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1 Introduction

Alternative approaches to displacement-based element formulations began with the pioneering work of Pian
(1] who developed the stress-based approach for computing element stiffness matrices based on the principle
of minimum complementary energy. Tile developmer.t of the hybrid stress technique followed using the
Hellinger-Reissner functional [2] wherein both stresses and displacements are assumed as independent quan-
tities and from which the purely stress-based approach can be formally derived. Current variational bases for
finite element formulations range from single field functionals to the most general Hu-Washizu functional in
which displacements, strains and stresses are all assumed as independent quantities [3,4]. The use of multiple
independent field variables in element formulations has created a rich arena of theoretical approaches with
which to maximize finite element performance and has yielded elements with improved convergence behavior
and stress prediction, avoidance of locking in constrained media problems, and the inherent capability to
represent traction-free edge conditions and singular stress fields. However, this has resulted in additional the-
oretical requirements in the formulation of robust elements which have been addressed by various researchers.
These include the requirement of element invariance under coordinate transformation [5,6], suppression of
spurious zero energy modes [7], minimum expansions for the independent field variables[7,8], and optimal
sampling points for stress recovery [5]. A major detraction of element formulations based on multi-field func-
tionals over displacement-based elements has been the computational cost associated with matrix inversions
and additional numerical manipulations required in generating element stiffness matrices. As used herein,
computational cost or efficiency is meant to refer to the minimum number of sequential operations formally
required in mathematical statements and not to the efficiency of specific algorithmic implementations. The
present work focuses on the hybrid stress method in which the structure of the element matrices is defined by
the Hellinger-Reissner functional. A novel procedure is detailed herein for minimizing the numerical cost by
making full use of the freedom in selecting and manipulating assumed stress fields which enable explicit forms
of element stiffness matrices to be derived. The developed procedure is based on a detailed examination of
the complementary energy matrix inherent to the hybrid technique and leads to stress field transformations
which include an orthonormalization approach hitherto not attempted. The application of the technique is
demonstrated with 2-D quadrilateral and 3-D hexahedral elements incorporating incompatible displacement
fields. By simplifying the constituent matrices involved in forming element stiffness coefficients such that
an explicit evaluation can be accomplished, the hybrid stress method is shown to offer a computational
advantage over similar displacement-based element formulations.

2 Variational Basis for the Hybrid Stress Model

The extended Hellinger-Reissner functional may be stated as

=R = [(-1/2)OT SO, + 0T( Luq) + o.T(Lu )]dv - juTtds

where a is the assumed stress field, S is the material compliance matrix, uq and u\ are the assumed compatible
and incompatible displacement fields, L is the differential operator relating strains to displacements, and i
are applied surface tractions over a portion of the element boundary, s.
The assumed stresses may be represented by

a = PO (2)

where P is a matrix of polynomial terms and /3 is a vector of undetermined expansion coefficients. Each
independent stress mode is, therefore, represented by a column in P. The displacement field is assumed over
the element domain as

u = uq + uA- = Nq + MA (3)

where N and M are compatible and incompatible displacement shape functions, respectively, q are nodal
displacements, and A are Lagrange multipliers which enforce internal constraints. In the form of (1), the
incompatible displacements act to variationally enforce the orthogonality of the stresses to the incompatible
strain modes in a weak sense. Neglecting applied tractions and substituting (2) and (3) into (1) yields

HR =[(-1/2)i3T pTSp13 + OTpT(LN)q + 13T PT(LM)A]dv (4)
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or

IIR ( 1 / 2 )#3 T HO~+ O3T Gq + #TRA (5)

where .

H = f pTSpdv (6)

G = fpT(LN)dv - fpTBdv (7)

R =f,, pT(LM)dv f PTBdv (8)

Seeking a stationary value of the functional by taking the first variation with respect to 6 and A • ,eids

S= H-'(Gq - RA) (9)

and
RT = 0 "(10)

By eliminating A and substituting the resulting expression for 6 into (5), the variation with respect to q
yields the element stiffness matrix as

K = GTH-IG (11)

where
(= I - R(RTH-lR)-YRTH-I]G (12)

3 Computational Minimization in the Hybrid Technique

Since the introduction of the hybrid stress method, minimizing the computational cost associated with equa-
tion (11) has been an ongoing concern. Counterbalanced with the ostensibly greater computational cost and
demonstrated improvement in element behavior afforded by the two-field hybrid stress technique has been
the computational simplicity of displacement-based elements. Thus, the selection of element formulations
has been a form of Occam's Razor in what minimum degree of computational cost is required to implement
a useful, convergent element to obtain accurate solutions to practical problems. To make hybrid element
formulations competitive, various approaches have been applied to minimize the cost in evaluating equation
(11). In formulations involving only compatible displacements, it has been noted that H` is not required
separately but the product H-'G can be obtained via equation solver techniques using equation (9) by
treating the columns of G as multiple right hand sides which leads to a significant reduction in computation
[5]. Other simplifications have been achieved by the use of functionals such as (1) in which incompatible
displacement modes are used to variationally enforce equilibrium or orthogonality constraints [2,8,9]. This
permits the use of unconstrained and, therefore, uncoupled stress expansions which lead to block diagonal
representations of the H-matrix in which the calculation of H-1 can be limited to inversions of the submatrix
blocks. Recently, a theoretical basis has been developed for making admissible variations of terms in the
complementary energy matrix which permit simplifying approximations to be made based on stability and
convergence considerations to minimize the cost of computing H-1 [10]. Nevertheless, the various treat-
ments of equation (11) still represent a significant computational cost in terms of numerical integrations and
manipulations. The aim of the present effort is to strictly adhere to the variational constraint expressed by
equation (11) by simplifying the fundamental mathematical statements through formal procedures without
introducing additional assumptions or approximations.

4 Assumed Stress Expansions

The conventional procedure in the hybrid stress method is to define stress expansions in the natural or
mapped coordinate system. This definition has been used to develop rational procedures for eliminating
spurious kinematic modes and maintaining element invariance while keeping the number of independent stress
modes to a minimum. However, one drawback of this approach has been the contravariant transformation
required to express stresses in physical coordinates. This transformation will, in general, cause coupling
between the constant and higher-order stress terms and the element will subsequently fail the patch test.
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A solution to this problem has involved the use of an approximation to the Jacobian by using its constant
value at the element centroid. This approximation - or 'variational crime' - is reasonably accurate for
constant strain elements with linear interpolation functions but should be expected to demonstrate increasing
inaccuracy with general element distortion and element order and be a limiting factor in coarse mesh accuracy.
In the present development stresses will be assumed in both physical and natural coordinates to demonstrate
a procedure for minimizing computational cost in all basic formulations using the hybrid technique. In using
stresses defined in physical coordinates all ad hoc simplifications will be avoided and 'exact' expressions
will be derived within the formal approximation framework based on the order of element interpolants
and variational constraints. This is done in anticipation of future study in developing explicit higher-
order element matrices where the degradation in accuracy of simplified transformations between natural
and physical coordinate systems may become unacceptable. With stresses assumed in physical coordinates,
the present study does not consider minimum expansions of assumed stress modes and the expansions are
assumed complete to the highest order present in the strain field. Although this will, in cases, result in
significantly greater number of stress terms than the minimum required to suppress zero energy modes, the
completeness property of the assumed stresses preserves invariance and avoids spurious kinematic modes as
the vector space formed by the assumed stresses is guaranteed to span the strain space. In the use of the
Hellinger-Reissner functional, stress constraints need not be enforced a priori, however, they can be applied to
satisfy field equilibrium and compatibility conditions pointwise in order to reduce the number of independent
stress modes. In physical coordinates, element invariance will be preserved under field operations of elasticity
if complete expansions for the stresses are used. Stress expansions assumed in natural coordinates permit
greater freedom in the selection of expansions for specific stress components. This flexibility allows a degree of
tailoring of element strain energy mode representation while maintaining invariance and a reduced sensitivity
to mesh distortion.

5 Determination of Explicit Forms

A procedure for simplifying the expressions involved in (11) by utilizing permissible transformations of
assumed stress fields is now detailed. A two-step transformation of the assumed stresses is suggested by an
examination of the flexibility matrix given in equation (6) written out fully as

H = [IJlPTSP]d4dqd( (13)

An initial observation is that the structure of the integrand in (13) can be simplified through an apportioning
transformation of the material compliance matrix, S, to the stress modes in P thereby allowing further
simplifications in the flexibility matrix to be achieved. Towards this aim, the assumed stresses are first
transformed through the introduction of a symmetric 'distributing' matrix, D, which acts to subsume the S
matrix into P via an identity operator as

P = IP = (DD-1 )P = D(D-1 P) = DP (14)

where the distributing matrix is defined as
D = S-•12  (15)

Although formally permissible, this operation transforms the initially assumed stress modes into a set of
vector polynomials, P, which do not have a direct physical interpretation. Instead of introducing new
terminology, however, the transformed stresses in P will simply be referred to as stress modes. The inverse
square root of the compliance matrix is obtained via a standard spectral decomposition as

S = QAQT (16)

in which Q is a column matrix of the normalized eigenvectors, $0, of S given by

Q = [-t 1 '14 ... lb.,]

which is a unitary matrix with the property that

Q T =Q-I



and A is a diagonal matrix formed by the eigenvalues, p,, of S given by

where n = dim(S). With the above definitions, the D matrix is given by

D = S-112 = QA- I2QT  (17)

where
-11 = diag[~j 2  

-/

The symmetry and positive definiteness of the material property matrix guarantees the existence of the
decomposition and explicit expressions for Q and A for both 2-D and 3-D orthotropic compliance matrices
awe presented in Appendix I.

Substitution of (14) into (13) yields

H = jT DTSDP]d~dqd( (18)

where, from the definition of D and the symmetry of both S and D, we obtain

DT SD = S- 11 2 SS-112 = SS-I = I (19)

and the flexibility matrix reduces to

H = [IJj[pTPcdqd( (20)

A second field transformation is motivated by the form of equation (20) which suggests its use to define an
inner product space where a Gram-Schmidt procedure can be employed to generate an orthonormal spanning
set of stress modes, P*, which are a special linear combination of the modes present in P. The weighted
inner product is therefore defined as

< Pi, j >= I J[jI PTIdfd)d( = 6,, (21)

where 6,i is the Kronecker delta function. The linear combination yielding a sequence of orthogonal stress
modes is defined by

i (22)
j=1

which are normalized to form basis vectors, Pi*, as

p. =< 1V, >-l/2 V. (23)

Substitution of P* into equation (20) yields by definition

H = [jIJIP'TP]d]dqd( I (24)

Hence, by fully exploiting permissible operations on the assumed stress modes, the transformations due to
the application of a distributing matrix and the generation of a weighted orthonormalized basis yield the
element stress field as

P = DP* (25)

and the flexibility or complementary energy matrix 'H' is eliminated by formally reducing it to a matrix
identity. The expression for the element st~iffness matrix is now given by

Ký = OTC (26)
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where
(I= [- R(RTR)- RT]G (27)

Separating out the Jacobian determinant from the compatible and incompatible strains as

B = (LN) = I- B*,t.Y1,) (28)

B = (LM).= jB'(•,•,() (29)

and substituting into (7) and (8), the constituent matrices become

G = [P*TDB*]dqdid( (30)

R = [p*TDR]d]dqd( (31)

With the removal of the flexibility matrix, the element stiffness matrix is fully determined by the two
constituent matrices in (30) and (31) which represent the elastic strain energy contributions of the assumed
stresses and the compatible and incompatible strain modes. The absence of the Jacobian determinant in
the denominator allows a direct computation of linear algebraic forms for the G and R matrices based on
the regular structure of the strain modes and the transformed stress fields. Explicit expressions for various
element matrices will be developed in subsequent sections. In the computation and manipulation of element
matrices, however, not all operations are most efficiently obtained explicitly and numerical procedures will be
prescribed for certain procedures when computationally advantageous. For example, equation (27) requires
the inversion of an inner matrix product in the definition of G' given by

A = Z-' = (RTR)- 1  (32)

However, because the columns in R are equal to the number of incompatible modes, the dimension of A is
given by

dim(A) = dim(A) x dim(A) (33)

which is usually small. In addition, because A is symmetric, the inversion effectively reduces to the com-
putational effort of inverting a matrix of triangular form which can be computed explicitly in general but,
with increasing matrix order, a numerical scheme is preferred. A second example is the Gram-Schmidt
procedure which quickly leads to cumbersome expressions for the coefficients of the orthogonal stress modes
when performed symbolically. However, with an initial evaluation of the basic scalar integrals required in the
weighted inner product involving the Jacobian determinant and powers of the assumed stress polynomials, a
simple numerical procedure may be used for efficiently computing the linear combination of modes present
in P to generate the orthonormalized basis set P*. Symbolic representations will, however, be generated for
selected elements used in the present study.
The explicit form of the element stiffness matrix, decomposed into contributions due to compatible and
incompatible displacements, is given by

Iij = Kqq + KAj = gnign•j - gnirn•,amrtmghj ; Kii = K,, (34)

where the components of G and R, gii and rij, are obtained by integrating (30) and (31) and aij are the
components of the A matrix given in equation (32). The various indices range from

i=l,2,3...,Nq; j=1,2,3,...,i; n,k=1,2,3..., N6;. s,m=1,2,3..., N%

where N, denotes the number of element degrees of freedom, No number of independent assumed stress
modes, and N% the number of incompatible displacement modes.
The above method for determining explicit forms of element stiffness matrices will be demonstrated with
4-node quadrilateral plane and 8-node hexahedral solid element formulations. The explicit integration of
(26) offers a significant decrease in computational cost over a purely numerical evaluation of (11).

5



6 4-Node Plane Quadrilateral Elements

S(X'Yt.•l(X*A)

Figure 1. Quadrilateral element.

The stiffness matrices of several different 4-node plane elements will be explicitly derived in this section.
Element configuration and node numbering is shown in Figure 1. Two complatable elements are presented
to highlight features of both the developed procedure and the hybrid stress method followed by two ele-
ment formulations incorporating incompatible displacement modes to optimize element performance. Stress
expansions are assumed in both physical and natural coordinates to demonstrate the generality of the de-
veloped methodology. The correspondence to existing element formulations will be identified.
The displacement functions uq are given by

(35

The mapping from local physical coordinates to patural coordinates is given by

E = acr+aoo be1. + a 3 ()b
y = bi• +b 2 /+ baE 36

where [a0 b0 1 r 1 1 11 lY
a1  b] 1  f-I 1 -1 1 1219 (37)

a2 b.2 J=4 -1 -1 1 1 z aJ

a3  b3-1 -1 -I1 z4 4

The compatible Element E stPQ

A 4-node plane element, designatsd E4PQ, is explicitly derived using stresses assumed in physical coordi-
nates. The stress field is selected as complete linear expansions with the constraint LTif - 0 applied resulting
in the following seven equilibrating stress modes

= (38)

0q 0 1 -( 0 -

The derivation of weighted orthonormalized stress modes are obtained in the form

{ Psi + ps2. + Pi3Y '
P = Pa4 + Pis + P,6is (39)

Pit + PisZ + Pb93

and are given by

a,31 Psi +1 s+s1 1 P6 1+P 2+61 PY2p2ZPS

P"= 0 P4 0 00 P64 + P)553 P74 + p75 Z + P7t6y (40)

0 0 P37 P47 + P48£ P57 + p~ss + p59g1 p67 + P6 8 Z + P6911 P77 + P~sX + P79Y1

a2 b2Z3 Y (36



The coefficients of the stress modes, Pij, are presented in Appendix II. Because the stress modes in (38) are
self equilibrating, equilibrium is unaffected through the linear combination of modes leading to (40).
The integration of equation (26) is obtained in a straightforward fashion. Using the following constants

k z1 z2  z3

elk = b2 zI -b6i4 e4k = alzk - a2z-
2 k

e2k = 3z k - blzk e~ = az a3z where - - (41)
e3k = b2z3 b3 Z2 e6k = a3Z2 -a23 3 -1 1 -1

4 1 1 1

the components gnk of (30) are given by

gn(2k-1) = elk(dj1pn1 +dl 2 pn 4 ) + d33pn7e4k + ½{(pn2d1 l +pn5dl 2 )(ale2k +a2e3k)+
(pn3 d1 l + p,6dl2)(ble2k + b2e3k) + d33Pns(ale5k + a2e6k)+

d3pfn9(blesk + b.e6k))
(42)

gn(2k) = e4k(dl2Pnl + d9.p, 4 ) + d3 3pn-elk + ½{(Pn2 d12 + p,,sd22)(alesk + a 2 e6k)+
(pn3 d 1 2 + pn6d22)(b6esL. + b2e6 k) + d33Pns(ale2k + a2e3k)+
dssp,1 9 (ble 2k + b2e3k)}

where dij are elements of the distributing matrix. The stiffness matrix is then given explicitly as

Kis =9,1 ignj ; i= 1,2,3 ... , 8; j= 1,2,3 ... , i; n= 1,2,3,...,7 (43)

and
Kji = Kii

The stiffness matrix given above is equivalent to the 7-13 hybrid element using the assumed field in (38)
and is closely related to the standard minimum 5-)3 hybrid element of Pian which incorporates equilibrating
stress expansions given by

P 0 0 Y 0
0 1 0 0 X (44)
0 0 1 0 0

A validation of the procedure is presented in Table I by showing the equivalence of eigenvalues obtained
from the explicit element stiffness matrix given by (43) and the numerical computation using equation (11).
For generating the results in Table 1, a general quadrilateral configuration was arbitrarily selected as shown
in Figure 2. A 2 x 2 Gaussian integration rule was used for the numerical stiffness matrix.

Table 1. Equivalence of eigenvalues obtained from
(0.2, 1.0) the explicit and numerically integrated

3 form of the element stiffness matrix.
(0.-9,08)

4 A Numerical K matrix Explicit K matrix
1 0.0 0.0
2 0.0 0.0

3 0.0 0.0
2 4 500.69450 500.69450

(1.0,0.3) 5 585.41852 585.41852
6 1190.1325 1190.1325

Em (00 7 1297.3502 1297.3502

(0.0, =.0) 8 2172.8470 2172.8470
Fiqure 2. General quadrilateral element.
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The compatble Element E4PR

The E4PR element is formulated using unconstrained stress expansions resulting in the following nine inde-
pendent stress modes I z y 0 0 0 0 0 O]

P 0 0 0 1 z Y 0 0 0 (45)

0 0 0 0 0 0 1 X y

In performing the initial apportioning transformation of the assumed stress field " given by

P = D- P (46)

the stress modes become coupled due to the action of the distributing matrix which complicates the subse-
quent orthonormalization procedure. However, a simplification can be made through a linear combination
of the modes in (46) with constant terms being absorbed into the vector of unknown expansion coefficients,
1. With stresses expressed by

a' = PP = DP# (47)

the modes may be rearranged and the P matrix decomposed to give10 oo] 1,+D1[ 0oX0] [ o0
D-da=D-1 0 1 0]I!i+D-[0 x 0]1 2 +D-[0 y 0]13 (48)

10 0 1 0 0 X 0 0 Y

where P3i are subvectors of 3. Rewriting the above as

D-'o' = D- 1 l3 + zD-'113 2 + yD- 11? 3  (49)

suggests a linear combination of the stress modes for each partition defined by

O3 = D-'I, (50)

which leads to the simplification

D-1a = D-IDij+xD-IDi2 +yD-'ID03  = IýI+ZxI2+yI/3 (51)

and equation (47) becomes
a = DP3 (52)

Although for arbitrary stress expansions equation (14) is strictly valid, because the stress expansions defined
in (45) are balanced for all components, the inverse distributing matrix, D- 1 , can be completely removed
and the form ofP is made identical to P. With 1 defined by equations (9) and (10), the linear operations on
P are automatically accounted for and the distinction between,63 and 6 may be neglected. Orthogonalizing
the assumed stress is thus reduced to determining an orthonormal sequence of scalar functions using the
weighted inner product defined in (21) and the basis functions given by [1,X, y].
The weighted orthonormalized stress modes are obtained as

[ P; P3 0 0 0 0 0 01
= 0 0 0 Pt p1 p; 0 0 0 (53)

0 0 0 0 0 0 p, p; A

where
Pt = P11
P; = p21+P22Z (54)
P; = P31+P32Z+P33Y

The coefficients, pii, are presented in Appendix I1.

The integration of (30) yields the components gi0 with i = 1, 2, 3 and j = 1, 2, 3, 4 as

g(i)(2j-i) = d1 1 4,j 9(i+3 )(2j-1) = dt2.ij 9(+6)(2j-1) = d33ij (55)
g(i)(2j) = d 1,2 Oi 9(i+ 3 )(2j) = d 22'-ij 9(i+6)(2j) = d330sj

8



where
S= pi1e11 *+ [pj 2(ale22 +a 2e3j) +p3 (bie 2j +b 2es,)]/3 (56)
Oij = pile4j + [p12(alesj + a 2esj) + pi3 (ble 5, +b2e6j)]/3

and where dj are elements of the distributing matrix and ei1 are defined in (41).
The stiffness matrix is explicitly given by

Kjj=gmigmj ; i=1,2,3,...,8; j=1,2,3A.... ; m=1,2,3,...,9

The interest in this hybrid formulation lies in the limitation principle of [11] which states that, in the limit
of the order of unconstrained stress expansions, the hybrid stress method converges to the stiffness matrix
obtained from a purely displacement-based formulation. For a parallelogram, the hybrid E4PR element
exactly duplicates the displacement-based stiffness matrix. It is of interest to quantify how well the explicit
hybrid element formulation can be substituted for the displacement-based element which does not permit
a simple integrated representation under general element distortion. Figure 3 shows an initial unit element
geometry and its change as a funtion of a distortion parameter, e. Table 2 presents ratios of traces of the
element stiffness matrices of increasingly distorted element configurations as a function of the distortion pa-
rameter comparing the hybrid element with the corresponding displacement-based element. A 2 x 2 gaussian
quadrV.'-re rule was used in computing the displacement - based matrix. It is shown that the explicit hy-
brid *.tess formulation yields a consistently more flexible element and offers a clear computational advantage.

Table 2. Ratios of stiffness matrix traces comparing explicit
hybrid method, K%, with numerical displacement-based
method, hd under increasing element distortion.

e Trace(Kh)ITrace(Kd)
0.0 1.000000
0.1 0.998322
0.2 0.993153
0.3 0.984084
0.4 0.970401
0.5 0.951032
0.6 0.924311

Figure 3. Definition of distortion parameter e.

The Incompatible Element E4PL

The E4PL element incorporates the unconstrained stress modes given by equation (45) with the addition of
incompatible displacement modes. The incompatible displacement functions are selected as [t2, 1

2] which are
then modified according to Reference 12 to identically satisfy the strong form of the convergence requirement
on incompatible modes given by J Lu~dv = 0 (7

which yields

{U} [MI 0 Al2  0 A2(58)v = 0 MA 0 M2 AX3
A4

where
A I = C2 - J(f t + f217) (59)
Md2  = 172 + 1(M + f271)

By integrating (31), the elements of the R matrix with n = 1,2,3 are given by

r*,1 = di~' r,~,2  = d120'n r,3, = dI )n rn,4  = lEn
rn+3,1 = d12()n r,+4 3,2 = d2n rfl+3,3 = d1 T n+3,4 = d22e~n (60)
rn+6,1 = n r.+6,2 = d33 rn+6,3 = d330' rn+6.4 = d

9



where
On = 4(p.Ihl+p.2h2 +pn 3h3)/3 0' = 4(p.lh 7 +p, 2 hs -p. 3 h6)/3

2= 4( pnh 4 +p.2h2 s+p.3hs)/3 e0 = 4(plnho+pn2 hjo-pnsh6 )/3 (61)
E -= 4(pnvh 7 +pn 2 h2 +pn.3h3)/3 E)" = 4(pNih7 +pn 2 h8 -pnSh3)/ 3

where the constant terms fI and hi are presented in Appendix III. The elements of the Z matrix defined in
(32) are computed as

zi = rniri ; zi = Zo (62)

where
i = 1,2,3,4; j = 1,2 ... i; n = 1,2,3,...,9

The components aqj of the inner product defined in (32) are obtained through a closed-form inversion of the
symmetric 4 x 4 Z matrix. The element stiffness matrix, K, is given by the sum of contributions due to
compatible and incompatible displacements

Kii = Kq~, + KA,) = g9i.gj - gnirnsasnarkmgkj ; Kij = Kii

where
i= 1,2,3,..., ; 8 - 1,2,3,...,i; n,k = 1,2,3,...,9 ; s,m= 1,2,3,4

The Incompatble Element E4NL

The E4NL element is formulated using unconstrained stress expansions assumed in natural coordinates
resulting in the following nine independent stress modes

r 1 4 q 0 00 0 00 62h'
r{22 0 0 1 0 00 0 : =r (63)12 0 0 0 0 0 1 ý J7 8

In order to preserve the constant stress terms, the natural stresses are mapped to physical space through a
contravariant transformation using Jacobians computed at the element centroid

aki= (Jo),( (64)

or
P = T1 (65)

The initial stresses are transformed as
P = D-T r - TI' (66)

where
[al N a71

T= a2 a5  as (67)
a 3 a6 0a9

and the constants, ai, are given by

al = diia? + 112  a 4  = dila + d 2b' a7 = 2(Jxlala 2 +J1 2blb2 )
a2  = j,2a2 b a5  = a82a2 +-122b 2 s = 2(d 12ala 2 + d 22b6b 2) (68)
03 = d33ala 2  a6  = d3b l b2  a9 = das(alb 2 +a 2 bb)

in which dii are elements of the inverse distributing matrix. By introducing a linear combination of stress
modes defined by

[T 3 (69)

10



the coupling of the transformed stresses can be eliminated resulting in

I 0 0 0 0 0 0
P= 0 0 1 t q. 0 01 (70)

0 0 00 0 '1 t q

and the orthonormalization is effectively reduced to determining an orthonormal sequence of scalar functions
using the basis set [1,f, q].
The weighted orthonormalized stress modes are obtained as

[ p; p; p; 0 0 0 0 0 01
P= 0 0 0 A P; p3 000 (71)

[00 0 0 0 0 A4 P*2 A

where
P;= pt'

p; = P21+P22t (72)
P3 = P31 +P32 +PP33T

and the coefficients, pji, are presented in Appendix III.

The integration of (30) yields the components 9..n with m = 1,2,3 and n = 1,2,3,4 as

9(m)(2n- 1) = dii4mn g(m+3)(2n-1) = dl20mn g(m+6)(2n-1) = d331kn (73)
.(m)( 2n) = di 2tkmn g(m+3)(2n) = d22 ikmn g(m+ 6)(2n) = d33()mn

where
Omn = Pmneln + [P•.2e•. + Pm3e3n]/3 (74)
tOmn = Pmle4n+[Pn%2e5n+pm3e6ns,7]/3

and where dj are elements of the distributing matrix and eik are defined in (41).
The incompatible displacement modes are the same as those used in E4PL and yield the components rmn
of (31) with m = 1, 2,3 as

rm,1 = d11m1 r.,2 = d12 E t2 rm,3 = d, 1 4 rm,4 = d12E5

rm+3,1 = d-2E)' rm+3,2 = d22 rm+3,3 = d12 M rm+3,4 = d22Om (75)
rm+6,1 =- d-O• r,+6,2 = M rm+6,3 = d•O)M rm+6,4 = M

where whr = pmhi + Pm2 h2 + Pm3h 3  e4 = pmlh 7 +Pm 2 hs -pmah3

2 = pmh 4 + pv12 h5 + PA, 3 h6  o5 = pmlhg + Pm2hio - Pm3 h4  (76)
03m = pmlh 7 + Pm2 h 2 + Pm3 h3  E06 = pmlh 7 +Pm 2 hs -Pm 3 h,

The constant terms fi and hi are contained in Appendix Ill. The elements of the symmetric Z matrix are
computed as

zij = rnirnj ; zji = zij

where
i = 1,2,3,4; j = 1,2,...,i; n = 1,2,3,...,9

The components aij are then obtained through the inversion of the symmetric 4 x 4 Z matrix. The element

stiffness matrix, K, is given by

Kij = Kq., + Kx,, = gnigni - gnirn~aamrkmgkj ; Kji - Kj

where
i = 1,2,3,...,8; j = 1,2,3,..., i; n,k = 1,2,3,...,9 ; s,m = 1,2,3,4

11



The E4PL and E4NL elements are related to the Pian-Suriihara element [13] which has demonstrated excep-
tional performance in plane stress/plane strain problems. An elegant derivation of an explicit form for the
Pian-Sumihara element is presented in Reference [14] utilizing a scaling procedure and stabilization matrices
to obtain stiffness coefficients. The present method avoids the need for numerical stabilization and provides
a generic approach for obtaining explicit element stiffness matrices in hybrid element formulations.

7 8-Node Hexahedral Continuum Elements

56

ZZ

Figure 4. Hexahedral element configuration.

Two 8-node hexahedral continuum elements incorporating incompatible displacements will be considered
in this section. Element geometry and node numbering convention is shown in Figure 4. The first element,
designated E8PL, is based on unconstrained stress expansions assumed in physical coordinates. The second
element, designated E8NL, is based on stresses assumed in natural coordinates. The selection of incompati-
ble modes are identical to those used in [12].

The displacement functions Uq are given by

U q Vi "

Uq Vq I (1 + )(l + 17iTO)( +() 0 i(77)
tWq i=l Wi

The isoparametric mapping between local physical and natural coordinates is given by

x = aj1 +a217+ a3( +a 4 ý1q+ ast(+ a 6 v7C +a 7 t,7

Y = bit + b2yl + b3( + b4tIr + b5 •( + b6 TIC + b70( (78)
z = c• + CA + C3( + C40 + CSG + C117 + eT&K

where a 0 b0 Co 1 1 1 1 1 1 1 1 zl ylz 1

ab c1  -1 1 1-1-1 11-1 z2y 2 z 2
a2-1-1 1 1-1- 1 1 z Y3 Z 3

a 3 b3 c 3  1-1-1-1-1 1 11 1 z 4  4 Z 4
a4 b 4 c 4  8 1-1 1-1 1-11-1 z Zy5 ()
asbc 1-1-1 1-1 11-1 z 6 Y6 Z6
as b6 C6  1 1-1-1-1-11 1 7 Y7 Z7
a 7 b7 c 7  -1 1-1 1 -11-1 zs Ys zs

12



The E8PL Element

For an 8-node isoparametric continuum element with trilinear displacement interpolants, the number of
independent strain modes is 18. A detailed study of strain modes in Reference [9] has determined that a
linear expansion field is insufficient and will give rise to spurious zero energy modes unless selected quadratic
terms are added. In physical coordinates, using the completeness property to guarantee element invariance,
the number of assumed stress modes is 60. Equilibrium and compatibility constraints can be appled to reduce
the independent modes to 42 but is not performed in the present analysis. Several versions of the E8PL
element are formulated using different assumed stress fields to assess the effect on element performance. In
E8PLj, stresses are assumed as complete linear expansions for all stress components. This selection yields
an element containing 2 zero energy modes which would have to be removed through stabilization to yield a
useful element. Stress expansions including quadratic cross terms are incorporated into the E8PL2 element.
This element possesses the requisite number of rigid body modes but is not invariant under coordinate trans-
formation. A third element, E8PL3 , incorporates complete quadratic expansions which precludes spurious
kinematic modes and ensures invariance. This element, however, is shown to suffer from significant sensi-
tivity to distortion. The three versions of the E8PL element are compared to a 3-D element formulated in
natural coordinates which demonstrates optimal behavior.
To encompass the various stress fields assumed in the E8PL element, the initial stress field is selected as

[P1]
[P1  ] IN (80)

[Pdl

which are complete quadratic expansions given by

[PI] = [1, ,y, z, Z, yz, zz, z 2 , y 2 ,z 2 ] (81)

Orthonormalizing yields
[P1] = •'I,P,3,P,P;,P;,I6,P;,P;,PD o] (82)

where, for i = 1,2,3, ..., 10, the general form of each mode is given by

K = Pi* + Pi2Z + P,3Y + P14z + psZY-p + P ,YZ + Pizz+ psz2 +" pjgy 2 + P,1oz2  (83)

and
pjk= 0 for k>i

A procedure for generating the constant coefficients in the expressions for p, is presented in Appendix II.

The stress fields are selected in the following expressions by setting Ne equal to 4,7 and 10 for the E8PLI,
E8PL2 and E8PL3 elements respectively. Integrating equation (30), the components gmn where m =
1,2,3,...,N. and n = 1,2,3,...,8 result in lengthy linear algebraic expressions which are, however, highly
structured and allow a compact notation to be used. The expressions for gmn are given by

*(inX3n-2) = dg1E n 9(m+2N.)(3n-2) = d 3 1 l (n g(m+4N.)(3n-2) = d n

(,n)(3,,-1) = dg(,+.N.)(3-E) = d3 2 )2,n g(m+4N.)(3n-1) = 0g(m)(Sn) = d3= dg(+4N.)(3fl) = d55e2,, (
g(m+N.)(3n-2) = d213 , g(m+3N.)(3n-2) 0 g(m+SN.)(3n-2) = dss~m~ n (84)
g(m+N.)(3.-2) = d2 2E0 g(m+3N.)(3n-l) = d4409,, 9(m+SN.)(3n-2) = d660Mn

9(m+N.)(3n) = d23E3, g(m+3N.)(3n) = d44 Mn g(m+SN.)(3n) = 0

13



where
e -. (85)

8=1

For m = 1

ii = - •3 (86)

For m = 2,3,4

., = -(3a7u4, + 3.2n4 + 3&, + £w , + Wk, + awe. +

For m 5,6,7,8,9, 10

o [a[(1OIn Wa + #,,ti4, + 37Wk,+, 6nWk3, + ,/34,, + 50;Wk, + 5,,,w+

1O~~+/3~+5~Si+ + 5 + 5 W~ki+
ni(1oj3w, + n3w, + /,( + 03,'wW, + g3n + k,• + 20i (8)

1 + , + 5#3k + Wk + 04 +
7(lOi 2w I + Oaruwo% + + i: wt + 5 + 51

a(I 0,4n +ki + 63n, Wk + 3,1Wk1 + 5#, + + ,-

4(42+3, + ( + 36 ,) 2 + (43 +.3) + (4, + 3 43)4 + 2 +2351

=+(3+ +3 k 43)4 + 3 + + + 343)4 +(3o+ 344)

=(4 + 3 ) + (34 + ' +6 4n + 3 -- + )6 ,n 7i + 6 (3) n ,+ W ,2 )4+(6.s +324,)1
I + k k a1k k * + k k Wk + # W + h k

tVu, = 3(68i+644)z + 3(6•.+ • )z 2 + (67+ 3624)z.+ (6 .+ 362)34+ 3(6•s.+'617)35 + " + 3I & + )3i

,hi,= 3(S4, + "6 )-' + (e. .1+ 6k )z2 + 3(6k + 6k •'Z' + (36k + 6:4)5' : + (6,s , + 3,)X; + 3(6k , + 34, )z,

--= ( + 343)4 + (42 + 3613)z2' + (343 + 642)z0 + 3(63 + 46 3)z4 + (47 + 38i3)z -+ 3(643 + - ?64•)4-
34s, = 4 k+ i "k4+66

=, 41 ' += 3(6 k,),

tg = (96", 5 + i54,)4 + (36t + + (54• + 96,)4 + 5(43 . + 34 3)24 + 5(, + 3 ,)4 + 1 5 ( 63 +2

w•0i = 5(bS7 + 3b" )z' + 5(36k + 3+)k + + (93 + 5k.Z4,) + (94+ k) + (53)k + (94,+ 15+3(,) + 15(64  + )s)z

w (3k, + 6k )z'2 + (66k, = 7'3 +(6 4•2 ) + 3( 3 + 624) '4 + (36,k + 6, )4 + (34, + 56 , )4,' + 5( 6 i, + 4 ,

t =i (3 7, + 563k4)z4 + (36k + 562)3 + ( I- 543)4 + (- + 43)4 + "1- + l., "1+ 5(k3 +b- 64,)4; (89)

1542) + (7 35 3 + 9 3,)z + (534 w 9+ l) ' + 5(3 1 3 + •34 ) + 5(43 + (4) 3 + +
t = 3((6s4 + 343~2) + (9743 + 566k2)A + 5(363 + 6k) 9w+16.,4+(4 4) +56. 4

----- 3[(9 +. 3) + + + 4, + 5 3(6 + ( +33)4 + ( 94h3 + +3 (6k4 + 66 2,+ ,)z]

314. = "3*" 49• + 6"' ~z X3 +(6 6k , +(6

•t,~ ~ ~i :9?k +1(• 1+ 3iz "6,k5 +z 156k)z (5i +96k4z (~ +6t

'Vi - (94•, + 15632)Zi + 9(6)2 + X3)z + (51+5)4' + 5(9w 36153) + (543 + 9 13)4 + 5(6:., + 34k)4

40i = (9643 + 15463)z4 + (56:2 + 96.•,) + + +966k2 + 5 + 5(is + 346s)4 + (962, + 56443)4 + (96 beh + 15,4 )z

t4i = 5(436 + 53k) + (5b. -9, + 2)z- + (966 + s )z3 + (93 T + 5 4.,)4 + (3 + 46k)z4 + (943 + 624,) 4

.41,,= (343 + 54=)3 6 + 3(6+ + 6k5) +(36 + + 4)4 + (3 k+

4,2 = (936, + 15643),2 + (93 , + 1542)3 + (354 + )4 + 5 3 )z4 + 5(6,k + 34k)4 + (62 + 3 89)

43i= 5(964 + 3 56:),; + 5(47, + o 6k)4, + (94. + 5 6k ) 3 ' 15(3 + 36)z4 + (964 3 + i6k)x + (96, + 156k,)z

W' := (34k4 +b S q"54 (32 , + 543)Z + 3(,6 + ! )4 - 5(43 + 46)4 - (34, - 5~)z + (36:, + 544)4

144i= 3[5(54 + +(36w +"62 564)Z + 5( b3 6 41' +- (36 4k + 15 13 + (53, + 5 4.,) + 5(66k, + ++)
41j = 5(634 + 642) z + 5(6k +6:2) +(3 "s + 54), 46 +53621)3 + 5(4, + 64)4 + (3 1 + 15k) 7
46i = 5(4 + 6:2)3; + 9(694 2 + k (3 , + 59k )zX+ + (5 , +6 k ) ', + (94k ++k5( ,+

,d,,2= +5((, +1 3)62 + 5 3+ 3) +(4, + +( + 5 + 5 , S+

4,7= 5(4} + 563 ) + (363 + 59+)6 + (36 + 54) (b + 3k + ) + (36, ' + 5b2,)4 + (36 , + 56,)z'
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and the geometric constants &h., At, and 6kin are given by

PI am
3 bm = a..

a 7 = C m = bm 6 =-
m = Mm = Cm m n -bbmc

a8 bm = am 6 = =n am -(90)

7t --. b3am C 0,9 = b m =anbm -ambn

"at 100 = Cmm= b

The values for for i= 1,2,3,...,8 are given by

-Z1  Z2' Z Z4  ZS Z6  Z7

S-1 -1 1 -1
2 1 -1 -1 1 -1 1 -1
3 1 1 -1 -1 1 -1 -1

4 -1 -1 1 1 1 -1 -1 (91)
5 -1 1 -1 1 -1 -1 1

6 1 -1 1 -1 -I -1 1
7 1 1 1 1 1 1 1
8 -1 -1 -1 -1 1 1 1

The stiffness coefficients due to compatible displacements are then given explicitly as

Kq,,=gkigkj ; i=1,2,3,...,24; j=1,2,3-....i; k=1,2,3,...,6N. (92)

In computing the stiffness contributions of the incompatible displacements, the selected nonconforming
displacement modes are identical to those presented in [12] and are given by.

U M1 2  M3  0 0 0 0 0 0 A
V 0 0 0 MI M2  M3  0 0 0 (93)
w 0 0 0 0 0 0 MI M2 M3 ]{}

where

M2 = q•2 _ f4 - f517- f6C (94)
M 3  = C 2 - f7 - fs'1- f9(

The derivation of the incompatible modes and all constants are contained in Appendix III.

The components of equation (31), rij, where i = 1,2,3,..., Ne and j = 1, 2,3 are given by

ridjs = dlE). ri+2N.,j d 3 1() ri+4Noj = 0

-= dlaey ri+2N.,j+3 rd324 i÷4N,j÷3 = 0
rij+6 = 3EFd3F i4,j6=4Ei3 , r+2N.j+6 = 3 , (95)

r+. =d 21()'. ri3N 0 ri+5N.j = d66
ri+V.a+ -= d . r,+3N..+3 = d440;. 4 r,+sN..3+ = d- Oy

ri+N.j+6 = . d2+e. ri+3.,j+6 = d4 4e8y ri+5N.,j+6 = 0

where

P =k
5 (96)
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For i = I O [ lb j 2(Fr, = 8 5f'(6•4 + 36b + 3 f(6•6 + 36b3) + f3(6b + 36b,) + 2(6bk + 6b3)]/3

-k = 8[f4(6bk + 36k) + f5(6bk + 36k3) + f6(bls + 36b,) + 2(6bk + 6h)]/3 (97)
Ok = 8(f7(6b + 36b,) + !a(6b6 + 36b3) + f(6•s + 36•i) + 2(6f3 + 616)1/3

For i= 2,3,4

-I [16wil + 40(wji, + w•If2 + wif3)l/45

1 [1k6 + 40(wif4 + Wk f5 + Wk6f6)]/45

=16w,3 + 40(uk4f+ + W + kfg)]/45

For i - 5,6,7,8,9, 10

= l -(if4!s - f34'k]/135

i2 = --[ i2 +f4? 4 +f5?P 6 -f64- ]/135 (99)
03 i3 A is i4f55-64,6]/135

The constants Ot and wk are given by

- 48a',Wi7 + 16(a'2i 1 k ~V 1 +a ~ŽW 2 -cWi 4 - ai41 ai7Wik7)48- k2 i O - a 3W ill 4• • i12 - 5t~ 1 -- 6 W 6 -- 7 0 1 )

= 48 16(442 16(p 4 - i- CrWi2 + a wh - &3wh + C1w2)
48a Wk,0~' + 16(aiWk - OiW.F + ai~ k i k, -i k'u k1/•3 k1 5 28 6t~3 "17Wi32 +4 alWi34 -- C2Wi•p -- C4tMi3)(I0

-- 24allw +o + &5 wl 1 ) + 40(8(awis + e~wk - ) (100)

= 24ai tW2 _ k 6 1 2 113
= a + 8(c - +w -+ wa' ) + 40(Ci k - - a w )2- 7 i27 4 TJi23 6Q ýM+*W2 ~

Oiks 24ai wjk..l. 8(ai wi`3 - a , wk k i' k
3 56Ui35 -- 0•71wj36) + 40(c,1T - k&I 29 - 2103 -- •4i33

= + 3 + 7 46 73 + 6,,) + •3,(36 7 +56L) +" • (3675 + 563)

to = Sq(A,+ +64)+-634944 + 154 ,) +5 5,6(47 + 66ks) + I3(36?4 + 56,k,) + 6;(36.k, + s56k)
Wo3 -= 5- (6-- , +6,k)+5#3(641 + ,4e)+64(965so+156k+)+56k(36sr+564) +6i(36 *k+S+ 6

k =(6 +6k2)+ A(6)
=i4 3/(-,g) -3 - (4+ -36•k)-+ (66- + 36k) + 6.5'(67k2 +-,64) +6 5k+( ,+6 )

w43 = g (64k + 3 6 k + )+ 3(64k 6k3 7 , + '64i) $(6k #65 ,+l(6k + 6k~ +.O;(6 k~ +6

wh= 3#,"+(63k+,)+ 6k+30,' 6 +66+ 4(36k + 56k+6(36h + 566k2)+96(634 +" 6" k

k = '(63k7 + bg6,) + 30,(6,k6 + 6 () + 64(3b' + 56) + 903/( 34 + 52) + • 1(56' + 6•6k

Wis 30716 53 1 4

= •(3++56)+•(3++63ak)+50(7+ •) )+3+#44 + 56kwig2 = 307' (b6kr + 6.*. ) +(30 ( 56k9 +664)+,63/(36+ 562,)+A;(6'2 + 6)

Wko= A!(36sk + 63g) + 32(374 +62~ 37~6 +664k) + 3,6,(636,k 532) + 1#3(bk + 63k

tWkl4 = P&(6' +'o+5(364k 6k) 7 0'3T + 543) + 567(b6 k +646~)+ 3,86'~ +364ks3 + 523 50~ (402)
412 =3 (63, +P ( m) + s6 3 6+ k -+" )56.k)8(36+k ++" 56l ) + 5*,)+303 (36" + ) -5I-( +694) 0(*2 +3k,)

k = r k k +3)7( + 363) + 302' + 3) (+k 6k 6+
U~g=3e(6•,-i + 6 ek)+""/.6,-I •)--8(3 6 k 5~ 06, -I-54•)+ "4-93(•36 -t- 1) ""+9,,3(, 4" 36:,)w3o = S(36 s3 +72 +) + 3() + +33 ) + 3#5((6: + 67k23)2(3 +3 )+3$() + (k+

=u• = 3ýre(62 + 64k) +,87'(364k, + 56bk) + 9$2(6bk + 6'3) + 936.(6 -I 3)+ k +" 9 k
2++" 73$(4 = + 64)+ 3( )

= Ps'(4- + 6) + 0'(64k+362k+) + 3#2' + 3s) + 3 3$)543 + 34•6(4) + 3 +k )

'S,: = A: (36a• --k )IS(aI -+3.56k-6•)- bks,

toP,, 233•(•,4 k) -+-#, • (36,kr +t 56k) -+ Os'(3+•k 56k 6 ) +! 503'(66ks +F 6,r) "+ 50 6: ( +s "4" Sk) +(101) 6

wis= k + (36-7•.) + 566k3 ) + -4' (3 + 5k6) +" 3'(r + )3/63(6 6 " k 5 ) +-6 3) (6+S 6 (34k +562k3)
7 '+' s* ='3• 30)+93+% sa% 54. +(. +4 a,)+s;g ,) + 63( +a

wile = A(6'S +6 6k) + t(63 +33) +366(k + 36) + 6,(b6k5 + 6,k3) + 6+ (. + 436.3) + 3
, = 3 (63k k.s) + 4(36kt + 56ks ) + 963,(b, + tbk. ) + 3,2(36'+ 53 + 9#,(bk +6,)

wiP~o = Ps'(63hj + 66k,) +4 661(6kt +I 3 63k.,) +i 3 #3'(b• k"+ 6 k ) +I 3/ 02' 4 - 36k ) -t- 3 34.k +I 6k)
#~, i 6k+6kk + 6 93(k bk +91, (k 3 (6k +4 Sbk)

to,"- = 3 17 45) +• +,(6k is 73 3 16 + 64k3 ) + 3,64'(3 46 1+
W,2= $(617 +6k ) +#(6k +3k) ,,6k + 6k + 6k3p

Wo,3 = s;(36•,h + 563k) + 303'(36k% + 56k,) + 5,66'(6k + 66*) + 316,(5a' +3 k•) + 1 (63 74 523 3 5)L 6
to, Wi k)+•(a,+s•)+• s• + 36k ) + + 6,(*, + :) + 3,67(k,% + 6,,k4) + 66' (3hk, + 56k,

k'~ 51 74 31

2s ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ l/t 01 (4" 43 ~ks+353 36k 5 b73+6k)+4" +) l"/(4+ "36,3
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,,,= 0:(36k + 56'1",) + 3,83(36,", + 56s,) + 50,e(b,, + 6i,) + 30;(36k + 5613) + 15$,(4. + 64)

47- j4 (36h* + 5633) + 05"(Uk~ + 56,") +,6,(36,kl + 561,) + 5-(62 + 673) +0 5 ?6' +6 6 ) + 56 1+ 643)

a ind -h 3emti 8 ost7t +,(6"•, + 56,) +n 9X64 +r gike )n + (36 +52k))9.(

wk - A;6,+"+,(673,+0'6 6k)3626 * +96: +6,*)

Thwpo = the inner product given 6n32)+9$7 (6 m+6ix)+30hu(36 e+56,k2)

to = t6k cof )cint(aj + 3 is sme) +3n e ei(6c.e+6 ein+3.e(6m.n+a36 a)
to = 3o(6mptt+6os,2)+ ths(56' mr+36od)+ sp(36 rh7+56.a t+3h(e mti+ wi)+3(h ? od-m+6 ep)+ res(36ion + o6r2)

*wih33 = +3h+0'6 +36M)+,6(6k 2 +64h 6)+$7(6,h7 +6M)+##(&,. +36k3)

Wi4= Oss(3667 + 562k4) + 304(564, + 36' ) + 5,'(*+ 664) + 3,6,(36,k, + 56) + 15 4(6k, + 625

w'= 0;(36.* +56lk4)+ 3,8(36~ + 564k) +5ff'(61'7 +614) +30'(365k +56l'3)+ 15,6(6k6 +6,k3)

wik. = 6s'(36sk,+56lh)+,6(36?kG+5b6k) +,'7(36sk?+Sblk) +502(64k6+672) +50,(6'k +654) +5,6,(6lG+6Sk2)

and the geometric constants a,, fl3., and bk, are given in (90).

The computation of the inner product given in (32) results in a 9 x 9 Z matrix which must be inverted
to give the coefficients a,1. Although Z is symmetric and specific explicit inversion schemes can be applied
to minimize computations, this matrix order is perhaps at the limit in which closed-form expressions for the
inverse may be succintly expressed and a numerical scheme may be preferred. The stiffness contributions
due to the incompatible contributions, KN, are given by

K,\,• -- gnirn~aamrkmgkj

where

i-= I,2,3,...,6N,; 1-,2,3,..... i; n,k -= ,2,3,...,.24 ; s,m -= 1, 2, 3,....9

The complete element stiffness matrix is therefore given by the sum

K = Kq + KJ\

The E8NL Element

The E8NL element is formulated using stress expansions defined in natural coordinates. Incompatible modes
are introduced to complete the quadratic bending terms and enforce orthogonality between the stress and
incompatible strain fields variationally. Two versions are presented to demonstrate the effect of different
stress expansions on element behavior. E8NLI is based on incomplete quadratic expansions for the inplane
stress components with complete linear expansions for the shear stresses which is identical to the FE1 ele-
ment presented in Reference [10]. The selected incompatible displacement modes used in E8NL are identical
to those used in the E8PL element.

The assumed stress field is given by

-[r 1]

r[p (102)

[r2] 
-

where
r1 = [ , , ,(103)

S= [l,•,,]1031
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The natural stresses are transformed to physical coordinates using a contravariant transformation based on
centroidal Jacobians and premultiplied by the distributing matrix to yield the transformed stress field as

P = D-'To (104)

Without attempting a simplification of the modes in (104) through linear combinations of the unknown
expansion coefficients, the orthonormalizing process yields stress modes of the general form

Phi + pA + pyi7 + P•i + pX501 + p:.q( + Pi* 1f
Pis + Pi* + Pg107+ Pil( + Pi12fq + P'139(c+Pi:14cf

P* Pih + Pi16 + P17'1 + Pdl( + P*9f'? + Pi*0qC+ Pi21Cc (105)
P,2 + Pi'j + pA2 4q + PI
Pi26 + Pi'J7f + Pi,28') + Pi*9 (

I.POO + Pi3I f+ A 3 2 17 + P 3 3 (

where the coefficients are obtained numerically. The components gmn. with m = 1, 2, 3, ..., 33 and n =
1,2,3, ..., 8 result in the following linear algebraic expressions

7

g(m)(3n- 2 ) = Z(dlP(mk) + d21P(mk+7 ) + d31PZmhk+1 4))Enk +
k=1

4

Z (d55P~m,k+ 25)enk + d66PFm,k+ 2 9 )Enk)
k=1

7

g(m)(3n-l) = Z(d12Pým,k) + d22P~mk,+7 ) + d32P~m,k+ 14 ))e~ak + (106)
k=1

4

Z,(d44P~Fl,,+ 2 1 )en + d66PZ.,k+ 29)()nk)
k=1

7

g(m)(3n) = Z(d3Pým,k) + d?3PVmk+7) + d33P~m,k+14 ))•8k +
k--!

4

Z(d44P+m,k+21)e•. + d55p~m,k+ 2 S))nk)

k=1

where
eI,= -(30 1 +O8 +O' 9 +O 0 )/3 E, 5 = -(30n5 + 0'2)/27

2 = + 1 + 10 6 = -(30,n6 + 0nis)/27
• e 7n1 + -(',6)/O (n7 9)/27(107)

n4 = -(344 + 'iI2 + O4)/9

and

4
0i = i n Zn n

!91 1 42 - 6)13 -+ b12.7 4'n6o = z3 Z63 + 42 43 -7 65z6
n = n i -- n+i+n6i n i 6 " + 6 -_= l(64 -+ 6b12) + '4 361. 3 612 4+ 65 b15 7 614 •nll = Zi

6n 2172 617- .4n624ni + n niin_ nbi n nbi

n- 6 12 -7 42 0 -n12 = Z 65 7 - .3n617 + Z4 615n i+ n ii 
nbinit i-

= b 7C6~ 1 5 13= 2") - 4612~+6!2 + 5(~ +47)+ ~ I =4~+4~ -z6~ 18

4- 6+ + +6+2 -ý+ )17 = n2bi36- +14664 + bS6€•inS5 6i '0i , ni n

n7 5 4'(6A4 + 617) + z2(6'16 + 6b) +5 ( 45" 657) +14 = 446 + z'6,4 + 4,nbn b i - zn b i n i sZ

X34• 6 4612 Z614 15 = z6!,6 + 47+4  436Od.6 'n5 ,b3_b ~i ib niZb (108)
7 4 + + 03b6z) + n16 = .47 + 6 - 7 76zni i nbi + nbi, Znbi

z236e +I Z3 62 -4 4132 On17 = 2(z. 25 3 Z364 +I Z2,6415)€ , = 1 (6&7 + b6h ) + nn+ Z b
-45 3 (644 i 6•) -""7 (6117 +[ 65W) +[ •ntS =z2,657 z+ 6n7i4 +4 64s+

,i n i 46i = n n bi n

=2 .2 1n263 +. 6  
24 64 6 47.

"- * 4 2 b'1, 3 b14 n2 =-- --. 3 486 + z n -- Z 7
_ $n . 45 566 6 474
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The values for zjO are given in (91).

The components r,.., with m = 1, 2,3,..., 33 and n = 1, 2,3, are given by

* Tm,n di I E,,1nI + d~ )Mn + d~ ~ln + d55  n~2 + d66 $nn 3= Ed'2  + 2 E2 d +443
?mn,n+3 d12 YmnI 2 mn2 + d32emn3 + 4 mnl d*-r'nn3 (109)
rynn+6 d13 rnI + d2 3 M,,2 + d3E n + d4 4$-O,,, + d55-01inn2

where the following constants are defined

= 0.nIk + f1'k'4k + f2,'n5k + f3O.6bL *mlk = -Om 7 k + !bf I ,n 0 + f2 'kn I Ik + f3 'ml2k
.r2A. = - 0,' + f4mi4k + f5O&'5k + 16'km6k r6i2k = -'m8  + Oij 0  5j& ~bj~ 10

OLU + !7lk~4k + fS'brn 5 k + f9tkm*6k 4m'k = 0,m9k + Ihlrinlok + f84oillk + f9 ln2k

~'CinIk = 3p(m,7k-6)A~i + PNmTh.-2)Ai22 + P(m,7k.- 4)Ail4 + P(m,7k)Ai26 + P(mn,7k-3)Mig + P(mn,7k-5)Ai9

'Cmn2k = 3 p(mn,7k-.yA'S + P(m,7k-2)A*2S + P(m,7k-4)AIS + P(mn,7k-I)A24 + P(mn,7k-3)AI2 0 + P(mn,7k.-S)A'la

0,'n3l, = 3 p(rn,7k:-6)A* + P(rn,7&... 4 )A'i6 , + P(n, 7k)A'17  + P(m,7k-1)-%25 + P(rn,7k-3)A'2i + P(m,7k-5)A'll
Okrn4k = 3P(m,7k-5)Ai4 + P(m,7k-3)Ail7 + P(m.7k-. 4 )Ail3 + 2 P(mn,7k-.2)AiI4 + 2 P(mn,7k)A'kg +3P(m,7k-.6)A'2
O'kms5k = 3p(m,mk-6)A'2 + P(mn,7k-5)Ai + P(m,7k-3)Mai + 2 P(m '.1AO2Pm7..)o+3pmk.4)'

nP~6k 3P(in,7f-6)M% + P(r,7k-5)M'i + P(rn,7h4)XII2 + 2p(mn,7k)Ail +3P(mk.3A +2 P(mk..)n

Omt= 3p(mn, 4 k+'18)Ai + P(rn,4Lk+20)Mi4+ P(rn,4k+21)M9l+ P(m,4k+19)Ai (11

O~k= 3 P(m,4k+18)Ais + P(m, 4k+ 20)A'i 7 + P(m,4k+21)Ai 3 + P(m,4k+19)Mii

~VaMk = 3p(m,4k+18)A6 + P(m,4k+19)A'12 + P(m,4k+21)A!-14 + P(m.4k+20)-A'Ia

M'r10k = 3p(m,4 k+lg)Ai4 + P(m,4k+21)Mi7+ P(rn,4k+20)Mej-+ 3P(m,4k+I8)A'2

~'m11k = 3P~,4k+20)Ai5 + P(m,4k+19)Asi + P(m,4k-+21)MS 3mk+8)'

%'4l2k = 3p(m,4k+ 18)A'l + P(m,4k+ 19)A7 + P(m.4k+20) A'l2 + 3p(m,4k+21)A,6

A', = 8(65'6+362/ M40Ao= 16(6'7 +64'5) A'1 = 16(637 + 66)/9
A' = 8(b66+ 3b'13)19 M1  = 160167+ 614) o'2  = 160(6 6+ b3)/9

= 8(b'4 + 3b.)9 .' 8(b6~ + 3b42) .~ 1466+2512)/45

A'4  = 8(bA4 + 612)19 A3 = 7(4 + 36'66) )122  = 746~4 + 80b6'2)/45
A" = 801~3+ b16)19 A\'I4  = 766264 A' = (484~7+ 80b'5)/45 (112)
A'6  = 8(616 + 612)1/9 A5 is (140416 + 225b613)/5 A'46~+ 01)4
A' = 8(b7 + 3641 16(b6'4 + 42) A'2  = (48b'7+ 02)4

Al= (67 31~/1A 7  = 8(617 + 36'26 A'6  = (48617 + 80&~)/45
Al = (144P54 + 1262)4 M8 = 8 6 + 3b'~ Al = (48647 + 8014)/45

and
Mn= bn Cmn - bm Cn b; C = - c,,,an 6;3n n anbm - ambn(13

The components a,2 are then obtained through the inversion of the symmetric 9 x 9 Z matrix. The el-

ement stiffness matrix is given explicitly by

K = Kq,, + K,\,, = graigni - gtuarnaasrmrkrmgk ; Kj, = i

where
i=1, 2,3,..., 24 j =l1,2, 3,..., i; n, k= 1,2, 3,..., 33; s, m= 1,2, 3,..., 9
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A variation of the above element formulation, designated E8NL 2 , is presented to show the simplification
possible if balanced expansions are used for the stress components. The assumed stress field is given by

.171 [17] 
I

r = [r [] (114)
[rii

where
r= [,t, , (115)

The natural stresses are transformed to physical coordinates using a contravariant transformation based on
centroidal Jacobians and premultiplied by the distributing matrix to yield the transformed stress field as

P = D-•TUr = Tr (116)

Through a linear combination as defined by

S= diag[T, TT,, T , TT, T]P (117)

the P matrix can be reduced to the uncoupled form of stress modes given in (114). Performing the orthonor-
malization of the fundamental modes yields

P = [P*p;,PA,P•,P;,P•,p;] (118)

where, for i = 1,2,3,...,7, the general form of each mode is given by

I + P:'2t + Pi~q + Pi*4 + X50 + Pri*O? + P (119)

and
piL-=O for k>i

Explicit expressions for the coefficients p,' are presented in Appendix III.
The components gmn w;th m = 1,2,3, ..., 7 and n = 1,2,3, ...,8 result in the following linear algebraic
expressions

777

9q(m)(3,s-2) = Z:d11PrnkEak 9(.)(3n-..1) = Z:di2Prnk E)k g(.)(3.) = ZdlVi k n'ek
k=1 k=1 k=1

7 7 7

g(m+7)(sn-,) = Zd12P=hoek g(m+7X3.-1) = Z:d 2Pm nke g(m+7)(3n) = Z- d23Pmk k•
k=1 k=1 k=1

7 7 7

2(mn+14)(3n-2) =~ l;ý ' g(,m+l 4 )(3 n-l) =jZd23P~kenk g(m+l4)(an-)= Zd 3P45 e n(12o)
k=1 k=1 k=1

7 7

g(m+21X3n-2) 0.0 g(m+ 2 1)(3n-l) = Zd4 4P~kenk 9(.+ 2 1)(3n) = s
k=1 k=1

7 7

9(-+28)(3n-2) = dS;ýkn g(m+ 28)(3,,-1) = 0.0 9(m+ 28)(3n) = ZdssP;ý,kenk
k=1 5=1

7 7

g(m+35)(3n- 2) =F 6Pýkn g(n+ 35 )(3n-1) = Z~dW8Pksels 9(m+ 35 )(3n) = 0.0
k=1 k=1
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where W., O.,., and z: are defined above in equations (107), (108), and (91), respectively.

The components rmin with m = 1,2, 3,..., 7 and n = 1,2, 3, are given by

rm~n = d=E~ n = d () n()
rm+7,n = dl2(3En rm+7,n+3 = d22e2 r.+7,+6 = d2383,..
r,.+14,n = dl3En, nrm+14,n+3 = d23 M rm+14,n+6 = d33 m.
rm+21,n = 0.0 rm+21,n+3 = d44 eM r.m+21,n+6 = d44(11
rm+2S,n = Mn rm+28,n+3 = 0.0 rm+28,n+6 = d550mn
rm+ - Mn rm+35,n+3 -- ds60mn r.+35,,+6 = 0.0

where the following constants are defined

S= - + fO,'r,4 + f20;1s + f3km 6
2= 2 +h 4  +A5 +fA Om 6  (122)

E)3. •3 = + fT0+ n4 + f8Srin5 + f9OS'6

Om,= 3p;ý1A' + P;ýsA 2 + Prn3A'14 + Prn7)'26 + Prn4 Aj19 + Pný2A
m2'•n3 = 3p;ý,s "+- p;ý5A23• + pm 5 -+" Pm 4 "+ Pm*'+p4 2 + Pm2A'(1

~'m= T1 (123)
k*4= 3 P;ý2M + P;4A17 + Prn3A'13 + 2pr 5A'14+2P 7 A'19 +3PrnIA 3

,n5 = 3p; 1A! + p.2A8s 'P• + 2P46A'0+ 2p5o0+ 3P;3A)S
M)i6 = 

3
PmlA.I +P; 2AV +Pm 3A'12- + 2PA7A' ..- 'P• 4 A6 +2Pm6, 16.

and the constants A' and 6•n are defined above in equations (112) and (113), respectively.

The element stiffness matrix, K, is given by

Kij = K9,, + 1 .Kj = gnignj - 9girn, ajmrkn&gkj ; Kii = Kii

where
i-1,2,3,...,24; j=1,2,3,...,i; n,k=1,2,3,...,42; s,m=1,2,3,...,9

8 Numerical Demonstrations
In order to validate the performance of the explicitly derived 4 and 8-node elements, several standard bench-
mark problems are analyzed. Solutions to plane stress problems are presented in Figures 5 and 6 while
Figure 7 depicts solutions to a solid cantilevered beam problem.
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Y

2 2 _I I s 4(1) is$lo (2)

A ~IS
1= 010

2 3 3 -i *I - • - • -md- 

m-I---

Elements vA 0,B VA
Q4 Bilinear isoparametric 45.7 -1761 50.7 744T
Q6 (Wilson e al [15]) 98.4 -2427.5 100.4 -3354.6
QM6 (Taylor e al [161) 96 -2511 97.9 -3388
NQ1O (Wu ef al [12]) 96 -2986 97.9 -4021
Pian, Sumihara [13] 96.18 -3014 98.2 -4137
E4PL 96.50 -3013 98.3 -4073
E4NL 96.18 -3014 98.1 -4074

Exact 100 -3000 102.6 -4050

Figure 5. 5-element cantilevered beam subjected to (1) pure bending and (2) end shear.

300 300

0 A

1 Y

S•=0.3

Elements VA 05a arc 90 D 96E
Q4 58.32 1773 -840.7 -629 1336
Q6 62.75 1545 -941.8 -694 1400
QM6 82.67 1783 -1320 -991 1643
NQ1O 84.66 1781 -1509 -1097 1566
E4PL 85.25 1752 -1484 -1088 1311
E4NL 85.24 1753 -1485 -1089 1311

Exact 90.41 2214 -1476 -1044 1230

Figure 6. Clamped circular beam tnder end shear loading.
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Y
S2 x 500 2 x00

.... A --- Xtof A,• •!2 x SOO !•X • SOO
E= 1500
u = 0.3

Cases Five elements Single element
Elements UA 0____ UA O•rB

Q8 Trilinear isoparametric 45.7 -1761 9 3000
Wilson et al (15] 98.2 -2473 100 3000
NQIO (Wu et al (12]) 93.7 -2484 100 3000
E8PLj 96.4 -2956 100 3000
E8PL2  92.7 -2805 100 3000
E8PL3  86.3 -1964 100 3000
E8NLI 94.9 -2955 100 3000
E8NL 2  94.9 -2955 100 3000

Exact 100 3000 100 3000

Figure 7. Solid cantilevered beam under end moment loading.

9 Conclusion

The aim of introducing special stress field transformations has been to maximize the efficiency of hybrid
element formulations by allowing explicit forms of element stiffness matrices to be derived. By fully ex-
ploiting the freedom in selecting and transforming independent stress fields in the hybrid stress technique,
the computational cost associated with numerical matrix integration can be eliminated and inversions can
be reduced substantially. In the extention to higher-order element formulations such as the 8-node plane
and 20-node solid elements, without introducing incompatible displacement modes, matrix inversions are
eliminated entirely. The approach has been demonstrated by deriving explicit linear algebraic forms for
the stiffness matrices of selected 4-node quadrilateral and 8-node hexahedral elements. The computational
advantage over purely displacement-based element formulations is clearly evident and the method outlined
in this study should be expected to find general application in various hybrid/mixed methods to minimize
computations in determining elemient stiffness coefficents.
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APPENDIX I

DETERMINATION OF DISTRIBUTING MATRICES

In computing the 2-D distributing matrix, D, the inversion of the material compliance matrix, S, is not
required as the D matrix may be directly related to the material stiffness matrix C as

D = S-112 = C112 ; C1/ 2 = QAII 2QT

where the C and D matrix are given for an orthotropic material as

C11 C12 [1 d d12  01
C12 c22  0 D= d12 d22  0
0 0 C33 0 0 d33

The eigenvalues are computed as

• = (-vIC2-2c,,c2.+ 4 2 + C, + c 22 + ct)/2
V. = ( .C + C22 + C12

93 = C33

yielding the A1/ 2 matrix as

A /2' = dag.r /2 312,x2A"2 
- l V2• ir

The Q matrix is defined as

Q = ['tl.I$D2ý3]
where the eigenvectors are given by

= 1 2- 
1  

}2 -•2= } , 3={ }
00 C33

and normalized as

N, =

The computation of the 3-D distributing matrix using the symmetric C matrix for an orthotropic material
is performed as follows.

C c11  C1 2 c1 3  0 0 0 dl d12 d13  0 0 0
C12 C22 c23 0 0 0 d,2 d22  d23  0 0 0C C13 C23 C33 0 0 0 D d13 d23 d3 0 0 00 0 0 C44 0 0 D 0 0 0 d 4 4  0 0
0 0 0 0 c55 0 0 0 0 0 d55 00 0 0 0 0 C66 0 0 0 0 0 0]6

The eigenvalues are obtained as

(pi = tj + t.) - a/3 (P4 = C44
P = (-( + 12) - - + v':'3(t, - 1.))/2 =
V.3 = + t) - v-"(L, -1,))/2 ' = C6
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where
t, = (r + V'+r2)1/3

t2 = (r -
q = b/3-a '/9 ; r=(ab-3c)/6 -a-/27
a = -(C3+C22+C11)
b = ((c22 + c,1)c33 23 -4 3 + clc 22 - C22 )

c = (( 11C22 + c.)c13 +clIC2 3 - 2c1 2C13C23 + c3 C2 2 )

yielding the A1/ 2 matrix as
A/1 2  " d [P 1 2 ,,4/ 2  

1/2 1/2 1/2 121

'= diag~l[I ,2 1,'3 ,94 ,P5 ,i6

The Q matrix is given by
Q = [01020l3041050$61

where the eigenvectors are determined by

f(C22 - 'P1)(C33 - 'PI) -C2 3  ( C13C23 - Cl2(C33 - (P2)
C13C23 - ct2(c33 - Wi) (CII - 92)(C33 -W2) - c13

*i= C12C23 - Cl3(C22 - PI) b2= C12C13 -C23(Cll - 'P2)0 '0

0 0
0 0

C12C23 - C13(C22 - 'P3) 0 0 0
C1 2 C13 - C23 (C11 -'P3) 0 0 0

63 = (c11 - 93)(c 2 2 -V3) - C12 0 0 00 44 C44 I b. 0 06 0
0 0 C55 0
0 0 0 C66

and are normalized to yield
N,=

In the case of repeated eigenvalues corresponding to a coupled submatrix partition, the eigenvectors asso-
ciated with the degenerate eigenvalues are discarded and are replaced by vectors orthonormalized to the
independent eigenvectors using the Gram-Schmidt procedure.

APPENDIX II

DETERMINATION OF STRESS MODE COMPONENTS
USING THE GRA M-SCHMID T PROCEDURE

An elaboration of (22) yields an automated procedure for the Gram-Schmidt process and is presented to
indicate the numerical simplicity of developing orthonormal stress polynomials. A generic algorithm may
be developed by first defining variables representing the initial stresses, intermediate combinations and the
final orthonormalized stresses given by Page, pjL, and Pjk, respectively, where i indicates the mode number,
j denotes the stress component and k represents the coefficient in the polynomial expansion for the jth
component. Next, the basic scalar integrals involving the Jacobian determinant and the polynomial powers
arising from the inner product defined in (21) are computed and assigned to a variable, 0q,, accounting for
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the order of expansion and the arrangement of terms. For example, in the 2-D case, if the expansion for
each stress component is given by

i P~i + PO 2+ PO3
P 1=j Pi4 + Pi 6 + Pi6P

POt + Pimi + POR9

where t and 9 are expressed in physical or natural coordinates, the scalar integrals required are given by

1 11 1 1 [1,2, A1  12 A3

1 9 A3 A6 AS

The computation of scalar integrals is detailed in Appendix IV.
With 0 defined, the orthonormalizing procedure is given by the following sequence of operations which may
be performed symbolically or numerically

A--!

0) Psmn = Psmn - E(PrhiP~kj'kj)i,*mn

ii) P;mn = P.mn(PkkiP.kjO4)jY 2

As shown, the nature of the Gram-Schmidt procedure is such that in developing an orthonormal set, each
mode is computed in an 'evolutionary' fashion through the process of orthogonalising the &ih mode to the
preceding i - I modes. When performed symbolically, this leads to increasingly cumbersome expressions
for coefficients as a function of the number of modes and degree of stress coupling and is most efficiently
implemented as a numerical procedure. Explicit expressions are presented below as examples for select 2-D
elements to indicate the unwieldly nature of symbolic representation.

For the E4PQ element, the coefficients in the orthonormalized stress modes are given by

Pil = N, p149 = N 4 L 2  P59 = N5 P4  p67 = N6 Q 4  P74 = N7 Cf

P25 = N, P51 = N 5rx3  P61 = N6 Q 1  Ps" = N 6Q 5  P7s = N 7 P 4

P39 = N, P52 = N5 P) P62 = N6 Q2  P269 = N6 Q6  P76 = N 7 R5

P42 = N 4 al P53 = N5 P2  P63 = N 6Q3  p• = N 7R, P77 = N 7 R6
P43 = N 4 L, P5 = N 5P3  P65 = N 6a4  P72 = N7 R 2  p78 = N 7 R7
P47 - N 4 o 2  P5S = -N 5 a 2  P66 = N 6 L 3  P73 = N 7 R 3  P79 = N 7 R,?

where

D = N4(a1 a& + a)(A6 - A2 A3/Ai) D4  = N1(A6 _ A23,X/)
P1> = -D• = N~A(ot2 As - P3 A6 - P4 A3 )
PA = (alAsDi - a 3 A2)/A1  D6 = -N6a2 (QsAs + Q6 A3 )
P3 = ac2D D7 = N'[(a0r 4 - 2 Q 4 )As + L3 a 1 A 2 - D6]

A4  = C 2(A3 - A2D1)/Ai R, = -a 3Ds - Q1D7
D2 = N5(C(2Ae - PaA4 - P 4A 2 ) R2 = -arID 4 - P1D 5 - Q2 D

D3 = N42(A 4 -A/A) R3 = -LID 4 - P2 D5 -Q 3 D7

Q1 = -1a?,D2 R4 = -a 4 D7
Q2 = -a0(a 11rtD3 + P, D2) R5 = -L 3 D7 + L4
Q3 = a 2 (acL5D 3 - P 2 D12 ) R6  = a 2.D4 - P3D - Q 4 D7
Q4 = D- P3D2 - 1) R7 = c2(D5 - 1) - Q5D7
Qs = a0D2 Rs = Ls- L2 D4- P4D 5 -QsD7
Q6 = L 2 (1 - a2 - '2P4D2
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Normalizing constants are given by

NI = A-1"/2

N4  = [a?(As - AI/A1 ) + a2(A -
N5  = [(as + P3)A 4 + (2a 3PI - 2a 2Pa)A 6 + 2(a3P2 + PaP4)A2+

(P? + a2)As + 2(PIP 2 - a2 P4 )A3 + (P2 + P2)A 1 -V/2

N6 = [(QI + QD)A4 + 2(Q1Q2 + Q4Q5 )A6 + 2(QiQ3 + Q4Q6 )A2 +

(Q2 + a2 + Q2)AS + 2(Q2Q3 + a 4 L3 + QSQ 6)A3+
(Q2 + L2 + Q2)A,]- 1/2

N7  = [(R2 + ,, + R))A 4 + 2(R,,R2 + aIR.4 + R.R7)A6+

2(RaR 3 + a1IR 5 + RSR8)A2 + (R. + R4 + R)As+
2(R 2 e3 + ?4 R5 + R7 R8 )A3 + (R3 + R2 + R4)A,]-1/ 2

and material constants are given by

L, = -a1 A3/Al a, = l/d 1 2
L2 = a2.A./Al a, = 1/d43
L3  = -o 4 A3 /A1  a3  = l/d1 l
L4  = -at A2/A1  a 4  = l/d 22
L5  = a 2A3/AI

For the E4PR and E4PL elements, the coefficients, psj, of the stress modes are given by

pi1 = N, psi = N 3R 1

P21 = -N 2A\./A 1  P32 = N3R 2
P22 = N, P33 = N3

where
RI = (A21A6 - A3 A4 )/(A 4A1 - A2)
R2 = (A2 A3 - AIAS)/(A 4 AI - A2)
Ni = At"1/2

N 2  = 04 - 2
N3  = (As + 2R1 As + 2R 2A3 x • R+ 2?RAI)- 1/2

For the E4NL element, the stress mode coefficients, Pij, are given by

p, = N, pai = N 3 R1
pq21 = -N 2 A2 /A1  P32 = N 3 R2

P22 = N 2  P33 = N3

where
Ri = A2A\3/(A5AI - A2)2
R2 = -A 3 As/(A5 A1 -A2)

N, = At 1/

N2  = (AS -A2IA)-1/2

N3  = (A6 + 2R 2 A3  +As +2RR 2 A2 +PA)- 1/2

For the E8NL2 element, the coefficients, pij, of the stress modes are given by

P11 = N, P42 = N 4)?4  P5s = Ns P71  = N7 R• 2
P21 = -N 2 A2/A1  P43 = -N 4 P2 P61 = N 6 RS P72 = N7 R 13

P22 = N 2  P44 = N 4  P62 = N 6 R 9  p'3 = N 7 R 14

P3l = N 3 R P5si = N5 R5  P63 = N 6 R)o p74 = N7 R 15

P32 = N 3 R 2  P52 = Ns5R P64 = N 6 R1  P75 = N7 R) 6

P3 = N3  P53 = N5 R7  P65 = -N 6 P9  P76 = -N7P14
P41 = N 4 R 3  P54 = - NsP 5  P66 = N6  P77 = N7
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where

R1 = [N2 A2 (A5 Al A3A2) - A31/A1  P9  = NS`(RsA6 + )?4A~ + R7A17 - P5 A15 + A22)
R2 = N (A3A2/A1 - AS) R8 = (P6A2 - AW)A1 - PrRI - Psi?3 - P9R 5
P1  = A - A2 A4 /A1) R9  = -P 6 -PR 2 - PR 4 - Pg&
P2 = N(RIA 4 + R2 A7 + A6) Rio = PsP2 - P7 - PgR 7

S= (P1A2 - A4)/A 1 -P 3 R Ril = PqP s5 - P8

R4 = -P1 - P2)?2  P10  = N220 1 6 - A2A7 /A)Il
*P3 -= N22 (A14 - A2A5 /Al) P11  = N 2 (RiA 7 + R 2 AI 6 + All)

P4 = N32(AsR 1 + R2 A14 + A12) P12  = N42 (R3 A7 + R4A16 - P2Al1 + A13 )
P5  - N2 (AS + R4Al 4 - P2A12 + All) P13  = N 2 (RsA 7 + &6Al 6 + R7ATl - P5A13 + A23 )
Rs = (P3A2 - A5)/A1 - P4R, - PSR 3  P14  = N62 (RsA 7 + ReA 16 + R10A11 + RilA 13 - P9A23 + A2 1)
R6 = -P 3 - P4 R 2 - PS)?4  R12 = (P10 A2 - A7 )/A1 - P11 R) - P12R3 - P13 R5 - P14Rs

R7= A A - P4 R13  = -l iR 1R 1R 1R
Pe = N2(All - A2A6/A1 ) R14 = P12P2 - P11 - P13R7 - Pl4Rio
P7 = N(R 1 A6 + R2A11 + A17 ) RPs = P1P - P1- P14R)1
Ps = N42(R3 As+ R4A1 l - P2 A17 +A 1 5 ) R16 = PePg- P13

and
N• = A-1/2

I1 I
N2 = [As -A2/A]-1/2

N 3 = [R 2A, + A1  + R 2As + 2(R 1 R2A2 + RIA3 + R2 A5 )]-1 / 2

N 4 = [RqA1 + P2A9 + R4?A8 + A10 + 2(R 3 R4 A2 - R3 P.1A 3 + R3 A4 - R,4P2A5 + R)4A7 - AM]
N5 = [R4 , + RjAs + RA 9 + PAj1o + Als + 2(Rs1,?A, + R5R7A3 - RPSA 4 + (R5 + R6R)7)AS-

R 6 P5 A7 + R6•A 14 - R 7 P 5 A6 + R7A1 2 - p5AII)]-1/2

AT6~~~ ~~ -RA )I 8 +)? 0 .+)?A 1 + P92A 18 + A19 + 2(RgR9 A2 + )?s)?1 A3 + )?8)?1 A4-
(R8P9 + R)gRo)As + (Rs + R)oR?11 )A6 + R)9)RIA7 -- R9 P9 A1\4 + (R9 - Ri1P9)AII-
RIOP9A12 + R1oA17 + R)1 A15 - PgA22)]- /2

N 7  - [R2_A1 + R) 3 A8 + R)?4 A9 + R)SA~o + P?24A19 + R)?6A18 + A20 + 2(R%2R)3 A2 + R1 2R)4 A3+
R 12 R 15 A4 + (R12R16 + R13RI4 )A5 + (Rl4Rs - P1.2R 14 )A6 + (R 12 + R 13R) 5)A,+
Rl3Rs6 AI 4 + (RIsRI6 + P 1 4 -- R) 3 P 1 4 )A1l + R 1 3 A1 6 + Rl4R)6 A1 2 - RI4PI4A17-

R 15P 14 AI5 + RISIA13 - R 16 P 14 A22 + R16 A23 - P14\211-1/2

APPENDIX III

INCOMPATIBLE DISPLACEMENT MODES

The constants computed for the element incompatible displacement modes are based on the approach pre-
sented in (121 for identically satisfying the convergence criterion

J LMdv = 0

for any arbitrary element configuration.

The E4PL and E4NL elements

For the FAPL element, the various constants used in the definition of the incompatible displacements are
given by

- alb3 - alb, a 2b3 - a 3 b2
alb 2 - a2bl ab 2 - a2bl
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and
hi = 3alb 3+a 2b3 (f 2 - fl) h6  = 3(a 2 fl-af 2 -a 3 )
h2 = 3bib3 + b2b3(f 2 - fl) h7 = aib3 fh - 3a2bI - a2b3f2
h3  ". 3(b + b1f 2 - b2 f) h8  = bib3 fl - 3b2bl - b2b3f2
h4 = ajasft -3aja 2 - a 2a3 f 2  h9  = 3aja2 +a 2a 3f 2 - ala3 fh
h5= bja3f - 3bla 2 - b2a3 f 2  h1o = 3boa2 + b2a3f 2 - b6a3f

For the E4NL element, fi and f2 are the same as given above. The constants hi are slightly different and
are given by

hi = 8(b3 + bf2 - b211 )/3 N6  = -8a3f2/9
h2 = 8(3b2 - b3 fW)/9 h7 863=2/9
h3  = 863f2/9 Is = -8(3b, + b3f 2 )/9
h4 = 8(a2f1 - a3 - a, f2 )/9 h9  = -8a3f1/9
h5  = 8(a3fl - 3a2)/9 hio = 8(3a, + a3f2 )/9

The E8PL and E8NL elements

A comment on the approach in [12] of forming incompatible modes has been made in [17] which criti-
cizes the algebraic complexity in the 3-D case. However, with careful manipulation, the procedure is quite
tractable and is presented in full detail below.
The basic incompatible displacements are selected as

and 'virtual parameters' are taken as

The elements pij of P. are obtained from the integration of

4 p1 I I E I t12  t13
P.=t2l t22 t23 d4 d74d

1 t t3 32 3 t33

where tii = Adj(J)ij and which yields

Ptl = 8(a 4s+3a 23 )/3; P21 = 8(0i45+3023)/3; p/3 = 8(645+3623)/3
P12 = 8(*e 4 +3a 30)/3; P12 = 8(064+3/031)/3; P32 = 8(664+3b31)/3
P13 = 8(a 5 6 +3a 12 )/3; .23 = 8(.8s6+3012)/3; p33 = 8(656+3612)/3

where
r• = bic, - bjc,

f,6i = ciai -ciai
=b a bj- aib,

The inverse of P. is given by

1 r P221)33-1)231)32 P13P32-P12P33 P12P23-PI3P22] rP11 P12 P131
p.- . P23P31 - P21P33 PI IP33 - P13P31 P13P21 - PI1P23 P21 P)22 P23P2iP32 - P22P31 P12P31 - PlIP32 PI1P122 - P12P21 P31 P32 P33

where
IP.I = P1(P22P33 -p23P32) -1P12(P21p33-1p23p31) +I- 3(p21P32 -P22P31)

The elements pj of P% are obtained from the integration of

IV 12 0t3 P1 P2 P13P =% = 2 1#*22 t 23  d rdidC• = 21 P22 P23

0 1 7#32 033 1 P 2 P33
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which yields

PU = 16(ar's + 0l43)/3 P2l = 16(0325 + 043)/3 p31 = 16 (6 2s + 643)/3
P12 = 16(cr61 + r34)/3 P;2 = 16(/3k + 634)/3 P32 = 16(661 + 634)/3
P13 = 16(acs + a52)/3 A2s = 16(016 + 052)/3 ps = 16(6is + 652)/3

The computation of the final form of u. is given by

S= ([ 2, 2 (21 _ ([4, ,11,] (p ) ( % )
A3

such that
uA = [MI, M2 , M31

where
UM 1  M2  M3  0 0 0 0 01

v 0 0 0 M 1  A•2  M 3  0 0 01
w 0 0 0 0 0 0 MI M2  M 3

and
M, = ý- _ - f.•, -/3
M.2  = 1- 14t -17_ f6C
M 3  = (2 f7t _f87 _ f9

The constants fi in the definition of the incompatible modes are given by

A1 = P•-•P,+Pl2P 2 1+Pý1,lp; 12 = P3P,1+p--2P21+P2-P11; 13 = P3P3,+P3_2P2,+PS1Pl

14 = PF13P 3 2 +Pi12P 2 2 +Pf11Pi 2 ; As = P;23P32+P2.2P;2+P21P'12; 16 = Pi3P;2+A32P22+P31Pi2

f7 = i3P33 + P12P;3 + Pl1.P1,; 1A = P3P33 + P;•P23 + P2Pi,; 19 = P33P, + P2P23 + h3Ii13

APPENDIX IV

COMPUTATION OF BASIC SCALAR INTEGRALS

In the Gram-Schmidt procedure, the inner product defined by (21) requires the evaluation of scalar in-
tegrals in generating the orthonormal basis vectors. For the 2-D elements, using complete linear stress
expansions in physical coordinates, the required integrals consist of polynomial orders up to quadratic order
defined as

2 2[Al A2 A3 A4 AS A6 1 j IJt[l,z,Y,Z ,Y , zY]dtdY7

In computing the above integrals, the determinant of the Jacobian is expressed as

IJI = A + J + J2 1

where
Jo = alb2 -a b- ; 1Ji = ab 3- a3 b; J2  = a3 b2 -a 2 b3

which under mapping to isoparametric coordinates by

z = al + a217+ a3f1
y = bit +b2 17+b3t
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yield closed form expressions given by

A, = 4J0
A2  = 4(Jjai + J2a2)/3
A3  = 4(Jlbl + J2 b2 )/3
A4  = [4JO(3a2 + 3aW + a2) + 8(Jla 2 a3 + J2aIa3)]/9
A5 = [4J 0(3b2 + 3b2 + b2) + 8(Jib 2b3 + J2 blb 3 )]/9
As = 4[b3(Joas + Jja 2 + J2a,) + b2(3a2 Jo + a3 JI) + bl(3aiJo + a3J2 )]/9

For complete linear stresses expressed in natural coordinates the basic integrals are

[Al, A2 , A3, A4, A5, A6] j- IJ[11, t, ,7t, 272 q2]dd7

which yield simply
Al = 4Jo A4  = 0
A2  = 4J 1/3 A5  = 4J4/3
A3  = 4J:!/3 As = 4,o/3

In the 3-D case, the determinant of the Jacobian is given by

IJ - r, + r2t + ray + r4i + rs• + r6(t + r7(1 + rg2 + rg172 + r1<o( 2 + rj(TK + ri 2q17 2 +
r 13(t2 + r 14712 + r15(172 + r1 6W(2 + rl 7 qQ2 + rlg(qf2 + rigTid92 + r20?K( 2

where

12 = 5, = +++ 1++6+ ,i- = 2,p54 r16 = .35

23 "34•+..+62 r12  = ,14 r17  = 737

r3= p+2,+,p7 ,s = T6 r13 = V, 8 '. = 9

N P3 1 + P263  r = V42 r1 42 rig = ýp46
,42 + 7'14 +,VP82 ,o = W35 r,5 = ',26 r 2 o = PO65

and
=5+ = ai(ajb& - a~bi) + b,(bjck - bjci) + ci(cjak - cka,)

With assumed stresses of quadratic order, the basic integrals required in computing the orthonormalized
stress modes are defined up to quartic order by

[Al, A2, As, A4, As, A6, A7, AS, A9] j IJI[t, z, y, z, zZ, yz, zy, X2, y2]deNdd(

[A10, All, A12, A13 , A14 , A15, A16 ] = IJl[P, XYZ, Zy2, X.2, yz , yz2, zz 2][d1Id2 2

(A1 7 , AIS, A1 9 , A2 0 , A2 1, A2 2 , A2 3 ] = jjIJl[zy 2 , X, Y3, z z,y 3 , zz3 , Y. 3]dddvd(

(A 2 4 , A2 5, A 26 , A 2 7 , A2 8 , A2 9 , A301] - _/ lj_11j IJ[yz 3, z
3

, zy
3 

,z 2
y

2
,y2z 2, z 2 ,zyz

2
]dfdq7d(

[A3 1 , A3 2 , A3 3 , A3 4 , A3 5] - f J 1[X IJ,[zy2z, 2
yz,z , y 4 , z 4]d~diqd(

where the isoparametric mapping is given by

z = +3
Y = bit +*b21 + b3( + b4ý17 + WsC + beq( + b7f Y(
Z = Cf +C 2 17 + C3( +C 4 1?7+ CSý(+ C~q( + C7ýt7

32



Closed form expressions for the integrals may be succintly given for lower orders, however, for arbitrary orders,
the integrals of the scalar functions are most expediently evaluated using a standard Gaussian integration
scheme.

N, No Np

i=1 j1=1 k=1

For stresses assumed in natural coordinates, the basic integrals required in computing orthogonal spanning
modes are of simple form and can be evaluated explicitly for any arbitrary powers in terms of coefficients,
ri, of the Jacobian determinant. For the E8NL element, 23 basic integrals are defined by

1 A1  A2  A3  A4  A5  A6  A 7
A2  A5s A5  A7  A14  All A16

,11 1 qA 3  A\5  A9  A6  A 12  A 17  All
t, U6 =II [IJI C A4  A7  A6  A10  A11  AI5  A13

J-J-J- A5  A14 A12  All A18  A22  A23

q( A6  AII A17  AlS A22  A19  A21

, I A7  A 1 6  All A 1 3  A2 3  A2 1  A 20

and evaluate to

A, = 8(3r + r"8 + rg + rio)/3 A13  8(15r2 + 5rl4 + 9rl6)/135
A2  = 8(3r2 + r14 + r l6)/9 A14  = 8(15r3 + 9Or2 + 5r17)/135
A3  = 8(373 + r-12 + -7)/9 A15  = 8(15r3 + 5r12 + 9r17)/135
A4  = 8(3r 4 +r`13 + ris)/9 16= 8(15r4-+9r13+ 5r,5)/135
As = 8(3r7 + r20)/27 A17 = 8(15r4 + 5r13 + 9r71s)/135
A6  = 8(3r7 + -r8)/27 A18 = 8(15r, + 9r8 + 9r9 + 5rio)/135
A7 = 8(3r6 + -19)/27 A19 = 8(15r, + 5"8 + 9r9 + 9r1o)/135
As = 8(15r, + 9rs + 5r 9 + 5r 1 0 )/4 5  Ao = 8(15r, + 9r8 + 5r9 + 9ro)/135
A9 = 8(15r, + 5r4 + 9P9 + 5r1o)/45 A2. = 8(5r5 + 3r20)/135

A10  = 8(15r, + 5r8 + 5r9 + 9r10)/45 A22  = 8(5r6 + 3r19)/135
All = 8r71/27 A23  = 8(5r7 + 3ris)/135
A12  = 8(15r2 + 9r14 + 5r,6)/135
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