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objects. We have developed a set of computational tools that permits these mo-
tion constraints to be displayed and directly manipulated by a designer in order
to achieve desired functional properties. During this manipulation process, all mo-
tion constraint modifications are mapped back continuously into shape modifications
to ensure the consistency between the constraints and shape. The representations
and tools developed in the research have been applied to the visualization, analysis,
and design of a set of orienting, fixturing and assembly devices for the automated
assembly of planar parts.
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straints they impose on the motions of other objects. Clam shafts. gears, fixtures.
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Introduction

Chapter 1

This report presents a set of representations. methodologies and tools for the pur-
pose of visualizing. analvzing and designing functional shapes in terms of constraints
on motion. The core of the rescarch is an interactive computational environment
that provides an explicit visual representation of motion constraints produced by
shape interactions. and a series of tools that allow for the manipulation of mction

constraints and their underlving shapes for the purpose of design.
1.1 Form and Function

What function does shape serve? More specifically, how do we deline object shapes
that arc considered 1o be useful or functional? We can classifv the function that
shapes perform based on a number of possible eriteria. a few of which might inelude
the following:

e Contacting shapes include surfaces brought into contact to constrain the
relative motions of objects. Nutomotive cam shafts. worm gears. vises. robot
erippers. wrenches and bolt heads are all examples of objects whose shapes were
carcfully designed to constrain motion. Many common evervday objects such
as tables. door handles. telephone handsets: car steering wheels and coffee cups
also derive their funetion in some way or another by constraining the motions
ol other objects with which they come into contact.

e Structural shapes include ohjects that connect points in space. or bridee
the space between contacting shape surfaces. Coupler links. connecting vods,
I-heams. table legs and eveglass frames are all examples of objects that serve to
support contacting shape surfaces and whose shapes are designed to maximize
soie propetties. such as strength and stiffnesse while mintmizing others. such

as weleht and cost,

e Enclosing shapes describe ohjects that span regions of space in order to cover
or enclose that region. Roofs. walls. antomobile windshields and {ront hoods
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Figure L.1: Slotted and phillips head screws and screwdrivers.

arc a few examples of shapes that are designed to separate regions of space.

e Aesthetic shapes including such things as sculptures and car bodies that are
designed primarily to satisfv given aesthetic criteria.

We note that various features or aspects of a single object may span some or all of the
above categories. This is not surprising since objects are often designed to perform a
number of functions simultaneously. In this report we will primarily concern ourselves
with the class of contacting shapes that are designed to constrain motion.

A Familiar Example

Figure 1.1 shows two common fastener - driver shape pairs: a slotted screw
and screwdriver. and a phillips head serew and serewdriver. Clearly. the shapes of
the driver and serew hicad are important in both cases to the function of coupling
with. and applving forces and torques to. the serews for their insertion or removal,
Figure 1.2 shows the same two fasteners and drivers. but with the pairings hetween
fasteners and drivers reversed.  Our intuition and experience tells us that in this
situation the once-functional screwdriver shapes are no longer useful for inserting or
removing the serews, Why?

A Less Familiar Example

Fignre 1.3 shows three vibratory part feeder geometries used to orient small parts.
As the parts move through a feeder and imteract with its features under vibratory
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Figure 1.2: Slotted and phillips head serews paired with phillips and slotted serew-

drivers.

motion. parts in all hut one desired ortentation fall out of the feeder to the side. while
those partsin the desived orientation are allowed to pass through to be picked up by a
robot.! The interesting thing to note about the three feeders in Figure 1.3 is that the
gcometrically similar tracks in (a) and (b) are functionally quite different. whereas
the dissimilar tracks in (a) and () are functionally equivalent. Specitically. the
feeder track shown in (a) outputs the el-shaped part shown in onlv one orientation.
whereas all other orientations of the part will be knocked off the track and fall hack
into the bowl. The track shown in (b). however. although only <lightlv different from
track (a) will output parts in two possible orientations and is therefore unaceeptable
for automated assembly, Finallv, the feeder track shown i Figure 1.3 (¢) will only
output parts in the same orientation as track (a). and henee is functionally equivalent
to (a).

In the first two example feeders (a) and (b). one pairing of geometries performs
a useful funetion, while another pairing of apparently similar geometries fails to
perform the same intended function. Similarly, in the second and third two example
feeders (b) and (¢). quite dissimilar geometries perform the same function. Why?

More speaiticallv:

e \Why does one pairing of shapes exhibit the desived functional characteristies
while the other pairing does not?

o What are the important characteristies that determine the functionality of a

"The detaled characteristies of feeder construetion and operation are given m Section 3.2
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(b)
()

Figure 1.3: Three vibratory parts feeder geometries designed to orient the parts
shown. Under given vibratory motion. feeder (a) succeeds in orienting the parts.
whereas the geometrically similar feeder in (b) does not. The very dissimilar feeder
geometry in (¢). possesses the same feeding function as feeder (a).
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given set of shapes?

e low would one go about designing shapes. or modifving an existing shape. to
perform a desired function?

This report will address these and related questions.

The previous examples were chosen to highlight a number of important points
about shape and function. First. the fastener example illustrates the observation that
the functionality of object shapes is derived from shape inferactions and not from
individual shapes alone. Functional shapes hecome essentially useless when they were
used outside the context of their intended interaction with other functional shapes.
Second. the feeder example illustrates that our intuition about the function of shape
depends to a large extent on our degree of familiarity with the problem domain.
Like the fastener driver example in Figures 1.1 and 1.2, the shapes of the feeders
and the parts are clearly important to the function of orienting, the parts. However,
the precise role that the various shapes play in the stated function is less clear since
the domain is less familiar. Because our intuition about the functional role of shape
interactions is rather brittle outside of simple and familiar domains. we are less able
to make appropriate design decisions. s a result. a task such as vibratory feeder
design requires a considerable amount of trial and error. and is considered something
of a “black art™.

1.2 Shape and Motion Constraints

Let us focus our discussion of function derived from form in the previous section to
one of motion constraints devived from shape. Recall the vibratory feeders shown
in Fignre 1.3, Although suflicient for a basic understanding of feeder function. the
brief description given of how a vibratory bowl feeder works doesn’™t tell us (a) if
a particular feeder example will work. or () how to go about designing a feeder.
Clearly we need a more precise deseription of the constraints imposed by interactions
between shapes  we need a model of motion constraints.

Consider again the screw and driver examples from Figures 1.1 and 1.2, Let us
select a set of parameters that desceribe the location of the serewdriver relative to
the serew head. In the simplified case we may assume that the serew and driver
are coaxially aligned so that only the distance between them along their common
axis and the twist of the driver relative to the serew head are variable. These two
variables. labeled 7 and Q respectively, are illnstrated in Figure [ I we plot the
range of values for distance 7 and twist Q where the driver and screw head are not
overfapping. we end up with a plot as shown in the right hand of the figure where
the shaded region represents oceluded placements of the driver relative to the screw
head. Free vegions in this two-dimensional space represent allowable placements of
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Figure 1.1: N representation of motion constraints for the slotted screw and serew-

O
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driver pair.
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Figure 1.5: .\ representation of motion constraints for the slotted serew and phillips

screwdriver pair.




16 Chapter 12 Introduction

the driver relative to the serew.  The boundary separating the free and ocelnded
regions represents placements of the driver that are in contact with the screw,

We notice a noteh in the occluded region of Figure 1.5 corresponding to place-
ments where the blade of the driver is in the screw head’s slot. If we consider the
function of the screwdriver to be one of trausmitting torque to the screw head. then
we can represent this function in terms of the motion constraints between the driver
and screw head as captured by the contact boundaries in Figure 1.1, Specifically. if
we consider the driver to be represented as the location of a ~elected point on the
driver in the two-dimensional (Z.€Q) motion constraint diagram of Figure 1.1, then
the only wav to twist the serew head is to "push™ against one of the two vertical sides
of the noteli in the Q direction. Pushing in the =€ direction corresponds to applying
a clockwise torque to the serew. and pushing in the +Q direction is equivalent to a
counter-clockwise torgue applied to the serew.”

The capacity of the above representation to capture the function of the serew
driver interaction is further illustrated by the motion constraint diagram for the
slotted serew phillips driver pairing shown in Figure 150 Here the characteristic
noteh. whose sides provided the constraint surfaces on which the driver conld act
on the serew. is missing. As expected. this serew driver pairing does not exhibit
the desired functionality of allowine torque to be transmitted from the driver to the

SCTewW,

In addition 1o extracting the function inherent in existing shape interactions, we
are also interested in gencrating contacting shapes with desired functional charvacter-
isties. For example.in the case of the slotted serew driver teraction of Fieure 1.1
assume that we wish to be able to drive the fastener into a workpiece: hut that
we don’t want the fastener to be removable. Figure 1.6 shows @ motion constraint
diagram with the desired properties. where the right side of the constraining noteh
has been sloped as shown so that the (Z.Q) point representing, the driver will <hde
along the constrait boundary and ont of the noteh rather than allow a torgue to
he applied to the serew.  The corresponding “one-wav™ screw head <shape shown
might be generated from the new motion constraints by, for example, sweeping the
serewdriver blade along, the boundary of the motion diagram. This proposed shape
svthesis process is complicated by the fact that inverting shapes is not unique. For
example. rather than using the motion constraints in Figure 1.6 to produce a one-
wav screw. we conld jnst have casily ended up with a one-way serewdriver, as shown

i Fienre 1.7,

“Weare treating the relationship hetween forees and torques somewhat superticially at ths level
Section 201 will address these issues i more detat
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.

Figure L6 The “one way screw”™ . one possible instantiation of a modified set of
motion constraints.,
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Figure 1.7: The “one way screwdriver™. another possible instantiation of a modified
set of motion constraints.
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1.2.1 Key Issues

The hypothesis underlving the previous examples is that motion constraints can
serve as a useful domain in which to represent. reason about. and desien functional

interactions hetween object shapes. This hypothesis encompasses 1wo kev issues:

Representation How may function for different example domains he efficiently
captured i terms of motion constraints?

Synthesis  How can the motion constraint representations he transformed into
specifications of funetional object shapes?

With the issue of representation we are concerned with the level of complexity
in the construction of motion constraints as well as the accessibility of the repre-
sentations to both humans and automated algorithms. With respect to svnthesis.
we are concerned essentially with the inverse of the process of generating motion
constraints. Given two object shapes we may generate a precise deseription of their
interaction in terms of motion constraints. but the inverse problem of generating
shape is more problematic. First. we must have a precise a priord deseription of the
motion constraints that we wish to impose. whereas often in design we may have only
a partial or imprecise specification of the class of motions that we destre. Second. the
process of inverting motion constraints is not uniquely defined mathematicallv. For
the one wav serew driver examples in Figures 1.6 and 1.7, we essentially assumed
that the desired motion constraint boundaries were known preciselv and that either
the serewdriver or serew head shapes were fixed. The resulting serew head or screw-
driver contours were generated by sweeping the fixed shape along the preseribed
constraints. We note that. although apparently successful in both of these examples.
such a gencration strategy is not in general gnaranteed to produce the desived results
{(see Section L ).

1.2.2 Motivation

Shape interactions provide an important functional component of a number of svs-
tems. Numerous mechanical components. including simple mechanical pairs such as
gears and cams. derive their function from shape interactions, Fasteners and drivers
like those discussed carlier. as well as connectors for structural. clectrical. pnenmatic,
and fhaid applications are also dependent on shape interactions for function. In man-
ufacturing, <shape interactions have been identified as among the most important
factors in mechanical assembly [16. S0]. and are crucial in designing parts orienting
svstems that are typically among the most expensive components of many assembly
svstems [\]

Another reason for choosing motion constraints as a representation is the lack of
suitable alternatives. A< we illustrated in the carlier examples. function is derived
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explicitly from the shape interactions that constrain motion. Most existing design
tools. such as Computer Nided Design (CCAD) systems. focus on modeling the geome-
try of individual components in isolation. Individual shapes are considered explicitly.
hut any potential shape interactions are. for the most part. implicitin the geometrical
representation. Consideration of shape interactions in such systems. if present at all.
is usually limited 1o checking for interference between parts undergoing prescribed
motions. typically along or around fixed axes. Interference checking. however. does
not capture the potential functionality of object shapes for constraining motion. For
some specialized applications. attempts have heen made to divide idividual object
shapes into equivalence classes. s we saw in the part feeder examples of Figure 1.3,
however. similarity in shape does not necessarily correspond to similarity in function.

Shape design based on motion constraints is presently practiced for a limited set
of well defined fixed-axis mechanisims such as cams and gears. In cam design. for
example. the desired motion of a fixed shape cam follower is plotted as a function of
cam rotation. The motion of the follower relative to the cam plate is then used to
generate a tool path for cutting the corresponding cam shape. Similarly. gear profiles
are often generated divectly by hobbing or rolling processes where a fixed entter shape
is used to generate the complementary gear shape. Both of these processes are similar
in concept to the one-way fastener synthesis example in Figure 1.6, However. few
design tools ntilizing motion constraints exist {or other classes of shape interactions.,
and none are presentiy able to deal with non-fixed-axis devices. An extensive amonnt
ol work has been done in the area of analvzing the motions of mechanisms construeted
from lower order kinematic pairs (i.e. revolute and prismatic joints), Techniques to
specify the parameters for such mechanisims. such as link lengths for mechanisms
ol known topology. have also been developed and incorporated into compnter aided
design tools. However. these techniques are not suitable for more general kinematic
interactions that cannot be characterized only in terms of interconnected links and
joints.

1.2.3 Goals and Applications

The main goal of this rescarch is 1o develop a representation and desien language
hased on motion constraints that will allow us to reason about and ereate Tunetional

shape interactions. More specificallv, we wish to:

1. Develop a precise and accessible representation for modeling and reasoning
] | L

about functional shape in terms ol motion constraints,

[

I)(‘\'(‘IU|) the tools and methodology l'(‘qllil‘(‘tl to ||li|lli|)ll|alv the motion con
straint representations consistently in order to achieve desired functional be-
havior from shape interactions,
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Figure 1.N: Four application domains.

These two sub-goals address directly the key issues of funetional representation and
svuthesis identified carlier,

In addition 10 the above goals. we would like to he able 1o address some of the
In particular. we would like 1o be able to represent and desien more eeneral shape

interactions (e, other than pre-defined linkages and pins. revolute and prismatic

joints. and fixed-axis mechanisms). We also would like 1o apply the representations

and tools across a range of specific application domains in order to determine to whiat
extent snch representations are able 1o generalize Tanetional charvacteristies hevond
individual examples. Ideally these representations will enable us to identify or create
linetional shapes that otherwise micht not have heen generated.

We will jndee the motion constraint representations and svnthesis tools by the
degree to which they enable us 1o perform analysis and desien within a set of well
defined example domains. To do this, we will specitically consider Tour application
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domains: compliant assembly. vibratory bowl feeders. assembly fixtures. and the
APOS vibratory feeding svstem. Simpliticd examples of these four domains are
shown in Figure 1N, The representations and tools developed in this report will he
used to analvze and reason abont the functional characteristies of examples {from
cacli of the application domains. and to perform desien in the first two. We will
discnss these examples in greater detail in Chapter 3.

1.3 Background and Related Work

This rescarch draws upon work e a mumber of different tields. Ymong the fields we

consider 1o be most closely related are:

o Gicometrical modeling and kinematies,

Robot motion plannine.

Qualitative reasoning,

e Desien methodoloay and computer aided engineerine.

Stmulation and visnalization of |)]|)'\i(';|l Processes,

Kinematics and Mechanisms

In his seminal work on Kinematies published in INT60 Renleanx 66 mtroduced
model for mechamsms consisting of chains of Kinematic paivs. which formed the lowea
level of funcrional decomposition. He divided Kinematic pairs into two classess lower
pairs and Tieher pairs. Lower pairs consist of object< i contact alone a surface, and
are comprised ol six hasic tvpes: revolute. prismatic. helical. ovlindrical, spherieal
and planar joints. Higher pairs involve object<in contact alone a line or point. such as
meshineg ecars. and are infinite i mmber. Renleaux noted that all mechanisms can
b (|1‘l'i\‘1'(| from combinations of both lower and |1iu|1t'l’ Kinematice |mi|'~. Alt ||u||g|| the
timher of hasic mechanisims that may be compaosed are 1oo numerons to mention.
handbooks and cataloes contaminge ~some of the more commonly used and mteresting
mechanisims have been compiled. One example i< an enevelopedia of mechianismes,
toecther with textual deseriptions of their function, compiled by Artabolevaky 2
A faree body of knowledee exists for analyvzine the motions ol mechanisms con-
structed from the <ix lower order Kinematic pairs isee NeCarthy D610 N subser o
the Tineher Kinematic paressineludine many fiixed axis mechanisms snch as ecar trains
or cams & followers, have heen (‘llln"\‘/m' oxtensively and spee tal Purpose \\llllu‘\i\

technigues developed (see Paul 162 and Shieley 1697 for examplesi. Naore recently,
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compnutationallv hased analvsis technignes combined with svnthesis tools to anto-
matically select parameters for mechanisms of fixed topologv. such as link leneths.
have been developed by a number of rescarchers (see Bodduluri & MeCarthy [6].
Kramer [17]. and Hoeltizel & Chieng [39]).

Shape Synthesis for Kinematic Pairs

The technigues and desien tools deseribed above are limited to the selection and
manipulation of parameters for pre-determined kinematic pair types. Joskowiez &
Addanki [13] outline an approach for modifvine and generating the shape profiles
of Kinematic pairs from specilications of desired imput-output motion relationships.
Gupta & Jakicla (38) developed a shape desien svstem that takes as input two planar
shapes. one of which s fixed. and a finctional diagram relating the relative motion
ol the two object<. A the fixed shape is swept along a preseribed motion path it
i~ nsed 1o earve” ont the other objeet’s shape. analogous to moving a hot knife

throneh “compntational butter™.

Robot Motion Planning

Work i the field of robot motion planmine has considered nimerons aspects of the
relationship between <hape and motion. Fasks snch as findine a collision free path
for a robot amone obstacles and the antomatic svnthesis of robot motions from hieh
level task specilications have heen extensively studied. and a nmumber of powerful
representations and analvsis tools have been developed.

Ancimportant problemy identitied carly on in the development of computer con-
trolled manpulators was that of plannine a collision free path of a manipulator
amone obstacles. Udupa 71 introduced o representation in which the problem of
movine i robot amone obstacles was traustformed 1o an approximately equivalent and
stiapler problem ol moving a point amone transformed obstacles. Lozano-Péves [19]
formalized this adea by constrnctine the confiquration space. whose axes are the
robot’ s deerees of freedom. in which constraints on the robot’s motion due to inter-
actions with obstacles i the robot’s environment could be represented directlyv as
constiaints on the motion of the robot. More ecnerallv. conheuration space is the pa-
tameter space representine the relative locations tincluding position and orientation)
of nieid object< Nthoueh 1t has been wsed extensivelyv i roboties and plannineg to
madel Kinematic constraints imposed on the set of legal motions of objects by ther
shapes the nnderlvine idea of nsine o parameter space analvsis has a lone history in

|)II\ \i‘ ~.
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Construction of Configuration Space

Many algorithms for constructing motion constraint representations in configuration
space have been developed for various motion planning and analvsis applications. and
the function and performance of these algorithinms depends heavily on their intended
application. The two primary applications lor configuration space in robotics are the
planning of collision free paths for manipulators and the analyvsis of the motion of obh-
jects in contact. Planning for collision avoidance tyvpicallyv involves searching among
the free regions between obstacles in configuration space (see Lozano-Pérez [19]). The
representations and algorithms constructed for this task therefore focus on charac-
terizing the free and occluded regions of configuration: space. Configuration space
representations used for the analvsis of motions of objects in contact focus less on
the distinetion between free and occluded space and more on the exact nature of
the boundaries separating the two  the constraint surfaces determined by objeet
interactions.,

Lozano-Pérez [19] developed a simple and efficient algorithm for computing the
boundary of the (. y) conliguration space obstacle formed by the interaction of two
polvegons without rotations. The algorithm is bhased on ordering the edges from the
polvgons by their orientation (measured counterclockwise). with the resulting list
of ordered edges desceribing the (possibly non-simpie) polvgon forming the obstacle
boundary. Avinaim et. al. [3] developed an exact representation of the full (. y.0)
configuration space obstacle formed by two interacting polvgons. Donald [22] de-
veloped and implemented an algorithm for planning collision free paths of three
dimensional polvhedra with six degrees of freedom. In his representation. Donald
described the five-dimensional constraint surfaces (submanifolds) in the complete
six-dimensional configuration space. Baja) & Kim [1] extended the class of mod-
cled object shapes hevond polvgons by developing algorithims to construet the (a.y)
obstacle boundary for two interacting objects represented by segments of algebraice
curves.

To improve the runtime performance of motion planning svstems. a number of
rescarchers have developed efficient algorithms 1o compute approximations for oh-
stacles in confignration space. Lengvel et al. [I8] implemented a real-time motion
planning svstem for polvgonal objects by utilizing existing computer graphies hard-
ware {depth bhuffer) to rasterize fixed-rotation shices of obstacles in configuration
space. Branicky & Newman [ developed and implemented algorithims to vapidly
compute approximate configuration space ohstacles for multi-link manipulators mov-
ing among polvhedral obstacles, Lozano-Pérez & O Donnell [52] ntilized a parallel
architecture computer to rapidly compute and scareh for paths among obstacles in
a six-dimensional configuration space generated for a six link maniputator. They
achieved good performance by utilizing inherent svimmetries in the structure of con-
fignration space obstacles for revolute joint manipulators with intersecting axes. in
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order to represent and encode the obstacles within a recnrsive data stracture that
may he quickly computed and searched by massively parallel aleorithms. A com
plete task level planning svstemy named Hande g incorporating an implementation of
the above aleorithm i addition to a number of other aleorithims addressine varions

aspects of robot motion plannine. is deseribed in Lozano Péres. et all a3

Sensorless manipulation using task mechanics

Scnsorless manipulation of objects is an important arca of motion plannine that often
relies heavily on a detatled understanding of the underlvine mechanics of o rask.
Unlike sensor based methods, such as robots coupled with vision svstems, sensorless
tasks are l)‘pi(‘il“_\' executed open l(mp, n'l_\'in«_' on the mherent task mechanies to
rednee the effects of nneertamty,

A number of rescarchers have developed models of motion constraints imposed
by the mechanies of object interactions that complement the Kinematic constraints
on motion described above in the varions obstacle representations in confienration
space. Mason [53] realized that motion constraint surfaces in conhieuration space
conld he extended to vepresent dynamic properties of manipulation. T particnlar,
Mason observed that the surfaces of the confivuration space obstacle possess many
of the same phvsical properties attributed 1o real” surfaces such as fnetion and the
ability 1o eenerate reaction forces,

Frdmann [26] developed an extension of a common ecometric representation of
Conlomb friction  the friction cone  into an equivalent confignration space rep
resentation that includes reaction torgues as well as forees. Goval 107 exanmined
the relationship between planar friction and sliding and developed the concept of
motion limit surfaces that relate foree-torque conditions to instantancous motions
for known sets of planar surface contacts. Peshkin [63] determined bounds on the
instantancons center of rotation for a planar object shidine on a surface where the
distribution of contact forces was unknown. Wane [76; extended the class of modeled

object interactions to include the mechanies of impacts amone planar polveons,

Part Orienting

The task of part orienting is primarily concerned with the problein of redicine nn
certainty and is conceptually very similar 1o the problems of both sensot hased and
sensorless manipulation. Like manipulation strategies, we may divide feeders imto

two hroad classes: sensor-hased and sensor]ess.

Sensorless Orienting

Vibratory bowl feeders are among the most common tvpe of scensorless feeder

widespread nse. The semimal work by Boothrovd et all [N presents a comprehensive
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and in depth analysis of feeding and orienting techniques in general. and in particular
bowl feeders. They conducted numerous experiments to determine the probability
distribution for the resting aspects of parts and developed technmques to compute
the throughput ethicieney of vibratory bowl feeder systems. The main result of this
work 1s a handbook of feeders indexed by a taxonomy of basic part geometries, This
handbook serves as an essential 1ool for designers and manufacturing engineers in
making an nitial selection ol feeder types and geometries appropriate for a given set
of parts.

The (APOS) (Advanced Parts Orienting Svstem) developed by Sony and de-
seribed by Shirai & Saito [70] represents a simple and efficient hardware implemen-
tation of vibratory feeding that combines reusable system hardware with integrated
palletizing aud part transport. APOS has heen successfully apphed in a wide vari-
ety of manufacturing svstems both inside and outside Sony. The primary challenge
in using the svsteniis the mitial design of pallets that capture. sort. and hold parts
for assembly henee its interest 1o us in the context of shape design from motion
constraints. Monceviez [O8] deseribes an interesting approach that secks to further
imtegrate orienting and assembly operations, It is based on a modification to the
hasic APOS svstem in which component parts are both oriented and assembled in
vibratory pallets where the pallets are themselves subassemblies. an approach they
refer to as “shake'n make™ assemible, o another tnteresting approach. Singer & Seer-
ine [T1] distinegnish and separate part orientations nsing differences in the dynamice
properties of parts by running the parts over a small fence placed across a moving

track.

Part Orienting in the Context of Planning

Natarajan [59] considered a number of general theoretical and computational aspects
of part orienting as a sensorless manipulation task. Erdmann & Mason [27] developed
and implemented an algorithim to generate sequences of sensorless trav tilting motions
desiened to place a randomly oriented part into one corner of the trav in a known
orientation. Goldbere [31] developed algorithims to generate sequences of planar
arasps using a frictionless parallel jaw gripper to orient a polveonal part of known
~hape in the plane. Nlthongh a robot was used to perform the grasping motions. no

sensimg was done.

Sensor-Based Orienting

Numerous svstems consisting of combinations of robots, cameras. lasers. photodiodes.
contact switches, actuators. ete. have heen developed and implemented. Gordon [35]
provides hotlh a good example of an integrated closed loop orienting and assembly
svsten nsing a laser, vision svstem and a robot. as well as an excellent survey of

refated sensing and orienting techniques,
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Qualitative Reasoning

Work in the field of automated qualitative reasoning has examined the relationship
between the shape of kinematic pairs and their corvesponding, function with the goal
ol extracting abstract deseriptions of function from form. Faltings [29] introduced the
place vocabulary. an abstraction for mechanism function derived from the topology
ol free regions in the configuration spaces ol the Kinematic pairs composing the
mechanism. .\ place vocabulary consists of a graph representation in which hounded
[ree regions in configuration space are represented as nodes and connections hetween
the regions as ares. The resulting graph structure embeds a compact encoding for
the topology of free regions in conliguration space that may be parsed to obtain the
Munctional attributes of the underlving mechanism,

Joskowicz [ 1] also uses houndaries and regions in the configuration space of a
mechanism to perform qualitative analysis of mechanism behavior. In addition. he
introduced a heuristic algorithm for designing the shapes of mechanism components
from descriptions ol desired hehavior represented either in terms of configuration
space maps or functional relationships between the mput and output parameters
defining the mechanism’s configuration space. Joskowicz & Sachs [15] extended and
implemented this work on kinematic constraints to include the dynamic behavior of
mechanisms. One result is a systen for the antomated modeling and analyvsis of pla-
nar mechanisms consisting of chained kinematic pairs. The svstem first construets
the 2D configuration space for cach kinematice pair in the mechanism and then auto-
matically explores both the dynamic and kinematie hehavior in cach of the coupled
conlignration space reglons.

Bonrne et. al. [9] used configuration space as a domain for examining the rela-
tionship between machining tolerances for parts and the functionality of those parts
in a mechanism. Specifically. they scarched for parametric variations that changed
the topology of free space regions in a mechanism’s configuration space i order to
both highlight sensitive design parameters and to derive tolerance constraints that
were related directly to the intended function of a given mechanism.

Design Methodology

Nevins & Whitney [60] present an overview and series of detailed case studies on the
development and implementation of concurront design strategios for products and
processes. The broad aim of concurrent engineering is to consider multiple aspects
of and constraints on a product’s function. manufactnre, use and (recentlvy) disposal
as carly on in the design process as possible.

One arca of concurrent design dealine with product assembly s desien for as-
sembly (DFA). extensively developed by Boothrovd and others [7]0 DEN miethad

ologics consist of case studies, desien rules and henristies anmed at reducing the
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overall number of component parts and lasteners in a product’s design. as well as
making the parts easier to identify and orient. Jakiela [12] implemented a design
cenvironment that utilized encoded design for assembly (DFA) rules to make sug-
gestions for changes to the input geometry during the design session. Whitney et
al. [NO] presented detailed models. analyses and experiments on the performance of
various chamfer profiles during the one-point contact phase of peg-in-hole assembly.
Caine [16] examined the effect of a number of chamfer profiles on the jamming and
wedging characteristics of planar peg-in-hole assembly during two-point contact. De
Fazio et. al. [21] have implemented a feature based interactive CAD environment
for analvzing the assemblability of parts using a graph of haison diagrams encoding
the desired relationships between collections of parts in order to select the proper
assembly sequence,

Simulation and Visualization

The primary roles of simulation in design is that of model verification and trou-
bleshooting via exploration of the functional properties of the system under consid-
cration. One of the difficaltios frequently encountered in simulation involves inher-
ently discontinuous phenomenon. such as impacts. that result in constantly changing,
bhoundary conditions that require frequent changes to the system models.

Gilmore & Streit [33] developed a svstem for predicting motion under multiple
discontinuous contacts using a rule based algorithm that determines changes to con-
straints and antomatically reformulates the dvnamical equations accordingly. The
svstem was applied to the analvsis of a parts feeder for planar parts consisting of a
sequence of angled fences. Donald & Pai [21] utilized a simplified conliguration space
representation to analvze and simulate the motion of rigid planar parts with compli-
antly connected “snap” features moving in a plane. The resulting svstem was used
to help redesign the shape of the interacting planar parts for more reliable assembly.

Simulation techniques have also been applied in interactive graphical environ-
ments. Witkin [77] introduced a reformulation of dynamical and constraint equa-
tions deseribing a svstem so that constraints could be rapidly added and removed
as the equations were integrated numericalle, Tu one application of this technigue.
graphical entities could he created. linked and unlinked interactively in real time
by a nser. Related techniques developed in the rapidly evolving visnalization field
have found application in such diverse ficlds as computational Huid mechanies, me-
teorology. resonrce extraction, and compntational hiology (see Patrikalakis [61] for
numerons examples). Inall cases. the basic goal of such 1echnology is to represent
complex or large sets of data within a unilied representation that aids in reasoning,
abont and manipnlating the data.
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Particularly Relevant Work

In his Ph.D. thesis. Brost [13] developed and implemented an exact representation for
the (. y.0) configuration space obstacle formed by two interacting polvgons. Unlike
collision-free planning applications. Brost's implementation focuses on construeting a
detailed motion constraint representation. including the mechanics of object contact.
that is suitable for the detailed analysis and planning of object interactions.  In
addition to kinematic constraints between planar objects. Brost developed a series of
algorithms for computing regions of possible static equilibrinm and bounded regions
defining configurations reachable from initial positions in the presence of positional
and control uncertainty, Brost applied these algorithims to the tasks of analvzing
and planning robot pushing motions and dropping of parts into orienting fixtures.

The representations and implementation developed by Brost preceded those pre-
sented i this report. and there a number of similarities and differences hetween the
two. Similarities between the two implementations include:

e Both implementations consider interactions among objects modeled as poly-
gons moving in the plane with three degrees of freedom.™

e Both implementations compute an exact vepresentation of the Kinematic mo-
tion constraint surfaces. represented in (. y. #) contiguration space. produced
by planar polvegon interactions.

e Both implementations model the mechanies of object interactions. including
coulomb friction.

The primary objective of Brost™s implementation is the antomatic construction
ol plans. consisting of either pushing or dropping motions. represented geometrically
as regions in configuration space backprojected from specified goal states. This is
in contrast to the forward projections from specified starting positions/regions that
arc computed by espace-shell for the purpose of visnalization and analvsis by a user.
Some of the specific differences hetween Brost™s implementation and the espace-shell
implementation presented in this report include:

e Brost treats the shapes of objects as static variables since he is concerned with
planning motions for objects of known shape. In espace-shell. however, it is the
modification of objeet shapes that is of primary concern. s a result. Brost's
implementation precomputes the full topology of the configuration space ob-
stacle whereas. for reasons of computational speed. espace-shell computes and

displays the complete set of individual contact facets. hut onlv computes the

SBrost’s algorithms implicitly consider hoth polyvgons 1o be fully supported by an underlyving
planar surface. Henee there is no explicit consideration of limited support due 1o interactions with
a non-tmfinite supporting plane profile. as with the track in the howl feeder examples in this report.
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local topology (facet adjacencies and intersections) that affects the mtegrated
motion paths.

Brost explicitly considers and models uncertainty in his representations and
algorithms. both svmbolically and numerically. in order to compute motion
plans that are robust. The present implementation of espace-shell performs
only exact numerical computations.

The following is a comparison between specific components Brost's implement a-

tion (highlighted) and espace-shell:

(€' O) produces an exact metrie and topological deseription of the (e y @) kKinematic

motion constraints for two input polvgons. It is comparable to the facet gener-
ation and (local) topological checking performed during motion integration in
cspace-shell. However, as mentioned above, espace-shell does not precompute
the full topology of the configuration space obstacle. which Brost's implemen-
tation must do in order to perform backprojection computations.

(ST AT1C) computes and labels vegions on the surface of the motion constraimt set

that may correspond to static equilibrium under specified apphed forces and
uncertainty,  There is nothing directly comparable in espace-shell. although
static equilibrium (without uncertainty) is checked during motion integration
in order to detect motion termination.

(BP) produces energy “puddles™ on the surface of the motion constraint set that

define the set of initial positions (and orientations) from which an object may
he dropped in a gravity field and still be guaranteed to come to rest i a
specitied location. These energy puddles are equivalent to the conservative
energy bounded forward projections deseribed in Section 2.1.2 with « = 1. Two
important differences are that BP is at least partially implemented and that
the resulting regions are backprojected. e, are generated backwards from
desired goal states. The energy bounded forward projections in this report
have not been miplemented.

(131°) computes backprojected regions by expanding the set of points on the surface

of the configuration space obstacle from which a desired goal will be reached.
The resulting surface regions are then lifted from the surface in order to form
volumes in configuration space that define the set of initial positions (and
orientations) from which an object mayv be reliably pushed into a specified
location in the presence of uncertainty, B, is similar to. but significantly
more general than, the numerically integrated forward projections computed
by espace-shell. In addition. B, can model higher order dynamics whereas
the present implementation of espace-shell assumes ouly guasi-static motions.
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Another picce of work particularly relevant to this rescarch was deseribed i an
nnpublished research memo by Lozano-Pérez [H1]. who proposed both a vepresen-
tatton of function from shape i terms of motion constraints, and the view of the
process ol shape desien as an inverse of the motion planning problem. He also sug-
voested vibratory howl feeder desten as a promising domain in which to develop and
test these ideas,

Specifically. Lozano-Pérez proposed a design model in which feeder motions were
characterized and classified into a basie <et of primitive motions. These primitive
motions would serve as a vocabulary with which the desired motions of parts to he
oriented could he concisely represented. To generate feeder geometries, characteristic
motion paths would he composed from this vocabulary and parts wonld bhe swept
along those paths. elfectively cutting out the desired feeder. As we will see in Chap-
ter Lo the geometries generated by sucl swept motions provide the necessary but
not the sutficient conditions to gnarantee that the desired motions will he achieved.
Although these ideas were not developed further or implemented by Lozano-Pérez.
they provided the inspiration and underlving conceptual framework that guided the
bulk of the work deseribed in this report.

1.4 Contributions of the Research

The contributions of this rescarch lie both in the nnderlving concept of using motion
constraints as a paradigm for shape design. and in the representations and tools

developed for this purpose. The major contributions of this rescarch include:

e Motion Constraint Based Techniques for the Design of Functional
Shapes. This rescarch has demonstrated that motion constraints may be
used as the basis for design of functional shapes as well as for the analvsis of

functional shapes.

e Functional Constraint Representations. We have developed mathemati-
cally precise and computationally accessible funetional representations in terms
ol motion constraints for the four application domains shown in Figure .8
compliant assembly of rigid parts. vibratory bowl feeders. part fixtures. and
APOS vibratory parts feeders.

e Design Tools and Methodologies for Generating Functional Shape
Interactions. We developed and implemented a set of tools and methodologies
applicable to the design of vibratory bowl feeders and compliant assemblies.

e Computation of Planar Support. We developed an efficient algorithm for
compnting the condition of support for an object by a planar support surface
under the effects of gravity,
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e Lower Dimensional Mappings of Transitions to Higher Dimensional
Motions. We developed a representation that maps the transition from lower
d.od. constrained motions to higher d.o.f. motions as a resnlt ol changes in
planar support. This mapping allowed the essential characteristies of complex
object motion to be captured within a simpler representation.

e Interactive Computational Environment for Functional Shape De-
sign. We developed and impleniented an interactive computational environ-
ment for shape design hased ona “near™ real-time motion constraint generation,
visnalization and manipulation tool. Thiz svstem also demonstrated that the
compntation of constraints in conliguration space. for objects with three de-
grees of freedom. may be computed quickly for planar objects of “moderate”
complexity,

e Functional Shape Generation by Means of Swept Motions Doesn’t
Work. Weillustrated that shape genceration techniques hased on swept motion
of fixed shape objects are not gnaranteed to provide the intended motion cou-
straints. illustrating the need for a more accurate and complete representation
for analyvzing and synthesizing shape interactions,

e Dynamic Visualization of Coupling Between Motion Constraints and
Shape Parameters. \We utilized the above computational environment to vi-
sualize. identifv. and interactively explore the dynamic nature of constraint
conpling. We introduced the notion of dyvnamic constraint visualization as a
means of examining the neighborhood of a point in design space and hieh-
liechting the inherent limitations and constraints on achieving a desived set of
functional properties.

1.5 Outline of the Report

Chapter 2 develops the detailed motion constraint representations for the class of
objects that mayv be modeled as planar polveons with a maximmm of three degrees
of freedom (two translational. one rotational). The notion of motion constraints is
extended to inclnde hoth kinematic and non-kinematic constraints. and varions tvpes
of motion forward projection are developed for various mechanics models,

Chapter 3 develops the fonr application domains introduced in Figure .82 com-
phant assembly, vibratory howl feeders. assembly fixtures. and the APOS vibratory
feeding system. The motion constraint representations developed in Chapter 2 are
displaved i visual form and used to analvze and reason about the functional char-
acteristios of examples from cach of the application domains.

Chapter | extends the utility of the representations developed in Chapter 2 by
introducing a series of tools to manipulate the motion constraints directly together
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with their underlving shapes. These tools are applied 1o the design of a set of Tune:
tional shapes from two of the example domains introduced in Chapter 2: compliant
«'L\\(‘llll)l)' and \'ilnl'illul‘y bowl feeders. Methodologies are (|¢'\'('|u|)('(| to address the
inherent coupling and complexity of design in the two application domains.

Chapter 5 describes the implementation of the motion constraint representations
and design tools ona graphies workstation. The major components of the implemen-
tation are onthined and discussed. and a number of optimizations required to eenerate
and interactively manipulate motion constraints in near real-time are highlighted,

Chapter 6 summarizes the major coneepts of the rescarch and a discussion of the
current limitations and possible future extensions of the approacl.

Appendix A contains derivations of the models used to compute forward projec
tion bounds for an object dropped from rest ina eravity ficld, and a conservative
estimate of the maximum vertical height that may be reached by an object houncing
i contact with a vibrating table. Appendix B contains devivations of the enrvature
ol contact facets along a curve on the surface of the facet, which are nsed to ensure
accuracy bounds on the numerical path integration. \ppendix C presents the pri-
mary data structures nsed in the implementation of the motion constraint analysis

and design svstem,
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Representing Function

Chapter 2

In this chapter we will develop the representations necessary to capture function
in terms of motion constraints.  These representations will provide the foundation
upon which we will evaluate and manipulate both shape and other parameters as

necessary to achieve desired functional characteristies.

2.1 Functional Motion Constraints

Precise Representations of Motion Constraints

We often use terms such as quide. support and restraim in deseribing, the funetions
performed by interactions hetween shapes. These terms are used to refer to con-
straints on specifie subcelasses of motions that are qualitatively distinet with respect
to the intended function of the constraint. Unfortunately. the meaning of the term
constrain in the context of one example may be different in another. or equivalent
to the meaning of support in vet another. Clearly the semanties of the above words
arc too vagne and imprecise representation to be suitable for aceurately character-
izing function. What we need is a more precise representation: a model for funcetion
represented in terms of motion constraints,

Consider again the lastener and driver examples in Section 120 In deseribing
the function embodied in the fastener-driver interactions in Figures 1L and 1.5, we
adopted a representation based on the space of parameters deseribing relative object
positions. The shaded regions illustrated in these figures represented driver positions
that were unrcachable due to the presence of the serew head. and the houndaries
between shaded (occeluded) and unshaded (free) regions represented kinematic con-
straints on the object motions due to contact interactions between their shapes.
Looking at these boundaries another wav, we mav view them as constraining where

one object can and cannof go relative to another.

35
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Kinematic and Non-Kinematic Motion Constraints

i~ the above representation for Kinematic motion constraimts suflicient to capture
function” Consider the example of a cup sitting on a table. We can <av that the
interaction between the <hape of the cup and the tabie constrains the cup to remain
on or abore the table’s surface. FExpressed ina space representing the position and
orientation of the cup relative to the table. similar to that used for the fastener-driver
examples.the point representing the contiguration of the cup may placed anvwhere in
the [ree region bounded by the constraint surfaces formed by the interaction hetween
the cup and table. But what if we now wish to answer the gquestion “does the table
support the cup?”™ Clearly this representation alone is not sufhicient 1o determine the
behavior of such a svsrem. What's miissing is an additional <et of non-kinematic
motion constraints that. when combined with the Kinematic motion constraints, will
tell us not onlv where an object can and canmot eo. but where it will eo under eiven

conditions,

2.2 A Parameter Space for Motions

We represent the position of one object relative to another object as a transformation
hetween coordinate frames attached to those objects, The parameters used to deline
this transformation are the parameters that will be nsed to express a relative motion
hetween the objects, These confiquration parameters, which may inelude translations
as well as rotations, are nsed to define & space in which ul)j(‘(‘l |)().\i|i()l|.\ are given as
points and objeet motions by trajectories  a confignration space. We may consider
the contignration space a form of Kinematic state space for representing motions
that is a direct analogy 1o the generalized phase space used to deseribe the behavior
ol a sccond order dvpamical svstem withont the velocity information. For many
apphications we mayv furthermore assume one of a paiv of mteracting objects to he
lixed ina elobal reference frame so that the relative position of the moving object
hecomes a ,\|)('('i|i('e|1i()ll ol absolute |m.\ili(n|.

Conhienration space is a natural choice for our application as it allows us to rep-
resent hoth motions and constraints on maotions with the same set of variables. s
we shall see. shapes will he combined via contact interactions to form an explicit rep-
resentation of motion constraint. while the shapes themselves remain imphcit within
the resulting representation. The dimensionality of the contieuration space will de-
pend on the number of parameters necessary to deseribe any possible object motion:
the maximum number ol degrees of freedom of the svstem nonder consideration. The
nimber of degrees of freedom for eeneral motions of individnal three dimensional
objects.and henee the number of dimensions of the configuration space. will he sixe
three translational parameters and three rotational parameters,

Redueing the degrees of freedom for an ohject is desirable both i terms of the
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ther of parameters that mnst be considered and the complexity of the analvsis
that st be performed. From the standpoint of Tinan visnalization of funetion.
three dimensions is the realistic Tanit within which onur spatial reasoning abilities
will be usefnlb i nnderstandine motions and constraints represented in confienration
~pace. Purthermores the complexity of compnting constraints in confienration space
crows polynommally with the ecometrice size of the objectssand crponcntially with the
deerees of Treedonm rsee Canny 'I\ b

Fortunatelvo it will often bhe safficient 1o consider only a subset of the possible
motions of an object for a particular task. I some cases. svyimmerry will atlow <o
remmove deerees of freedom that micht be considered redundant: axisvimmetric ohjects
sucheas a evlindrical pee in hole modeled as planar ohbjects is an example of one <uch
case. I other cases the motions of objects may initially: be constrained enonely
to require further consideration of only the remaining deerees of freedom. suel as
an object dropped omo a table that then shides across the table surface (withont
tppined. \nd i <till other cases. object motions mav be constrained by desien from
the ontset, sich as ecars and cams rotatine abont tixed axes or pistons ~lidine within
cvhmders, Finallv, for those domains where more than three deerces of freedaom st
be considered. 1t s often possible to suhdivide or otherwise isolate different aspects
of finetion that individually mayv constitute fewer degrees of freedom. For example.
by considering the mortion of an object shidine o the plane that mav tip as a <eries ol
~ith-motions consistine of purely planar motions connected by tippine motions, we
tradeotl simipler models o return for a ereater mumber of those maodels that nimnst he
cencrated. We will consider a number of such simplifications later oncin this echapter.

For most of this report we will consider in detail objects constrained to liave three
or fewer deerees of freedom. Speciticallve we will model and analvze tn detail ohjects
that move onlyv within a plane. Motions will consist ol displacement<in e and 4 of a
reflerence |)ni||1 attached 1o the movinge U|»_i('('l Cand arotation in ¢ ol the u|).'|t‘('l abanit
a normal to the plane of motion. We will occasionathy refer to the three dimensional
counfienration space deseribed by these parameters as 241D R- 4 SOcla i order

to distinemsh 1t from 3D (R ).

2.3 Kinematic Constraints

Sinee the position of an object s represented as a point in conficuration space. con
~traints onan object s motion duae 1o shape shape hineractions nmst be ransformed
<o as 1o be local to a point shape shape imteractions mmap to point surface intera
tions i conhienvation space. | he characteristios of these constrant surtaces are the
subject of this section. althouel we will defer o detailed treatment of the techniques
tsed to constrnet these sarfaces antil Section 5301 We awill beein by examinine

constraints for contacts hetween individual object Teatnre pairse and then address
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combinations of multiple contacts and their relationships to one another. In the
discussion that follows we will assume that bhoth the moving and stationary objects

may be modeled as planar polvgons.!

2.3.1 Individual Feature Contacts

We will consider explicitly only the vertex-edge contact configuration in modeling
the interactions hetween individual features of two planar polvgons. The two other
possible feature pair contact coufigurations for planar polvgons (vertex-vertex and
edge-cdge) will be treated as boundary cases to be represented among the set of
multiple-feature contact interactions discussed in the next section. With the moving
polvegon labeled as Polygon A and the stationary polyvgon as polygon B. we refer
the two contact types as type A (an edge of Polvgon A touching a vertex of Polygon
B) and type B (an edge of Polyvgon B touching a vertex of Polygon A) (see Lozano-
Pérez [19]). Figure 2.1 illustrates these two cases. along with their corresponding
motion constraint surfaces in configuration space. which we call contact faccts. Fach
facet represents the complete set of positions in (. y.0) of the reference point of the
moving polvgon for which the corresponding vertex and edge [eatures will remain
in contact. Figure 2.1 illustrates both facet types along with their corresponding
polveon contacts.

Mathematically. the contact facets are ruled surfaces generated by sweeping a
hounded line segment corresponding to a polygon edge through the (a.y.0) config-
uration space (sce Section 5.3.1). For type A facets. an edge of the moving polygon
can slide and change orientation while in contact with a vertex of the stationary
polvgon. resulting in a helical surface as shown in Figure 2.1, Tor type B facets,
a vertex of the moving polvgon can slide in contact with an edge of the stationary
polvgon that maintains a fixed orientation. resulting in a sinusoidal surface as shown.
The boundaries of the facets represent the limits of motion in which the two features
may remain in contact,

Intuitively. the constraint facet surfaces hehave in the same way as real surfaces:
forces applied to the surface at a point generate opposing reaction forces, sliding mo-
tions along the surface can generate frictional forces. and motions may break contact
with but not penetrate the surface. Unlike conventional. or “real™ surfaces. motions
in contact with constraint facets explicitly combine components of translation and
rotation. \s a result. a facet’s curvature in the 0 direction reflects the are through
which the reference point of the moving object will move during a rotation. For a
tvpe B lacet. a large degree of facet curvature results from a lavge distance from the
reference point to the contacting vertex. little or no facet curvature corresponds to

"We note that although we consider only planar motions. the objects themselves may he fully
three dimensional, In later sections we will diseuss modifications to onr models that address lagher
dimensional models of ohjeets and motions.
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Fignre 2.1 Type N (vertex-edge) and tvpe B (edge-vertex) contacts between planar
polygons.,
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a reference point very near the contacting vertex. .\ negative. or concave. curvature
corresponds to a negative distance from the reference point to the contacting ver-
tex (see Fiaure 2.2)0 The same argnments hold for Tyvpe A facets. although their
curvature is somewhat more complex sinee the distance from the pomnt ol contact
to the moving polyvegon’s reference point varies with translational motion. Generally
speaking. the greater the distance from the contact point to the reference point. the
more curved the facet,

Fhe lacets and corresponding contact configurations shown in Figure 2.2 imply
a certain sense ol motion stability or instability with respect to their curvature. An
object released in either configuration (a) or (b) would be nnstable if we imagined
eravity acting toward the bottom of the figure. By analogy. a point or small ball
placed on either of the facets in (a) or (b) would tend to slide or roll off of the facet.
IFignre 2.2 (¢). on the other hand. intuitively seems to be a more stable configuration
hotl in maintaining the position of the object shown as well as keeping the equivalent
point or ball at the hottom of the “trongh™ in the concave facet. We will explore such
interpretations of constraint facet shape. as well as the effects of varions dynamic
models on motions in contact with the facets, in later sections. Qur purpose heve
is to 1y 1o convey an intuitive sense for the structure and interpretation ol these

constraints,

2.3.2 Contact Supersets

I'vpe X and ivpe B constraint facets allow us to represent all possible individual
fcature contacts hetween two polvgons in configuration space. Constrained motions
tvpically include combinations of and trausdions between individnal contacts. We
therefore need 1o be able 1o represent the relationships among colleetions of feature
contacts as well as individual contact constraints. Figure 2.3 illustrates a number
ol adjacent constraint facets representing contacts among, consecntive polveon fea-
tures.  The boundaries hetween the facets mark transition contacts. i this case
cither vertex-vertex or edge-edee contacts, that can themselves he viewed as distinet
contact conditjons.,

Fignre 2.3 represents a subset of the larger union containing all constraint facets
for two interacting polvegons,  This union. which we will reler to as the Contact
Superset. or CS. forms a closed surface partitioning the configuration space into
rcachable and nnreachable regions, Figure 2.1 shows the complete 'S generated for
two polveons. Inthis fignre we can see many adjacencies hetween facets that resemble
the subset shown in Figure 2.3, The 'S for two convex polygons consists entirely of
adjacent facers sinee all contact transitions are between conseentive edge and vertex
features of the two interacting polvgons. For polvgons that are not strictly convex.
however. 11 is possible to have contact transitions hetween polvgon features that arve
not consecutive on the polvgon’s houndaries. Specifically, for non-convex polveons
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Fignre 2.2: Type B constraint facets with different degrees of curvatnre,
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Figure 2.3: A collection of adjacent constraint facets.

we will find that some constraint facets may be partially or completely occluded by
other facets. We recall that ecach constraint facet represents only the local motion
constraints imposed by two interacting polvgon features. In some cases. locally
consistent motion constraints may be globally unreachable. as shown in Figure 2.5.
Topologicallv. the ('S surface consists of facets. edges. and vertices.

o Facet Contact: Each facet corresponds to a single contact between one feature
on each of the two interacting polvgons. As mentioned earlier. a facet’s shape.
and in particular its curvature. is determined by the type of contact and the
distance from the point of contact to the reference point of the moving object.,
the positions of which the facet surface represents. A point in contact with a
constraint facet has two degrees of freedom.

e Edge Contact: Each edge is derived from either an adjacency or an inter-
section between two facets and corresponds 1o a contact between two pairs of
object features.? Straight edges perpendicular to the # dimension of contigu-
ration space atrise from edge-edge contacts between polvgons. Thev typically
mark adjacencies between facets. and are usually concave (i.e. form “valley<”
on the ('S). A curved edge may arise from a vertex-vertex contact. or from an

20ne of the object features in cach of the two feature pairs could be the same feature. it
same edge of one polygon might be in contact with two vertices of the other polygon
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Iigure 2.4:

space,

A contact superset for two planar polyvgons in (r.y.0) configuration
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Fignre 2.5 lnt('rsm'ting facets and their corresponding polygon featnre contacts,
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intersection between two facets, which is usually concave. A\ point in contact
with a O'S edge has one degree of freedom.

e Vertex Contact: Lach vertex is derived from three edges on the 'S meeting,
at a point. Vertices may mark the point of adjaceney between three facets, in
which case the vertex is flat (i.e. neither concave nor convex). Vertices mav
also mark the point at which a (convex) adjaceney edge hetween two facets
intersects a third facet. producing a vertex hetween the convex edge and two
concave edges. Finallv, a vertex may mark the point of intersection hetween
three facets. in which case the vertex is strictly concave. .\ point in contact
with a vertex of the €S has zero degrees of freedom.

Fignre 2. Lillustrates a number of the features described above, with the correspond-
ing polveon contact configurations highlighted.

A\ great deal more could be. and tn fact has been, written about the characteristies
of facet. edge. and vertex features on the €S, An excellent treatment of the detailed
characteristics and mathematical properties of constraint facets. edges. and vertices
in the (.. 0) configuration space is given by Brost [13]. Again. here we are interested
more i an intuitive understanding of these features and their significance i terms
of motion constraints. Details on how we (implicitly) constracet such features may
he found 1o Section 5.1.1.

As we noted earlier. the configuration space representation transforms all mo-
tion constraints imposed by shape-shape interactions into pomnt-surface interactions.
Since all constraints in configuration space are local to a point. the prorinidy of con-
straints takes on a new and important meaning that is not present in “real” space
representations.” As we saw in Figure 2.5, features on an objecet that are distant in
terms of the object’s geometry can give rise to proxtmal motion constraints that are
made explicit on the 'S surface. When we consider motions in contact with the €S
surface later in this chapter. the proximity of constraint features on the €S surface
will be an important factor in determining what motions can and will ocenr nnder
given conditions.

2.4 Non-Kinematic Constraints

The set of kinematic constraints represented by the €S serves to partition the con-
fignration space into reachable and unreachable configurations of the moving part
relative to the stationary part. As noted in Section 240 the €S tells us where the
moving object can and cannot go due 1o the presence of stationary object. We may
further partition the reachable region(s) of configuration space by introducing other.

We deline proximity 1o bhe a measure of the magnitude of a motion in (. y. 6) necessary to
reach a speeified contact state,
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non-kinematic, constraints that are determined by factors other than shape. These
sib-regions further constrain the set ol possible positions/motions of the moving ob-
ject and may range anvwhere from large bonnded regions down to one-dimensional
space curves through the configuration space. Again. these additional coustraimts,
together with the kinematic constraints i the C'S. serve to give us a bhetter dea of
where the moving object will go for a given sitnation.

2.4.1 Contact Mechanics

Contact hetween objeets represented by the S surface may produce contact forces.
These forces. which in turn affect the resulting object motions, are determined by

hoth the geometry aud material properties of the objects in contact.

Forces, Torques and Friction

Motion constraint surfaces in configuration space produce reaction forces in muceh
the same way as real surfaces, A reaction foree produced by the S surface will have
components along the sarface normal and.if there is non-zero friction. tangent to
the surface as well, One kev difference hetween the forces in real space and forees in
(oo ) conliguration space is that the 8 component actnally corresponds 10 a scaled
torque,

Friction. which depends on the matertal tvpe and surface properties of the con-
tacting objects, determines the range of contact forces (and torques) that may be
generated by a contact. Figure 2.6 (a) illustrates the Coulomb model of friction
expressed geometrically as the friction cone for a single contact. The friction cone
spans the range of reaction forces that may be generated in respounse 1o an applied

force at the point of contact. The half-angle o of the friction cone is given by:

o =arcltan | —

H

where pois the coellicient of friction. External forees whose direction lies inside the
angle range spanned by the friction cone are exactly canceled by the corresponding
reaction foree. whereas external forces oriented outside the cone will he only partialls
canceled by a reaction foree Iving on one of the bonnding ravs of the cone. In either
case. a net torgue will he generated about the point of contact for any external foree
whose line of application does not pass throngh the point of contact. .\ configuration
space analog of the cartesian space friction cone that captures the torgues associated
with the reaction foree is shown i Figure 2.6 (b) (see Erdmann [26]). The range
ol reaction torgues associated with the reaction forces spanned by the cartesian
space friction cone acts to tilt and votate the configuration space friction cone with
respect to the comtact facet normal in (g 0). Netually, the cartesian space friction
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Figure 2.6: Coulomb friction represented as a friction cone. and the corresponding,
(2. y.0) configuration space friction cone for a single contact facet.

cone may he viewed as a projection of the configuration space friction cone into the
(.y) plane. The geometric interpretation of the configuration space friction cone
as the range of possible reaction forces and torques due to an applied force remains
unchanged.

Figure 2.6 illustrates the cartesian and configuration space friction cones for a
single (type B) contact represented by a ('S facet. Friction cones for contacts with
edges or vertices on the O'S corresponding to multiple object feature contacts are
derived by computing the set sum. or Minkowski? sum. for the friction cones of
each of the individual C'S facets involved at the point of contact. The equations and
methods used to construct the configuration space friction cones for each of the above
contact cases are discussed in detail in Section 5. 1.2.1. The important point to keep
in mind here is the interpretation of the friction cone as a geometric representation
of the set of possible reaction forces at a point on the surface of the ('S,

Elastic and Inelastic Collisions

Collisions hetween moving objects are another form of interaction that produce re-
action forces which in turn determine the resulting motion.  In the simplest case
involving direet collisions hetween two objects represented as point masses, the col-

YT he set sumis defined as: 10 B = {0+ l_rlﬁ eAbe i},
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lision event mayv be divided into two stages: deformation and vestidulion.”
The ratio of the restitution impulse over the deformation impulse (Poisson’s hy-
pothesis) is the coeflicient of restitution:

| Rt
BRL

where | Pdl s the 1otal impulse over time during deformation. | Rdl is the total
impulse over time during restitution. and ¢ has a value somewhere between O and
. If ¢ = | then the collision is perfectly elastic and energy as well as momentum
are conserved during the collision. The coeflicient of restitution depends to a large
extent on the materials of the two objects, but may also depend on the velocities
involved. as well as the shapes and sizes of the colliding objects, For the simple case
deseribed above, we may take ¢ to be a constant and use it to compute the normal
velocttios of the colliding objects immediately after collision using:

S N

(=BT (2.1)

'y —UR
We should note that in general the nature of collisions can he considerably more
cotmplex than for the case described above (see Wang, [76]). Nevertheless. we may
nse egnation 2.1 as a rongh approximation to the actual hehavior of colliding objects
for the purposes of bounding the range of possible motions involving collisions.

2.4.2 Forward Projections

As noted carlier. we are interested in determining where the moving object wdl go.
or at least in further constraining where it might go. under a given set of conditions.
What we have developed up to this point is the complete set of kinematic constraints
given by the CS,as well as models of interaction mechanics covering frictional sliding,
and inelastic colhisions. What remains is to combine these with the appropriate initial
conditions to construct the set of possible motions. In particular. from a specified
set of imtial conditions we will construct the motion or set of motions defined by the
Jorward projoction:

S,= 14(S) (2.2)

where S) s a point. set of points. or a region in conlignration space (state space).
s a (possibly varving) foree applied to the moving object. and S, is the point.
set of points. or region in conliguration space traversed by the reference point of the
moving object.” An important point to keep in mind is that the forward projection

By direet we mean that the velocities are collinear. In examples where the collision is obhique.
we refer 1o the components of the twao velacition that are collinear.

“The notation for 4 is derived from the term Aetion from the ficld of robor monon planmmng.
from which the definition of the forward projection is taken (see Erdmann [28])
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does not necessarilv deseribe the cract motion of the moving object. In fact. only
when we have a known starting point Sp. a known force Ao and detailed mechanies
models for the interactions with the surface of the €S will we be able to gencrate an
exact trajectory throngh configuration space for the object’s motion. In general. S
will be a bounded region in conhgnration space. 1 will either be an exact or hounded
function. and the models for the mechanics of interaction will be approximate. As a
result. Sy will itself be a region in conliguration space which will contain. as a subset.
the exact motion of the object. In those cases where we mav have a number of initial
positions. or a set of diserete approximations to a region containing possible initial
conditions. we mav compute the overall forward projection as the wnion of individual
forward projections. or:

FolUs ) =U RS (2.3)

!

where 7 is the index to a particular subset of initial conditions. This will he par-
ticularly useful later on when we will implen. -nt forward projections by means of
numerical integration or geometrical construct:on.

The above deseription of a forward projection scems strikingly similar to the
definition of a simulation. In fact. we may view the forward projection as a supersel of
stimulations. Again. whercas a simulation describes where a svstem wdl go for a given
set of parameters. the forward projection bounds where a svstem can and caunnol go.
and is thus considered as an extension of the motion constraint set originating, with
the 'S, The one piece of information not included in the forward projection that is
available in a stimulation is the time history of a motion since we do not consider

velocities in our state space.

We will now brieflv consider two broad classes of forward projection. one depend-
ing on a relatively detailed model of Tocal interaction. and the other relving on less
exact but more general global energy constraints, In the discussion that follows. we
will assime that the valies of the parameters mentioned are known exactly unless
otherwise specilied. Nlthongh the construction of forward projections that incorpo-
rate an explicit representation ol parametric uncertainty is an important aspect of
robust motion analvsis. we will not consider such representations here due 1o the
additional level of complexity that doing so would introdunce. Where possible. we
shall adopt conservative approximations in an attempt to overcome the himitations
of not considering nneertainty exphicitlv, In the next chapter we will disenss a nnme-
ber of tools and representations that mayv he used to examine some of the effects of
uncertainty, \n excellent treatment of honnded parametric uncertainty applied to
motion analvsis is given by Brost [13].
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Numerical Simulation

Given a discrete initial position. or set of positions. along with a relatively detailed
model of the mechanies of interaction hetween objects, the most direct means for
determining where an object will go s simulation via nnmerical integration.  For
example. the motion of a compliantiy held rigid part during an assembly operation
mayv be computed using a quasi-static model of dvnamics where forees due to spring
displacements and Conlomb friction dominate those due to velocities and aceelera-
tions (see Whitney [S1]). Brieflv. a motion path may be integrated as follows, At
cach point in the integration. the foree equilibrinm at a contact point is computed.
For a guasi-static model. the reaction force at the contact point is assumed to lie on
the edee of the friction cone such that the net foree is approximately zero. Because
the reaction force is at one extreme of the range of forces generated in response to
an applied force. the moving object is ina state of tnpending maotion i the diree-
tion of the applied force projected into the plane tangent to the €S surface at the
point of contact. .\ small incremental displacement is made along the surface in this
direction. and the integration continnes from the new position.

Where avatlable, more complete dynamic models including damping and imertial
effects mav bhe inclided to integrate more detailed and acenrate trajectories. Tn those
cases where initial position or other parameters are not known precisely,an approsi-
mation to the forward projection may be eenerated by nnmerically integrating paths

N

corresponding “ o extremes of parameter values and bundling these paths together to

form the union.:

Energy Bounds for Conservative Systems

Often it will be the case that eencrating a detailed simulation of object motion will
he impractical or even impossible given the amount of information available abont
the svstem and the characteristics of the interactions. In such cases.we may rely on
sitmpler. more conservative, approximations of object motions to provide an upper
honnd on the range of possible motions contained by the forward projection. Oue
wich bound due to Brost [13] imits the possible motions of an object dropped from
rest ina eravity field nsing conservation of energy arguments. Specifically, Brost
noted that an object. represented by o point in an (eoy. ) configuration space,
conld not reach any other point in confieuration space that had a higher relative
potential enerey. no matter what (conservative) interactions took place. This bound
may he expressed ecometricatly as a plane through the (g 0) dropping point and

“Another approach due to Brost [13] s to directly integrate motion ranges at diserete points on
the surfaee of the CS and conneet these o form boundaries of reachable regions. These bounded
restons are then “hited™ from the surface ot the CSanto the free configuration space to form honnded
volumes" I Brost's appheation, these regions carrespond to backprogjections from goal regrons.
althongh the same meehanism may be applicd to forward projections as well See Brost [13]
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perpendicular to the gravity vector which partitions the configuration space into two
hall spaces vepresenting reachable and unreachable confignrations. The intersection
ol the hall space of reachable contiguratious and the free space hounded by the €'S
presents a simple means of constructing a very conservative forward projection. In a
particidarly elegant metaphor for interpreting the meaning of this forward projection.
Brost likens the resulting intersections to “puddles™ of water on the surface of the
'S:o

Recalling our carlier discussion on impacts and coefficients of restitution. we
may interpret the plane bounding the maximnm potential energy as the forward
projection assuming perfectly elastic collisions with ¢ = 1. Since most materials
have some internal damping. we would like to examine forward projections for cases
where ¢ < 1ones where collisions are assumed to be inelastic. Let us assume that the
stationary object (13) remains stationary throughout an impact, then ey = o'y = 0
and:
ey = ey (2.1)
where the minus sign indicates that the post-impact velocity of the moving ohjeet
(.1 is in the opposite direction 1o the pre-impact velocity,

Let us consider a simple example with the purpose of obtaining an approximate
bound to the forward projection for a dropped objeet based on a value of ¢ < 1
In Fignre 2.7 we have a particle heing dropped from rest in a gravity field onto a
tirictionless) flat surface pateh tilted by an amount oy relative to the horizontal, .\
second surface patel is positioned horizontally at the same height as the tirst such
that the particle™s parabolic trajectory after the first impact intersects the second
patch. and is oriented by an amount ¢ such that the particle’s motion after the
second impact is vertical. as shown in Figure 2.7, This partienlar contiguration of two
consecttive impacts was chosen to allow us to explore the range of (. g1 excursions of
a particle with the mininnun number of collisions (1wo) necessary to raise the particle
back to its maximum heieht with zero horizontal velocity (i.e. maxinum potential
eneray . Sinee the position and orientation of the second pateh is dependent on the
ortentation of the first patch. we mav explore the ranee of particle motions hy varving
only one parameter o The lower hall of Fignre 2.7 plots the locus of points, for
varions values of ¢y from 0 — 20 of (7) the maximmm height B, reached by the
particle after impacting the fivst aneled surface. and (/) the maxinmom height o,
reached after the second impact .,

SNetuadly the puddle metaphor s partienlaely useful for Brosts applieation of constrocting a
hackprojection from o goal state by slowly Sfilling”™ the puddle from o goal state antil ic either
reaches a constramt or overflows into another regton ou the CS surface. The volume enelosed Iy
the puddles thens represents the set of (o g 0) configurations frony whieh an objeet may he dropped
and stidl be goaranteed 1o reach the desired goal

Dernvations for the models ased i this and the followime examples are presented i Ap-
pendi A




52 Chapter 2: Representing function

The shaded region in the lower half of Figure 2.7 represents a conservative bound
on the (. y) positions that the particle may reach or pass through for any pair of
collisions. This region corresponds to a simple conservative model of the forward
projection for the dropped particle. Since each semi-elastic collision involves a loss
of energy. we postulate cnat this region contains all of the positions reachable by a
dropped particle for any number of collisions. Figure 2.8 shows a number of double
hounee maximum height curves for various values of . We notice that. as expected.
the lower the value of ¢. the smaller the forward projection becomes. Again. we may
conservatively approximate the houndaries of the forward projections for a dropped
particle that may undergo an arbitrary number of collisions with randomly oriented
surfaces by straight lines ax shown in Figure 2.8, By symmetry about the vertical
axis. the lorward projection for a dropped particle with a maximum coefficient of
restitution ¢ becomes a cone in (. y). as shown in the bottom of Figure 2.8,

We have so far neglected the role of friction and rotational motions in the for-
ward projection of a dropped object. modeled liere as a particle. We expect that the
addition of friction into the above models will serve to further tighten the hounds
on the forward projection.  Also. since energy is present in rotational as well as
translational motion. we expect similar bounds to extend into the # dimension of
configuration space where a point represents the position and orientation of a rigid

ohject A0

As noted carlier. the nature of imipacts for rigid objects in the presence
of friction can be considerably more complex than for a particle (see Wang [76]).
Nevertheless, approximate models for such interactions do exist. and the above ex-
amples serve to illustrate the nature of conservative models for forward projections
of objects undergoing motions that are potentially far more complex.

Energy Bounds for Non-Conservative Systems

One more Torward projection model that we will briefly consider applies to the case
where an object interacts with a surface undergoing a forced vibration. We mention
this case here because it is representative of a number of real world examples. and
hecause bounds on the forward projection are particularly useful in deseribing the
behavior of such svstems sinee they are kuown to he chaotic in general.!

We once again begin with a simple model consisting of a particle that is either
dropped or placed onto a surface that is undergoing a foreed oscillation o y(f) =

MOne important exception noted by Brost [12] has to do with relling motions of ohject~. If an
objeet is allowed to roll. it i~ theoretically possible that the forward projection conld extend to
infinity for interactions with a flat surface. Sinee we are concerned with objects represented as
polygons. we do not consider this exeeption sinee any rolling motion of a polygonal ohject will
involve impacts between the vertiees of the moving objeet and the surface on which rolling takes
place. These impacts will remove energy from the moving objeet and eventoally bring it to rest.

HEor a classic example. see “The Dyvnamies of a Bouneing Ball™. Seetion 2.1 in Guekenheimer
et al. [36].
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Figure 2.7: Locus of positions of maximum height reached by a particle after im-
pacting two surfaces as the orientation o of the first surface is varied from 0 — 2.
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t y(t)=A,sin ot

iz

Figure 2.9: A particle released onto a vibrating table in a gravity field.

Aosin(wl). as shown in Figure 2.9. Figure 2.10 shows the results of a numerical
sinulation of the maximum height achieved after each bounce of the particle. Because
cnergy is bheing put into the system by the table vibration. the conservation of energy
arguments made earlier do not apply here.

Although the system is not conservative. we can establish bounds on the maxi-
mum amount of energy that may be imparted into the particle in any one bounce.
Furthermore. if we assume that the collision between the particle and table is in-
elastic (¢ < 1). then each impact will also remove energy from the particle. Given
these two observations. we may establish an equilibrium scenario where the maxi-
mum amount of energy that may be imparted to the particle by the table exactly
balances the energy lost in the impact with the table. The derivation of this hound
is given in Appendix A.2. and the resulting expression for the maximum height that
may be reached by a particle starting from rest is:

(o) (1 +¢)?
11::1(:.)‘ = 7
29 (I—«)

It turns out that in practice. the maximum height given by H,,,,. is very conservative.
For example. taking a histogram of the simulation shown in Figure 2.10 after 1000
impacts. 100% of the maximum bounce heights were less than 10% of the estimated
.1

We could use the result of Equation 2.5 to construct a conservative approximation
to the forward projection of an object impacting a vibrating surface. Figure 2,11
illustrates the range of post-impact velocities for a particle impacting a vibrating
oriented surface as a function of the range of possible pre-impact velocities.  In
configuration space. the forward projection of the post-tmpact velocity ranges from

2We notice that if the collision is elastic (¢ = 1) then I, as given by Eguation 2.5 is infinite.




56 Chapter 2: Representing Funelion

12.00 (

10.00}

Maximum Bounce Height

00|

” r
600
4.00}
200}
o‘w A ) L de N — A ek, L - d
0 10 20 0 40 50 60 70 80 90 100
Bounce Number

Maximum Bounce Height vs. Bounce Number

Figinre 2.10: Numerical simulation of the maximum height achieved after cach bounee
of a particle on a vibrating table. vs. bounce number.
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Figure 2.11: Illustration of the range of post-impact velocities corresponding to a
|)l'(‘-i|ll|m('! \'(‘|(>('it)' range,

the point of impact would form a “bubble™ on the surface of the ('S at that point. For
a given starting point on the surface of the C'S. the forward projection of an object’s
motion could he constructed by generating the forward projection bubble from that
point. and then expanding outward from the houndary of the bubble by using points
on the boundary that intersect the ('S as starting points for generating new bubbles.
The process would stop when. at every point on the boundary of the expanded
forward projection. the post-impact velocity range points into the expanded forward
projection. Of course. there is no gnarantee that the forward projection operation
would terminate since the forward projection could he unbounded.  Consider. for
example, the case of a vibrating staircase where the local point forward projection
on one step s just large enongh 1o enclose the edge of the next step. making it
possible for an object to “hop™ up the staircase step by step. even though the input
vibration mayv be small.

2.4.3 Support Constraints

Forward projections act to further constrain the regions of configuration space,
hounded by the kinematic constraints, in which object motions mav occur. One
important class of motions has to do with the concept of support. Up to now we
have assumed that the moving objects in our representations are constrained to
move in the (roy) plane without explicitly considering, the nature of this constraint.
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Consider the following experiment. Place an object on a flat table. then slowly
rotate the object ont of the plane of the table surface while keeping one vertex or
edee of the object in contact with the surface at all times. I the object started
i a stable rest orientation on the table, then any motion of the object awayv from
the table surface will act 1o raise the center of mass of the object relative to the
stable rest position. In other words. the table surface supports the object i a stable
confignration so that the object’s center of mass. and henee its potential energy. is
at a local minimum. I the same objeet were placed with its center of gravity over
the edge of the table. it would be possible to rotate the object in contact with the
table edee in such a wayv that the object s center of gravity would he lowered relative
to it s initial confignration. If the object were released from this configuration in the
presence of gravity, it would naturally tend towards the lower energy state and fall
ofl the table.

This simple experiment serves to illustrate the nature of the support constraint
in terms of potential energy. Viewed another wav, if we recall the energy bounds
used 1o generate forward projections ecarlier. we can classify support as the set of
configurations whose forward projections under gravity are constrained to lie within
the plane. The reason for taking this view of support is that we can use the same
techniques developed above to generate the boundarics dividing supported and nn-
supported regions of (. y. #) contiguration space. Figure 2.[2 shows a moving object
modeled as a planar polvgon lving on top of a stationary planar polyveon. together
with an illnstration of a surface in configuration space representing the houndary
between supported and nunsupported confignrations of the moving object relative to
the stationary supporting object. This surface is similar to the €S in that it parti-
tions the configuration space into two distinet regions: supported and unsupported.
The surface does not vepresent contact constraints hetween objects. but rather the
set of points in conliguration space at which the moving object’s support status
transitions from supported to unsupported. Specifically. points inside the bounding
surface represent (. y.0) configurations of the moving polygon that are supported
by the stationary supporting polveon. whereas points outside the surface represent
confignrations where the moving polvgon is unsupported and would fall out of the
(.r.y) planc.

The structure of the support constraint houndaries is in many wavs much sim-
pler than that for comact constraints. bat there are also a few “interesting” and
more complex cases that aopear gnite often. For the example shown in Figure 2012
we notice that many of the support constraint surfaces arve flat planes parallel to
the # axis of the conliguration space. These surfaces are construeted by mapping
the points where the center of gravity of the moving polveon crosses an edge of the
support polvgon.  If the reference point of the moving polygon nsed to construet
the configuration space is coincident with the polvgon’s center of gravity, then the
support transition boundary is simply that edge of the support polyvgon swept from
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Fignre 2.12: A\ moving planar polvgon supported by a stationary planar polvegon.
and the corresponding support transition boundaries in (@, y. #) configuration space.

(0 — 27 along the f-axis of the configuration space. We note. however. that a number
of the support constraint surfaces shown are curved. not flat. in the (. y.0) dimen-
sions. These surfaces also correspond to configurations where the moving polygon’s
support status is in transition from supported to unsupported. but the polyvgon’s
center of gravity lies outside of the supporting polvgon’s contour. Such cases mav
occnr within concave contours of the support polvgon where the moving polvgon’s
center of gravity is contained within the conver hull of the intersection of the mov-
ing and supporting polvgons." Section 3.3.2 contains a more detailed discussion of
support transition boundaries and how to compute them. At this point we are more
concerned with the qualitative interpretation of support constraint boundaries. and
their relationship to contact facets and forward projections as an additional form of
motion constraint.

One final note regarding support constraint boundaries has to do with their re-
lationship to higher dimensional motions whose description is bevond the scope of
(.. y.0) configuration space. In particular. the motion of an object falling off of a pla-
nar support surface cannot be represented solely in terms of (. y.0) as the number of

HOne other possible scenario involves moving polygons whose eenters of gravity are outside of
their contours. In such cases. it s possible to have the eg inside the contour of the supporting
polvgon but still have the moving polygon be nnsapported,
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degrees of freedom for such a motion. and hence the number of position parameters
required to chiaracterize it. are greater thau three. The support constraint bound-
aries just described represent those configurations where a planar motion represented
as a trajectory in (. y. @) would fransition 1o a trajectory in a higher dimensional
configuration space of which (. y.0) is a subset. The support constraint houndaries.
then. represent a lower dimensional mapping of the transitions to higher dimensional
motions.  This transition model constitutes a tradeofl where we sacrifice detailed
knowledee of these higher dimensional motions in return for a simpler and more
managcable representation. In the next section we will examine further the use of
such simplifications that allow us to reduce the dimensionality and complexity of
motion constraints represented in confignration space. as well as explore wavs of rep-
resenting the different forms of motion constraints discussed above within the same
global framework.

2.5 Mapping Constraints into Motion Space

The CS. forward projections. and support constraints all partition the configuration
space into regions that are either reachable or unreachable with respect to motions
of the moving object. Ounr purpose in generating these coustraints is to combine
them in such a way as to predict the behavior. expressed as motions. of the syvstem
under study. In this section we will briefly discuss some of the wavs of combining the
geometric representations of motion constraint developed above within configuration
space so as to make such behavior explicit. The important point to keep in mind as
we manipulate the various different forms of constraint representations is that they
are all expressed in terms of the motion of the moving object as captured by the
configuration space. The factors that determine these constraints: shape. mechanies
and dvnamies. are all represented implicitly in the constraints i s the constraints
on the motions themselves that are coplicd.

Contact Constraints — The CS

We have already discussed the representation of contact constraints i configuration
space. By taking the union of contact facets for all feature pairs for a moving and sta-
tionary object. we generate a representation of the entire set of kinematically distinet
contact interactions for those objects that also serves to partition the configuration
space into regions of reachable and nnreachable positions of the moving object.

Forward Projections

The two broad classes of forward projections discussed in Section 20120 1.0 exact

and energy bounded. may be represented in configuration space as one-dimensional
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Figure 2.13: A forward projection generated from a numerically mtegrated motion
path across the surface of a CS.

space curves and three-dimensional hounded regions. respectively. Figure 2,13 1l-
lustrates an exact trajectory for a moving object. starting from a specified initial
position. represented as a space curve on the surface of the €S of Figure 2.1 The

i the case of

forward projeciion consists of the set of points along the curve,
energy bounded motion dynamies. a flat plane (for ¢ = 1) perpendicular to the di-
rection of gravity would intersect the surface of the €S The forward projection would
then consist of the set of points corresponding to the volume of configuration space
bhonnded below by the surface of the ('S and above by the bounded energy planc.

Intersection of Contact and Support Constraints

A further simplification for the support constraint regions introduced in Section 2. 1.3,
both in terms of computation and representation. is to divectly compute the infersce-

HAlthongh rarely represented in terts of boundaries, we may consider a trajectory generated
from exact integration of motion mechanies to be a tubular region i configuration space bounded
by motion constraints that have heen collapsed onto a one-dimensional space curve. This view s
semantically consistent with the much looser homnds iimposed by the constraint surfaces generated
for an encrey bounded forward projection.
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Lion ol the support constraint boundaries with the surface of the €S in configuration
space. The result is a partitioning of the surface of the C'S into configurations where
the moving object is: (/) in contact with the outer contour of a stationary object
in the same planc. and (:7) either supported or unsupported by a second stationary
object wnderneath the plane of motion. This simplification allows us to represent the
subset of support transitions that oceur while an object is in contact with another
object in the same plane: withont obseuring the display of the €S by trving 1o repre-
sent another constraint surface i configuration space. Figure 2.1 1 illustrates such a
partitioning of the €S surface. where the darkened regions represent contact configu-
rations that arce unsupported. Smee most of the motions we shall be concerned with
are constrained motions where the moving object is in contact with the stationary
object. this simplified representation of support constraints preserves most of the

useful mformation present i the general support constraint bonndary surface.

Superposition of Configuration Space Slices

As we mentioned in Section 2.20 we will deal primarily with interactions hetween ob-
jects constrained to have three or fewer degrees of freedom. Tt is important to note
that this constraint does not require that the objects we consider must themselves
be planar. Indeed. with @ (not insiegnificant ) amount of additional work and compu-
tation. 1t is possible 1o represent mteractions between three dimensional polyvhedra.
Another approximate hut more convenient approach is to model three dimensional
objects as a series of polveons corresponding to slices of the objects at diflerent
heights, The 2 4 1D €S for cach of these slices mayv then he generated using the
tools and representations deseribed carlier in this chapter and then superinposcd
within the same (g, 0) conhiguration space, The resulting composite CS structure.
althoneh somewhat more complex and with a much larger nmber of contact facets
(many ol which would be occluded by other facets). could he used for analvsis in

much the same manner as the €S for a single set of polvgon interactions*?

Other Constraint Mappings

There are a number ol other mappings of constraints to configuration space that.
depending on the application. can be useful in representing, funetion in terms of
motion.  The following three constraint mappings are due to Brost [13] and were

POue caveat 1o this approach has to doowith the Gaer that interactions with the CS surface that
correspond to contacts wmong shices at different heights would inpose aut of plane torques to the
object that would he autside the scape of the ey ) representation. Special care wonld have
to be taken to ensure that the distribution of forees among the shices in contact was consistent
Techmgues analogous to the support teansition boundaries of Section 2 1.3 mght also be useful i
representing, the effects of these torques,
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Figure 2.11: Support transition boundaries intersected with the surface of the OS.
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applicd 1o the tasks of analvzing and plannine pushine and droppine motions of

planar polvaons:

e Sticking regions due to friction. Givena constant applied force. the contact
conficurations on the surface of the €S that would result in no motion dae 1o
friction are identiied and marked <o that they may be avoided in constructing

backprojections from a eoal contiguration.

e State transition cones. Given an applied force. local forward projections
may be generated and displaved at diserete points on the surface of the CS 1o
indicate the “How™ ficld of constratned motions. This representation is partic
nlarly usefnb in capturing and representing uncertainty in motion parameters

m terms ol cones of [)(n.\‘siltl(' motions from ecach discrete |mil|1.

o Arbitrary Constraints. Somc object features should he avoided durine a
manipilation operation becanse they are particnlarly delicate, or may be coated
with an adhesive or other material which should not he broneht into contact
with other objects except ina certain predefined conficuration. The constraint

facets corresponding to contacts with these features are laheled as ofl lands.,

Some other potentially nseful constraint mappings derived from the enerev bonnded

forward projections diseussed carlier include:

e Topographic potential energy map. |he plane corresponding to an e = 1
hounded enerey forward projection represents a constraint for a sinele enerey
level, It is not diflicult to imagine generating curves on the CS <urface corre
sponding to shices of the CS at different energy levels: Such a family of contonrs
wonld be equivalent to a topographical map of the CS surlace, and wonld pro
vide a elobal pieture of the “hills and vallevs™ in the set of motion constrain s,
Fhe =vallevs™ i particnlar are interesting 1o us sinee they correspond to local

minima in which the moving object conld come to rest for certain motions,

o CS intersections with vibratory impact forward projection bound-
aries. Similar to the topographical bonndaries in the previous example, curves
I'("i['('f\(‘ll“llQ the et of condicurations where the vibratory forward p]’()j(-('liq;ll
houndaries intersect the CS surlace serve to partition the CS surface into reach
able and unreachable contigurations for a eiven set of iitial conditions. A< the
amplitude or frequeney of vibration is varied. these houndaries would give a
elobal picture of the chanees in svstem hehavior accompanyine chanees in these
parameters. As in the case of the support constraint houndaries. the resultine

mtersection cnrves would not obseure <arlace details of the ¢S,

[Tie above representations in (g ) confienration space capture motion con

straints in terms ol geometrie strnctnres that inelude parametric surfaces. planes,
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and space curves. These structures are useful hoth as computationally accessible
constraint representations smtable for mantpulation by algorithms. and as visual
representations for display and imterpretation by humans. This second application is
particularhy attractive since we will need to understand the nature of the constraints
we wish 1o pose before we can attempt to develop aleorithims that generate them

amtonatically,

2.6 Summary

In this chapter we explored the representation of function i terms of motion con-
straints. We examined what we mean when we speak of functional constraints on
motion. and underscored the need for a mathematically precise representation for
these constraints within conhienration space. We deseribed a zero-velocity state
space teontieuration space) to capture object motions, and i so doime focus onr
attention on motion instead of shape as a languaege in which to deseribe the fune-
tionality of object interactions. Sinee, in egeneral. the confignration space can be
quite Jaree. we imited onr disenssion to ohjects whose motions were constrained to
lie i a plane. The resnlt was a three dimensional confignration space whose axes
are Ceoy . We considered two hroad elasses of motion constratnts: kincmatic and
non-kinematic, Kinematic motion constraints arise from interactions hetween oh-
jeet shapes. and may take the form of individual contact surfaces or supersets of
contact constraints in conlignration space. Non-kinematic motion constraints arise
from the forces derived from the mechanies of contact. as well as externally applied
forces and gravity dields. The mechanies of contact we considered included <hiding
friction. represented ecometrically as the friction cone in configuration space. as well
as clastic and inclastic collisions between objects. From these mechanies we were
able to construet forward projections of motions that further partitioned confignra-
tion space into reeions of reachable and unreachable states. Two Kinds of forward
projection that we considered i detail were the exact integration of motions for the
cases where we had a detatled model of the dvnamies. and bounded enerey motion
constraints lor those cases where the dvnamics could not easily bhe characterized. In
bhoth cases. we likened forward projections to a timeless superset of stmmlations of
object motions under the specified constraints, .\ third special case of forward pro-
j('('tioll we constdered was the support constraint. the .\1;||»i|il)‘ ol which was viewed
as a constraint on the potential enerey in a eravity field of the moving object s center
ol aravity while restine ona Hat sarface. Those recions ol configuration space where
the potential energy of the object conld he rediced by means of a rotation ont of
the plane were deemed to he nnsupported. The support constraint was also given as
an example of a sunplification whereby constraints on higher dimensional motions

cortkd he represented in o lower dimensional conlicuration space as transitions he
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tween planar and non-planar motions. Finally, after chavacterizing the above set of
motion constraints. we examined various means by which those constraints could he
combined within the configuration space representation.

The purpose of this chapter was to develop the representations that will serve as
the foundation upon which we may build a set of 1ools that will allow us to perform
both analysis and design of functionally useful shapes. To make these representations
and visualization techniques more conerete. in the next chapter we will introduce a
set of four examples: peg-in-hole assembly. vibratory bowl feeders, assembly pallets
and fixtures. and another vibratory feeder known as APOS. These examples have
been chosen becanse they span the set of constraint representations developed here.
as well as to highlight similarities among and differences hetween the varions forms
ol functional constraints,




Visualization and Application
Domains

Chapter 3

In this chapter we will examine four application domains introduced in Figure 1.8
compliant assembly. vibratory bowl feeders. assembly fixtures. and the APOS vibra-
tory feeding svstem. We will use the motion constraint representations developed in
the previous chapter to visnalize. reason about and analvze the functional charac.
teristies of examples from cach of these domains in terms of motion constraints,

In Section 2.3.1 we referred to the similarities hetween the surface of a CS facet
and a “real” surface that produced reaction forces and torques in response to applied
forces. In Section 2.3.2 we referred to features on the surface of the CS using terms
such as vallevs. ridges. and peaks that convey images of multiple features combining
to form what amounts to a landscape in configuration space. The intent of this visna!
imagery is to convey an intuitive feel for some of the strneture imbedded in the €S
and how these constraints act to guide motions of a point representing the motion
of a physical objeet.

A point in configuration space. whose (. y) components correspond to the posi:
tion of the reference point of. and the # component to the orientation of. the moving
object can be thonght of as the point of action throngh which external and reaction
forces act to constrain the motion of the object. Nl interactions hetween shapes
of both the moving and stationary objects are combined so as to be local to this
point. If we imagine that point as a ball bouncing or sliding across the surface of the
'S constraints. then we have a powerful metaphor with which to visnalize how con:
straints interact. For example, we have discussed energy in terms of non-kinematic
constraints, or bounds. that determine where a point. or ball. mav travel i the
presence of an externally applied motive foree such as weight due to gravity, This
energy imposes on the configuration space a sense of up and down that immediately
implies a sense of where the ball will and will not go bhased on i< interaction with
the CS surface. The curved surfaces of individnal €S facets gmde the motion of the
hall along curved trajectories imposed by the ever-changing surface normal along the

67
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facet. while vallevs hetween CS facets gmide and constrain the ball along, their floor.
Intuition regarding the bhehavior of rolling and bouncing balls can prove quite useful
in the more abstract domains of mathematical constraint surfaces and configuration
NIN"(‘('.

With these visnal metaphors for constraint surfaces in mind. we return to the
question of what to do with them how do we represent function” First of all. forward
projections. like stimulations. provide a visual verification of motion in the presence of
motion constraints. With the conliguration space representation. however. we have
i addition 1o a verification of where the motion will go a sense of where the motion
mieht have gones or mieht go. as a result of perturbations to one or more system
patamerers. For example, i examining the motion of a discrete path across a facet
sirfaces we also have in the surface of the facet itsell the family of potential motions
Shavine the <ame contact we know at a glance where else that motion could and
could not e As another example. consider the case of an energy-bonnded forward
projection lora dropped object imtersecting the surface of the €S Were we to expand
the ranee of the cone encompassing reachable states, sav by inereasing the value of
the cocthaent of restitution « from 0.8 to 6.9 through a change of materials. then
we wonld nmediately bhe able to determine what new regions of configuration space
would now bhe reachable and what new constraints might interact with the new
motions. s sort of “what if7 visnalization of different seenarios is critical for
deternmmne the rabustness of a svstem as well as determining what changes or new
features nieht he required of or desirable i a new design.!

| here s o considerable amonnt of geometrice detail contained within the motion
constraints as shown m Fienre 2010 some wavs perhaps too muach detail. Sinee the
CS s amathematically precise embodiment of the complete set of motion constraints
sencrated by two iteracting objectssall of the corresponding Kinematic constraint
mlormation i~ available. The question becomes. then, how can we recognize and
abstiact what we need from what s not necessary? Of course. what s and what
st ecessany depends on the application in guestion. If we wish 1o verify a motion
ot set of motions. as described above: then the detailed guantitative information
contatned e the €S nay he necessary, I on the other hand. our goal is 1o abstract
e tional characteristios for a class ol constraints or class of motions across different
spectbie examples: then such detail conld prove unnecessary and even distracting,
For tins purposes we will develop one functional wmctaphors that seek 1o describe,
mogualitative terms, the topology of the motion constraints (hoth kinematic and
non hinetatic) that hest characterize a particnlar funetion. We shonld stress that
the tole ol these mietaphors will he to complement. rather than replace. the motion

Woonder v the visializanion of constranmts Fora partienlar set of paraimeters as stalic constramt
cosuwalecation Npothee forn of visisdization 1o be disessed g the nexy chapter has 1o do witl)
visabizing the compling botweon canstrionts as parameters are vaned . which we will refer 1o as

dywanne constrammt visaalr alion

]
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constraints described carlier.

Application Domains

The assortment of representations and constraint mappings discussed in the previous
sections (contact facets, forward projections and support constraints) allow us to
represent a rich set of motion constraints within the (. y.0) configuration space. We
will now apply various combinations of these representations to a series of specific
example domains. In so doing. we lhiope to make the visualization concepts discussed
above more concrete, as well as explore and illustrate the properties and potential
nsefulness of functional representation using motion constraints. Specifically. we will
examine and discuss fonur example domains where function is derived from motions
dominated by shape interactions. The discussion here is intended to be illustrative
in nature. In the next chapter we will develop two of the examples in greater detail
by implementing a computational environment supporting a set of tools to be used
for visualization and design.

3.1 Assembly

Figure 3.1 illustrates what has become a classic instantiation of the assembly prob-
lem: the task of inserting a evlindrical peg into a tight clearance hole. Accomplishing
this task is complicated by the fact that the position of the peg may not he well known
nor the assembly trajectory of the robot precisely controlled due to the presence of
uncertainties in position and control. To compensate for positional misalignments.
the connection between the peg and the robot incorporates a degree of compliance
that is implemented either in hardware. such as a compliant spring device like the
Remote Center of Compliance (RCCY), or by means of software control of the rohot
itsell [S1. 79]. Typical failure modes of an assembly operation include jamming.
where the forces between the peg and hole are balanced due to friction so that no
motion occurs. or wedging. where the compliance of the peg itself can result in signif-
icant reaction forces between the peg and hole that are independent of any external
applied forces and prevent the peg from being moved into or removed from the hole
(see Whitney [S1]).

Figure 3.2 shows a commonly used representation for axisvmmetric parts. where
both the peg and hole are modeled as planar polvgons.  The compliance can be
modeled as a generalized spring or generalized damper. For the generalized spring
model we have:

(7~ ) = [C]F

where the diagonal compliance matrix [('] maps displacements. hetween the position
7 of a reference point on the peg and the commanded position /rcery of that point

along a nominal assembly trajectory of the robot. to forces and torques I applied 1o
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¢

Figure 3.1: The classic peg in hole problem for assembly.

@ F=B(v-v,)
Y l [

X

Figure 3.2: A planar maodel for peg in hole problem.
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Figure 3.3: Functional metaphor for peg in hole assembly in terms of motion con-
straints,

the peg at the reference point. The elements of the compliance matrix. as well as the
location of the reference point (the compliance center) are important parameters in
addition 1o part shape that must be considered in designing a successful assembly.?
Compliance based on a generalized damper mayv he modeled in a similar fashion
with displacements replaced by differences in velocity. as shown in Figure 3.2, We
nse an approximate model of positional uncertainty where motions are integrated
from discrete points within a bounded starting region that has been subdivided.
The resulting bundle of discrete paths provides a crude model of the range of motions
possible under uneertainty. Each path may have associated with it a probability that
mav be used to determine the overall relative reliability of the assembly operation
should some of the paths in the bundle fail to reach the goal.

A metaphor for the function embodied in the assembly task in terms of motion
constraints is a funnel as shown in Figure 3.3, Essentially. a successful assembly is
characterized by a class of motions starting from a set of initial starting configurations
that are constrained 1o reach a single goal state or region due to motion constraint
interactions. These motion constraints arise from the Kinematic constraints imposed
by the contacts between the two part shapes and non-kinematic constraints derived
from friction and comphance.

Figure 3.1 shows the configuration representation of a planar peg in hole assembly.
We can see that the physical attributes we associate with a hole are retained in the
constraints formed by the €S, Specifically, the goal state where the hottom of the peg

*As noted earlier, active complianes may he implemented in software. in which case the compli-
ance matrix need not be diagonal (see Sehinnmels and Peshkin [68]).
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is at the hottom of the hole corresponds to a region at the hottom of a corresponding,
hole in the €S hounded by constraint facets. I we were to take a shice of the 'S 1
the (@ y) plane perpendicular to the # axis at 0 = (0. the width of the €S hole wonld
be equivalent to the elearance between the peg and hole: the greater the clearance.
the wider the hole. Correspondingly. if the peg were slightly larger than the hole.
say for an interference fit. then the hole in the €S would disappear.

With regards 1o the metaphor of a motion constraint funnel. the most important
region on the CS is the entry region immediately surrounding the hole. The facets
forming this region are the constraints that will guide assembly motions. whose initial
positions and trajectories will vary in the presence of uneertainty. toward the throat
of the hole. Onee the motions reach the throat of the hole the remaming portions of
their trajectories are tightly constrained toward the goal state at the bottom of the
hole (Caine [15]).

The idea of letting geometric constraints guide an assembly is a well known strat-
cey identified by a nnmber of researchers® and formalized in terms of motion con-
straints by Mason [51]. .\ geometrical feature often emploved as an aid in assembly
i~ the chiamfor, which can be viewed as a diveet physical instantiation of the motion
constraint funnel metaphor. An interesting analog to the chamfer is embodied in the
compliant motion strategy of intentionally introducing a rotational and positional
offset by tilting the peg relative 1o the hole hefore insertion (Inone [H]). By tilting
the peg and placing its lower corner into the hole it is possible to increase the set of
initial starting positions from which the peg may be inserted. The result. shown in
configuration space in Fignre 3.5 (a). 1s a local entry region on the €S surface that.
like the set of constraints for the chamfered hole shown in (b). guides motions toward
the throat of the hole. In both cases. an entire range of trajectories is captured and
guided by the funnel-like motion constraints, thus improving the overall reliability of
the assembly operation. There is one important difference between chamfers and the
tilting strategy: straight-line pushing motions alone are not sutlicient to perform the
tilting strategy since the peg must eventually he aligned with the axis of the hole to
climinate the significant initial angnlar offset. Heneeo the tilhing strategy can require
a greater degree of complexity in terms of assembly hardware, although passive de-
vices have been developed which extend to this case for simple part geometries (see
Draper 23], Caine [15]. Strip [72]).

Generally speaking. inereasing the size of the funnel-like region of the €S sur-
ronnding the hole is desirable in improving assembly reliability, Typically the dimen:
sions of the €S hole itself. e, the clearance hetween the peg and the hole. are fixed
by non assembly design considerations such as maximum allowed slop in a bearing
assembly. for example, Parameters that contribute to the motion constraints ave the
peometrical features of the peg bottom and hole rim. the position of the comphianee

ASec for example. Siimmovie and Whitney [S1]
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Figure 3.1 oy 0) CS for the peg and hole shown.,
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Figure 3.5 Entry regions on the 'S for (a) a tilted peg and hole (intentional ¢
offset). and (b) a chamfered peg and hole.
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center (reference point) on the peg. and non-kinematic parameters including the co-
eflicient of friction g and compliance matrix [(']. In Section L5 we will examine in
greater detail the relationships between these parameters as well as develop the tools
and strategies that will allow us to manipulate them for the purposes of designing
more reliable assemblies,

3.2 Vibratory Bowl Feeders

In Section 1.1 we gave a very brief deseription of a portion of a vibratory bowl feeder
track used to orient small parts. We will now complete this desceription and develop
the appropriate representations to model feeder function. Figure 3.6 shows a typical
vibratory bowl feeder used to sort small parts for an automated assembly svstem.
A large number of unoriented parts are placed in the bowl and driven up the spiral
track on the bowl's interior by vibratory motion. Parts reach the top of the track
in single file in one of a finite number of stable orientations as shown in Figure 3.7,
As the parts reach the top of the track. thev pass through a series of features built
into the track and bowl wall designed to (i) reorient certain part configurations. or
(i1) reject parts in an undesirable orientation by causing them to fall off the track
and back imto the bowl to be recirculated. Some typical track features are shown
in Figure 3.8, The desired result is a series of parts in a single known orientation
exiting the outlet of the feeder to he placed into a fixture or pallet by a robot or
other transfer device.

One could argue that the term feeder used to refer to the device consisting of
the bowl and track is something of a misnomer in that the bowl and track geometries
only perform the function of feeding for a specific part or set of parts. Parts other
than those for which the bowl and track were designed would not be fed properly if
placed in the bowl. Thus. from a functional standpoint. the “feeder”™ is distributed
between both the part geometries and the bowl/track geometries with which the
parts interact,

The second form of part feeding operation listed above ((17) reject parts in unde-
sirable orientations) can be characterized as a filter on part motions. In the vibratory
bowl feeder. parts moving along the track in a number of different initial orientations
interact with bowl and track geometries like those shown in Figure 3.8 and nndergo
different classes of motions depending on the characteristic constraints imposed by
those interactions, We adentify two broad classes of motions consisting of an aeeept
motion in which part is allowed to continue to remain on the track. and a series of
1t ject motions where the parts are forced off of the track by removing their support.,
Figure 3.9 illustrates a motion constraint metaphor for this process where a series
of diserete motions. corresponding to parts traveling in cach of the ininal stable ori-
entations. are filtered into cither a single aceept motion or a series of reject motions
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Figure 3.6: A vibratory bowl feeder. The bowl at the top is driven in a combined
vertical and rotary oscillatory motion by the electromagnet and springs at the bot-
tom. causing small parts placed in the bowl to move in single file up the spiral track
on the bowls interior. From Boothroyvd et. al. [7].
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Fignre 3.7: Parts arrive at the top of the track in one of a number of stable orienta-
tions. From Boothrovd et. al. [7].




3.2 Vibratory Bowl Feeders rdrd

W per Rlade®
U vu code W
Pressure Break”
e e e Tz

b revnents

Onscharge Hole ™
(Devur Lode 14}

wWall Prowtion and
Sarrowed track”
fevice  ode 11+

e Lade Kit

Figure 3.5: Some common bowl and track features designed to reorient or reject
parts in certain orientations. From Boothroyd et. al. [7].
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Figure 3.9: .\ motion filter metaphor for the function embodied in the part /feeder
nteractions,

that return the parts to the bowl for another round.

The interactions we will focus our atteution on will ocenr within the region en-
compassing the part/bowl/track intecactions near the ontlet of the feeder.t To model
the part /feeder interactions we will assuime the parts to be traveling in the plane of
the track as shown in the top of Figure 3.10. with both the howl wall and track
modeled as being (locallv straight. Sinee we will not explicithy model falling mo-
tions out of the plane. we will further simplify the model 1o the planar polveons
by taking appropriate shces of the objects as shown in the hottom of Fieure 3.10.
where we view the track from above looking down alone the negative = axis. The
part. bowl wall and track are modeled as polveons. with the howl wall polveon at
the hottom of the figure and the track polveon underncath both the part and bowl
wall polveons. Parts enter from the left of in the figure (hottom ) and slide 1o the
right while in contact with the howl wall while being supported by the track. Parts
that fall off 1the track return to the intevior of the how! located above the edge of the
track (+y direction).

The exact motion of a part alone the track can he quite complex. The left hall

We shonld note that this set of tocon constramts actaally camprises the second Stage of
tilheriug part motions sinee parts arrpving at the top ol the sparal vrack Jove already been e effea
pre-filtered anta one of the stable onentatnions during thar journey up the teack This first filterme
operation depends solels an the geometeys of the part dscll sinee the feeder geometry up to thas
poant consists of o siple wall
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e+

Fienre 3,100\ polvhedral model of a portion of the feeder track near the ontlet of
the howl (top). and an equivalent planar model viewed from above thottom
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Figure 3.11: Force equilibrium for a part in contact with the track (left). and a
tvpical hopping-sliding motion for a part on the track (right). Both illustrations are
in the vertical plane containing the gravity vector g.

of Figure 3.11 illustrates the forces acting on a part in contact with the track in a
vertical plane containing the gravity vector ¢ where m,, is the mass of the part. o is
the inclination of the track relative to the horizontal. agw? is the acceleration of the
howl due to vibration. ¢ is the angle hetween the vibration acceleration and the track
surface. N is the normal and F the frictional forces between the part and the track.
The right half of Figure 3.11 illustrates the various modes of part motion including
hopping and sliding, where the hopping height / is normal to the track. and the
hopping distance 1 and shding distance S are both parallel to the track. For most
reasonable values of the vibration parameters a,. «w and 1, the hopping height  is
one to two orders of magnitude smaller than either of the sliding motions I and 8.°
To simplify the analysis, we will approximate the overall motion of the part on the
track as being purely sliding. Furthermore, we will combine the part’s mass and the
applied accelerations due to vibration and gravity into one force applied to the part’s
center of gravity (i.e. O'S reference point), and will only consider the components
parallel to the (e y) plane of motion. Finally. sinee the average velocity of the part’s
macroscopic motion is constant and relatively small, we will model the dynamies of
part motion as being quasi-static,

Figure 3.12 shows the O'S and support constraints in confignration space for a
planar vibratory bowl feeder example (from Fignre 13 (a)). The €S represents
the kinematie motion constraints due to interactions hetween the part and bowl
wall only. The highlighted regions on the surface of the C'S represent those points

"Ofen foeder teacks are covered with arubber coating to absorb ipact eneegy. e ¢ € 1o
order 1o keep the part motions deterministie (see Boothroyd et. al. {7]).

L e
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Figure 3.12: Configuration space representation of a planar howl feeder example.

in confignration space where the part is in contact with the bowl wall but is not
supported by the track (see Sections 2.1.3 and 2.5). The paths illustrated on the
surface of the ('S represent motions of parts along the track in contact with the
howl wall from each of the stable initial starting orientations (also shown). The
thickness of cach path is drawn proportional to the relative probability that a part
will enter the feeder in that initial orientation. with the thickest paths having the
highest probability and the thinnest having the least. In the example shown, we
notice that all but one of the motions paths enter one of the unsupported regions
and terminate at the boundary marking the (o, y.#) position where the part will fall
off the track and hack into the bowl, The one remaining path exits the feeder to the
right. corresponding to the ontlet of the howl feeder. Recalling the filter metaphor of
[Fignre 3.9, the finite munber of diserete paths entering the feeder arve filtered into one
pass motion (path number 3). and a number of reject motions (paths 0.1.2). The
result is an explicit representation of the feeding funetion derived from the interaction
hetween the part and the feeder geometries,

We will examine the vibratory bowl feeder domain in greater detail in the next
chapter on design, For the moment we will briefly diseuss some of the major char-
acteristios of feeder funetion as represented in configuration space.  We begin by
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tracing the motion paths shown in Figure 3.12 as they move from the initial posi-
Hons across the CS. One of the most noticeable features on the ('S is the series of
“valleys™ parallel to the . axis and offset from one another in 0. cach containing one
of the numbered initial part orientations at the beginning of cach path. As noted in
Section 2.3.2, the €S edges forming the bottom of these valleys occur along tvpe B
facet adjacencies where an edge of the moving polygon (part) and the stationary
polygon (howl wall) are in contact. leaving one remaining degree of {reedom for the
part. These vallevs: and the type B facets that bound them. form a pre-filter which
divide parts placed into the bowl in purely random orientations into the set of dis-
crete stable orientations shown. The motions along the one-dimensional lines at the
bottom of these vallevs are extremely stable and relatively insensitive to changes in
dyvnamics parameters. By the same token, the 0 positions of these vallevs and the
curvature of the facets forming them are determined by the geometry of the part
as it interacts with the straight bowl wall. As a result. little further differentiation
between motions of the part in different orientations is possible.

The next set of ('S features encountered by the motion paths is a “ridge” running
roughly parallel to the ¢ axis. This ridge. composed of hoth type A and tyvpe B
facets, serves to move the parts closer to the track edge (+y direction) as well as
disperse the motion paths from their fixed-0 valleys. As the paths leave their valleys
and cross these facets their degrees of freedom increase from one to two, making
the motion paths more susceplible 10 (or controllable hy) changes in the dvnamics
parameters. Pinally, all but one of the paths encounter the edge of the track by
entering unsupported regions of the ('S where the planar path is terminated when
the part falls off the track and back into the bowl.

The parameters that contribute to the motion constraints forming the ('S are
the geometrical features of the part and bowl wall. The part and track geometries
interact to determine the supported regions of configuration space, which are then in-
tersected with and represented on the C'S surface. Finally, the dynamics parameters
represented by an applied force representing the combination of gravitational and vi-
brational accelerations. and the coefficient of friction round out the list of parameters
that go in to creating the full set of motion constraints shown in Figure 3.12.

3.3 Fixtures and Pallets

Figure 3.1:3 shows a typical fixture/pallet used 1o locate and hold parts {or transport,
light machining and assembly, This class of fixture falls into the class ol statie.
or unarticulated, fixtures (as opposed to those that contain mannal clamps or are
otherwise actuated), The function of a lixture is to seeure a part or subassembly in a
known position and orientation, and to keep it in that configuration in the presenee
of whatever forces may be generated during the above operations. Characteristies
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Figure 3.13: An illustration of a typical fixture/pallet used in automated assembly.

that are desirable for a fixture include:

I. the ability to hold parts in a known configuration that is also easily and reliably
reachable when placing the part in the fixture,

2. the ability to hold parts stably under a variety of external loads applied to the

part,
3. provides access to the parts by other parts, grippers. or tools as necessary, and

1. the part or subassembly may be removed once the desired operation has been
performed.

There are a number of other fixture characteristics not listed above whose relative
importance depends on the application. By no means the least of these other charac-
teristies is the requirement that the fixture be as inexpensive and quickly producible
as possible. Fixtures are a component of virtually every manufacturing system, both
manual and automated, As noted in the section on vibratory howl feeders, a consid-
erable portion of the fixed capital cost for a manufacturing system consists of feeders
and fixtures. Since the geometry of the fixture depends heavily on the geometry of
the parts and the type of manufacturing operation, fixtures must typically be custom
designed for cach application. Therefore, tools and techniques that would improve
the produetivity and performance of fixture design would he extremely valuable,

Functionally, a fixture shares a great deal in common with an assembly. The
goal, in terms of motions, is to place a part into the fixture in a known position and
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Goal

Figure 3.14: Functional metaphor for dropping a part into a fixture in terms of

motion constraints.

orientation in the presence of uncertainty. Like Figure 3.3, the kinematic motion
constraints due to the part/fixture interaction may be considered to form a funnel
which, in the ideal case, will guide the part to the desired location from a range of
initial positions. The main difference between fixtures and assembly is the nature of
the forward projection constraining the motions of the part. Whereas we considered
an assembly to consist of a compliantly held part (peg) guided along a nominal
trajectory by a device such as a robot, we view the task of inserting a part into a
fixture as one of dropping the part into place from some height in a gravity field. As
a result, the bounded-energy forward projection for conservative systems, as shown
in Figure 3.1, is a more appropriate model. ©

As for assembly, we will use a planar model of a part and fixture, with gravity
assumed to lie in the plane of the figure pointing down, as shown in Figure 3.15. Like
the assembly model, the plane in which (@, y.0) motions may take place is chosen
to capture the relevant geometrical features of both the part and the fixture. For
axisymmetric objects the plane is chosen to contain the axis of symmetry, We assume
that the part is dropped with zero initial velocity above the fixture from within a
bounded range of initial positions and orientations. The coeflicient of friction g and
cocflicient of restitution ¢ for the two parts are assumed to be known constants,

"We consider Lhose cases where grasped parts are placed into the fixture using compliant motion
tor e an nssembly, and model them in the same way as deseribed for the pegin hole example. In
the contest of motion constraints, there is no distinetion between a fixture and a subassembly in

sueh eases,
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Figure 3.15: A planar model of a part dropped into a fixture.
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THETH

Figure 3.16: Configuration space representation of a planar part and fixture example.
g
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The configuration space representation of the part /fixture interaction is shown
in Figure 3.16. We see a strong resemblance between Figure 3.16 and Figure 3.1
showing the €S for the peg in hole example. The “throat™ of the 'S hole for a
fixture is somewhat wider and shallower in comparison to that for the peg in hole
assembly. but the entry region around the hole has many of the same funnel-like
characteristies intended to guide motions toward the goal state at the hottom of the
hole.

The primary difference between the fixture and assembly is the use of an energy
hounded forward projection model rather than that of a path produced by compliant
motion (see Section 2.1.2).  The resulting forward projection would appear as a
polyhedral cone. similar to that illustrated in the lower half of Figure 2.8, with its
central axis parallel to the gravity vector in the (., y.8) configuration space.”

The 'S and forward projection representations described above address the first
of the desirable characteristics for a fixture listed above. namely the ability to get a
part into a known configuration and keeping it there. To address the second issue
ol holding a part stably under a variety of loads once the part has reached the goal
configuration. we return to our discussion of the configuration space friction cone.
We recall from Section 2.1.1 that the friction cone spans the set of reaction forces
that will maintain equilibrium for an object. The negation of this cone, therelore,
represents the set of applied forces. and torques, that may be applied to the part
without any motion resulting. The larger the span of the friction cone. the more
stably the part will be held in the presence of applied loads. Of course, the caveat is
that the same frictional effects that help keep the part in place are also the frictional
effects that can make getting the part into the desired configuration more difficult.

The third desirable characteristic of a fixture providing access to the secured
part by other parts. grippers. or tools has to do with the kinematic constraints
hetween the fixture and these other objects. Specifically, we wish to determine if
the gripper/part/tool will come into contact with the fixture during it’s operation
on the part being held in the fixture.® In terms of the above representation. if the
reference point of the moving object is chosen to coincide with the veference point
(i.c. c¢g) of the part when that object was interacting with the part (grasping it. for
example), then the C8 for the object /fixture interaction could be superimposed onto
the part/fixture €S to produce thé complete set of kinematic motion constraints on
the part. fixture and object. This superposition is the same as that discussed in
Section 2.5 for superimposing ('S constraints for interacting polvgons representing
multiple slices of three dimensional objects.

“For simplicity, our example fixture is assuined to be frictionless, For non-zero friction we wonld
also need 1o add representations for sticking regions on the surface of the CS, similar to those
generated by Brost [13}, where o part might become stuek.

®Fhis is precisely the eollision avoidance problem to which the configuration space representation
was initially applied to roboties for planning purposes.
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Finally. the fourth characteristic desirable in a fixture. that of heing able to re-
morve a part from the fixture. is addressed both by the representation that determines
il the part may reach the goal after being dropped. and the ability of another object
such as a gripper to reach the part in the fixture in order to remove it the basic
assumiption being that if you can get it in and can still grab it. then you can get it
out again.

As with the peg in hole example. the ease and reliability with which a part may
be placed in the fixture is determined by the motion constraint facets forming the
entry region of the ('S hole. or in this case the subset of those facets that lie within
the forward projection of the dropping motion. To improve the reliability of this

motion we may:

e vary the fixture/part geometry that defines the shape of the constraint facets
to improve the funnel characteristics of the entry region similar to assembly. as
well as changing the size and location of the sticking regions on the 'S,

o vary the cocfficient-of restitution ¢ that determines the span of the forward
projection cone by changing the materials used for the fixture. and

e vary the cocflicient of friction p that determines the extent of the sticking
regions on the surlace of the ('S. also by changing the materials used for the

fixture.

Specifically. for the dropping task. we are concerned with the region of configuration
space bounded above by the forward projection cone and below by the kinematic
motion constraints of the C'S. The funnel-like entry region on the ('S is determined
by the part and fixture geometries. whereas the forward projection cone is determined
by the initial set of dropping positions and ¢. We note that here, as in many of the
other examples, shape is generally the easiest to change of the parameters that may
he modified since the choice of fixture materials may be limited by other factors,
For changing the stability of the fixture, the span of the friction cone at the goal
configuration is a function of both the ('S (i.e. part and fixture geometry). and p.
And finally. the accessibility and removability of the part in the fixture as represented
by the superposed ('Ss for the part/fixture and gripper/fixture are functions of the
geometries of those three objects.

We have included the part-lixture example to round out the set of examples in
which function may be represented and visualized in terms of motion constraints.
Much work remains to he done in implementing detailed energy-hounded forward
projection models for hoth the conservative and non-conservative cases deseribed
carlier in this chapter. Therelore, we will not consider this example in any more
detail within this report. The reader is referred to extensive work on the analysis of
planar dropping tasks found in Brost [13].
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3.4 APOS

Another form of vibratory feeder developed more recently for orienting small parts
is the Advanced Parts Orienting System (APOS) developed by the Sony Clorpo-
ration. APOS. shown in Figure 3.17. consists of a vibrating pallet into which has
heen machined a series of cavities. or wells. designed to capture parts in a known
orientation. A\ cluster of hoppers containing different sets of randomly oriented parts
is located near the top of the pallet which is angled slightly down and away from the
buckets. When a small gate in one of the hoppers is opened a cluster of parts falls
onto the vibrating pallet where the parts hop and slide downhill across the surface of
the pallet. A part that happens to be near the desired orientation will fall into one
of the empty cavities and be held there. Parts that are not captured by one of the
cavities continne down the pallet where they fall into a return bucket. The return
bucket is then periodically lifted and its contents dumped back into the hopper. This
evele is repeated for a predetermined period of time so that a majority of the cavities
will contain an oriented part. At the end of the cycle the vibration is stopped. and
excess parts are cleared from the pallet by an air jet. and the pallet is transferred to
a convevor and carried off to a robotic assembly station. Figure 3.18 illustrates the
major operations of APOS.

In economic terms APOS has a number of advantages over the more common
vibratory bowl feeder. First of all. most of the hardware components in APOS are
reusable for new products and production lines - the only hardware component that
must be custom designed for a given part geometry is the pallet. Another advantage
of APOS is that it combines into one unit a number of assembly system components
that are typically separate in other systems, including: feeder, fixtures. and pallets for
parts transport.” APOS thus combines into one compact unit a number of typically
distinet manufacturing subsystems. most. of which are reusable.

The one aspect of APOS that proves to be the most difficult and time consuming
to develop is the pallet geometry containing the shaped cavities.'® Figure 3.19 illus-
trates a number of “generic” pallet geometries designed to handle different classes
of parts [16]. The pallet geometries shown are used to initially orient parts into one
of a limited number of orientations. As the parts move down the slots and channels
they come across, and some are trapped by, cavities machined into the pallet. In the
lignre. parts are dropped from the hopper onto a pallet at the top right and hop and
slide down the pallet surface toward the lower left. A pallet of the type shown in (a)
is nsed to capture flat symmetrical parts, like gears, whose orientation in the plane
is not eritical. A pallet of type (b) is typically used to orient long thin parts such

"Sonpe recent work has even considered APOS for use in parts assembly direetly. See Monee-
viez [OK].

Mg addition to individuat pallet designs, different parts often require individual vibration profiles
which are stored in a programmable controller.

P
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Figure 3.17: The APOS vibratory parts feeder developed by Sony. The vibrating
parts pallet is in the center of the machine. From Fujimori [32].
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Figure 3.18: A side-view schematic of the APOS feeder, from Moncevicz [58).



92 Chapter 3 Visualization and Application Domains

as screws and springs that slide into the slots in a preferred orientation. A pallet
like (€) is the most common type and is typically used for less svinmetrical parts
which fall into the “saw-tooth™ valley and against the vertical wall in one of a limited
number of orientations. similar to a bow! feeder track. And finally. a pallet of type
(d) is used 1o orient parts that. after falling into one of the cavities. might block
the flow of following parts. It is expected that parts in the correct orientation will
fall into a cavity and remain there whereas parts in the wrong orientation may fall
partially into a cavity. but should eventually bounce back out again. Characteristics
that are desirable for an APQS pallet include:

I. the ability to trap only those parts that are in a desired configuration,

2. the ability 1o hold trapped parts stably after the feeding operation. i.e. after
the vibration has been stopped. while the pallet is unloaded and transferred to
the assembly station, and

3. the pallet provides access to parts by a robot gripper so the part may he reliably
grasped and removed from the pallet for assembly.

Comparison of these characteristics with the vibratory bowl feeder and fixture ex-
amples suggests a considerable degree of functional overlap with APOS.

Like the vibratory bowl feeder, the function of APQOS can be viewed in terms of
a filter on part motions. Parts moving along the pallet surface interact with pallet
features like those shown in Figure 3.19 and undergo different classes of motions
depending on the characteristic constraints imposed by those interactions. As before.
we identify two motion classes: aceept and reject. In the APOS example. however.
the accept motion consists of a motion termination. or trapping motion. in which
the part is stopped and held in the desired configuration. while the reject motion
for a part consists of all other motions where the part continues across the pallet
surface and into the return basket. Interestingly, the characteristics of the accept and
reject. motion classes for APQOS are the reverse of those for the vibratory bowl feeder.
Figure 3.20 illustrates a motion constraint metaphor for APOS, which is identical
to that of the bowl feeder except that the multiple oulput motions are the reject
motions. and the single aceept motion is. in essence, a null motion corresponding to
the part being contained within the vicinity of a goal region into which it will settle
when the vibratory motion is stopped.

Depending on the type of part and pallet used, the hopping motions of the 31)
parts on an APOS pallet are not always planar in a general sense. Parts dropped
onto a pallet such as Figure 3,19 (b) are constrained to move within narrow slots
so that the resulting motions all oceur in more or less a vertical plane. Flat parts
such as gears, plates, brackets, levers, ete. that are dropped onto pallets such as
Fignre 3.19 (a). (c) or (d). move more or less in the plane of the pallet and can often
he viewed as planar sliding motions with minimal vertical motion, similar to vibratory
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Figure 3.19: A taxonomy ol four “generie™ APOS leeding pallets,
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Figure 3.20: A motion filter metaphor for the function embodied in the part /feeder
interactions within APOS.

bowl feeding. Other more complicated parts will typically find themselves in one of
a number of stable orientations with motions occurring in primarily horizontal or
vertical planes (possibly both). which can be used to capture the major characteristics
of the part/pallet interaction. The applied vibration has horizontal and vertical
components that are separately programmable. and in all of the above cases the
amplitude of the vibration used is typically moderated by the desire to make gross
part motions more or less deterministic. as in the case for vibratory bowl feeders.

For the purposes of this discussion we will consider the subset of part/pallet in-
teractions whose motions may be characterized within a vertical plane. as illustrated
in Figure 3.21. As in the fixture example. the coefficient of friction ¢ and coefficient
of restitution ¢ for the part and pallet are assumed to be known constants. The
pallet oscillates within the plane of the figure. although the amplitude is considered
negligible in comparison to the scale of the parts. The gravity vector is also in the
plane of motion as shown.

Figure 3.22 shows the ('S for a planar APOS example. along with an approximate
representation of the non-conservative energv-bounded forward projection that has
heen projected onto the surface of the ('S, By approximate we mean that the forward
projection representation shown in Figure 3.22 was constructed using a modification
of the support region implementation discussed in Section 5.5.2. It is presented
here for illustration purposes only and is not the result of any actual computation

-
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Figure 3.21: A\ planar model of a part and a vibrating APOS pallet.
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bt

Figure 3.22: Configuration space representation of a planar APOS example. (Note:
the forward projection shown is for illustration purposes only and is not the result
of any actual dyvnamics computations.)

of bouncing dvnamics. Conceptually. the highlighted regions on the surface of the
'S represent the set of (. y.0) points in which the part and pallet may come into
contact. The boundaries of these regions represent the intersection between the
non-conservative bouncing forward projection motion constraints discussed in Sec-
tion 2. 1.2 and kinematic constraints of the ('S. What is lost in this representation is
any information about the positions in configuration space that may be traversed by
a part in free flight. i.e. not in contact with the pallet surface.

For simplicity we assume that. as in the bowl feeder example. parts start out
in one of their stable resting aspects on the flat portion of the pallet to the left in
Figure 3.21. These points lie at the bottom of ('S vallevs of the kind found on the
bowl feeder ('S. The forward projection constraint houndaries extend outward from
these starting points under the action of the applied vibration and gravity to envelope
all reachable points on the 'S surface. The result of this expansion is a “flow™ of
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" \When the forward projection

reachable points that spread down the €S vallevs.
regions. or “rivers” if we may further extend the metaphor. reach the set of wells
on the €S corresponding to the kinematic constraints hetween the pallet cavities
and parts in cach of the initial orientations. then the determination of whether or
not a part is trapped in a cavity i a given orientation will depend on whether the
river is able to overflow the well and continue to the right across the €S, For the
part. pallet. and level of applied vibration to perform properly together as a feeder
will require that only one of the river flows be stopped by a CS well while the rest
overflow and continue off the right of the pallet. In terms of motions. this means that
a part starting in one orientation will he canght and held in the cavityv, whereas parts
starting in other orientations will « re ntually bounce out of the cavity and coutinue
across the pallet.!?

We should note that the above requirements on the nature and extent of the for-
ward projections on the O'S for a successful APOS design are very conservative. lor
example. it is possible that if the forward projections overflowed all of the cavities in
cach vallev of the 'S that parts would =till he captured in some of those orientations.
The forward projection overflowing a cavity simply means that it is possible for a
part in that orientation to leave the cavity. A more detailed model might contain em-
bedded shells of forward projections. cach with an associated probability that a part
may reach the set of contacts contained within that shell. OF course. such a model
would be constderably more complex than the existing (unimplemented) forward
projection model. As noted earlier. much work remains to bhe done in implementing,
non-conservative energyv-hounded forward projection model deseribed carbier in this
chapter.

In terms of APOS design. we wish to deepen the well surronnding, the desired
configuration relative 1o wells {or other configurations so that the forward projee-
tion will be trapped only by that well. The €S facets forming cach of these wells
are determined by interactions between different part features. and the same pallet
cavity features. The resulting 'S facets. therefore. tend to exhibit a strong degree
of coupling. As a result. modifving a pallet feature to deepen one well will often
tend to deepen the surrounding wells. Careful attention to this coupling. as well as
a considerable amount of trial and error. is required to arrive at pallet geometries
that achieve the desired results.

TRy way of analogy with the vibratory bowl feeder. we can imagine collapsing these enerpy-
hounded “rivers™ down to 1D space curves, at which point we would expeet to see a motion rep-
resentation similar to that of bowl feeders. An important point to note here is that, as disctissed
in Section 2.-4.2, the exact motions of the parts on the APOS pallet will be chaotic in nature, and
therefore impossible to compute exactly, The energy-hounded forward projection represents about
the hest we can expect to do in terms of predicting the behavior of parts in this system,

We are neglecting the effeet of a part trapped in a cavity on subsequent parts moving across the
pallet. To explicitly capture these effects, it might be necessary to superinipose motion constraimts
generated using a modified patlet geometry consisting, of the pallet awd a trapped part.
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In addition to kinematic constraints above. the forward projections on the 'S
surface will he determined by the dynamics parameters. including material properties
of the part and pallet such as g and ¢. as well as the orientation of the pallet relative
to gravity o. and the orientation. amplitude and frequency of the applied vibration
e Ay and w respectively.

As we have seen. APOS shares many of the motion constraint characteristies
found in the other examples discussed so far. such as the presence of vallevs on the
('S corresponding to stable part orientations as found in bowl feeders. and constraint
wells to capture parts like those found in assemblies and fixtures. The task of de-
signing an APOS system is complicated by the heavy amount of coupling present
between these motion constraints. which results from the fact that APOS itself com-
bines so many functions into a single system. We should stress that this coupling is
a reflection of the nature of the APOS system itself and not the configuration space
representation. The representations discussed in this chapter are useful for this ap-
plication precisely because they make this inherent coupling explicit. At present the
computation of forward projection regions for actively driv: ratory svstems. such
as APOS. remain an open issue for further research.

3.5 Summary

Figure 3.23 shows the planar representations of the four example domains discussed
in this section. and Figure 3.21 shows their corresponding representations in config-
uration space. We have noted a number of similarities between these representations
throughout our discussion that are worth recalling here. First. we have focused a
considerable amount of attention on the role of kinematic motion constraints rep-
resented by the surface of the €S and determined by interactions between object
shapes. In the examples of assembly. parts fixtures. and the APOS feeder we saw
how some of these constraints took the form of features on the 'S surface that we
likened to funnels or wells that guide motions toward a specific state or set of states in
configuration space. In the bowl feeder and APOS examples we saw parallel ralle ys
in the f-dimension on the €S that acted to sort and guide parts into different stable
orientations. In addition to Kinematic constraints we saw representations of dyvnamic
motion constraints in terms of forward projections determined by the mechanics of
object interaction. For the peg-in-hole assembly and vibratory bowl feeder exam-
ples we were able to generate detailed representations of object motions as a set of
paths. or trajectories. from initial states in configuration space and constrained by
contact with the €'S. For the fixture and APOS feeder examples we were unable to
gencerate exact motion deseriptions, but instead bounded the set of reachable states
in configuration space throngh which any trajectory would pass.

In addition to their similarities. the four example domains were also chosen for
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(a) (b)

(c)

Figure 3.2:3: The four planar application examples: (a) peg-in-hole assembly. (b)
vibratory bowl feeder. (¢) fixture. and (d) APOS feeder.
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Fignre 3.21: Configuration space representations for the four planar application ex-
amples: peg-in-hole assembly. vibratory bowl feeder. fixture. and APOS feeder.
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their different usage of the resources made available within the configuration space
representation. Specificallv. both the assembly and fixture examples focused on a rel-
atively small region of configuration space where the local set of O'S facets were sufli-
cient 1o describe the kinematic motion constraints of interest. whereas the functional
description of both the vibratory bowl and APOS feeders required the consideration
of kinematic motion constraints over large regions of the ('S, On the other hand.
the assembly and bowl feeder examples utilized exact integration of motion paths
to construct forward projections. whereas the fixture and APOS feeder examples
relied on bounded energy models to generate their non-kinematic constraints, This
particular set of four example domains was chosen 1o combine different constraint
representations in different wavs in an attempt to span the class of problems that
might he considered using the motion constraint representations developed.,

In each of the four examples. we presented functional metaphors intended to
abstract the important relationships between object motions and their constraints
without distraction by geometrical or physical details. Of course. these “details™ are
crucial for ensuring that a particular instance of a syvstem has the desired functional
characteristics. In this sense. the configuration space representation is meant 1o act
ax a Kkind of bridge hetween the abstract function common to all instances or artifacts
from a particular domai. and the detailed information that makes each particular
mstantiation umque. Specitically. the motion constraint representations in configu-
ration space. including the 'S, forward projections. and support regions. all possess
both the topological properties that map to the abstract functional metapliors. as
well as detailed metrie information that ensures fidelity with the behavior of the
actual example under consideration.

Finallv. in each of the examples we attempted to give a sense of how a given
svstem might he modified. or designed. to achieve the desired functional character-
istics. Although the motion constraint representations allow us to confirm whether
or not a particular system has the desired behavior. and in some cases a sense of
how robust that hehavior is to potential variations in svstem parameters. we still
do not have an a priori means of reliably generating the desired constraints from
scratch. This topic will be addressed more Tully in the next chapter for the first
two examples: peg-in-hole assembly aud vibratory bowl feeders. The remaining two
examples. althongh profiting from the developments made for the other examples.
await further research into the implementation of conservative and non-conservative
energy bounded forward projections.

The purpose of this chapter was to make the representations and visualization
technigues introduced in Chapter 2 more concerete by introducing a set of example
applications. These examples were chosen to span the available set of constraint rep-
resentations, as well ax to highlight similarities and differences hetween the varions
functional constraints. In the next chapter we will consider in detail the manipulation
of the representations developed so far. and in particular we will apply the result-
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ing tools to the first two example domains introduced in this chapter: peg-in-hole
assembly and vibratory bowl feeders.




Design

Chapter 4

You can't always get what you wanl... Bul if you try some time. you
might find. you get what you need.

M. Jagger & K. Richards. 1969

In this chapter we will take the representations of function in terms of motion
constraint that were developed in the previous chapter and examine how thev mav
be utilized for the purposes of design. We begin by considering a number of poten-
tial methods by which objeets with the desived constraint characteristics might he
generated, and consider a subset of these methods that ay.pear to be both feasible
and suitable for design. We then provide an overview of an implemented toolkit for
the design of motion constraints in the form of an interactive computer aided design
environment. This toolkit is applied to the design of artifacts from two of the ex-
ample domains in the previous chapter: vibratory bowl feeder tracks and compliant
peg-in-hole assemblies. Finallv. we discuss some additional characteristics of design
using motion constraints and examine the possibility of extending the scope of the
toolkit to include fully or partially automated design methodologies.

4.1 The Design of Motion Constraints

The 'S, forward projection and support boundary representations in configuration
space allow us to perform the analyvsis necessary to determine if a given svstem has
the desired functional behavior. as was illustrated for the four examples in Section 3.
What we lack at this point is the ability to go the other way. that is to create artifacts
that exhibit desired functional charvacteristics.  In this section we will consider a

103
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number of approaches aimed at inverting motion constraints to produce shapes. We
will examine the relationship between design parameters. that deseribe such things as
shape. and the motion constraints that we wish to create. We will extend the scope
of functional visualization developed in the previous chapter to capture constraints
on the range of admissible variations of design parameters that are consistent with
changes made to motion constraints, Finally. we will consider other forms of design
operations in addition to the variation of existing design parameters.

4.1.1 Generating Shape from Motion Constraints

We will briefly consider a nnmber of techniques for generating shapes from motion
constraints specified in confignration space. and evaluate both their feasibility and
suitability for shape design. Considering only kinematics for the moment. one pos-
sible formulation of the design problem would be to generate a set of shapes based
on a desired st of motions and Kinematic motion constraints — i.e. inverting motion
constraints to produce shape. \s we have seen. the mapping from shape to kinematic
motion constraints. as described in Section 2.3. 1s mathematically well defined and
reasonably straightforward to implement. We refer to this as the forward mapping
[rom shape to kinematic motion constraints to distinguish it from the necrse pro-
cesst mapping from motion constraints to a pair of shapes. We will brieflv consider a
few aspects of the inverse problem in order to illustrate that. as might he expected.
such a direct inversion is not possible. b We will then illustrate an approach. which
we refer to as “apparent”™ inversion. that allows us to perform some limited aspeets
of such an inversion under a very specifie set of constraints.

Direct Constraint Inversion

An intuitively natural approach to consider in generating shape from motion con-
straints is to construct the mecrse mapping from a specified set of constraints rep-
resenting a desired function into shape. Unfortunately. such a direct inversion is not
possible for a number of reasons. Consider. for example. construeting an arbitrary
¢S similar to that in Figure 2.1 but in which some type A facets twist clockwise
while others twist in the counter-clockwise direction. Althongh it would be possi-
ble to construet a closed surface consisting of such facets. it wounld be impossible
to generate such a surface with any pair of polveons. Tt is unlikely that we would
construct such an odd. and faulty. CS. Nevertheless, it serves to ithistrate the point
that there does not necessarily exist a pair of shapes that will generate an arbitravily
constructed surface in confignration space. Put another wav, arbitrarilyv specified
constraints mayv be inconsistent.,

I Fact. it is not even a good formulation of the design problemn. as we shall see shortly
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Figure L1: A\ few of the infinite number ol shape pairs that produce a circular
constraint region in (. y) configuration space,

Another problem with the direct inversion of constraints has to do with the fact
that. even for a consistent set of motion constraints in configuration space. there are
many (potentially infinite) shape combinations that give rise to identical constraints

the inverse mapping from constraints to shape is underconstrained.  Figure 1.1
illustrates this for the simple task of creating a circular constraint region i an (. y)
configuration space.  As we can see. there are numerons shape combinations that
interact to produce the specified constraint.

Partially Constrained Inversion

Another approach for generating shape from motion constraints that has been sug-
gested by a number of rescarchers i< to constrain the problem by fixing one of the two
objects and use it to generate the other object profile so that the desired constraints
are achieved. This would he done by taking the fixed shape and sweeping it through
space along a predefined motion [51. 3%]0 The complement of the volume swept out
by this motion is a second marimal shape that is guaranteed not to interfere with
the specified motion  this is a necessary condition on the motion constraints. The
question that remains is whether or not the resulting shape provides sufficient con-
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Figure 1.2: An example of the shape generated by sweeping an object along a de-

sired trajectory. The resulting shape interactions do not produce motion constraints
consistent with the desired motion.

straints on the motion of the object. Unfortunately. the answer for the general case is
no. as can be seen by the example shown i Figure 1.2, In this example the diamond
shaped block is guided along a =17 -shaped trajectory with its rotation fixed. sweep-
ing out the volume shown. When the (o y) motion constraints corresponding to the
interaction of the block and the new shape are generated. however. the results are
not sufficient to produce only the desired motion. The problem with this approach
stems from the fact that. although the shape derived by taking the complement of
an object at a given point in configuration space completely constrains that object.
sweeping the object along a trajectory may fail hecanse one point along the path can
“erase” constraints that were necessary for another point on the path. Specifically.
the vertical portion of the imposed =17 -trajectory on the block in Figure 1.2 sweeps
away a portion of the shape generated by the horizontal motion. The vesult is a pair
of sharp corners on the new object that. through interaction with the sides of the
block. produce the unintentional “chamfers™ in the resulting motion constraints.

It i< interesting to note that the problem with the approach of generating shape
from swept motions is similar to the problem of nnderentting common in machining
operations. Specificallv. il we imagine cutting out a cam profile with. sav. a 0.5 inch
end mill designed to correspond 1o the motion of a cam lollower of the same diameter.
we find that it is impossible to generate a cam profile that will cause the follower
to track a curve with a radins of curvature smaller than that of the follower itsell.
The result of attempting to gencrate such a profile is the undercut profile shown in
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Figure 1.3: An example of undercutting in a cam profile. which is analogous to the

inconsistent motion constraints generated in Figure 1.2,

Fisure 1.3,

Apparent Constraint Inversion

We have seen that inverting shapes from a specification of desived motion constraints
is an ill-posed problem. In the case of direct inversion where hoth shapes were un-
defined the imversion from motion constraints to shape was underconstraimed. Con-
verselv, for the case of partially constrained inversion where one of the two shapes
was spectiied. the resulting inversion was overconstrained and therefore imconsistent.
Bevond these rather signtficant limitations lies an even more fundamental problem
common to both approaches: they assume that we already have a precise specili-
cation of the motions and motion constraints that we want to achieve. As we saw
in the previous chapter this is often not the case. The motion constraint represen-
tations available 10 us provide a wayv of recognizing the class of motions that are
reguired to produce given functional characteristies, .. we often only know what
we want when we see it. The guestion remains, then, as to how we can achieve
desired motion constraints as well as the .\ll('ll)(‘.\ that will |)l‘()¢|||(‘(' them. One answer
that we propose here is rather simple we will 1ake advantage of the fact that the
forward mapping from shape to motion constraints is well detined by allowing ouly
contimions parametric variations on an existing set of design parameters.

Figure 11 illustrates conceptually the process of apparent inversion. Essentially,
we start off with a pair of nominal object <hapes (planar polveons) from which we
generate the CSOWe provide a set of a priori mappines between features on the €S
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Figure L 1: .\ conceptual representation of apparent inversion from motion con-
straints to shape. where a priori mappings from constraint features to shape features
and rapid computation of the motion constraints give the illusion that motion con-
straints may be inverted to produce shape.

and object features which we then use to choose shape features in the context
of motion constraints. The parameters deseribing these object features are then
perturbed variationally and the €S for the new objects is computed. If we are able
to: (/) map parametric perturbations that have intuitive effects on the C'S. and (d/)
perform the computation of the €S rapidly. then as far as the designer is concerned
the result is indistinguishable from a true inversion from the constraints to shape.
For example. Figure L5 illustrates the detailed procedure for apparent inversion
of object geometry from the interactive manipulation of a contact constraint facet.
Starting in the upper left of the figure where a designer selects a point on the contact
constraint surface and displaces it vertically. the apparent inversion algorithm maps
the selection to the appropriate shape feature (upper right). modifies the selected
shape feature (lower right) and recomputes the new motion constraint surface (lower
left ). The important point to keep in mind is that the designer sees only the direct
manipulation of the motion constraints. as shown in the left half of Figure 1.5.
This iterative process is carried out continuously in the background as the designer
modifies the constraints.

Animportant characteristic of the apparent inversion process is that after every
iteration the object shapes and the corresponding C'S are guaranteed to be consistent
hecanse we are actually using the forward mapping from shape to constraints. which
is well defined. Of course. nothing is free. What we give up with apparent inversion is
the ability 1o make arbitrary changes to the constraints. Specificallv. the arbitrarily
imposed a priori mapping from C'S features 1o object features constrains the class
of modifications that we may make to the constraints and the shapes. Qur task
implementing apparent inversion. such as in Figure L5 will he to provide as complete
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Figure 1.3: Details of apparent inversion for contact constraints — feeder  part

shapes.
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and flexible set of mappings as possible. The details of this process will he described
further in Section 1.2 on design functions.

The motivation for manipulating design parameters by means of apparent inver-
sion from motion constraints is to provide the ability to select and manipulate design
parameters directly in the context of function as represented by motion constraints.
The basic idea is to be able to grab one or more features on the surface of the €'S and
simply push or pull them until the constraints have the desired properties. all the
while in the background the design parameters are modified so as to be consistent
with the new constraints.

4.1.2 The Space of Design Variables

In describing the changes to design parameters and the corresponding changes to
motion constraints it is useful to distinguish between the confiquration space of mo-
tions and the design spacc of parameters that define a given svstem. We distinguish
between two classes of design parameters: shape parameters and dynamices param-
cters. Shape parameters describe the geometry of the objects and may be take the
form of a list of polvgon vertices represented as (. y) pairs. as (. y. =) control points
describing cubic polynomial surface patches. ete.. Dynamies parameters include the
coeflicients of friction and restitution. inertia. gravity and anyv other non-shape pa-
rameters. In the same way that a point in configuration space defines the state of a
moving object. a point in design space defines all aspeets of a svstem that may be
varied by a designer.”
The design space D:

- — ) ) . )
D = Is/ut/u > lnmtrf'mls x Ivll/rmmu's et

Although an explicit representation of the design space would be prohibitive given
the large number of parameters defining a tvpical system. the coneept is useful when
considering how changes made to constraint features in configuration space map into
changes in the set of design parameters expressed as a point in design space. In par-
ticular. we are interested in the behavior of the set of motion constraints in response
to a modification of one or more design parameters. A variational modification made
1o a selected CS feature or set of features may he viewed as an input path specified
in configuration space. i.e. a point or set of points selected from the surface of the
('S are coerced to follow an imposed input trajectory from their original state to a
newly specified state, The changes made 1o the constraints along this imposed path
correspond 1o changes in one or more design parameters which also may be viewed

“For the moment we are neglecting, design modifications that would add or remove parameters,
such as adding, new vertices to the list of vertices defining a polygon. ‘Fhis topic will be addressed
in Section 1.1, 1.
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as a trajectory between start and end states. but in design space. Ideally. there will
he a strong correlation between the paths in the two spaces so that. as desigu pa-
rameters are varied by means of apparent inversion. the selected motion constraints
will closely follow the desired input trajectory in configuration space.

4.1.3 Dynamic Constraint Visualization

Visualization is important for both analvsis and design. In the previous chapter we
developed a representation of motion constraints to visuahize function from shape in-
teractions. Given a specific design (a single point in the space of design parameters)
we were able to determine if that design possessed the desived functional characteris-
tics by visualization of the motion constraints. \We refer to this form of visualization
as static constraint visualization because the parameters and motion constraints re-
main fixed. In the process of modifving a design. whether hy means of apparent
inmversion from motion constraints or by some other parametric manipulation tech-
nique. we are interested in the wayv these modifications will affect the constraints. We
refer to the visualization of the relationship between parametric variations and mo-
tion constraint variations as dynamic constraint visualization because, unlike static
constraint visualization. the motion constraint <= paramecter relationship is tem-
poral in nature. An important aspect of dyvnamic constraint visnalization is that it
takes us bevond simply characterizing the function corresponding to a single point
in design space and allows us to explore the weighborhood of a desien,

The changes imposed on the €S by a designer are local i the sense that thev
are intended to be made only 10 the selected CS features. However. local such
focal chianges will typically have very non-local effects as well. For example. cach
contact facet can be viewed as a dual in the sense that 1t s determined by a et of
parameters deseribing a pair of interacting features on two different objectssas we saw
in Section 2.3.1. The facet equations. derived in Section 53010 may be summarized
in the following form:

—

FUo= it = et (1.1
/?’f = f((h‘f{.r‘") = [t Ff‘.l""l’il.ﬁ‘l (12

L]

A
speetively. of two interacting polveons. An edge &8 may be further divided into the

where the shape parameters 7 aud 7V represent the jth vertex and sth edec, re-
pair of vertices £ & 7L that form its endpoints. As we can see. the characteristios
of features from cach of the two objects are expressed in every contact facet,
Fxactly which €S features will be affected by a local change can he determined
from Equations 1] and L2, For exampleo a single vertex F(H. of the stationary

\

polveon may interact with all edees 7' (7 20— n) of the moving polveon.  Any

change made 10 7P <av during the apparent inversion ol a feature on one tvpe A
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contact facet. will result in simultancous changes being made to all the other v — |
tvpe A facets in which # ix a contacting vertex. I addition. from Equations L1 and
L2 we see that 7 also forms one of the endpoints of both ("7_, and ("f’. Therefore.
all 2i type B contact facets in which & i< an endpoint parameter will also change.
Therefore. modifving a single vertex on a polyvgon will change a total (v + 2mi)
contact facets on the CSF Ax we can see. a considerable degree of coupling exists
between design parameters and motion constraint features that are nof local to only
the selected constraint features. Furthermore, this coupling is unavoidable given the
nature of the motion constraints forming the CSCand an nnderstanding of the nature
ol the coupling will he necessary when performing design since a change to a local
constraint feature on the CS will bring a number of other. potentially important. C'S
features “along for the ride™.

Ax an tllustration of constraint coupling. Figure L6 (a) shows a contact facet
feature on the €S that has been selected by a designer. Variations imposed on this
fcature in conliguration space are mapped to a single vertex on the stationary polygon
in desien space by means of apparent inversion. s a point on the selected €S facet
is moved along an (o y. ) path in conliguration space. the corresponding changes to
the polveon vertex generated by the apparent inverse operation canse the selected
C'S feature. as well as other €S features. 1o change as shown in Figure L6 (b).

We will use dvnamie visnalization as a 100l to explore parametric coupling amonge
motion constraints during, design. Two properties of apparent inversion that make
dvnamic constraint visualization possible and useful as a design tool are:

I. Design Direction: Parametric « constraint coupling tells the designer ()
what parameters 1o modilv. and (i) which way 1o go (locally) in design space
in order to achieve the desired motion constraints in confignration space.

[

Consistency Check: The consisteney inherent in the forward mapping con
strains the designer to making changes that are possible in the context of ma
nipulating motion constraints.

These properties satisfy the necessary and suflicient conditions for getting what von
want in a design as well as providing ns with the ability 1o perform “what 1™ exper-
iments that are a necessary part ol the iteration process innteractive design.

A\ crucial component in dynamic visualization is the ability to madily and e
construct motion constraints guickly so that the mformation contaimed within the
relative rates of change among constraints to parametric modifications is accessible
to the designer. This will require the ability 1o compnute and display the €S and

SFallowing a similar line of reasoning. changes made to facets adso prodoee changes i the other
CS features: edges and vertices. Fdges are duals composed of facets, and vertices are trniplets
composed of cdpes. As o result, small changes 1o shape wall change facets: edgessand vertices: thos
having o potentially profound effeet on the overall topology of the €S
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Figure 1.6: An example showing the coupling that exists between features on the
C'S. .\ polygon vertex selected and modified by a local point on the €S produces
changes that span across a number of other features on the €S,
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other motion constraint representations in near real time so that the gap bhetween
modification and constraint generation is seamless. For the vest of this chapter we
shall assume such computational tools exist. Section 5.8, summarizes the Kinds of
compntational structures, assumptions and optimizations necessary to achieve this

eoal.

4.1.4 Topological vs. Parametric Modifications

In broad terms, the goal of designing motion constraints is to he able to generate
motions. or classes of motions. by means of motion constraints,  So far we have
deseribed a set of ideas. and some tools. that allow us to manipulate the parameters
of existing motion constraints. Is this all we can do?

Parametric moditications may be applied only to those parameters that have al-
ready bheen defined. .e.an existing fixed set of vertices deseribing a polveon. Five
vertices will alwavs deseribe a five sided polvgon. no matter what values their pa-
rameters may take. Therefore. an operation such as apparent inversion only allows
us to move around within a design space of lixed dimension and topology. Topolog-
ical moditications. by which we mean changes to the size and topology of the design
space. introduce new design parameters (or eliminate old onesy and fundamentally
change the class of artitacts that may he generated. For example, generating new
shapes by sweeping an object along a tixed path in conliguration space. discussed in
Section L1 1 is a topological modification. As we noted in Section L 1.1, we cannot
i genceral gnarantee that the constraints produced by such a topological modifica-
tion will be consistent with the intended motion. There are. however. some swept
motion operations where this may be done consistentiv. one of which will be dis-
cussed in Section 12220 There are still other topological design operations that may
be performed consistently outside the context of constraint inversion. For example.
the inttial specitication of nominal designs upon which parametric modifications will
he used to teratively arrive at a saitable desien. Such nominal designs may he
egenerated or selected from a taxonomy of possibilities. as discussed in Section 11,

such topological modifications are attractive becanse they allow us the Tuxury of
“pmping arvound” within and between multiple design spaces. as opposed to moving
vartationallv within a fixed design space that mav, or may not. contain a valid solution
potnt. At the same time. we have already seen how local changes to a few existing
patameters inoa lixed design space may have significant non-local effects on the
motion constraints in confignration space. \We can only imagine what effect adding,
and deleting whole sets of parameters will have.

Comparing the relative strengths and weaknesses of parametric and topological
maodilications of motion constraints we have:

Parametric Modifications:

(4) The ability to generate shapes from constraints coinsistently,
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(4) The ability to explore the neighborhood of a point in design space and to observe
coupling between parameters and motion constraints.

(-) Limted to varving existing parameters that correspond to only one class of

designs.

(-) Constrained to making incremental motions in a fixed design space. Suitable
designs may be “distant™ from a given nominal design. and a solution may not
exist within the given set of design parameters.

(-) Reliance on the expected smoothness of design space during variational modi-
fications. it is possible that for some cases a suitable design mav exist only
within a very small region that could be bypassed while varving parameters.

Topological Modifications:

(4) Potentially a great deal of tlexibility in exploring different design possibilities
encompassing many classes of designs (i.e. many design spaces).

(+) The ability to “jump” between designs that are distant in terms of design
parameters. or are not contained within the same design space.

(<) Difficult (often impossible) to perform consistentiyv in the context of inverting
motion constraints.

(-) -\ very hmited set of viable design technigues exists for a few application domains.

(-) Ndding and removing design variables. or otherwise changing the topology of
the destgn space. can make it difficult to close in on a viable design. Jumping
aronnd within a design space may canse us to miss porentially valid designs.
and generally makes a methodical search of possible designs difficult 1o perform.
Adding design variables invariably inereases the dimension of the design space.

also adding 1o the overall complexity of the design task.

As we can see, the strengths and weaknesses of parametrie and topological modi-
fications are more or less complementary in nature. Basicallv. we would like as much
Hexibility as possible while at the same time control the complexity that we must
deal with, This sugeests that a good design strategy would be to combine the hest
~f both approaches wherever possible. Specificallv, we will want 1o take advantage
of the flexibility of topological modifications carlv on in a design to “jump”™ among
possible nominal design topologies until we find what appears to be a promising class
of desiens, Theno when we are near what we hope is feasible design. we mayv more
methodically explore the Jocal parameter space for possible solutions. Section 1.1.5

deseribes one methodology appropriate for designing vibratory howl feeders.
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4.1.5 Interactive vs. Automated Design

In our discussion so far we have assumed that the modifications necessary to generate
a design are to be carried out by a human designer working interactively with a rep-
resentation for visualizing. and set of tools for manipulating. the motion constraints
that describe function. What about automated design? We are able to automatically
generate representations of function in terms of motion constraints given geometry
and other parameters as described in Chapter 2 and detailed in Chapter 5. These
constraints are mathematically precise. and because they are computer generated
they are also computationally accessible. Therefore. it would seem that we should
he able to manipulate these representations automatically using such tools as appar-
ent inversion in order 1o perform design.

The kinematic and dyvnamic constraints that we consider explicitly in the mo-
tion constraint representation are only part of a much larger set of potential design
constraints. i.e. cost. machinability. maintainability. ete.. Automating these por-
tions of the design task will almost certainly result in the generation of many useless
designs.! The human designer. on the other hand. can keep more of constraints in
mind while using this tool. In this rescarch we focus on the interactive/iterative
design paradigm because it provides ns with more flexibility and is generally a more
tractable approach to design. We will therefore focus on the role of the computer
as a tool for automating the task of generating and displaving the explicit represen-
tations of motion constraints, and allowing us to interactively manipulate both the
constraints and the parameters defining them using such tools as apparent inversion.
This emphasis on interactive design will also require us to produce an implementa-
tion that is fast and eflicient in compnting the necessary representations. Later. as
we gain insight into the relationships hetween parameters and constraints, and the
more general relationship between function and motion constraints. these tools will
also be useful in developing the additional representations and algorithms necessary
to support antomated and semi-antomated design. which we will hriefly discuss in
Section 6.2.3.

4.2 Design Functions

Our goal i1s 1o have consistent modifications of motion constraints mapped into the
appropriate parametric modifications. Recalling the space of design parameters dis-
cussed in Seetion 1120 variational modifications to design parameters may be viewed
as a path between states in design space. In this context. we view design as one or

more functions mapping desired changes to motion constraints, expressed as paths

By the samie token. i systenn that antomatically senerates arge sets of design alternatives. even
thongl many are infeasible for one reason or another. may have value as an aid to human designers.
See Ulrich [75] for examples of this approach.
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imposed by a designer on a representation of motion constraint features. into para-
metrie changes represented as a path in design space. More specifically. design fune-
fions are mappings from user inputs that (/) select. and (i) modify the appropriate
design parameters in the context of motion constraint modifications,

Although the above description implies that design functions are intended purely
for modification of existing parameters. we may expand the notion of design fine-
tions to include those topological modifications to motion constraints that mav be
performed consistently. In this section we will examine examples of hoth paramet-
ric and topological design functions. We will first consider parametric functions 1o
implement apparent inversion for two forms of motion constraint representations:
contact facets and planar support constraints, We will then deseribe a topological
design operator for generating classes of support polyvgon geometries and discuss why

it mav be implemented consistently.

4.2.1 Apparent Inversion of Motion Constraints

There are three distinet Tunetional components of apparent inversion from motion

constraints:

. Parameter selection: Seclect parameter(s) that are to be varied lrom the

constraint representations.

-

2. Input mapping: Map the designer’s intended modilication to the selected

parameters into a path in (. y.0) configuration space.’

3. Parametric mapping: Map the (.. ) path to a path in desien space. specil-
ically to the selected parameter(s). by inverting the corresponding constraint

expressions.
More preaisely. these operations may he expressed in terms of the following functions:

ol (I’,(.';'“‘”'. I‘} \/H) — . (1.3)

ylau.t) R VA s

where [0 is @ point selected from the surface of the facet |/ and s s a
parameter or set of parameters from the facet’s deseribing equation. For the inpnt
mapping. we have:

. o - ylout)
flll“l(Pu.[-u(' — P(_Y\/ ( 11

*Input mapping is an artifact of the type of input deviee nsed. Tapically the input will in the
form of an offset in the sercen caordinates of a cursor via o mouse. 1 is necessary o map sueh
atwo variable wmput o a o motion e the three-dimiensional configuration space. Wa three dood
mpnt deviee is used then the input mapping funetion may be unnecessary
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where P, 1s an input path in whatever space the designer interacts with the

. . E oY AN I . . . .
constraint representations. and PE is the corresponding path in configuration
space. Nud finally we have:

e TR —polygon . — —ped gy -
F {efu (.\p(i"sl/ )) . (Vl‘,/ ud = s/ l(l‘{ Yo )) (1.5

which applies the input path in configuration space to the selected parameters. which
are assumed here to consist of polyvgon vertices,

The above functions are designed to operate on parameters deseribing polyegon
ecometry in terms of (. y) vertices. and motion constraints represented in (. y. )
configuration space. In this research we have developed and implemented specific
apparent inversion functions for two constraint representations: the contact facets
of the €S and the support transition boundaries on the surface of the €S, These
parameters and representations were chosen because of their prominence in deter-
mining the function of vibratory howl feeders and compliant assemblies deseribed
in the previous chapter. Similar functions could also be generated 1o operate on
other design parameters. such as dynamies and material properties. as well as ma-
nipulating parameters within the context of other constraint representations. such as
the forward projections including diserete paths and bounded eneregy regions. Such

additional design functions have not heen detailed or implemented in this report.

Inversion of Contact Facet Constraints

The Kinematic constraint representations to be manipulated from the €S are the
individual contact facet equations LT and 1.2 discussed in Section L 1.3, and derived
in detail i Section 33010 To modifv a contact facet. the designer sclects a point on
the surface of a facet. The selected point is mapped to a polveon vertex by means
ol the selection funetion given hy:

—

sede (40t /B - Ty
ﬁ\/'(l)(‘l\l -I'”H):",/ ':I"H

where P22 and FYE are the selected point and facet as deseribed in Fguation 13,
and the selected parameter s = PP VB G vertex from one of the Two polveons
formine the facet. By defanlt. the edee vertex closest to the (r.y) component of the
selected PE point is chosen. Therefore, for a type A facet. the vertex will be from
polveon Ao and vise versa. This a priori selection is, of conrse. totally arbitrary and
could bhe user selected,

The inpnt mapping function is given hy:
itput
Fo AP ) = )

where P00 a path in the form of an offset in the sereen coordinates of a cursor
#)

sele

computed from FEO () is used to

moved by a mouse. The 0 component of /’((.'"\i"'
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define an (. y) plane through that point. As the mouse is moved. the intersection of a
line projected into configuration space from the mouse screen coordinates determines

(4.y.0)

the corresponding offset &, y) representing the path Py in configuration space.

Finallv. the inverse mapping function is:

wde [ = _ oroy) if [P
f\-”" l‘[\/H.(\(.l'.!/l = ‘/H—+- ’ _ o~
© ( ' ) ' —Rot(0) I(“(.I'.!/) if #

where, depending on the type of polyeon to which cach vertex corresponds. the offset
Mrcyy s added to the selected vertices F/"/H with or without being mapped to the
appropriate # orientation by Rot(0)™". The purpose of the = Rof (0)™" mapping is 1o
ensure that variations to polyveon .\ vertices canse any selected points on the tvpe A
contact facets to follow the mput path ¢(eoy). Multiple vertices may be selected
with F2E 10 before invoking the funetion Frrlid,

In Section 1.3 we discussed the inherent coupling hetween modifications made
to a single polveon vertex and the resulting changes to a mimber of contact facets
in the €S, Given the specification of the above desien functions. what more can
we sayv about the specitic nature of this coupling during apparent inversion” As we
noted carlier. contact facets are formed by the interaction of an edee fezture of one
polveon and a vertex of the other, From the inverse mapping function F/7 ) e
can see that a variation ol ¢, y) applied to a vertex of the stationary polveon B will
shift the portion of each facet containing that vertex. either as a contacting vertex
or as the endpoint of a contacting edee. by a constant amount. More importantiy.
this shift will he invariant in (. y) across the range # = 0 — 27, .\ vartation of
My applied 1o a vertex of the moving polveon . however. will produce an oflset
i conficuration space whose (. ) orientation varies as a function ol #. specifically
—Roti0y e y). The resulting change will be in the form of an expanded (or
contracted) helix, Figure 1.7 illustrates these effects on a space curve deseribing a
vertex-vertex contact between polveons i (o y. ) configuration space 1o an (. y)
offset in the moving polveon \'s vertex and to the stationary polveon B's vertex.

The space carve [ormed by the vertex-vertex contact illustrated in Figure 1.7
i~ equivalent to the adjaceney houndary bhetween two facets. The effect that the
above transformations will have on an entire contact facet formed by a vertex-edge
contact will depend on whether the vertex heing modified is the contact vertex or an
endpoint of the contact edge. Figure LN illustrates the effects for the modification
to a moving polveon A vertex that is (&) the contact vertex. (b) an edge endpoint
vertex, and for the modification to a stationary polvgon BB vertex that ix (¢) the
contact vertex. and (d) an edee endpoint vertex. We note that by a priort mapping
a selected pornt I’,("\"/” from a facet VP 1o an endpoint vertex F,‘/H on a polyveon
cdec. we are constratning the designer to making only the modifications <hown in

He

Fienre 1.8 (b) and (d).
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Fignre L7 The effect of changing a moving polvgon .\ vertex and a stationary
polvgon B vertex to the vertex-vertex contact constraint in (. y.#) configuration

space,
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Figure 1S: The effect of changing a moving polveon \ vertex that is (&) the cantact
vertex. (b) an edee endpoint vertex: and a stationary polveon B vertex that i~ (c)

the contact vertex, and (d) an edege endpoint vertex.
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Inversion of Support Transition Boundaries

The constraint representations to be manipulated from the €S are the support con-
straint boundaries that intersect the S surface. As desceribed in Section 2.5, these
boundaries partition the surface of the C'S into supported and uusupported contact
configurations. To modify a region. the designer selects a point on one of the bound-
aries. which represents an (o y. ) position where the moving object is marginally
supported by the supporting polvgon. The selected point maps to a series of support
polyeon vertices as deseribed by
Frplod (PES PRy s s it i= o}
where PUand FYE are the selected point and the selected contact facet. respec-
tivelvoand s s a set of vertices from the supporting polyvgon. The vertices contained
i~ are determined by examining those vertices and edge segments of both the mov-
ing and supporting polvgons that act to support the moving object at that (w.y.0)
position in order to determine the subset that are critical to the support. Specifi-
callv. the eritical support points will all lie along a line. passing through the eg of
the object. on one side of which lie all the remaining support points. This line forms
the axis about which the moving object will rotate out of the (o, y) plane as it falls
off the supporting polvgon. Section 5.5.2 provides a more detailed treatment of the
planar support computation.
The iuput mapping function is:

Fittar (Pt FYP) = {8 ) s oo || FY50,0)

where, as before. Py, is a path in the form of an offset in the sereen coordinates of
a cursor positioned by means of a mouse. Unlike the iuput mapping function for 'S
inversion. the offset corresponding to a motion of the cursor in screen coordinates is
mapped to a line parallel 1o the surface of the contact facet -8 at the selected point
DU and perpendicular to the 0 axis of the configuration space. The corresponding
olfset a0, y) along this line forms the input path pE2
The inverse mapping function is given hy:
Flihi tsedeon) — @b = (oo s Wil h e o

i
where the offset dtroy) is mapped to the eritical support polvgon vertices #m*
contained in . The result of this mapping is to move the critical support vertices

e b

) in such a way that the support transition boundary local to the selected point

S ) . : : -
P22 moves along, the surface of the contact facet VB
. . . _lv)
put path U

Fignre 1.9 shows the inverse mapping function applied to a point on the houndary

i unison with the specitied

of an unsupported region on the CS; where the support polvgon vertices determined
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to be critical by .7-':,',/’,'/‘,:,.,() are highhghted. We notice that as the selected boundary
point on the contact facet is moved hetween frames (a) and (b) that the selected
support polygon vertices are shifted. changing the entire houndary’s position and
shape. This is vet another illustration of the coupling between constraints and design
parameters. in this case between the support transition houndaries and the support
polvgon vertices.  As we will see in Section 3.5, we do not have available to us
analvtic functions describing these houndaries on the 'S, and hence have no direct
means of determining their behavior in response to design modifications. By means
of approximate numerical computations built into the apparent inversion operation
we are able to empirically observe the highly nonlinear coupling and “experiment”
with different modifications. one example of which is shown in Figure 1.9, As with
the apparent inversion of the contact facets on the 'S, the speed of computing the
support transition boundaries is critical in making the inverse mapping function
useful for design.

The above design functions for the apparent inversion of contact facets and sup-
port transition boundaries represent approximations to the more general design fune-
tions ontlined i Equations 1.3, 1.1 and 1.5 Although the approximations in some
cases restrict the class of modifications possible for a single design manipulation
step. they are intended to at least span the set of design variables so that a suitable
parametric design. if one exists. may eventually be found. In general. this will he
accomplished by the iterative use of a combination of the above design functions that
allow the us to navigate our way through design space using the motion constraint
representations as a guide. The actual implementation of these functions is deseribed
in more detail in Chapter 5.

4.2.2 Out-of-Plane Swept Geometries

In Section L1 we discussed some of the relative advantages and disadvantages of
parametric vs.  topological constraint modification operations.  Where applicable,
topological operations give us the ability to introduce entivelv new classes of design
solntions. along with new design parameters. Consider the vibratory bowl feeder
example in Section 3.2, where one of the parameter sets used to determine the feeder-
filter function was the shape of the supporting track. As we saw above. the coupling
between the support transition boundaries and the supporting track polvegon vertices
is very prononnced and non-lincar. I trying 1o terminate a given part motion path
on the €'S by having it encounter an unsupported region. it would be tempting 1o
simply place such a region in front of the path by eenerating the appropriate track
geometry instead of wrestling with the constraints imposed by the existing track
geometry, In fact. we can consistently define such a function. which we refer to as
the cutoul function.

Figure 110 (a) illustrates a polygonal part in the plane. We hegin by selecting
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(P (B le

(a) (b) (c)

Figure 1.10: Generating a support track cutout.

an (. y.0) configuration of the part where we wish it to transition from a supported
to an unsupported state. Next. we specily the divection in which we want the part
to fall by defining an oriented line through the part c¢g. This line represents the
axis about which the part will rotate out of the (. y) plane at the given position.
To generate the track contour that will allow this out-of-plane motion of the part
we generate a shaped cutout from the track corresponding to the part contour on
the wnsupported side of the fall axis. as shown in Figure 1.10 (¢). We can think of
the cutont function as using the part as a sort of “can opener”™ by rotating the part
about the fall axis to sweep out a portion of the track (b)."

The above deseription of the entout function deals exclusively with the part
and track geometries. whereas we have been focusing our attention on the motion
constraint representations to desceribe function. What does the cutout function look
like in terms of the support transition boundaries on the C'S in configuration space?
Figure 111 shows the result of adding a cutout at an (.. y.0) point on a CS facet. In
the ideal case. the unsupported region generated by the cutout would appear simply
as a single point or small region on the contact facet surface at the desived (roy. 6)
configuration. In reality. however. a number of additional non-local unsupported
regions are also introduced on the 'S surface. These additional unsupported regions
arise from the simple fact that a hole generated for a part to drop through in one
orientation does not. in general. prevent parts in other orientations from falling

"As deseribed in Section 5.7, the unplemented cutout function generates a convex approximation
to the entout comtour deseribed here. I addition. to preserve the genus-zero topology of the
supporting track polygon. the cutout is connected to the outer track contour where necessary
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through as well. The location. number. sizec and shape of these additional regions
are determined by the location and shape of the track cutout contonr. which in turn
is determined by the chosen (g, #) contignration and fall axis orientation for the
cntont. s expected. the topological moditications ereated by the cutout Tunction
add complexity as well as flexibility to the design task by introducing a number of
new polveon vertices. Controlling this additional complexity while at the same time
taking advantage of the ability to introduce an unsupported region at any arbitrary
location on the surface of the CS isthe major challenge of utilizing the cntout function

as a desien tool.

We noted in Section L1.1 that the shape created by sweeping out a part along
a desired path in configuration space satishied the necessary conditions. but not the
sufficient conditions for the desired motion constraints along that path. Does the
entout function above satisfy bhoth the necessary and sufficient conditions for prodne-
ine the desired motion constraints. and if so. why? We recall from Section 111 that
the problem with the swept shape generation approach was the fact that the voluime
swept out by the fixed object on one portion of the specified path could eliminate
shape features that were necessary to constrain the object along another portion of
the path. as illustrated in Figures 1.2 and 13, 16 we imagine the rotation of the part
out of the (. y) plane as a path in a higher dimensional configuration space. then
onlv the point corresponding to the beginning of the path is contained within the
lower dimensional (. y.0) slice of that space. As a vesult. the support constraints
provided by the track at the (. y.0) position where the out-of-plane path begins are
not affected by any other point along the remainder of that path. By this argument.
the shape generated by the swept out-of-plane motion provides the intended motion
constraints. i.c. support constraints. at the selected (e y.0) point. We are. how-
ever. ignoring an important additional factor  we negleet the remainder of the part
motion ontside the (g, @) plane. In particndar. we conld fmagine a case wheve the
half of the part on the supported side of the fall axis is wider than the unsupported
half used to generate the eutont contour. In this case. a part mayv rotate out of the
plane as desired. bhut hecome canght in the cutout rather than falling off the track.
In this research we are assuming that the parts are thin enongh compared to their
(.. y) dimension that we could, if necessary, ent an additional narrow slof along the
fall axis whose length exceeded the widest cross-section of the part. This slot would
be swept ont by the part as it reached a vertical orientation and then shid downward
in the —: direction. Athough an inclegant solution. such a slot would allow the
part to slide off the track while at the same time vet be narrow enough so as not to
compromise the support characteristies of parts in other orientations in the plane,
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Figure 11 NMultiple unsupported regions generated on the €S by the eutout fune-

tion applied to a single (g 0) configuration (indicated by the =P7 in the top fignre).
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4.3 A Toolkit for Visualization and Design

In this section we give a brief overview of an implemented set of tools that form a com-
pitational environment for visualization and design called cspace-shell. Specili-
callv. we've selected the representations for the CSO numerically integrated forward
projections. and unsupported regions on the €S surface. which are a snbset of the
motion constraint representations discussed i Chapter 20 This subset was chosen
hecause it will be sufficient to represent both the compliant pee-in-hole assembly and
vibratory howl feeder examples desceribed i Section 3.

4.3.1 Assumptions

Most of the following the assumptions made in computing motion constraints have
heen discussed in earlier chapters hut are repeated herve for completeness. Where

appropriate. we note assumptions that are nunigue to specilic appheation domains.

e Objects are modeled as infinitely rigid planar polveons that do not change

shape under applied loads.

o The dvnamics coverntug object motions are assumed to be quasi-static: body
forces due to velocities and accelerations of the objects are considered neeligible

in comparison to static forees.

o [I.xternallv applied forces. such as gravity, are assnmed to act throueh the ref-
crence point of the moving, object. For the vibratory bowl feeder example, we
assume this point to be the objeet’s center of gravity eg. whereas for the com-
pliant assembly example the reference point is the remote center of compliance

(RCC).

o The contact hetween the moving object and plane of motion is assumed to
be frictionless: reaction forces oceur solely hetween polveon bowundarics i the

plane of motion.

In the vibratory feeder examples, we assume that parts move along the track
individually, with contacts ocenrring only hetween the part and feeder wall
no stacking or bunching of parts is considered.

Ont of plane motions. such as hopping of parts on a vibratory feeder track. are

assumed to be negligible in comparison to in-plane mot ons.

Parameters are known exactlyv, and part motions are modeled as being com:

pletely deterministic,
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4.3.2 Overview and Layout
The main functions contained within cspace_shell are:

e Interactive GUI mouse hased input via buttons. sliders. and surface point

selection.
e Geometric modeler representation and manipulation of planar polvgons.

e Motion constraint visualizer engine for rapid computation. display. and
interrogation of motion constraint representations.

e Apparent inversion functions parametric selection and manipulation via
constraint representations.

e Parametric coupling visualizer highlighting of motion constraint features
coupled to selected polygon vertices.

e Functional verification numerical simulation and animation of part mo-
tions.

e UNDO! can play with shapes and constraints without destroving existing

designs.

e Feeder path optimizer rendering of motion path thickness is proportional
to the probability of part entering a feeder in a given orientation.  Feeders
passing thicker paths have a higher average throughput.

Figure 1.12 shows the lavout for the main interface with cspace-shell. The large
window on the left displays the various motion constraints in (.. y.#) conliguration
space. The viewing angle and zoom for this window are controlled by the view
buttons in the lower left. The three smaller windows on the right are from top to
bottom: the display for the moving polvgon. the display for the stationary polvegon
(and track. if included). and the object position and animation display window.
The sliders in the bottom center control the resolution to which the approximate
unsupported regions are computed on the €S, the divection of the apphed foree to
the moving polvgon. the radius of gvration of the moving polyveon. and the coetlicient
of friction between the moving and stationary polvgons. The two small radio buttons
above the top right of the farge motion constraint viewing window allow the user to
select hetween apparent inversion of (/) the contaet facets forming the CSCand (i)
the support transition boundaries. The huttons across the top of the figure control
various other functions including: file 1/0. mode selection. undo of last modification,
cutont funetion selection. motion path computation. and path animation. Theve are
two other windows (not shown) that mav be selected via the mode selection menn.
The first is a rendering control window containing a palette of 32 colors that are
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Fienre 1120 Main graphical interface for cspace-shell.

varied by means of an HSV color wheel. and surface properties for the lighting
model (i.e. shininess. specularity, ete.)  that arve varied by sliders. These colors
and properties are used to displav the objects and constraint surfaces. The second
window contains sliders and buttons for modifving the settings lor the apparem
inversion design functions. the cutout function. and for setting the initial positions
for motion paths in comphant assembly,

4.4 The Design of Vibratory Bowl Feeders

To demonstrate the nse of the representations and manipulation tools deseribed
above, we will now return to the vibratory bowl [eeder example introduced in See-
tion 3.2,

4.4.1 Design Parameters and Constraint Representations

Figure 1.13 shows the 31D polvhedral and corresponding planar models introduced i
Fignre 3.10 from Chapter 2 that we used to represent the bowl feeder wall, track. and
the parts to be oriented. Il we inclnde the set of dynamies parameters comprising
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. Figure 1.13: A polvhiedral model of a portion of the feeder track near the outlet of
the howl (top). and an equivalent planar model viewed from above (hottom).
i
the applied force and material property parameters. then we have a total of four
sets of design parameters with which to work.
The degree of coupling bhetween design parameter « motion constramts that
we illustrated in Sections L3 and 1.2.1 is not completely global or all inclusive.
; Rather. dilferent groups of parameters control and are controlled by different motion
:

constraints that form a rough hicrarchy. as illustrated by Figure L1 Specifically:

o the kinematic constraints represented by the CS ave determined solelv by the
part and bhowl wall interactions.

between the part and track (and also the bowl wall since the support regions
arc intersected with the ('S).°

“The conpling between changes to the bowl wall and the support transition boundaries is actually

} o the support transition bonndaries on the CS are determined by the interaction

¢
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o the forward projections are determined by the dynamics parameters and the
C'S. including the support regions.

As we further and further constrain the set of possible motions. starting at the
top of the figure with the basie kinematic constraints for the €S on down to the
non-kinematic constraints that produce the output motions. the motion constraints
bhecome more and more heavily coupled to the preceding iupat parameters, We
can visualize cach set of parameters metaphorically as an input desien "knobh™ that
we can vary to effect changes to the given output. The series of knobs illustrated
in Figure 11 also offer clnes for coutrolling the complexity of the feeder desian
task. Specifically. the lowor the knob in the chain. the lower the degree of coupling
bhetween that knob and the other constraints, For example. changing the dvnamics
parameters (lowest knob) will change the forward projections (ontput motions) hut
leave the remaining motion constraints unchanged. On the other hand. changine
cither the part or bowl wall gecometries (top knobs) introduces changes in the motion
constraints that propagate through all of the subsequent constraint representations.,
Thus. the input knobs in Figure 111 can be viewed as forming an inverted pyramid
of coupling. and hence design complexity.,

The hi-directional arrows between the (Part & Bowl) — CS and (CS & Track)
— Supported CS indicate the existence of hoth forward and apparent-inverse map-
pings available between these parameter & constraint representations. while (Sup-
ported CS & Dynamics) — Motions ix currently only a forward mappine. \n-
other set of design knobs comes from the non-parametric track cutout function of

orientation of the fall axis. Because the track cutont function is a non-parametric
operation. the hierarchical grouping of the parametric/constraint coupling illustrated
m Figure L1 does not apply. As a result. invoking the cutont function mav atfect
any and all constraints at any level. and hence makes the control of design complexity
more diftienlt.

4.4.2 Radial Part Symmetry

According to Fignre 111 the set of parameters deseribing the part geometry are
the most lieavily conpled to motion constraint representations ol any of the design

parameters, This is not surprising since it is the part geometry npon which the entire

anartifact of our decision to represent only the anforsection between the CS (formed by the part and
bowl wally and the general (o4 0) support constraints discussed in Seetion 213 and idlustrated
m Digure 2020 1 we were 1o represent these support constraints direetly as another surface in
configuration space. then the €S wonkd be coupled to the part and howl wall, whereas the suppaort
constraint surface wonld he conpled to the part and the support teack. The additional coupling we
between the howl wall and the support constraints we have in Figure 111 is one of the prices we
pay for a simplificd motion constraint representation,
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Figure L1 Mappings between design parameters and motion constraints viewed as

desien “knobs™.

feeder desien is hased. We have stressed all along that it is the anferactions hetween
shapes. rather than the individual shapes themselves. that determine function. With
this in mind. are there any specilic properties of a part’s geometry we might focus
upon initially when considering interactions with a vet to he desiened feeder? In
particular. we know that hefore a part reaches and interacts with the portion of the
how] feeder that we will focus onr attention on in designing a motion filter (e, the
linal scement of feeder track near the ontput of the feeder). the parts will be sorted
naturallv into one of their initial orientations by interactions with a featureless bowl
wall (see Section 3.2). In this initial sorting operation. the constraints provided
b both the bow!l wall and supporting track are important. althongh in some sense
trivial. That is to sav. we consider the bowl wall to he locally straight and the track
wide enough to support an individual part in any orientation.”

Figure 115 illnstrates the radial svmmetry of a part in contact with a straight
bowl wall expressed in terms of the distance of the part’s reference point from the
wall as a function of the orientation of the part. The carved ares represent contact
hetween a single vertex of the part and the straight wall, while the ensps between the
curves represent a contact hetween an edge of the part and the straight wall. This
representation of a part’s radial svimmetry is also referred 1o as the radius function of

the part [31]. and is one characterization of the inherent svmmetry. or lack thereof.

i terins of the design input knobs of Fignree £ 1 the second and third knob have no real effeet
at this point.
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ol a planar object.  We have seen the radins function a number of times before.
although in a shghtlv different form. Figure 116 shows a view of a C'S formed by the
part in Figure 115 mteracting with a portion of a straight wall. In Figure 116G we
are looking along the o axis of the (. y. ) configuration space so that we are seeing
the y vs. 0 profile of the €S, The curved surfaces of the facets and vallevs between
them are the radius function.

From a design point of view the part’s svmimetry. as characterized by the radius
function. represents what we're given to work with. Specifically. the cnusps formed
by the edge-edge contacts in Figure 115, corresponding to the edge-edge vallevs on
the ('S surface. are a superset of the stable initial orientations into which a part will
settle as it moves up the track. The relative heights of these cusps in the radius
finction are a measure of the separabidity of the various stable part orientations. .\
part whose cusps are all at nearly the same height (i.e. distance of the eg from
the bowl wall) is nearly svmmetric. and therefore its stable orientations are nearly
indistinguishable from one another as measured from the wall.” A part with at least
one cusp easily distinguishable from the others. on the other hand. is more likely to
be sorted by, for example. a feeder with a simple narrowed track.

4.4.3 The Integration of Part/Feeder Design

The motion constraint representations we have developed for both analvsis and design
are general enough that theyv allow modifications to be made to the feeder geometry in
the same way as to the geometry of the part being fed. In fact. the tools and methods
developed so far do vot distinguish between feeder and part. This is significant
hecause, where possible. redesigning a part so as to make it easier to orient can reduce
the number and complexity of required feeding devices. In addition. redesigning parts
to a new model of an existing product may allow for the reuse of existing tooling
and equipment.

Part redesign mav also make sense for a number of other. more technical. reasons.
First, as we saw in Figure L1 the part geometry directly determines each and
every motion constraint representation. from the €S to the forward projections.
The central role of part geometry in the feeding operation provides a great deal of
flexibility in design. In addition. the degree of radial svinmetry determined by the
part geometry determines the set of initial orientations we will have to filter. as seen
in Section 1.1.2. as well as the design strategies to be emploved. as we will see in
Section 1. L6,

“Consider the extreme case where we are tryving to distinguish between stable orientations of a
cirenlar disk. The radius funetion for sueh a part would be a horizontal line, indicating that (a)
there were nofinite stable orientations characterized by a cusp. and (b) the orientations of the part
were indistinguishable from one another.
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Figure 115 The (5.0) radial svimmetry of a planar part imteracting with a straight
wall.
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Figure L16: The radial svmmetry of a part represented by the ('S as viewed along
the r-axis,

4.4.4 A Coarse Taxonomy of Feeders

Motion constraint representations. such as the ('S, provide a detailed and complete
characterization of the function embodied in object interactions. Although this detail
i necessary both to ensure that a given design will function as intended as well as
provide a means of identifving and manipulating critical features. it can be somewhat
overwhelming. This is especially true in the early stages of a design task when there
is little or no prior experience to guide the search for a suitable design. Ideally. we
would like to be able to quickly and approximately determine what classes of object
geometries. viewed as regions of a design space. are likely to contain promising de-
signs. Specificallv. before generating any detailed motion constraint representations.
we wish to seleet an initial feeder geometry from a qualitative taxonomy of feeder
geometry classes. Even a coarse taxonomy for the classes ol feeder geometries can
be useful in a number of wavs in the design of a feeder. In particular. we can use the
taxonomy to:

o \idin seleeting a rough initial set of geometries for feeder components that are
likely 1o be ~close™ to a suitable feeder design in terms of an initial position in
the space of design parameters.

o Indicate what sets of parameters (design knobs) should be varied to achieve
the desired Tunctional properties (i.e. suggest a rough direction to search in

design space).

o Provide the basis for a qualitative mapping between classes of feeder shapes
and motion constraint features in configuration space,
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Simple Profile Non-simple Profile

Bowl Wall Polygon | Straight Wall Shaped Wall
Track Polygon Straght Track Shaped Track

Table 1.1: .\ coarse taxonomy of feeder component shapes.

Complexity Profile Combinations Design Variables
| Straight Track & Bowl Wall Track Width
2 Straight Track & Shaped Bow| Wall Wall & Dynamics
3 Shaped Track & Bowl Wall Track
1 Shaped Track & Bowl Wall Track & Wall & Dynamices

Table 1.2: Possible combinations from the feeder taxonomy.

Table 1.1 illustrates an extremely coarse taxonomy for the shapes of the track
and bowl wall. The distinction between a sample profile and a non-simple profile in
Table 1.1 1s based on the size of the feeder feature as compared to the size of the part.
Roughly speaking. a feeder feature (such as an edge or series of edges) that is larger
than fwice the size of a part may be considered a simple feature hecause it is locally
equivalent 1o a straight edge. What we are looking for from non-simple bowl wall
features are contact facets on the surface of the €'S that are formed by interactions
with part features that are not accessible by a straight wall. For the support track. we
are looking for support transition features that. through local interactions with the
part geometry. produce support regions that are distinetly different across the surface
of the €S in the ¢ dimension (i.e. distinet support regions for different orientations
of the part). The interpretation of this distinetion is admittedly rather vague. For
example. for two simple long edges meeting at a sharp angle the vertex and local
edge segments could be considered a non-simple feature M

Table 1.2 gives an enmmeration of the four possible combinations. or feeder classes,
of entries from Table 1.1, along with their relative design complexity and the design
parameter sets (knobs) that must be tweaked to obtain a design within the given
class. The complexity serves both as an index to a class as well as a qualitative
ranking of the expected difficulty of designing a given feeder class as measured by
the number of design variables and the anticipated degree of parameter-constraint
coupling. Despite the coarseness of Table L1, the elasses in Table 1.2 highlight a
nwmber of interesting and useful qualitative properties of feeder design. For example.
in both elasses £ and 4. the simplicity of the straight bowl wall essentially renders the
dyvnamics parameters useless  the parts will remain constrained within their stable

"We qualify this vagueness by noting that a coarse taxonomy, even if it provides initial geometries
that turn ont ta he distant from the final design. are useful for giving us a place to start our search
for a hetter design,
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Simple Profile Non-simple Profiles
Bowl Wall (a) Straight (b) Protrusion | (¢) Carily
Track (d) Straight (¢) Protrusion | (f) Carily

Table 1.3: A slightly refined taxonomy of feeder component shapes.

orientations as they pass along the wall. The only design variables we have available
to us in these feeder classes are those defining the track profile (class .2) and its
location relative to the howl wall (class /). In terms of motion constraints. we must
rely solely on modifications to the support regions on the €'S to filter part motions.
In (class 1) in particular. the success or lailure of a feeder design will be determined
by varving one parameter specifving the track-bowl wall offset. The success or failure
of this class of feeder will be determined by the differentiability of part orientations
inherent to the part geometry. as given by the radius function in Section 1.16. (lass .5
allows us to utilize detailed part geometry for the purposes of differentiating motion
paths only by means of varving the support interactions between the part and track
contours. From the motion constraint representations this means that. as for class
(1). we can only manipulate the support transition boundaries (albeit more complex
and localizable ones) on the 'S surface.

(lasses 2 and { from Table 1.2 involve interactions between a part and non-
simple bowl wall features that may allow for the differentiation of motion paths
bevond what is inherently given by the part geometry. Specifically, for class (2) we
may manipulate paths on the 'S by changing (/) the dyvnamics. and (i) the bowl
wall profile to redirect the individual motion paths of the parts.!'' In class () we
have the combined effects. and therelore complexity due to coupling. of all sets of
design variables. Finally. we note that both classes (3) and (/). in which the track
profile 1s non-simple. are judged more complex than simple or non-simple howl wall
profiles hecause of the highly coupled and non-linear nature of the support transition
boundaries as noted in Section 1.2.1.

The feeder taxonomy illustrated in Table 1.1, and the feeder classes derived from
it in Table 1.2, provide us with a reasonably coarse. first-cut grouping of the basie
feeder feature types we were looking for to begin the design process. One problem
with using these tables in their present form. however. is that they do not directly tie
im to any particular classification ol the motion constraint features in configuration
space that we will have to use in our search for more detailed designs. To address this
shortcoming. we will generate a slightly more detailed taxonomy of feeder features
shown in Table 1.3, The basic difference between Tables L1 and 1.3 is a minor
refinement of the term non-simple into two sub-classes denoting protrusions from

"Unfortunately. in the present representation. changes to the CS will also produce chianges in
the supported regions on the surface of the CS. See Section 14 1.




The Desigu of Vibratory Bowl Feeders 139

and cavities in cither a track or howl wall profile.' The important difference here s

that elements from this refined taxonomy may he mapped into the set of qualitatively

distinet motion constraint features in conliguration space given helow. We nse letter

indices 1o the elements of Table 1.3 to avold confusion with the feeder classes of

Table 12"

(a)

(b)

(c)

(d)

(e)

The straight bowl wall produces a series of parallel vallevs ranming perpendice-

ular to the 0 axis of the (g 0) conlignration space. These vallevs form a
“washboard™-like surface made up primarily of tvpe B contact facets, which
act to constrain and guide the naturally differentiated stable orientations ol a
part along the wall. as shown in Figure 117 ().

A protrusion from the bowl wall produces a ridge across the surface of the €S in

the 0 direction of the confignration space. shown in Figure 117 (b). \ ridge is
typically made up of both type X and tvpe B facets, and serves to differentiate
motions further than is possible with the vallevs in (a) becanse many parts of a
given path are across a single contact facet and therefore mav be manipulated

by adjustments to the dyvnamics parameters as well as to the facets themselves.”

A concavity i the bowl wall produces a valley across the C'S surface in the ¢

direction as shown i Figure 117 (¢). This valley. also consisting generaliv of
both type N and type B facets also acts to differentiate motion paths. or in

some cases may be used to combine motion paths (i.e. part reorienting).

A straight track profile (within the half-width of a part from the bowl wall) will

produce supported regions. or passes. along deeper vallevs on the €'S surface,
as shown in Figure LIS (d). If the straight section of the track is not parallel
to the straight portion of the wall. the passes will become wider or narrower
along the o direction of a €S vallev.t

A proteasion from the track profile may produce isolated islands within unsup-

ported regions or entire swaths of support on the €S in the 0 direction of
configuration space. as shown in Figure 118 (e). Both isolated islands and
supported swaths are rather useless alone sinee they are not reachable by any
paths starting ontside the unsupported regions. For this reason, track protru
stons are typically combined with howl wall protrusions 1o form passes across
ridges on the €S so that some differentiated paths are supported whereas others

are unsnupported as the parts rotate and translate across the track surface.d

P A gain, we distinguish between stnple and non-somple features based on the relative size of the
feature 1o part.

W will not bother to enmmerate the e possible combinations of the howl wall and track

clements from Fable 13
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Figure 117\ taxonomy of 'S features in (0. 4. 0) conlignration space for differemt
classes of bowl wall profiles.
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(d)

(f)

Figure LIS\ taxonomy of motion constraint features in (. y. 0) conliguration space
for dilferent classes of support track profiles.
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(f) \ concavity in the track profile will produce unsupported regions across the €S
that may appear as isolated islands or entire swaths along the # divection. as
shown in Figure LIS (f). Unlike the supported regions in case (e). however,
these unsupported regions may be very useful by themselves since they may
be used to intercept and terminate selected motion paths. The track profile
produced by the cutout operation of Section 1.2.2 produces such features.i

i The support regions generated on the OS for cases (d) - (f) assume a simple €S
surface. as in case (a).

We could. of course. generate even finer taxonomies of feeder features than those
given in either Table L1 or Table 1.3, However. there is a tradeofl hetween the
mlormation gained from a finer classification and both the increased size and added
complexity of indexing and interpreting the combinations of fecture types. Detailed
taxonomies have in fact heen developed for more general tyvpes of feeder than are
treated here (see Boothrovd et. al. [8]). The disadvantage of such classification
schemes quickly becomes apparent when we observe minor changes made to a feeder
geometry within a given class producing major changes in feeder behavior. making
it necessary to refine even further the classifications forming the taxonomy. Further-
more. the notion of similarity among, classifications is not easily represented in terms
of proximity within such a taxonomy  similar classes could he placed i different
regions whereas markedly different classes could become closely gronped. These were
among the primary motivations behind our choice of motion constraints vs. raw ge-
ometry as a representation of function. Once again we stress that the primary role
of the taxonomies desceribed here is to identify promising feeder classes with which
to start the detailed design process that we will deseribe in the following section,

4.4.5 Design Strategies

Among the key aspects of an interactive design process are: (i) getting started with
a nominal design. () identifving and following promising directions in design space,
(iie) organizing the scarch for suitable designs. and (i) limiting complexity to a
manageable level. In terms of the concepts presented previously, the taxonomy of
feeder geometries deseribed in Section L1 is intended to provide us with a simple
set of suitable itial feeder designs. while the motion constraint representations
from Section 3.2 and the design functions from Section 1.2 allow us to evaluate
and modify feeder designs and observe the effects of those modifications dynamically
(Section LL1.3). The last two aspeets. organizing our design activities and controlling
complexity. have been partially addressed in Section L1 describing the effects of
different ~design knobs™ on the relationship hetween various design parameters and
motion constraint representations. What remains is to integrate the representations
and tools into a mdthodology for design.
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In Section 3.2 we illustrated a functional deseription for a vibratory howl feeder
as a filter on the motions of parts (see Figure 3.9, We adentified two primary elasses
of interactions: (/) reorienting ol part motions by causing parts traveling in one
orientation to reorient themselves (e, cause one path to transition or merge with
another path). and (i) selective removal of support from part motions by allowing
parts traveling in a desired orientation to continue through the feeder while forcing,
those inother orientations to fall ofl the support track. The motion constraint repre-
sentations deseribed in Section 3.2 can capture both classes of filtering interactions.
althongh we will focus most of our attention on the latter as it best characterizes the
majority of bowl feeder types. and is in general casier to achieve in practice,

The basie strategy used for desiening, feeders is to first differentiale undesirved
part orientations from the desived orientation as the parts pass through the feeder by
means of the interaction between the parts and the feeder howl wall. Then. filler out
those parts moving in the undesired orientations by means of their interaction with
the support track. In terms of motion constraints. part motion paths are redirected
by modilications made to both the €S and dynamics parameters. and selected paths
arce made to terminate by intercepting them with unsupported regions manipulated
on the surface of the CS.

Given a part geometry. we approach the task of designing a feeder in three phases:

e Initial problem formulation getting started. In this phase we essentially
“rough omt™ an initial design starting with the simplest appropriate feeder
gcometry, typically a class | narrowed track feeder from Table 1.2 consisting of
a straight bowl wall and support track. From the motion constraints generated
by this choice we select the desired part orientation that we wish the feeder to
accepl. with the remaining orientations to he rejected.

e Constraint manipulation the heart of the design process. With the initial
design problem defined above, we begin exploring the surrounding region of de-
stign space.'t We first examine the inherent differentiability of the stable part
orientations with a narrowed track. If we are able to obtain only the desived
oricntation by this method. e il the part geometry is naturally orientable
into the desired orientation. then we are done. Otherwise. we begin the de-
tailed feeder design process. with the goal of reducing complexity as mnch as
possible by varving only a few parameters at time. We do this by alternatively
focusing on apparent inversion of either the ¢°S «— howl wall or of the support
transition boundaries — support track. We explore a wide range of variations
to a selected set of parameters belore moving on to another set sinee. due to
the nonlinear bhehavior of the constraints, larger variations mayv have charac
teristically different effeets than small ones. We use the non-parametric cutont

i exploring a doeal area in design space we're hasteally assmuing, that the space s locally
stooth and continuonus. as noted i Seetion 111
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operation sparingly. if at all. and only early on in the design process. At all
times we try 1o avoid terminating the desired path. and immediately restore
it il we should inadvertentiy do so. Finallv, we verifyv the hehavior of the de-
sign continually as it evolves by observing the representations of the motion
constraints. and by occasionally animating the forward projected motion paths.

Problem redefinition fliguring out what to do when vou get stuck. There is
no guarantee that we will be able to find a feeder design suitable for the given
formulation of the problem. or that such a design even exists, We have two wavs
of redefining the problem should we fail to make progress toward a solution.
The first is to simply choose a different orientation that we wish to aceept.
and begin the constraint manipnlation process anew.'” The second approach
is to subdivide the design problem by taking the output part orientations from
whatever [eeder design we obtained above and treat them as the input to a
new feeder design problem.

Figure 119 illustrates a feeder design methodology. hased on the above phases. in

the form of a flowchart. The functional blocks embedded within cach of the phases

are described w detail helow.

Select initial feeder class: Begin with the simplest class of feeder (elass |
from Table 1.2 consisting of a straight howl wall and track).

Generate motion constraints: Construct the C'S. support regions and mo-
tion paths using the nominal feeder geometries and dynamies settings.

Select desired path: ('hoose one path to pass through the feeder without
losing support. To maximize feeder thronghput. it is best to seleet the path
corresponding to the part initial orientation with the highest probability, illus-
trated in cspace-shell by the thickest path.

Try a narrowed track: Trv to exploit the natural differentiation of part
orientations (radius function) by varving the offset of the straight track edge
from the straight bowl wall (class 1) so that only the desired path passes
throngh the feeder.

Remove other paths: If the remaining paths cannot all he termmated by
unsupported regions while at the same time maimtaining support for the desired
path. we choose the nest thickest unterminated path and:'

Y some eases, the result of the constraint manipulation phase may be a feeder that aceepts the

wrong part orientation, but rejects all of the other orientations. including the desired orientation,

In this case, we may simply choose to aceept the result and declare the problem solved,
U Phe magority of destgn activity will aceur in step 5 hetween (i) and (iii). We must continually
monitor the desired path's statas and stop modifications short of terminating that path. H the

desired path docs hecome terminated, we should first attempt 1o restore it hefore continmng,
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Figure 1.19: Flowchart for a howl feeder design strategy (sece text).
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(i) Track cutout: Early on in the design process. we mav try introducing
a cutout near the unterminated path with the most differentiated valley
hetght from the desived path. (If the unterminated path is bigher in g
than the desired path (most likely case) then choose a left falling cutout
near the unterminated path. Otherwise. choose a right or forward falling
path near the unterminated path.) This corresponds to a class 3 feeder
gscometry from Table 1.2,

(i1) Redirect paths: Manipulate the C'S surface to differentiate the unter-
minated path from the desired path by creating or modifving a ridee or
valley on the €S (i.e. a howl wall protrusion or cavity. features (b) & (c)
fromi Table 1.3). This corresponds to a transition from a feeder class | —
class 2 transition from Table 1.2, For non-class 1 howl wall geometries.
we may also vary the applied foree vector to further differentiate paths
across ndividual contact facets.

(iil) Modify unsupported CS regions: To infcrecpt the unterminated path.
manipulate the support transition boundaries on the CS near a portion of
the unterminated path on the 'S ridge or valley feature. This corresponds

to a transition from a feeder class 2 — class | transition from Table 1.2,

(. Repeat for other unterminated paths: Scicct other unterminated paths
and repeat step 5 untii only the desired path passes through the feeder.

Reconfigure the design problem: If no progress is made after tryving o
number of other paths:'"

(i) Select another desired path: One option is to choose another path as
the desived path. Speciticallv. we choose the next thickest path as the
desired péllll and 2o back 1o step 1. In (l()illg SO. wWe are I)Elh’i('il”}' we're

: . y . I~
accepting a reduced feeder throughput '8,

— OR -

(i1) Cascade filters: If some pathis have been removed by the feeder features
designed so far. we can locally decouple the problem by cascading feeder
[catures. Specifically. we take the remaining paths from the existing set
of feeder features and go back to step 1. Essentiallv, we are designing a
new feeder for the remaining paths inherited from the previous feeder in
the chain.

e term @ mamber s intentionally vague. Depending on the particular example. the iforma-
tion provided by dynamie visualization of constraint coupling should guickly tell us whether or not
a particular local manipulation strategy will pay off

Before doing this one might want to save the current feeder geometry and start out with new
nomnal howl wall and track profiles (e class 1 from Table 1.2)
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The traversal of the steps illastrated in the flowehart is carried out in three nested
loops. cach of whicli deals more locally with a sub-problem of the design task and in
more detail than the enclosing loops. The three loops. cach of which may be iterated

on a number of times in the course ol a design. are given as:
o Feeder feature groupings localization and cascading of feeder featnres.

o Selection of desired path formulate the aceepl (e passing) motion
voal so ax to optimize the feeder throughput.

e Direct manipulation of motion constraints modify the bowl
wall and track polygons by manipulating the €S and support transi-
tion boundaries. respectively. while focusing on cach individual mo-
Hon path.

The innermost loop. forming the core of the design methodology  constraint visn-
alization and manipulation s embedded in the representations and design fune-
tions that form the cspace-shell environmment. n Figure L9 this corresponds to
steps Dbt o) and step 60 Surrounding this loop is the selection of the desived
aceepl path corresponding to step 30 in the initial problem formulation phase, and
1o step 110 i the problem redefinition phase of desien. Finallv. the outermost loop
mvolves selectine an initial (simple class T feeder geometry that generates a series
of motion paths for a given part gcometry (step 1 Durine the problem vedefinition
phise this involves chainine the output of a partial feeder desien into a subsequent

[eeder desien problem step Yo,

4.4.6 Feeder Examples

Vienre L190 i« intended 1o serve as a roadmap for nsing the representations and
desien tools 1n espace-shell more effectively by providing a consistent and orga-
nized means of scarchine the space of desiens for a ~olntion while at the same time
controlline the complexity inherent in the desien process. For a eiven example. the
intuition and experience cained by the desiener might sugeest alternative stratesies
based on the appearance ol certaim motion constraint features or constraimt conphng
characteristios observed durine desien. Indeed. the purpose of the representations
and interactive tools is to provide the necessary flexsibility to the hmman desiener to
deal with individual cases in a correct and consistent inanner. In the adeal case. the
“right thine™ to do during a given desien session will become elear from the motion

constraint representations as the desiener explores the desien space.

Example 1
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Fienre 1.20: Initial feeder geometry and motion constraints for an “L7-shaped part.
Note that parts mayv pass throngh the feeder in many orientations, as indicated by
the mmltiple paths,

Fienre 120 shows an ~L7-shaped part and an initial nominal feeder geometry
consisting of a straight track and a straight howl wall. The resulting feeder desien
i~ shown in Fienre 1220 N few of the steps in the process of generating this feeder

desien are shown in Figure 121, and consist of the following:

(a) Distingnish paths by introducing a how!l wall protrusion. This is accomplished
by erabbing a portion of the €S surface hetween two of the paths and pullineg

it to form a ndee.

(b) Tutroduce a noteh with the culoul operation. The resulting local nnsnpported
reeion (shaded) terminates the selected path at the desired pointo as well as

introduces a number of other unsupported regions on the €S surface,

(¢) Manipulate the track noteh via apparvent inverse manipulation ol the unsup
ported recions on the CS,This involves selecting and movine houndaries of the
unstupported recions. pavine careful attention to the inherent conpling amony
the bonndaries. This process is repeated nuntil the desived path is nnobstrmeted

and the remainine paths are all terminated.as shown i Fiawre 122

Example 2
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Figure 1215 Intermediate steps in the design of a feeder for the =L7-shaped part i

Fipnre 1.20.
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Fignre 1.22: Resulting feeder design and motion constraints generated from the initial
geometry in Figure 1200 Note that. as required. parts may pass through and exit
the feeder in only one orientation.
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Figure 1.23: Initial (top) and final (bottom) feeder geometries and motion constraints

for orienting a plastic cable lTastener,




152 Chapter |: Design

The initial feeder geometry and motion constraints for a part consisting of a
plastic cable fastener is shown in the top of Figure 1.23. As in the previous ex-
ample. a protrusion in the bowl wall was introduced by “pulling™ on the surface of
the 'S to form a ridge in order to help distinguish among the two motion paths,
bhoth of which initially travel nearly parallel to one another across the 'S i the
0 divection. The track contour was developed by initially pulling a pair of points
ott the track boundary toward the bowl wall to produce unsupported regions on the
'S, The unsupported regions were then manipulated within the motion constraint
representation via apparent inversion. After a few iterations the motion coustraints
characteristic of a motion filter were obtained. as shown in the hottom of Figure 1.23.
together with the corresponding bowl wall and track geometries.

Example 3

The top of Figure 121 shows the initial feeder geometry for an r-acto razor
blade. Here. as in the previous examples. a protrusion has been introduced into
the wall profile to form a ridge on the 'S, Unlike the previous examples. however.
the purpose of this ridge is to catch and reorient those parts that are sliding with
their major axis perpendicular 1o the wall. On the C'S. the ridges forming these
reorienting constraints may be characterized as fences that are angled relative to
the 0 direction. thus diverting or guiding multiple motion paths toward a subset
of common orientations (0 positions)." The rather oddly shaped gap in the track
shown in the bottom of Figure 1.24 was introduced using the cutout operator to filter
out the undesirable motion paths. The track contour produced by the cutout in this
case required only minor modification to produce the final feeder geometry shown.

4.4.7 Physical Experiments

Models for selected part. howl wall and support track profiles were constructed
from plexiglass and tested by placing the parts on the track surface in random initial
orientations and allowing them to slide downlidl while applyving a slight vertical
vibration to the track surface.® Figure 1.25 shows the hardware used to test some
ol the feeder designs developed using cspace-shell.

The part motions. and resulting feeder hehavior. closely followed the motion paths
predicted by espace-shell. Photographs of one of the experiments run for the part

and feeder in Figure 1.23 (top) are shown in Figure 1.26 and Figure 1.27.

" As noted carlier. the ability to reorient rather than reject some part orientations has the ad-
vantage of inereasing the theoughput of the resalting feeder,

“USinee the amplitnde of vibration applied to the track was insuflicient to cause the parts tao
“liop™. the track was tilted downward so that gravity would drive the part motion.
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Figure L21: Initial (top) and final (hottom) feeder geometries and motion constraints
[or orienting r-acto razor blades.
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Figure 1.25: Hardware for testing feeder designs consisting of a plexiglass wall and

track monnted on a tilted shaker table (top). and a cleseup of the shaker assembly

(bottom).
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Fignre 1.2G: Snapshots of a part in the rojeet orientation moving throngh the feeder
design from Fignre 1,23,
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Fronre 127 Snapshots of a part o the aecepl orientation movine throueh the feeder

de<ien from Frenre 1,23,
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4.5 The Design of Compliant Assemblies

To further demonstrate the applicability of the representation and manipulation tools
developed earlier in this chapter. we will now turn our attention from vibratory howl
feeders to the design and analvsis of compliant assemblies introduced in Section 3.1.
In particular. we shall illustrate the flexibility of the analyvsis and design tools devel-
oped in cspace-shell by adapting them for use in the domain of assembly.

4.5.1 Non-assembly Constraints

The feeders designed earlier have only one functional requirement — orienting parts.
Whatever functional requirements that the specific part geometries themselves were
required to meet were not considered divectly as they wered in a sense. orthogonal
to the function of the feeder. In our examples. whatever external constraints on the
part geometries that might have existed were implicitly satisfied by the assumption
that. in general. the part geometries themselves would not he modified during feeder

U In the case of assembly. however. both interacting parts typically have

design.
to satisfy a number of constraints that may have nothing to do with the assembly
process.  Examples of some non-assembly constraints include: mamtaiming a mini-
mun area if contact between bearing surfaces that must be aligned and unobstructed
(e.e. shaft and bearing represented as a peg-in-hole). minimum area contact surfaces
for electrical counectors, reference surfaces that mnst remain exposed to subsequent
subassemblies or grippers. part features and dimensions required for strength and
stiffness. and features necessary for locating and machining the parts before assem-
|)|_\’.

One approach to preserving non-assembly constraints is to simply lock certain
object features (both peg and hole) into relative configurations at the goal state that
ensure the necessary local constraints are maintained. This is equivalent to dividing
the set of edges and vertices deseribing cach part into two classes: mutable and fired.
Modifications to mutable geometric and dynamics parameters that allow these kev
fcature pairs to be brought into contact at the goal state of an assembly operation
would also. presumably, satisfy botle the assembly and non-assembly constraint sets.
The advantage of this approach is that non-assembly constraints may be expressed
simply as additional constraints on the existing set of design parameters. no matter
what their origin. The disadvantage to simply fixing existing parameters is that,
sinee we do not know the origin of the constraints, we have no tlexibility in terms of
optimizing them together with motion constraints for assembly.

In the following examples we will follow the above approach. For the sake of

For those examples where we did imodify the part design. we assuwmed that the designer kept
these constraints i mind during the design process so that any modifications wonld not compromise
part functionality.
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generality it would be desirable to combine the representations for non-assembly
constraints with the motion constraint representations in configuration space wher-
ever possible. Such representations would be particularly useful in the effort to
design components and subassemblies concurrently in the context of both product
and process constraints. Given the wide range of such outside constraints. however.
it is likely that different representation combinations would have to he developed for

different classes of assemblies. These issues remain an open area for future research.

4.5.2 Methodology

In terms of managing the complexity due to coupling among motion constraint repre-
sentations. the design methodology for compliant assemblies is considerably simpler
than that necessary for vibratory bowl feeders. In particular. since we will focus our
attention on the local region surrounding the hole on the ('S. as described in Sec-
tion 3.1. we need not be concerned with the introduction of undesirable constraint
features elsewhere on the surface of the (°S.2% In addition. since we do not consider
out-of-planc part motions in assembly. we may avoid the very non-linear coupling
observed between shape modifications and the support transition houndaries. What
remains from cspace-shell as developed for howl feeder design are the kinematic
constraints of the ('S surface and the forward projections expressed as discrete mo-
tion paths. With respect to the feeder design methodology flowehart of Figure 119,
we may concern ourselves with only step 5(//) Redirect Paths of the innermost
loop.=*

Interactive design of motion constraints for assembly consists of modifving the
mutable subsets of hoth part geometries via apparent inversion of contact facets
on the ('S surface. varving the reference point of the moving part (i.c. comphance
center) directlyv, and varving the dyvnamics parameters. We will assume a generalized
dampcr model of compliance mapping differences in velocity between the assembly
robot and the part into forces on the part (see Section 3.1). Under this model. the
force vector applied through the moving part’s reference point in cspace-shell ix
interpreted as a commanded velocity from the assembly robot. As for bowl! feeders.
the dvnamies of part motion is assumed to he quasi-static (see Section 2.1.2). For this
case. the dyvnamies parameters consist of the direction of the force/velocity vector
applied to the compliance center. which is assumed to he parallel to the intended
nominal assembly path. and the coellicient of friction .

Since. for the purposes of expedieney. we are borrowing, design tools originally
designed for the design of bowl feeders. a few design operations must he carried out

W shonld keep in mind, however, that proximity of motion constraint surfaces in configuration
space does not necessarily require proxnnity of geometrie features on an ohjeet,

FFhe rest of the feeder design methodology is nnnecessary for assetbly as it is dedicated 1o
dealing, with coupling and managing interactions among global constraints.
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somewhat indirectly, Changes to the rotational compliance (. relative to the trans-
lational compliance terms. may be carried out by varving the normalized effective
inertia of the of moving object in the form of the radias of gyration p by means
of a slider. At present. the apparent mversion tools do not support the manipu-
lation of the moving object’s reference point via changes to the motion constraint
representations. !

The imtial position from which cach motion path starts. consisting of a (.. y.0)
point in the froe region of conliguration space. is chosen manually via shders. We
explore the behavior of the assembly over a range of parameters possible under
positional and control uncertainty by selecting diserete values of the initial position
and dyvnamics parameters. as noted in Section 3.1, The resulting bundles of discrete
paths sample the full forward projection of motion for the assembly task under
uncertainty.,

4.5.3 Assembly Examples
Example 1

Figure 128 shows the change in motion constraints resulting from the addition
ol chamfers to both a peg and hole, The constraints shown form the entry region to
the hole surronnding, the goal region of the assembly (i.e. the peg positioned inside
the hole). The chamfers in this example were generated divectly from the geometry
of the parts. with the motion constraint representation serving only to confirm that
the desired functional characteristies had been achieved.

Example 2

Figure £29 illustrates another aspect ol the desien of compliant assemblies.
Specificallv. the location of the eenter of compliance relative 1o the tip of the peg
determines whether or not the motion constraint boundaries surrounding the goal
region of the assembly guide motions to the goal in the presence of rotational mis-
alignments (i.e. offsets in the 0 direction). as shown in the bottom of Fieure 1.29.
The enp-hike curvature of the motion constraint boundaries m the O-direction may
be viewed as a form ol rotational chamfor. whose function is analogous to that of
the chamfers introduced to the part geometries in the previous example. Thns. the
motion coustraint representation serves to illustrate the similar effects achieved hy
proper placement of the compliant center (assembly strateay) and the addition of
chamfers {part gcometry) on the suceess or fatlure of an assembly task.

Ht is possible to mdireetls modify the peference point from the motion constraints by selecting
all vertices of the moving polyeon from the CS. Uniform modifications to these vertices hias a sinnlar
effect (hut in the opposite ryg direction) to modifving the reference pomt alone.,
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Fienre 125 Tuitial (top) and final (hottom pee-hole ccometries and closenps of the

motion constraints local to the eoal reeion ol a <simple compliant assembly task.
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Fieure 1290 The effect of moving the compliant center along a peg’s major axis from
the middle of the pee (top) to the tip of the peg (bottom). on the rotational aspects
of the motion constraints (0 dimension of the conlignration space).

_
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Example 3

Figure 130 shows a somewhat more complex pair of part geometries compris-
ing an clectrical plug connector. Unlike the peg and hole example in Figure .25,
modifications to the part geometries were made entirelv from within the motion con-
straint representation using apparent inversion. Specifically. constraint surfaces near
the goal region in Figure 1.30 (top) caused the assembly to jam in the presence of
rotational misalignments. To modifv the design. the constraint surfaces in question
were seleeted and pushed ont of the wav in order to widen the access to the goal
region. with the corresponding part geometries being modified accordingly by means
of apparent inversion. It is interesting to note that geometric modifications in this
example were made to a number of part features (i.e. the entry guides and center pin
of the socket) that are not proximal on the part contour but nevertheless produce
proximal (intersecting) motion constraint surfaces in configuration space.

4.6 Discussion

We will briefly discuss some of the observations made after using the representations
and tools for design. We will also consider some of the limitations of and suggest
possible extensions to the implementation of cspace-shell.

How use ful werc the vepresentations and tools for design? \s expected. the space
of design parameters was very large even for relatively simple svstems. Given this.
the following general conclusions about the use of motion constraint representations
for design were realfirmed:

o The ability to visualize the coupling between parameters and constraints. as
well as the sensitivity of a system to local design changes. was crucial in suc-
coessfully iterating toward a design goal for highly coupled svstems like bowl

feeders.

e The manipulation of design parameters divectlyv in the context of the motion
constraint representations provided a good idea of which wav to go (locally)
to reach a desired design state. although non-linear coupling often made accu-
rately predicting the effects of large excursions in design space diffienlt.

o C'lassifications and taxonomies of shapes were somewhat nsefnl for starting out
a design iteration loop by quickly getting to a region of design space. However,
the parametric “tweaking” that takes place afterward was a necessary and sig-
nificant component of achieving a successful design. Basically. taxonomies and
shape classifications can sometimes get one e¢lose 1o a good design, but ahmost
invariable detailed design is necessary to make things work for a particular
example.
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Fieure £30: hntial ctopr and imal chottam plie socket geametnies and closenps of

the motion constraits local to the goal tecion of o connector msertion task,
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How «flective and casy lo use were the design functions? The inflexibility resulting

from a number of the approximations and additional constraints imposed for the

purposes of casier implementation of espace-shell proved to be somewhat more of

a nuisance than anticipated:

o Generallv speaking. the design functions allowed us to reach desired points in

design space eventually.

For bow! feeder design. having to jump back and forth between modilications to
the Kinematic constraints of the €S and the support constraints of the support
transition bonundaries within the innermost design loop of the methodology in
Fieure 119 was awkward. In particular. much of the coupling between con-
straints at this stage appeared to be due 1o the fact that we were representing
the support transition boundaries as the infersection of the supported region
of contiguration space with the kinematic constraints of the 'S surface (see
Section 2.5). Althongh pradent in terms of implementation complexity. the
resulting coupling and lack of information regarding support of configurations
not on the CS surface were a nisance, Ideally, we would have liked to be able
to manipulate both the €S surface and the surface of the supported region. as
tlustrated in Fienre 2,020 in the (ull (e y. @4 configuration space indepondently

ol one another.

I he requirement that modifications via apparent inversion to the OS facets
and support transition bhoundaries conld only he made in an (@ y) plane in
confienration space was restrictive, \gain. pradence in the implementation
placed additional constraints on the Hexibility of the tools. Ideally. since we
Visttalize the motion constraints an the fall oy 0) configuration space. we
would also like to he able to manipulate these constraints fully in the same

\')1” .

With o montion constraint represemations we have moved bevond modeling
object geometry to make exphait and accessible the motion constraimts implicit
i the mteraction of objects. Recalling Figure 111 we note that the ultimate
ulnim tive of the al('\i‘_‘ll CNCTOISC IS Lo |»|‘m|lll'1‘ destred nl)j('(‘l MOLONS., III o selse,
the totion constraints are secondary tothe pat his themselves, |(|4‘.‘|||A\’. we wonld
like 1o be able to manipulate the motion paths more directlv via apparent
verston to achieve a desien. instead of doine <o indirectlv by manipulating

caonstrant~ on l|u' ot s,

Finallv, sonmie eenctal observations about the design ol motion constraints gained

from the alwne evamples.
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o Global coupling between design parameters and motion constraints is what
makes geometric design difficult. Unlike application domains that mav he de-
coupled into lumped parameter elements. such as electrical cireuits or hydraulic
networks, geometrie interactions between objects are inherently coupled. Any
svstem that attempts to model such svstems accurately must capture this cou-
pling.

e The effects of coupling were particularly apparent in the bowl feeder examples.
Since vibratory feeders are sensorless. they can neither predict nor observe the
orientation of the next part to enter the feeder. Therefore. since part /feeder
interactions cannot be made to occur selectively, the designer must take into
consideration the motion constraints produced by interactions along all possible
motion paths. Erecrythiva that can happen widl happen.

e In general. design for compliant assembly seems to be caster because we need
focus on only a very local set of constraints. This conclusion may he somewhat
misleading. however. since we have ignored a significant aspect of assembly
design  getting a set of assembly motion constraints that are consistent with
whate rer other external constraints may he imposed on a part’s design.

4.7 Summary

In this chapter we have taken the motion constraint representations developed in
Chapter 2 and extended them in a number of wavs to address the issue of design.
We examined some of the difficulties of generating consistent shapes from a priori
specifications of function in terms of motion constraints. and in particular we illus-
trated how the notion of generating functional shapes by sweeping fixed shapes along
specified motion paths does not guarantee that the desired motion constraints will
bhe achieved. We introduced the space of design parameters as a domain in which
design of shape and other parameters could viewed in the context of a search. We
developed a set of design functions to operate on design parameters that were di-
vided into two classes: parametric functions. which we labeled apparent inversion.
that allow us to seleet and consistenthy manipulate design parameters indirectly in
the context of motion constraints. and topological functions, one example of which is
an imposed out-of-plane swept motion designed 1o ent ont contours in a supporting
track.

We introduced and explored the notion of dynamic constraint visualization where
manipulation of constraints and parameters: (/) allow us to explore the neighborhood
of a point in design space and identifv what changes to a design are likely to achieve
a desired function. and (/i) keep us aware of what is and is not possible to modify
independently. In particnlar. we noted that coupling between different constraint
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representations and the underlving design parameters posed a serious challenge to
the design of interacting shapes.
We presented an overview of an implemented design and analyvsis toolkit  cspace-shell

that provides a computational environment to support the represeutation and in-
teractive manipulation of motion constraints for design. We gave an overview of
a design methodology for using this toolkit in the design of vibratory howl feeders
and compliant peg-in-hole assemblies. In developing this methodology we also in-
troduced a number of constructs designed to organize our search of a large design
space and help control the level of complexity and coupling between parameters and
constraint representations. Finallyv. we presented a series of design examples for bowl
feeders and. to a more limited extent. peg-in-hole assemblies in which we utilized and
evaluated the toolkit.




Implementation

Chapter 5

5.1 Goals

The primary motivation for implementing the motion constraint based shape de-
sign svstem was to provide both a research tool and proof of concept demonstration
for visualizing and designing function from shape. The following goals guided the
multitude of choices. assumptions. and optimizations that form the resulting imple-
mentation:

e SPEED Compute and recompute the set of motion constraints from shape
at speeds that are sufficient for near real-time interactive feedback.

e Limphasis on the modification of shape parameters for the purposes of design.
This is in contrast to existing configuration space based analysis and planning
svstems that emphasize the computation of motions with respect to static
motion constraints derived from fixed shapes.

e Provide direct access to design parameters from within the same functional
representations that are used for visualization and analvsis.  This includes
providing as natural and intuitive an interface as possible for the manipulation
of representations < design parameters by means of apparcni-invcrsion
functions mapping interactive user inputs in configuration space to shape.

In addition to these general goals. the implementation has been tailored for rep-
resenting and manipulating motion constraints that are particularly well suited for
design in the domain of vibratory part feeders, althongh additional features have
heen added for modeling and design of compliant assembly tasks.

167
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5.2 System Overview

The interactive shape design system consists of approximately 25.000 lines of (' source
code compiled to run on a Silicon Graphics Personal Iris workstation. The code is
organized into the following major modules:

cspace-shell (‘ore routines including the interactive graphical user imterface and
main loop running the configuration space display for representing and manip-
ulating motion constraints and shape.

cs_routines Routines to generate ('S facets.

csmotions Routines for the incremental computation of motion paths and local ('S
topology.

cs_support Routines to compute the approximate boundaries of supported and un-
supported regions on ('S facets. and generating track cutouts for imposed part
motions.

cs_selection Routines that allow the user to select and modify part. bowl and
track vertices via changes to the ('S or LOS boundaries.

The interactions among the major modules is illustrated in Figure 5.1, .\ num-
ber of additional files provide data structure definitions. /0 support and various
utilities.! The remainder of this chapter presents in detail the implementation of the
major components of cspace_shell and its subroutines.

The main event loop in cspace-shell handles all of the functions for displaving
objects and their motion constraints in configuration space.  User selection of or
incremental modifications to any of the shape parameters antomatically cause the €S
to be continnously recomputed and displaved during the moditication. If enabled. the
support regions on cach of the facets in the 'S are also recomputed and displaved.
Other functions that need not or cannot he performed continuously. such as the
integration or animation of motion paths. are executed once “on demand™ by the

'
nser,

"I'hese files include: cs_data.structures.h. cs.file io. cs_to.iris. cslice iris.
cs.utilities and cs_iris_utilities.

“Numerical integration of motion paths is the most computationally expensive operation per-
formed in cspace-shell. and would be unable to provide acceptably fast feedback to the user
during o design operation.
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Graphical

CSpace-Shell User Interface

CS_Routines CS_Support CS_Motions
Compute Compute Compute
and Render and Render Local CS Topology,
CS Facets Facet Support Compute and
Maps Render Motion
Paths
Various Utility Modules

Figure 5.1: General overview of the major modules comprising the Interactive motion

constraint design svsten.
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5.3 Generating Kinematic Constraints

5.3.1 Contact Facets

We explicitly model the two basie types of single-contact interactions hetween a pair
of planar polyvegons as constraint facels:

e type A an edge of Polvgon A (moving) touching a vertex of Polvgon 13
(stationary). and

e type B an edge of Polvgon B touching a vertex of Polvgon .\,

The contact generating cach facet type reduces the degrees of freedom of the moving
polvgon from three to two. A convenient parameterization for the remaining two
degrees of freedom is p and 8 as shown in Figure 5.2, The p parameter determines
the non-dimensional position (0. 1) along a polygon’'s edge at which a vertex of the
other polvgon contacts that edge. The 6 parameter is the orientation of the moving
polvgon. and is the same @ used in the (. y.0) configuration spase. The values of p
and 0 thus determine the position of a point on the surface of a facet that is itself
embedded in the (. y.0) configuration space.

Ising the parameters (p.f) we may write the equations for a point on a facet
surface. For a tyvpe A facet. we have:

FAp.0) = B® — Rot(0) (I + pE?) (5.1)
p € [0.1] (H.2)
” € [()mm . ()IIHIJ'] l—);)

where I-i;f’ is the position vector of the jth vertex of the stationary polyvgon from
the origin of the world coordinates. I-f.{‘ and IT_","‘ are the position and edge vectors.,
respectively, of the ith vertex and edge of the moving polvgon with respect to that
polvgon’s reference point. and p and # are the facet parameters.  Rot(#) is the
rotational transform:

cosf) —sind
) —
I{()I(( ) [ .\i“() COS ” }

Similarly. for a tvpe B facet we have:

FPp.0) = B® + pEX — Rot(0)(R?) (3.1)
T [U. l] (0.9)

0 =< |0,,,.0,.,] (5.6)
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Figure 5.2: Parameterization of facets by p and 0.
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Type A Facet

A
\ﬁ E,(p,0) = R, - (R} +pE; ) Rot(6)

?

Type B Facet

B B B A
E, (p,0) = R; + pE; - R; Rot(0)

Figure 5.3: Vector notation for facet equations.
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=, 2
s R
g = >

Figure 5.1: Bounding curves for type A (left) and type B (right) facets.

Figure 5.3 illustrates the vector notation for both facet 1vpes.
In terms of the configuration space parameters (. y.#) we may write for a type A

facet:
ro= I{ﬁ — (( l{;“, + p]f,"? jcosf — ([{;',‘l + /)I:',“: )sin#) (5.7)
y o= Rz - h’;"' + /)I'f,’f )sin 6 + ([1’;’1 + p[:‘l"l )eos f). (5.8)

and for a tvpe B facet we have:

roo= Rﬁ + /)I:‘ff — ([{‘,"’ cosfl — I{;'f/ sin f) (3.9)
y = I{f/ + /)I'.',f: - (Iz’j‘l sinf) + I'))-,‘, cos ). (5.10)

Contact facets are represented by ruled surfaces in the (r.y.#) configuration
space. Fach facet is bounded by four curves corresponding to maximum and mini-
mum vahies of the parameters p and 0. The curves corresponding to maximum and
minimum p values are sinusoidal space curves in the (r.y.#) configuration space.
whereas the maximum and minimum 0 curves are (r.y) line segments in fixed 0
dices of configuration space. Fignre 5.1 illustrates these curves for both type N and
tvpe B facets,

The orthogonal set of normal and tangential vectors at any point on a facet
surface mav be written in terms of (p. @) as:

i o= — (5.1

Fo= - (5.12)

—

(.13
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LI

Figure 5.5: Normal and tangential vectors at a point on the surface of a facet.

lor a type N facet. the expressions for the components of @ and & are:

w, = l:'," cosf) — I',',““, sin ) (H.11)
w, = I:',f"‘ sinf) + I:',""I cos (.19
wy = () (0.16)
o= —( In’;f‘, + /)I',',",‘ ysin ) — (H;}' - pl'.',"‘l)('os 0 (H.17)
v,o= (R pl Y eosO — (R 4+ pl )y sino (5.18)
ro = . (.19
and lor a tvpe BB facet:
u, = I','l’f (H.20)
u, = I',',’j (5.21)
wy = ) (H.22)
roo= =B sinl - R cos (5.23)
o= /v’,“ cosf) — In’,}l sinf) (H.2h)
e = . (3.2

Following the convention that pincreases while traversing an edge of the polvgon in
a counterciockwise sense. the normal 7 points oulward from the surface of the facet,
as shown in Figure 5.0,
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5.3.2 Traces, Moves and Turns

The complete set of contacts possible between two polvgons mayv be obtained by
cnumerating all vertex and edge combinations bhetween the two polygons. resulting
i 2ume contacts hetween polvgons with noand 1 vertices/edges respectively. A
convenient representation for generating and indexing contact facets by using the
interacting polvgon features that created them is the frace due to Guibas et. al. [37].
In the trace representation. a polygonal contour is represented as the path. or trace.
swept out by a penpoint that is alternately allowed to move in a directed straight line
segment or to change orlentation (i.e. turn) at a point. In terms of a polvgon. each
more in a trace corresponds to an edge of the polyeon and each furn corresponds
to a vertex joining two edges. A closed trace produces a closed polvgon where the
penpoint is returned to the same position and orientation from which it started.

By convention a trace traverses a polvgon in a counterclockwise direction so that
the interior of the polvgon is alwavs to the left of the trace. A convex vertex on the
polvgon is represented as a left turn. and a concave vertex as a right turn. A move is
referred to as a forward move if it is traversed from start to end in the same direction
as its orientation. Al moves used to represent edges of polvgons are forward moves.

One advantage of using the trace representation is that generating the complete
set of motion constraints for two polveons (with fixed orieutations) s equivalent to
convolving the two polvgon traces to form a new contour. which is itself a trace.
Fach turn in a trace sweeps out a range of angles hetween the move entering and
the move leaving the turn. Convolving two traces involves adding the offset from the
reference point to the turn of one trace to cach of the moves of the other trace whose
orientations lie within the angle range of the turn. and then repeating the process
for cach turn on the other trace. Figure 5.6 illustrates this process for two traces.
along with the resulting convolved trace. Convolving two closed traces produces a
trace that is itsell closed.”

Another advantage of the trace representation is that convolutions involving con-
vex and concave vertices are treated uniformly. In particular. convolving a forward
move (polveon edege) from one trace with the left turn (convex polveon vertex) of
another trace produces a forward move in the ontpat trace. whereas convolving a
forward move with a right turn (concave polveon vertex) produces a backward move
in the output trace. A backward move is traversed from its endpoint to its start-
point rather than vise versa. An important property of backward moves is that they
only appear in the interior of the closed ontput trace formed by the convolution of
two closed input traces, In other words. backward moves correspond to motion con-
straints that are unreachable from the exterior of a closed set of constraints, This
i~ a useful feature becanse once we determine that a constraint edge is backward we
do not have to compnte any more detailed information about 1t since it cannot be

ASec Canbas et al [37) for more details about 2D traces ad theie properties.
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% g

A B CS

Figure 5.6: Planar polvgons represented as traces. and the trace corresponding to
their convolution.

on the surface of the ¢'S.?

When one of the planar polygons is allowed to rotate. as is the case in cspace-shell.
we use a generalization of the trace representation in which each of the facets de-
seribed earlier corresponds to a move of the convolved trace that is swept in the 0
dimension of the (r.y.0) configuration space over the entire angle range for which
that move is valid. Specifically. a facet is a move (edge) of one polygon that is offset
by the position of a turn (vertex) of the other polvgon over the entire range of angles
for which the move’s orientation lies within the turn’s angle range. Using the trace
notation. a facet is identified by a type (tvpe A or type B). an index to a trace move.
and an index to a trace turn. This type-move-turn indexing scheme is particularly
nseful in determining the topological relationships between facets forming the ('S
i configuration space. Fqguations for a facet expressed as turns and moves can be
derived from equations 5.1 and 5.1 by substituting a turn for the I—{‘;“/H and a move
for £2Y/8 2

Frnumerating and computing the complete set of individual constraint facets for
Two interacting polvgons involves a relatively small amount of computation: the
overall complexity, both in size and time. is O(n?) where n is the typical number of
cdees vertices in cach of the polvgons. Computing the intersections and topological

MNeowill <l emmmnerate facets corresponding, to backward moves in our €S data structure
Leoans they pravide topological elosure of the set of facet in configuration space and are useful
C oz Lacet adjaceney,

In cspace-shell. the moving polvgon is reflected through the origin hefore heing couverted to

IR RO} I Csrgnoin equations 5o and 5.1 would be replaced with a "+ sign.
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relationships between all facets in the CSChowever, is generally o more diffienlt and
computationally expensive proposition.” Fortuuately. for the purpose of representing
the CS eraphically it is sufficient to compute onlv the complete set of individual
facets. TFor the purpose of computing object motions, however. we will need to
compute at least those topological features on the €S that constrain specitic motions.
In the next section we will deseribe these computations i more detail along with
the procedures for computing specitic object motions.

In summary. the CS s constructed as an array of individual facets representing
contacts between edge and vertex feature pairs of two polveons. There is no explicit
representation of the relationships hetween the facets in the CS for the purposes of
rendering. This is done in order to enhance the speed at which €S surfaces mav he
generated. rendered and manipulated. Specifically. by atilizing the depth hutler™ of
the Iris workstation to hide those portions of the facets that are occluded by other
facets. we are he able to generate and render a detailed graphical image of the 'S in
near real-time. as is necessary for implementing the kind of interactive manipulation
features discussed in earlier chapters.

5.4 Computing Motions

Part motions are represented as paths in configuration space. approximated at the
lowest level by a set of discrete points. Specifically. a motion path is represented in
cspace-shell as an array of contact states. where each contact state contains an
array of those points along a path that are in contact with the same set of facets.
Specifically. a contact state encapsulates that portion of a path that is in contact
with the same set of facets corresponding to contacts hetween topologically distinet
pairs of features of the moving and stationary objects. A contact state mav contain
a point or set of points in contact with a single facet. an edge hetween two facets.
a vertex formed by three facets. or no facets at all (i.e. a free or unconstrained
motion).”

The task of computing paths in cspace-shell is divided into two distinet pro-
cesses: determining the local topology of the €S and piccewise numerical integration

“The worst case complexity is O(n').

“The depth buffer, or Z-buffer. s a relatively standard picee of graphies hardware in which
the distanee from the viewing plane 1o cach point of a rendered objeet s computed and nsed 1o
determsine whether or that pomt should be drawn A pomt onan objeet bemg dreawn, suely as a
contact facet that as further away from the viewang plane than s presvionsdy drawn pomt wirly the
satne (o) sereen position. will not be drawn o this wan s overlapping or ocelnded abgeets ar
drawn correetly and quickiy

i those cases where due to a0 seametrie comerdenee more than three Baets can oo it
contact at o poant. the extrancous are removed Trom the contact state Sev e deseription of
detect new contacts() i Sevtion H 113
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ol individual motion paths.

5.4.1 Computing Constraint Set Topology

The basic element for representing constraints in cspace-shell is the individual
contact facet. Features on the €S surface formed by interactions between multiple
facets, such as edges or vertices, are represeuted implicitly as relationships between
two or more individual facets within each contact state during path integration. One
of the contact facets in each contact state s labeled as the reference facet for that
state. This reference facet. ov ref_facet is used to store an arrav of indices to the
other facets in the C'S that a motion path may encounter when integrating from the
current position.”

There are two categories of facet that may he encountered during the integration
of a motion path: an adjacent facet and an intersecting facet.

5.4.1.1 Facet Adjacencies

An adjacent facet. as the name implies. is a facet that is adjacent to one of the
four boundaries of the reffacet as determined by the hmiting values of the facet
parameters p = (0.1) or ¢ = (0,,,.0,..). Facet adjacencies correspond to local
contact transitions of adjacent features of the polvgons in contact.

Each of the four houndaries of a ref_facet is adjacent to at least one and at most
two other facets. The first. so-called primary adjacent facet. is the contact facet
corresponding to the transition of contacts bhetween consecutive polvgon features.
The primary adjacend facet is always of the opposite type from the ref_facet. and is
alwavs adjacent to the ref_facet. The secondary adjacent is a another facet that is a
adjacent to the primary adjacent facet. and mav also be adjacent to the ref_facet if
certain conditions hold. The secondary adjacent facet is always of the same type as
the ref_facet.'?

For an adjacency along a reffacet’s p = 0 or p = | boundary. the secondary
adjacent will be adjacent to the ref_facet iff the angle range [0,,,,.. 0,,...] of the ref_facet
overlaps that of the secondary adjacent facet. Similarlv, the ref_facet’s 0 = 0,,,, or
0., boundary will he adjacent to both the primary and secondary adjacent facets iff
the ooy length of the reffacet. ie. the length of the ref_facet s corresponding polygon
edge. is shorter than the length of the primary adjacent facet. Figure 5.7 illustrates
some typical adjaceney cases and the polvgon features that generate them., Table 5.1

Ancexeeption is the free contact states wineh has no facets i contact. A temporary null-facet
dati stroctare s generated and ased 1o store the mformation necessary to handle such cases,

P ACtually, the primary adjacent facet represents a contact between the sanie poly gon vertex
ttarny and either the previons or subsequent polygon edge tmove). whereas the secondary adjacent
represents a contact hetween the same polveon edge (imove ) and cither the previous or subsequent
prodvgon vertes (irn)
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Figure 5.7: Example facet adjacencies and their corresponding polvgon feature tran-
sitions.

enumerates the possible adjacencies for both a tvpe A and type B reffacet in terms
of that facet’s type. move index and turn index.

Topologicallv. a p = 0 or p = | facet adjacency represents a vertex-vertex contact
hetween the moving and stationary polvgons. and forms a space curve in the (@ y. 6)
configuration space. A 0,,;, or 0,,,, adjacencey between two facets corresponds to an
edge-edge contact between the two polvgons. and forms a straight line parallel to
the (. y) plane in the configuration space. I both types of adjacency. the moving
polvgon has ouly one degree of freedom.

5.4.1.2 Facet Intersections

Some contact facets that are locally feasible may correspond to contacts that are
globally unreachable due to obstructions by other polygon features. The 'S for
polygons with concavities. like that for purely convex polvgons. is made up of facets
that are locally adjacent. However, hecause some of the facets are backwards facets
formed by edges convolved with concave vertices. the ('S “wraps in” on itself. re-
sulting in facets that are partially or fullv imbedded within the 'S and are therefore
unreachable hecause they are occluded by other facets. In such cases. some facets
interseet other facets on the ('S, as illustrated in Figure 5.8,

Because facet adjacencies are due to transitions between consecutive polvgon
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Adjacencies for facet: (A.m./)

Adjacency Type

Ist Adjacent

2nd Adjacent

p=10 (B.1.m™) (Aom™.1)
p=1 (B.1%.m) (A.m™t.1)
[/ (B.t.m) (A.m.17)
[/ 3 (Bt m™) (A.m.tt)

Adjacencies for facet: (B.m.1)

Adjacency Type

15t Adjacent

2nd Adjacent

p=20 (A.t.m7™) (B.m™.1)
p=1 (A ttom) (B.m*.1)
T 0, (Adt.m™) | (B.m.t%)
0o (At.m) (B.m.17)

Table 5.1: Table of adjacencies for type A and type B facets indexed by (typc. move-
For example. the Ist and 2nd p = 0 adjacent facets to facet

inder, turn-inder).

(1. 1.2) would be facet (B.2.0) and facet (A.0.2). respectively.

Fignre 5.8: Intersecting facets and their corresponding polygon feature contacts.

PN
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features. the entries in Table 5.1 are sufficient to determine the complete set of
adjacency relationships for any facet on the O'S. For intersections between facets.,
however. we must explicitly test cach facet pair to determine if an intersection is
possible. Specifically. when creating a contact state we must test the ref_facet against
every other facet in the O'S and record the indices to those facets with which an
imtersection may occur. To make this process faster and more efficient. we employ a
series simple tests to determine whether intersection hetween a given facet and the
ref_facet is possible. These tests are summarized as follows:

I. Are the facets adjacent? Adjacent facets cannot intersect one another.

2. Do the [0,,,.0,..] ranges overlap? Facets with disjoint 0 ranges cannot
intersect.

3. Do the (r.y) bounding boxes of those portions of the facets within
the same f range intersect? lacets with non-intersecting bounding boxes
cannot intersect. We compute the («.y) bounding boxes by determining the
minimum and maximum (2. y) values of the p = 0 and p = | space curves
hounding ecach of the facets within their common 6 range.

Facets that pass these tests can. but do not necessarily. intersect one another and
are listed in an arrav labeled intersects in the reffacet data structure.!!

5.4.1.3 Monitoring Contact Transitions

Once we have the two arrays of adjacent and intersecting facets computed and stored
within the reffacet of a contact state. we can determine if anv new contacts are
encountered during incremental motion integration simply by checking cach new
position against those facets. We determine if a new contact has been made with an
adjacent facet simply by monitoring the values of the facet parameters p and 6 to
see if they are within the appropriate ranges for the ref_facet. If. for example. after
integrating an incremental motion the value of the ref_facet’s p parameter were to
change from 0.96 to 1.03. then the motion would have encountered the facet adjacent
to the p =1 houndary of the ref_facet.

To determine if contact has been made with an intersecting facet during an in-
cremental motion. we check to see if the current and previous path positions are on
opposite sides of any of the facets in the interseets array. To record the relationship

of a position to an intersecting facet, we introduce a new data structure called o

e the present nmiplementation, we do ot bother vo determine if acan onfersect facet actually
docs tntersect the ref_facet. Althougl it s relatively stranghtforward to determme sf sueh an e
section exists by numeriealls solving for the roaots of the difference of the 1wa Tacet cquations, we o
not hother domg soas the associated computation would typieally execed the overhead o stpl
assunnng that the facers dontersec
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crossing |
- -
- - - N /."

Figure 5.9: Four proximal cases for a type B interseet facet. All four points shown
have the same ¢ component.

procimal. N proximal for an intersecting facet records the signed (. y) distance of
an (r.y ) point in configuration space to a line segment correspouding 1o a slice of
the facet surface at that valne of 0. as well as a flag indicating whether the point
is: abore (i.e. ontsidey the facet surface, erossing the line containing the facet shice
(but ontside of the slice segment’s endpoints). on the line containing the facet shee
(within the segment’s endpoints). or below (oo inside) the facet surface.'™ A transi-
tion of a proximal Hag from ahorc 10 below or from abore to on wonld indicate that
the imeremental motion has crossed that proximal’s corresponding intersecting facet,
Figure 5.9 illnstrates the four states of o proximal flag for an intersect facet,

When a new contact s made, o new contact state containing the larger set of
contact facets imust be eenerated. Specificallve the following steps are taken it after
anmtegration step. chianees i one or more facet patameter values or provimal faes

idicate that o new contact has bheen ade:

| Il|ll‘||ui|,||r hetween the ~tart pornt and .-q..l,..nm ol the mtepration step us
e '|u' ey ol .|||t| cnprent lacet |».|l.|nu-|r| o |»|n\l|||.|| ||\\l,|||u‘ \.||||a~\ far

deternnne the o oy th Pt al wWhieh Tacetos swene o o

Pl thoe~ sy v v e ssiene b et < thoet e sl csot i bist e o pesatiy,

ety e the D ot vty the Vet o
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2. For multiple facet crossings. choose the one point that is closest to the starting
point of the integration step.'

3. Generate a new contact state containing an array ol contact facets including
hoth the previous state’s contact facets and the newly crossed facet.

I. Record the interpolated position as the last position in the previous contact
state and the fiest position in the new contact state.

New contact states are generated during path integration either when a new con-
tact is made. as described above, or when an existing contact is broken. The latter
case 1s described in the next section on numerical path integration. The topology of
the €'S is computed locally for a ref_facet in the form of the intersects and adjacents
arravs on an “as needed” basis during motion integration. Once computed. this
information remains in the reffacet’s data structure until a shape modification ne-
cessitates the recomputation of the entire ('S data structure. Therefore. subsequent
path integrations involving the same ref facet. such as recomputing a path after mod-
ifving one or more dvnamics parameters. will generally require less computation and
execute faster,

Unlike the arravs of adjacents and intersects stored in the ref facet data struc-
ture. the arrav of proximals are generated and maintained only temporarily within
the currently active contact state.  All information regarding a point’s global re-
lationship to the surface of the ('S is determined solely with respect to the facets
listed within the adjacents and intersects arravs of the current ref_facet. Since no
global information about the point’s relationship to the overall surface of the 'S is
available. all paths must start cither on or oulside the overall ('S surface in order to
be itegrated properly. A path that is integrated starting from a point inside the ('S
will canse the integration of that path to terminate with an error.

5.4.2 Numerical Path Integration

Once the local topology has been determined for a contact state by filling in the
ref_facet’s intersects and adjacents arravs. we may compute the set of points along

the motion path nsing numerical integration.

5.4.2.1 Mechanics of Motion

e dvimics parameters used to compute objeet motion are the externally applied

Coop doree vector T the static coethicient of Triction e and the radins of gxration

o wotare ases there ey be b e of becots that connende o wiineh case more clabiorate
~te '.\ ITUEU 'n l,.k. obee Iunmn lln """"’ el |‘|.-| |||-\q [ LU \\|l|'|| I."v‘ Te |' s oy s Hllll-ultll .

posabt tronn ccancrdontal alrgnmme s be s o gevane b beatires i the 1w pody gons




184 Chapter 5: Tmplementation

p of the moving object. With these parameters we can compute the reaction forces
and static force equilibrium conditions for any point in a contact state. To combine
the units of force and torque consistently. we must first scale the torque components
of the reaction forces with p as:
ro=2
)

Similarly. we scale the 6 components of the facet vectors with:!
. = puy.

where ay was introduced i Section H5.3.1.
Computing an incremental motion step involves the following basic steps:

. Compute the configuration space friction cone at the current position in the
contact state representing the set of possible reaction forces.

2. Use the friction cone to compute the reaction force for the given applied force.

3. Compute the instantaneous direction of motion using the net resultant force
(if any).

. Deternine the appropriate integration step size and compute the incremental
motion.

The detailed implementation of these four steps for computing motions in a free.
faccl. cdge. and rerter contact state follows,
Friction Cone Construction

To determine the set of possible reaction forces we construcet the (@ y. 2) config-
nration space friction cone for each contacting facet. The friction cone for a single
facet is shown in Figure 5,10, where i7 1s the surface normal of the facet at the contact
point. and Foy Fo are the two extremal reaction forces that together span the range

of reaction possible forces. The equations for I, F,, are:

o, = aln,coso+ n,sino) (1.26)
Iy, = ol=n,sino+n, coso) (12.27)
'y = oln.coso+ Isino) (H.28)
Foo = atu, cosao—n,sino) {5.249)
!’ ool STYRS 1, cos o) (1.3
I, altin cosao fsin o) (.31

Ul ensaree that the Lacet vectors renant il vectors, we normahize thenn aftor antrodueme the
~calime factor g
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where
. ! -
SO = —m—— (5.32)
1+ g2
1
CosO = _l_+_//2 (5.33)
1 -
a = ——— (95.31)
(n% 4+ nf,)
o\ , _ oo
7 = <— (I —n?)y—n? (5.35)
r )

and where g is the coefficient of friction. (1, n,.n.) are the normalized components
of the scaled facet normal. pis the radius of gyration. and r,. is the distance from the
cg of the moving polvgon to the point of contact. For a type B facet r. is a constant
measured from the eg to the vertex of the moving polvgon that is in contact with
edge of the stationary polygon. and is given by:

r. = {I?_;‘\ (5.36)

where jis the furn index of the facet. For a type A facet the value of r.is a function
of the facet parameter p and is given by:

ro=|RL + pE?| (5.37)

where 7 1s the more index of the facet.

For contact states with multiple contact facets it will be necessary to combine
the friction cones for the individual facets to form the compound friction cone. For
an edge contact state (two facets) we form the compound friction cone from the
convex hull of the extremal friction cone reaction forces I?,vl and 17,@ for the two
facets. Specifically. we order the four extremal force vectors to form the edges of
a convex polvhedral cone as shown in Figure 5.11. We do not form the compound
friction cone for a vertex contact because. by definition. a vertex has zero degrees of
freedom and hence no sliding motion is possible. We do. however. check for possible
motions along the three edges forming the vertex to see if a motion out of the vertex

there can bhe no reaction forces and hence no friction cone.
Computation of Reaction Forces

After construeting the friction cone for a contact state. we nse it to compute the
reaction lorce dne to the applied foree. The reaction foree for a single facet contact
is determined by projecting the negated apphied (. y) force onto the (o y. {2 = pf})
plane containing the confignration space friction cone, If the projected force vector
is between the two extremal friction cone reaction force vectors then the reaction
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Y
X 0
Figure 5.10: The (w.y.{z = pf}) configuration space friction cone for a single facet
contact,

F,=1t%/p
R
b Frbz
Frl
F, Fy

Figure 5.11: The compound configuration space friction cone for an edge contact
between two facets,
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Fz=1:9/p

F, F

Figure 5.12: Computing the reaction force with the single facet friction cone.

force is the projected force vector. If the projected force vector is not between the
two extremal force vectors. then the reaction force is equivalent to the projection of
the projected force onto the closer of the two extremal force vectors. This process is
illustrated in Figure 5.12.

To determine the reaction force for an edge contact. we first check to see if the
applied force is pointing into the compound cone by taking the dot-product of the
force with the outward pointing normals of each of the four hounding planes of the
convex cone. If all four dot-products are positive, the applied foree points into the
cone interior and the reaction force is exactly the negated applied force.  If one
or more of the dot-products is negative. then the applied foree lies outside of the
compound polyvhedral cone. an we must project the negative applied foree onto the
surface of the cone. Specifically. we project the negated applied force onto each
the surfaces of the cone with which the dot-product was negative, and proceed ma
manner similar to that for the single facet friction cone.

Computation of Instantaneous Motion Direction

To compute the force equilibrinm state at the contact point we compute the net
force by taking the difference hetween the applied and reaction forces. A non zero
net force vector determines the instantancons direction of motion from the corrent
contact point. For a free contact state there s no reaction foree <o the net force s
simply the applied force. For a single facet contact state a non zero net foree will be
tangent to the facet surface. and the non zero net {oree for an edee contact will he
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parallel to the edge vector formed by the cross-product of the two facet normals at
the contact point.
Computation of Integration Step Size and Incremental Motion

Folloviing our assumption that guasi-static effects dominate the dyvnamics of ob-
ject motion. we may write the following equations of motion:

. . ) A .
Yoo= iR = 538
I, 1l _\l.:!l]()”lAf‘z (5.38)
A
I, = my= _lim mA—l'u, {(H.39)
’ t—10) -
Ty I . o1 A
F. = 20— Zha hm -—— (5.10)
i I Ar—u p \f-

where (F, F,. F.) are the components of the net force at the point of contact. and
A7 is a time step that will chosen to scale the magnitude ot the incremental motion
appropriately.!”

A motion in a free contact state will follow a straight line parallel to the applied
force in the absence of any externally applied torques. which we have assumed in our
model. An incremental motion in a single facet contact state will he in the direction
of the net force. but should also remain on the surface of the facet in the course of
the motion even though the surface may be curved. To ensure this. and at the same
time avoid introducing linearization errors. we resolve the net force into components
expressed in the @ and & tangent vectors of the facet surface. and integrate the
incremental motion in terms of the pand 0 facet parameters

To distinguish between displacements in translation and rotation. we denote the
cotbined displacement in o and y as 7. which can he expressed in terms of the facet
parameter p as 77 = Ip where is the length of the polveon edge forming the contact
facet, Substituting pm = /L into the above equations we can write the rotational and

translational displacements i terms of the facet parameters as:

AN

Ap = *(—A I+ (511
/ m
l I-

A0 = ~('\ )Im (o4
/! 1

Lo compnte the instantancons direction ol motion we may normahize Apand A0

"Brac tothe s state assoptien e maetwde o the aesration stop iy ed b derar
tone b dmecnte teon the copatiens oF metion as wonbd beothe case Ao standard Faloe oo Runae
Wttt e reeal imtegn tes tochimepo ~ - Rahor ol it cratien st peosize o wall b dernved fronn
constedboration ot the crrors poeaduc Dby siraed Tine ppronamatiens toometiens alone the sarbaees
b cneve coatant b e e e deac step e Bk the bee e cone s coampatod chine ot

froan comt ot oot ooty
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~

with respect to a thivd variable AT using
AT? = Apt 4+ AP (5.13)
AT = AP+ A2 (5.11)

The normalized displacements then become

Ap Ap .
—_ LA A

AT VAp: + A? L

Y Ad .
= (5.16)

EVAVAN RSV

Fquations 5.15 and 5.16 allow us to express the instantancous direction of motion
on a facet surface in terms of p and 0. Because the dynamics are quasi-static.
the magnitude of the ineremental motion step is somewhat arbitrary. Since we are
integrating linearly in the parameter space of the facet surface. the deviation of the
motion from a straight line in (r.y. {z = pf}) configuration space will depend on the
degree of curvature of the surface along the direction of motion. Hence, to bound
the maximum deviation from a straight line we select the integration step size hased

ot the curvature metric given by:

21
~t4mar E - -
ATmru- = \/ h‘- - = E,z,m‘,. (-)."ll)
"

where F,,, is the maximum allowable error in (w.y. {z = p0}), and &, is the cur-
vature of the facet along the motion path. which is derived for type A and type B
facets in Appendix B. Using this metric. we compute the motion step for a facet in

pand 0 as:

A”mrn' = _'_—.éﬁ'__
VAVLESGY

and compute the new (@, y.0) position in conlignration space using the facet equa-

Alpur = (‘“-}Ji—_ Al%ar (HIR¥)

ATvar (5.19)

tions.
An ineremental motion in an edge contact state will be in the divection of the net

foree along the edge veetor, which like the single facet contact state may he enrved,
Rather than attempting to derive a parameter to deseribe motion alone the curve
fornring the edge. we will simply integrate the motion along the edpe vector expressed
in terms of the & and & tangent veetors of both facels, After integrating the two
incremental facet motions individually, we choose the smaller of the two in terms
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of total distance in (r.y.0) configuration space for the edge motion. and remove
any linearization error by projecting the new point onto the edge between the facets
calculated at the new value of 0.' This is a rather crude approximation to the actual
edge motion. but it eliminates having to compute the incremental motion along an
edge curve that might be difficult or impossible to compute in closed form. Since
intersection curves hetween facets may have a much higher degree of curvature than
the facets themselves. this approximation is a recognized weak point of the current
motion path integration implementation.

5.4.2.2 Selecting Consistent Motions

The computations for integrating motion in each of the four types of contact state
{free. facet. edge. vertex) assume that resulting motion will maintain all of the con-
tacts in that state. For example. computing the motion in a single facet contact
state in terms of the facet parameters p and # does not take into account the pos-
sibility that the given applied force will cause the motion to leave the facet surface.
To ensure that the computed incremental motions are consistent. we must check to
make sure that the assumptions implicit in the equations of motion are in fact valid.

A free motion. by definition. involves no contacts and hence is alwavs consistent
given a non-zero applied force. A facet motion is consistent if the applied force
points inlo the facet surface at the initial position of the integration. This mav be
checked by computing the dot-product of the applied force vector with the facet’s
normal vector at that point. \ negative value indicates that the force points into the
facet surface and any motion must take place on the facet. whereas a positive result
indicates the motion will leave the facet surface.

An edge motion is consistent if the motions due to the applied force on the two
facets forming the edge both point into that edge. We may check this by computing
the vector tangent to cach facet’s surface that is perpendicular to the edge vector
and taking the dot-product of the corresponding facet motions with cach of these
vectors. .\ positive valne for either dot-product would indicate that the resulting
motion would break contact with the other facet and become a single facet motion.

Finallv. we can determine if a motion into or out of a contact state for a vertex
formed by three facets is possible by checking if a motion along any of the three edges
intersecting at the vertex points away from the vertex. If all three edge motions point
into the vertex then no motion is possible and integration is terminated. Otherwise
a consistent edge motion must be selected.

hi cacli of the above casesif the incremental motion in the current contact state is
found to he inconsistent. we generate a new contact state with the next lower number
of contacts (one greater degree of freedom). and store the current position as the last

"If the edge is a straight line, such as a f,,,,, or 0,,., adjaceney. then there the new position has
the same 6 component as the old position. and no hinearization is necessary.
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point in the previous state and the first point in the new state. Figure 5.13 illustrates
the above motion selection procedures for the four types of contact state.

5.4.2.3 Computing Initial Conditions

There are two types of initial conditions used for integrating motions in cspace-shell.
the choice of which depends on the application domain. To find the initial conditions
for part motions through a vibratory feeder. we identifv the set of stable initial ori-
entations of the moving object in contact with the bowl wall. We construct this set.
which corresponds to the possible orientations in which a part may enter the feeder.
by first taking the convex hull of the moving polvgon and generating an edge contact
state for each pair of vertices on the convex hull. Each contact state contains the
pair of contact facets corresponding to a contact between one of the two vertices and
the top leftmost horizontal edge of the stationary polvgon along which parts enter
the feeder. The stability of each edge contact state is then evaluated by computing
the reaction forces at the two contact points that are necessary to maintain static
equilibrium with an applied force through the polvgon’s eg pointing along the —y
axis. as illustrated in Figure 5.14. If one of the reaction forces is negative (—y). then
the orientation is unstable. and the contact state is removed.

For feeder design purposes. it would be helpful to know the probability with
which a part in a given orientation will enter the feeder. We compute the probability
associated with each stable contact state by assuming a uniform probability distri-
bution over the # = (0 — 2x) range of orientations in which a part mayv first come
into contact with the bowl wall. and then dividing this range into 0 regions in which
the part would tend toward a given stable orientation. The widths of the resulting 0
ranges are then divided by 27 to obtain the probability (0 — 1) of a part appearing
in that orientation. Figure 5.15 illustrates this process using the radius function of
a part.

To integrate more general object motions. such as a part being placed into a
subassembly, we allow the user to select an arbitrary (. y.#) position corresponding
to a free contact state. or a point on a facet surface corresponding to a facet contact
state. The free (.. y.0) position is selected using three position sliders. and is graph-
ically displayved in configuration space as the intersection of three lines paraliel to
the (r.y.0) axes. The free contact state generated for this position uses a temporary
null facet data structure containing all of the fa~ets in the C'S within the inferseels
arrav.'” The user is responsible for selecting a position that is on the outside of the
C's.

A position in a facet contact state is selected by having the user click the mouse
over a displaved facet. The position is mapped from (. y.#) to the corresponding

T'Strictly speaking, the free region in configuration space intersects all of the facets in the CS.
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Figure 5.13: Selecting a consistent motion for free. facel. edge. and rverter contact
states,




-t

1 Compuling Motions 193

7 7
L
7z 2 |
[ ]
Stable
Z%ZZZ/

IL Unstable

Stable ATA7

Figure 5.11: Constructing the initial contact state for a stable part orientation.
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Figure 5.15: Determining the stable rest orientation probabilities for a part.
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(p. ) facet parameters and the facet contaet state is initialized normally as deseribed
in carlier sections. The mouse based selection routine is described i Seetion 5.7,

5.4.2.4 Iterative Stepwise Integration

All of the motion computation operations discussed above are combined within an
incremental motion path integration loop that is exccuted on command by the user.
For cach initial contact state we exeente the following procedure:

path_integration_loop()

compute_proximals() Compute the array of proximals determining the rela-
tionship between the current position and the neighborimg adjacent and
intersecting facets,
Begin loop Begin the incremental motion integration loop.
test motion_termination() Check to see if current position is outsude
of the (. y.#) motion bounding box. If there is a support map check
tu see if the enrrent po.\'ili(nl Is suppul‘t('d.
integratemotions() Integrate the incremental motion from the enrrent
position. including any sub-motions required to check for motion co-
sisteney.
select motion() Select the consistent motion.
If there is no motion. exit with no_motion flag.
I the motion has left any existing contacts:
create_contact state() (‘reate a new contact state corresponding
1o the rednced set of contact facets,
compute proximals() Recompute the array ol proximals for the old
position in the new contact state,
record_and_increment position() Record the current position as
the first position in the new contact state.
current state = new state (‘ontinue with the new contact state,
compute proximals() Compute the array of proxumals for the new posi:
tion in the contact state,
detectnew_contact () Compare the old and new proximals to determine
if a new contact has been made, and select a single new contact facet
if necessary,
If no new contact was made, then:

record.and increment position() Record the new position in the

contact state,
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Else. if a new contact was made:

record.and_increment_position() Record the new position as the
last position in the current contact state.

create_contact_state() ('reate a new contact state corresponding
to the larger set of contact facets.

compute proximals() Recompute the array of proximals for the new
position in the new contact state.

record.and_increment_position() Record the new position as the
first position in the new contact state.

Gio To Begin loop
End

Upon exiting. path_integration_loop() returns a flag indicating the mode of
path termination which is one of:

e no_motion Motion has stopped at a vertex or due to sticking.
e loss_of_support The motion is in an unsupported region of the 'S,

e outside_motion_bbox The motion has left the allowable region of (. y.0)
configuration space.

e error + error_code An error identified by error_code has occurred within
path_integration_loop().

We have now deseribed all of the major components required to construct motion
paths in configuration space.

5.5 Computing Support Transitions

5.5.1 Assumptions

The following is a list of the assumptions made in computing the support status of
id 2
points on the surface of the €'S:

o The moving objects are assimmed to be flat. fully planar polvgons with negligible
thickness.

o The reference point representing the center of gravity (cg) through which all
external forces are applied to the part is assnmed to lie within the contour of
the part.
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Figure 5.16: Determining the support of a polvgon Iving on top of another polyveon.

o Although we model the applied force as a vector in the (@, y) plane applied to
the part e¢g. we will implicitly assume there is always a small (=2) component
to the force vector pointing into the plane. It is this vertical foree. for example
due 1o gravity, that will cause parts in unsupported positions to fall off of the
vibratory [ceder track.

5.5.2 Determining the Support Status of a Planar Polygon

In the previous sections we have focused on computing foree interactions hetween
polvgons in the plane where all reaction forces to an applied force ocenr at the hound-
aries of the polygons. In defining the support status of a polvgon. we consider the
case in which one polygon rests on top of another polygon. as shown in Figure 5.16.
We deline support to be a state of force equilibrinm to a vertical component of an
applied foree at the eg where all of the reaction forces between the top and hottom
polvgons are positive, i.e. all comtact forces push against rather than pull on the
other objeet to maintain equilibrinm. Figure 5.17 shows a number of examples of
polvgons in both stable and unstable orientations.

We may determine the stability of a polvgon’s support geometrically by examining
the set of points at which the top and bottom polygons are in contact. Each point
in the set formed by the intersection of the two polvgons is the site of a potential
reaction force that will contribute to the force equilibrivm of the top polvgon. I we
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c.g.

Figure 5.17: Examples of stable and unstable support configurations.

draw a line in the (r.y) plane through the cg point of the top polygon. then the
polvgon will be in static equilibrium in rotation about that line if there exist contact
points on both sides of the line through which reaction forces may act to produce a
zero net moment. If we are able to find a pair of points on both sides of a line at
any orientation in the plane passing through the cg. then the polygon is in static
equilibrinm for all possible rotations out of the plane. This immediately suggests
a method for testing the stability of one polvgon resting on another. Specifically.
given two polvgons Poly; and Poly,. with Poly; resting on top of some part of
Poly,. we mayv say that Poly, is supported by Poly, iff the c¢g of Poly, is within
CHull[Polyy N Poly,]. where (" Hull[] is the convex hull operation for a set of points
in the plane. More formally. we have:

Int[Poly] = m[,-. i=0.1.2...

cgpoiy, € Int[Chull[Poly, 0 Poly,]]

where Int[Poly] is defined as the set of points forming the Interiorof a Poly formed
by hall-planes bounded by lines (.

Because the interior of a convex hull is always to one side of every edge on the
hull. any line through a point in the interior of the convex hull will intersect the hull
at two points on either side of the interior point. Looking at Figure 5.18 we see that
this test gives the intuitively correct result for each of the examples in Figure 5.17.

The above test for determining the support status of a polyvgon has the appeal
that it is conceptually simple. Unfortunately. computing Poly, N Poly; requires that
we generate and test O(n?) line intersections where n is the number of vertices or
edges in each polvgon. and (' ull]] requires O(mlogm) computation where m is the
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c.g. € CHullxy ( Part (x,y,0) N Track)

Figure 5.18: Stability test for polvgons using CHull[Polyy 0 Poly.,).

number of vertices in the intersection [61]. It turns out that we can do better than
this by realizing that we do not actually need to perform the sorting and ordering of
the intersection vertices required to construct the C"Hull. In fact. depending on the
particular case being tested we may not even need to construct all of the vertices of
Poly, N Poly,.

For any collection of points 2. any subset S of P is contained within the Chall[P).
and therefore Chull]S]is contained within Chull[P]. This is useful becanse if we can
determine the eg to be within the (" Hull of a subset of support points. then we know
that the cg is supported without having to examine all possible support points. In
particular. if we determine that the eg is not exfremal to a subset of support points,
then the part is supported.'™ On the other hand. if the eg is found to he extremal
to the complete set of support points. then the part is unsupported. To determine if
a cg point is extremal to a set of points that are computed one at a time we perform
the following steps:

I. Given the e¢g point and two support points. compute a pair of vectors. cach
pointing from the eg point to one of the two support points.

2. Label the vectors left and right such that £ ~ 7,00 > 0.

3. For cach new point p. compute the vector £, and determine if it is to the left of

B An extremal point is a point on the convex hull of a set of points. See Preparata and Shamos [61].
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. feorto the right of 17,.‘_,,/,, I)_\' taking the cross ])l‘u(lll(‘l sof the respect ve vectors
with 5,
corresponding left or right vector with 70 and recompute 7, - 7 gy

and checking the sign of the result. If a sign change occurs: replace the

. I the cross product changes sign. i.c. becomes negative, then the eg point is
no longer extremal to the set of points tested. and the part is supported.

-1

Else. compute the next support point p and go to step 3.

G. If there are no more support points to test. and 00 - 7,50 > 0. then the cg
point is extremal to the set of support points and the part is unsupported.

This process is illustrated in Figure 5.19.

By testing cach point in Poly; N Poly, as it is generated. we improve the average
performance of the overall support test hecanse as soon as we generate a point that
places the eg in the interior of the existing set of intersection points we can stop and
report the part to be supported. In the worst case. which will ocenr when the cg
is in fact unsupported. our test is still O(n®) because we will have 1o generate and
test every point in Polyy N Poly, since we never know when the next point in the
intersection might make the eg point no longer extremal.

5.5.3 Approximations and Optimizations

On average the extremal point test provides a considerable improvement in comput-
g the support status of a point in configuration space. Nevertheless, computing
support regions by simply testing and labeling as supported or unsupported diserete
points would be unaceeptably slow for an interactive design environment. In this
section we discuss a series of hierarchical tests and optimizations that can reduce
cven further the amount of necessary computation,

To begin with., we will compute the support status of only those configuration
space points that lie on the surface of facets i the CSCand as was the case for motion
computation we will not explicitly represent edges or vertices on the CS. Another
simplification arises from the observation that. assuming the cg i~ contained within
the contonr of the part. the part will be supported if the eg point lies within the
interior of the support polvgon. Similarly.if the eg point lies ontside of the ¢ ull[]
of the supporting polygon. then no support is possible since there can be no support
points ontside the support polveon™s (1 ull]]. For a given position of a part’s g we
can compute the state of the eg point with respect to the support polygon and its
convex hull. Table 5.2 lists the possible cg states and their resulting snpport status:

The main advantage of this test is that we need only compute the status of a
point with respect 1o the support polyeon. as opposed to computing the interseetion
of both the part polveon and support polveon. Since a facet sarface represents the
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(i) (ii) (iii)

(iv) (v) Z (vi)
° . ° . ° .

Supported

Figure 5.19: Testing the eg point against a series of points to determine il the eg s

crfrcmal
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Support Status from Point_In_Poly? Tests for Part cg.
L(-_q in .S'upporl_l’()ly‘./—[ cq in CHull[Support_Poly]?  Part Support Status

Point Qutside Point Quiside Unsupported
Point Quiside Point Inside Test Support
Point Inside Point Qutside

| Point Inside Point Inside Supported

Table 5.2: Table of part support status as determined by Point_In_Poly? status of
the part e¢g w.r.t. the Support_Poly and CHull[ Support_Poly ].

set of possible positions of the part eg for a given contact. the Point _In_Poly? test
also allows us to hierarchically test for support starting first with an entire facet. and
then smaller subregions within a facet determiined by ranges of (p.#). Only in those
cases where the result 1s Test Support will we need more extensive and detailed
testing using the extremal point routine.

Testing a Whole Facet’s Support Status:

We first determine if an entire facet may be supported or unsupported by checking
the facet’s bounding hox against both the Support_Poly and the CHull[ Sup-
port_Poly ]."" If the bounding hox is inside of the Support_Poly or outside of the
CHull[ Support_Poly ] then the part is supported or unsupported. respectively,
over the range of positions determined by the facet’s surface. If the bhounding box
intersects cither of the polveons. or is between the Support_Poly and the CHull[
Support_Poly ]. then the facet’s support status must he examined in more detail.

Testing Regions of a Facet:

For those facets that intersect cither the Support _Poly or the CHull[ Support _Poly
J- we must subdivide the surface of the facet into regions of differing support status.
For simplicity. we choose 1o divide the facet into strips of fixed resolution that will
be tested individnally, To do this more efficiently. we first cache the intersecting
polvgon segments from the bounding box test for fater use to reduce the amount of
subsequent testing required. Then. based on the facet’s size and curvature as given
by [ (the length of the polvgon edge forming the contact facet) and ro (the distance
from the eg of the moving polvgon to the point of contact). we determine the maxi-
mum Ap and A0 increments that are within the RES,, specified for computing the
support status over a facet’s surface. Using this information we divide the facet mto
a series of (. g) slices at inerements of A0 within [0,,,..0,.,.]. Fach of these slices

P'We compute the (o) bounding box of the facet over the range B, 0h,00].
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corresponds to a line segment in (0. y). and represents a translation of the part cg
along a contact edge at a fixed orientation.

Testing Along a Facet Slice:

For cach A# increment. we generate the facet slice line segment and test it for inter-
sections with the polvgon segments from Support _Poly and CHull[ Support_Poly
] that were cached in the facet’s bounding box test. All intersections are recorded
and sorted by the value of the parameter p at which they intersect the facet seg-
ment. The Point_In_Poly? status of the facet segment’s start point (p = ) 1s
then computed. and the segment is divided into (Supported, Unsupported, Test
Support) ranges by appropriately toggling the point status from p = 0 at each
intersection with the segment from p € [0. 1] and labeling each following range ac-
cordingly. Figure 5.20 illustrates this labeling process for a typical facet shee. Fach
segment range labeled Test Support must be explicitly tested at Ap mcrements us-
ing the extremal point test discussed ecarlier. and neighboring incremental test points
with the same resulting support status are then merged. The final result is a facet
slice line segment divided into a series of conseentive Supported or Unsupported
sub-ranges. whose adjacency points correspond to support transitions.

Fach facet slice containing a support transition is recorded as an element i an
arrav of slices indexed by ,.,. Each slice element in turn contains the support
status of the (p = 0) point of the slice. and an array of support transition flags (
Lose Support, Gain Support ) indexed by py,0, . that indicate the type of
support transition. This array of arravs. illustrated in Figure 5.21. 1s stored in the
lacet’s support_map fiekd. The support _map is used both by the rendering rontines to
display the supported and unsupported regions of the facet. as well as by the motion
compitation rontines to determine if a path has entered a ref_facet’s nusupported
region.  Specifically. for cach point generated along a motion path. we check the
corresponding, (p.#) position on the ref_facet against the support_map to determine
if that point is nnsupported and shonld therefore be terminated.?!

5.6 Rendering and Display

Fach facet surface is rendered in the (o g, ) conlignration space as a series of poly-
gons. cach hounded by four vertices. Using a constamt predetermined Af. the facet
is divided into equally spaced slices from 6 = [0, 0, . ]. cacli of which is hounded
by a pair of (r.y. ) vertices computed from the facet equations at p = 0 and p = 1.
Fach polveon structure points to two consecutive pairs of vertices. along with their

For those portions of a path that are in frec contiguration space, we st test each neremental
oint along, the path explicitly using the extremal point test siee no support_nap is avanlable
-~ .
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(i)

(i) (i) (iii)
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Figure 5.20: Subdividing a facet slice into differing support state ranges.
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Figure 5.21: A typical support map for a facet in terms of (p. ).

corresponding facet normal vectors. arranged counterclockwise around the outward
facet normal. In addition to the vertices and normals. cach polygon structure con-
tains indices to the edge and vertex of the moving and stationary object polvgons
that form the contact facet. as well as indices to the palette of colors and material
lighting properties used to render the polygon. When enabled by the user. each poly-
gon is drawn with a dark boundary line to highlight the facet contour. Otherwise.
the polygons making up cach facet are simply drawn and blended using the Phong
shading model in the Silicon Graphies (7L rendering library.,

Each complete forward facet is rendered individually.?! Those facets or portions
of facets that are occluded in the complete €S set are hidden from view by the depth
buffer. or Z-bufler. of the graphics workstation. When motion paths are computed
in confignration space. they are rendered as enrves composed of line segments con-
necting the points along the path. and are drawn slightly above the surface of the
'S facets, The line thickness of cach path is drawn proportional to the probability
of the initial position for that path so that the more common part motion paths are
thicker than the less likely ones.

“UBackward facets are by definition interior to the set of CS facets. and henee will be hidden fron
Al viewing angles.
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5.7 Interactive Design Functions

With the exception of specifving file names via the kevboard. all user inputs to
cspace-shell are made via the mouse. Vertices of the object polyvgons (part. bowl
wall. and track) may be selected directly within the object display windows or indi-
rectly from the 'S in the configuration space display window. Non-shape parameters.
such as the coefficient of friction g or the free-space start position for the computation
of a single motion path. are modified using simple linear sliders.

When the user selects a ('S feature by clicking the mouse in the configuration
space display window. the X-Y position of the cursor in the window is transformed
into a line in the configuration space coordinate system corresponding to the current
view using the Silicon Graphics mapw library function. This line is then tested for
intersections with every facet rendering polygon in the ('S that is visible. i.e. facing
the user. The intersected facet rendering polvgon that is closest to the viewer is
determined. and the facet type. index to the nearest rendering polvgon vertex. and
the approximate (.r.y.#) position selected on the facet surface is recorded.

Parametric Design Functions:

The information obtained from the selected vertex of the rendering polvgon in the
('S may be used to identify either the contacting object vertex or edge vertices that
form the corresponding selected facet. We determine which feature will he selected
by a priori assigning edge vertices of the moving object polyvgon to type A facets and
edge vertices of the stationary polvgon to tvpe BB facets. Therefore. the index number
returned by the selected vertex of the rendering polygon may be used to select the
corresponding vertex of an object polvgon. To make this coupling apparent to the
user. all of the facets in the ('S that are affected the selected object vertex are
highlighted along with the vertex itself. This is accomplished by changing the color
palette index of every rendering polygon in the ('S that corresponds to the selected
object vertex.

The user mayv move all of the currently selected object vertices together by se-
fecting a point in configuration space and moving away from it with the right mouse
button held down. In this case. an (. y) plane is displaved in the configuration
space at the 0 value where the user initially clicked on the CS. Movements of the
motse from this point are translated into incremental (. y) motions by intersecting
this plane with the mapw line from the new mouse position. The (. y) motions are
applied directly 10 all selected vertices of the stationary polyvgon. and inversely via
an inverse rotation matrix at the (roy) plane’s 0 value, e, Rot[0]7' 1o all selected
vertices of the moving polvgon. The result is a change to the S surface that tracks
the motion of the mouse in the (roy) plane from the initial click point. along with
the modifications to the object vertices (shape) necessary to make this change to the
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Figure 5.22: Critical track vertices for a part near a support transition.

'S,

In another mode of operation the user mayv elect to chiange the shape of the track
polvgon by a movement of the monse. instead of changing the shapes of the moving
or stationary polveons. by clicking on o near the boundary of a LOS region. In this
mode. the (e.y. ) facet position that the user clicked on is used to determine the
track polyveon vertices that are critical to the support transition at or near that posi-
tion in configuration space. Critical vertices are those vertices that define segments
on the track whose intersection points with the part boundary are nearly along a
line throngh the eg point of the part that marks the transition from the cg being
extremal 1o non-extremal. as shown in Fignre 5220 The selected track vertices are
highlighted. but unlike the €S selection operation the LOS regions that are coupled
to these track parameters are not highlighted.

The user modifies all of the currently selected track vertices by selecting a point
on the €S near a LOS bonndary and moving the point awav from it while holding
down the right mouse button. Ditferential motions in (. y) are computed by again
projecting the mapw line from the sereen position of the mouse into configuration
space and finding the closest point on a line collinear to the facet slice at the 0 valne
of the original chick point. This offset motion is apphied directlv to the enrrenth
selected track vertices, and the result is a motion of the LOS houndary that nearly
tracks the motion of the mouse. Due to the extremely nonlinear nature of part /irack
intersections that create the LOS boundaries. the movement of the LOS boundary
tracks that of the monse only for relatively small excursions awav from the initial
chick point. The mapping from mouse movements along a facet slice is analogons to
moving along a tangent to a point on a nonhimear curve: the further we move away
from the point of tangeney the worse the approximation hecomes,
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Non-Parametric Design Functions:

The interactive functions deseribed above all allow variational modification only of
existing design parameters. We mayv also introduce entirely new contours to the track
profile by generating a cutout from the track. The nser seleets a entout by specifyving
an (.. y. ) position from the CS and an oriented line in the (.« y) plane of the track
about which a part should rotate out of the plane to fall off the track. The motion
of the part rotating out of the plane about this line produces a entont contour in
the track corresponding to the shape of the part.?? cspace_shell implements an
approximation to the cutout operation in which the generated cutont contour is the
convex hull of the actual contour that would be ent from the track as the part was
rotated ont of the plane about the oriented line.

Using the selected (eoy 0) position and oriented (. y) line. the cutout routine
eenerates a polygonal coutour around the intersection of the (. y. ) translated and
rotated part contour and the half space to the right of the oriented line passing
through the part eg. The convex hull of this contonr is taken and expanded
(.r.y) by the amount RES ., that is currently specitied for compnting the support
status over a facet’s surface. The ordering of the expanded contour’s vertices are
then inverted to form a hole. and the polvgon is intersected with the track polygon
at the selected (wey) position. I the entout contour imtersects the track boundary.
it s eut and iUs vertices spliced into the track polveon. I the cutout contour is
('ulll|)|('1('|)' within the track polveon. the cutout vertex closest to the track edge is
split and connected to the track polveon via a narrow slot. The result i either case
i~ a new track polvgon contour of genus zero, The entout operation is illustrated
Figure 5.23.

5.8 Summary

Based on the assumption that cspace_shell would he nsed interactively on problems
of small 1o moderate size. e polyveons with Oclth edees vertices: our implemen:
tation strateey focused on reducing the aeerage ranning time required to compnte
motion constraints for such problems versus developing aleorithims aimed at reducine
the asvmptotic running time of larger problems,

5.8.1 Optimizations

Some of the major optimizations to improve the performance of cspace_shell and
its subromtimes that were discussed carlier are summarized here for reference,

s contonr s actually an approximation to the eross-section of the solmme swept out by the
part as it rotates out of the plane to fall off of the veack
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Fignre 5.23: Convex approsimation to a track cutout formed by a part falline off of
the track.
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Generation and display of motion constraints:
o Compute and display only the €S facets during shape modification.  Other
OS features snch as edges. vertices. and facets or portions of facets that are

ocelnded are left implicit.

o e depth-butfering to hide oceluded surfaces in the €S display.

Computation of paths and topology:

o Compute local 'S topology only during motion path integration.

e Cache mformation on facet intersections and adjacencies in during path com-
prtation for use in subsequent path computations.

Conmiputation of facet support maps:

o lest for support status using a hierarchy of tests from entire facets to sub-facet

reglons.,

o Divide facets into regions of differing Point_Iu_Poly status of the part eg relative
to the track and CHuall[] track polvgons.

o (ache intersecting facet /track segments for use in repetitive support computa-

tion and test me.

5.8.2 Complexity and Performance

Computational Complexity

The following are extimates of the worst case complexity for the three main processes
running in cspace-shell: computation of contact facets. computation of support
regions (support maps) on the facets, and numerical integration of the motion paths
(iiclinding the CS topology computation). In actnal usage. the optimizations listed
above combined with the inherent strncture of the representations tend to make
computations more tractable. as shown helow. Fach of the estimates below assumes

that all polveons have O(n) vertices.

Contact Facet Generation

Computation ol a contact facet requires constant time and consists ol computing a
few constants and placing them into a data structure, .\ contact facet is generated
for cach cdge-rerter and vorter-cdge contact hetween two polveons. producing 2n?
contact facets, The time complexity in terms of polygon size nis therefore in?).
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Support Map Computation

Computing the support map for a contact facet. in the worst possible case. consists
of testing whether or not the moviug polvgon’s ¢g is crircmal to the set of possible
support points at the given (. y.8) position of the moving polvgon. This set consists
of the intersection of the moving and supporting polvgons at that position. For two
arbitrary polyvgons there will be (2K n + Kanlog n) vertices to be tested. where A
and N, are constants. Points are sampled across the facet at N = (1,,/_,,, f_‘l{—_,) n-

tervals along M = (’.z“/:M('f(()nzq,r — 0., )Hl+) fixed-0 slices of the facet. Therefore.
e Yay

the required computation is (202K n + Kynlog ) N M), In terms of polygon ~ize

1owe have a time complexity of O(n? log n). and in terms of resolution RENS,, we

e 1
have O (l.‘l-:s-,‘, >

J

Motion Path Integration

Computing motion paths consists of first determining and recording those facets that
might be encountered through adjacent transitions or intersections with the current
reference facet. which is constant for computing adjacencies and requires INRIES
testing for facet intersections. where R is a constant. For cach step in the integra-
tion we must check for transitions relative to cach of the ('(2n7) facets listed from
the previous computation. where (7 < 1. Integration steps are made at maximum
intervals of the resolution given by RES, . The actual motion computation at each
step requires constant time 1,,,,.. Therefore. the computation required consists of
(l\'('_’n")', + I";(,,,,,,mz.—'\.—“—l( '(‘_’n")). which gives a worst case time complexity of O(nt)

i terms of polygon sizc n.and i terms of resolution RES,, we have O (lel+>
Sy

Average Performance

The above complexity expressions are worst case bounds. The average time required
to compute and render constraint facets for polygons on the order of 8 = 10 edges
was X 0.6 scconds, The average time required to compute and render support maps
for the same polveons was 2 & 5 seconds for a resolntion of 0.1 inches. Finally. the
time required to compute motion paths for the same examples was 3 = 7 seconds for

an average of 1 paths,
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Conclusion

Chapter 6

6.1 Summary

The primary goal of this research was to argue for the validity of the hypothesis that
motion constraints can serve hoth as a representation of the function that may be
derived from shape interactions and as a tool for manipulating and designing such
functional shapes.

We identified and explored two kev issues raised by the above hypothesis: the
development of representations for function in terms of motion constraints, and the
development of 1ools and methodologies needed to create functional shapes from
motion constraints.

We developed a formal representation of kinematic motion constraints for a sin-
ple class of geometrie contacts (planar polygons) and non-Kinematic constraints in-
cluding forward projections of motions for both exact and energy-hounded dynamic
models. These representations were applied to the modeling of examples chosen from
four application domains: compliant assembly of rigid objects  orienting of parts by
vibratory bowl feeders and APOS vibratory feeders. and fixtures nsed to locate and
hold parts. These examples were used hoth to test the validity of the hypothesis,
and 10 inspire and guide the development of the detailed representations. For the
purposes of visualization. the abstraction of function via functional metaphors within
cach of the application domains was a particularly powerful tool in interpreting the
representations and determining what changes were necessary to achieve the desirved
function.

We developed a series of tools and technigues to access and manipulate these
representations for the purposes of design. The basic approach was to construet
parametric representations of motion constraints for planar polveons. and provide
access 1o these representations in an interactive graphical environment that allows the
manipulation of shape parameters in the context of function represented as motion

constraints,
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The combined representations and tools were applied to the desien of specitie ex-
amples from two of the fonr domains: vibratory bowl feeders and compliant assenmbly
svstems,

Some of the more important ideas developed in the rescarch include:

e Unified Representation and Design Environment. | he tasks of analvsis.
verification. visualization. and design of function from shape mav all performed

in the context of motion constraints nsing a conmon set of representations,

o Explicit Representation of Motion Constraints. \n explicit representa-
tion of shape inleractions Tocuses the desiener’s attention on what matters
motion constraints. Specifically. we make use of compntational power to make
explicit what ix nsually implicit (e. motion constraints from shaper. aud
thereby direet the designer’s attention to the important functional attributes
of a desien. Funetional metaphors help to put these constraints in the proper

context for visnalization and reasoninge.

¢ Rapid Computation of Constraints. Representations for motion con-
straints may bhe compnted and displayved quickly cnouel to he used interactively
for analvsis and design.

e Dynamic Constraint Visualization. Real time display and interactive ma-
nipulation of motion constraints exposes coupling among constraints and scn-
SIVITY 1o parametric variations in wavs that would otherwise he difficult 1o
visualize. By makine explicit the coupling inhierent in motion constramts we
expose the basic hinitations of what ix and what is not possible to achieve con
sistenthv by mcans of shape modifications. Simply stated. the representations
don’t hies vor will the tools allow ns 1o cheat or do the wrone thine. This
s ndirect contrast to technigues that mav produce inconsistent constraints

eenerated from swept <hapes.

e Simulation Supersets. Forward projections and kinematic motion constraints
act as a kind of supersed of simudations that allows one to examine all possi-
ble motions at onee for a given svatem. including motions that mayv not he
simulated i detail.

o Simplified Representations Control Complexity. Some properties of
inherently complex phenomenon may he captared with simpler representa-
tions. Examples inelnded complex dynamic interactions represented as encrey
hounded forward projections. and transitions 1o hicher dimensional motions
represented as transitions from supported 1o nnsupported configurations in a

fower dimensional contieuration space,
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e Foundations for Design Automation. Mathematically precise and conn-
putationally accessible representations for motion constraints were developed
that help lav the groundwork for subsequent semi and fullv automated desien

approaches.

At the core of the rescarch is an implemented computational environment for the
analvsis. visualization and design of motion constraints among svstems modeled as
planar polygons  cspace-shell. Specificallv. cspace-shell supports:

o the display of motion constraints. both contacting and for planar support.

o the ability to manipulate shape parameters directly via motion constraints that

ermits exploration of coupling between design parameters and constraint s,
&= N

o the simulation and animation of svstem hehavior for specitied inpnts and initial

conditions. and

o the ability to directly generate shapes and constraints for a limited et of -

posed motions via a cutout operation,

6.2 Discussion

We return to the guestion posed in Section L6, following the desien examples. How
use ful were the vopresentations and tools for design? \We will discuss fivst the nnderly
ing concepts and methodologies. and then turn our attention to the implementation
ol cspace-shell.

6.2.1 The Concepts

In Section 1.2.3 we outlined the major goals of this rescareli. The primary goal was
to he able 1o reason about and create functional shape interactions. from which we
derived two major sub goals: (1) develop a precise and aceessible representation for
functional shapes using motion constraints. and 2/ develop the tools and method
ology necessary to manipulate motion constraints for design. Chapter 2 described
a sct of motion constraint representations, for objects modeled as planar polveons.,
that ave mathcmatically precise and computationally acecssible. Chapter | described
a set of functional shape synthesis procedures and tools for the representations that
arve functionally consistenl and computationally tractable. and applied these tools 1o
speatic examples from a number of application domains.

We proposed that the representations and synthesis tools developed i the ve
scarch should be applicable 1o a well defined set of examples. To ensure this, Chap
ter 3 introduced four application domains chosen from the field of antomated assem
blvo The representations lor these fonr example domains in Chapter 3. the desian
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examples for two of the four domains in Sections 1.6 and 1.5.3. and the experimen-
tal verification of feeder designs in Section 1.1.7 suggest that these criteria have been
satisfied. at least for the domains so far examined. In terms of the overall usefulness
and potential of motion constraints as a tool for analyvsis and design of functional
shapes. the general approach and implemented tools demonstrated both strengths
and weaknesses. some of which we will now discuss.

Strengths

Most of the percetved strengths of the motion constraint representation have heen dis-
cussed extensively elsewhere in this report. Briefly. the kinematic and non-kinematic
motion constramt representations capture evplicitly what we care about in terms of
function from shape. In terms of interactive design. the ability to reason about func-
tion and manipulate design parameters in the context of motion constraints allows us
to determine at a glance whether or not a particular design will work. Furthermore.
the dynamic constraint visualization provided by the interactive environment will
idicate what parameters must be changed if the existing design doesn’t work by
exposing the inherent properties of motion constraints.

Weaknesses

We noted in the introduction to the configuration space representation in Section 2.2
that the complexity associated with representing motion constraints grows exponen-
tiallv with the number of degrees of freedom. We have. in the example domains
examined. been able to limit the number of degrees of freedom that must be consid-
ered explicitly by judicious choice of models and assumptions. Unfortunately. there
will no doubt be numerous examples in which such simplifications will not be suit-
able. In such cases. the growth in complexity could render suitable motion constraint
representations computationally intractable,

In the domain of compliant assembly introduced in Section 3.1 and evaluated in
Section L5, we noted that in addition to the functional constraints that determine the
assemblability of a set of parts. there are tyvpically other non-assembly factors that
must he taken into consideration when determining what moditications to shape
may be made. In the examples presented. we assumed that whatever geometric
properties were critical to such non-assemblyv functionality would not be moditied.
As we noted. we would ideally want to consider such properties fogether with motion
constraints. The problem of integrating the representation of motion constraints
with other functional considerations remains open.

In terms of using motion constraints as a tool for interactive shape design. we
are faced with the limitation of having to represent constraints in three dimensions
or less. In general this means that at any one time we may consider in detail only
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"Althoneh we were able

those motions that Possess three degrees of freedonm or less,
1o derive maodels for the four appheation domains that captured essential motions
in planes with three degrees of freedom. and i some cases were able 1o make due
with onlyv representations of fransdions 1o hieher dimensional motions. we mav not
alwavs bhe <o fortunate. Those cases where the nnportant functional motions have
more than three deerees of freedom will in eeneral be bevond the scope of interactive

desien tools.

Finatlve and perhaps most amportantlv, there is the concern that the represen
tation ol motion constraints in conhienration space mav not he the most mtaitive
representation available in which to consider shape interactions. Tu particular, be
canse the representation presents the set of afl motion constraints together there is
the risk that the desiener mav be overwhelmed with excessive detail. Indeed. there is
a great deal of formation presented e an imace such as Fienre 3012 00 Sechion 3.2,
We have tried 1o soften the blow somewhat by providing abstractions in the form
of functional metaphors that focnus ones attention on the more important aspects of

the motion constraint representation tor a civen application domain.

Would it he possible to present a more abrideed representation. perhaps alone
the lines of functional metaphor illustration snch as in Fieure 3.3 for a compliant
assembly or Figure 3.9 for a bowl feeder! Such a sitmplitied representation could
certainly be made to indicate if @ given desien exhibited the desived hehavior, For
example. i more than one motion path arrow in the bowl feeder metaphor i Fie
ure 3.9 passed through the feeder without beine rejected. we would know that the
given feeder desiegn will Tail. However. such a representation would not he of mueh
use in determining what to do next. e, how to chanee the nnderlvine ecometry and
dynamies so as to make the feeder function as desired. For sueh a task. we need
to have access to the underlving constraim representations in order to wlentify and

make the necessary changes,

Finally. nnfamilhiar representations are ravely intuitive at hiest elanee. Much the
same conld be said of many engineering representations in widespread use today. For
example. the information presented in such representations as a frequenay domain
Bode plot. a root loens diagram. or a phase plane portrait for a svstem from the fields
of svstem dyvnamics and controls are arenably nonimtunitive whien hest encountered.
With experience. however, such representations become powertul vicnalization tools
that provide valuable information inca concise and, eventnal v intnitive manner. Sim
larlyv. the motion constraint representation arenably has the potential 10 he o nsetul
tool when objectively judeed in the context of what makes a eood representation.

PAs noted in Seenon 2.2 the three degree of Trecdon constenmt does not peevent us from consied
cring three dimensional shapes, althongh the prosent aoaplementation makes use of planar mode s
for computanonal efficieney
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6.2.2 The Implementation

The espace=-shell implementation. as noted above. presents a set of tools and svn-
thesis procedures that are both functionally consistent and computationally tractable.
as well as being sufticiently fast to be used interactively, Basically, the set of im-
plemented representations and tools allowed us to do what we wanted. although not
alwavs as casily as we might have liked. Specificallv. the discussion regarding the
clfectiveness of the design functions implemented in cspace-shell in Section 1.6
indicated that. althongh sufficient to generate workable designs. there was a good
deal of room for improvement in terms of their case of use.

The following is a list of featnres and operations implemented in cspace-shell
(in bold faced text). together with the features we would have liked to have had
available while doing design.

¢ Independent Manipulation of Contact Constraints OR Support Con-
straints. The locations of support transition houndaries on the €°S may be
modified directly by apparent inversion of the support track geometry. or in-
directly by modifications to the CS itself. But the indirect modifications that
result from changes to the CS often make it difficult to position support transi-
tion boundaries as desired. One option to overcome this would be to introduce a
new apparent iversion design function that couples support transition bound-
ary modifications to both the track and part/bowl wall geometries to allow
more uniform manipulation of these houndaries. Such a function would serve
as an alternative to the present technigue of having to alternately modifv the
C'S and support transition boundaries independently of one another within the
imner loop of the design methodology illustrated in Figure 1,19,

¢ Representing and Manipulating Only the Intersection of the Full
ir,y,0) Support Boundaries with the CS. The coupling between de-
sign parameters and motion constraints exhibited i the feeder examples of
Chapter | complicated the process of design and accounted for a considerable
amonnt of our time and effort. both in developing design methodologies to
control complexity and in requiring many passes through the inner design loop
of Figure 1190 Nlthongh most of this coupling 1s an inherent property of mo-
tion constraints. some additional coupling was introduced by the fact that we
were not able to manipulate support constraints independently of the contact
constraints on the €S, Therefore. a more desirable representation than show-
ing the support transition houndaries only where they intersect the ('S would
he the direct computation. rendering, and manipulation of the full support
honndaries i (o y.0) configuration space together with the 'S, This would
he an alternative to the coupled manipulation of support transition houndaries

')I'U')()S(‘!l ill)()\'(‘.
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o Applying Modifications Uniformly to All Selected Object Vertices.
The apparent mversion design functions for manipulating the 'S facets map
to all selected polygon vertices uniformly.  As a result. changing the shape
of a facet too sav. change it's orientation and position may require multiple
manipulations using different subsets of the polvgon vertices delining that facet,
Apparent inversion functions that map user detined offsets proportionally to
different vertices would provide more precise control to the manipulation of
facet shapes although at the cost of additional degrees of freedom in control
that must be specified a priori by the designer.

¢ Mapping User Inputs to Motions in X-Y Planes. Two dimensional nser
inputs in screen coordinates are mapped into two dimensional offsets inan (. y)
plane in configuration space. The added flexibility of mapping nser inputs to
offsets in (. 0). (y. 0). and arbitrarily specified planes would have heen useful
in modifving contact facet shapes with fewer selection - modification steps.

6.2.3 Some Remaining Issues
Uncertainty and Reliability of Designs

In most of our examples we have assumed that all design parameters. botli shape
and non-shape. are known exactive An important concern in any design activity is
reliability  how well does a design perform when parameters vary from their nominal
values? More generallyv. how can we model the effects of nncertainty on the functional
behavior of artifacts and incliude the evaluation of these effects in the design process?

Uncertainty is a particularly important consideration for shape parameters be-
cause. as we have seen ina number of examples. small variations in eritical shape
parameters can produce motion constraints that are topologicaliv. and therefore fune-
tionallv. guite different. For example, in Section 3.1 we noted that by shrinking
shightly the width of a tight clearance hole in a peg-in-hole assembly. the correspond-
ing hole on the surface of the CS in configuration space could be made to disappear.”

One means of representing uneertainty in shape parameters would be to define
motion constraint surfaces where cach shape parameter takes on a range of values.
For example il we were to represent cach polvgon vertex as a small bounded region
in (. y). then the resnlting contact facets could be represented as hounded rolunies
in (roy. M configuration space where the surfaces of these volumes correspond to

facet equations evalnated at extreme values of the vertex parameters [13). The

“More generally, it is possible to change the genus of the CS surface. oo produee holes and em-
bedded free regions, by parametrically modifving the shapes of interacting objects of fixed genns-0.
We again feel competled to note that the sensitivity of the constraint representations to parametrie
variations is a reflection of the herent nature of motion constraints, and is not a limitation of the
chosen representation or an artifact of the nnplementation.
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Figure 6.1: .\ nominal motion path. with depth-one branches at each point where a
dynamic parameter variation would result in a different instantaneous motion.

construction and interpretation of such representations would. however. be extremely
complex. Another means for representing shape uncertainty would be to extend the
present (. y.8) representation to include dimensions for parameter variations [23].
This. too. would seeni inappropriate for our purposes since it would make the process
ol design even less tractable.

Another means of representing shape uncertainty, at least indirectly. would be to
discretely sample the set of shape parameters in much the same way as was done for
the dynamices parameters for compliant assembly in Section L5, Specifically. since
we have in place the tools necessary to change shape parameters and view the effects
of these changes on the motion constraints. we can simply use these tools 1o evaluate
the effects of shape uncertainty divectly, In essence. we are using dvnamic constraint
visualization as a means of visnalizing the sensitivity of a design to variations in
shape parameters (see Section 1.1.3). Although this places an extra burden on the
designer. it nevertheless avoids a considerable degree of added complexity that would
result from more direct methods.

In addition to shape parameters. we want to consider the effects of uncertainty
on parameters such as the direction of the applied force. the coeflicient of friction .
or the initial position from which a motion is to start. Since these parameters only
affeet the forward projections. we need 1o consider wavs of extending the forward
projection representations to include uncertainty. One simple method. mentioned
carlier for compliant assemblies. was to form path bundles corresponding to discrete
samples of the parameters in question.

Another way of representing uncertainty for a motion path given a set of dvnamices
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parameters represented as nominal values plus ranges on those values would he to
compnte the exact motion paths using the nominal values as hefore, hut at cachy
step determine i any combination of parameter values in the given ranees would
cause the instantaneous motion at that point to vary bevond a specified ranee. If
so. then i addition to the nominal path we could compute the crtrenme bifurcations
from the path at that point. The result would he a nominal path. as before, b
with a series of branches at those points along the path where some combination
of parameters would have significantly affected the forward projection. The path
wonld form a constant depth tree. where cach hranch represented the beginning of a
potential alternate path. Figure 6.1 illustrates such a path. where generally speakine
the ~hairier™ the path. the more sensitive it is to variations in dyvnamics parameters,
Recalling onr discussion of constraint features on the €S in Section 1120 we note
that motion paths along vallevs on the €S are generally quite stable and insensitive
to variations in dyvnamics parameters. Therefore, we would expect hranches 1o oceur
along portions of a path that cross individual facets.

Yet another means of visualizing the robustness ol a portion of a path to variations
in dyvnamics parameters would be to determine the range of parameter values for
which the instantancous motion at a specified point on a path wonld vemain within
a given bound. In other words, rather than determining the hehavior of a path
to specitied hounds on the dynamics parameters, we could compute the ranges of
parameters that wonld be guaranteed 1o keep a local motion within specified hounds
on the path. The narrower the range of parameters for a given point. the more
sensitive that portion of the path ix to parametric variations.

For bounded energy forward projections. the inclusion of uncertainty is somewhat
more straightforward since we may cither expand or contract the convex forward
projection cones appropriately to compensate for ranges of parameter values such
a~ the cocthicient of restitution . With the exception of path hundles for compliant
assembly. none of these uneertainty representations for dvnamics parameters have

heen implemented.

Potential for Automated Design

I the previons examples we have seen how the motion constraint representations
and design functions may be nsed by a designer to visualize, analvze and manipulate
design parameters to perform design. A< noted carlier in Section 1150 the motion
constraint representations can be viewed as mathematicallv precise and compnta-
tionally accessible data stroetnres. Clearly, then, these representations should be

amenable 1o some level ol antomated design.

Weare pegleeting the fact that sinall ervors pear the beginning of o path may gradually nerease
to produce Large errors at the goal.
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What we have also seenin the previons examples is a hieh degree of very non
finear coupling between parameter modihications and changes to motion constraints,
particularlv for the motion constraints found iy the vibratory howl feeder examples.
What aleorithms mieht have a reasonable chance of success for such a domain’ Two

paricdizms that come to ind are:

e Iterative generate and test. Perhaps the simplest approach to automated
desien would he the semi random perturbation of desien variables conpled with

i l)illuli\ (O No-(o hlter on the I‘(‘\ll'lillg destons,

¢ Non-linear optimization. Another n|)liul| would he to cotmpute and illl|)()\(‘
some form of appropriate metric on the motion constraint representations tatd
by means of apparent inversion on the underlving design variables) that would
be maximized or minimized,

[he tirst approach has the obvious appeal of simplicity, One serendipitons ad-
vantace of having to implement the motion constraint representations for use in
interactive desien is the fact that they may be computed quickly. For example, he-
cause we can compute the full set of motion constraints lor a tvpical feeder example.
mchiding forward projections. on the order of onee per second. 1t s not unreason-
able to assume that o random scarch of the desien space might vield viable designs
within a reasonable time frame. The resolntion at which we randomly sample will
bea particnlavly important consideration sinee we do not know how tighthv grouped
potential desiens mayv he. OF conrse. all of this assumes that the space of designs is
relativelv small and viable destens are not too sparsely scattered. which in gceneral
mav not be the case,

Fhe second approach requires us 1o construct an additional metrie that char-
acterizes, preferably in a continunous sense. a good design. For howl fecders we are
primatily concerned with manipulating the prorimity of motion paths to nnsupported
regions on the CS. Specilically. given a desived aceept path. our goal is to both: (a)
marimie the distance hetween all points on the aceept path and all unsupported
regions on the CS surface. and (b)) mnance the distance hetween points on all rejeet
paths and support transition honndaries. In case (b). we ideally want the distanees
to o to zero. Le. rejected motions should imterseet unsupported regions. Using this
deseription. we conld envision a cost funetion metrie based on proximity between
paths and unsupported regions in the formy of a potential energy function. In this
seenario. as the design parameters were varied so as to minimize the cost function.
the nnsupported regions would act as sources to vepel the accept path and at the
same time act as sioks to attract the remaining rejeet paths,

A design algorithm based on standard Tinear optimization technques using snch
a cost function. although appealing. wonld possess some major drawbacks as well,

Perhaps the most serions of these is the Tact that. due to the inherent complexity
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ol the motion constraints and the nonlinear conpling hetween variations to the con-
straints and parameters, there would likely be a nnmber of local minima that would
not necessarily correspond to satisfactory desien solutions. Therefore. a simple hill
climbing aleorithin would he nnlikely to produce many good designs. Furthermore.
there is no gnarantee on the stability of or convergence toward a desien goal of such
an aleorithm,

One potential solution is suggested by examining the feeder desien methodoloey
outhined by the Howchart in Fienre 119 that was mtended for use hyoa human
destener. Speciticallv, the nested iterative desien loops. cacli working at & lower level
ol detail ona smaller subset of desien parameters, sugeests that local optimization
ol constraints conpled with an occasional reformulation of the higher level problem.
or laree scale jump in design space. could vield better results than local optimization
alone. Therefores an antomated optimization algorithm based o sanulated anncaling
or similar strateeies mav provide the best compromise,

We could utilize a number of simplifications and optimizations by taking advan-
tage of the structure of the motion constraint representations. For example, rather
than constrncting one complex energy function we mayv he able to formulate a number
of simpler enerey metries based on local proximity between selected points on cach
path and selected points on nearby support transition boundaries that would allow a
lincar optimization strategy to gquickiy converge to focal minima. These local enerey
metries would have to be recomputed for cach sienificant change in the topology
of the motion constraint representations. which would occur more or less frequentiy
depending on the envrent annealing temperature. We could also take advantage of
the coupling sensitivity information available from the implemented design functions
to compnte local gradients in the design space to help determine in which direction
larecr scale parametric changes might be more hikely 1o achieve a desired desien.
Once again. we cannot guarantee that such an aleorithm would converge 1o a suit-
able desien. Nor can we sav anvthing definite about the rate of convergence of such
an optimization strateay.

Finallv. what abonmt antomated desien aleorithims for compliant assembly?  As
in the case of interactive design. the set ol constraints that must he manipulated
s smaller and less tiehtly conpled than for bowl feeders. A brate foree generate
and test desien paradiem might therefore be hetter suited 1o assembly sinee we are
workine over a smaller range of motion constraints,  \n cnergy hased optimiza-
tion metric similar to the one deseribed above nowhich the assembly goal acts as a
sk wonild also appear 1o he a reasonable strategy to investigate. One complicat-
ine factor. as mentioned carlier in Section 1.0, s that the addition of non-assembly
constraints wonld scemn to be an important consideration since unconstrained anto-
mated aleorithms that only optimize on the basis of motion constraints would tend
to turn evervthing imto a pair nesting cones with the compliant center at the mov-
ime part’s tip. Labeling certain object features as fired would presnmably maimtam
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non-assembly constraints. but leaving these potentially over-conservative constraints
“untonchable™ by the algorithm conld often result in no satisfactory solutions being,
“HHI(I.

Manv ol the above issues, as well as working implementations of antomated desien

strategies along the lines of those deseribed above, remain issues for furt her rescarch.

6.3 Future Work

Near Term

e imitations of the present implementation of cspace-shell suggest some nearer
term enhancements that could improve the power and usefulness of the representa-
tions and tools. Additional enhancements and extensions might include the following.

o Complete the development and implementation of the energy hounded forward
projections necessary to model the jig and APOS feeder application domains.
The main chatlenge here is the fact that implementing these forward projections
wonld require us to extend the current ineremental CS topology construction to
compute a more complete representation of the global €S topology. stmilar to
the approach used hy Brost [13]. Sinee this computation would alimost certainly
require more time. we would most likely have to adopt the present approach
ol computing 'S topology only as a post-processing step alter an interactive

shape modification operation has been completed.

e Implement the superposition of motion constraints generated for planar poly-
gons representing nltiple slices of three dimensional objects taken at different
<-heights.

o Lxpand upon the quasi-static dynamics model for exact motion integration to
inclide dynamic eflects due to inertia. Depending on the operating conditions
for the howl feeder and assembly application domains. more detailed dynamic
models may improve the simulation and verification of ohject motions,

Longer Term

M of the above mplementational enliancements. along with most of those listed
i the previons section. are well within the scope of the existing representations
and algorithms.  We might view them as features that we should have known to
implement. or approaches that we should have adopted carlier on in the research.
Other enhancements are sutlicient]ly different or challenging 1o he classified as
signtficant new rescarch divections based on the carrent work. Some of these include:




0.5

Future Work 225

Implement the design functions necessary to allow direct manipulation of mo-

tion paths vs. motion constraints as discussed i the previous section.

Develop and implement representations for uncertainty and rveliability in the
design of motion constraints along the lines of those outlined in Section 6.2.3.

Develop and implement antomated and semi-automated design techniques along
the lines of those discussed in Section 6.2.3.

Explore other application domains hevond the four developed in Chapter 2.
and extend the representations and tools as necessary. Examples ol poten-
tiallv promising domains include the design of tools and fasteners as illnstrated
in Chapter 1. electrical connectors and couplings. multiple degree of freedom
mechanisms. ...

Expand and integrate the motion constraint representations with other engi-
neering representations and analvsis/design techniques such as: analytic and
numertcal models of cost. material strength and stiffness. dyvnamics and vibra-
tion. and manufacturing processes such as machining and casting. Examples
from the domain of assembly examined in Section 1.5 clearly illustrated the
need for such models.

A considerably more challenging extension than the superposition of multiple
planar slices of a 3D object would be to model three dimensional objects directly
as polvhedra. and compute the motion constraints for interactions among those
polvhedra constrained 1o move in (. y.0). Type N and type B facets would
correspond to face-vertex and vertex-face interactions hetween the moving and
stationary polyhedra. respectively. and a new facet type representing edge-cdge
interactions (tvpe C) wonld also be required (see Lozano-Pérez [19]).

Bevond polvhedra. a significant challenge would he to generate and render mo-
tion constraints produced by more general shape interactions. such as objects

modeled using bi-cubic patches,

Finallv, we should by no means by committed to the motion constraint repre-
sentation or interactive design environment if another representation appears
to hold more promise in stmplifving the tasks of analysis and design. For
example. it may be possibie to develop hybrid functional metaphor/motion
constraint representations that could case the designer’s burden of learning

new and unfannhiar representations,
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Energy Bounded Forward
Projections

Appendix A

A.1 Forward Projections for Dropped Objects

This section derives the models used to compute the forward projection of a dropped

particle for single and double impacts with oriented surfaces ina gravity field.
Single Bounce

The profile for the maximum height reached after the initial bounce of a particle

(Jar 10 Fignre 2.7) as a function of the impact surface orientation 2y is derived as

¢, =f (@)
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follows.

The pre-impact velocity e of the particle is given by conservation of energy, assuming
zero initial velocity, as:

I .

Sy = nigh.

<0 that
ry = \/ '-)!I/ln-

As a conservative approximation. we assume the surface to he frictionless. We then
compute the post-impact velocity components using, the coeflicient of restitution «
and equation 2.1:

. = el F a)sin gy cos o

¥ . ¥
Uy, = tglecosT o = st o).

The post-impact motion of the particle is parabolie:
B = g+ e,

4,
,”l) = Yo + ,.lll, - -,'I-

Finallv. at the point of maximum height we have:

- 'y,
e -
Y
)
T
1] . 2 P
Vg, = ot ol =00+ — ((I + s gy cos S lecosT o — s .,,l))
U)
2 )
. 'll/ . ) NN R :
Yy = Mo+ = =g+ - (ccosTy —xint
2 2y

Double Bounce

The profile for the maximum height reached after the second hounce of o particle
! |
(N0, 2 in Fignre 2.7) as a function of the impact surface orientation 2y is derived as

r()”()\\'.\.
Assuming the height of the second point of impact is the same as the Hrst:!

L = ", = l‘(|(l + ¢ )Hi” v 1 COS T

"Ihe equations for the case where the second timpact s at adifferent height from the first are
considerably more complex, but the solutions indicate that the forward projection derived from the

equal height analysis given here contains the other paths,
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ry, = =iy, = —eplecosT oy — sill',,‘l ).

and

Lo ~ AR )
=0 = ro\/sInT oy cfeost oy
We require the velocity after the second impact to he vertical so that
= L

From this constraiut and from the ssimetry of the problem we have the following

relationship bhetween o and 2o

] !
St tan™! ((—um.;l> = tan"' (—lan,:_:) + 2o

(

We mayv solve the resulting expression numerically to achieve:
o= 1t

We may now perform the same pre and post-impact analysis as was don for the first
bounce, The result s

tay = [ = ra(sinesin 2o 4 Ccos e cos 2o)

where

o= tan" N tan )

After rearranging we have
¢ COS LS
Py = Hy———

oS oo

where

|17

) -2 ) )
= 2ghsinT gy 4 Fcos oy

Finallv. from conservation ol energy we have

!
b=t
o) T

24

where. from above, vy = gl 2y )
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A.2 Non-Conservative Bouncing

In this section we estimate the maxinnum height attainable by a particle starting from
rest on a table with coefficient of restitution ¢. and vibrating with frequency &y and
amplitude Ay, We compute the maximum height by considering the most extreme
of impact conditions. Specifically. we assume that after falling from the maximum
height. the energy lost by the particle during impact with the table exactly balances
the maximum energy imparted to the particle by the table (i.e. when the table is
moving at its maximum upward velocity).

I'rom equation 2.1 we have:
Ctable — U2 = —€(C1 + Crabic )
where ¢y and r, are the pre and post-impact velocities of the particle. respectively.
From an energyv balance on the particle under the above assumptions we have:
vy = Uy
So that the maximum post-impact velocity of the particle is
(1 +¢)

l‘p’”"lvt'lf maa = (l — ¢ )“lrlblf .

The maximum velocity of the table is

Clable o, = fi()“"‘-

From conservation of energy after the particle leaves the table:

2
11 _ I'I"l"“l"h Mmaa
Hear N
29

so that finally we have |
(Aow)” (14 ¢)°

[IIHVI.I' = v
29 (1—¢)




Facet Curvature

Appendix B

In this appendix we derive the maximum motion integration stepsize based on a
specified upper error bound F,, .

We begin with a dertvation of the general curvature v, along a 31) surface from Faux
& Pratt [30]. The surface is defined as a vector quantity 7 where

— .

r=wity) + ik

A curve on a (u.e) surface is given by w = u(f) and ¢ = (1) where 1 is a parameter
along the curve. The surface normal at a given point on the surface is given in terms
of the parameters (u.r) by

where
u = [u(t). o0

and 1) is the sccond fundamental matrir given by
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and (7 is the first fundamental matrie given by

OF 0 O7F N Y g

e u Thy T e
(' - ar S i
TR T

Carrving out the matrix multiplication and simplifving we have

(/|]l'l2 + 2(/|2l.ll.‘ + ([221.‘2

gt +2g1,00 + gy 0?

where o = ’[1'_; "= -’Ii’ and d;, and g;; are elements of I) and (i respectively.

For Type A and Type B contact facets, the derivation of the curvature &, is given
as follows. For facets parameterized by (p.6). a curve on the (u. ) surface is given
by u = p(1) and v = (7). where as before ! is a parameter along the curve.

The elements d,, and ¢,, of D and (i are:

| % + iy N i*:
[ n, — n,—— n.—-
! Ip? Y op? KU
; / e + %y N i)
dio=dy = n, ‘- n.—
= “apon " apan T opoe
s dir + ?y i

g T g TG0

ar\’ Ay : a:\’
o (8
drar  dydy sz
apal " apan T apan

arNt  (ay\T 02\
o) T\aw) T\an)

We recall from Section 53,1 that the elements of 7 for the contaet facets are of the
form:

and

iz = gn =

a2

ro= fup.0)
u = fp.0)
o= al)
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Recalling the more and turn convention of Section 5.3.2. we use the following nota-
2

tion:
mr = movrc,
my = Mmorc,
ty = lurn,
ly = lturn,
sro= start,
sy = slart,

where start is the (. y) start point of a move. Using this notation. we have for a
Type A Facet:

r = lo4 srcost —sysin + plmrcost —mysinf)
y = ty+sesind+ sycosl + plinrsind + iy cos )
: = af

and for a Tvpe B Facet:

r o= sr+trcost) —lysml+ pmr
y = sy+lrsml+1lycost+ pmy
: = ab.

Using these equations. we can now derive the terms necessary to compute the ele-
ments d;, and g;, given above.

For a Tyvpe A Facet we have:

ar
ap
%
ap?
ar
Y
%
20
%

dapdl
Ay

= murcosf —mysinf

= —srsinf — sycosl + p(—=nresind — mycos )

= —srcosl 4+ sysinf + p(—macos + mysind)

= —mursinf — mycosl

. = mmasinf + mycost
op
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Ay
apt
Ay
a0
i)y
20
Ay
dpidl
-
ap
i
i1
o0
i?
920
i?:
Apll

= srcostl —sysinf + p(macos — mysinf)

= —srsinf — sycosl + pl—masinl — 1y cos )

= marcost — mysind)

= 0
=

=

For a Type B lacet we have:

ar
p
i):r
iap?
ar
a0
o
20
o

dpidl

= mrx

= 0

= —flrsinf —lycosd

= —lrecosO+1tysind

= 0

Ay
- = my

dp
iy

=0
ap?

Ay
Y
iry

= lrcosll —tysmmd

= —lrsint) —lycost
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dpdo
a:
ap
-
op?
a:
a0
i
920

= 0

=

dpil

In Section 5. 1.2 we developed the expressions needed 1o compute the instantancous

direction of motion on a facet surface. in terms of Ap and A0, from the net force com-

ponents at the point of contact. Using Equations 5.5 and 5.16 we can approximate

i and © as:

"

dp AP AP
dt T AT T VAPI+ AD?
Ao N0 A0
dt T AT T VAP F A0

Using this approximation for & and . and the elements d,, and ¢, computed from
the above expressions for the appropriate facet type. we compute the facet curvature

., along the specified (Ap. A0) direction of motion across the facet. From the facet

curvature, we compute the equivalent radius of curvature R as

l
R=—.
Ny,

Figure B.1 shows the relationship bhetween a specified maximum error £,,,,. the

radius of curvature R along the motion path. and the maximum stepsize AT,

From the figure we see that

and

A’I‘mu.r = I{Si” Qs

I"‘nm.r = I!’( l — COS (,')).

With some simple trigonometry and rearranging we have

I

nrag I')

COS O
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Facet Curve
E_.. :
| .
1 >
T, t

Figure B.1: Determining the maximum integration stepsize on a curved facet.

and

Sill Opnr = \/ l - (‘()32 Omnr
N
= \/l - (l — —)
R

Finally we have

Aoy = RS0 = 20 R = E2,,

DA
-I-nm.r l.v,
= —_ ]2
- . ‘s
hll

Given AT, we can compute the maximum stepsize in terms of the facet parame-

ters (p.#) using Equations 5.8 and 5.19 in Section 5.1.20 which we repeat here for

Ap .
I,nm r = T o
A, ( SV Ao‘z) A

Ry
0 ar = T . ‘umr-
b, ( ApurAW)AI |

reference




Primary Data Structures

Appendix C

For Representing Objects:

PART An array of (@.y) polygon vertices and reference point cg describing a planar

polygon.

typedef struct {

PPOINT points[MAX_PART_POINTS); /* Array of points */
int point_count; /* Number of vertex points s/
int type; /* Type of part (A or B) */
PPOINT cg; /% Centroid of the part (A) ¢/
char *name ; /* Bame of part */

} PART, *PART_PTR:

TRACE An array of MOVEs and TURNs describing a planar polvgon.

typedef struct {
moves (MAX_PART_POINTS]; /* An array of moves #/

MOVE
int
TURK
int

move_count;

/* Bumber of moves %/

turns [MAX_PART_POINTS]; /#* An array of turns ¢/

turn_count;

} TRACE, sTRACE_PTR;

/* Number of turns */

MOVE A pair of (.r.y) vertices forming a polygon edge and the length and angle of
the edge.

typedef struct {

int

int

PPOINT
PPOIST
double
double
PPOINT

type:
direction;
startpt:
endpt ;
angle:
length2;
component ;

} MOVE, *MOVE_PTR.

/e

/*
/e
/*
/*
/*

Type of move (from partA or partB) «/

FORWARD_MOVE or BACKWARD_MOVE ¢/

Part point relative to c.g. (Includes original partpt index) ¢/
Part point relative to c.g. (Includes original partpt index) ¢/
Original orientation of move in radians %/

Length (squared) of move ¢/

X.,Y components of segment (start to end) ./

237
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TURN An (r.y) vertex point. with angles for the entering edge and exiting polvgon
edge. and a LEFT_TURN or RIGHT_TURN corresponding to a convex or
concave vertex.

typadef struct {

int type: /* Type cf turn (from partA or partB) s/

int direction; /% LEFT_TURB or RIGHT_TURN =/

PPOINT turnpt; /* Part point relative to c.g. (includes original partpt index) s/
double start_angle; /% Original orientation of move entering turn in radians */
double end_angle; /* Original orientation of move leaving turn in radians #/

} TURN, *+TURE_PTR:

For Representing Motion Constraints:
CS An array of 2N M tyvpe A and type B contact facets,

typedef struct {
FACET facetsA[MAX_MOVES][MAX_TURES]; /¢ FACET array (2D) indexed by MOVE and TURE »/

int facetsA_moves; /* Number of facetsA moves (partA moves) &/
int facetsA_turns; /* Bumber of facetsA turns (partB turns) #*/
FACET facetsB[MAX_MOVES][MAX_TURNS); /¢ FACET array (2D) indexed by MOVE and TURN */
int facetsB_moves; /* Number of facetsB moves (partB moves) */
int facetsB_turns; /¢ Number of facetsB turns (parti turns) s/

} CS, *CS_PTR:

FACET C'ontains information on facet type and size for rendering a contact facet.
arrays of REL_FACETs containing adjacent and intersecting facets for computing
motion paths, and a support map to record the support status of points on the
facet surface.

typedef struct {

int type; /* Type of FACET (TYPE_A or TYPE_B) =/

int direction; /+ FORWARD_MOVE or BACKWARD_MOVE facet */

int move_index; /* Index to part MOVE forming this facet #*/
MOVE_PTR move ; /* Pointer to MOVE forming this facet (for speed) o/
int turn_index; /* Index to part TURE forming this facet */
TURE_PTR turn; /* Pointer to TURN forming this facet (for speed) s/
double min_theta; /* Minimum theta for which this facet is valid =/
double max_theta; /* Maximum theta for which this facet is valid ¢/
int adjacents_posted; /* Flag indicating if adjacents have been posted */
REL_FACET_PTR adjacents; /* BEGINNING of the array of adjacents #/

int adjacents_count; /* Humber of adjacent facets =/

int intersects_posted; /* Flag indicating if intersects have been posted ¢/
REL_FACET_PTR intersects; /+* BEGINNING of the array of intersects ¢/

int intersects_count: /+ Number of intersecting facets */

int support_status; /* (SUPPORTED, UNSUPPORTED, TEST_SUPPORT) #/
SUPPORT_PTR  support_map; /+ Beginning of array of support transitions */

int support_map_count; /¢ Number of support_map elements */

double support_delta_theta; /+ Theta step at which support map is computed */
double support_delta_p; /¢ Nominal p step at which support map is computed /

} FACET, eFACET_PTR;
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SUPPORT (ontains an array of support transitions for a given fixed-0 slice of a facet.

typedef struct {

double  theta; /* Value of facet theta parameter at which slice is taken */
int pO_status; /* Support status at facet parameter (p = 0.0) »/

int pl_status; /* Support status at facet parameter (p = 1.0) */
SUPPORT_TRANS_PTR support_trans; /* Beginning of the support_trans array */

int support_trans_count; /* Humber of elements in support_trans array #*/

} SUPPORT, *SUPPORT_PTR;

SUPPORT_TRANS A flag determining whether the moving polvgon gains or loses sup-
port at a given p position moving in the +p direction. together with the value
of p=1(0.1).

typedef struct {

int transition_type; /* Type of support transition (GAIR_SUPPORT or LOSE_SUPPORT) =/
double p_facet; /* Value of facet p parameter at which transition is marked */
int track_segment_id: /* Index to poly segment of the track »/

double p_track; /* Value of track segment p parameter at which trans. marked */

} SUPPORT_TRANS, *SUPPORT_TRANS_PTR:

For Representing and Computing Object Motions:

PATH An arrvay of CONTACT_STATEs. with a termination flag and an initial condition
probability (0 — 1)

typedef struct {

CONTACT_STATE_PTR states; /* BEGINNING of the array of CONTACT_STATEs */
int state_counter; /* Ho. of states in PATH */

int termination_flag; /» Flag indicating termination status of path »/
double probability; /* Probability of part entering this path =/

} PATH, *PATH_PTR;

CONTACT _STATE An arrayv of REL_FACETs containing those facets with which the cur-
rent set of positions along the path are in contact. an array of positions on
the facets. and an arrav of positions slightly abore the facets for displaving the
path.

typedef struct {

int contact_type; /* Type of contact (see defines) */

REL_FACET  contacts[MAX_CONTACTS]: /* Array of facets forming contact */

int contacts_count; /+ Bo. of contacting facets */

REL_FACET_PTR non_contacts; /+ BEGINNING of array of non-contacting proximal facets */
int non_contacts_count; /* Bo. of non-contacting facets (and proximals) =/
POS_PTR positions;: /* BEGINNING of positions array of trajectory points =/

int positions_count: /% Bo. of trajectory points */

POS_PTR display_pos; /* BEGINNING of positions array for displayed points */

} COBTACT_STATE, *CONTACT_STATE_PTR:
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FACET FORCE_STATE \ record of the instantancous net force state on a single facet at
a point along the path. including the position. normal and tangential vectors.
and vectors bounding the conlignration space friction cone,

typedef struct {

FACET_PTR facet; /* Pointer to a FACET s/

PGS_PTR pos; /* Pointer to POS on facet */

double p: /+ Param. P corresponding to pos on FACET e/
double n_col[3);: /* CS normal at point =/

double m_p[3]; /% CS m_p at point »/

double m_theta[3]: /# CS m_theta at point »/

double n_fc[3]): /* Normal to CS friction cone plane */
double f_rhs[3]; /* RHS bounding ray of CS friction cone */
double f_1hs[3]; /* LHS bounding ray of CS friction cone %/
double f_net[3]; /* Net force on contact */

} FACET_FORCE_STATE, *FACET_FORCE_STATE_PTR:

PROXIMAL The signed distance of a point from the surface of a non-contacting facet
measured ina constant-0 plane.

typedef struct {
int proximal _state; /# State of facet adjacency or point_to_line proximity s/
double distance; /+ Signed distance from point_to_line %/

} PROXIMAL, *PROXIMAL_PTR;

MOTION.PARAMS A\ record of the external force applied to the reference point. the
path integration step size. and parameters p and p.

typedef struct {

double f_ext[3]: /* Externally applied force */

double max_step; /+ Maximum step size for integration s/
double rho: /* Radius of gyration, scales theta to X-Y s/
double mu ; /* Coefficient of friction #/

} MOTION_PARAMS, *MOTION_PARAMS_PTR;
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