +Zsz(“)Xk(‘)+zH"‘ytY"(t)]+O(/1)




Since

Za,( (8)+ VAX;(t), A;(t) + VAY;(t)) = 1 (A.17)

this implies that the summed coefficients of 1 /N2, 1/ etc. must individually be
0.

Expression (A.10) can be rewritten as

-%(p(ﬂ, &:t)+ VA (0, &t) 6m'(t) + &v'(1)]

=-2¢(6,&:t)

6; ()51 11 1

h-z(mz (t) (4 (t))

0(6,5:1)
Zh (.2,
+—1—[H-(x't)-§—(p(0 &)+ H;(y; ) ?(6,&t)
TE| I g, P Y GE
(A.18)
: J 1
‘ ?_:[ (ct)55-0(0.64)+ Halyit) 3-0(0.6 t>ﬂ +0(7)
where b,(i)= E[Z(i)"] the nth moment of an observation at node i.
Let
0(6,&E1)= Ew (6, &2, (A.19)

=0

Substituting (A.19) into (A.18) results in the following equation for ¢

20




‘%(90(0' 1)+ 0o(6,E ) 0m'(t)+ E'(t))]
=-290(6,&t)

+az[1+77 (6+B0)s)+ 53 (67 + 022

i (1), 0it)
2” ("’J(t ”1 ‘)) e s

+%[H (x; t)-;e—fpo(e &)+ H;(y; t)b%i%(o'é;t)
(A.20)
1

Z[ i (x; f)“—fPo(e &)+ Hyl(y; t)f%(f’ & t)]]]+ OG)

k=1

Equating terms of order A¢/2, the terms of order 4 cancel. The terms of order 2

result in the equation

00(6,&1)[Om'(2)+ &o'(1)]

z Zh( (t))) ¢0(6.&:1)[6; + b1 (1)¢]
+Hi(x;t)50;(p0(9, g;t)+Hl-(y t)5§¢0(9 & t)
(A.21)
1
+%[Hik(x;t)é%;¢0(9,§;t)+Hik(y;t)-;?k(po(e,é;t)] +o(%).
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The terms of order \/E cancel if

I bl (8).0;
o' (1) + E'(t)= Y, : "”(f)’ ’(fz)))[ +hi(i)5] (a.22)

In order for this to occur

d_ o k(mt)) .
dtm,(t)-zhj(mj(t)’vj(t)) i=1,...1 (A.23)
j
and
d o Ry(mi(8),vi(8))
Zot)= =1,..1. (A.24)
dt’ () b](l)Zhj(mj(t),v](t))
j
Thus,
v;(t) = by (i)m;(t). (A.25)

Next look for terms of order 1 in (A.20).

%(00(01 é; t)

h(m;(2),v,(t)) ; 2,1 12 NB:E ‘
Zzh (m] ](t )[ + 2b2( )& +bn( )9151](00(9/@0

+Z[Hi(x;t)—a%¢o(9, E1)+ Hy(y:t) 5z %0(0.& t)][e +bi()é] (A.26)
i i i
d .
+ZZ{ 1k(xrt) (G,C:t)*“Hik(y?f)'a?k%(aﬁ;f)][%+bl(1)§i]-
Equations for the joint moments of {(X{t), Yj(t)} can be obtained by

differentiating (A.26) with respect to {6;} and {;} and evaluated at 8= = 0. The

resulting equations are




%E[x%(t)]

h(m, t)) 2H,(x; t)E[Xg(t)2]+ZHZ(y;t)E[Xe(f)Ye(t)] (A.27)

Zh(

+2§H (e E[X ()X ()] + 2% H e (y:t)E[X o ()Y (1)]

Foré+a

ZEX, (0%, (1]

= Ho(x;t)E[ X4(£)X(8)] + Ha(y: ) E[Ya()X o (8)]
+H y(x;£)E[ X, (1)X ()] + Hy(y;t)E[ X, (£) Y, (2)]

+§k:Hak (x; ) E[ Xy (£) X4 ()] + ZH,,k it E[ X (£)Yi (8] (A.28)
"'ZHtk(th) E[X,(8)X ()] + ZHtk (y:)E[Xa()Yi ()]
4 .2 1), vg(t))
E[Y )] 2 t) o t))bz(z)
+2b, e)[H,(x;t E[X,(8)Y, ()] + H,(y; t)E[Y}(t)]] (A.29)

4253 Hyj (| X (Y, ()] + Hgi (i | Yo 6)Y; 1)
]




Forj=k

By O E XY 0)] + Hely: V[ Y 0]t (0)

+by () Hjo(x: E[ X ()Y ()] + Hijo ) E[Yie($) Y (£)]
!

2 EPvetty(o)

- {H]- (x; t)E[X i (t)Yk(t)] +H; (y;t)E[Y,-(t)Yk(f)]}bl(f)

(A.30)

+by ()Y, Hyg(:)E[ X ()5 (8)]+ Hie (it E[ Yel£)Y; ()]
£

A X ()Yt)]

dt

_ _h(m®) o) |, o
]

+Hk(xt){ Y (t Xk(f +E[Xk ] k)}
+H (i) Y2 )] + E[ XYl (k)]

Z{Hk](xtE[X Ye(1)]+ Hig(y: ) E[ Yie(; )]} (A31)

+ 3 {Hi (xHE[X; ()X, ()] + Hig( (v:E[Xe(t)Y; 1) Jon ()

j
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Forf =k
‘%E[Xz(f)yk(f)]
= Hy(x;t)E[ X, (£)Yi ()] + Ho(y: )E[ Yo ()Y (1)]
+{Hi (e E[Xo(8)Xi (1)) + Hi (v JE[ X o () Ye ()]} (K)

+2 Hyj(x; £E[Xj(6)Yi(8)] + Hgi (v £E[Yi()Y;(1)] (A.32)
j

+ 3 [Hig ) E[ X (X ()] + Higys E] ;0% ()] n k)
J
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