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DEFINITIONS
IDA publishes the following documents to report the resalts of its work.

Reparts

Reports are the most authoritative and mast caretfully considered praducts (DA publishes.
They normally embedy resuits ot major projects which (3) have a édirect bearing on
dscisions affecting major programs, (b) address issues of signiticant concern to the
Executive Branch, the Congress and/or the public, or (¢) address Issues that have
significam economic implications. IDA Reports are reviswed by outside panels of experts
to ensure their high guaiity and relevance to the problems studied, and they are released
by the President of IDA.

Group Reports

Group Reports record the findings and reswits of IDA established working groups and
panets compossd of senior individuals addressing major issues which otherwise would be
the subject of an IDA Report. IDA Group Reperts are reviewed by the senior individuals
responsibie for the project and others as selected by IDA to ensure their high quality and
relevance to the problems studied, and are released by the President of IDA.

Papers

Papers, also anthoritative and caretully considered products of IDA, address studies that
are natrower in scope than those cavered In Reporis. 1DA Papers are reviewed to ensure
that they meet the high standards expected of refereed papers in professional journals or
{ormai Agency reports.

Documents

IDA Documents ars used for the convenience of the sponsors or the analysts (a) to record
substantive work done In quick reaction studies, (b) to record the proceedings of
conferences and meetings, (c) to make avaiiable preliminary and tentstive resuits of
analyses, (d) to recors data developed in the course of an investigation, or (e) to forward
Information that Is essentially unanalyzed and unevaluated. The revisw of IDA Documents
is sulted to thelr content and intended use.

The work reported in this document was conducted under contract MDA 903 89 C 0003 for
tha Department of Defenss. The pablication of this IDA docoment does not indicate
endorsement by the Department ot Defense, nor should the contents be construed as
refiocting the official position of that Agency.
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PREFACE

This document represents work done by the Institute for Defense Analyses in
FY 1993 under Task Order T-R2-597.3, Technical Support for Innovative Concepts
Program, for the Ballistic Missile Defense Organization.




ABSTRACT

This document consists of a collection of papers published in the open literature
in FY 1993.

The first paper was published in Phys. Rev. B and describes the limitations of the
Bonifacio-Lugiato model of superfluorescence.

The second paper deals with the feasibility of nuclear superfluorescence. It was
presented at the Lasers '92 Conference in Houston and published in the Proceedings.

Paper Number 3 describes a nuclear superfluorescence model. It was presented at
the Physics in Ukraine Conference in Kiev in June 1993 and published in the Proceedings.

Paper Number 4 is a comment on a paper published in Phys. Rev. B, which we
found to be wrong and which stated a misleading conclusion regarding the effect of
homogeneous broadening on an inhomogeneously broadened system. Our comment is
followed by the author's reply, which was also published in the Comments section of
Phys. Rev. B. We include our response to the author’s reply.
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1 OCTOBER 1993-11

Critique of the Bonifacio-Lugiato superfluorescence model

1. W. Kay and B. Balko
Institute for Defense Analyses, Alexandria. Virginia 22311
(Received 23 October 1992)

This paper shows how the Bonifacio-Lugiato mean-field model of atomic superfluorescence, which is

" particularly attractive because it deals with a crystalline array of emitters, can be extended to the nuclear
case. However, limits exist on the validity of certain approximations used in the development of the
model. In particular, 3 numerical instability that increases without bound is shown to exist in the non-
Markovian case, placing in doubt the spplication of the semiclassical theory derived for the non-

Markovian case.

L. INTRODUCTION

Recent activity in the field of y-ray lasers has focused
on the possibility of observing nuclear superfluorescence
(SF). The most general treatment of SF based on the
Maxwell-Bloch (MB) equations’ permits consideration of
several important phenomena’ which, while interesting
only as second-order effects in atomic SF, are crucial to
the understanding of nuclear superfluorescence. Con-
sideration of emitters in a crystal lattice, which leads to
special effects such as Borrmann anomalous transmis-
sion,’ are not treated in the MB formalism. On the other
hand the model that Bonifacio and Lugiato presented in
1975 (Refs. 4 and 5) deals with emitters in a crystal lattice
and may be adaptable to a similar structure of nuclear
emitters that radiate electromagnetic energy at wave-
lengths smaller than the interatomic spacing. This possi-
bility and the quantum-mechanical basis of the BL mode!
motivated us to revisit the early work. This paper
presents some of our findings regarding the BL model.

The BL theoretical model for the behavior of
superfluorescence by a system of identical two-level
atoms remains an important contribution to a fundamen-
tal understanding of that phenomenon, despite the fact
that the theory does not properly account for propaga-
tion or the initial quantum fluctuations of the electric-
field vacuum state. For example, Polder, Schurmans, and
Vrehen® developed a model of a similar nature without
l!lese defects; however, its derivation requires an assump-
tion that the atoms occupy random positions, thereby
ruling out its application to a crystal lattice. But not only
does the BL model specifically assume that the radiating
Structure is a crystal, it also takes into account inhomo-
geneous broadening due to motion of the atoms about
their periodically spaced equilibrium positions, whereas
Ref. 6 neglects inhomogeneous broadening.

The crystalline structure is an important consideration
When nuclear transitions resulting in photon wavelengths
smaller than the interatomic spacing are responsible for
the superfluorescent emission.” Although in deriving the
BL model, the authors assume only atomic transitions for
which the photon wavelengths are larger than the intera-
tomic spacing, the associated analysis is easily adapted to
the nuclear case. Section Il will show that when the
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model is applied to the case of radiation wavelengths
smaller than the interatomic spacing it predicts that
superfluorescence is then only possibie at wavelengths
satisfying certain conditions. It turns out that these con-
ditions are also sufficient for coupling to a Borrmann
propagation mode, which has been cited as necessary for
y-ray lasing.*

Although the BL model approaches a classical limit in
the initial stage, during which certain characteristics of
the emitted pulse, such as the time delay, are determined.
the treatment is quantum mechanical. Basing calcula-
tions on the more accurate quantum-mechanical equa-
tions, Sec. II, in fact, presents numerical results demon-
strating that the classical approximation may not be valid
until well after the radis’ed pulse maximum has emerged.
However, Sec. IV shows that in certain circumstances a
numerical instability invalidating the quantum-
mechanical calculations will occur.

I1. SHORT-WAVELENGTH SUPERFLUORESCENCE

It wavelengths associated with nuclear transitions are
smaller than interatomic spacings, efficient radiation can
only occur when conditions for Borrmann mode propaga-
tion are satisfied. Since superfluorescence is also deemed
necessary for lasing in the y-ray regime, the effect of
wavelengths shorter than interatomic spacings on
superfluorescence is of interest. In particular, it is of
some interest to determine the extent to which conditions
for superfluorescence at short wavelengths may be in
conflict with those for Borrmann mode propagation.

In nuclear superfluorescence, wavelengths associated
with transitions of interest will undoubtedly be smaller
than the spacing of the contributing nuclei in a crystal
lattice. The behavior of a similarly spaced classical
periodic array of coherent sources suggests that for a po-
tentially superfluorescent crystal, regarded as an array of
identical nuclei, a first-order effect of such a short wave-
length would be to limit collective radiation to certain
directions. In fact, the relatively simple BL model of
atomic superfluorescence has sufficient scope to confirm
the existence of such an effect.

The BL superfluorescence mode! for two-state atoms in
a rectangular crystal lattice considers only the case in

10011 ©1993 The American Physical Societ:
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which the emitted radiation wavelength is larger than the
atomic spacing. However, this limitation is not inherent
in the model, despite its simplistic treatment of propaga-
tion and other possible geometrical effects.

Reference 9 treats the case of nuclear transitions, for
which the wavelength is smaller than the atomic spacing,
but ' -2 paper's discussion of superfluorescence is less in-
formative than that of BL. This is partly because the BL
model uses a representation for the collective excitation
operator that relates it to the lattice structure, whereas
Ref. 9 uses a representation that relates the operator to
the phases of the emitted photons at the lattice sites,
thereby missing the effect of the regular lattice structure
on the subsequent radiation.

Reference 10 gives an analysis of superradiarnce that,
like the BL model, relates the collective excitation to the
lattice structure and should therefore be capable of yield-
ing the short-wavelength superfluorescence conditions.
Because its treatment includes more geometrical detail
than the BL treatment for the long-wavelength case Ref.
10 is, in fact, able to relate the spatial pattern of the radi-
ation emitted by the collective atomic array to the
characteristic shape of the active volume. The BL
analysis however, is restricted to the case in which the ac-
tive volume is a thin needle.

On the other hand, Ref. 10 shows that the needle shape
provides the maximum gain, albeit in a single direction.
Thus, to the extent that it is possible to implement, the
needle is presumably the preferred shape for a superradi-
ant structure. Therefore, it seems useful 1o consider the
consequences of the BL mode) for the shori-wavelength
radiation that characterizes the nuclear case.

The interaction Hamiltonian originally introduced by
BL has the form

. N )
H,(r)"'—i— S3a la:rj'exp[i(wo—wj)t—ik-xj]
vy J=1 3

-H.c. ] , N

where k is the emitted photon wave vector for a particu-
hr mode, x; is the position vector of the jth lattice site,
ai is the corresponding photon cruuon operator, ay is &
mean reference frequency, and r;” is the deexcitation
operator for the atom at the jth Iattice site. The corre-
sponding excitation operation is 7;”. BL also define the
reciprocal-lattice vectors a, each component of which
has the form (29/L)n, n =0,1,...,N —1, in which L is
the corresponding lattice dimension. They define the col-
lective excitation and deexcitation operators R%(a) as
functions of @ by

N
R*a)= 3 riexp(tia-x,), ()
J=1

from which it can be shown that

= 3 R*alespl Fiax,) . ®
a

On substituting (3) into (1) it follows that
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Hin=2t 5 55 (alR"(@)f*(k—a)=H.c.],
VV e k
()
where
N
/(1;.!)=% 3 explin-x;Jexplilw, —wplt] . (5)

=1

The time-dependent factors in (5) are separated out on
the assumption that they can be replaced by ah average
over all atoms and that, because the frequencies w; asso-
ciated with the individual atoms are uncorrelated, they
can be removed from f(7,1) and subsumed in the cou-
pling constant g,, which then becomes time dependent.
This time dependence of g, is a way of introducing inho-
mogeneous broadening.

At this point, BL introduce the assumption that the
atomic spacing, given by

d=L/N,

is much smaller than the photon wavelength, which im-
plies that the function f(%) (wherein the time depen-
dence is no longer indicated for the reason just noted) is
large when % vanishes and is otherwise small. However,
if this assumption is not made then f(7n) will be large
whenever 7'x,=27v;, v,=0,%1,... and otherwise
small.

The interaction that results in photon emission when
cooperative deexcitation of the atoms takes place can
only occur when f(k—a) in (4) is not negligible for some
value of k and a, i.c., when

(k=a)x;=27v; , ) (6a)
where v isin the set: 0=1,...
d/A-n/N=v, n=0,1,..., N—1, (6b)

where v is in the set: 0,1,.... In (6) it is tacitly as-
sumed that the propagation direction is along a narrow,
needle-shaped active volume, in which only a single-
plane-wave photon mode is supported. More generally, A
should be interpreted as A, the photon wavelength divid-
ed by the component of the unit vector in the propaga-
tion direction along the lattice direction defined by the
X;.

/lt follows from 6(b) that the possible values of v must
be non-negative. Thus,

AI-L/(NVJ+'I}). °<ul <N, VI 20 . (7)

On setting v, =0,1,. .. in succession it follows from
(7) that for v;=0,A,>d, for v;=1 d>A,-d/2 for
v;=2,d/224;>d/3, ewc. Thati ls. for any given photon
wavelength, one and only one value of v exists that will
satisfy the required condition.

Reference 9 gives as the condition for a Borrmann
mode the relation

k—a|=Ik| (8)

for some reciprocal-lattice vector @. To satisfy (8) it is

» which implies that




|

. | CRITIQUE OF THE BONIFACIO-LUGIATO . ..

sufficient that k=a’ for some reciprocal-lattice vector!!
«', a condition that (7) implies. That is, the condition im-
plied by the BL mode! for superradiance in & crystal is
sufficient for coupling to a Borrmann mode, the propaga-
tion direction of which will be determined by the ratio of
the wavelength A to the atomic spacing d in accordance
with (7).

III. VALIDITY OF THE SEMICLASSICAL
APPROXIMATION

BL show that their model implies two basic conserva-
tion laws. One preserves the balance between emitted ra-
distion and stored energy, and the other preserves the
Dicke cooperation cigenvalue defined in terms of the
time-varying atomic dipole polarization and population
inversion states.

The first law has the form
<4 S 4@ a@)n)+{R; )0
e=~kp L

=~k
where A (ko) is the resonant mode of the internal field, k,
is the vector wave number at resonance, R is the popula-
tion inversion, and X (given by ¢ /2L, where L is the axial
length of the active volume and c is the velocity of light)
is the reciprocal maximum round trip transit time of pho-
tons in the active volume. The brackets { ) refer, as usu-

(A a@)n)], &
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al, 10 the expectation value of the operator that they en-
close, and parentheses ( ) to a functional dependence on
the independent variable thsat they enclose. The second
law, in which R * and R ~ are collective dipole moment:
operators, has the form

d - -
% T [(R*(a)R"(a))n))

amip -t

+{(RIND=(Ry )0 |=0. (10

Any Hamiltonian system would imply the first law.
The second is analogous to and formally identical with
the standard conservation of angular momentum (result-
ing in this case from a collection of pure spin states) when
the total angular momentum is identified with the Dicke
cooperation eigenvalue associated with a collective total
anguiar momentum (spin) operator R, and the angular
momentum vector components are identified with R, and
the rea! and imaginary partsof R *.

The conservation laws are therefore physically reason-
able in their own right. In fact, they appear to be quite
general and could be regarded as essential requirements
for any model based on the collective behavior of identi-
cal two-state atoms.

From their general master equation, specialized to the
case of two identical, independent, single-resonant modes.
BL also derive another equation involving the expecta-
tion values of the atomic and electromagnetic field opera-
tors:

J
(Ry)n+ K+L. (R,)m=—~zﬂe"”’ S R* (@R @n+2{ A @ ataR, 0], au
LLE! v e=ky ~kg

where g, is the coupling constant at resonance, v is the
volume of the active region, and T3 is a time constant
due primarily to inhomogeneous line broadening. The
unknown quantities appearing in Eq. (11} and the two
conservation laws (9) and (10) are the photon number ex-
pectation (A'A), the atomic inversion expectation
(R;), the photon number/atomic inversion correlation
(47AR;), and the fluctuations (R*R "), (R}) of the
atomic dipole/inversion vector components.

Equations (9), (10), and (11) derived from the BL model
do not form a complete 32t of relations for all of the ex-
plicitly involved quantities that must be taken as indepen-
dent in a quantum-mechanical treatment. However, in
the classical approximation the relations

(R1)=(R,)?,
(A?AR))=<A'A)<R3) ’

hold, and they reduce the number of unknowns to 3.
Then (91, (10), and (11) reduce to s differential equation,
similar -to that derived from classical mechanics for the
motion of a pendulum, and a corresponding energy rela-

r
tion which, together, do form a closed system:

3 (A'@raanin=-(gnfe’T

amky ~k, 480
($ 93]

sing(7)=0 ,

én—

2 »
3“)'*‘ 8:”(-1/1‘1

K+
T3

where é(¢) is a modified Bloch angle defined by
(RyX(r)=[1+N cosé(1)])/2 .

With relations (12) and (13), to calculate the population
inversion and the emitted electromagnetic radiation,
given by

(13)

[ ]
1(:)=ﬁ'§-[¢7(n]’¢"” (14
285

as functions of time, is comparatively simple.

Thus, where the classical decorrelations are valid, the
BL model gives a firm footing to a numerically tractable
differentia) equation, permitting straightforward calcula-
tions of the most important quantities associated with
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superfluorescence. The equation includes line broadening
and accounts fully for the effects of atomic stimulation by
the local field, which is due to spontaneous emission by
the initially excited atoms.

Further on. this section will present some numerical re-
sults obtained from the BL model with the aid of approx-
imations from*? tha. unlike the classical, preserve first-
order quantum-mechanical effects. Those results indicate
the presence of large quantum fluctuations during the
time perio. when most of the radiant pulse energy is
emitted. This is somewhat disturbing because the validi-
ty of the classical approximation over any time interval
should depend on quantum fluctuations being small
enough to be neglected during the interval.

In Ref. 12 Bonifacio, Schewendiman, and Haake report
a similar finding derived from an earlier, more primitive
version of the BL model:!"’ one that does not include
stimulation effects. Physically, the earlier model iwhich
is Markovian and is a limiting form of the more sophisti-
cated version as the ratio of the cooperation time to the
photon propagation time becomes large) differs from that
of Ref. 5 by virtue of the fact that the radiated photons
leave the active volume before they can interact with the
atoms. As a result, they follow the atomic state changes
adiabatically and do not produce s ringing effect in the
emitted pulse.

With the earlier model, the authors are able 1o show by
direct calculation'’ that quantum fluctuations are large
when the atomic system is totally inverted initially. But
when the active population is sufficiently large and initial-
ly less than totally inverted, their calculations show that
the fluctuations are small. They also demonsirate that,
consistent with this result, the classical approach is valid
whenever the initial atomic system is less than totally in-
verted.

Although the results in Ref. 12 appear 10 validate the
use of the classical approximation 1o predici spontaneous
cooperative radiation whenever the atoms are not totally
inverted initially, the more sophisticated Ref. 5 model
does not necessarily lead to the same conclusion when
non-Markovian effects are important. This puts the va-
lidity of the semiclassical approach in doubt during the

o

\ .

. 2 t, =rnRTS~Ku-n

p(m.1)=——9-fdse ety =R
v Yo
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time period when most of the radiation takes place.

Unfortunately, the region of validity of the Ref. 5 ap-
proximations, which take into account quantum-
mechanical effects, is itself uncertain, at least for the case
in which the process is non-Markovian. Thus, calcula-
tions based on those approximations cannot be used
directly to assess the accuracy of the semiclassical ap-
proach over the questionable time period.

To take into account quantum fluctuations in the non-
Markovian case, BL make two approximations. One is
the Born approximation which, without some additional
step such invoking the semiciassical decorrelations, does
not lead directly to a closed system of equations for ex-
pectation values of photon and atomic operators.

BL introduce the Dicke states [n,m ), which are eigen-
vectors of the photon number operator 4 ' A and the in-
version operator R, so that

A'Aln,m)=ninm),
Rila,m)=minm) .

In terms of an operator ®(t), which is a projection of the
density operator of the system that leaves the atomic ob-
servables unaltered, BL define the occupation probabili-
ties

pimn=S (n,mi®i)in,m) ,

the photon number expectations

Nim,)=3 (n,m|®(1)in,m) ,
-

and the quantities
Lim,n=Re3 [(n +1}n +2)]'?

X{n+2,m=2|®(Nin,m) .

In the Dicke state representation, the Born approxima-
tion leads at first to a finite system of integrodifferential
equations for the occupation probabilities p(m,?) of the
Dicke state basis vectors |r,m ):

Xigimlp(m,s)—g(m +1)pim +1,5)+[g(m)+g(m +1)]N(m,s)
—g(m+1N(m+1,5)—g(mIN(m —1,5)+g'2(m)g'*(m — 1)L (m,s)
~22'mig"m + 1)L (m +1,5)4+g"2Am +1)g"Am +2)L(m +2,5)] , as

where

(3N'+m)3N'—=m +1) for —{N'Sm <IN’

glm)= 0, otherwise ,

and N’ is the number of emitters. Unfortunately, the number of unknown quantities to be determined from Eq. (15) is
larger than the number of equations in the system. When the authors enlarge the system to include time derivatives of
the unknowns other than the Dicke state occupstion probabilities, the sesulting set of equations is still not closed be-
cause it contains new unknowns, consisting of higher-order moments of the photon and atomic operators. Obviously,
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repeating the process indefinitely will result in an infinite hierarchy of (finite) systems of equations, involving moments
of ever increasing order.

BL observe that a simple way of getting a closed system is to drop the photon number expectation values (but retain
their derivatives on the left-hand side) and all second-order moments from the first set of equations in this hierarchy
that involve time derivatives of just the Dicke state occupation probabilities and the photon number expectations.
However, that procedure should be valid only under conditions that would justify substituting the earlier Markovian
model. It would therefore add nothing new, serving ouly to verify that their earlier model is a limiting case of the more
general non-Markovian model.

Their next step, then, is to keep the equations for which the lefi-hand side involves time derivatives of the Dicke state
occupation probabilities and the photon expectation values and retain the Dicke state occupation probabilities and the
photon expectation values on the right-hand side, but to drop all second-order and higher moments. The result is a
larger, but still closed, system:

—K(t=g)=(1 +0/2T¢

2
p(m.n-—%ﬁfo’m

X{gimp(ms)—gim +1pim +1,5)+(g(m)+g(m +1)IN(m,s)

—gim +1)IN(m +1,5)—g(m)N(m —1,5)} , (16a)

1 L )
N(m.t)--ZKN(m.t)+i‘l-’£ fond."-lu—n—(:ounfz

Xiglm+1)pim +1,5)+N(m +1,5)—-N{m,s)]] . (16b)

Significantly, the equations resulting from this approxi- ~ 500
mation imply a relationship between atomic and photon (a)
operator expectation vajues that is also implied by the ex-
act (i.e., with no approximations) operator equations of
the model. Therefore, the three previously discussed
equations, (9), (10), and (11), follow from (16). In addi-
tion, (16) guarantees conservation of probability: The
sum of the Dicke state occupation probabilities satisfying -
(16) must remain constant over time. This result follows
from the idenuty

)

S gim+1)Fim+1)= T g(mF(m), 0 J
aAm—-—a o 24

s its of tc)
in which F(m) can be any function. time (units of 7c)

Quantum-mechanical fluctuations are responsible for
the triggering of the superfluorescent pulse from the in- 550
verted population. It has been argued that when these
fluctuations are small, classical solutions give good ap-
proximations to the superfluorescent pulse emission and
that these fluctuations are small st the maximum emis-
sion rate.’~ 1

To check this assumption and study the characteristics
of solutions obtained from Eq. (16) we calculated the em-
itter pulse given by

[ (b)

<<R3>>

0
an 0 24

I(tn=3 Nim,1
" time (units of t¢)

and the variance defined as

2y 2 FIG. 1. SF pulse intensity (a) and variance (b} calculated for
Ry I =(R})=(Ry) the system with N =100 (—50<m <50) and K = 10. The ini-
=2 ,,,zp( m,r)—( 3 mp(m,:))2 . (18) tial condition is the totally inverted state with the probability

m \m P(m,0)=0 for ali m except for m =50 for which P(50,0)=1.
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For the calcu'stions we will discuss here we assumed
100 particles so that N = 100 and m varies from ~50 to
+50. We assumed different initial conditions for
the probabilities P(m,t) and values of K to obtain
both pure and oscillatory SF.'* In our calculations we
measured time in units of the cooperation time
7. =(1/goXV/N)'2, Figure 1 shows the result of our
calculations under pure SF conditions with X =10. The
initial probabilities are P(m,1)=0 for all m except
m =30, which give a fully inverted state. Note that the
variance is maximum when the pulse is being emitted
(compare Figs. 1(a) and 1(b)]. These results indicate that
the quantum fluctuations are not necessarily negligible
during the course of the emission process. Also note in
Fig. 2 the shift of the state population from the inverted
state [right side in (a)] at early times t0 the broader distri-
bution at intermediate times (d), (e), and (f) and finally the
ground-state population at higher times (g) and (h).

When we attempt to run the same calculation with
K <2V2 an instability develops: The intensity oscillates
wildly until the calculation blows up. The violent oscilla-

(=)
0.001
E 10-5
E 107
108 \
0 4 ] 8§ 10 12
time (units of sc)
0.001
w 105
£ 107
10-. " N " N N ,
0 2 4 ¢ 8 10 12
time (units of zc)

FIG. 3. Radiative pulse and quantum fSuctustions (variance)

1 Lo aa bt o oo b ot aad o 4 1
15005~ |
24 .
0.1 0.1
3 ] s /1
13 10 [
0.01 +0.01
3
0.001 0.00!
-50 30 -10 10 30 50
m
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tions and blow up can be reduced by starting with the
population closer to the ground state, as shown in Fig. 3,
where the Poissou distribution is peaked at the ground
state M =—30. In Fig. 3 for X values from 0.0269 to
2.69, below the critical value of 2V'2 the emitted pulses
remain stable and the variance is positive. This is not the
case shown in Fig. 4 when the init'+l distribution is
peaked at m = —46 [P(m,t)=1 for m = —46 and zero
otherwise] and K =0.0269, the intensity goes slightly
negative and the variance oscillates between positive and
negative values. With the same initial distribution but
with higher X =2.69 (still less than 2v'2) the single pulse
appears and the variance stays positive as shown in Fig.
S. In Sec. IV we examine the source of the instabilities
and the conditions for their occurrence. We also discuss
s closed-form analytical solution obtained for a system
with two particles.

IV. NUMERICAL INSTABILITY
IN THE BL APPROXIMATION

Because the approximate equations (16) yield the exact
basic conservation laws of the BL model, it might be ex-

(c)

o
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pected that their solutions would be physically well
behaved. However, numerical calculations indicate oth-
erwise.

After a certain time interval, before the emitted puise
reaches its maximum amplitude, quantities derived from
the approximate solution become nonphysical in at least
two respects. First, although conservation of total proba-
bility is still satisfied, individual Dicke state occupation
probabilitics become negative. Second, although conser-
vation of energy is still satisfied, individual Dicke state
photon number expectation values also become negative.

The case in which the number of atoms in the active
volume is limited to two is simple enough to be treated in
detail analytically if inhomogeneous line broadening is
neglected. An investigation of it using the Laplace trans-
form reveals that all states below the maximum Dicke oc-
cupation number (which is two in the case considered) ex-
hibit 2 resonance phenomenon; i.., some of the
transformed solution functions have double poles. In the
inverse transform domain such a function, which would
otherwise be exponential or trigonometric, must have the
time variable as a factor.

In the absence of double poles, when parameters are
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FIG. 3. (Continued).
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such that ringing does not occur, the solution functions
decay exponentially with time. When the converse is
true, i.e., parameters are such that ringing does occur,
the solution functions have factors that are linear com-
binations of trigonometric functions of time. At jeast in
the second case, the additional time variable factor im-
posed by a double pole guarantees increasingly larger os-
cillations with linearly increasing amplitudes that must
eventually produce negative expectation values.

In principle, a similar analysis for an arbitrary number
of atoms could be carried out in the same way, using the
Laplace transform, since the equations can be treated re-
cursively in pairs, no matter what the total number of
atoms may be. Because of the symmetry of the inversion
operator cigenvalues about zero, the coefficients due to
the lower Dicke states will always produce double poles
for the transformed solution functions, just as in the case
of two atoms.

In fact, in Ref. 12 the authors make the same observa-
tion in connection with the earlier Markovian model, i.e.,
that due to this coeflicient symmetry, double poles must
always occur in the transformed solution functions.
However, in Ref. 12 the remark is made in passing,
without noting the consequence that, in approximate
solutions for a more general model, such resonances may
lead to physically impossible negative expectation values.

Equations {16) are approximate relations for the occu-
pation probabilities p(m,1) of the atomic Dicke states
|r,m )and the corresponding photon expectation values
N(m,1) of the radiating electromagnetic field, given a
particular value (N'/2XN'/2+1) for the atemic
cooperation eigenvalue. For the sake of an analytic ex-
ample we now take the “inhomogeneous broadening™ de-
cay time T3 to be infinite. Time is measured in units of
the cooperation time r,; thus, the quantity 2g3/v be-
comes 4/N’.

Along with Eq. (16) the standard initial conditions

N(m,0)=0,

P ['Ig_-o]‘l ’ {19

p(m,0)=0, m< -’:—

will be assumed here. These conditions imply that initial-
ly all N’ atoms are excited and the photon field is in the
vacuum state. Together with (16) they imply that
N(N'/2,1)=0.

Also, with neglect of T3, the solution of (16) can be
found by means of the Laplace transform. Then, setting
p(m,z) and N(m,z) for the Laplace transforms of p (m,1)

and N(m,1), (16) is equivalent to
4 N’
+K? l 2 [:o '

£z=l
FJ 7" s

4 N’
z+2K+z+K N 2 1,2

4 N’ ’
T K lz 1,21+

for the highest m values and

2+

4
z+K
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Ya |— Y@ ——
z2+2K+ T+K Nim —1,2) x_"xp(m.x)
Y. ———
= e N (m,2)
+x 14 ’
2 20)
P Y |
—mN(m 1,2)+ lz+z+x pim,z)
YatYmel | o
Y N(im.z2)
Ymtl —me—— Vet ———
—————— - +
4K Nim +1,2) Kp(m 1,2)
for the rest, where
(m)
Yn- Nl . (2‘)

The quantities N(m —1,2) are naturally matched with
the quantities p(m,2) in Eq. (20} in the recursive pairs,
the quantity N(N’/2,1) already having been found to be
zero identically. The determinant, Det(z), of the matrix
on the left side of Eq. (20) is given by

Ym
z+K

Ve 2

z2+K

__¥m
(z+KP

Det(z)= |2 +2K z+

=2342Kz+2y,, . 22)

Accordingly, the inverse matrix, which can be used to
solve Eq. (20), is given by

2’+Kz+7, Yo
1= Det(z) ' Det(z) 23
Y 243K +2K%y,,
Det(z) ’ Det(z)

The zeros of Det(z) determine whether the solution
pair N(m,t) and p(m,:) for a given value of m oscillate
with a natural frequency that does not depend on the
right side of Eq. (20). If the zeros are both real, those
quantities do not have a natural oscillation frequency; if
the zeros are complex (in which case they occur in conju-
gate pairs) they have a natural oscillation frequency o
given, except for sign which is conventionally positive, by
the imaginary part of either zero.

The zeros are given by

1= —K2VKI=2y,=—K+tVKi-8g(m)//N'. (24)

The condition for a natural oscillation frequency corre-
sponding to a given m is therefore

K <2V3g(mi/N' . @s)

The definition of the :(m) along with (25), to;ether
imply that ringing occurs in the system if and only ift?

K<2\/3

This is a more precise condition for the existence of a
non-Markovian stimulation effect than the Ref. 5 condi-

10

10019

tion, which in terms of the present notation would be
K~1.

If oscillation at & natural frequency @ occurs for some
value m’ of m, then, since the corresponding N(m'—1,1)
and p(m’,s) will contribute to the sources in the equa-
tions for N(m’—2,7) and p(m'~1,¢}, esch of those quan-
tities will also have a term oscillating with the
frequency o, etc. Thus, if there is a natural frequency
again equal to @ for some m <m’, the corresponding
N(m —1,1),p(m,?) will exhibit resonant vibrations.

10
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FIG. 6. SF pulses given by J(t)= 3 T N(m,1) for N'=2 cal-
culated from Eq. (32). In (a) KX =0.03, (b) X =0.3, (c) X =3, (&
K -sn le) K= 50.
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It is evident from (24) that this can occur if and only if
gim')=g(m).

Since

g [%——u =(u+ 1NN —p)

N =g |
‘ 2 ,‘ ‘ 2 V].

if and only if

N'=my+v+] .,
It follows that for any N'>1 and any v such that
O<v<N'~],

¢ v+ 1—%‘- . 26)

E—’-—v -
2 ¢ 4

It follows from Eq. (26) that, if a natural frequency
occurs for some value of m given by N'/2—-v or
v+ 1=N'/2, resonance must occur for some lower value
unless

J 0

ﬁz--—v-vﬂ—!z— . an

Condition (27) is equivalent to

1. W.KAY AND B. BALXKO a

N'=2v+1, 28

30 that to avoid resonance and still have oscillation, N*
must be odd.

Also, on comparing Eq. (26) with Eq. (28), it is found
that this can only occur when m -,-. for which value

lia
2
Then, the natural frequency oscillation condition Eq. (25)
becomes

K<(N'+1W2/N'~VIN'. (29)

To avoid resonance due to the natural frequency for a
larger value of m, the condition

K>2/g(3)/N'=2V(N'+3XN'=1)/2N’ (30)

N'+1

gim)=g 3

must be satisfied.
In summary, the only case in which ther: ‘e oscil-
lation of the system but no resonance occurs en

VUN'+3IKN'=1)/N' <K <(N'+1)V2/N'. (3D)

The case of N'=2 provides an example for which the
explicit analytical results are reasonably simple. On ap-
plying the matrix inverse Eq. (23) to Eq. (20) and invent-
ing the Laplace transforms obtained thereby, the follow-
ing solutions are obtained:

S |
N(1,0)= ()p(l.:)*8 ze X[1—cos(V8-K i:+¢)],
where

. vi—-x? 1
,.,,-L_!‘_‘!_, m-!‘Ti.
Non=< ,e"’(l-eos\/a- K],
m-x.n-‘ra—_%;-,,-e"'n-eosx/s-xix—\f(s—xf)msinVs-x*:] , 32)
p(o.t)cgN(-l.r)+—4—c"' V(8~-K*)2sinV8-K*1

] (8~K2P

- [8-—2K toosVi—Kir+ 8K

pl—=1,0)=1—p(0,1)—p(l,1).

b?i: last equation comes from the conservation of proba-
ility

Spiman=1,
-

which follows identically from Eq. (16) and the assumed
initial conditions.

The emitted pulse is given by the sum of the individual
photon contributions as in Eq. (17). Figures 6(a}-6(e)

1

umvs— ir

I

show some calculated results from Eq. (32). These results
compare well with the calculations obtained using the
previous numerical methods of solving (16) for the same
input parameters.

V. CONCLUSIONS

The BL mean-field model of superfiuorescence due to
an array of identical two-level atoms has an important
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advantage not shared by other, more recent and more
comprehensive models. It deals quantum mechanically
with emitters in a crystal lattice, which is the most likely
structure for the y-ray laser.

The model can be applied to a similar structure com-
posed of nuclear emitters that radiate electromagnetic en.
ergy at wavelengths smaller than the interatomic spacing.
It predicts that superfiuorescence in this case is possible
only at wavelengths satisfying conditions that are
sufficient for Borrmann coupling to occur. However,
since the BL model is one dimensional it cannot distin-
guish among the various Borrmann modes that Trammel,
Hutton, and Hannon'® have discussed in connection with
a three-dimensional crystal.

Solutions of the BL model will approach a classical
limit some time after superfluorescent radiation begins;
however, in some cases the early time during which the

10021

classical approximation remains invalid lasts until after
the peak of the radiated pulse has emerged. On the other
hand, it is found that in some cases the iteration process
used to approximate the quantum-mechanical solution.
which is required during the early stages of the emission
process before the classical limit provides a valid approxi-
mation, can, itself, be invalid because of a numerical in-
stability inherent in the process.
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Abstract

A theory of nuclear superfluorescence (SF) based on the Haake-Reibold model for the
atomic case is presented. Certain modifications of the model make it possible to take into
account some effects that are more important in nuclear than in atomic SF: attenuation,
competing transitioaus, finite pumping times, and both homogeneous and inhomogeneous line
broadening. Results of some explicit caiculations illustrate the influence of these effects on the
radiated pulse. Similar calculations are used to examine the feasibility of observing SF using the
58.6 keV transition in “Co.

L Introdyction

Superfluorescence (SF) (Refs. 1-4) is an example of the spontaneous, cooperative emis-
sion of coherent radiation by a collection of identical molecules, atoms or nuclei. Intense,
directed pulses of duration much shorter than the spontaneous emission (SE) lifetime of an
individual radiator characterize the radiation, which has been observed experimentally for atoms
and molecules (Ref. 2), e.g., in CH;F, HF, Na, Ca, T1, KC, Sr, and Li. Existing theoretical
models (Ref. 2) have successfully explained the observations.

However, thus far no one has reported an observation of nuclear SF, nor have the theor-
etical models used to analyze the corresponding nuclear phenomena been adequate. This is
unfortunate since SF (Refs. S, 6) will probably be the most important emission process in a y-ray
laser operation. The emission time of a cooperative pulse is inversely proportional to the
number of cooperating emitters, and is therefore likely to be much shorter than the natural

. nuclear lifetime. Also, the peak intensity of the radiated pulse will be proportional to the square
of the number of cooperating emitters and therefore much larger than the intensity of the inco-
herent SE, which is just proportional to the number of emitters.

This paper takes into account certain experimentally achievable parameters that are more
important for nuclear than for atomic SF. Its theoretical treatment is based on the Maxwell-
Bloch equations introduced by Haake and Reibold (Ref. 7) to treat superfluorescent phenomena
in multi-level systems, but modified here to include most of the important nuclear effects. We
apply the theory to a real nucleus, “Co, created by thermal neutron irradiation of #Co, and show
under what conditions nuclear SF is possible in this system.
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1. The Haake-Reibold Mode! for Nuclear Superfluorescence

Fig. 1 depicts the Haake-Reibold model for SF, including some parameters that cannot be
neglected in the nuclear case. As indicated in the diagram on the left, level 4 decays at the rate
y in a pumping process that populates level 3. The inverted population of level 3 then decays
with the rate T" to the ground state at level 1, collectively emitting SF radiation that is proportion-
al to the square of the population. Appearing on the right, the Maxwell-Bloch equations govern
the relation between the populations N,, N3, N, of the three levels, the electric field E2,the col-
lective polarization R#, and the source term £2, all of which are functions of distance and time.!
In general, the electric field satisfying the equations is a pulse propagating from left to right.

aN,
= =W,
Ng 7 igl = (E‘Rf«bEi’) -T N+,
Ny :;l =+ (B‘R*-f E’R’-) +T N3
v I S L L ety

L - gor*- Jue®,

The unit of time is

8nzy
322l

where | is the cavity length, A is the wavelength of the emitted photon, 1, is
the natural radiative lifetime, and p is the density of cooperating nuclei.

tng

Figure 1 The Haake-Reibold Model

In the Maxwell-Bloch equations t represents retarded time, so that the last equation
implies an electric field propagating from: left to right. Also, the source term &* represents noise
due to fluctuations of the vacuum and is therefore a stochastic quantity, the properties of which
Ref 8 derives using a quantum electrodynamic argument.

'These quantities are quantum mechanical operators, but because the source term becomes
negligible after a short time and the other operators all commute with each other, they can be
treated as c-numbers and identified with their expected values.
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The SF model depicted in Fig. 1 includes the following phenomena, all of which are
important for the nuclear case: electromagnetic attenuation, natural decay, competing transitions,
homogeneous and inhomogeneous line broadening, pumping rate, and relaxation. Various
parameters appearing in the Maxwell-Bloch equations account for these phenomena and
determine their ultimate effect on the system radiation.

As indicated by the first equation, the reciprocal of y is the effective pumping time. The
form of the second equation shows that I" is the natural decay rate. A quantity g in the last
equation obviously causes attenuation of the propagating electric field.

The homogeneous line broadening mechanism differs from that of the inhomogeneous
broadening. The fourth equation indicates that the quantity I',, which represents dephasing
associated with homogeneous line broadening, simply adds to the effect of the natural decay.
However, the function g(t) in the last equation is responsibie for taking into account inhomoge-
neous line broadening. The form of g(t) depends on the statistical distribution of frequencies w,
associated with random dephasing factors contributed at a particular location by photons emitted
at other positions x; along the active region. If the distribution is Lorentzian g(t) has the form

L
g) =gee 2.
The quantity g, is the coupling constant relating the electric field to the polarization.

II. Predictions of the Modified Haake-Reibold Model

Using a Monte Carlo procedure to simulate the stochastic source =, numerical solutions
of the Maxwell-Bloch equations in Fig. 1 lead to the curves given in Figs. 24, which illustrate the
effect of attenuation and line broadening on the radiated SF pulse. Fig. 2 shows how the peak
intensity and the delay time of the peak vary as functions of p for a cooperation number N equal
to 10°. Fig. 3 illustrates the effect of homogeneous and inhomogeneous line broadening on the
SF pulse shape, using curves representing intensity as a function of time for this purpose. Fig. 4
shows the delay time as a function of homogeneous and inhomogeneous broadening. The figures
use a parameter a equal to the ratio of Ty to the natural decay rate " and a parameter b equal
to the ratio of Ty to T as convenient measures of line broadening.

Ref. 9, reporting on observations of combined SF and ampliﬁed spontancous emission
(ASE) produced by a KCl:O-, atomic system, gives experimental curves showing the effect of line
broadening on the delay time of emitted pulses of both types. Caiculations based on the Haake-
Reibold model used to predict SF and ASE agree quite well with the Ref. 9 results when reason-
able values are chosen for parameters that could not be measured or otherwise determined.

Unfortunately, no one has yet reported a similar experiment involving nuclear rather than
atomic emissions. However, Ref. 10 gives a list of candidates to replace KC::O-; in such an ex-

periment, one of which is “Co prepared in the excited isomeric state by thermal neutron pum-
ping of #*Co.

Aside from this pumping mechanism, other advantages of ¥Co are: (1) its lifetime, 906

91
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sec., which would allow long pumping times for population inversion and therefore would involve
achievable thermal neutron fluxes; (2) the fact that its natural lifetime is, nevertheless, relatively
short; (3) its relatively good Mdssbauer effect; (4) its low losses due to such factors as internal
conversion and electronic attenuation.
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Table 1 gives the characteristic atomic and nuclear parameters associated with a single
%Co nucleus. It omits inhomogeneous broadening since that phenomenon involves multiple nuc-
lei. In fact, the only estimates of inhomogeneous broadening in connection with a long lived,
Massbauer effect isotope that are available in the literature are for 'Ag (Ref 11) and *®Ag
(Refs. 12-14) and are based on self-attenuation measurements. The earliest estimates of the in-
homogeneous broadening parameter a were of the order 10, but more recent ones (Refs. 13, 14)
are much smaller, ranging from 30 to 200.

Table 1 gives 12 cm™ for the electronic attenuation p. However, exploiting the Borrmana
effect in a single crystal can reduce that value to -0.01 cm™.

In a generic example, Fig. 5 compares the “Co SF intensity as a function of time, calcul-
ated by means of the Haake-Reibold model, with a similar calculation of the SE. It shows the
sumber of photons emitted per sec per nucleus for both cases separately and combined. Whe-
ther the SF is detectible in an experiment will depend on whether the disturbance it causes in the
combined SF and SE is measurable.

If the fluorescent material is a single, acicular shaped crystal the SF will radiate in an
endfire mode in a narrow beam, with a high gain relative to an isotropic radiation pattern charac-
teristic of SE, due to natural decay. If the diameter d of the active region is related to its length
1 and the wavelength A by the Fresnel condition

d=yai

for a minimum beamwidth B, i.c., angular divergence due to diffraction, the beamwidth is given
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Table 1
Characteristic Parameters for “Co
| Wavelength on resonance 024 (2 x 10* em) A
| Nawral lifetime 628 sec %
I Recoilless fraction 0.304 f
l Linear attepuation coefficient 12 cm*? M
Interval conversion coefficient 483 «
Particle deunsity (in solid form) 897 x 102 cm* [
Thermal neutron Cross-section #Co+n ~ "‘Co 20 barns o,
- =
0.02 0.018
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Figure 5 Comparison of Spontaneous and SF Photon Emission from Inverted ¥Co System
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If the SF beamwidth is 5x10* rad, which corresponds to a solid angle of 6.25 x 10*x
sterad, the gain relative to an isotropic polycrystalline radiator will be -6.4 x 10°. Neglecting
inhomogeneous broadening and attenuation, Table 2 gives the normalized photon emission rate
for both the case of a polycrystalline sample, labelled Experiment A, and a single crystal, labelled
Experiment B, for different values of the thermal neutron flux used to pump the #*Co nucleus.

An examination of Table 2 shows that in the B experiment for a thermal neutron flux of
2.1 x 10" cm%sec”! the pumping rate y creates an SF photon emission rate in the direction of
maximum radiation 100 times higher than that of the coexisting SE. This implies that a thermal
neutron flux not much less than 2 x 10" is needed to observe SF in the 58.6 keV transition of
“Co, when both the inhomogeneous broadening effect is small and the Borrmann effect is strong.

Table 2
Predictions for “Co Experiments
Total Count Ratio
SF/SE
Experiment A Experiment B
lycrys Single crystal
Po tal acicular rod
Case J = 21 x 10Fcm%ec o
1]lazob=0p=o0 29 19 x 10
Case J = 21 x 10%cm%ec?!
2 | a=50b=0p=0 10+ 6.4x 10°
Case J =21 x 103cm%ect
3 a=20b=0 p=12cm? 8.6 x 10¢ 55 x10¢
Cas J =21 x 10Vcm%ect
4 1a=0ob=0p=0 o Lex10? 100
S — ——
IV. Conclusions

The suggested experiment with “Co as a source of nuclear SF appears to be feasible.
The thermal neutron pumping flux required to prepare the isomer in its inverted state is of the
order of 10'’neutrons cm-sec!, which is within reach of existing technology®. Analyses similar to
that presented in this paper applied to other candidates, perhaps involving other pumping meth-
ods, may uncover even more promising nuclear SF sources.
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L Inmoduction

Superfluorescence (SF) (Refs. 1-3) is an example of the spontaneous, cooperative
emission of coherent radiation by a collection of identical molecules, atoms or nuclei. Intense,
directed pulses of duration much shorter than those due to the spontaneous emission (SE) or
amplified spontaneous emission (ASE) pulses characterize the radiation. The emission time of a
€00 ive pulse is inversely proportional to the number of cooperating emitters, and is therefore
likely to be much shorter than the natural lifetime. Also, the peak intensity of the radiated pulse is
proportional to the square of the number of cooperating emitters and therefore much larger than
either the intensity of the incoherent SE, which is just proportional to the number of emitters, or the

intensity of ASE. Although the kinetcs of stimulated y-radiation has been discussed in the

literature (Ref. 4, S, 6), nuclear SF, which may be the most important process in a y-ray laser
operation, has not been adequately treated.

SF has been observed for atoms and molecules (Ref. 2). Existing theoretical models (Ref.
2) have successfully explained the observations. It has also been observed experimentally in
atomic and molecular systems that as the dephasing rate between the emitters increases, the SF
pulse shape changes into a characteristic amplified spontaneous emission (ASE) pulse shape: the
peak shifts to longer times, the pulse width increases and intensity becomes proportional to the
number of emitters. However, thus far no one has reported an observation of nuclear SF, nor

have the theoretical models used to analyze the corresponding nuclear phenomena been adequate
for predicting whether nuclear SF is possible.

In this paper we present a theory of nuclear superfluorescence (SF) based on the Haake-
Reibold model for the atomic case (Ref. 7). Certain modifications of the model make it possible to.
take into account some effects that are more important in auclear than in atomic SF: atnenuation,
competing transitions, finite pumping times, and both homogeneous and inhomogeneous line
broadening. Results of some explicit calculations illustrate the influence of these effects on the
radiated pulse. An extension of this theory can be used to model ASE and the transition from SF
to ASE as a function of the dephasing rate (homogeneous and inhomogeneous broadening). To
check the validity of our model we compared calculated pulse shapes with published experimental
results obtained with KCl1:0; (Ref. 8) in the SF and ASE regimes and the transition region. Asa
final example, we apply the theory to a real nucleus, 60Co, created by thermal neutron irradiation
of 39Co, and show under what conditions nuclear SF is possible in this system.

Fig. 1 displays the Haake-Reibold model for SF, including some parameters that cannot be
neglected in the nuclesr case. The diagram on the left shows the level scheme and the transitions
assumed in this paper. The Maxwell-Bloch equations on the right govern the relation between the

populations Ny, N3, N; of the three levels, the electric field E?, the collective polarization R%,, and

the source term &, all of which are functions of distance and time. The real time and space

coordinates are normalized to the superfluorescence time and cavity length, respectively. The
superfluorescence time is given by

tsr = 8 xTo/3A2pl ;
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1 is the cavity length, A is the wavelength of the emitted photon, t is the nawral radiative lifedme,
and p is the inversion density of cooperating nuclei.

m‘
=W,
N

' == (ERER) -TN N,
N

" =+ (ERER)+TN,
s
r u %— =N E- e Rttt

E . qon™- Jue’,

Figure 1. The Haake-Reiboid Model

In the equations t represents retarded time, the source term &* (a stochastic quantity)
represents noise due to fluctuations of the vacuum the properties of which Ref. 9 derives using a
quantum electrodynamic argument. The SF model, as indicated in Fig. 1, includes electromagnetic
attenuation, natural decay, competing transitions, homogeneous and inhomogeneous line

broadening, pumping rate, and relaxation. The reciprocal of ¥ is the effective pumping time, I" is
the natural decay rate and | causes attenuation of the propagating electric field The homogeneous

line broadening mechanism differs from that of the inhomogeneous broadening. The quandty Iy, -
which represeats dephasing associated with homogeneous line broadening, simply adds to the
effect of the natural decay while the function g(t) takes into account inhomogeneous line

broadening. The form of g(t) depends on the statistical distribution of frequencies ; associated
with random dephasing factors contributed at a particular location by photons emmed at other
positions x; along the active region. If the distribution is Lorentzian g(t) has the form

8(t) = go exp (- I'e2)
g0 is the coupling constant relating the electric field to the polarization.

Using a Monte Carlo procedure to simulate the stochastic source £, numerical solutions of
the Maxwell-Bloch equations in Fig. 1 demonstrate both the zttenuation i and the line broadening

g or 'y, Inhomogeneous broadening has a more drastic effect on the line shape than
homogeneous broadening for the same amount of broadening.

Ref. 8, reporting on observations of combined SF and amplified spontaneous emission
(ASE) produced by a KCl 0; atomic system, gives experimental curves showing the effect of line
bmadenmgonthedehyumeofemmedpulmofbodxtypu. We performed calculations based on
the Haake-Reibold to compare with the experimental results. Reasonable values were chosen for
parameters that could not be measured or otherwise determined.

In the Haake-Reibold (Fig. 7) model the stochastic source term is proportional to the
pumping rate Y and decays exponentially with the rate y. This source, &* generates SF pulses
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agreeing with experimental results in the SF regime but not in the ASE regime. In the ASE regime
a stochastic source with y replaced by I, the spontaneous lifetime of the excited state, provides
agreement with experiment. Altemnatively an incoming pulse at the left end of the active region
with an amplitude decaying at the rate I can be used to model ASE.

Figure.2 shows the comparison of the theoretical calculations with the experimental data for
five different temperatures (Ref. 8). The result at 10K which we assumed to be due to pure SF

was used to determine the size of the active volume or cooperation number N and the SF time tgg.

The rest of the calculated results were obtained using N-10°. an inhomogeneous broadening of 400
times the natural line width and homogeneous broadening determined by the respective

temperatures as shown in the figure.

In Figure 2 the experimental pulses shown are reproduced from Ref. 8. The solid curves
give the calculated results obtained with tsg = 1.82 ps. The dashed curves represent calculated
results with tsg doubled.

a) ©©
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Figure 2 Experimental and Theoretical SF and ASE pulse shapes from KCi:0°2

Calculations based on the Haake-Reibold model used to tpmdxct SF and ASE agree quite
well with the Ref. 8 results when reasonable values are chosen for parameters that could not be
measured or otherwise determined.

Unfortunately, no one has yet reported a similar experiment involving nuclear rather than
atomic emissions. However, Ref. 10 gives a list of candidates to replace KCl:0-; in such an
experiment, one of which is 60Co prepared in the excited isomeric state by thermal neutron
pumping of 39Co.

Aside from this pumping mechanism, other advantages of 0Co are: (1) its lifetime, 906
sec., which would allow long pumping times for population inversion and therefore would involve
achicvable thermal neutron fluxes; (2) the fact that its natural lifetime is, nevertheless, relatively
short and thus its coupling with the electromagnetic field relatively strong; (3) its relatively good
Mbosbauer effect; (4) its low losses due to such factors as internal conversion and electronic
attenuation.
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Using characteristic parameters for 6é0Co and the thermal neutron cross-section for
preparing 60Co from 39Co we calculated the SF pulse intensity for different values of
inhomogeneous and homogeneous broadening and different thermal neutron fluxes. Assuming an
angular shape for the active material we compared the SF intensity in an end fire mode with the
natural decay component along the axis. We found that for a thermal neutron flux of 2.1 x 1017

cm-2sec-! the pumping rate y creates an SF photon emission rate in the direction of maximum
radiation 100 times higher than that of the coexisting SE. This implies that a thermal neutron flux
can be used to observe SF in the 58.6 keV transition of 60Co, when both the inhomogeneous
broadening effect is small and the Borrmann effect which reduces the attenuation in certain
directions in a crystal, is strong. Reactors providing such thermal neutron fluxes have been
designed and may become available (Ref. 9, 10).

. Conclusions

The Haake-Reibold model for SF has been generalized to treat nuclear SF and ASE. A
comparison of theoretical results with experimental pulses obtained from KCl:0; gives good
agreement for atomic SF, ASE and the transition region. This agreement with experiment justifies
;o;_ne confidence in the model for predicting the conditions required for the occurrence of nuclear

The suggested experiment with 60Co as a source of nuclear SF appears to be feasible. The
thermal neutron pumping flux required to prepare the isomer in its inverted state is of the order of
1017 neutrons cm-2sec-!, which is within reach of existing technology. Analyses similar to that
presented in this paper applied to other candidates, perhaps involving other pumping methods, may
uncover even more promising nuclear SF sources.
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In 3 recent paper [R. Coussement et al., Phys. Rev. B 45, 9755 (1992)] it was suggested that for a
long-lived state that can undergo s Mdssbauer transition, if the homogeneously broadened width, rather
than the natural width, exceeds the solid-state-induced inhomogeneous width, it should be possible to
observe resonant emission and absorption. On the other hand, it is expected that the probability of ab-
sorption from a spectral distribution of total width I should be proportional to I, /T, where I, is the
radiation width of the absorbing nucleus. Generally [ is expected to be larger than I, because of the
possibilities of internal conversion. transitions between magnetic sublevels, etc., all of which contribute
to homogeneous broadening and should reduce the Massbauer effect. The present Comment addresses
questions of principle. mathematical assumptions, and other aspects of the work of Coussement ¢! al.
and demonstrates that a correct statistica! treatment recovers the conventional more stringent require-

ment on the broadening.

Coussement er al.! have argued that the usual criterion
for the observation of Mdssbauer self-absorption is too
pessimistic: "It is merely sufficient for the inhomogeneous
width (or detuning distribution) to be small compared
with the width of the Fourier spectrum of the fluctua-
tions, rather than with the natural linewidth.” However,
this conclusion is in error, due primarily to an incon-
sistent treatment of the random factors in the wave func-
tions. While we have a number of other problems with
the details of their treatment, they are incidental to our
central point. We shall therefore accept their initial as-
sumptions and demonstrate that a correct statistical
treatment recovers the conventional, more stringent re-
Quirement on the broadening. In the second part of the
Comment we demonstrate the distinction between the
overlap of spectral lines and the resonant absorption of a
spectral line and show that contrary to the contention of
Ref. 1 complete overlap of lines does not guarantee a
strong Massbauer effect.

According to Ref. 1, Eq. (8), the probability that a
transition has taken place is proportional to the following
integral. (The amplitude factor is omitted for simplicity.)

- g~ 2
PTBw= | [ Tdr pinigene |7, M

where 5@ *=wy—ax is the energy difference in the absence
of the random fluctuation factors f(z) and g (1) for the
emitter and absorber, respectively, and I, is the natural

0163-1829/93/48(21)/16139(3)/306.00 48
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linewidth of the Mdssbauer transition. The distinction
between the natural linewidth T, the total linewidth I",
and the radiative linewidth T, is not made in Ref. 1 and
thus the physical result we derive here is notationally for-
bidden in Ref. 1. In Ref. | the energy difference dw is de-
scribed as due to the detuning but, as will be discussed
below, a more general interpretation is possible. Refer-
ence | then considers an average rate defined by

PT*8T(50)—PT(Bw)
AT '

where AT is long compared to the fluctuation time scale
of f(t} and g(¢) but short compared to the nuclear life-
time. Under these conditions the temporal average impli-
cit in the ratio of the above expression should be
equivalent to computing the ensemble average of PT(5w).
If the rate for intermediate times is then desired, the rate
is just given by the derivative of P7(8w). We will there-
fore concentrate on a correct evaluation of the probabili-
ty P7(8w). Rewrite PT(5w) as

R7(bw)= 2

T = T,.rT o, "ne e
PT(5w) fo dr j’o de £ )g(e')g (0

=T U+ )1=idutt~1")

Xe (3)

Taking the ensemble average over the random fields /
and g and assuming them to be independent and station-
ary (as in Ref. 1) one has
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PTisw)= fordz'ford:[I]'I’+C,(:—t')]
xR+ =)

x‘-r_u'on-iu:-n , @
where  and 7 are the ensemble averages of /() and g (1)
(F=E(f), §=E(g), where E( ) denotes the expectation
value over the random perturbations)* and C s and C, are
the two-point correlation functions.’
Denoting the Fourier transforms of C, and C, by Flw)
and G(w) and defining Q(w) to be the convolution of
Flw) and G —w), Eq. (4) can be written as

PT(dw)

_ rdwy, . 1=2cos{(dwtwITle” " +e T
“I—W(wl 2 »
2 r+o+o?
(Sa)
with
W(w)=0(w)+|FI26(—w)+|F*Flw)
+2r8()| FIPIE1R . (b

Thus. the resulting probability is a weighted sum of stan-
dard terms, which reduce to Lorentzians for large T, the
first term persisting even if the average values of f(¢) and
g (1 are zero.*

Equation (5a) can be simply evaluated for distributions
of interest. For example, if we assume that the average
values of f(¢r) and g(r) vanish and the autocorrelation
functions are exponential with time constant 1/4., then
for large times,

1 r,+a

Pbw)= — —————— (6
[, (8wP+([,+4A)

When the broadening due to the random fiuctuations, 4,
is small compared to the basic linewidth, the unperturbed
Lorentzian line shape is recovered. On the other hand,
for large A, the probability at the peak 8@ =0 is inversely
proportional to ", A.

A similar result is obtained if 8 Gaussian autocorrela-
tion function is assumed. In this case, we have®

1

P(Sw)=V /2 T2 Re[expiz)erfelz)] , (7a)
»n

I, +isw "

H ‘/EA » (7b)

where A is the standard deviation of the Gaussian distri-
bution of Q(w). The behavior of this expression is more
complicated than that of Eq. (6) but it has the same limits
for large and small A. Similar expressions can be ob-
tained for finite values of T.

For both the exponential and Gaussian distributions,
the price paid for the homogeneous broadening is that
the absorption rate on resonance is decreased from the
unbroadened case, by the same factor as the increase in
width, with the probability inversely proportional to
I'.A. In contrast, the probability given in Ref. 1 would

28

COMMENTS a3

be inversely proportional to 3.

In Ref. 1, 3w is described as the detuning of the emu:-
ting and absorbing states. It refers to one pair of an at-
sorber and emitter with slightly different resonance enc:-
gies. The interaction between the nucleus and its envi-
ronment is different at different lattice sites in the crysta!
This provides a distribution of resonant energies and 1~
the source of inhomogencous broadening. The final re-
sult for the probability of absorption would require an in-
tegration over w to obtain the effect of inhomogeneou:
broadening. In this case, A represents a random broaden-
ing separate from the fundamental inhomogeneou:
broadening. The distribution of the inhomogeneou-
broadening detuning terms is not discussed in Ref. :
However, it is easy to see within the formalism given her:
that if the distribution of inhomogeneously broadene.
states is of the same form as the correlation function use.

. for f(¢) and g(1), then the result is of the same form a:

given above with an increased value of the broadenin:
term:

Amal=A1+Amm ’ (8

where A, is the homogeneous broadening due to the fluc-
tuation f (1). The value of dw [Egs. (6) and (7)] after suc*
an integration would be any remaining energy differenc.
between the mean energies of the inhomogeneous!-
broadened states, for example, that given by any Dopplc-
shift between emitter and absorber.

On the other hand, one can use the formalism giver
above to represent the inhomogeneously broadened term:
directly. For a set of fixed states with energies shifted b;
€. the ensemble average has the interpretation of a surr
over the possible £ states of the emitter and absorber anc

gt =1) (.

Colt=11=3 pleyde
k

representing a discrete sum of individual unbroadene:
lines. Note that this form of the correlation function i:
not necessarily real. Assuming the forest of lines to bc
essentially dense, using either an exponential or Gaussia-
distribution for ple, ) and replacing the sum by an ir-
tegral reproduces the results given in Eqgs. (6} and (7) wit:
A representing the inhomogeneous width and dw bein.
the difference between the means of the emitting and at-
sorbing states (typically, the Doppler shift).

These additional considerations do not support th
Ref. 1 conclusion that homogeneous broadening due 1.
relaxation increases the recoilless self-absorption in th.
W9 Ag,; experiment, even though overlap of lines may t-
achieved. Overlap of lines is not a sufficient condition fc-
a strong resonant absorption effect as the authors of Re”
1 claim. A vanishing effect might be expected on pure!.
physical grounds in the limit of large homogeneou
broadening even as the overlap between the emission lin.
and the absorption line increases.

An illustrative model that distinguishes between th
overlap of spectral lines and the probability of emissic-
followed by absorption consists of two Lorentzian linc
with a common (unperturbed) resonance energy E, and
common total width I, which are displaced from cav
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other by 28. The overlap of these two lines is given by

‘ -
Ars)=[dEnE+ [JdELE, (0w
. )
where
1, ,(E)= (L27) (10b)

(E=Eo=bP+(I'/2¢
Performing the integration yields
AT 8)=1—(2/rnan"'26/T), (11

in the limit ['— e, the limit of large homogeneous
broadening, the area A(I,8)—1 and complete overlap
obtains. This result, however, does not imply that there
is a strong resonance effect.

The resonance effect for a nuclear emission process fol-
lowed by an absorption process is given by

1T 27)
(E=Ey+8F+(r /2P

ool ,[/4
(E=E,=8P+(F/2» "’

R(r,r.8)=[" dE

12)

where the resonance energies are displaced from each
other by 28. The first Lorentzian represents the beam
profile and is normalized to unity so that the beam inten-
sity is given by Ip. The second Lorentzian represents the
scattering or absorption of a photon with a radiation
width for the process I, a total width T, and o, is the
on-resonance cross section A2/, +1)/[2m2L, +1)1
+al], with 1, (1.} the excited- (ground-) state spin, the
internal conversion coefficient is a, and A is the nominal
wavelength of the radiation.
Performing the integration of Eq. (12) yields

lyog ry 1
R(r, r.é= —_— . (13
4 2 | T |1+028/TP

Increasing the detuning, 5, decreases the resonance effect.
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For a large detuning, § >> [, and for minimal homogene-
ous broadening '=T,, and thercfore R(T T, 5)
=T1/6%<<1. Asthe homogeneous broadening increases
the resonance effect increases, but even at the maximum,
=25, is still small since R(I,.26,8)=T,/8<<1. In-
creasing the homogeneous broadening beyond I' =25 de-
creases the resonance effect unless I, is identical with T,
i.e., unless the transition of interest is responsible for the
total width and T, is assumed not 1o be constant. This is
not a realistic assumption, however, since in nuclear sys-
tems of interest the total width is usually dominated by
internal conversion and other processes while the radia-
tive width is only a small part. Not making a distinction
between I, and [ in Eq. (13} has the same effect as using
the overlap in Eq. (11) to calculate this resonance effect.
Alternatively, introducing T, for T in the numerator of
{10b) reduces the overlap in Eq. {11) by the factor T /T
Since we can hardly change the radiative width ', of a
nuclear transition but we can easily change the total or
homogeneous width, it is important to keep these distinc-
tions clear in the analysis.

To model the inhomogeneous broadening the integral
over appropriate distribution of the detuning parameter &
in Eq. (13) must be taken. In another paper’® the result is
shown to be the error function of Eq. (7a) multiplied by
the appropriate factor. When magnetic sublevels may re-
lax among themselves, increasing homogeneous broaden-
ing increases the relaxation rate and ' but does not alter
[,. In the limit of infinite homogeneous broadening, the
total width ' — «, and although the last factor on the
right in Eq. (13) tends to unity, the ratio I', /T'—0. This
result remains valid when the present treatment is gen-
eralized.

In another paper,’ we present a genera! treatment of
the emission and absorption of photons by nuclei with in-
homogeneously broadened linewidths. This treatment,
based on the results of Boyle and Hall® and Heitler’ is
more appropriate for the analysis of Mdssbauer experi-
ments with isomeric nuclei.

R. Coussement, G. S'heeren, M. Van Den Bergh, and P. Bool-
chand, Phys. Rev. B 45, 9755 (1992).

INote that Ref. I has an inconsistency in the treatment of E(/f)
and E(g). It is implied that the average of f and that the
average of the magnitude-squared of f(z) are both unity
[E(f)=1 and E(ff")=1). This cannot hold unless f is
identically one. If one were to assume as in Blume and Tjon
{Phys. Rev. 165, 446 (1968)) that f (1) and g () were random
phase functions, i.e., that f{r)=exp[i@(s)], the latter condi-
tion would hold identically and one might expect E(f)=0.
For the purposes of this comment the precise value of E(/) is
unimportant.

30ne expects the correlation functions to be real for random

29

homogeneous broadening but there is no loss in assuming
them to be complex; the difference expressed in Eq. (4) corre-
sponds to the difference between emitting and absorbing sites.

4If the correlation functions C, and C, are real, F, G, and Q are
even. In any event, £, G, and Q are always real. The use of
G{—w) in contrast to F{w) reflects in Ref. 3 the effect at em-
itting and absorbing sites.

SB. Balko, L. Cohen, D. A. Sparrow, and J. F. Nicoll (unpub-
lished). See also B. Balko, G. Herling, 1. W. Kay, and J.
Nicoll (unpublished).

$A. J. F. Boyle and H. E. Hall, Rep. Prog. Phys. 25, 44 (1962).

TW. Heitler, The Quantum Theory of Radiation, 3rd ed. (Ox-
ford University Press, London, 1954).
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The physical assumptions made to calculate resonant absorption for the nuclear transitions from
long-lived isomeric {r> | ms) states by Coussement et al. [Phys. Rev. B 45, 9755 (1992)] differ qualita-
tively from those made to caliculate nuclear resonant absorption for transitions from the coaventional
short-lived (r <0.1 ms) states. It is for this reason that one cannot mathematically deduce the resonant
fraction for the case of the long-lived states by mere extrapolation of the formulas from the case of

short-lived ones.

In our paper' we have claimed that the Mdssbauer
effect in long-lived nuclear states (7> [ s) will be possible
if the inhomogenecous width (I,,,) is less that the homo-
geneous or relaxation width (T, rather than the natural
width (I,). Our claim in this context concerns
specifically (a) long-lived states and (b) with both the
source and absorber matrices homogeneously broadened
by fluctuations. In Massbauer spectroscopy with conven-
tional short-lived nuclear states (r<1 pus), it is well
known that to observe the resonance effect, the inhomo-
geneous width I, should be less than I, representing a
more stringent requirement, which we clearly accept. We
believe that in their Comment, Balko er al.? argue that
our claim of the less stringent requirement, viz,
[ <T,, to observe the Mdssbauer effect in long-lived
states is actually in error due to an inconsistent treatment
of random factors in the wave function. Balko er al.?
claim that if the algebra is done right, one recovers the
more stringent requirement, viz., I',,, <[, to observe the
Mossbauer effect in long-lived isotopes as well. We
disagree with this conclusion. We would like to address
the issue in two parts, at first conceptually and then
mathematically.

Conceptually, the requirement to observe the
Mossbauer effect in Jong-lived states differs qualitatively
from the case of short-lived ones, because of the widely
different temporal behavior of the resonant absorption
process in the two cases. In the long-lived case (r ~
seconds), as we indicated in our paper, the interaction of
the electromagnetic (EM) field with nuclei (fi/r =
10~ "%eV) becomes much weaker than the interaction of
nuclei with its environment (5/7, =107 ¢V) in a crys-
talline solid. This implies that during the long time that
nuclear resonant absorption occurs, nuclei in a crystalline
solid will have ample opportunity to exchange energy
with their environment, and one expects the detuning
width or resonance width to be homogeneously
broadened by a characteristic relaxation time 7, (of order
of few ms) of the ensemble. The absorption effect will be
observed if T,,, <T,.
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In the case of short-lived nuclear states (7 < us), the o2
quirements on times and therefore energies, are comple:<
ly reversed. The interaction energy of the EM field wi:-
nuclei (=107'% eV) far exceeds the interaction energy -
nuclei with their environment (=10""* eV} in a crvsta.-
line solid. Generally speaking. the process of resona-
absorption can now be viewed to be instantaneous in reic-
tion to the relaxation times in the absorbing mediur
This has the important consequence that in resonant ac-
sorption, the EM field encounters a snapshot of all aucic
present in a variety of local fields in the crystal. The re-.
onance effect is crucially sensitive to inhomogeneou
dbroadening in the lattice. This requires the mo.:
stringent condition, viz., I, <[,. We are thus led :.
believe that the resonant absorption process from lon;-
lived nuclear states differs qualitatively from short-live.
ones. To observe these processes it is thus reasonab::
that the same stringent requirement, i.e., [, <TI,, ma-
not be necessary in both cases as Balko er al. hav:
claimed? in their Comment.

Mathematically, crucial differences come in. First ¢
all, one needs to bring in fluctuations [f(¢) and g(1)] in -
natural way to describe a condition of equilibrium for th:
case of long-lived nuclear states. In our paper,' we cho::
to define the functions f (1) and g (¢) as generally as poss:
ble. It would be incorrect to talk about frequency an:
phase modulation of the wave function independent.:
when clearly one type of modulation induces the othe:
In our description of the fluctuations, it would then be ir-
correct to assume that a random phase diffusion occu:.
because this would imply a decaying nuclear state, whe:
actually what is being implied is that changes in the locz.
chemical environment occur, inducing changes on th-
fields sensed by the nuclei.

Of major importance is the fact that Balko er al.” in-
troduce correlation functions. Such correlation functior.:
can be used to calculate ensemble averages for the case o:
short-lived states. Such a procedure for the case of long-
lived nuclear states poses difficulties, however. It is clear
that the ensemble average of the transition probabilit:
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will require calculating an average over some integrals.
In their Comment, Balko et al. proceed further by as-
suming that the average over the integral is equal to the
integral over the average as is normally done for short-
lived isotopes. This automatically leads to the definition
of correlation functions. Such a procedure can only be
limited to the case of short-lived nuclear states as we dis-
cuss next.

J
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Specifically, Balko er al. give an expression for the
probability in their Eq. (3) which reads
T T
PTtsw)= | "ar ()f % Igle' )g®
[ar [ arwseuguga
RUSER R ST

Xe . t

In obtaining the ensemble average of the probability

(Pf(am)-(fo’d:'fo’dzfmf'u')xu')g°u)e’“"""“‘““'3 @

in general, one cannot equate the average over the integrals to the integral over the average,

A

i (T (T l7ires PErY
(PT(8u)) fo di fo dr(f(:)f (' )gle')g®n)e

But exceptions occur, and the case of short-lived states is
one of tI‘!em. Indeed for short-lived states, the exponen-
tials e * and e * are functions which decay much
faster in time than the fluctuations f(¢) and g(¢). There-
fore, contributions to the integrals in (2) over 1 and over
¢’ are always limited to very short time intervals. During
such short time intervals the fluctuation functions will
not change appreciably and each absorption event will
capture 3 different moment and a different possible value
of these functions. In such a case one can reduce the en-
semble averaged probability to an integration over the en-
semble average of the fluctuating factors by introducing
correlation functions, as done by Balko et al.® and oth-
ers.

For long-lived isotopes, however, e T and e de-
cay so slowly that during the long emission or absorption
event, f(t) and g (1) can fluctuate over the full range of
parameter values that characterize such fluctuation func-
tions. The procedure, {ollowed for short-lived states, viz.,
sampling the fluctuating factor at the exact transition
moment, can no longer be followed for long-lived states
because each transition now involves a long temporal
process compared to the fluctuation rates. For long-lived
states, the integrations in (2) will intriasically result in a
time averaging and each nuclear event will contain the
same time averaged information over these fluctuations.

) =T 1+ =ibuni =1

3

|

Because we can assume that time averaging is equal to an
ensemble averaging at a given moment, there is no fur-
ther need to calculate the ensemble average for the long-
lived case.

Finally, if one considers the situation when a
Mdssbauer resonant absorption experiment is performed
using a nearly monochromatic source (i.e. no fluctuations
in the sousce matrix) 10 scan an absorber in which fluc-
tuation broadening occurs, then we do expect the max-
imum in the resonant effect to decrease. This can be seen
in Eq. (19) of Ref. 1, where if we replace the f37T(w—w)
function by a §°T(w—w,) function, the overlap between
the source and absorber line shape decreases. The re-
verse situation, i.e., when the source matrix is fluctuation
broadened and the absorber matrix nearly monochromat-
ic, will likewise also give rise t0 a reduced maximum in
resonant effect. However, if both the source and absorber
matrices are fluctuation broadened in an uncorrelated
manner, then our claim in Ref. 1 is that the maximum in
the resonant effect will be restored.

In summary, we believe that the Comment of Balko
et al. pertains to the usual case of the Mossbauer effect
from short-lived nuclear states (r < 1us). However these
calculations, in our opinion, cannot be extended to the
case of the Mossbauer effect from long-lived nuclear
states for reasons discussed above and in our paper.!

IR. Coussement, G. S'heeren, M. Van Den Bergh, and P. Bool-
chand, Phys. Rev. B 45, 9755 (1992).
2B. Balko, 1. W. Kay, J. F. Nicoll, J. D. Silk, D. A. Sparrow,
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Tide: Reply to “Reply to ‘Comment on Nuclear resonant absorption in long-lived
isomeric transitions’” by R. Coussement, G. S’heeren, M.Van en Bergh, and P.
Boolchand

In their reply! to our comment? on their paper3, the objections of the authors of
References 1 and 3 were based on a conceptual argument and a mathematical concern. In
simple terms, the essence of the disagreement is revealed by the answers to two questions.

(1) Conceptual question: Do long-lived and short-lived nuclear states require
different treatment for describing the emission and resonance absorption processes? We
say no for the problem at hand.

(2) Mathematical question: Can the average over the integral be equated to the
integral over the average? We say yes, except for ap integrand that is a mathematically
contrived, pathologica! stochastic process of no interest here.

In what follows we provide a more detailed explanation of our position.

(1) Conceptyal question

It has been known for some time that the nuclear lifetime affects individual level
widths, but as far as fluctuations are concerned, it is an irrelevant parameter except when
dealing with nonstationary stochastic processes. {4. M. Blume, Hyperfine Structure and
Nuclear Radiations, eds. E. Matthias and D.A. Shirley, (North Holland, Amsterdam,
1968), p. 911]. Blume's theoretical treatment is completely general, as far as the relevant
parameters are concerned. Both short and long lived Mbssbauer isotopes are covered by
the theory. Consequently, the conceptual criticism of Reference 1 is irrelevant to the issue.
If there is any substance to the claim in References 1 and 3, i.e., that long-lived and short-
lived states require different treatment for describing the emission and resonance absorption
processes in the presence of fluctuating fields, it has to be found in the mathematical
analysis.

(2) Mathemarical question:

The mathematical criticism, which is the essence of the Reference 1 argument, is
both confused and wrong. It is true that the time evolution of the wave function is
determined by the usual quantum mechanical expression

(1) =exp [ -i ! dv H(t) ]\y(O).
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It is the time dependent H(1") that contains the stationary random process implicit in
Reference 3. Although that paper characterizes the wave function as non-stationary
because of the factor e-TnV2, it assumes that the stochastic process represented by the factor
f(v) is, in fact, stationary in connection with equation (2) of Reference 3. The
representation of this time dependent operator as a factor f(t) in the wave function defined
by equation (1) of the paper, i.c., in

r,v2 -iw t

v, )=y(x,0f®e "¢ °,

is an approximation whose validity must be determined in each problem. In general, f(t)
need not be an example of a stationary random process since it may depend on the
collective state of all of the nuclei. However, the assumptions of Reference 3 (cf. equation
(2) and the surrounding discussion) are equivalent to at least a weak t..m of stationarity.
Given stationarity of f(t), the approach used in Reference 2 is correct unless the function
f(z) is pathological in nature.

Reference 1’s assertion that “in general, one cannot equate the average over the
integral to the integral over the average” is not applicable to the present case. On the
contrary, it is well known in the theory of stochastic processes that under very general
conditions:

If A is a measurable parameter set and if the average E{x ¢ (®)} of x ¢ (®) exists for 1€4,
and

{E“xl(co)l } dt < oo,

then
E{ Aj x‘(w)dt} =£ E {x‘(w) Jar.

[5. J.L. Doob, Stochastic Processes, (John Wiley & Sons, New York 1953), pp. 62 IT].
In other words, for absolutely convergent iterated integrals, the result is independent of the
order of integration. In less formal terms, the average of an integral can be taken over the
integrand before the integration takes place, except for pathological cases. There is no
evidence that suggests that the present example is such a case; however, if it were, the
method proposed by R. Coussement, et al. would similarly fail.

Finally, the argument presented in the second to last paragraph of Reference 1 again
ignores the distinction between overlap of lines and the resonant effect and is refuted by
equation 13 in Reference 2 and the subsequent discussion.
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