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1. Foreword: Materials as Dynamic Systems 

A "systems" view of materials as hierarchical structures with properties governed by 
dynamic evolution in processing and in service was expounded by the late C. S. Smith [1], This 
viewpoint has been developed into a general strategy for the rational design of complex 
materials, pioneered by the multi-institutional Steel Research Group (SRG) program centered at 
Northwestern University [2-4], with successful application in high toughness ultrahigh-strength 
alloy steels [5]. This view of a secondary-hardening martensitic alloy steel as a system is 
summarized in Figure 1 [2], depicting the hierarchy of microstructural subsystems controlling the 
required set of properties for desired performance, and the sequential processing subsystems 
which in turn control structure. Using this approach to focus basic research on key 
process/structure and structure/property relations, quantitative microstructural objectives have 
been expressed in thermodynamic terms (including scaling factors governing dynamic 
evolution), and the THERMOCALC thermochemical database and software system [6] has then 
been applied to the prediction of unique multicomponent alloy compositions capable of 
achieving desired multiphase microstructures under prescribed processing conditions. The 
successful application of this approach in ultrahigh strength steels has made possible the teaching 
of an undergraduate course in Materials Design [4], and the extension of thermodynamics-based 
systems design to ceramics and polymers is now being actively explored within the Department 
of Materials Science and Engineering at Northwestern [7J. 

The research described here has extended the SRG systems design approach with an 
increased emphasis on dynamic microstructures to establish fundamental principles supporting 
rational design of programmed multilevel structures achieving new combinations of properties. 
The research has focussed on transformation toughened secondary hardening martensites 
achieving novel strength/toughness combinations through control of coherent precipitation 
phenomena during processing, combined with tuned-stability crack-tip transformation plasticity 
to control fine-scale strain localization processes during fracture in service. 

The research goals respond to performance needs specific to Army applications, which 
constitute some of the most severe requirements for high performance ferrous alloys. The 
martensitic ultrahigh strength steels show promise for a new generation of shatter-resistant 
ultrahard armor steels offering a new level of V50 ballistic penetration resistance with greatly 
improved resistance to plastic shear localization. The attendant reduction of required areal 
density for ballistic protection would be of particular interest for Army aircraft systems; such 
steels would offer advantages for ballistically tolerant structural components as well. Employing 
surface hardening by high temperature carburizing and/or lower temperature plasma nitriding 
during secondary hardening, these steels also offer potential for a new generation of higher 
power density gear systems exploiting the greatly increased fatigue strength of higher case 
hardness levels as well as the greater thermal stability of secondary hardening steels to allow 
both lighter weight gears and higher gear system operating temperatures desired for helicopter 
transmission systems. 

Reprints of papers describing the SRG program [3], an overview of the scientific basis of 
our approach [2], and a description of the SRG-based Materials Design course [4] are attached as 
Appendices A, B and C. Papers describing elasticity calculations relevant to coherent 
precipitation [8-101, including particle self energies [8] and dislocation interaction energies [91, 
are attached as Appendices D, E and F. Appendix G [ 11] presents a thorough experimental study 
of carbide precipitation in the co- nercial AF1410 steel with theoretical analysis based on 
Appendices D and E. A theory oi precipitate coarsening rate constants for multicomponent 
systems [12] is presented in Appendix H. 
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Table 1. Alloy Steel Compositions (wt.pct.) 

Co Ni Mo Or 

AF1410 0.16 14.2 10.1 1.1 2.1 - 

SRG2 0.24 16.0 5.0 4.0 - - 

SRG3 0.24 16.1 5.0 2.8 0.7 - 

SRG4 0.24 16.1 5.0 1.5 1.4 - 

AermetlOO 0.24 13.5 11.0 1.1 3.0 - 

MTL1 0.21 12.5 10.1 1.1 2.9 0.10 
MTL2 0.30 13.5 10.6 1.2 3.0 0.11 
MTL3 0.30 14.4 10.8 1.1 2.9 0.10 



2. Research Objectives 

While quantitative property objectives are important to obtain sufficient focus of basic 
research coordinated within a systems design framework, the primary objectives of this research 
effort are the fundamental principles and basic data necessary to support rational design. This 
includes the principles of microstructural evolution during coherent carbide precipitation for 
efficient strengthening without embrittlement and the control of metastable austenite 
precipitation for transformation toughening with optimal transformation stability and dilatancy. 
The research emphasizes the dynamics of microstructural evolution in both processing and 
service. 

Specific property targets guiding the conceptual design of prototype materials for 
evaluation are a hardness level of Rc55-58 for the secondary hardening martensitic steels with 
Kc fracture toughness of 80-120 ksiVIn . This would ensure adequate critical flaw size at yield 
for armor steel applications as well as a suitable core material for high performance gear steels. 

3. Summary of Results 

3.1 Efficient Strengthening: Autocatalytic Coherent Precipitation 

Our first dynamic problem of interest in the secondary hardening martensitic steels 
represented by Figure 1 is the evolution of coherent carbide precipitation during the final stage of 
processing. Here the goal is to achieve desired strength with the minimum necessary alloy 
carbon content and without introducing unnecessary embrittling constituents. Theory and 
experiment has addressed M2C alloy carbide precipitation in the series of high Co alloy steel 
compositions listed in Table 1. The doctoral thesis of Dr. Jonathan Montgomery (App. G [ 11 ]) 
focussed on the commercial AF1410 steel and included the higher strength experimental 
compositions SRG 2, 3, and 4 with variations in Cr/Mo ratio. Consistent with predictions of 
models derived from study of these alloys, Carpenter Steel developed the commercial AermetlOO 
alloy which successfully extended the behavior of AF1410 to higher strength levels. The 
MTL 1,2,3 compositions represent prototype armor steel compositions which we designed under 
a one-year contract from the Materials Directorate of ARL (formerly MTL) based on results of 
our ARO sponsored research. The MTL1 prototype successfully matches the strength/toughness 
combinations of AermetlOO employing significantly lower carbon content. 

As first shown by the work of Speich [13] the high toughness of these Co steels derives 
from their resistance to overaging such that high strength can be maintained at completion of 
M2C carbide precipitation, allowing full dissolution of the transient cementite that otherwise 
limits fracture toughness. A typical toughness/hardness trajectory during secondary hardening 
(at 480C) is shown in Figure 2 for the MTL1 prototype armor steel. The best strength-toughness 
combination is obtained in a slightly overaged condition providing cementite dissolution without 
excessive coarsening of the M2C carbide strengthening dispersion. The "X" in Figure 2 shows 
the toughness-hardness combination achieved with optimal 1125C solution treatment and an 8 hr 
temper in the higher carbon MTL2 and MTL3 compositions. Preliminary testing at ARL has 
demonstrated excellent ballistic properties. 

Strength in the overaged condition is controlled by the Orowan dislocation bypass 
mechanism [14] where increased strength (for a given alloy carbon content) can be achieved by 
refining the carbide particle size to reduce interparticle spacing. The fine carbide sizes achieved 
in these steels derive in part from their heterogeneous nucleation on dislocations retained during 
tempering as a result of an unusually high recovery resistance associated with Co short range 
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Figure 2. KE toughness vs. Rc hardness for MTL1 prototype steel solution treated Ihr at 
1000C and tempered at 480C for times indicated in hours. The "X" shows 
properties achieved with MTL2 and MTL3 for an 8 hr temper after 1125C-lhr 
solution treatment 



order [2]. The thorough electron microscopy srdy of M2C precipitation in AF1410 by 
Montgomery [11] coordinated with small angle neutron scattering (SANS) measurements by 
Weertman and coworkers [15] under the SRG program, demonstrated that the fine carbide size is 
also promoted by precipitation at high supersaturations where, as predicted by Langer and 
Schwartz [16] and developed further by Kampman and Wagner [17], competition between 
nucleation and coarsening maintains an average particle size near the critical nucleus size as 
supersaturation drops, thus suppressing the classical "growth" stage of precipitation. The SANS 
data further revealed a surprising additional contribution to particle size refinement depicted by 
the measured size distributions for tempering at 1 hr and 2 hr at 5IOC as shown in Figure 3. 
After 1 hr, where precioitation is half complete and nucleation has ceased due to reduced 
supersaturation, a seco.id stage of nucleation occurs, greatly increasing the particle number 
density and reducing the average particle size measured after 2 hr. This second nucleation stage 
is an important contribution to the softening resistance responsible for the high strength 
maintained by AF1410 in the high toughness overaged state. Theoretical work in our ARO- 
sponsored research has focussed on the fundamental basis of these phenomena promoting 
particle refinement for efficient strengthening in these steels. 

In the high supersaturation regime, the Langer-Schwartz theory predicts two primary 
scaling factors governing the evolution of the particle size distribution. One is a diffusion time 
factor which can be deduced from the coarsening rate constant, and another is the initial critical 
nucleus size setting the length scale. To predict a coarsening rate constant for mulocomponent 
systems, our earlier studies [18] under the SRG program employed a simple model proposed by 
Hillert and coworkers [19]. Under our ARO-sponsored work, Kuehmann and Voorhees [20) 
developed a more rigorous treatment of ternary systems, and more recently Research Associate 
Alex Umantsev has derived a general coarsening rate constant for multicomponent systems: 

r3 - r0
3 = Kt 

m 
K=- 

9 UVni 

atf^kj-i 
i=l j=2 dXj ^J 

where p,? are chemical potentials in the a matrix phase, X** are matrix equilibrium solute 
concentrations, kj are solute partitioning ratios, and Dj the solute diffusivities. The theory is 
described in Appendix H [12] and is now being tested against our AF1410 data and recent SANS 
da a obtained on the SRG 2, 3, and 4 alloys of Table 1. 

Before discussing our continuing research on the factors governing particle length scales, 
we note that, as depicted in Figure 1, the solution treatment prior to tempering exerts an 
important influence not only on the initial matrix composition, but also (along with deoxidation, 
solidification, and hot working conditions) on the nature of the grain refining dispersion that 
influences the microvoid nucleation resistance governing fracture toughness. The latter has been 
an important component of our prior SRG research [21-23] and under our ARO-supported effort 
Graduate Fellow C. Kuehmann has focussed on the optimization of solution treatment to control 
this important component of microstructure. In both the commercial AermetlOO alloy and the 
MTL1 prototype alloy extensive extraction replica electron microscopy has revealed the 
conditions for dissolution of Cr-Mo carbides while retaining fine (Ti, Mo)C carbides (introduced 
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via melt deoxidation practice) which previous work has shown to possess the best intcrfacial 
strength for microvoid nucleation resistance [2]. Fracture toughness has been correlated wiih the 
solution treatment employing a 200C stage I temper condition to avoid cross interactions with 
secondary hardening behavior. In this way multi-step heat treatments are developed by 
sequential optimization of each processing step, focusing on the primary microstructural role of 
each step within the structural hierarchy of Figure 1. The toughness-hardness trajectory for 
increasing solution temperature in Aermet 100 is summarized in Figure 4, showing an optimum 
condition near 900C. 

An area of continuing interest in our research is the control of the carbide initial critical 
nucleus size which sets the primary length scale during precipitation strengthening. This size is 
inversely proportional to the thermodynamic driving force for precipitation which can be 
estimated employing the THERMOCALC thermochemical database and software system 
However, measured carbide lattice parameters [11] and carbide compositions determined by 
atom-probe field-ion microanalysis (APFIM) [24] suggest that precipitation initiates in a 
coherent state and so it is necessary to employ coherent thermodynamics to estimate the 
precipitation driving forces. Under ARO support we have applied linear elastic estimates 
described in Appendices D, E and F [8-10]as an upper bound to the elastic self energy associated 
with the large coherency strains operating in this system. Incorporating the composition 
dependence of the M2C carbide lattice parameters, the carbide self energy has bet n combined 
with the available chemical thermodynamics to treat the thermodynamics of coherent M:C 
precipitation. Reasonable agreement is obtained with precipitation composition trajectories 
measured in AF1410 and the SRG 2, 3, and 4 alloys when the linear elastic self energy is 
corrected by a factor of 1/4 to 1/2. Given the significance of the coherent thermodynamics in 
controlling the strengthening dispersion length scale, we will further refine our theoretical 
estimates of the carbide elastic self energy in continuing research. 

A more stringent test of coherent thermodynamics can be sought from the predicted 
inhomogeneous nature of the solute distribution in the elastic field of a coherent precipitate. 
Generalizing the "open system elastic constant" method of Lärche" and Cahn [25] we have 
calculated the solute distribution around coherent M2C carbides in AF1410 steel as described in 
Appendix D [8]. An atomic resolution test of such predictions has recently been made possible 
by the development of a Position-Sensitive Atom-Probe (PoSAP) at Oxford University [26] and 
a preliminary experiment run on an AF1410 specimen has provided three dimensional Cr 
distributions. In future work we will apply our theory to the prediction of model alloy 
compositions for enhanced solute distributions measurable by the PoSAP technique. 

Employing our current level of approximation in estimating the elastic self energy, we 
have also examined in detail the elastic interaction of a coherent carbide in AF1410 with a 
dislocation, as described in Appendix E [9], in order to explore the heterogeneous nucleation that 
initiates precipitation during tempering. Using a reasonable coherent interfacial energy of 0.1 
J/m2, good agreement is obtained with the observed critical nucleus size and necessary 
nucleation barrier height to account for observed nucleation [11]. Nucleation on dislocations can 
not, however, account for the second stage of nucleation occurring after half completion of 
precipitation as depicted in Figure 3. This problem has been addressed by Research Assistant R.- 
H. Liarng who has examined the possibility of autocatalvtic nucleation in the stress field of the 
first-generation coherent carbides once the average size reaches a critical level. Liarng's 
calculations show that the interaction energy density in the elastic field of an average-size 
carbide af 1 hr tempering is four times that of a dislocation, and more than sufficient to provide 
barrierless nucleation of a second generation of particles. The recent SANS data suggest that the 
second stage of nucleation also occurs in the SRG 2, 3, and 4 compositions, but not as strongly as 
in AF1410. Such autocatalvtic nucleation is an important source of strengthening in the high 
toughness overaged microstructures. 



i~ 

to 

Q) 

CQ 

c: 
o 

o 
«0 

o 

Q) 

i   l    r        I   I   r ~ I      !      I      I      1      I      I      I     I      I     I     1     I      I 

CXI 

Ü o 
in 
00 

-B- 

O o o 
CO c 

CO 
X 

o 

I  I I I J-LO- ,L. I    I CO 

o o 
CO 

o      o 
CM T- 

O 
O 

o o 
oo 

o 

2 
G 
8. 
B 
H 

S 
3 

3 
DC 
c 

8 c 

^5 05 

C   «- 

00 £ 
3 C 
o V 

(u!/us>|) 0,>j 



Our current models of coherent precipitation predict that small V additions should be 
particularly effective in improving strengthening efficiency in these alloys. As described in 
Appendix C [4], this has been incorporated in the conceptual design of a Rc60 stainless matrix 
bearing steel which was evaluated under a NASA grant, demonstrating a doubling of Kr 
toughness compared to conventional bearing steels. In this way principles established in AF1410 
at a hardness level of Re 48 were directly applied at R<60, achieving this hardness with a carbon 
content of only 0.30 wt pet. The effectiveness of V is also supported by the strength achieved in 
the MTL prototype alloys represented in Figure 2. 

3.2 Adaptive Microstructures: Dispcrsed-Phase Transformation Toughening 

The best examples so far of adaptive microstructures achieving programmed 
microstructural evolution in service are based on the exploitation of transformation plasticity 
associated with mechanically-induced martensitic transformations. The most well known 
examples are the TRIP steels [27] demonstrating enhanced ductility at ultrahigh strength levels, 
and more recently the transformation toughened Z1O2 ceramics [28]. The concept of 
programming a change of crystal structure as an adaptive response represents a new level of 
sophistication in engineering materials. 

Under a DOE-sponsored effort within the SRG program, we have examined the 
quantitative roles of phase stability and transformation dilatancy as key variables governing the 
efficiency of transformation toughening in ultrahigh-strength steels, using precipitation- 
strengthened austenitic steels as model systems. Figure 5 summarizes the Jc toughness 
measured in two series of 200ksi yield strength alloys, employing a thermodynamic free-energy 
parameter to represent the phase stability [29,30]. Relative to the dashed line denoting the 
toughness of stable austenite, it is seen that an optimal stability with respect to strain-induced 
martensitic transformation gives a factor of 7 increase in Jic toughness. Additional studies 
employing variations in transformation volume change or dilatancy show further that the 
toughening scales with the third power of the dilatancy [2,31]. Detailed metallographic 
examination of sectioned crack tips reveals a strong interaction of strain-induced transformation 
in delaying processes of plastic shear localization in ductile fracture. Application of recent 
transformation plasticity constitutive models [32] in finite element simulations of crack tip 
plasticity [33] reveals the toughening role of pressure-sensitive strain hardening associated with 
the pressure dependence of transformation kinetics arising from the transformation volume 
change. Optimal transformation toughening thus involves a tuning of phase stability and 
transformation dilatancy for adaptive response to the specific stress state of a plastic crack tip. 
Our ability to control phase stability is further enhanced by a new martensite kinetic model 
addressing solid solution strengthening effects in interfacial mobility governing the composition 
dependence of the critical mermodynamic driving force for martensitic nucleation [34]. 

Under ARO support, we have examined the exploitation of this toughening phenomenon 
in ultrahigh strength martensitic steels, employing a dispersion of metastable austenite particles 
as represented by the fourth microstructural subsystem in Figure 1. As denoted in the Figure, the 
roles of dilatancy and the composition dependence of stability carry over from the bulk austenitic 
alloys, but additional important variables in dispersed-phasc systems are the amount (phase 
fraction) of austenite and a strong role of particle size on stability through the statistical nature of 
heterogeneous nucleation [35]. Achieving the very high levels of austenite stability required for 
optimal toughening at ultrahigh strength levels demands both particle size refinement and strong 
compositional enrichment. In contrast to the more conventional retained austenite produced 
during quenching from the solution treatment temperature, the latter compositional enrichment is 
made possible in secondary hardening steels via the formation of precipitated austenite during 
tempering, as also denoted in Figure 1. In our earlier work on the commercial AF1410 steel [36], 
we demonstrated that a two-step tempering treatment, in which a short-time higher temperature 
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austcnitc nuclcation step precedes final tempering to complete carbide precipitation, gives a 
toughening response similar to that in Figure 5 when toughness is expressed as a function of 
austenite precipitation time. For optimal precipitation conditions, the increased toughness 
obtained is represented by the band denoted AF1410-TT (for Transformation Toughened) in the 
toughness-hardness plot of Figure 6. Also shown is the band of properties obtained for the 
commercial AermetlOO alloy and our lower-carbon MTL1 prototype alloy of Figure 2, without 
exploiting the phenomenon of precipitated austenite transformation toughening. 
Thermodynamic calculations employing the THERMOCALC software and database predict that 
optimal precipitated austenite stability levels should be similarly achievable in these alloy 
compositions. The "objectives" box in Figure 6 represents the properties we believe can be 
achieved by a combination of further strengthening (through the refinements of coherent carbide 
precipitation discussed earlier) and full exploitation of precipitated-austenite transformation 
toughening. The dashed lines bounding the objectives denote acceptable levels of critical flaw 
size at yield. Such properties would represent a significant advance in the useable strength levels 
of steels for high performance structural applications. 

As a step toward achieving such property combinations, Graduate Fellow Charles Kuehmann 
has tested the levels of transformation toughening achievable in the AermetlOO alloy. 
Employing solution treatment conditions based on the optimization study of Figure 4, the 
toughness-hardness trajectory during 2-step tempering is measured using an improved geometry 
compact-tension Jic specimen, and precipitated austenite content is monitored by magnetometry. 
Results are presented in Figure 7, expressing toughness as Kic- The open data points represent 
the toughness-hardness trajectory for 482C isothermal (1-step) tempering, similar to the upper 
branch of Figure 2. The solid points depict the properties achieved when the standard 482C-5h 
temper is preceded by an austenite precipitation step at 582C or 532C for times in minutes 
denoted in the Figure. The 2-step treatments are seen to follow a higher toughness curve 
compared to the standard 1-step treatments, attributed to improved stability of precipitated 
austenite. However, the toughening increment is not as large as indicated by the preliminary 
AF1410-TT experiments shown in Fig. 6. Further, compared to the behavior of AF1410, the 2- 
step treatments in Aermet 100 cause excessive overaging of the carbide dispersion with an 
associated loss of strength. Similar results were obtained in the MTL1 prototype armor steel 
composition. Exploitation of precipitated-austenite transformation toughening in these alloys 
will require precise control of the relative rate constants of austenite and carbide precipitation to 
achieve desired austenite stability without excessive carbide coarsening. The new coarsening 
rate theory of Appendix H [12] will aid the design of the required alloy compositions. 

Future research will explore the synthesis of composite structures through powder processing 
in order to exploit transformation toughing without requiring austenite precipitation. 





CO 
in 

IS) o 

co 
CO 
CD 
c 
X) o 

IT) 

CO 

CD 

CO 
X 

o 
CO 

o 
CD 

O O 
CM 

O 
O 

o 
CO 

u 

|   g 
5 E 

■S  c 

•Si 

E M 
0   O 
O   £   u 
g ■§ & 
~ £E 

ft   E <N 

C»   *>   H c  ^  rt 
c rsi c 

c w ~ 
M> C r 

C  v rM 

* a c 

(ui/^i) * 



4. References (*denotes papers acknowledging ARO support) 

1.        C S. Smith. A Search for Structure. (1981) MIT Press: Cambridge MA 

* 2.        G. B. Olson, "Science of Steel," in Innovations in Ultrahigh Strength Steel 
Technology, eds. G. B. Olson, M. Azrin and E. S. Wright, Sagamore Army Materials 
Research Conf. Proa: 34th (1990) pp. 3-66. 

* 3.        G. B. Olson, "New Steel by Design," 1 Materials Education H (1989) pp. 515-528. 

* 4.        G. B. Olson, "Materials Design: An Undergraduate Course," Morris E. Fine 
Symposium, eds. P. K. Liaw, J. R. Weertman, H. L. Markus, and J. S. Santner, TMS - 
AIME: Warrendale, PA (1991) pp. 41-48. 

5. T. A. Stephenson, C. E. Campbell, and G. B. Olson, "Systems Design of Advanced 
Bearing Steels," in Advanced Earth-to-Orbit Propulsion Technology 1992. eds. R. J. 
Richmond and S. T. Wu, NASA Conf. Pub. 3174, Vol. 0 (1992) pp. 299-307. 

6. B. Sundman, B. Jansson and J. O. Andersson, "THERMOCALC: a Thermochemical 
Databank and Software System," CALPHAD 9 (1985) 153. 

7. Materials Design Initiative, Dept. Materials Science and Engineering, Northwestern 
University, Evanston, EL. 

* 8.        K. C. King, P. W. Voorhees and G. B. Olson, "Solute Distribution Around a Coherent 
Precipitate in a Multicomponent Alloy," MetalL Trans. A 22A (1991) 2199-2210. 

* 9.        K. C. King, G. B. Olson and T. Mura, "Elastic Energy of Coherent Precipitation at 
Dislocations in an Anisotropie Matrix," Proc. ARO Workshop, Modem Theory of 
Anisotropie Elasticity and Applications. Ed. J. J. Wu, T. C. T. Ting, and D. M. 
Barnett, SIAM: Philadelphia, PA (1991) pp. 103-121. 

* 10.      H. Hasegawa, R-H. Liarng and T. Mura, "Thermal Stress in a Half Space with a 
Cylindrical Inhomogeneous Inclusion," J. Thermal Stresses 15 (1992) pp. 295-310. 

* 11.      J. S. Montgomery and G. B. Olson, "M^C Carbide precipitation in AF1410," in 
Gilbert R. Spsich Symp. Proc.; Fundamentals of Aging and Tempering in Maine 
and Martensitic Steel Products, eds. G. Krauss and P. E. Repas, ISS-AIME: 
Warrendale, PA (1992) pp. 177-214. 

* 12.      A. Umantsev and G. B. Olson, "Ostwald Ripening in Multicomponent Alloys," 
Scripta Metall. Vol. 29 (1993), pp. 1135-1140. 

13. G. R. Speich, "Secondary Hardening Ultrahigh-Strength Steel," in Innovations in 
Ultrahigh Strength Steel Technology, eds. G. B. Olson, M. Azrin and E. S. Wright, 
Sagamore Army Materials Research Conf. Proc.: 34th (1990) pp. 89-112. 

14. E. Hornbogen, "Alloy Design for >3 GPA Steels," in Innovations in Ultrahigh 
Strength Steel Technology, eds. G. B. Olson, M. Azrin and E. S. Wright, Sagamore 
Army Materials Research Conf. Proc.: 34th (1990) pp. 113-126. 

15. A. J. Allen, D. Gavillet and J. R. Weertman, "SANS and TEM Studies of Isothermal 
M2C Carbide Precipitation in Ultrahigh Strength AF1410 Steels," Acta Metall. 42 
No. 6 (1993) pp. 1869-1884. 



16. J. S. Langer and A. J. Schwartz, Phvs. Rev. A21 (1980) 948. 

17. R. Wagner and R. Kampmann, "Solid State Precipitation at High Supersaturations," 
in Innovations in Ultrahigh Strength Steel Technology, eds. G. B. Olson, M. Azrin 
and E. S. Wright, Sagamore Army Materials Research Conf. Proa: 34th (1990) pp. 
209-222. 

18. H. M. Lee, S. M. Allen and M. Grujicic, "Stability and Coarsening Resistance of M2C 
Carbides in Secondary Hardening Steels," in Innovations in Ultrahigh Strength Steel 
Technology, eds. G. B. Olson, M. Azrin and E. S. Wright, Sagamore Army Materials 
Research Conf. Proa: 34th (1990) pp. 127-146. 

19. S. Björklund, L. F. Donaghey and M. Hillert, Acta Metall. 2Q (1972) 867-874. 

20. C. J. Kuehmann and P. W. Voorhees, "A Theory of Coarsening Kinetics in Ternary 
Systems," manuscript in preparation. 

21. J. G. Cowie, M. Azrin and G. B. Olson, "Microvoid Formation During Shear 
Deformation of Ultrahigh-Strength Steels," in Innovations in Ultrahigh Strength Steel 
Technology, eds. G. B. Olson, M. Azrin and E. S. Wright, Sagamore Army Materials 
Research Conf. Proa: 34th (1990) pp. 357-382. 

22. M. L. Schmidt and M. J. Gore, "Solution Treatment Effects in AF1410 Steel," in 
Innovations in Ultrahigh Strength Steel Technology, eds. G. B. Olson, M. Azrin and 
E. S. Wright, Sagamore Army Materials Research Conf. Proa: 34th (1990) pp. 407- 
424. 

23. M. J. Gore, G. B. Olson and M. Cohen, "Grain-Refining Dispersions and Properties in 
Ultrahigh-Strength Steels," in Innovations in Ultrahigh Strength Steel Technology, 
eds. G. B. Olson, M. Azrin and E. S. Wright, Sagamore Army Materials Research 
Conf. Proa: 34th (1990) pp. 425-442. 

24. G. B. Olson, T. J. Kinkus and J. S. Montgomery, "APFIM Study of Multicomponent 
M2C Carbide Precipitation in AF1410 Steel," Surf. Sei. 246 (1991) 238-245. 

25. F. Lärche' and J. W. Cahn, Acta Metall. 21 (1973) 1051. 

26. A. Cerezo, T. J. Godfrey and G. D. W. Smith, Rev. Sei. Instrum. 52 (1988) 862. 

27. V. F. Zackay, E. R. Parker, D. Fahr, and R. Busch, Trans. ASM 6Q (1967) 252. 

28. R. C. Garvie, R. J. H. Hannick and C. Urbani, "Ceramic Steel," Nature (London^ 22& 
(1975)703. 

29. F. Stavehaug, •Transformation Toughening of Y' Strengthened Metastable Austenitic 
Steels," Ph.D. Thesis, MIT Dept. Materials Science and Engineering, June, 1990. 

30. G. B. Olson, "Mechanically Induced Phase Transformations in Solids: An Update," 
Encyclopedia of Materials Science and Engineering. Supp. Vol. 3 (1993) Pergamon 
pp. 1786-1789. 



31. C-C. Young» 'Transformation Toughening in Phosphocarbide-Strengthened 
Austcnitic Steels," Ph.D. Thesis, MIT Dept Materials Science and Engineering, June 
1988. 

32. R. G. Stringfellow, D. M. Parks and G. B. Olson, "A Constitutive Model for 
Transformation Plasticity Accompanying Strain-Induced Martensitic Transformations 
in Metastable Austenitic Steels," Acta Metall. 4Q (1992) 1703-1760. 

33. R. G. Stringfellow and D. M. Parks, "Strain-Induced Transformation Toughening in 
Metastable Austenitic Steels," in Fracture Behavior and Design of Materials and 
Structures. Vol. 1. Ed. D. Firrao, EMAS Ltd., Warley, U.K., p. 400. 

34. G. Ghosh and G. B. Olson, "Solid Solution Strengthening and Kinetics of Martensitic 
Transformations in Fe-Base Alloys," Proc. ICOMAT-92. ed. J. Perkins, in press. 

35. G. B. Olson, K. Tsuzaki, and M. Cohen, "Statistical Aspects of Martensitic 
Nucieation," in Tumbull Symposium; Phase Transitions in Condensed Systems, eds. 
G. S. Cargill, F. Spaepen, and K. N. Tu, MRS (1987) p. 129. 

36. G. N. Haidemenopoulos, G. B. Olson, and M. Cohen, "Dispersed-Phase 
Transformation Toughening in Ultrahigh-Strength Steels," in Innovations in Ultrahigh 
Strength Steel Technology, eds. G. B. Olson, M. Azrin and E. S. Wright, Sagamore 
Army Materials Research Conf. Proc.: 34th (1990) pp. 549-596. 



5. Scientific Personnel 

Professor G. B. Olson, Principal Investigator 
Professor T. Mura, Co-Investigator 
Dr. Fu-Rong Chen, Assistant Research Professor 
Dr. Gautam Ghosh, Assistant Research Professor 
Dr. Alex Umantsev, Research Associate 
Carol McCarus, Research Technologist 
J. Van Nostrand, Director's Assistant 
James Herman, Director's Assistant 
Junghyun Cho, Graduate Student, M.S., December 1993 
Kwang-Un King, Graduate Research Assistant, Ph.D., June 1990 
Charles J. Kuehmann, Graduate Fellow 
R-H. Liarng, Graduate Research Assistant 
Jonathan S. Montgomery, Graduate Fellow, Ph.D., December 1990 
P. O'Neill, Undergraduate Student 
L. Ralya, Undergraduate Student, B.S., June 1992 

6. Report of Inventions 

None 

10 



APPENDICES 

Appendix A    "New Steels by Design/' G. B. Olson, J. Mater. Educ. Vol. 11 (1989) pp. 515- 
528. 

Appendix B    "Overview: Science of Steel," G. B. Olson, in Innovations in Ultrahigh-Strength 
Steel Technology, eds. G. B. Olson, M. Azrin and E. S. Wright, Proc. 34th 
Sagamore Army Research Conf. (1990) pp. 3-66. 

Appendix C    "Materials Design: An Undergraduate Course," G. B. Olson, Morris E. Fine 
Symposium. TMS (1991) pp. 41-48. 

Appendix D    "Solute Distribution Around a Coherent Precipitate in a Multicomponent Alloy," 
K. C. King, P. W. Voorhees, G. B. Olson and T. Mura, Met. Trans. A Vol. 22A 
(1991) pp. 21992210 

Appendix E    "Elastic Energy of Coherent Precipitation at Dislocations in an Anisotropie 
Matrix," K. C. King, G. B. Olson and T. Mura, in Modem Theory of Anisotropie 
Elasticity and Applications, eds. J. Wu, T. Ting and D. Barnett, S1AM (1991) pp. 
103-121. 

Appendix F     "ThermaJ Stress in a half space with a cylindrical inhomogeneous inclusion," H. 
Hasegawa, R-H. Liarng and Toshio Mura, J. Them. Stresses I£ Hemisphere 
Publishing Corp. (1992) pp. 295-310. 

Appendix G    "M%C Carbide Precipitation in AF1410," Proc. Gilbert R. Speich Symposium: 
Fundamentals of Aping and Tempering in Bainitic and Martensitic Steel Products. 
J. S. Montgomery and G. B. Olson, eds. G. Krauss and P. E. Repas, ISS-AIME, 
Warrendale, PA, (1992) pp. 177-214. 

Appendix H    "Ostwald Ripening in Multicomponent Alloys," A. Umantsev and G. B. Olson, 
Scripta Metall. Vol. 29 (1993^ pp. 1135-1140. 

11 



APPENDIX A 

J. Maier. Educ, Vol. II, pp. 515-528, 1989. 

NEW STEELS BY DESIGN* 

G.B. Olson 
Department of Materials Science and Engineering 

Northwestern University 
Evanston, EL 60208-3108 

INTRODUCTION 

Research presented here is part of the multi-institutional Steel 
Research Group program involving the participants listed in Figure 1. 
We will focus in particular on developments in ultrahigh-strength 
martensirjc alloy steels (Program A) which are motivated by the ultimate 
mechanical property objectives shown in the plot of Kic fracture 
toughness vs. strength level in Figure 2. Moving from the lower band 
of commercially available properties to the objective band shown would 
allow a substantial increase in the useable strength level of ultrahigh- 
strength steels in advanced structural applications. However, it is 
important as well to achieve a similar improvement in stress-corrosion 
resistance represented by the Kiscc 

Our approach to this is not only to determine the scientific 
principles controlling the properties of interest, but to develop methods 
of integrating this understanding within an engineering systems design 
framework.   Figure 3 represents our view of a steel as a system, 

* This paper was presented at the Materials Research Society Annual Meeting, 
Symposium XTV, "New Frontiers of Materials Research," Boston, November 
(1989). 
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FIG. 2 

Fracture toughness vs. strength (hardness) showing A program 
objectives relative to commercial ultrahigh-strength steels. 

represented by a set of microstructural subsystems as defined from the 
viewpoint of the particular set of properties that we wish to control, and 
showing their interconnections with the stages of processing that 
influence them. We will here examine developments in (a) the control 
of kinetic phase competition for precipitation strengthening without 
embrittlement, (b) the control of precipitation of metastable austenite 
dispersions for transformation toughening, and (c) the electronic level 
control of intcrgranular cohesion for hydrogen stress-corrosion 
resistance. 
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STRENGTHENING 

The objective of precipitation strengthening is to achieve the finest 
possible dispersion of M2C alloy carbides at completion of the 
precipitation reaction. Completion is important in order to eliminate the 
transient iron-based cementite, which limits fracture toughness1; and 
since the desired carbide is metastable, it is also important to reach that 
completion prior to the precipitation of equilibrium carbides such as 
MöC which form on grain boundaries and limit fracture toughness 
(Figure 3). Toward that end we have conducted an extensive study of 
M2C carbide precipitation in AF1410 steel, which is summarized by the 
plots vs. tempering time of Figure 4, showing the evolution of (a) 
particle size, number density, and volume fraction determined primarily 
by small-angle neutron scattering (SANS),2 (b) the carbide lattice 
parameters determined by electron diffraction,3 and (c) the carbide 
composition trajectory determined at short times by atom-probe 
microanalysis4»^and at longer times by STEM.6 The overall features 
are consistent with theoretical predictions7 for behavior at very high 
supersaturations where a competition at early times between nucleation 
and coarsening phenomena lead to a suppressed growth behavior, 
which is very useful for achieving the finest possible dispersion. Under 
these conditions, the scaling factor determ   ing the size scale 
corresponds to the initial critical nucleus size vhich in turn scales 
inversely with the precipitation thermodynamic driving force.  The 
composition trajectory shows major departures from equilibrium; these 
compositions, together with the associated lattice parameter shifts, 
indicate that precipitation begins in a fully coherent state. Therefore, to 
treat the thermodynamics we must take into account the composition- 
dependent elastic energy associated with particle coherency. To do this 
in complex multi-component alloys, we use the THERMOCALC 
thermochemical database and software system8 modified to incorporate 
the elastic energy effects.9 

Based on our experience with the AF1410 alloy, we have used the 
thermodynamics to explore possible new higher- strength compositions 
for this class of steel using the type of precipitation driving force mapl° 
shown in Figure 5. This shows for a fixed Co, Ni and C content, 
contours vs. Cr and Mo content, of the driving force for (a) the 
equilibrium M$C carbide and (b) the desired metastable coherent M2C 
carbide. Our experience with alloys along the dashed straight line in 
Figure Sa indicates that a threshold driving force for intergranular 
cmbrittlement by the equilibrium M$C carbide is 15kJ/mole. This then 

Journal qfMafrtaU BdkwaHon 1J0&4 
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M2C precipitation behavior in AF1410 steel 
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gives a composition constraint: we must stay to the left of this contour, 
which is superimposed as a dashed line in Figure 5b. Subject to this 
constraint, we can then find a unique composition which maximizes the 
driving force for the desired coherent M2C carbide and gives the most 
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efficient strengthening. In parallel with these thermodynamic 
calculations, an empirical alloy development program at Carpenter Steel 
has actually arrived at a composition very similar to this and shown 
substantially improved mechanical properties.11 

TRANSFORMATION TOUGHENING 

To achieve further enhancement of fracture toughness we can 
control the simultaneous precipitation of metastable austenite during 
tempering, in order to achieve transformation toughening phenomena. 
This we have studied initially in AF1410 steel as summarized in 
Table l.11 We find that standard tempering at 51CTC at 5-8 hrs 
provides precipitation of 3-6% austenite on the lath boundaries of the 
martensite at a size scale of about 0.1^1, and with a composition only 
slightly enriched with Ni. Our experiments show that this is not 
sufficiently stable to give optimum transformation toughening, and our 
transformation kinetic models predict that we can obtain optimal stability 
by decreasing the particle size and further enhancing the Ni content 

TABLE 1 
AF1410 precipitated-austenite transformation toughening. 

510*C/5h 510#C/8h 600'C/15 min + 510#C/8h 

Y-micros true tu re 
Composition 

interlaih (0.1-0.2jim) 14Ni-13Co-3Cr     17Ni-15Co^Cr 
intralath (100-200A) - 29Ni-10.5Co-4Cr 

fY 0.03 0.06 0.15 

Properties 
Hardness Rc48 M6 M8 
Yield strength 1550 MPa 1360 MPa 1370 MPa 
JlC toughness 178 kJ/m2 201 kJ/m2 250 U/m2 

In seeking ways to do this, we discovered experimentally that 
insertion prior to the final standard tempering of a higher temperature 
short time treatment (600#C, 15 min) allows the nucleation within the 
martensite laths of a finer lOOA dispersion of highly Ni enriched 
austenite which has compositions near equilibrium predictions. This 

Journal o/Matmrlals Education J 1(581* 
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very fine, high Ni austcnitc is at the optimum stability giving the 
mechanical properties summarized in Table 1; a record level of fracture 
toughness (corresponding to Kic = 250 MPalfm at Rc48 hardness) 
resulting from control of this particular component of microstructure. 
Further experiments in model austenitic steels demonstrate that the 
toughening efficiency of transformation scales as the cube of the 
transformation dilation.13 We are now accordingly designing 
compositions to further enhance the transformation toughening. 

HYDROGEN STRESS-CORROSION RESISTANCE 

Stress corrosion of ultrahigh-strength martensitic steels is 
controlled by intergranular hydrogen embrittlement invariably associated 
with prior segregation of embrittling impurities. Toward the control of 
intergranular cohesion we have recently completed our first set of all- 
electron total-energy calculations of the energy and electronic state of 
embrittling impurities, comparing the grain-boundary environment with 
the corresponding free surface environment Our initial calculation for 
the case of P in Fe in the grain boundary configuration at the left of 
Figure 6 shows a surprising extent of charge transfer from P onto the 
adjacent Fe atoms (#1), with an attendant reduction of the magnetic 
moment of those Fe atoms.14 Upon fracturing the boundary, the P 
atom can relax out of the plane of the first Fe atom to the configuration 
shown in the right figure, and in so doing the charge transfer is found to 
reverse to the P atom with restoration of the magnetic moment of the 
adjacent Fe atom.15 This, together with some directional bonding 
effects,16 gives a lower energy of the P atom in the fracture surface 
environment than in the initial grain boundary, contributing to reduced 
cohesion.17 We have compared B, C, P, and S and shown that these 
electronic features correlate with the relative embrittling effects of these 
impurities giving an electronic basis for the embrittlement.14 We are 
now going on to calculation of alloying effects in order to ultimately 
design grain boundary compositions for enhanced intrinsic cohesion and 
resistance to interaction with hydrogen. 

In the meantime, we have made our most significant advances in 
stress corrosion resistance in these steels by finding novel ways of 
removing existing impurities from the boundaries.18 Our 
thermodynamic calculations showed that the most effective compound 
for the stable gettering of P in Fe based alloys is LaPÜ4, and that this 
phase should be accessible at high melt undercoolings achievable by 
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rapid solidification. By combination of centrifugal atomization and late 
La additions to the melt, we successfully achieved a very fine dispersion 
of LaPC>4 which gave the remarkable increase in Kiscc compared to 
conventional steels in Figure 7. 

UTS , iu 
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50 n—n—TTT—I—r 
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no. 7 
Stress-corrosion resistance vs. strength comparing rapidly solidified 

La-Ni-Mo steel with conventional ultrahigh-strength steels. 
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MATERIALS DESIGN 

So far our first effort to take all these developments and integrate 
them into the design of one steel was undertaken by a team of students 
in the Materials Design Course at Northwestern University,19 who 
performed a conceptual design of a stainless bearing steel for the Space 
Shuttle Main Engine turbopumps, a demanding application requiring 
substantial improvements in toughness and stress-corrosion resistance. 
Consistent with the scheme of Figure 3, a sequence of operations was 
followed to arrive at an alloy composition tailored to respond to specific 
processing.  First, the composition was constrained for compatibility 
with rapid solidification and the La treatment The matrix composition 
was then constrained to include 12% Cr for stainless properties. 
THERMOCALC computations were then used to compute a line of 
compositions in Ni and Co that maintained a sufficiently high Ms 
temperature to give the desired lath martensite structure. Thereafter, a 
unique Ni and Co composition was found by considering the type of 
austenite that would precipitate during tempering, both in terms of its 
amount and its stability as quantified by the martensitic transformation 
driving force at room temperature. With that matrix composition, Mo 
and V contents were finally optimized to maximize the driving force for 
the coherent M2C while maintaining limits on the M^C and M23C6 
carbides. 

In this way, a computer-aided thermodynamics-based design 
yielded at a unique composition; if it is successful, we will have arrived 
at a very different way a creating new materials. 
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materials science 

12. Nearest Neighbor Links - None 

13. Distribution Information * Institutional subscription to JME carries 
unlimited reproduction rights. (See inside front cover.) 
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APPENDIX C 

MATERIALS DESIGN: 
AN UNDERGRADUATE COURSE 

G.B. Olson 
Northwestern University 

Department of Materials Science and Engineering 
Evanston, Dlinois 60208 

Abstract 

General principles of systems engineering are applied 
to the design of materials to meet specific performance 
objectives. Results of ongoing research on 
processing/structure and structure/property relations in 
uitrihigh-strength steels are used to illustrate the 
formulation of quantitative microstructural objectives 
to achieve required property combinations, and the 
computer thermodynamics-based design of 
compositions responding to prescribed processing 
conditions. A class project addresses the conceptual 
design of a 7-component stainless bearing steel for a 
critical Space Shuttle application. 

Introduction 

On the suggestion of Professor Morris Fine, this paper, 
rather than presenting the usual discussion of research 
results, will instead focus on teaching and its 
interrelation with research. In the late 1960s and early 
1970s, Professor Fine taught a pioneering course at 
Northwestern on Materials Development which in part 
responded to the concerns of accreditation boards 
regarding the declining design component of 
engineering undergraduate curricula. Twenty years 
later, the concerns are more valid than ever. In the 
spirit of Professor Fine's innovations, a new course at 
Northwestern (1) directly addressing Materials Design 
has been made possible by a multi-institutional research 
program; centered at Northwestern, the 
interdisciplinary Steel Research Group (SRG) program 
focusses on the quantitative scientific principles 
allowing design of new classes of advanced steels. 

To approach materials design in the broadest context, a 
survey of instructors of Systems Engineering courses ai 
Northwestern identified a concise review of the systems 
approach by G.M. Tenkins (2), presenting an excellent 
overview that could be readily translated to matena Is 
problems.   A recent review by Ashby (3) effectively 
describes the process of materials selection in the 
various stages of engineering design, and provides an 
excellent framework for the specification of material 
property objectives to achieve desired performance 
To provide materials science students with sufficiently 
quantitative design tools, computer laboratory sessions 
were found effective in developing proficiency in 
available thermodynamic and kinetic software, most 
notably the ThermoCalc system (4) that has formed the 
cornerstone   of   our   materials   design   research 
Applications to control of both constrained equilibria 
and thermodynamics-based kinetic scaling  factors 
provided the basis of student team design projects 
during the second half of the course. 

Materials as Systems 

The central paradigm of materials science is the 
sequential interrelation of processing, structure. 
properties, and performance as depicted in the linear 
structure of Figure 1. While the notion of materials as 
systems has been well developed by Cyril Smith (5) in 
the context of material structure as a hierarchy of 
interacting micTOstrucrural subsystems, the concept can 
be further broadened to regard each of the blocks of 
Figure 1 as a primary subsystem, each of which can 
itself be further subdivided into a hierarchy of 
interacting subsystems. Although "cause and effect" 
logic sugf    s a sequence of interrelations from left to 

PROCESSING STRUCTURE PROPERTIES PERFORMANCE 

Figure 1:    Linear structure of materials science, defining primary material subsystems. 
MMTtalPiMawMtoa 
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Figure 2:    Flow-block diagram illustrating the structure of Co-Ni secondary hardening steels as a system. 

right in Figure 1 (e.g. structure controls properties), 
Morris Cohen (6,7) has observed there is a 
"reciprocity" whereby it is equally valid to regard our 
perception of structure as controlled by the properties 
we wish to explain. This reciprocal view is 
particularly useful in materials design. 

As outlined by Jenkins (2) a system in general is a 
complex grouping of components which is divisible 
into a hierarchy of interacting subsystems, usefully 
represented by a flow-block diagram. Figure 2 
illustrates such a diagram, expanded from the general 
structure of Figure 1, representing the ultrahigh- 
strength martensitic alloy steels addressed by the SRG 
research program. Shown are the key microstructural 
subsystems controlling the three primary properties of 
interest, together with the stages (subsystems) of 
processing affecting each. While further details will be 
discussed later, it is evident from Figure 2 that in 
addition to the horizontal primary subsystem 
interactions reflected in Figure 1. important vertical 
subsystem interactions also exist such as the effect of 
recovery resistance on carbide precipitation, and the 
effect of impurity gettering on microvoid nucleation 
resistance. As is also a universal feature of systems, the 
material of Figure 2 is part of a hierarchy of larger 
systems, strongly influenced by higher levels, 
particularly in the formulation of its objectives. It is 
the application of the steel as a load-bearing component 

in an engineering structure that defines its performance 
objective quantifying the required three primary 
properties of strength, toughness, and hydrogen 
resistance. Further, as for all systems, the ultimate 
system objective of a combination of properties 
demands a compromise between conflicting objectives 
of property subsystems (e.g. strength vs. toughness). 
and to function at maximum efficiency the system must 
be designed. 

Systems Design.of Materials 

Stages of Systems Engineering 

The sequential stages of the general systems design 
approach described by Jenkins (2) are depicted in 
Figure 3. We here briefly examine each of these in the 
context of materials. 

Analysis 

The basic steps of systems analysis consist of problem 
formulation, definition of the system and the wider 
system in which it functions, and definition of the 
system objectives. In the case of materials, problem 
formulation consists of identification of a broad 
materials performance need. The materials system is 
then defined in terms of class of material and 
micros true tu re,   and   important   subsystems   and 
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ANALYSIS DESIGN/SYNTHESIS 

T 
OPERATION 

Figure 3:    Stages of systems engineering (2). 

interactions are identified and represented in a flow- 
block diagram as in Figure 2. While Figure 2 reflects 
a fairly advanced stage of analysis, an initial stage 
would emphasize simplicity and flexibility of approach. 
Consideration of the wider system then defines the 
function of the material in a device, which in turn 
prescribes performance requirements. 

The manner in which property/performance relations 
can be used to set quantitative property objectives for a 
material is well described in the review by Ashby (3). 
Using the examples of table legs, bicycle fc springs, 
and pressure vessels, a series of combine property 
parameters superimposed on property cross-plots is 
used to compare competing materials. Such an analysis 
is not only useful to the design engineer selecting 
materials from those available, but also serves to define 
property objectives for the materials scientist designing 
an improved material to better compete with available 
alternative materials. For the ultrahigh strength steels 
of Figure 2, property objectives were defined by 
choosing a significant strength increment beyond that 
which can be reliably used in current commercial steels 
for advanced structural applications such as aircraft 
landing gear. This defines an ultimate tensile strength 
range of 2000-2400 MPa corresponding to a hardness 
of Rc55 to 60. Quantitative K\c toughness objectives 
are then defined by the toughness/strength ra*io 
reauired for a desired minimum critical flaw size. 
Hydrogen resistance, quantified in these steels by the 
stress corrosion threshold Kiscc» " u*11 specified by a 
desired minimum Kiscc/KlC ratio. 

Another important early step in analysis is the 
organization of an interdisciplinary design team for 
which Jenkins (2) gives useful general guidelines. It is 
particularly noteworthy that the required breath of 
knowledge demands that the materials design team 
leader must be a materials scientist, but necessarily one 
well suited to interaction with related disciplines, 

Dcsipi/Svnthesis 

The first step in the synthesis of understanding in 
design is modelling. Ideally, quantitative models 
should be developed for each of the important 
structure/property and property/structure relations 

depicted in Figure 2, spanning a hierarchy of structural 
scales. While empiricism at some level is inevitable. 

the most useful models, particularly for the generally 
nonlinear phenomena at play in materials, are as 
fundamentally mechanistic as possible. Jenkins (2) 
cautions however, that modelling for design must be 
purposeful, with the goal of optimization rather than 
subsuming facts. In this regard it is useful to prioritize 
phenomena and decide the necessary accuracy of 
required models. 

It should perhaps be acknowledged at this point thai 
materials science is a relatively young field for which 
quantitative models are not abundant. Even in the most 
scientifically advanced area of high strength steels, 
relations for toughness and hydrogen resistance remain 
quite qualitative. The kinetic theory of phase 
transformations has provided a reasonably quantitative 
basis for the microstructural evolution underlying 
process/structure relations, however, and recent 
progress indicates that quantitative microstructural 
objectives can be formulated and achieved to provide 
specified strength with desired qualitative changes in 
toughness and hydrogen resistance (8,9). 

The second stage of synthesis is the actual application of 
models in simulation of material behavior on both the 
local scale of microstructural subsystems and ultimately 
the global scale of the entire system. Simulation is then 
applied to system optimization. As emphasized by 
Jenkins (2) it is here crucial to avoid "sub- 
optimization" whereby a subsystem is optimized at the 
expense of the total system. The total system must be 
optimized as a whole, recognizing constraints imposed 
by competing subsystems. Again material performance 
demands a combination of properties, such that major 
increases in one property can be useless if other 
necessary properties are degraded. 

Another important aspect of system optimization is the 
application of simulations to the identification of 
sensitive variables (in material composition and 
processing) in order to minimize sensitivity for 
controllability; i.e. "sharp" optima are to be avoided. 
Control and reliability also demand that control systems 
be built into the design, ideally allowing for process 
monitoring and readjustment Reliability also requires 
some tolerance for the unpredictable, such that 
statistical variations can not cause an excessive fraction 
of processed material to fall below final specifications. 
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Implementation and Operation 

As depicted in Figure 3, the next step in systems 
engineering is implementation, which here corresponds 
to the production of a prototype material. The testing 
of model predictions via characterization of prototypes 
allows refitment of the system models through an 
iterative process denoted by the dashed line in the 
figure. 

When sufficient optimization is achieved, the operation 
stage is entered corresponding to the setting of 
materials specifications in terms of composition and 
processing. 

It should be recognized at this point that the actual 
practice   by   which  new  materials  are  currently 
developed consists of the simultaneous evaluation of a 
set of materials with variations in composition and 
processing to allow optimization via empirical process/ 
structure correlations with minimal involvement of 
structural details. Experience in other engineering 
systems would strongly indicate that, once mechanistic 
models are sufficiently mature, the true design of 
materials through the deliberate approach of Figures 2 
and 3, involving the sequential characterization of a 
small number of prototype materials, will ultimately 
lead to greater and more rapid advances. The general 
principles reviewed here offer a glimpse of the future 
of materials design. Recent progress suggests that, for 
steels at least, that future may be close at hand. 

The Example of mtrafrgh-Strcngth Steels 

Specific examples giving meaning to the development 
and application of mechanistic models for design just 
discussed are obtained from results of SRG research on 
ultrahigh-strength martensitic steels. Detailed 
theoretical and experimental results defining 
process/structure and structure/property relations for 
each of the microstructural subsystems listed in Figure 
2 are reviewed elsewhere (8,9). Examples concerning 
behavior of the alloy matrix include the electronic basis 
of Ni-enhancement of cleavage resistance (10) and the 
mechanism of Co-enhancement of dislocation recovery 
resistance (9). We will here highlight advances in the 
mechanistic modelling of these subsystems, emphasizing 
examples which serve to illustrate key points. 

Control of competing precipitation reactions in 
secondary hardening martensitic steels offers an 
excellent example of quantitative processing/ structure 
relations. Achieving optimum strength/toughness 
combinations in these steels requires near completion of 
M2C alloy carbide precipitation to eliminate Fe-base 
Fe3C carbides which precipitate earlier in a coarse 
form limiting toughness through microvoid nucleation 
(11).       Completion   results   in   an   overaged 

microstructure where strength is controlled by the 
Orowan bypass mechanism. In this regime M2C 
particle size refinement governs strengthening. Hence 
the desired microstructural objectives is to achieve the 
finest particle size at completions of precipitation. 
Extensive study (9) of M2C precipitation behavior by a 
range or experimental techniques in the 14Co-I0Ni 
steel AF1410 shows nucleation and coarsening behavior 
with suppressed growth consistent with theory of 
precipitation at high supersaturations (12), and shows a 
particle composition trajectory indicative of coherent 
precipitation. The primary size scaling factor in the 
high supersaturation regime is the initial critical 
nucleus size which scales inversely with the driving 
force for coherent precipitation. Incorporating the 
elastic contribution of particle coherency, the latter can 
be computed as a function of alloy composition using 

the ThermoCalc software and database. However, an 
important constraint enters because the M2C phase is 
typically metastable, and completion of its precipitation 
must be achieved before the embrittling incoherent 
interfacial precipitation of equilibrium carbides such as 
M6C. Toward design of optimal alloy compositions for 
strength/toughness, Figure 4 depicts computed contours 
of precipitation driving force for (a) the M6C carbide 
and (b) the coherent M2C carbide, as functions of Cr 
and Mo content in 14Co-10Ni-0.25C steels (13). 
Experience from experimental alloys with Cr and Mo 
contents along the dashed line in Figure 4a indicates 
interfacial embrittlement during secondary hardening 
for M$C driving forces beyond 15 kJ/mole. This then 
provides the constraint that alloy composition must lie 
to the left of the dashed curve superimposed in Figure 
4b. Subject to this constraint, maximizing the coherent 
M2C driving force for efficient strengthening defirrs 
the alloy composition denoted by the open point. T s 
point lies very close to a recently developed alloy vnöi 
excellent strength/toughness properties (14). 

An example of analysis of structure/property relations 
involving interdisciplinary collaboration with applied 
mechanics, introducing materials science students to the 
capabilities of numerical finite-element methods, is the 
investigation of the role of particle dispersion geometry 
on microvoid nucleation resistance. Once unnecessary 
particles such as Fe3C are eliminated by optimal 

processing, the microvoid nucleation resistance 
governing ductile fracture toughness becomes 
controlled by the grain refining dispersion necessary to 
limit grain coarsening during solution treatment. The 
geometric requirements in terms of panicle diameter d 
and volume fraction f for grain refinement are well 
established. Combining this with the predicted role of 
these variables from the numerical modelling of 
microvoid nucleation (15) has allowed an assessment of 
the toughening benefits of particle size refinement 
while maintaining a fixed grain size (9).   Dispersions 
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a)    M6C b)    M2C  (coh) 

2 3 
Wt%Mo 

2 3 
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Figure 4:     Computed precipitation driving force (kJ/mole) at 5IOC for alloys 
containing 14Co-10Ni-0.25C: (a) incoherent M^C, (b) coherent M2C (13). 

with the desired finer size and required coarsening 
resistance may be achievable by rapid solidification 
processing. 

A unique example of a structure/property relation 
amenable to rather direct control through 
thermodynamics is the transformation toughening from 
a dispersion of precipitated austenite. Experiments in 
model austenitic steels identify the optimal 
thermodynamic stability for maximum transformation 
toughening and isolate the important role of 
transformation dilatation (9). Transformation kinetic 
theory predicts the roles of particle composition and 
size on the transformation stability of dispersed 
austenite, and experiments employing multi-step heat 
treatments in AF1410 steel demonstrate the toughening 
benefit of optimal stability austenite dispersions (16). 
Constrained equilibrium calculations employing 
ThermoCalc predict the amount, composition, and 
thermodynamic stability of austenite that can be 
precipitated during secondary hardening treatment, and 
models for the composition dependence of the austenite 
and martensite lattice parameters can allow prediction 
of alloy compositions for increased transformation 
dilatation for enhanced toughening. 

Our best example of an interdisciplinary approach to a 
structure/property relation involving collaboration of 
metallurgy, mechanics, and quantum physics explores 

the ultimate electronic origin of intergranular cohesion 
underlying the hydrogen resistance of ultrahigh 
strength steels. Intergranular hydrogen stress 
corrosion in these steels is invariably associated with 
prior interfacial segregation of impurities which reduce 
intergranular cohesion (17). Modelling the 
thermodynamics and mechanics of the competition 
between crack-tip blunting and brittle interfacial 
separation has predicted a correlation between the 
embrittling potency of a segregant (including 
hydrogen) and the difference between the free energy 
of segregation to grain boundaries and free surfaces, 
consistent with available data (18). The resulting 
thermodynamic description of embrittlement gives a 
well defined physics problem being addressed by total 
energy electronic calculations employing suitable 
models of grain boundary and free surface atomic 
structures (9.19,20). While these calculations are only 
now revealing features of electronic structures which 
correlate with the thermodynamic quantities underlying 
embrittlement, and have yet to reveal new principles of 
interfacial cohesion enhancement, the approach 
introduces materials students to the capabilities of total 
electronic calculations, illustrates the manner in which 
materials-related problems can be formulated to be 
addressed by allied disciplines, and emphasizes the 
effectiveness of thermodynamics as a medium of 
communication across disciplines. 
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A more direct means of applying thermodynamics to 
the improvement of hydrogen resistance, while 
providing an example of composition design for 
optimal process interactions, is the design of novel 
gettering compounds to remove embrittling residual 
impurities such as phosphorus from grain boundaries 
(21). A thermodynamic survey identified lanthanum 
phosphate as potentially the most stable gettering phase 
for phosphorus in steels, and further calculations 
indicated the metastable phase could be accessible at 
high melt undercooling achievable by rapid 
solidification. Preliminary rapid solidification 
experiments performed on a simple NiMo steel 
confirmed formation of such a phase and revealed a 
major improvement in hydrogen stress corrosion 
resistance as represented by KIScc- The fine 
coarsening resistant dispersion of the stable compound 
further provides stable grain refinement at relatively 
high solution treatment temperatures. 
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Class Project! Design of a Stainless Bearing Steel 

From the viewpoint of undergraduate materials 
students, research examples just cited serve to not only 
convey an important sense of the nature of 
interdisciplinary research for purposeful modelling, 
but many of the final outputs of these activities are 
expressible in terms of undergraduate thermodynamics 
and kinetics, yielding principles compatible with the 
available tools of the ThermoCalc system. These then 
provided the basis for student design projects, the most 
intricate example of which was a team project directed 
at a stainless hearing steel for the Space Shuttle Main 
Engine (SSME) turbopumps (22). 

Mechanical property objectives adopted for this 
demanding application of a martensitic stainless steel 
were a minimum hardness level of R,60 for wear and 
fatigue resistance, with a doubling of Kic and KT$cc 
relative to the 440C alloy steel currently employed, in 
order to achieve the desired level of reliability. 
Applying the approach represented in Figures 2 and 3, 
composition was first constrained by available 
knowledge (17) of alloying effects on intergranular 
cohesion (primarily excluding  Mn and  Si)  and 
compatibility with rapid solidification and lanthanum 
treatment for impurity gettering and stable grain 
reMnemert. Matrix composition was then constrained 
to include 12Cr for stainless properties. Applying an 
Orowan strengthening analysis to available dispersion 
hardening data from experimental high-Co secondary 
hardening steels, (9), a minimum carbon level of 0.30 
wt.pct. was estimated to achieve the desired RcöO 
hardness in this class of alloy. A rough initial estimate 
of Mo content of 1.0 wt.pct was then adopted, based on 
previous results such as those of Figure 4. 

Figure 5: Composition diagram for 12Cr-lMo-0.3C 
steels representing Co and Ni contents giving equal 
FCC and BCC free energies at T0 * 940K. Solid line is 
equilibrium FCC/FCC+BCC phase boundary (22). 

At this point, an approximate constraint was introduced 
to maintain a sufficiently high martensitic 
transformations temperature (Ms) to achieve the 
desired lath martensitic microstructure. Lacking 
suitable martensitic kinetic parameters for the high 
alloy range of interest, the FCC-BCC To partitionless 
equilibrium temperature was set equal to that of 
AF1410 steel (940K). This then defined the range of 
alloy Ni and Co contents represented by the X-curve in 
Figure 5. A unique Ni and Co content along this line 
was then selected by consideration of the amount and 
stability of austenite that could precipitate at secondary 
hardening temperatures near 500C for subsequent 
transformation toughening in service at and below 
room temperature. Stability was assessed by the FCC- 
BCC free energy difference at room temperature and 
set slightly higher than the optimally stable dispersed 

austenite studied in AF1410. This stability level could 
be achieved with a total austenite amount of 20 pa. A 
secondary objective was to maintain a high Ni content 
in the BCC matrix for cleavage resistance. 

Optimization of carbide forming elements was then 
examined employing driving force calculations like 
those of Figure 4, holding Cr at 12 wt.pct. and varying 
Mo and V. For this high Cr content the M«C driving 
force was easily maintained below the critical level of 
Figure  4.     The driving  force  for  M23C4  was 
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Figure 6:    Phase diagram section vs. V content for Fe- 
30Co-12Cr-6Ni-0.3Mo-0.3C (22). 

significantly higher but corresponding experimental 
information regarding embrittlement behavior 
associated with this carbide is currently lacking, thus 
identifying a need for further experiment. In this 
range of composition, the coherent thermodynamic 
model prediction of the driving force for the desired 
coherent M2C was rather insensitive to Mo content, but 
strongly increased with V as desired for partide size 
refinement for efficient strengthening. Maintaining a 
Mo level of 0.3 wt.pct. to provide pitting corrosion 
resistance, the V level was then set by considering 
solution treatment requirements defined by the 
computed phase diagram section of Figure 6. A 
selected level of 0.25 wt.pct. corresponds to the onset 
of a steep rise in solution temperature with further 
increase of V. The final alloy composition thus defined 
can be solution treated at 1100C where the grain 
refining dispersions formed by rapid solidification 
should remain quite stable. 

By this sequence of thermodynamic calculations, a 
unique 7-component alloy composition has been defined 
which is predicted to be thermodynamically capable of 
generating the desired set of microstructural features 
defined in Figure 2 under fairly well prescribed 
conditions of solidification, solution treatment, and 
tempering. Following a second iteration of the 
calculationa! sequence for improved self consistency, a 
prototype of such an alloy has been prepared and is 
currently being evaluated under NASA sponsorship. 

QfiSUtt 

A systems approach to materials design has been 
outlined based on general principles of systems 
engineering. Employing quantitative relations 
developed from ongoing research on ultrahigh-strength 
steels, the feasibility of computer-aided 
thermodynamics-based design of alloy compositions 
capable of achieving prescribed microstructural 
objectives under specified processing conditions has 
been demonstrated with the conceptual design of a 
stainless bearing steel uniquely combining a set of 
phenomena with high potential for substantial property 
improvements. 

It is noteworthy that, while the ongoing research 
program made a materials design course possible, the 
scheduling of the course greatly catalyzed the process 
of integrating results within a well-defined design 
approach, and profoundly altered the direction of the 
research program. The first complete materials design 
exercises occurred in fact in the class projects. This 
synergism between teaching and research provided an 
exhilarating experience for all who participated in it. 
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Solute Distribution Around a Coherent 
Precipitate in a Multicomponent Alloy 

K.C. KING, P.W. VOORHEES, G.B. OLSON, and T. MURA 

The open system clastic constants for a multicomponent alloy are derived and used to determine 
the equilibrium solute concentration profile surrounding an isolated coherent M2C carbide pre- 
cipitate with a transformation strain with three unequal eigenstrains in an elastically anisotropic 
AF1410 steel. The open system bulk modulus was found to vary with stress in this alloy, in- 
dicating that the chemical thermodynamics of AF1410 in an open system can result in the ma- 
terial becoming nonlinearly elastic. However, the open system shear moduli are identical to 
their usual constant composition values as a result of the cubic symmetry of the solute expansion 
tensor. We find that the nonuniform stress field surrounding the misfitting precipitate will induce 
significant nonuniformities in the concentration of the chemical components in this alloy. At 
certain positions in the matrix, the change in the concentration of Cr and Mo due to the elastic 
stresses, relative to their average concentrations in the alloy, can be as large as 100 to 250 pet. 
Although the solute redistribution reduces the matrix effective bulk modulus by 12 pet, the 
coherent carbide elastic self-energy is reduced by only 0.45 pet, reflecting a large contribution 
of shear distortions to the elastic self-energy, which are relatively unaffected by the dilating 
solutes. 

APPENDIX D 

I.    INTRODUCTION 

STRESS fields induced by material defects can influ- 
ence the equilibrium distribution of solute in crystalline 
solids. For example, nonuniform distributions of solute 
atoms are possible in the vicinity of a dislocation" 23t 

and inclusions.'4 51 Enhancement of the concentration of 
impurities can have major effects on materials proper- 
ties; for example, increased solute concentration can ini- 
tiate the growth of a void16' and increase the corrosion 
rate of an alloy.'7| 

To obtain the equilibrium solute concentration field in 
a nonuniformly stressed crystalline solid, both the chem- 
ical and mechanical equilibrium conditions must be sat- 
isfied at all points in the system. These equilibrium 
conditions require that in addition to the diffusion po- 
tential being uniform throughout the system,'" the stress 
induced by the nonuniform solute distribution should be 
accounted for in a self-consistent fashion. Although it is 
possible to modify the constitutive law to relate the stress 
to the concentration to account for this stress, Larch* and 
Cahn found that this approach does not necessarily yield 
thermodynamically self-consistent solute concentration 
fields. 

Lärche* and Cahn further found that it was possible to 
determine the equilibrium solute concentration field in a 
stressed crystalline solid in a simple manner through the 
use of "open system' elastic constants.f" The idea is to 
modify the usual elastic constants, which are measured 
at constant composition, to account for both the stress 
induced by the nonuniform solute field and the effect this 
redistribution has on the chemical thermodynamics of the 
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system. Thus, the stresses are determined in the usual 
fashion via linear elasticity, using the open system elas- 
tic constants instead of the usual elastic constants. 

Lärche" and Cahn have employed this approach to 
determine the solute distributions in a binary alloy sur- 
rounding dislocations'891 in the linear elastic approxi- 
mation and concentration fields in uniaxially stressed 
nonlinearly elastic solids."01 Johnson and Voorhees1111 

determined the concentration profiles surrounding two 
elastically interacting uniformly dilating precipitates in a 
binary alloy using the open system elastic constant ap- 
proach. They found that clastic stress induced by those 
precipitates can induce a significant nonuniform solute 
concentration. 

Once the elastic stress has been determined, the com- 
position field follows at once by requiring that the dif- 
fusion potential be constant throughout the system ,8t Since 
the diffusion potential is related to the usual chemical 
potentials of the chemical components in the alloy (mea- 
sured in the absence of stress) and the calculated stress 
at a point in the solid, it is possible to use existing ther- 
modynamic databases to determine the solute concentra- 
tion field without performing any other experiments and 
with no adjustable parameters 

In contrast to the extensive work on binary alloys, the 
effects of elastic stress on the equilibrium solute distri- 
bution in a multicomponent alloy has received little at- 
tention. For example, the form of the open system elastic 
constants in a multicomponent alloy is not known. In 
addition, the diffusion potential approach has not been 
used to determine the equilibrium solute distribution in 
a multicomponent alloy. 

Here we extend the Larch* and Cahn181 open system 
elastic constants and diffusion potential approach to 
multicomponent alloys and apply it to the more general 
case of a coherent system involving three unequal ei- 
genstrains. We chose as our example the multicompo- 
nent secondary hardening alloy steel AF1410 which has 
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been the subject of an extensive theoretical and experi- 
mental investigation aimed at the principles for design 
of a new class of ultrahigh-strength steels.1121 In this ef- 
fort, the control of thermodynamic driving forces for co- 
herent precipitation is crucial to the desired refinement 
of carbide dispersions for efficient strengthening. The 
stress in this case is generated by a coherent ellipsoidal 
M2C carbide precipitate which has different elastic con- 
stants from the matrix. The eigenstrain method was used 
to calculate the stress field. The composition field in the 
matrix surrounding the precipitate was then determined 
using available thermochemical data from the Thermo- 
calc alloy database."31 

11.    THEORY 

A. Thermodynamics 

Here the thermodynamic relationships necessary to 
couple the elastic stress and the equilibrium composition 
fields in a multicomponent alloy are derived. We extend 
the approach used by Lärche and Cahn',0J for a binary 
substitutional alloy to a multicomponent alloy. 

The matrix is in equilibrium when the diffusion po- 
tential, M,K = MiK{p, Ttl), and temperature are constant, 
where p = p , pK-,, p*+,, ..., ps and p, is the molar 
density of chemical component J measured per unit vol- 
ume of the reference or stress-free state, Tu is the stress 
tensor, and N is the total number of chemical compo- 
nents, of which (1 Ä" - 1) are interstitial compo- 
nents and (K + 1..... AO are substitutional components. 
The molar density of the ATth substitutional component 
is not an independent variable in the diffusion potential, 
since in the absence of any vacancies, the sum of the 
molar densities of each number of substitutional com- 
ponents must be equal to a constant, p0, the molar den- 
sity of lattice points in the system in the reference state 
for strain. The molar density of vacancies can be in- 
cluded explicitly, but here we choose to neglect vacan- 
cies as they are normally in sufficiently low concentrations 
to negligibly effect the equilibrium thermodynamics. The 
diffusion potential is different from the usual chemical 
potential in that it is a function of both the composition 
of the alloy and stress. Thus, if the elastic stress is a 
function of position in the matrix and since MIK must be 
a constant at equilibrium, this implies that the compo- 
sition must also be a function of position. We will as- 
sume that the temperature is constant. 

The stress-free matrix will be taken as the reference 
state for strain. Consistent with this choice, all changes 
m composition will be measured with respect to this state. 
The independent variables will be taken to be the stress 
components Tu and molar densities of all of the chemical 
components, except component K. Hence, the total strain 
£„ and the diffusion potential M,K can be expressed as a 
function of these variables as follows: 

£„ = £„<p,rw) 

Mi* — MiK(p, Tu) 

The total differentials of E„ and M,K are 

dE,. 
v     dTu 

dp, 

m 
[2] 

(3) 

dMIK = 
dM» 

dTu 
dPj        [4] 

where the subscript p denotes that all of the other in- 
dependent molar densities of each component are held 
constant, except that component used in the partial de- 
rivatives, and the summations in the above and in the 
following are defined as, for example, 

N 

2-2 (5) 

The dependence of the diffusion potential M,K on stress 
Tu can be expressed in terms of a Maxwell relation as1*1 

dTu dp; 
Tu.P 

Substituting Eq. [6] into Eq. [4], we obtain 

dTk 
Y dM/* 

dpj 
Tu.P 

BEU 
dpj = dMIK +   

dP>   lT^ 

I6| 

[7] 

Equation [7] is a linear system of equations of the order 
(N - 1), and thus, dpj can be found using Cramer's rule 
as follows: 

■Jo       <■ 

BEU 
dM« + —- 

Spn 

dTtl A.* 

where Jp is the Jacobian, 

d(M1A. A/lX_1IA, M(A<UA MNA) 
Ja = 

d(Pl-  -    -, P,A- IM Ä*.|>. . Ps> 

[8] 

l°] 

and AnJ is the cofactor found by eliminating !hc nth mu 
and 7th column of the matrix and calculating ihc 
determinant: 

dp, i,' 

dAf*-,ji 

d\f]l(     c*M,A 

dp,*-ii  dp<A-i. 

aw« 
dp,*. 

dp,,. 
dMK.tJi 

dP. I. 

dp,,. 

I 10) 

dp,*. 

The first term of the nght-hand side of Eq |8| iv zero 
in the case we are considering, for the diffusion potential 
is constant throughout the system at equilibrium Nerve. 
Eq. (8] becomes 

Tu* j,rldp„ 
dTtl 

'W 
mi 
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1 
Substituting Eq. [UJ ioto Eq. (3], yields 

[12] 

The inverse of the constant composition isothermal 
elastic constant tensor, CJy, is defined as follows: 

Tu*  dP* Tu j> 

■fUr« 

[13] 

Similarly, the inverse of the open system elastic constant 
tensor &i)kl can be found from Eq. (12] as 

''p     /       n 

where T/, is the solute expansion coefficient for com- 
ponent / and is defined by 

I» = Pa 
<5Q 

[15] 
7~*;-P 

where £T7 is the strain due to a change in composition 
and c, is the mole fraction of component /. For a system 
with cubic symmetry, we have 

T)!,= V«V [16] 

Under these conditions, only the diagonal components 
of C°lkl are altered in an open system, since 

c*t m 7 2 2 *>V^ «A + ci     [17] 
L-'p     /        n J 

Although the genera} expression for the open system 
elastic constants, Eq. [14], in a multicomponent alloy 
differs from that found by Lärche and Cahn19', we are 
now in agreement that Eq. {14] is correct."41 The elastic 
constants Cl)kl are measurable for a wide variety of sys- 
tems. Thus, the open system elastic constants C,lkl can 
be calculated once the dependence of A/M on composi- 
tion is determined. The derivatives appearing in Eqs. J9] 
and [10] can be evaluated at any particular composition 
and stress. The open system elastic constants evaluated 
in the reference state, i.e., the stress-free state, are used 
in the following elasticity calculations. 

In order to calculate the solute distribution around the 
precipitate, it is necessary to determine the dependence 
of the diffusion potential on concentration and stress. Here, 
the Maxwell relation, Eq. [6], is integrated with respect 
to Tkt while holding p constant to obtain 

M«(p,0) = M/ie(p,7,
ü)+ rfj,, [18] 

where repeated subscripts imply summation from I to 3. 
The diffusion potential in the absence of stress is given 

by'»' 

A/«(p,0) = p0(^/(c)- ftr(c)) [19] 

for substitutional components and by 

M//f(p,0) = p0M,(c) [201 

for interstitial components, where, c ~ c,, — c*_|, 
cK +1, ..., cN, Cj is the molar fraction of component J and 
Cj and pj are related as follows: 

Pi = f&j [21] 

Since the diffusion potential has to be constant 
throughout the matrix to insure thermodynamic equilib- 
rium and we assume that the system is open thermo- 
dynamically, i.e., the diffusion potential is fixed at its 
reference state value of zero stress and molar densities 
p, the diffusion potential in the reference state must be 
equal to the diffusion potential at some stress and 
concentration 

Mitcip.Tu) = Af//c(p,0) [22] 

Equation [22] is substituted into Eq. [18] to yield 

MfK{p,0) = MtK(P,0) + i/jv [231 

Using the expressions for the relationship between the 
diffusion potential in the absence of stress and the chem- 
ical potential, we obtain the equations which need to be 
solved to determine the concentration field in a non- 
uniformly stressed multicomponent alloy, 

M/(C) " Mc) = M/(c) - MO + VX/PO     [24] 

for substitutional components and 

M,(C) = M,(C) + fijVA, 125] 

for interstitial components. Here, c denotes the reference 
state molar fraction. In a crystal with cubic symmetry, 
vij = v'ö.j for substitutional solutes, and thus. Eqs. [24] 
becomes 

M,(c) - MO = M/(c) - M*(c) + v'Tv/po     [26] 

If we similarly assume the interstitial solutes produce 
isotropic dilatations, Eq. [25] becomes 

M/(c) «/**«> + VWPo [27} 

In such cases, the concentration couples only to the 
hydrostatic component of the stress tensor 

Equations [24] and [25], which determine the concen- 
tration of the substitutional components, constitute 
JV - 1 nonlinear equations in the N - 1 unknown con- 
centrations. They can be solved numerically for a given 
magnitude of the stress. 

A linearized solution can be obtained by taking a 
first-order Taylor's series expansion of the stress-free 
diffusion potentials about the reference state composi- 
tions c, i.e.. 

M,*(p,0) = M/A(p,0) + A, 2 
dps 

Ac,    [28] 

where 

Acj = cj - cj 

The linearized relation that expresses the change in con- 
centration due to stress is obtained by substituting 
Eq. 128] into Eq. |23] and using Cramers rule to obtain 

Where n(J = 17 B,r we have 

JP IPO ;       J 
6(/, we have 

AoÄ7|-2*'Mr« 
h [Po   I J 

[29] 

130] 
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and as before, .only the hydrostatic component of the stress 
affects the composition field. 

B. Elastic Field Surrounding an 
Ellipsoidal Precipitate 

The stress field surrounding an inhomogeneous co- 
herent precipitate in an elastically anisotropic system can 
be determined through the use of the eigenstrain method. 
Here, "inhomogeneous*' means that the elastic constants 
inside the precipitate are different from those of the ma- 
trix, and "homogeneous" implies that the elastic con- 
stants are the same for both precipitate and matrix. We 
assume that the elastic constants inside the precipitate 
and the matrix are independent of position. As shown 
by Eshelby,I,S] the elastic field surrounding an inhomo- 
geneous ellipsoidal precipitate can be found by solving 
the corresponding homogeneous problem with equiva- 
lent eigenstrains. This procedure is discussed briefly 
below. 

As shown by Mura,[16] the displacement field can be 
represented as 

«,(x) -h ^Ux'JC^-xVx'      [31] 

where the Fourier transform of the Green's function 
Gf>(x - x') is defined as 

Gy<x - x') - (2ir)"3 I     N^)D-\i) 

■exp[i£'(x-x')3rfi 

where 

MO dt d£2 d& 

[32] 

[33] 

[34] 

and Nß(£) are the cofactors of the matrix £g(|}, and £)(£) 
is the determinant of the matrix Ka(£); e^ is the eigen- 
strain. The displacement gradients can be obtained by 
taking the derivative of Eq. [31] as 

utj(x) = -      CkimffeU^)Gik,l}{x - x') dx'    [35] 
Jn 

The stress field can be obtained once the strain field 
is found. As noted first by Eshelby,,,5) the stress and 
strain fields become uniform inside the precipitate if the 
eigenstrains are constant inside the ellipsoidal domain H. 
This is valid for both isotropic and anisotropic systems. 
Since the eigenstrains are constant, the linear relation 
between total strain ei} and eigenstrain inside the precip- 
itate can be expressed as 

H = Stj&PH [36] 

where Sm is the Eshelby's tensor (Eq. [41]). 
The elastic field in the inhomogeneous case can be 

determined using the homogeneous case by replacing the 
eigenstrain ep

mn with the new eigenstrains £**. The new 
eigenstrain e**, which is defined as the sum of the ei- 
genstrain Ep

mn and the equivalent eigenstrain £*, can be 
calculated from the following equations:[l5' 

CjutWr - eS*) = €%»($&„£** - ej,)     [37] 

where CJW are open system elastic constants (for the ma- 
trix) derived in the previous section and Cp

ijk] are the elas- 
tic constants of the precipitate. The displacement gradient 
field can then be obtained by replacing E^ with e** in 
Eq. [35]. The following transformations of variables are 
used to carry out the integration in Eq. [35]: 

= y* 

— = yl    (no summation) [38] 

where 2au 2a2, and 2a2 are the three principal lengths 
of the ellipsoidal inclusion 0 and the bars denote that 
the components of a vector are divided by the magnitude 
of the vector. After the integration is carried out,|17t the 
displacement gradients are 

1 

4TT 

1 

2v 
_| c**C° 1     _        cmn ^klmrt 

£jZ,Nip&D-\£)dS(Q    [39] 

\y\'lNik(i)D-iä)Mjdd(i) 

[40] 

Here, "in™ refers to the interior of the inclusion and "out" 
refers to the exterior of the inclusion. The integration 
area 5 is the whole surface of the unit sphere in the £ 
domain, and S* is the subdomain of 5, satisfying the 
condition 

l£-yi<i 
L+ is one of the lines which satisfies 

Eshelby's tensor can be obtained by comparing 
Eqs. [36] and [39] and using the definition of the total 
strain in terms of displacement gradients, as 

= ^£^{{(1/1^^1) 

[41] + iiqNJP(i))/D(i)} dsü) 
Finally, the stress field can be determined as 

Tij — Cyt,(5Wmn£mn — Ekt) 

= C°m(Sumne%*n - ßj*) [42] 

The elastic self-energy per volume of the coherent par- 
ticle can be computed as 

1 
W = V"E

P
- " 2   «   w [44] 

Employing the open system elastic constants accounts 
for the effect of solute redistribution on the elastic energy. 
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C. Application to an Iron-Based Alloy 

We now apply the above relationships to determine 
the solute distribution surrounding a misfitting coherent 
precipitate in an iron-based alloy. The solute distribution 
surrounding the coherent precipitate is determined first 
by finding the appropriate open system elastic constants. 
These elastic constants are then used in the elasticity cal- 
culation to determine the stress field in the matrix. Fi- 
nally, we assume an open system to determine the matrix 
concentration field. In this case, we insist that only the 

trix phase be in thermodynamic equilibrium. Thus, 
ti.j interface between the precipitate and matrix may not 
be in equilibrium for the assumed ellipsoidal shape of 
the precipitate,[5] 

The particular iron-based alloy we consider is the sec- 
ondary hardening AFJ UO steel of weight percent com- 
position Fe-14Co-10Ni-2Cr-lMo-0.16C. The properties 
of the ellipsoidal precipitate are chosen to model a co- 
herent hexagonal close-packed M2C carbide under con- 
ditions  of near completion  of coherent precipitation 
corresponding to tempering of the alloy for 8 hours at 
783 K. Based on electron microscopy observations, the 
precipitate is taken to be a prolate ellipsoid with an as- 
pect ratio of 3, oriented along the direction of the min- 
imum principal transformation strain. The precipitate is 
assumed to be elastically isotropic with a Young's mod- 
ulus of E = 2.5 X 10" N/m2 and an estimated Poisson's 
ratio of v = 0.19.fi8J Based on lattice parameters deter- 
mined by X-ray and electron diffraction, the misfit strains 
between the precipitate and matrix are eft 0 0] = 0.003484, 
efoj.u = 0.1136, and eft,,,.-,, = 0.229,fui] where the sub- 
script denotes the direction of the eigenstrain referred to 
the body-centered cubic (bcc) ferrite matrix. The con- 
stant composition elastic constants used to determine the 
open system elastic constants of the matrix are assumed 
to be those of pure bcc iron with Cu = 2.42 x  10" 
N/m2, C12 =  1.465 x  10" N/m2, and C« = 1.12 x 
10" N/m2. Because of the difference in elastic constants 
between the precipitate and matrix, the equivalent ei- 
genstrains must be used for the elasticity calculation. The 
principal equivalent eigenstrains in this case are deter- 
mined to be egJa = -0.0442, e,*0*M] = 0.1277, and 
£*o*~i.\) - 0.2399. In the stress-free state, the matrix is 
composed of Fe, Co, Cr, Mo, and Ni of the following 
mole fractions Co = 0.1395, Cr = 0.0136, Mo = 0.0006, 
Ni = 0.0997, and Fe = 0.7466 computed for incoherent 
ferrite-M2C   equilibrium   at   783   K   employing   the 
Thermocalc database and software.,13] All of these com- 
ponents are substitutional and the mole fraction of Fe is 
chosen as the dependent variable (K). The interstitial C 
content of the matrix is taken to be negligible. The value 
of the solute expansion coefficients in the cubic material 
used are rf° = 0.017094, rfr = 0,04849, i)Mo = 0.12785, 
and V" = 0.01828.'■« 

The open system elastic constants are determined 
using Eq. [17]. The derivatives of MIK required to de- 
termine AJJ and Jp can be calculated from the represen- 
tation of fi, used in the Thermo-calc alloy database, as 
shown in the Appendix- The parameters used to deter- 
mine the coefficients in these expressions are listed in 
Tables I and II. We have chosen to evaluate Au and Jp 

at zero stress, the reference state, to determine C°Jki for 
use in the elasticity calculation. Thus, we evaluate these 
determinants at the bulk alloy composition. We have also 
evaluated the open system elastic constants at a nonz o 
stress in order to obtain some information on nonlinear 
elastic effects which res H from the chemical thermo- 
dynamics of this particUi alloy. In this case, the Au 

and Jp are evaluated at the equilibrium matrix compo- 
sitions at that chosen n< ^7ero stress. 

The stress field in Öl aatrix surrounding the precip- 
itate was calculated through Eq. [40] with the equivalent 
eigenstrains obtained from Eq. [37], using the CJW of the 
reference state. Gauss-I,egendre quadrature was used to 
numerically integrate Eqs. [40] and [41]. The difference 
between the components of the displacement gradient 
tensor on either side of the interface was compared with 
the analytical values119] and found to be in good agree- 
ment. In addition, the value of uii} was in good agree- 
ment with the analytical results for an isotropic spherical 
misfitting precipitate.[20J 

The equilibrium matrix composition at a r articular level 
of the trace of the stress was determined u^ jg Eqs. [26] 
and [27], Since the composition is only related to the 
trace of the stress, a scalar, one can easily determine the 
equilibrium composition independent of the elasticity or 
open system elastic constant calculation by simply 
choosing various values of T^ d then solving for con- 
centration c. The reference o: -ess-free matrix com- 
positions were again used to deiine c. This implies that 
at an infinite distance from the precipitate, the value of 
the diffusion potential is fixed at M,K(c). The represen- 
tation of the stres.1- free chemical potentials used by the 
Thermo-calc database were again used to determine M!K{£) 
and MlK(c). The result p coupled nonlinear equations 
were solved using a Lev berg-Marquardt algorithm from 
the IMSL library.[2l) The derivatives of Mm with respect 
to c required for Eqs. [8] and [10] were determined by 
the expressions shown in the Appendix. By comparing 
the concentrations at a given value of the trace of the 
stress determined by Eq. [26] with those found from 
Eq. [27] , it is possible to determine the importance of 
the nonlinear relationship between T& and c. 

Since the equilibrium solute concentration at a partic- 
ular Tu has been determined and has been found using 
the open system elastic constants, the equilibrium solute 
distribution around the precipitate can now be deter- 
mined by finding the alloy composition for each point 

Table I.    Thermo-calc Alloy Database - 1 

/ 1 (Co) 2(Cr) 3 mo) 4 (Ni) 5(Fe) 

11 

-0.2538 x 1012 

0.1350 x 101 

0.1450 X 104 

-0.2125 X 1012 

-0.8000 X 10"2 

-0.3115 x 103 

-0.2239 x 10,J 

0.2220 x 10' 
0.1043 X 104 

-0.2461 X 10'2 

0.0 
0.0 

-0.2043 x 1012 

0.8500 x 10° 
0.5750 X 103 
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Table II.    Thermo-calc Alloy Database—2 

/// 1 (Co) 2(Cr) 3 (Mo) 4 (Ni) 5(Fe) 

Ll 1 0.0 0.8856 X 1012 -0.8987 x 10" 0.0 0.2000 X 10" 
2 0.0 0.0 0.1292 x 10'2 0.2266 x 10'2 0.1062 X 1012 

3 0.0 0.0 0.0 0.2966 x 1012 -0.1965 X 10" 
4 0.0 0.0 0.0 0.0 0.4642 X 1012 

5 0.0 0.0 0.0 0.0 0.0 

Lh I 0.0 -0.2010 x 10" 0.0 0.0 0.0 
2 0.0 0.0 0.0 0.4073 X 10]1 0.1962 x 10J2 

3 0.0 0.0 0.0 -0.4844 x 10" 0.2785 x 1010 

4 0.0 0.0 0.0 0.0 0.0 
5 0.0 0.0 0.0 0.0 0.0 

» 1 0.0 0.0 0.2413 x 101 0.0 0.4740 x ]0° 
2 0.0 0.0 -0.8500 x 10° 0.0 0.4000 x 101 

3 0.0 0.0 0.0 0.0 0.0 
4 0.0 0.0 0.0 0.0 0.0 
5 0.0 0.0 0,0 0.0 0.0 

ßh 1 0.0 0.0 0.2418 x 10° 0.0 0.0 
2 0.0 0.0 0.0 0.0 0.0 
3 0.0 0.0 0.0 0.0 0.0 
4 0.0 0.0 0.0 0.0 0.0 
5 0.0 0.0 0.0 0.0 0.0 

n 1 0.0 0.0 0,5900 x 103 0.0 0.5560 x ]03 

2 0.0 0.0 0.1650 x 104 0.0 0.2373 x 104 

3 0.0 0.0 0.0 0.3350 x 1Ö3 0.0 
4 0.0 0.0 0.0 0.0 0.0 
5 0.0 0.0 0.0 0.0 0.0 

Th 1 0.0 0.0 0.0 0.0 0.0 
2 0,0 0.0 0.5500 x 103 0.0 -0,2880 x 103 

3 0.0 0.0 0.0 0.5260 X 103 0.6170 x 103 

4 0.0 0.0 0.0 0.0 0.0 
5 0.0 0.0 0.0 0.0 0-0 

in the matrix corresponding to the value of T& at that 
point. 

1. Results 
Figure 1 shows the mole fraction of each component 

as a function of the trace of the stress. The dashed lines 
are the results of the linearized calculation, and the curved 
lines are the results of the nonlinear calculation. The trace 
of the stress has been chosen as the independent vari- 
able, since the concentration change is just related to the 
trace of the stress in this cubic material. The linearized 
solutions, which are based upon a Taylor's expansion 
about Tu - 0, are tangent to the curved lines at the point 
Tu = 0 for each chemical component, confirming the 
results of the nonlinear calculation. Figure 1 also shows 
that the equilibrium concentration of each component is 
increased by tensile stress. This is because r[ is positive 
for all of the components. These components expand the 
lattice, and thus, the equilibrium concentration can be 
enhanced by lattice expansion. For sufficiently large 
compressive stresses, contents of Cr and Mo based upon 
the linearized solution are negative, which is nonphys- 
ical. This is an artifact of the linearization process, for 
negative mole fractions are not predicted when the full 
nonlinear solution is used. 

Figure 2(a) shows the open system elastic constants as 
a function of the trace of the stress. The constant com- 
position elastic constants of bcc Fe are shown by the 

arrows. The open system elastic constants at zero stress, 
denoted by the closed circles, are those used in the elas- 
ticity calculations. Evident is a significant —10 to 20 pet 
change in these zero stress elastic constants from the usual 
constant composition elastic constants. Also shown in 
Figure 2(a) is the dependence of the elastic constants on 
the magnitude of Tkk< Specifically, the equilibrium ma- 
trix compositions determined from the nonlinear calcu- 
lation shown in Figure 1 at a particular level of Tu were 
used to determine the Au and Jp appearing in the expres- 
sion for the open system elastic constants. Thus, one can 
determine the dependence of C^Jkt on Tkk, which is solely 
a result of composition changes induced by a nonzero 
Tkk. Clearly evident is the nonlinear elastic behavior for 
large values of T^. 

Shown in Figure 2(b) are the equivalent bulk modulus 
and shear moduli, where /J. is the shear modulus along 
the (100) plane and fi' is the shear modulus for the (110) 
[110] system. Evident in Figure 2(b) is that both shear 
moduli are independent of T^ and equal to their constant 
composition values, whereas the bulk modulus changes 
with T^ and, in the reference state, is reduced by 12.17 
pet from its constant composition value. This is because 
the solute expansion tensors only have dilatational 
components. 

Figures 3(a) through (c) illustrate contour plots for 
constant T^ on planes normal to the principal axes, where 
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Figure 3(a) depicts the contours on the (100) plane (nor- 
mal to the precipitate axis), Figure 3(b) depicts the con- 
tours on the (011)j)lane, and Figure 3(c) depicts the 
contours on the (011) plane. Solid lines in these figures 
represent the positive or tensile Tu, and dotted lines rep- 
resent the negative or compression Tu. The bold lines in 
these figures are the nodal lines where T^ = 0. The con- 
tour lines in Figure 3(a) are in intervals of 1.5 x 10g 

N/m2, and the contour lines in Figures 3(b) and (c) are 
in intervals of 3 x 109 jV/m2. The elastic constants used 
for the elasticity calculation are the open system elastic 
constants at Tu = 0. consisting of CM = 2.203 x 10" 
N/m'. Cl2 « 1.248 x 10" N/m2 and C„ = 1.12 x 10" 
N/m2. 

These Tu contour lines in Figure 3 can be interpreted 
as the isoconcentration lines for each of the components. 
Within the linearized approximation, the change in the 
mole fraction of a particular component can be obtained 
by multiplyinr the trace of the stress Tu by a factor 
/, = U/poJ,,) - rj/Aj, (Eq |30J) These factors are the 
slopes of the straight lines in Figure 1 and arc/Co - 6 56 
* 10 '\/0 = 7 33 * IO'V/M,, = 7 99 x 10~,5,/N, = 
1 62 * 10 '\ and/N - -3 09 x 10 " Thus, for ex- 
ample, for those elements for which / > 0. the solid 
lines represent regions of enh*nced concentration, rcla- 
live to the bulk alloy composition, and the dotted lines 
represent negative regions of depleted concentration The 
mote fraction value for each contour line can then be 
obtained by the sum. c, * Ar, 

Figures 4<a) through (el illustrate the change of the 
mote fraction for each of the components relative to its 
vaJue in the unstressed matrix in different directions In 
this case, the coordinate system is located at the center 
of the ellipsoid and distances are measured from the pre 
cipttatc interface   Distances are stated to the length of 

Tkk(X10-10N/m2) 

(a) 

T. (X1(TuN/m^) -10 

(b) 

Fig 2 — (a) Open system elastic constants n the trace of the stress 
(alloy composition) The arrows represent the constant composition 
elastic constants and the solid circles represent (he stress-free open 
system elastic constants — Voigt elastic constants lb) Open system 
elastic constants u the trace of the stress (alloy composition) The 
arrows represent the constant composition elastic constants and the 
«olid circles represent the stress free open system elastic con 
*unt*   -  Bulk modulus and shear modulus 

the minor axis of the ellipviid The concentration change 
of each element differs in different directions For the 
solutes (Co. Cr. Mo. Ni), there exists a local maximum 
in the 11001 direction near the interface and a local min- 
imum in the |0M | direction near the interface   In other 
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Fig 3 — (a) Contour lines for constant uu on the (J00) plane with 
intervals of 15 * 10' N/m\ The bold lines depict the node lines 
where a,. - 0 (b) Contour lines for constant a„ on the (011) plane 
with intervals of 3 x 10' N/m7 The bold lines depict the node lines 
where <r„ « 0 (r) Contour lines for constant au on the (01 ~\) plane 
with intervals of 3 x |0* N/m1 The bold lines depict the node lines 
where a„ ■ 0 

directions, local cxtrcma still exist but not as close to 
the interface, and they are not as significant. It is easiest 
to locate these extreme points in the (010], (001), and 
(011) directions in Figure 3(a) by finding the closely 
spaced contours in these directions   For the iron, the 

change of the concentration is opposite to those for 
the solutes. Therefore, a depletion of Fe will occur in 
the regions with the enhanced solute concentration. The 
percentage change of the mole fraction of Mo is high in 
the vicinity of the precipitate; this is because the bulk 
mole fraction for Mo is relatively low and TJ is large. 
Finally, the change of concentration of all the elements 
approaches zero far from the precipitate. This agrees with 
the initial assumption that the stress and concentration 
field will have the reference state values at an infinite 
distance from the precipitate. Employing the open sys- 
tem elastic constants in a calculation of the coherent car- 
bide elastic self-energy per volume gives an estimate of 
3.576 x 109 J/m3. This compares to a value of 3.592 
x 109 J/m3 when the normal constant composition elas- 
tic constants are employed. 

IV.    DISCUSSION 

We have found that the presence of more than two 
chemical components in an alloy does not alter signifi- 
cantly the procedure used to determine the open system 
elastic constants from that used in a binary alloy All of 
the data necessary to determine the open system elastic 
constants follow from measured thermodynamic and 
crystallographic properties of the alloy. The advantage 
of using the open system elastic constants is that the stress 
generated by the nonuniform concentration field does not 
have to be included explicitly in the elasticity calculation 
and that the stresses computed using the open system 
elastic constants are guaranteed to be consistent with the 
chemical thermodynamics of the alloy. Once the open 
system elastic constants are used to determine the stress 
field, the composition field follows in a very similar 
fashion as that in a binary alloy. The complications in 
finding the open system elastic constants and the equi- 
librium composition field in a multicomponent alloy lie 
mainly in the large thermodynamic database required to 
define the chemical potentials Jp and AnJ. 

In the alloy we have examined, the equilibrium con- 
centration of each chemical component can be a strong 
function of the magnitude of the trace of the stress. There 
is no coupling to the shear components of the stress field, 
because the solute expansion tensor only has dilatational 
components. Figure 1 shows that at large values of the 
trace of the stress, the equilibnum concentration no longer 
varies linearly with stress. In fact, the equilibrium con- 
centration of Co begins to decrease with increasing stress 
despite the positive solute expansion coefficient. Both of 
these effects are due to the nondilute, nonideal ther- 
modynamics of the AF1410 alloy. The relationship be- 
tween the equilibnum chemical concentration and 
magnitude of the trace- of the stress shown in Figure I 
follows directly from the Maxwell relation (Eq |6J) As 
a result, these calculations can be applied to an AF14I0 
alloy in any state of stress, which is consistent with the 
mechanical equilibnum equations. However, the state of 
stress must be determined using the open system elastic 
constants. 

The open system elastic constant calculation indicates 
that at large levels of stress, the elastic constants will 
not be constant but will vary with the trace of the stress 
The variation in the elastic constants with stress is due 
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solely to the composition dependence of Jc and AnJ which 
appears in the expression for the open system elastic 
constants (Eq. 114]). This is because at equilibrium, Jc 

and AnJ are implicit functions of the trace of the stress, 
since the trace of the stress and composition are related 
by the condition that the diffusion potential must be con- 
stant at equilibrium and, in an open system, have a spec- 
ified value. Thus, Figures 2(a) and (b) were constructed 
by using the compositions at a given value of the trace 
of the stress shown in Figure 1 to evaluate Jc and AnJ. 
The greatest change in the elastic constants is at large 
positive values of the trace of the stress where the equiv- 
alent bulk modulus decreases by about 50 pet from its 
value at zero stress. Therefore, the chemical thermo- 
dynamics can cause a material to become nonlinear]y 
elastic at large but realistic values of the stresses in a 
commercially important multicomponent alloy.  How- 
ever, as noted by Lärche and Cahn,'101 there are other 
factors which may also contribute to the nonlinear elastic 
behavior of the material which were not included in this 
calculation. These other factors are the usual constant 
composition higher order elastic constants and the com- 
position dependence of both the solute expansion coef- 
ficient and the constant composition elastic constants. 
As the open system elastic constants evaluated at the 
stress-free state are used to determine the stresses sur- 
rounding the coherent precipitate, the decrease in the 
equivalent open system bulk modulus at high levels of 
stress implies that stresses we have calculated in the re- 
gions of large tensile stress are larger than the actual 
stresses expected in the material. 

Figures 3(a) through (c) show the contours of constant 
Ta on different planes. The principal eigenstrains are along 
[100], [Oil], and [Oil] directions. The principal equiv- 
alent eigenstrains in both [Oil] and [Oil] directions are 
the major eigenstrains, and both of them are positive. 
Therefore, the stress field far from the precipitate in these 
two directions is compressive (Figure 3(a)). However, it 
is clear that a narrow region of large tensile stress exists 
in the [Oil] direction near the interface. This is because 
the strength of the principal eigenstrain in the [Oil] di- 
rection is almost twice as large as that in the [Oil] di- 
rection and the expansion in the [Oil] direction results 
in the region of tensile stress in the [011] direction. The 
principal equivalent eigenstrain in the [100] direction is 
negative but quite small compared to the other principal 
eigenstrains. It follows that the stress field in the [100] 
direction is tensile (Figures 3(b) and (c)). 

From the stress distribution surrounding the precipi- 
tate, the concentration profile can be determined by 
using either the full nonlinear solution to the diffusion 
potential condition, as shown in Figure 1, or the linear- 
ized solution (Eq. [30]) evaluated at zero stress. Since 
the trace of the stress is directly proportional to the change 
in concentration from its reference value in the linearized 
approximation, the traces of the stress fields shown in 
Figures 3(a) through (c) are identical to the equilibrium 
concentration fields. This is not the case with the full 
nonlinear solution to the equilibrium conditions shown 
in Figure 1. However, the full nonlinear solution relating 
to the equilibrium conditions cannot be used in this case, 
for in solving for the elastic field, we have assumed that 

the elastic constants are independent of stress, and con- 
sistent with this assumption, we can only use the lin- 
earized solution for the relationship between the trace of 
the stress and concentration. The difference between the 
linearized and nonlinear solutions is only of concern when 
large tensile stresses are present, for the concentrations 
predicted by the linear and nonlinear solutions are quite 
close for compressive stresses. Although the nonlinear 
solution cannot be employed with our linear elasticity 
calculations, it is helpful in determining the stresses at 
which nonlinear effects become important. 

Figures 4(a) through (e) illustrate the fractional change 
of the mole fraction for each of the components in dif- 
ferent directions. As mentioned earlier, the calculated 
stress field may be overestimated in the region of high 
tensile stress. Therefore, the concentrations in the region 
of large tensile stress may not be accurate. In the [Oil] 
direction, a significant local minimum for the solute*, is 
found at a distance of 20 pet of the minor radius of the 
ellipsoid away from the interface. The solutes arc strongly 
enhanced near the interface in the [100] and |0I 1] di- 
rections, and depletion of the solutes is significant at the 
interface in [010] and [001] directions. AH of the en- 
hancement and depletion of the solutes are consistent with 
the tension and compression regions and follow from the 
factor// and the bulk concentration of the various ele- 
ments. The percentage change of the mole fraction for 
Mo, more than 250 pet, stems from its low bulk con- 
centration. Similar results are also discussed by Johnson 
and Voorhees for a binary alloy system."" 

From an alloy design viewpoint, an important con- 
sequence of particle coherency is its influence on the 
thermodynamic driving force for precipitation. The im- 
portant elastic energy contributions involved cannot be 
experimentally tested by direct measurement but must be 
inferred from resultant composition shifts which, for the 
extremely fine scale structures of interest here, require 
the highest resolution microanalytical techniques The 
compositions of the carbides, which are ~3 nm in minor 
diameter in the AF1410 microstructure modeled here, 
have been directly measured by atom-probe field-ion mi- 
croscopy, and preliminary plane-by-plane analysis of the 
adjacent matrix has indicated composition nonumformit) 
similar to that predicted here.'22' Further experiment v arc 
underway to more precisely test these important features 
of the thermodynamics of stressed solids. 

The linear calculations performed here indicate that 
although the bulk modulus is reduced by 12.17 pet, the 
carbide elastic self-energy is reduced by onk 0 4^ pet 
as a consequence of solute redistribution. Apparent I >, a 
substantial portion of the elastic energy is contributed b\ 
shear distortions which are not greatly influenced h> the 
solute dilatations. 

V.    CONCLUSIONS 

On  the basis  of this  work,  we  can  conclude   the 
following. 

1. Open system elastic constants in multicomponeni al- 
loys can be used in much the same way as in hi nary 
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alloys to determine the thenmodynamically self- 
consistent equilibrium stress field in a system with a 
nonzero solute expansion tensor, 

2. At large but realistic positive values of the trace of 
the stress, the open system bulk modulus in a com- 
mercially important multicomponent alloy, AF1410, 
is a function of the trace of the stress, indicating that 
AF1410 can become nonlinearly elastic as a result of 
its chemical thermodynamics. 

3. The open system shear moduli are identical to their 
constant composition values as a result of the cubic 
symmetry of the solute expansion tensors. 

4. The elastic stresses surrounding an ellipsoidal precip- 
itate in an elastically anisotropic medium can induce 
significant, and potentially measurable, nonuniform- 
ities in the equilibrium matrix concentration field. 

5. The redistribution of matrix solute due to elastic stress 
provides a relatively modest decrease in the coherent 
carbide self-energy. This is attributable to a large shear 
distortion contribution to the self-energy which is in- 
sensitive to the purely dilatational solute expansion 
tensors of the solutes. 

APPENDIX 

The relation between chemical potential and Gibbs free 
energy can be expressed as 

to = Gm + 2 (&M ~ c„) —~ 
dcM M=\ 

M*K 

[Al] 
c--cr.i 

where the component K is assumed to be the dependent 
variable and SIM is the Kronecker delta, SfM = 1 as / = 
M, otherwise 8IM = 0. The Gibbs free energy model in 
the Thermo-caJc database is expressed as the sum of 
chemical and magnetic contributions: 

[A2] 

where 

N      N 

+ 2 2 <c'<^L" + to - <*»fi   £A3i 
G;-"' = Rrin(^+l)/(T) [A4] 

and with ß, the magnetic moment, and Tc, the Curie 
temperature, expressed by 

N N      N 

ß = 2 c$ + 2 2 fa*&+ fe - cJ&$ ^ 
A? 

1=1 J=\ 
N      N 

T< = 2 ctf+ 2 2 ^7"+ ^ - c^T^ fA6i 
/=! /=1 J=\ 

and 

T = T/Te [A7] 

/(T) = -6.417 x 10"VS - 2.037 

X 10"V15 - 4.278 x lCTV25      [A8] 

All the parameters in Eqs. [A3] through [A7] can be 
determined from the Thermo-calc database. For the alloy 
(Co,Cr,Mo,Ni,Fe) used in this work, the parameters are 
given in Tables I and II for T = 783 K. 

In order to carry out the derivative in Eq. [Al], the 
following formulae are used: 

dCj 
~=8lM    (forl^K) 
dcM 

dct 
— =-1    (for/ = /H 
dcM 

[A9] 

[A 10] 

The following are the necessary derivatives to calculate 
the chemical potential in Eq. [Al]: 

— (G*'h) = 2 «,„ °G* + RT2 (SIM In c, + Slu) 
°CM l=\ 

1*K 
1=\ 

-°G%-RT(\ncK+ 1) 
N      N 

+ 22 VU***m + ctSM) 

+ 2 Ll
fJCfCj(SIM - 8m) 

+ L)j(c%M - c2jSIM)] 

N 

+ ^ mK + L%) (8IMcK - ct) 

+ {L)K - L'K}) [BIMcK{Cl - cK) 

+ C}CK{blM +   1) - CfiCj - CK)]} 

[All] 

d       A RT dß      RT2 dfdTc — «%n = TTT/W r1 - -±r to (ß +1)—~ 
dcM      Tc dr dc dck 0 + r M 

[A 12] 

/-I 

+ 22 [Ä(o5/w + cf8JM) 
/** J*K 

-J- 2 {(Ar + Ä) (^c^ " <V> 

+ c/c^« + i) - cxc, - cKy\] 

[A 13] 
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7=1 

N      N 

+ rkÄ - cj5w)] 

/=1 
MA: 

+ c,cK(5iM + 1) 

[A14] 
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(APPENDIXE 

CHAPTER 7 

Elastic Energy of Coherent Precipitation at 
Dislocations in an Anisotropie Matrix* 

K. C. Kingf 
G. B. Olsonf 
T. Muraf 

ABSTRACT    The elastic strain energy is calculated for a single 
coherent precipitate particle nucleated heterogeneously in the vicinity of a 
dislocation. The precipitate is assumed to be ellipsoidal in shape. The elastic 
constants are allowed to differ between the precipitate and the matrix and 
both can be anisotropic.  The equivalent eigenstrain method is used to 
overcome the difficulty of inhomogeneity, and equivalent eigenstrains are 
treated by the Taylor's series to second order. Experimental data provide the 
inputs for the calculation of M2C carbide precipitation in the ultrahigh- 
strength steel AF1410. The results show that the elastic strain energy is 
sensitive to the size and the shape of the precipitate at small size, and provide 
the basis for a quantitative treatment of the heterogeneous nucleation, 
growth and coarsening in this system. 

1.  INTRODUCTION.    The total free energy for precipitation is given 
by the sum of the chemical free energy, surface energy and elastic strain 
energy11-2'.  For a coherent precipitate, the nucleation, growth and coarsening 
processes can be understood with the knowledge of this total free energy131. 
The goal of this work is to study the elastic strain energy for a single 
precipitate with misfit strains interacting with a dislocation in an anisotropic 
matrix during heterogeneous nucleation. 

*Thts  Research  is  sponsored  by   the   Army   Research  office   under  Grant 
DAAL03S9K 0152 

tMaienals   Research   Center.   Northwestern   University.   Evinston.   IL 
60208 
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The elastic strain energy for heterogeneous precipitate nucleation can 
be obtained by the superposition of the self-energy and the interaction energy. 
The self* energy is due to the misfit strains of the precipitate, and the 
interaction energy is due to the strain field of the precipitate interacting with 
the stress field of a defect. The defect in this case is taken to be a straight 
dislocation, and a screw dislocation is used as an example for numerical 
calculation.  The precipitate is assumed to be ellipsoidal in shape and formed 
in the vicinity of the dislocation.  The elastic constants for both the matrix 
and the precipitate can be anisotropic.  However, a cubic symmetric matrix 
with an isotropic precipitate is assumed for the numerical calculations 
presented here. 

Equivalent eigenstrains are used to overcome the difficulty of 
inhomogeneity, i. e. differing elastic constants of the matrix and the 
precipitate.  Since the stress field due to the dislocation is not constant, the 
equivalent eigenstrains are not uniform.   It has been proved that the 
equivalent eigenstrains can be chosen as polynomials of order N when 
applied stress fields are polynomials of order N14- 5|.  Therefore a Taylor's 
series expansion is used for both the equivalent eigenstrain and the 
dislocation stress field at the center of the inhomogeneity.  A similar 
approach has been taken for the interaction between two ellipsoidal 
inhomogeneous inclusions'61, the interaction between a spherical inclusion 
and a screw dislocation'7-8,

/ and the interaction between an ellipsoidal 
inhomogeneity and a edge dislocation for the isotropic case191.   The stress field 
due to the dislocation can be obtained from both Mura's formula1101 and the 
sextic formulation111-12< 13> 14<15-161. 

Numerical calculations illustrate the elastic behavior for the case of 
M2C carbide nucleation in the ultrahigh-strength steel AF1410.   Experimental 
data1171 from a collaborative study provide the essential inputs for this work. 

2. PROBLEM FORMULATION.    The eigenstrain method is used to 
determine the elastic strain energy as a coherent precipitate forms in the 
vicinity of a dislocation.  It is assumed that the dislocation is imbedded in the 
matrix before the precipitate nucleation.  Therefore, the self-energy of the 
dislocation'18' is not considered.   During the nucleation process, a uniform 
distribution of misfit strain is induced inside the precipitate, and the shape of 
the nucleated precipitate is assumed to be ellipsoidal.  The elastic constants 
used for the matrix are cubic symmetric and those used for the precipitate are 
isotropic. Since the elastic constants differ between the precipitate and the 
matrix, the equivalent eigenstrains have to be determined to replace the 
misfit strain for energy calculations.  However, since the stress field caused bv 
the dislocation is not uniform in the matrix, it follows that the equivalent 
eigenstrain is not uniform inside the precipitate   This equivalent eigenstrain 
can be obtained by taking a Taylor's series expansion of the dislocation stress 
field at the center of the ellipsoidal precipitate   The second order 
approximation is applied in this work 
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The elastic strain energy for the precipitate nucieation will be 
formulated first.  Then the equations necessary to obtain the equivalent 
eigenstrain are derived. The stress field due to the dislocation are obtained 
from both Muras formula'101 and the sextic formulation'11-12- 13'. They are 
given in Appendix A. 

2.1 ELASTIC STRAIN ENERGY.    The dislocation in the matrix and 
the misfit strain inside the inclusion are the two sources of energy change in 
the system.  In the following derivation, the elastic constants used for the 

matrix are denoted by Cvkl and those used for the precipitate are denoted by 

C^. The infinite domain is denoted by Vm and the precipitate domain is 
denoted by Q.  The elastic strain energy change accompanying precipitation 
can be expressed in the following'191 

(1) 

where o* and n(* are the stress and strain fields induced by the misfit between 

the precipitate and the matrix in the absence of the dislocation, a* and u*t are 
the stress and elastic strain fields of the dislocation in the presence of the 

precipitate (inhomogeneity) without the misfit strains, oj and «,Dy are the 

stress and strain fields of the dislocation in a homogeneous domain, and ej 

are the misfit strains (see Fig. 1).  By using the self-stress condition, oVJ = 0 

CK C* t' 

Oiu A:  <«. 

Figure 1        Schematic illustration for the decomposition of 
the total stress and displacement 
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!/„ 

K« 

(2) 

(3) 

inside domain V_ and the fact that all stresses decay sufficiently rapidly at 
infinity, the following equations are obtained 

v. v. a 

joX.jäV = ~jaXäV 
v„ a 

l<y*X./dV = o 

(6) 

where ej -ej + ej; e* are the equivalent eigenstrains for case A (see Fig, 2); 

r'    F 

'juCv 

a<j «. 

Figure 2 Schematic illustration for the decomposition of 
the stress and displacement caused by the misfit 
strain. 

ejj are the equivalent eigenstrains for case B (see Fig. 3). Substituting Eqs. 
(2)~(6) into Eq. (1), the elastic strain energy change accompanying nucleation 
can be written as 

(7) 
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-: 
JJ. 

<J>1 

.!! •0 
*'V 

Figure 3        Schematic illustration for the decomposition of 
the stress and displacement caused by the 
dislocation. 

An equivalent expression differing in form from (7) has been obtained 
by Barnettr9] using results obtained previously by Eshelbyf20'21!. The method 
used to solve these equivalent strains is discussed in the next section.  The 

stressed c? caused by dislocation can be obtained in Appendix A and the stress 

tensor a£ in Eq. (7) can be solved from the following equations 

<=C^(5l,C-eL*) (8) 

where S^ are the Eshelby's tensors, which are available in Appendix B. 

The first term in Eq. (7) is the self energy, which is the elastic strain 
energy due to formation of the precipitate without the dislocation, and this 
self-energy is considered as parts of the nucleation energy. The second and 
the third terms are due to the misfit and the modulus effect, and they are 
caused by the interaction of misfit strain and inhomogeneity with the 
dislocation.  The nucleation energy can then be calculated after the equivalent 

eigens trains ej and ej are obtained. 

The elastic nucleation er      y for the homogeneous problem, where 
the elastic constants of the precipitate are assumed to be same as those of the 
matrix, can be derived in a similar way as 

W=-±\o*e><iV-\a°e$dV (9) 



\jäi&&&togiH*i&s^^ ..... ,^...:„li. „..■„.„.■..<.-... .....   
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where o* can be determined by 

The equation (9) can be integrated directly since no equivalent eigenMrains 
need be determined. 

2.2 EQUIVALENT EIGENSTRAIN METHOD     In this section, the 

necessary equations to solve the equivalent eigenstrains cj and c*" for each 
case are derived by use of the equivalent eigenstrain method.  It is assumed :n 
this method that the disturbance of the stress and strain fields due to the 
inhomogeneity can be simulated by an extra fictitious strain field inside the 
inhomogeneity domain, and this fictitious strain is called the equivalent 
eigenstrain.  It follows that the inhomogeneous problem can be solved by the 
superposition of the stress and strain fields of: (i) the solution of the stress and 
strain fields caused by the same source of force (dislocation and misfit strain) 
in a homogeneous matrix, and (ii) the solution of the stress and strain fields 
caused by the equivalent eigenstrain in a homogeneous matrix.  Therefore, 
the equivalent eigenstrain can be solved by using the stress equivalency 
condition between the original problem (inhomogeneous problem) and the 
homogeneous problem with the same source and the equivalent eigenstrain. 
However, the equivalency condition is automatically satisfied in the matrix 
(Vm-Cl) such that the necessary equations to obtained the equivalent 
eigenstrain are derived from the equivalency condition inside the precipitate 
(Q) only. 

For case A, the misfit strain is constant inside the precipitate   It follows 
that the total strains are constant inside the precipitate, and they can be 

obtained by multiplying Eshelby's tensors with the equivalent eigenstrain e^,. 
The equivalency conditions for this case are as follows 

where Eshelby's tensors are shown in Appendix B.  The six unknown 

equivalent eigenstrains e^ can be solved from the six equations represented 
byEq.(ll). 

For case B, the stress field inside the precipitate is not uniform since 
the stress field in the matrix caused by the dislocation is not uniform   It was 
proved14*51 that the total strain inside the precipitate has a polynomial form if 
the eigenstrain is given in a polynomial form, i.e., both the polynomials are 
of the same degree. The eigenstrain can be solved through the use of this 
quantity.   The strain field caused by the dislocation is expanded by ehe 
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Taylor's series to the second order at the center of the precipitate xc, and the 
following equations are obtained 

where 

,u _ «*) 

.2.**        1    <(X) 
2 dxMdxN 

The equivalent eigenstrains are expanded by the Taylors series to the 
second order as 

£p =£*' + e0'Lx  +£P'MNX  I 

where the coefficients of this equation (ej\ ej't/ ej,wv> are the unknown 
quantities.   Because of the symmetry conditions of the subscript "ij" and 

superscript "MN", there are six unknowns E*  , eighteen unknowns ej L and 

thirty-six unknowns e% -MN to be determined. The necessary equations to 
solve these unknown quantities are next derived. 

The total displacement gradient field etJ inside the precipitate for the 
given eigenstrain in Eq. (14) can be expressed as 

where Eshelby's tensors are given in Appendix B . 

These equivalent eigenstrains for this case can be solved by using the 
equivalency condition as mentioned before.  Therefore, there are six 
equations for the leading order term 
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eighteen equations for the first order term 

<ZHtf*S&rm') = C^tf * $££' - eg-*) 

and thirty-six equations for the second order term 

(17) 

(18) 

where Eshelby's tensors are given in Appendix B. 

The coefficients obtained from Eqs. (16),(17) and (18) are substituted into 

Eq. (14), and the equivalent eigenstrains e* are obtained in the second order 
approximation. 

Finally, the elastic nucleation energy of the precipitate for the 
inhomogeneous case can be obtained by substituting the solved equivalent 

eigenstrains ie" and e%) into Eq. (7) and integrating. 

3. NUMERICAL CALCULATIONS AND DISCUSSION.    This energy 
calculation method is applied to the nucleation of a coherent M2C carbide in 
AF1410 steel. It is assumed that the carbide is nucleated in the vicinity of a 
screw dislocation tying in the [111] direction. The nearest distance between the 
boundary of the carbide and the dislocation is set equal to half the magnitude 
of the Burgers vector. The magnitude of the Burgers vector of the screw 

dislocation is 2.485 A1171. The shape of the carbide is assumed to be a prolate 
spheroid with the major axis in the [100] direction.  During the precipitation 
process, the aspect ratio and the principal misfit strains change at different 
stages, and the experimental data'17' is shown in Table 1. The elastic constants 

of the carbide are: Young's modulus £ = 25x10'° N/m2 and Poisson's ratio 
v = 0.19I17J. The "open system elastic constants" of the matrix are: 

Cn = 22.03x10'° N/m2, Cn = 12.48x 10'° N/m2, Cu «11.2 x 10'° N/m2[}7]. The 
latter constants take into account the redistribution of substitutional solutes 
under stress'221. 

The Gauss-Legendre quadrature method is used to calculate these 
Eshelby's tensors in Appendix B for different aspect ratios. These Eshelby's 
tensors are independent of the size of the inclusion but depend on its shape. 
Then the coefficients for the Taylor's series expansion of the strain field, 
which is caused by the dislocation, in Eq. (12) are calculated by using the 
equations in Appendix A. The numerical results are calculated by both 
Mura's formula and the sextic equations; the two results are in good 
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Table 1 Experimental data and the calculated self-energy. 

Tempering Time (510 °C> 5 min 1.5  hr 8  hr 

Relative Fraction Transformed f-0 f-0. 5 f-0.99 

' Aspect Ratio 1.0 2.0 3.0 

Minor Radius, R( A) 14.46 18.18 25.18 

misfit strain    E(
p
100) -0.027 -0.001 0.003 

misfit strain    EJ^,, 0.192 0.224 0.229 

misfit strain     £,P
0M) 0.091 0.114 0.117 

Self-energy/volume (10,öJ/m3) H. 0.2882 0.3740 0.3686 

Self-energy/volume (10lüJ/m3) IH. 0.3041 0.3704 0.3619 

agreement.  It follows that the equivalent eigenstrains, £" and e*, can be 
determined through the use of Eqs. (11), (14) and (16)~(18). Therefore, the 
elastic strain energy can be calculated by integrating Eq. (7). The integration 
domain in Eq. (7) is reduced to a unit sphere first, then the Gauss-Legendre 
quadrature method is used to carry out the integration in the spherical 
coordinate system.  The energy under the homogeneous assumption is also 
calculated by using Eq. (9). 

The elastic strain energy is calculated for different relative orientations 
between the precipitate and dislocation.  The observed average size and the 
misfit strains of the precipitate with different aspect ratios, given in Table 1, is 
used for the calculation.  The procedure to determine the relative position is 
as follows: (i) the precipitate is fixed and a plane is imagined to be located at 
the center of the precipitate with the normal direction [111], (ii) then a starting 

direction vector [110], which lies on the (111) plane, is arbitrarily chosen, (iii) 
the direction vector is rotated counter-clockwise normal to [111], (iv) and the 
location of the dislocation line is set by keeping the nearest distance between 

the boundary of the precipitate and the dislocation equal to 1.243 A. The 
interaction energy results are shown in Fig. 4(a) and 4(b) (also, Table 2) for the 
homogeneous and inhomogeneous assumptions, respectively.   The self- 
energy per volume is only a function of aspect ratio. Therefore, the self- 
energy per volume is constant for different dislocation orientations and given 
in Table 1. The results for the elastic strain energy for precipitation can be 
obtained by the superposition of the interaction energy and the self-energy. It 
can be found in these figures that the minimum of the calculated energy per 

volume is located near the angle of 300 degrees, corresponding to the [011] 
direction. This is the most important direction because it will provide the 
lowest energy barrier for the nucleation of the precipitate. 
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Table 2 Calculations for the interaction energy orientation 
dependence. 

Angle f-1  H. f-1  IH. f-2  H. f-2  IH. f-3  H. f-3  IH. 
0 -0.0102 -0.0159 -0.0044 -0.0056 -0.0017 -0.0020 

15 -0.0061 -0.0091 -0.0023 -0.0029 -0.0008 -0.0010 
30 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
45 0.0061 0.0091 0.0023 0.0028 0.0008 0.0010 
60 0.0102 0.0159 0.0044 0.0056 0.0017 0.0020 
75 0.0116 0.0198 0.0062 0.0083 0.0026 0.0032 
90 0.0110 0.0212 0.0074 0.0107 0.0037 0.0048 

105 0.0100 0.0216 0.0079 0.0126 0.0051 0.0071 
120 0.0094 0.0215 0.0084 0.0139 0.0059 0.0087 
135 0.0099 0.0215 0.0082 0.0129 0.0051 0.0071 
150 0.0110 0.0212 0.0075 0.0108 0.0037 0.0048 
165 0.0116 0.0197 0.0062 0.0083 0.0026 0.0032 
180 0.0102 0.0159 0.0044 0.0056 0.0017 0.0020 
195 0.0061 0.0091 0.0023 0.0029 0.0008 0.0010 
210 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 
225 -0.0061 -0.0091 -0.0023 -0.0028 -0.0008 -0.0010 
240 -0.0102 -0.0159 -0.0044 -0.0056 -0.0017 -0.0020 
255 -0.0116 -0.0198 -0.0062 -0.0083 -0.0026 -0.0032 
270 -0.0110 -0.0212 -0.0074 -0.0107 -0.0037 -0.0048 
285 -0.0100 -U.0216 -0.0079 -0.0126 -0.0051 -0.0071 
300 -0.0094 -0.0215 -0.0084 -0.0139 -0.0059 -0.0087 
315 -0.0099 -0.0215 -0.0082 -0.0129 -0.0051 -0.0071 
330 -0.0110 -0.0212 -0.0075 -0.0108 -0.0037 -0.0048 
345 -0.0116 -0.0197 -0.0062 -0.0083 -0.0026 -0.0032 
360 -0.0102 -0.0159 -0.0044 -0.0056 -0.0017 -0.0020 

Aspect Ratio 
Interaction Energy for 

: Interaction Energy for 
Homogeneous Assumption 
Inhomogeneous Assumption 

Unit =io,0y/™J 

To model nucleation, holding the orientation at the optimum, the 
elastic strain energy is next calculated for different sizes of the precipitate. 
During this calculation, the misfit strains and aspect ratios are fixed at the 
values in Table 1.  The results for the interaction energy are illustrated in Fig. 
5(a) and 5(b) (also, Table 3). Again, the results for the self-energy per volume 
are independent of the size of the particle, ar.d are given in Table 1.  In these 
figures, the effect of the interaction energy (the misfit effect and the modulus 
effect) is more significant for smaller precipitates, such that the elastic strain 
energy per volume is smaller as the size of the precipitate becomes smaller, 
while the self-energy of the precipitate is size independent.  This comes from 
the fact that the field of the dislocation governing the interaction decays as 
1/r, and thus, the percentage of highly stressed volume for large precipitates is 
smaller. 

The above results are based on the assumption of linear elasticity. For 
martensite, the nonlinear behavior of the stress-strain relation is significant 
in high stress regions. Therefore, the stresses may be overestimated in these 
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Table 3 Calculations for the interaction energy size 
dependence. 

Minor 
radius f-1  H f-1  IH f-2  H f-2  IH f-3 H f-3  IH 

5.0 -0.0183 -0.0487 -0.0229 -0.0414 -0.0245 -0.0376 
5.S -0.0172 -0.0441 -0.0209 -0.0371 -0.0219 -0.0333 

6.6 -0.0161 -0.0402 -0.0191 -0.0335 -0.0198 -0.0298 
7.4 -0.0151 -0.0370 -0.0176 -0.0306 -0.0180 -0.0270 

8.2 -0.0142 -0.0342 -0.0163 -0.0281 -0.0165 -0.0247 

9.0 -0.0133 -0.0318 -0.0152 -0.0260 -0.0153 -0.0228 

9.8 •0.0126 -0.0297 -0.0142 -0.0242 -0.0142 -0.0211 
10.6 -0.0119 -0.0279 -0.0133 -0.0226 -0.0132 -0.0196 
11.4 -0.0113 -0.0263 -0.0125 -0.0212 -0.0124 -0.0184 
12.2 -0.0108 -0.0248 -0.0119 -0.0200 -0.0117 -0.0173 
13.0 -0.0103 -0.0235 -0.0112 -0.0189 -0.0110 -0.0163 
13.8 -0.0098 -0.0224 -0.0107 -0.0179 -0.0104 -0.0154 

14.6 -0.0094 -0.0213 -0.0102 -0.0170 -0.0099 -0.0146 
15.4 -0.0090 -0.0203 -0.0097 -0.0162 -0.0094 -0.0139 
16.2 -0.0086 -0.0194 -0.0093 -0.0155 -0.0090 -0.0133 
17.0 -0.0083 -0.0186 -0.0089 -0.0148 -0.0086 -0.0127 
17.8 -0.0080 -0.0179 -0.0085 -0.0142 -0.0083 -0.0121 
18.6 -0.0077 -0.0172 -0.0082 -0.0137 -0.0079 -0.0116 
19.4 -0.0075 -0.0166 -0.0079 -0.0131 -0.0076 -0.0112 
20.2 -0.0072 -0.0160 -0.0076 -0.0127 -0.0073 -0.0108 
21.0 -0.0070 -0.0154 -0.0074 -0.0122 -0.0071 -0.0104 
21.8 -0.0068 -0.0149 -0.0071 -0.0118 -0.0068 -0.0100 
22.6 -0.0065 -0.0144 -0.0069 -0.0114 -0.0066 -0.0097 
23.4 -0.0064 -0.0140 -0.0067 -0.0110 -0.0064 -0.0093 
24.2 -00062 -0.0136 -0.0065 -0.0107 -0.0062 -0.0090 
25.0 -0.0060 -0.0132 -0.0063 -0.0104 -0.0060 -0.0088 
25.8 -0.0058 -0.0128 -0.0061 -0.0101 -0.0058 -0.0085 
26.6 -0.0057 -0.0124 -0.0059 -0.0098 -0.0056 -0.0083 
27.4 -0.0055 -0.0121 -0.0058 -0.0095 -0.0055 -0.0080 
28.2 -0.0054 -0.0118 -0.0056 -0.0093 -0.0053 -0.0078 
29.0 -0.0053 -0.0115 -0.0055 -0.0090 -0.0052 -0.0076 
29.8 -0.0051 -0.0112 -0.0053 -0.0088 -0.0051 -0.0074 
30.6 -0.0050 -0.0109 -0.0052 -0.0086 -0.0049 -0.0072 
31.4 -0.0049 -0.0107 -0.0051 -0.0084 -0.0048 -0.0070 
32.2 -0.0048 -0.0104 -0.0050 -0.0082 -0.0047 -0.0069 
33.0 -0.0047 -0.0102 -0.0048 -0.0080 -0.0046 -0.0067 

33.8 -0.0046 -0.0099 -0.0047 -0.0078 -0.0045 -0.0065 
34.6 -0.0045 -0.0097 -0.0046 -0.0076 -0.0044 -0.0064 
35.4 -0.0044 -0.0095 -0.0045 -0.0075 -0.0043 -0.0063 
36.2 -0.0043 -0.0093 -0.0044 -0.0073 -0.0042 -0.0061 
37.0 -0.0042 -0.0091 -0.0043 -0.0072 -0.0041 -0.0060 
37.8 -0.0042 -0.0089 -0.0043 -0.0070 -0. 0040 -0.0059 
38.6 -0.0041 -0.0088 -0.0042 -0.0069 -0.0039 -0.0057 

39.4 -0.0040 -0.0086 -0.0041 -0.0067 -0.0039 -0.0056 
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Table 3 (continued) 
| Minor 
1 radius f-l      H f-l      IH f-2      H f-2     IH f-3     H f-3     IH 

40.2 -0.0039 -0.0084 -0.0040 -0.0066 -0.0038 -0.0055 
41.0 -0.0039 -0.0083 -0.0039 -0.0065 -0.0037 -0.0054 
41.8 -0.0038 -0.0081 -0.0039 -0.0064 -0.0036 -0.0053 
42.6 -0.0037 -0,0080 -0.0038 -0.0062 -0.0036 -0.0052 
43.4 -0.0037 -0.0078 -0.0037 -0.0061 |    -0.0035 -0.0051 
44.2 -0.0036 -0.0077 -0.0037 -0.0060 -0.0035 -0.0050 
45.0 -0.0035 -0.0076 -0.0036 -0.0059 -0.0034 -0.0049 
45.8 '    -0.0033 -0.0049 
46.6 -0.0033 -0.0048 
47.4 -0.0032 -0.004T 
48.2 -0.0032 -0.0046 
49.0 -0.0031 -0.0045 
49.8 -0.0031 -0.0045 
50.6 -0.0030 -0.0044 
51.4 -0.0030 -0.0043 

1       52.2 -0.0029 -0.004J 1 
1       53.01 -0.0029 i -0.00421 
i Aspect Ral io 
H.      = Interaction Energy for 
IH.     a Interaction Energy for 

Unit = ICTy/m' 

Homogeneous Assumption 
Inhomogeneous Assumption 

The elastic energy calculated from this work can next be combined with 
the chemical energy and the surface energy to calculate the Gibbs free energy 
for nucleation.  The results of such a calculation, fitting the surface energy to 
observed nucleation rates and critical nucleus size, will be discussed 
elsewhere. 

4.  CONCLUSIONS.    The elastic strain energy for the coherent 
heterogeneous nucleation of M2C carbides in AF1410 steel has been 
calculated.  The results show the difference between the homogeneous and 
inhomogeneous assumptions.  For a given screw dislocation lying in the [111] 
direction, the minimum energy is obtained when the precipitate is oriented 

in the [011] direction. The elastic strain energy is sensitive to the size and the 
shape of the precipitate at small size, i.e., during the nucleation stage.  For the 
larger sizes relevant to coarsening, the interaction energy is negligible and the 
self-energy dominates the elastic strain energy.  The self-energy per unit 
volume of precipitate is independent of the size, and therefore, the elastic 
strain energy per unit volume of precipitate is almost a constant for a large 
precipitate. 

APPENDIX A 

The solution for the dislocation displacement gradient is given as 
follows'11' 12<13> 

(Al) 
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where e^ is the permutation tensor.   In this notation v is the unit vector in 
the direction of the dislocation line, t is the unit vector normal to v and it 
lies on a plane which contains the dislocation and the observing point x, and 

the unit vector s is defined as s = t x v.  The definition of /^(t,s) is as follows 
(Mura 1987: "Micromechanics of Defects in Solids" p. 332) 

/, ft S) = 7[jAiHsinO + 
k   *       {[ £>(-tsin<D + s 

scosO)    cosO 
 s, 
scosO)      sin<I> 

A^-tsinQ + scoscI))    Nik(s) 

D(-tsinO + scos4>)      D(s) 
d<X> (A8) 

where Na(£) and D(£) are the cofactor and determinant of the matrix Kit(£), 
which is given as 

**(*) «£*{,& (A9) 

As explained in Mura's book1191 Eq. (Al) can be derived directly from Eq. (A7). 

APPENDIX B 

The displacement inside an ellipsoidal inclusion with a distributed 

eigenstrain e'^ix) is given as123' 

"■w=zff£l!d* \«"j-/-V)-{i •*){<.<«')}„, 
o      Lo « = { r 

where 

(no summation) 

y' = z(tt + r(mt cos<t> + n, sin 0) 

X, _ 
■y, 

x[_ 
■>: 

*Z ■c 

(Bl) 

(B2) 

1 
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and 2^,2^,203 are the three principal lengths of the ellipsoidal inclusion and 
the bars denote that the components of a vector are divided by the magnitude 

of the vector.  The integration domain S2 is the surface of a unit sphere. The 
unit vector m and n are arbitrarily chosen vectors satisfying the condition 

that m, n and f have to be mutually orthogonal.  The total strain inside the 
inclusion can be obtained by using the following equation as 

%Äf(*M+"/,) (B3) 

Therefore, Eshelby's tensors can be obtained by si    titutine a given 
eigenstrain into Eq (Bl).  They are presented according to The order of the 
polynomial in the following. 

£**i 4W = £ 

*■ asc-(K(*)w+M*)££M?M?) 

(B4) 

(B5) 

ÖS£lCW = i\ 
P    = C*.PL   \,L 

*Ps 
-= $p*i psM+^uymcPäs{c) 

(B6) 

(B7) 

(B8) 

(B9) 

Case3. e* (\) = £2m
x x 

(l5f„fw-3^)]0-(^^5(^ 

2;„°f IT™0?" f°r 'he barred subscripts in Eqs. (B7), (B9) and (BIO). The 
value of subscr.pt with bar goes with the value used in the summation, e.g., 

aJiH
uVM^chH'Vl +atHX+<hHX (B11) 

(BIO) 



120 KING ET AL. 

i 

REFERENCES 

1. C. B. Olson, Overview: Science of Steel, in Innovations in Ultrahigh- 
Strength Steel Technology, eds. G. B. Olson, M. Azrin and E. S. Wright 
Thesis, Proc. 34th Sagamore Army Research Conf, 1990, pp. 3-66. 

2. J. W. Christrian, The Theory of Transformation in Metals and Alloys.-- 
Part I, Pergamon Press, 1975. 

3. R. Kampmann and R. Wagner, Kinetics of Precipitation in Metastable 
Binary Alloys, Pergamon Press, New York, 1984, pp. 91-103. 

4. T. Mura and N. Kinoshita, The Polynomial Eigenstrain Problem for an 
Anisotropie Ellipsoidal Inclusion, Phys. Stat. Sol. (a), 48 (1978), pp. 447- 
450. 

5. R. J. Asaro and D. M, Barnett, The Non-uniform Transformation Strain 
Problem for an Anisotropie Ellipsoidal inclusion, J. Mech. Phys. Solids, 
23 (1975), pp. 77-83. 

6. Z. A. Moschovidis and T. Mura, Two-ellipsoidal Inhomogeneities by the 
Equivalent Inclusion Method, J. Appl. Mech., 42 (1975), pp. 847-852. 

7. S. D. Gavazza and D. M. Barnett, The Elastic Interaction between a Screw 
Dislocation and a Spherical Inclusion, Int. J. Engng. Sei., 12 (1974), pp. 
1025-1043. 

8. J. R. Willis, M. R. Hayns and R. Bullough, The Dislocation Void 
Interaction, Proc. Roy. Soc, A329 (1972), pp. 121-126. 

9. D. M. Barnett, On Nucleation of Coherent Precipitates Near Edge 
Dislocations, Scripa Metal., 5 (1971), pp. 261-266. 

10. T. Mura, Continuous Distribution of Moving Dislocations, Phil. Mag., 8 
(1963), pp. 843-857. 

11. A. N. Stroh, Dislocations and Cracks in Anisotropie Elasticity, Phil. Mag., 
3 (1958), pp. 625-646. 

12. D. M Barnett and J. Lothe, Synthesis of the Sextic and the Integral 
Formalism for Dislocations, Green's Function, and surface Waves in 
Anisotropie Elastic Solids, Physica Norveg., 7 (1973), pp. 13-19. 

13. D. J, Bacon, D. M. Barnett and R. O. Scattergood, Anisotropie Continuum, 
Theory of Lattice Defects, Progress in Materials Science, 23 (1979), pp. 51- 
262. 

14. T. C. T. Ting, Some Identities And The Structure of N. in The Stroh 
Formalism of Anisotropie Elasticity, Qt. Appl. Math., XLVI (1988), pp. 
109-120, 



ELASTIC ENERGY OF COHERENT PRECIPITATION 121 

15. T. C. T. TING, Line Forces and Dislocations in Anisotropie Elastic 
Composite Wedges and Spaces, Phys. Stat. Sol.(b), 145 (1988), pp. 81-90. 

16. T. C T. Ting, Line Forces and Dislocations in Angularly Inhomogeneous 
Anisotropie Elastic Wedges and Spaces, Quart. J. Mech. Appl. Math., 
XLVII (1989), pp. 123-128. 

17. J. S. Montgomery: Ph. D. Thesis, Northwe.  -rn University, 1990. 

18. A. K. Head, The Energy of a Screw Dislocation in a Cubic Crystal, Phys. 
Stat. Sol., 5 (1964), pp. 51-54. 

19. T. Mura, Micromechanics of Defects in Solids. Martinus Nijhoff, 1987. 

20. J. D. Eshelby, The Determination of the Elastic field of an Ellipsoidal 
Inclusion, and Related Problems, Proc. Roy. Soc, A241 (1957), pp. 376-396. 

21. J. D. Eshelby, Progress in Solid Mechanics, II (1961), pp. 89-140. 

22. K. C. King, P. W. Voorhees, G. B. Olson and T. Mura, Solute Distribution 
around a Coherent Precipitate in a MulticompOient Alloy, Metall. 
Trans. A., to be published. 

23. T. Mura and P. C. Cheng, The Elastic Field Outside an Ellipsoidal 
Inclusion. J. Appl. Mech., 44 (1977), pp. 591-594. 

ACKNOWLEDGEMENT.    We are grateful to Professor T. Mori for 
many helpful discussions during his visit under AFOSR support, to Professor 
D. M. Barnett for his sincere comments for this work, to Dr. Jonathan 
Montgomery for his determinations of the important structural and 
mechanical input parameters for the ferrite-M2C system in AF1410   This 
research is sponsored by the Army Research Office under Grant DAAL03-89- 
K-0152 as part of the Steel Research Group program of the Materials Research 
Center of Northwestern University. 



üikkkaä^ -JL-ii-L«*'. 

'v^xS--' '■■.. #■ 

APPENDIX F 
r>" 

THERMAL STRESS IN A HALF SPACE WITH A 
CYLINDRICAL INHOMOGENEOUS INCLUSION 

Hisao Hasegawa, Ruoh-huei Liarng, and Toshio Mura 
Department of Civil Engineering 

Northwestern University 
Evanston, Illinois 60208-3109 

The stress and displacement fields in an elastic half space subjected to a circular 
cylindrical inclusion with uniform temperature distribution are investigated. Using 
the Green's functions for axisymmetric body forces in elastic half space, one closed 
form solution is obtained for both interior and exterior elastic fields of the inclusion. 

INTRODUCTION 

The elastic fields caused by inclusions embedded in elastic half space has been a 
subject of interest in research fields such as surface science and geology. Many 
solutions for various eigenstrains can be found in Mura's book |1). By using the 
Galerkin vector, Mindlin and Cheng [2] first obtained the solution of the thermo- 
elastic stress field in the semi-infinite solid when a uniform dilatational thermal ex- 
pansion is given inside a spherical inclusion. Seo and Mura [3] obtained the solution 
to the same problem, but due to an ellipsoidal inclusion, by using Green's functions 
found by Mindlin [4] for the semi-infinite isotropic medium. The elastic fields due 
to a cuboidal inclusion with uniform eigenstrains in a half space was obtained by 
Chiu 15] using the full space solutions of two cuboidal inclusions solved with spec- 
ified initial strains that relieve the normal traction acting on the plane of symmetry. 
Yu and Sanday [6J proposed an alternate method for solving the axisymmetric elastic 
fields in the half space with an isotropic spheroidal inclusion. Their approach in- 
volves the application of the Hankel transformation method for the solution of pris- 
matic dislocation loops and Eshelby's solution for ellipsoidal inclusions. 

The solution presented in this paper is the result of a series of investigations by 
Hasegawa [7-9J on axisymmetric body force problems for semi-infinite elastic mc- 

Inviicd Paper Dedicated to Bruno A. Boley and presented at the Sixty-Fifth Birthday of Bruno A. 
Boley Symposium, Winter Annual Meeting, American Society of Mechanical Engineers, Atlanta. Geor- 
gia. December 1-6, 1991. 

The first author's, current address is: Department of Mechanic*] Engineering, Meiji University, Kawa- 
saki, Japan. 

Journal of Thermal Stresses, 15:295-310. 1992 
Copyright C 1992 by Hemisphere Publishing Corporation 
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dia. The Green's functions for axisymmctric body force in an elastic half space found 
by Hasegawa [9] is used to obtain the stress fields caused by a circular cylindrical 
inclusion. A single analytical solution is obtained for interior and exterior points of 
the inclusion. 

FUNDAMENTAL EQUATIONS 

Thermal changes in a body are accompanied by deformations in the relative portions 
of the body. Such deformations cannot proceed freely. In general, thermal stresses 
will be caused by constraint from the surrounding medium that prohibits the geo- 
metrically incompatible deformation. The strain components e* in isotropic bodies 
due to the free thermal expansion are 

E£ = oT6(> = E*O,       ij =1,2. 3 (1) 

where a is the coefficient of linear expansion, T is the temperature function, and 5V 

is the Kronecker delta. 
For infinitesimal deformations considered in this work, the total strain er> is re- 

garded as the sum of elastic strain e0 and thermal strain E* , that is. 

£y "" *v **" e^ (2) 

3 

1 

The total strain must be compatible. 

ey = " (u,j + ujj) (3) 

where u, are the displacement components and utJ - du,/dxt. For an isotropic ma- 
terial, elastic strains are related to stresses ov such that 

"^(••"TT;^) (4) 

It is assumed that the temperature changes are so small that the elastic moduli 
remain constant. Thus, the substitution of Eqs. (1) and (4) in Eq. (2) gives 

i        r     v I 
2n   v     L2u.(l + v)   * J " 

(5) 

and, solving for the ov, it becomes 

OH ~ 2U,EV + XEU6W - (3X + 2U,)E*&„ (6) 

where v is the Poison's ratio and X and u. are the Lame's constants. By the gener- 
alized Hooke's law, the stress components can be expressed as 

wmMPBwcna 
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The equilibrium equations under body force/are 

IFW+/j-0 

When Eq. (6) is substituted into Eq. (7), it gives 

297 

(6') 

(7) 

(8) 

If the inclusion is an inhomogeneity that has elastic moduli different than those of 
the matrix, it is assumed that the Ciikl in the above Eq. (8) are piecewise continuous 
functions of x such that they are constant CijU in the matrix and another constant 
Ufa in ft. However, the inhomogeneous inclusion ft can be simulated by an equiv- 
alent homogeneous inclusion by adding extra eigenstrain efi* called equivalent ei- 
genstrains. They can be deiermined by 

CJu(«w " 8***) - c>Muu ~ M* " eS*) (9) 

For isotropic materials, the equivalent eigenstrain can be written as E£* = 8we**. 
Equation (9) is simplified into 

<3X* + 2u.')(uM - e*) - (3X + 2jt)(iiM - e* - £**) 

In this case, the equations of equilibrium (8) can be written as 

C>4J/ - C^W + E**)J +/ = 0 

(9') 

(8') 

Since c* + E** is zero in the matrix and uniform in the inclusion, (E* + E**) t is 
the delta function defined on the boundary of ft. 

For an isotropic material, Eq. (8') becomes 

yfi\ + (u. + X)^ = -/ + (3X + 2H)(E* + E**)J        i = 1, 2, 3        (10) 

where fl = E« ■ ukJt and E* = dz*/dx,. When the matrix and the inhomogeneity 
have different thermal expansion coefficients, E* becomes the delta function on the 
boundary of ft. The terms on the right-hand side of Eq. (10) can be treated as the 
effective body force components. 

ELASTIC SOLUTIONS 

If the Green's function G„<x - x') is the displacement in ^-direction at point x when 
a unit body force in x,-direction is applied at point x' in an elastic medium, then the 
displacement components u, in Eq  (8) are written as 

K/X) -f. G„(x - x'K^IeiXx') + £r(x')],<fx' 
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298 H. HASEGAWA ET AL. 

or integrating by parts to get 

u,(x) = -J    G,/x - x'K^fe*^') + e**(x')] dx' 

The corresponding stress components are 

o«<x) = ~Cm J    G^x - K'XipJeiCx') + e**<x')l <*x' 

(11) 

-C^lefi(x) + ES*(*)1 (12) 

In this paper, a solid circular cylindrical homogeneous inclusion in the interior 
of an elastic half space, as shown in Fig. 1, is considered. Under the cylindrical 
coordinate system (r, 6, z), the surface z = 0 of the half space (0 < r < », 0 ^ z) 
satisfies the free boundary conditions 

<*. " *V = T„ = 0 

and the uniform dilatational strains 

E* - e*(r, z) = E0{1 - S(r - c)}{S(z - bt) - S(z - M        fc, >0       (14) 

are distributed within the half space. Here S(    ) is a Heaviside step function, E0 is 
the magnitude of eigenstrains, and c and b = b} — b2 are the radius and the length 
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(ID 

(12) 

:rior 
ical 

(13) 

(U) 

£o is 
ngth 

of the cylindrical inclusion, respectively. Neglecting the body force terms /, Eq. 
(10) now becomes 

u/v2 - pj«, + I** jjj + (X + pt)[V(V • U)L = (3X + 2u*)eJ (15) 

where U is a vector with components i*„ I ■ 1,2,3, corresponding to the displace- 
ments in the r-, 0-, and z-directions. 

The general solutions can be simplified readily for the above problem. After 
considering the isotropy and axisymmetry properties, Eqs. (11) and (12) become 

1 «,<x) = -(3\ + 2jt)      CAJ(x - x')e*(x')dx' 

fl Jn 
o^x) = -(3X + 2M-)

2
      G^(X - x')E*(x')dx' - a* 

(ID 

(12') 

where o* = 2uxJ + X8yCfi. It has been shown by Hasegawa [91 that the solution 
of the elastic fields in a semi-infinite medium caused by axisymmetric body forces 
is 

«XX).-f rj(x - iw) dx' 

o„<x) = - f 2£<x - x' 
7o 

)F^x')dx' -oj 

(16) 

(17) 

where Ft(x') are body forces in the ^-direction and rj(x - x') and 2yt(x - x'), the 
Green's functions given by Hasegawa, denote the displacement and stress compo- 
nents, respectively, when an axisymmetric unit ring force in xrdirection acts at a 
distance z' from the half space boundary along a circle of radius r'. The nonzero 
components of the Green's function rj can be expressed as follows: 

^ 1 ff    -\7{\ -v) a2      I 

♦ {(!-*- az)/y .(ar)*-*1 da (18a) 

r?,(x - x') - —  b.      **Q    Mar) sin (ßz) da dp 
2TTU.(1 - v) J0 J0      (a

2 + ß2)1 

> 
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ri(x-x') = — (        bt      *    .J^*r) cos {$z)dex> 
TTM- Jo Jo       a  + ß 

I CC -       a2ß 
rf3(X-x') = —  bt 7,(ar)sin(ßz)JaJß 

iru-U - v) J0 J0       (a   + ß ) 

- I   (2 - 2v - a7)/y,(ar)*_M Ja 

w, I ff"    - f2(l -v) 
r5i(x - x') -   afc, —. r 

irn(l-v)J0Jo L«2+ß 

2 'o(ar) cos (ßz) Ja Jß 
(a  + ß ) 

+   I    (1 - 2v + az)/Vo(<*'')*~*' Ja 
o 

,(ar) cos (ßz) Jr Jz        m - 1 - 6n 

^-- -- 

(18c) 

(18J) 

*, = — 6(r - r')6(z - z) 
2-nr 

(I8e) 

(19a) 

(196) 

(19c) 

(I9J) 

Here b, are the axisymmetric unit body forces mentioned above, and Jm is the Bessel 
function, of the first kind of order m. 

For the present case, body forces Fk(x') in Eqs. (16) and (17) can be substituted 
by the effective body forces (3\ + 2u.)(e*(x')L »" &\  (15). Thus, 

u,<x) = -(3A + 2u.) I   rj(x - x')\t*(x')]_tdx' (20) 
Jn 

<rv<x) = -(3X + 2u.)     X£(x - x')U*(x')U dx' - oj (21) 
Jn 

Recently, the authors 110] use the axisymmetric Green's functions to obtain so- 

3 
1 

4 
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•) 
lutions due to axial cigcnstrains given in a cylindrical inclusion. The same method 
is applied here to find solutions due to thermal expansions. Therefore, from Eqs. 
(14), (20), and (21) one obtains 

u,{rt z) = 2ire0(3A + 2^)1 c I    rftr, z, c. z') dz' 

+ j   irS(r, z, r\ bt) - T%(r, z, r\ b2))r' dr J    (22) 

ov(r, z) = 2<nz0(3k + 2u-){ c j    !»> (r, z, c, r') dz' 

+ J   [X£(r, z, r\ M - 2j,(r, z, r'. fr2)]r' </r' J - u* 

(23) 

The integrals in Eq. (22) are performed by using integral formulas (11, 12], and the 
final results are 

^ -1rr^r i <- °" fi[ü]+ü']+«+*}   (24> 

with 

ül = (-[)'zh(\ - 
1 - 2v 

v)Q1/2UJ + LZT11 Hc* + r2yQ-^p(x,) -(C- rYk.Uip, k 
2cr 

-j _ 

.*.)]} 

ül = z,Q,/2(x,) 

f                 c2 - r2 - 2? 1 
ü\ = (-1)*  rG2(x() + — Q-i„2(*,)j 

(25a) 

(25b) 

(25c) 

(3 - 4v)(c2 - r2) -fj 
«J = (3 - 4v)rG2(*,) + T Q-1/2C*,) 

M - 2v)(c - r)z2A                   0 ~ 2V)TTVcr|z,| 
+ Si ZVKC       '" 0(p, *,) : 11 + SGN(c - r))     (25d) 

c(c + r) 

v(l - 2v) 
u; = — 

cr 
{-z2(c - r)%U(p, *2) + z2(c

2 + r*)Q_,/3(jr2)} 
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+ 7[b„ - v(3 - 2v)z2]Q1/2(jr2) 

(1 - v)(l -2v) 

(25*) 

cr 
[(c - rfz&Uip, kj - z2(c

2 + r2)Q_1/20r2)] 

+ (2(2 - v)(l - 2v)r ~ 2(1 - v)(l + 2v)£„]Ql/2(*2) 

bjz2 

cr{x\ - 1) 
G,(x2) 

bj. r        *: - rfc    i 
w; = -8v(l - v)rC2U2) - —   Q./iCO "   j—J G,(x2) I 

V^ 
- 2(1 - v)(l - 2v)-rrfcJI [1 + SGN(c - r)] 

c 

2(1 - 2v)(c - r)z2*2 
+ _ n(p,*2)((1 - v)b„ - vz] 

-(1 -2v) 

IT V crr2 
-I- 2v(l - 2v) (1 + SGN(c- r)] 

-f   Q./fe)-   jf2_ j  G,(x2)l 

where 

(25/) 

c(c + r) 

2 
+ - [(1 - v)fr,:2 + vzz2 - 2v(I - v)(c2 - r2)]Q_l/2(x2) (25f) 

c 

&) = (1 - 2v)2r  2G2(x2) + C-—- Q_l/3(*2) 

z\ [2v{c - r)k2 ] 
»-  n(pt *2) + Q.I/2U2) 

c L     c + r J 

(25/1) 

D = Stt2V7r( 1 - v)        zx = z- bm        z2 = z + bm       x, = 
r2 4 c2 4 z2 

2rr 

4cr 4cr 
p = 

(c 
——        ** =  
+ r)2 '      (c + r)2 + z? 

C,(x.) - x,Ql/2(xt) - Q-,/i(jr()       G2(xJ = x,Q.x/2(xt) - Ql/2CO 

I 
t 

I 
■•I 

2i 

w—.ijnn«"u y ■ '"J ^JSJ^CT 
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and SGN(c - r) is +1, 0, or -1 according to positive, zero, or negative value of 
(c - r); Q„(JC,) is the Legendre function of the second kind of order n; U(p, k,) is 
the complete elliptic integral of the third kind. 

Equation (23) can be integrated in the same way to get 

with 

-.  (-iVz.rr    d-2v)c2i (3-4v)c *\ = —£- \y p—JQ-,/^) - — Q,/2U,) 

r                c-r     (1 - 2v)(c - r)3l ] 
+ [2(l-v)— + ]«,.«) 

c(*, - r/c) 

r(jrf " 1) 

dj = 
f-lVr ff       (1 - 2v)c2l 4(1 - v)c 

ä4|-;h+7?cw] 

G,(x,) 

(27a) 

(21b) 

(21c) 

(lid) 

(27f) 

(27/) 

 F" 'T.^.-'WI ■■» 5 
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+ 2(1 - v)  Q-./aCO + ~r
k>n(P> *«>   | 

fj, = - ;   2(1 - 2v)Q1/2(x,) - -y^— - G,W 1 

A* - ^ I-  2v - v<l - 2v) ^-—^ LQ-./JC*:) 

r     c-r     v(l -2v)(c-r)2l      „ 
"I       ~r +  f1 UtfllP* *a) 

(27 g) 

(21 h) 

2vc 
+ [2z + (1 - 2v)z2]Ql/2U2) 

-;[<>- X: - r/c 
Ab„v + 2vz)QJ/2(x2) + (bm - 2vz) — G,(x2) 

4- i 

2rV2 

4 
^2 _     ,G,(JC2) + -G2(X2)1 + 2G 

,,     2 f        r     cr     (1 -2v)(c-r)2]   M 

-y 1(1 +2v) + <l-2v)pjQ.^(x2) 

+ - [0 - v)k - 2vr - v(l - 2v)r2)Ql/2(jr2) 

+ ~2     r- - K*2 - r/c) 
r(x2 - 1) L2cr 

.,      1 f(&„ + 2v2)c r x2- r/c I 

- 2vJ Q,1/2(x2) + ^-~*2n(p, fc2) 

(270 

(27;) 
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+   .b'"l   Ua-.drt + -c Qi/*«> 

--^(G^ + ^G.W)]} (27*) 

^=M^G^-^[äQ,^"^>H} (27° 

r  36.», ,  so - 2V) /. + . _ s5LzJ2)lQ.lflUl) 

r   ^    _ 0-2VX3-2V), +     _ 2v)61 

WtA - 1) 2 J 

„,(. - 2v) rc^ + O-.Xc-D'l 
c U +' 2^ J 

)  G.UJ)! (27/") 
(1 - 2v)2 - 2£„ 

(x2 - r/c) 

) r cJ + r2l 
-   2vr + (l - v)—-—  QM/ 

rid ~ 2v) 

2r 
iW 

r, r       2vr c - rl 
+ - (c - r)(l - 2v)   - -— + (1 - v) — 

2c I    c + r r    J 

-[(1 - 2v)(2 - v)r - bm(\ + 2v - 2vJ)]Ql/2(.x2)| 

*> . I (     »      P£*- + (1 " 2v)(x2 - r/olc.C 
'     rUi-lLcKxi-l) J 

MKP, *2) 

(27ii) 
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r2U; - hJ 2rru; - 1) 

b.z* 

.2c7{xl -  1) 
+ 1 - 2v Q1/:(x:) (27oj 

1 2bmzz] 
 : [(1 - 2v)zzj - bm(: + r,))G,U2) -   , ,   , G,U2) 
crixj - 1) r*r (jr; -  I)* 

l2c2r\xl  ~ 1) 
+ 2(1- 2i>) Q,.:<*:) (2?/>) 

Equations (24) and (26) satisfy the fundamental equations of elasticity (15) subject 
to the boundary conditions in Eq   (13) through the semi infinite domain 

DISCUSSION AND RESULTS 

Numerical calculations for displacement and stress fields have been performed for 
a homogeneous cylindrical inclusion with given dilatational eigenstrams The Pois- 
son's ratio of the material is assumed to be 0.3, the length and radius of the inclusion 
are both 1 0. The distance from the center plane of the inclusion to the elastic free 
surface, which   s called the depth of the inclusion, is x0 

Figure 2 shows the effect of inclusion depth on displacements on the free sur- 
face it is evident that as the depth of the inclusion increases, the magnitude of the 
surface displacements decreases. 
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0.5 

Fig. 3 Variation of stresses along r-axis (r = 0) 

1.5 
2/Xo 

2 2.5 

i 

Figures 3 to 8 show the distributions of stresses due to an inclusion with depth 
x0 = 1. As expected, all of the stress components are negative for interior points. 
Normal stress components are continuous while the other stress components change 
signs across the inclusion boundary. 

Figures 3 and 4 illustrate the variation of all the nonzero stress components along 
7-axis and along the center plane of this inclusion, Jt is observed that CT, has the 

i 

o\. = cr+ ot + o. 

0 0.5 1 1.5 2 2.5 

Fig. 4 Variation of stresses along r-direction on the central plane of the inclusion. 
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0 0.5 

Fig. 7 Variation of aM »Jong r-direction on different depth :/J9. 
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Fig. 8 Variation of oM along i-direction on different radius r/c. 

CONCLUSIONS 

In (his paper, exact solutions in closed forms were shown for thermal stress fields 
produced by a circular cylindrical inclusion with uniform temperature in an elastic 
half space. The solution was easily obtained by using the stress fields due to a cir- 
cular cylindrical inclusion with uniform axial eigenstrain in an elastic half space. 

VWH »a* ■***»* 
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MjCCARBIDE PRECIPITATION IN AFMJO 
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ABSTRACT 

MjC carbide precipitation was investigated in a 
martensiric Co-Ni steel, AF1410.  Results of TEM (from 
both thin foils and extraction replicas) and X-ray diffraction 
were combined with results of collaborative SANS and 
APFTM studies to determine phase fractions, compositions, 
and lattice parameters throughout precipitation, including 
estimation of carbide initial critical nucleus properties. The 
composition dependence of the M2C lattice parameters was 
modelled to predict the composition-dependent transforma- 
tion eigenstrains for coherent precipitation; this was input 
into collaborative numerica/ calculation* of both the coheir nt 
carbide elastic self energy and the dislocation interaction 
energy during heterogeneous precipitation. 

The observed overall precipitation behavior is consis- 
tent with theoretically-predicted behavior at high supersatu- 
rations where nuclcation and coarsening compete such that 
the average particle size remains close to the critical size as 
supersaturation drops.   However, the coarsening in this 
system follows a t"5 rate law consistent with heterogeneous 
precipitation on dislocations. Initial precipitation appears 10 
be coherent, the cirbides lending toward a rod shape with 
major axis oriented along the minimum principal strain 
direction. At initial nuclcation. particles are Fe-rich and C- 
deficient, diminishing the transformation eigenstrains to a 
near invariant<line-strain condition. The observed relation 
between carbide volume fraction and the shape-dependent 
capillarity parameter dS/BV implies a coherency loss transi- 
tion in AF1410 reached at Shr tempering at 510*C. 

The precipitation in AF1410 at 510°C exhibits a 
"renudeation" phenomenon in which a second stage of 
nuclcation occurs beyond the precipitation half-completion 
time (1 Ihn). It appears that the carbide composition during 
precipitation follows a trajectory of increasing interfacial 
energy and nearly constant volume driving force. This may 
contribute to the renudeation phenomenon, but the computed 
barrier for heterogeneous nuclcation on the dislocations is at 
this point an order of magnitude too high. An alternative 
possibility is that renudeation may represent autocataJytic 
heterogeneous nucleation in the stress field of coherent car- 
bides, once they have grown 10 sufficient size to act as 
potent nucleation sites. 

JNTRQDUCT1QN 

Cobalt-Nickel Secondary Hardening Steels 
Research by Speich et al. (1, 2] has elucidated steel 

compositions with a unique combination of strength and 
toughness. These steels contain 10 wt% nickel to lower the 
ductile-to brittle transition temperature to well below room 
temperature, and to ensure high hardenabüity. Molybdenum 
additions increase hardenabüity, retard temper embrinlement. 
and, in combination with carbon, promote secondary hard- 
ening reactions in which alloy carbides are formed [3, 4) 
Chromium is generally added to increase hardenabOiry and to 
enhance the secondary hardening response.   The role of 
cobalt is least clearly understood, but it is thought [1. 2] to 
(a) retard the recovery of the dislocation substructure, (b) 
provide a finer dispersion of M2C and (c) provide a small 
amount of solid solution strengthening. The finer precipitate 
dispersion may arise because (a) heterogeneous oucleaoon 
on dislocations accelerates nucleation at low temperarures in 
an unrecovered matrix, (b) cobalt may decrease the solid 
solubility of the alloy carbide [S] and (c) since cobalt raises 
the activity of carbon in ferrite [6, 7. 8). this increases the 
supersaturation and nucleation rate. In addition to raising the 
activity of carbon in solution, Goldschmidt [9] proposes that 
cementite dissolves cobalt but is rendered progressively less 
stable (i.e., raising its free energy), C03C being an entirely 
unstable carbide.   Grujicic flOJ, using the ThermoCaIc 
software and an early cobalt database, found that cobaJt has 
an almost negligible effect on the driving force for preopiia 
tion of M2C.   However, there seems to be a number of 
experimental examples where cobalt significantly increases 
the driving force for other precipitation reactions. In addi • 
tion 10 retarding the formation of austenite, it has been 
reported that Co in maraging steels has the effect of incrtas 
ing the supersaturation of Mo [11J, or equivalendy, lowering 
the solubility of Mo in the matrix [\2], acceJeraong the p<r- 
dpitation of Mo-containing intern* tallies. 

Chandhok, Hirth and Dulis (6. 7, 8) also propose 
that cobalt may decrease the carbide-manensite interfacial 
energy which would enhance nucleation. and following 
nucleation, the growing carbide rejects cobalt into the matrix 
at the carbide-manensite interface.  This cobalt-nch zone 
further increases the carbon activity near the interface. 
decreasing the activity gradient into the growing panicles, 
thereby decreasing the diffusion flux of carbon, and decrcas 
ing the rate of growth.  There is also evidence [13. I4. 15. 
16] for Fe-Co(-Ni) shon-range ordering in these steels 
This will decrease the growth and coarsening rates by reduc- 
ing the substitutional diffusivities through correlation effect* 
Additionally, Decker (17} asserts that cobalt may accentuate 
the initial segregation of Mo to the dislocation strain fields, 
which would speed the precipitation of M2C and thereby 
cause a fine dispersion.  The toughness of these alloys is 
primarily due to the fineness of the carbides, the low impu 
riry level, and the slightly overaged structure which nearly 
eliminates the embrittling cementite phase (1.2)   The pn 
mary goal in the design of these alloys is to maintain an 
extremely fine carbide dispersion while simultaneously 
eliminating cementite. 

The nominal compositions and mechanical properties 
of two cornrnerciaJ controlled-recovery secondary hardening 
steels—HYI80 and AF1410—are shown in übte I. alone 
with 300M (the classic epsilon-carbide strengthened VHS 
steel) and a 300-grade maraging steel. Because of the 
extreme toughness of AF14I0. ii is important now to look 
into alloys of similar matrix composition, but with higher 
carbon and secoridary-hardcning element contents to increase 

jt secondary-hardening response.  Keeping the küoy car- 
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bides as fine ts possible at completion of precipitation 
should contribute greatly to the strength with minimal loss of 
toughness. 

The goal of modification of these steels is improved 
strength with minimal loss of toughness. Control of precipi- 
tation processes is essential to achieving higher strength 
while maintaining the microstructural basis of high tough- 
ness. Atom-probe field-ion microscopy (APFIM) has been 
used to study precipitation of M2C in AF1410 [18, 19, 20, 
21, 22), giving carbide compositions as a function of tem- 
pering time at 5 10°C, as well as rough sizes and shapes of 
the carbides. However, crystallographic parameters and 
interfacial features cannot be readily obtained with this tech- 
nique, and carbide coherency loss has to be inferred from a 
morphology change. Determining the coherency loss roech- 
anism(s) for these carbides is important, since, as coherency 
decreases, the interfacial energy increases, increasing the 
coarsening rate and thus decreasing the strength and tough- 
ness of the steel. Coherency loss should therefore be 
delayed at least until precipitation is complete and all ccmen- 
tite is dissolved 

Thermodynamics of Carbide Precipitation 
Thermo-Calc™ is a quantitative metallurgical ther- 

mochemistry computer program developed by the Physical 
Metallurgy division of the Royal Institute of Technology 
(KTH) in Stockholm. The facilities of Thermo-Calc allow 
one to tabulate thermodynamic data, calculate the heat of 
chemical reactions and their driving force, evaluate equilibria 
for chemical systems and phase transformations and calcu- 
late various types of mulucomponem phase diagrams. It is 
important to many problems in the chemical and metallurgi- 
cal industries to know the equilibrium conditions and to 
understand how the equilibrium can be affected by various 
external factors. Thermo-Calc is able to provide this impor- 
tant information. Although Thermo-Calc was initially devel- 
oped for the calculation of strict chemical equilibria, it can 
also be used to calculate constrained, or metastabie, equilib- 
ria. The calculation of metastabie equilibria is far more inter- 
esting and useful from an alloy and heat treatment develop- 
ment point of view. An example of metastabie equilibrium is 
a para-equilibrium, where the precipitating phase has the 
same composition of its metal sublartice as the parent phase. 
Thus Thermo-Calc can be used as an alloy design tool. 
Because it can calculate constrained equilibria (such as para- 
equilibrium) and the driving forces for various phase trans- 
formations, the composition and heat-treatment of a particu- 
lar alloy with particular requirements can be calculated which 
gives the required phase transformations. The result of the 
phase transformations gives the desired microstructure, and 
through structure-property relationships, the desired proper- 
ties are obtained. 

Theory of Homogeneous Precipitation 
The present state of the theory of homogeneous pre* 

cipitarion has been recently assessed by Kampmann and 
Wagner [23,24]. Precipitation in supersaturated metastabie 
alloys has been usually subdivided into three distinct stages 
(l-HD- In the first stage (I), nuckation of the precipitating 
phase Cakes place. Theae nuclei result from spatially local- 
ized composition fluctuations which occur statistically within 
the supersaturated matrix. In stage D, difrusional growth of 
a precipitate occurs by solute depletion of the surrounding 
matrix, without competing with the growth of any other par- 
ticles. This solute depletion decreases the driving force 
(supersaruration) for nucleation. Stage III is characterized 
by particle coarsening, in which the panicle size distribution 
coarsens by the growth of larger panicle at the expense of 
smaller particles, which dissolve. The distinction between a 
growth stage (II) and a coarsening stage (III) is somewhat 

arbitrary, and is made only to mark two special periods dur- 
ing which certain approximations can be made so the com- 
plex diffusion problem can be solved analytically. 

Nucleation: In this paper, the formation of stable 
nuclei will be treated within the framework of classical 
nucleation theory, i.e., the droplet model is used in all stages 
of precipitation [25]. Following Russell [26], the nucleation 
rate is given by 

Jsex pftf*"-»!* [i). 

where SW* = ^r*h( is the work of formation of a crmcaj 

nucleus with radius r* containing n* solute atoms; y is the 

interfacial energy, Z * [8G*/37tkTn*2]     is the Zeldovnch 

factor, ß* « DC/Xgi is the rate at which solute atoms from 
the matrix of mean concentration C join the critical nucleus 
D is the effective diffusivity, No the number of atorruc sues 
per unit volume, tw the incubation period and X* the atonuc 
jump width. For the nucleation of mulucomponent precipi 
Utes, an effective (DQe/r (from coarsening theory) can be 
used. 

Growth: A nucleated, stable, spherical particle of 
radius r and solute concentration Cpembedded in a supersat- 

urated matrix (of solute concentration C(t) far away from the 
precipitate) will grow at a rate 

v(r) 
dt     Cp-Q r 

where Q is the solute concentration at the interphase bound 
ary. Assuming    a    monodispersive     system. 

Q « Q « C(t-+«o), and C(t) « Co = C(t=0). integTaoon of 
12) yields 

giving parabolic growth behavior. 

Coarsening: Due to the Gibbs-Thomson effect. 
one must deal with a panicle size distribution f(r.t). rather 
than with precipitates of uniform size. In this case. Cf 
depends on r according to 

Cr*Ceexp 
RT   r 

in which Vm is the molar volume and R is the gas constant 
The growth rate v is still given by equation |2). However, 
because of equation (4j, particles will either grow (v>0) or 
dissolve (v<0) depending on whether r>r* or r<r*. with 

For the dilute solution case, 

r-il 
A« 

g   vm
mct 

[51 

16} 
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1 Lifschitz and Slyoaov [27] and Wagner [28) (LSW) 
calculated the time evolution of the mean radius r(t) and the 
number density Ny(0 on the basis of equation (2) and the 
continuity equation 

*+if* 
dt   dr I dt (7). 

However, certain approximations had to be made to solve 
the equations of motion analytically: (1) the precipitated vol- 
ume fraction fy - const., i.e., the precipitation is close to 
completion, and (2), equation (4} was used in its linearized 
version 

«MM (8). 

With these approximations, the LSW theory yields in the 
asymptotic limit ((-»••) for volume diffusion-controlled 
coarsening 

r3(t)-ri3 = &YVm   **< (t-td 
(9). 

Behavior at High Supersaturations 
The splitting up of the course of precipitation into 

three distinct regimes is rather artificial. In reality, particu- 
larly during the early stages of precipitation in alloys of high 
supersaturation, all these processes will overlap and the pre- 
cipitation kinetics will be more .omplicated. In 1967 
Kampmann and Kahlweit [29] considered precipitation as a 
continuous race between the sizes of the nucleus and of the 
precipitates, figure I [29]. Particles which nucleate at differ- 
ent times t will only continue to grow as long as their size 
remains above a critical si ■? i*(t). The critical size increases 
with time because, as precipitation occurs, the supersatura- 
tion of the matrix drops, which lowers the driving force for 
precipitation. Thus if a particle does not grow fast enough, 
it will become subcritical and dissolve. Kampmann and 
Kahlweit point out that if one could quantitatively describe 
this race, then he could predict the outcome of the precipita- 
tion reaction. In 1980, Langer and Schwartz [30] treated 
this problem theoretically for droplet formation and growth 
in near-critical fluids (LS-model). They modified the conti- 
nuity equation (7) to include nucleanon, which becomes 

dt+dr 
f* 

dt 
■j(0 

(10), 

where j(r) is a distributed source of droplets such that 

f-|   j(r)dr 

111}. 

Knowing the properties mat such a function must have, they 
assumed an "apparent" panicle distribution function in wltich 
subcritical particles were ignored, and from which the coars- 
ening rate at long times approached that from LSW theory. 
In addition, they too used the linearized version of the 
Gibbs-Thomson equation (8). Langer and Schwanz found 
that systems with low supersaturations exhibit three-stage 
behavior, i.e., the kinetics could be approximated by nucle- 
ation, growth and coarsening stages. Systems with higher 
supersaturations show mixed kinetic behavior. 

Weadt [31.32) Haasen [33]. and Wendt and Haasen 
[34] modified the theory (MLS-model) in such a way that it 
can be applied for the description of the kinetics of precipi- 
tate formation and growth in metastable alloys of high 
degrees of supersaturation.   The authors compared the 
results of the model to experimental atom probe field ion 
microscope (APFIM) data for Ni-14 at% Al aging at 550°C, 
figure 0 [34 j. In spite of using the linearized version of the 
Gibbs-Thomson equation (8), they obtained good agree- 
ment with theory and experiment.   In Kampmann and 
Wagner's (23, 24] version of the MLS-model, the non-lin- 
earized version (equation (4)) was used, but they point out 
that the MLS theory is still based on the same assumptions 
as the original LS theory. In particular, the explicit form of 
f(r,t) is not accounted for and the long-time coarsening 
behavior is assumed to match the LSW results, i.e., is 
described by equation (9). Kampmann and Wagner [23, 
24] have therefore devised an algorithm, termed the numeri- 
cal model (N-model), which describes accurately the entire 
course of precipitation within the framework of existing 
nucleation and growth theories. Accurate is meant in (he 
sense that relative to the LS- and MLS-models, fewer simpli- 
fying assumptions enter this algorithm; in particular, the time 
evolution of f(r,t) is computed with minimal approximations 
The authors then applied both the MLS- and the N -models to 
the Cu-1.9 at% Ti system. For this system, aging at 350°C. 
they found that the MLS-model provides a rather good sur- 
vey of the general course of precipitation. However, due to 
the simplifying assumptions made, it does not predict the 
precipitation kinetics with the same accuracy as the N-model. 
Results of these models were compared with experimental 
data obtained from an AJ7FIM study [35], figure ID. The 
N-model fits the experimental data points quite well for y - 
0.067 J/m2 and D « 2Jx 10"15 cm2/sec. In contrast, poor 
agreement is obtained with y ■ 0.071 J/m2. reflecting the 

degree of precision with which y could be determined by fit- 
ting to precipitation kinetics. 

The present theory has been developed for homoge- 
neous, low-misfu precipitation only. Necessary modifica- 
tions to this theory for the precipitation of MjC in steel arc 
discussed in the next sub-sections. 

Multicomponcm Coarsening 
Because the M in M2C may contain several elements. 

one nust also consider how this alters the diffusion-con- 
trol led growth and coarsening of the carbides. Lee (36. 37] 
has adapted the Björklund et al. [38] model of cemenute 
multicomponent coarsening, along with the work of Speich 
and Oriani [39] on the precipitate shape effect, to apply to the 
case of M2C. In this theory, the coarsening rate of the car 
bide minor radius is given by 

r'-rJ-jM-to) 
(121. 

where the coarsening rate constant 

KI--^^rfl(kMl-kF.)(kM,-n^j' 
RTln(2ß)LM( 

DMJ       (I3) 

and ß is the aspect ratio (1/r) of the carbide, k, is the 

partitioning coefficient Cp/C(t). and DM is the diffusiviry of 
metal i in femte. The inverse of the terms within the 
summation are analogous to an electrical resistance 
Examination of this inverse form reveals that the total 
resistance is a linear summation of each resistance step. 
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Figure I. Sizes of the critical nucleus r* and of the particles r as a function of time (schematic). (From reference (29J) 
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1 
which correspond! to • series-type connection of resistance. 
Thus coarsening occurs through series-type diffusion with 
the slowest-diffusing element controlling the coarsening rate. 
Current research by Kuehmann (401. «sing a more 
fundamental approach to this problem has shown very 
similar results, that is. that the coarsening rate constant is 
proportional to the concentration weighted average of the 
diflusivities. analogous to resistors in series. 

Once the carbon level is chosen for the alloy, there is 
an additional degree of freedom in selecting the ratio of M to 
C. As was determined by Olson ei ai. (41), and further 
refined by Grujicic [10], alloys whose compositions are 
"balanced" with respect to the stoichiometry of the precipitate 
will have the lowest coarsening rate of the precipitate. 
Therefore an alloy with 0.25 wt% C (1.16 at% O should 
have 4 wt* Mo (2.33 at% Mo) to give the slowest coarsen- 
ing of MojC 

Heterogeneous Precipitation with High Coherency Strain 
The overall free energy change on precipitation is 

given by 

AOTOT - AGCHE * AGSUR + AGsm * AGIKT       H4) 

where AGCHE >* the cherrucal free energy change (negative 
for precipitation), AGSUR »* the free energy associated with 
the interphase boundary (positive). AGsnt is the self-energy 
of the precipitate due to its strain field (positive), and AGrjrr 
is the interaction energy due to the strain field of the precipi- 
tate interacting with the stress field of a point, line or planar 
defect (typically negative) In ?he preceding analyses. 
AGSUR was taken for a sphencai precipitate with uniform 
interfacial energy y, the value of which was found by fitting 
the precipitation kinetics Also m the preceding analyses, 
AGSTR (apart from its modification of C«) and AGTXT were 
neglected. This is a good approximation for coherent pre- 
cipitates of small misfit which nucleate, grow and coarsen 
homogeneously. However, in the subject system, the M2C 
may be partially coherent, and it may have a heterogeneous 
nature at some or all phases of precipitation. 

The free energy associated with a semicoherent inter- 
phase boundary is 

1- I Tfetas  dA* j AGsu* - I Tfetas   dA 4 I Tthcn   dA 
05». 

where Tfeia, and Ychem are the elastic and chemical contribu- 
tions to the interfacial energy, respectively. Olson and 
Cohen f42). who followed the method of Hirth and Lothe 
(43J. calculated the contribution to the energy per unit area 
for a pure edge "misfit" dislocation array with Burgers vec- 
tor by as 

,      »^     [2lb . Jb^wjfc.. ^(fcinh-fM 
4xDbd-V)lDbOe    DbOe        EM*« DfcOc J 

II«. 
1Kb,) 

where D* is the periodic spacing of the dislocations, b is the 
total Burgers vector of the anticoherency dislocations, and 
etc is a core-energy parameter taken between I and 2 for 
metals. 

The strain energy of a coherent ellipsoidal inclusion 
was calculated by Eshelby (44,45] using a set of imaginary 
cutting, straining and welding operations. The total strain 
energy in the nucleus and the matrix may then be found from 

AGSTR 4* ,*«$>*> 
1171 

where oj and C*j are the stresses related to the stress-free 

and constrained panicle strains, and c* is the strain of the 
stress-free transformation. 

If the alloy carbides do indeed nucleate on disloca- 
tions, there will be an interaction energy AGrjsrT tending to 
favor precipitation. The interaction energy of the strain field 

tj} of a precipitate with the stress field o^ of a dislocation is 
given by {43) 

AGutfT •[<€> 
(18) 

If. following nucleation, the precipitates are associated with 
dislocations, either by remaining in proximity or moving to 
proximity, then they may grow and coarsen heieroge- 
neously. In a field-ion microscopic study of M02C coarsen- 
ing in Fe by Davies and Ralph [46]. they found that their 
precipitate size data are consistent with the theory of buUt- 
diffusion controlled coarsening, and that the precipitates vary 
in shape during the initial stages of coarsening. They also 
state that it is probable that the precipitates nucleate on dislo- 
cations, with the caveat that at the tempering temperature, the 
dislocations are able to move easily since recrystallization 
occurs on overaging. The dislocations could therefore move 
the short distances necessary to associate themselves with 
the precipitates, and hence the observation of well-developed 
precipitates on dislocations does not prove that nucleation 
occurred at these sites. 

The precipitation rate of M2C for the compositions of 
interest is controlled by the slower diffusing species—M 
For the case of heterogeneous growth and coarsening, there 
will be one of two rate-limiting steps: (1) diffusion of M 
along the dislocations, so-called dislocation pipe diffusion. 
or (2) diffusion of M through the matnx before it gets to the 
dislocation, so-called collector line diffusion. 

Table II sumrnarizes the cases of precipitate coarsen- 
ing that have been considered For the collector line theory. 
Ham in the referenced paper (48] really was deriving a 
theory of stress-assisted precipitation on dislocations 
However, if we let the stress interaction go to zero, we are 
left with what is ostensibly a collector line theory—bulk 
diffusion to the dislocation une is the rate-limiting step. (It is 
surprising that this case has received so little attention.) In a 
study of precipitation of MgZnÄ in Al-Zn-Mg by Allen and 
Vander Sande (52], they found precipitates that coarsened on 
dislocation lines with a time exponent of 1/5 or 2J9. The 
precision of the data was insufficient to discriminate between 
the rwo. but by looking at precipitation at different 
temperatures, they could develop Arrhenius plots and find 
the activation energy for precipitation. The activation energy 
found was in good agreement with that for bulk diffusion of 
Mg and Zn in Al, not pipe diffusion. Therefore, the 
collector line mechanism is operating in this system. 

Evidence that the collector line phenomenon is active 
in controlled-recovery secondary-hardening steels comes 
from two studies: (1) Murphy and Whiteman [53] in a study 
of the kinetics of M02C precipitation in tempered manensite, 
found that the character of the precipitation changed abruptly 
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1 after the matrix had recovered. Thin foil work indicated thai 
the initial carbides were precipitating on dislocations, how- 
ever, the activation energy for precipitation was in agreement 
with that for bulk diffusion of Mo. (2) tee [36, 37), who 
investigated MjC carbide coarsening in AF1410, also found 
the activation energy for coarsening to be in agreement with 
that for bulk diffusion. Work by Davenport [54], followed 
by Speich et ai (1* 2], has indicated that these carbides pre- 
cipitate along dislocation lines in these steels. 

Carbide Structures and Properties 
Transition metal carbides have been reviewed very 

well by Nagakura and Oketani [55], and there are a few 
good books on the subject, most notably Goldschmidt [9J. 
Carbides generally have wide regions of solid solubility, 
with their properties continuous across the single-phase 
region. We are more interested in how the lattice parameter 
changes with composition, since this will affect a precipitate 
particle's elastic energy and coherency. Carbide lattice 
parameters are a function of their composition, and generally 
this is linear. This has been demonstrated most clearly in 
MC (NaCl-rype) mixed carbides, but there has been some 
work done on mixed M2C carbides. These have been: 
(V.Cr)2C [56J, (W,Cr)2C [57J, (Mo,V)2C [58], and 
(W.Ta)2C{59] 

There are seven ways for carbon to order within the 
M2C carbides [55]. The conditions for this ordering have 
been considered by Hiraga and Hirabayashi [60]. When 
carbon orders, it usually distorts the (nominally HCP) lattice 
slightly, and leads to a different (commonly onhorhombic) 
unit cell. The crystallographic axes chosen for a carbide will 
depend on its space group. In order to compare and mix the 
carbides, it is necessary to choose a common unit cell, and 
convert the lattice parameters 10 it The most convenient one 
seems to be the one chosen by Taylor [61.62], which is an 
onhorhombic unit cell with its c-axis parallel to the c-axis of 
an equivalent hexagonal unit cell. The seven M2C carbide 
subtypes are shown in table III with the scheme for conven- 
ing their unit cells to this common one. 

To quantify the degree of onhorhombic distortion of 
a carbide unit cell relative to HCP, we will use the parameter 

CO« 
a?"* ft (19), 

which is equal to one for a purely hexagonal unit cell. When 
VjC and Nb2C order, it distorts the HCP arrangement of 
metal atoms into an onhorhombic unit cell, with ci)« 1.0110 
and 1.0141. respectively [60, 63. 64]. The mixed carbide 
(V.CrhC has a small onhorhombic distortion (to * 1.0086) 

[56]. The >" [65. 66] or V " [61, 62] iron carbide, 

which we here denote "Fe^," is the ordered form of e-car- 

bide and also has a small onhorhombic distortion (co * 
0.9577); this phase was identified by electron diffraction. In 
Mc^C this carbon ordering does not distort the metal HGP 
lattice (co ■ 1), and since carbon does not scatter X-rays very 
well, this was not discovered until 1963 [67], by neutron 
diffraction. 

The Young's modulus of M02C has been reported in 
a number of studies (68, 69. 70, 71, 72, 73], as 217-228 
GPa. Russian literature invariably quotes a value from one 
study by Neshpor and Samsonov [74], which is far too high 
(534 GPa); the value that appeared in this paper was, in fact, 
an estimate based on an empirical correlation, rather than an 
experimental measurement. Any other elastic properties are 

very hard to come by, even v. Here, v wu e>uuw^ ,.w— 
data on the MC (Nad) carbides [73, 75,76,77.78. 79] to 
be 0.19. This low value for v indicates a high bulk modulus 
to shear modulus ratio, which is typical for covaient solids. 
Diamond has a Poisson's ratio of 0.068. Data on how the 
elastic constants change with composition do not exist for 
M2C. as they do for MC. The microhardness of M02C is 
usually reported as 1500-2000 kgi/mm2. The most recent, 
thorough study on this was by Vahldiek et ai. [80], where 
they determined that the average random hardness of as- 
grown crystals was 1520 kgfftnm2. For MC carbides it has 
been shown that their hardness and modulus generally 
increase with increasing carbon content, although they may 
have a peak somewhat under stoichiometry (81, 82, 83, 84]. 
The plastic deformation of M2C carbides has been investi- 
gated [73, 80, 85], and it has been found that the primary 

slip system is (0001)<2UO> or slip along the bas -»lane. 
Secondary slip occurs on {I010j<2110> (prismatic slip), 
while the twinning system is {10l2} [0001 ]. 

Carbides in Steels 
Carbides (and nitrides) in steels have been compre- 

hensively reviewed by Jack and Jack [86]. The iron-based 
carbides of interest in this study are epsilon (e) carbide and 

theta (8) carbide or cementite. Epsilon carbide precipitates 
during the first stage of tempering, between 100° and 200°C, 
or during the quench. (For a review of the tempering of 
steel, see Speich and Leslie [87].) Carbides that precipitate 
during the quench are termed autotempered carbides. 
Cementite precipitates during the third stage of tempenng 
(250-450°Q, or. if the steel has a high enough Ms. during 
the quench. The second stage of tempering corresponds to 
the decomposition of retained austenite. During the fourth 
stage (500-700°C), "alloy carbides" precipitate. These are 
carbides that are not iron-based, and may be MC. M2C, 
M7C3. M23C6. M$C or others. This stage of tempering is 
also called secondary hardening, because the precipitation of 
these alloy carbides gives rise to substantial hardening. 

The alloy carbides in steels, just as when they are 
isolated, can have variable compositions. The results of 
several studies of alloy carbide precipitation have shown that 
the composition of the carbides is related to the composition 
of the alloy [88, 89, 90, 91]. For example, as the Cr/Mo 
ratio of the alloy is increased, the Cr/Mo ratio of the carbide 
precipitated will also increase. This is, of course, in keeping 
with LeChatlier's principle. Thus, the properties in general, 
and the lattice parameters in particular, of the precipitating 
carbide can be altered by altering the alloy chemistry. This 
will have an effect on the carbides' state of coherency. 

Two previous atom-probe field-ion microscopy 
studies of carbides in steels have shown that alloy carbides 
in the early stages of precipitation are significantly carbon- 
deficient and iron-enriched. Youle et at. [92] found this 
effect but did not quantify it. Stiller et al. [93] determined 
the composition of M2C carbides in a high speed steel 
(2.26C-0.41Si-0.30Mn-4.2Cr-7.0Mo-6.7W-10.3Co-6.4V) 
tempered at 560°C for Ihr as 
(Cro.32Moo,3iFeo.23Vo.o9Wo.05>2Co.66- After 24hr at this 
temperature the carbides had the composition 
(Q0.49M00 J1 Feo.09 Vo.02 Wo.08)2Co.87. 

In a study of M02C precipitation in a 3.5Mo-0.22C 
steel. Davenpon [54] found that in addition to the disloca- 
tions inherited from the manensite.the cementite-manensite 
interfaces acted as potent nucleation sites for the carbides. 
He proposed that the growth of a particular variant of the 
alloy carbide morphology was favored because of imerfacial 
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energy interaction. This variant lay parallel to the cementite 
habit plane and eventually absorbed the adjacent carbides, 
including those in the matrix. This resulted in the alloy car- 
bides having a non-random dispersion in the overaged state 
that was related to the prior cementite positions, which was 
termed a "footprint" morphology. 

Carbide Crystallography and Kinematics 
A general approach to the crystallography and kine- 

matics of phase transformations has been recently put for- 
ward by Olson and Cohen {42]. In any theory of crystalline 
interfarial structure for a coherent particle, it is necessary to 
establish a lattice correspondence which relates the identity 
of lattice planes and directions in the two crystal structures 
which meet at the interface. This correspondence then 
defines a lattice deformation which is an affine transforma- 
tion describing the homogeneous distortion of a unit cell of 
one structure» that of the other. In matrix notation, a lattice 
deformation S^an be factored into a pure strain B and a rigid 
body rotation R; 

S-RB (20). 

When one or both of the crystal structures involves t basis, 
additional inhomogeneous atom displacements termed shuf- 
fles may occur within the unit cell which, as such, do not 
contribute to the distortion of lattice vectors. 

Once the lattice deformation has produced the correct 
structure of the transformation product, any further defor- 
mation must be lattice invariant, which produces a change of 
shape without altering the lattice. A particle can then reduce 
its coherency by a lattice-invariant deformation P. This can 
occur by any of the usual mechanisms of conventional plas- 
tic deformation in crystals, such as the glide and climb of 
crystal lattice dislocations or mechanical twinning, and will 
be subject to the usual constraints of crystal plasticity. 
Macroscopic (long-range) cancellation of a component of the 
homogeneous lattice deformation is most effectively 
accomplished by a uniform periodic array of lattice disloca- 
tions or twins [42]. The ttsult of «JJ these deformations is 
the particles macroscopic shape change E, expressed by 

E.RBP 121), 

where E is the macroscopic shape change, R is the rigid- 
body rotation, B is the lattice deformation, and P is the 
inhomogeneous lattice-invariant deformation. 

A lattice deformation can be visualized by consider- 
ing how a general distortion deforms a sphere of unit radius. 
The general pure strain B distorts the sphere into an ellipsoid 
with three unequal semi-axes. When at least one of the 
semi-axes is greater than unity and at least one other is less 
than unity, the sphere and the ellipsoid intersect, defining a 
right elliptic "Bain" corcwith its apex at the origin. The 
total lattice deformation RB can then be an invariant-line 
strain (1LS) which leaves a particular direction undistorted 
and unrotated. Combining the lattice deformation with an 
appropriate P in the form of a timple shear can then make E 
an invariant-Diane strain (IPS) which is a deformation leav- 
ing a particular plane macroscopicaUy undistorted and unro- 
tated. Adopting this plane as the habit of a plate-shaped 
semicoherent particle minimizes its strain energy. Several 
mathematical procedures have been developed to analyze the 
crystallography of semicoherent IPS transformations [94, 

In generalizing these concepts, Olson and Cohen 
[42] have discussed three principles governing the orienta- 
tion relations and morphology of transformation products: 

Principle 1: The rigid-body rotation accompany- 
ing the transformation of an enclosed particle will minimize 
rotations of directions of maximum dimension. 

Principle 2: A transformed particle which mini- 
mizes soain energy will maximize its dimensions in direc- 
tions of minimum distortion. 

Principle 3: A particle which minimizes surface 
energy will adopt a morphology which maximizes the coin- 
cidence of lattice sites in its interface. 

In a study of aging phenomena in ferrous marten- 
sites, Taylor [61J observed the precipitation of orthorhombic 

e'-carbide as plates via high resolution TEM. This carbide 
has the same crystal structure as M02C but different lattice 
parameters. These plates exhibited an orientation relation- 
ship with the matrix analogous to that proposed by Piuch 
and Schrader [97] for hexagonal e-carbide in ferrite, namely, 

(00117/(011)0 
[ioo£//[ioo£ 

Jack [98] also postulated an orientation relationship between 

e-carbide and manensite. which was subsequently confirmed 
by WeUs [99), 

(0001W/(01 l)b 
Jl01l£//(011]b 

[ll20]c5°16,rrom[l00]o 

This orientation relationship differs from the Pitsch and 
Schrader relationship by a rotation of only 5*16' about 
(01 l]a' or (00011«. The inability to image Kikuchi bands in 
ferrous martensites precluded accurate specimen orientation, 
so that Taylor was unable to discriminate between the two. 

Taylor found that the e'-carbides exhibit extensive 
faulting on their "basal" plane that appears to be an internal 
accomodation mechanism necessary to achieve an IPS which 
minimizes the total strain energy. The transformation strain 
of the semicoherent precipitate was analyzed as an IPS with 
inhomogeneous shear P on (011 }a (the type of plane from 
which the carbide basal plane is derived). A 
BCC—»onhorhombic lattice deformation was adopted, and a 
computerized version of the procedure developed by Bowles 
and MacKenzie [94] (originally to analyze the crystallogra- 
phy of the manensite transformation in steels) was used. 
Figure IV [61] shows a cubic [100] stereogram depicting the 
Bain cone for the BCC-^c'-carbide lattice deformation in Fe- 
25 N i-O 4C. The intersection of the internal shear plane and 
the cone defines two possible invariant lines (Xj). The pre- 

dicted habit plane normal corresponding to the [3Tl] invari- 

ant line (and [iTl] invariant normal) is designated by "P1U2, 
ni)." and is close to the observed (102) habit The predicted 
orientation relationship was also consistent with electron 
difrracQon patterns. 

The lattice correspondence used by Taylor can be 
stated formally by the matrix expression 

b - (bCo]o (221. 

where b is a vector in the parent BCC lattice, o is a vector of 
the product orthorhombic lattice, and(bCo) is a 3X3 matrix 
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which describes the Lattice correspondence, namely. 

[bCo]- 

' 1 0 0 

0 1 1 

.0 7 1. (23J. 

The crystal structure of hexagonal carbides is shown 
in figure V 155]. This structure can be seen to be an HCP 
structure of metal atoms with carbon atoms in octahedral 
interstices. One-third to one-half of the octahedral sites are 
occupied by carbon atoms, depending on the chemical com- 
position. For example, the composition of e-carbide varies 
from Fe$C to FejC. In order to compare the principal 
strains of (he coherent lattice deformation, all possible M2C 
carbides were taken from the literature (primarily from the 
JCPDS card file [100}) and convened to a common 
orthorhombic unit cell, table IV. Principal strains defined by 

C2 

«a 
- 1 

- 1 

(24a) 

124b) 

«a# (24c} 

were then evaluated using IQ * 2.870A for the high Ni-Co 
alloys of interest here. 

Starting with M02C one can see that the carbide can 
reduce its transformation strains by becoming carbon-defi- 
cient (adding C vacancies), and by substitution by other 
metals; "mixed" M2C carbides exhibit lattice parameters 
between those of their pure components. For Fe^C and 
O2C C] actually becomes negative, satisfying the condition 
for an invariant line strain. 

When M02C precipitates in a ferriric matrix it 
assumes the morphology of rods or needles (101. 102]. 
Using Transmission Electron Microscopy (TEM), the orien- 
tation relationship and habit direction of M07C in ferrite was 
determined in 1966 by Dyson et ah [103]. Referring the 
carbide to an HCP lattice, they found the orientation relation- 
ship is best represented as: 

(0001L//(011*, 
biioutioo]» 

which is identical to that postulated by Pitsch and Schrader 
[97] for E-carbide in ferrite. With respect to the 
(orthorhombic) coherent lattice deformation, this relationship 
corresponds to nonrotatioa of the principal axes. A stereo- 
graphic projection for this relationship is shown in figure VI. 
Dyson et al. also found that the habit direction of the Mo?C 

needles is perpendicular to (2TT0)^. which is parallel to one 
of the cubic cell edges of ferrite. viz., [ lOOL,. This direction 

coincides with the principal axis of smallest strain (t\) of the 

coherent BCC-wrthorhombic lattice deformation ("Principle 
2" discussed earlier). Tanino et al. [104] also reported the 
Pitsch and Schrader orientation relationship, as well as the 
[100]Q habit direction. A figure for the arrangement of Mo 
and Fe atoms on the (0001)t//(0l lln plane, consistent with 
the lattice correspondence of equations (1.19), is shown in 
figure VII [88], illustrating the relatively good matching 

along[2110]c//[l00]a, corresponding to ei. In addition, 
Tanino et al. interpreted features within overaged M02C 
needles with an average spacing of 30A as Moire- fringes. 
This spacing is in good agreement with the value calculated 

from the difference in the interplanar spacings of (2TT0L and 
(002fc,. They also showed a TEM micrograph of a 7.3Mo- 
0.17C steel that exhibited diffraction contrast due to the 
coherency strain around under-aged M02C precipitates. 

However, Davenport (54), in a study of secondary- 
hardening steels, interpreted similar features with 60A spac- 
ing within both overaged M02C and W2C carbides not as 
Moire" fringes, but as interfactal dislocations. This was 
because the fringes were resolved in dark field micrographs 
taken from the carbide reflections only. Davenport also tried 
to duplicate the result of Tanino et at of coherent under-aged 
M02C precipitates without success in his 3.5Mo-0.22C 
steel, so an 8.2Mo-0.22C steel was made.  On quenching 
this steel from 1300*C, up to ~30<& o-ferrite was observed in 
the martensite. Due to preferential electropolishing. the 
apparent density of this phase was increased in thin foils to 
such a degree that the martensite structure was only occa- 
sionally observed. The &-ferrite was relatively defect-free 
and after tempering for a short time. e.g. 3 minutes at 700°C, 
a fine dispersion of M02C needles lying along the cube 
directions was resolved. These needles were seen to exhibit 
extensive streaking in diffraction patterns. It was concluded 
that the results of Tanino et al. concerning the nature of the 
MosC-ferrite interface were drawn from observations on 5- 
femte. 

Taylor found in his analysis [61] that as i\ 
approaches 0, the invariant line (figure IV) moves closer to 
[100], shrinking the Bain cone, and moving the habit plane 
towards (001). For the case where C] 2 0, an IPS solution 
based on a single lattice-invariant shear is no longer possi- 
ble. This corresponds to the case of M02C with the Pitsch- 
Schradcr orientation relationship. However, an invanant- 
line strain (ILS) or near-invariant line strain may still be real- 
izable, dependent upon the operation of an appropriate 
inhomogeneous lattice-invariant deformation P, which 
would result in the observed rod-shaped panicles along 
[100]. The expected behavior is illustrated in figure VW. 
Figure Villa shows a fully coherent ellipsoidal panicle, 
edge-on to the basal plane (0001 \. II (011 )&, along with the 
macroscopic shape change ellipse. Figure Vlllb shows an 
ILS sermcoherent particle in the same orientation. For the 
fully coherent case, the interfacial energy is a minimum, and 
because there is a minimum misfit along [ lOOjo. the particle 
maximizes its dimension in this direction (Principle 2). Here 
the macroscopic shape change ellipse does not intersect the 
unit sphere. For the ILS case, because of the coherency loss 
associated with the internal accomodation deformations pic- 
tured, the ellipse just touches the unit sphere at two points, 
defining a line (and so an ILS) along [ 100]Q, 

PURPOSE AND PLAN OF STl fDY 

Designers of critical structural components are cur- 
rently limited by the performance of ultrahigh-strength 
steels. Performance for these steels is gaged by their 
strength/toughness combinations. 

Controlled-recovery secondary-hardening steels are a 
class of ultrahigh-strength steels which exhibit outstanding 
combinations of strength and toughness. The primary 
strengthening mechanism in this class of steels is the precipi- 
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tation of M2C carbides. In order to further improve the 
properties, the precipitation kinetics and kinematics need to 
be completely characterized. These steels have been devel- 
oped semi-empirically, and thus precise knowledge of their 
miciostnictural evolution is lacking. 

The ultimate goal of this research is to develop a 
predictive precipitation model to assist in the design of new 
alloys within this class of steel. 

The class of steels investigated are in general, and 
AF1410 in particular, highly complex alloys whose chem- 
istry and processing have been empirically optimized. These 
are not model systems in which fundamental materials sci- 
ence phenomena can be conveniently investigated, as, say in 
Ni-7%A1 or Al-4%Cu. The reasons are legion: 

•There are many components and many phases 
«The alloys are not homogeneous 
•There is short-range ordering of the matrix 
•The carbon in the M2C carbide can also order 
•The carbon source for M2C precipitation are the 
transition (iron) carbides e and 9 which have variable 
composition 
•M2C is itself a transition phase and also has variable 
composition 
•The precipitation is heterogeneous primarily along 
dislocation lines 
•Austenite precipitation is concurrent with M2C pre* 
cipitation. 
•Much is happening simultaneously: M2C is precipi- 
tating while its composition is changing, and the 
composition of the phase that is its carbon source is 
also changing. At later stages, recovery of the matrix 
occurs, and the stable (equilibrium) carbide precipi- 
tates. 

Not only are these steels not model alloys, but it 
seems to be impossible to design a model alloy where one 
can examine one phenomenon without interference—it 
seems necessary to have everything occur simultaneously. 
The high degree of interaction in these alloys appears to be 
necessary for them to "work." 

In spite of these difficulties, however, there is much 
we can learn from the study of these alloys. AF1410 has 
been extensively researched by these and other authors, so 
that many of the precipitation parameters are known. As 
outlined in the introduction, the theory of precipitation is 
fairly well-developed, but it is not quite up to the predictive 
level needed for alloy design. Thus, this paper represents a 
first-order explanation for the phenomena we observe in the 
subject steels. In the process, we will identify those aspects 
which need 10 be quantified more precisely to allow a pre- 
dictive precipitation model for alloy design. 

EXPERIMENTAL PROCEDURES 

Material 
Originally, commercial AF1410 steel was supplied 

by Carpenter Technology Corporation as 12.7mm (0.5 in) 
square bar, austenitized (830°C/1.5hr), oil quenched, and 
deep-freeze-treated (-75°C7 Ihr). This material was used for 
the carbon extraction replicas and preliminary APFIM work. 
Later, we received the rest of the AF1410 from this heat 
(K89605) in as-rotary-forged 11.5cm (4.5in) round bar. 
This material was used for all other work. The composition 
of the alloy used in this study is shown in table V, while 
some of the properties of this alloy are listed in table VI. 

There were two austenitizing (solutionizing) tempera- 
tures used for this material. The first, 830°C, or 
"commercial* solutionizing, temperature was used to dupli- 
cate material which has had much research performed on it 
(as above). However, other specimens were given a differ- 
ent 1000X. or "complete" solutionizing, treatment This 
temperature was chosen to ensure complete dissolution of all 
the carbide phases. Within this paper, "AFl 410-830" will 
refer to AF1410 solutionized at 830°C. while "AF1410- 
1000" will refer to that solutionized at 1000°C 

By increasing the solutionizing temperature just 
55°C, Gore (105,106] found a dramatic change in the num- 
ber of types of precipitates in AF1410, table VH The MjC 
phase in these lists is autotempered cementite. For the com- 
mercial solutionizing temperature (830°Q, there is a long list 
of undissolved precipitates (found from carbon extraction 
replicas), while for the higher solutionizing temperature 
(885°C), the list becomes very short For the complete solu- 
tionizing temperature (1000°C) the only item on the list 
should be autotempered cementite. The presence of a 
smaller number of phases makes it much easier to analyze 
the alloy with various techniques (TEM, SANS, XRD, 
APFIM), but it makes it less applicable to the condition in 
which the alloy is actually used; thus the two solutionizing 
temperatures. 

Heat Treatment 
For metallography, microhardness, carbon extraction 

replicas, and X-ray diffraction, where the preferred form is 
flat, polished, and about one square centimeter in area, the 
heat treatment procedure was as follows. Material in the as* 
received (AR) condition was cut into bars -1.5cm (5/8in) 
square. AFl410 does not quench crack, so ii can be sliced 
from a large block after austenitization. This steel is quite 
prone to decarburization (even with as litde as 0.16 wt% 
carbon) so the heat treatment must be carefully planned to 
ensure no decarburization in the material being examined. 

To obtain properly heat-treated material with no 
decarburization, smaller specimens are encapsulated in evac- 
uated tubes of quartz or Vycor™ for austenitizing and 
Pyrex™ for tempering. Larger specimens (ones that will not 
fit into 25mm OD quartz/Vycor/Pyrex tube) are wrapped in 
0.05mm (0.002in) stainless steel foil. Before any heat 
treatment, the specimen and its glass or stainless steel wrap- 
per is carefully cleaned of oxides, grease, fingerprints, etc. 

Once the AR material was sliced into ~3xl5xl5mm 
(~l/8x5/8x5/8in) platelets, they were marked with a vibro- 
engraver, cleaned of oxide and grease, and encapsulated in 
quartz or Vycor using a mechanical pump vacuum {<13Pa 
(<100 mtorr)}. No inert gas backfill was used, nor was any 
getter (Ti, Ta, etc.) used. The encapsulated specimens were 
quenched from the austenitizing temperature by breaking the 
tube over a bucket of quench oil, the specimens falling into 
the oil, which was then stirred. 

The tempering temperature used throughout this 
study is 510°C (950°F), because of the extensive work done 
on AF1410 tempered at 510°C. Specimens of the alloy were 
tempered at 510°C for 5min to lOOOhr. For times between 
5min and Ihr, a neutral salt bath was used, or they were 
coated with an ami -decarburization coating (30rain-lhr 
only). For times between 1 and lOOOhr, specimens were 
cleaned and encapsulated in Pyrex under mechanical pump 
vacuum, no backfill, no getter (as before). Specimens were 
water quenched from the tempering temperature either by 
dropping the exposed specimens (short times), or the Pyrex- 
encapsulated specimens Gong times), into a bucket of room- 
temperature water. Thermal shock would break the Pyrex 

1992 SPEICH SYMPOSIUM PROCEEDINGS -187 



TABLE L NOMINAL COMPOSITIONS AND PROPERTIES OF COMMERCIAL ULTRAHK3H-STRENGTH STEELS 

Composition (wt%) Prope ÄUöy 
"AT 

MPaQcsi) 

rocs 

,M0M 
l$Ni300 

THÜ" 

TtTCÖ" 

TS5T 

"NT "TIT 

IT 1ST 1ST 
1SW TTTT 

ggjgg 
IMP (170' 

Kip 
OcsWin) 

"55 «50) 
82(90) 

164 (J80) 
91 (lOQ) 

AF1410 
AerMeilOO 

"EOT 
TTTT 
TOT 

9Co 
"TOO" 

"7T 

ülCö 
"TIT 
ITT 7T XT 

1515(210) 
1725 (250) 

TABLE D. THEORIES OF HETEROGENEOUS PRECIPITATE COARSENING 

Heterogeneity Diffusion Limited By Time Exponent References 
none bulk 1/3 1               [21,18] 

dislocation dislocation ("pipe") 1/5 147] 
dislocation bulk ("collector line") 2/9 [48) 

grain boundary grain boundary 1/4 [491 
grain boundary bulk ("collector plate") lengthening: 1/4 

thickening: 1/2 
[50.51] 

TABLE m. M2C UNIT CELL INTERCON VERSION 

System 

HE* 
TRJG 

HEX 

HEX 

HEX 
ORTH 
ORTH 

Subtype Space Group jOfl by* 
T7T 

a 

a 

a 

aV3 
a 
c 

c?" 
L'3 

£-Ni3C 

C-FC3N 

e-Fe^N 
C6 

C02N 

P63Anmc 
R3C 

P6322 

P312 

P3ml 
Proim 
Pbcn 

aW3 
aW3 
aW3 

a 
c 

b/2 

c 
c 

c 

c 

c 
b 
a 

TABLE IV. M2C LATTICE PARAMETERS AND TRANSFORMATIONSTRAINS (aa «2.87QA) 

Carbide IcW bc(Ai Cc(A) t\ *2 £3 
e-Fe2C 1*31 4.o$o 4.345 -0.014 Ö.157 0.071 

CT2C 2.835 4.910 4.460 -0.012 0.210 0.099 
i     (Cr,V)jC 2.868 5.008 4.530 -0.001 0.234 0.116 

(Q^MohC 2.890 5.007 4.560 0.007 0.233 0.124 
V2C 2.904 5.030 4.579 0.012 0.239 0.128 
W2C 2.997 5.191 4.728 0.044 0.279 0.165 

Mo2Q),9 3.002 5.200 4.725 0.046 0.281 0.164 
M02C 3.012 5.218 4.735 0.050 0.286 0.167 

TABLE V. COMPOSITION OF THE ALLOY USED IN THIS STUDY (wr%) 

c 1 Co Ni a Mo Fe 
AFUIO 0.163 1 14.24 10.21 l.iO 1.03 bal. 

TABLE VI PROPERTIES OF AF1410 

Propei ry Tüü 
103 GPa 

0.295 

627-629^ 
822-82TC 
335-338°C 
160-17PC 

Aci 
Ac3 
Ms 
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tnd cause a good wuer quench. 

For an extra margin of safety, the fully heat-treated 
specimens were then surface ground from one side, to 
remove any possible decarburiiation, recarbuhzation or 
contamination. In all cases at least 0.25mm was ground off. 
but for longer-tempered specimens, more material was 
removed usually at least 0.50mm). The specimens were 
then normally mounted in Bakelite and metallographically 
ground and polished. 

Microhardness Measurements 
Vickers microhardness (VHN) of fully heat-treated 

and surface ground platelets was used because many mea- 
surements can be taken on one specimen, and the variation 
gave a better indication of the specimen's heterogeneity. 
Specimens were mounted in Bakelitt and polished through 
six micron diamond. A 1000 gm load was used; ten mea- 
surements were taken in a line centered on the specimen and 
indentations were spaced 1-2 mm apart. The mean and the 
variance of these ten measurements was then taken. 

Transmission Electron Microscopy 
A Philips EM400T Transmission Electron 

Microscope was used primarily, with some of the work per- 
formed on several JEOL 200CX microscopes. 3mm discs 
were either punched out of pre-thinned sheet or sliced from 
3mm diameter rods, finish-ground with 600 grit paper to 
<0.025mm, and electropolished with 5% perchloric acid 
plus 1% glycerol in methanol at -50°C (±5°C), 25VDC. 
Chromic-acetic acid solutions were tried without success. 

It was found that an oxide film would rapidly form 
(within a few hours, even under vacuum) on the surface of 
thinned foils that only sometimes could be removed by ion 
milling. This film gave Moire* fringe contrast starting at car- 
bides, then proceeding to patches in the matrix, and finally 
covering the entire surface with fringes. This oxide film 
seemed to be quite similar to the film reported by Taylor (61] 
on Fe-15Ni-lC, and that reported by Heckmus and Stubbe 
(107]. To permit easier viewing of more carbides as well as 
measurement of their lattice parameters, c*rbon extraction 
replicas were used. Between 10 and 20 carbides were mea- 
sured for each tempering treatment The sizes and shapes of 
the carbides were spot-cross-checked between the two tech- 
niques. 

For most of this work, specimens were mounted in 
Bakelite, ground and polished through 6 micron diamond, 
and a thin layer of carbon evaporated onto the surface. This 
carbon layer was stripped with 5% bromine in methanol at - 
20°C (±10*0, given successive washes in methanol and 
collected on 400 mesh copper gridj. Later work has 
employed an electrolytic 5% HO in methanol solution oper- 
ated at 5VDC room temperature, for etching and stripping. 
For lattice parameter work, 5O-I0OA of reagent grade alu- 
minum was evaporated onto the replica to provide an internal 
calibration which resulted in reducing the error in the d- 
spacings to ±0.01 A. It was found that using a separate 
(external) standard gave inaccurate results, even with 
extreme care. 

X-ray Diffraction 
Polished specimens were broken out of the Bakelite 

mounts and centered in a Picker X-ray diffractometer 
equipped with a Cr rotating anode source, diffracted beam 
monochromater and scintillation detector. The intensity vs. 
26 scan was digitally read into an IBM PC™-compatible 
computer, which simplified data analysis. For austenite and 
cementite volume fraction determinations, the intensities of 
the peaks were found from (1) subtracting the background: 

five data points on either side of the peak, far from the peak 
were used to fa a linear least-squares fit line to the back- 
ground; (2) this background was then subtracted from the 
peak and (3), the peak was integrated using Simpsons rule. 
The peak intensity ratios were used in the direct comparison 
method [ 108] to determine the volume fractions of austenite 
and cement«. 

For austenite. only one peak from each phase 
(austenite 220 and ferrite 200) was used, and the R-factor 
used was derived from calibration with NBS Standard 
Reference Material «485. 

fi. ■■—ßä {25a}, 

where fv are the volume fractions of the phases i. I, are the 
integrated peak intensities, and RtJ are the R-factors relating 
intensity to volume fraction. At longer tempering times 
(larger volume fraction precipitated austenite). the intensity 
of the Y peaks were sufficiently intense so as to allow a lat- 
tice parameter determination. 

4, K* 
11« HO. (25b) 

(25c) 

The cementite peaks used were (121), (210) and (002) 
These are intense enough, and close enough together, that 
they can be integrated as one peak. This integrated cemenate 
peak de) was compared against the (110) and (200) femte 
pe*ks (lot 10. la*») The R-factors were initially calculated 
using the direct comparison method described in Cuility 
[108]. Later on. R-factors were obtained by assuming para- 
equilibrium exists at a tempering time of thirty minutes, and 
calibrating the measured volume fraction of cementite with 
that calculated using Thermo-Calc. These calibrated R-fac- 
tors were found to be about 40% lower than the calculated 
ones. Giamei and Freise {109] found that as the volume 
fraction of cementite became small, the R-factors changed 
significantly, justifying the use of the calibrated R-factors 
Because the material is slightly textured, the volume frac- 
tions found from each of these R-factors were generally dif- 
ferent, and these were plotted as separate data, rather than 
averaging them 

Cementite has a great many diffraction peaks. 
However, most of the more intense ones are too close to 
ferrite. austenite. or M2C peaks, and therefore cannot be 
used. The use of MoK<, radiation would be preferable to the 
QrKo used, as the shorter wavelength would allow access to 
more peaks, some of which would not interfere with the 
peaks from other phases. Because the intensity of the 
cementite peaks used is so low. very slow scans (2000 

sec/deg 26) over large values of 26 (10 deg) gave very long 
experimental runs (6hr), which really pushes the assumpoon 
of beam stability. Therefore, the ferrite peaks were run 
twice, before and after the cementite peaks, and the intensi- 
ties of these (ferrite) peaks were averaged. These intensities 
generally did not vary much: less than 2%. However, it 
would be preferable to use a beam intensity monitor so as to 
not rely so much on the assumed stability of the beam during 
these long runs. 
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For the "precision" lattice parameter measurements, 
narrower incident-beam and receiving slits were used. For 
the Nelson-Reilly-Taylor-Sinclair (NRTS) f 1081 extrapola- 

tion routine, only peaks with 26 angles between 90° and 
180° are used; the only ferrite peaks available in this range 
(using OK« radiation) are the 200 (-106° 26) and (he 211 

(-156° 26) peaks. It would be much more preferable if four 
or more peaks could be used (leading to greater precision); 
this would necessitate the use of MoKa radiation. The aa's 
determined from the two peak positions were extrapolated to 
26 " 180° to find the most precise value of the lattice 
parameter. 

RESULTS 

Microhardness Measurements 
As an introduction to the isothermal tempering 

behavior of AF1410» Vickers microhardness of the 
specimens used for XRD and SANS experiments is plotted 
vs. tempering time at 510°C in figure IX. Data for both 
solutionizing temperatures are shown. There are two 
unusual features in these tempering curves: (1) the 830°C- 
solutioned material is overall harder than the 1000'C- 
solutioned material, especially at shorter times. In terms of 
the amount of precipitating M2C one would expect the other 
steel to be harder. (2) There is a precipitous drop in 
hardness at 8hr. This is reproducible for these specimens. 
However, when duplicate specimens ("DUP1" and nDUP2M) 
were heat-treated and tested, they had the effect of 
smoothing out the hardness curves, but there is still a notice- 
able drop at 8hr. The data points for these later specimens 
are shown as smaller, filled symbols. 

Thin Foils of AF1410 
In the Ihr condition, the carbides are just barely 

observable as 20-60A particles, seen primarily on disloca- 
tions. The dislocation density is extremely high. After Shr, 
the carbides are more easily observed as 15ÖA ellipsoids. 
The dislocation density is still very high, but consists of 
more regularly-spaced networks. After 16hr, the carbides 
have not coarsened greatly and are still about 200A long. 
There are patches of dislocation-free areas. In the lOOhr 
condition, the carbides have coarsened to about 300A in 
length, and the matrix appears fully recovered 

The orientation relationship of the carbides with the 
matrix was not systematically determined, but the observed 
diffraction patterns were consistent with the Pitsch-Schrader 
orientation (figure V). 

The width-wise type of fringes in the carbides 
reported by Tanino et al. [104] and Davenport [54] were not 
observed in the AF1410 MjC carbides, nor was the presence 
of any "footprint" morphology of the M2C carbides. Other 
fringes attributed to an oxide surface layer were, however, 
observed. The presence of this tenacious oxide film was one 
reason for the move to the use of carbon extraction replicas 

Carbon Extraction Replicas 
Figure X shows the length of the M2C carbides as a 

function of tempering time at 510*C for AF1410. The trian- 
gles are data from a preliminary F1M investigation by Liddle 
et al. (211, *nd the connecting line is dashed because of 
problems with local magnification at these sizes. The circles 
are from the present extraction replica results. The data 
overlap nicely in the 3-16hr region. At the far right-hand 
side (>100hr) is a reference slope of 1/3 from LSW coarsen- 
ing theory [27, 28J. 

Individual carbides from steels with various temper- 
ing conditions were carefully examined for signs of internal 
faulting, so as to identify an inhomogeneous lattice-invariant 
deformation for the near-ILS transformation, vis-a-vis 
Taylor (61). In no case was such faulting observed, within 
the resolution of the technique used. 

The M2C carbide lattice parameters are shown in 
table Viri for AF1410, tempered at 510°C for 1 to 196hr. 
The spacings shown are good to ±0.01 A, as these were 
arrived at by using an internal calibration standard described 
in the previous section. The a'c parameter here is the a- 
parameter of the carbides assuming an hexagonal crystal 
structure with no onhorhombic distortion (a)» 1). 

The AF1410/Ihr carbide lattice parameters could not 
be determined because of diffuseness of the rings, probably 
due to a composition range of the carbides and/or a size 
effect, giving a ranee of lattice parameters. For AF1410, a c 

is constant at 2.88A until 16hr, where there is an upward 
shift. At lOOhr and beyond a'c is constant at 2.90A. 

Figure XI is a composite figure showing the MjC 
carbide length, aspect ratio ß, lattice parameters and alloy 
microhardness as a function of tempering time at 5i0°C 
From FIM observations [18. 19. 20. 21. 22], it is believed 
that the aspect ratio starts off at about 1, which is reasonable 
for a particle minimizing its interfacial area, and there seems 
to be an upward trend in aspect ratio. The 0.02A shift in the 
a'c lattice parameter is shown graphically near the bottom of 
the figure. 

X-ray Diffraction 
The R-factor that was found by calibration with NBS 

SRM 485 was used in equation (25a}: 

£-0.290 ly22D 

la 200 126a) 

to find the volume fraction of austenite as a function of tem- 
pering time for AF1410 given each of the soluuoruzing tern 
peratures. This is shown in figure XII Data marked 
"HML" is from the thesis of Lee [37) Tempering umes 
below one hour gave negligible austenite volume fractions 
The lattice parameter of the austenite precipitated was foend 
to be fairly constant at 3.588 ± 0.002A. 

Using calculated Rvalues. 

1? -id 
fi . 0.40[ J*-' 
f$ [ZQJOO. 

C6b) 

(26c} 

figure Xm was obtained: the cemenrjte volume fractions as 
a function of tempering time in AF1410. The amount of 
cementile present at lOOhr is not insignificant relative to that 
at 5min, and suggests that it can never be totally eliminated 
The cemenute peak-to-background ratios of all the samples 
examined were below 1.4. so noise has a significant effect 
on the scatter of the data. Allen's SANS M2C volume frac- 
tion measurements [110) are also plotted on this figure, 
using the tint-order calibration scheme described in the fol- 
lowing section. 

Figure XTV shows the matrix lattice parameter, also 
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as a function of tempering dine, for both the 83Q°C and 
1000°C-soluoooed material The drop is very small for the 
precision of the measurement—the use of Mo radiation 
would probably give at least one more significant digit The 
drop in lattice parameter is due to O and Mo coming out of 
solid solution and precipitating as M2C carbide. There is a 
significant drop ai 30min for the 830°C material and at 2hr 
for the 1000°C material. This would indicate faster precipi- 
tation kinetics of the lower-temperature solutionized material. 

Results of Collaborative Studies 
Miaoanalysis 
In their theses, Haidemenopoulos [IS] and Carinci 

[19] determined the composition of austenite in AF1410 
tempered at 510°C for 8hr. Haidemenopoulos used a VG 
HB5 STEM, while Czhnci used a VG FIM-100 APFIM. 
Additionally, Haidemenopoulos used Thermo-Calc to calcu- 
late the equilibrium composition at this tempering tempera- 
ture, table DC. Their results qualitatively agree, except with 
regard to the most important clement—Ni. This clement is 
the primary determiner of the stability of the austenite. It is 
expected that the actual, average austenite composition lies 
between these two measurements. 

Using the atom probe, Carinci [18,19J measured the 
composition of the M2C carbides in AF1410 at selected tem- 
pering times. Later, using the same equipment, Olson et al. 
[22] expanded on these measurements to include more car- 
bides and a broader range of times. Figure XV shows these 
compositions, averaged over the number of ions analyzed. 

Micros trocture 
Allen et al. [110], has performed extensive small 

angle neutron scattering (SANS) experiments and analysis 
on AF1410 with both solutionizing temperatures (830 and 
1000°C), tempered from 15min to lOOhr. Because of the 
many carbides sampled with this technique, it is believed to 
be the most accurate. This SANS data (size, number density 
and volume fraction) was therefore used preferentially over 
APFIM and TEM data for the analyses in this paper. 
However, the shape of the carbides (aspect ratio) could not 
be determined by this technique, so TEM data was relied 
upon to calculate equivalent sphere diameters. Figure XVI 
shows the equivalent sphere diameters, number densities and 
volume fractions of M2C. It is seen that, during precipita- 
tion, the log carbide size versus log time is nearly linear 
instead of sigmoidal. This suppression of a growth regime 
is what is predicted by the Langer-Schwartz theory for sys- 
tems with high supersaturation. There appears to be a small 
blip, away from linearity, at Ihr. which suggests a small 
amount of growth at this time. 

Figure XVII shows how the size distributions 
change with tempering time. A curious feature of both sets 
of curves is that the distributions appear to go backwards 
between two aging times. That is, the population of carbides 
do not completely monotonically increase in size. This hap- 
pens between 1 and 2hr for both AF1410-830 and AF1410- 
1000. The number density of carbides continues to increase 
in this time interval, so the carbides are not shrinking or dis- 
solving. The only explanation for this is that there is a burst 
of nudeation between 1 and 2hr ("renucleation**) which 
pumps up the size distribution from the lower end. The 
conditions that make this possible are considered in the dis- 
cussion section. 

ANALYSIS 

Qualitative Discussion of AF1410 
Accelerated precipitation kinetics 
From Davenport's isothermal tempering studies of a 

3.5MO-0.22C steel [54). it is estimated that this steel reaches 
peak hardness at 510°C after 220hr. Speich's work on 
10Ni-8Co«2Cr-lMo-xC steels [1, 2] showed that these 
steels reached peak hardness after about one hour at 5 10°C. 
The AF 1410-830 in this study reached peak hardness at 
510°C after about one hour, while AF1410-1000 reached it 
between 1 and2hr. Gtherexperimental0.25CCo-Ni-Cr-Mo 
steels examined by the authors have all reached peak hard- 
ness after about lOhr [111]. As stated in the introduction. 
Co has the effect of retarding dislocation recovery, and of 
raising the activity of carbon in solution, providing a greater 
driving force for precipitation. 

At the earliest times investigated (Ihr), the precipi- 
tates were observed on dislocations. However, because the 
dislocations have some mobility at the tempering temperature 
(510°O. they could have moved the short distance required 
to associate themselves with the precipitates. This distance 
is given by 

2lNvJ 127) 

where Ny is the number of particles per unit volume. If we 
use the maximum value of Ny, found after tempering 2hr by 
Allen et al. [110], of 3.6 x 10,7/cm3, s is about 70Ä. 

From energetic considerations, it is more probable 
that the carbides are heterogeneously nucleated on disloca- 
tions. The contention that all the M2C carbides are associ- 
ated with dislocations is supported by work by Speich et al. 
[I. 2] on a 10Ni«8Co-2Cr-lMo-0.i2C steel (HY180). At 
peak hardness, they observed a dislocation spacing X of 
400Ä and a carbide spacing along these dislocations sL of 
lOOA. The number density of these carbides is 

= NLLv-^ = 
X2sL 

_ 1.9xIQ17 

cm* {28} 

This steel had 0.12 wt% C, while AF1410 has 0.16 wt% C. 
The two alloys both have 2Cr-lMo. Therefore, assuming all 
other things remain equal, the number density of carbides at 
peak hardness in AF 1410 should be increased over that in 

HY180 by a factor of 0.16/0.12. This gives N^1410 = 2.5 
x 1017/cm3. The number density of AF1410-1000 was 
measured by Allen [110] using SANS as 1.3 x lO'Vcm3 at 
Ihr and 3.6 x 10,7/cm3 at 2hr. (This steel exhibits peak 
hardness between these two tempering times.) The agree- 
ment is very good. 

Thus, as observed by Davenport [54], Speich et aJ. 
11,2], and corroborated by the thin foil work of this study, 
nucleation/growth/coarsening (precipitation) of M2C in these 
steels is heterogeneous, on dislocations. The high disloca- 
tion density inherited from the manensitic transformation is 
able to penist at the high tempering (secondary hardening) 
temperatures because of the effect of Co. Assuming that this 
is the only effect of cobalt, the spacing of carbides along the 
dislocations (sjj will remain constant between two hypothet- 
ical alloys, one with cobalt and the other without However, 
because the original high dislocation density of the marten- 
site is retained during precipitation, there will be a greater 
number density of carbides overall. Also, since the disloca- 
tion density is higher, the average distance between disloca- 
tions (k) will be smaller, so that the solute that eventually 
goes into the precipitate has to travel a shorter distance. The 
time it takes for solute to diffuse a certain distance is propor- 
tional to the square of that distance. Therefore, if this dis- 
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Figure VTTI. Ellipsoidal carbide panicles edge-on to the basal plane, with associated deformation ellipses, (a) Fully coherent 
case, (b) semicoherem ELS case. 
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twee is reduced by a factor of 14.8, this gives the required 
220X acceleration in kinetics. The dislocation density is 

Lv ,2 (29). 

so that to reduce X by a factor of 14.8, Lv must be increased 
by a factor of 220. This increase is easily obtained by the 
retardation of dislocation recovery. Thus, overall, the kinet- 
ics are accelerated by the same factor as the increase in dislo- 
cation density. In this analysis we have ignored the effect 
Co will have on the driving force for precipitation. This may 
have a significant effect on the nucleation rate because of the 
exponential dependence on driving force. Since cobalt 
increases the driving force, this will increase the nucleation 
rate and speed precipitation. 

The presence of the high dislocation density in the 
unrecovcred martensite does not necessarily increase the rate 
of solute transport to the growing precipitate, but it will alter 
the coarsening time exponent This is because the mass 
transport through the bulk is usually the rate-limiting step. 
Tne time it takes for the solute to diffuse through the bulk 
(lattice) to the dislocations is 

'bulk' 
any 
Dbulk (30), 

while the time it takes for the solute to diffuse down the dis- 
location "pipe" to the precipitates is 

tpipe 
(31) 

The step that takes the longest is the rate-controlling step. 
Thus when 

(32). 

bulk diffusion controls, and vice vena.   Rearranging this 
yields 

5ei*>i 
Dbulk (33). 

In a steel almost identical to AF1410, Speich [1, 2] observed 

X ■ 400A and $L * lOOA. This gives s*A2 - 0.06. Since 
Dpipe/Dbuik >* always much larger than one, diffusion 
through the bulk will control the mass transport of solute. 
Thus the precipitation kinetics are accelerated by the high 
dislocation density during precipitation not because of pipe 
diffusion, but rather by the higher volume density of nucle- 
ation sites. Again, the effect of Co on the driving force may 
also have a significant contribution. 

Averaging the available microhardness data on 
AF1410-830 and AF1410-1000, shows AF1410-830 to be 
initially harder, then at later times, AF1410-1000 takes over. 
The explanation here is that initially they both have about the 
same volume fractions of M^C, but AF1410-830 has the 
smaller grain size, making it harder. At the "complete solu- 
Qonizing" temperature, there is undoubtedly some grain 
growth occurring. This is because the grain-boundary pin- 
ning precipitates, MC carbides in this case, are dissolved. 
Because of the Hall-Petch effect, all other things being 

equal the smaller-grained material will be stronger. At later 
tempering times, AF1410-1000 is able to precipitate out a 
greater volume fraction of M2C because more was put into 
solution during austenization. Therefore, AF1410-1000 
ends up slightly harder. This contention is supported by the 
SANS data: the number density of M2C of AF1410-1000 
begins to exceed that of AF1410-830 between one and two 
hours. 

Schmidt and Core (112J observed the same phe- 
nomenon in AF1410 over an even narrower range of solu- 
tionizing temperatures (815-885°C), except that initially 
harder material remained harder at all tempering times. They 
measured the prior ausienite grain size and found some grain 
growth, but not enough to explain the magnitude of the 
hardness differences. Their explanation was that the higher 
solutionizing temperature dissolves more of the excess 
(M23C6. M^C) carbides, increasing the amount of Cr in 
solution. Referencing Speirh [1], they stated that this will 
increase the coarsening rate of the carbides, and so lower the 
alloy's hardness. However, if this were the case, the 
higher-solutioned material should have earlier peak hard- 
ness, instead of the observed parallel hardness curves 
There is another explanation for this phenomenon. It is 
agreed that the differences in grain size probably cannot 
account for the differences in the hardnesses of their steels 
They noted that there was more autotempenng in the higher- 
solutioned material because of the increased Cr ui solution 
raising Ms, but could not use this as an explanation because 
the hardness differences persisted even after the cemennte is 
substantially dissolved. Because there is more Cr in solution 
in the higher-solutioned material, the precipitating M2C will 
also have more Cr dissolved in it. Although the magnitude 
of this effect is unknown at this time, the (S/Mo ratio of the 
carbides will determine the strength of the obstacle to dislo- 
cation movement. 

High Supersaruration and t1^ Coarsening 
All of the alloys studied fall into the high supersaru- 

ration regime as defined by the Langer-Schwaru theory 
(30J. The supersaruration is high when 

.[JO-]** 0.3 
isw* (34) 

5W* can be found by rearranging the nucleation rate equa- 
tion {1) to yield 

5W = -kTln J_ 
Zß*N, 135} 

The nucleation rate J was estimated from ANv/At and Z was 
estimated to range between 1/2 and 1/200. ß* was estimated 
from the multicomponent coarsening rate constants found by 
Lee (36, 37), adjusted to take into account the higher 
concentration of solute. The nucleation site density No was 
estimated assuming that a possible site was on a dislocation 
with a site spacing b along the dislocation. 

Computed estimates of y in table X indicate y is 
between 0.312 and 0.637. Thus the alloy is in the high 
supersaruration regime. This is consistent with the suppres- 
sion of the growth regime as seen in the r(0 curve of figure 
XVI. 

Excluding the "growth" data point at Ihr of Allen s 
SANS M2C sizes vs. log time and taking a least-squares fit. 
we obtain a time exponent of 1/5.2 for AF1410-830 and 
1/5.4 for AF1410-1000. This is acceptably close to that 
found from coarsening theories in which diffusion is limited 
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by dislocation pipe diffusion (1/5) and by bulk diffusion to 
dislocations (collector line) (2/9). 

Lattice Parameters as-a Function of Composition 
M2C carbide 
The effect of V, Cr. Fe. Nb, Mo. Ta, W and C on 

the lattice parameters of M2C was found from an extremely 
wide range of sources (9, 55-60, 65. 67, 71-73, 82-84. 
100, 113-125]. As discussed in the introduction, carbides 
of mixed composition generally exhibit lattice parameters 
which are the rule-of-mixtures (Vegard's Law) values, using 
the parameters and the site fractions of their pure 
components. 

Effect of Cr: Pure O2C seems to have been syn- 
thesized only once, by Lux and Eberle [117], which indi- 
cates that its existence is questionable. Instead of using their 
lattice parameters (ac * 2.79A. c< = 4.46A), data from the 
mixed carbide (Cr.MohC [57] was extrapolated to pure 
O2C to obtain its lattice parameters (ac «2.835A. cc = 
4.460A). This value is not far from the value found from 
extrapolating data from (V.Cr)2C (56] to pure O2C 
(onhorhombic: af1" - 2.821Ä. of™ = 4.883Ä. cf™ * 
4.401 A) and then converting to an hexagonal unit cell (ac = 
2.819A,Cc*4.40lA). 

Effect of Fe: Data on the effect of Fe on the lattice 
parameters of M2C does not exist; and there is little data on 
onhorhombic Fe2C. This is the ordered carbide investigated 
by Hirotsu et al. [65, 66] (their rj-carbide) and Taylor et aJ. 
[61. 62] (their e'-carbide). This set of papers has the a. b. 
and c onhorhombic lattice parameters as a function of alloy 
Ni content These data were plotted and extrapolated to zero 
alloy Ni content The onhorhombic unit cell was then con- 
vened to an - ivalent hexagonal unit cell as described in the 
introductior 

Effect of C: This is the most difficult effect to 
assess, as there is very little reliable data on it The best 
single paper on this is by Rudy et al. [ 119]. All u> data that 
exists were used to come up with something that nas at least 
one-digit accuracy. The overall equations are: 

a« * 2.904Xv+2.835Xo+2.771XF, 
+3.103XN„+3.012XMO 

♦ 3.103XT.+2.997XW-0.1YV.A        [36a), 

ce - 4.579Xv+4.460Xo+4.345XF. 
♦4.938XNb*4.735XM« 

♦4.937XT.+4.728Xw-0.1Yv,A        [36b], 

where X, are the site fractions of the metal sublattice, and 
Yva is the site fraction of vacancies on the carbon sublarace. 

BOC matrix 
From data in the appendix of [126] (not published in 

[127]), taking a least squares fit, we obtain 

a««2.8543A+4.9E-4A/ar% Co 
+ 5.2E-4A/ar%Ni 

♦ 13.9E-4A/at%Cr 
♦ 36.7E-4A/ar%Mo 
♦64.1E-4A/at%C (37). 

The effect of C was obtained from data in Roberts [128]. 
Carbon impans a tetragonality to the lattice, which at low 

ar* C is imperceptible. The least-squares fit to the a and c 
tetragonal lattice parameters as a function of carbon content 
was converted to an equivalent cubic unit cell using equal 
unit cell volumes. 

M2C Composition Trajectories 
Similar to previous APFIM studies of alloy carbide 

compositions [92, 93). M2C carbides in AF1410 stan out 
with compositions far from equilibrium. The compositions 
of the carbides that were used in the mass balance calcula- 
tions were based on APFIM data [18, 19. 22], and 
"assessed" with the available lattice parameter measure- 
ments. Thus the composition of the carbides is seen as 
moving monotonically from that of the initial carbides 
formed to that of the equilibrium composition. Figure XVQI 
shows the measured M2C composition trajectories versus 
log time, along with the lines for the "assessed" composi- 
tions. 

To obtain an estimate of the initial critical nucleus 
size and composition, these vanables were plotted vs. vol- 
ume fraction M2C precipitated, as seen in figure XDC. This 
then was extrapolated to zero volume fraction to obtain 
information about the initial critical nucleus, table XI. 

Thus, at initial nucleabon, it is seen from this table 
that there is at least one negative eigenstrain and at least one 
positive eigenstrain: this is a necessary condition for a near 
invariant-line strain transformation. We see that carbide 
parameters can be plotted against the volume fraction precipi- 
tated, and this can be extrapolated to zero volume fraction to 
examine the initial nucleabon regime. Similarly, to examine 
coherent equilibrium in the absence of capillarity, the carbide 
compositions can be plotted versus the capillarity parameter 
dS/dV. 

For a sphere. V - 4xr3/3. S = 4xr2. and dS/3V * 
2/r. For an ellipsoid of revolution with an aspect ratio of ß 
and minor radius r, V = 4xßr3/3. The surface area is more 
complicated, and the .»proximate analytical solution has 
been found by Johns*... and Cahn [129]. Converting their 
soluDon into the variables used in this paper, we amve at 

S = 4*r2g(ß) 
where 

(38), 

g(ß) 41     2 
P) 

2/3 

IT(P-l)(ß+3) 

2+ 
8(4-ß)2 TANH1!    (ß+1) 

Vn\\ 

90 *ß) f(ß-l)(ß*3)lin 

9S/9V is found as 

3S    ,     v 

av   r y 

where 

139). 

(40), 
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8 V(i*ß)J 
m 

2+ 

j[(ßl>(ß+3)]1/2 

8(4-ß)2TANH'|   (ß+1)2 

90 *ß)        [(ß-lXß^)!"3 
(41). 

Figure XX plots M2C size and composition vs. the 
cipUlirity parameter dS/dV. Extrapolating these to dS/9V ■ 
0 (r-+~) indicates coherent equilibrium in the absence of 
capillarity. Any breaks in these curves should indicate 
coherency loss. 

Mass Balance Calculations 
At this point it seems appropriate to discuss the ratio- 

nale behind the remainder of this paper. For the aJloy 
AF1410-830, we wish to determine the free energies related 
to the precipitation of M2C as a function of tempering time at 
510°C, as described by equation (14}: 

AGTOT * AGCKE ♦ AGSUR + AGSTR + AGINT    (14). 

Of these energies, one of the most elusive is the chemical 
driving force, AGCHE- The principal input in the determina- 
tion of this free energy is the composition and volume frac- 
tions of all the phases present as a function of time. These 
will be found by the use of a mass balance. Conceptually, 
this is quite straightforward: all the atoms initially present in 
the alloy have to be accounted for at each step in time. The 
compositions and/or volume fractions of some phases have 
been measured directly. Where they have not, they must be 
determined indirectly, but at all times, ill atoms must be 
accounted for. Figure XXI is a block diagram outlining the 
mass balance calculations described in this section. 

The SANS volume fractions of Allen et al. fllOJ 
were calibrated as follows. The 1000°C material at lOOhr 
was assumed to have the maximum theoretical volume frac- 
tion M2C precipitated The maximum volume fraction M2C 
precipitated is found from a mass balance: all the carbon 
(0.16 wr%). all the molybdenum (1.03 wt%), and the bal- 
ance chromium (0.80 wt%) goes to make stoichiometric 
(Mo.Cr^C. The resultant weight of carbide per unit weight 
of matrix is then obtained. 

To convert this into volume fraction, we need to 
know the densities of this (Mo.Cr)2C and the solute-depicted 
matrix: 

ft". 

carbide wt 
carbide density 

wiatni wt carbide wt 
•xI00% 

matrix density   carbide density (42). 

Initially, we will assume thai these are the only phases pre- 
sent—this will be close enough for our purposes (the first 
iteration). Since the compositions of both precipitate and 
matrix are known, their densities can be readily determined 
from a combination of the atomic weights of the atoms pre- 
sent in the phases and their lattice parameters found from 
equations (36)- (37) Doing this, 2.17% was obtained for 
the maximum theoretical volume fraction of MjC. This then 
serves as a calibration for the SANS measurement of volume 
fraction: we will assume that this maximum volume fraction 
precipitated occurs in the 1000°C-solutioned material tem- 
pered for lOOhr. Thus the SANS volume fractions arrived at 
by Allen et al. [110] must be multiplied by 2.17/3.22 « 

0.674. We then assume that in the 830°C-soluooned mate- 
rial tempered for 50hr. the difference between the volume 
fraction of M2C actually precipitated and the maximum theo- 
retical possible represents the carbon that is tied up in undis- 
solved ("excess") carbides. We assume these to be stoi- 
chiometric M23C6. with composition 
(Cro.öFeojMoo.itesCö- This composition was estimated 
using the Thermo-Calc [130] software, and the volume frac- 
tion of this phase is calculated to be 0.66%. 

There is carbon in solution in the matrix; this is 
determined by the composition of the cementite that it is in 
equilibrium with. From studies on the precipitation of 
cementite by Eidis and Sherman [131, 132. 133, 134] who 
determined an apparent activation energy, we assumed para- 
equilibrium exists at 30min, and asymptotically approaching 
equilibrium as in figure XXII. The para-equilibrium and 
equilibrium calculations were performed by Ghosh [135] 
using the Thermo-Calc software. The initial slope of the 
curve was found by first calibrating the volume fractions of 
cementite found by X-ray diffraction at this time (30rrun) to 
the para^equilibrium amount, and since we know how much 
carbon is in the other phases, then by mass balance, the car- 
bon that is not in M2C M23C6» or cementite is in solution in 
the matrix. 

The remaining carbon, that is, the carbon not in the 
matrix, M2C or M23C6. is assumed to be in stoichiometnc 
Fe3G The cementite found in an APFIM study of Fe-Ni-C 
[136] was determined to be stoichiometnc within the accu- 
racy of the technique. That cementite has only Fe on its 
metal sublattice is an approximation: the actual cementite 

formed will have a variable composition, but because fy is 
small, this is minor and will not affect the final results of the 
analysis. 

At this point we have the necessary information to fill 
in table XH for the five phases of interest. The composition 
of the precipitated austenite was estimated from STEM [15, 
16J and APFIM [18, 19] measurements, and was assumed 
to remain constant at 75Fe-15NilOCo (at%). This assump- 
tion is supported by the fact that the measured lattice parame- 
ter of the precipitated austenite remained constant. 

Because there was found to be residual cemennte 
present at long times (0.41%, by XRD). the maximum theo- 
retical volume fraction of M2C had to be recalculated, and 
the SANS volume fractions had to be recalibrated. The other 
phase compositions and volume fractions were then recalcu- 
lated. It is felt that a third iteration would not result in any 
significant changes. 

The end result of these mass balance calculations is 
shown in the following figures. Figure XXUI shows the 
matrix composition trajectories, while figure XXIV shows 
the matrix lattice parameters calculated from composition 
using equation {37], along with those measured using X- 
ray diffraction. Figure XXV illustrates the evolution of the 
volume fractions of cementite, M2C and austenite. and figure 
XXVI compares the calculated volume fractions of cemenute 
with those measured by X-ra> diffraction. 

The ultimate use of these mass balance calculations is 
the tracking of the phases' composition and volume fraction, 
and the calculation of the driving force for precipitation of 
M2C(AGCHE). 

Elastic Energy Calculations 
The last two free energies in equation (14) are the 

strain energy (AGJTI) and the interaction energy (AGINT)- 
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TABLE VH PRECOTTATCS POUND IN AS-QUENCHED AF1410 

885°C Soiutioiuang 830°C Solunonizing 
Particle T Six Range (nm) 

- mr ■— 
Panicle T 

$fc 
Size Range (nm) 

50-iöÖrod» 
10-180 
50-125 
75-105 
30-65 
40-50 
5-10 

(Ji>lo)x(CN) 
40-230 rods 

20-35 
(Fe.Nl.O&C 
(TiJUoMCN) 
(CrJe>lo)23C6 
(Fe.Cr.Mo)23C6 

(Mo.Cr^C 
(MoJx^C 

MotC 

TABLE Vm. M2C CARBIDE LATTICE PARAMETERS (A) 

1                    3 5 8 U iflö m 
• c 2.88 

4.52 
5.88 
4.52 

2.88 
4.52 

2.89 
4.54 

2.9Ö 
4.55 

2.90 
4.55 

TABLE DC. AUSTENTTE COMPOSITIONS IN AF1410 TEMPERED AT 510°C FOR 8hr (wr%) 

Element SI^M APFlM Thermo-Calc 
(Haidemenopolous) (Carinci) (equilibrium) 

ft 69.0 55.8 56.2 
Co 13.2 9.5 4.1 
Ni 14.0 29.4 38.5 
a 2.8 3.1 1.0 
Mo 1.0 1.9 0.2 
C — 0.3 <0.l 

TABLE X. CALCULATION OF THE NUCLEATION BARRIER HEIGHT 

Vmable Maximum 5W* Minimum 5W* 
J=dNv/dt(l/ro3sec) 

Z 
ß* (1/sec) 

No (Vcm» 

1.0 x 10!? 

1/2 
7.8 x IO-3 

7.5 x 101* 

2.5 x 10>9 

1/200 
7.8 x 104 

7.5 x I011 

1.11 x 10-19 

0.312 
2.66 x 10-w 

0.637 

TABLE XL INITIAL CRITICAL NUCLEUS PARAMETERS 

Size {minor radius, A) 12 
Xcr 0.47 
XMO 0.25 
Xfe 0.28 

•cÄ) 
0.62 

2.8233 
Cc(A) 4.4586 

ei -0.0172 

ti 0.2037 

e3 0.0975 

TABLE XH. MASS BALANCE CALCULATIONS 

Phase Volume Fraction Composition 
Austeniie X-ray diffracaon STEMA\PflM 

MjC SANS APFIM 
M23C6 Approx. const as above 

Calculated from baJ. C 
(Cro.6Feo.3Moo.i)23C6 

Cemenbe FesC assumed 
Manensie Balance Balance 
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These comprise the elastic energy of the precipitating MjC 
carbide. Based on the analysis of the previous sections, 
three cases for the elastic energy of a coherent M2C carbide 
were considered f 137]: 
•Case 1: ß ■ 1, initial nucleation. composition found by 
plotting carbide coraposioon vs. volume fraction precipitated 
and extrapolating to (almost) xero volume fraction 
•Case 2: ß - 2, half completion time (between 1 and 2hr) 

•Case 3: ß » 3,8hr temper 
For each of these cases, the composition of the carbide was 
given either directly by APFIM and/or STEM, or indirectly 
by interpolating or extrapolating. With these compositions. 
the lattice parameters of the carbides could be determined by 
use of the previously-determined formula relating composi- 
tion to lattice parameter. Then, with the lattice parameter of 
the carbide and that of the matrix (found from precision lat- 
tice parameter measurements), the eigenstrains could be 
found for each case, using equations (24). These were the 
eigenstrains King used in his elastic energy calculations, 
table Xin.   The elastic constants used were taken from 
Simmons [138] for a-Fe at room temperature: 
Matrix: Cii - 220.3 GPa 

C12- 124.8 GPa 
C44» 112.0 GPa 

Carbide: E« 250 GPa 
v«0.19 

First, the self energy of a carbide (AgsT*) was calcu- 
lated. Then, the interaction energy (Agu^j) was found by 
first taking a carbide of fixed size, shape and eigenstrains. 
and finding the position around a pure screw dislocation that 
minimized the elastic energy. (Because the strain field 
around a coherent carbide particle is primarily dilatation, the 
interaction will be the weakest for a screw dislocation, since 
the stress field is pure shear. However, a screw dislocation 
was chosen because this is the character that is most often 
observed in ferrous lath martensites.) This position was 
held constant and the carbide was allowed to grow out from 
the dislocation (at constant shape); the interaction energy was 
calculated as a function of size for each of the three cases. 

The interaction energy -> 0 as size -* ••. so that the elastic 
energy approaches the self energy when the carbide becomes 
large. The tabulated numerical data of King [111] was 
found to fit a function of the form 

Agwr- 
lO*l/cm> 

AtfT + rBwr (43). 

where r is the carbide minor radius (d/2). In all cases, the 
correlation coefficient of the fitted line was better than 0.99 
This variable interaction energy has an effect on the total free 
energy similar to a negative surface energy. The results art 
presented in table XIV. 

The self energy found by King represents an upper 
bound to this energy, as it is based on linear elasticity. The 
transformation strains are much larger than can be accom- 
modated by this theory, and future work should address the 
anharmonic elastic constants of the matrix and carbide. Any 
refinement of these calculations will lower the self energies 
The measured M2C composition trajectory for API 410 
shows much smaller departures from the incoherent equilib- 
rium compositions compared to coherent thermodynamic 
prediction when the full computed self energy is used. An 
analysis by Ghosh (135] indicates reasonable agreement 
with observed XQ and XMO- when the self energy is reduced 
by a factor of 1/4101/1 A factor of a ■ 1/2 is employed in 
the current analysis. This factor is near the minimum cor- 

rection needed for coherent precipitation 10 be thermod ynarn- 
ically possible in this system. 

Nucleation 
The chemical driving force AGCHE for the precipita- 

tion of M2C of the "assessed" composition from a matrix of 
the calculated composition was calculated using Thermo- 
Caic (135] (figure XXVTI). Note that -AgcHE increases 
from 5 to 30min despite the dropping supersaruration. This 
is primarily because the driving force is a very strong func- 
tion of the carbide and matrix carbon contents. The carbon 
content of the carbides is increasing faster than the carbon 
content of the matrix is dropping. The values for the three 
cases are presented in table XV. 

from 
The surface energy for a carbide particle was found 

AGsuR=TS=Y4Kr*g(ß) (44) 

where g(ß) is the ellipsoid shape function defined by {39}. 
We may now use the nucleation rate equation (1) since. 
from Langer-Schwartz theory, it applies to all systems with 
high supersaruration: at ail times, the average particle is near- 
critical. The volume energy terms were then combined with 
the surface energy terms to give the total free energy of a 
precipitating M2C carbide for the three cases. The surface 

energy f was adjusted so that the critical nucleus size 
matches a size 10% smaller than the observed M2C precipi- 
tate size. This is because we are assuming the average 
observed size is slightly supercritical; this assumption is 
supported by the work of Wendt and Haasen (34]. 

The parameters for homogeneous nucleation were 
found by using the surface energies from the calculation for 
heterogeneous precipitation, and setting the interaction 
energy to zero. Then 

hoovog 3iG^ 
av hon 9 

and 

SWhomog-UGjgf0«],.,; 
tunas 

(45) 

{46}. 

There is no solution for Case 3 above because the 
self energy is greater than the available chemical driving 
force. This may indicate coherency loss: an incoherent pre- 
cipitate will have negligible self energy. 

Comparing the barrier height found from the total 
free energy calculations for Case 2 (table XVI: 9.5 x 10-19J) 
with those found from the nucleation rate equation (table X: 
I.I 1 x 10-'» to 2.66 x 10-20J). it is seen thai the former is 
about an order of magnitude too high to account for the 
observed nucleation rate. A possible mechanism (borrowed 
from martensite nucleation theory) that will bring this barrier 
down is autocataiysis. Here, when the range of the stress 
field of a carbide gets to be sufficiently large, it will interact 
with the strain field of a nucleating carbide embryo nearby, 
lowering its elastic energy. The requirements of this mech- 
anism are currently being studied by King [139]. The fact 
mat the carbides must become larger for this mechanism to 
occur is consistent with the observation of renucleation. 
This possibility is explored further in the next section. 
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Figure XXIL Matrix carbon content of AF1410-830 vs. log tempering time, calculated from mass balance. 
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Figure XXin. Matrix composition trajectory of AF1410-830, calculated from mass balance. 
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Figure XXTV. Measured (from XRD) and calculated (from mass balance) matrix lattice parameters. 
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Figure XXV. Phase evolution of AF1410-830: volume fractions of cemenöte, M2C and ausatme. 
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Figure XXVU. Chemical driving force for precipitation of M2C in AF141D-830 as a function of tempering time at 51(f C 
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TABLE Xm. ELASTIC ENERGY CASES CONSIDERED 

1                  Cue-* i 5 3 

1          fy x (*üico. mix.) 
0» 3H 85% 

ß 1.0 2.0 3.0 

Xo 0.47 0.59 0.64 
XMO 0.25 0.31 0.33 
XR 0.28 0.10 0.03 
YS 0.62 0.81 0.89 

ia(A) 2.8726 2.8685 2.8690 
«c(A> 2.8233 2.8645 2.8805 
Cc(A) 4.4586 4.5148 4.5363 

«1 -0.0172 -0.0009 00040 

C2 0.2037 0.2237 0.2297 

£3 0.0975 0.1130 0.1180 

TABLE XIV. RESULTS OF THE ELASTIC ENERGY CALCULATIONS 

Case- T 
-34$3r 
3.9436 
3.2183 

T —1— 
"3W 
40122 
44109 

AgsTR (J/cm3) 
A|NT 

Buff (A-') 

3704 
5.8261 
3.6220 

TABLE XV. CHEMICAL DRIVING FORCES 

Case-» 1 1 3 

Matrix Composition (ax%) 
[C] 0.345 0.054 0010 

[Mo] 0.558 0.328 0.208 
ICrl 1.962 1546 1.322 
(Ni) 10.020 10.001 9.904 
[Co] 13.919 14.079 14.161 
m 73.196 73.992 74 396 

M2C Composition 
Xcr 0.47 0.59 0.64 

XMO 0.25 0.31 0.33 
XR 0.28 0.10 0.03 
Yc 0.62 0.81 0.89 

AgcwE (J/cm3> -175Ö -1*» •1760 

TABLE XVI. RESULTS OF THE TOTAL FREE ENERGY CALCULATIONS 

T Case 
Carbide Critical Radius (A) 
Surface Energy y (mJAn2) 
Barrier Height, SW* (J) 

Homog. Qincal Radius (AT 

99 

7.7 x 10-*> 

—598— 
2.0 x 10-t« 

T5X 
190 

9J x 10-»» 

 53  
2.8 x 10-" 

"2TT 

Homog. Barrier (J) 
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DISOJSSION 

Precipitation Energetic» 
Because the initial critical nucleus has at least one 

positive transformation cigenstrain and at least one negative, 
the possibility of a near-ILS transformation exists. 
However, because of the magnitudes of the transformation 
strains and the complexity of the matrix, the possible operat- 
ing «homogeneous lattice-invariant deformation is extremely 
difficult to determine directly with any known technique. 

Between Cases I and 2 (initial nucleation and the 
half-completion time), it is seen that the surface energy of the 
carbides (table XVT) is increasing. From APFIM measure- 
ments, it is also seen that the composition of the carbides 
changes significantly with respect to carbon and iron (table 
Xm). Bond-mismatch theories of the (chemical) surface 
energy usually give it as a function of the difference between 
the compositions of the carbide and the matrix. The form 
that Y should take in the present case considered is then: 

Y«XA1AX? + £BJAYJ 
(47). 

where AX, and AYj are the differences in compositions on 
the metal and interstitial (carbon) sublattices respectively, 
viewing the carbide as an interstitial alloy. Therefore, there 
will be composition-dependent capillarity, and this will 

increase with tempering time. The surface energy 7 gener- 
ally is the last parameter found in many studies of nucleation 
and coarsening, and the present work is no exception. In 
order to determine the parameters Aj and Bj in the above 
equation for these muläcomponent alloys and carbides, sev- 
eral alloys will have to be analyzed with the same level of 
intensity as API410 in this work. However, it is expected 
that carbon and iron will have the largest effect, since the 
concentration differences of these elements are the greatest 
between the carbide and matrix. Looked at another way, 
these are the elements that are rejected the most strongly 
from the two phases: carbon form the matrix, and iron from 
the carbide: thus (alluding to bond-mismatch theory) these 
will be the ones that are the most anomalous and so will have 
the most impact on the surface energy 

During precipitation, the supersaturation is dropping, 
the carbide site fraction carbon is increasing, the surface 
energy is increasing, and because the carbides are larger, the 
dislocation interaction energy (per volume of carbide) is 
decreasing. The carbides have several degrees of freedom in 
minimizing their free energy. The increasing site fraction 
carbon increases both the interfacial energy and the self 
energy, while greatly increasing the chemical driving force. 
The composition of the metal sites will have less of an effect 
on the interfacial energy than the carbon site fraction: the dif- 
ference between the concentration of the metal in the carbide 
and in the matrix is much less than the difference between 
the concentration of carbon in the carbide and the matrix. 

With regard to the precipitation energetics, it seems 
like the carbides do a lot of balancing. They balance off their 
site fraction carbon with the carbon in solution in the matrix 
to maintain a chemical driving force for precipitation; and 
they seem to alter their site fractions of Fe, Cr and Mo to 
balance off the chemical driving force with elastic energy. 
Evidently, interactions, and the promotion of coherency, are 
important; we can't simplify the alloy to examine each phe- 
nomenon separately, since this would reduce the number of 
degrees of freedom available to the alloy. The important 

interactions are:  carbides«-» dislocations,   composi- 

tion«-»driving force, and composition «-»coarsening. We 
need a material of this complexity to give us these synergistic 
effects. 

"Renucleation" 
From the SANS number density data of Allen [110] 

(figure XVII), it appears as if there is a second burst of 
nucleation between one and two hours in AF1410-830. We 
have been calling this phenomenon "renucleation." 
Although this phenomenon is beyond the level of current 
theory, there are a number of reasons why this may occur. 

During the first 30 minutes, the supersaturation is 
dropping, but the chemical driving force is increasing 
because of the changing carbide compositions. The chemical 
driving force decreases after 30min. but it is still greater than 
that for initial nucleation until about 8hr tempering time. 
This keeps up the driving force for the carbides, but what 
may be providing an extra kick is the autocatalytic effect 

At initial nucleation, when the critical size of the car- 
bides is small, the stress field of the dislocations provide 
highly potent nucleation sites. Later, as tempering proceeds 
and the critical size of the carbides increases, this potency 
decreases because the interaction energy decreases (per vol- 
ume of carbide) with increasing carbide size (equation{43)). 
These larger but still coherent carbides devslcp longer-range 
stress fields, and this can produce highly potent nucleation 
sites in the vicinity of existing carbides. This phenomenon 
is termed autocatalysis, and has a significant impact on the 
nucleation of martensite.   Autocatalytic nucleation may 

resolve the lOx discrepancy in 5W* at half-completion time. 
If so, it is then important to maintain coherency to sufficient 
size for the autocatalytic effect 

Role of Heterogeneous Precipitation 
Nucleation 

Comparing $W*heierot andSW«»»™* (»ble XVI) 
shows us that the interaction energy ii necessary for the 
coherent nucleation of M2C. Thus there is an absence of the 
"footprint" morphology in AF1410. Homogeneous incoher- 
ent nucleation, if it weren't bypassed, would occur as 
Davenport observed: on cementite-martensite interfaces. The 
M02C in Davenport's simpler Mo-C steel exhibited a 
"footprint" morphology, in which cementite precipitated 
fully and coarsened, then served as the carbon source for the 
precipitating M02C. There was some initial precipitation of 
M02C along dislocation lines, but the M02C precipitated 
preferentially on the cementite-manensite interfaces and this 
morphology dominated at longer tempering times. When the 
cementite was finally dissolved, the M02C exhibited a 
"footprint" of the cementite's prior position. AF1410 does 
not exhibit this phenomenon because cementite does not 
have a chance to coarsen to this degree. Because the precipi- 
tation kinetics of MjC are accelerated by the effects of cobalt 
(dislocation recovery resistance and enhancement of driving 
force), the available carbon is used up (dissolving the 
cementite) before the incoherent precipitation of M2C on the 
cementite-manensite interfaces can occur. Because cobalt 
destabilizes cementite, it may also slow its precipitation. In 
AF1410, cementite precipitation is not bypassed by M2C 
precipitation, but it does not survive long enough to coarsen. 
The tail end of cementite precipitation may be cut off by M2C 
precipitation, since there was a detectable volume fraction of 
M2C even at ISmin tempering time. 

Growth/coarsening 
The log carbide size as a function of log tempering 

time is nearly linear. Aside from a small blip at Ihr, the 
growth regime appears to be completely suppressed. This is 
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consistent with the Langer-Schwinz theory of precipitation 
tt high supersaturations. However, the time exponent is 
very close to 1/5. Wendt and Haasen. and Kampmann and 
Wagner who were involved in the experimental verification 
of the L-S model and its derivatives, all see the precipitates 
jump immediately into t1/3 size functionality. All of their 
systems were homogeneous nucleation, growth and coarsen- 
ing—the steels studied in this study may be exhibiting L-S 
behavior, with nucleation occurring during the dropping 
supersaturation, but with t,/5 kinetics because of the hetero- 
geneous nature of the precipitation. 

Carbide Coherency and Coherency Loss 
Carbide Coherency 
The work in this study does not provide direct evi- 

dence that the carbides nucleate coherently. In fact when one 
first looks at this system and the magnitude of the eigen- 
strains, it seems unlikely that the carbides would ever be 
coherent. However, circumstantial evidence for coherent 
nucleation follows from the observation by Tanino et al. 
[104] of double lobe contrast (indicating a coherent precipi- 
tate) from M02C carbides in what Davenport [54] claims to 

be a predominantly 6-ferritic steel. These carbides were up 

to about 0.1 Jim long. Davenport did not observe double 
lobe contrast from MojC carbides in his martensitic 3.5Mo- 
0.22C steel, and concluded from this that they are not coher- 
ent. However, because the strain field of the dislocations 
overlap with that of the precipitate, double-lobe contrast may 
not be observable for a coherent precipitate in this case. 
Because of the interaction energy between the strain fields of 
the carbide and dislocation, it seems even more likely that 
carbides in a matrix with a high dislocation density 
(martensitic) would be coherent, compared to the same car- 
bides in 8-ferrite. Coherent carbides will have a stronger 
interaction with the dislocations. 

Therefore, we know from Tanino et al. [104] and 
Davenport [54] that M02C carbides precipitating in 5-ferrite 
are coherent For a steel of the carbon content investigated, 
the "tttragonality" of the manensite is negligible, so there is 
no difference in the crystallography and kinematics of M02C 
carbide precipitation between these two phases. The car- 
bides precipitating in AF1410 are "mixed" M^C carbides 
which have substantially lower transformation strains (table 
IV) and so are even more likely to be coherent Further sup- 
port for coherency of the carbides is provided by the direc- 
tion of the change in carbide lattice parameter it increases 
(towards that calculated for incoherent equilibrium) as the 
carbides become larger. 

Coherency Loss 
Because of the magnitude of the transformation 

strains, it is expected that the carbides lose their coherency at 
some point within the lOOOhr time frame investigated. From 
FIM observations. Liddk et al. [21 ] used an apparent change 
in the carbides' morphology (aspect ratio) to signify a loss of 
coherency. In the present work, no such abrupt change in 
particle morphology was observed, nor was any carbide 
internal faulting. Tne carbides generally had a wide range of 
aspect ratios in any particular heat treatment, and there was a 
general upward trend as tempering times increased- Because 
of the large ranges of ß, and the specimen site examined, 

any discontinuities in ß in figure XI do not appear to be sig- 
nificant 

Besides the footprint morphology, another phe- 
nomenon that Davenport observed that was not seen in the 
investigated steels was the presence of fringe contrast width- 

wise in the carbides. He interpreted these fringes as antico- 
herency (or misfit) dislocations, however, image simulation 
is really needed to make this determination. These fnnges 
occurred in carbides larger than about 0.1 urn long. 

If we say that the final carbide lattice parameters cor- 
respond to the incoherent state, then we can say thai the car- 
bides lose coherency at lOOhr. However, there is a variety 
of evidence that points to 8hr as the point at which carbides 
undergo some degree of coherency loss. Because dS/dV is a 
capillarity variable, any discontinuities in carbide data plotted 
as a function of this variable should indicate an abrupt 
change in the interfacial energy. The only phenomenon that 
can cause this abrupt change is a coherency loss. These dis- 
continuities occur at about 8hr tempering time. Consistent 
with this observation is the "no solution" for Case 3 in table 
XVI. Recall that Case 3 was for 8hr tempering, and that 
there was no solution because the self energy was greater 
than the available chemical driving force. An incoherent 
precipitate will have negligible self energy. Additionally, 
there is a significant reproducible drop in the microhardness 
at 8hr. Coherent carbides may be stronger obstacles to the 
movement of dislocations than carbides that have experi- 
enced some degree of coherency loss, all other things 
remaining the same. 

SUMMARY 

M2C carbide precipitation and associated secondary 
hardening behavior were investigated in a martensitic Co-Ni 
steel, AF1410. Results of transmission electron microscopy 
(from both thin foils and extraction replicas) and X-ray 
diffraction were combined with results of collaboraove 
SANS and APFTM studies to define phase fractions, com- 
positions, and lattice parameters throughout precipitation, 
including estimation of carbide initial critical nucleus proper- 
ties by extrapolating to zero volume fraction. Phase com- 
positions were used to compute precipitation chemical driv- 
ing forces employing the Thermo-Calc thermochemical 
software and database. Combining new experimental data 
and available literature data, the composition dependence of 
the M2C lattice parameters was modelled to predict the com- 
position-dependent transformation eigenstrains for coherent 
precipitation; this was input into collaborative numerical cal- 
culations of both the coherent carbide elastic self energy and 
the dislocation interaction energy during heterogeneous pre 
cipitation. 

The observed overall precipitation behavior is consis- 
tent with theoretically-predicted behavioral very high super- 
saturations where nucleation and coarsening compete such 
that the average particle size remains close to the critical size 
as supersaturation drops. All the steels studied in this paper 
were in the regime of high supersaturation as defined by 
Langer and Schwanz. This is consistent with the observed 
nearly-linear log d vs. log t curve for AF1410. However, 
instead of tw, the carbides exhibited a |W sue functionality. 
consistent with heterogeneous precipitation on dislocations. 
MjC alloy carbides precipitating from an iron-base matnx 
tend to have all positive transformation strains. Initial pre- 
cipitation appears to be coherent the carbides tending toward 
a rod shape with major axis oriented along the minimum 
principal strain direction. This morphology evidently is 
adopted to reduce the carbides' elastic energy. At initial 
nucleation, particles are Ft-rich and C-deficient diminishing 
the transformation eigenstrains to a near-invariant-line strain 
condition. Nucleation of M2C in AF1410 is heterogeneous, 
along dislocation lines. This heterogeneous nucleation 

reduces the barrier height 5W*. and the incubation time. 
Acceleration of M2C precipitation precludes the existence of 
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a "footprint" morphology on prior ccmcntite positions. 

Interpreting the average panicle size as near critical 
size throughout precipitation, the observed relation between 
carbide volume fraction and the shape-dependent capillarity 
parameter 5S/3V implies a coherency loss transition in 
AF1410 corresponding to a critical panicle length of 164A 
and diameter of SOA (reached at 8hr tempering at 510°C). 
This conclusion is supported by observations on lattice 
parameter shifts, insufficient chemical driving force available 
to overcome a coherent carbide's self energy, and disconti- 
nuities in the microhardness curves. Linear elastic calcula- 
tions of the coherent carbide elastic self energy are inter- 
preted as an upper bound, the thermodynamics of this sys- 
tem indicating that the energy should be reduced by at least a 
factor of 1/2. Any refinement of these linear elastic calcula- 
tions will lower the self energy. Employing such a self 
energy correction factor, the computed dislocation interaction 
energy for coherent nucleation on a screw dislocation gives 
excellent agreement with the observed initial nucleation rate 
and critical nucleus size for a carbide coherent interfacial 
energy of 99mJ/m2. 

The precipitation in AF1410 at 510°C shows a 
"renucleation" phenomenon in which a second stage of 
nucleation occurs beyond the precipitation half-completion 
time (1 -2hrs). The particles at this point exhibit a composi- 
tion favoring a higher precipitation driving force despite the 
reduced supersaturation. but the observed critical size indi- 
cates a higher interfacial energy of 190mJ/m2. Thus the sur- 
face energy of the carbides increases with tempering time, 
cons tent with it being a function of (AX*)2, (AYi)2. It 
appears that the carbide composition during precipitation 
follows a trajectory of increasing interfacial energy and 
nearly constant volume driving force. This may contribute 
to the renucleation phenomenon, but the computed barrier 
for heterogeneous nucleation on the dislocations is at this 
point an order of magnitude too high. An alternative possi- 
bility is that renucleation may represent autocatalytic hetero- 
geneous nucleation in the stress field of coherent carbides, 
once they have grown to sufficient size to act as potent 
nucleation sites. Autocatalysis will further reduce the 
nucleation barrier height. The renucleation phenomenon 
appears to be very important to the maintenance of a fine 
panicle size at longer tempering times in order to achieve 
high fracture toughness at high strength. 

A predictive model of M?C carbide precipitation in 
this steel will require an accurate determination of the amount 
of carbon in solution in the matrix, as well as the der- ience 
of the surface energy on compositional difference veen 
the matrix and carbide. Control of observed co? pre- 
cipitation and renucleation phenomena offers the p .: ai for 
design of alloy compositions capable of more en intently 
achieving higher strength levels at a given alloy carbon con- 
tent 
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The widespread use of second-phase dispersions in materials has stimulated the intensive study of the diffusion 
processes occurring in them at the last stage of a first-order phase transformation, termed Ostwald ripening or 
coarsening. As a result of the large surface area, the mixture is not in thermodynamic equilibrium. Relaxation of such 
a system is characterized by an increase in the scale size of the second phase and a decrease in the total energy. 
Significant progress in the theory of coarsening in a dilute binary mixture was made by Lifshitz and Slyozov (LS) [ 1 ] 
and Wagner [2], who developed a method of treating an ensemble of particles and made quantitative predictions of the 
long time behavior of the average particle size, particle number density, and supersaturation of a coarsening system. 
An interesting variant of this approach has recently been made by Marqusee and Ross (MR) [3], which employs the 
scaling concept for the asymptotic lime dependence of the average particle size and size distribution function. 
RecentJy Calderon eta). [4] relaxed the restriction of the dilute solution and derived the rate constant of the coarsening 
process in an arbitrary binary alloy. 

The first attempt to treat a ternary alloy was made by Bhattacharyya and Russell [5] who approximated the 
coarsening rate in terms of the smallest product of the diffusivity and concentration amidst all the species involved. 
Bjorklund et. al. [6] took a more rigorous approach which, however, was based on an incorrect assumption of equal 
activities for each component in both phases. Chaix and Allibert [7] considered a mode! for Ostwald npcnmg of a two 
phase ternary system in the case of negligible solubility of one of the components in the precipitating phase. Based on 
the first-order e> on of the cb tical potentials this model predicts serious deviations from LS theory when 
applying to nonit rnary system.*   More recently Kuehmann and Voorhees [8] analyzed the behavior of a ternary 
alloy without any dictions on solution thermodynamics. They showed that the presence of the third component 
alters composition trajectories of species in the particle and matrix, because locaJ equilibrium now provides insufficient 
constraints for them to be determined. Slyozov and Sagalovich [9*11] considered precipitation of stoichiometn- 
compounds with different stoichiometric ratios from a dilute multicomponent solution, and showed that in the first- 
order approximation, the different phases are independent and can be described by decoupled systems of equations 
analogous to the two-phase case. Lee et.ai [12]. studying precipitation hardening in steels, considered coarsening of 
M2C carbides of nonstoichiometric composition in a dilute iron-based alloy, utilizing the approach of (6). 

In what follows, we analyze the coarsening process of an ensemble of particles, precipitating from a 
multicomponent alloy of arbitrary composition. We utilize the method of expansion of chemical potentials, which 
enables us to describe the coarsening rate through partial derivatives of the chemical potential, with respect to the mole 
fractions of different components. The latter can be easily calculated numerically, with the help of modern computer 
database programs such as ThermoCaJc [13]. In the present study the multicomponent interactions for diffusion are not 
considered, which implies rather special properties of the matrix of mobility coefficients. The full problem which 
takes into account off-diagonal diffusion coefficients is under study and will be described elsewhere. 

Coarsening Raig 

Consider the precipitate phase ß as an ensemble of spherical particles of composition (XP(R). j =1 n) and 
radius R, characterized by the particle radius distribution function/(R.t). These panicles are surrounded by the matn* 
phase a of composition (Xj\ j = 1 n}, where n is an arbitrary number of components of an alloy. Coarsening can be 
described as the process of growth or dissolution of particles by incorporation of mass into them and causes an 
associated decrease in the matrix composition field. Redistribution of species in the latter satisfies the Fickian law: 

dXa 

-gJ- = -VJ°   Jf-DjJXf (1) 

where composition [X°)is given in mole fractions; the flux Jj1 has the meaning of a partial volume of the component j. 
transported across unit area in unit lime and has the units of length per time; Dj is the intrinsic diffusivity. The 
requirement of flux conservation on the interface of a particle of radius R yields the first boundary condition: 
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[Xf(R) - Xf(R)]^ = - J^R) (2) 

where the flux into the phase ß is ignored. Since coarsening predominantly occurs after a nearly equilibrium state has 
formed, the concentration gradients, which are responsible for the diffusive growth of particles, are small. Therefore, 
the composition field in the matrix can be approximated by the solution of the quasisteady diffusion equation, i.e. 
Eq.(l) with 9XjV3t = 0. Thus the flux of the component j on the spherical surface of radius R is expressed as: 

Jf(R) = -^[X?(R)-XJV)] (3) 

where Xj*(o°) is the mole fraction of the species j in the matrix far from the particle (mean field composition). 
Combining Eqs. (2) and (3) one can derive that growth or dissolution of a particle in a multicomponent alloy is 
described by a set of rate equations: 

[Xf(R) - XfiR)}^ = -^ [Xja(oo) - x?(R)l (4) 
In the case of coarsening when the diffusion rates are very small, there is enough time for the conditions of 

local equilibrium to establish at the interface. They can be obtained by equating the chemical potentials of each 
component in both phases. To simplify the mathematical treatment, we introduce a composition "vector" space X^Xj, 
j=l,...,n) of the dimension n and define a "vector" of the chemical potentials ^ = 1^, j=l n} in this space. Then the 
conditions of local equilibrium take the form: 

^[Xß(R)] = jia(Xa(R)] (5) 
Here \ia is a vector of chemical potentials of the bulk matrix phase and ji| of the precipitate particle of the radius R 
which, due to the Gibos-Thompson effect, relates to the chemical potential of the bulk precipitate phase as [14]: 

MElXß(R)] = nP[XP(R)] + ^VP (6) 

where V^ = {vf ,i=l n)    is the "vector" of partial molar volumes vf of the species in the precipitate phase. 

The condition of global (complete) equilibrium, which implies a flat interface between the a-phase (matrix) and 
ß-phase (precipitate), is expressed as follows: 

\iHx*) = \la<Xa) (7) 
In the composition space {X}, this condition determines hypersurfaces of equilibrium, the composition tie lines and the 

equilibrium partition coefficients of components: k, =* xf/xj1. In a multicomponent alloy, the equilibrium mole 

fractions x""^ are no longer given functions of temperature and pressure only as it is for a binary solution. Instead. 
they are also functions of the overall composition of the system X°. 

As the composition change due to the Gibbs-Thompson effect is small, we assume that everywhere in the 
matrix |X5*- j?J*|« 1. This enables us to expand the chemical potentials of components in the matrix phase in a 

Taylor series about the equilibrium reference state Xa and restrict the series to the first order terms: 

MfHXa) = WXa) + t2 H|J (X" - X°) (8) 

where Ma = (^ft) = (3^,a(Xa)/dXJ)xk 
is a nonsymmetric matrix of interaction coefficients whose (ij)ih element 

characterizes the influence of a component j on the chemical potential of a component i (see Appendix). 

Coarsening is a late stage of structural evolution when the precipitate phase is close to its equilibrium 
constitution. Therefore, we shall assume that the composition of all precipitate particles is homogeneous and at 
equilibrium: 

Xß = Xß (9) 
Taking into account Eqs. (5-9) and matrix multiplication rules, the conditions of local equilibrium become: 

Ma(Xa(R)-Xa) = ^VP (10) 
The next element of the coarsening theory is mass conservation. Assuming that there are no external sources of 

components, the mass conservation constraint can be written as: 
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X° = (1 - <p) X"M ♦ q>Xf(R). <p(i) = (4x/3 v*J)J* R»/ (Ki) dR (11) 

where <p is the volume fraction and vj^x^r is the molar volume of the precipitate phase (• designates the dot 
product of vectors). If nucleation has ceased, and if fluctuations in the system are negligible, then the equation of 
motion for/ is: 

&*&/$>=° <»> 
Solution of the system of equations (4),(1I),(12) for each species leads to an apparent component dependent rate of 
particle growth, which is not correct. Interactions between species, introduced into this model through the 
multicomponent Gibbs fre. energy, eliminate this ambiguity and the system of equations (4).(11),(12) can be 
transvected into a component independent form. 

To implement this, we subtract X" from both sides of Eq.(l 1) and multiply both sides of Eq.(4) by xf\i<*/D; 

andEq(H)by XjVfJ. Then, summing over i and) and applying Eqs.(8-12) yields the generalized rate equation: 

[<X> - A(R)]^ = £[A(t) - ^ffi] (13) 

and mass conservation constraint: 
A0 = (l-<p)A(t) + q>r (14) 

The cumulative supersaturation of an alloy is a scalar 

A(l) = txf{Mf1iXa(o.)]-M|,tXa]}=Xß-malX0(«))-^Xa]} (15) 

which contains contributions from each species, weighted with respect to the particle composition and represents a 
thermodynamic driving force for precipitation.  For a particle to grow, the supersaturation should be positive and a 

particle radius should be larger than the critical radius Rc « 2oVn*/A(t). It is interesting to note that the critical 
particle is not only in local but in global, though unstable, equilibrium with a matrix which is basically the reason for 
coarsening. However, for the coarsening to proceed, the matrix may not necessarily be supersaturated with respect to 
all of the components, which yields the chemical potential increase of some components during the transformation. 

In the limit of a small transformation fraction <p the overall composition vector X°is in a small vicinity of the 

vector of equilibrium solubilities of the matrix X°, see Bq.(l 1). Thus the scalar 

AQ = |j xf[\if(X°) - M?(Xa)] = Xß- [M°(X0) - M°<Xa)] (16) 

represents the initial cumulative supersaturation of the matrix prior to precipitation transformation. 

The time-independent scalar quadratic form 

r = |;2 |j5cfM«(xf-X^= i2  f^(Xf-X^G!^<Xf-X"> = (X'-Xa)Gj(Xp-Xft) (17) 

characterizes binary and iemaryf 1-i-j) interactions in the sysiem at equilibrium. Eq.(A8) was applied to the equilibrium 

solubilities of the matrix X°and precipitate XP phases and GfsfGj*,,) ■ 02Gft(XaVdXidX is the symmetric 

matrix of the second order partial derivatives of the molar Gibbs free energy of the a-phase (see Appendix). 

Eventually after a long-term coarsening regime the majority phase will find itself in a composition state X° which is 
necessarally outside of the spinodal region if the latter exists. This ensures the stability of this state which 
mathematically can be expressed as positive definiteness of the matrix Gj114). Thus the quadratic form T is always 

positive or null regardless of the vector (X -X°). This enables us to see. Eq.(14). that as the cumulative 
supersaturation of an alloy decreases with time the volume fraction of the minority phase tends to its limiting value 

The scalar parameter $, defined as follows, 

•-£ £xfgj<xf-xf>-£ £<xr-x^«f-xp «I» 
characterizes the coarsening resistance of a material and depends upon diffusion mobilities and thermodynamic 
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ir     ictions between species. It can either be dominated by the slowest diffusing component if its diffusivity is much 
leiw than that of the remaining ones, or if all species have diffusivities near a weighted average D. then <t> - I7D The 

term A(R) = %  % xfjigfX^R) - XjtyDj «2aV£/öR   originates from the difference in composition at the flat 

and curved interfaces of the matrix and vanishes asymptotically for large particles. 

The problem of coarsening of a multicomponent alloy is described by Eqs.( 12-14), which are of the same type 
as that for the binary case and, hence, can be analyzed by the asymptotic method either of LS [ 1] or MR [3] for the case 
of a small volume fraction of the precipitate phase, viz Ao«r. For the average panicle size R(t), supersaturation A(u. 
and the number of precipitate particles N(t), this yields: 

R3(t) = (2/3)2Kt + 0(l),    K=2avP/0 (19) 

(201 A(t) =(3ovP)2/3 o"3 r1/3+ ocr2*) 

N(t) = OyWAnoK-1* Od^"3) 
(15) takes the form: 

Ab(t) = X?{nffXa(~)J - HflXa]) + XJ(H«X°(-)] - ^Xa]) 

N(t) = (3^<R/4Ra)r,+ Öd"*'3) 
For a binary alloy, expression (15) takes the form: 

CD 

jHj<-)=H,<Re) 

ft<W,<->0 X"    Xa(oo) 

The above Figure represents the molar free-energy curves of the bulk matrix a. precipitate ß phases and thai of the 
precipitate particle of the critical radius Re as functions of composition of a binary alloy X.  The common ungern 
construction between bulk phases (a-ß line) and matrix/critical particle (ct-Rc line) reflects global equilibria existing 
in the system and helps to elucidate the thermodynamics of coarsening. Representative points of the main* anj 
particles move in the directions designated by arrows in the Figure, the chemical potenüal of the solute atoms divuni 
from precipitate particles decreases, but the chemical potential of the solvent increases, leading to an overall devrcuc 
of supersaturation Ab(t). Note that the variation of composition in the particle is much smaller than in the matrix   For 

the coarsening resistance, Eq.(18) yields G^Gj^xJ- XJ)2/Dand one can recover from Eq. (19) the expression for 
the rate constant, which coincides with that of [4], obtained without the assumption of Eq.(9). This occurs because the 
deviation of the particle composition from the equilibrium one. due to the Gibbs-Thompson effect, is of the order of 

1/R. It constitutes a small correction to the difference of equilibrium solubilities {J^-X") in the left-hand side of 
Eq. (4). Together with A(R), Eq.(13), this correction vanishes asymptotically, but may affect initial stages of 
coarsening when the average particle size is small, significantly retarding the rate of transformation.  En the case of 



Vol.   29,   No.   8 OSTWALD RIPENING 1139 

ternary alloys, Eqs. (18) and (19) yield a rate constant identical to that of [8]. 

Now we shall analyze the influence of the solution thermodynamics on the coarsening rate of an alloy.  By 
virtue of linear dependence of the coarsening resistance on the Gibbs free energy function for any real solution, 
Eq.(18). one can write the latter as a superposition of contributions C> ■ d>>d + <J>E, which result from the entropy of 

mixing «D** and interactions between species in the solution <J>E.   Using Eq.(A.7) and the expression for the molar 

Gibbs free energy of an ideal solution Gjj] = £ X$I* + RgT Jj XjlnX; where \i{* is the chemical potential of a pure 

component and Rg is the gas constant [14], the partial derivatives of the free energy can be written as follows: 

^r=J? + r   WJ>I (22) 
For the coarsening resistance, this yields the expression: 

Oid = RgT|:2-^(ki-l)(ki-ki) (23) 

The same expression can be derived in the dilute solution limit: <J>dl = <2>id, because MdJ = nj4 = RgT(8,j - S^VX,. In 
this case the rate constant K, Eq.(19), is identical to that obtained by Lee el al. [12] with the help of an inappropriate 
assumption of equal activities in both phases at equilibrium. This coincidence is a result of the relative unimportance 
of the thermodynamics of the precipitate phase for the process of coarsening. For a binary alloy to recover the LS 
result from Eq.(23). one also has to make an assumption of a rather special phase diagram with negligible solubility of 

the solvent in the precipitating phase x\"\. For a regular substitution^ multicomponent solution of the matrix phase 

Gm = (Z/2)X  X 0 _ Sy) (DyXjXj, where Z is the coordination number, C0y- = Uy - A(u„ + Ujj), and ujj is the bonding 

energy between species I and j [14]. Then, from Eqs.(18) and (A.7) for the excess quantity of the coarsening 
resistance for a multicomponent regular solution, we deduce 

^^Z^^f-xr)^^-^),        ßij-^j-COü-Cöu^Uij-Uji-Ujj + u,, (24) 

Adding Eqs.(23) and (24) one can obtain the expression for the coarsening resistance of a binary regular solution. 

<J»b,r = (RfT-Z6>12xfX?)X2 0c2-n(k2-k,)/D (25) 

The explicit effect of CÖ12 interactions appearing in Eq.(25) is dominated by an opposite sign effect on the solubility 

X" In the case of pure solute precipitation out of a binary regular solution, X^"^ the coarsening resistance can be 

expressed as: 4>b'« O^exptZo^O-X^/RJ]. 

To estimate the coarsening rate of a real multicomponent alloy, one can find the matrix Ma or Gf which may 
be obtained using modern computer databases. The analytical form of Eq.(18) also offers qualitative insights into 
possible solute interaction mechanisms of coarsening resistance. For instance, in the case of a fast diffusing interstitial 
solute which does not contribute significantly to 4> of Eq.(18) through its diagonal terms (nj), a significant 

contribution to coarsening can arise from its cross terms (u. J) with a slower diffusing solute. An example may be the 
interaction of C and other alloying elements in the coarsening of carbides in steels. 
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Appendix 
Interaction coefficients. 

In this section the properties of the matrix of interaction coefficients (ui j) will be described in application to a 
multicomponent system. The Gibbs - Duhem equation of a multicomponent system takes the form: 

£ XidHjsO (A.1) 
i= 1 

where, according to the definition, mole fractions Xj obey the constraint: 
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XXj=l (A.2) 

Expanding chemical potentials about the equilibrium composition, Eq.(8), and taking into account Eq.(A.2) the Gibbs - 
Duhem equation becomes: 

where AXj, j=2,...ji are arbitrary perturbations of mole fractions of the species. This identity is possible only if all the 

coefficients in front of perturbations AXj vanish. Hence, for all species j: 

.1 Xj^jsO (A3) 
As it is well known 

,.{ 
3G„ (A.4) 

where Gm is the molar Gibbs free energy of the system. It is advantageous to introduce a matrix xy as 

ax        f°   j=1 

where 6^ is Kronecker's symbol (&ij=0 for i*j and 8ij=l for i=j). Then from Eqs.(A.4,5) we obtain the expression for 
the matrix of interaction coefficients: 

{0.    j=l 

-k£2*kGm,kj.    MJ>1 (A.6) 

Mij + Groii,        i>l,j>l 

where the matrix of partial derivatives of the free energy is determined as follows: 

°«<M axjx?» i>land>1 <A-7> 
Consider two points of a composition space: X and Y, which belong either to the same phase field of an 

equilibrium phase diagram or different ones. Applying Eqs. (A.3,6,7), one can derive the relation: 

£ YftflQ = .^ (Yj - XjHigCX) * .t (Yj - XiXSa.gCX) (A.8) 

which is a direct consequence of the Gibbs-Duhem equation. This relation is used in Eqs.(17) and (18) to convert from 
a nonsymmetric matrix of interaction coefficients (Hy) to a symmetric matrix (Gm,ij). 
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