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DYNAMIC PROBLEIS OF CIBERNZTICS

“The following is & translation of the introduction and
bibliography of the book erntitled Dinamicheskiye Zada-
chi Kibernetiki (Dynamic Problems of Cybernetics) by
A. S. Kbl’zon, published_in Leningrad in 1919; pages
L to 19, and 287 to 290./

fINTRODUCTION

Tne ten years that have passed since the publicatlon
of .Jienenr's book "Cyberaetics"™ (72) have been. years of in-
tansive work by numerous groups of sclentists with the aim of
ereéitinz a zeneral theoretical basis for various branches of
sciences that participate. in the process of construction of
mechanical and electrical systems slated for realiz1ng stable
and purposeful operations. .

Anj machine, ship or. airplane may be regarded as a
system of mecnanical and electrical components that realizes
stable and purposeful operatiqns. -fHowever, there is an es-
sential difference between the sclence that studies these ma-
chines and cybernetics.

‘These machines are either . 1ntended for the production
of routine operations that are not connected with any chan~
ges in external conditions, or else these objects (for exam-
ple a shin) react to inforiumation received from the outside by
means of the controling of the action which, in turn, is ac-
-conplished by man. '

: Cyhernetics, and in particular that branch of it which
is called engineering cybernetics by Tsien, .S, (71), 1is a
scieace that integrates information about external conditlious,
trencfohation of this inforration into control signals, and
examination and selection of a system of automatic control
that realizes particular stable operations.

In classical problems of automatlic controkx, for exail=
ple, in the problem of sustaining constant anzular velocity
of the shaft of a steam engine or in the problem of assuring
stability of straight-line uniform flight of an airplane,
there seem at first glance to be elements of cybernetics engi-
neering., Hdowever, the essential difference of thesé problems
from cybernetic problems is the steady-state of the ideal
operction, which must be maintained by the system of automatic
. control,
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Thus, in the problem of regulating the stroke of the
stean engine, the ideal operation is shaft rotation with a
constant prescribed angular velocity, The system of automatic
control is predestined for eliminating or decreasing any de-
flcetion of the anzular veloclty from the prescribed value,
Analogously, in the problewm of automatic control of airplane
motion, the ideal operation is the regular and straight-line
motion.

The task of the system of autowmatic control is to main-
tain this steady-state operation and reduce to zero all inci-
dental or systematic deviations froa this operation.

In the problems of cybernetics, the sclecction of the
ideal operation is an iundependent scientific problem, and,
since the opntimuam idecal operation of wmolkion is, in thc majo-
rit; of casecs, transient in nature, this leads to the deve-
lopment of completely new directions in the science of auto-
matic control, L

Thus, the problems of cybernetics include branches
which touch upon: _

a) the sclcection and comparative analysis of ideal opera-
tions of xeotlon; ‘

b) the selcction and comparative analysis of information
parameters of external conditoas;

¢) the selcction and comparative analysis of the methods
of transformation of information about the external conditions
into cortrol signais;

d) the selection and coamparative analysis of the system of
automatic operation of motion from.the point of view of stabi-
lity and qualitative criteria,

Cyvbernetics as a science, wust develop and systcmatize
the mocthods of cowputation, analysis and synthesis applied in
engincering practice. The appearance of high~speed alectronic
simulating and numerical digital computers led to the tcndency
to solve concrete problems by means of the methods of approxi-
matcnumerical integration of differential equations of motion,
However, asuch an approach does not permit cevaluatiang the pro-
bleia as & whole and making general conclusions irrcespective of
the coacrcte signirficance of these or other valucs, as well
as the initial conditions of motion.

Thus, cybernctics as a science cannot reject anclytical
study of a problen. ’

Analytical study usually becomes possible after soae
assuaptions; the sceclection of these limitations, wmade in such
a manncr that the basic laws of the characteristics are not
disturbed, 1s one of the nicest and most difficult problcas
of cybernetics., .

Jith this, computing mechanisms retain the grcatest si-
gnificance and arc utilized in two directions. #from onc side,
these machines allow fitting analytic investigation to thosec
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areas in which it is not possible to obtain a solution in ge-
noral form, From the othcr sidec, after thc basic laws have
been cstablished, the solution in cach concrcte cass may be
rcfiincd with the ald of cemputers by the methods of aumerical
iatc t‘at ion.,

Aloag witi thu-subsaquont developneat of tho gencral
state of cybernctics, thc application of methods of engincor-
ing cybernctics to the solution of concretc problcas of coine-
tonporary tcchnology has the most important significance.

The application of cyberncectics to a nuwmber of tcchno-
lozical problcms was deoonstrated in the work of Tsicn,.d.o.
(71) control of the rangc of ballistic missile, resulation
of tu:ooprop cngincs, autowatlic control of the opcration of
turbojct ongines, ete. -Thils allowed the author to wmeke a de-
ilaltﬂ-coatrxbution also to the dcv lopnont of theo gcnvral fne=
thods of cybernctics. <

Lhus, the problcu of sclecting the systea of uutOIthC
control of the range of ballistle misslile allowcd Tsicn, d.3.,
to work'out,-for the given problem, a method of computing the
systcenis of automatic control which arc described. by ucans of
diffcrential equatlons in variutlons with variable cocrfi-
cieats, -

Thus, thg cxamindtion o1 concrﬂtc dynamic problcoas from
the standpoint of cybornetics not only. allows discovering tho
general laws in the givea problen, but also to enrlichment of
the scicrze of eyberactics itself by new, fruitful wmethods, .

Iv. this boo tao attempt 1is b»ing madc to exanine

JSJOL&U‘.wlly, 1roa the point of vicw of eybernetics, one of
thc rroblcas in the arca of automatic control of motion: the
problca of rilssile homing to a moving target.

R
: 3 ,

At the cond of the Sccond Jorld Jar, for striking luno-
bile as well as nobile targcts (airplancs, enemy ships, cte.),
suided roaction—proprllud missiles, with & homing head, wore
utilized for the first time,

The action of such a guided missile 1in the alr or in
the watcer is couposcd of threc stages: ‘

stage I - approach of the target, During this stagc, the
reaction~-propellcd guided aissile 1s brousght into the area of
the target at a distance within the hoaing hcad rangc. This
stage navy be achicved by ncans of a ship, airplane carrier, or
missile flight, cither frec or guided by radio.

Stage II = pursuit of the tarzet, +hen the distanco bet-
wcon the guided aissile and ths target bocowes smaller than
thce radius of actlion of thc hoailng hecad, the outslde guidanco



of the nissilc is terninated and the aissilc is guided by the
hoizing lhicad -- o scnsitive clement whose axis 1s directed to
the target. '

Stage IITI - striking the target. As soon as the distancc
botivocnr thc aissile aad the torget becocs saaller tnan  the
radius oi action of the proxizity fusc, the lattor is activa-
tod and the tarzet is hit by the cXplosion oi the aissilc,

If the aissilc docs not have a proxinmity fusc, tiic cxplosion
occurs only at impact. In this casc, thoe sccond staze aust
torainate In the accuratce hittiang of the target by the ais-
silc.

The nost coanlex stage, froa the point of vicew of
tcoehnieal realization, and at thc sane time the aost iapor-
toat tactically, is tac sccond stage, insofar as thc notion
during the sceond stage is decisive for succecssiul tceraination
of thc pruscnted problcen -- hitting of the target. riac cons-
truction of thc guided aissile, its velocity, the scleetion
of the autonatic guidance syston rcalized by ncans of the ho-
ning acad, arc dotermincd, first of all, by thce rcquircacnts
of Stage Il

In tarzet pursuit orf the gulded 2issile with a honing
ncad, various laws of approach may be scleeted. These laws
of tarsct pursuit nay be divided into three basie groups.

The first group includes target pursuit along pursuit
curvcs, The basic condition of this notion is that thc vclo-
city vcetor of the cceater of incrtia the nissilc always passcs
throuzgia thce point in spacc where the target is at the given
noicint.

The sccond group includes target pursult along lcoad
curvces, Tith this, the velocity veetor of the contor of i-
nertia aissile nakes a ccertain angle with the nmissile-tarzct
dircetion. This anglc may be prescrved unchanged during o~
tion or nay changc accordinz to sonc law,

The third group iacludcs thrce-point curves or curves
of tar;ct cover, In this casc, the aissilce, shirfting in space,
always recnalins on the radius-veetor which passcs throuzh tho
torscot and some fixed or nmoving point, for coxaaple, starting
point. This nmcthod of hozing is freoquently called bcam honming.

Jith & coastant lcad angle, the trajcctory of the inis-
gile nay become straight if the lead anglc is so scloeted
that the vclocity vector of tiac center of inertia the wissilce
is dircectced into the point of intcereception., In practice it
is very diificult to rcalize straight-linc fligzht of a missi-
1c in vicw of the coaplexity of exact dcteraination orf the
lced anglce., This nethod of hoaing is called parallel epproach,
gsinec the liae walch conncets the rocket with the target shifts
with this parallel to itsclf., In this casc, the vector of
rclacive veloecity of the nissilc is dirccted to the targct,




The curvos of pursuit and thrco-poiat curves cannot
bc straight ocven with straight-linc and constant wotion of
the tarset. _ ' :

In non-roctilincar notion of the conter of incrtia of
tho iissilc, thoe trajcctorr curvature is linltced by thc no-
mend ereated by the rudder. In conncetion whit this, the o-
bilit» of 2 nissilec to pursuc the tarsgct along onc of thesc
curves until iapact with the tarsct is subjoct to investiza-
tion, |

‘I™Mc problom of tarsct pursuit was exaoined by a nua-

or of scicntists as a kincaatic problem of nutual aotion of
tro »oints towards nutual approach. ,

- . Thc problon of aotion of a point alouz a curve of pur-
suit wos sct Tor the first tiue by that non of genius, the
Itclion artist, scicntist, and cnzgincer of the Renaissance,
Lconardo da Vinel, in 1510 (51,39). '

Indopendently of Leonardo dc Viaci, whosc work rcnain-
od unknovn until the cond of the Ninetcenti Coentury, this pro-
blcir cttractod the attention of the prouincnt rfrencia scicn-
tists Bouzucr and Haupertuis in 1732, The first solution of
the problen in casc of straight-lince motion of the tarzet bo-
lonss to Bougucr (37). Illcupcertuis (60) foraulatcd the pro-
“blen in 2o norc zencrel way, when the target noves with a con-
stant sccler veloclity along an arbitrary curve®, Ths works
of Bouguer and ilaupertuls in the beglnning of the Ninctocnth
Contury becance oqually forgotten and tic problea of the linc
of nursuit was raiscd as o new onc for the third timc by Du-
bols-Avne (46). Dubois-Ayac eclled the pursuit curve the
dog's curve, This nazc has sinee sprced in almost the sane
way o8 the original nanc. The solution of the problen citcd
in thls notec turncd out to be crroncous, and the honor of dis-
covery of the new problen has been undescrvedly attribuitcd to
Dubolis~Aviac, However, this noto has played a positive role,
sincc it induccd a sorics of works which have, to & c¢onsidera-
ble dcegroec, solved thsnroblem of the curve of pursult. The
first of thesc works was the article of Laurcat (56). In this
thorouzh investigation, rcsults werc obtainced ancw which arc
found in Bougucr, and subscquent investizatlons woere conduc-
tcd; in particular, the curvaturse radius of thc pursult curve
ves found, and its 1liait valucs at the oonent of hitting the
targut in dependconece oa corrclation of the vclocitics of both

#It is ncccssary to noto the inaccuracy allowcd in this connce-
tion by Loria (53). Loria's rcfercacc to thc work of ieupcr-
tuis:"3olution d'un problecac de zeoumetric" is incorrcet, since
this work bholongs to Clciraut and has no connection to the

curves of pursuit,
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points was dcteriiinced., The problen, as in Bougucer, is liai-
tcd by the casc of the straight linc and coastant vclocity of
the toarset.  In subscquent works of Lourcat and Stura (57),
tioc nreoblenr 1s solved for a casc unlikcel:r in practicce, when
vie pursuing polnt »narticipatces ia traasicr notion with &
nediua waleh aoves progressively with o constant vector voe
locitr. The sairc problem 1s clogaatly solved by Querrct (67).
At thoe sane tine, ho restorcs the priority of Bousucr and
..cupertuis,

Indcpendeantly and sinmultancously with the work of Lou-
raat, an articlce by Burg was published in Vicnna, vhich was
dovotid to the problew of the curve od pursult, raiscd by
Dubois-Anc., In this work, the probler is golved within &
s¥stoy of obliguc coordinatcs., The surfaccs of the solids
of rcvolution care also found, whosc gencratrix is the curve
o1 pursuit, -

Ficklin (48) gave o senoral foraula of the length of
tuc pursult curve in the casc when the pursulng point oves
along a straizghit line and regularly,

The works of Inzalls (54), 3Sarbour (36) and Gossclin
(50) arc also devoted to various aspoets of the problea of
Bougucor,

The works of Ccsaro (44) arc dcvoted to onc particular
casc of tiae rclative xovement of two points, undor vhich the
trajceuvory of cie of theinr is tiac curve of pursuit,

“obile (63) apnlicd the nethods of natural zeo.ictry Lo
thc inveastigation of the curve of pursuit and z2lso dcvelopced
tiic ideas of Cesaro.

Gouss (49) discovercd cortein intercsting scouctric
pceeullorivics of the curve of pursuit for the casc of stroigat-
linc novencat of the tarzet,

Thic solution of the problen of Bougucr in the vector
forn, opnlring natural axcs of coordinatces and the foraula of
frenct, wes given by Puckette (66) in 1953,

Lucas (59) rciscd for the Tirst time the problen of nu-
tual pursuilt clong the curve of pursuit of thrcc dozs »nlaccd,
at the beginning of wmotlon, at the vertexes of an cquilatceral
triangle, ‘

Brocard (38) dctorninced that in this casc all throc
trajcctorics arc logarithaic- spircls,

Th: saxc problea wes solved by Haekett (52) in o oore
general way by tne ncthod of nuncrical intcecgration., Finally,
liorskoy (17) obtaincd the zencral condition of the novencat
of a point alonsg thc curve of pursuit, when the latter traas-
forns into a lozarithwic spiral,

Ia 1877, Brocord (40) raiscd the problca of dcterai-
ning the curve of pursuit in the casc vhen the pursued point
noves cvenly along a circuaicrcnce, and the pursuit begias




froa the center of the sane cirouarlerence, davi obtainecd
no rosult, Brocard (40) again raised the saae prn%lOJ in
1383, proposins to 1iait the solution by setting up the dif-
{zrontial equation of the curve eof pursuit. This tiao, the
solution wos given by Xeelhoff (55). - This differential equa-
tioa s brou¢ht by Dunoycor (47) to o dirfercntial equation
of iirst dc groc and he also anclyzed tho lategral curves by

: the ncthod of Polincare., The saze problca was solved by the
nethod of raphic intezration of differcatial cquations by
lorley (61? uclitative analysis of this problca was gi-

: ven by Hothaway ?52) in 1921,

. The problex of ilcupertuls received further developaent
i1 thc works of Dienwer (45) and ilorskor (27). In tacsc ar-
ticlcs, the diffcerential equations of the curvo of pursuit in
the ease of an arbitrary flat trajectory of the pursued point
arc siven, Diecager docs not cexaaine the possible ways of
integrating this differential cquation. Ilorskoy intearates
thiis cquation only for three specifiec cases, froa which, in

"the first case, he roturns to the problca exaained by Bou-
gucr; in the sccond case, the curve of pursuit transforus
into logarithaice spiral,

D'Cecasne (62) and Buracister (42) dcvelopod a siuple
geonctrical aethed for plotting the curvaturce center of tho
curve of pursuit for the goneral casc of the flat trajectory
-of the pursued point.

The systca of diflerentiul ‘equations of th¢ curve of
pursuit 1n the case whon the pursued point noves along & spa-
cec curve was given by Cailler (43) in 1924,

In the-work of Pugzachev (20), the probleas of decterai-
nin the lcad angle in connection with one problea of shooting

iroving tarzcts .is cxaained.,

The disscrtation of Bordovsky (21) exaalnes the curve
of pursuit for a point ol variable uass.

Historical notes of investigctions of the curvé of pur-
suit were put togother by Archibald and Jdanning (35); thay
ars also cited in the works of Loria (58), Neville (62), and
Puckette (66). ,

© . The kineimatic problea of oveacnt along a three-point
curvs was exanined for the first tize by Jilder (68), Hovian
. put togother the differential equation of the curve, Jilder
detornained the curvature ot .any polnt of the trajectory, a-
syaptote, 1inilcction point, and other celecuacnts of thé curve,
. Further, he constructed all of the solutlons without iategra-
tinzg the diffcrontial esquation of the curve., At the cnd of
his work, Jilder points to possible ways of intesrating the
difforential cquation, refusing to apply thon hiaself duc to
thelr coaplexity,
~Durinz and after the Scecond JYorld Har, worke‘appearcd
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-thichh werce dcvoted to the novecacnt of hozing aisslles whicn
pursuc a targzcet,

In the work of Perrct, Roth, Sdnzer, and Vacllay (69),
the »roblca of pursulng a terget which oves horizontally, o-
quollr, and 2long & straight line, by o rocket whiech is zuid-
2d b a 325 jet 1s coxaainmed, The flignt ocecurs along ¢
thrcc-point curve, The difforcaticl cquations of the notion
are intexratcd by the nuaerical aethod for & nuaber of ini-
tial conditions. Thce doctoral disscrtation of Roth (73) is
dcvoted to the sane problcoa. In both works, the authors 1linit
thacnsolves by the deteraination of the trajcetory of the roc-
ket ond oscillations of the body at tho gravitational cceater,

In o work by thoe Geornan guided-2issilces speciolist
Leisezang (82), o kincaotie iavestization of the .ovosent of
a rocket guided by tac .acthod of tarzct eoverage 1s conducted,
Ia an iavestigation by acans of this method, the poiat froa
wiaich tac shot is fired, the aissile, and the tarzet arc al-
woys on the gsanc straizht line. The rocket describes a tra-
jcetory which 1s called the three-point curve. Leilscganz re-
csards the alssilc and the tarzcet as poiats which ove with
constant velocitics, The trajcectory of the targct is thc
straisht line, - ,

hce autnor analyzes o case of shooting frox ground to

an cirplenc and finds the diffcrential cquation of the trajce-
tory of the issile guided by the acthod of targct coverage,
Thc obtained diffcrential cquation nay be rcduced to quadra-
turcs which are cxpresscd in clliptical functions. Tacrcriore,
the author sclecets for further investigation another 2cthod -=-
the xothiwd of approxizated structurce of trajccetorics of the
guidcd .21issiles. The obtained differenticl cquation of the
threce-point curve is utilized by the author for findiazg the
foriule of the radius of the trajcetory curvaturc of the
suided missile., Having obtalned thc value of the curvaturc

odius, Lelsegang deternines the locus orf the point of ncxiiun
curvoture or azinisun radii of curvaturc,

A subscquent investigation is conducted by acans of
constructinyg approxiaated, threc-point trajcctorics of the
nissilce, depending on various anglcs of starting, on various
distenccs of thc trajcectory to the target, as well as on
various corrclations of vclocitics of the aissilce and thc
tarzet, dSoch investication is conducted scparatcely; furtihcr-
aore, in a study of the various starting anglcs, the distance
to targct and corrclation of the velocitics of the .aissile
and target arc taken to be constant. In the scac zanacr, the
influcnce of two other factors is investigated: the chaaze of
distancec to targcet and the corrclation of aissilec and taryct
vcloeitics,

Purther on in the work, threc-point trajcetorics ob-
tcined in varlous cascs of shooting fron onc airplanc to
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anothor arc discusscd., Thc acthod of their approxicotcd
construction doss not differ in principlc Iroa thc construc-
tioa of curvcs 1n shooting fro. ground to cirplanc, only in
this casce novw indcpendent factors arc cdded: the speed cad the
dircctlon orf 1lizht ol thce ctvacklng cirplonc. daking up his
2ind o8 to tho valuc of the suawllest possivlce radius of cur-
vaturce, thc cuthor gives o .acthod for calculating crrors of
hitting in unfavorablc corrclations of tho spccds of the .2is-
silc cad the targct, whon the curve of the trajcetorr at ony
point beconres so large that thac .2issile cannot follow further
&lonz the throc-point trajoctory, It 1s proposcd with this
that tho 1issils, beoginning ot this ceritical aoxent, 2oves
along cn are of the circuafcercnce of the sacllcst tolorable
rodius or curvature,

Two works of RdYsslcr (83), tho prozincnt Geraan cpe-
ciclist in rcuoote control, arc dovoted to target pursuit a-
long the curve of pursuit and with a constant anglce of ad-
vonee, Aezarding the alssile and the target as loci which
ove with coastant, scolar velocitics at the tize when the
tarzct noves along a straisht linc, RYssleor finds the cqua-
tions of thc trajectorics of thc 2issile, also tho curve of
pursuit in constant anglc of advancc,

Utilizing the cquations of the trajcectorics, the author
dcternines for both cascvs the law of chanzc of the radius of
curvaturc of the curves and the condition under which the dis-
taaec between the rocket and the target deercascs 2onotonous-
ly. This part of thc work has the aost 1iaportant thoorctical
siznificance, :

The subscqucant enalysis of RUssler is rcducced to o ccl-
culation of the probability of hitting the target. The cau-
thor ckes up his 2ind as to thc uininal tolerable radius of
curvaturc of the trajcecctory of the aissile prececoding fron
the foet that the accecleratlion which the :lssilc ay cchicve
is 1linitcd by its ruddor and nass choractoeristics. The tor-
gct is considered as having bcon hit not only in a aoctheno-
ticclly . prcecisc hit, but also in the cesc when the distance
between the 2issile and the targct becozes smaller than tac
radius of action of the proxinity fusc,

RYssler feols that, after recaching the aaxinun tolcra-
ble ceccleration (the smallost radius of curvoturc), the rud-
ders reaain in the saxe. extroae position and the nissile, ha-
ving doparted froa the curve of pursult or the curve of the
constant anglc of advance, describes on are of & circuxfcron-
c> which 1s located in the saic planc as the curve of pur-
suit, 1If, &artcr such a flizht, thc oxis of the hoaing hccd
will again find itsclf dirccted to the tarzet, thea, fro.
this ..oxmcat on, the nisslile will bezgin to nove clong the sce-
coild curvs of pursuit.




The probebility of hitting tho target is dotcraincd by RYss-
lor in various linits of cquiprobable valucs of the ianitial
anzle of attock: o) when the pursuit oy be coxcnecd fro:

eny dircetion, and, b) when the pursuit coacnecs fro be-
nind, iro: the scetor linited by 60° cnzgles fro» the dirce-
tion oreciscly into the toil, for the curve of pursuit, RIss-
lor deterzines how the probability of hitting changes uadoer
various corrclations of velocitics of the issilc and thc tor-
sot, a8 well as under the change of only the specd of thac tar-
z3te

Por o flight along a curve of the constant cngle of
advanec, RUssler dcterainces the change of thc probability of
the hit if the axis of the noning hcad zakis up o constont
carle with the dircetion of the tongeint to the aissile tro-
Jeetory,

Thus, in the works of Rdssler, as wcll as in the works
of Lciscgang, the authors coafine theasclves to the investi-
s2tion o. the trajecctorics of the curves of pursuit: the cur-
ve of pursuit, thc curve of the constant anglce of advonce,
ond thc thrcc-point curve,

The contcont of these works is the kincuaatie problca
of thc otlon of two points of waich onc zoves along & straizht
linc ond constant velocity and the othor pursucs the first
with o counstant specd along thesc curves, Jith this, it is
ncecssary to note that cven this sinplest kiancaatic problen
has not been solved to the cnd: the cquations of the aoveacnt
of thc point have not becn obtalned in cay of thesc works,

The attoapt to relate the obtained kincnatic date (the
cquations of the trajcctorics) with the dynainics of thc nis-
silc, wailc aking up onc's 2ind about the aininaua redius of
the curvaturce of trajcctory which can be achicved by the con-
ter of incrtia of the rockct, is a first and coxtrcaely inac-
curatc copproxization in tnls dircction,

Tozcther with this, thesc works allow drawing ccrtain
gcanceral conclusions about the tactics of utilization of zuided
inissiles with hoaing hcads, irrcspcecetive of the construction
and dyacic charactoristies of the specific zissilos,

Beginning with 1945, uany works eppear in print ia the
Unitecd States of Aucrica devoted to the problci: of & honing
systcr of guideance. Once of the first 1s the work of Hewell
(78), in which thc kincnatic problea of the rcloative otion
of two points is analyzecd, of which onc - the target - 2oves
clong o straizht linc and uniforinly, and the other - the pur-
suilng point - noves cecordlnz to onc of flve acthods of
guidance and honing: a) suidance by a bea; b) hoaing with
zero cngle of advance (clong the curve of pursuit); c¢) ho:ing
with o constant anglce of advance; d) hozing by the .icthod of
parallel opproach; ©) honing by tho zothod of proportional
nevization,
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In thc noxt year, 1946, the work of Spitz (79) oppears,
in which thc acthod of proportlonal navigation 1is cxanxined as
& kincaatie problel of .cutual lotion of two zco.actric points:
torsct and issilc, - : .

In the works'of'fu&n'(74), 3canct ond ..athows (75),
varicus nothods of ho:iing (the .:cthod of propertioncl aovi-
gotion, the curve of pursuit, porallcel cpproach) arc cxc.ti-
ncd; furthercore, nalytlc and cpproxiiate nuicrical o~
thods of solution of the kincuwwtic problc: of rclative :otion
of two gcoctric points arc utilized,

In thc work of Adler (76), the .acthod of proportioncl
navigotion is cxai:ingd in pursuit of the target in throc-
dircnsional spacc, wacn proeviously, cxccopt for thc vorg or
Coiller (43), 2ll investigations were lizitced by the study
of thc plans problerr,  Adler clso 1linits hisclf by the cxa-
ninction of the kinc:otic proble: of the 2issilc zotion -
thce locus which pursucs the tarzct,

In the book of Locke (70), o suiiary cf Acrican rc-
scareh in the arca of guidance, purforwvd during the ten
postwar vcars, 1is givun.

On onc hand, in this work, thc trojceterics of o iise-
silc which is rcgard»d as o point wihich oves clong tav curve
of pursuilt with & conatant anglc of advance, arc analyzed
according to the cthod of parallel approach, occording to
the cthod of proportional navigation, and ia guidanec by
the beann, Those kincizatle investigoations arc connoctod with
the dyaas 1cs of tho nissile by a2cans of cn oxasinatloa of the

charceter of the chenge of noraal acecleration or anglc voelo-
city of turn of cvho tangent ncoar to the target approcaches
zcro, thén this is suifficicnt to assurc the accurctc flisht
of the uissile to the tarzet, At tne saac tinc, Locke Stutus
that the anzlc of turn of ths rudder is proportional to tac
anzular vclocity of the turn of tho tansont,
' Axanining, on the other hand, the dyanai:ies of the :is-
silc during suidancc of the rudder ﬂlon one of the five sc-
lcetod ticthods of pursuilt and cpplying to the difforcnticl
cquations of nissile otion the law of the rudder turniag os
functions of the anzle of crror, Locke, cantering into & con-
trcdiction with his prcvious conclusions, statecs (on the ba=-
sis of sinulating on clectronic couputers) the incevitability
of o :2iss and tho absolutce nceossity of shutting orf the
ho:inz sgystcn near the tarset, This incorrcet ovaluation of
the waalc problcr of hoiing is provalcat ot the prescnt tinc,
Lnus, Adlcr (76), oxcaining the acthod of proportional navie

sotion, statos anuloéously."lt is possiblc to d01onstrgtu
thut for z =1 (i.c., 1f theo -aissilc is taken as o 20tce
ricl p01nt$ %nis squation always lcads to the ulssile hit-
ting the torgct (for point objcets); furthur: orc, tais occurs
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during thc final tice intcrval and for o finite valuc of thic
.2i3sile acecleration., This conclusion docs not change cven
in thc prescnce of crrors of alling or zanocuvers of the tar-

cre,  for o roal 2lsgile, which has o troainadcr fuactilon that
diliirs iro.. onc, tac points that recprescnt tihc .missile cnd
the torset will acver coincide”,

This contrcdiction, which was called by 3axter (50)
"the othenatical paradox of the curve of pursuit" doos not
find 1ts ncooded cxplanation in the works of Locke and Adler,

Locke (70) utilizcs the kincuactie investigation of the
rclative otion of the rissilec for sclcetion of the srstenr of
autoatic control of the Lotlon. For this, on onc hand, tho
anplitude-froquencey speetrut of the cngular velocity of the
turn »f the tangent to the trajectory of the iissile, thoe
vclus is constructed that is proportional to noricl acccle-
rotion (sinec the scalar velocity is constant), 0Oa tac o-
ther hand, thoe oanplitudce~froquency spectru.: is coastructed
for thc sclceted systenr of azutoaatic control of aotion of the
2isesilc, Comparison of thesc two azplitudce-ircquoency spec-
trus scrves as o thecorctical criterion of the quality of the
scloev.d systen of cuto.ictic control. hig ethod is baoscd
nn the assucptilon that the anzgle of turn of thce rudder is
proportional to the aagular velocity of the turn of thc ton-
tcat ~- which is taken by Locke (70) and by other rescarchers
28 1ladisputoble and as reoquiring no proofs,

In foet, as will be dcaonstrated bolow, this assup-
tion is incorrcet; it docs not take into account the dyna-
2iles of the xissile itselfl as a2 solid body, it lcads ©o con-
sidcrable rors, and in a nuzber of 1luportant cascs, it
leads ©o rdsults walcen are sinply contrary to the truth,

Indcpendently of .otion clong ideal trajectoics,
Locke (70) rozards the rocl otion of the guided .iissile.  Thoe
diifcrcaticl cquations of the .zotion of the aissile arc au-
scrically intoesrated tozether with the scleeted law of rudder
control, Thc law of ruddcer control 1s sclceeted depeadiag
on which o>f thc filve idcal trajcectorics the 2issile should
Aove acare fith this, it is naturcl that the rceal trojcoccto-
rics, cven in the abscnce of perturbances in the .otion of
the torget, os well as in the otion of the uissilc, will
differ froa the ideal oncs, sinec the law of ruddcer coatirol
along thc anglce of crror 2ay assurc closce, but not procisc
notiom, clong tue ideal trajccetory.

The appearance of coatc.porary high-spocd clecetronic
co.:putcrs lod to o tendeney to cooputce thesc ncar, roal, por-
turbcd trojectorics soparately and, proccding froi: this auc-
ricel iatcsration of diffcrenticl cquations of .2otion, to so-
lcet the coefficicats of the systen of autoactlic control. Such
on opvbroach to the probler is cspecially attractive, sinec tihc
gilotion devices allow nuaerically intezrating lincar
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of netericl points, and o strict proof of the ncecssary and
sufficicnt ¢ . nditions when an investization of stobility, cce-
cording to the Tirst approxiasction with appliceation of linca-
rizcd cquations, is ia ordor. In the saic work, Lyapunov
proposcd and developed nis "sccond ethod", which is a powor-
ful ncons of deteriiining the staobility of otion of any non-
lincor gystcuas.

‘Lycpunov's sccond acthod, applicable to the solving
of non-lincoar problc:is of the theory of autoatic rcezulation,
found furthcr fruitful dcveleopzent in o sorics of itportant
?cr§s b7 Luric which were colleeted by ain in o onograph

12). .

The idcas of Lyapunov rocceived further cssconticl de-
v.lono2nt in works by Chotayov (27) and iielkin (14). ~for
solving ainclozous problc.iis, the theoorcas of Lyapunov werc op-
plisd in works by Letov (9). The non-lincer proble: of cu-
to-oscillations of o stand with autc.oatie pilot wos cxaniined
by Butenin (2),

The lincar theory of otion stability and autoniatic
recgulation rocelived o powerfdl 2cthod of investization in
opcrations cnalysis, The cthods or operations analysls ap-
plicable to preoblenis of cchanics arc worked out in o :ono-
sroph of Luric (11), which played ca inportant rolc in the
cxpansloin of the acthods of operations cnclysis in onginccer-
ing computations,

Interesting works in tnc arca of lincar systc:s of cu-
tonatic rcgulation arc given by Tsypkin and Broaberg (26),
Xrasovsky ond Pospolov ?6), (7).

3cginning with the works of Vyshnogrodsky (5), the
tronsitiondl proccesscs werce investigotced after terizination of
the action of perturding forecs., Latcely, in the works of Bul-
gakov (1), ialkin (14), and doiscyov (165, aocthods of anely-
zing thc stability of otion in constant (but linited, cccord-
ing to valus) cxternal perturbing forces arc being worked out.
In thesce works, idcas are being developed which were indica-
tod by Lyapunov (13). Ilicthods of cnalysis of non-lincar for-
¢2d oscillations arc also cnclyzed in the works of Butcanin (3).

The inportant work of Neyazark (18) allowed generali-
zing and dcocteraiining the geacral point of vicw to diffcrcat
critcric of the stoability of aotion,

In the arca of sinulating schicics of autoxzotic regu-
lation, the works of Trapcznikov ond Kogan (24) aro cssci-
tizl,

The investigatlon of the dyananics of guided nissiles,
whosce forcc of thrust 1s of rcactive origin, is bascd on the
doztrinc of the dynanices of o point and & solid body ol va-
ri;?le)nass. The originator of this doetrinc was lceshchers-
kr (15).
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diffcrential cquations with variablc cocfficicnts, as wcll
o8 non-lincor diffceronticl cquations.

Howovor, in such o nopproach to the scleetion of the
basic cacfficionts of tiao SjStvl of auto;atic control, 1t is
not pwssxblv to.say caything of tho stablility of ¢ otion in
The oonsc oF Lyopunovy &8 well os ia the scnse of tcchaiccl
stability - stabllity ot the findgl tizc interveal.

.. . As-is corrcctly pointed cut by Tsica (71), it is nc-
- ecssary for coxanlnction of the proble: of stability of o~
,tlon to sot up and cxoaince the differcantial cquatioas of o=~
tion in variations at the tio when, in siiwulation, the dii-
forontial cquations of purturbed :otion arc belng intezratced,
The- cawations in vorictions cannot be obtained without tie
solution of tac dyna;icfproble“ of idccl zotion of the .iis-
silc, .

Asidc froax this, tho nu;orlc 1l integration of 4iffce-
renticl cquations of poerturbed sotilon, which is donc by o~
lcetronie 31’u1wt3ﬂé devices, docs not allow deteraining thoe
general laws of ithe ideal as well as of the roal perturbed
2ot ion, sinco caeh solution depends csscnticlly on the initial
conditions of eotion and tho ¢oncreto valucs of the constant
pareancters which pufthlputO in the differcaticl cquations
of motion, .

Thus,.for exaaple, in upproximutbd nu.orical intcezgro-
tion of the difforcntial cquations of perturbed otion, it
is not possible to scparatc thosc cozponents of & 2iss that
arc induced by thc 1lnability to roalize to the cnd the idoecl
ol accordin¢ to the sclected :cthod (due to dynzzic linito-
tions of the aystcia) fro: thesc -coupononts of the ziss that
were ‘induccd by the difforconce of thoe law of rudder control
in recal notion froa the law of  turbing the rudder in idcal
otion, and conditions of stable aia of tac 2issilc at the
tarsget connceted with this, _ ,

Thus, for thc furthor developaent of the art of houing,
it is nccessary to solve the dynanic probloen of the ideeal
- otion of tho :issile which, on onc hand, would allow deter-

i2ining the basic charactcristic laws of thce proccess and the
dependenee of the aceuracy of the hit on the dynasic and kinc-
2atlic parcacters of the zissilc and the target. On the other
hand, thc solution of this problc:: will allow obtaining & sys-
tor of differenticl cquations ia varictions, which is the
bosis Tor scleeting the schexnc of autoaatic control and de-
ter: 1ﬁin3 the conditions of stablo ailaing of & rocket at its
twréc Le

The th oroticul besis for solving the problez of the
stability of rocket zotion is the fuandaicntal work of Lyo-
puilov (13) In this work, Lyapunov gavc a zathcoatically de-
curacte dofinition of the stability of the zotion of a systc:
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Thyso ideas roceived furthgr dcvclopaent ian the works
of Kosinodoez'yonsky (8)

The problo notion of controllced issilcs is beyond
the . scone of vxtyrnwl bcllistics, Tais problon, duc to its
svt-up ond othods of solution, is onc of the classic probloc:s
of ¢yboracties, 2ll of the basic footurcs ciad .:cthods of this
ncw scicnec find thvir placc in the investigation of the pro-
. blen. of hoxing.

Conparative anclysis of the ideal systeus of 2otion;
sclcetion of the optinun parancters that trans.alt the infor-
“nation rogarding oxtornal conditions; rational cthods of
tronsioraing inforaation cbout oxtoernal conditioas into the
coatrosl signals, and, finally, synthesis of & systoe: of cuto-
natic control of notion -~ such arc the nost laportant coapo-
.sitc parts of the . doctrine of honing. : '

1. Sottinz-Up thc Problon and Mcthods of Its Solution.

A critical Survey of thc acthods of analysis ond syn-
theslis of houing systceas allows planning o further path of in-
vestigation, The first proble is the analytical study of
the dynonies of idecl netion of o aissiles This division lo=-
sically dcvelops the kincizatic study of various wothods of
ho11no. The kincaatic investigation (70), (78), (79) Wis con-
ductcd under the follovuno lluitutlonS'

u) the zissilce cnd the target were rcgurdud as loci;

b) the motion of the torget -was token to be regular and
along o straight linc;

c) thc sealar vclocity of the n»issilc was coastant,

- Under those conditions, the kincaatiec cquations of 20-
tion woerce intcgruted and the following werc deteriined: the
tr;jvctory of zotion; norzcl acecleration; the anzular velo-
city cf"the turn of thu tonzent; the tinc of thoe proccess of
tgrfct pursuit; thc threshhold valuces of nor:al acccleration
and the angular vclocity cf the turn of the tangent to tho
trajcetory ncar the target.

The. advantages and. disadvantasges of the varlous icthods
of honing wore judged by the character of the changes of nor-
2el cecolerotion or of angular velocity of the turn of thoe
toagont to the trajcetory, which arc cquivalent for o cons=-
tant valuce of the wvelocity.

: Such an covaluation of the possibillity of rcalization
of the pursuit up to striking the target is znalogous to tho
onu . qulivd widoly in aviation; naacly, according to the va-
luc of overlood, or acoordlng to thc radius of turn assuncd
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in the &aynanices of a ship,

Thcsc evaluations give zood roesults in cstablished,
steady-state 2ovions, However, as the anolysis shows, in o
nii-stecadr-stats process of honing this ovaluction leads to
coisldcrable orrors, cad, in cortain arcas of valucs of paras-
ziters, loads to results dlrcetly opposcd to reality.

The paradoce of tho curve of pursult is contcincd in
the fact that the noraal acccleration ncar the torgoet oy ap-
proach zcro, thce radius of the curvaturc of the trajcctory
nav inercasc without 1init, the overload .oy approach unity,
i.c., bc abscnt, and the =nissilc will not be ablc to recli-
z¢ the notion along the given, idcal trajectory, sincc the
cngle of turn of thce rudder, anccessary for assurance of the
idecal otion neoar the target, oust incrcasc without 1linit,

Analytical study of the dyac.iies of the ideal 2otlon
of o rockct is conductod under the following lizitations:

¢) the motion of the target -- unifor: and aclong o straight
linc;

b) the sealar velocity of the aissile is constont,

Unlike the casc of kinciatic investigation, the rocket
is rcsorded as o solid body with o rudder, which aoves under
the cction of the forec of thrust, acrodynanice forecs, and
mozcnts, as well as the forece of gravity. 3Solviag the dyna-
2ic problea of ideal notion of o :issile allows Jjudzing the
possibility of rcalizing the pursuit along the sclceted tro-
Joetory on the basis of the law of change of ansle of the
turn of rudder, whilc toking into account thce incrtia of the
1issilc itsclf and the action of foreccs and .:oxaents,

Conparing the critical bcechavior of the angle of turn
of the rudder and the noraal acccleration of the center of i
ncertia of the missilc neor the target allows us to solve the
"-othenatical paradox of the curve of pursuit', (Bakstor,
/807)

The dynanic ancalysis ofthe idcal motion 2llows Judging
whother, under the given initicl conditions of =otion, the
corrclation of velocitics of thoe 2issile and the torget, os
wcll os in dopendonce on other kincuatic (the cngle of advan-
cc) ond dynanic (the ionent of inortia, the forces and oncnts
which influcnec the rocket) choracteristices, the guided inis-
silc can pursuc the target until o nathe.aatically-accurate
hit or whether it will be able to dctirizine the value of the
miss, iy the rudder, whosc angle of turn is linited by bracces,
will arrive ot the oxtrouc position before the process of
terget pursuit will be deterainced., In the latter casc, the
foriule for the anglce of turn of the rudder in conbination with
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the cquation of the curve of pursuit scrves for deteraining
tho value of the 2iss,

Thus, solving the problen of the otion of a guided
missilc oloug tihwe idcel curves oI pursuit, it is possiblc to
obtcin & rcosult about tho dyno:ic possibilitics oi the 2issi-
lc, cobout the infludnec of varilous design foctors, corrcla-
tions of thc velocitics of the nissile and the target, the an-
glc of advanee and initicl conditions of 2otion to the possi-
bility of striking thc tarszct,

A study of thu dynczics of the idcal aoticn of o 2is-
silc under various nicthods of hozing: 1) with a zero cnzle
of cdvonco, when the ve locity vcector of tihc rockct 1is unia-
tvrruptcdly dirocted to the oving torzet; 2) with a coastant
cagle of advance, when the veloeity vector of the i2issile -
kos o constant angle with the linc which coancets the zissilo
with the targst (tho terget linc, the gulde liac or distance
~veetor); 3) with porallcl cpproach, whon the line of the tar-
st roncins parallel to itsclf and the vecetor of relotive
specd is unintcerruptcdly dircetod to the targot; 4) propor-
tional nuvigution, whoen the angular velocity of the tura of
thc tongent to the trajcctory of the zissilc 1s proportioncl
to the angular viloeity of rotction of the torget line, ~-
2llouws couparing those nethods and sclecting froa the those
thot cssurc the sacllest or zcero aiss,

Cozparative cnalysis of various aothods of honing is
conductcd on the bosis of the law of ruddbr turn, which cor-
rcsponds to cach of the acthods of holsing., At the sauc ting,
this cnalysis ‘cllows answoring the quustion rcgording the
scloction of the iiost rational parcacters which zive the ine-
formation about cxtcrnal conditions == in the *ivgn casc,
2bout the valucs which charactorize the Aotion of the taract.

“The sccond problen is the analytical study of the real
otion of the-2issilc which is roalizcecd by 2cans of & schon
of cutonratic control which socks to rcturn the lssile to onc
of thc i1dcal hoadng trajoctorics.

The curves which arc celosc to ideal and whieh arc rco-
lized by the nisslilc undor autosatic control of otion by
noans of hosiing hcads, arc called the rcal curves of pursuit.
The hoing hoead, whosc axis 1s constontly dirceted to tho
torsot, lcads the aigsile by acons of o systoen of cutozatie
control, ziving o coxzond to the rudder that is constantly
Airceted to clinination of thce angle of crror.

In this casc, the syston of difforcntial cquations of
perturbed or roal notion is deterained by the law of ruddoer
turn-as a funetion of the ocnzlc of crror,

Utilizing thc closcd forz of the obtained solution of
thc problex of idcal notion of the alsslle and the differcential
cquations of the real rotion, the differcnticl cquations of
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notion in variaitlons are found, If the law of ruddcr control
is built up dircctly as & function of .xcasurcd crror in on-
gular 2otion, the systo:r of diffcroaticl cquations in voaric-
tincas hos csscentially vardiable cocfficicats., The sclection
24 parsactors of iacreasc ol the low of eoatrol in the casc
of o systen of differentizl cquations ia varictions with voe-
ricble cocfficicnts has not bocen developed in o goncral for,
For sonc particular problexns, in this casc, the icthod of
adjoint functions of Bliss-(71) / sic_/ is applicd; howiver,
for solving the problcr of the stability of the :issilc in
the process of honing, this ::cthod connot be utllized., Therc-
forc, the investigation of the stability of otion and the
sclceetion of the basic schonc of autonatic control of notion
ian honing, 1is bascd on transfornation of the parcacters ol

of crror, 2casurcd during otion, into control signcls which
pvrnit obtaining a systca of diifeorential cquations in vo-
rictions with constant cocfficicnts for flizht in 2 horizon-
tol planc (or in any planc, ¥ the component zravitation forec
is not takcn into account). Constant transforaation of the
acasured paraiacter of crror into a controlling signcl is
possiblc duc to the proviously obtaincd solution of the pro-
blen of dynaiiles of 1dcal 2otion of the iissile, ond is per-
foracd by ncens of a conputing deviec,

For the syston of diffcorcntial cquations in variations
with constant cocfficicnts, the sclcetion of increasc pora-
2otors in the law of control of ruddcr is solved by clossi-
cal cthods. Tho systca of cutonatic control of otion 2oy
be nadce sclf-adjustable or aulti-accconodating, in the terai-
nolosy of Tsicn (71); furtherisore, the principlc of sclf-ad-
justing is bascd on the solution of the problcel: of dynonics
of thc idcal :otion of the nissilc, The solution of the pro-
blcr of dynanics of the rcal aotion of thc issile ollows
judging deviations froa the ideal trajcetory, which arse in-
duccd, first of all, by the differcnce of the law of ruddcer
control in rcal 2otion froz the law of turning of the rudder
in idccal notion and, ian the scecond placc, by initial pcertur-

anecs, ' '

The analysis of thc influcnec of the gravitatioacal
forcc on the stability of noticn in the casc when the planc
of pursuit docs not coincide with thc horizoatcl planc, is
an iaportant crca in the study of the process of houzing for
idcal, as well as for rcal, 2otion,

Subscqucat refincacnt of the solution: taking into ce-
count thc change of scalar velocity of the aissile, variabi-
lity of ncss, chonge of ataonspheric density, cteee. 28y bo
rcalizcd by ncans of auncrical integration on sinulating de=-
vices Tor concrcte initicl conditions of zotion and partvi-
cular valucs of all paraxcters which cater into the diffcercatic.
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cquations of zotion, 3Such & subscquent cheeking of the sc-
loetod construction and shexe of autona tic control 1s ncecs-
gary, but it is quitc cvident thot in no 2casurce con it re-
pl;c;'anxlytic anclysls of the proble.:.

Thus, tac cnalysis and syntiwsis of the proccss of
hoiay falls uader thrce heads:

2) 1idcal 20tion of the iissilc, -- which allows detori:ining
the dynaonles of the nissile without dopcendcencec on the srston
of cutonatic control of ction in a gcncral Wiy, but with
toking iato account the sclcoeted law of ho,iing, the initicl
conditionas of “otlgn, und &1l other dyacnic and kiac:ctic
choractoristics of tac .:issilc and the tarsot;

b) rval notion of the nissilc, -~ Tor which, utilizing
the obtoined solutiosn of the problce for idcal otion, the
“syston of differcontial cquations in variations is. cxaxined,
which cllows doteraining the volucs of cocfficicnts of tho

systenl of cutounatic control, which cssurcs the stable ain
of tho roeket at the targct; '

c) dcteraining the way to transfor: acasurcd paraiactcors
6L crror ond cantrollinO signals and sctting up conditions
undcr which the honing systoel 2oy bo zade scli-adjustable,

The anclysis of tho procoss of honing is oqually ép-
plicablc to nissilcs which ove in tie air and in thc water,
" Basle Synbolsf
a - distancco yctqecn tac iissilec and thc tarzot.
X, y - coordinatcs of thc :issilc

X8,78 coordinatces of the targzet

Vv - vcloelty of tlic rocict
Vg = Vvolocity of the target .

W - anglc of turn of the linc of targct under zoro and
constant anglcs of advance |

Y . .
r‘-lthc angle of turn of the line of targcet undor pro-
portional navigation }

- K - angle of attock, angle of glide

- the angle of turn of the tangent to the trajectory of the mis-
sile under proportional navigation.
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A - anglc of turn of thc ruddcr

lcr%i - the rotio of velocitics of tarzet and aissile,
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