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Block 13 continued:

objects. We have developed a set of computational tools that permits these mo-
tion constraints to be displayed and directly manipulated by a designer in order
to achieve desired functional properties. During this manipulation process, all mo-
tion constraint modifications are mapped back continuously into shape modifications
to ensure the consistency between the constraints and shape. The representations
and tools developed in the research have been applied to the visualization, analysis,
and design of a set of orienting, fixturing and assembly devices for the automated
assembly of planar parts.
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The Design of Shape from Motion Constraints
bY)

Michael Edward Caine

lRevise(l ver-siolt of, a 1 llesis sitibijtte(l to tilie lDepat omewt of'Nieltaitical

k"Itgitieer-iiig III par-tial fllfifliileiit of' t le r'equiiireiiiitts 1,0t t lie (leglee 01'

I oct or of, Pliilosopll , ill Nledialaiical I lIgitleer-Iiig at I lle \l assacliliset 1s

Ililst 1t lite of, f-c it tology oit .1 aliuarvY 29 1993.

Abstract

'I'le f'liitctioul pl)CV0Irlle((I l)V vIliattiv objects (-all l)e CNI)reOSSC(I ill terIIS of' the ('Oil-

stiraiiit f tlIeY impose5~01 oi Ilie 110lotiols ol* otlier- 01)jeots. ('amo slitaft . gear-s. h1xII ues.

\vreiilies awil (loor-kiiolbs ar-e all exaiiiples of' a ('ass of' olbjeot 5 Vltos( shiajpes are( (Ie-
sig~le(l to iitt er'at ill wvay*s I flat coitst r-alit t 11(11- relat iv mot 110 olt. Tlls I'J)Ort exaullimes

ati appr-oach to the aiiahvsis at 11(l esigii of' I'minctoital sltap ) ilte(Tactll bitSepl-eseit ed

as iiloiot 1 '011 c Iist aiit s. hi tHIPi a lphi-)acft. a gr-apltical i rejplesettt atit to i- f or 11iou C-oil-

st railiit is usedI as I lie basis for)i visuialjzi tig alt(l teasoitiiig al o11 I lie 1111(1 jlt (len ved
firomi sliape. Tlu s r-epi-eseit at joit also ser-ves as a ti em miivr iviii tI r fortlie itii er-a('tlye
(lesigttl of* li11i10 jolila slial e5. Sj)ecj fic-al lv. we titt ljze t li t( ciiigiirat loll spac(' lehplesei i-

tat joii to miake exl)ljcjIt the iiotoi jot1 Ostiraitit s j1111 osedI 1)y I lie sltaJpes of* Hlvii(act itg
olbjects. We hlave (levelolpe(l a set of' c01111 )llt at joltal tools di al pei'iiit s I ltese 111-

I jolt (oistirajiiiis to b~e (Ilspla ,ve(l ali(l jtetI (iv ll*v laiptilalllt(I( bY a (lesigiter jIi order-
to achieve de(sired( tizuict jouial pl-opell les. Dltirjug I Iiis ttitiiptilat til pio'es all mio-
I loll coiist r-ailtiii oolifi-at jolts are iiiappedl back coitt litt~iotslY jHtlo sltape illoolifcat lolls

to0 euistire tilie ,ollt~st eticv. bet wevli tile cotistirailitts a 11(1 slia jw. 'I'li-e reh-selit at ioiis
ait(I tools (leveholpe(l ill I lte resear-ch Itave leeiil appliedI to I Ite vjslialjzat joti. altalvSIS.
all(] desigit of' a set of' onjeiit 11g. Ii xt i tjitg awitl asseml ll (lev ices Gfor I lie aitoii tmat ed
assetuilv of' plhaitar pllas .

(7) lassadlltsett Ilslt~t it itt of* heChtitologv 199
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Introduction
C'hapter 1

IThisre('JHlt )lescilit 5aset of teplescltatio(111. 11)(I l~odloogicsitau 4 tools for 1 Illie 111

pofe olisuitlI Iz I ng. a italIv/.Ii a ')it II (I es Igllt! I I IIIhIIIct )ial Is'Ilait es el. I IlIs of' o ((1115 I IaInt
oil tIlot loll. The (cole ofI I lie research i alt ;ililneract i'e (olilfpiltal lonal elivirollitlcill

t hat fplovi(les all explicit \isitall lefpieselt at loll of* 111(11loll ('()l tint ra j~lilt ,poued(1 '

shiape lilt elact lolls. alil d itseries of* tools t hat al lOfow I* lie mataipiiiiatollo of llitiloll

(olist -laiti dls Ihl illl( IeI l(ldl-iiiiŽ, shiaple" I'w I lie purposM)e of' deigii.

1.1 Form and Function

\\l iatc l11( oll (does slia n' setve! Mote sp~ecificallvy. flow do( we tlefitie ol tject sliaJ(-,
t hat ate consiidered t(o be iisefil OrI f 11(1itotial'.) WV canl classif'Y Olie fiiiclion11 that

shiapes peifotin11 based oin ait utiib1er of' p0551 ble crit eria. a few of wlhiclh iiitŽligt Hi thidte

I lie fol Ilow\.llg:

"* Contacting shapes itcliide sullraces brloughlt mtio con~t act to const rain thle

Felat lye Iliot jolts of'obcljeS.. Automotivo le (lli shafts". wol-lt gears. vises. robot

gIppers. wietime an bolt heads ate all exattiples of' objects whose sllapeý, werc
taie'hill~ ,e v !li' to constrtain itiotloll. Mallav colititioltevri ('('\(a , objects iS ch1

a, Iables~. dloor ltalldlles. telephlolle ltauidset 5. cal, stveelig wheels, altId toft~et clipIs

als deuive thieir t fiuictliou ill Some)( Wi\ o1 allot 11(1 lbY (oust lailling t lie Iltot blts

of ot her objects \\.ilt which I heY collie liltto()11 cact.

"* Structural shapes jiicfunhe obj'ects 1 hat (oliclet poinits Ill space. or bridge
Ilie space betwe~eli coltact ilit shiape sirf'aces. C oupler ljinks. connei(ctin r~t ods.

I-beaw"tit.Ialde legs aiiitc ve ,('Ilass fi'alitesill-call t'atllso be tsIhat serve to

slilpport collitlcl Ilgo sltapc Sul'laces and whlose shapes ale (lt'slgllt' Ito llaNllt/e
m )lilv prol q Ul I its,. "10-1itc as1 sI illtg Itl auth( st Iftitess. wil e IllI Illilllizilg ot li s.uch(

"* Enclosing shapes tlecti lwt ohlle('t that span legiols of'space Iin olderlto (over.

OF encldose 1 hat rettioli. hRoofsý. walls. ailt olliobile wiiidshiiehds and flvoilt hoods



10 (haphir 1: hulroduchlo,

l'igure- 1.1: SlottIedl andI phlil lips head scr~ews and~ sCi'ewdlt'ivei'.s

ate( a few examiples of'shapes t hat ate( designed to sejparat e regions of space.

e Aesthetic shapes inci']ludling stici things as sculpti utes aiil (ca- r 1)(1 ns I hlat ane
dlesignied pr-i iiai'i lv to sat isly.\ gi veit aestiliet ic ct'it eria.

WC~ iiote t hat varilous feattirles or, aspects of a single 01 ject mlay, spanl somne or- all of' I lie
abI ove ('ategoriles. Thiis is tiot s~ili'lisitig sinlce objects arev oft en designed to peI'for-il a
Ilindiitl-of fuiict 1011 sittitlt aieouslv. Ini this revport we wvill jnniiiarily coicenit our-selves
withI thle class of, (cont1act ing slhapes t hat ane designted to ('oulst rainl inlotiot .

A Familiar Exam-lple

'ligtire- I . shows t w() ('(llin~io fast eiiei - (lt'ivei' shiape palirs: a slot Iedl s('t'ew

a iid screwd -ivi ve. andl a phi IIi lp li('ad sct'ew anid scr-ewdlrivet'. ( leat'f . thle slia pes of'
ilie dri.vel' and sci'ew~ hecad ai'e iitmpot't aiti ill b~oth c(ases to thle filicii(t on of coupjlinig
withI. antd apfplviig foi-ces and~ t oi'(fie(s to. t lie scr-ews fo0i' their. jiiset't01 ion o~iltetioal.

l'igtii'e 1 .2 shows thle sanit teIwo) fast eni es ati~ldi (Iners. bill with li( t ija ii ungs betelween

fa-st ei (iS a iild ii -vet-S re'evesedf. ( )iiru intuit ion anid ('xl retice tellIs its t hat iii Ii is

siltilat ioi thle once- f'tictntioiia s('rewd~vi-i~e slhape,, ai'e no loiigei- tisefitl fori, inset'tii g or
rl'iuiioviiig t ie s('l'ews. \\ll

A Less Familiar Example

l 1.3ieI ; shiows tIi i'ee vi i-at or\ pal I'tfeder geoni ietieis tisedl to ot'iett sliial IIpai't s.

As t lie ptallts ittove t liioiigl a feVeder- aiid Icii 'act w~ithi its feVattirecs tiiidet- \'bi-lol'ato



(I ri i VC i"s

J)()lo joll. p)arts III all butt olt(' dlCire( orientlatijon tall o)III of I lhe fled~el to I lie side. WvItIl(
I I ose pal I.. ItI I Itit . ,le, i e I()I otIetII a II() ai I-tie ;IlIo~vvl to pas I ltrotut t,-IIIo be pi c ked tIp h1)b\ a

roo IlThe jItIIItesi Ingi, I IIIg IntIo hlot c' albolt I lie I lItIve f~eeit'.lý II F~ig 11e jA I s I hltt I lhe

I the dissimiilart track, itt (a) adtl (c) ale hi111(1ioitallY equtivalciltt SplecificallY. 1 114
l('('(ldi track ito\\it Ill (a) 011 gipils I14'(l-ltdkhapl lpdlt Sllto\it Ilt ()Ill.\.14 o tietritiat lOll.

Nvlteieas all ot hter orientttat loll,, of I he part wvill be knocked ofI i It r ack atnd fall back

liltto I lhe h~o\\l. [Ilte I rack 1liovit Ill (13). itowevet . all louiont ottly lIiyt dlv lt*(l*( it frotil

r ack (a) \vIll o)l ut 1)1jarl1 sitt two possibule orivi('lat jolts and~ 1', lt ('i('f ole tIIlaCCepIal de

lor aittoiliat ed a'sseltliblY. liltallY. I Ite. ('V~ele 1 r'ack Ilto\\it Ill FMltil-c IA. (C) wvill oItllY
outl putt partis Illt I lic saIte orieilltat lolt as t rack (a). and l ence 1, 11111(1iottallY e(linvalctit
to (a).

Ilth1le flust IWO ('Xall~pl(' f4'('lel' (a) and (b). one pair-ilte of evol~lie'le4s pc)Vl"Iiltt

it 11,01(1 .1,4'(ciolj4 \0lcllt e alilýo p a eliy sillr"o:iiis fi t

pcfr* \ltic sat i I itttj4tilde ,11cltaloll. '' ", ic-lal. Ill~t 111 tuiitt WO lie a lldIii I ottt I WO C aIIII
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Fiouiw IS Thiw I I ie b islor part ~ s 11etlei ge()iet il( ies digidloe W ) ent IS lp art s

shown~II. I* 1(1(1 given vi braly mIw Ar iit~i eder (a) sni~iCC ls inl twIilI inrg Ihe part s.

whereras I h le geornet rrcally simrilar f'eeder iii ( b) (Iovs riot. lihe veryW (liss~iniilar feeuler

w~mmryrir ini (c). otssesses tihe same feeding 6mcb io as feeder (a).
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givenl set of' slialpes?

e How wxouldl one go) ab~out dIesigninig shiapes. (ii' uio(Iifviiig all exist iiig shiape. to
iperliorili a dlesired l fiiict ioul

Thiis i'eJport wvIll addrliess I liese andI(I tlated (quest ions.
JIie JPreVIolis examll)es were chosenl to highlight a uiiiiiiiber of Iimiport ant Jpoiuit s

ab out shape and fli(t ioul. First . thle f*ast eiier exaiiuple' ill tsi rates thle observailoll 1 hat
t he fundlc joijalit v ol, olbject shiapes is (lerivedl h'lou shiap l jte vac/1`01., and nlot frlonil

Indi1vidlual shiapjes a loiie. FuniictilonalI shiapes 1 ecoli ie (sseiit ail V uiseless whluei t heY were
uisedl out i~lse tlie( coitext of* their'i initend~edl jult (act loll withI ot her fuiiict jolla1 shapes.
Second. I lie feeder(-I exampil)e lilluistrates that ()ui nit uiit lOll alboitt Ilie fuilici('oll of' shiape(
dIep~ends to al ldi'g( eXt('ill oi oill dev of' I'laijliarit Y with hi(e prob~lemi (loillaili.

Like lt( he asteiier drivere exa in le lii Figures 1 .1 and 1(1.2. thle sliape., of' thle leVeders
and~ 1t lie lats are clearly liiiijorIaiit to t lie fui11li(' ou of' orient jug thle pait s. IHowever.
lit'pecl((is(' role t hat t lie( various shiapes play III t lie statel dfuilict loll is less ('lear. sIInCe
lie doliiain1 is less f'aiiili ar. Becalise orjilt, 111Iit loll abouil t lie fundic ioiial role of, shape

Iintecract lolls is r-at her l brittI le oultsidle of* sill1) le and l'auili ar doiiia iiis. we ar'e less ab~le
to I ia ke ap)prop riatIe (design d ec'isionls. A\s a rcsti It a task st(1ic as vi I iat 01 feVeder
lesigui1 u'eq iii es at conisidlerabI le a iiioui it of' tinal all(1 error,. anud is (considjered solll(i II hgI

of'( itd "bak dil"

1.2 Shape and Motion Constraints

Let u locu 01 I (ls'Is i ofi/*e, u llo den ved fr-oii 1i 1 oillii lie I re'iouis. s'ctlioll to
(ii e of, motol o co usi iv ill I., dlerie f'elIroi .hapef. R~ecall thle x ii at orY feeders sh owni
ill h'igiire I 1.3 Althloughi siufficieiit for at basic uniderstaiiding of' fVederu fiiict iou. tlie(

b rief, (escri 1)tiou i givxei i of' Ifiow a vi I rat ou'x howl If'eedei works (doesn'It tel (i s (a) if'
a par'ticuilar feVeder examplle will wvork. or* (b) how to go abo(uit (lesigniilg a feVeder.

( leai'l ,v we niee~ld a more f )ue(ise (l(scriplt iou of'Ili(' conistrainlts5ii Imposedl bY jilt ('ra(t ionis
betwx'~een sliafes we uleed a iiiodel of' umot ion conist raint s.

Con1 sider aga ti I lie sc'rew an dr1 1i ver (examnples f'i'oii Figure(s 1. 1 aiid 1 .2. Let us-
scela set of' parameters' (''5 hat (describ I etli(' loc'at ion of' tli(' screwdr ive rei'ia Ii e to

Ili( scrie(w head. Ilii tlie siimplified ('as( we'ma ' v assumei~ t hat lit(' sc'rew anid drniver
aire coaxiallv aligned so t hat oni1* vt lie (list aul(' bet weeuu thleiui alonig t lieul '0 co 1iiuoli
axis anid Ilie tw\ist of' t lic driiver' i'elat iy( to t li(' scre'w li('ad ale var'iabl(e. lhies( two
variables, labeled Z and Q2 respect ivel 'v. are illusistuate l iii liguii' 1.1. If' we' plot thle
lalige of' x'allies, lo0. distance Z anid txw'st Q where t lie driive'i aii(l screwxx he(ad aie not
OVV(i'lap)piuig. w' ('ild ill) w%'ilt it apflot as, shown'u ill lie iright hiaiid of'4 In' figuii' xx'leu'
Ie It(.ashaded legionl re(presents occliude d piaceuienul " of' I lie drivie(ri relat iv'( t o I lic e w5''(~
head. l're(' re(gionls iii I his t wo-dime'usiouial space relpresv'iti allowablie lla(''ui('ciit of
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Figulre I : eprsIltCM'Ial Wil of iiloiot l Cou ('Otraiit s lo I- IIe slot ted screw alld screw~-

driIver pat r.
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thle driver reclat ive to 1 lie screw, Tbe botindar v separatinug theV fi-ee alu4 o(Aihle(I"

regionis relpreselit 5 placeiments of'1 I le driiver dihat ale( Iii coit act wit Ii t he screw.

\\e not ice at not1ch ill I lie occlud~edl region of'1 Figure 1 .5 correspondini g t o 1 lacc-

Iletits wh ere thle bldade of, lie driver Is Ill Ii ie screw I iead s slot . It' we (con sidler the

11111(1 on ol' thli screwdIriver to b~e oneC o't traiisinilti tg I orqie to th le screw head. then1

wec (all reprtesenit t his hluuict iou ill teriiis( of Ilie iiiollt on Oist rajints het weeui Ilie drii vet

a!nid screwv I icad as capturied by )1lie (01nt act bloii~la iies ill Figit ie I . I. Sp ecif ical ly. It'

We COiisidler the drvl. Vtlo be t-e1 reseiited as thle locatio01 of' a -clected4 poiiit oil I lIe(

driver Ill I Ilie Iwo-(lIuInc]Isiotial ( /. Q ) itiot loll (mist raitit diagraim of, Figure 1. 1. 1 hle

I lic oih I v wayN to twist lie screwv head is to "push-I aga inst oiie of, thle t wo vericla silesý

of, I lie notcli In thle Q~ direct loll. PIushtiiig Ili I lie -Q dlirect loll COITesjpoti~ls to app)lvitig

at clockwvise tor(jlte to thle screw. anid plishiitipii I lie +Q (direct ion Is equlivalenit to a

(ohliiiter-clockwise t orqute appIliedl to I lie screV.2

'I'lie capIacit v of' lie abIove represeti at ioili to ca p1tire t he ut ict ioi d 0' lie Screwv

driver liilt eract ioll is furl hier llts IIIrated bY Ilie muot ion conist raiiit diagrami for thle

slot ted screw phillips, driver pauiring shuownu iii Figure 1.5). Iere thle chiaracterist ic

nlotchi. whose sides provided I lie coiist raiiit surf~aces, oin which t lie dri ver could act

ohI lieI screw. is, 11Iuussitug. A\S VNI)Ced. l ist screw ulrivcr paiiitii2, does hot libit

lie desired fuiictioiialit v o'afalowvimiiŽ tor(1ie to he I ratiiuit ted~ fr~oiii tlie dhriver to (1lie

Ill addit loll to ext ract itigý I Ilie fuitict ioll iuliereilit Illcxn Xistý iriil hpe iiuleract iolls, We
aieals inerete ii p ioiy colut act hIng shlapes w%.It i desiredl I'lI ict ioialI char-acter-

ist ics. For exampille. ill lIhe case of Ilie s0lotedl screw dIriver liii eracl loll of [IuIreI.v 1.1.

assuuluec that we wvisli to be Alde to drive thle laa~leier iiltt) a workpltece. hut t hat

We dotit1 waiilthIle fast eller to he reunlovahle. h'iu.,ure IA .' shws at ii1iol ol coust1 r'aiiit

diag'raii \\.ilt Ii lie desired properties'. where 1 lie rihtll side of li ciist riili~iOt li

has heeii slope'd w, shiowni so thatl flie ( /.91~ ponilt represeu1Iill, 1ug li driver will Ilide

alg 1 lie coiistraiint houldar.v anld outl oft Ilie iiotcli rat lieu t liaii allow. a torque14 It)

hc applied to, I lie screw. "Ilie Corr('spouidlilit! *'oiewa Ir w had shlape 'hiown

uligith geuuerat ed f'routi Ilie tieW iii0 011 COIist raiiithY s ') CexlIIuupl. .eIWC~! )Ili

"sCreVuriver Mlade alonig I Ilie houuildari' oI' tlie mtot ioll diattiaiii. Ihslý propt),ed shlape

svuit lciesi pr~ce'ss is coimplicated IO Ilie fact t hat itivert iiig shapes Is 1ot ihj1 tiepi. lou')

examlple. rat her Ihuati usitig Ilie uiot ioul cotist rainits in1 I.(,l~igre 6 IA'to produlc at onec-

waY SCrew,. Wi' ColilfI Just have easily uided up1 wvit 1i a olie- way\ 54rewdrive'i. asý '1lim 1i

Ill Figuive 1.7.
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1.2.1 Key Issues

TvIlellpotihesis iii(lerlIlg Iw lie vi(\iis exampiIles is that moion, con(mst rainits call

IsCIVC as a U15(111 (olallill ill which to~ lejrescilt . reasoni aboiut. adli esi g fl"iUllict11 olial

illiteacliolus I)(i weeli ob~ject shapes. Thjis hpothiesis encomplllasses I wo key is~lic,:

Representation I low iiav* hiniic Aiofr differ ii examiple dolt~laili' b e efficieiltl.\
cap iiieil ill erlills oI' lot ioll (01151 riilits':

Synthesis Ihm can~ allw moie lion loll ( israilit represulall tioiis be 1 raiilor-iiied nlki

slpeci ica I10 ios of' Fui li ionaid olbject shiaps

W\ithi Ilie issne of' representlat ion We areI (ouCCerlicl wit h Ilie level of* coillidPexit \

ill t lie coilt ruictlioll of, illotlioll conist rainits as wvell a., thli accessibilit v fI tiec rePre-

seintat itns to both hi iumlans aind aultomlatedl algoritlhiiis. W\illi respecltlo ~itlek
We are CoiICeriieil esseiltiaill*v wvith Ii l(' inverse of, thle process of' geilerat limi, iilotlioll

col1st rai lits. (Gi eil itwo ohbject shiapes we ii iay geilera Ie a Jprecis e (scriil~titli of their
iii! eractlioll ill Wr(ills of* mlotloll coins!trainits. ])III thle iiiverse probldell oJ gelierat iiit

slhape is Iliore p~robilemlat ic. F21st. we 111115! Ila\.e ait prcise aI /)Iffli dhescrip~tion of Illie

]notion ctl onst rainits t hat we w~ish Ito impos)0e. whereas 011(1 ill desigit we iia v have oldiv

a par Of o r inilmm(ise Neitficam W11 of Ii he (Ito, of hot W~S 1 hiat we desi ie. Secoit. I. Il e
process of illveril lug 11oiot olnClst rainits is 1n0t ulliqllel\ defiiiedh ilia l eial icall\' . For
Ilie olie wily screw driver examplhles ill Figuries I .6 aillt 1.7. we essenlit iahv as's.uuiiied

t hlat I lie dlesiredIllo 110ioll (onsls lailit hbollllaries were knlowni precisely aind I hat eit her

lIhe screwd Iriv\er or screw I tead shiapes were fi xedl. 'Ilie restil I i I g screw I iea( or0 screw-

drivel (onl!ollis wvere gelierat ed byv swe(efpi ig i lie Ii.\e( shia ; alhong th le prescribied

(oils! railits. Me ovle mht. alt lltmighi ahlq)arenltlv_ SlICCeSSItill ill bot~thi of II hise exaiiieCs.

siltC ai( gelieratliou st rat(''\ is noI illgelitial gilaraliteetit d t(hl( i ihs ret estill s

1.2.2 Motivation

Shae iieratt bo~ls providhe all impilort alt! fuiiiciolial comlponient oIf a litilliel oFs vs

eI I I' I. N tlllrolls Illiechaliicah colllpoli(lits. li~lhlhiing Silflfpe Illiechaliicdh pails suchi as
"c(arý, andh callis. (derive thleir fillict ioul 110111l shiape iii e clait 011. lastelners aiid (llivcrs

hike t litst dhiscuss~ed e'ailiei. as well its connlector 0)5ioi sIlicltlial. tlei1 ijoal. jlieullinal IC.

iiild 11liiii appl icioli1 arc5dl alsoi (lehellthellt on shape int!eractin 10)11 h'u lilciloli. Iiillmall-

iif'itt uriili.. ShIlapc illitlact boils have Ileeli ~idet ifiedh as, aliltiolg I lie 111051 imlportalit

it(!iors ill iiicciaiiical h(sllby1. SO. an1dli are crucial ill de(signinlg partl! 5 trielill'ng

sYstellls lihat ale typiically .tlliolg 114 mi iost ('Xielisive (t)I oljtlciell s of* llall\ asseilli d
w.VstIq (I .

W\iOW hiileloy i Ai1 (ithmPiig 1111 oll (oils!rahtts as a iiemi~sltdl bin is Ih leack of'
sýlut able alt erliat ives. .\, we illtustriated iii thle earlier examl~es. fnluii o 1)1 is (derivedi
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eXfplic I I*v from thle shape Interact ions that (Onst rail) miotion. MosJ(t existillug Ie'sigil

l ook. stiCd as, ('omil iIer A\ided 1Design (C(Al)) SYSvsl es. fOcus oil modelinhg t lie geoi te-

I r , of individilial (o1fmphtlicits ini isolat ion. Ind~ividuial shapes are (olIds~erCel c'Xflicil l\.
bill all.\ potentei al saltjl 'c tii Ii(. or Ihelie ost p~art. Imtplicit Iin tlt'Ohcgeomt rical

rrel'eiint at loili. ( 'olisidleral l oll ofsliap 1 jInlteract ioins Ill sldic s~tl is ifpielt at all.
is 1.SualY Imlie to heckng 101. illeli~ellc bete~ilparsvsl nei i l" pres.ibe

11101 ioilis. Itypically a lon g oi- aiou ind fi xed axes. Incit 'C trenuce (Ileck igp. h owever. (does
not (apiuire I lie p~otenitial fI'l ict jolial it.\ of' object shlapes 1,0r.(mist ianiii11E iiot iou. For

sonie specializecd applicat ions. at temtpt., have beel miade to dIivide iiii'ividuual object

shiapes 11ito eqlnicileuice classes. A\s we saw Mi thle p~art l'edetl exaitiples of 'iir I .3.

liowever siluijaritY vIli shiapIe (does unot ilecessal-1 i l 0 resfpouid It) silrunlarit1 Il I'i fuuciioul

Shape diesilgii b~ased ol Iloh 1 loll (01151 ralilts is 1 iest'lit lY jirat iced for1 a li1mit1ed seI
of, \\.(,I tlellied fixed-axis ulieclialiisllis such as taluis anid i'.ears. Ill caili tle.igli. lt0n

examlel~(. thle dlesiretd mlot iou of' at fied shiape cami follower Is plotted as a fiiiictio01 of

cauil rot at ion. The unottoil of* thc Follower relat ive' to thle cantl plate is thlen used t1o

"gelierate a tool patiil for1 cuttlto thIle corresjpolidilig cam Shiape. Siniilarkl. geal ro jiffe',

are of'ten geiieiatedl (1ued Il*v *) vi lol)l)iuig or. rolling proce~sses where a fixed cult 1er shape
is 1ise~l to gewlieral e I lie coml(Ilelle111lt aiV gear' ShlaW. 13ot1 ii of 1IC ieeJKitCCtSse areC sitiiilar

in ('1Coicep to) thle tuie,-w\av f'asteuier svYnthlesis examiple iii Figuuue 1.6. Hlowever. 1'ew

design1 tools 1ittifiziug" mot01ion coiistrainits exist ('Or ot her (lasses 0)1 siafje jiteractioils,.

Mtid nionie arte p)1ew(ilY1 able to) deal w\-ilt linoui-fixedl-axis dlevices. .\llet v\eusuVe aiiioiiiil

of work has been dlolle ili Iliearea of auialvziiig le mot lols of ultetlamiislis ttonst 1ilcttle

'lrouuu lower order kiiieuuiatic pairs (I.e. revoltite anid prislmat ic joints). IeCclinlljuie It)

specil Ilie paiamiete'rs for suchl uineciauiismis. smuch as linuk lemogt u forv iiietiaiiisuiis

of knlown I opologv. have also been'i dlevelopedC alid iuictrjporat( lit mt) compllelt ' ailded

desigui1 tools. lowever . 1 liese te(litliqfies are nlot stiitalble f'or mlore general kiuemat iC

ilit eract louis thfat canniot be tciaract erizedh otulY iii I trnts (f mnlercomiuitcted liiks and

Joittsl .

1.2.3 Goals and Applications

1lhe miaiii gtal (f t his res('ar-cli s It) dtvc't1)p at reprt'st'uil at iou anid dclt'sigl It,11/Y11!/
b ased (m i iotttiin clisI ia it ls fiat will allow uis It) reastoui a I oul anid create liutict joll

shape Mi itract lolls..More spccilicaillvy. we wish It):

I e. h a precise andt acce'ssibIle rep reselit ationl for tootdeleii i alit least Miu,
aboutl fI'l ict olia I shape ill term" of' 11otiton conistrainits.

2. Dv1)elop lt'e tools and itmllt h lologv. requ iried I I) Ii lialpiii)latelie1ictio ('()ti

st tailit represeiitatlt)1i5 totl"isiselitY Il ii Wl'ic It) achieve desirecd fund ciouial be-

ha~vim. lioiii sliapctI iiticittl loll,,.



Vibratory Bowl Feeders Part Mating

Fixtures & Pallets APOS Parts Feeders

'Ilcimia Ilo )sll" qo ak'h ii. !'dejil'"d'irecl IYs arI he k likltd' filict ' ,lio ul ivlvwll a''l w] I.2..!

Ill par ii ill Id . we 11t lt ikc' I( htI e ald 1( rcprit e; )(' ill1 a nll e"id (1c, it4It111 ( '411~ la ' ;I pc

jo)IisIý. and fixed-axis IliecliallwIllis ). We al'mo wouldl like lo, apply\ I lie rcIm-cii ll1 1l 01l
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doillaills: compliallil at"wilibly. vibralorv bowl I'Cedcrs. iv,ýwlllhlv li.\Illlvý,. alld III(.
q SY"Icill. Simplified exalliples of tilcm, f mr dollid,

APOS vibrillorv I'vedill I I I ( HI, it['('

Shown *111 Figill-c I S. 'I'lle represvillal loll', and lools dcv(doped III I 1w, repol-I \vIII he
Ilsed 1(, allal , v/c allol I-vasoll aboill the fillicilollal chill-itcler1ý111c" ()I' example, from
(NICII of IIIc applicalloll dolllalllý,. alld lo pelfol-Ill deig,11 111 1114' Iwo. Wc \vIII

discils" Illese vmllllplcý, III 4,)rvaler dclall III Chapler :1.

1.3 Background and Related Work

1*1111- I'CýWiil'Clldrims lipoll work In it 11111111'er of (IIII'Vivill 11"ItkAmoll'-ý I hcheld, wv
COWIldel. it, he 111w.'I clom-lY I-claled itiv:

" (womeirical modchm-t and

" Holpol 111(flioll plaillillit-).

0 Qualil ill Ive I-ca")IIIIII-1.

0 IlIcIllodolo"v will collipillel aldcd Ilw,-I illU.

0 slillillill It'll alid \IIlitll/;Ill()Il of ill ploC(I" (11.

Kinematics and Mechanisms

Ili Ili, cm inal work ()it kM cm ;IlI(-, 1,111,11,11"d ill 1"T(O. Uclllcýill\ .6111, Jill I'd it

for IfIcclialli'll),( oll'I'l ill,-, of( haiiiýofkliwmitil( pair'. \\-Ill( 11 formcd 1114.

lf1VcI of 1,1111CIltMill (IC( ollipo,01im. lic dividcd klm-mall( pall- Ifilo two ( la"c': Iow,,I

pilli., illid I llulwl' pair'. L(mcf. pitil., coll'i'l of ohic( I- Ill (oillact alollf-, it '111 Lit c. alid

ill(' com plicd (d. 1\ I)ii l( 1.\ pe': I'll-Ificill( . liclical. 1111(h 1( 11. 'plicul, ill

'Illd plallal pall., c "I'lecl , Ill ( oIll acl alt'llu, it 1111c oI polill . lit 11 it,

111C,116 11-1 1-1fiii '. W ill ;II-c 111111111c Ill 11111111,cl . 16 -111cilli\ I hat a ll llw ( haIIIIIII, I Cill

l", dcl Ivcd from ( oIIIIIII;II low, ill, bol It lmwl wid 111,014.1 k-liwillill I( Pilll '. Ah holm'll I It,,
,f ki'l, 111(whilill'ill, I hill lli;t.\ ill. 0 4,111powd al-r lot, 111111wroll- lo mcill JIM.

ll;llldkooký aild I ill itIoL., I oIll aillill(Up oIlW oI I Ill. ilwic ( ollIlliollk 11'ed alld 11111cl I-11 Illu,
mcchilill'ill, 11,1\ I. 1well colliplicd. ( )lIc c\illilph, 1, all vIIc.\ (.1411wliti (4 ilw( hillI1,111'.

louct 114.1 w il It lv\I lial fle"cripil II)II, of I 1w il I"ll. I "1111,11cd 1,.\ A I lol)(11c\ k.\ '2 .

A I it 1 4-1( 1 k )4 1 (11 kil(M ICIlUIC CNIIII fol cillilk /ill-' I Ill' M oil JIM , of IlW ( IN1111,111, I 'ill

,Iyllcljýfl from Illv I\ 1A)wel kilicilliIII4 pall- I rc N144 'al I li\ 1.

Ill(. 111-divi killcillal I( pilir'. illam liwd ilm, MCI IM 11 'l, ucal I laill,

of Cillllý k follower'. 11;1\(. 1'ecil allill \ /4,11 alld 'jwf lid 11111 pq),c '\ Ill 11("ji,

Ic( himpic, dc\t-loped I vc P;ml 162' alid Sill-df.\ ifilil Ito c\aIllple, 1. NI(iff, W( vill 1\.
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(011 ilt t jllalivI lv IWMI aial \sis In((i1llv's, col ibili id Nvi islit yI i11csis toolk to ailt -

illaia k wcl vaal selet f ldaiiie (Is lo Ille(lalliislls of* fixed t opology. such1 as linik lIcngthus.
hae (cl develoJ)('r hy a iiiiililvei of' l('seaillcel-S (Se lBoddl(I-i'i& k 1 Mcar-t jx6]

Shape Synthflesis for Kiniematic Pairs

I Fli, t evllliiqiles aiir vlesji!_Ii tools descrijI ed abovoe ale.( hliledt('Io t1he lelect iou andr

Mianiipu ilatioln ol, pal-ailietl e ~l's10 pie-Jet el'iniieri kiniemat ic paiir t \pr'. .Joskowicz kY

Addv al ii [13:1 (viltlilici an a pploacli 101 I lyldii .vi ii-1 andr '(i eleat ing t1 liellafpe pl-ofil('s
(f Hinei iat ic pa is- hioi i I cci licat1101i, of' v esi rev illpi )1?-out uilt mIotloln telat iolsiisl.I

O11)1a kY la k ela [Is]ý developied it Sap sajevesi Islsteii t 1hat talkes ats inpiuit t \vo pla hal.
()ie~ il.' of, which H, iixvvl. aiirit a iiiict ioiwil dia'-'l-aiii rrIat iii', t Ilie relat ive Iliot loll

)I t fI t I w\o ofI vjCCI, At I tIW ie .fI ed Ii a pcy il Swef p) t ao 1!1 iti a l-escri I wer I I I I iot Ilo p ll va i It

i Hr l i4 to .v va l.\ v* vIii lilt othele ohjc 'lev ' .1apr. analIot')oii to movi ng i t ~ v hiol k IIi lv(

I Ilil onll oii itat ioniali I viite

Robot. Motion Planning

\Vvvk in iltie Ielid III* rokot lI(liotjvi plannlillu. hlas vlsvel lidcc 111lleoul a'pecl, oft lie1

calei-Iutlvlhipl vet1I(l Wv Ii jfif4' an v li'iivvivi. [asks *ciicl as ilivhilu. at vokiiioll h1vc pathI

f~rit a rvlot amoitmi (rlv~avlv aii vfty alitolllltI sywltisis (df l'oolvo iiiotiolH, f'loli Ili,-,li

Ic\ l iiik pc v r I ~I it Ii f Ir il I I 1i\ U I v,'C I N 'I C Il i \ iIN 11i tl I ir' 4 Iv '\'. vit I I I it 111111f 1v (li viii (I (oil-I

1 lvlvv iipol-lihll f 'ulvv ic' l ~ i' Ich iii n I calkuiiii. ()I illj'Ilvlc ll('(' fvinil o[ con- i~ii~ii~

I o Iv ( Iv I I¶ vit Ii II la f I, \\I I vifd I liitI vvv laniiv llu ai cov(vltlvivlin f lic paliil o ' vit ina l (lip la 'I

; ii vI I v ot I vII) vI i I f I ii (Iv a '71 i~ I vv vI ito Iv Ii i i it I 1) i''f vii I Iit' I ill I'~ ivlrw's. c I yzI Iv v-1 ~o l I ~~' I (d,

H IM i12 vit 14111 v 111 v C If \,I- v Ii aitl- c tfy a/i/ l ti IEII .o~Ur \illalcl, ax.'-- l iv' 11nd

lvvlvvvl dcmc oltiv-vf ivvlvviii. ill \\hliivi vvvi'-tlai~lit- vll t1ii1( vvlvrvt moiivtiovn du liv r iiityi-

a, 1. li n \i Iv I I ,J , j c v . ,-- ' it Il t f) 11\iI(IIIIIý I cr Iv Iii i Iv )(~ , I.( vi i' 1'( ri( hýv Ii vIs lI 'i Iy I v i I-,' it I I iv vii

I I if v IIIi vIvIIjvIIv I. \it IIit hitvif I I1l f it ,I ( 1 ) 1v'v~ ii.vN1vh1 vxtvli'-i v'I I IIvYvfvI t 1 v-a ~if Ill ) (l ( I i vliiiIi. tryfý )

I .II o 1 141 k in v lia vvvif I II I it i I it '- i I II I( Iv'(If (vI I I i~~(I vI h If i, i I vt I ) it )I I , , 0 ) I vv i ( cI'v ' I )y I ivI
-I ,I~vv -I i. I toI I Iv vI I I II ; Ii Ivv~ vv vi - Iiit I v Iv itvI I If 'I 'I ) ( ,ivv I' vi I~ix- liti- , i iv lt I II- li I w.\i I I
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Construction of Configuration Space

M aIaI v algolitl IItIS foi. ( oust li1d0 iug iliot ioul (oust 'alilit lepreselit at loll" II comifiginrat loll

S)a(e( hiave liecli devlccltoj('( fo0r vaiui'iis miot loll pIalluilig aii aic l ss a)j)li-al lolls. atidc

I ie( hluict loll alid jwi-1rfonn1alicc of' I hese algolit fulls (letwcildl Iliavil V oil hIr liei (lile~ldc
aIjIjIa lct oil. Tlhe I wo prnularv apjI~icat ionl. 1,ou conufl"Ignrat loll sp~ace III u-olot Ics ar-c I hec

plaiitIItigI- of' colislson fre-e Ipat lis 1lo1 maImiaitlators wid icte aiiaivsis of I le mo10 loll of 0 b-
jects III coult at. Ial~lauruirg lot. collisionl avoidanlce IvPiahlv Iinvolves searl-ctigl aioloi,

I ll(' fret regioi is I lwteeli obl ~tacles 'H) (011 igii ia 11011 sf)ace (see loiza io- i6erez [1]) '1lie

i-elm-escllt at lolls alici aigor-ithIns coiist iliit cc f*or this task theier('forc'focts oil (ialaac-

I eriziig Iic i('fre a ic1 occhide(1d rqi~ol. of' coiiligiir1at jot! space. ( oh giIrlatll Sio ace(

rv~ej~selItat lolls uised for1 I lie aiialvsis of' 11101ioiis of' o!).jecls In oll c 1,0(15 less onl

tile clist ilicli oil l ec'lwfeel aiicl occludeI Space alici 11ore oil tII li eact nlatt lre of'

Ilie ibollildalarics sw'paratlugi' lie two I lie (01151 raiuut siIlf(ic( s deter-iliuiiid bY obiject

Loiaiio-P Ivcic [ 19] dc'veiopcd ci simpfle aid c'fliciiit aigoril hli I'Mr ,omImllt ing,, IeI(

iioiiuicarvY of, I lie ) r co~l ligi r-at loil I)acc obst acle foriim i bY i I livwe iii aci loll of' two

[j(ul\gouls With liot r'ota) ioiis. I'lic' algorit hlii Is based oil oriervitig lie edgc's froml Ilie

jolygoiis by thleir or-ient at oio ( iiiasiirv count eiclockwisc'). wit ii the r-esudltilig list
of' or~dered ecdgces (clscri biuig 1 lie ( jmssiblYl lloui-sillI)pfe ) polvgoiio fiuiugtle obstIace

bomiidat-. v iiiali cI. al. [3] dc'vc'opel) aill exact rc'pr-eseiit at loll of* hI fllc (,11 . 0)

c'Oiifigiiratoio sp~ace( obstacle I'Omnc'cl 1)*v two iiitci'act itg 1polv*gotis. lDotiald [22] cde-

vt'lopcd aimd iinpjlc'uiitc'c aui algort ilint f'or I)laululig collisioli fre-e pat us of'1 hivee

ditimeilisiotial p~ol ,vhiclta withI six degrel-es of1 ftvecdotil. Ill his i-eprc'vsenat ion. Dlloald
desecribed Ilie five-djiieiisoioual coils) rail sm-rfaces (stiluuauif*olds) Ili thie comI)lfvc't

s)X-dljuiiilsio)lial ccnifiguIIat 1)1 space. liajaj kY Kim [I] c'xc'lc'cl Ilie class of' mod-

c'lcdc object shapes l c'volicl p~olgois by clcvc'lopiuig algorit iliis to coits) riiclthle (x. q

oks) acic' boiiidai-v Fl.~ two iii)er-actlulg objects.ý rejieseltecl bv segiivic' is of' algebraic

ciurves.

ToIm) i-icvc' t lie uimiuit iiuu l' clOimainicc ,' mof ii~i iou p lall.)ij sYstem)s, a millibel.c of,

ic'eacli'i havec dicvc'lcjclw c'licic'tit algo.'iit luills lo cotliptitc dtl)h)1Ix~lmlat~w 1*01 forhl-
st aclc's *it coiiligira Io slhv' cugcl c. al. [ IS] il1lllc'liviclltcd it -c'al-t jlicl' illot loll

pflan lii" ug svsciii for1 p~okvgoiial ObJCCtS b lit i iliziilt Vi S exisig coliitpteitc graiiiihcs hard-
w\are( (dc't il bulffer) 1(o rastc'r/.c hIxc'cl-rculation dicc's (4ofciitacies lii cotiiiirmat 'loll

space. Bihaijckv Y kNc'wmaii [I I] clevc'Iopd amid IllmlIldiltc'cl algort lInns to r-apidly
COllll)iltc' aI)Iroxiu)atIc' coiifigulirat joll space(vlks)tacle.c'01c-nl -luklaipulosliv

iig aluiouig jIollxliclial coistacles. Loczaiio- l'rc'z k (i)omiuecll [52] litiiIc'cli ajiarallc'l

arciithccilem colIm ~ltci- to -aj~iicll ccol~l pute anid sear-ch for pat us aiiiouig obilstacles ill

at six-cljuuiisjotial conifigiiurat ici sp~ace g-c'ic'Iated I'or at sIx Ijuk miamiiptlalmo. Thl
achijcvcc gooid pcuornuic liv Ilt jljiziig iuilic'rciit svuiiictliesv~ inl Ilie silriuctliurc'ol colt-

higiii'af loll space~ obst acles ~for rcVcoliitc'jojill tIiauiptuI)~latcrs wj) Ii jutt'rscc1 lig axes. Ill
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oIl~dc Io4 (III ~ l i tI Iv ( 11)1 (I 4 t I a 114 I >4'c lýl i t(I14'11 \ I I I 41 I I I t1 ( 'I 11 It\ ill -Ii I I I I I.\ 'Ii

ma YI wC1 u EIf tt I c lY c 1 Iul I cd it11I I ~ ( I i 4c 1('"d IY I I Iit" I\ c/.l pa I I Yi' I '; I 1I 11. A 4o

Sensorless manipulation using task mechanics

"clstdoal'~' 4I1' l I o *cI 14 alu l a plal lal 4ij4ll "'lva il2oia"iI. '~I4i'1Ii

411"t 1111 li uav of 44)I~tait 1)( 4''-'le l\Va'- ' 11kl4)Vll i .i ofa1, II tc I I('Xt4'iI'l 1114 III .( ' 441 o it11'l)

A~'C IlIIII(T ol I .11 ( I'C li(11141('ý 1114' lI'hd llI(do e 4)1 de 1l1141 d1114411t Joll'all 14112hhil 1-4

(( t i l it. M4 11ic (ll l4-Ij IV i llId that\'l "I 1111 ll c jýI ) 11' 141 4l IIr'a c (II 14I I Co-'Iu 'I II i lol"4l I .11141

Seno rldbes Or\l iendtoing sild\~III- rpile I lalplllil.IIp li-lm
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it (1iii II lep thI alia lYSl, oIf [Cedting andl 011(11 lg teclinli(es lii genvi-iaI. and( ]il pai-liclllal.

li,1-.1t riltill til fo I he lvst ilig asp~ects of' palts. andl deve~lopedi'( t(lecimpii cs to) (i11)Ilt(

let lic IIolilifiplit (flilollli( (A' I'll'i-loni biowl feIl((((I'i 5svs'111. Thle milil i-esiilt oF 1 hIs
wor'k 1 a Ii handbook (itIe'(lOervs Indlexedl 1)'v a t axotioiiiv of' basic aiall geollicl l-ies.Ili

lialildhIook Scver.e as. ani essentia l loiil f'0ii dcll's1iwiies adul iiaiiiifact luili ('lgluies Ill

,naklimgai imda /mmscell'in lolOF fil'e~l I'i 1\f'5 dlld ge,(,ome iesI' apl'ol-rliale f~o].ia giveli setI

of' pal 1. "

I ii( (iAP4S) (Aidvaiwied P~ao, Oi-rietilt ju S stern developedI hY Soil.\ and~ de-

tat loll (f \ii-loltiiV f'ICe(liit, 1that condi11115 I sable 5s 'yivii liall wal-e with Ii itegt'ated

pallh't izuii anid par-t i ralisplr-t. APOS lias bieen silcCessfidiv appl)ied 'ii a wide vai-l-

(.I.\ of, imiiaiiiact illiim- vsstlciis both In sidle ulld out~side Soiix. [lie pr-iuuiarv chl leuige

ill lligo the svSc1I ('iis I lie Hilii al dlesigni of' pallet s thai captilire. So)11. adi1 hldO~ pai~ls

1hl-io aellllY thycieice It-: liii ('lesIl to 115 ill I lie (011 ext of' S'liaf1 dleSIgIl f110111 11101 101i

()lst jul1 ~ \oilcevic/ [5S] llescrihilm- ali Inicieestlung appfi-odlf thfat seecks ito fiii'lien-

litegll olell iigand wseml ~iv opeirat iw, 11 Its liasell oni at nodificat loll to I lie
h asic .\NY, ) s~sl eil ii which colil foii(I i tdnls are( bot h oncielted (Ind( assembhledl Ill

VbihlaItorv pallets whien. thle pallet S ale t ieivilselves suihiasseiihll ies. ali appl-oacli IlieY

ll'C1'C I10 aS '-ua keii miakec asscfibllv. If( afiot lieu nees u applroadl. Smnger k Sevr-
111-,14-11I dist limuuiisli and Sepai'aleI pail orilenllat ions lisiiig diflene lices 'ii I lie (Iudllmic

lilt ipt'l il' of' paull hv Ililiulilig) tlie partIS o it smiall felice pllacedl acr-oss at ilovilig

trIack.

Part Orienting in the Context of Planning

N atarla jail ]i7)] coli'i'Iet'(l at flil bel of gelielal I hieoieti ical anid couilpiit al ioiial as"pects

of' paitl 011111il I )t, as at Sel'li~less mlali plulatio)it t ask. E'idmialii k Mlasoni 12] 7)developied

Mid1 l it 1 1'lvll c I a !mi I "'iltIl i i l l at lll II Io ei sl' (gleic of se(lcie i*cisoi-le's I idv tIIll jilpIi lo 1 011.1) 1

dc('siW'Ic to place it raildoiil *v onvleitd haltI mlto olie col'ler, of' thle ra iiaYIi aI kinown

oulcllit at11)1. ( 101111 '('I [:~if] dlevelop~ed l algotlit lis to geliel'aleI se(fiieiiles of planar-

r wl12 a11 fict I'I*IoIll(S's par-allel jaw gipper- to orieil at polvgoial pallI of* kllowil

lIall i I Ilie plalie. \lt lollghlit a 101)0 was, Ilsed to) pefrl-0-ll I lie prasping iliot 1011S. 110)

Setisor-Based Orienting

1il1lielolis , 'tl cm-, colisist lgofolhiit iolsof10(5 (alueras. lasevs. pilot odllole,.

colil act Wil (Ill's, alt nat ols. ('I . have' lileii dlveloliel andl iiI'lceilt eli. ( otdoii [35]
f)ill ,vide' l b 1 1,t I:a ood C~I Iai)ile 01f all jut ('alatI'd Closedl loop oilenlit lg andl asseiiilil\

IISHIL tit11111 laser'. v\isioll cyli II anid aI loIMl as, well as aii ('Ncellelnl sili-veY of*

relale e'vIsilli I i anld liil ti g I ('(iifiles.
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Qualitative Reasoning

Ieto we'tt' I fit shafpe oIf kiiiemiat Ic padirs alit1 I hyii'l corr'iespondlinflg 1,1111(1 loll \\-It It I Iw' goal

of,('xI ral'd Ing dl)51 lati de(stl'ift lolls o~f'11111(1 i floll floriji,-1. Vall iigs 129)] jul imfiitv'd I lIt(
/)//(fri Iot'(lbiIIli)'!. a ii a I)1hi('t ltio for Illetfiali sil Ifii't itlcil dervi\ed I i-oui 1ll le1opolony
of' fi'vev r't'gj)11 'iI, lie 'onifiguriatiloll spaces of* Ili(' kinciv 'ci~ it f)Iiii 'oifsIlg1lie

!iletfalismi. A\ place \'o(alillfar\' 'oniisst of a git~ f rliefres('liata loll III which homiiivev

Ilute Icl'(iŽit1i Ill ('olifigl~latlloll sfpat( arc' l'cpefcl'5(lt(fd5 is iovles andv coilliclioe l b esl)1wteiil

1liv' l'('t!, sit~ls ales. fit' ll(, 11111t Ing graphi stiltict ily'( embedst~l a 'ompactd( encoim'-lii ha'o
1 hl(' I tooltog\ ' tIf l-('( l't"'itlos Iil v'oiifigiiat loll space 1 fiat iiaY be~ parsedt'II0of ()bdii 1 liv'

.Jtoskt)\iv' [If1] also) ist's bounll~dariesan (1( r'nltlls ill I lit coiifigiui'al loll s'paccv of a

ililecl'titllv(f to fu('lrist-1 qaitiveairifiift anlt'sisii 1ofi' mc laism be5 )lt(hiaviorsl adi lo. ttlitli('i

sfromd es' icrif)S o 01 ' f destt ired~i 1(itfa\l(I joisi fsI escl ~(tli I lth( Illt dlei( " out colifigl'-altt 'I

vfv'filiili 1 lie i cliait 'llalI'sis (onlifgllratloll sfpace. .It)5fowVi(' k Sachis [I15] t'Xtelided anid

illifpf(llic'ilt'tl thuis work oil kiliuiallit (ist o ls~ailils to Illcidle( lie df\luauui('i bhavliajor of
lii'tliliill.Owie i-esuilt i" ts , svsteui fou Ow aiiomaledt nmtdieiig allid auualYsis oI' pla-

hial' llci(''illilsili" (1511 of* tliaili('tl 1{iulieuat it pairs'. "hlie svstecil first ('01151 riicl s

fhe 21) ('olfigiral loll spa(e fi'O eachl kjieuinatit pair Iii I lie mcimutiuismu andh Ilien alllo-

Iala icallY t'Xf)lOres. h0t 11 II fi vnlaluii anid killemlua it bheav'ior Ili eatli of' It( coletipfe
ton figil-a rtol "'pi f ace regiouis.

lBolilrlic etI al. [9] uIsevh touifigiu-at loll s'pate as, at diomaini [o0r exaIIIIui Jig I lie rela-
I iouisfuip I et w~eeli Illciatli i ig I oleraiutes for1 part s andv I lie fl iid lolia lit *v of 1hose part s

ill at llechlialsislu. Specifiv'afl\. t heY searched f'or fpdarametrlit v'ariations1 thfat chiangted

I lie ItopIologx\ of' fu'ee Sp~ace regoloui Ill iiit hCilaiiisiii s tolifigiir-at ilol spate Ili ortder to
boll hi ighlight1 selisit ive desiguu par-aiuetel' andv to derive toleu'aliit (olisI railil s thfat

WeVV'( reClat ev di recttI It) Ilie n11cit ed let II'lllitloll of* ait \'eli iletlialillsili.

Design Methodology

Nev'xiuis &- \\ hut iiv' 1[,01 prsi'vt'i ali overv'l\iew~ avliv *''lics of' vet aliltI cam-s..v' v ()t iiivonIlive

dvhel''opiili'lit alit ll 11p'lcllc'llt at ioll of* co'11--('ii'' fiii d .9i/f striatvgies, for pirtdlit'I aild

proc'esse's. 'I'lie broad alim ofl' v'oliiv'iireiitvlglielii. is lo colisivdel 1111111 Ilelt aspe('t"

of aiid tollis lailits oil a pl'odlllvl * f'ili't loll. Ilai~lillfatt lIlt~. ivy'auil I lrevelit I.\ dlkposal

as eal(Ix' onIll I lie vh'signl pl'ocev', ws pw'-'Iict.

Onie al'eci of' ('vlli(ill'l'(lit d'ýltl2l d('aihilt u i \\Ii fproduthi as'e'iiiblv\I i c' Ml I''igi lo' a'l-

olog[Iv's conlsist of* case~v ,"tiivliv'. vly'I'.~ll i'-i11c ,iv a ld 'ui1'ilt iv' aiiii'll avl r'v'lcllvilig, Ili
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over1all iiiiilllbei ol' ('oriplleoii(i pail s ail(i l'a.t ('11(1 ill a product (1 desigii1. as well a

iiiakiii, Ilie paits easier to ideiit l~ anid orieii l .akiela [12] Imnplemienited a des-Igii

eIIVi roiiriieiit that liiilizedl elicoded (lesigil1 1,oi. asseiiil)J (DI).\) rildes to illake sili.-

gest ioiis 1,01 (laliges to I lie Ipiii j111-ut g('oiie ivs'l session iigtl. (1i
al. [80] presenitedl (le aile(l IliOdels. aiial , ses aiid exp~erimieints oil thle perfori-11liaric of*

vaiiiolis (liallitfer profiles5 (hlirilig thle oiie-loiil (ont act phlase of' jeg-ii-liole asserli dv
( aiii [I 6] c~aiitel lied ti('ft of' a liilliiilel-ol ('lallit'Ce p~rofiles oil t hi('jalininiti arnd
we( 'Igi ig ch a racte(rist ics of' plalia r pelg- il-I ole asselibi ihv duingi tigIwo- pot iii conitact . Dc)~

IFazio et. al. [21] have impldemiented1 a fevatiii based iinteiact ive CA . l) ivivroliliriiei

f'Or analyzing lie assetlillatbttitv of' parts usin- a graphl of' htaisoji (larii icdi )(ill(

thle (el('s Ie relat 11ionlips ~ )etwe col~ 01lec't ions of' parts5 ill order ito select It ie prop er
asseiblll sequieiice.

Simulation and Visualization

'I'lli( primirin r Iole, of' simiiilat ioul Ill (esigl Is t hat of' iiiodet verificat loll aiill troll-

1 deslool Inig \ ia expf)oi at ion of' I lie funi lioiial p)ropert ies of' I lie( s ,Nstem tindii~er (01 idi~-

('rat iou. Oile oflie (1 iftldcilt res Ir'(fl('iuitl elclilev ('i~ii(t'I ll sillil~dalion IntvolV's Iuilitr-
('iii v (Ils(.oiit i riuotis tplicllol iii('loll. suiili as Impulacts. t hat restult Ili (onst anlt c iglig

bol)ii~lai- conit~ilions t hat I-equtie hen('itiet cliainges to thle svste en Iiodel's.

( ;liiioie k St veil [33] dleveloped'( a srst 'lli b'r preict(inttg iliot ioul 1iider 11uuti1ltie

(his(oiit iiiiOii5 Coiitacts lisilig at ril(' b~ased( algorith tuiihat (deteirmines chiaiiges to (,oil-

sI iainiis aii(l ault oiial iWallY ief'Oriiulates thle (Ivnainical e(pillaions a-cordiriglv. The(
s~sleii was applied to t he( aiiahxsis of' at parts feecder f'or plaiiar p~arts conisistiing of' a

se('(ti('ic('of'aii~gledh ('eiices. Doinald k Pal [2 1] litilized at siipiile(1 coiitiguriat iol s'pace

repriesenitat ion to auiahvze and~ sliiiilat(' th mi' ot ion of' rigid planiar parts5 withi coniil~l-

aliit clv(iiii('te ('I sriapu feVatIlires IloiiiOii iii aplane(. th'le resIultIIIlIŽ systeiii was lisedl

toli('lt iedc(sigril I it(' shiape of' I liE' inte'ract Iiiig plainar p)arts forI iliore reliable' asse('iblhy.

Siiiiilat iou l('dliri(ri('s have also been'i appllied li iniiteract ive graphlical euiviuoui-

iii'its. \\itkiii l]iiit -wi0(li it(( r ehuOrimiilai ion of' dynramlical anid coniisraint c('(ia-

liobus de(scribin~g t s~st('rli so t hat coiist iaiiits could~ be rapndlY added'( aiid reiiovedl

ats thle v('fiat ons wcr'i Hit ('gate ('(I iiu riieiallv. Ill o[Iic aplictat ion of' t his l('(hiut(Iui('.

av it is(i. tR'tit'la l('dhuiit(tI('s d(w('('tope'( Ill tll ti( idtll\ ('volvtiig. visrializat ioul field

tiav' l(,0iiid apptlicatio M~ t" sch tivv(r'~ ti('lds it, coiiipillal tonal flitE1 Ili(ecialiits. lII(C-

1 o'oiolov.i'oi(''X itIu.ul iijita Ioa Iolg S('e' Patriktatakis [6l; I' o
1111i11C1,011i1 ('XaIIII)l(S). Ill alt Id4~ tI 114' C Un~ oal of* SM-ch teChiiotog* Is, to repres('iit
C0ii iph'x\ or large ses('t 5 f ata withii tu a 11liei II'lrere esit-c 1atll toiIhat a id, inl reasoni iiig

at 1011 anrd uila ii Ipitt'l li I ig tb dl tta.
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Particularly Relevant Work

lI I I II PIi.l). thIes Is. Hiost [I 3] (~e\(lojped a If I i IlI (IplieiiteI felIdali e\actI rep~resenit at lul l f~or

I tIw (.I-. yi. 0) c(ifItI giratloll sp~ace' 01s a5 cle t'Oiiie( by\ two ilileI ract I I m polIvgosI 'ifA Iiik(
(oI IIslsoli- fre plIalfillI g, a p plIIca itonis. I rost * I fitpcinvl i itatI loll'OIIC MIiie~ Coill li' 10 rielu a

41(.1 ail Ied III l Iof lIl co IstI r'a I ItI lefplsel It a Ilt Io. IIcIdI I(III g thle Iiieclia II Ic' of ob~ject ('of Iit( I.t

that is sliutabl( o 1,. Ilie detailed aiialvsIs an d p~lanninilg of' object liii eract lolis. Ill
add(ltloll to kiiieiiiai ic (oust railits lbetwe(eli Iplallar object". Brost dlevelopedit'l seriles OF
algorit Iimis fur (ollif~itjg regiolis of 1)ossible sttceaillruli~i~l b~ounlded regiolis"
(lefllilig (oilifiirat iolis re'achaled~( fi-ou Hillt lal posit oil,,lit Il liii fpreseli(' (4f posit joiill

adll controul l11ciicltiiit . Brost applhiedl thles(e algorlit 1111 to th lie asks (If' a ziig
alldl flalillillig, robot p)lihilig miotionis alidl dropp~inig of' parts ill! o orielillilig) fixt lires.

Tlie r'('preseuit at lolls anid impitlemuentlatioln de(velopewd 1, *~ vBrost prel(ceded'( ths pre- Il4

selite ('Ill I his r('Jiort . anid t here a iuibeofsuiatie iddifi here lices I et weeii Ilie

t wo. Simuilarit ies 14(1wceli th I \l' I m piiiflelliieui at tows5 iiiclide:

"* Botl Im iulflelwllet at loll" 'onisidler Initeractiouns aluouig objects mlodeled as polv-

0go(its mloving liit Ilic planie withI thlree dv(lveg 4 of, fl4'('(olil.ý

"* Bot Ii ililtpleluieillt at ionis colltiflf c aii exact rep~resenlt at loll of' t lie kiiieuniat Ic, 11-
Il( ii coust ia jut S~ufit"C(.S. rej iteselted ill (x. y. 0 coilltgii ia 11011 space'. produ 1ced4

"* BothI Il ijleiiieiit at lolis 1110(1(1 lit(, iiieciaiiics of' ob4ject Iii! ('aci jous. iiiclidiiigo

(OlIl~loll 4 fijI!l loll.

'Ilie pritiliarv objective of' Brtist' Ml uileiuieiitat loll Is I lie ailitoiuiat ic coils! ruuctloll

of' planis. colisistliugp of('cithIet jpuslinug or droppfinlg illotlulls. rej )resenlt '( geomlet ticall '
as r4'gioiis Ill c(*(Ilfigtiralloll space backfprojectel furoun specifi('( goal states. T Is i
fil coiltrast to tl 11' orward jptoj('(ti~lls fioii spec'ifie'd st artlung posit iolis/r('giolls t hat
al,(, (ollnipule 14\ , cspace-sliell f'oi I lie( plilposI' of' \isull/ala ion anid aiialvsis bY a ulser.
Soll'of t Ilie sjecific (lifl('C('lic(s loetVe(li Brost s impfl(lleleitatloll an lict14 cs'pace-sliell
imlemen'li(lt at ion prl(s('ltd ('Iill tfisl relport Iinclude:

B hrost treats thle shapes (41 objects as static variables sinceI((' lI., l5(icerui(d wit I
p)lalililii.g muot ilouis for1 objects of knowni shiape(. lit c-space-shiehl. hiowever'. it is t hi(
llodlificat loll of' object shlape(' t hat Is of' rIIIuuat*Y (Ollc('tli. A,, a lesillt. Brost 5

iulplel~leileutat joll precomlpultes the full top)ology ofI* lie (olifigiuratloll spa~ce (41-
st acl4' whereas. 101r re'asons1 of* (olutll at jollal speed. cslpac('-shl(ll (ollpi)lt(es auld

dis1,la~s l114 ((Iuulhl('( 541 of' Ml(lividulla (onlact f'a('ts. blult oiilY co p0111 uis t ie

plIauii. .'iiuI;4((. II1,1li(( er iI.,i It( ho 'I)II6il iooiieraionoiioi 4O Ijiliiji SlippIt(I4 11c tho 1(0 Iiiali'( ijliS \\.ill)
;I ii'dI-iltinit ii p ~ on inii polanue 1ottti11o. as w~it It I lic I rack iii I hie hooid feedeolr cxalhlo~s lit I huis ro'joool
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local tof)ology ( fdcel adljaceiiies andiilt iii(sect foilis)J that affects tI~ fle iii teia(d

0 Brst v\pI~IIIYconider all flidel. IliiiertaiitvillY I I"11rsilloa

plans~ thfat ale rotoiist. The( pre(senit iiiilleillental iou of* cspac'-lshefl f)(1iolilis

0IllY exact niumierical (oilijtitat buls.

Ili 0folowvilig is a (oll aI., Soil0 1)41weeli sjpecifi((? )utu . li) I iileieita

I iou (hlighilighied ) and~ cspace-sliell:

((0) pioduices all exact fluet ric adil top~ological (lesclift loll of* I lif( (x. . 01) kiliellat i

iiiol foil contis raint s l'Or I w() Inpu~t j)ol~gois. 11 Is compjaralble I o) I fi( ' acet gelier-

u1 ioi anr d (local1) 1opo )logical chlecking~Ž pe('11i'illed (II111 ig 11)1 tiooll Ill ('grat ioll Hn

csp ace-sliel I. How(Mever. 5its ment ionied a I ove. c51)a(( -.'ele doe )le' ot priUUompi flll

I lelllc fII lop)Oogv" of' thle c)lifigiliiatiolo sp~ace obst1acle'. which Iliosts I ilell)Ieill~l-

1411011 IIIIISI (do Ill or(der 1t) fperf'Oi'l hackjoj((!io c( onipwutat tons.

(.1. Lll( ) compf~utes arid] labels regions oni ilie Si1n1ace of' thle montion constraint set

that maYi corresp~ond~ to stat ice(p~ii~ilib iim findier spCcifiedl appl~iedl forces and~
iili(('tit I iit V. T here Is notfili jg (irectl o pja raMeI( ll (spadce-shlWl. althloiughi
stati i(peuilibil )ilii (wit lioiit lificert ainlty) is chieckedf (luriig motion initegrat ion

Ill O1(1(1 it) eletect miot ion teruiliatioli.

(UPI ) produwes, enfergy '-piiddle~s of) t Ifw siurface of' I lie ])not *)of consiO ralilut set t hat
(efelne t lie set of' thu l fil osit buns (adif orienltat lols) I' iouui whichf all olbject miaY

he (flopped iii a gravit ' field anid still be gtiiarinteedl to comte to rest fii a

sp eci fied lfocat ion. Iliese('i lelgy plifddles are (e(quivalenit to thle couiseivaltI e

eniergy bomuidedl h'rwairl project lolis (h scri/fld liti Sect oion 2. 1.2 wit lIf I . Two

Implfort ant (differenices are thfat 131) is at feast fpartiallY Implufemuentedl anid that

Iic ir esul t inug regiolis are b ackf )oject ed . i.e. are genuerat ed b ackward 1( 'roil i

(eiedgoal statles. Ifhe enlergy boun ded Ior1walrl pr)oject ions, ill thIiis lefport

have not beenlI iiiffllelltcl ed.

(HI') coruptues backprojected iegloiis 1)*v exfpaludilg lue set of potiutsm oufle suirfaCe

of t ille conufiguruat ion space obst1acle luroii whichf a dlesiredl goal will 1)4 re'achied.

ThC ieVsiilt lig sillflac(' regionis ale. I hele Il'fth [lroi 111 Iie ordfaceri 1 to 1,0iiu1

volumlles ill coniigli rat fion sfpace thfat dlefinie thle set 4)1 Iitii al poshi~lion (aidif

Orl'eitat jols) fr-omu which anl ob~ject iiaY he rellaia, v fpusliel jIito a sfpecified

locat ion Ill thle jpreseuice of 1iliceit aiiit '. HI? I',s Simuilar to. bilt Siguiificalilt lv

more14 genieral tiani. thle lillleiicallY initegratedl Forward fploJectilowi (omillfltei

1), csfpac('-sllel 1. Ill addit ioni. I)IJ call illodel huighuer nider. (fidiic ~hiclAas
I he( fpies('itilfl mplemenlt at loll of' ('sface-sfieff assmiiles onilY (flasi-st at I(' 1111 lols.
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Amol~ (I ici 104v 4 iti\I et tF esk Iw i larl a po t ~id I"i ot his research w aisl It les iett ill alI

1(111ik ttlit'e( rel ttsearch 't in ii I lYi L alolt'jM c -71.wh rl seIh th lleel

tl('(lt jt'l 1 *1cliou h 'ris ll shi'.lll(' il~l jle s toIt ilitloll i s cof I ns i'sai olt' ilall( lcviw of: fi

*rc' Motion Cosrint Based Tlerchniques fnoril thenin D~kesign H of '( Fun iona
q S hclvliapes. holt uesealrch ha~s deIintsit sl 1¼11t'tl I hinat Iitit in wi ch oit uaiitt' p uia\lie

hclIiuttI itIllal liiu

* Functionally Constraint1c Rprej~~ iIsentatio11ns. ile whave t'elevo'Iuip io uta wierea
ch all\cei/( ple(i dliii ilicIj utlo itutal h as tt('cl I~' Th1( oia e~e el tluse It I-ntlils

wi totloll to1list lais i t t I ca lit'r ttiitu wj hichtio the tuIc aitis l iwi io i lls (Apars(t In

(t"f io ith p allit wolt'tiihbc t:I~ )osl l igi ol dl) ths vili abt la O' h)vt al('(te5 p arls bex tts. au
.\ow IPoS pa)Fths cFcc halt t' ('(11 ltl,_s. t'(csr ~ . ewllseil('l

no Dle sufignil Toolltls adMthodologries fot Gneat ic'e ing~ Functl, ionl Seahapeve

tInte ractions.( Ie (i isprleveone aI a utolcl litý lontept ii(nIastol treootsI haito tile? 1lot It It l(

ail (A ttl et I hew r lecibe dein th is repot.u u~tletsdtttoipllIasftiis

L4 Conptaibtion oflnar Spor th.e Reseaorechai(I jitIa gr ut t

(oI~tail pitt iti jmieroitlitm forto suttw iir ttoign am!hieo in a& r patrescilhalions lt( lootak

ulv loluthe[o I is (110(15 se o t l majort co iilin f. srsac
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"* Lower Dimensional Mappings of Transitions to Higher Dimensional
Motions. We developed at repieseilliat onl that Illaps thle trliuisit oll uhI l-owl mei'
([0.1*. colist l'aIndlh( mio olols to0 Illivighe u.o.I'. mIolMI uls it a 'esiiii (A elallt--s '111

ld;l IlIitaI S I I pfMolt . T sIIIit lIa)fI)II "i t IlIOWCel I lie v('klI III lal it'llal'a(IelI` sI ol(' oI IuIiplIex
0lhjC('i Illol loll to Ihe ('aft Il'-e(I \\.it li11 a silllf)Iel' rei-f)escili al loll.

"* Interactive Computational Environment for Functional Shape De-
Sign. W\e developed anld I~II)plen ivll (d all lit lat i\'e colli pill aijotial eliol-101

111(111 1,01-slia pdesign based oil a *liedl'. reval-i lIne~ moit lull colisli lllitWlu'ull .

\i'islliaiza loll aind liallif~illa loll 1tool. Thiis s'si ciii also (l(1illollstirated that Ilie

'oillpifllat loll oh '0constrainlts Ili 'onlligtivli'ai Il acc'. lot' ol)jeetý wxith Iiiliree de-
"gleeCS oh fi'eedom. mtay' he 'om~ptilted quickly for' 1)lalar ob~je(ts of* -moidct'aic"

"* Functional Shape Genieration by Means of Swept Motions Doesn't
Work. We Illtistirated t hat shape gwielleat loll tec'hnliqules based ()Ii sweptl Iliolull

of, ll~cd ,hlape ob~jects ane not gllal-allt(ed to pr-ovide lie jitietded IllotllioCll ((I-

1tI ili . Ilst tatilliŽ. th lived ('ee.I" f i mote a('('alt'an 'dl ('olllfpletc tecpieserit at 10Il

I[or amlvzlal\'il and ýsvilitliesitimil, .iiapelm l i'cll

"* Dynamic Visualization of Coupling Between Motion Constraints and
Shape Parameters. WVe iii ilized Ilie ab~ove comipili at WIiial vllvit'olilllllll to VI-

silidfi/e. id(1111 lv. a lid I li claci vel '(xfiole I lie (Ivlaidtii( Ihat illc o4 conistradint
('ollplillg. W\e 'ltiiiodhli'( ( th niio ot, of (lcll li(s(015 railit 6'lslldld ina
HiilW 0C~o xliiilt I l(lielghlbol- hood of' a point ill designs~(eallli2l

fI_ Itq Ilgte iliflclevll Illimiaion lotld l~ cotilsiraillt, on1 aclie\'illpit a (lilved set of

1.5 Outline of the Report

( hlafpt( 2 dle\'eof)s ithe 1 Icall(d (I llot loll '0151 ailit I-l'('f cl'e itat iol" for I lie u'laýis of

objects ý I fiat fla\' be Illiodeh'd ats pflatiat' pokolvgts \\it Itii a lllillililll of I filee llcEl'e(s

of, fl-ee. ill I1ýko t ranislatilonlaI. olel('tot atlolMia I. 11ie otlolll of, II olot l ou (1 st lal IllsI

eNtell(fed to imfclldchboi i k-illeililaic'and tl-klelii (otlats.and various, tvP(e1

(41 mlot loll f'Onvl'lad pi'oJect loll alV developed for1 varlotis mclit'hallics mtodels.

Ciapter 3 develops thle 10111'- afpflfhai lol dotitaills initroducl(ed lli Figillre I .- : (com1-

phialli assellif dv. virio h owl- feeders. assetitffv fIi Ile-s. aildl~l iA\P()S \'il)rl'or *v

fecedingo Sve. '['lie itlull ('Olisi c ll"1ailit leplmesemlloiatios (le\elofled in(lid fha)tel' 2 ale

d(sid~~a\'(' ill visuial fo0lil1 anid Ilsed to alial v/e and lecasoll abouit thle Illulet jolla1 cdial'-

a('tel'lst ics o ('Nalhxiifldcs frloillcc (Wdl of lie apl),1irat loll dolmlllis.

hljid i l' I ext em (Is leith 1111t v of itle leprieseit at ions ldevcloflwd Ili ( lafpicrl 2 1,*

fl~lt lodlicill'i- a selies of' t~ool to llaliplllate thle mtotloll (ollst tallits, (lit'e(tlv tIolA'tli('l



WI t li I 'Ir ni "Odyb11 1Wt ig s im s i h( s (XiIIl(m I aw api k it ii~t, I lic (c ,,i ()f pt t 2:col ()f fii h Ii

t tii licit ,'I I a e rl It I Ii wii ()f Ii 11C CNit tiI I It'I) C (l 1 lI it Ii Id I l I l'( I ucic itt CI I p l er 2:l (jt' i I ,i ~ Ii iai i

d( hlldi\ it)i ldc. til ý I ll(' il pli' iti ta l iii it 111~ci I il. 'itlix ' f li A'l its ii it' iii -,

di h Id la )(a ('i au grat's ls' li ii' wo k aiii H I It ll lat it iiiol ii t I uti llcit l i' ( d, II it l ip licl



34 ( hapl(v / : Iniloductijo,



Representing Function
Chiapter- 2

lIII tIis chater~ X\(1 wevill develop i lie r-efreselit at bus IteICessarvY to (afpt iirc 11111( oll

ill I (Tills of, illol loll colist rajiti . Thesc r-ef reseltat loll' wvill prlovide I lle fotijitfat jolt

111)011 whtich we \\-Ill (valliate an ml~ lalliJplilaic( botili shape aiuf othecipraie(T as

1lteCessalV to0 achieve (feslire( f'itict loliaf cliar-act (list ICS'.

2.1 Functional Motion Constraints

Precise Representations of Motion Constraints

WCe oftelit use terIlls suich as, quit/f. *1upp01I and~ / 41 IiI ll (lesclibilig t lie I'll11(1 i10t1

performed bYI vIllt eract jolts bet xeeut shapes. Tfhese Wr(Ilts arc lsefi It) refer to (oil-
st raliltt oit seIfic siil )(fa"Ses of'110 Iloiolt5I itat are (lilailtal *\(I.e\- (isi ilict wit Ii epc

lo tItle j11cit(ldedl fiiiict joit of, th fco(ns1traintt. 1 Itfolt ut1tat (iv. t lie llieailillig of* Il leie (11
(oImII(tIil Ii fthe (0111ext of' oit(, examlll~e m~a * be difieCreiit Ilt altotlr oi(. 0 e(filivaf('ltt

loIt te Ite iiaililltg o f, .'app/Irlt vet, allot lt(1I. ( learlvk I hte seuiiaiitic of, I It(, abov ( weVords

alre too vaglie antd imprf~ecise represelillat ]oll Ito be siujtable f,0l a((uil-alefv chiaracter-

bi/itg fulitct jolt. Whfat we ltceed Is a Iliole Iplcise( lrlpleselital at i a iiiodef for1 filltct lol

replese~ltted lit tertls of' m1o0 ioln coiti ratinit.

( outsjder againt Ite f'asIetter andt driver e'xamplle., jlt Sect jolt 1.2. Ili descllbilit-

Ilie fillllt loll elllbodljed Iit I It(, fastelele-driver jnterTact lonsIli Fi iglls I . I mlid I .. w
adopted it l-efpesell al lolt based olt I lie space of' paramleters dfescrifbitg refat I\ye object
positljoits. iThe shtaded regionls jflutSt rated Ill I ltese figill-ce. l-epresclttedf dfriver potsit j0lts

Sthat welt'Illtlacltalle (f1le to tItle fpeselict' of' t 1tt screw litad. attd t he I ollltdariev,~

boet veit shaded focchitded ) anid lllsftaded (free) leiolt .~ ~ e~le jteua t()1

"stralilits oil thle o~bject 1111 oltols (f1le to (0111 actI littelact jolls bchet eil ftleiu hae

IAotkjltl at thIese bolllidarjles allothc bet wiy w uav t thIem as tottslrajltjlt where

01W1 Ob~ject canI altd ('On 110/ go leclat lye to altlot htr.



36 ( 'Imph)1 v 2: Uf pief '( /.I'ii 6011' i

Kinematic and Non-Kinemiatic Motion Constraints

F,- 1l1c ill 40\ I I tc~Ill dll foU Iu kitIeliaI11 ic to c1w1 4 Iit1Iaittiý ''II lic 1(111 1() (;a i 1114

Ilittl l ul . II~id l I u~1 l4't 11 'Na~lliple of1 it cl 1J4 ~I I1112, wI i a 11414. \\( cal sdii \ I ]till 1 lic

iIIl c'ra14 1441I 44'1 w4'('t 114 h i4'I 1114'a e o (I lc c d114 I 1l 1 I4 1 lhi cw14' ((II atw Ii" he (.1t ) 14 1( 1 dcIllal

Oll OV flhoir 1114' ýtI I'. 'itlface. I'Apre4ss('4 ill l S pae' t4'jlt'S4'11 Ill,111. 1c Mi'j44t 141 dll

('Nd 1111 4
1
Q5* I lic( 144)1Ittl t4'I 4tQS('111 I I l ic I 114' ((411 Ii)I ()f. I14 he tj clp lla\ pj4I d44( atl\\\It( A ill

lie I'l-c 1-cl-R)II I'w lldcd b I lic c l~l ral i It tllil cý 144 ,11 1(d b i 11 r c i ilw

1111' clip atlhl I 1 1' a le.tt1I whlal 11XV' wel('\V. wvishI to4 allt"'\vcI 1114 (I11('51Wi44 ''4104'"' 1114' 1 d~il'd

J44'hdXI)t (of such a SYv'Illti. \\lal *Ii tssIIiu12.t all addlil Wottal (,I* o non-kinenmatic
1114 It4 l ct,411 1 444' l t ifit" t, lId! . \V114 t 444tllit14'41  XVilhI he114 kilcin'lal 1c 1111141 Wi 4t c(iis rit1ili . wVIll

('(I (1 141 '114)1 Is.

2.2 A Parameter Space for Motions

I lveii, c IdI''144tttd 14411 ie al4 1114' e II111')'I 1 pda\il 14'Il'44114 4N1 14S' l(isdl i\4' 114411441

la"l' 11V4 w'II l'' l~ 1441 t1141' Il' e It''4'4 14, 41 'fIth4' w j1 'ill be1i4I41444 ww 14411lv 'Si dv~ll' i2.I\4'tl d"

hl44)it ll ilt c1 14( t 1144 l tI' 1\ lies co jig '41(41l i l4'' a 444111i2 whichl ill il~d4. \ \'td\ 4,I11(I

1114 4441 l 2,l i 1 44;11 *M 'js ill''C 1(4111it) k10 1141c 1 it Spac ill wh' c 4.144' ar4e 1)('jI 41'4ti I!. 114 1IS

I4 It, (.( ill1141 4441' 4l'l111 1ýlctidtli I f 'S( 'l11 ofl114111' \4'1444I1' a c ýp c( ff IV 111 1 I cIll i ll(-) 1441 t llltI

.IIllil1,it (1411"cc XV'llak liii 1() t114( I"'IIl1( 4)114'aile 44l~ sac 14 sdi (4 t1('114 de c11.1~ Ow41'4' 1(4 14'
(d,'4 i ll d 214IdI k(1'4 11(4' licl~l~ ''4 n! 114 l 4l(dl I ic4 j4' il d 1441 (1 11 ltl.1*(4\11 . 4Illa4'4v

144s WC.1 4''a ' 4( IN 1. 11 144 1 41 nc 4'4 111 14' w ýI" ll (me1 () 1pal4)f411r c ll )je lý 1 I(
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('olibnl~jiat s of'mlt111il)le (co1ntacts and~ I livii' rlaLt ioisllil)5 to olie aliot hei. III the

dIisculssion that f'ollows we wvIll asstunie that both OIlie miovin~g andl stat iouiai objects

ma\' be modleled as l)lallarl' )olvgois.I

2.3.1 Individual Feature Contacts

WC will consideri eX j)l ('it l oilYI thle vert e\-edlge (contac1t c'onlfiguriat ion ]ii mi odelinug

thle HIIi (1ac l(olls bletweell ind~ividuial le(at ties of' tw () jliaar' 1)olv' gouis. 'I'lie two other(1
f)055 le fe1'at ure pair co(nt1act conifiguratijons oI'O N)ania r jolvgolis ( veil cx-veilCX and(

edge-edge) will be t ivat ed as boiiidarv cases to lbe relmresenltedl aiiioug Ilhe set of*

111111 plelea or cot at jt eiactlious dlisculssedl ill thle uiext sect ion. Wit'Il the iiioviiio

f)ol ,vgoli labeled as Polygon A all(l thw stat ional'v lmolvgoi as polygoni B. we refer11
tIlie tw\o conltact t vj u',s as type A ( al edge of lPolvgoii A I oiclii ig a yertex of' lolvgoll
13) anid type B (all edlge of' Polvgoui 13 toiwlcinug a vertex of, lPol goi A) (see Lozano-

P65rez [19]). F~igure 2.1 illtist rates thlese t wo cases. alonig wVithI their corres~)ii(liiig

Ilootioul col ist ia iiit so ut 'aces ini coiitigmr at ion siace. whliich we call coniat .1a( /(' .,. Eachi

Facet rei nesvilitls Ilie ('01111)eleteset of' I)05litol)i5 ill ( .r . q. () of thle n'ef'erei i(e 1)0101 of' thle

moving ~olvgoIi 1,01 which'l t ie COrreIsf)ondinig vertex and~ edge feCat tires will remiauil

ili ('ont act. lFigure 2.1 illiust ratcs bothI f'ace(t I vpes alonig withI t heir corres~)imi~ldig

Mlathlei at icalY II .tlie (cont1act f~acets ale I-Iiled surf-laces generat ed bY sweelmi ig a

hoillilded hule seguileiit ('0i'ies~iin(Iiig to a 1)ol ' goii edlge t hrioughi H ie (.'. Y. () couifig-

lirat loll sl)mie (see Sec't ioll 5.3. I1). F~or tvl y)e A f'acets. all edge of' thle muov'ing l)olvgoii

('a ii sl ide an c11(hanuge orienitat ion w li ceii(onta(ct withI a \'ei'tex of' thle stat ioiary

plmlygon~. n'esi It inig ill a hielicalI suirface as sliowni ill Figure 2. 1. F~or t v' y~w B facets.
at 'ert ex of' thle mov'inig 1)ol 'ygol ('all slide 'Ili ('0111act w"ithI aii edge of' thle stat ionarY

Ipol 'goii that muaintainis at fixed oi'ieintation1. i'esultinig ili a siioisoildal surl'ace ats shiown'.
'l'lle boillldaries of' I lle f'acets n'Clmreseiit the lifilitsof, umot ion ill whlichi tlie t wo f'eattirles

IllaY leVllaial ili 'ot a('t.

fil til it i vely. tfle cosistra int f'acet suu'f aces bheiave ill Ilie sami e w"aY as rel'aI surfaces:

for1ces apll)iedl to I h surf'ace at a floilt genierateC oJ)J)osliig r'eac't loul forces. slidinig ulo-

Ilollis a loung I Ilue sl u'face ('all geuieiat e f'rict ioial I forces. and~ mnot ions mia ' 1 )reak ('onta(ct

w~i H ) Ii Iot 110? )Cuid at tv 1w suirface. I'lu I ike ('olveni I oial a . 01' "i'ealI surfaces. niloot l~Is

ili 'onita(ct wit ci(ousti'aiuit f'acets cx~i'tl'(ombinile ('onilmneliet of' I rausla loll and~

rot at ion . As a nesil It. at facet 's ('iI uva tllre Ml thle 0 (fi 'c't oll u'eflects t lie wrc t Ibiolighu
which thle i'efceu'ece fIoillI of' t lie mioviuig ob~jec't will move diur'ing ai't roatiouii Fori't

tvl%-)(- H3 facet, at large degree of' f'acet ('lln'a'at nu'euesiults f'n'oni a lauge (list auce f'n'ou Illie

u-'VIeeu ll('( poinlt to t lie ('0111a('tilig Vert CX. IlittIe 01' no f'acet curivat iu'e ('ol'l's~mldoll Ito

'W ii0f' I hal althImiigli we' ('onidisil only phlair iiioi iowi. Owl~ objel.'cl thmew li11:1\t' bc~ 1,Iul\
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a I41.h'l4'i(4 po4ilii \*(,I,. i14'dI th 11'(outact ifg V('rl(. A\ IgigI1 t\*4. 01' C(MtClV4. (lIrIvat ilr(
(4)i4'.(4iIl"to a m-i2alv lV4'A(lict 41I' troiii the4 Ie14'ýI'('II( point1 to II~ lic(oiltact igVe'

4li-111 4'~lr Is m.)1114'Wa llat 1114 coill i)i('X sifi('( thle (ist dll(c '(' il th11Ile iollif ol '4)contact

,peak ItjlI,-,. I I4 ~I(,gra (-I I I14 dicIIslt Iuwe( fi'ofII I I lIv' .o It act jolI It t o I !l( i'eel'('l-c(' poilt I .I I1IC

I )1'(I I i\4' Ill 111 ' fd4'(

114 I 4' hekc" and' 'orre4spond~inlg 'ontatd' con)1figura't ions shIownIl i Figure 2.2 iiil ,lv

a cefal'sIld st! of"154 tIl 111)1 4) staI al~t V or, just ablult wit li ies-peclto Ithiriu curivature. \i

l) j'b4't I'('l(ased IIlI (.1111(1 c'onfiguriat ion (a) or- (b) would be4 iuist abl( 1' \\ W(- linl"Iaille

itcl Vii \ diig1owai'4 1the bot1toml of' IlIev figure~. Byv anlalogy. it 1)0111 oi. smtall ball

pIaeofI e)1 'I 14I fr(' I )1 111'face'ts juIj (a) of- (b~) would 1 cud I0 osi~le oit' roll (Ioff of, I IIc 'facet.

I"igm-ir 2.2 (c). ouif 1114'ot lit'i hland. filt itill velY seetuts to be a mlore stable coiifigiir-at iou

114)1 I 'ii tijaillitalliull gi 114'position11 ol 11'OIoj('(t shiowni as well as ke('jimthg1le eqlui\'aleiit

polf)4il or1 ball at 114 Ie ot bill of' t ie( --I t-olgh III I ll' ('0I1Ca\Vef4e WC \x'III explore SuICh

hi 'i i 'et rat usof'- (A'01151 ra-it I IIacet shape. as we'(ll as I 14'' [elcts of' \'at'ioits d'.'iilahliW

il114ll441"'Oon 1114)1 bs Ill cont11ac't witl Ill 111'fa'ets. ill lateri sect'ions. Our pllrl)4)s-cI(' 1141

I,' to) if.\ 14) (illve\ all! j11iltlitve 54I1('lou' 10114 she r(1 -1114'r atid jilt (prel~t41at lol of' I lle~s

2.3.2 Contact Supersets

FI vp' A\ aiidl !Yp' BI ('4)1tralit l'a'et 5s allov\ Its Io repn'4'Ii'5(lt all possilvlI'm/ 1.111

f4'11 1114' co4)it( Ils b('tlwe'4'i two pok-)l\'41s ill 4'01lifgili'atl loll spacc'C on('trls)ained'41 tolotjl15

I V) iA IIllV il14'hIC 410'1t'niiib 16nti .iif' o atid /I-w'(Il.t/0l.% ho')weel'l lildfividlial colliaEt-IS. \VC

IeIIc1. ore oi'' ( i'4ltO) b)4 al~cl(o It) rsv i''~''4Ii 11e4 I-ia(la ioillhilps aitolig coll1ect' lolls of* feat Ilre
(.()Ill act' a is well asiiltv.la conltact colistirainits V1gui' 21Ilis tsa1lt1l4i

o[1 ad jal'4'ult 101151 ailit f'ac('1 5 i'('1)i('4ti fig 'olilta4's aillolig co4'0114'iit ive pol\',goil flea-

11l'4'-. 14'Il( homlillarj's 1(' evt Il''4i( 114'l'ceits mlark 1 iaitsit l 14114'1ltacl5,i I tis c'ase

Cit er\4i14X\''4X4) '1(-'lg'(01d' I hat call I hlerls(lsc''sh viewe4~~4')d5 itst dv ri'c

cont11act co'4)ilit oils.

Fiilir4'2.1 rei'4'f vi'4'54 t s olb4 l 4111't lartg'r i11114)lI ('till~allillig ticll (011la-illt f'acc'1

f'4)i twVo jilt 4racl jug polYgoils. Fhis lililoil. which we w~Ill reler1 to as 1114' Contact
Superset. ()I- CS. l'Oriis at closed' siirf'au' part it ioninig 111v' colifigurllat iou spac' lInto4

r4'alhlabl(' ifild IuI-irreadlpleb re'gions. lFigmvr' 2.1I shows 1t1e ('4flhefle'4 CS g('1!4raf('4 l,01,
t wo po4lYi±4)ils. Ill t is hU!Iii'( W4' ('di SVC4 f!ial\ adlja4'4'l('i(' bet weeii f'a4'ells that re4s('1l('l

11he sblbs4' shmv'lii Il iguu14 2.3. *Ihie ( 'S f'or I WO ('01! ve It)1 gOils' ('OlISISt' C II trl('l , v1of

al(ljdlf-vilt f'acet ' silwc'4 all cow11 aclI 1 illsitljoll" arel'e I)4t V((l ('t)154'4ilie 1V ((IlgI adiu el \'iWN

[Cal (i4' 41' 111e I woV lilttt'iacl Ing pok lvg4ils. Fo'r jmktgl\g)ls I hilt MV lol' 141sI tI('t IV (4)t!VN'.

lio)rver4i. It is po4ssib~le'14 to~\4 h 'ave 1 contac 1 idllitioll bet1 weeIl\4l po)4)lt.4l f('Ct Ill'4' I hat aie

not) c't)1secl Ivc (if' lIi he14 pol~g4ols bolbiullal'i's. S1)('cifi4'dllY. f',01' ii4)ll-CM('0l\4 hol.\,Enils
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x

F.igure 2.3: A collect ion of adljacentl conistranu~l facets.

We Wvill find~ t hat sonme ('oust rainlt facets mia 'v bie part ially or corn jlet ely, occliu ledI bY
ot her facets. NVe recall that each constraint facet represenits only the local inot ion
cojist raiiits iulinposv(l bYtwo ier act itig pol 'ygont feat iires. Inl some cases. locally*
con~sist ent unIot oio couust rai s mlay\ be globlai mivureachable. as showii inl Fi-gure 2.5.

Iopologicallvy. t he ('S surf ace consist s of facets. e(lges. anl(l verticeIs.

"* Facet Contact: Each facet correslponms to a sinlgle(ouit a(t bet weeli onlefeattilre
oti each of' the two iit eractiiug polygonis A..s mentioiiedl earlier, a facets shlape.
auiid inl part icular its curvatnure. is (leterunine(l 1) t lhe t v pe of coiit act atid Ihe
(list ance from t he 1)ojilt of conitact to0 t lie referenice polint of, I lhe nioviulig object.
lie posit ions of which thle facet surface represents. A poin~t 1ii conltacl wvil a

coust raiiit facet has two dlegrees of freedlom.

"* Edge Contact: Facli e(lge is devrivedl fromt eit her anl a(ljaceulcY or all liii er-
sec(t loll bl)Civee(li two facets auu(i correslpott(ls to a ('i011act I e1 weeu Iwo pa iris Of

objectl feat ilres.2 St raighut edges lerellPeniculiar to t he 0 (Ii uuueuusioui of (toifiUgi I-

rat ioi spa~ce arise from e(lge-e(lge ('ouitacts bet weeii p)ol 'gouit. llieY 1vpIca II v
muark amljaceiicies betw~eeii facets. and are ustia Ilv coulcave (i.e. forim i 'a Illev$
oil thle ('S). A cii rvedI edIge muaY a rise fromu a veil ex-verle1 cX (l11ac . or fromii all

"(hiie ot* I hie ob~ject feat ires ill each of t he I wo feat lire pairs couild h Ia Ii, samei~ fe~at lir,. i b,
SMala' eIdge of' one polygoll nIlightl 1w ill Contlact with1 IVo veri ices of I lle other pok~goii
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Ii III15(-sct loll I lwi ~(eii 1w ()facets. whiiich is iisiia li (ol icave'. A pointl III contact

wit Itita ( 'S ed(ge has oli(le dgree of' flved~oill.

e Vertex Conttact: Eadi waert is d5(ellved fi-oi u I hivle ed ges oii I tic( ('S' I wet ii g

altia point . \erlt ices Iia , iiiark I lie( po0int of' adtjaceiicv bet wveeii I tireve facets"'. ini

which case I tie veil x is flat (i.e. liv iei tc (.olic.ave( i~or (oi ve ). \ert ices ila \
also ilai-k thle point1 al whichiti ( coilv'X) adtjacel icy edIge I etwee; i t wo facet s,

lintels(1s a Ildur'l face. p)rodu~cinig a vertlex bet weeli thle (olivex edtge alild two

Co~l(~lVC Vd(ges. Fiiialtv'. it vertex(' inay iniik Iltic poinit of* iiitersectio k~ etw~eeii
Oltive l'acets. ill whichI case thle vel-lex is si iict *lv colicave. A\ poiiit ill contlact

w~ith Ii voeIt eX of* I lie ( 'S has zer-o (teglvee of' lrveeoill.

IFiolii.(2. t ittsist ates it lliiillr fthte f'eattil-es (tes(-iiedt ab~ove. with th le coii''spoiid-

iiig I)ot\12oii cont act (()figutiratbus Iiighilighit(-(.
A\ !oi(at (teat more coiiht 1w. aiid ini fart has lweui. wviit eu about I tiechtaracelerist ics

o l facetl. edgeŽ~. alild veitex l('a ilires ohil tie C'S. .\it emu'tl('iit I real iiieii of'I tie dlet ailed
(tiar-act('ist i(5 aiill 1ilt tei('ld icat tI iolpeitie, oif (ouist rainit facets. edge.,~e. and~ \(vI iw,s

ii in (6 .y.0.f) (iiliglination space is giv i by Birost [I 3]. .\gaiin. eewariit'sel

i1101r1 ill aii iiit iii e u11iderst anii fiig of' thtese 1'eat irles aiid t~wit signlificaince ill lefuiis,

of' imot ion con~st raiiits. tDeails oil lio~v \ve(- iilljicit ly- (01151 m11( tuch tecatlires iiiay

IN 'fouid ill Sect ioul 5. 1.1.
As, we iiotedt eaitiei. I tie (oiifigllrat ion space i-epileseliilatioul t ralis4ol-Ilis all iiio-

lion1 (oust railiis implJosedl by stiale-stiale iniitractiolis iiito foilit-surace iiiteiactiotis.

Siuice alt colistirailtits ill coiifigiir-atioul space arev local to at poiiit. 1 tie /)Ioximuily/of (oil-

st raiiits takes oii a ii(,\w anid ipl-lltotailt lnvlleaiiug t hat is iiot piJeseull ill -eal- space

r-etlresviit at ioiis.ý' As we saw iii Figure 2.5. f'eat niies oil ati objlect I hat ale (list aiit iii

tI -I115 of, I hei otbjeet's geoiei (1ivy caii give r-ise t o pl-ioxiullia illot loll (oul.t r'ailits t hat ale

iliadte exNplicit oii t tie (CS surf-lace. \hieii we (olisidel. 11101 ionsill coii (1 act \\it Ii t tie('CS

surface later iii I his ctialom (I. ti tie -oxiilitv of' (onst raiiit leat Iimes oii I tie( (S sui, "Ilace

w'ill be ali inipllJoaiit factor iii Alet erininilg whtat Illt 0115 c-aii and~ wilt (Mclii midii-e

2.4 Non-Kinematic Constraints

Thte Set of' kinin latl(c (onlist ainit relmies('ltd( by\ tihe CS ..wi we to Jpalt iiili I tie (Oh)I-

tu2li_ýllat iou sp~ace linto ieachaiahI aii l illreactiatle coiilligi-at iolis of)I' tlic lloviii1 pallI
rl~ative to A, tisat ioinary palt. As iiotedt iii Sect iol 2.1. Itie (CS tells 11s vheier thIe

II lo\ inug ohbject (-(Ill Ifl and f catmo go( (hi to th tiew aee ieofsat ion a iv ob ject. We miav

fur.1l tier par-t it iou t tie revaclatble regioi( s ) of* coilfigili-at ioul space by\ ilit r-odiiciiig ot tier.

df-IIiuii prnxluini I() b, a iuleasir, (& I li(, maguiditd, 4f a muohini ju Ii 1/.r.!.0 iwctrsarý tii
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I11 h-t I-eiolt' h!'~il-t'l colt!ilial tiia Il~ltlI of psit'le pslitolsloj'f5iit4iolt dof temvlgb

I~C( l(' sali' WX s 111oigh'dl ui act' .fg .It'at loll) l4)ict' Agal4)lithesc1\ adlolt uia(( Xclls 11ali~ll(

(r.tel \.\'l (irltguitf kion salc cousiJualis III 1 theuuCS.it'il- ato givex 11's a tls 10 a 5(dI(of

wheans Il In' viaigt objc i (aI'll/ ytit' 1,0 a it iv lt gie s t 'li t'al(lo ll. ii'~t~it odi Illtt

Ciigl aiit' spaweiit'l obels t lpit'biitedb 1oai tou.t' alt' ac t'xa ple'lI 'lit' cthllat'sloiilii.!

tAut'l t'lV Iv a,1c s wit' ht Io I boit'l vii i af hw Illt' of' lit'll louiiuliuu Il'vsol l it' a out. li ( T 'il hit'i

botiostI hutI'vob plitaf Iou a donle'siil pd55 lloligl of I tlit'jcctsIll c)o(liiactI . .cubgia o

sjat'l aiiltnAl, 411 ietil -aes Il spact' ItitI iti olichl taac l-dlcnt' I lacitloutjlit's Islltialt'tl

I) It(.'atliul titjlita s usstn11-aces. A x Ii it tacl lolilb1itt's sjpuiiiit'tlbY I lit' ' s -fc tdllt'have

sj'rlt' luitI ih 4)4 a tong I t)e tillf a nt l o u I alt 1nd lit' tIligii Isl iouii sjatt Intl- ioul ((llgilt xl to
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Li gtire 2.6: C ouilotmb [rid ioii l'eresellt e I as a l'iict loll ('o1ly. all(l tile ('orresjpot ( llig

a' y ) ) (011 ligu at loll sp a'e hri(t joll cotile fot a slitgle co iIl act facet.

(-oille mlaY be vte we(l as a p~rojc(t joll of 1 lie coi)l figurl l'toll space [rid bitl cone jInto 0 tle

x I. y) J)Ia te. Tlhe geoluiet tic lMt erprnet at ioll of' the 'oil figulrat loll space h'tct jot conle
as 1 lle talige of p~ossibl)e teact jolt forc(es atl(lI loi'(yes (Ilte to alla))1(( f'or(ce tciulaitis
Itinchta nge(1.

Figiiie 2.6 ill tistrtat es I lie ('art esia tt all(l ('Ol fjgiirat loll space ftictlioll conles flo' a
51 lg-le (1 vpe l1 ) ('otitact t'eptesetite((I byv a C S facet . I'rict jolt c'ottes lot ('i ta' it ii

e(lges 01' verlt ices otl tile CS cort'espotl)Iitig, to mnilii iple ob ject fealt it e ('olit acts arte

(lel'ivedI 1) *(vollillttitiig thle set stIll. 01- \Miiko\\-skl' sum~. fo0i. thle frict iolt ('oltes of'

each of the jllt(i](Ilttai C s facets finvolvedI at the poillt of conitact. IThe c('(at jolts anl

miet hodIslused to(ot istrut'tI t lIc (iitfigt rat jolt saef'(tjl oe o'e(l fleaI)~
'oilta('t (cases atre (ljs('lsse(l lif (let a fitt Sect joi 5).1.2.1. The( illjort'tatlt pohit to keep
ill tltt(l htere is 1h lilepe tt(tltetat jot1 of' thle l'uict jolt C0uue as a geollietrlic l'eprtesvlltat jolt
of, tile set of, possible treact loll forces at a )onit o11 t lie( sur1fac'e of' I lie (CS.

Elastic and Inelastic Collisions

Co(llisionls lbetw~eett lllo\'tttg olbject 5 are( atuothe f11'lorm of jilt ela('t jot t hat J)t'o(ltt('(. re-
a('t otI f'orces which itl fittt'tt detel'liniie tlite u'esultitiig miot jolt. Ili tile simplilest (case

ittv-ol\'itlg (lit'ect ('ollisiolts lwet ett tIw(o objects l'elpteseillt (I as )olitlt titasses. t lie col-

"I'Ill, Sot $11111 is' defitted as: . I - {=IT + bjIT E lb I -1 E
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lisi()il ('\(ilt tti\ be div~idled tiitj Iwo stages: dr1rii,011allolan id v(.41/01`01.

TI e ta It o o, I lie test ItII It ]oftI III tiptl sc over 1 lie (lelortIlIlal i ot tI IIIIpt Ilse (PIoi'sol s I I-

p)1 Iiss)i I lie (ofittof, test it lit loll:

whiere I Pd/Ii Is life 1total itiifpItls('0(' o iver 1 lltitic drlefouiat loll. I Id s thec total

impiftlse o\('t Itilne ltrtitest it III loll. adu ( has at vallte solijewliere boelweeui 0I atid

I.f* I lliii I lie collisioni Is perfeC lYct al adu etteigY as, well as,1 liolltwl ill I11

areC CottseiIVed(i 1-liig t11 lc ollision. Thie (Aoelfickieii of* te(st it itol nlepettd's to at large'

ext ettit ott t lie mtaterials of, t ie( two objects, bitt ]Iila.\ also (lepettld ott I lie \elocilt I.'s

I tvolve(I. ats wvelIl as I lIe slIlIalpes attn II(sIzes of t lie co IlI hI d II I objects o IS `11 fle S IttIjI I c.ase

nlescrilbed above. we Inua v t ake ( to be a(ist co ltsal aind its(, 11 1o cotilpit I lie nioirmal

Velocit le's of I lie collidintg 01) jects imiiuiieriatelv arlter collisionltstg

V.1 - D'

W\e shltitldl tote( I fiat ili on'ileral I lie fltiuttre of, collisiotis cail b e n'oiisilerail v tilotn'

C0iiil)ln'N thalat 1f0t' t lie Cas (leSCI-il)enl abOnVe (see Wati~g [716]). .Ncvetil-in'less. we iiiav
iitsn n'qtat loll 2.1 as a toitgli apfpromiiiatloti to thlea(ltuial blaito &hjhigo~et

lot1 1lie purlposes of' b~oitiditig t Ilie tatige of' possibi le o tiot l' sIliivolviitg collisliots.

2.4.2 Forward Projections

As~ ftind n'nl etlieu. wVe ate itill n'esl 'I edill del~ eruilitiitii24 w~lcern t hi(' tIinvitit! objn'f 11-11 yo.

or at least Ill fiirt her cotlis taiuliiui whiere it muu;'I h/ (. iiinle t a gveii set (f cotidit us

Whtwe have nlevn'lofpn' tif) to t hIls poiiit is I he' notilflete set of kitielitat in cotist taitits

giveti by t v lie (CS. ats \ellasIi[ lso it itean Iou iiie liatcs (o\('tilig fuint ltioal slidingI

aid itielast ic ollisiotis. \\'lat teiiaiiis Is to coiiinltie t \\-se fitl Iitlie appropriate Hittiial

(oti(Ilit outs to oistIittlie set of p~ossible I('tiotiotis. Il piiPat)inutlar.It. trou t aSpecifl('(

set. of* Hilltial notlint toils we' will cnoist i110t to l iot loll ot Set of* tilot tolls (letille bv I lie(

wltete ", Is a politit. set of' politiI . or at rgioti ill (otlligiti-all' iou pan(' (slate space).

.1is at ( possibly '.atviuig) For1ce applied to thle uioviuig objlect. and~ > , ith le polill.

Set of* poinils. or leguoui Ill (oulfigiut-al iou sjpan t raver-sed hYv Ilie tefete tuce pointl of' tlie

uiio~iuig object ." .\If iiiifpottdiit poinit to keep) Ill iuIIIl(l Is t fiat 111 leForward projectlioll

,11.\ (114,41 iii1 I lv a ul that l i nc l iluis ai.' 'u lliiir. Ini cvllild csI4 wMicr DIII 41 15 ij dtli

*r i t) I liii n c iimj p lfii St IIi 44 1114 h I(ý intm-l 15 Wth ar,-iiiiii

Fri -Ili whIichII ltm ditiii im &i It ltl finrw~ar(I prnujiiv lol I. akcim (scc I rdmianii 121%1



xwhent wxe htave i kntownt st artinig p)oint a~ ~ knowni l()t'' .1. adll(i detiledi i~illelallii(s

iitodlels lot' I le jinteractijoits with Ith1le stit'face o 1li (TS. will we 1e ab~le 1 ()geieral e all
exac't trlajec'tory' throuigh 'onfligurlatioll space'( loi' I leob~ject's miotion. III genteral. "

wvill be it Loittded I'((/ioI ill 'ohlllt' ' ll'atlioll spac(e. .1 Will CielIVI ber all ('Xa(' 01-' lbolIIe~dl

I1111(1 oll. and~ 1tle models(1 ot' thle liecllalli'sof' inter'actio woll beiii approximlate. As a

ieostil. xvii w i ll A lAfe a rul'iŽ~ol ini ('Oligiurlit jol space xvlticli wviil(l 1 m ail. as a sllmi.s

1 lieexact ]ntiotnol of,11ceolbje('1. Ill those cases whleire we iiiax' have a ittititi et'of hit jlal

posit jolts. 01 at set of' (ljs(iel e aIpiloxlinial toiis Ito a regionl ('oil auinllg p~ossil e init ial
Cond(1it ionis. xxe nIay coiiipiit c I lie oxveirall foxvard prjet'oi(' oii as t lie I Ii 10/ of* jindijxidual

f'orxxard( projectiolls. ol':

I.,.I (yU U r, (";j (2.3)

whier'e iis thle jindex to a part'icu'lar l "iIbset of' initijal condilt ions. Thiis xwill Ibe par-

I iciilai'lx nscislt later oil xvelei wve xxill ittipleil. 'iii foixxaid project ioiiý, Lx Illealis of'

itiieI'I(ical integratio jolt geomietricj(al ('onil'i('t oil.

lThe aboxve descrijp1tion of' at loiwal'( prject'i((ion mseels si rikiiiglx' simliilar' to 1 lie

defijit itolt ol* a siltiliala ion. iii la(' . xxe( maxy vjexv I Ilefotxard p)iojct iom as a siup i'.m of'

siitta iajonts. A\gaii. whiereas at siniutilat toll descr'ibes wxhlere at s\'st( 'Ii wi pfor a eill('

set of p~aramleter'ls. I lie l'oi'xardl prloject ionbu nd whli(1 xlere a sx'ste c(mi 'H and~ ('Hinuol yo.

Mid~ is 1 lilts, 'ontsjidered as aii('l extesiont of* I lie inot ion conls raint set origjinal ill. xx-it ii
I lie (CS. ['lie olie piece ol' jinfou'iatjlt itnot jinclud~edl ii t lie forxvaid p~roject ion I hlat is

axailahle init siiiii iatnio is d ie An" jhlelisr (4f a miotloll suince wxe (do ioto 'onid~er

x'eiocjtvý iell 0111 Statl(' sp)ace.

We xwiii It()x\ brieflxy 'ontsjider xx'o broad ('lasses of f~oixxard projectioll. onte (dep~end-
lill"oi a)I it'elativixelxy (let ailed imodel of local inltera't ion. andthlIle othe i-('l' ,'(\iin g (oti le-ss
exact biit mlore( gceriial Iglobal eiieu'gx ('onstrtaints. Ill I lie dlisc'ussjonl that f'olloxxs. wve

xwiii ass~iii ,ta I li exal IN, ('hs ol thli pal'ml(t ls nuv(111ivoiel are kiioxwi ('a('t Iv lills'
ot llcricx''( ,pe('ilivdi .. \It hltoigl I ie (' oulst 1101c loll of' f'ou'xard prlojec't iolts I flat ili('oi'lo-

rate( an exp' jlic'it reprlesentiat ion~ HI parametrie? i'( iceit a iii? is, atlltmportantt asp~ect('of

Fiobiit mtotiloll anialysis. xxe xxiii ioto 'onsjider 51t(ch l'elpeselt atjolts herie (lule to I lie

add it ional lev'xel od, compli exityx i that dloinig so xxo~lll iiilloll te. Wh'ei'e po~ssjible. xxe

sitall adopt contser'xative appJkixilllat Itsl ill ati attemtpt to) over'comel( thle liuttitat jolt
o[ ioto (ollsillerilig illl('ertajnlt ('XJli('itlx'. Ill I lie itext C'lalfTl xWe xWill llis('lls5 a iiiit 11-

hei' ol 1(tool aind i'epl-e'.elltati joltsIhat miav be( nsed to exalitili ýomci of' thle ellect'. of

linceitla ill? * \ .\ite \cel eli 11real 111111 (d, hountded pa ramletri'c lil (ella ixdill )1 apled to)
nitkiotjl tianaxsi'. is g'iveii Lx' Brost [I11
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Numerical Simulation

Gilvenit a (-l-ciel (' i lital posit iou. of. "ell of po'-ýIii otis. alolig, wilu Ii a relal~I ivelct'tailed

Iiiti(lC'l of, h In( iechaliciies of, iiileidal toll lictweI 'li object 5. 1I~ l'iiost lI~vl(I f(i-li"wf'l

dliIIII iil I s'e'\el all obI]). \iefv.I a"jot jolt patti iiiav ll e jt11le4tatel aFoolow ..\

C'aclI 1)01 II lii Iilo lo jll (f'la jit. topic'aii(( e'fivi l held atgi p al ((1111i act ascIdi il o 011)11(1i.

luav Iquo plld i pasi-slaCioc(I lie e cI lollodeo1((' iii Ilaieeict a lct -1)01 1-ci s tiiuiee tolioi

(1,)IaclI lie edsge d( l of I Ii blli. 1 lol Ioi I doiI(II I I it I tic' I Ii' foiw lhi tfpoxiilae'Il\.II /c"and acce Icaii-(

li c 'a e pllol Illoec lllis Ial loll. c'li'ie ftle l aligc e of itre' gc'iic' oialc' is~ lcspoiie to

all appjliedl foi1ce. t ile itovilig ohc'ect is, Ill a slat c of My(p wdilu 1I/ole ii I Ilie' (II ieC

lion1 of, tIhc a ppli ed for1ce' pr-ojecteel Inlto I lie pdatie laioigcli toi li ('5S ~ill-lace al Ille

poiuit of eoliiact . A\ Smiall iiicic'ilivieilaI (li"plaeeiiie'iil I"- iiaele abut! 1 lie' iiac I lii''

lII-elccIiou . andt I Ilie' jit c'gi-atiou coii tll ieslcý flouili t tic' I ie\\ j ioilI

\\liv'c avacilablel. uiei'eiitl'c liiiiiiielle'l jlicliicliui! liiifeii2 da iuic iie't di

vfc''ls uilciv tc' Inllicclue to11c iie'Žlic' lielc 11(edlcajlect anid cccilili'al t iaj'etC~iie's. III ilio'c'

Casc's Wt~iv'e Iitia~cl posiltill cit odlclc' palcaiiie'c'i, arc' hiot kiiowui pi~ccisc'l. cii apFio~i-

iii1itloll to t11 ti' orwalet tiioeic' ion iiiav bie tg'iie'ialecl lI fiii'ic ll\hi c'tval li plt) t

Energy Bounds for Conservative Syst ems

)tteli it \vill bc' ti'c casce that ue'e'a i ii ct dcai l'e ýIsilii ilat iou il )Ijhect j1olot l bi iIl

Ie' ii ui1 lac1 ica ov c'vc'i I iii poe issi dc gkeil l1 c ai i IC iu ofIiitr tlll a~a ihtdc'l a I oii

lte' 'Y.vIc'iil and I lie eliar'acle'rustics o[f14 t le jiiteici low'i. Ill sulch case's. we' iiaY i'll\ )Iii

1iiiiplc'l. hIieii' eou'le'vali iec. aihil-iciiiat ieiii of olujc'c iliol'tw tosi pi~oildc' aii liifie)C

te 11e 4 ('1i iic4 Ieii it e' l mw I i! ' elf j ie 155 t ile' i iot ( is eoiit ailie' I)lY i Ic'fi\ 1 (1va- tr~o.jcet cliii. (0)1ic
''14.11 teeuiield cl1u4' tee tBict [l31 Ij Ilit th'possitdlc iet oliol'- (it all obijc' cliojpc 'cl toilt

vi tc'c1 Il it h i cteldct retfl. iC'''c l'iitiol ()I I t ilt -g ai l Ii. cill.. Sp eci ifi c~iat clly Bjaec'.

cc404.i t hlli at ic lil I "Icclt Icpit c'i f IIIi bt i t poije iiIi l aciu sjcie ' I hat had il titl-tic'i lc' acitie'

oIII' '.ert oe itv c i l Vi ( o;ei l iulcle ifi-.e il tunill, I'uel eif- ri loll ý I eliac 11l hadf I i t ,Iiiis . Iicile lititi

'ImeIcil-. ;eri ifeije lift if Ircui, ife aili' eutilien a ~li Ivc. lieu eu'aleol~lc look plauce i .en HIV, kolifi

I u~li ci e'. lie Ii uu'i . lilwul lleeli. iii-' plI leI- il..iiiililI ic (.1-. 1/.eiuie (lie opi l le L!.iillf andiI'

a lIt- -1uLll lIii am I~ll Iiuf~ I a .I I I I II I I i a l, ifa u to - )~f- var( r- elp i I I( ) ;e.~ efI a, w, line )!,I I ]



of, I lit' hallt sp~ace of* icaliahlde coni"IfI~IiaI iohi andi I heI('flee space' houllold I,\- I lie ('
preset's ' it asimle ifcl(' oit~lS (-)lis 00,115 int(1 liii t'l v (p*ohint'w i( I0t~hvatl Il-oit(l lon. Init

parl t icu larl\ t'lt'' il lii' 11 10 0 ap or f'liiliclpe ill)(,)li2 I li(' hl('allihii4 o[ 1 his f0)lr\alr projecti onl.

projet 1'iloll assillhijl'! pet-fec 1ý lvla-,i ic collisionis \\.it If - I. Since' tiost lInat('ials
have( 501111 internl~a1 (ll damin g. we would like t o t'Nallilli(1' ftwalrl Iproicliet ns l'ou cases

wherel(' V < I . i.e. wliete collisionis alt' ansluluiedlt I o h jiellasi it. Let 115 assuhic I( 1fhal I lit'
sl al ilolaIX oh0el ( Ht ) FI i'iiaiuis sl al lonalaX 1 Ilt-hiiulllill ali impilf~~ . I1el11( = 1"H=b

U' - -W'(2.1)

wI(l('r 111c( lhhihills 5i'!ji iniitltt s I hat I lit fItist liplla(tl \t'ociy (4 of i th mioviiig- 01 Jecl

L~et us ( oiisitleu a sillijl(' t'xampi ph wit If 1 lII( purlposet of' ohl Iailihig aii aIpl-hoxi~lial

hound1( It)o hi(' l'oiwalti pro~e('t iot [oI it (11-kippc'd oktjveo Itaso'l km ia \aidl' of ( --<.

lit i gniit 2.7 wc ]fa\-e af parcll jet'tiuig dropped fi-loii rest ill it gravilt fut'ld onlo a
f 'lilt i ofIIless ) I Ia IS suirace p~a Ih I flI Ied I I, alt ali~onlil i'l rclal i\( to Ilthe liorizonital. A\

that Ilit' pali ilels parahlAic 1 ra t'lol ,v afert( heli first itipati jintlst'etls the' secondit

Ipatcli. anid is orieteultd 1),v ali aliiotuilt I' - such i halthIle pall itle>" Illotiou lt ith Ilit'
SetolitI impilact is veiI ical. its shotwni in i Ugnit 2.7. lThis pall ituillai coni I I r Iit~ of 14 \\o

cotlstittlt ivi' imipacl s was elioscii to allow uts to t'xplorc I lit raligi' of, (.r. ) ('x(lllsioliý of,

at pail jile w\it Ii 1 lit' Iiiiilini mihll i1-le of ctollisionls (I \o)) hit't(al.'55v Ito raiste I It(' par icl i
hack to ils niaxiulilnil Ilit'itu Witlli X(lo) lioujiotital \eltityv I&t. MiaNxltilu1lllott'itial

t'll-Lt't. j. Siince Ilit' p~ositilon andt orivielal loll of I lit' secondit jpailci s depe'idt'iit ttIi Ilit'

orlt'lillatIoll tlIll HI I S ir patch. XVI' lila\- t'Xfltolt' lit' N1iii.-t ofl part uit' 1toollbs f1X X al'Yilit-

onlyX ont' palaluielt! 'il. ll'II( loweri hall ' oligit 2.7 plots tIii' locus of, poitii s. t'lo
Viffloils Xilllles of 1-1 f-louh 0I - . ofl (i) t it ii1c uuii li'idi.lII, rt'atlitd v I lit'
parItic~lteaf 'ih iii ~pactIii".! I lit' first awi.l'deI soifllact. and I(ii) Ill lt'Hoaxiliii111 hiii it' Ii b.,-

''(if( lied alc. II i eodipc
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The Shtadled legioli ill t lie lower. half'of' Figure 2.7 r-epr-esetils a coliservat ive bomiid
oil the (.q)positioins that I lie parti1cle liiav reachi or. pass ti lrotigit Io0i ativl pair. of*

collisionis. This r-egiOlt COrresfpotlds to a ilfl('pl coliser-vat lye illoolel of* thle lor1wa(id

piro~ject loll for t lie (1ol roj )fte( I Uit ie. Sinlce each set ii-elast ic collisio0n invo\lvyes a loss

of' eiier-g. we post llate !Ilat itls regioli cont ainis all of* tlie( posit ious reachable 1)~ ,a

(ht-opfped fpart ide 1for alln; iuutler of' collisioiis. Figure 2.S shows a nuiltt-l( of' dhoulte

bouncite niiaxi umuitl 116eighi ciiirves 1'or var-iots v*aIutes of'. We not iWe I hat . a,. exp~ect ed.

I lie lower- tlie valute oF . tlie sitaller- tlie f'Orvar-d p)roJect ion becomies . ;\gaili. We iiaY

(otiseivat ivel ,v afpfiroximiatec I lie boundariles of' I lie f'Orwar-l firoJect ions fori a dr-opped

fpart icde I hatl mlay iiiichergo ait arfbit r-aix iumbite of' collisionis with i raiicoitly oriented
surf-laces rYsiaiglit lines as shiownt Ili liguivr 2.8. B *v s * iitetirv about ilie vei-lical
axis. t lie for01ward fro~jectI loll for a dropped pl-at ide wit hi a iiaxuiintin coefficient of'
rest it ut iou( becomies a cote iii (x.11). as shiownt Ili thle bottonil of, I-,igure 2.8.

We have so f'ar iieglect eo th lie ole of' firi(tion aiid r-ot atioial itiot ions iii lhe for1-

war-l pitoJect oiou of' a (1101)1 ed olbject. mtodleledl heier as, a part icde. We exp~ect fihat I lie

addit ion of, f'lictiol Iinto) tlie( above 1110(1(1 will serve to fin-ther- tighlteti tlie bolitids

oit I lie frw.1a l- pr~ojeci ioi i. Al so. since eniiegv is present titii otatioiial as well as

rlatislat jotial muot ion. we expect similar- b)oundis to exteind Into tlie( fJ dimienisioii of*

Coilifigiir-at loll space where a p)oint ref~tesentis t lie positiloll anid orietatjolt of' a rigid

objeCt . As ioteol earlcier lie( nat tir ol, imtpacts fo. ri-gid oh' sill lie pul'-eslc

of, rict iol c-ati be conlsider-ably morec cotitlleN t han 1fo1 a part lice (see \\auig [76])
N evert Ilieless. a p )roxi ii ate m'i od els f'or sm-i tohiit teactions do exist . anid thle abI ove ex-

ampl)es ser-ve to illusli rate th lieiat tire of* cot iser-vat i e mi odels for)i f'Orwai p(1l-ojcttol is

of' objects mtidci-goiig iolt lotis t hat are( p)otent iallY f~ar 11ore coiti1plex.

Energy Bounds for Non-Conservative Systems

Oiie miore forwar~d pr-oJect ion mtodelf that we will bri'eflY (01 isider. appflies to t lie case

whl-et ali ol )jct i it(tc with li a srface ittidergou ting a for1ced viti tat iol. We mttlit bit

his case, here- becaulse it is r-el-reselit at ive of* a tititilber of, real wor-ld ('xatlilples. auiof

becauise bolunds otil t ie forward pr~oject iol are jpart ictilarl-Y usefull inl descr-ibiig, 1lie

behlavior of, suchl s ,vsteiis suince t heY ate( kntown to he oliaotic iii oetlier-af.t

We onice agaiii liegiti wit Ii at sliiifle mlodel c'onsistinug of' a pail idle t hat is eiltliei-

(li-ohpled w1' p~laced' otitoi a surface I fiat Is ti(Idergoiitg a for-ced oscillat oio of* Y(

"O)iu. iuuij'tiauit (,XCE'Iltj)ii nioted( 1I. lrosi [12] has, ti (( \\-iltf ollmqin ilusn llvt.I i

I;.'ct s ;olI I(, rolnl. it 0. 1 fucn-t icauff ?Spl?.ýibt'11 f~it Pwar hiIiX ntt )c.i('tmu clutfd exteluld 1(

jinflitiju Iur jnleiractionii %\-lilt a Iflat suurtacl. 'Sjiulco.w al'' wtuii iii thu i~jects rijirisiulti ;v

pokiflf\2lis. wvi d"i 11iii 1uui6uhi i fits iXj l ,iii ;tit \- ai rduimiu, mtuiont (Iu* a jmlviuial wiiit~ill

iivifv. iuiujiacts Iwitweclii t itc ' & if Iftitiniug, Idwijci and Owi siuIfac. iiui which unffIui2, ilukis
* l itc 'I i n Impat, w~ill iiuu I ivi iiirgx ti t, iii fi uuii v g d -jcct ault' ivitut uu;1IIv\ hIn ii uuu rcsls

acfassmc v~iulifpIc.s "Iliii I)~u~muic, (of a Bomuiiciiug Bll".f Scciitiu 2.1 'it (;uickqiiuhiiuir
Al.[w]
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4 p

y(t) = A0 sin o. t

F.igure 2.9): A paricl e released ont1o a vib~ratinig t able Ili a gravityv field.

:14 i i(~/ .as shiowni ill Figure 2.9. F-igure 2.10 shows thle results, of' a niumericalI
siti ii ilat iou of t lie niaxi 1)111111 heighit achieved aft eieach bounce of thle particle. Blecauise
eiiergv is beinig put1 Inito t lie s 'ystem 1) *v t lie t able vibrat oiou. t lie coiiservat oiou of eiiergy
arglinnenits mladle earlier (1o not a pplv here.

A tholiogli tilie syst em is niot coniservat ive, we caii est ablhishi bouili(s oil thle illaxi-
iuiiii amuounit of eniergy that may' be Imiparted Inito thle particle )Ii any one( bounce.
Fun hlerunore. If' we assume t hat tilie col lisioni bet weeii the p~article and table is inl-
(last ic (( < 1). t lien each Impact will also remove eniergy f'rom thle p~article. Ci veiI
these two ob~servat~ions. wve mlar' est abl~ish all equili briunm sceiiani( where thle ilaxi-

miniii amount of* eniergy t hat miaY be imparted to the p~article 1) thle table exact lv
ba lances the energy lost iii thle I mpact withI thle table. The derivation of* t his bound
is giveii Iii App~lendi~x A .2. andi~ t lie result ing expression For t he miaximumui height I hat
naY be reached bY a p~article~ st artiiig f'rom rest is:

fid2q +I 2 (2.5)

h1 Ii riis ouit t hat iii lpradt ice. thle maxiiiliii height givren bYIIm~ is veyconmservat ive.
F'or exam ple. t akinig a hiist ogramn of' thle simunnlat ion shown iii Fimgumre 2. 10 after 1000
imipact s. 1 00VX of' Ilie iuaximimui bounce heights were less 1 liaii I 04  of' thle est imuatedl

12'ur

\Ve coumld Ilse thle resilti of Equiat ion 2.5 to couustiruuct a coiiservat ire( ap)proxim~at ioll
to thle f'orward p)roject ion of' al ob0Iject Imiipactiiig a vibhrat inig sum rlace. Fi'gim re 2.11I
illuust rates thle ranige of' Jost -iiiijact velocities f'or a particle iuiihac iiig a vibratiiig
orieuit ed sim rface as a hinctid oi of tile ranuge of' poss~ible pi)e- iii j act veloci ties. III
(oilfigm- at ion space. t lie, forwar 1( Iroject i (m of tille poI st- iiiijact vclocitY ranlges f'roill

I W iiotic' ihla if i11c collisionisci kealic (f =I) 014.11 a., L~i~c b.\ IEqiatioi 2..-) V, iIniniue.
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Vin

Figii c 2. 11: Ill ist rat loll of' t he ra iige oI )ost - iiipact velocit ies cor-resp Olidi tig to a

pre-imiiact velocitY ratige.

I lie polilit of itlipact wvould loriii a "blilb~e" oil the surf'ace of I lie (CS at that poliiit. F0or

a gi veii s a t intg j)o1iii oil I he slurf ace of* Ilie C S. I lie f'Orwardl projec~tion of a ii ob ject'."

11101 loll could( Ibe coiistirlictel 1) *v gelierat lug I lie for1ward project ion buibble fr-oml that

Jpoillt . alid I ele expandinlg out lvard l hoii tilie lbolll~ldar-v of, I lie blubble bYv ulsilig poilit s
oil I lie bouli~larvY t hat liuiersect Ible C'S as start ilig poilit s for1 geulerat lug nlew bulbbles.
Thu P1roCess wouldl stop whelei. at every poinit oil I lie bouiiidarv of thle expanided

forwdrarl lroject ion. thle post -iuillact velocit , ranige p)oint s 'iito ti1 1eVxl)aiiled 1rd a

p~rojectl oll. 01' coui use. t here Is ino gularauit c Ila thaIIle lou1wa rd pro ject loll operat iOl I
W01'oilllIeriuliliat c sinice I lie for1wardl jpoject ionl could( be 1iiibotiuided. C oiisider. 1*0r
exa iiiplc. thle case of' a viblrat i ig st aircase where t lie local po1 int lbr1ward Ino ject ioll
oil oiie step) is Just large ciiouugli to 1CuicosC tI liVdge 01' tll le iiet step. imakinig it

p~ossiblel for1 kill ob~ject to "liol) ii) lipte staircase stel) bY step). even thlouighi lie Inuiut
v IbratI iou ui av be smiall.

2.4.3 Support Constraints

F'orwvard project lolls act to furl -11(1c (milstIla ii the i regiolis of' colifiguirlatiou sp~ace.
lbomlided by t lie kinuemiat ic (onst rauuits. Iniwhc object uoluot bs iiiaV O(('iif. Oui('
uimportanit (lass of' iiot ions has to (o106wit Iitlie coiicept of'.hpoI to now\\ We'
have assuuiiled t hat t lie uuovinig objects Ill ourl r11epresuuatiouis are (mist raiuicd to
uulove Ill t he (x. ii) plaiic w~it lioiit explhicit lY (ouisileriiuig I lie nat lure of' t hIs. colistI rajuitl
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( tlsidi.'~t th l' ttllt)\iiig" v.\eriilit'iit Place aii ob)ject oil a flat table. thele slowlY

td'4l.!t ()t* I li'lc ject ill cotaciit ~\\ill)the lt' 5111 at('d allt Iimes(. II it' teob~ject startedl

ill it 'tkle td'It'c't oriiet'iatio 10)I thei l'Iable. 1tic'ii ally mot)1ioni ofI* lie obj~ect away fi-oiii

il( l aklet ,"iiiflact. wXi~l l i t) ,lo ~ t I i t' the cil('i (d Inia~s (d Ilite ol).(,(. rt'tali Iv to Ihli

Itic' tclg( oft I tic' dlahc. it wvouitld t be possiblelto I i ouate thle obiject ill tont act withI Ilit'

I able edt'e ill Slitic at way t hat It'otj'ct 5 (cii tiof Olavit vwoiitt lie loweredl relat iv

to it's tiint at coniit!riat ion. It'I tlie object xveie released 110111 this coiifigirat ioul ill thle

pleselit A' ograivity\. it Would nat iiattY few(111 towardts 1lt'e lower ('liergY alc at nd ail tall
oilI tih' I able.

ill I eitis tIt potenlt ial eiic'rtg. \Viewed' aiiothe w( , vd. it* we recall I lit eiior'rg tltillilts

ilmcId Ito gw4i (rate f'onrdai projetion' euarltiter. we' ('a ii lassi lv slillporl as It io set of'

('011itigilralioi bSwhose5 forward projectionis iundcer lravity ale ('nist rained ol t(Wit) 4 wlhil

Itic' plant'. 'Tie rceasoni tor t akiiig t his view of' suppihort is Iliat we' callilis(' thte samet

tc'ciiiitiios decveloped aott)ve to genicralea( th li( 1)111(1 itc., dtiv~iding suipporited amld 1 iii-

Sliipot) rt'gol., of* x.y. 1/ ) ttligiitiiiatlioll sp~ace. F'igure 2.12 shotws a mlovilig ob)ject

Illolt(.It'tt'it"a a titaiili jiolygtli lying tii tlop tof* a stationiary pltaniar polygoni. toge'their

wit Ii all iltlius rat tliol 0)1 a siiiflac' ili (olifigilral itol spacte rvpJr('s('Itling theto boundlary

titt we(li s~lip)olt ('( andc lihistij)()tklI t conftligurlat itoni of' thle imovinig object relativi\( o

tic' stat ioniary suppitort ing tobjectt. This 51111 act' is similtar to I lit' (CS ill t hat it partiP

1 iolis thlie coni gura tion space 1into (t1wo (list iniit ltgioils: support ed and~ unlsupp l ort eti

'I lle sit r'ac' dtotes not/ (~ )1t'5t'ilt ((l~ltact ton st railnts betwet ob'' I0 ject s. b uit ratheitr Itic'

sc't of, pouilits ill congll-ailirat spa1 l)ce at which i tic' movtinig object s supp)1 ort slatu~s

hwmilliI,o. trt-iiii supptotrtedt to iit1lsitttort('(. Speif'iically. poinits iiisideth'Ile bolittding

surf 1act' rc'lrlcst'it Q. i. ) ) (itnfgilat itoms of tN ti'muoving jpotypoll t hat alt' supported

tbY it'e stat ioiiary s1ti)trltilig p)otygolt. wheitreas poitit 5 out side' tic' silrI act' reprteseiit

jpht'i t hanl that ttii 4tiiiact conlst rainits. but thten( alt' atsto a ft'w "-ilitt'rt'sttg- anit

Miiore collllpt'X cases5 t hat ,!pI)war (Illit(' tfitVii. Fol1- lit' t'Xamlll e stiowni il ig[ugrte 2.12
wt' not icec I hat iiaiiy tIt I lit' Suppiort ctonst raiiit sullaccs alt' ftat plthaits p)aratllel to

th xsof* ic'e coiitigtilat iol spatce. Thiesce siitatces alt' tolist rltcldb mpinillg

tic' pointis wheitre t lit' celicr cIt gravity (d of 1ti' mointxg )olygtili (losst's aii tedgte of tOit

Slilitirt potlygoti. If ttic l4'tt'lt'iict poinit o't~lhit miovinig p)tiygtoli li5t't to) conistrtuct

I tic coiihigrl i oni spact' is ttoiicidlt'it wit Ii I lit' polygtonis te(,ltt'i- of' graVit y. t liit'u I Iti'

sui)poirt I railsit ionbu ndr is siuiplv I hat t'ttgt t4 t lit sipport polygo~n swt'pt 11011
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I'igni r 2. 12: A\ mlovinig planiar jpolvgollsippS111)1edl bY a stat ioliarY fplallaI. folvgoll.
a 11(I iihe correspond' ji g su fppor1I t r~ausit ])t bounhoidaries Ili (.r. y. 0) con figiurat loll space.

0() 2-, along t Ie( fl-axis of' I lie coiufiguural loll space. WVe note. however. t hat a numbIIIer
of* I lie supp~fort ('0115 raliti s1urfaces shiowni are ctirved, not flat. ii 1 hI I( 0'. Y. 0)(lle-

Si0o11s. Thiese suiri'aces also corresp~ondo to cotufigiurat iolls where Ihle Inlovinug pol ,\gouu s

siifpfoh' statums is Iii 1iraiisit loll ft'-ohll) siiIorl)Oed to 111uiisijfort ed. bill1 thle fpivolis

('('it('l' of* gravitY Ilies olmitsiole of' thle supp)1 ort ing polv, goii s contour. Stich cases max'

(OCClt. with lui ('ohloaVe Cohilt ors of, 1lie' suipport fpok' \got] whlere thle miov'ing fpol ,vgoh~s

('enhtehr of' gr~av-ity Is c'ontainied with lull le ('01? x i'.* u/I of, I lie ilIIIers'ct loll of, Ihle IIIOV-

Inig anid suifl))orl julg polvgouis. 13 Sect ion 5.5..2 cohutajuis a muore eletailed olisciissuoii ()f

shiilport I ralisit loll lbomi(aris and hlow to compuiite I heml. At 1 his point we ai', muor'e

('oiiCeruueold withi thle (tilalit at ive Ihit (f )het ation of' shifpfou' construainut b oundoaries. and~

theiri relatijonshipif to conot act f'acets and( f'orward project ions as ali adlli jouual form11 of

Ilot loll co'osiustaiill

One filial note regardihng shippfoh't colist raitit 1)oiliuiaries bas to (d0 wit I1 i tei re-

fa ioilisliip to higl'her (fillnehisiohiaf muot ions whose olescripi loll Is beyvond ft(li scope of'
('. y.Y.) conoifiguruat ion sp~ace. Ili pail icular. th lienuotion of'aii obj.ect f'alling offof'a plia-

iiar supp)Jort siuurface c'annuot be~ rep reseult ed soled I in t eriuus of (a'. .l/9) as I lie tiuunu1ber of'

"One thor posid 5c4'iari(4 iiiolv's lilwvilig 1)4v~g(4iiS whose' 441iv4r, (f grm t\i ar, oulisitli of

I heir coiiloir,. Ili stiio' ca~se's. it Is pooss"ilde 1(, lImvo' 114 cg ihlsi(Ie 1114' C'ouIiolir of' : 11c SlitoporIlung

14(d~!go)I buIt sitill hiaveil' moin lipII ol~ gon j) Iwgl 14' isiipportooid.
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(legrees of' li'('t(loili for such a tmot ion. alll llel('(' I lie littlflbl-e of, fosit tOll jparallicet '1

re(jttlrev(l to ('alaacterize it. ai-i givat i- t hani t lie. 'I'l( supolfjr ('onils? aitit boillli(l-

ar-ics o1st (les('l'ile(l r-elreseltt I hose ('olfiglliat lolls wvhere a plainar miot loll r-epl-esetlte(l

as, at IIra ect orY~ III (x.r.0 q. 91 wo Id Ivin. I/xItol to a 11ra ject oux ill a hl gblý te dlimelisionia]

COIl f igut Irat iouI space of' wvII idl I (. q. 9) is asits I set . TI lie st pp orl' (01 si'ai ItI I )oltI II(Ia ieWs.

11('11. rejel'esetit a lower-I (lilitciisioital mlappfing of* I lie Iiraisit jolts to higher. dliioeisioiial

tilot jolls. Thils 1 rallisli olt Ilto(lel ('oust it ites a ti-la(Ieoff wherei wev sacr-ifice (let aile(I

knowledgev of' thlese hiighieri- itieu1isiof a Imtot ions Ill ret uut1i fOv a simplelf.e alid- more

ma iiagea I le r-ep)resvielitajolt. Ill Ilie Ilext sect ion wv wvill exa on nle fort .her t lie Itse. of,

such simlpificat ions that Almlowits to red~ic(e ilie (limeliesoilialit aui I('l coplexil v of'

miot ion ('oltis? li-tjls reprnestitleil Ill colifiglillation space. as wel(,l as explore wva 's of' rep-

r-eselitlogi" lie (hiffeeltclt fortusý of' motijolt ('ostiraitits (lisciisse(l ab~ove ivit huu thle salme

2.5 Mapping Constraints into Motion Space

,HI li (s. forw1a 1(1 pl~olect iolls. a 11(1 5111lol't colst l'aint s all pall it jolt I lie( coitfignirat ioll

lpceInto r-egiolis t hat ale eitIher. reaclia Me o~lil r111eachalate wit Itl respect to Illoiot bs

oil thle miov'iuig 01)ject Om-i jmijipose ill general iug t hese ('olistl'ailit s is to collilbilte

themt Ili suc(hi a wva ' as 10 )re(li't tIc lie lelaia\lo. ex pressedl as mtiotnols, of* t lie s. , siilli

lilider. st iidY. Ilt I his sect iont we wvill bl-riefl\' (liscllss soiiw of I lie wva 'vs of, colohibllig t lie
geot liet l'i(' rej~resetttatolios of' tmotijolt ('ostiraiit (levelolpe(I ab~ove wvit hit ('oliigitat ion
spaci(e so as It) make su~ch bhelax'jior explhicit . 'I'lle itoi'lltalit poinit to keep iii litil as

we itanipti flat e thle varliolus fi ffel'ent IfOrlus of' ('onst t'a lit refvl'esellitat iloll Is t hat til( tv

are all expressedl ill tet'iiis of' I lie mi-otion of' Ihle movionig object as capt lue(l l1) t t ie
colt figo llat loll sp ace. Thle l'act ol's t hat (let ertit ie tItiese cotistli'Ilts: shtape. 11mechianiics

aw til dniamlti-s. aiv' all irelresenlte(l impfiilly~i ili thle colustira it 5 di 1'.1 //If CO (n .St ran t.n

Contact. Constraints - The CS

WeC have alreadlY (lisciisse(l t lie r-elneseit at loll of('0111 act 'onl ist alints ill ('olfigullat loll

space. HYIakilig the unlioni of* contiact facet s f'ol'- all feVat mir pali's f'ori a itmovinig alt(l st a-

Iioniiat' object'. wec getieral te a relireseit at loll of'I It( cl(lt irec set of kitieiiat Wcall ' v(list itictl

('oi? a't titrac iois or ho e ofl(s t hat also sei-ves to partit iou th lie co igtrat io

"space Itilo t-egioli's of' ll(lI-vcaid ali(l imiiteacltable positions of' lie muovinig 01) ject

Forward Projections

[lie Iwo lioad c'lasses (If forw-\ard( pil'tject ious (himuse('15l Iii Sect iou 2. 1.2. i.e. exact

ialid eutel-gy bllotttide. iiia\' he r-epltescille('( ill ('oliliguilal jolt space as olte-(liillelisiotial
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U'igiire 2.13: A 'Onvanlf fro~jectloll geilerat ed I roll a numi-IiiicalvlY Inegi-ated mIliOt io

f)al If act*055 t he( smitace of' a C S.

sl)acc (iilves and~ I lile-(limielsiolial IHoulidfed iegioll'. resfpect ivel\. Figlure 2.13 H~i-
luISt rateS all exaCtI 11a eC1torV for a muovinig of) ecI startm jugi omi a s~wifie(l utIl

1)osit (Ilu. rej )irselltcl a,, a slmce cur-ve offil Ilie sumt ac of' I I (- CS of' Figure 2. 1. 'I'lie

for1ward proje( 1oll colisist s oF thec set of' jIjllIts alonig thev ciurve.' II Ic amof

('liergv boilli~led l 0101loll (lvI ,amuics. a flat p~lanie (10! 1 ) j)lwitleniclla-lo to h le (If-

le oll of4gravitY woullid illitersect I hie siurfIace of, t lie Cs. Tlie h*wward roJect ioul wouild

I hele (olisist oif I ie( Set of' f)oilll s couievsfloiidifig to I lie( voliicu( of' (olifigulrlat ]oMI space

I oulli~l('( b~elow bY thle smrf ace of, thle Cs and~ above bYv thle b~oundi~ed eiier-gy Plau'.

Intersection of Contact and Support Constraints

A\ 1,11n lieu silillliticat loll fort- li lf(-'1)fMolt (-()lst railil l('ellllS InIi-wi(Iucedf ]il Sect ion 2. II.3
hot Ii ill I ('tills of coluif)ult at loll auid rej re-seuIt at loll Is t o dijim ly ('Y1111)111 ci Ihe It/tif 1..r c-

" Au Iiiigli rardlx rvt~resuui~I ini term-,s of WCiiIai'~ 11M. uiua oiside r a Ira jecu(r\ geciirai~i
fi-'Iii exauci ~l.uib1t iiicgrfl i nwl iihIuuic,. Io bc at 111ibuar regionIn ciii('liguirailllo sp)lcc I)Olii(rd

1).\ mot)iion co ouNraintii~hal hav, bween colhpaIcd( olnu a ooiio-ohimeioniiuia spacc ciirv.'. ITii, view i,

st-aniail .iouhc(m)l~soisfllf w~ill) IIi l~lc 111h lm~ hO(mil. tl Io l) iiioso't ky Ilic ('oils!rajiul siiurfatoo, genicriauoet

1',)r ani encri~.y too d~ otiiito nivaio lorn.jooi lOu.



'~i~~~'* Ile rt'ill us a iat Jaitioniiig of' t ie( surface oi'l.Ilie CS int o toufigiiuat~iouis where

ill thle satluic pdlaiue. and (0i) vitlmrel slupport etl or. iliusuipport-le bY ;I sectuild stat iiiarv
ohlect't etitirwalh I iI w lit )kmiit of' Ii)t Ioll I. llI IIs ',I IIj)lI III(it Il I it~ allow" 115 to, rvIejtst'ii I lItII'

sii)"ls()I* of Illilituil I i-aiisit lolls t hat octill.wi l V ll'ai obljecti Is Ill conltact \\.ilt l liot liet.
ob~vltt ill 11litc saiiii( l wdi('h\oi ltii obtilslrilig, Ilit' tlIsj)ldv ofI' lt'e CS b v ii to, t('I)I*('-

Senit illioitli('i toil~l-islailt siiihit('e iii tonifigmiiat loll sIdiA'* Fig II t' 2. 11 I11 jist rt-i I es"II s itia

j~iart it iollillii2 of I lie ('5 suifacev. where I It', dar-kened r-egilolis r-lej )rt't'cinttitact oouifiqii-
r-at ions thalt art iuisil~l."1rt('(ll. Sillce iiiost of'lit In' uot ioll, we shall Ih' coriter-iitt w\It 11
alt' toiist raiun'tl unlot olus whlut'it 1c I leuuoviuu ll j'ti i oiaiwtI i'sa oir

ohl jttt. t his sliidifi ph! et ertseuut atl ioll o[ supp~jortI (oust liaiiut m 1 5 1 ' iost of .I litC

Superposition of Configuration Space Slices

A", we' uiwit'i uoiir't ill Sw l oll 2.2. we' will tltal pulimiiaril vwit Ii ilitetract ioiis I n' wt'o'u ob-
jt'tts colist ri rie I to hiave O livet or. fetwer. tt'glt'ts oh' 'llo'tdoilhi. It Is, iiiijitir aiit to hiot t

t hat t his tolsist rluit dot's nott rt'tjiuie that t lit' objtetts wt' torusitel*' IlIrustI t luo11'iuslvt'
be it'lilaia r. Ili eet . w\'ilt it a hot uulsitiu fitauut ) aiiiiiiit of atddit oml wor-k amid corn p1-

tatll ion] ý, it js ,blo it'pr~eseinlt illeitt'at lolls bt'twet'lu Illirt't tilicitisionuall polYhedr~a.

ohitci sasi! atiit's111(ý oh, jit~olytis torrlespouitlilug to slittes of' thlit olb.t'ts atl tiflvil ['t'

lit'iglnts'. [ lt 2 + I I) (CS 1,or (atch oh thleste slitt's iiuaY tilit'i lbt go'iit'ratt't using thlit

lookil andiitlm'prt'cstailat olus tlt'stil-ltd t'al-it'r. Ill t hIl chuaptti. midthen ,Illii ."ur illfi~mn d
wvit hiu tw ,ýlt' caur i .~ oiuhIM1iiiatioul qpitce. TeIu' tsuilt juig Cosp.'it ('Stritt cirt'.c
allI uiui.Eli sonitliewat inll- itirt ttniidet a iit wit In a ri11c uiitlulail.~' liii1 )(.l (t 4 of lt act hatt't s
( ualux (d, whlich wlviiltl lit' octlidtl't bY odwt hIr at'tts-). t'ouiltlit'b ius'tl l,0. analsisI. Ill

iMICiit t it'. ''itiut'mlll iuautias thlit ('is 1,01. a siinglte SO' oh' )ol'goli lilit t~iatt ltlli.'

Oilher Constraint. Mappings

. lnt'i'tv alv t' a luiuiiucl. oh* othl llt'iinuppiigs of toiist raliiiis to coliuhin.lnuatil "I ~ c that.
dlt't'ioIinrg ton 11lit app itat ion,; ta lo) it'l be t' 11(4I ill it-ent'st'it iligl,,, 1,1lition] Ill li tIllis (d,

m)Iiot i11. [lt'e10 1(t\\l lwig t Iliit't corlIs lamillItI ia Iq))I I Igs lt iit 'c( I( ti nirost Fit~ an wt'rt'

orn ifpil cfit itlI ( :1 v) a I g i ia c l i h a Ii (Ii ff v l1wi vjliý \\, t i d I p Ia- iiiai ir - itit 4-1 ' ('S- i frrrta if tr;

I 'tI l Iný ý II I f () I c I In Id I inn -ii sitif lIr I ; i ul I fit nan I if mit h r wý iii 2 1i 3 m idil al- ,I I -r ii's hil ll
I -.I -ill I WII if li Ii .1 il S iii& I I if - s i - It ii l . q t i u s ii i n . i r I )Iar Ii ifil
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,igure 2.1 1: SuIp)()I'r trainlisitoiol bo jundaries int ersecl(ed Nv( ilt leh surl'ace of Itlhe ('S.
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applicd 1() 111(' of alialY/lim, alld plalillill'-, pw'llillu allil d1-(,pplII,_, 1114014111, (01,
plallill. pok"')w':

" St.ickij)gregioiisdiietofrictioii. (;i\CIl;I CW111i'llit applied f(of.c.
()It 111c t)f the ("-,' that wtmld ye'lill III Ili) (111c 14)

ill-c ldclilliled alid ilial-ked m, 111;11 Illc.\ Illit.\ kc ilwidcd ill ("11ý1111(t[112
IackpI()jjcc1I()IIý fl-wil ;I u()al c(nOM' Ill-all(Ol.

" State transition cones. GIVC11 itil i1ppli(ld kqvc, I(M'411 fmwm-d pl-t'.1cclit)II,
III;lY he týclicl'illcd wid (IVplaYed al (11,cl-cle pwlllý, ()I[ Illc ý,llvfacc td, Ilic CS 1()

ill(. -11mv- IWId d' c(ill'ti-affled 111(olow'. I hlý DIPP"(1111allom
111al.l.\ lim4lil ill caplill-illu. alld I-epicm,111 mu Illicculaill1v Hi P;lFillilclel"

ill leviw, ()I, t)f llwll()Ilý fl-olll citch (II!,civic pwill.

" Arbitrary Constraints. Sowc fcaimvý, ý,llolild hc a\Wded (1111-111U, it
Illilillpillill I()II ()pcl'al I()II hvcallmý I lic iliv pill-I lcularl ydell( ille. W Illa Ioc , (,illcd
with all ildllcýlvc )I. (ollel. Illillei'lill which sliwild lito he Iw(mdil 11111to cwIlact
\\,It It ()I 11cf. (J 61CCI ý CNCCI)l Ill ;I CCIA ill 11 pl-cdchile( I (.()It hu lII,;II h )II . I It(' ()11'1 ritilit

filcel , C(Klvý,Imlldillo 1() cwIl act It I llvýw I'Cal Ill-c' ilyc L11)(ded it,

swile ()I licl. p(ocill tall \ lischil (.()list I-alill dcl.lvcd 1*1.()Ill I Iw cllcI,_..\

ft'l-will-il pI*()jccl I(m, (6clis."Cd Cildi(ll' Ilidlide:

o Topographic potential energy inap. I'll(, planc f I
hwilldcd cllcl-_,ý pI.().jcclwII a cwrNlI,;IilII f(w a 1111111T.i,
I(.vcL It 1ý, 11"I '11111cull h) illmoille ocliclillillo cllj-vvý, ()It I Ilc Ili fýlq c cto Ic
ý,Imlldlfl-" I() ý,Ilcvý, (4, 1 lic ( 'S al diffelvill cliel-p levek. Such ;I fillililý\ ()f ( ('11141111,

hc c(plivalcill h) a limp (,I* I lic 'Illfýlcv. itild molld pl-,ý
IfIc it '0(,hal pict Ilvc td' I lic "llilk and v;111c.\ ý,- ill I lic wl ()f ill"I it)ll cf)w'l laull

Ill pal-licillill. mc I Ill lilt", h) llý 'illcc Illc cw-vcýjwlld It, 1,)(,Il
Illifillilil lit Which Illc Illm.Illu idlc( I c(ollic ho ve'l 1,()l fvl'11ý1111

* CS intersections with vibratory impact forward projection bound-
PII*( ill II(Mildal"', 'III Itc pl-c\ iiw, c\allIpIc. cm \c,

-Aries. ""it iil;ii, 14) 1 1w I I I I

I cplctwllf ill(-' I Iw ýcl (J C( )II vill 1, )11, wilcyc I lic \ I kyýjl ()I ) flw\ý;Il ol holl

I it )II litlil I-W!, till cl.,ccl I It(. ( "-t' Illfacc (,I.\ c I() pill'I it It ill I he ( 'S ý,Ilvklf c lilt A ) ri ac I I

;I 1 '14 - ;I I I( I I I I I I., it(. I I it I d i - ( .()I I I I,_, I I 1,;l 1 1( )11- f'( w it -,I\ 4 -11 ( 1 ( d, I I I I I la I )11( 111 1( it , . A , I 11(

ali 11,111 tille ( 11 I've( Im .11(.\ ( d, \ I I )I ;I I I( of I I it I.I( '( I . I ho'c W' wtmld ukfl it
14 dial pi( 1 11 I-c id, I Ill, IW ;I( ( ()Illpýll I

chall'-ws Ill 'Y'leill IwII;l\ , I\ 'Ilu,
V , Ill I It(- ( it"(, (d. lic 'llp I )( 11-1 c( )11ý11 I it I 111 1 " 1111141m lo'. I lit, 14" Illf Ill,-,

lilt I -[.ýq ýcl 14 )11 CI I VV( 1ý \V( M 11, 1 lit I d ),cll I c it I-kici 10 1 it 11, 1 11, 1 It(, C S .

Ill , ;11",\c wpi'l-will ;it lwlý ill 1 x. 1/. 0 1 4 (HI114-ml-ill IWI 'j);I( c ( ilpl Ilic llwl itill ( ()It

lillill, Ill 10.1-111ý f)l, I-w(micl I-'IC 111 It( I MV, I hill 111clildc pal tllllcl I It ý111 lit( c'. pkilic'.
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2.6 Summary

Ill 11ii chapleit WC c'~ p' I itl))I- ii the rei -csiiA'iI at loll () I' 1,11(1c till Ill teill s of4 i lotll( oll (.olI[

s1 tail it . We xdllii illedI V wha 'A) IIl('d I wie 1(1 'c spit' k of filic 11lioud (ll cwsridlIt (mil

fumi'''. andI ilI~llieI \IH'hd'~ Ille 5hlcdilirs of Illctiiait aet pwe is~'ed repre(Illde'I sjill 1'()

fijetc (Ion. i'ri'il.sI wth)sin wlkt't irahh stie tctll (till)' W I (tdfilwlit /ctivll Sidle , tl(

I itit I (cwih')'". XXI h 'iIt'll space)X If) cattpj s illsc t t) i a t lll('I('5 alid illstt i S I 111 d i t ltii I'-'ll

('lii t)I(1 XX()i I I ills a )[ 'h~lliatc itsl' it ii . it's ll ii thichIf dcs rhilt Il l X Its Xe )(.

til 1in it X Wllc ie rcst il l o wa iit ''Ilil cd ie. llost'io'itilstl tt)I uhi ,-llr l llt tille wIIdt)s aWitl

II) fllec Welsre )l('eillec)l to it il~lfIioit paei. HwI)' lclfiftoit ttiiltiaiii cWaslrakl, 12 ri sc
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INN-v('(l p~lanar1 and l i~oii-Jlaiala iiliollsi. [iiiall ,v. alter eliaracteri'zilig, thle ahove set ()I
Iliotlioll cons~tralints. we eXallledl variouis Ilicails bv whlicli 1 ose cotist raijills could be
(olf1bllfe(1 \\itlhiii the (olifigillat ioul space represenitationl.

The Ipuril)05 of' t il (hiaJter was to dlevelop H ie refpie'seuiat loli, thfat will sei\(' a,,
thle 1foluuIdala ou uuipoii which we max' lbil~ld set " of' took that wvill allow lus to per'loriii

1)01 i anal 'svis aind desigiu of 11111(1 ioiiahlv liseful shapes. TO makel1lie~se represewait a bs
Mlid visiializat loll I echuim(1Ies Muore couicrete. ill thle uiext chalajtel. we vIii liilt iodiire at
SCt o1* fouII ('xaiilJ)le-S: 1W.i-Iii-liol( ass('uiiblY. \ilbuat oiv bowvl I'ederls. asellibl 'v pallets
aiild lixilive~s. andi auuot lieu vibuatoiv I*eeder kiiowii as *\lOS. *ICise exaiiiples have
I eeil chioseli I ecallse Ill hev spauli Ilie set of' c20111ralait relpueseit1 ltolls dc*l((lo)Iedl li'ie.c
ats wvell as to' highlidht Siiiiarit ies amuonig aiid(ll qvihlee iie5lwee l'Pl I li( varioui, f'oiiii,
o,1 fiiiictiolial couisl rajuit s.



Visualization and Application
Domains

Ch1a1)ter 3

In I his rliajT (' w vi ('ali~ ota))i At ol loahis jtIthonilot'l ini liUylv In
Compl)ian~t aselb irtory howl reetlers. assetllblY fixillire~s. and I Ithe AlPOS viIlra-
1oorv ree dinig sys ivill. We wvill uise the tutu loll collisiraitit represeuu at toils tdevelojped ill
I lle iptevionis clia pier to visualize. reasoll aboutll andt anial *vZt I lie Iliitct ioi a I ha rac
te~tiosi or emaltli)s 110111 tachi of* I ltesc' doloiallia ll tertiis of motiot lonl(ost vaitit ý.

Ilit Sect ion 2.3.1I we refer red to I lie sin iaii ic Iaru es utweeul If e ~il rtace or a (C'S, f~a(vt

aiid a "real" stitlFace t hat jurodlticed reactloll forces, aiit tor-ques ill repIbtlam. to ap~pliedl
korces. Ili Sect ion 2.3.2 we refer-red to feat tirles oil t lie sitartace of I lie( (S ". isiliie terail-
such as valleys. SO"ge. and junaks I hat touvev ainages or ninhl pie feat m4 iren-

to oRiti wha atilotuuats to a laiitscape. ini (olfigill-at ioul space. [lie ititetit of' t hlis vkuala!
iiiiagerv is to (-oil\-(,v aii liii nit lye ledl for soilte of I lhe ,I11,110 lirc ifltlledlded ill Itli C'S'

aiit how 1lluese conist rainits adt to gulidit muotioais of* a potint rejures-ieli Ia~1he iiiot ioul

of' a phlysical ol ject.

A\ p)oint ill cotifiguilatlioll space. whose(i.q colaijollelt s correspotlid Io I lie pq'

tioll of, thle reervieli(( potint orl. aiit thle 0 coiimponenit to t lit tuvieltat ion tor. 11lie liit,\ili

object c.all be thlouight of as tlie pioint ol* act itoi thlroaagli which ext ertial ala4 reactilon

Iolces act to conist raini thle itotitiota olr Ilie ob~ject.. All ilitelact ioli, bet weviu slaiaju
or bothl thle Iliovuuag aid stat ioiiarv ob~jects at.e colibilljuid 'o as, to be' local it, 11lii'

oiloiit. If' we iutiagiiae t hat oIndit as a ball luohiliolig or sliditig across tw leurfact. of't lie
(CS couastraittts. thieni we have a power-futl tttetaphla( withI which to visuualize' how\\ tout

st ratit~s int~atect. VOr exatvpl. we htave- disttsst'ti tait'gy inll i'ttis of' tituikitvieutati,

const rainats. or Itoutitil. t hat detertlititie where at pointit. or ball. tiay tr-avel ill Owli

ptesliCt~l tOf ala ext ICIally applied titot ivt force such1 as, weihtll due 1t, agravit v. Ilii'
eliet-gy imlposes, o)it lIeI( cotifigniiat loll spacitE aStelse or f up aiit downi thatl ittauiell-iateh

impillies at st'tist of where t lie b all wvill aiid will titt go, b asedl oil it, ititeract itot w\it I
het( CS sulrface. Tlle tiur1vetl sitriate-s of* aindivitdual C'S facets giuide Ie Iutt( 1o tuio r If Itli

ball alonag (lirved I t ajt'tories impulosed l I~ It(li everhataliolig sltrfau 11111-11i01 altotte I I".

6'7
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Ii4'acc . %%-fill(. %a\~ dII'\ 141 e\'ll C( S ,4'I cs g~ll4I4 aldl cl4 4 s11iraill th b1a'ldl alon~g thI l fl oor 14).

iiiIII m rii *) 1 14g il~l , I 14'Ic )('Ilavior 4)1 rollIintg and 14)111 lll.lg bahll., caln jplov4 flll U' usefill
Ill tIllc 1114)14 ai )lbraci 4 oilla ills of, m alithemat icalI cotistralai I sitllaces and con figliiiaI onl

\\l ilt 4 1)1" Ii 4'v "I111lt ll ". lapho l 4' a*1 cois~laI-\'4'1 fillaI 1)1 o Il o 1)11d we IvIl('jU45'll4( t o fI

titd1m4111c l lakill .\iki wi lie p(olwidlat viosliac v erifcatio at jolt.l Illw'\ .ll presliau'l

j~al~li'l V. iii4'Withl 114'. co eallilll'11114' Itio Space 4)1 sila 4i44t loll.a Iicvr N1C45 havea4

"Ill Iadd '. Wi 1( ;1 \li atI li l(Il t (11, wher th mo'fd 4t itn I411 .(t li e Ia 11 of, where theii Il110 1011

111211 111\ 4 ) ll dl ' it 'l -it act 1I. il'l i t a glal 104' IWO ll4'bl4 ('5'Ihtloll to olle or11( aned v Ic

p4111111 fitat 'l. .\F ll lie, 4'\ac. ill t. exam llilg"' Ii Iilolo' it iscv' pat anrs" a'11xl011(( Io~ar.(l

I JIll d 11(11' utI A t Ill' I 441111 c41144)1e l4n dl -l-l4 sI h 11case Sol\ all\ 11141('d51 llilde 1 ,14' a rd4'o

p'.' hu 114 ,'1 140 d I d itipia J *jil atll I it II s c ille4)151I I l it s ll ii.!I'the li ('1,11 .i W ei w 1e 4 li('pal

halc 1,114 -l I' I i c (tht i 40111. l4 I I d l4' i, 14'ilkl slille a b 4I'i I nc e snIhe v l f

I-li I 114 l"' 41 114'1'i1 (iiI114( ~i1holi4i ill4)0. ill 4f14' l 1. I X'Xil l 4 Iif 141i

II44i4i I g',',,ii ;I ciau414 ofIlatr4,44t e



(OU~ Ia utS ( ("WIi le(I 'a rj69

Application Domains

Thle assor)itment11 of, r'epresenitat ionis aiid coist rainit miajppings (Iiscissed iii 1hle pr'viois,
s('ctioiis (corntact facet s. rorwaix 1(1Ioij'ct ions and sui pm~l (u~tnia inits ) ah " o s lo(

repIre'senlt a rich1 set of' motio oll nOst raint s withlin tWe ( .y.^ ( couifigiuratM inspace. W\e
wvill no\0 applyV various combin~iations1 of' thlese rep~resenitations to a s('ri(s of' sp~ecific

exauiijde (lollails. III S(o (doinig, wVhoe lIo to iiiake t lie visiializat ion c'oncept s (lisc~iissC
ab~ove ilior(' c'oncret e. as well as ('Xltlor( and( illuistrat ( thle priopertijes anid pote('lital

liiselllli('sS of, I'llii('t ioiial repireselitat ionu lsing mlotio loln(str aint s. Sp~ecifically. we' will
examinei( and~ (lsiS(lss fourl e'xampile lolillailis whei(re(' fiuiction is der'ived rroiu mlotiolns

dominiiated lby sh a pe intiieractios The discuissioin h ere is intenided to b e il lust rat ive'
ini iiat ir. lIn the niext chlap~te Neu ( will develop 1two of' thei( exampJle's iii greater detail
1) *v imuplemuenuting a 'ompulit at ional euivirounueuuvSi j)Jull't lg a set or tools to be uisedl
for visuialIizat ion aiud (designi

3.1 Assembly

l'igiir*' 3. 1 ill list rat e's what has b ecomev a classic inst anltiatloln or thle assemblyl lpro])-

le'll: thle task of jselin(ltjg a c'ylinidrical peg jintoa l ight clear'ance hiol e.Accomplishuing
this task isc(olllllicatedl by thle ra('t Ihat thle posit ion of'thle peg may iiot be well, knuownu
nor thle assemibly tra ject ory of' thle rob~ot precisely conitrolled due to th(' p~re'sence of'
uiniiert ailit i( ill lpositiloll anld (0111tiol. To compnl~isate' f'oi posit ionial niisaliguilient s.

the' connel(ctio bet ~ wee'n thle peg alid thle robot inicorpIorates a (degree of' c'ompilianlce
that is i Il pclenlelit (( ('it her ili hardw ~ar'e. such'I as a com1pl)i ant spring (device like thle
R~emote Cen 'lter of' C ompulianice (M I ' . or 1, meaus of soft~vn wared cu t olo thle robot
itse(lf' (81. 79J. Tvypical failure mlode(s of aii assemlbly oper'at ion inlcludle jammlingq.
where th li' or('(s between('l th pl'jeg an h11Iole are ba lanlced duie to f'rict ion so t hat no
motiot lol c('lll'. or 1(U dqiln. whe(re thle ('olliplialicCof thle peg it sell caii i'estilt ill sigutif-
icaiit react iou forces betwee(('i thle pe(g aiid hole t hat are ind~epenldenlt of' any, external
appl)ied( forces and~ prevenlt t ie peg hi'oii beinig muovedl into or. removed l'rouu thle hole
(see Whit iiev [SI]).

F'igurle :1.2 shows a ('01111 lnl ,lv iised r'epr'esent at ion foir axisy inie ric( p'('lart s. wher'e
bot h t he( peg anid hleh are uliodleledl as pl)anar piolygonis. 'Illue comiplianice ('all be
M1odeledl' as a genlera lized sprIin g or' genleral ized Id~amiper. For' thle geniera lized sprling

Iiili(I(l we( have:

wXher'e( t lhe dliagonlal complllianice miat lix [C ] lina)5 dlisplac(iement ". be(t weel I he posit ionl
.F or a i'ef'u'i('( oilut oil t lhe peg~ anid t he commllanded'( posit ioul /er C.ruu 0h' t hat poinlt

alonug a nominiual asweiddyl tra jector of If" hr obot . to f'orces anid 1 ou' ies V appl 4ied to
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liguire 3.1.: The classic peg III hole prioblemi flo. asseliiidi.y

cc
F =B~ ( v - v.)

Oa



"Camfers"

Goal

Figuire 3I.3: 11111(1 ioiial mtetaphior f'Or peg iii hole asseniil~Y inl termls of* iot ll Oli-

si raitits.

I Ili peg at I lie ilref'iiece point1. 'I'l-e (lemen~it s of't lie compliance mat l'jx. as wvell as I lie

local loll of, t lie ref eretice p~oinlt (th le 'oliilplialice (c(elter) are importalit p~aralmeter's ill

addlht loll to part shape I hat imust be coniisdered if] designling a siiccessfill assent hlv. 2

C omipliaince basedl oil a genierailized damplerm tiiav le mlodeled l('l i a simiilar fasitiOti
with di(isplacemienlts r'eplaced 1) I v(Iiffei'elces ill velocit 'v. as shiownt Ili Figinre 312. WV

Itse atl applro)ximiate 1110(1(1 oif positionial unicelt aitt *v where mlotionts are initegratedl

f'roit discrete piotints 5witht a boundl(ed startinig region iIhat has bween sill)(IvidedC~.

The resul1ting bunldI of'discrete pathus providles a crude 1110(1(1 of thle ratige of Ittt olts011

p~ossib~le 1ttider liticertaliittv. L~acl patl I a iiiv have associated withI it a plauit\that

miay be ulsed to deternllijl tflie overall relative rehiabilit v of thle assemllt Yl ojperat jolt

shioutld somte oh* t Ie( flat Its ill t lie hutindle lfail to reachl I lie( goal.

A mtetaphtoor r,1 t Iellle~ 1011cil embtodied ill 1 lie assembly* task iii 1 ernis of' 110 oltol

(milst ratilts Is a itt itlel as shiowtn ill Figuire 3.3. Elsseit iallY. a suiccessfull asseiiiblY Isl

cha ractecrized by* a (lass (I inot jolts starting f~ronti a set of' init ial startinig collfigllratiolts

diat ale( (mnistrailled to reach a single goal state 01r regiont (Ilile to miot ion contstrlaint

ju Ileract iotis. Thiese miot ion const rainuts arise f'rom ll tli kitvietat ic (oist rainits imptlosed(

bY thle contacts bet weelt thle two part shapes anid Imon-kiltelaliat Iconst rainits dlerivedl

[mill ['ri lioll alild coitijl ialtCe.

Fig'ire 3. I shows I lie coilt figit tat itl relpreselt at iol of a lplalar pieg ]il Itole asseit l l v.

We l see that thle pihtysical at Iribl~tts we associate w~ithI a hole are ret aitted In t1lie

coitl1 rajitts, foriied bYt Ilie CS. SIpecificallY. thle goal state where thle b~ottomt oft hie peg

wA ed ,ii vI rlif-r. ;icliw' ciiniliaii'o 11l' \ia I), jilpetiv.ilel coIill soflmarc. ill which cwmi ithunm oipti-
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is at I li ' )o~t ofI I11 of' I lie olt"'k 11nonm Iie ~)~ilo aI regiol I at t lI' ]c ot I01 ofl I it coriespolI(IitI ig

h ole ii Ih I (' I S koiiiel I I tve b cofiistriaii If 'at'(l s. I I' we were to laitke at sl Iice of I lie C S i II
I lhe ( r /)plaI le n'pel-e I it -IIfill. to thle 1) a xis atf I0= . 1 lif, widi I II of, I Ie (' S h ole would
b e etfivi\aleiit to Ible chmt i(Uf/ bet wet'i I lie peg anid hole: I lie greater thle tl('araii('.
thle wider 111 le ole. (Corre'sponin~iigly. it' thle ptl'g were slighit l larger thlain thle hole.
sji\ Ibr aii nit r III clI'cice lit. I heii 11lie hole ill I lie CS would disappear.

Witl Ii egaids, 1o 111 le et apliol of a iit moion ('01151 ailit luijitiecl. 111 limiost impilortanit

region oil t ll' C S is thle elt , v regilonlli ifutiethiately siurroimidiiig i lie hole. Tlie l~acet
foriiiiigtIhis re'gioni are I lie( tolist railts t hat will guide asseliiill miotionis. whose inijtial

po0511ioiis aindtlIraject ories will vary ill 11lic Iti'eseni(e of, Iiiiitt'rtailit ,v. towardl ( ie( I liroat
of, lie hole. Onice I ie( mnot ious revach I lie I Iliroat of, I lie hole I lie i'eiliailling ptort ioiis ol'
I heir trajectories are.( tighitly 'oiist rainied toward thle goal state att Ilie b ottolm ofI lie
holt ( ( ailie [I5]).

lThc idea of',e 1 .Iilig gt'ouiit't u'ic('(ous iaiis giii1v'aii asseuil dv is a well krnown st rat
t'gy idlenttifiedl by at iliuiiiber o(' i'(scai'(liei's' aiid f'ormIalized ill 1 ermiis of' muot ion con-

st raitits by M asoli [ AI.. geoummel neal leat uirt oftIeti ('il~lpoy('t its aii aidl ill ass('liil *lv

is thle cha,,,iff ,. which cali be v'iewedl as at direct phyisical inistant iat ion of' lie muot ion

conistrtaint f'iiiiel invieaphior. Ani imntrst ilg analog to t ie lianiTfe is (mbllodied ini thli

comuplianit iiot ion st rat egy' of initeiitionially nit rodlici('g at rot atioiial and~ posit ionial
offs('l by t Iilt iig t lie peg rMat iMe to t6 lie le bef4ore iniserit ion ( hmiouie (II1]). Byv tilt jug
I lle peg anid p~lacinig its lower coirier ini)to ilie hole it is possible to iliciease t lie set of
initial starliiig lposit ionis Ii'loin which I lie peg mlar be inlsert el. 'The result. shiowni ill

(0oliiglrat iol -Spate ill Figure- :1. (a). is at local tiit m'v regioli on t lie ('S surface I flat.

like I lIe( set ()If to(list raini s for t lie cliaiun f''ed hole shiowii Wt (b). guidites mlot lonis towartl
Ilie t liroat of t lie( hole. Ilii hot Ii cases. aii elil iie raiige of' I rajecltticis is capt nuied andh

guided by t lie( fmiiiiil- like inot ionl tolst rainits. t11' limp ui~rovinig I li(' overall reliabilit , k of'

I lit' asst'ii lyt operat iol. Thiere' is out' impgort alit tlil Lit'c bet'( weeii cliaumilers anid I it'-
t ilt ilig st raftegy: st raiglit -line' pish ing unlti ionls alone are [iot sIifhicit'ill to j'rf'on-iii I he
tiltliiig st rat egy sinict t1lit pt'g imiuist eveuit ially Ipct alignied with OWtit axis of' III li0t' h leo
t'limiitiiic te leSigniificaiit iniitial algfillar ofMet 111eii0t% Ih lie tllig SIMJ iOt egMOaii M'ni

at Lgrt'atti ttgi't't (41 coiiplexity ill tennis ol' a'sst'inltlv liattwart'. altlioligli passivte tdt
\ ices hiave u'veii l'If-vltoped whuitci txtt'i~ldt It this, cast' f'or Sinmple' part geoumiet lies (set
Dirapter J251i. ('iiji t 1151. Strip 1721).

'uricrally spe'akinig. uincreasing lt'e sizt' of, Ilcit'l l'mmu'l -Iikt' rtgitii (4' tlit' C( Ssill-

Ity iliilt a~uIle h ole',dsigui hl tunill'a itissiliv iailibiulilý alloit' l l si the d htt'ii'iii

gt'ttiit-t rneal fecat livet, of, tIlt' ptg hot totii and hle~t rimi. I lit' ftt'.it itii t[ I lit touiiphiaiite
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[,iglII.(' 3.5: Fli r regions~ odl theC (S for (a) a l ifted peg anid hole ( interil joial 0

(4i'M(' ). adI( (b) a chamferedIC~ peg anid hole.
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(('ile! (.11m r e Ii W JOit ) on thle peg. anid iioi-kitieinat c pairameters iincluidiiig I lie (c0-

efficieiit of, fi1(1 iol // aiid compillianice miati-ix [C]. Ili Sect ion L.-) we will examinite in
gr-eat I el. et a i It lie ~ela t of IslII i ps I et weeli I I iese I araii It eTs as wel as (levelo t Ilie I Wl

and~ si ralugies I hat Qil allow uts to tnaiiipiilate I 11(111 for, the pur-poses ol' designinig
itioreV relialble asseimb lies.

3.2 Vibratory Bowl Feeders

Ini Sect ionl I. I we gave a ver-y br'ief' lesc-i 1)1lo iol of' a por-t ion of' a vi 1uat oi\ b~owl l'e( '( I
tiack uisedl to orient sinall Jparls. W\e wvill iio\\ comtiplet e thiis (lescr-ip1 t ot i and( Idevelop
lie( ap~pirop)riate r-elireseiitat ions to itiodel f'eedler fund tion. Fguivr 3.6~ sh ows a ty\picalI

vili-'at orv 1bowl f'eeder- used to soi-t small par-ts for- ail atillouiiat e asseib 11) v syst ei i.

A\ large tiiuiber- of' lnitiieiitedl part s are placed in thle bowvl atid (Irvemi ill) t lie sjpiral
riack oni tlie( h owl's i ut erior by vi br-at (WVtmot ion . lart s reach th letop of* tlie- tirack

ini sinigle file ill onec of at finlite number- of' st able oirietitatjotis as shiownm ill lFigi-e 3.7.
A\s thle pas its each th leo p of thle t ack. tN eypass thlrougli a series of hleattirs Iti It
int0 thle tr'ack atud bowl wvall dlesignied to (i) revorietit cert aiii lpait coiiligttratiowti. or-
(ii) r-eJect pailIs iii ani tunlesiiralle orient at iou 1 ) cansinig I hem to la II of[' thle track
and k ack- inlo thie )owi to be reci rctilat el. Some~ typical t rack fevat ties arev shiowin

in Fhguire 3.8. The (lesir~ed r-esult is a serieis of' lpaits inii sintgle kiiown orieiitat ion

exitinig thle out let of' the feeder- to be placed intio a fixitirev or- pallet Iby a t~obot or-

ot her, t ratisfer- device.

Otie (oild ar~gle t hat th let-ill feeder used to ref'er- to thle device cot isistiiuuý of*
lie( bowl atid t rack is soinlhielng of'a tnisiomiieriii t hat thle bowl atid tiack ge'otimet ties

On ly per-loruii thle huict l(*iou of feedintg lot- a sp eciftic pad oit J set of lpa-t s. VI ~ ts t I ier
Ihiatt those for- which I lie bOwl and~ track were designed wonld not be f'ed pirol)('ry if'
placed iti lie bowl. Thius. f'r-on a fituict iotial st andpoinit. thle 1''(erde' is dis-till it ed
bet ween bot Ii thle pl'at geonliet ries and tlie( bowl/tr-ack gcoeou ieties wit I which thle

patts inter-act.
Thl e second fountl of' pa ut f r dint '1operaltioti listed aI )\ve (ii reJect1 )aits it inittide-

sir'ablvlorieiitat ion) cati bec(latact('riz('( as a filteron lpar mt inowjt~ In thle vihrator 'v
bowl feeder*. partIs unovitigalong thle tiack iti a iutnil eof diffe-etit intit ial orienlit tioti,
intiteact w\it Ii bowl and t t~ack geoiet ties like t hose shiowti itt ligtne 3.:, atid ttder-go
iliffl-eritl classes of, tiotiotis dlependintg ott tlie (liaractetistic (mist raitit imtposed by
those ititet-actiotis. W\e i(letitify two-( br-oad (lasses of nutikot ot (iisistitig of ani nuvqp1

mtot ion ill which partI is allowed to contmi itie to retn1ail)ti Otthe lie ttak. aiild a ser-i(s of,

11jet moionswhere thle pa its f,,or~ced ofr of' t lie t rack 1)*vIvn ov reti-sipoii
lFigit.,c 3.9 ilhltist ates a imot ion cotsilt aitit iiet aphior l'ot t his I~~('swhere a eit '
(I* discr-cetett inotins. (ott('espfotidhitg to pailIs t ta\('litii ili each of 1 lie itiitial sI able oun-

eti1t at iotis. arec lilt emel inito ('it hiet a sinigle accept tiiot ion ow at se-ies o4 re~ject Itiot ions
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Track,

~Outlet

Bowl

Electromagnet springs
La SuBase

Support feet

Figure 3.i: A\ vilralorYv bowl fchder. Tlhe bowl alh lie top is driven ill a ('ollhiii'ed

veillical alld rolar\ v osrcillat 0l1 motloiln bh Ilie elect roinagnet aild springnsg al lIhe1 bol-

loll. 'alisinig silall parts placed in the I)o\vl to inove Ii single file ihI) h•le spiral Irack
oi li e Io\wl' i inl(10or. Froin ihoothro\'d e't. al. [7].

* ~ K ~--7,~d

a b c d e f

PART ORIENTAtONS

FIi,•re :.7: r 3 Pa r a'ri ve at I Ie tIlop ofI lIe Itra c' k iii oiie( ov a IuInber of st a 1)l orlieiI a-
liol,, F~rom Bolhlhr-o d v,. al. I}
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Me Rad,,

pf!sSu r*l
IigII(' .S:Stnie (h~l~l~hlha~I ah(I iac fea 1ICM (C~i2,hI'(I o to r(hhI01 imts

f)~II ' IIIC('i dil 0I~it aliots. Ioti Hol Iiovdel .al.[7]
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Input Motions

ril Output Motion

Reject & Recirculate Motions

Thel fit el-ac lol ils we wll(' f~c1(' (11 )III,4 all'' 111 ())It.)lN W~II 1' )~ l~l _1D011 (,]I

.I Ir;4, I ia k a Aimvii~ ' Ili uI hic I~ 'r~~r op (4 :. 10.r \\'ItIt Iii MI 1 IoiC I RA IW l ll( 1111-
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Input Vibration:.'I

Figuure :3. II: Force equilibrium for a lpart, inl contact with the track (left). aill at
typical hiopp)ing-slidhig inot-io for a p~art onl thle track (right.). Both illustrations are
inl thle vertical p~lanle con-taininig the gravity vector y.

of l'igiire :3.11I illuistrates the forces actilig oil a p~art inl contact- with titlie track inl a
v'ert ical planie coiitainiiig tile gravity vector g where nip1 is the mass of I lie part. o is
thle hincliation of thle triack relative to the horizontal. a0Lý is the accelerationi of I lie
bowl dfie t~o vibrationl. I.- is tile an-gle betweeni the vilbration acceleration anid the track
surface. N\ is the niormal an-il F thle frictional forces betweeni the part mid~ thle track.
Thei right halif of F~igutre :i. 11 illustrates the variouis mnodes of p~art motion including
liolpping alld slidhing, where the hoppinig height. h is niormal to the track. anld thle
hopphig (list auice HI anid slidinig (list-alice .S are both p~arallel to the track. For most
r('asoiialble \,aluies of the vilbratioi paramieters a0,. 6, anid~' the lioJpjpig height hi is
oiie, to t)wo orders of miagniitudle smallk r thani either of thle slidinig motioiis 11 mlid S~.'

Tlo silimplifv thle amial~sis. we will apprioximiate t-le overall mnot io of the part onl the
t rack as bel ug ltiirely slidinig. Fiirthierniore. we will ('0111)1iie t he p~art 's mass amid lIhe
al1lpliedi(h( aceleratiomis (lime to vilratioti amidl gravity intio mne force applliedl to t lie part 's
ceiier of' gravity (i.e. (CS referenice jpohit ). aiild will oiilY voiisidler 114 cole(iiijoiwiits

pa1rallel to Ifthe(r, plane or ,lot ioni. iimiia' v. since I iev average velocity of I he~ p~art'.,
1IMTOaCrOpci~( imot ionl is (oiilt-aiit iltid relatively small. we will model I lhe dyniamics of
Pajil 11iot ion as I ~d ug q 1,imas1s at c.

l'igim r 3.1I2 shows Ow liCS mid( 511 Plmrt vol1151 i'lti ill v i oiitigiiiat ion spacte for' a
planlar vibrat ory b owl f(((et'edv iiiX41ple (rrmoinl lligure 1.3 (4) ). The ( CS repelvil'lts
I ie( k i tien lia .I ic TioI-iJi cotistria I ts d ile to ()i ite(ractio 10115i Il-Wtiv ~ parl anld bowl
will] otill. Thie highlighte-d regionsm on thw surface of thet C'S represet'l those ti.

ý'( WI il re'e'~elrr trarks nri reove'rete with m, mbrblr v'nit jg toj nhmirb lilmjfe't e'iwergý. ~v- f m~

oer'l,,r if, k.'e1 i It, lIe' l mrol irnis dote'rimidid,4 iv (sevs Bosot hroyd vt . d. - jTJ)
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Fi1gu re :1.12: ( 'oifigiirat io space relpreseuit~at~ioi of' a plauittr lbowlI feexder examp~le.

iii coufi girat~ion space where flie part, is inl contact, withi the bowl wall but is, not

supp)Jort ed 1).N the 0. ack (See Sect ioiis 2.4.3 and 2.5). Thel( pathls ill ust~ratecr onl the
S11i1'ac(' of, tOe CS represenit imotioiis of parts along thie track ill contact wit Ii the

lbowl wall froml each of Chle st'alle iniit~ial st~artinig or-ciet at ions (also shioNVn ). Thle

tliick ness of vacli padli is drawiI ropllorionia to thev relat~ive prolbalil it v thlat a part
-il vIeit er thev feeder ill tilat iint~ial orientla t io. wit. t-he thtickest p~athus laving the

highs pi'obaiilif% aiill tle tlilillest havinig the least,. lit thle example showii. we.(
ii(,t ice thfat all huit o~i(' of II~ lilioliolis pat us ('lt ('V oiie of' the( tIllistip)1 olt((l r-egionls

uiid t erlilliliate at Itir' bolundarxy Iliarkiiig thef( (.1., Y. x)psit ionl where thel( part. will fall

off, t ie( t rack amid hack inlto I li howl. The olie revillaililiig pat 11 exit s I hI(- reeder, to t lIe(
r-ight . ('orrewpoul~li fig t o tI lie olt let. of the howl feevder. Hecahlitig t-he filter. metaphor of
l'igiirec 3.9). 1 If( filiiitr 11iiii1)('t of' (l15cV(l v' paltll (ils ('r1(ing thev reeder. are flit-e ('l'l hto oiii'

pass~ iltitloll (II11 pwt iimiie1). and at wimbvihe of reject. nol ions (pat hs 0. 1.2). 'The(
re1141lt is Jill v'xplit'if revl~reS('littloll of' I lIII l'edrliig Ititict iol dvl('ivvd froi tlie Ow tric o

b(etwei IImv pal- mil d tI i fede gvolivIxietie.

We wXill eiiiii'lie If(.ilwitlorv howl feevlei, donlilti inl greate el. (ail ill th le nxI
cliapt er1 oii lSigim . Fl.~ thel( ilioiiietit we will briefly dhisculss soilif of' tI( limiajor char-

d-tE'flt ic's offedr fuiinetiol its revprevSented ill cotifiguirtl-loul Space. We hegiii by
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I ra.ilig I lie li tio)f iolnlis shiolwn ill nFigure 3. 12 tshy iii\ove fromii fili initial l)osi-

I mils ;across th le ('S. One of Ithe iiiost flotiiceal he fea ltures oni lhe (C'5 is thl e series of
"vallh(.Ys- parallelI to Ilie ,x axis andl offset froml otie another ill 0. each coillaillillg Ol(

of i lle iliil'eredl intl ial p)arl orientlalionis at tle Ib•giunin;g of each palth. As.ii noted in
S'cl ion 2.3.2. 1lhe ('S edges forriiitg the 1)ot0 oni of these vallevs occur along I,, yje B
facet adljac'licies where alti edge of the mioving poly*gon (l)art) and thlle stationiarv
pol -ygon (bowl wall) art ill co<t act'. leaving ol(, remai.inig (degree of freedom for I he
parl. llS,('s valleyvs. alld thle t. *)e 1p I faceels thal bound them. foriu a l)re-filter which
dlivide' p)arlts pIacedl ilto tileI( bowl ill piuirelv randIoii orientaliois into the sel of' dis-
cret' stabl e orientital.io 1,1 sh owni. Thlle o mo.ions alongI lhe one-dimensional lines at lie

bolloill of tIl ese al le;rs are ext. reill \" slable atlu(1 relati;vely isetsili;ve to changes ili
(d ,iainiics paramietlers. By the saune token, thle 0 positions of these valleys and the
('cir-'atlire of hle facets forming them are (letermin'med b) y he geomnetry of the l)art

as it itl eract's withi the straighl, bowl wa1ll. As a result., litltle fu rthier differentiation
Ibewe'el iiotions of the lpart. ini different, orientations is possihble.

'l'lTe •next set of ('S features en'coulntered(1 by the motion palhs is a "-ridge" rmi11ing

rou1glly parallel to the 0 axis. This ridge. composed of 1)oth type A and t.y.)e B
facets, serves to niove the parts closer to thie track edge (+y direction) as well as

(disl)erse the inoltion padhs from their fixed-O valleys. As the pat-hs leave their valleys
anid ('ross hliese facet's t|heir degrees of freedom increase from onie to two, making
tihe( motion pathus more su.,,r.pliblk to (or con Irollabl h)y) changes in the dynamics

p)aralelers. Finially, all but onle, of the )atlis encounter the edge of thie track 1b
el'itering sill)l)orle((I regions of the (CS where tfhe planar 1 at~li is t.erminatet whellui

I he part, falls off the track anid back into the bowl.

The' parameters hatl conLtribut~e Co the motion constraints forming the ('S are
hie geoomet.ric'al features of the p)art and howl wall. The part, and track geometries

interact. to (letermline the, sul)l)Orte( regions of ('onfiguratioln space, which are then in-
tersecte(l with and relpresented(l on the CS surface. Finally, the dynamics paramelters
reirsent~e(l bY an applied force representing the combination of gravit~ational and 'vi-
Iratiomial accelerations. and the coefficient, of frict.ion round out the list, of paranlet ers
t.1at go ill 1.o crea(l ig tlle Ifull set of' motion constraint.s shown in Figure 3. 12.

3.3 Fixtures and Pallets

liglire, 3.13 shows a tylpical fixt lire/pallet, used to locate and hold parts for Iransport.
light •iiacliitlliig and assellblhy. This class of fixture falls into the (lass of static.

or uttiartlici'lated. fI•'tires (as oppose(d to Ifthose that 1 '1 cotl.aill cttital ('haiih)S 01r are,
(of l irvwise aci tatd )T Tle liti.iotl of a fixI itre is to senire, a part or suilasseviibl y in a

kiown p)ositlion and otrivillarliotl, atid to keep it itl that coulfigutratioii ill the. pres(eii'n(
of whaIever forces ilay I , geiirutted (dtt1'itug dlie above operaliotls. (haractleristsics
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F'igure 3.13: Ai illustration of a typical fixture/pallet, used in automated assemlbly.

that are desiral)he for a fixture include:

1. the ability to hohl parts in a known configuration that is also easily and relial)ly
reachal)le when placing the part, in the fixture.

"2. the abilily to hold parts stably under a variety of external loads applied to the
part,.

3. p)rovides access to the p)arts by other p)arts, grip)p)ers, or tools as recessary, aill(

1. the part. or sul)assembly may l)e removed once the desired operation has been

performed.

There are a umbl)er of othler fixture characteristics not, listed ab love whose relative

importance (del)ends oi tlre application. By no means the least of these other chlarac-

tierist'ics is the re(liirelnrert. t hat. the fixture b)e as inexpensive and (quickly plroducib)le

ts p)Ossil)he. Fixtures are a. compl)orent. of virtually every manifacturing system, both
mniimidal ai a lonated. As noted in the section on vibratory bowl feeders. a consid-
era.�h( lportion of the fixed capl)ital cost. for a nainufactunring systemn consists of feeders

arid fixtlures. Sillv the(, geotletry of the fixture depends heavily oil the georiretry of
t lit' pIrts a11(1 the t.y)e of iiain failth uring op)eration, fixtires inrust. t ypically h)e ('Ustoni
designed for each applicaltion. Therefore, tools arid techli(ltes that would imlprove
Ilhe prodrictivily iind I)rIforl'iu c of fixtiire design would 1v extremely valuable.

Iinct liouially. a fixlure shares a greatl deal ill common with aIl aisseul)ly. 'lihv
goal. in fterins or tnotioiis. is to p)lcev it J)pIrt into the fixture iii a kinowni position and
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Goal

Figure 31.1 1: Fluiict~ioiil mietaphior for droppJin~g a. part, ittt.) it fixture11 if' 11erms Of

06vieiitiiioii ill the presence of miicert~aint~y. Like Figurev 3.3, t-he kinemiatic nit~ioloj

con sraixiil du( te t~o f.lie inrt/ fixt~ti 1 intiteract~ioti mia, *v b~e conlsidlered t~o formi a funnel

which, ill the ile~ill cas'~I will gtiiidoe the part, Co the (desiredl locat~ion fromiti range of
in it ial ;)osit.iolls. fIlie, main difference lbet~weeiI fixtures all(l assembly is thie nature of

I. he forward jproject~ioti const~rainillg the miotions of thie part.. Whereas we Con~sider'ed

anl issenilly t~o consist. of' it compliantly held( p~art, (peg) guided a~long a. iomnuia~l

traject~ory biy a device 511(11 as a rob~ot, we view the task of inserting a part. int~o a

fixtulre as one of dIroppIin~g the part, into place from some height, inl a gravity field. As
at re(sult,, the bounided-energy forward project~ion for' conservative syst~ems, as shiownI
inl Figure 3.11, is at. more appropriate mlodel."

As for issembi *~ v. we will iise a plhanar model of a, part, and~ fixture, wvitih gravity
ilssliIfledl to lie ill thle pl~itle of thle figure point-ing (downl, as showni inl Figulre 31.15. Like
I'le aIsseutiblly mtodel, thle hplaie inl which (xr.y. 0) mot~ions may t~ake place is chosenl

Io capt.ii-f rehe relevant, geomiet~rica I feat~ures of' I oth liv tpar't, andh d ie fixtu1re. For
axivt i jie. c o iect1te planec is chioseni tocontia ii the axis of symmetry. we assnum

that ( the -1 i sar dr l!opped~ with, z'.eo inictiii vvio('iit*v above tow iixture fronm withini ;I

botintled raiige of initial po-Sitions aInd orieit~ationls. riiv coefricient or friction pt and~
coefficientl of rest-it, ution ( for lic te to pa ris av ue suuied to be known conistant11s.

'Woy4 c(Jisi'hfr Chiow' ('itms whe~re grilsw(I pnrlr tir'' phtevd into Off fi'ixtuire 1ltimin vompiniu~ht uIot ioul

Io, hIw ml lisseItiblh3, 1111d uinoh'h- I hieim ili Ihiv mhiumiI(' Wits dIescrilwd~ ror Chi,' peg ill hole' ixilipiiicl. Ill
ii,' cow~i ext.rf moi~ioti rm)imt.tflhllt, d~iert, is 110 distiticim hown,, Ipleit fixtunre muid it sulmnssriuld ill
smu1ch ses.
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x

F~igutre :3.15: A plantar model of a, part, droppled1 into a fixture.
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1'igii re :1. 16f: (Cfgtid oll fii a ion lIcv trreI)(elltal loll (1l it Jildla rI part .1 i(I lixt 11ire ea ('X llj)(.
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Thei( con figu rat ion space relpreseilt~ation of the jpart /fixt~ure i iiieract~ioji is Shiowin
ini Figure :1. 16~. \X(' see a st rong resembl)ance bet ween Figure :3.16( and~ Figure :3. 1
showing the C'S f'or I lie peg ini hole examplIe. The -thiroat" ol*fi tC (S hole for it
fixtiilre is somewhat wider and shallower iii comp~arisoni to that for thie peg ii Ihole-
assembly . but1 thle entryW regioin around thie hole has miainy of' the same funnel-like
('liaract erist ics in~tend~edl to guide mlotionis t oward thiegoal st~ate al thle 11l~oin of thie
hole.

Thie primwary (difference between the fixt~ure aiid assembly' is thle use of aim energy
1 )omiiided forward p~roject ion model rather than that of a pathi hprodulcedl i 'vComplhiant
motion (see Sect ion 2.41.2). The resuiltinig forward project~ion w~ouhld appear ats a
p~olyhedral -one-. similar to t hat illust ratedl in the lower half of* Figure 2.8. with its
central axis parallel to the gravity vector in the (X, y. 0) configurat~ioni space.,

The (CS and forward project ion representa~tions described above address thie first
of* thle dlesirahbhe cliaracterist~ics for a fixtunre listed ab~ove. namely the a~bilit~y t.o get a
p~art into a known configur-ation and keeping it thevre. TJo address the second issue
of h~oldinig a p~art. stably' undler a varietyv of loadls onice the p~art. has reached the goal
coiif igurat ion1, we returnl to ouir discuission of thle configurat~ion space friction ('olie.

N\"e recall [romi Sectioni 2.1.1 thiat the friction cone spans tlie set of' react~ion forces
that will inaint~aji equilibrium for an ob~ject.. The negation of I his cone, t~herefore.
rep~resenmts the set of appliedl forces. aii(l torques. t hat. maY be t'Ip))b(( to the part
withbout any motion resuilt-ing. The larger the spani of thme friction cone. the mnore

tablyl the p~art will be hteld in the presence of app~lliedl loadls. Of course, tHie caveat. is
I hiat t lie same frictional efrect~s thlat, help keep) tHie part. in p~lace are also the frict~ioinal
effects t hat. cam make getting the part, into the dlesiredl configurationi more (difficult.

Th'le thbird dlesirab~le characteristic of a. fixture p)rovidling access to tihe seciiredh
p~art by other p~art s, grippers. or tools has to (10 withi the kinematic constraint~s
between the fixt lire and] these other objects. Specifically, we wish t~o (letermitle if
thie gri lpler/lpart /t~ooh will comne into contact, with thme fixture (diring it's operation
on the part being held in thie fixture.' In termis of thle ab~ove representation. if tihe
ref erenice point, of thle imoving object. is chosen t~o coiiicidle with the reference point
(.e. cg) of tHie Ipart, when that. object. was initeractiiig with the part (grasping it., for

exampille). tflien ii e CI'S for I lie( 01)ject/fixture interaction couldl be sup('rimpns d ont o
time pa~rt/flixt~iire C S to lprodlice I lie compllet~e set of' kinienmatic motion constraints on
tI'ie part . fi xt~ure and object.. Thl~is suiperpo~sitionm is the samte as that, discuissed iii
Section 2.5 for suit eriimiposi ng C1S conistraints Im interact ilig p)olygonis represeiit ing
1111111t iple Slices oIf thre1-e dimenesioinal object S.

alskn ive ( t~ e~eeu~tiisfrs itkii regimis oni Ihe smmrflu'a or' owme CS. sinmilar to those'
ge'ii''rAtd by Bfrost.[ (131, wheire npart unighl i Iconiv tie s k.

Thiusis prr~'imIy Ilihe(ollisiohm avojIiuiC(' probleii to which flm throiuiiguiralimiiou pae ri'priesvitamt i o
wa,4 iliialt iaII p lt)~ie( to rohotirm for phuuuimbg puirposeN.
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FhI t I Iv. IthIe buI 1111 chla racterisi IC (l esira b]e iii a I ixt tir(. thai t IolI being a )l t Io r( -
IU- fc aprtlom t Iew fix xt-uie. is itd(I( ressed 1)01I i b I' thev represen Itat ion t I hat (let ermine

ii I le part mat r'eacht the goal aft er b~eing dropped)C(I and l te abl~ityV of another object
-bi as at giipper to reac h Ile pail 'ii t he fixi itre iii ordier to remove it thle b~asic

at"ssulinp1 ion I ei h tiat if -oil canl get It inl and~ call still grab it . then v0it c-ali get it

out a,)ain.
As w i thefi peg ili h ole examnpie. thle ease anid relial il it~y withI wihichit p art ma~y

he' placed ill thle lixli tire is dletermnited b flivth mot~ion const raint facets forminitg thel(

(l it riN region of' the C'S hole. or ill this case the subset of those facet s that lie wit~hin
i lie forwardl projectioni of thle dropping muot ion. To improve the reliabilityV of' this

muotioni we iiav:

o vai r li te fixti tre/lpart geoiiettry I hat dlefines the shape of the const~raint facets

to iimpjrove the funnel cliaracterist ics of th lenlt ry region similar t~o asseinlly. as

well its chanigintg thIe size and1( locat ion of thle sticking regionis onl t he (CS.

0 \.ar.\ thle coefficienit-of rest ituttion t hat (leterminies thle spant of t-he forward

-rojectiona C-oit by1 changing t lie mat erials uised for th lie hx ire. and

0 val- t~Ilie coef liciejit of frict~ion It t~hat (let erminies thle ext ent of the stickintg

regions onl the surface of' the CS. also by chtanginig the muat erials usedl for thle
fixt tre.

Specifically. for t he dlropp~ing task, we are conicernedl with the region of configuration

sp~ace bounded above by thle forward project ion cone and~ below by the kinematic

mnot ion constrai ttas of t lie ('S. Thel( funnel-like ent~ry region onl Ilie C S is (let erminied
1)'v tI be lpart atid fixtur-e geonuet ries. whereas thie forwVardl projection conle is det-erminled
b) th de iniiiiai set of dlroppiing jpositiots andi(l. We not~e t(hat, hlere(, as ili many of I lie-

othIer examplles, shape is generally di e ea~siest, t~o change of the pa~ratneters t~lia.t may

1e m( lodlified sinuce thle choice of' fixture material1s may be limhitedl by other fact~ors.

[or chaniginmg the st~abilit ,v or tflie fixttii'(X the sp~an of the frictiont conle at. the goal
coillfigurationl is a futilctiomi of 1)o it the C'S (i.e. p~art, and fixtutre geomet~ry). mtid p1.
Anid fiatally, . I t(e accessib~ilityv amid tetovaibilityN of the part. iii t~he fixture as representedl
1) I lie sii Ierlpose(I CS fori thle pairt /fixt~ure and~ gri pper/fixt~ure are funct~ions ol thle

geot itetr1i('s of, (hlose 11i ree 01)jects.

kke hlave( iich1tdedtl (li partA-fixt1nr exa.iilple t~o roliild ouit ilie set. of examiples inl

~'iwh ic Iliitict iol Inma v b e telpreseitted andl visualized iii t~ernu of miotion const~raitits.
Ni iclt work remiaiiis to bev doite illi illtpleitlieuiting detailed energy-bounded forward
prolject~iolmiITodels' for both1 t he col iservativ aeniid itoii-coiuserva~ti e c'ases describied
ear'lier. ill ti ais chia pter. TI aet('for(', We will niot vOiisidvie l I'is ('Xat1jl('p~ ill ami it ot'

tlet'ail IWit haill th1is tepoill. lli('e readIer is ref erredl to vxt~emsive work onl I lie analYsis of'
planar dlropp~inig tasks I'ounilil Br iiost [1:1].
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3.4 APOS

A.othe icr form of1 vilbratorv fee(der d(lve-lol)(l Iiiore recenttly for orientinhg small parits

is the(' Adv\'ance('(l Parts Orienti,•g S-stem (APOS) (develop(ed I)v thlie Sony ('orpo-

ra ioti. AIP()S. sihown ill lFigure: .17. c'onsists of a vib ratin tg pallet itto whicih has

,,,1 nIllald iie(d a series of, cavities. or wells. designed to capt ure, parts ill a known

orietit at bio. A ('lust er of, hoplpers co(1 aiting (liffl'reit sets of ralolv oriente(d parts

is locat('(d near Ilhe t1) of lithe palhlet which is angled slightly (lowni and away from thi

Iuckets. \VlWen a small gate in one( of the hoppl)ers is openel a cluster of partns falls

outll o the 'ilbral itg pallet where the parts ho1) and slide downihill across the surfaac' of

Ilihe pallet. A part that halpp)ens to be near tihe desired orientation will fall into one

ofI lhe •mipty cavi ties and be held there. Parts that arie not capltured bv one of tiie

cavilie's codilitle down the pallet where they fall into a return bucket. The return

In ickeit, is lhen periodically lifted and its contents (hunl)ed back into hlie hopper. This

C\( isr('arep(eae for aI predet('termined l period of tine so that a majority of the cavities

will ('ontain ati oriented part. At the end of the cycle the vibration is stol)l)e(d, and

excess parts are cleared from thlie pallet 1) an air jet. and the pallet is transferred to

t('ot 'vevor and carried off to a robotic assembly station. Figure 3.18 illustrates thbe

itia jor op)erations of A POS.
Iii economi"c terms APOS has a number of advant~ages over tihe more common

\'ibrator' I)owI feeder. First of all. most, of the hardware coiljp)onenitas ill A 1OS are

reisal(h' for new p)roducts and productionl lines t he only har(lware component that!f

must 1e custom designed for a given part geometry is the pallet.. Another advantage

of' AI(S is that. it. combines into one unit a number of assembly system components

tI at are tvl)ically sel)arat~e iii ot her systems, including: feeder, fixtures, and paIlelts for

parts t.ransl)ort.." APO S thus combines into one compact unit, a uinml)er of typically

(list inct manufact uring stlbsystems. most. of whichl are reusable.

The one aspect of At OS that. proves to be the most (liflicult andl time consuming

to (develop is tlie l)allet, geometry containing the shaped ('avities.1 0 Figure 3.19 illus-

trates( a it tni)ber of "genleri(" p)allet geon(et-ries designed to handhe (lifferentt classes

of parts [1(61. The l)allet geotmietries shown aret use(] to initially orient. parts into one

of a limited m btiter of orient~ations. As tle parts iiiove down tei slot.s and channels

theyv come(' across. and some are trapped l 1 Iy, cavities macthined into the' hale't. lii the

figuri'e. parts are dropped froni the hopp)er onto a pallet at th1w top right. and Iop and

-lid(- down tll(. pallet surface t-oward tlite lower left.. A pallet. of' tf, ly)e shown in (a)

is ,ised to ('al )tt'le flat syi* viietirical part.s. like ge(ars. whose orientationt inl the plaine

is not ('clrlical. A palelt of tIyjpv (b) is tyl)icallY used to orienil thng l pii h)arts such

" iSom' r'e'it work has evw'ii ('oisider'e'd AI'(OS fror its(' in pitris nssetily directly. Set' Mlone'-

i~llI addit i,,n to, 1dividli'l pallet, desigiis, difl'vrow ptirls ofl'ti, rf,quirv, indi\'idmil viliration proflhs

which art' siore(l iII a progr•liit le)I' rotitroller.
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Parts Bucket

Air Blower

Vibration Unit

Parts Return Bucket
Gate

Figur(e 3.17: The APOS vib)ratory parts feeder (develop)ed by Sony. The vibrating

p)arts pallet, is in the center of the machine. From Fujimori [32].
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Heppern

Figtire :3.18: A siide-view schematic of the A POX feeder, fr-oml Moncevicz [58].



ats 5(i('VVs Midl springs t hat Slidle into( II(' slots, inii apreferredl orieiit~alioii. A pallet
like (C) is I lie Iiiost comlliono I type and is Itvlyica'll ,N usedl for less .sVuill]Inetrica I parts
which faIll iuto0i lie "Saw-tootli" valley and against I lie vertical wall ini one of a liniuuied
mimi '1er. of, orient at ionls. similar to at bowl feeder t'rack. And finall , a. it allet of' tvlpe
(d) is u~sedI to orient pails t hat.. after killing into one of tle cavities. miiighit block
lie flow of followinmg p~art s. It is exp~ected thlat parts inl the correct orient at ion wvill
fll Int iio it avi t v ad I remiaini there wvhereas p~art~s inl the wrong orient atioi niayrfall

part ia Ilv int itoa cavit v, buit shiould e( ventunal ly boun lce lback out againi. ('ha ract eristvics
that are( dlesirab~le for anl APIOS pallet include:

1.the ability to t rapl only those p~art s that are in a dlesiredl conigu ration.

2. the abilitY to h old t rapped part-s stahl.\ after the reeding opera-t ion. i.e. after
the vibrat ion has beenl st~opped. while the 1)allet, is runloaded and~ transferred to
ilie asselinblv' stat ion, and

3. t lie p~allet provides access to pllars by a rob~ot grippjer so tlie p~art. miay he reliably
grasp ed and removed fromt the( pal let for assembly.

C ompiarisoni of' these cliaract~erist ics with the vibratory* bo0wlI'veeer and~ fixt-ure ex-
amulples suggest s a conisidlerab~le degree of fhiict~ional overlap wit~h AlP0S.

Like thle vibrat~ory b~owl feeder, thle funct~ion of APOS call be viewed in termis of
at filter oui part motions. Parts moving along flie p~allet. surface int-eract withl p~allet,
featmites like t hose shown in Figure 3. 19 and undlergo dlifferent. classes of motions
dlep~end~ing onl Ole characterist-ic constraint~s implosedl 1y those intfera~ct~ions. As- before.
we identify two muiotion classes: (Icccpi andl r~frcI. Ini the APOS examp~le. hiowever.
thle accept motion consists of a motion terminat~ion, or- trapping muotion. ill wh'ichi
thie par-t. is st~olpled a~nd held iii the desired configuration, while the reject. motion
for at part. consists of all other motions where the( p~art, continues across the p~allet.
surface anid jinto thie return b~asket. Interestingly, thie characteristics of t-he accep~t andl
reject. inot~ion classes for A P08 are thle reverse of those for the vihbratory b~owl feeder.
Figure :3.20 illuistrat-es a mot~ion const~raimit. mletaph~lor for APOS, wvhichi is identical
to thiat of thie howl feeder excep~t thlat. the multiple output niotioim.' are thle r(vjvctý
jmot ionis. and the single accep~t immot-ion is. ill essence, a. u11111 motioni corresp)ondinug to
I lie part leinig couitainjed wi tlii fi te viciniit Y of a goal region iinto which it w~ill settle

whlen tHie vilbrat~ory mtotioni is st01)j)('(.
D epending oil thme type of p~art and~ p~allet. used, the hopping motions of thev 31)

part s onl anl A P0 palle't are not, alwa. s plaiiar in a geineral seiis(-. Parts dlroppjedl
onloit( p allet Stich ats FHgnre :3.19 (b) ilrV conistrained'( to move w~ithliin narrow slots
so thIat thIe resullt~ing imotionis all occurl in nilore or less at vertical planle. Flata p~arts
s11(11 ats gea rs. plates. 1 mrackvt.s. l('vers' etc. that are dropped Iliit( pallets 5su(lic a,,
Figmi re :1. 19 (a). (c) or (d) . imove mu ore or less ini thle planei( or the pal let anid call oft eui
b~e viewed as planar sliding imotionis wvith1 ijminimal vertical imotionm similar to v'ilwaIorv



(a) (b)



94 C(hapt/ r 3: 1 i.iualiiation and Applicalion Doma in•S

Input Output
Motions Motions

Accept Motion

1'ignre 3:.20: A motion filter met aplhor for the function embodied in the part/feeder
interactions within APOS.

bowl feeding. Other more complicated p)arts will typically find themselves in one of
a numnber of stable orientations with motions occurring in primarily horizontal or
vertical planes (possibly b)ot h). which can be used to caplt ure the major characterist ics
of the part/pallet interaction. The applied vibration has horizontal and i vertical
compl)onents that are sep)arately programmable. and ili all of the above cases tlie
amp)litude of the vibration used is t ypically moderated by the desire to make gross
part motions more or less deterministic. as ili the case for vil)rator v bowl feeders.

For the plurposes of this discussion we will consider tile subset of part/i)allet in-
teract ions whose mnot ions may'v be characterized wit hin a vertical plane. as illust rated
in Figure 3.21. As in the fixt ure example. t lie coefficient of frict ion p and coefficient
of restitution ( for tile part and pallet are assumed to he known const antt s. The

pallet oscillates wit hin the plane of tile figure. alt hough the ampl)lit de is considered
negligible in comparison to hie scale of the parts. The gravity vector is also in the
platle of uiot ion as shown.

Figiure :3.22 shows the ('S for a planar A POS example. along wit hi aim al)roximate
repvresentat loll of tile wion-conservat i\ye energy-lboulded forward projection thatli has
heeii projected onto tile surface of the ('S. Blv approximate we mean that the forward

project ionl represeltal loll sliowl ill Figure :3.22 was cons ruicted using a modificat ion
of the slpollort region imlplementation disculssed ili Section 5.5.2. It is piresented
here for illist rat ioi purposes only and is not t he result of any\ act ual colpultat ioll
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c.g.

Ao sin cot

SA/

Figure :1.21: A\ j)lanar model of a l)art and a vibrat ing A\P()SlpaIlet.
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Figuire .3.22: (Configuirat ion space rep~resenltation of a plIanar APOS exaflhlie. (Note:
tlie forwa~rd Ipro~ject ioul Shownu is for illuist rat ion purposes onlY and is not the result
of all.\ actuial d ynamuics comp1 ut at ions.)

of b~ouncinig d(lyuialics. ( oucept nall * . tilie hiighlight ed regions onl thle surface of thle
C S represenut tilie set of' ( . y. 0) p)oint s ill which Ihle p~art and( p~al let uiia ,v com niclto
coittact . 'lit( boitidaries of I liese regions represenit tilie Int ersectionl lbet weeui tilie
tioia-cMiVIsevat ive l)outiuciuilg forward project ion miotloln const rainits (disciussed ]ni Sec-
t ion 2. 1.2 anid kinvitnat ic cotust ranit s of' I lhe (CS. W\hat is lost in thins rep~resenit at ion is
alli v i nforuilaliolo about1 tilie pos5it ions in confligurat ion space t hat may lbe t raversed lbY
a p~art in free fi iglil . i.e. ntot ini conttact withI thle pallet surlface.

For Sill) plicItv we assume t hat . as ill thle oWlI feeder' (example. p~arts start outi
ill onie of I hivit st able rest intg aspects oil t he flat p~ort ion of thle p~allet to tilie left III
Figure 3~.21 . These polints lie at thle bot tom of' (CS valle ' s of' tble kiind found out thle
bowl feedeur (CS. Th'le forward p~rojec~tion conist raiiit b~oundiaries VNext eii1lout ard( furomi

luese st art iug p)oinits Iund~er thle actlion offIlie applied vibrat ion and( gt'avitY to etvelope
all reachable p~oinits out thle ('S surface. Thel( result of t his expanisioni is a "flow"~ of'



ICadlablll points that spre51 i'ad dowNy I lie (CS \alle 'vs." W heli Iiev I'Oi'ardl pioj('Ct loll

regioins. o1 "ri'vers'" if we miax , Iii iitier exten th( 1le met(1aph~lor. r'eachli t(li set of' wellIs

oil thle C S 'or'resp)onin~ig to f ie( kiiieuliali c (onstrainits l)(tweeii I lie p~allet cavil ie5

Mid pails ili (dcli of' thle intiiial orient at lolls. thele thle (l(terminiiat loll (4 whet her or

niot it p)art is triappIed liii a ('avitY il a giv.en orienitat loll wvill dlep~end oil whet 11(1 ttli
riiver' is abI le to overflow thle well an con '0 t iniue to I ie( right acros0s thle CS'. For the

p~art. paIllet . anid level of' a pplied I i Irat loll to perform.11 proj wilY toget her as- a feVedei'
will requlire t hat old ,v owe of' I lie river flow" he stopped by* a CS, well while thle res"t
overflow and~ ('ont iiiieoff'thle iright of le p~allet . Ili t eiiiis 0of ]iot loiis. this iiieaiis t hat
at part stai't ing Ill one ou'aiitat iou wIll lbecaught and held iii thlec(avit v. wi ereas parits

stitng iii ot hier oirieiit at joils w~ill f r1( I (1111/ b~ouncie outf of' I ie ('cavit v aiill coiit ifiuie

across5 thc jpal let.2
\\' should iiote I hat thle ablove re(uii'iii-eiit soil th lie attilre aiill ext t'ui of, thle for.-

\\-at-'(] Ipro jectioins oil thle (CS for a sticc(''e5f il Al OS dlesign arie \'ry(ohsei'val1 v\c. F'or

('XaiIlj)Ie. it is possible t hat if' tlie f'ou'1-'ard priojec't lolls over'flowedI all of' t11 li(avit ies ill

eac'I valley, of' the C S that part'ts wouild still be capt uurd lii some of' those o'ietiitat iOiis.

i'lie f'ou''Ward project ion ovei'flowiing a 'a\'it 'v siiiif*Iv iieauis t hat it i's po~ssile fo abIm i

pait Ill t hat oi'ieiitat ion to leave tlie cavil v. A iored(letailedl miodele mighi mt cotiieii
bc)edded shiellIs of' f'oi'ward pr'oje'tions. ed('l\\-wilt Iiaii as~sociatd p(I1)01abIIlY ityIhat a Ipart

may reach ¶ he sel of cont acts (contained wit hinui tat shell. O1' couirse. suci at iiodele

would be ('oni ~ei'aIbl' , v ore( coiiples thlau t lie exist iig (miiiiiipleiieuited) fI'wnar'

lioii-('oisei'vat ive eiieu'gv-I ouiiidedl f'ou'ward priojec't loll Iiodle dtesc'ribIedl earlier. Ill tIilis

lIn termiis of* .\P(S de(signi. we \\'Isli to (leeple I li( we'~ll sti'lroliiidiuig filie dlesir'ed

'OliifigiiralI on r lali're to well Is'oi' ot her coni figuiriat lollis so thI at I lie for1war i' Ii jec(-

lion w~ill be trapped ouldv by, that well. Th'e (CS f'acets F'or'miiing each of' thlese we'(lls

are (elet riliiiedl bY lilt 'rae't ioiis bet weemi diffei'eii par't feVat irei(. anid t lie saiiie phallet

('avit t v feVattii'('. TIhle re(sul t inig (CS f'aicefs. I lierefore. tendui t) e'xlib it a stronig legvee
of' ('oifliplig. As a 'e'stuht . Icid(if, 'i vig aI pallet feVat uii' to dIeepen'i oii(- well' \v'Ill (tfl('u

fend to deepent Ilie siii'rotiiuling well's. ( au'ef'tl at tent ion to this couplinig. it, well as
at ('oiisidl('ia Ie amioitint of' truial aind errioir. Is reu'((iredI to arrive at pal let geoniciieil('s

Ihat achiiev~e Ii heldesire i'(l u'sil t s.

,Il vwa f analgy w~it ft I lhe vj brato r v howl fe'edter. we' ('aIli imiagine' colflapsing i fies e'ilergy-

hl~nIlif'( 're's' dowit to 11) space' cutrve's, ait which polint we woul d exfecet to sev a iloi~ii it rep-

i'es'lit aloll simiil ar to that otf howl feeders. Ant Iiiportalnt poinit o inot e here is ithat. ;., asdisctusede

iut Se'ct int 2.1.2. I lie exact mont lnils ofI' te pailsol nit vi A lOS pallet will he' Itaiphie Ii ilatlire-. ande

I lie'i'elnie impof~ssible in ('nulptit v' exact lv, . 'Illie etiergy-homniiitee forwardl prnjecl mu repriselit, abo( ut

I lie fn'st We' call e'Xjact to don III tertis of' pi'e'ti(' ilig I lie, behavior of parts ill t Ills SNsystem.

"~We are uieglect jug t he ef'e'ci ni a part itrapped iii a cavitY oil stibse'qtueit pearts motinmtiacronss I li
pallet . TnO' vxplicit I *('aptim tir le'se efrects. ii miighit le' iwecv~sary Ito siipverililfnse' int iti ('(listrailti

ge'ieralv't uiisig a moifiindjt pallet ge'nliet rY conisist iug nt' t( li'Pallet and a I rapped part
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Ili add~it ion to kiiieniat ic conist raintst al)Ove. the l~orwardl project ioiis on 1 lie C S
sti rl'ace wil I IC be(letiie (by1 Il~ I iv t y li (in~aics lpalainlet (. inciidlin tg in iaI eri a I p rolpertles
of* I li part aiid palIlet such as It aid t as wel as tN lie aliei at iOn of 1he pakl lerda live
to (iravit y 0. and tilie orient at 101. ampllit ud~e anid frvqeqnecv of* thle applied vibrat ion

Aswe have seen. A I 1 S shares inaiiv of' thle mot ion conistria int (ha ract(list ic
l'oliii ii t lie it lier exai~llpls dhiscuissedl so f~ar. such a, 1 lie p~resenice ofI valleys oil I lie
(CS corresponidiing to stable pall oiieiitat ioiis as found ill bowl feevlers. aiid conistraint
Wells to capt lre pails Ile those lnoilil iii as'sellillies alid fixt tires. Tlie task of' (de-
signingi all AIOS systemn is coiul~licatedl by thle Ileavy anilouli ofA ou)ipling priesenit
b et weeli thlese linot ton coiustrat it s. which resullIs f'roill lie f'act I hat APlOS it sell, coilni-
bi iies so iiiaiiv l'ulnctlios into0 a siiigle syst (lB. W\e Should s1( r ess t hat thIiis couipliing is

a reflect bio of tIlhe natlure of tIlhe .XPOS svst eli it self alld not I lie (011figuirat iOn sp ace
rep~resenutat ion. The repiresenltatin d~l Iiscutssedl in thIis chapter are usefi I for thIiis ap
lplicat iOn precisely because t liey make t his inherent coup)linlg expl)icit . At presenlt lIhe
coluliput at iOn of' forward project iOn regions for act i vel *v dri v' rat ory syst ems. such

as .\ IOS. reniaini all open issue for furt her research.

3.5 Summary

Figure 31.23 shows thle p~lanar rep~resenitattions of tile four examlple (olmaiuls (liscuss-ed
ill t his sectioni. alld Figure :1.2] shows t heir corresp~ondinlg repr'esent at ions ill collhg-

urlira oli space. W\e have niotedl a inulnller of'stinilarit ies bet ween t lie~se relpresenllat i011

throughiouit ouii d iscuission t hat arie w~orthI recallinlg here. First. we have f'ocilsed a
Conids~erabile aluloulltl of* at teiit ion on t lie role of' kiiiemat tc niliot l const rainlts relp-

reseiit ed 1y t lie sul'race of, lie C $ and deletrmllledl 1)y interact ions bet weenl object
shiaples. Ill thle examilplles of* asseilildy p1* art s fixt i res. anid thle .\ lOS l'ed(er we saw
how sonie of, t iese const rainit s took I t( lrie br of' feat nies o011 Ithe( CS sllrf ace I hat we
likened t ofil [if lIne or wr /I., I hat guiide illot toni, toward a sp~ecific st at e or set of* st ates ill

Coniifiguirat ion space. lii Ilie bowl f'eeder anid .\P( S examp I les wve saw par'allel ca/h .,
iilt Ilie 0-diliellesioii onit lie CS that acted to sort aiid Eguidie p~arts inito differelit stable
orieiitatious. Ili add~it ion to kiniieiat ic (mist ratuts we saw represenltat tols of'(lvlallllc

i1l iot l ioti(ostl i alit s ill t (rnis of forwa rd jproject ions det erm inted byv thle ilecluanics of'
ohbject inut (act iou. For Ilie peg- iii-hole assemlyl d anid vi 1 rat ory b owl feveder examl-

plswe were able to geiiera te letatiled rep reseiitat ioins oh, ohbject illotllios as a set of
pat his. or tra jectories'. fr-oml iiiitial states ill conlfig~urat IOn sp ace a ii con~stratined 1) 'v
(oit act \\itll) thle (CS. For thle fixtlire kind .\lP(S feveder exaimples we were unlable to

aeiierate exact Ililotioul descripitionis. but tinicad biounided thle set (if reachiable states
ill configiurlia oul space t hrouigh whiichi alliy trajectory wouildl pass.

lIn addit ioul to t heir ,iiiiilarit tes. t lhe fourI examlle (lollailis were also (Jioseul for
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1'igi re 3.23: The )1 )Iau planar appl)1icat loll ('xillll )I(-s: (a) peg-i ii- hole assenmbl~y. ( b)
viIbralotv b~owl feeder. (c) lixim-ir. and (d) AIOS f~eder.
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Figc :321I: C on figur a tionl Space reJpresent~al 10115 for theii foul. planiar appl ical ion Vx-
aipl)Is: J)Cg--1101Chl asseliblI. bi~I o wl I f0VI IC(Ir. fixturie. and( APIOS I'ed(IC.
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t heir Ii flerenit lusage of't ilie resoill rces, tla( i avatilabIl)e wit Itin II ie cotifigit rat ton sp~ace
rejpreselit at loll. Specificall~y. bothI thle a55(Iiillv atild fIxi ure exalIII ples f*0cisedl oil a rel-
at ivel *v siniai Iregion of cotifigurat ioll space where t lie local set of' CS f~acet s were sliffi-
ceietu t o diescrilbe t lIe( kiiieniat ic iuiot loll (milst rai fit s of lilt crest . whereas, I lie fittict lolial
(lescri p)t loll ol' hot I) I lie( vibrlla orv 1 bowl atnd A\ lOS feVeders reqli rIed t lie cotisiderat jotl

of* kinemnatic moion01 consis aints over large regiotis of I lie C S. Oil thle otliet liatid.

I lie as'selluI] lv and~ b~owl l~ed~er exampjles ut illized exact jut egrat ioul of' i1liot io patitls

0o conistruct( f'Onvrwa' projections1. whereas t lie fix turie anid APlOS GIed~er examplesJ

reiled oli lbouti(Ied ('liergy miodiels to getierate thir lietioi-kitieiuiatic coiist raitits, iThis

particuilat set of' 1,0ii exa~lllfle dotmajins was clhoseti to combinle dliflervilt (oist rainit
teprt(senltat lot s Iii diifferetnt waYs Iii a ti attIetipJt to span iitlie class of probleim s t hal
nigh--lt be cotisideted utsinig thle motijolt cotistrtaitnt relptesetitat jolts dlevelopedl.

Iit each of* th l 'i r 01 exampijles. we Ipr(seltted I'iitct jolal muet aphlors Init end~ed to
abIst ract t ie Impiort1alit telationishiips Ibet weeii object mlot ions aiid thlier (constraints

wit hotit d jst ract joti bY geotiet rjcal or phlisjca Id(et ails. Ofcoml se. t itesc -detajIls- are
(11 tial I'O e0n( sil ti t hat a fpart 1(1lat itatc of a syst (lii h as I lie d esi redl ~lll(ictiolial
cliaract (-Ilicti(. Ill t his sense'. 1 lie conligiuraljolt space rep resent atjoti is, meanti to act
as at ki ttd ol I)ilidge be(t\\weeti thle ahst ladft t'ict jot commn ii ot oall ]list a iices, o1 art i'act 5

1'0111 a part cidttal dlomatin. an l( ,i detailed inforlual jotu Itiat mtakes each part icuilar

inistant iat ion unique. Specificafll'v. t ielulmotiolt conlist ailit lepresellitat lolls Illt (otligit-
tat ion space. iticliditig t lie C'S. f .orward projectionts. and~ supp)fort regionis. all possess
hoth thtI e topological prop ert ies t hat iuap to thle abhst ract fillictioiial niuel a phors. as,

well as (leta led tinietic in f'OtIilat joti t hat en~suires fideflY with Iitlie behl aviot oft lie
actuialI exaiipl)e undi~er colisiderat ion.

FittallY. III eacht of, thle examiples we attemnptedt to give1 a Selise of how a giVen1
svst eiui miighit Ibe tilodlified . 01 designied . to achieve thle (desi red fit tc jlioa chtaracter'-
istitcs. Althloughi thle miotiotn (osIstrajItI leplesetitat iots allow its to confirmli whet itel

or 11ot a ibarticuidai svst (li has t lie (heIr('h behavior. and~ Ii somei cases a setnse of'

Itow\ robust t hat behavior is to pl~oetit al variat itns ill svstell lpatamlet (s. wve still
(do niot have atl i pror /)inv Ilats of' reliahi 'v getierat itg ilIte desired coitst ralilt 110111l

scratcht. Thiis topbic \viIl be addressed tiote fuilly* itt t ite next citapter 101r tlie first
Iwo exampilles: Jpeg-il-ltole assembIIly, anid vibratorv h owl feecders. 'I'lie remiaittitig tIwo
eNat pllbes. althIoiiglt profitling ft-oiui thle (levelopi)clullts tliadle lot1 tlie othIer e'xatmplles.

await hit her reseatrch inlto i lie illpleuetttation of coitservatlyve ali iiot-coitsetvat ive

('tietgv Ibottttdedl f'orward pbrojectIotts1.

I'lte fpilrlbob5 of't Itis chtaptet was to iiake ilie tepresenitat ions mtid visutalizat ion

lecltitiqties litlt ro(itced l Cih('lapter 2 tmore (ottctet ( IY \iltt tolulcitg at set of' examplle
app~licat iotts. TIliese(Nattlcbls werec(Ioseti to spanth le available set of'(tbtst raI Itt rep-
tesetit atius, ats ~\('hI as to higp "ilghit iiiiI n al I di(iffleltlices bet weeui tlie varlouls
fituctloltal (otsistaittts. Itttlie ttelIt chapter we will conit~der Iit (letail I the IImanjip /atwi~

of' ft( lirepresetitat bus developed so f'at. attol it patt icular we will appIY thle resutlt-
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ing I ools to t he first two exaflhI)e dIomainIs int ryuced ini t his cliapi er: peg-in-Iiole

a~seIlibI)I and( v'ibrator bo wl f)W eedIers.



Design

Chapter 4

(PU ca(•(1 aIltr(1 ., / t what ytou i'aI... Bu/ yof il Iij .sollif tilU. You
iihil .fin yo. !i/ p1/ what !jot imi(.

.M..Jagger k" K. R ichards. 1.969

III his clh hap)ter we will take lhe representations of filiictlion ]n i- lerls of itiot ion
con.straint that were developed iII Ihe previous chapter and examine how t he niav
he IIt ilized fo0 tlhe pirposes 'of design. WXe Ibegin ib)" considering a nmber of Polten-
lial Iletho(ls Ib whi'ch objec•s with the (lesire(l constraint characleristics might 1e
generaled. and (onsi(ler a stilset of i l'ese methlio(ls Ilhat al)ear to h)e both 'feasil)le
and suiltalle for design. W"e then pirovi(de an overview of an iml)emented toolkit 10r
the design of hnot ion constraints in the form of ai interactive coluput er aided design
e\I iro IieIvt. I'hii. toolkit is alpplied to the design of artifacts from two oft libe ex-
amp'le doiiaills i] the p)revious c'hal)pte: vil)ratorY b)owl feeder tracks and compliant
peg-iii-hole assVimlllies. Fi nallv. W(' discuss some additional cliaract eristlics of design
lising mllotion ooilstrauitts aiiol exanmine the l)ossilbilit *v of extending the s(o)pe of t ll(
toolkit to inuclhide fully or partiallv atitomated eldesign methlodologies.

4.1 The Design of Motion Constraints

ThIle CS. forward p)rojectlion and support hounii(larv relpresenlatio )1 in contfiguratiou
space allow us to pert'orm tlie analysis necessar ' .v to deli.rmine if a giveui vsslem has
lhe desired fuiict iorial behavior. as was iliist raled for lie f'our eXaIlm)leS il Sec(t io :3.
What we lack at this point is tle abililY o g•o lhe other way. tlhat is to ('lrale arlifacts
that exhhitil desired fiict'ioiial (characte(listics. Iii thiis sect oio we will consider a

1013
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I IlIIlIllI el. of, a ppr-oacdes aI Ilied atI ilixer't I Iig I Ilotlull I(o I s11 r'a IIIt', to prloducie sllIa pes. W\e

will c('Xllli'Ile theIelit IuionslIilp bet weeii desigti Ipar'a IIet ers. t IhatI descr-ibe si1(11 I Il1i110s as
shlape. and~ 1hle itiot iou (01151 rainits t hat we wish to( create. WC~ will exivcud IlIev scope
of* hit ict lolia I vislia liz~at loll develop~ed fii th e fIneviolis (hapt)1er to captiire colist rai iiis

oil the ranige of' admilissib~le variat iuis of' (designi fpaialllielen thait are ('ollsist cut xwithI

cliaiiges Illade to Illot iou couslustainit . [iiall~y. we will (otlsidet- uthIi- Formns of' design

op~eratiluls ill add~it ion to I11 vl ariatioul of' existinug (lesigil pl'arallierels.

4.1.1 Generating Shape from Motion Constraints

W\e wvill brieflkv (,oilsi~lr a 1111 t1ll el (of, I cli iilyies IOI1 geliel'at lg llpsapes 110111l illot io0n

colistlralilts sJpecilel I Icolilglrat ion spce and~ evaluate botlh Ilhirii feasjlifiltv and
suliabl~itY t'or shape (lesigli. ( oli-.idelilig ollY kilietllat ics for1 thle Illoillent . olle ps

sible 'Ontiltilat loll of' thle (lesigli plol ,letl wouldl lbe to geleierate a set of' shapes blawd~
oii a (desired s-1t of, 111011011, alild kiulellat I( 1110 loll ('0115 raitit s i.e. tulveti-lig 11101lOll

(ollst r'alit s Ito fpuodlice shlape. A\s we have seenl. iIf( liein taff~itig111 shape to killelliat WC

11101llou colistiralitis. as (les(-rilled iii Sectilon 2.3. I.s nillat ietla Wcallv well definled and~
re asnl 5( vi l sli laglit lorvar-d to iImpleilewlt. W\e referi to this as, Ilie /~rawud Iliappilug

110111l shape to kilielllati f 111ioliol (onst raltlts to (list jingulit it fi-otll the prU .f ~o-
cess: llInapi lig 11011 i mo110 n lull(0151ai lit to a )pait of slla es. WC\ viII 1 )riefl V coilsidet ai

lexx asplect s of' thle ihIvelse pilolblelll ]ii order- to illllstralae t hat, as mighit lbe e~xfecte(1.
slichi a (irectA ilivel-sioll is not poss5ible. I We will t lieu Illulst rate( all appl-oacli. which
We tefevr to as -alplarlelit itvel'sioti. t hat allows lis to ped'fOrml sonic( Ilmited aspects

of, slld an Iii iel-sIoli 1111(1er at xevsfe(-ifIc set of* (01 st r-aiil is.

Direct Constrainut Inversion

.\ii lilt fllt ivelx natlIn-la afpfiroacl to colisidel' Ill gelierat hulg shlape 110111 lotlioll (o(il-

stl-aulits is to (ll~st ilict I lie iunrfr, mlapping1 fl-oll a specified set of' (onlit aillits rep-
tesetit hug a (lesil-ed fhullct jol ilito shiape. I tifott 1lllately. 511(1 at (lIlect Iliver-sloli is, not

possible 1,0r at Illlllel of' levasolls. ouisider-. l'ot ('Xalple. (oust 111(1 lll all arbItI rarx,'

(S sinla o ha iiFgutr 2.1. bitt 'ii which ,()Ille txfw A\ facets 1 xisl clockwise
whlile ot hers twist ill I lie colliiiie-clockwise (litect ionl.\t hloligli it wouild lhe possi-

WCe to (Olisti 111(1ia closed suirf lace (ulisist ilig" of, suchi f'acets, it xoilld be fililfpossilWe

(o gelier-ate 511(11 a surface \\-itll all.\ p~air of fpolx, goli. 1t is illlikelY thfat we wolidd
(oulst itllt suchl ati odd. anld f'ault *x. CS. .Nexert hieless'. it setx('s to ililtstalte t lie poinit

fIhat thbere (hoes nut Ilecessal'llx exist at pait- of shapes1 hliat xilIwiwgeietate ali auhiititatlxl
(01151 ti'lActd suulf-ace ill couifigulu-atloll sfpacc. Pitt aliot er. xxaY. atliit alxl specified
(oulst raiuits ullav lbe iticotl"is'istlt

,Ill f-Irl . It is niot ('\(I)i a gomu f trmiifulaion &iu t( ii ~ii f ii prJ4ni. a,~ wc haiat h,-l1
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F g)I r II Cv f e Iilit 11111er(A sh pe palS I~ l P-die a cic li

colslra li Ieg ollII ( . )k- liloil-lllo l pic-

I ~ Iit.e e 10.i oIs*-1lit O om to o ll1alt'IIc litIIa ols a e I a-

mimY (pIwil Iniie h p o- bnain h tgv ietoIe tclcnl'ilth ilvl-eIlap ilg I'oil olsl-lil l Iile Is l id c lsiaI lldh1 I llc .
111stil" ls ,1 t esmpcIis I cv l n cic la-c nsiaio iel/ a

J inlet'c to1 .\ feduc o I lie spe ifitted iiltt-iileto l iaw pt a ) Oll tci

An toth ler i jploah'of -fel ll erit Ilie l ( ll pet it('lsioii mof io (0115 1-M1 aits ast I (loxi i has 1 heei fact

ob 'it j 'et fo a11( Ilse i.1 o i sel e-acI t ('o l ofbjeci (u t prtis ll ((le o IfhillaI ihe d spae. co s i-ere i sr

twu o ttjil vahivd This\.fl Id be ) on s I ,\- (lIblkiat Iotis fiatgied sh iseano iweepit i ta I015 hlattits

t iwe ilivesell" lafrefiligd mtrout (0 51. 3aSt 1 law isll~e~ls ail~. VgueI
il I llst tates1i lot] 1ýt lie sitile task of/ (tet igp 111 a, (irl-alie (015 titt tegoi lit at-'V- \\.I.I)

Ic pctufigitta t loll I Illse.I,\ ii(alt cessaryhiete al loll (iutetI sIif( ' o ll co nubt iait us. 'I'fiat

ateý ol afi at remi. w 1hi whief IWcl doui notaii I lic esl Miel shiajw at-oid sufef~icient iong-
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F igure 1.2: .\i exampjle of INli sliape geiierated by sweepi tg ali ob~jcti alonig a (N.-
51iredI Ira ject ory. Th e result ing shiape jilter'actionis do( not p~rodue llC'nol loll ('onst ralit s
(t~iisisteilt with Ic d le lsir'ed miotioln.

si railit s o)It I lhe miot ion of' I lIe( ob ,ject. 1I iilort Iliala ely. t lie anlswer for t he general case is~
HiO. asl Call be seeti by I lhe e'xamplle slhowin ill Figure 1.2. Ili I his examiplle I lie diamonid
shlaped bl1ock is guiiidedl aloiig a `I-*-sliajpe t rajectory wVithI its r'ot ation fixed, Sweep-
luig ouit thle vollitnie shiowni. \\ele thle ( i. i)iol ion coilsitaints corresp~onin~ig Ito thle
inieat ialioni of I lie b~lock anid I lie new .,hll(,~ are generiat ed. however. thle resuilts are

not siufficieint to prothdulte on ly I ie( diesiredl iliol ionl. The problemi wit 11 t his aJpproachi
stellis From thIle fact t hat, allhloiigi Ihli shape derived1 by Iakiug the conipleniei of*
all ob~ject ali a giveil Jpoiiil in conifiguirat ion space comiipletely coist rains t hat 01)ject.

swee'ping 1 lie ob)ject alonig at Itrajectory mtay fail becaiise oiie point alonig I lie path ciall
..CrasC', (mist tIainits t hat were iiecessarv for aliot her poinit oil thle pathI. Specificall\.
lie veiltical f)ortionl of the' imuiposed ''V--ira jec ory ()ii I lie block iii Figure 1.2 swveepsý

away a port ion o)fitleshape eiieraled by I lie hiorizonttal miotion. [lie result is at pail
of sharp colliers oil I lie iiew object t hat . thlrouigh iliteract ioll \il Ii Ilie sidles of t he
bloc)(k. prodiuce thle imiiitnlint iolal -cliaiiftis- in I le resultilg itio i jol coistraitits.

1t is hitterest ilg to note I hat I lie p)robleml wit It I lic approach of gecneral ilig shape
fron swepit 11101 ioiis is siml ari to thlt'e)0 prbell (I' of idercutI wing commounli ll lliaclli ii ing

ope)trat ions. Spe'cifically. il we iiiiagilie (ullting o111 a taiti prlofile wit 1i. say, at 0.5 iinchi
elid ,fidildesigned It) correspoiid lotlie mlot ion o)fa c.antllo) e i 1*)1)\(l(I tl(.iealin' iaiitl(ýýiete.

We finld t hat it is, iiiilmo'-silde to genleral e a cami profile t hat w\ill tailst' I lie follower.
lot Irack at cmwrv with Iia radiuls o)f ciir-vat nrc iii1aller thlan thlat of 11lie follower it self.
The resultl of atlelipililig to geliertal Stich i apfrofile is, 1tle iiiidercuit profile sltw illi
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[ig Iire' I.3: .\ii 'Nail pIt'I ) of' iiiitelt tiit I tu Ig Il It (i llaI I)Ito I le. w It ch I s tijt Itit ko1I v, (to lit

Apparent Constrainut Inversion

(O Iallo cllto I o!I it aIuI It rt IatIt's:ý, I I)('-V fsiollu I I hat i) w et ca hI it' dtlV iavt'I a flits' oIIc Isj it'tlit,

(Isll ti fIi-melit!oisad nnbel.ItI l Ilol (.tils!of ljttllts itivel- Ut watit1 bto h atfutt'vt. wev saw

deiii e I t(' p i nveio isc l iapt t'i o hi lsoil (,(lis no! l s lie c se [lie~ %\ilts! lolltt iisl [ alied. l4 f'S)t'l-

tatios vIth-d.lt I th r'l II I," ltilvtlt',I' a(I it't, O~rotig lz ilg I lit' (/I. o li lt)!' teholl s sI via l ai

lt'flllt' o folt ahlItt'gtv'uiliiiit tIlw liaimiithat'is iws aivt'dYt thltve ail kllowCP 'ciall

cattiont'tl ilt,! tloiltoils rani~ds wt'hll aost 1 alt liats that wil walodt t' achlev. Vm' wel-.at\.

halI t( we fiofltst belaot' I llt lieu s lle e l a lse ' -a elvalot atol cofIlist'ft I N-a 1,1 SI lit'

lIw iit M l llav )lga1) llafn' Io t, lwo I let! \\it.\. (11 1 "illsiiil sis wt'he tlf oIiitil 1w allowii thatil>

(tel\lilito lls weSellt e it . 'lld 101 illejioll ('XiS! tug 't oflll tlts i ogiw w fkllllllit'It'l

I~igiiit. 1.1lig i'lhiisl aesttlitt'f Io nalxlit'l piow,1ltt'ss tWehhlal'll deiilt'siti.\ llsseiit (Iallv.\

Lgt'iit'ale hut4' ('S. \e\wvdepitvut' set of a pitlolI- muappimlgs lie! WI t't'il le!Illecs oil I lic'(
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Map SelectedMoiySlce
< J Display Constraints to Modify SelectFeatre

Object FeaturesObetFau s

User
I n p u t 

G n r t i p a

I' igure I. I: A\ collceplit al reprnesetitat loll of' applarenIt lii\ Cr51011 Itoiti totloll~l (Oli-

st i-a jut S to sllaj~e. wilere a jwiioiii t~appJi iigS frloml (milst -alint fe(at tirles to slia iw feat IIIres
ail(l r~api(l (011 jiit at iol of I lie mlotoi ion (0 ti1 aiiits give t li illtisoioi thiat mtot iol Con]-
sIi- rIilit 5 maY Iev iiiverte(l to fro(Ilice sliatie.

aulid obj1ctl Ifeat tres whiichi we t lieu use to choose shape features in the context
of motion constraints. fIllue pmiamret (is (lescri l)i tig I liese objec,(t f-eat ui's are Ilieni

pert trlwe(l vanat iouiallv anl( tlie(, CS for- tlie niew ol).ject s is coiptillte(l. If we ar-e Ahle
to: (i) itajipratetn pl-ert tirliaionls thlat h)ave( ioltitive effects onl t lie CS'. awil (ii)

eroIi tIle con i ilml at ioil of I Ilie (CS rapi(lly, . I 11(11 as I'ar as I lie dlesigtieio- is cotlcerui(l

dw lie rstil Its i 11( jst i nguiisliaI)le fr-ont a trite i ulver~sioti Ir1on i t lie ('oulst alints to shiape.

IUoi- exaitiple. I'lgiitre 1. 11istil-ales t lie (let aile(l( ploc('(llnw for. aj)j)areu'it iiiver-siOii

Jfolfed geoltet u-v frloml 111 i1e iteact ave mlauli lmlat ioul of' a cotita~ act (ist rai itt f~acetl

St alt lug Ill t lie 1tipper lef't of I lie figulre wvIlet(' a (lesigiler. selec.ts a J)oiiit oil I lie cotit act

(-(.Iis r'aijut surf-lace aiu I (I isi lace(s Iteit ica li. I lie aliliareti Hiver-stoti algot-it ltim map~s
tI Ile select lotll to I lie apprwopinate sIiape Ifeat t1v iletippe r-ighlt ). liio(hifies I Ile selectedI

slialaIM'fat tiIIe liower r-ighit ) atid( recoipllui (' Ilie iiewv imot ioni colist r-aitit surf'ace (lower'
lef't 1. 'I'le mlillioatiat j~iout to keep) iii mitiil is thiat Ilie dlesignier sees oIll thediec

itauliuilatlll oft ( lie muotloui cotistiraiiit s. as shiownii Ii t lie leftI half' of'Iiir 1.5.

A lls it ('at Ive process is carrlie(l oiut cotit iiitouoislY ii t Ilie b~ackgr-oundm as t Ilie (hesigiler.

10ltiol(-ie t Ilie (01151 tailit s.

Ai~ ilimllralit cliar~aActilst ol' oftlie al)ml~a-eit itixversioti iii.ou'(ss is t hiat af~ter e-\(er.\

iter-at loll I Ilie objectw shlapes ali( t Ilie correspoiul~iug C'S ate gularailt (e(l to lIe coitsist (itt

becausec we are act iiallY iusitig t Ile forwward itappIilig fr-ouil shialH' to cotist u'aiuit s.whc

is weIll dlefinled. ()I (otui5('. iiot liiiig Is, five. Whiat we give ili) wit Ii ap)par-ewi iiver-sioti us
ilie alo iilt v( to uake arbit rIauxY cliaiiges to tHie couistiraiuit 5. Sl)ecificall~y. t lie arbiti-ai-ilY

uutip?'w('d a' p ior iajpimig frlontl (Cs eatilures to object featlures cotist raitis I li(' class
of mod(Aificat ions th~at we uiuaY mtake to H ie (olistr-aiiits aii(lI lie shiapes. ()ilt task ill

lii phuiiiitlugappre it iviersioui. suchi as, iii [-igmure 1.5 will bec to) providleas counp1let(
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0FBD,(pq0) = RB. I BiRIRtO
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Figure 1~ .5: D et ailIs of a pparn minveriVISon for (contac1(t ('01151 i'miii fedS p U((11art

Shapes.
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alild flexiblle set ol, m~appinigs as poss5ible. Thie (let als of* tIIls process will 1be dlescribledl

h~ir11(1' ili Sect ion 1.2 ol (design i utict ions.

'Ilie miot ivat ion f'or mn iapilulat ing design fpalaniet ers l)V livleanls of* applarent inver-

SIMI fr-oii miotionl colistivaint lIt s to livovidle thle al)i lit v to select and~ iianipii dat e (designi

p~aramieter (15(irIect I ill t he conitext of Itidl~lcio as relpresenlt (NI m Vlot ion colist vali n .
Tlie basic idlea is to be able to gral) one or mole eVat tires oil thle suirface of* thle (CS anid

si iiil)l *v l)Iusli or. 1)l1l t hei utint iiIlie conist raints have thle desired prop~ertijes. all tilie

whliile iii thle hackgrouind thle (designl paramlvie es ar~e mi odifiedl so as to b e consistenit

withI th l iew (onstrvaints.

4.1.2 The Space of Design Variables

Il di(escri bing thle clia iges to (designi lpaivaliiers andil tlie correspondinlg chianges to(

miot ion conist rainits it is uiseful to (list ilgl .1iSli bet weeii tilie (Of0 1fiqutil Iw/Iot 11pac( of' Ilio-

I onis and t hie h ispacu of' Jaaianet ('Is t hat (eleinue a giveni svst ezi. \Ve list inlgulisli

bet weeni tw(o classes of* (designi param iet ers: sbape pa ran et el' anid dyilaliics par i-

et ers. S1hap)e parlameIeli d 5(escribI e tble geoii et IV of' th liob)jects anid mla , b t ake Ilie

f'Orli of a list ol' polygon vertices replesenlt '( as (x.. I) pa irs. as (x*y. . ) cotol 0 Ioilit 5
(describin g cuibic polyniomial 51111ace lpat lies. etc.. I)lia illics palallete('15 i id lidle thle

coefficienits of friction and~ rest itut ion. inmert ia.- gravi t 'v and1( al * v ot lier noui-slia pe pa-

ramliet ers. Ili thle samue way' tha t a p~oinut ill Coiifigiiirat ion space (definies Ilie stat(, of* a

moinV g ob~ject . a poinit ill (designl sp~ace defiiies all asp(ct s of' a s~svst(i t I at nay b e

variedl bY a (design er.2
Th e (designi sp~ace' P:

AlIt liotugli an exIplicit relpresenlt at ion of' I Ie( (designi space wouldl be 1)rolliil~ i\*e pVeCi
Ie It a rge 1111il )er of' pa ramlet ers (leffi iig a I Ypica I ~vtelin. t lie collcel)t is, iusef'u whleu

conisidlerinug how chianiges mi ade tlo conls raiuit tevat ilii-s Iii ('0oiligutrat loll space iia) Iinto0

ch anuges iii thle set of* designi pa ramter l et xp ~lressedl as a poin lit indesigni space. Ill par

I wiciiar. we are( iuiterest ed iii I lie behavior of' t lie set of' miot lon (mist railit s Ill N'slolis('

to a ii od i icat ion of'one 01r muore d esigni vprau leters. A varliat ioial I li0(ificat iou mi ade

to at selected C'S fevattire or set of' featlives iuav b~e viewed as anl inpllt plla i specified

ill coui1figiira ioli sp~ace. i.e. at poinit 01 set of* poinits selected fi-oll thle surf ace ol* thle

C'S arc coerced to f')l~o\\- all Imp11 osed inuillt t lajectorY f'roii thlier originlal state to a

iiewlv specified state. Thle cliaiiges mladle to thie cosistrailits alonig t his impilosedl pathI

CT('ollesldo 4 to chl iges iii1 0IIC 01* ul10ore d esigni pai-amilet 's which also iiaY 1be viewedI

l'2Fr I lIEit,(momenti WE' are tiegleecinlg dvsigiu iIo(Iilirai lIosI~ hat %voiidd add or remiove' paramIeters,
suicld ;s adI(iilg niew ve'rtices t Ow) list I f vertc esr ICeS liluiug a polxgoiu. IThis lopiE( will le' addrei'ssed



as a t ra ject orx b etwxeei st art a iid eiil states,. bilt iii diesigin space. lideal liv. t here will
beC a st rong c()-ri'Cit toll bet weeni thle pathus III thle two Spaces So that. all designlpa

ra in et rs are va riedi 1) , invails of, app~larenlt Iniversioni. thle Selected Iflotiolo colist -ailits

xvIII closelY fol)low\ thle (e~l-ese iilijlit I iajector\Y ill coid igiur-at ion space.

4.1.3 Dynamic Constraint Visualization

Vislializat lollis1 iImport anit t,01 bothi alial sis anid deslin. Ill Ilie pI('vi0115 chapter we

dieveioiped a i-eipr(seliitat loll of' i11litoll coinstraint iis to vislia i we fili lid oll fi-oiii sh ap n'Inl-
I (ract toiis. (iive'i it sipeciftic (iesigl1 (it( sillIige )oilitl Ill Iil sp51ace of esigii iPar'a 111( (s)

WC WCUC able ito (lete(l-Inllle ifthat d(lsloll 1 OSSeseISS' lie dlesired hilictliolia I chlaact C-ii -

tic b(Y vwisuializatilon of, thie illiotl ou (Ost railits. W\C r-eferl to t his foriii1 of, visiiaiizai iou

as shiti consis raiiit x'istiaiizat loll b)ecauise t Ife ipaiaimeters and~ fliolt loll (01151 raiii 5, iC-

Ilaiall fixed. Ill thle process of' mlodilfying" it design. whether( bY Ilieaii, oI' apparentl

HIiVCeislol fF0111 motio lou 0151rainii of 1) byv somie otlier p~arametric llanipiialia lol vcli-

1i1(ple. we are lilt ei-es edlii I lie w\a.\ thiese ilodlificat ion, xvIii affeVct thle (miist ranit s We

referI to I lie visiialiiatlioll of* thle relationiship) betwveen paramletrlic variationis aiid iio-

Iloui constrainit variat bus as (I ai/f(It .c Constrlaint vistializat ion ibecallse. miiiike ,11atllC

(olist railfit visualizat ion. i lie moiloion cosistrallil paamte re~lati~(l iCI onsipiif j, Wlln-

por-al Ill lialille. .\I illifporlailt asjpect of' (i~ldillic ()ls~t railil viý,Iiali/ai iou Is t hat 'it

lak.,if., be15 l dC(l siliiiJli (iraldd rizi/.ii thle fiiiict01 ll()i('05j1solidiilu, I,) it Sim-eplit'f(llt

ill (designl sp~ace anid allowV5 s to (X)iexplor tile mOit////orlhE)(')I* it desIg-iu.

Thie dliaiigles imipfosed oil thle (CS bY at (lesit-iler are local Ill thle m-iiw t hat hexv
ale filvi~lded to l)(. iliadle oilvI to tile seiectCei (". Sfeal lires. Ilowcxer . local sucwh

local ciia ii es will typ~ically have very iioii-locai effCctý as, well. For c~ailliple. each
cont act f'acet c.an be viewedl as a dulal Iii the sciils that it Vs determiniied b.\ a wl od'

i~a~llieels(le~ri~iiga pail ofl'iii eract iiii fe(at uiieS on txxod(hf Cvleelt object s* its we -aw

fin Secl ion 2.3. 1. 'T'he f'acel equiat ioiis. derived ill S'ectlioll 5.3.1. mlax be 'uiiiiiiiari1/ed

ill thle loilloxxiiig) f'o-iui:

1.2

sf(ctI ixe ly. of* I wo litelvac lil.lý poixi.!"ll'~. . \Ii edige (i- 1laY be flirt Iici. divxided fill(o I I1c
p~i o vil 5 ~ I htf Iii t 'i 1 jllS I s we .aii ee. I lie ciialacterj't l(

(of, teal lifes fi1oiii each of, tlie two objecIý t!~au 'X('(''( ill-,V (\''11 VC (out act f'acet.

xI'NC11 ixwhich ('Cfat nrec' wIll he affected bxY a lo cal dialaiii-('a(li be deieriliiiied
from lIpafllat bu 1.1 anud 1.2. FOi examle~)I. a ingl xertex11 V IAC . of' Hi Slesat ioliarx

mo q~lIay ,vilteract w\.itl al diiedes 0l - 11 ,) of, th lie loviluŽ, poixgoii. A\ll.\

cliaiie iiade to i"' . sax .\ iii! I lie appJ)vllt inversionl of' dt feat line oll one Iý 1w A



co)115 ractl hceal . ill :10011 1 lt ( s nv ll hii a w lllli)' cha ge k l it'l j~Id t'li allx Illijolt heli. (

ltypeA 1114' , t ll whc lit' ( lh s hct' co tac'ting('tI I .a l add'i it'io. \ iol llls l~quliol~t5'Itli . hid

1.2'w st'a Ii' has wF8 als olhtSham's lolIlonofI Itliaiigt' as ol'blhit"i i an ligil(.(' (b)eor.
Wt wll 2m st'e c1\llalll \-i~sllinwi ch loll a s a l io etnjdpotilt p)daiamt'l -1.4.tiljl also cangc.it

TlVllaIolt .t lodiisl n li it isiia leza loll e 05l)lt' uth polygonil l as a n tl' i ti total (t': + 2m

bet wndesign Diraetions landii' liot '-'l tll" l-ailit ttealj~i lullshatar noit'lca dtos~' old*

16 hawltltus raalitl urs 14) ow i1tl~iv ail (inin% hlist waxln 1 s unooalvo)ilale ttsgivnI sptt'

i2tu. (dI heisltencv coeck: inlit' 1t(inlst'I iilc ( 'l.'am! all lmkit' 1)xalt loahn g td 6ntlir

sl' ll( ills lit' w t'igltl he Itcsay h l Illaklig l -uit',- hatgi since"<'b/ i Ilit' tliet'loh ui i o al

(( lis aint I'al Ilc oi l 14)it he C015 wlal binglls.11w l'W e .p tcllilyi po tai.C

Altse Ia4ltll i t's sal isk oI clt ~' lit't'ss llVat i~llitit'iiglll . (ai)i showi s a0 con'tIii \hact \4'ace

1Walir iii a It( (t'Sig I has .'l It. as loitili selc ed i bv I i'a it \ 14)el. )t'lh4a )iol \i im oe ol~~ t' hi

i \ tIl iticalol! toli(x.ity. i0 i tlxua iuii t c xlisilalia ion ispae I lit' acirirespondn io hl aliths It'

CS)151 ilti iit. its wll itis laillsl CS icitklv s. o chat g i1t4 i sho wnia inu F4)igaure' 1.i6 ( iib). it

I) wlt lt s egi1 ( I , hiis . v~i lt'tll i It' 1lit as i it 'oo t t ( 1 Ii J)Ilt' ~I 11th this1 lnavcou lin'g'' ailloit I
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1,9111-V 1.6i All C \dIIII)IC SIIO%)*ii~g Ill 'c' (tIp)ill 1hal exists, beiweeti fe'at lires oil thle
*S. A\ pol ,vgoiiVel ('Nv. seec('ted' ali~l m odi fied 1) , a local poli oil oh 1 C ie(s prod hices

chlaiges I hat spaii ac( os' a ihiiihhl)ei. of'ol 11(1 feat hin's oil thle( S
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110iiit) ld ion andt (0)115 rainit go'iit'it 10)1 is s'aitiil(ss. For~ I lit' rest oI I hIl. chapjte we ~(
shall aisslillic stilic (tlipiiitt io)Iil bools (exist . Secti~onl 5.S.1I siminiiializes Ilthe killi], of'

Co&)lli ila o ll u tIl s s lII~ o l ld o tlliilW t I1~ sl, o a he e IIl

4.1.4 Topological vs. Parametric Modifications

iiition1)11. orl tclasses of, itiolot l" 10)1 v\ Ilit'i oi, ilio lo1(I111 (I15 dl ijt I5 I". So air wet haveIt

oh exstiii2,lilti motion (oulst taiits. Is thisl. all we' caii do'!

ver'i't ts wvill dIwd~s describeit' f ive' sided jitlvgtiui. it() Ilildi tt what \dallets their'ii -

its to Illlt)\t aliohiiid \\.It hillii a dtI'sili s1,att' (4 lixed thiiii(lisit)1ai duo topolo~gy. ITopotltg-

clilii.c( I lic lts' (1 d5 till- ar rlacts ( hit(d I tk t Id ( ('w ir aleft d. For vi tX llifIc. Lg ('1lt'al 11111 1)(11%

sli~lh)(' bY\ swete'pilig all tijCltt ahuiig d i~t' IN dt h iii iiiuia it'Ilil 015j)d((. (hisCIi'sst' Ill

Clissedt lii Sc~t 10)1 1.2.2. I~There ar' st ill oil he(1 ttiioltogictal dl(sigii operat (Idtiis t hat iiiav

bc th tt)I-f tiltli2 ioul."s -11I iui iisti11"'die ' I ll c ioll i oI(' hco it riilt' I i(''% 11t)o\ u FIi' l1xlixli\ (i

beoui .le to lit' "dub' I arr'. ill lidt silitidlb st', d""litvlo. i rlita lilt (csit g hweist ilig b

Prametrtpooica Mlodifiato:
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()i'lie abilit vI to eXj)1iet lie iiegigIlboihood of a J)olI It i desig Ii sipac a I d I oIbserve
cotylitig b et ween paraluet ers and( mnotio0n conist raint s.

(-)Limin tedl to vani iig exist inig pa ramet ers t hat corresj~im(I to onil]\ onie class of'

C- onst rainied to mia king Increment al miot ions ill a fixed design Space. Suinta ble
designls Ilia ,v he *dist aiit - fromt a given nominal design. aii(l a soltit ionl iav iiot

exist \vit 1l1i 1 thle gi veii set o* (lesigni paramiete(rs.

R-)lel iantce onl th le xlwdet(d smoollimuv.,s of' design space durin ig variat ioiial miodi -
ficatlulos, it is j)055ibi ) t hat f~or some cases a suti iablle design ila.\ exist oilYl
wit hin a veinsall region that couild be I)vjma55ed while varvuing parameteris.

Topological Modifications:

(4)Potent iall -v a great deal of' flexibilit v inlx~l oii (iffereiit desigii possibli lit es
eiiCoiti asstig ii anY (lasses of* (desigins ( i.c. iian li iesi gi spaces").

(+)[le ability to J1iiiif)" bet weeii designs t hat are (lisataiit Iii t (111 of' desigi1
l1araiieters. or, are not coiitaiiled withi iii t(li saiie (lesigil space.

D- lifficult (ofteii iiiipos~sible) to jierloriti coiisisteiitlvY ill Ilie cont~ext of inlvert Igl"
iiiot loll coiist ralilit .

A- . verY limitfed set of' via ble (designl tecniiiuqes exists for a few vapj)lcat ion doiiaiiis.

()Addiiig aiid rivliovulig dlesignl variables. oi- othlerwise chianginlg th letof)ofogv of'
lie desi-ii space. caii make it difilciilt to close ~Ii oil a viable design. .hiiiiipuiig

aroun11d wi iti designl space mlav caulse )is to iiiiss pot eiitillavk va lid desigiis.
aiid genlerallY iiake~sa 111(1liodlical search of possible (lesiglis (difficuilt to fe'~ii

.\ddiiigf, designi variables iiivariablv Inicreases t lie (limlelsioli oft lie desiyii s~)aCe.
al s(o ad d InIg to) t) lieC over'a IICWI I I)litv of 11 li deCIsign tIas k.

A we caii see. thle st rngtli.ýls and~ wcakiiesse of' paralilt ic aiitltopological itiodt-
het ioiale' W'o o less (oilifleiiiilt arv Ill iiali iir. BasicallY. we would like as iitiicli

flex if I lit aý, 1ossIS 111 wli i l at t lie Sameli I il( (mit rol t lie coiipldexit v t hiat we ii Inst
deal \\.fitli. thiis suggest hail t a good designl st rategv would be to coiibinie t lie bestl
-A, b(ot Ii papp(Jclle' wherever possible. Sp~ecifically, we will w~iitl to take adlvail auge

4f4 ilie flexibilit of tfologk~ical iiiodificatkllsn early on] ill a (lesipgil to "JuI iii p ailiolong

possibled wiioiiiiil (lesigl t(f(lo()g"ics 1ilt1 ilwe fiiid what appejars Ito be at proinisiiig d'a,
of dcluni."i'I hllei. whlei we are- nlear what we hlope 1 feasible (lesigl". we iiiax lilr

iiiet (lioidcllY exploreI t lie local pilramieler sp~ace for 1po)sillel( solutions. 'Sect ion 1. I.7)
(l4''crilIw,('11 ole idliodologv afp~)frI~fate f*0ir designinig vibiratory bowl feevlers.
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4.1.5 Interactive vs. Automated Design

lIII ouri (Iisclissiotl so tat. we have asslutued t hat t lie it to(i licat ions itecessa lv to genteral v

at dlesignt are to be) carried ont by a hiuait dlesignter workintg initteract i vet v wit ht a rep)-

resent ation for visutalizinlg. antd set of tools for mt an ipu~lat intg. the it tot olt cotnstrtainit s

t hat dlescrib~e I'llttctiotI. \\'luat about alitoinltte( (esigit! '~ ay bet itittial

gelnerat e relpreseilltatiotts of funttetion itt ternlts of' ittotioit 'onst rainttts givent geottletr 'y

attd othIer lparanltlters as dlescri bed itt ( 'apt er 2 altd (let ai led itt ( Iapter 5). lThese

cottst raittis ate that teitnat icallv* precse. a 11( In)eanse thley are coit put er get erat ('(

tlte ,v are also ('olttJ)Utatioitallv accessib~le. lTherefore. it would~ seiltt thIat we shlotlld
babeto iaiiaefueip-nlatos ioalitotuat usintg suchl tools as app)ar-

t11 ttintvetsion ilIt ord(er to () elforill td(esign.

lThe kintemhatic an d1( (-nand c (onlistahi itt tIat we~ consid(er exp~l icitly ill thIe Itto-

jiolt (oimst rainit relreseltta olt a"e ontly parit of' a nlltll lt argerSt o( f 01 j eot(ital dlesign

cottst ratitis. i0e cost. itactittabilit *v. tlajtttailualbilitv. etc.. A\ttolutat itg thIese pot.-

liotns of th dt'(esignt task- will almtost cettajttl'v tesnitt itt t lie gettea Wol of tttattv useless

dlesignts. IlThe Itittitait designter. oilt the ot hter htantd. ('alt keep mtore of (ottst taintts itt

111111( while utsintg t his tool, Ilt thIis tesearcht we focusOt ti Ilt(e itttetactiv('/itetative

desi~gi paiadigttu becaluse it provides its with It tlot( flexibitit v attd is gentetally a ittote

tract able appIroacht to (lesigoit. We will t Ietelote focuts oit the tote of' thie (oluipulcl

as a tool lot auttolttat jg thle task of getteatiting and( (lijdavitt thle eNJplidt tepeelt-n

tatjolts of' mtotiont (ouistrattits. amt! alowittg its to ittteiact ~ pitlat (' h~otI thle
(Oulst tatits attd tItle p~arameterts (lefittitig t Iteitl uisilng sticlt tools' as applarentt inuversiont.

IThis emph~lasis ott tttteiact ive (lesignt will also t-eyfuiie its to lptx)liice all itttpletttettta-

S olu t hat is fast attl eflicietit itt (otlniltitig tWe tteessary relrsetttat iots. Later. as

we atinttstightt ittto tIle telat iotnshtips bet weett Pl'aautieet'ts atd (otnst taittts. attl lie

tmote gettetal telat jotl~ispi letw~eeit flintction and tttotiou cotst taitits. thIese tools will

allso be uisefiul itt developitng thle add~itijonal telptesettt at olts atid algorit hIlts ttecessatv,

to sutpport atttotttated atd settti-aiitotttated designt. which we will btieflv (liscitls Ill

4.2 Design Functions

Ourl goal is it) have' (ottistettt tItlodiicl~tiotts (Of' mtit on coitst t-aitits tttapjpe( jitto thIte

appr~opriat ( patattiet -ifo titodlifIjatiotts. Reca(~llinglŽ IlIto spacie of dlosi tt lpatalitto't (' dois-

VW(dil Sectijolt 1.1.2. vatiat jotal ittootiicat jolts to (kiswit Ipat-autt('t(s tiav be viewed

it, a pathI bet weelt sI ales itl designt space'. Ilt thIis ootttext. we view de(signu as ottO' o1

ittotC fhitol iotts tmappintg dtesiredo (ltattgo'Vs to itt01ot itColust t-aitits. exfMteS.eCh as pat Its

Ill(i 11i attot .r itufe;,silI' 6t ) it. ttaIl ti )1 i ( ) ;11 ) he. mtaý Ila\' ~ahit a, ati aid ii humtian dvsiilýtttrs.
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U111)05ed bv t dlesignier oti a rereel)SIal atloll of' Illotlioll coll'"Iraitit feCat ires. ilii () ra

mI et 1'i( (chanIges, leprescielldt as a p~at It ill designi spacte. M ore spe ci lica I V. d iqit/ c-

/'il's. areV Miappings fiorni user. illlmls th~at (i) selctcc. alldl (//) mIodlifY IlIe( applrop~riate

dlesignl parIamelter's Ili I ie ('0, cltexI of, mot loll (o~lls! raillit 1lodljfical os

,\lt holoIgli I lhe ab~ove tlescri pliomi imp~flies I hat (lesig!!l hitietc lons arc wend('lted pl)l-el ,

It)! mjotlificatioll of' exist ing jpai'allilet rs. we' ilia * exp~and~ I he nlot loll of' tltsign l iii(

tiolis to Inlludl~e those t ojologi('al m~o(Iificatlw ion t mnotio loll (015railIt S that ilia~ h e
jpeilo01I'iietl t'oIisIstiit lx. III this, sectlioll we Wvill (xammlitle ('xaliipjles of' lot It paraiuet-

VIC and t opologic'al tiesigt'l filiiit WcS \\( vIll first tolisilerc fParail~i l111( tl l

iimpellement aIplarciiti Invtersionl t*O Iwo f'Ormis of' miotio oll 0151ralillt reprcsceilltatluclls:

('ti itaci l'acet is~ an )lallar stipol) cOttoitstrajlj t' sWO\ wIll hlell t slt'tiiIw aift toplo )ica I
de("iolI opera'ltor oI'm goiel'catlg Im lassts of support~lt potlygtoil gt'olielt rie allt1 (Iisll,ýs wky

4.2.1 Apparent Inversion of Motion Constraints

1. Parameter selection: Scehct pa ia Ii lt(l*(5 t Id t dl- Io It, 1 varl( I'r1Ioll 111

collt ralll lep'eseIil at lulls.

3. Paramiet~ricni~apping: \lap. Ile .YV. ) palh Ilia path l in desI(Iii spact'. ',pc'rif-

('XpIressit~l s.

More peci/)(.y. ihscoIlpil erlt''elow I'l, lit' he tlpres ed o tl herm(1 latet il" I I Ic an "W a

Id la I II I Ie t' or I e of - F a rt ti t ~I I 111 t'-il Ile fac e s l'c If ýs i I. 11 11(it It it)ll I tFi I hI if i tIIIIIl

IlII ji I II._ We la v(
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whlere P111' Is al dlpi l p1111 at It III wha~te r space tf( he lie lsigll ilieatsei I
cuiis l'alilt represenit ationis. and~ P~.'Is IlIIC correspjond~inlg fpatl III con folfi. uiatlioll

spac~e. Andi( fiiiallY we have:

wh'ichl appJlies Ileille )l Input pIil ill coiifignii-at loll space 1lite select el palallivel el. whlich]

al*C aslsliIll)d le(IIive Ito conlsist of' jolvgoll vc-I etiC5.

flit'~ ~ iloe11(101 I(esgliedl Ito opertea Coil lpalall)tel; (l(5(Iili~lm, fptJI\1ull

ge(olll~l iv Ill termis of, (x.r.) vet'itces. andt Illot ioul (0l1r5 ailill r eipiestiiietl ill (x..11.0
Coiiigir"Ilatltloi space'. Ill tills ir'ewarch we have dleveloped' andl ill plellilelltd 51M'(ific
appfarent1 Im-l-l\(llh fi111(1 bus f'or 1Xtwo (01151 Idilit leftreselltat jous: I lie cont1act f'acets
of, 1 he CS auid thle s11fpporltrI ansitio bo~lloilu(arles of) thle siuuface ofI* lhe ('S. I-liese

paraldllol t's andl I(j)eprell at loll., were (1105(11 becalis( of' their floillillcll(ll( Ill (elet 'I

(I I1(g (t51j aaIlle f 'tels.lof stibtol -Y bow~laIlites ul~ld comapiapon't asles a(-ý dell '-iiia-

Il 1i(c poiwaioll chapter.t 1011 iIlliolu fi(lisiol' lat cusd ails bouied g 'llelawd ltogloli'-. (uIt

add~it ional delt'5l~l I iulolmlills hlave noti Ibt'tll eletailetl or illlplefl('cllted Ill this leJprl.

Inversion of Contact Facet, Constraints

'I'le kinlemuat ic (0)onsirmitlt'Jeples'llt at ioni to lbe m~anlipu~lat ed hull the (CS are thec
illdividlial cont~act lattl equflat ions 1.1 andt 1.2 tlisciissed l h Sectionl 1.1.3 m:*aid (lerl\ec
Ill delal all i Sect Iloll 5.3.{ lo Iolf\a tont act f'acet . t lit' (l(sigltow cleci t apuilit kill

11li. sIf I-'ace of, at f~acet. TIlI cS elc~ted pIito IIlIs I IIit llwd t Io a jpolV!1oI V-l V \ I ).\ 11 lf(a IIs

of t(le select loll fiiui1cl lull givl~l IiY

wIlelecP i ale he ceedp inmid 'acet as decscriI('( ill IAfiial iOl II.3

ali 1 I It(li '-elected palailliclel II /lH~ dý X(1t' foIil olie(4 o I li( two fiolygŽohls

foiiiiiiitl'u I If(, facet. K\ def'ault I t1 he Q 'gl IC' C'te lose'st to I lit' (x. 1/) comulif) llt'l of' Ilic

5('lec4te'(PI'~. PoIlIt is Clioseli. Ili hr4'l'fl(. f'or at Ip Af'. f~acet,. thle Xei ill be f'riuiu

~Hlg~iA. andt viev vel-a. 'IIllis at prlorl selectio lulIs. ()f cuill-se. tot allY arbll lt ar anid
t l~lid b e ulsel select ed.

HI' IliflullplitIlappfilg flllict loll I" givell liY:

whie'lt P.., a" d IE ill I hel'folli of' all t lfcls ill tit'(l('t scee (tool-dllalll(' of*a itl(t

1).\ X('t lIX1lioll'u. 1 Il(, ( collifolivilt of' pQ:' ( CIllpiil 'd f'rlow is llse'(lou
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dcI(lefit( aI I(x. iY) pl aiit I Iliroigli I I at I oililI \s t lie IIilouise is IIlioved . t I lie Iu tIIsect ion of' a

I in fI cpoject ('( lit I ItoclI Ifigiiiat itiI sp~ace' fio I I lie I I iouse screeii coor IIiiat ('5 (1(1r lI I i Iles

tIt( licorrespondinig off'set ?( (x. !/) iepr)IcMlit ilig t lie fpal 11 5  ini (ohifiglral ionl sp~ace.

Fi' iallY. I lie inverse iiiappuiig hluici ioul is:

Hot- l/(0~)'.(x. y ) if r

wX liei(. dependt'itiig oil I lie tI)('e of' f)0lyl.ýoh Io\.t) Wiicl eatli v('i ex correspfond(s. I he' offset
M .u. Y I is at hhe 10 10 M ie Ml't tI \C1I ics FI/ wvithI or wXit hotm beCin miŽfappfedl Ito the

appf opriaf)lite fiorientliol atl Iy T~ - h~e flilif)os of ¶ le - Bi ((I) mapping is t o
t'lisiirctt'hat XaiiatiliSw ito fpoIgoui A\ XCIIlice (dilsC ally sclectCel f)oiiis oil thlc typeC A

conitact facets 1to follow\\ Ilie iinputi patiil t'(.!/. Muiltiple veil ites mlay he selected
wilt li ýF'11 ) l)rcf(i inv~oking) t in' fiuict ion i,. 1;i f ).

It) ~i simiit pol(' f Ig)i Verlte a'ndiir lit' i('silt ling thiOiip, to it m inilil of coiiiao fam('

in then ("'S. ( Xeii lthe specifictaIion of Ilth above' design)I rint! iou". Whiat Mlorot' tali

wet saX' abouit Ilthe spec'ific iial iii( of' I Ili'~ ttlllif~ii2tllg ll appfaretli ihiXei~ioli., .\s wet
note t'I ailiei. conilact faces aie funned Xy I1" lieniteration of aui dev l etwlire of omme

polygoli and ti a le\I or Ilit' oilier. Vroluii Ilie inver-se Iiappiiig fiiiictlion 'f`( we

caI I sectI I fiat a i variaaI iou of'~ r al)f)Iied 1 to a ('ItCN Of III -1i satI i oIliil polyLot[i B~ will
.'hifl lie potrtioil of cacli late! (tliiaiiiiig I fiat verlt'X. ctiiher asý at (olitatli iii vt'ntex

or as lie t'iipoiuit of a coiitacting ed1ge. by a coist ailt an~imiii. \ione inqiptianItlX.

I his shift will he Iianvariat iii (r.yq) across lt'e range,- 0i =0 - 2-,. A\Xaliatloll of,

M.y.)/ appf lied tI" a \oX('t' of ItN mmiii niii p)olgi A\. lioXwt't'l. will protliice anl toflset
ill coulifII~Iiat ionl space whiose' f fOrielitat ionl Xarlts as a fiiint iou of, (. specifically
- Ii'o (0() j- I 'f .-. ")Hfit' rt'sltilig cliallgt' will he' iii Ifit' forii of' anl expandtedt (or

cotrti acted) l it'ix. Figiute 1.7 ifl~istrat's thit'se t'flt'ts oh a spatte tlll-' tdescribiiig, a
Xt'ltt'N-Xt'ltt' touitact helet ttii fpolygoulis ill fr ( oliigllrat lioul spact' to ati (x.1.

offset ill lit' liltiviligý polygon A\", X''tcN anit to 'I 1n' stat ionial'rV p~ofygoli l3s Vertex.

flit spac t' ~ tllt[onuiitd I)V III fit' CNt'-Xt'ICN Couitati ilfiist latt't iii Ifigir 1.7
isl t'(jliialt'itl to thlit adjactt'itX \ boiiidarY ht'tXwtcli two f'act'ts. [lT'hfe t clc that thet

aboveI iaiisrriiiiatliolis wvill laX' On all t'Itl ieC coultact faCet frnWIt't1)f itX a XtICN-t'tlgt
ttmit act Xwill tft'pt'iit o XIit' w lit'u tlit' Xet't t'Iciuig miotdifitet is t~ fi'cont atcX't vrcx 01' aii

t'i(pitlHii of lt'e toiitatt t'tfgt. F~iguuut fS iffiust ratt' Ilfit ('ft'ects for lit imotdificatlonl
to auit eloiuiq poiygoli .A Xeltt' thfat is (a) tlit' toni aCt XCtCNt'. (b) ;ii t'fgt eiitpoinit

Xcteitx. anti lot thet liittifitat ioli to aI stationlauy pMý'EOhlo1i VI ICXNt' that is (c) Ilit'

ttuitatt Xt'Itt'. alit (d) an t'tgt' titpoiiit yt'ittx. Wet uiott' thfat bX at priori miapinfilg

a Wt'ft'ttd po~int P,'.'' ( ,11)Fitoii a f'att'tr IP I'~ o aui t'u(itfoiuit Xt'1ttN i_ýII ()tit fpoiyýgou

"t'1lgC. WCt art' ctlisi ailliig lit' tft'sigu)it'r to iiiakiiig ()ill.\fit Iliitmotlifjati nis shiowni iii
Viiuit' f.-s (h) wint (di).
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Type A

e x

x

Type B

0 X

x

FIglIIrc 1.71: The( ('flC(l of (Ilaligilg it Ifoviiig j)olgOII.\~o A et and( it slat l)idIVr
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Inversion of Support Transition Boundaries

HI ((luost railit i'epi'escill at ioils to he4 inllaiiifilat4'd I'i'oiii t if( ( 'S are( thle slippfoi't coil-

.1 rauit looltiidi~l~l its I hat hit 4'i5('4t 1 he' ( 'S siirf~a(e. A"ds cr1'"ibed4' fit Sect 14)1 2..-. 1 hies(

b oliiillarit'-, part it ioll I lit' sIirl'acc of' I Ilie CS Into4 sippl-leldrl aiicl iii1lsiif oll c01(4 ontlact

'.1111po11 d bYI llt ' SiiI)Ioi'lfing pol\!'goii. 1114'e 'C('e'4te ('1poiiit iiiaps Io a d s''IA (A54) sii ol-I)0'

\\1141'4 P1'".') auid areH dI' Itl(. s4'leclet4'pointli and~ th el4 e(c4(t'le 4'oiilac( 't frl((. re4'Spe'4

Ive\4'I. adi! Is. it aSO' of, \'4't Ices 'Slioiii I 114' suppor411t Ing p)4l , goll. The x'('il Ices' ('011 alied'4
ill -S ai'4' 4 clertm'ille hi'IIv 4'Xaiiili lug t 1)4 ''' (' i~l(4g's'il'I fhose vetceai cdI( liqii

fll-i., diildl siifol)4ingI o ,11 y1g4)ils t hal actl to supp~lort thle miovinig oibjec(t alt Ihat (x. ii. I)

poit~i onl III order'i 14) del4't4i'iiil(' 111e 51ibsl~ that arc~ cr'itic'al to the suipport . Sjpecifi-

Ciall. t lie critiical slipploi't poinits wvill all li(' alonig it hiie. p~assinig thriouighi 1h 11'g of'

I11C' a~is aloiit Wlii('l I 11C' iiiO\illt!, oh býject wvill roltate' oli of 1114'( (i'. y) fplaul(' as it f~alls
oftI ft' .ii) 1 41it llt! j o n'4i. 'S'ctlonl 5.5..2 pro'dei~4s at miore( (14t afl'd i real inieitof (4 1 ie

pllla~lc lippollh h)1i' puilit alti01l.

111lc Ipli Ilapl" 1) 1111" glul('t101 'ou i:

whereit. as I 4'for4'. P,,,,is at path III the 1,14'f 1iii of' aii 0ff154't i III4h screl'(( ii(ooi'(Iiilate of'5

at 4llrsMli posl~l' i 4)i4 1)1,%v inviAils of' at miouse5. I 'ilike the4 Inpu~it mlappinig f'uincion f'or CS
iMCP'iSiolii. 111c' 01154'1 'orre'(spon I)iilg t4) at mo1tiln of' the4 cursor0i III 5('i'4'( Coord41'4inate ('Is

ilia pp'l lo a /1'11 parallel to the4 sliu'fac4 of' 114 ('o1n1ac't f'ac'4' fl/H at 1114's4'14'4t p'IIojint

/ I, dilt I M (id 1)('I4II4 '(llali' 14)1114' axiNII o 1f' Hi, oinfigiuratitonl spce T114 ('oi'u'(sp)4 4fiig

1114' iiiVCi'54' iilajfi Iig f'liiict iobsY~''il\:

wlhere4 1114' 4111'5t ý v. q ) is Illlll)4'41 lo 1114' ('litic'al suppor411t pMol\*'goul v'4'i't s I(4S "'

C'ý.f ill S11411 at I hatl I14 Sicsippjoril I railsit ioul bl)4iiial.a"'v local 141 1114' 54'144te( po4inlt

oIf ain llilsulf~itt'lle I-ijo1 ii (hiit Iu ('c S. wh'lere I11' suippor1it pll goll.~~4i \'(i' We'"' del(''l fi1illed
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to Iev (ritia I)WbVY$>,~ an. highlighteI d. \VC noticee that as thle selecledl botiidaiv
p~ointl oil Ilie cont1act lacel Is imoved bet weeii franiiie (a) aiid (b) that thle selected
supp)1ort fpoI *goli vel lice's are slififed. (lialigilig I lie ('litire p))lilaV~losit ion amt

shiape. T his is vet auiotlher ill list rat ioll of, I he coupl inig b et weeli (oiisl railits and design
paralinlel r. Iii I hlis case bet wveeii t lie shlfl)oll I raiisil loll I oiolnaries aiid I lie supp~fort

pofyg)li Verie" Ae s . \sw. \viIll see ill Sectlu*..w do not have available to uts
alial~i ic 11111(1 lolls dlescribinig thlese bouiidaries oil I lic (CS. aiil hieince have no0 (direct
uiieaiis, of' (eterimiiiiig thlier behiavioi Iii reslponse to (lesigni miodlifications. BYv iiieaiis
of' applroximiate numi~leric'al comiplutatijonis built Hiloth)Ile applarentl iinversioni operatilon
we arec alble lo eilip!iricallY observe Ilie highlIy iiotiliiiear colipliiig anid "experiicIieii

with di out Ier lt moificjjat ionis. oiie, exailple of' which is shiowii Ill Figure I .9. As \\.It h
I lie apparenit Inversioni of* I lie conii act f~acets oil I lie C'S. I lie sp~eed of* coiiipiit Ing I lie(
suplplort tranlsition boundaries is crit ical iii miakuiig th lIenlverse iiiappiiig11 Iiliciie ou

115(,1111 For (designi

Thie ablove dlesigi n idl~licils for1 I lie apjparen t In versioni of (ilt act f'acet s a lid si ip-
p~oll tranisit ion botiiidaries rejpreseiit apfproxiiiia ioiis to I lie ilore geiieral (lesigni fiiii-
I lols ouit huled ill [FAilat ionis I1.3 1. 1 aii(l 1.5. .\lt iouigiP~ I lie alplroxiiiiat lonslSOMi C110

eases re(St e I.II ie claiss of* m odificaltion s possilife f'or a sinigle (designi ii an 1)11lat iOu
stel). Ilhey are iiiteiidecl to ait least spaii thle set of lesigui variables so t hal at suitable

p~aramietric olesigni. if' oiie, exists. Iiia*v evenltiiallv be f'ouiid. Iii geuleral. t his wvill be
aeCoiiiplisliedlb IY lie iterative uise ofa (Oiiibiiiatloll of Ilie a bove design ftiiiet bus I hat
allow th lie s to liavigale our way IIiromugh dlesigii space iisilig I lie iiiot iou conistrainit
rep reseiitat ioiis, as' at guide. lie act nat implemenetat loll of' I liese 11111(1 lol',is 1 described

4.2.2 Out-of-Plane Swept Geometries

Ill Sect ion 1.1.1 we discuissed soime of' thle relat ive adlvanitages and dlisadlvanitage's of'
I araict111rue vs. top ologicalI conist rainlt imod ifiea tion oj irat iois. WI eie applic abIle.
topological op~erat ioins give its I lie aloilit v to jut rodlice c'it irelY liew~ classes o[ olesigui
soluutionis. along wit11 It(ii'\\ de(signi jaraiii(' ('s. ( olsilecr thle vibrat or v b~ow\l VeCder
exaimple' iii Sect ion 132. wlieie otii ofli'th lparainl't(' se't., iised to (elet ('icii( thle feVeder-
filt er func iou was I lie shape olf Ilie suifforl lug track.. As we-( saw ab ove. I lie colujdifil
bet weeiu Ilie support 1tranisit ion tiouiidarles, aiid ilie supp~lortinig track fbolvgoiiVilie
is, very, proiiounuced aiid iioi-liiiear. Ilii I rviig to I eriiiial e a givein pal~ miot ion pth I
oilIt ilie CS bY ha vinug it o'iicouliiit ( all Iilislifpfort ('( r('gioli. it1 vu1 ( be t('hipini jg to

siiiifly p~lace' suich at regioii Inl fionit of' I li(' pat It by g('ii(rat wlig I hie appfrofpriate t rack
geoiie 1 i 0r iiisteaol of* wrest huig with 1Ii c i onstrajints iimposed bY thei( exist lig truack
geoulietirY. In f'act, we.( (.all collisstelit lv define suich at fiiiictionl. which we refer to as
I lie cu/nil fulic/1 /IO.

Figure 1.10f (a) ill list rl v.es a polvgotial pait iii Ilie plane. W\e begin byv select ilig
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(a) (b) (C)

Figutre 1.10: Geiterat jug ai suppjorlt track culoil.

all (x.yi. 9) conifigi I-at loll of I liepalt whlei'e e %%vIsli it to I ratisitioul fr-oit a supp~lorted
10 allIils 1111))1 pp '( Id state. Next . we 5s)e('if II( lie irect ton i~lit wichi we walit tw hepart
to I'all bY defiin g all orienitedl hlue 11-lioigli the parl cg. Tits lutle represeills, Illie
amis ab~out which thle p~art Will rotate oihl of* thle (' )planec at thle giveli posit jolt.

To genecrate thle track contou l i al' a wIll allow this oull-ot'-plaite iiiol ion of' tile jarl

WV gePlIVeale( a shlap~ed l(toill Irlott I lie I iack corresp)onin(ig to 1 lie p~art cont1our o)tt

t ie( II.upp.'wI)flrI side of' thle tall axis, as shiownit Fi ignre 1.10t (c). We (-att thtink of'
Ilie ('ill out fiiii1cliolo as Iisilig thle pall as a soil of call ojpetter" bYr ialg thle part

aboutl Ilie f'all axis to sweep owi a pollo jol(f' thle t rack (b)."
Thle above descript loll of' tlie( cuttout fittict ionl deal., exclusivelY wj.l I IIlie p~art

atnd( t rack geoniirtl tes. wI ereas we have 1beetn f'Ouin ig 0111' at et(lit oll oil Ilie ii tol jolt

(oust tai til rep reseliltaljolts to dlescribiIe fhiicl io. \\hfat (loes I li ('il otit [untlilion 'look
like jil tl-rIlls of' i lie sitfforl- Irtatlsil ioul boundaries otl thle C S ill (olifiguirlal ion space..)

lFigut'ec 1. 11 shows t lie re(sullt of' addting a cutout at anl ( .I. y. 0) pointl oil a ( 'S l'acel . Ilt
I lie jIdeal case. I lie 11ulllsll-~oledl regioni geitetatedl by * lite cutout w\ouild appealr stiiplY
as it singple pojint Or sinial1 iegjOil Oil I lie ('011 act facet surf'ace at I he de'sired (a'.Y. 0)
(cottfigutratiolt. Itt reali jI v. hiowever'. a niutmbeir of' addl jitioal ioii-local misupp1))011ed

regionis ale( also ju Ill'oduclcd o)Il thleC(S Siui'ace. 'Iliese addldj olil, unlsupp~hortled l'egjolts

ar'ise flolli tlie( simleli('fac t Ihat a hlole gettetated 'ot' a p~art lo drop 1irt'itghl 01i Ct

Ol'ielt al jolt (hoes 1101. jll gelieral. preven'tl p~arts it otlier orlelitat jois I'rom if'alljitg

As dlesc'rd ed~ 'n S ectintl 5 .7. the' i mpj)eltemei('(I (I ioti ftitm Eieafs a o i ' tlr x t lit

t t) I if-(ii. Ittni it cmitouri deIscr'ibedf here'. lii adjit Intl to preservc t it( g(ttlts-/(r(i plnj)O~g) (t f I it,

siipplr)intjg t rack lmdYgutu. thftc Clilnit 1 contterled 1) I lic otlvitf''Irack c(ntouir whlert, tt(crssar.\
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hroifli(itwellt 'iTlitiii local' tien desir11ed ui/v andi t'lstlapeit altii I hat~ padt ii.a eI~oestlie

liiali'C d termsinedt by I1 it)!! ('out ionaiii s. a pit oI ' so. t 'V Ii. rac cu't' lcahI oilii l whtich il I .I t ha
is dl' t'hetiinc bý'i Iitlie chs en( x.1.t coliaf( t'i''a I~l )Iaclio wand I ut' tact trienatio t ol( tiilhie

clitoilttlit1P A, c\ elt' 1jxt tit jetop loicatlt mod11ifct)! h i en sltcra ted ,l fvath cui u ('01 11( 1 c(lihhilat

sad cope lexi't y iii5 t ha welltas ficx('t'5a1' tot he ('0 51 i'aii Ili( hY~t' alliodicig lot, hit''111 w lithti of,

lie pat Ii. a vcjlhistraed Cotrling Iurts1. additionaIf we iiiiagiiie i le rot ath iou of' lie pau

thu~ittftlie( g adant)c lai(A Ias abilaty toii ho igher all it'isjitlmial Won fiiat ol sace. t lieur

locatr (ion eisoi ((a'. 111c fIllC slice of mat o sp la'('. t~of i i'e i /ilt . I lie s ifp l'totist i'aiiitio

lWe shaped geilia'l SecVtion 1.1. that the -ofh-pate create boy pr)'~(sw t ieg jut a'liIt'l alotilliý

it tesredlpa aii ihllptnl'aigita addit space f'a(t til'we uele' I li t' i al'('vlonitaiions. bt' of thlefat

sl11(11 loll ondit~ions Ii'm('.q. 8 llatt' de ire mao tion '.w cons ldnt along that pa th.~ wliet' I li

half'il t I'lt cl l p a btoti t a l i f' slp orth t htl side of t v n lit'flla is is idtptll I d ieiw l'luslolpt l't 't

Ihalf'robedet weiel'a 1 lihe t'eiitoapt ge'erltoll' approaiscah' was lI Itti' GilIthlta oI It(f' i
fweialit' aS y IIsIi't'h.w out bject'oi~ cat oiii lorien ('ltit rth speifi' d t italliti coff' tlie i'ack.

shap 1'eatliieiiii that werencsa toid if lto(esa'' ('itaii IN lll o1§4ialon Ianother .poI lioi (dit

fallc axisl whse ilin irate Ii( 'etl(l F igi-es . a'd 1.3 t'ross-s(, ima in of tll( rotalt. hion sot' i would

hel soep oth Ixy p\'tlipalle a its 'tat'l ild a hi'er' itl tl'i(lit oat otfigaurdatien slid e doiiward

oil] li te -poine ltco- -i~oldiglto tii b~il'lt glt sof llt iou shll as slonta'ined alloil' I lie

IltIt a( slide ty lly othl e r t p'o'in t' at tlit' sI nt' t cl illi(' \ 't't a I pt'i ai't'o' By (l t hgi so as ulitpt I

ev' r.ifnl'o llst t l lie mpl~fort't addia't'iisna it's tdp wets eilleo t h Itt' o retmtat inot r Iti I lit' plaiit
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I iou a pplied 10 a 'ligic~( r .f col itigiu-a loll ( I II(icaIe bYI V Ilie "I' M Ih leIop ligii iC.
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4.3 A Toolkit for Visualization and Design

(,all.i-. w('V(' 5('l('t'le I~ lie eprcselill at ions I'or Ilthe CS'. liillll('litll V ilt grle (l 1 'Iforward

p~rojec'1 tion. andr iliisuli)Ipoi'tt' regio.,i~i oil thle (S siurfIace. whlichi art' at sliiIe (f Ilit'

iitt ttili (oust lal lit ri'Irltscillti alol ns iscussedl iii Ch'apter 2. 1lhis sil)thsc was chiosen'

Seca lls t' IIwill loi' sulfficienti it o eprest'iitbo 1) 1 1i lie (tcomp1dlia t pet)- il- liol(' asseil ii d andI

\i-lhrl1 howvIt1l f'eecit' t'xallipl)t' dlescribed( ill Sectio 3.l

4.3.1 Assumptions

\ los i(i Itt(, ~Ilknvili I hP aslat q ito ncs. ia cilc liltig Io o *)itr itsh v

* lpxtt'tiall w alotli(l assumption thati arc glilltV it'siiii' to seii aplcat hion oiiiIlaie rel

"(Objecits arcli mode1led asiio fiig lplec . glo plnar poil ila t hat dow feeli' exaiiipe.

"a Thie (I ,vlaiics goiclntIin! 1li ohjeclmtios (ethe oslle ga it) g lee" o he cIls-lai olli

" F* cli i i'vi apptlir d lt'o ices ('N uij Ie. as g sail y. i ar hatsile Ia otsli ac I 1) iol~ Iz 1 t( he rck

V Out ti poaint ' lico lolis. su h aj liopForither vibrtor til vibraowl r'eder 1 tackle awe

Idaaassu u t-' oin'd vxiet ljt Nlit I&i (oiiI'c lic olin to Iljlait ielitil o l e I'cilp.al-

"* T lhei' cotacts btr' l kIioi lct Iv.n objepalclit andpili' oIt' ]oionr i'e a"'sumcdii toni
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4.3.2 Overview and Layout

'I lit' 111d11 1,1111(1 lols colitalie(l wxit Iiii cspace-.shell are:

"* Interactive GUI miiiose basedI Hilmlu 6a builtolls. sli(leirs. anid surface imliuI
sc'lecl loll.

"* Geometric' modeler r-ej )eseit at ioii aw ti a iii pmlat 101 of' pIanma I1)01 vgoi i.

"* Motion constraint visualizer eiig lit' for)i irailm comii)ltat loll. (Iisila. ;mid

ilitlt 'rrogatl loll of, mlot loll colist -aiiit rti-ert'selit at ioius.

"* Apparent inversion functions pmiarallel c seleclio101 ail(I uliaii Jiliat loll v-ia

colist i'ailit I-mejtst'lit at lolls.

"* Paramnetric coupling visualizer Ililg~llight illg ol 11101iou ,oilst raliI itl'catlint's
(oil lttle Ito seleovt ('I olvgoii v-eil-ices.

"* Functional verification iiuu ni(ia I si imilat io ani(l au i al ion of' amll ii o-

" UNDO! (-l 6 withI siala awl cisi raini wiil 11 lt'st iX)Vin xsl

(all,"ls I~d tsa tl1t Il i 'itll?

"* Feeder path optimizer r-ellderilig ofno 110 oll 1)a hi Ii hickiiess is i1romi'or iolia I
to tile )1n)babiliit *y of' pari('it Cr1iii-ng a feedervI IIl a gi veuIi or-it'it at ioul Ut'ev( ers

iass~i g Ii hicker- Imal s have a lilglhei a~verage 1 lro-liglmi lt

l'-igie I. 12 shows le layout b i 1 11)-ti iiiiiiit eiilace w\\it l cspace- shell. Thele ari-o
wilithow oil t ie leftI ti~sl)lavs Ihle v*arious 11101 lll (01151 ralillts ill (x.t.11. 0) C01illigllraIlloll

sp~at'. The( v-i'whig aligle ail(I Zoom1,1 br 1 is will(Iow arc .olit rolled( b)'y tile vIV\V
1)[111obus IIiI lie lowe. left. The I liret slialler- wM~(lows, o)l the ri-ght alt' IfrtI-il] to) tlo

1)1tloni: lie (l1,isl)av\ for thle lilov-ilig p~ol * goii. Ilt'c dIisplaYo 1* Ilie slat ioiiarv polv, goii

(alit1 liack. 1i Mchi(lll(lt'). all(l tilt object positlolaiil an ililllat io dispjla~y WViitltlw.

lit' ilt\vilIig ~)oygtou. I lit i-atlilis of' gyr~at loll tIf t lt liovIlig I)olygoll. allii t1 lie to'licit'iit

of, hrictI~on bet weeli III( liov lg ii stat ioliaiY polYgolis. Thite It wsmlalI l-atolt)btoilols

above tIII(, Itt) right of th ll'larg' Ilitlt io coiistiralilt vi'wiilig wviitlltw ailjow 1 ie lise'r to
st'lect bet wt'('l ail)Iai(l cill vt'rsioii of' (i) tIlt' ttoil act faicets ft)Iiii1 lit' ('e S. aiidI (ii)

tIt ll 1I)i)toit t lallist ion koilildalili(s. 'Ilie biflllt tiwls toss. tlie tt)1 ) of'I~ 1 it' igur (outit)1o

varitoils tdwt WuuIiic t15iiiuig ie i/0. illt(le select ion. tiud~o oflast uivodlitat iou01.

cut tollt fuiiict itll st'h'ct onl. olotlou pa I)Mi comllj allt t ii. and i~ IwIl aulilliat loll. Thl-ct'aie4

twto otht l. wvili'ows, (I ot sltwii tI hat iia be scelete via tI~ li;v~lec s l'tiou ltlil

Tln' fIrst, is, a utl)1'iideriig coult ioi Wiiltltow coltaillilig ai I)aitv t(4o :12 ttolmi5 t hat mii(
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IiMIir( 1.12: Mlaini graphiical iHilerfacc to! cspace-shell.

Vai'I"d bY I11c'aIs of all INN\ color wled. dII(I sill-a((' I)Ioprl~ettI for tile!tI u

un~tI (d 0 c. shtiIi'!IVs!. sIM'( Idkliiv. (h'1.) t hal are varied bvx sliders. These colors

MdIl tpit)Iei1 les arc ulsed( to d(tlSti\ 111c ob)jecs ai!I ld 5 i'l~laliti '1Ilitd(('s. thell Se(ond~
WilI t'x coial di s slIides .iii' b illionls to0t IlhOd i V inl! I lie selt iligs for! I llc aIptar('Il

I()1 iloll it!!jai Is ill (omph1)hili asseliki1 .y

4.4 The Design of Vibratory Bowl Feeders

;1I)( )v . \\.e x\\III I I mov Idt~ I Ir1I o 1( 1 c 1 ie xi Ira orY 1 )()\\-I teedei exalItI III t I 11 iOtlI(C( II Ii Se-CC
lol 3.;2.

4.4.1 Design Parameters and Constraint Representations

Iiguir.( 3~. 101 f~romCihi(iapter 2 1 tal we' us~edt o0 l(fi-pes(li h le bowl t'edett wvall. t rack. aund
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z

x y

Iy

lIgiulc 1. I3:: A I)ol *delal llode 10(( of' a j)oI1 loll of' I hie 1'Q(IQ1 I fllck lcal. I he( oil11let of'

i ll( a ppi ed for1ce and( Illatc(lid!l jIopel't ,v jpdl'llicleCr5. then1 we have aI total of' four

',('1s of' (lsitgli jpdl-llicfl('I ('S vi whi ~~ih to Wor'k.

The degcIccoft llhi beteeII (fsIgli pal-dldiieti<. moion loll Id'ailt thfat

wVc I11111Irat ('I l See? (Ilis I. I 1.3 andl 1.2.1 n sot comletlf)YtI glbal (Id Oadiil ll '1

dlsl'illis that ll a l-lierd11l-allvh. a., i11,-llels bY Iiglll'( 1.. !Sfpvcifica1lv:

e thle kiniemiat ic (0115 railit s n~l('e1scllet bYt 11 C\Ili S anrel(( ('Ill Ililedl sole!~ \ I X Ille

Jdl-I and~ bIowl %\.all lIt (I d Ol-a l 11.

0 1 ll(' SIlppjo~tl-rlIt 1- llsloll IIoiIIldalieS oil Ille (CS ate (let etllili('( lbv Ow le vac (li~ oll

IIh\e('lin thle pall al~l I lack (aild also th bI' owl wvall since thle Sllfpojltt leioklls

an i' l-ec cd \\It11 1'5(( 11 S~i ).7 ie(
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Il il10II I I a foIst )1' IcIl(ls a .'i 44)11 cI'll II.~c( thY 41 44Xlv o 114 1'4d' (~l'lih I il('IiIIc

l (lS\ 'Sj'.~c v thle Inu'r l 1114 kI Iollo 14 Idl. 14 44\(l11'44'.l''41 4.Jl~i

ASI we4' 1114' Il all 0 (4I , xahcl t(44.l1-I4'1 lf 114'S sv1 o[j kl1'")1)s 1il ' Ill44, (ollo (''. sili11'- all(4 14)1

(4lol$ o[lIllc wiath~4j)g1( Ille )lsic2jIlavl til 1114' Sllh)e 1 1'11 415 all, 01d ic l C!-I'l4'54'1m i1l to Ill.

lulls. I Ili'l 111c1 kiul~s I'mll s1Ihl 1114'o 1.1 I I(al14' \14'\V4'4I c4l' 
1 41olls.Ž Iat(llo lolV4l44 (.()ls dallfis

Iwolc1114' ll~ I~-11' I llolla 114 l)4'1vi ,~'4 11v cllc(Parto Ilc Bovv) '- 11i Ia~ld ( ietS & .'Tr c)
c-ll vSupportled v ilcse (4I~h il4alle Ih e l' (' I~l('ll44' (1 1))111hll\ ast allk dIndimi l l ll (Icl"'4'iih* lIla!)

il ~ all F4"llc 1. ' 1 il'! of\'4'(l IAl4'54 j1,0d1.41(1 k (ls (Ali l411''' I l 41.~l l 14'(cI (eSup-Il
ported CSl)wfcil.Il &ov Dvaiis Ill Nlmot i the cl(ll1 the 4111' l.t h a I ce~lv oF1 14p1112,..\u

441 wce(1 I(' ofa knob all ( k I lo s o 1(0114'S 101 1114't 1144-IdIa11' s. Fo1 exlil 1c. 4 (11144111t hIllel( vlaill 4)

l0114111 vi- allu 41mv~es knoll %vI. '(ll s4 ch 114' 1 1114k l.( 4111111 1111(lo lls iallol-pala 114 1111

Illav thl e I. i li 404S 111 p.'g .\5lol coitctl s l' 111. 1cl\Iia lge . 11)4' 41141 lle lil a ll aX. ahili"('4l1

".H l\ ls ( 111 all 11)1151 knob Ill i a l l\i('m ('l 1.(1 1 l('1lbe('4' I I its( 1 014 -4111 11 t' l ki 'lll 44111 e If ~l ex ~ili v

of,44'41 lhj)'ii It lc (e i l

4.4.2ci Radial Partt Symmetryi~l(C& rak

,Supporail tedrI'iii 4 'pi"II411\ll 114) CSn bI'O oiili a nd ('-(111h I4 s l f:r IMIP

''Iwi wýuhivit;iidhIc u' Iel';d, (r.lillll &- co) shl-aI'l ('lsrill 1 ' vw-esv41 ill 4114 i 2 '. whi l c (Sup-ldlo

po Ij.irted 12 CS ~l &: Dynamic 's) 'l- M oion s V,~pr 44Il' l ra'Il~ll ' IlY '4I i lt ;llolIl. l slllI;4c i

Section~rlil 1.2.2 l. 111111 weI ('~ selhect Ilic4jh' Ix.!1114 fIo"lol o111, kI ll . wIr4;4l its wellIas44)l'

;Il -V il. l r;11 lrall co 4ll f lt I-m llS illiI'I IY level mi~ll a1cicI Iii c ~ I he4~r row IIIlof ;nledIua IlffiIW
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PartKi 
e a c

Bowl Constraints
Wall

Supported

Support - ________ '7>Constraints 1
Track

Dynamics
Parameters

Part Motions

l(''ll~clel (lt'sigtli I., lhitsel. Wel have silee( ;III 'll dl l li 1 hal It Is I im 1111 cnc/'ol., bet wevil

shapes-. tatIIvI liet Ihaic tim itidiil~tl shalpes thielliselves. II;1 hal el(ttl-ii(1111c( Iit lol. \\'ilt

I lls III ii iIlt I.il. c al''t liv sp cf)'i ic p~l-op)(It Iles of* at pIlat 5 oeotlietl\ ('v we Iliglil FOCUS

p) -it l iltla. we( ktiit\\ I hilt he'bit' ;I pai ll tatll(s alit1 iltiel'acts wvit It I lit' pl-Ir loll of I hit

bow O I l'V('le V lit ii l ewill locuis ott I atle(Iit jolt t)ll ililt'tt f IvqlIl l i2 1t h i o ulio l t W WI ( I.e. I lie

fiitial st'gtiettil of fet'tiet I lack tit'i I IeI( ()I1 jul11 of" I lIt lt't'tlet ). Ill pahI( \hi vIll bet sou-t ('

Ia lit I -l Iv ItIt I I o I(e of I cid I. I tI I I I I etit Iat la l I(I I s tv I l -it (Ta l tollIs \ It Ii ;I 1',it IIt tirtltss b owlI

\va I1 (sv 51' ecloll 3.2). Iti I lils hit jal soil itit!, 0jet'tiltloll. tIllc (OUlst ialitit p uovitlt'tI

bY\ ho(tl i tli(' b owl \vall ali 111 Ii jpoi]lll 'I Itck aeill, I 1pot]ailit . a Ith loighi '1i sotlil' setise

1 tivia~l. Tila is to saY. We cotisi(Iei 1 lie howil Wall to Im loallY st iaitlil aitn fi lit'I alk

wid vlo\l iWa ll loN j~ts~lIippo I (itlit 01 1 K iv litl pilIl ice l of Wlm pat sitlei t't(( ltilt tii ii

Wa ell a i tic t 1.15 1 o i lll-ies 11ic('tild a l tt i f Ililel' pa i. ilIe Il ('i ivl'( ilsc ttj it'('lt (oit siaigl

botW eli W i tl e C t'I t'N(IIl C-lv of I li' pa ilaii 1 lie ol , a I lit Wall.I 's iuhl'Civl(' 1115115 fol ll' W t' Iti('

\.t IIit\(s tji 'S II(.tIlo a of itaI heW''i t tit ol le pa Iil lot It l lit' ;11 t' '1-e il-s I taig lit Wa ll. Iilcs

t('Itt's'tt at slolelev l of * a at5tlle ill- mt llte Ill Isals tl l 'itl ' \;li. 1w)ile Il clit' s ,od hvu.l fl II(iiI o

I lit' jta1t 1 I]1. milt 1 (Isti(- cll;iaIact'I/atIti~I of 11lit itiltetetit s~ltiliiit'I. oI. Lilck 1 li(lv'tet.

'Ili icrllts 41 thiE dvcigii iiiptit ics t lgt L and Ii shl
1 iii rtil kit. I- It;t\E it, tEI 4;11 41
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of it pla la oject. W\e Ila\-(, seei I the t-d~lltS httt('t loll t ltittil Jibl of* I lme, IbelotA'.

alt IoI Ilolt IgIIIII as siglI II yd lIt f1et-e It 1lorti1. FlI igt I. Iv 16 shtows~ a view of* a CS fot0tte1 l)\bv Ihlc
jpdt't ItI Figiure 1. 1. jIter'act lng wVit It a p~oll loll of* a sitatlt wall. lIII Figiure 1. 1 G WC

itle lookitig alotig I11 xt , axis of' Iie (x.i. 1i .) cottlfig1itral ioul sPaCe so thiai we arec sveetti

h le Y vs. () pi-olile ol' I ie(' CS. lThe cilrved Stirlitces ol' I he f'acet ý,atid valleys blw weelt
Sthem are th lietadlits 11111(1 Oll.

Fl'ol iti adesign)l point of' vIewI the pa it 5' s ,villl t et I',v. as ci ar'act erized bY th Ile t-ad itsl

fuitrII1 io.1 * 'tre t Os wh~at w~ete g\*(-t to0\ wok wito. Itp-sl . SJpe(ifi('aIIV. IlIct ('lisj) font ted
1) ,v t Ite ('(lge-edlge 'ottl act s Ini liguitr 1.l15. 'ol't'espoltdiltg I o 1 Ite- e(ge-edlge valles oil

the (CS siurflace. atre at sutelwset of thIe ,tfable Iitttial orienltatjolts Itnto whlicht a pailI will
set lle it,, it mtoves III) thle Iitack. The reclative hegights of* I1m Itsc'isps. III I lie r-adljs

fIttict lollae a, it eastile of' thle -ý J(pavabdltyi of' f ie( \'artos st able pai-tt ori-etitat bits.A

Jpitl1 whose ('ltsJs ate( all at iteai'l t le samte height (i.e. dlistanc(e of' Ilicecg fr-oit
thle bowl wa~ll) is iteai'l Svllilnel n1c. and~ I her-elore its st able orient at jols arec neatly

Iitldist liltgilisltable 110111 onte altot Itei'ias iieasltledl fr-om t Ite, wall I." A par-t witIt liat least

oite cl 15tp easil * (list 1gilglisltalbe 101 1o Ithe ot her's. ott thIe ot her- htand. is miuiot likelY to
he sot'tedl by. f'or exalllt~l. a feCede- \\]it Iia siiple ltarrowedl triack.

4.4.3 The Integration of Part/Feeder Design

'[le tiot iot ('onli'at r iti epresetitat iots wcehave dex'eloped for1 hoth attal 'vsis and~ (lesiglt

itl'e getteral entoughi I hat I hey,\ allow 1110(ificat ions to lbe made to thei fvedeile geolliet I~v IlI

ie( 5itille way as to I Ite geoltiet ry* of't Ie( p~ard bein'g fed,(. lIt f'act. t lIe( tools anid tie0 hiods

developed so fa'm (do ntot (list intguishi Iwt weeti f'eecler alid par~t. IThis is sighnific'ant
Ibecau ise. where lpossiblle. r-eresigniing a lpal'1 so as to mal~ke it easier- to ori-it c-ait r-e Iice

lihe tthtlller and1( c011JlexItY of' t'e(ftlil'edl feeding (levices. III addflollti~. redeI(sigitinlg pal'ls

lo it it(,\\ model( of' ant existinug liroduct ntaY allow f'or th lie ruse of* exis ling f oolinig

Part- r-edesigtt lmlaY also make setise fot1 a ititlither of' ot er.% tnot'e I eciltical. rcasoti5.

Fir11st. its we saw III lFigill'e 1.1 1. 11wc Iai't geotnet I' v lirectlv (letenites each and~
(yei.'\v mtino loll (0151laint i it eptecsetitatlt n. h-o t' i c C1t e S to tli he orward projectiolls.

'I'lie ceniti al r-ole of' par-t geotelle r v Ii tthle feVeditig olperat ion Jpt'ovidles a great deal of'

flexihilit Y III deCsigit. III ailddl ioul . I he (legree of' t'adhial s*vllitelet- r\ (et ei'ntited bY 1 ie

pa-It geotliet1 'v elttithe Ile set of'ittitial orientittt ots we will havet I ilt (1'.as seelt
Iii Sect loll 1. 1.2. as, well as t lie dlesignt st t~alegies t o Iw ('itllovedl. as we '.'.ill see lItI

Sect ion I. 1.6.

( nisider I It#- ext r4'ile casi- wfuei' we airc I r-itg~ t o (list itigiisli bet we'fil st ahle, oreivio at loll. of' a
Cii'cViliz' disk. thel( rad~is fmluion foi r situi a tOart wouildI be a lo~rizowlha lite. jniudcat lug thlat (11)

Iue'e E'e io i tute s ale ri~ii atOts ci~ ra'tetifOI,.\( a ('lst. atl()Iteoitta ul ltlela
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Figmvi 1. 15~: The~ (y. 0) radlial MvillI10 1-Y of a plaliar part 1l11cra( I uiiiý \vItI 1 a t a~ii
II.
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FIgiirec 1. l(6: The radial sYvl11irtit . of' a puart re presenit edl bYV t liC( as viewve( alonig

4.4.4 A Coarse Taxonomy of Feeders

Mlotio l cll(015 alillt relpreseit at iois. such as thle (CS. lplo\'i(I a dletailedl and~ comnplet e
('IarU('izt ~fl ( IlieIll~t 111e111)bodied In olbject jill eract ionls. Althloughi this detail

ISl I l(IC55dal ,V I ot Ii Ito (lIl5I I'('I at a givenl design will fuilict ionl as I nteinded as wvell as
prIovideI a Iiiea its of' 1(111lf1 if, inga 11( inati 1) idt ilg critical feat tires. it c-al be soiiiewhiat
ooverldieliliiiig. Thiis I., especiallY t rtie inl I lIe, early, stages, of' a dlesigni task whlen there
Is Ilttle Of- 110 CN'iI'x)erI'ellce to gliiile. thle search i'or a stilt alle design. Ideally, wve
WoUld like to be able to quicklY and~ alplro.NiinlaelY (letermline w\,fat (lasses of' ob)ject
geoi letlit'es. \ICtewed as regioins of a (designl spac'e. are likely to contain promiisming (de-
si gis. Specific'aIlly. I efo'Oe gellerat lig alv (Vt ailed iiiotll on (ost rainlt rep~resenitationis.
We Wish to select aii Iniit ial feeder geoliet rv fironi 1a (fualitat ive taxonomy of' feede~r
geonic t rY classes. l'Aeil a (coar1se t axoiio~ili' for. IlIec classes of' feeder. geollietrl'es ('all

lbe uisefl Iliti a wini111er of' w~avs li thle (designi of' a feCeder. lit p~ar'ticullar'. we (-allit s thle
laXololillV to:

"* .id III select illga ioligll Iniitijal set of geoinirletes t*OrI'federIcomipollelt s thiat are(
Ilik( lv to be "clo(se,* to asit stlable ['edler design ini tellils ol'ami uhf ial lposit ion III
I le space of (lesigil pai'aliiet ers.

"* Indicate what sets of' lpaiainvetels (design knobs) should be v'aried to achiiev'e
lhe desir'edl f'wict jlotal prlop~er'ties (i.e,. suggest a roulghl (lireleion to searhI( Ill

design spiacet).

"* Provide ihe basis f'oi' a qii1alit ative mlappinlg betweeli classes of' fedrshapes
aidt iiotlo 101 (Jsti'aiiit fevalt Iles lil couifiguiiat ion Space.
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Sin-lple Profile Non-simrple Profile_
Bowl Wall Polygon S'tralylif 11(111 L*'-hajin iiI ll'(/
'Track Polygon .Sh-lreiql hirack IShape d iracwk

lablcl 1. 1: A\ (tiar-s( I axooi~lli\ of, 1('Vdel. C-olpoiielt shiapes.

Cm (Ii )I peXit Pr'ofile ohlibilllit olis D~esigni \arables

I Stiraight Tvack k- howl W\all 'Irack \Vidi I
2Si-aighel Tiac-k k Shapedli WVall W [allk- ~ai
3tiih ic \ Shaped lUmk ow~l Wall \Vall *klvi ic

I1 SliapJed IFrack kY 1owl WVall 'Ii d( k it.Wall k- Y lva licsf

'Fable 1.2: Posil coiniiiiat iols 110111 tlit( lC, I'Cdi laxoiiomY.

'F'able 1.1 I iltist rates ali ext reiinel v ,oar~se I axoiioiii for thle shapes, of Ili lie -ack
anid bowlI wall. '['lle dist inctloll bet wveei a -.lplfpi- )offle and~ a non-.%implr profile III
'Fable 1.1I is lbasedl oil thle size of 1 le IfVedei- fevattile as cornpar-ed to thle size of Ilie pa t

RolighlY speaking. a feevler- feat ut-e ( such as ali edlge or- series of edges) t hiat is Iatrger-
halfai Iuic( I lie size of' a hpart may be coisidler-ed a simple feCat fre( becýause it is locýall ,

t'(ym-lewu lo a sIraighlu edge. \Yliat wec ar-e lookinig for- I'rolit no u-.slllph( bowlI wall
fevat irles arev conitact f~acets oil tlie( surface of' I lie C'S t hat are lfOriued IY vilt eract ions-
wvit If par-t feVat tiles t hat are( not accessibile by* a s t aighlt wall. For I he stip~por-t triac-k. wev
are lookinig fol' slllplort t r-aiisit joli feattil-es t hat . t liroligli local inlviteactioiis wvit Ii le
pa It g)ll leti r* vl rodl tlce suppor-t r-egiolis thbat alev (list io IYt Iv(i freviit acr~oss I Ile siI faCe
of t lie (CS Ill t lie 0 dimuensioni (iLe. (list il(t stlhlor r-egiolis f14 (liffer-ent oielit at ioiIS

of' tlic p l- ., 'Ilelle'nta ]o~i of* his~ risti( ion is admlit tedl 'v r-ather-vge `1

('Xaill lple. f101 t W( simliph long edlges Iiveleti g at a sI ia ' anigle t lie vertex and local
('(g sge 5gmen(1ts (011l(1 Ibe (Olisidel-ere a uitm-Stilicph I'at tifcle.

TIable 1.2 gives all v'imini-eat ion of t lie folir possible collinila oioli. or- f'edele classes.

of' elit lies fr-oll 'lable 1. 1. aloiig w\it Ii t heiri re~lative desigii colliplexit V and liec des.I'igl
par-amleti sets (kiiobs) t hat multst be twveaked to ol)taillita desigli wvitlI liute giveli
(lass,. 'Vilec (Uluplexit , seveS..\s bohot as, all tindex to a class as wellI as a (lualilait he
r-aiikiiig of tI~ livxpect er (lifliclilt ' v(of' designiing af giveii Ifeder (lass as iieasitred by,
lie iiuniiil' of* desigin variables alild thle ailt iciplated degree of pl'aallilt erI-collst 'ailfit

couipliiig. D~espite t lie oal-seliess of' TFable I.I. tflie (lasses lii [Fable 1.2 hiighllighit a
liii111/erof ut 'ret il~ lsed 11 (pi qa lit at I v*' pl~opel ies of feeCeri (designi. For exaIplVl1l.

fii boot Ii(asses / and J./.tlesll/ii ftles agi bowlI wall esselit iallY l-eiders t lie
(lvai Il ( pa'anluet(i-s useless the partIs wvill reliaill) crm'sist aiied wvitliili their. stable

'''Wo q It ia Iiif* I his vaguir'Ivss 1I'v Ii of I II g I m Ia ;a coa rs la ax of oI Of rVI\,I,\( if ji pro ides iull ial Iome g'' ivi' f

I hat iii- oitl to iv nE distaiti froitiIhn thfiinal udesigin. are useful tor giviing if- a place i() 51all ()til se'archu
for a boti er dhesigin.
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Simiple Profile Non-simple Profiles
B ow l W all ( a) 5lraiqhl (W P 10 11s o ( c)('2 ( 1 r'i rl yTrack (d) .'/Iimyiqh (v ) IMi'oI,'us/01 (f) 0 'ar1lq

'Fable I .3: A soligt lv ref iiel I aXooloiiv of, f'ede(Ie 'omiponient shiapes.

oliewi at jolis as t 11eY pas~s alonig I lie wvall. 'Flie oiilv designi varia I es we have available)I
o ()its III thlese 11eeder (lasses are those definiinig th lie tack pr-ofile (class .;') anid 'its
locat ion r-elative to thle bowlI wall ((lass 1). 111 I ertits ol' mtot ion coisist aunts. wev 1111ist
N1(1 vsolel v oil iiiodlfic.at lols to I lie slilol)0't regiols o1il Ilie (CS to fill(It pi art tulot uOi is.
Ili ((class /) Ili pauli-c-itla'. I lie success or- lai lutvr of' a feVeder- design wvill Ibe del eruutinue
Ibv va lvinugoiie partehe pc liigI tie acký-l owl wvall offset. 'Iue sti('(e(,ss l 01'alili i'
of, I hIls c.lass of' f*ede~le will be (leteruimined bYv t lie (lifle-entitabilit v of* partI oreiit at 10115
iiilei'eii to I lie fpai't geomiet r*, . as giveni bY lie r-adlils fiiii'tion ill Section 1.16. C lass .;

allowvs uis to Iii ilize detl ale(I pai't geolneti iv for1 thle purposes of'd(iffer-enlt iaiig iiiol iou
pat lis oildv 1y iuvieaiis of vai'viiig thle siipfpot't iiiet eact iouis bet veeii thle partI an ii -ack
('out oiurs. 'l-ioui i Ihle mtot ion ('onst u'ai Iiiieji'eseit atioiis Iiiis mieanis t hat . as f'or class
(I/). wve (-a i ouiI'v muaniiiullate I lie siipport I i'aiisitlo iounldii~an'es (alblit mlore c'ompilex
aiid Io('alizable onies) oui I hie C'S suu'lace.

(Classes 2 ani ; ftont TFable 1.2 Involve inter-actbouis beh veeui a lpart iind non-
S1f1pI( 1)owl \V'ail feCat ir~es t hat Iiua 'v allow o I'M lie (lifler-eitiat ion of' mot01ion pal us
I evoid wh~at is i iiieeiietl *v gi veni by * lite partI geomieti i v. Sfpecifi('al lv for1 ('lass (2) wve
Inia v iuampiifiale fpat lis oiu thle (S by, chuanginig (0 I) I l(lvuailics. and~ (ii1) I lieI bowl

wall pr-ofile to i'edlre('t thle inidividutal miotion fpathls of' thle lpai't s." II ('ass (1) wev
haetecm ie5fel. an le-,1vcm lxl u o ('oiuplinig. of' all sets of'

dlesigni \'ariables. Fintall' v. wve note t hat bot Ii('asses (.;) andi~ (.;). Ii li \v I i t lie Itra('k
1)t'ofile is inon~im.iph . an'e jud(ged(Iluoi'e ('oinplex I iaii simuph or- non-.im/)It bowlI \vall

pr-ofiles because of' thlehighil ' ycoupled and( ioii-liiiear. iiat ire of' I lie suIl~loI* 1't t 'ausit iOu
bouiidari-es as iioted iii Sect ion 1.2.1.

'Fl'i ee le'Iaxouioiii' lilluist i'ate( I iii able I. I. amid I lie fe('d('r (lasses (tlveri'(( fr-oii
it iii TIable 1.2. pr-ovide mus NvitIi a i'easouiahblY coarse. fji'st-('lit gr-oiifpiig of' Ihli basic
feCeder. fevatiire I ,I)('s wev wvere lookiuig f'oi' to be'ginm thle design pu-ocess. (O)ie plrobleiii
\'ith Ii isuing I slm'(tables ill I heir. pi'eseuit f'oruuu. however,. isI fiat they (, v oIlot (I I 'ect kY tIe
III to alli'v par-t icimla' classificat ion of thle miot ion couistr-alii feattirecs iii (oiifigiiuat iOu
spa'e t hat we wvill have to Ilse Ill 0111' s('au''l f'oi' iiior-edetl ailed (designis. 'FO a( ddess thIiis
shoutcouilillig. wev \xill geim('rate a sfighfly~ Iioi'( (el(tailed I axoiiouii\' of' fee~der fI'vatmimes
slimwii Iii ]'Fabe 1.3. 'I'lie b~asic' (iff'emi('(' bet wveeu 'Fables I.I aiid .3 is at miuuiuor

Ireflmemmieiut ofI, lie teu'uii non1-Sin~ph imilo Iw'o sub-classes (l('miotiuug pr~ol ruisiomis fr-oml

Il II Fi'(ri uiial el ' . ini fli(' pr'se'nt reprosnitsim lon. ('fange's toi~i i,, CS will afsý, pn)hiro~u chanve(' ill

I I if, s'ii p Irie'' regionls on II it,' smjrtlact of I I if ( 'S. Svc S~'ec Io(m 1. 1. 1.
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I flIat I det nit I Is roti I IIII is 14'fi tI(ed 1 axoiioti tI yI la be4 lIa I Iip ped ii I I 1t4I' Ic ' 4,1 (jI I it Ilat l'I ive

dlistnt mo(1 tion~ oll ns11traintt ('1ttill'es ill contfiguitat ion 5faccl(4' ! l 4Ii1('clow. \\' uise hiter
indices4' it) theI( c4'iv'il(tls of* Tale~( 1.3 to) avoidclli4)1f154lsin with Il I 14*f(''(el classes~ of

(a) IN~ stmrigIil kowl \\all produces at st'nes of' parallel valley" ruluinigl! perpen'mic-
ullar to tific ( axis of, the (x.r. i. ) onifigutratiotn space. Thiese valle v. fottill a
*w\as.hboarW'-fike stitface illadct III) primiarily of' type B cont act facets". which

ilc1 to colist raiti atit guidef( 1 lie nat tit-alky (ifeit ttt i iat4'4 stable orienitat iluls of, at

pall alonig t lie w~all. its showni iii I'ipurc4 1.1I7 (a).

(b)) A~ po tilsittI ftotiil 1 hc( botwl wall Iproduce"(' a tidl.lýc acro)ss 1114' 511ila((' of It le(' ill
1Ih I(, ditrect ilou of, I14 (he 1 co igutlal lonl sp~ace. sho4wn ill Fivu!rl 1. 17 (b). . r idge is

typicalfly titatfe 11) of bot 11 tyvpe A and~ typfc H f'acet s. atid serves to dii fete lit iat e

Itiotiolis fttt hier Ithali is possible wit 11 t he valleys ill (a) lbecatlse uiativ parts ofI at

givet flathI are ~l5 acosi siiigic' (0th act f'acel anid tIi erel ore Inai v kc4 tiatiipitlated
by adjulst tuentis to t he dynlamlics parattieters ais well as. to th fi Iacets I lettisel \es.,

( C) A\ roticavit ,v til th 11ho(4w) wall frol4)h1c(' at valley' across Ilhe (CS sh11.tact' ill thle 1)
direct1ion as. siowVil ill I'i!tttt' 1.17 (c). Tllis \-all(-'y. also (contsistitng gell('allY of'
both11 Iyp Af(' anI4 t\I)4 B f'acets also acts 10 dlill -et'lt tlat m'11) ollo pail li. ot. ill

SO)114 CaS('s MiaY be4 lISed( 14) comb~iw motion l plfath.s (i.e. flarl t'otit-tit itng).

(d) A\ stl aig~la track poIle (witl iit 1114' half-w it of a pal flotlI the howl walf) will
prtoducer slliplorte reg 4t~~ios. or /l..f..alotng (l4'('fie valleys ottI 1114 (.' sitrflac4'.

as sliowit inl l'tgtt( I IS (d). If' I1I", sI raiglt 54'4 iotn of I Ie, I lock kisIot fparall4'
1t) 111' s1traiglit por~tio o ft he \\ 11''all. 1114' passes will becotlli4 wvideI4r (ittaltt)ow('

along I14 .c x directl itll 4)1 at (' \.all(,-.+

( e) A fptolitisioti from 1114' track profile tmay ptodture iso)lated4 isfand',s wit hinl Illisluf-

fported t4'giotls 4)! ('ltit4'c swat ls (if' sutpport ()I1 the ("-, ill thle (i d1irection of'

cotIfgitttatloll' sfpacc. it shiownti ttFI'gtte LI.S (e). Hoth Ii solted4 tslatnds atl4
"sttflflot14' swat fis ate tat liet. ttsele"S alotI4' si1144' I he are' n14) re'acIhabl)v( a I ~1t\
pat fis stall itg out1side' tl 114'ttsttppotted tegiolls. For~ 1 Ilis t('astt. Itrack pl~ot tit

stolls aretypI fically cottIIitl4'4 withI bowl w\afflol prtrusion'tI t 14) -l p011fasses aclo-ss

tltlg('soll th Us4 so t 41hat son111c 4if fete lit iate p'Ifathfi al4'slipolfe~t(d whllel4as 41 l4les

al(' t1ts1l1f)11 4'4lt( as 114 flIlo t ot a14' iii"f t tatisfat4 acro4)s I I14' I rack surf'ac.'4

-at Ill I 111- a i )a rlI
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(b)

Fi~gure 1. I7: A\ taxnoIIm1I of CS5 f'Cai Ilics ill (x.r~y. 0) (ohIdigill-al loll S~pace (,o)I difrerciii
classes of bowl w"all prfls
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IFig~l.-C L.IS: A\ tloldX I(AII*IV (If* 10 i~lllotS WIII I~rh (ls j ill ta ie i (.r. yi. 0i) (OI ~ l oll spadce

1,0)- dIII 'c ill class~es of, sIpporl I rack prtofiles.



(f) A mOicdmtt V itn t~le t tack Ipiolil will pixtohutc unitslIwho~el tC~wmtt acRoss I, li (s
Ihat mtay aJppeai as isolatedl island'. ot. (lit ie.( swat ItS alon~g t l(c (0 diretl( loll, as
shiownt it Figutre 1.18 (f). Vttljke the supjported regionts jin casc (e). htowever.
thlese untsuppor)0ted regionts miay be very uisefuil by I Iteitiselves sillce lt(' ve tIna v
be used to int ercept' ant terminitate selected inoiot ot pathIs. 'I[lle I tack profile

p~rodlucedl by thle cutouti opetaljolt of'Sect iou 1.2.2 p~rodutce('suc 51( eat tiles T

ilThe 5111)1)01 regionts getterat ('( oil thle C'S For cases (d) -()assliltite a simptjle ( "S
sitrf~ace. ats jitl case (a).

we coild. owmcorse. geiterat meen fittr I axoitotis of beeder fecatur~es I hal t hose
glvelt itt (1111(1 Tab~le 1. I ot. Table 1.3. I lowever. Ilitere is at t raleotll bet weelth le
jitfortitat jolt gainted Front at tinmer cassifical ion aind NOt It I lie jincreasedh size' andt add~edl
(olitlpleXjty of' jindexing aitd intterp~ret ilng I lit (oillbjitat iolns of' fe. 1 t11-e I ypes. DO etailed
I axoltlitis have jii t'act beeit develop)ed for iiore getteral types of' feveder IlItat ate
re-ated hecre (see Bootlttrovd el . al. [8]). lThe (ljsda~lyitage of' such classiticatijolt

schteties quitckly becotmes applareint whltet we observe tittitlot (latlges titadhe4 ito a 'eder
tgeotlite ty \\. it hillita givelt class pioducittg mtajor ctautges itt I'vedet behavior. MtakingtŽ
it ttecessary to tefiite ('ve(il furl- hter I lie classjfical jolts torminitg I Ite- I axottoiii. Furt1 hter-

uttote.c1 It lit ot joit of* stitjlarjil v a i iotig classj ticat jotns is 1101 easj ly tepesctt 'ente jin 1 rlit
of' proximtyil witltjit such t a Iaxoitoiit *v sjtutlatr (lasses coutld he p~lace'd iii djfflete It
regionts whIereas ti arkedl ' v diffetenIt classes CoulId lwcol t t closely grollpje I. IThese were
attlolg tIt hv timtary mtot jyal jolts behindt 0111 chtoice of mtot iott (otlst rattts vs \. law ge-
otitety It s at rejples('ttali jolt ofinict( olt. ()it(-e againt we strless thIat thle p~rimlary role
of t It 1i laXotottlies describ~ed here ts to jdeitt if'y promitsinlg feeder classes wjt It whticht
ito /a I lie (let ajledt desigin process t hat we will describe ill 1 lie followiitg sectjolt.

4.4.5 Design Strategies

Atiottg I Ite key asfpect s of' alintjlteratcti d'e'esignt ptoce'ss ale: (i) gettIintg started w~ithI
a ttoittjttial de(signt. (ii) idetti ifvyiigan al'lollowiitg prtomiisintg tljrectjolts ill desigtt space.

(i~i) origanjizing 1Itec seatcht lot slljtalle (hesigtts. antt (ii') lititin tg (olitfleXjtV to a
iallatg('ablcl level. Ill terilts ofI* Itle coilcepls lptesvtlled( prt('iollsly. t lie taxottoitty, of'
('vedet g('ottelivres d('scril(d tin Sectio jo 1 . I. 1 is jtt (ltel('( to providet its with It asjimpl~e

set o[ sntt able initit al fe'tlete designts. whtile tilie titoljolt conistrajint repteseit at tolls

t'rott Sectjolt 3. atld I lie desigtn iitclijolts Itromi Sect ion 1.2 allow uts to, t'aliiat e
attd ilto(Ijt\' vle'edet de(signts aitd obseive tItec effects of' t hose iiiotljficatjolts (Iy vtailitcahl 'v
(S(ct joit 1.1 .3). [lie last two aspects'. organtizinig 0111t designt act jut c's aitd Coiltroll jug
comtplexity. have beeti pall jally addressed ill Sect jolt I. 1. 1 dlescrib~ing t Ite('Iefect s, of'
dhttit'tutl -'designt kitobs" oni I lie lrelatioitshijp betwheeti various, desjit.I paratliteters kttd
mlotio loll (st tajtttl r('pteselttatjolts. Whiat relttailts is to ititegrale thle relrelen(ltatjolts

aMid tools jitto a t Itif aoq for. designt.
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Ili Sectioni 3.2 wet jIltist ild a1 I'llitcl itllalI (lemsrli~ oll 1,01- a hIba OV owl l'ederl'
ats a li1crlf OIltli( litotllý itl"(fparl1(se FIi'2Ilre {!). Wt\'%( i~l('tifile Iwo iiriiiiaiv cla~sm.
oif, I IItdl citclilll: (1) retoruiil ilug of' part iliit oltos bYV calsilig" prlts 11 Idvelilig. III 011C

allot lier pat Ii). anid pii) 'elect ive Ivelloval of* ,uppl-I~t Irlotil part molta toils bY allowli.!11-1

'('lit at tolls, dVtjl~ied lIt S'cto 3ft.L2 tall capt 1ll( Ibot Ih classes of' lilt(ljli.r ilt ctbs

liajtrilt of, boltw l'ederlet pes. and~ Is ill gecitetal easjt'r to achltev' ill fpract (.

patt(d1 orfila oFo I lie, teiedoill (aal loll bet Iel I lie pa)lt s aitd' li Iede I .ow wll Iiei. f I/Ile kvc I 'Y

Illosc parlt Ii tov~iugp Ill tHie tlid esire lo Iiieuitatjolis l)\ iealis ofI' litej jlt Td11 t jolt Wit it

I lie ',tll)Iorlt Irack. Ill tt'-Iits of' iliot olt (01151 l'alitit. palt hlot loll pal us are' lt'(ile-t('tl
bYIlvltodiljfiatl jolt iadle to botlli Ilie C S and~ d~ltauilijCs paralliet (IS.atd selected patItIS

M1 le itide to t trillijitat ( bv lit ek-e pt ig I liett wth Ii uH11)1 ' lltispo-c maei liý If mil lato I
oil I lie slillfi~ce of, I lie ( 'S.

( ,jyII aI part geoltiet IV. we approacl i ltask of desigiii ti a feeder jtI liree phiascs:

"* Initial problem formulation -0et Injg st al-t ('. Il I Ims phlase we ('s('ilt jaIly
-lioliglil out1 alt lij j11al (l(sjgIlI staI jirII g wi 1Ii 1 lie S sIlltplest approjpliat c e'eder

0eolitet l\V.tI ypca~l\ at class I hiarrowVed t rack feVeder flroli lalde 1.2 contsjst liti., of

ait raI g;1'lt bowl wall aitid slllplorlI I lack. Floin 1 lie, mtot jolt cowis iajiits geli(leate'l

bY Ills choioce we se'lect I lie lejl-edl piart otiieltat jolt I flat we vIl wIs It( lieeder Ito

uccv p/. \\jt li 1 lie tecllidailling oriieltat lolts to be~ I~.lejet((.

"* Constraint manipulation I lie itealt of' 1 lie (lesigit fploce55. WjtIt t1 li jutj'11 jal
de~sigit pfl-llelIII dleIieI~l ~ilbO)\(. WC beItIII eNIploljlt, I lie Surrouninitlig regjoli of, (de-
sig~i sjpa(( WI\e Ii e(xa liii ltlie j lt.iilelelit ll j I F'etelt jabI jlit ' of, I lie st ah le pail

orleflitatjolts wijl i at narrowedl track. If' we are able to ot ajlt ()Ill\ tilie desirecd

oljflit at loltl bv this 111(1hod . 1~. j. I I' lie paIt gcoli etIrV is hiatl~lar I v orjitt ab I
Itilt() tlie lesjlc re rieitt at toll. thele we are dolote. ( )tlierwis '. we b egjl II lie dc-

tajletl feeder. desigitll pocess. witl It ie goall of* letlilCjiig ColIIpl('XiIV aiit, tICIiclla
jiossile bV \Yar~l hg oltlY at I'~ .llle 'Is at t Ij*IteI. WCe do I hIjI*s 1), alt ellial ivel
h*(.l~liltg oil aI)Iaiiielt jnvi-elsoil of ejl tier thle (CS ,bowl wall or of t lie sllpport

lraltsl jtltl Iloullillal-Ies, Slljppoll I lack. W\e ('xplol(' a wide rauige of' vaijatjolts

to at Selected set of palaltieters bef'ore litoiliq oHl to allot lied set Since. dun' to

Ill loielliliclel, bell;uvior. of, I lie ctoist rajllits. larger, \aiial jolts Iliia have clialac

terst caI\ dflee lt fkects thIait Smiall once,. \e 11sc t lie iloli-Paraitel ljc ciittoil

siliiifih andf c''uimiuiuuiu. a~s t1Ill Mi Scorti. 1.1t.1
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s~igni ttiiil iiallv a" it e'volve"s by observ'ling I lie r-epres('lt at buls of'1 lit' iiol loll

(oust huh! s. it1 QI)\otasioiiallv aniniiiialbg Ili(' oirvail l)l'o~jcc'(t l moi~~ oll p~atls.

a Problem redefinition f igni-irig out1 wIial t o (I4) w iti you gel sl lick. TIf er is

uio giuaraiite t't I al we' will I 3t aile to 1111(1 a feve(ler (lesigl suit aile f'or Ilie giveln

of, retf(illiiig 1 lie jiooitiut'i sliotilol we Fail lo mlake' prgesIowarol at soluition.

I'lie first is to siililj)lv (~lotse a tlij l-er(iil o-ieiit atio dtii al we wis]) to accceI0t

auiolI kt'giii I li' cisitraint uinaiiiilml ion pl-ocyss all('\\.1,1wle"cl~ llral

is tosl)lv~eIl lsg wbcl ý ~lg I lit'oullt 1)1 )ai~l oiiet'itat ionijs lroii

Iigiiie 1.19 illuistrat 'Sa f'eled.(erl'sigli inijttlitltloigy. iast'tl oill I lit'alov(' pllasts. ill
Ilie for-ii of, a ffowtlart . hit'l filiitt it~llal blolots t'iil)b(We(ft( XwiI lliii tacli of, I lit' l)lilas(s

alt' tlt'striht't ill detlail belIow.

1. Select initial feeder class: I ugini w ithi thpi shnpiilj l class of feeder (c(lass I
f'roi Tablet 1.2 toiisis~t ii!ig of' a st r-aiglil bowl wall ai(il I racký).

2. Generate motion constraints: ('oust licti I lie C S. sul)I)tort r('glolis am nii o-
I iol fIat uls lisiligý t li(' noitnial f'ederc. geolllet l-ies and( dvuilaiijics" s't igs.

3~. Select desired path: ( lioos( oilt' 1iaI I tt)o 5 I hir tiii-gli hitl 'feedt'i w~itlitiii

ttorrt'sfI)onililg to ti t lt ar iniitijal orhitiaitatio wit Ii dwit lii Iitsl pr-oba1 ilil v. illuis-

im'atl ini cs-pace-shell byv I lt' hAVA 4 pt I.

1. Try a narrowed track: lrv to t'xld~lo lit hatma h idtjFtrent'itiato boiltf' ~ail
Mieit'tat itils ( iatliiis liiiitt itili) lby varviing t li' tff'st't of' Ilit' stifaig~ill t jacký tdgt
firoiu I it' st r-aigilt bowl \\.all (class I ) so I hial oiil\- lit' tlt'sjrt'I p~at Ii Imsse

IrI1oul11gl I It'I ft'et'd'er.

5. Remove other paths: If th l mnt'lailliug pathls cannlot all belt'ttiniiialt'd 1)y

iiiisiipfitirt 'Il rt'gitllis wvliih ttlt'5hl lt lait alili Sjjol or I it' lt'sirt'dl

pail i. we clitutst'tft iit' xt IIhiclk( s unit t'iiuiiat 'lpa Imil and:l

"Ill rii am..,. f lit. i'5lih (IF 1wi (,(ulist ra iii imilamiila~in phwIi nwý ii ayt a t i rI hlw actulos i ilit'

wuvhg pa;rt rwifuiult uim. kuit lujecis all ()t I lit ()I her orj'iental ions. iiicihidiig i lit, deiruid )ri(-iulai i(m1.

Ill tis~i ca3su wo li aý sMliiiphý dw(inc N acce;pl flit-i3Miifi aind qtuhrt- ithi piublui st, t

'',~ui Flit- a~i(riiv of te,,gii acliviiýwll (,,iffv ir iii 7,u ht-lwfeuiu 00 aind (iiii). \V( muluviqi iluliiahlv

uiwiuuiii r flit dtuiiuuf pal31i5 ,ituluis ;uuiu 'itufi miiifit-aiunl -do ri ,i ()I ' it lorininiiniu u.t. thati l~ia Ii. It 111c'

(f'M~ir'Itif u u 1)aili t/11 %ietm oriniiiiiii. Vo, sfuiiff firsi aitiuloow it n10r3m ii bt)fori (-(mimjinuil..
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A 30 ~~(1) Select Initial GeometryFomlt i Formulate

F(2) Generate Motion Constraints Initial

,dI Problem

(4) Try Narrowed Track

(Remaining Paths Terminated?) I

< >YDone!
N Mannpulate

F(5) S;elect & Terminate Other PathsII

Constraint
I (I) Generate Track Cutout Representations

(Ii)RRedesectaPaths(ii) Redirect Paths (Core Design Loop)

(i;i :odif Supportsj
I(6)KeepTrying?

(7) Reconfigure Problem-- Refe

(i) Select New II Cascade j Problem
DsI i ted th I I ft r I t (

Fig;ure' 1. 19: F~lowc'hart fOr a Ibowl fv('•der (]('Sigl, S1 ratvgy (w e tv •x! )
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()Track cutout: F arllx oil III I ie( dlesigin f)Iroes's. we miay Iv Iw i r )(l1cim-ij1
~i cutout litdl I ilie lint er'iiiiiatte( I I~il \\'itl Iitlie mlost dlif Icl-ielit at (( valle V
hieighit Iloili thle (lesilec(l p~atIi. (IF thle illiteriiiiiilal(l pat Ii is hijh~l Il niY

I aiil I lie dlesired pa I~iil j iiio likelx , ase ) I lien clioos( a left f'alling, cut 1olt
uiecil, I lie 11 cIuiiteiiiuate jhI Iil1. 0t hiervise. chloose at riqhl or. /niI all jug)

ImIl lie! I lie 1hi1lt rlilill ed pat h. ) 'I'lis (tleftl~Sto at (lass 3~ fee(lei.
(g~(~)lIIwtIX l'mi 'Fiii lli 1.2.

(ii) Redirect path~s: Nlauipuulate thle ('s surface to (lit elere litt ate h le uuu1lt(-

fliiilite(lalifrI lie (lesmll ilell Pat Ii b.\ cleat hllg of' Iliioil'YIug it ridge or
vic 'ev oil II he C'S (Ixe. it bowl walla I o aI riuslol l of' (axit ilv. featill e (b) &- (c)

froullti Il dl 1.3). 'Iblis coI-lesfIolils Io 0 I 1¼-iilisit loll h-ll iti a vlee(l- (liss I
diass 2 tiralisit lol frtomi tab~le 1.2. lot iionii-ass I bowl wvall ge('olien"lies
we u na V allso va rx I lie aJf le(Iforce vecl oi to hiul tierdl (lrel'Cvit iate (' al us,
acro*(ss ilivi' Ii idual .oiit act Facet s.

(iii) Modify unsupported CS regions: 'ho int/r cc ptle It erileniillfiat e a It.
Ilialli lmhlate t If( lie 5l~)[m I r'ailsit [ilu lolill(larles, onil Ilie (Us lcal. a p~ort l(Io of
I lie 11lit ernil~latd ('Ipat 11 oil lie (s S ri(Ig(' or' xall(' eat Iil Ire. llis(Irespollds
lo at I rulisil loll h10111 t f'eleder cliass 2 -(-lass I I ralisllim l-ol froi able 1.2.

G. Repeat for other unterminated paths: Slct ot 0 er i n(t 11111 111IN-al e Iil pat I
all ivl rfwat stel) 5 tint Ii onlytIY- lie dsir-ed I)at 11 Passes I Iliouigli I lhe feedervI.

I. Reconfigure the design probleni: If* loit) rogr-ess is mjadec alterl rvilig (
mi h /.()I of o liei'l. d J i s ,: 1

( i) Select another desired path: ( )ine o )t iou )i Is to) cIio( se a I ot Iier a Iml i as
I lie (lesire(l pat Ii. Sp~ecificallvy. we chomose tit l ext ,hck 4itIia w. lie(
(lesirec(l pathI aii(l go hacký to sI ef) I. Ill (lo)ilig so). we al.!, basicallxY we le
a((celiti ug a le(1(i-v 1e1 ee(ler. Ilrtigll iptil m..

- OR--

(ii) CIascade filters: If somiii fiat Is, halve leeli reviiioxed 1) v I lie Gf~eede featl I Ires
(lesigiie(l so) far. we caii locaIl 'lv dlecotillle thle pl1ol deiiiI 1) (a' ((i( fve~e
feat ire. iwitcal we taike t lie ehai-vium ing hItlis froiii I lie eXistIulig set

(A I'eleede ('vitilul-s ~itil go l)a-k- t() st(l) 1. F sso'iit ahll. we( diec (l('sigiiilig at

uiew ('Ce~ler. f,(I it( I ie rliiriliiug mldtlis iiilier-it ed frloiii tlie pr-eviolus lii

ii' II 1ldt Im- wal "atnld uiack tn dfilt (I ., (laS'. I fromi I HI 1.2)
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TI le I iaVl\('li,;I ol, I li se S l)s, IlLI "I laet I (IIi 1 lit flowdeiail Psc ti-iitl outIi f ti I Iii-e( nested

lOf I . taIIIIIII el of ,IIII c ~~it I ( l(' le (.ofV I Ill-iie~('i of, 1t llesi Il'' I.s ait Iv ) CI s

9 Feeder feature groupings local izal loll mi auI (dc(iisc ig laf-I oI* kv(1(1 ki('d 1I['es.

.Selection of desired path I'Oni unlaeic ilie h wcp1' (Ic I ' sm~gi iil0

I SOil so its to~ oliIliz(' Ilit' f('O(lel. I Ii'ollg)IIi)III

e Direct. manipulation of niotion constraints liit~lif'V I lit bowl
waill im(l i l-ack i)tilvgoii bY lilaliij)Ilat lug I itt('CS am]l siIlIpoiI' I i'aii'i-

lotll fIat It.

)w Id lt Il di'! ]oII d i Iii li l It)! coniii t(4 Itlt'lci I itt' 'I( llit'el l iio l i dp cld tltsi-a ii VISiii-

ili Vti ol aVt ~ ''' t l iai 2 a i tioll is liii l wit t v(s I ieet Il(1 t'I wI I-c i hlllal l( e l e slull ( 'S d 5 (11

tI(loll-I li~,,f hi-mIiic cspace-shell lioltibti ew i~l\it\ jVitmiui.i19 1 ttIil'ls liITCaiilk tola

Exap le/i (/1.(1)a lse 6 illo mlw i is oo I le wcc olof le Isl-I



I'iihII i ir .20: 1 hu1lt i~I I'l dcr gew~ 111 r~ u v10 itil (OhIw1 iauut t(I. all "I"'SIIhI)('( pard

.\(I( I( hill salIll I~a n v pisI li fe d f i111 1I i l iiail I Wilul al Iw." IC('( lIT 1ct c~ll h.\I

(Iwl~l' i5 . ()~~ f a sl raidi2ui r ack andI a s, il Ianju IU\ wall. Til c S I 1-c"111 '11" (lIcde dcI('5i2

II ih l a it' F'.-.111 iII I ir 1.22. A I* d ()f I tlic siclI litI 1i III ()I* IlI\ViIil(' li, Ce e

I \ t~d I ~ ;IiIt 11(111l il)l ()f I lc(* ('S siull-ace I c' wcoll I \v() (I* I heI pill 1 u mi I ull 11111

fi i, I rll . i lt !l

VC1(21111 (Sliadd)I'lJI(I icj11 ll I'c IIn' scIlI cld flatii al II, deite IiS p('II ilI. w, \t'Il it

(c) \IiIi1IIliI' Ilw Ir c l 1i4I Ill t t I t i t pa a 1-o I 'I il I\I 'l1`CtI* I i Ia i I la I R'l I(dII 1 It I II -I '

Exampl~e 2
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(b)

I1211rc 1.21: 1il~l('tI11c(Iial( 1c eps IIIv I d'esigil ()f a l"cdch' f)I- I Iev 1. -L-~ c pi

Fiur 1.20.
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1502

Iigmrc' 1.22: 1{su,1 Iug i ii ''ld'rdesigli alld mot]of1 o coil slrai I Il s gel•erated fi'oul IhII' init Ial
geoli•uci Figurc I .20. NoteC that. as r'cquireid, parts mayi pass throligh and ('xit
th l'e fVcdc' II ill o il e (,tC orienit altioll.
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[jt!Uf'1(, 1 .23: lull tal 0I op ) aulI liuhil ( hoit I111 I fceder oci~et~~l I ic. adI 1110loll cotisl ramitl s
lot01. ()I.1IIIl2 11 llasl ic cable( fial(1ler.
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Tlhe initial feveder geomrietryv and~ iiot ion constrtaints for a p~art conisistinig of' a
plasti Icab~Ile laste(ner is .liowin iin thle t Op of Figure I.II1 AS i in ihe previos ex-

aiitlle. at prot rusioni ill thle b~owl wall was introduced by "putlling- ol I lie siurrace of
lie C'S to foriti a ridIge ill order to help] (listiingutislh aionog t he two ]ntot ion lpatus.

bl)O i of' which iniitially travel ~iiearlv prallel to one ainot her across thle CS' iii the
0I diret bio. Ill(- track coiitoutr was dleveloped yiital puiiniig a pair of' poinits
onl thle track bonirdar'v towardl th le owl wall to produce nnutiipported region.s ott thre
CS. [lie 1iiisliiported regions were thlen itiartiptat ed wit hin thre mtotion (01151 ainti
represent at ion via a ppa reiit inversion. After a few it erat ions thle in ot ion co stira iiits
(liaracterist ic ofa muotio fltrw eotatedasiont iii thle botiorri of Figulre 1.23.
toget her wihthI Ile corresponin(iig bowl wvall attd track geoimetrlies.

Example 3

Thie toj) of' Figuire 1.21 shows thle initiial feeder geotinet iw for anl r-aclo razor

blade. Hlere. as ill thle jpreviotis e.\aiiples. a lprot rusioti has b~eeni ititrolicedl binto

Ilite wall profile to forin a ridge onl thle (CS. I iiike thle p~reviouis examiples. however.
the purpose of' t his ridpge is to cat cl atd ir~orij( t hose p~ar'ts that are Siliding withI
Iheir mia jot axis lperl)(ii(iciilar to lie wall. Oit thle C'S. t ie ridlges formiting thiese

reotientin g coinst raintis 5Itay 1be cliaracI erized as Owrtes t hat are aniigle I eat iwy to
Ilie 1) direct ion. thtus divert iig or- gutidinig itturltiple itiotionl pathus toward a suibset

of (Oiitotin orietitatioits (0 Jposit ioiis ) ' 'I'li rat her oddlyk shiapedl gap) iii ihe ttack

shown iii tlie bottotti of 'Figte 1.21 waisinitnutowied usingthle cutout operator to llt et
out thle itidesirable tiot ion patis. Ilie track ronuii ourt odiuiY by thre cuto ini t his
cAse reqniiiel oiilv ritior ritodifkiat ion to p~roduice thle final feeder geoniietry slhowni.

4.4.7 Physical Experiments

M odels for selected parit. hmi ow I~all atnid s"Iyrl l~t' rack piof s wre(O istV (IMIiMeIC
fromi plexiglass aiid t est ed by phacitig t he lmarts oni I lie track siirfac(' iii tati(lot inii iOf
orientiatioin" anid allowinig t vieni to slide downh ill while applyinig it slight vertical
vi brat ion to lie( t rack sri -lace. ) Figir re 1.25 Shows thle i hardware used to test sortie
of t lie feeder designis developed "Aismti cspace- shell.

The p~art iiiol ionls. anid resultl iiig feeder behtavior. (losel 'v followed t lie ritot ion pl It li
predIicte by I~ cspace- hell. 'lulmtogra lhls of one of the C.Np eri itietlis rut i for thle p art

Mrid feeder iii Fi tire 1.231 (top)) are shown iii Figure 1.26 atid Figiure 1.27.

" A, riw)it-( -arlir. illi, aIhiliiv io r,-nririi rathivr tlhani rE-joEt somi 1)iti EriE-niaionifi., ha,.iiw adI-

IiojIE. it, track was tillted (IEE)wrwart soE tHim gravity wEuild (Irki th, iairt moionll.
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IFigurc' 1.2 1:i I I ial (0 op) at I i( f l (I I ot 1) 11) I 'I)'V d r I,'' I 1 1i-'1 aI l II I il 1(oIm I raili I ,

l,01. olrienti nlg .r-(IUtI0' l lorI l'.
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I rack miilediic on~ a till ed ,sIickc I aio1 ( ~I ).an a cl,!,ciip of he sh'laker a~'uiiI dx
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I ltiir 1 .26i: SiinipshIits of0 a Iparl if) I lie c/ p (Iiwiillal Ionl movin)'g I IIoligli I hev tC'(Ider
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4.5 The Design of Compliant Assemblies

TO 1,un11(1 he(l~liioiist rat ('1 lie' a p)lWill)ii Il\. of* iii rejpres'lit at loll aili IlallaI Ii)iiiat loll t ools
devl\ioped ea-iiile III tIIls chiii 1) (. we \vIII iiow tIiuni olil alt 1(lt1 loll fi-il! \i I)iat ol- I o\\l
f'ederes I(o t ie( (lesigl aiili aiiaixSIS of* compll~ianit asselibichie lilt rodilicfei III let oll 3 .

11i parl Wiia r. we shiall IIIIlistralcte h le fiexi b ll.\t of* I lie a1(1~I. a (i esilg I ools dieve('-

op~edi Ii cspace-shell I)y adiapIntwg I hiemiii lot se ill thle doiiiaili of* asseililily.

4.5.1 Non-assembly Constraints

'I'li(' fee(lel,]s (ifsigiledi (rliiei hiave o'ildx oile( hluict iuiiai l((Ill iiillillt orieiit wig pails.

\\altever I iiiict jolla1 re(jiiI-ici~l~lts t hat tite sp~ecific parlt geolliet lies I licills('iv(s wxere

reV(fiii reVd to Ii ieet flieio, conisideredi (Ii ect I a, tlc ii wc\(l('. Illa e it e orIl logol ia I

to t lie biiictlioll oft Ile f'eeder. Iiioli 011-(alllf)iCS. xxiat ever (Xexleral (mnIstra~ilt oil t lie

p~art geoiietlries Ilhat lmighit liax( exIste~d Wx'el illlf)licitl (aISld bY tlie asslilIfitiouII
Ihat . fiI gelilal . thle fpart g'oinet l-ies Ilieliiselves wouildiht1 lot i~Ilodhifiedl (hhliig eeIr

((,lesgi .21 Ilii tlie case of' assenl ii v. however. boho/lu itt(lact ing 1 arts Iltv~pica lix havxe

to sat islvY at miiiii r of' (mistrallts t hat iiaY hiav(e uot hiig to (10 \\-ilt iithle assendllYi

fpiocess. i-'.xailhf)i('s of* sollie iioii-asseiiibiy (oulstralint inlcilude: iiaiiitainimiitg iiiiiiu-

IIIuiiiI area it coillacl llet xe'] ivariilig s11r1f aces thiat luist Ie alignied and( iliohist lhict('

(e.1g. siiaft and~ lwearilig r~epr('iitled as, at feg-iii-liole). liiiiiiiiuivu area ('outact stint aces

sliliassenlliiiie )I- gri~ppers. part fecat iiis ali(i dimienisionis requiredi f'or st enegt i anid
stIf~luesi u Ita ie ies~ I'oli -iocatig and~ miaclininpui the parts bef'ore asselin-

lil . adfaile lcsa o

Oule appiroacii to p~reservinig lliii-ass('IdiYl (oistrainits is to siiipiv lock cent aiii

oliject [eatlitres ( hoth pifeg (uludhloe) itilit() i(at l\V(' (olfighiuiit buis atl t hi(goal stlate t hat
('lisilit( I lie Ile((ssill.*v local colist raiits ale iiiatiiiaiiieil. Thiis is, eq(Iijalviit to dlividinig
llieset oi ('(ges aiiIxi ce isnldugec part liiitotwociasses: IIuI(Ibl( aiid (i~red.
Niodihicat ioiis to muiitaide geoimetric aiid (lvainiahcs fparanliet , estiliat aiiow tiliese kex
feCatiii(' pa~ls- to bc brought jlilt() coiitact at t lie goal state, of ail asseinkily oiperat loll

xxolui(I also. prei'l'iaii I dv. salt IS[Yxbollt Itli a'ssel i d an ioll0- asseilill 'i (colist vaill lt SetS.

Thie adveixauit ag of this apprnoachi is Ihfat iioi-asseiiiid (oust iiilits iiiav Y ('x)V Nesse11l

siiiiflix as addilit oiial (mist -alilits o t Ilie eXist wig set of(4(lesighi Par'aileers. ]to Iliat ten

xxiat heir1 origiui. The dis.adxailtafge to "Iiiiiiifx ixiiig exist lg liarainviet('l ]s Ihat

.11 WC WCi doI ot kIilow t I ole Ol I Ii (d' t lie coiist iaiiits. xe Iliax( no flexibliity vIll t('iuib of'

(if t ihliil/ig Ilu'il toget lle' \\.Itl Iiiotlioll coiist laihit" 1,fo. asseiiihiiv

Ill t1 lie hlowxili.! exatli pies we' xxiii follow I lie ai boxe apprnoachi. For t lie sake of*

FIw. I * "vi i 'xi ~EE illiEd. w wr, w i did tlwit' I 11ftpari dosmn.i wc asi.%%Nmod~ I hatii It liEEiEI'2iir krit

parlti Ilfl EIi~mi fii
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"g'Ienerlity\ it ~oliild Ic (lesil-alle 1 o (oliibili(' thle relpreselitat bus fIor. lioli-asseiiildlv

(oulstrailtiit with Ih le ]notijon const rainit refpres-ciit ations ii coinfiguiration)1 space whlie-

('V('l possib~le. Suilic re'presenitatioins wouild lbe fpart ioilarly nsefil iii thle effort to(

(lesigni collijioliieit anid suibasseliblies (.1cuIJ( l~ /fl ill thle cout ext of' bot Ii prloduct

adll prlocess (co1ns1rainits. O ~veni It lie ide rainge of snch out site coist raint s. hiowevei.

it is likely t hat dlifferenit refpreseiit at lou (oIl~illiat ionls wouild hiave to lie developed fol.
difevl l classes of, assemluiles. Thiese issues remiaiui all opeu i arlea i~ou fuill uie research.

4.5.2 Methodology

Ilii terms of' maniaginig I lhe (olliflexity (Ilito 0 couipliiig amioiig iluot loll (oist rainit iefple-

seit at ionis. thle designi mlethlodlology for c'omplpiant assembillies is couisiderabl 'v simpler

thian tihat niecessar Iv or vib rat or*v b owl fveeders. Iii pariticul arI. s ince we will foci us our
at tenition oil thlie local regioni S1urrotiidiuig t lie hole oil thle C S. as described ill Sec-
liol 3~.1I. we-( needl not be cu onceriied withI th lienjtroduuct ion of' undiesirab~le couistrailit

feat tImes elsew here oii t lie smI'irace of' I lie (CS."2 Ini atl kit o. sinice wve do( not conisidler

out -of'-plaiie p~art motiotnOIs ii asseniuld *v. we Ina *v avoidl th lier nCuoni-liniear coup~ling

ob~servedl bet weeii shiape muodlificat ions andt thle supp~fort tranisitloll lboundi~aries. What

rem a ins f'rot cspace- shell as (leveoped for bowl f'edter dlesigni ar th le kinemci at ic

roulst rai uts of' tlie CS siirf'ace anid thle forwa rd project ions eXJpressedl a, (Ii~scret e mio-

Ii Q a It I s. \VH it my Ii repc o t lie feeder (lesigni uue huodology flowchart 4 igure 1. 1T.
weC uiiaY (01CV' icerii o irsel s withI on ly step 57'( ii Redirect Paths of thle iu iuell iost

luit cratt lyve desigii of iiot ion (Ouistlailit ~ Or assembilyl conisists5 of' muotif\ iuig thle

Imiit abIle s'ill set s of, both Iipart geoimetrties via appa)~rent inv ersioin of' conitact f'acets

oii t lie (CS surface. varyinig t lie ref ereuice p~oint of' thle muovinug part (i.e. comiiplianice

cclente) direct ly. and varyinig thle dynuamuics fparamieters. W'e will assumuie a !1 waruli: d
(hI(Iu(i. miodelf of* compiflianice luiappiiig diffeorences ill velocit , bet 1)veeii t lie asselihuflY

robiot aiid thle pait iiito forces oii thle fpart (s-ee Sect ion :1. ). I uider. t his iiiodel. thle
f~orce. \ect or a ppl ied thIirough thle imovinig pa rt s refereiice poinlt in cspace- shell is

iiiterfpret e as a comimiaindedl velocit '~ v romi thle asseiiibl*v robot.. As For bowl f*eedleus.

lie dviaiiics f palt muot ion is assuimied to be (fuasi-static (see Sect ion 2.1.2). For t hisý

(mame thle tlyiaiuics fparamieters con~sist of* thle dhirect ion ofl Ilie f'orce/velocity vector
apfplied to thle comuplianice center'. which is assumiied to lie parallel to thle int ended

niominual assemiily fpat hi. and I lie coefficieint of' frict ion /I.

Sinice. for tOlie purlposes of' ('X~pvidicuc. we are b~orrowinig des-ign tools origiuially

dlesigniedIfor I lie desigui ofI' bowl feceders, aI f~ew dlesigni operat ionis lilst lie carriedl oull

* si' ii I k~j ill ulillj hif fi wfvfr. I hat profxiliiý v f 11(1 I i ol c 1151 ran siii -f racf'S ill cf fifigilnhl f ion

fpacf (fIfs f lit llfff.s~i ri I rf (lu if, pr f imi I (I ' V ~ c mi ftr iII fo';ii Iirs mi ;ll (d ti cc1Ijl
23'jI,(.rfs I I ,,t I~hf itsi2I wifi lff( do)ffl2, I I I ( (, ,,ulf s a rý Itff aýtIIi i lIf) I y as i I is fffff ' l I I ca
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iiewliat ~- 1nirc lv aiieootli 'ttjol!'tipliaiice ( Ie~la ixe to I lhe I rails-

hait oital compiaince 1(11115. 111d\ be c'arriied out I)v' \i1'\ilii! thle loloi'ahizedl (f~cII('ti
111(11 hi of, thle of, Illo\'lllg b lje'tint Iev lo'I-Ii of, 111 le 'al s of, nrat iou 1) byite1alis

of, a slider1. A\t preseuilt. IlIe( apjpariellt Inversioni tools do0 not support th lw IlallIPil-

lat loll of, thle Iiioviitg object% s lefI'CIvl(e fpoilit via ('laliges to Iie f11lot io ('oust lallit

l'pe)I(s(1it at lolls.

"hi'l Iniitijal j)05i1 iou f'iouul whlichi each 11101 bill pa~l i starts. conisist ing of a (.~.(

p~oint ill I lie( ./rt ( regloli of' c'onfiguriatioln 5l)a((. Is, cioseui IuiailiuallYvVia slider"5. We

e'xplor'e thle behiavior' of' thle aseddvoe l'. range of' Ipau'ainli 'is possible iunider
p~ositijonal anid collr oil l11elul'itaillitv bv scle('ti h (is~cilvle values of, Ilie jltalposit iou

and~ (l~lamiii(' faraullet (l's. as 1101e tll Sect ion :1.1. "Ihie restilltilg baindlt ., of* disciete
pat its saiuiple thle Illl] f'oiward priojec'tioll of' muotiont fl'O d ie asseniulY lv ask Illitler

4.5.3 Assembly Examples

Example 1

l'*ill re 1 .2S shlows Ili he(Ialigec in 1101 oll ( oui't ra'ints resultl'2l f'roll) thle adultltll

Of ('tIa~luiTel 10 t 0 I t Ii jW1 AlV I lld olv. 11wv coiul"1 arlssiox iorill I lue' ('111 rv regioll I

th lieIole sill-ri'u'0i11iui thle goal n...jol of, tile asseuuiblv Illect1~ pe" posit juI' jIlsIu

i lie hole ). The ('Ihall leis Hii thijs exampille were vlencrieda ('I(il'e('tlv 11011 thle a2eoili('t i

of't Ile p~art s. xx'Il thI Ile 11101ol cons(tr11 ajint u'eprueseltat loll servilig ol~ll to1 'ollifiilIn t hat
I lie dlesjred fl 111( tonial ('al-alara('tl' Iu's had hieeui a('licvedl.

Examiple 2

Fiur 1 .29 jlliustre allother( asp~ect of I lit tlesula1 (o mpin ('elilI"

SI.pe('jfi(all ,v. lie localtion 0f thle (I, I' v/ o 'f clhIJjial(( i'ealat leto I lie 11) of* t1le peg
dceteululles wholet or( n)' ot Illie m10 otio ('onstrajint b~oundiaries sill-rlolilldi~lui1lie goal

regloiOI 01f tlie assellibi~v guide m10 otios lo Ilie( goal jIl I lie pleseuice of' lot at oiial 11115-

alji.nlciels (I.e. off'sets i Ili 11(. direl'e o~l ). as, shiown jlit Ilie hot 101 of' Ft1igure ..29.

be viewed as. at fo0r-11 of' roi'nuIolu/ ('/,fIII( r. whose Illilet loll is ailalogools Ito I hill of,

I lie (lalllfe'C5 j111 l'odliltedl to t lhe paI't geolitetle ricIll I lie p1'evjoli exauIlple. Ihlils. t lie
m1o tion ('olistliajllt l'epresciltatllil sel-ves to 1111151 rate t11 liemjlilar effects at'hijti've bY

proper' placenlcll OF Il( the c iplianit celtel (asselill01 ,v slralc'atgv ) anid Ihli additioll of,

chatlel''l. ýparl geollietIVY) OI I lie sliitess ( 01'fajllre of anl ass'l~ildlv task-.
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Example 3

Figurie 1.3:I shows it soiiiewliat miore complex pail of' part geoi~et iies (li~'s

iiig ali electrical plug conniector. Unilike i lie peg arid hole examiple iii Figure 1.28.
iModlificatijons to thle p~art geollie l-ies welre iiiadee(lt irelY fihorn wit hini thle mlot ion coni-

st ran i itrpi~eseit atl ioiu tsinig appam)o1( invt i 'sioii. Speci fica lly. coiist r-aildi stirllaces lieal.

lie goal regioin ill Figiir-e 1.301 (top) causecd thle assemblyl to Jain ill thle presenlce ol*
rot atioinal illiisaligiiiiieiit s. To 1110(11Y thle (design. I lie constriaint surflaces ill (jI lest lol
werec select ed anld prislie ouit of' thle wa ill order I o wideii thle acces-s to I lie goal
r-egioli. wit It Ilie corrlesfpoiidilg pail ge'ýolliet lies being imodified accorldiligly by iiieaiis
of' appar-elit iiiversioii. It is initerestinug to nole' t hat geolliel ne Ilmodification.is iii this
examiple were iiiade to at uiuiiiiher of, part teat irles (i.e. Illie lt iy guid~es aiitl celliter pili

oI, t lie socket ) t fiat ale iiot proxiiial oil t lie p)art conitour but liever't hieless prodluice
pro)ximlal ( jut erset ling) ]noiot c01 (011i-aiiit siurf aces ill (oliligilrat 1011 Space.

4.6 Discussion

Wc will hr.if , vl discus l 0l oIliolsra115Iiadleatlter lisilig thle repieseiitat ions
anid tools f~or design. We will also conisidlei some of, thle limit atioiis of, aiid suggest
fposs,-ille extensionis to thle impiflemienitation1 of cspace-shell.

Hlt ( w(U 1.Ii t )t.( Mf Ittlioi., an td IooI.',for dt .,iyw A .s expfect ed. t liesfpace
of' (designi paramei(ters was 1'(-! large even Io 10 Matielk v silliple sxsteis. ( iveii this.
Ilie f'ollowiiig geiieral conlu~isionis ab~out th liese of' miotion Conistrlaint rep~resenitat ioni
f'or (lesigli were recatfirl-iied:

"* The ahilit , to \isuialize thle coup~linig hetweeii paramueters and~ (constraiiits. as"
well as thle SCI isi t ivi t v of, a syst eml to local desigin ch aniges. was cruicialI ill sue(-
cesshrill 'v it era ti hg towarl' at designi goal for highly coup~led1 sYstelis like bowl
feedes.

"* 'Ilie maniuililatlonl of dhesigii paraimet eis directly ill thle (ont ext of' thle iiot ion
constrmainit r-epleseiitat ioiis p)rovidled a good idea of' which wvay to go ( locally)
to reach at desired desigii state. althiouighliioii-liiiear couiplinig ofteli Illade accli-
rat ('l prd I hlgtle effects of large exclirsiolis iii desigii space (lillicidlt

"* ( assifiratloris an riltaxoriorniets of s~Aqis were somuwwliat seu f'or st artling out
a ' leigi i ('rato loop by0 (I ) icll yl gett inrg to at regioni ofdesign space. I lowever..
16li paranioiie c -m wakiiig- t hat takes Ilae( alt erwartl was a ii('cessary anid sig-
mliiicait(illfcomolielt of' achiieviiig at successful decsigii. lBasicallvy. taxonolouies and~
shape classilicat ionis raii somiletilies get mwt Am.~ U) a goold (esigni. hult almost
invariable (letailed (designi is fiecessarY to muake thliiigs work lou at part icuilar
exauiiple.
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H/own /.1(frf Ii/i nt/~ Ia (/.!/ lo II., Ir -( dorsiqn I), a Hions' Th'le ii flex ibi lily iesiilt ilig
fitoiii ii miiiiibt'r of, Ilit' afpfroXiiliat it)1i aiit adldit ioiial coiist raliti iiiif)0edl fol- 1lic

piirposce, ol easier iiiiplemciiiiat ion of cspace-shell fIrtye! to lWt'soniielvifa moteof*

af lililsanice t haii ait ici paled:

"* (w.iierally sfwakili!.!. Ow lidesigni 1,1111(1l~iols allowed Its to reach tlesiiecl fpoiiis ill

"* lor bwl- f'eeder desigii. liaviiiu tojmlnup lIatl andt Aoi Iibetweei iiihodiica nbs to

I lie kiulieuiat it (olIi't aiulils of, Ilie C S atid t lie suipport tmilst aintit of' I lie support

I r-aui SitolH I oili Ida lic, wit hll Ii t li i uiulieuiuosl design loop oI' lihe 1111 liotlology ill

Ijitute .1 llviowa awkward. Ilidlt paticular. iiiiicli oft ilie toiililiig bet weeui coin-

wl raitit atl 116~,t sage appeied ito lIn, diue to I lie fact I fiat we were represenit ing
I I'( Sliif)ol-i t r'al"iiit'lll bl~tiiiielauits a I lie( inif/.vS isclionl of, I lie siifpfortedl reg'ioul

ofI colilfiL.iiratiolo space wit il I lie kiuieiuiat ic cotlistraillits of' 11 liC(S surface (see
Sect ioul 2.7)). .\lt lioighi prulidefit ill teriuil of' iliupleivietitat ionl comiplexity. ilie

Fjesuftiifiu. coupiuliu antI lack ofI iii fomat iou regarding suipport of coumfigiurat ionls

litt on Ilie ( 'S 'iuaewere at fiiusauice. Ideall v. we wouild have liked to be able
It) iiaiiiplilat e btI/ 111 liCS' surface anid Illie slrflace of lie( supportled region. as

illii~trated iii [it-uiie 2.12. iii Iie" bull (..Y.AJ couutigiurat tori space iwdtfi t ule n//i1t

"*I Iic u(i'tiileffiielt t fiat illodificat iwis via apparenit iiivt'lsioii to lit' (CS f'acets

aitild' I ~nu lrt a! it Hii I imuiid a lies coiuldh oild 'v Ibe made iii aii(. l phiie in

1ou 121if ii 1 iaWi~ il FCa I ie C ldIvi.C A\ga in. priileiuce iii Ilie imiplemniit ation

p'Ia'~ ; 'Id jilt 'th I cwjst a ii l iý (If Iiille i He ihlit x vf (d lit' tools. Ideally . si iice we

6h11i/fi fitll-' 14)iii' a i,~ ii i l Ow~i 1 1 i11I ( .r. q. () coli figuurat ionl spate. wec

\\i ad, lkc. It, k oc be a Iltl ii a iipii latc I' ese coist ia i lit s fullY ill I hit samei

1141111

0 \\ ite If~~ii o' ii mlulloo (' (1l11t ialiiif reii'~ ii '.iet itll Nvo'- heave' miovedl be Ivoiild Iluode hi

dIv i uii-iipiii- 11ii\' toiiiilliiiwlawili 1c ''.i~lcns aii, mlii
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"* (uobal (.olili~lllg lowet(li (lesigni lpalaillelei' anid 1otion loll(nstiraiits 1 %%-flat

miakes geomnetr1ic' designl difficiili. Viilike applicat ion dlomalins that ma ,' be de-
'oliipled llt1() hlumpljed p~ar'amete ('1'ellwiieits. such'l as ele('t ri'ial ('l-lcit s or hVlaii

liel w~oiks. ge()lielet I'l lilt racl loll', bet weil ob)jects5 ale( iiilei'euit lY (olipledl. All ,v

slysteiii d ial alleilpts to) model( 5i(lic svsteuiis a('('lll'atlcv fluist calptilL'c this c'oil-

ph ing.

* he(1C!5O oI)ilg were partictilarlY applarenlt 'ii Ilie bowl f~cere~lu'aillfle"c..

Si lice v~librat oz\ t*ederlls arc seiisoi'Icss. I heY call lieu hler Jpred i(' liol. observe thle

Oi'ieniiat bit of' thle ntext part to enlt er thle l*eeder. I lireloine. sIn ce jpai't /Iedei

ililt (actilios c'anntot bc ieladle to occutr select ivelv. thle diesignier 111115 take li

mitlotnl paths uS.'vLr( 17h1'qMti /1(1 (ii hf!/J(n Iiwill lai())(11.

"* Ini gelieral. (lesigni l oi' c'omplian~t asseiblYfI seemis 1o be easier because we nieedl

f'Ocis on 0111 V a verY local set of 'Oils! ia iniis. Thiis coiicluision i a~v k e somewhat

MiiisleadIing. hiowever'. sinice we have igi lolcl a sign ificanti aspect of' asseliiiblv
(designi get Ii Iig a set of' asseiui l ' v 10iOu (oll i'a I alilt th fat ale (,0 cnist!enit w utli

wluI/r( Ir o! iel' ext eriial (const raintls iuiaY be impllosed oilit pa a's d (esigni.

4.7 Summary

lil thiis chala~ei we have takeii tile ilotioli conistruainit refpreseiitat jloll dlevelop~ed ill

Chlapter 2 and~ extend~edl 1 liel ill a iitiiiubei of' way, s to add~ress I lie isslue of* designi.

\e Xailliliedl sollec of' thle Lliffi('lllties of' gelierat lig consistentii shiap~e., fI'0ll a prilori

slpecifiL'at lols of' f'iilict iou ill et-lills of' iliotl iou '111i'aiiit . alild ill par't icular we ill Us-

lratedl how thle notio olo' gceleat lig Iliii('t oiial shapes by, sweep~ing fixed shiapes alonig

spec'ifiedl illotllOll fpat us does not glial'altee thIat t lie (lesilel, Illotill ('olist lailit will
be achlievedl. We lilt 'odlilced thle sp~ace of' (designi par'amleter's as at dlomainli ii which'
(lesigni of' shape anid othe p11'faramlet ers couldl~ viewed blit tie (cont ext of' a search. WVe

develop ed a set of' desigin 'u i('t lclols toL opei'ate 01il designi pariamuet ers ti at wer'e (hi-
v'ided i11 lIttw(o classes: p ariamI etrIic fuiict ioiis. whiiichi we labe ledI app~ ar'ent illvxei'sioi I

t hat allowx its to select and~ colisisteit lY ilailiptlate designl fpai'anilel'S iiidii'ectl lxv ill

I lie ('0111 xt of' uinot iol ('ost railits. and ltofpological f'uiuct joliS. 0uie e\a~lllple of wh'lich 'IS
aia iiiposed out -of'-llaiie swep~t 11101 loll designled to c.1lt out collitotils ill a slippl~lo'ling

I ra c'k.

WC jiltroduhlced auill exfplor'ed the hlotiou ) (laiic (onstrlainut xislializat iou wh'lere
utalli pidalatou (of stajitsiaii aii(l palallilet rs: (i) all()\\' hist ( (XIOCN W(' 111 l 1ieuigihbol-i'l~od

of a poiiit ill desigui space anid idleuit (' \. lat ch iges IL) a design ar i' ikelY toI achiieve'
at (lsii-ed fuuuu1ctiou. and~ (ii) keep its aware of' wh'at is and is not possible to ullodIF
ii~ldep"eu eleuitlY. Ill pait iciilai. we noLted l hat ('oipliig between (hf Fer'iut ('ouist ajuut
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representations atn(l lhe tiiiherlyii g dh.ipi J)a'a tilert posed a serioius cht allenige t o
the designt oi' in a(t itign shalpes.

We presented an overview of an implehmentt(dehsgn and aial.yis tool kil cspace-shell
that promides a colmilputationial env'irolnmenet to stJlforlt ille rtepreseitnat iolt auid in-

teractive \uiallipilal ion of tiotiout contstraints for desigu. \\e gave aul overview of'

a dlesign ( lmethodologv lfor using this toolkit in the d.esign of vilralaor l)o\\ l'eelrs
and complliant leg-imi-ihole a.seso llies. lIn d(eveloliti this iethodoltlolv \we also ill-

0rodliced a uiti tller of construc't.s designed to organize our search of a large design

space and he'Ip (ont rol tle level of o'omnl)hexitv and coupliig lwet ween l)arameters and
const raint representtal ions. Finally. we lpreseinted a series of (esign examples for lbowl
feeders and. to a tiore lihited extenit. lpeg-ii-hole ass.emblies it which w\e utilized and
evaluated the toolkit.



Implementation
Chapter 5i

5.1 Goals

'I'lle primuary irotivat io for ilullemleiithiig thle not loii coiist raiiit lbase(l shiape (Ie-
sigih syst eml was to provide both1 a research tool aii(I f)Iooi ol CotiCelpt (vlelloisI rattOill
for visuializiiig awld de(sigiiiiig Itizict iou fr-oml shape. 'I'le f,)Ioh\.low g goals guided( thle
iiul1t ittildeof choices. assumpiu i tbs. aiwd 01)1iiuizat jois that fbOr I the resti ti ig i in pie-

tilleitat ionl:

"* SPEEDi ( olptite awid recomuputie thle set of' iliol loll coist raiiit s firouii shape
at speeds t hat are sid-fiicieii for ieal' real-Iinie Hut erac i ye feevllack.

"* [lilphiasis oil I le uilodlificat ioul of' slhale lparalivietrs for I lie purlposess of' (lesigli.
Thiis is ill (0l11rast to eXist jug cotifigttrat oio space b ased a tial vsis awli plauminlg
svst emls t hat elphiasive t lie cotii jtit at iou of* tIiotionls withI reslpect to stat tC

uIot iou coiist ra it s (len ve(h fr-omi fixedI shiapes.

"* Ihovi(le (lirect access to (lesigit paramewters f'roti withi IthnIle samie futict lotal
relpreseti at ions t hat are uise(h for1 visuial izat loll ath(l alia I sis. Thuis i ichl ties

provi~liuig as hiat itlal aui(l lilit itit ive ati itiert ace as p~ossib~le f*or I lie miattputlat jolt
of representations #> design parameters bY mieauls of' tip par u-nilr
ftticti iois Iaphia)iug juteract ive user mitiuts ill couifigitr-atloll Sp~ace to shape.

Il addit iou to thlese getieral goals. t lie iipletueii: ati io, habeeni tailoredI fo01 reP-
resetiit iig atid( miaiiiplhhat jug iuot lol coiist raitits t hat arc al~aticuilati 'v well smitedl for
(hesigli Iit tIlie (lomualui of' vibratory' part f'eeders, althlouighi addit ioal fealt tres have
beeti add~edl l'ot iuodelitig ati(l dlesigii of cotuiIliati assetiilY lvasks.

167



168 ( hajthI *1) Imip/e /Ifitill'011

5.2 System Overview

TI lie Iu Ie raci Ives lI alpe des Igi I svst cIi (0 Icosist s of a p proxini a I eI 25.000) 11 es of ( sot rice
code complliledl to iliiil oil a Silicoii Graphuics P~ersonal Iris workst at ion. The code is
organzed i~f l j thle fol1lowiiig lulajo 10tls

cspace-shell (Core rout ines Inlclud~intg the inlt eractivye graphliicalI user Int l('iace andi~
thail li oop) rununing t lie coiifignirati on space lisf)IaY f'or relpreselit i g andl inanii
tilating mnot ion constraints and~ shiape.

cs-routines Rout iines to generate (CS f'acets.

cs-mot ions Routinies f'or t he jincremnent at compu lt at ion of' inlo on lpatlis alid local (CS
Iopology.

cs..support Hotiil hes to collilf)te the ap)Jroxifliate blouli~lariles of' slllplortedl and~ 1iii-
sulpportedl legions oil (CS f'acets. and genueratinig I rack cuitotits for impljosed palt
linot ious.

cs-select ion Rouitines t hat allow thle nser to select andi(lhodli' p lart. h~owl and
track veil ices via ciianuges to thle C S or LOS I oundlliCris.

llie inlteractijons aniouig tile mlajor linodllles is Illuist rated l i lFigtire 5.1I. A\ nlumi-

ber' of' addlitional files p~rovide (alaa si rtict tire (lefinition bs. 1/O sulpp ort and( I a illis
ltillt Ies., Thle I-elliahii(er of, I Is' chapter pr~'esents 'ii (eletai teIliciplelinelitatloll of I tie
Mlajor complIonents of* cspace-shell anid its slllroullt es.

The mlaui evenit lool) iii cspace-shell hianidles all of I hie fiiicl lols for)i displaYiiig
ol ject s a iid 1 lici i llot loll (Thsirtuaints 5illli cofiguiratloll space. I ser select 101 i i or

nrii nelletaI muodificatin 1lto an * of' lie shape lparalluet rsý aiitoiuiat Wall , caulse le('
to be (011ill i 1oluslY r-ecoll)pillt el a lid disp~layed(lII- duing It( leuioditicat ]oili. If eliabled thli

slulil)oit regionis oil (eachi of' thle f'acets hit Ilie (CS are also recouiipliied aiid dIisplayedl.

Othier fiiiict uoiis t hat iieed hlot or calilot be pelfor1-liled colit lilliolilslv. suich as' t ie
ltiltegrat loll or aniimiation of' uIotlol pathis. areV execIted on1ce '-oh deuuaidlivd bY Ile

IleqfilE's iiicii'll: cs-data..structures .h. cs-Iile-io. cs-to-ris. cslice-iris.
cs-utilities anid cs-iris-utilities.

tFrllieII ili cspace-shell. and wif ~ulI bf. uiiiald, l, lir'oild aucc''ilal.l fast tff-db;ck I, Ili, isirr
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I I Graphical

CSpace-Shel User Interface

SI ._.
CSRoutines CSSupport CSMotions

Compute Compute Compute
and Render and Render Local CS Topology,
CS Facets Facet Support Compute and

Maps Render Motion
Paths

-,,,t z
I Various Utility Modules

IFigi. ;,. 1" ( -,ne'al .overview of lIhe .iajolr im ,hll,'C co, iiprisiig IIh, ijlcract tiv. ,lliotlol
(colit,"; falIIlI (I,,sign s,•-• c,,,•.
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5.3 Generating Kinematic Constraints

5.3.1 Contact Facets

We ('XI I ici Iv 110IY I I( lld51C the twaic w~s of, si tI gie-cofIit ac juti 1 elact ]oft Is betweet I a JI ii.

of' i)Iaiiar pImvgoiis as (mist rafflt /aci.~t:

"* type A atl edge of' Pl~ogou A (miovinig ) l(I 01(1 tg a veil ('X of' Pl~Ygoi i3

(sIat joliarv ). atid

"* type B ati edge of' Pl~ogoii I touchinug a vei'tvex of' 1Polgoti A.

*Ii te coi i act get era t Ing each f'acet I * I w redi ices thle degrees of' ireedolli of' the ii by it ig

f)Oi.\goli f-otii thlree 1o t wo). A('4:lV~ilienIt I)araluet('rizatlo bitor the tetmatining tw

degrees of* freedom is /) and~ 9 as shiowni Iii Figu re 5.2. The' /) f)arailil ete del erin tiles

I lie tioti-(ijlivielsiotal l)OSit ion (0. 1) alotig a 1pol '\goiis edge at which a vertex of' thle

ot her 1)olvgot contitacts that edige. [lie 9 I)araliietet is thle orient atioti of, thle tIlloiing

fIoivgotl. atili is thle samle 9 Iusedl III thle (x.Y. 9) coiifigutratjolt sj)a!,(. Thie v'alues of* /

atnd 0) 1 Iliis (let eruillitie t lhe J)osjt joltf of' a Iinoit oii I lie surf'ace of' a f'acet I hat Is it self'
etiilbededllei 1hle (x. y. 9) cotifigit'at ion sj~a(e.

I'Sing 111v e paiautieres (/).0) wc m~ay\ write thle equatioins f*()I a j)ojii ott a fae

suit'face. For a t vpe A\ facet . we have1:

0)(. 9) -II(0)( 1 + yE1) P (5.1)

p G [0).11 (5.2)

9 E V''. ~(5.3I)

wihere fiB is thle j)osil joti vector of, t ie .1,lt \('l't (' of* t ie st at ioiatV j)oiv\goti frolill

lie oIrigini of* the wVorldI coordinlates. Ii anid f" ate thle 1)osit on anid edige vectofrs.
te(SI)e('(t iVelyV. of' I lie( It If \Vetie and~ edge of t lie Iioi(\Ilg I)oiv goii Wit Ii es"j)e(t to t hat

oimY~gotis tefetett~ce f)oilit anid / and~ 9 are thle f'acet i1arallvietes. IHoI(9) Is I le
rot atijotnal I ratisfortiil:

Hol(0 c (OS - siti 9
lloI(9 sill (0 5 Jo

SittijarlY. IO )t Id tyt H facet we have:

PH(. ) f + - o(0) ( fe) (5.1)

f:- [t.I (5.5)

9 f) o9,,.9,,, (5.6),
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li.-gure *.1: Hotui~ldi ii cuirves fo0r IYp AJ. ( left ) and' t~p B~ ( right ) facets.

Figure 5).3 Illutst rates th lie \'(t oi not ation for. 1)0i h facet I , jpes.

III I enil is of* t he coni figu ral Ioln space pa ramneters (..y ))we miaY write for a 1 pe A

f'acet :

X (I + pIQ ) (.os- (u,+ pt- , IW o) (5.7)

(( u l pOllO - pt" c) (O ().

aiild for1 a tYpe B f~acet we have:

1?1 + 1) E (B '0I5os0 - fRA j- 9)

3, 11"Sill ( l o ).

y IHH :+ / k (1 II ,.1cs) (5.10J)

( oit act f~acets are relpresellt ed 1) ,v riuled surfaces III thle(.c .0 oi iurlll

Sp~ace'. E1ach f'acet is boiiiided bY f'ontl CurIVes, C0orrsj)OIIdiul~g to ilIaxuIuuIIIII ahill 1miuli-

mIIIII vahlues of' th li Iarallleter'S / alild 0. TIIV ('uIrVeS corresp)oiidiiig to mlaNllllhllll and~

illiiiiilluinii p vahles, ate sIlhilsoidlal space cur11ves ill thle (a. 1. 0) couifiguirlat lon space.

whereas 1the uiiaxiuiiiiiI andlililulil 0 curves are (a. l ,/) eSeguilieit s Ill fixedl 0

slices of* cotifigiutral iou space. Fugiuie 5. 1I lluist rates, thlese curves f'or both Iip Av~. anid

t vje 13 facet s.

The odlio~gol ia set of, niorim al anid I augeiut jal Vector*S at anly pInt1 onl a facet

surflace iiiaY be writ teli ill 1(11115 of' (p.0) as:

ii (5.12)

(5 13
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1ý 
x

v 0

liglmlr' 5-.5): NorliltI and 1 I it ('mlIl I ve l al a lit i ll til I IIof I the S I I-a.( if a faco .

For a 1.V\p('.\ lfa'el. I li' ('xIpr('.sS•iolf. Is 0 lhe (of' I)Ill llc ' S.of i" a I•It ale:

I,,. = P" co'/• '" s.i I1 (5.1 1)

i, ¼ iI1 p ) o O1

A, ' "' ,siu 9 + /,' 4~ 9(.5

-, (I?~ i 1 1 -(U -p )I o (5.17ll)

I (I' + p(r' )b"', -c (0 R?, + p (sill (I.I)

I. (5.2!0)

2 AI't• (5.21., = '.'•(5.22)

,111 22 (o (5i.2322, . -.. iU,' .'ih, 9t- I?,', (.T,• (i (.'. :

,'.) It,", , ,sa - /I',' S-, 11 (.5.2 1)

', I (5.25)

l"illtiwiiig I fie comileit ionflia p hill /I cfeascs whilIE I ravi-I-singlan cdliehl. ill* 1 h poikol l
a com terl ocr'i,•k\\isc, cn,, c ,ll . I Il, I( oi, I la Ii1 p I ý,i l o. ItI tll I . d fi''{,1I I lic, I I Il'i~(, I lc l,'II tfa cl.

its hownin Fg~mv5.5
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5.3.2 Traces, Moves and Turns

Ih ti (ollilf~ete Met of (c1n1tacts 5fossibic e letweeii Iw polgonls lllay lie olbtailwd~ by

(ill11lilcrat ilig all veil ex and e(lge (Ioiiiiiat ions bet11 te h Ile I\") fm~yon~(s. result jg

iii 2wit Iii 011cl(' 5let weeli polygolis w~ith it an dll /I'it vri('es/c(lges r'esp~ectively. A\

('Ol"ieelicit r'eprlesentlat ion for gellerat ill 0 aillI incineglI (contact fa('et by u)'Isinig the

in~terac(t ilug p)olygon feat unls I hat (reatel I Wlini is I lie hm,( (til to Wilmbs (I. at. [3~7].
lIn IV ti ram' I'eplselt at ion, a fIolygolial ('nollulr is r'eprlesenltedl as Ihli pat I. or trlace.

swept out byV a elwipoilt I hat is al(tnaeria -(I allowe ito miove ii a (lre('tel st iaight Bue
s('lg(livit 01' to ('alaige oriill at ilou i.e. I urn ) at a poinut. Ill I erll s of a poh'goii . each

mIf) il iii I r lace corresponids to an iidge of I he polygoli and~ each'l urn coi'ies-poiids

to at vert ex Joinuing t wo ('(gcs. .. clos5ed trace prloduce"~' a cltosedt fpotgo'l wheire 1the

pelifpoilit 15 letllrl-ledt to Itie saici positloln aind ol'iciilatioul froinu whtich it st art ed.

I'* conlvenition at trace trlaverses at poly~gon ini a (coun1(i(tecock wise dlirect ion so t hat

lie ilit(riol' oif thte p)olygon is al ways to t he lfet of th tre1 ac(e. A convex Vereoil tX h le

p olygonl is i'efpi'seit e as a let1A ii. am it1 ('oli(aw \'Veilex as a riglht 111111 .A iniox'e is

refern ret 1 as a f~m'W nuid v\e if it is IrwaVistl frolin sI alt to eu 1( iln tAti saim, uedinu(t ion
as its oiekltat ion. Allt imm~s lIsed to reprlesenlt ed(ges of' polygonis arc forwVard( illoves.

(Wi atvailt age of using tUe trace ref~presellt at ionl is lhat geniseatilg t ie colpicpe

set of 1101ion ('onst rainits for tw~o pol\'golis (Wit Ii fixedl oriclit at i011 is (futivaLellt to

('noll\ovilg, 1 te t W p folygon1 tral(ce. to lolil at it(,\\- ('olot 11. which is itself ittace.

t';acli t111l11 ill at trace sweeps 0111 a i'aiige of aigles b1et eei thle lloVe eunterinig an~d

I tie illiove tavilig thle f ill . ( olivolvilng two 1 laces Iinvok-es adtdinlg tIle offset Iloill the

r'etire iice ploinlt to thle t iiiii of'oll tlace to evach of'6 t meloves of t lie 1hiel' trlace wh'tose

ol'ielital iolls lie withi li ci an~gle ranige of' t tce t liri. anid thieni r'epeal ing thle proc(~ess

fo1 ('a('hi luill ()tIll Ite othleu' trlace. figure *7L6 itllustrates thtis pr'ocess four two trlaces.

alollt- with Ilw tE resftidling oinivolved trace. Conivolving Iwo closedt traces prodtuces at

1tlace thfat is It setfc('oset.ý

Allother(1 ad\alltage oif Owt~ Ilace repuseit nat iol is Ithat c'l\onvlut ions iliVolViug (Ohl-

\'CN '1ii( c'onc(av('\el ices ar, I l'atetlmlliforinlll. tIII part i(ltau. c'onvolvinig at fouward

iliove ( polytaoli edge) f'roill olle trlace wit h the lef t uirn (coniVex po~ly'gon Vertex;) of'

allotIlict trace prodlucis at for'wardf uilovc ill then out put t liace. whiereas conv~oliniig at

forlwadl( Iliov(' wit 11ii a lgllt 1 111-11 ('o~l~il%'( f)otgll '('l't1 V('N) IflOdlll('e5 at hacktrad IlloVI'

iniic th (iltpill truace. .A b~ac'kward( mlove is 1 la\'elsedt f'romu its ('ldhIoillt to its start -

p~oinillt rliheu I hall vise ver'sa. .\i impltort alit property' of' backward mloves is I tlat I t( tley

Onlyt appel(ar ill I lie illt ('liol' of' t lec closed(l 0i1 pull t race lorilued 1) ' y Ile 'onv\olult ion of'

t W4 ( losvld ill plil 1 laces". 1i ot tier words. backward itlioves cr( o'sp~oldlot Imot101ionl ('()Il-

ý1l*ialit s t hat ale Ilii recalla de firoint I lice xl (iol' of at 'lose( Io 5(1, coIi'it ia iillis. This

i, a Ihef ill featlil'(' because onlce W(' (let('l'lulindial it Ia conistrlaint ('(ge is backwardl we

do, 14t tiavc to (4 411 iplitc~ i ill~l '( I lor et a iled( informl atIioni af 1011 it sinc(e it ('allnot Ibe
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A B CS

F igur e 5.6: P~laniar jpolvgois rep~resente(d( as I laces. a11(] thle t race coriesj )onii~ng to
I heir. coiivoltit iolu

oli thle surf'ace of, thle (S.

\'hleii 01 of I lie planar polkgoiis is aflowed lo rotate. as is the case in cspace-shell.
we u se a genera Iizat loll of' Ilie t race represeill at loll ill whiich each of' titlie facets (le-

scrib edl earlier corresponds to a miove of* tihe conivol vedl trace t hat Is swep~t Iii thle9

dlimen~sioni of,1 lie (x.r.y. 9) conifiglirat ion sPaCe Over I lie entutire angle raiige for1 wiliicl

I hat miove is valid. Specificall~y, a f~acet is a miove (edge) of' one p)olv \got] 11hal1 is of ,fsetc
I ,v I1 he posit loll of' a I Ilrn (veil ex\) of' I hie othier polygon Over I ie( en tire i ( anige of' allgiges

for1 Which I lie uliove* orient at ion lies \%it liiii I lie tniIs anigle range. U sing 11i1c trace
inot at loll, a f'acet is ieleil Iified bYv a type ( type A\ or tYpe 13). anl Index to a t race move.
811(1 all ind~ex to at trace t iiiii. This t \1 )(iillov(-11t1 inri idexinig schiemie is part icuilarl '
ulseful ill (let eriiiiuiiiig t ie topological relat ioisliips, bet weeni facets f'orniiiig t ie( (C5

in gitf~irat io pc. ~ua t'oisfr a f'acetl exj ressedl as tiii and1 81 moves c'all be
derived f'rom equiatioils .5.1 and( .5.1 bY subilst it ut ju a turn f'or t lie ji? .1H all(, a mnove

Liiiiiiieirat nug 8iil comipuil ing I lie compillet e set of' individual (mist raiiit f'acets for1
IM) 'ii (181 uratig polvgoiis iiivolves a relat ivelv smiall aliciiouii of' coiiipiit at iou: t it('

~\ I~ II(oiijl(it . otl illii size anld 11 huc. is 0(11?2) where 11 Is thle v pical tiluiinher of
"(II!'- \ili ices Ill ('cli of' Ihle p)olvgolis. ( oiiipuiuing t lie litiersectl lolls and~ topo~logical

%ill tiill -minwuu'ralit fa((u:ý corrcsp)onl(iug uo backward uunves ill ouir C S (tata si rurtuciir
M-Ilv\ pr.'\ tiE opo)l(Igic;ut vosiirt of the set ot facel ill cuilfiglirati('l spa(ce andi are uiseful '1l1

h, space-shell. O ii,' ini~ugwdIýgui is, reilecied I hroupIu tie trip~ eore bvion .hicoiucrted to
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Fealoltitiisti" Iel%%Ive'(ll all tGttlcf,' i IlII .Ioee 2'l'a 11100' CSfiijt .

(0111 pulll a oiial I ('Xpellsiveý proposil iou."11 FotilatJl\. l~ot 114 plit' iiMo'c o[ It le'iill l~4ilt-,

1 1 l1 iviIdijel IXiistifieito oo ~ Ilt ~lv till comlefpht.~ 'I1 o[ lIId \i Idlid
I'acet ". F'or Illie-lpurpose oI' colliplil iltt ob jet't Ii tot tls. Itoxtvt'ir. we \%IlI I lit'd to

lit I plifeal! S('('l oll weS( vl tole".calil( I eltt''e(' (oitfi I l ( jolthts coii rii l tot e l aiI lolit~wtI

Int S11lllllidv. 111 Cs ( 'is cotistrilcled & all ait dli of, litliviltdla Vacet, ltI~vtesell lilt-,~

('(itlals1 IbeXve('Iil ('(111C( aiti 'l't feTtt I' litl plairs of' 1 wo f)Ipoltsll. Itel'(' P', It) ('xfpliill
l'ejpt'etill al loll oflit Ill('Id iealolisliis bl' eteil I lie f'acets, ill 1llie(' CS, ft*i Ithe plif-p e 1(45'o

t'iltdel'ittg'. Till. is dIolleil'l orde(1 lo itltatit'V I11 Sle sped atl WhicI CS SIstt'f'aCeý ilita V bC

thle hIrs \voikstailo olto hlide( I hitst' 1)4)1114)1 ofI' lt(' Giat'ls I hal alt'( oc('lidl('( bY~ oither
ftacets. \ve are bte able lo gelierale anid leide' dealaled gtllaplical litlage ofl I li( Cs ill

ileal r ea I-tifi114. as is t tecessa llj I lt'llt('titling Ilit' kinid of* Interat ivea i\(ntaltipullatloll

h'Va lit es dIiscse d i5~llIi e'ari etr ('ha p1('I.

5.4 Computing Motions

Part Ittol toits are l'ejresetil (' as pat us ill c'onfigurlatijolt space. ajpproxilliat ('( al thle

lowest leve'l bY' a s('t of' discr'et e lpoinIs. Sjpecilically moti~oll jal Ii is r('fesl('(itled ill
cspace-shell as ani arri'av of('0conta('t stat es. wltete eachl conthactl statle conlta ills all
arraY of' hoseý poini s alotng a pathi t hat at'( Ill ('o1ntact with IthIe sailte Set of* facets.
Specifically, v a contlact Slate ('llcalpsllales t hat portioln of' a pal Ii t hat is ill contiact
xvitlli Ili(. sanie set of, facets corresponlding to ('0111a't s bet weeti lop ological I v (list lt ml
pailrs of' I('al Ilil'( of' t lt(' moving alldl sl at iollat'v object S. A ('oill act'l sate ilia~\ ('01v ciattt

a 1)01l ott01 s('t of' poinits ill ('0111act wvithI a sitngle f~acet . a ti edge betwlXXeen twVo l~acvt .
a v'ertlex f'Otited bY )V ir Ii'la('(l 5. o1' Ino face(t s at all (i.e. a fiv'e of-t' inltot 1t a 114,

11101 loll

'Ilte, task of' comipultinig pat his fitt cspace-shell is, divided jIlto 0 1 distittict plo-

(cesses4: delel'lliIIIIg thle loc'al topoloJgy ofI I le C S alldl fpie(.tewis(' fillIItel'icaIl ilteglal lOll

'Il' %vi rsl c'ast- c' i~mll-I4I4i Is Oot 1,,

Hfie depthl ki ltrcr. 041r ,Z-thuifl'C. is a rclatic j'' ý Ia14;imr41 pjft4'4 l' -rpi.c'd4' Iiar.Iw\lr, ill M4itch
lilt' 411s;11c, t'(mi Ilit %iv"-~in pl ant, t4I11 It. .a'I till (it' a i4'1141rt41 44t1 ftIcc 4411 t aitiI 115, 1 I.

.11,1111#1 (x I "r l oop4 it P 4 . %\il ii o 1 -41 d4 r;m i~t Iit till" i,\, rI~ippm14 li r h d1144.-I 4I a r,

dr~ii ;m~l 44F'4 Vdli Im~ 41 t\

4111Ijc p' l .. 1111 . Ili It 41ran, 11441" ;r' r- Ill - d~ I ti III Ili,4 111:1 1 t tl , Ill,1 1 14 '~l 41 't '
detect -new contacts( ) in -. II 41 : I
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5.4.1 Computing Constraint Set Topology

Thie lhasic 'iclillelt t'o! repl-f-scilit g (01151 talints fii cspace-shell is t lie Hidividtial
((Jiltc d 1t acet. teCat itres oil thle C S strl'1lce f,1-lle(I lv itIteract lols let w'eeii iuiilt iJpl(

5'cl. slicIa cd lw'(gs o01 veriiceIs, c I'V l'('j vulesei ( imIp/Ui/iIl as idat ush if )s bewtween

two or Iitlore li~lividhlial f~acetswt 11 eac'h conitact state diliing p~ath Ii itegrat loll. Onle
oft Ilie (0111 act f~acets Ill each conitact state (Is labheled as thle refieren ce f'acet fI0 t hat
state(. Thiiis, refeCreiice face or i ]fi- Iw is used to store a ii a irav of j Ini'es to thle
other. facets Ill thle C'S that a illotionl patth iiaY (licolliliter wheii iiit egratibug fr-om t ilie
clttii'ieii posit ll.

TIhier are( twNo c.at egoibles of, facet I hat iiia ,v be euicou ill ered dtirliig I he Int egrat ion
of, a Iiiot ionl p~alth: ati adjacentl facet and1( al iiIlit ersect Inug f'acet.

5.4.1.1 Facet Adjacencies

All ad jacetit f'acet . as th lieia i1( IpiiUP es. is a facet t hat is adljacent to oi ie of*t lie
fo01ur bloiillai'ies of, thle refiJacet as (letei'ilibied Iw th lieliiiit ing valuies of' thle facet
paramlet ersp (0. 1 or. 9) ... .... .). Facet adIjacencieis c'orriesp~ond~ to local
('out act t raiisit loiis of' adljacenit fe(at tires of* tile tol ,ygoiis Ill 'ont act.

l'ad~i of, I lie 1,0u rbIounidairies of, a ref Jacet Is, adljacelit t o at least onle and~ at most
two othe li'facets. Thie fir1st. so-c'al led twuuu ial * N ad(jacenit f'acet . is thle couutact facet
correspondin ug to thle tia lisi tioul of ('0111a(t 5 Iet weeui ('ollse('lit i e Jpol * gol i feat iiies.
Thle prl'buiar ,v adliacenl facet is alwvay*s of' thle oppIosite t \pe t'roii thle reL-facet . and~ is
ala ' was adIjaceilt to thle I'i'JfAacet . The seconida iv ad(jacenlt Is a aniothe lie' a(et that is a
adljacenlt to thle )l'i uua rv adlja('ellt f'acet . and~ mnay aliso be adjacent to thle r-ef-f'acet If
ceit ail cond~itin hotld 0. Thie se('ondl-lu' adljacenit f'acetl is a lwavs of' 1 lie same tYpe as
t Il I-e' r'La et 10

I'or aii adljacellc v along a re~f'a(v'ets p = 0 01' I bouida ,l(av. thlie se('olidau'
adija('elt wIllI i~c atjacenit to tile -vi*_facvi iff tli anlige ra ige [0,,,,,, ...,..... ] of' I lhe 'e f'Jacet
over-laps t flat of' thle set'olid al , v adIjacenit facet . Si nuiflarly . thle re~f'a(et 's 0 =,,, or

0,,,,Iouiitlaly , v ill Ie~ atija'emit t o hot IfI Itie pu'i itiar ,v and secolidar rv adjacent facets i fi
Ie .It(. y leligt i 1of' It( l -ie 'Jacet . i.e. I t( l viellit 1i of' I Ilie u.'Jfacet 's col'1'esp)olld i fig pol v goui
edge. is shor-ter. t hall t lie lengig Ii of' It(l prinau'Y a ljacewi f~acet. li`giire 5.T illust rates
somle tYp)(.ica adjaceiicY cases anld t lie polvgoui feat iir-es t hat generate t ewin. Table 5.1

Au\I cxcf11t 1i iil Ow 1'ri , tree ceiarl , wbee ~lichIila. 1i t1 cl iii'lll A ~ \elierr miigl-lace't

.talg t.ri,iluir, i". jweiir;,le- ;liidl ii,vee 1i, ,'lt,r Owi inftlnir mcmiii uiw o,essir~ lee lianil' suiclh ,is',N..

"Aelij-twil '\ lii. ;eruiniar. adiei-w e al ;'' rt-pre'.~nlýla cc iiiact Iletwccl Ow~ ',amwi pdLt hcim \erlex

I liriw ail eitler Ili, Jore-\~m c ii' r .ll.c lel * Iccc llg ci dge' t Ic %e.~ lier'as I li, t.ecliindar.\ a eljaceii

rere en - ili" a .. ciai l hl wfe I t e'Ii l. ';l i , Nam 'oll. gc cIie e (lii cve andiic l u tir tile p ro-\icell' cr sidsf-i~ e luiviu
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x

F~igure 5.7: E'xaimi1 e l'a'ei adfjaceiicies and~ the1(11 corresp)onin~ig p)olvgoli feat iire I i'aii-
sit i0i1s.

liiiiierates t he possiblte adIjacenicies for1 1)ot 11 a t , ye A andi~ t~tpe 13 re111e terms
of, thfat facet's tv *~ mp. ove iiilteX anid t urn iiiteX.N

Iopotogicall ,v. a p= (J or. p =I facet adtjaceiICv rep~resenits a vertlex-verteX coit act

1)et weei i I lIe( moving and sl at ioiiarv Jpotvgois. and~ f~oriis a space curve III I hie (.I. y. ()
(Oil figurat ion space. A Omin or' 01111 adjaceiic v bet weein two f'acets correspond~s to ali
edtge-edtge conitact tiet weeii tble t wo pol 'ygons, and f'orms a st raigtit line p~arallet to
tI tie (.r. y) planie ]ii t tie coiifigm-at ion space.(. III bot 1i tvlpes of* adjacency. t lie mnovinig
fpolvgoii has oilv oiie (degree of' freedom.

5.4.1.2 Facet Intersections

Somie contiiact facets t hat are toca I lv feCasiblte uiav corirespond to (mit acts t hat are
gtotbalt*v unireachlable (tie to olbs inict ions 1)y oilier Jpotv-goii feat tires. [Tie C S for
polygons wit ]Ii coiicavil tes, like t hit for putretv conVe((1\x p)ol 'gouis. Is niade ii j) of' facets

t ht(re c llYajacenit. loeebca ti5( soime of' I Itie facet s are ba~ckwar d., facet s
torii(tIll( 1) ,v edges con~volved withI coiicave vertices. 1t1v (C5 -\rajs In" oil It self. re-
stilt iug InI facets t hat are part iall ,v olt fitll]* imbiedded withliin t le C'S and~ are fiv(ref ore
1tin1reactia Ile b eca use 111vey are occT tded 1) Iv ot tier. facets. III such cases. soiiie f~acet s
interse-ct othter f'acets oiiIt lie CS. ats ittist ratedt ini t'iguii 5.S.

fh'ca iise f'acet adtjaceni (14 are d ile lo I a iisi liolis hoetwevii (olisectil i ye polvgOII
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Adjacencies for facet: (A. in. t)
Adla(1ji(( 111/iIp( I.sI AdIjic( iii _bid Adj'a(iC(ii

p) 0 I.I (A1. ill.It)
p =I (/3. t+. in1) {(Aint)

011)r (B.i i) ~ n

Adjacencies for facet: (B. tit. I)
.4dn~iii/ilpr 1st .. dl/O(r n0 2nid Adiacr id

J)=0 (A1.1n) T (13. in.1)

p = I (AI.I~ (B. i~I
9,,,,,(At.r (B3.w.
O ,,,,. (A.Iin (B. i.1

Fable 5. 1: TIable of adjaceicies foi- t * ye A and tY)e B3 facets ind~exed 1) (Ijp( . 1110-

.iidv~i. Inrti-iiidrdx). For- exampljle, the 1st and 21nd 1) 0 adjacent fa~cet s to facet
(A. 1. 2) would be facet (B. 2. 0) and facet (A. 0. 2), r-espect ivelv.y

F'igm- e 5.8: I ili- 'secti ng facet s atili the 1(1c ITCsI)oII(I lig poI~goII featu- I c (out acts.



.5. 1': C oflJyluifly .lI0io~.s 181

I'Vaturles. I lie ciii ties III Table 5.1 ar-e siifficieiito I ) let rimii t ie( comle~lte set of'

adljaceiicv Itelat ioiisli i ps fo0r aiiv f acet oii I lie ('S. For i iiei esect iois lwtw~~evii f'acet~s.

lliow~weve we muiist ellitI\lest ('adi f'acet j~a it- to (let(tn inc *If* all Hi nit sect ioii ill
jIossiI~e. Specificall~y. iliei i (.Teat i ig a (0111 act state( we imist te(st 1l( li-e te'acet aga i iit
wever ot liet. facet ill I lie ('S aiid rccotd t lie i tidices to t hose f'acets \\.itllwhc ali

iliter-sect iou Iliav occurll. To miake Ilt, Inspocess f'aster ajiio morec effio'ieiit . we eiiiplov a
Setics simpifle testst to (Icterl-ililie whlet liet, illier-sect ionl let weeli a givl*(i f'acet anld I lie
reLf'acet is possild)e. IFliese te(sts aire sti uillatized as fol lows:

1. Are the facets adjacent? .-djaceiii facets camiolo initersect oiie aliot her.

2. Do the [0 ..,. ()u]ranges overlap? Facets wit Ii dlisjoiiit 9 r-anges camiolo
ilit ersect.

:1. Do the (r.t.y) bounding boxes of those portions of the facets within
the sam-e 0 range intersect? Facets wit Ii iii-iltei-se('t iig b)ouiidiuig l)o\-f's

cannot iitiers(''l. We~ comijmlteý the (x. 'Y) Itllu(lilig b)oNes 1) (leteriiiIIg t lie
niininniaiio imaximium (x. q) v-alues of' the J) = 0 aiil p =1 space curves

1)01 id iug each of t lie f'acets withi~ii t heir- coiuiioii 0 range.

Facets that [)pass t hiese tests call. butt (1o not1 necessaril y. intersect oiie, aiiotlherý aiwl
ar-e listed inl all arrlay labeled 10,/r.'0s I. inl the -e~fJacet (lat a st ructinrc.1

5.4.1.3 Monitoring Contact Transitions

Ontce we hiave ,the two ar-rays of'adjacent anil ilit erse'tiiingifacets conlllt ed atiol sti-oedl
witliiui lie( reifJacet of a ('0111act slate, we c-aii (etetlllilie it' allyiv ew 'ont acts arec
eiicoiiiiter-eo (lur-1ing incr.emental 11101io intiegr-al io simiplv I)Y clieckiiig eachi new\\
jIosit ion agai iist thiose f'acets. W\e (let erii iiie if'a iiew ('oit a(t hias bwee niade wvit i aii
aoliaceiit f'acet siuIIj)lv b)Y 11mioi-ii iug t lie valuies of' t lie facet 1al'alietel's Ir aiid 0 to
see if t Ilie' ale( w~it Ii ii t li a l)lnl'oiriat e i'a uges f'oi' I lie r-effacet . If'. f'oi' ex\amii lc. a f'tvc
imitegr-aliing aii iticri-euital ioimitio t lie v-alue of' I lie r-e1*acet'~s~ p araiii'amewi were to
d'iaiige f'm'oiii 0.96 to 1.03. 1 licii t lie iiot oio wvould hiav-e ei('omititere Ilie 'a(cet adljace'It
to t li p =I b)oiidarv of' Ilie refiJacet.

TO (elet i'niuuc if' colita(t lias 1w'cii miadec w\it Ii ailitesc igf'ctdiii a i in

crciiliital iiiot loll. we chieck to see' if' I ie( (miitt'li aid ;)t(v\ioiis p~at If lm.sit IOlI~ arC ()
opfj)osit(c sidles of alli\ of* t lic f'acct s ilIi tl ll' inersect s atrIay. lO t-cciold I lit( i('lat ioii'11lii)
Jf* it Insit ioui to ali itrctiii 'ac('t. WC( ifiit iOdUiic If('\\' data Cait li'(lhled it
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x

0

Figure 5.9): Four pr oximal cases for at tvfw 13 Itier(sect face. .All to01ut potilt 5 shiowin
lid\( I lit( sailie 0 (oiioif)ii'il.

/)/'0.1/`/1/(1. A o IKOIli ud for' ail iii? ciect inig facel recordls the siguied (.y)d ist ance of

ani (x. q. () pl~)ii1 ill coiifigiirat toll space to at hule segiuceiut corresp~onin~tg to at slice of
I lie facet surface at that vahlie of fl. as well as at flag iliirficat \\ ht e hePt

is: ulbor (I.e. ou idsre) I Ilie facet surlface. cro."Iiql I lie lilte cowt aililing 1 lie facet situ'

0 mt otl stie rif, t lie ,ItWe segiiteiit eu-tl Ipotit il). oil 1 he huei coutl aiiiiui I lie facet sfiCV

(\\.t hllu I lie segiiieuitl ", eiirpouits "). or hr Ilow ( te. tilisde) t lie facet ýuIrface.1 2 A\ Iraiisi-

I toil of at 1proxtliil af laf. fu-oli rl~ to1' 1 hr 1(11' 0W froiui tu/mu to (DII woiild ilhr1 cat e t hat

thec tiirieuuilieiita lio(t (iou fIa, crios.tr I fiat iiioxiiuiaf\ý co--roiirdiiiiftij lilt cec~et I iii. facet.

ligire 51-.1Iuirt ilic fouii ýtatr of a 1proxliull latU for1 all ite~c facetI.

Wii itLiIit' Ill 1.\ twlf h1ul!' Ili i'm I5 lic\\ 4 fjlac t fsiauieu' \,oilii" tsu Ow ht"_iuivi cI (01

(Iu fi p i;I t fit cI 1 1iisv Ill it v--14- il la .~ I ý l- situ m a ll\sIlh:*4Il 'm p, ii i i- iII t1

t u s t I h I I It , 1 I I ý. I ii I , I fI I' 1 It I I Ix Iu t I I1 , 11' - t l
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2. [or muiilt iple facet crossinigs. choose 11we oil(e joilit thfat is Closest In I lie startinug
Jpoliii of' the int egratio 12p~~

:3. ( eiieirite a niew conitact 51 ate (olitajijilig1 all aluaY of, contact f~accli' nciitllilig

b ot h thle JplevioliS state" (' (0i1act f~acets, a ii( II ic crwlv(ossed I facet.

1. Record I lieli Inerp~olated'( posit ion as thle 1,/ p~ositio loll I lie previous" coiii act

lateand t lIe( fir.st posit oion 'iit lIe If(ew cowi act st atec.

New colit act st atevs are gelierat ('( (hirli lig pat f I fit egrat ioll eil her whle a uiew (01 I-

tact is fiiadle. as (lescil ibed abhove. or whieni a ii exist ing cont act is brokeni. T1e la 1tter

case 1s dlescrib~ed ill th fleuext sect ion oii miiiuierical p~ath Iint egrat ion. 11e topology of'

lihe ( ") is (co1mplut ed local liv l'ot a ret-facet Iin thle l'orii of' t w inlt ersect s anid adj aceit s

array, s Oil all -as Iieeded basis durtinug miot ion inlt egrat ioni. Once compii lt ed. t his

ii f'orinatjoli r'emiaills ill thle reliJacet s dat a st ructunre 11t i I a shape lno0di ficat 1011I tie-

(essi tat es thle reccollipflit at ion of' th len(ltire (CS (lat a st ructutie. Flieref'Ore. subs5Cflequet

lpath liilitegrat olsiivoll', lesmerfJa suichi as recoinp)utt llg a lpath afteri mod-
ilviuig ouie of- iiore ~lvlailliics palaunet ct's. Will getieralir requlire less coiU1 titat ion and~

execilt e f~ast er.

Vii ike Ible a rravs of' a (1jacuit s and~ int ersect s st oredlii I tlie refi'aCet (dat a sitruc-
fllure. thle aria *v of' proxiiiials are generated allid maint ainied onl, t empoi'ati lY withlint

lie (lirrenlYtI active c'onta(ct state. All HIi uorninatioul regard(inlg a poinit . glob~al re-

lat ionsii p to thle strf ace of' tble (CS is (letertminiledl solelY wxit Ii r'espect to thle facets
list ed withlin thle ad 'jacelit anid inltecrsec'ts ai'tax's of* thle currienit te'e-lacet . Slince IM

glb1 al Hiii oialu a on a bout thle poinitt's relationishi ip to thle ovetall stiil'face of thle C'S is
availab~le. all fpatlis must st art eitheiet n oi- o ulsi'di thle oveirall (CS sutid'face ill otrder to
be iiitegrat ed propei'lv. A p~at hI t hat is lilitegrat ed st alt Ing ft'oiii a p)oint ]itside( te ](, S
will cauise I ie( liitegrat ionl of* I hat p~al Ii to I eriniiiat e wvit Ii ali error0l.

5.4.2 Numerical Path Integration

O lceile loca.l iof)ology lias bweeui(leteliilielw ~loua conitact stat(' bY filigIll

flii' uii~ll nl path Ii11L fuiii~lill it wlic Il iltlterljt ioll.

5.4.2.1 Mlechaniics or Motion,

I lii iI,1,1uiaCiii piiui ll.~uelmicuiitedl~~ 111411(11 ai , 1irc ihie \telliahl) applied
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p of' thle movinig obljectl 111thI thlese fparalinel eis we c-ali comiptiite Ilie r-eact lon for-ces

aii(l sl at ic f'orce equ~iliblritllill (olidlitioiis for ally p)oint ill a co1ntact state. ITo collllbille
thle uniiits of, f'orce a li(l t orquie coilsist enflyI\. we must Ii ist scale t he tor~que compn ilenlts

of, th e react ion forces wit hI p as:

p

Simiilar-ly. we scale thle () complfonenits of' the f~acet vector-s witIir 1

d - =Plo0.

"where do "ws hill hrolcedl in Sectloll 513.1

(Compu)It ing anl ilcicrenieital mlotioll step involves thle f'ollowing b~asic step1s:

1. Coimpute thle collilgnrat ion space friction conie at thle ctuielit p~osit ion iii the

comltact stale rymmmsiltilg lie set of possible reactloll lolms.

2. U se lhe fi-ict ion ,one( to cornpfut e tile r-eactloll force for. thle gi veii applied f'orce.

31. C omlputie thlie list alit aiieois (direction~ of inioion usilg tile net r-esultalit for-ce

(if aii-).

1. )et erini WiIle a ppropriat e nitegralioli stepl size allml coniinnt e t he ilicroelllt al
miot iol.

Thie det ailed imlplemientlationi of* thlese 'our. Step~s for. compIut ing mlotionis ill a

fiau I. r dq . aii(I r( 1i(x. conitact state, follows.,
Friction Cone Construction

To tlet enmiilie thle set of' possible r-eact ioul for~ces we colist mdi thle (x. q. s) colifig-
ii ialIioi i space fr-ict ionl conle fom each cmltacting fa"Ct ThIe frict ion -ouil( f~or a sinigle

f'acet is sI owl iii liguI-e 5. 10. where ,7 is I le su rface lionlal of thle f'acet at thle conltact

fpoinlt. and~ Fri. I> aure I le two extreilal nreac ini florce that logetlhien spani th lie auge

(f react iou possible f'orces. Thie equiationis for. f`,-_ f1. I'2 areI:

FI, (1 -U1 csil (.') + 11Y (si I c) (5.26)

"/-* (O(it- cos (1 + I sillH)) (5.28)

V ~ ((4 ii, 'in o + /I, co() ((130)

ii~~ I.i
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wher-e

s111 0 = 11(53.2)
71±,

(I = (5.3 1)

V(11 + i<12

( C(2)2 (5.35)

and( whli-epls( 1iS1li(' (oefficieli of' h'-ict loll. ( 1I.. ,I.ii-) at'e t lie lloi'tilalize(l ('01U 1)oilleiit s
of Ii ie scaled facet lioi'fi a I. pis t he i-adius of' g\'lat ion. and i',.is the dist aiice fr~om thec
cg of I lhe Illoving Jpol 'gonl to thle point of'colt act. 1'oi' a It*pe 1B f'acet I', is a ('onst ant
II ieasIi i('d f hot i I lie cg 1o 1tle v'ei'te(X of' thle miovinig polygon that is Ii cnt(Odact w~it Ii
edlge of I lie stat ioliai'V p)ol\goni. and~ is givenl bY':

= 1< (.5.36i)

whleie is lie /uiu lindex of' the facet. 1'7oi a t\'fe A facet the value of' I,- is a f'uncll(' o

of' I lie facet pai-aileter- p and~ Is giv'eni by:

1% ; 1 + pA 4 (5.37)

w~her-e I Is lie mov' index of, t hie f'acet.
1',o' ('onta('t slates with Ii inlt iple coiitact facets it will be uiecessai 'v to ('omill~te

thle f'rictilon conles Ioi' thle i ndi vidull facets to fo'nn thle comnpounud fi'ict ionl cone. 1',or
all edge ('ontact state (two facets) we floi'm thle ('olipl~l)01ld fl'ict ionl conle f'ronil thle
c'onv~ex 111111 of' thle extivernal firict ion c'one i'eact ion for-ces P1. and~ P,2. f'ou' thle two
f'acet s. Speci fical ' lv. we oi-der thle font'. exti-enlial foi'ce \'e't ol's to formIl thle edges of'
a ('olivex lol *yliedli'al cone as shown Iin Figure 5.11. \\e (to niot foi'iiI the compund~oii
i'ict ioul conle oI'm a \'ei't ex ('0nt1a('t lbec'ause. b' definlitiion . a \'el'teX has Zei'( (legt'ees of'
fi'eedoln and hence no0 slidhing iiiot ionl is p~ossib~le. We (10. liowev'eu' ('heck for- possible
miotionis alonig Ilie t ii'ee edges f'oi'iiing thle ver-tex to see if'a moiot iout01 of thle \'el'ex
is lpossiblle. as (les('li i ed iin Sect ion 5. 1.2.2. l'inial I v. f'or a fre('I-cowt ac't statev ( no f'acet S)
tI liel'e caii 1be no0 u'ea'tiou f'orces at 1(1 h eince iio l'i'ic (' ll o n '0 e.
Computation of Reaction Forces

.\f'ter ('olust 1ci'u(t g I lie flrict ion -one( for- a ('outact state. we uise it to ('oull)itie thle
rea('tloll Ioi'('e dhue to tIll, applied for-ce. Tlhe r-eact ion f'orce fot' a single facet ('0111act

is (letel'tuliiled , v jlro~je('tiug I lie niegat ed applied (a ~Iforce out o thle (/ ~ = 101

plauie 'ouit aiiiiug I lie colligui'lat ion space fri-ctionl cone. If' I lie pu'ojectedl f'orcecto
is bet weeli I lie Iwo) ex riu-ial frict ion ('01iC reacitm iofoce vector's I lieut Ilie react ion1
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x

x 0

I.iuc 5. 10: '['lle (x.. y,. {z po } (olIigurat ionl Space friction conie for a Single facei
colltacl

b 
a

FaFr 2r Fri Fr2

Fx Fy Fx Fy

Figure 5.11: 'Ille cm(Ojl)OIuI coiifigiiial ioll spacc fli('IitolI (OH for all edgc conacl
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Fz top

Fr2

Figure' 5. 12: (Compu~lt ing t he react ion l'orce withi the singlge facet frici111 iiICo1)e.

for1ce Is t he p)rojectedl force vector. If 1 lhe p)roject ed force vect or is not1 Iet weeii I lhe

two ext reinal force vectors. thele thle react ion force is equiivalenit to Ii ie pro jectio01 of*

lie pro ject ed f'orce ont o thle closer of' thle two ext remlal f~orce vectors. Thjis process ill

illutst rat ed ini Figure 5. 12.

TO (let erminle thle react ion f'orce f*or ani edge cont act . we first check to see if' 1 lie

appliedI force is pointing into the comnpoiund cone by takinig thle (101-j)Vodllil of I Ilie
f'orce xvithI thle out ward poiiitiiig tiornials of* each of' thle fou1r b~ouniniig lplauies of' t lie

colive'(X coiie. If' all four ( dlot-lrodlict 5 are p~osit ive. thle appllied fo0rce p~oiints iiito t lhe

COIIe interior aiid thle react ion force isexctl thle iiegat ed a ppl ied I force. If* oiie

(i i110re of thle (olot-lrodliicts is iiegat ire. thlen thle appliedl force(-( lies out sidle of' t he
(oii oiloiiud po)lYliedlal coiie. aii we imiust prioject thle niegat ive applied f'orce c ()fll t lie

sii if ace of, thle coi ie. Speci fica IIY. we' project thle fue2gatedl a ppl iedI force outl( o ach

lIhe surf-Iaces of, t lie coiie wvit Ii whichi t lie (lot -product wa, iieg'at ire. anid proceed ill a

iiiaiuu(ier simlilar to I hat 1`1 for t lie 1il faetfictio ('0iiC.

Computation of Instantaneous Motion Direction
Tlo (oiiip)ite( t Ilie force equiiibi rium Si t atle at t lic (A uii act p oin iii cw (Ait l ci I lit, net

force I)r t akingt t lie dhiff[ereice b etw~eeii Illie applied and ract h 'ii f*wc' A 11'.n /(.1,)

iiet f'oice rector detcriiieltlife" iiitiiai4ci (1hiie(t1 io 4 o im-i( ion 11 fioi l- i l 11114iA11i

t aiit cil It ) Ii thc lat i N. -irf c. andiq tlit ii('11 /(,1iu u lI't I, c 1i ofi al i'ft1 c o iu t a 4 )ll'4 l Iw
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paa ll el to t he edIge vect or t'ornied bY thle cross- producld of thle Iwo facel nolrmali at

I lic (0111 act f)ojitI

Computation of Integration Step Size and Incremental Motion
Fottovwilig 0111 assi uhf )t loll t hat (fIlasi-si at ic efHeci s dominiiate Ithe dilvainlics of' ob-

1c mot0 ol~lL we Ili1ay writ c t tie f'ollowing ('(flat ions of' 1110 ionl:

-NI
1K1~~ ~~~~1 - -0~~hi i,(*IJ

FK, - uIII; ;, till 11 (5.39)

7(ý I AN0
-= -0 ýt 1111 - (5.10)

p) [ At -() A/2(510

where ( FY. I. F'-) are tile colllpolelits of' tlie net Wore aIt Ilm tipoinit of (011act. anid

A/ is a t ime ste th Ifat will (1105(11 to scale tihe mlagnlitud~e 01 thle lincrem~enltat 11101iOu

afpfmrofriatety. 1

A 11101101 in a free(011 iact stale wilt fillow a st raight line l1arallelto1 thle applied

Force ill tie at)svll"Wo aniy enteri~atv afpol el 1orq(ls. wt(lld we have asslllied inl our

lllo(tel . All illcrl-lleliital 11noti0n iii a simlcgl f'acet (011 act st ate will be in tile (tiredion

of, I li et 161(foce. hilt shiould also rem~ain~ oil I tie surf ace of t lie f'acet ill tile couirse of,

I tie 11101101n eveli I hliougt I tie surf ace IlliV he cuirvedt. To (ils'lile I his. and~ at thei saillec

I 11W avoid lilt roillicilig tilieauizal io1n errors. we resolve t tie net 1force inito comlpollielt s

ex fnesse ill ttie W7 an 11( t anlgent \ect ous of' th e f'ace(t s rf'ace. and1( inllegrat Iic i

Iincremlenital m10 olio ill 1(11115 of 1 lie v anid 0 facet paramleter's

To (list iligiishbl wlVeeui utis liacellenlts iii tranislatloll andi rot ation. we vteiiote I tie

coltlbiney (displacemlenit iii .r andi yJ aS i, whir 11(on hvI texpresse ini 1(11115of 11m l 1ie fc

1(1111(1tc ('/I as .; t/ =I/p whteie / is Ill tiength12 of* tlii' p)Itolygon (ti2c foil-ihilig tie conitact

fld'acc. Slikih't tillin p12 l/l - it o I tie above equial ioiis we c-an writei tie rot ationiat and~

I ralislat h/nat Ifisplaceliil Itl ill It('ll1, oft I' fhet 1mallliieters as:

A p Cf (It I*51

( As)vi.L
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Nvilt Ii sp( j-1 to it thlird variable AT ulsinig

A,/, Ap2-,+ \0e2  (5.l13)

A?' VArp2 +A0 2 . (.1

Thei II0FilializC( dlisplacemfenits I tII('i bCcomei

Al'A i-A (5.15)

A(0 AO
Al' Ar+A02 (5.1(6)

L(pIaI ions 5.15 and~ ;5. I16 allow its 10 express the iiist.antitaieolis (lilect~ioil of moto ionl
onI a facet SiirlaC('c ill 1,erills of p) a 11(1 0. Because tle dyniamhics are (Iuasi-st at ic
thle mtagnitud ie ofl the hitcteiieit~al mot~ion st~e) is somtewhat. arlbit~rar 'v. Since we are
hil egrat~i g linearly inl thle IpaLamel(er space of the facet. siurlace. tie (leviat~ioti of the
Muot~ion fronm a straight. line in (x. y. { z = pO }) configurat~ion space will depend onl thle

deg'ree of, (hilvahtlre of' the surface along thie (lirect~ion of mot~ion. llence, to bound
I lie maximium (levia~tioti from a st~raight line we select the hutegrat ion st~ep size b~asedl

oil tl(. clecu -vtr imet' cgivenl b\v

ATTVVDJ F2 (5.17)

where J7,ir~. is the maximumin allowable error inl (x. y, pO) ).andl K~, is thie cur-
v'at~ure of' the facet. along the mnot ion pa~th. which is dlerivedl for typ~e A and typje 13
facet-s inl A ppend~ix 13. 1 'sing Othis miet'ric, we omlpiltte thle mot0ionl st-el for a facet in
p) aind 0 as:

A P/p A02  (518
A: ) vi+ AJ = -) 701119,

aII(l (oitlllii.teh le new ( r .0) lposit ionii il conligmrat ion spare~ using thv facet tqula-
fioits.

\At tutclileuuienId iliot ioti Iiill 1edge (voltitact SI a~te will he ill t11v direct ionl of I lie( 110'
foea long Ovh edge vectior. which(1 like 1,1lie sinigle facet cotlm Sact tte mlay hev cturi'ed.

1611.1 lientaalt n '1)1vilup g to (lerive a pl)&utit(llenvi to desctribe ilot ionl along 1wcI e
lonrititilg ilie edge. we will Simtply ilitegr-at( I lietuol loll atlonig 1weg e'o'epes
ill er of, (i ie W a iii I ý, tngeu i vecthws or 1 uo, Itacel s. A ft. en it- grat jg ille t\\o(
iiicrl'iileiilal facet iliot imiis iindividimmYl. we. citonst. lie. smnitilt of oit lw1wo ini triius
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of' total (listanice iii (c.'..Y 9) C'onfiguriat ion space tor thle edge miotionl. and~ remove
anyv linjearizat ion errol by projectinug thle niew~ p)oint onto the edge b~et weeni the f~acets

edlge ]nlotloll. buit it elimiiniates hiavinig 10 (ollill~Ite thle inicremienital mfotio01 along anl
edgecurv tht miht e dific lt rimpJossile to compu~lte ill closedl form11. Sinice

Sint ersectioni cuirvs e-tw~een i fces iia *v have a muizchi highier (egree of' cni'va ureý t hall
thle faces t!Iiemiiievs. W is allioximiat ion is a recogniized weak point of I lie currenit
miot ion path Ii ilegrat lol impillemienitat ion.

5.4.2.2 Selecting Consistent Motions

[lie collipiltat iois f~or integratinug inot ion iii each of' thle f~our tvypes of('0111 act state
(fivee. facet . edge. verteX ) assiiume t hat result ing mlot ion will mainitaini all of` thle coli-
I acts iii that state. F~or exampille. compu~lt ing th lienoiot 01 ii a siiigle f'acet conita(ct

sltale iii terms of' thle f'acet p~aramieter's p al(] 9 dloes not take into ac(ounlt the pos-
silbilit v t hat I lIe( giveni a ippliedl force will cause I he( iiiot ion to leave t lie f'acet surf'ace.
To enisure t''Ihat thle ('0ompuht ed inicremienital m iot ions ar'e consisten'it. we must check to
iiake sure t hat t lie assumplt ions impillicit in th leq((uat ionis ofiniotloll al'e iii fact v'alid.

Afiee mtot ion. 1) v (lefi iiition. inuvolv'es 1o ('011tacts an h11leiice is alwa vs conisist ent
giveni a liol-z('ro applieol f'orce. A f'acet 1inotion 1s consist ent if' thle appliedh f'orce
po)inlts i/ .W thle f~acet sutif'ace at thle iniitilal p~osit ion of' I lie ildt gi'at ion. Thiis iiia *v 1xv
chleckedl by compu1 lt inig thle (lot -jpioduct of' thle applied f~oi'(' vect or w~ith the le acet s
10iio'nal vect or at t hat poinit . A niegat ive Oale iiimi(ates t hat thle f'oce poilit iiito thle(
facet ,ni-I'ace alid al 'iv moi ot l iu ust I a ke l1lace on thle fact . wh'ereas a posit i ye r'esul t
inidicates thle mlot ion w~ill leave( t lie facet suri'face.

.\~I edlge miot ion is 'olisist('it if, I ie( mnot ions duei( to thle applliedl force oii t lie t wo
facets f'orlliiiug t ie( edge both pijoint int o t hat ed(ge'. W\e miay chleck thIis by compu~t ing
lie vect or t anlgenlt to e'ach ll acets sri'fac t hatI is perlm-eiidiciar to 1 le edlge moe'tor

anid t akiig tN lie lot-j'(mnlh('tof th ll'(onvrsp)olinlg facet iloti~is \W'it Ii(a('h of thlese'
vect ors.. A posit ive v'aluie f,6or ('ither (olot-p)lodllit w~ould iiioicate t hat thle resulting
mloo ion would br'eak ('0o11 a('t w~it Iit Ilie ot hier f'acet alid become a single f'acet mlt ion.

l'iuallv. we cail deerivnilie if a notot n into 01' out of a 'onita(ct stat(e fOr a ver'tex
f'ormled by thliuee f'acets is possible bY chieckinig if'a lilo loi along ainv of' thle thli'ee(d(g('s
inltersect iliga ath1le ver'I(x poin~ts away' f'l'ol Il l me n H'''('.i'all t hnl'eedge 11101011 P)OWl
I into th vler\''t(Xt lex I ili lo otioll is possibl e a 111 integi'ation is t ermuiniat ed. Othlerw~~ise

a Conlsistenit edge moi~ oll mulst h ecl)( e(I'(t((.

lIn ('a(l of thle above cases. if'tll(' incremenli'lt al iiiot ion iii tli('cill''('it 'onlta(t stlate' is
f'oiiuid to be inlcolisist elt . we genierate( at if(,\\ (conta(ct stat(- withI th li'next lower numberi WI

of' (mIt a('ts (one gu'eat (mI((gl''( of freedoii and~ store thle (currenit jposit loll as thle last.

If" iro edg is ; al raiglfne hm iicf as a KI,, mr W,~, ;ladeucv.cý thentiIhere il( lie ua\% positionl has
I lie sailef ( couill poi ieiis tie, old p'osih on. and noiiiinearizat ion is ilecessary.



5.41: C ompiuhing .11011011.1 191

j)oH it illI the lnreviotis st atea aii tilie first 1)oliit iii I lie new st atIe. Fgigure 3.13 I~ Ilustrates

thle ab~ove Iiiot ionl select ion procedurlles for. thle f'olr tYI)es of' cointact state.

5.4.2.3 Computing Initial Conditions

Ileivr ar~et t,\W() Iesot initit al coii(lit ioiis uisedI for- integrat~ig mnotions inl cspace-shell.
tlie choice of* which (fel)e(l1(s oti the apl)licat ion dIomiain. To findI thle initial conidit ionls
for, I)art ilot ionls ti lrough a vilblat orv flee(lvi er g i(leit if ,v the set of'st aIle iint jal oii-]
(litat jotis of thle mioving object In contitact with tilte bowl wall. W\e coiistnict t his set.
which corrlesl)onds t I (lite p)ossiblle or-iental ions iii w~hiich a p~ar iiiaY' eiter- the J'ee(ler.
by* fir-st t akiug the coinvex hutll of* the mnoving 1)ol ' gon anII~ getier~at ilig an edIge coild act
state for- eachI p)air- of' vertices onl thle convex hutll. Eaclh cont act state cont ainis thle
p)aji of contiact facets correvsp~oi(linig to a 'ont act bet weeni oiie, ol I le two vertices aii(l
the to1) leftimost hor-izontal edIge of thle stat jonar' j)olYgoii alonig which l)arts eiit er

lhe feedlei r. Te stabilit * of' each edIge contact state is theii evaluatedl bY coiiil)utitjg
the r-eact oio for-ces at thle Iwo cont act 1)oiit s t hat are iiecessar-*v to niaiit aiii static
equiililbiumin wi~thI anl apl~leie l'oice t hirouigl the p~oly\goii's cg l)oiit ing along thle -y
axis. as illuistriat ed ili Figurie 5.14. If one( of I lie r-eact ion f'orces is ilegat ive ( -y ). I lienl
the orient at ion is uinstable. aii(l thle colitact state is r-emovedl.

Fo-120.fe(l(er (lesigii l)tii-)05es. it wVotild be hell~ful to know the l1rolbalilitY wvithI
which a l)ai-t inl a given oreiet at ion will enteri- life f*eleder \V\e coninl)ite thle )in)Ibalilit '
associatedI with Iiach st able ('outact state bY assumning a uiniform probabilit v (list ]'i-
llit iou over- tble 0 - (0 --' 2r ) i-auige of' orient atious inl whichi a part miay* fir'st collie
iiito coiitact withI the b~owl wvall. aii(l the (le ividling this r-ange linto 0 r-egionls ill which
tlie l)atrt would] te (1( t owar.(l a gi veii st able orient at iou. The \v](lthls of* thle r-esult ig 0

r-anges ar-e then dlividled 1)w 27.- to obtain t lie priobability (0 1* ) of' a l)ai~t appe(arimi~g

iii t hat orient at on. Figurie 5.15 illustirates this Pi)('oe55 isbing thle i'adiiis hiil(ct ionl of
a I)ai't.

TO iit egr-ate mnore geniieal ob~ject nuiot ions. suich as a p~art b~einig pl)ac(e iiit o a
stibasseunblv. we allow th lie ser- to select aii arlbitirairv (.r.y!.0) j)osll(it ouCorresp~ouidi ig

to a fP" (conta(ct state, or- a p)oint oii a f'acet sur-face ('orresl)oii(hinug to a fact I coiita(ct

state. The fr-ee (x.!/.O 1)posit iou is selectedI using liree l)osit oio slidervs. aii(l is gr-aph1-

icall ,v (lisl)la ,ve(l inl ('oufigiirat iou sp~ace as thle iiiter-sect ion of' t lire lines p~airaiel to

tlie ( .r. y. ) axes. The[li-e ee (ou a(t state geneierate(l 1*oi' this 1)osit ioul li5es a teiiillmri'a ,v

untiI facet (lat a strtiucttir-e ('outainiiig all of' thle fa'vt s ill thle ('S wit hini thle ihr /
a ri'a ,v. 7 I'lie IS(,,- iS i'eSp~onS Iie f'ort select iiig a 1)osit ion t hat is oii t lie outside of' I lie(
(I..

A p)osit ion iii a I'acet (contact state is selectedI bY hiavinig thle iiv(1 (click thle niomise
over' a disp~layedI f'acet. '['lie posit iou is iiial)l)edl frloiui (x.'.y.#il to thle correspon dfing

'_Si ri('iy I pe'akiiig. thle freqe region Ini conifiguiraition spare' iunersvocs all o4 the facels ini thle ( 'S.
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(p.Of) l'acet Ipailallit'tlrS aiitl Ill lI('acla coilitact state' Is iniitializedl liol-Iliall a., (lesclilbet
ii 'll ca(1el SecC il~li. Th I I lolist' b asedl select loll 10111t iie Is (Iescl-i Ied Illi Sect loll5.7

5.4.2.4 Iterative Stepwise Integration

A\ll of, t11c illti~oll (0111 pillt at ioll olpel'at 01 lis disissetl ako~v( alec colliillletl wit1iiiii all
iiicriiieliial uiiot loll pathi ilitegr-atioli loop t hat is 'xecilled~ oil colliiiialitl bY thle iisvl.

For- each Mi it al colitact state \\ Wexeeiit 1hle lol)loow-i ig pliocetlII leV:

path-integrat ion-loopo(

compute-proximals ( (('olliileIC 11C arrla - o1' ploNxilals(e deulciiiiiliig I lie( Idca-

lilt t'ist't i uig f'at t's.

Begin loop lh'giii I lie Hiivrtiil(eial in1hloll ilitegiuat oiti ltoop.

test -.mot ion-terminat ion( ) ('eck to set'It' cilirelit potsitloll Is olt ltlt'I

to see 1i t lie, til(.'1-lit posit loll V, slipplj-ftel'.

integrate-mot ions() hilegl-awte le Hiit('inelial inot loll fi-oin lltli'cillevlt

Iosiltloll. Illchl'llliiU alli\ Sidb-nilot olls it'vtpilied to chieck ('orI ilti tOri Ctiti

select-muotion() Se'lectl Hit' ctlisjsttlit Iintllhli.

IIIC t 0 lo Ilttiha', 6t4l alIV t'xist II io coIll att S:

creat econt act -state() ( itate a Iit tiv hioitatt stitwct'nthl's~l~othidligi

compute-proximals( 0 Recoinpiitc t hIt( atrlaY ol' pi-oxiiiials 1'01 it(' old

p)0511ioul Ill tl lit' he coiit act stat '.

record-and-increment position() lRcoitl lt'e ('hlrlt'lit po-.it itll W,

current. stat~e = new state ( out ioic \\,ilt Iitlict' itw tout act sltatt.

compute-proximal s 0 Colh~ilt ' I It'- arrlaY 0)1 puoxiuliak, 1'M Il lit' v uiwPo)'

detect..-new-contact ()0 thliljdt' tlit'l (111 id tiitwptxuia' t l't'u\u

If* ait 'W1\ tout att has lI''vli utiatlt. aulld ~'clcl at '"Iiglt' uilv\ co~ll act lat'tl

It' It(, It(.\\ co~ll act was, uiiatl. t lit'ii

record-and-increment -pos 1ti onO ( Rltcoid lit' it'w pthsIit ithh liit lilt,
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lFlse. it' a liew~ ,oid act wvas flla(Ie:

record-and-increment-posit ion() Record( the( new-% positioni as the
last posit iou ill thle (.ii u1elnt coid act state.

create-cont act-state () Ovrat e a tiewv (mitact state con-es)owii~hIg

1o1th lar-ger. 5(' of' (0111 ac.t faU't 5.

compute-proximalso( lcipleIlearyo ~oiul o i e

1)os111011 ill th lie ew conitact state.

record-and-increment-posit ionO?() Heor-(l thle niew 1)osit ioul as thle
fir.4i jpositioii inl the niew contact state.

Go TIo Begin loop

End

I1po1i exitiilig. path- ntegrat ion-loop () r-et liris a flag ii(licat jug thle Illo(ie of'

lpai I te-I'uiliiat loll w Icis onle of:

"* noniotion NIot ioii has stoIplwed at a x-ei'tex or- due to st ickilig.

"* loss-ofsupport The' inot loll is ill anl iiiisii 1))011edI r-egion of t lhe (CS.

"* outsideniotion-bbox The linot iou has left t lie allowable regionl of'(.y
(oii figit rat loll sp~ace'.

"* error + error-code .A\u erro- i(lewI ifed bY error-code has occurried withli
path- ntegrat ion-.loopO

WC ae liau'now (lescri-le~l all of, th m~ ajor colliupouielit 5 reqluire'l I 0o(1)1151111(1 lilotl io

J)a-l i'. ill o.(ufigiiu~at loll sl~a('.

5.5 Computing Support Transitions

5.5.1 Assumptions

I'e 1,14' owllviig Is it list of' I 114 assililliplio)Is Iilaflt' Ill (.oilJ)iitlu~g t lie sup)port stat us of'

Ipoilul ol I lie 511 l(('ac of' th C1' ':

I Igi c k i ess.

*11-' u'ler' uce 1)'111iuiI r eellr4siitug the4 (('icIl- of' gi'avil ,v (cg) ti huoligli which all
e'xtei'uial fo)I(45 ai(, al~h)(Ii4lto Ille4 I)adii is assiuiiied to I].\.lell wt hei I olioitluu of
I14 he~i
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lIgtre 5.1I6: lDetermininiig the sliij)Iort of* a pol Vgoii lviig oil 101) ol' anot her p~ol~goli.

. Alt lioiigli we iiiodel IlIec appie~d f'orce as a vector Iii thle (x y) lane app)ievd to

lIhe p)art Cg. we wvIIl iniii)licit lY as-munie I here is always at small (- - ) colli 1 )oiielit

to thle f~orce Vec or p~oilitinIg intoil01lie p)Ilae. it Is 1this vertical for1ce. for(0ali.l
(Ilic to gravit v. that will cause p~arts Ill Iilisill)l)orledl positions to t'all ofF' of* thle

\iblrator I'C edler triack.

5.5.2 Determining the Support Status of a Planar Polygon

Ill thle l)fe(\.iOlis sectionis we have focu'lsed oil conin )wii g Force inlte(ract lolls 1 Ht weeii

p~olvgoiis Ill thle lflalle where all react ion forces toI aii al~ ~ 1 jed Force occil r at t lie boillid-
ai'ies of' the I )ol , goiis. Ili (defininiig thle sII p)01'l. 51 at us of' a J)olv goii. We conisider t lie
case ill which onie p~oly\gon rests Oil top of' anot her f1olvgoii. as shiowni iii Figure 5.16 (.

\I`V definle sIuppjort to he ai st ate of' fOrce e(fIiiillr-iiiili to a vert ical (oiniilpoiell of' all

a 1)1)1 icl for1ce at t lie cg whecre all of thle react ion force((s I etweeii thle toj) anud boMtt10om

1pol *ygotis are p~osit i e. L~e. all couita a('t orces Imisli agai ls irathI er t han Ii 1)11oil thle
ot her object to maiiitaini eqiuilibriiiiu. liguire 5.1I7 shows, a miiiiiir of' exaiiijlde of*

Ipolygoiis inl bot Ii Atable aind miist able Orieintat ions.
We iiav det eriniie t lie st ahilitY vOf a polvgoiiY, SIIl)l)ort gCOiiet ni'callY bY ('xaliiiiuiig

I lie set of' points, at which thle tol) aind hot oin p~olvgoiis are Iii (cont1act. FLacli J)Oiii

Iii 1 I(' set fo01iiiie' bY th lieljt e-se('t ion of' thle Iwo I)olv\goiis is thle site of' a Ipoteli al

revact ionl for1ce t hat \v'Ill ('outi'ibuit ( to th lie foce c((giilillbi'iili of, I le lo1) p~olyg.,on. If' we
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c.g.

Figure 5.1 7: Examples of stable and unstable support configurations.

draw a Iline il the (..!) plane through the cg point of the to1) polygon. then lhe

)olygon will 1e ili static equilibrium ill rotation about that line if there exist contact
points on Iboth sides of' Ilie line tlrough which reaction forces may act to produce a

Zero (hte itloeoil.1i If' we are able to find a pair of points on bot h sides of a line at

anl\, orienlation in tle plane passing through the cg. tlien the poIygon is in static
e(llilibriIIIn for all p)ossible rotations out of the plane. This immediately suggests
a iiiethod` ['o lling lhe stabilit*v of one polygon resting oii another. S,)ecificall.v.

given two polygons Poly!/ and Poli,2 . with Poly! resting on top of some part of
IPol!•2. we niav say hatvta Poly, is supplorted by PoIY2 iff thle cg of Poly1 is wit hiii

C llll/[PolqI nl Polyi]. where C Hull[] is the convex hull operation for a set of points
in tle pIali'. More formally, we have:

,it/[ 'PoqJ] n li,, i = 0. 1.2...
cgp,,t,, E /W, [(Chll[lPol.yn n lPoly.2]]

where lnt[Pol] is defined as the sel of points forming the In riw" of a Polq formed
I)v i half-planes l)ounli( 1)e v lines, i.

Because the interior of a convex hull is always to one si(de of everY edge on ilie

hull. ali line through a p)oint in the interior of tle coiivex hull will in1tersect t lie hull
at two points oil either side of I ie iInterior poinit. Looking at F'igure 5.18 we see lthat

Ihis lest gives t lie intuit ivel correct result for each of I li( examples ii Figure 5.17.
The a Ilove test for (letermining ill(e stipport staltus of a polygoii has Ilie appeal

that it is concept ually simple. I *nfiorl uniately. coll)tpl ing Poly, n PolY2 req(Pires t hat
we ge"llelale andl test ()( ) line in\tersectionls w'1ere is tlIe iiiil ()I'r of\ vertic('es orI

edges iii each polygon. and (C11ulI[] re(piires O( inloyin ) conmputation \vhlere mn is the
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c.g.

x

c.g. E CHullxy ( Part (x,y,O) r) Track)

tFigur 5. 18: StabilitY test tIOr polygons tising ( "1t C1[Io1!1 iýh t/,,]

nmi ber of' verlices iii tihe intersection [6i]. It t Inrns o11t ihat we call (lo better thlani

this by realizing that we (lo not actua nlly •'eed to i)ertOri thle soiling anldl ordl•eiIi of'

Ithe inttersection vertices re•quir<ed to constrluct lie ( IuI1/. Ini fa'ct. dependeiili ng oi••1 ie
particular case b)eing tested we ,maY not (\evil nleeld to (ou.st lrc' all of* the \ertlices of

For alv collection of poilis P/. all\- s51kset ,' of*/P is c'ntaiied withiii I t li ( 'hill[].

andl I herel'ore ("hll [u/,'] is cont ai•led ,\,,.it hii (C h(//[ /)]. This is useful Iecause it' we cal
dleterminue I he cg to be wi\ hill the C HIO//i of a s•bhset of support p)oi•t s. t hen uwe know

that I he cg is s5))l-orte \' witot h ahaving to exam iuie all possibl<le si•il~ort )oints. III

part i'ular. if we (letermine I hat I he cg is not (xlt r111(1/ to a stlubset of siupport il)hits.

then tlihe part is sull)l-orted. On I lie othler hand. if the cg is t'olIuil to be extl-'leial

to thi'e coimlplete set of 'l)1porl poits. lieu I the part is uinslus]ppoit 'e. TO d(tie'mllille it
a cg point is ext remal to a set of points t hal are co1i)mted olie at a tli(m' w'e ierht''olr

lie f,)Iollowing steps:

i. ("Iven lte cg )oint and two support poin~ts. cOmplute, a pair of veclors. each

p)ointing11 lroii tle cg lpoin 1o one, of tle two s)upport polit s.

"2. Lalbel the vec'tors h/.f an d' rilhl s/i t1hat r,.,.,1  , rf > 0I.

3. For e'achl new point p. c01•mp)ute Ihli vector and dl (let'itti( if it is, to t1 lielft (df

" t,,\it ixirmal point is a point oIt Itli, 'oilex hull o ra Set of point-,s. See P r eparala aild Shamos [(6I].
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\\.If It ri, aii(I (]icckilig I lk' sign of* I lk' iestlt .It' a sigI h iaiigc' 0(41115. I-let)ac(' I 114

1. It' I tie cr-oss pin(tict (chaniges sign. i.e. b~ecomhe's liegat ivv. 1 ble I tic cg bImIlit

110 toligerl ('Nt-icluat tt0 Il 114' 01t ot )OIhltS teSted. a11(lI 111C jMIal1 I, supported.

5. EVise. (onlmll~he Iliti niext siil)l)oiI l)oiInt 1) anIk go to1 slel) :1

6i. It'I ticiec alte 110 111014' 511)l)or~t j0i11ts to test. hhl(t F, 1, Fjq > 0. thlen Ilk' cg

1)01111 Is ('Nt reuiiat to 111C set of* SIut)lx)0r pIMlils allI 11 Ik'I ai.,i unsupported.

t is nocess Is llitisti-ate(l Iii Figiiire 5).19.

lBv test In g each J)oihit Ill P~oly,1-i Pol ~ I,%,y as t s ('k'aI ('. we' IhIIl)l-o\( I lhe av('rage

Jwertorruialice of' thle oveirall stij)portl te~st thecahlse as sooli as we geile'at e a p~oin t Ihat

jItaces Itie cg Iii thle jute('101 ot' tihe emist lug set of' jut ('rsectiolo p01111 s we cail sltop am
t(

iel)Ort thle p)art to lbe shipij~ort (I. Ill Ilie Wor-st case. which wvill occurl whleu I tie cg

is III t~act lhi~jjot~.olil, test Is stilt 0(n2i) lbecallse we wvill have to gvielerate and(

Iv(si ('ver-y J)Oiuit ill IPol.i1 A Poly,. silice we ee kiiow wheiei thle tiext jIo~wIlit tie

intersect ion illiglit make I tie cg p)oliti 110 touiger ext eIIIat.

5.5.3 Approximations and Optimizations

()ii ivel-ag( thle ('Ntrivinat h)oilll test JIlovi(les at cohlis(ler-atbt ill I Inov(hlkt will (olilpl

fngie- tie 511p1)ortI stat us of' a po(intl Ill coiitigiir-at loll sp~a e. Ne(v(rt tietess. coillipilt iig

Silp~j)oh-I regiolis tby silIIptvl test jug ail(t tateleilig as 5i11)l)oltI('( of. IhIisuljj)oII)t(t (IiscIet('

sect ioul we (tis(1155, it 5('1ie ot, hierarchical lest s and( opt ililizat louis I tiat cali rec(Illce

V('(Ili Illfiiilter t lie aiiioiiii ot, IlicessarvY P0 uhipitatkioli

TO be'gin \\-itll. we' wilt (ollilpule( t tie slhI)bolt stat us of' onlyt Itios(' (olil"iguratlioul

s5iMac tIoilIts t hat tieohl Il114 suirt-ace ot tacet s ill t lie CS. awl tas w\as t lie case 1,01 iiiot 1(11

conilpuuta loll WC~ W(~ ill (iot ('Xt)tilitI t -v in'jl(seuit t'~tg' w veil'ices, oil tthe ('S. .iiot tier.

Su11iuIIiitcat ioll ar-ises tu-oui t tie oh servat loll t tiat. as"suihiilI~ It(li cg i1 cohit al~le(t wvit till

I tie (outoil- (4 1t t ie part. t tie Jalit \vIl Itv '1m~ u~)~lt e I it' t tic cg )oill lit, \\-] viI tiil Ii Ilie

ihit ('1k)! oft t ti(' SlIj)l)oltI jmitgohi. Siiiiiait 1Y. it 1 lie cg jMwiuit li's oWlti(lc ' It t ie IcI[
(4t t ti(' slIjijoIolt 11112 j)Ol\1 ll. I till lik SulIl~jofIt 1'' jkSsitbl( sllc( I Ii4-1(c callib 11(' il Shlj)jHoIht

j)O llts (Jilt 51(t' t lie slijijio-ltIl vi~otvois C HIMiI .11. aol it jveii posit loll (4ot Ia parts Cg We

('aii (ohiit) c1t4 thle N/(// ()It I lie eg j(Iollit \\It Ii l('sJ)('t to I t( li 11k lt oYgoli ali(t its

((iliVeN imllI. Table -).2 listst tie p~os'~IIte cg " a~ aiktI t heir reut ~sulj)j)ortI 'ltatils:

H-i'' 1mail adlvauitage o4t~w IIsI tetIs that we need(Jl itl\ (olpilmle the4 stat his (4ita

poilit Withi I-c'sjw4ct to Iibc siuppjoltI JIotgliv~l. as oj)~o('c(t t(I (otlpltimifia Ill tfie lt rsctlo~ll

ot* ho(1 Iit tI c 1miat p~otvl!,oi aiii(t '.h~) olt p (ty1 1 . S'ilice at ta~et siiitace I-l)'jeseiit t Ieh
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Support Status from Point-Iii-Poly? Tests for Part cg.
F( in *SuppaLI)1ol.1 q:1Y I q/ in ( 1id[;iu i1f)porLI'o/qfr Par 5iipSa)ov1/ .5/al n,

Point/ Oil/.,/,(/ /)ojl/ ()sild( I iis(If)f)ot(Ned
Iol Ol~sd oint Ou/.iid T)j/ est Sliipj)ort1

Poild In,i/d( on J 0j1/ I.,id Spor

Table -).2: IaI)lde of' I)art lI pqj )ort stIat its as (let erninied bY Point-IiiPoly? st at uts of'
lIhe p~art cg w.r.t I lie Sluppjort JTolY and ( ll[SIuppjort AolY ].

set of* possibIle Imil o f' thle Ia it cg for1 a it PVei Conitact . thle Poiit-Jn-Poly? test
also allows its to liierarcici(allY les"t fo0r slipp~ou~t starting fiust wit I alli(en111ire facet. aiid
Ilieul smialHer ,I[lhregilow., wit junIl a facet d'elrn111iiiied 1w ranlges of (/1. 0). 011v ll n hose

c-ases, where the result is, Test Support wvill we Iieed1 mlor.e xl eiisive ai~l (let ailed
test Ing us"ing I lie ('xl reiiial mioluit rouit iiC.

Testing a Whole Facet's Support Status:

WCe first del eruijiuie It' all en llev facet uuua v 1be ,iil)l)ortcd'( or Iiisiij)j)o'tc (N ) *)v cll(ckiuig
thle facet * bouliidiii", box againlst bothIi Ilie Support-Poly and~ t lie- CHulif Sup-
port-Poly ]."' lIftlie bouiuidiig box is inside of I lie Support-Poly or outside of I lie
CHull[ Support-Poly ] thlen thle l)art is suill)l)orled or. tluusiil)l)ortedl. iespu I ivelv.y
over I lie ratipe of' posit ions' (ele eruIliuiued by t lie fets surface. If lie bOluiidilg b~ox

lilt ersecl sc~ ('iter of, t lie pol goiis. or is bet weeui t lie Support-Poly and t lie CHuI1[
Support-Poly ]. t lienl I ie( facet s, sIil)l)orl ,Ilat Its 11111st be exauliliedl ill iiiore det ail.

Testing Regions of a Facet:

f.or tI iose f'acet s t hat i ut ('i-sect eill her I lie Support-Poly or I lie( CHull [ Support-Poly

I-we 111iust subd)(ivide t ie( surf1ace of, t lhe f~acet Hioto regions of rlifferint) siil)l)or~t stat us.

F~or Siiiil)licitVy. we choose to dlividle thle faetjuto sl lips of' fixed resollut ion that wvill
be testedl iuidividliallY. To do I his uinore eflicieuitlv. we first cache Ih Hlehtersect iiig
I)olv\goii seglilelill s frouiu Ilie bouuildiuiu2 box test for1 late ('I use to ledluice I lie auiioluiit of'
sulbse(Ilueut test iligo re(fuliredl. Thieni. b~asedl onl thle facet s size and (lur'vat tile as giveli
b~v / (thle letigtIil olf, lie polvgoii edge forminllg the coit act facet ) aiill r (I lie distanice

f'rouii Ilie cg (Wf Illie uiioviuig p~oly\gon to t lie p~oinI of (0111 act ). we (elet rlillie thle un~axi-

uuuiiuui All auilf AOe I iCreuiieuVits" hat are wIt hi111 It( li 1):>, specified for1 compuIIl ilt' I lie
supp~jort st atuts over, a f'acet *s surf'ace. I'siiig I Ilis iiifornina ioll we divide tItlie facet iiit o
at ser(Iies of, (x.0. sliccs at '1Iilicrenenis of _V) witlhiii fD,,,E9,,.Iacli of thlese slices



5.6: I4)(r j ing awl IDi~slhia 203

('oITCJl-eimmi to a lutle segittelit Ill (x. Yj). atlid lellweseilt " a I rlilsiat loll of, I lIf( PaltI cg
alotig a (Old act eolge at a fi Xe(t oeieit at iou.

Testing Along a Facet Slice:

F.or. eacti AOX IIlCIetiIIllt . we geile-11e tIlhe f~acet Slice' title segiliieit all(lI lest it j~ot Ilittel-

sect loll" wIt 11 t lIe( J)ok goil segrieiits firoit Support-Poly aiild CHuII[ Support-Poly
tIllat 'vere cacthed ill th l'e acet' 5 hollilii~lgl box test. A\ll *Iltel~sect ti*saeictt

awlf sort ((I IbY thte valtli of' tlie tmramlvlt i, / at whlichl th1eY itItersect tIle f~acet seg-

iltivlt . th'le Poi ltlIL1 Poly? stat us of* th le acet segilieiit s start pojilti Qp = 0) Is

lieel cotipmirt ed . allid I hle segitieii Is li 'idled jillo (Supported, Unsupported, Test
Support) ratiges 1)i*v al)ljrolwrIatetv togglitlg t lie p~oillt stat us fr~oth p) =( at each
lilt ersect loll withI tile segituelit fi~oiiipl [i.I att fatietill eacli fltlowiilgf t'ailge aC-

cor~iAugly. Figure 5.20) ihi stirates tllis labI etling irocess ,0r at I Y I cal I facet slice(. l~acti

segiueiit ratige tat elef I Test. Support imii 1Ws ti(NjIt ICil t ICIV t~5(t at A/) ii l(re'tiie~lt s uls-

iug tIlef extireniat fIoijit test (tisctlsse arier atadI lleighkl-Iiti g iilcreivieliitat test fm~iltlý

\\-itll thte saume r-esti ling siit)t)oi~t stat us are thei( riieigetl. th'le filiat t-e-silt is a f~a(et,

slice tileC segi11(11 (leit ivI(te(t jto a seri-es of'coilseciolt ve Supported or. Unsupported
.11brailgs. wthose a' ljacetlcv tomius corr-est o(Id to stijql l )rtt a il1 t toil.

UF'act f~acet sli((-c ow~aitlit, a sri Plmiot t rartisot lis IS ecol-(lf(I as, art c~rlenwtill 1 ail

alita ,V 0of sh ces ii If exeot tY 01". tEacth Stlice ec lellilt Ill t1111,1 (nlailt a II~tlle suIt ~f ottI

st lit t of't IlI( (/) = 0) Imloilt of tile slice(. awl~ all arriaY of' srt~ijiqit tratisit lon fla~gs(

Lose Support, Gain Support ) itidexedI t ,, , t hat 1 id icalt e tIle tjI' of'

1li1Tf)Oi't 11ratlit ioll. tl-isaria (if airias. lisltist ated ill Ftgmvi 5.21 . is storel ill Ilie

fae's .%up1 KJIUlp1l fiehtl. th~e sIlp)IMirt jut1aji Is rlse(t hot ii t v tIlhe tetl~ftelill rouit filles to

tI~sjitav Ille stlf)f)tilt ((I alliiitl uiiistijijort edI rfgiotls of' tlie f'acet, as well.I a, i bY Ile titol ioil

coiiit)litat ioil r~o1tIIII~s to(i eteliliiiiie I*it a fiat Il as, e('ieltr(t a i~efJacet s iltIlitu

regilil. sf~w~ficatl\. lou1 v'acti j)(iiil geiiet-ate(l alonlg a tloitoitiil tuathI. we~( (lieck Iltw

CT((Iis~Mimmlilg (/).I)) tImsIt ioil oil thle t-ef facet agaillst t lit s pr I otf i (t(0 ('I'lil ilM,

if' t hat Im(iilt is IiiIsuItII)ortett awlt slloitlf t Iteiefoi' tbe t('imittlalte(l.2

5.6 Rendering and Display

I'latl f~ace(t suirface is iilt Iellh I lit' (x..1/.0) ((l111ilf l-alat ll Si~ac ats a series of* 1)ot\

golirs. va(I blmic(Itt lbY tout11 ve-t ices. Fsu sitia (oillstallt tii'(t'till 'u(I A.. t Ilie f'acet

is ~ ~ 11 ofv~ft il ql~Iaefla\ sI~acetI slices" fi-oit 0 =9, o,,. 9,. o"',Ieachi (i4 whichti Is oirtt

* v a pla i l . o if * ( .i .y . ) vI 1 \ t ' i t 1 i c s c o it i t t e d fi ~ o tti I tI ef a( e 4( I l li l l ' it i s i tl / I = 0 ia w /1

l&aia polvgoii st tuttlreImtlt'Jtilits to twoi cotlsectltive fiairý (if \i'rtices. aloitig wfit Ii t taci

'2 ,) I i, ,, p jiri tfs ; patili thfat ;ur. fit lit .mtigurral inn1m u. ", uinms list t;uach ,uur~nuinuial

1'(61l1 A41u1na ifii, pa;ll .*\pfiltI\ uIlli i~ "Ir~iiilnu [wiilut li'st siume. tin ..uppiort~ual Is muail:1I'Ii
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() Supported

W)~c ( ------ ------ (ii) Test Support

(iii) Unsupported

p =:0 p l

Fiur 5.20: Su~id)1 iching a I~tice1, slice iJ1l o diH'e-ing Suipport Stale raniges.
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0 maxSupprtedApproximate

Actual
UnsuportedBoundary

AO

Supported

la('e tiioi'ial. lii ad(ll 1101 to I lie vvi-l les awiio1111 als. each 1)o01vgo1i slI-111ticlei coii-
1 alls Hid~ices to thle e(lgC awil ver-tex of' I lie ilovilig d11(I stat ioiiarvY object j)olvgoiis

that I loiiti thle (owtact l'acel. as well as Mi(lices to thle l)alvI Ie of (Ooiois aiid iitat eral
I ighlit i h 1)oli()t ies iised t I () ieii vthle jIol * goii. Wholei euilahI ed 1 thle uIser. caclipov
go]i is (Ir-awil wvilhI a (alak bl)01111larv hule to highlight thle facet cotilit 011. 01el-ewise.
I lie I~o *vgoiis uiiakiiig ill) eaclh lacet ate sinIi)lY (hlawil aiid hleiidled lisilig the lhlioug
slia(lilig in10(1( ill Itle Silicoii ( iral)lics (4L irelileli-ig lii wai~.Y

lFacl oi (011 let e'fOrtra u f'acet is ivii(ler-ed i tidi vidtiall \* v`Those l'acet5 01. )It l-ouis
of* facets Ilhat are occlml~ iiediu I li coiipldet e ( set ane liiddeii iotill view 1) 'v li et he('i~1
1)11 Her. ot. '/-bi lffer. of, thle g~a 1)h1Ics woirkst at ioii \Vleui t ltout i-i Im lis are( ('0II1)It e(l
III ('olifigiiitlt ioi slpac-( IIIhe.\ are( ivli(l('red as (lirves cotuuposedl of* Iie egI" (h

ieiigI lie p~oilits alolig 11wv l)at I. aiidl ate( (Irawli slightly above Itle stirface of' 1 li
(CS f'acets. T[le huie thlickitess of eaclpa 1mii is (ilawli I)l0PlmiI oiial to I lie l1robalbilil 'v
of I lie iltit ial p~osIitol o Im that l)atIli so t hat t lie uinole coiillioli Iart iilotlioll l~ImIls ate(
t hicket- I htaii It(l less likely olies.

Ih'2 ai bYci ar e wiiliu inoi u r~ i~ihvmIo ('FS t a nd Sui luivie %\Ill hei hidtleit fromii
;Ill \icwiutg auiugles.
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5.7 Interactive Design Functions

W\ith IitleC(, ex)t ion of' specify ilig file iialues, via thle ke ,yboard, all user 111)111 5 to

cspace-shell at-( miade v ia tlie( miouse. \cit lices of' thle Object pol ,ygolns (pait. bowl
wvall. and t rack) may he selected (lirect lY wit Inn1 t he( ob)ject (lisIlaY wiiiliows oi- 11idi-
rec it f romi11w (s ill I he configuration pciipaiiio.No-hp ~rlites
suich as t lie .('Oftlicieiit oif trict iou 01't lie tree,(-sp~ace star-t p~osi t ioni f'or t lie compllit at ion1
of' a si igle mnot ion p~athI. are( muodi fied uisi iig simplle linear sliders.

\\leii thle user selects a C'S fe~at uie lbv ciicki uig the( mouse inl tlie( cojiiigurat ion
space (lispla *y winldow. tlie( N-Y posit olo of' t ie( cursor in thle wiuillow is t raiisf'orilied
iut 0 a linle ill thle ('Oilfigilirat ionl space coOrdliuat e sv' sl i ('11 orresp)oiidlig t o Ilie ('ii trelit
view usling thle Si licoii G raphiics mapw Ii 1rarv, fuiict ion. Thliis Iline is 1 henl tested for'
ittersect iolls witIil evei' f'acet reiilieriiig pol\'goii inl t he (CS t hat is visible. i.e. f'acing
th le ser. The juit eise('te ('(facet reiidleriiig pol 'ygoni t hat is closest to tithe viewer Is
(let ermiined. aiid( thle f'acet t *vpe. Hidi~ex to t ie( iia rest renleri uig polvgou i veil ex . anid~
lie applroximuat e (x.r.Oq ) lposit io selecte ol on hle f'acet suirf'ace is r'ecordled.

Parametric Design Functions:

The iiiformlat ionl obt aitied fr-ouii the selected vertex of, thle reniderinig polygonl illi lle
CS miav ' ye iisedl to identi ifvY (It her tIt( l oieot act ilig object veil ex or edlge veil ices t hat
form11 the( corresjpoili~lig select ed facet. W\e (leteriliiiue which feCatilire will be selectedl
bY av (I )'ori assignitiig edlge \'eit ices of)1 he( movinig object p)olv, goii to t v pe A f'acets and(
edlge vertices oft' lie stat ioiiarv polYgoli to l vpe B f~acets. Thel(refore. th lieiilde\ liunil )(i
rett u rued bY th ie select ed vertex of tithe relid(ernig )olYgollii aY be uisedl to select t he
corres)oui(Iiuig vertex of' all ob~ject pol ,ygoii. To make this col)iupig apparelit to tlie(
tisci. all of' tb le acets iii thle (',S t hat are( affectedN tlie( selec't ed ob ject v'ert CX arc
Iiili( lighted,( a long withI thle vert Cx it self'. '[Illi s Is accompl)1ishied by clia itgiig t lie( color
l)alet te iilliCX of' ever-y reiideri-Mg p)oivgoii inl thle C S thI at corresi owils to& tlie( selected
ob)jec't ver-teX.

'I'iue mis!' ilia.\ move all of' tlie( ('irlreliltlv selected ob ject vert ices t oget her 1bY se-
lectinlg a 1)omii iii ('oidigmmrat iou space and movinig wav f'roii it wit il thle right Iliolise

but loi held dowii. Ili t his case. anl ( . p)Ilaui(' is diispliayed iii thle ('oidigitruiat 101

space at t lie 0 \'aliuc whiere 1 lie user Militiallv clicked oil t liC(S. \ioveliviieis of, thle
Iiiolise frlomi t his poiumt are I m'amislatedi itwo illiIeuliuciital (x.u' q) iiiolot 115l)\ bY t 11cIec('iiig

this IpiaiI w\]it ti till mapw lineil'iromi th liCiiiw mii~sC l)ositoion. ilie ( r m lol jolis aic(

applie i iI 'i ectY lo i all delelt CII\'rt ill of' thle stat ioiiai'v )oivgoii. ai 11itiversei v via
anl iiiveuse i'otat oio mat iix at t11 li .~)p 1 tie's 0 'aluie. i.e. flol [0]- I to all s('ele(' d
vcl' ice's ol* t lie iiio\'iig )oi ,vgoti. Thel i'(suuit is a ('liaige to thle (CS smiriace Ihat t racks
l ie( iuiot ioul of, I lie( iiiouuse tii t he (x.!/.) lplami( i'i'oii t he( Hill iai click iolliti. along w~It Ii

lie nodfica bu It)I le olje(t \'eit Ices (shape) iiecessarv to uiiake hIs Itli cauiiuto t lie
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CS.

III allother(1 lllode of ofperat loll 1livse r 1( iiav elect )(IaieIliSlfH'oIhe ik

f)0l~goli hY a Illoveliilelt of Ilie 1Ilou('. 11151 (adl of (llallt"lli2 1 lie sllalve5 of 1 l(' lliovilltý
or, statjl ilarv p \2-tOji. by i\ ickitO Wn t (vit'lil the I kllavvN ol a LOAS r-el~oi . III l1

llodle. I lie ... fi)facet positlioll I fiat I le wwre clicked o)if is uisedlto (let elnmii tIle
track polyp!on el(i1ices that ar-ecr11 cai to I lie slpport I lalisitloua rha Ihtlo

11011 Ill (oilfigill-atloll sp~ace. (Clit ical \(-ltices are I hose v('ltices I hat (letlie s1 ui'i

oil I lie I ldk whose niciresect loll potilts witl Iitlic palt Iioljllidar- ale liieail aioigit.

huei 1iliroiigl 1 lie- cg Iloilot of' tlie, part that miark, thle 1 rajisit itll fromi Illc( cg bviliiý,

('xlreiiial to floli-('Xt ieiiial. as shiown i Fiil'gull( 5.22. tIe'll(' cleie track vveit(V icesar

highlighlted. but jiilike I lie CS select ioul operationi thle L.OS leg.ioii', that ane couipled
to t hese track paramiet ers are iiot highlighted'(.

[lie uIser Ijiodifies all of t lie( (ililellit Ilv scecl(ted t rack \eii ices hY sele I ilig it point1

off ilie (CS near. a LOS bloiiiidal.*v and miovinigŽ t lie )oiii awaY fromi 11i while hldiolit"

ilowij the right Ilollse Ililt1ohl. Di flerejutial lotIoll~ U are couiu1pij ed IhY ag~aili

projectinig lie mapw lilte froii I lie scive&' poi f lsloll of tImlij loils inito colliWIi.iiat ioln

Space and fllidiiig thle closest polint on at Iline colil lear. to 11ie1 facel slce atl thele Ii alije
f'tleoig Iia -lick poilio. lhjis olket mjot ion i'ý applied direct Il*v to t lie cuirejtitllx

sele'cted track vcr1 ict's andl Ilie resultis a- it ot ion of thle LOS, boloijdarv\ thfat fiiearhv

tr-acksitlie 110 ojj onfithe Iiouse. IDil( to t lice (xIreitely\ joliljlijeal flat utre of, part 1 lra(k

lilt ersect lolls that create Ilie LOS Iboujjidaries,. thle jIiomeliciiej of th lie -ý IA)S b ijjidajv

Irack, t fiat of I lie mjouse oi\forl(' -lat ivelv sj1all ('XUilsoll, awVa) 'VfotilI t( lie 1 filtal

click poinit . [lie mlappinig froim Illollse jIiovejjiciit s alotn. ia facet 'slice 1,ailooh to
ljiOVjII24" alonig a tanigenit to at poiuit on a jiojlihijiar, clrve: I lie fiirt11c hrWe lilt)\( awa\jj.
frloiji I lie poinit of auigelicY t lie woi-se t lie approxitliat iou liecollies.



208 ( hapt , .: /mph fi m 1e 1 M~ail

Non-Parametric Design Functions:

Th lil it cract i ye ['incii n de 4) 4lscribed'(4 al )4W4 all alIlow varial i4Ial mod)41ificatio loll vi IV 4)
exi stin do ,ill jpaal-lt't('Is. We4 iilav aIlso lilt rodi(1 (1114 til-ek iiewl c1' oilto~ili" to the4 triack

proil le Icv lpencri4'at lug acitit l (1 roliii 114 1 ack. The Iuser" elects acilii l ou I)\sp)(cikiilg1
all ( 0 q) posit loll fitoii I lic (CS and~ ail oiieiltt'4 liil itle (I .I )t( platii ol' I lIe( t rack

allowt which it pail 5110lil4 rot alt ouit of' I lie( plaile to t~all off 1 ie( 1 tacký. 1Ile niluo 1011

ol' 1114' pall rlotat iig ont of' Ihvi plauie allowi I his 11114' jpfodlllce a (illit o ntt0our11 III

1t1e lI ack colre(sp)oildilii to dic14 shlape4 of* Ilie pail. cspace shell iill~l'isali

alpprox~ilial loll toI he t' 1111 )4ltlolt pr l oi it whichl I lic g('critiu'4 (110utoiu t oullIir 1114'li

C0oli\t' 111ll of 1114'. act lial coilioili, I hat w~otlllhe (IN'ci 110111 1 ll(' Irack a., the4 pait wa"

iot ate ( )III11 ol 11' I laiit' alboiit 111c ori('ilt'1 lilt(.

I'silug t114c 54'14(t4't posit.t~ 1051ion aiid ori('cI4 ..ille liii'. t lie litoltlolut ri,1114'

g4) '11crasiat4' pl)4)l.\)icl contou)Ir around fic4 14 i1114'l5't ion of thne (x.Y.O y. i tail~lat4'( muid~

lniiuigli 111i4'eJpart cg. The4 (0i\'Xhll (4' 1 his contou)lr is take'l andi~ 4'Xjpaii4v4 ill

stet its 0V'lace4't5l1.i4' The4 oricl4rinl ol11'4Nall'I 411 0111" aei VC' a

I lieu 111v4'rled4 to lo,11ii iitthle. aiill the4 pol ,\gOli is 11114'rst'clt'4 witl Ii 1114'1 ack. p)4lYgoli

at t Ie( s4'14414'( p../)josit loll1. II114' (1114)111wi 44)11)iou lllt4'cl ý(I lthe I rack bolidlar.\.

it i'- (lit andl it". ver4llc .1 'Spie lilt('4 11) 1114' 1track poli.vt~oi. I114' 41114)111w 44)i11)ill I"

44)lllIpl('14'l ~v wlitn hut 1 I ldck p)4l~g4)i. 11i' cu114iit \4'l14'. 1)''t 1) 11h4 trac~k 4'4lt 'I I"

",1)l1t illd olliiectel to 114I lcI ak poklvg)\-it Vit ia il'I4)V ,'1l'I t (.1114' i4'"Ill viiil catst, ("(

i"' it 114ew track jpol~g4)II co)ill)llr (4 g4'lill" /('lo. I the ci14)114l)4l oeato 14)1 111 iýlvllctrtel Ill

5.8 Summary

Bawd~'4 4)I1t I' .icsSllinpi) loll I hlli cspae-.slaell xv4)idlhe IN'e i''lt cl1racl i\ (.I\ (,it prldi4))4ll'

of li )1 S iat,'\ 14)4ll"4'(l .41 I4' l4 \i 111 ' i 1/ 1 0 (f/ Ill) cluiil vcI *1 ' ( . o441 l'lf 144 (44i,11J)Ilt

5.8.1 Optimizations

Some4 (fl, t 114' miajorl opt) liiii/.t 144" 14o inili)4\4 I14 l )'1)iit,144 4)1'rm c ofcspace-.shell and14

It,,s -ilbr1o411ili4'5s I flat we4'4' dlcs4lsm'4 I ('11 ' 414a'C "I111111 ia ii/4'4 Ilr I f'u o 4 1l41 i' Ic,~114'.

p rt a', it riwiat f 1it 1 4 .l Illf utliii 14 Ia l I ' Ihi, I r;,ik
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Igure 5.2 3: (I lol lo a rack ciloi I'(I by i parI'alIinu off of'
Ilic I rack.



Generation and display of motion constraints:

"* ( otiplilt at(it (lI~s)Ia\ onik tie C's tacet s tiiii-g shiape inlodificat iou. Oliel(

(CS 'Ca!l~lt'."s .lic as et'tlets. vv(iI Ices. aii.J t'acets oi- jpolttoils of* fa-cets Ithat are'

Computation of paths and topology:

"* ( 0111)111 local C S I opoloupV oiilY diiiiiing ilollt oil path Iiilt (gl-al iOn.

" (Cache lilitoliinat loll oil t'acel Intersect lolls awlt atlja(('iilie Iii (IiiiIiig pal Ii com11-

jpiiI ailoll to0t Ilse' Ili sliiseqIlivIll p~alIi(ll ijI)Iall a bs.

Computation of facet support maps:

"* lestI t'o!5i.Pl,)oI slat us lisilig a lmiarl( iv i(-i\ol teý,,sits 101]cii ,ilie flace(ts ,I (stil)-t'acel,

"* IDivitl( tceis Hilto i('tlt)ios ottf*(III'iuIl" Pout!l JIIJ-olY Stat us (it I li part cg i'a V

5.8.2 Complexity and Performance

Computational Complexity

1111uiiiuiii ili cspace-shell: 4 onipwlfllloll of' contacat la(('ts. (olli~l~ltal iou of' Slipp)lt

Ft I~Io(IIIh lIt~)l II licI ( oh lit' tojmatelo.(1(ii). Ilti aitaf iii 'gla thie optimlizt'101ion! llsat us

COM11pill al lo~lls Illolt' tlat l ahlt'. a', shiown below. Vl;achf, Ittlit' t'sil laItcs below a'ssiliiics

I fat all fpolveolls hlave U()(I) \'l-I Wtt's.

Contact Facet, Generation

(Iolliplitlal loll ot, a conltactI tatt' lt'tjuini's col.%ilanI tlm alil( conisist 5 ot' -olllj)llt iug a

tecw colist alits aiitl plia(.illg 1vil heilt() a dlali sI iliol lilt. A\conitact late! IS' geiit'rale'tl
toi1 e'achivIff P i aiil P l ~ -dq 0(I cw lac eIwevt'I Iwo polvgolis. I)ro(luicilig 211-

cotaiil ad acet s. 1hit' I tlim' coiiipalemlYitll tt'-iils of* l)o/yyo S1 . -( it is I hl('l('t0it' Ut u
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Support Map Computation

( 0II10 1it h the sIIj)j)oI-I iiia ) f'or a cont act f~acet. ii Ihle wVorst J)0551i )l( tcase. collisist

of' testinog whet her. oi. not thle lilov-ilig j)ol\-golis Cg Is nt1-11(1/ lato thle set of* l)ossilble
,slil)I)ort f)oilit 5 at I hit' lv\.li i ~Im ) sit iou of thlie llovilig j)olvNgoil. lliis set tonisist s
of, I h l'uiter-sett loll of, I lie iloovilig anid slipl))ortI Ing 1)olvgolis at I hiat 1)osit loll. Fo. Itwo

a iL iii-a iv 1olvgons I hee viI wI be~ (2k1 i'i + K'-milog n) veil-ices to be I (sted. wher-e 1K1

a uid Ký a it conltalit s. P~oint ait-~(' sallij)ltd acr-oss 1 lie f'acet at N = (_/3 , Ill-

It 'va Is a loi i .1/ ( r. ,,t~01q Omi",, , ,~ ii xtd-O slices of, I lie( f~acet. 'Iii eeftilt'.c

I li( r-etiiiit't coin l)llt at loll Is (2ti,(2K1 Iit + Am log it )..1I ). Ilii term:ý of' /Imygon NV-(

// Wte hiavte a t iniii coniph'xitY of' O(wt, log it ). anid i In letrlls of, u sol,Ion111 II Wt'

hiave 0) ( R..;")

Motion Path Integration

( onipuut og mjot ion p)a~lis conisist s of' fir-st deeulllganid recor-diug thlose I'ac't s t hat
Il ight 1c t't'icolilttr'le t Ii rouigh adjacenit It raisilI ows ori. Ht erst'ct loll' withI t he cilrrt'u it
rt'f~ertiie- F~acet . whiichi is conlstalit f'M, conlmllnitg adljateliclts and r-equliires A'(211 2 )

I 't u frfce lttrs't ou. her'Ais a con st an t. ]-or teachi stepii I li t'e lit egr'a-
lioni we lutist chieck for)i t ralsitl~losi'relt vt' to t'acli of' Ilit'(, 02n2) fatt'ts listed fr~oiuu

hitc pr-eviouls tOllIplutat ion. where U < 1. lllttgr-at jol stt 1 )s art'( mladet at mxl~l llt 11l

[int 'rvals of, th lit'rtsoluit ionl giveni bY RklL' ," The act uial 1olot10clllllt C1IIIat lol at t'aclu
st t'p lt'tllir('5 touislt ittl oe T"'. ]hiut'efore. th li'conlm)it at iou rt'tIiiirt't -ols 1. of

( /~4~2)~+ p,,,, ~ ~whiichi gives a vor-st cast' time coni pexlt' ty of' O(rt'l

Ill tet'rlls of, poiqot. 1: . alth Ili ttlelns of, n.olt /i;oi IL> ," we have 0 (,

Average Performance

[lt' abIovt' tol ildel y'x lvtx atssioiis ait'( wor~st cast' boundits. "Ilit' avei-agt' t lnit it'(Ilirt'tld

to tollljmlltt anit rt'iidt'r collistlablit f'att'ts for1 p~olygolis oil thle otlerII of' 8 _- 1) edges
wasit -_ 0.6 sctollhs. lT'e a\ (Tlagt I iiiIC rt'tjiuirt't to ('01l1Iftt alit1 t'CltldT' SuIj~)0I-t Inlas

1,01 ie( sallic 1tlYvgoiis uwas 2 5 * secttonds f'Oi a rt'soluit oi~l of' 0. 1 Inichets. Fiuitallv. t Ilit

I illit Iel'tlllt't t o toulilmIt t Iliot ioi p~aI t his or I hIt' sameit t'Xaluupls w\as :1 - 7 se'condts f'or
ali aVt'ragt 01f I pat his.
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Conclusion
Chaipter G

6.1 Summary

Tllile p~rI IIIa I-Y goalI of' tIIIIs researchI was to a rgue f'or the valii I vIII of' t lie I I'pot leiets 1 liat

iflot ioll const1rainits c'all 5ervc 1)01 I as a repr('selatoilo oI' lhe Iiiict iolu that IIlaY be

dlerivedl lroiii shlape liliteract tilns and~ as it tool f'Or lllamptiJlat iil and~ (designling such1

hitict jol a shiapes.

\We Identified anid e'xploredl t wo ke\ issues raisedl 1) , I lie albove hpl~)tliests: thle

dlevelopmllent of, refpresellt at lols fo0r filuic loll III teruis ol Iliot iou coiist uaiiit s. atid thle

d(leelolpllewl of* 1ools anid mtethlodlologies nleededl to create finciictonal shapes Fromi

ilit ollo (01151 alints.

We dlevelope~ld itt*rlial rep~resenlt at ion of* kinineiat ic 1110 ](io coiist rajilt s f'Or a ~ui
pie (lass of' eoliet iric (onllacts (planar olygons) and~ uioui-ktiieniat i( colist ratit s Ill-

chl~iding Ior1wardl projectitolls of' litot ]oils For hot hi exact and~ ('lergy-IMtillld('( (vilaminC

lillodlls. Thiese represent attois wvere appfliefl to thle 1"oeti f'(xll~(' 'iJ(l 0roi1

foWit appllicatiton dlomiainls: compillianlt asseinll *lv of* rigid1 objects. orteniitng of' p~art, bY
-ai ra 01 h owl feVeders an l1l \ O(S v hiat or\ f'eeders, an 11 i xt ires nise to lhcatle atnd(

hold lpart s. Thlese exampllles were uisedl bothI to t (St Ilie validIt x o t Ilie Illvf otie"Is.
and~ to inspire and~ guide th liev((elopmllent of't lie (eletatl(( i(j)epr 'lltat iolis. lor Illie

pl~lurfos('s of visiializat toll. thle ahst racto toll of iciiic t vll hinci 1(toilal iiieaphiorsý wit iitt

each of' thle appllicat ion dlomauins was a lparl'ticlarly powverf ii tool Iii lillteufret tnto Ili

rehpreselltattolls aiid (elet rlinuilg what chlanges were liecessarY to achiteve' tlie dlesired

1t,111toi.101

WCe developedl a series of' tools atnd teclniifles to access, andt iianiiiiiate t lies('

rejpresenillt a s [Or thle ipiiritoses of (lesignl. 'Ilie buasic applroach wa.is to (mist rulict

Itaralinet nc represenitat joil of' miotion constrauints f'or fplallar p)olYgolls. aind lprovidle

access to (Ities(' rejpresenilt a bu iii aii inlt (il~tive grap)lical eulvirol111iulelt Ilat all()\\. Ilie

manipul~ttat ion of shape parialli('tels i tl Ilie (out e\t of* ftuiictlioll re- treseitteti as illot toil

cotist laillits.

21:3
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"* Unified Representation and Design Environment. I It(, a"'k'ý, ii~~

Ill OW Ii4' (011 ( 4X f lu 10 111 Co01l'~1lil t i 'llIts a1,1t (I llul (4io cp A'l a ul

"* Explicit. Representation of Miotion Constraints. .\Ii 4'Xf)II61 t 14'vmI~l4'Ia-

* 1)1 Rapi (soiii putI atI ionmIý of(ontra s I('j14 4 allil~ 11)1It wh)1 114. 111 Cller -

* D~'na Ic (ionst r int isualizaion Ic m aI-liiIiikae 14 11'a Ii (, iiak
III 1)11tatIt'l 4) 1411)1 .i1l it (N 4" '44111illl iuiit11ci O x11' ýljl .11 114 al('II

'~11l t\ 14raalbY 114-ec Owia ilull" Illwla\ it that 1111mu)ii l 4) hinc4' mlj4'L 4fjl hlj4 l It

(d iiit ilatio i c S lIaele I )l\viall4Ior 141('c1 14, 11"11114 ki l'll al C l Ill4) Ow)1 (4)ll"11.111

" Riapitid Compuratint at Constroints.o ('oniplexitylll. kwii')l) l 1("(I



a Foundat dions for Design Automation. \latlwittial iually plw(4!s aim! rut

plitIat toliaII\ access ilh' l-eptesecltlatluolls jutl toiolul fwtI lutilit tattit deve lV~ue

tha 118 1111 lay th l 'ie luIlli(wol- Fl . sf i ksyi tlS'tttlt ,'(,]lii jul hilHv ailitlll Cit (' dllsjtlt

alttal s,\ visuaizaionI alo l 8111(esigil of' tttlulol outttlitclsl-ilý attlutig! \S(ii ullodleI it,

pIlltadi jM)Iygols cspace-shell. Speciicll. cspace-shell Yitjymurt :

"* th dl'(isplay o)1 illtiutjul (utisttaititS. huthI (utitacl ilt! ando luti 1)lanth-u >tIIpliut

"* I l~e ahility 1(j ii Ijill ie)1~ 'slialm pa"vitat et(IS (liter via \ijit lut ltwoluI abo ithitat

pI(tttl iS ('xpIol-l8 jut ul coutplingi hld eQ('l (leSigli )8t-aliflet 'IS and utS attt~

"* t l( csi tttttalil alut al( 8 Iitttit luoll uf ý,s lcSt etiIel laviut fut. Speci fied ililil , at iii ii ita I

"* theI abii i , v uo dl-ciitdl getiet'ate SI 8)1'S and( coutist tjiilll S jtw. itt hlite ' se (d II in-

pu(r'(l mtiounsl1 via atit utttil upel-at iul.

6.2 Discussion

ul cspace-shell.

6.2.1 The Concepts

Iit Sectul I~ 1.2.3 we' utttl hitcd It l ialut- goal." (A' Ithiý,usal~dS(jt. IItm' pjitltlat\ itoaI \\aý
to It(, ahl k)Ic s ill' i1'5it8 ut 811(1 (tcatc (' 11111iuttl Io SIhapei( itll ('tactils fiut o.lt whtich Iwe

8c-ic t(wo uf ajo1ll slutI ) toalsttt t dievelop8 tts au pllellsc an uIe(d accs 'd I-paitewilat VIit'll'o.

tI tat lolal shac' ~//0 11iig i/I/ /n co', iusli ru d,. aundlf /ja ''b (2delo Ii( loo1 and mc 'rilI

thatI at( iiili iili (iIlly./ aiii 8111 om ipniublqiolifill e 1('1 appl.u ic".e I u'l

'peiE'(jh cxaitliples h-itut lltttlh' uIII~f d applicat iutl (Iutltaijlsý.

W e' 1(1 'IIitI 1(1 I'd ta Jiit I lm ' Ic lcwll a ''II ('lit II'and Sl' ut ('ilc 11 i ('. *u tool ' t t tI(p'd il t he' 'I a

WI ''I . jilt i l tlI'o i I II [ itt applicij(ltil it dIIiii a t"i II( is('t IItut it I ll'c fieId (d, a itt o(ittat c'' I a'''t I

lil.\. I i -p-- il ol 141 1ic c e\ lp c o la l ilC a h i 3 1lc
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exailjle5lv for t wo of' I lie 10111l dlomains iii Sectionis 1. 1 .6 alt 1.5.3. alid thle e~xJeriiieli-

I at verificatiton of, feedler designs iii Sect ion -1. 1.7 suggest t hat thlese crit eria have I eetl
sat islied. at least frw thle (lolailts so far examiniijd. Ini lerniis of* thle overall useftiliies'.

ani( 1)01(111ial of' 11101liol ('onst rainiis as a tool for analys is aii(i (designi of' Iiniclioiial

sliapjes. Ihle getvier a ppi'oac and~ im l~leinidited tools (eletionlistate ('I otl ýIiirclIglhI s
anid weaknesses. somie of' which wve will now discuss.

St rengtIi s

M\ ost of I lie perceivred strlength1 s of' Ih lie ottot i coiisI rainlt represei itat it havceI)eet(i s-
cutssedl exi ezisivet * elsewliere ili I hiis r'eport . Brniefly. Ilie k iiei nat ic al( ti loi -k iniie at ic
11101 ll (co1striainit l'elreselt at ions c'aptuire ev jplicit ly what w\e cate allouit ill teriiis. of'
f'intcl ionl [roit shape. Il t Iernis of' interactive design. thle abilityV to reasoii ab~out futlic-
l iont (IlItllilla lsgt aranivr es in W le context of' 11101ion cotistrajitts allows us
to (determinle at a glaiice whet her or iiot a p~art'icular desigii will work. Furthlerinore.
I Ieto (Il*liatinic const raint visualiz~at ion pirovided by tilie ilitteracl ive entvironmlient will
inihical e whfat lparalineters miuist be chianged if the exist ing design (loeslt vi I nwrk -
exp)osinig thle iiiherentt prolpet'lies of* nlitol 01(oust rainlls.

Weaknesses

W\e not ed iii I lie int rodunct ion t o I lie coni~ifiiat iOn space represenit at iOn iii Sect iOn 2.2

t lial I lIe( colipllexily associate wo it li reprsn )ie(i jg 101inot On onst t'aiilt 5 glows eXlpolielt-
liall w~ilthi I hue numuiber of, degrees of' frved(1t1. We have. iii ihe examplJle (louiailtis

exatililed. been ab~le to limiitit I( liniuiiiber of degrees of' freedoin t flat illuist lbe cots-idl-

et'ed explicitlvy by jui~licioiis choice of, 1110(lels and~ assutiiiptionls. Vi'iirrtitlitat ely. t here
will ito (toul)1 be niinnerouis exampijles ill which Stich simpillificat ionis will hot be suiul-
able. lIn Stichl cases. I lie growlh in cli '011flexily could rend~er' suit able nitol ion (01151raint

l'elplesetaita oiis ('olitl~ilalioiially jut tact abde.

Ilit I lie (olilailt of coniiiliattt assetmbly jilt rodluceh jin Sect joii 3. 1 aiid evaliiated jii
Sect jOn 1.5. we iiot ed I hat jii addil iOn to t lie futict iolial (mist taiit s t hat dletermlinle I lie
assetiill~talility of* at set of' part S. I here are I vp ical hr ol her tioh-asselii ) v f'act ors t hat
ttuuts be Iaketi ililo cotisiceral ion wiliei (oleferilnilg whlat miodlific'ationis to slit[)(
uIlav bie Illadle. Inti h le exalliifles prt(seliledt. we asstiliiedt hat whatever geomuetr'ic

propert(itjes wetre (critic'al to nch'l ttoti-a55(lliti lv hituct iottalitY v woulld not be mtodified.
As we not ed. we \oiildt idteall ,v want to cotisider t'sichl lpt'perl'les ho~ip /ui'w\ithI iliot ion
(milst taints. Thle piroblemi of' iilegiat jug Ilie t'eptesetitat ion of' mlotion (Onst rainit
wit Ii (It hiet 'mlhti' iotiat colisidtelal ionts remuaiiis openi.

lIn tetilis of' uisitig ilot ioul ('oustraiuits as at tool for initeract ive shape dtesigin. we
ate lAce with Ii lie iuiitatioti of' having to replresetit ('Oust iiilits iti I litev (dimensisonls
or less. Inl genieral t his tineatus t hat at aiiv o(ue Wtie we inta\ 'onisidler in (letaif ouulY
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Ilm'c Intoit)II, Ilial p()"c', 11111V IbTm, 4 fundan tw W., Allilt'llull ý\r %wic cildc

If) (1(11,i\(' 1,4)1 illc I"llu applicali"ll d(mlaill, Illal caplill"d c"cillial

ill plane, wil 11 1 Ill-ce degrovs (4 fucc(l(mi. awl in wnc cases \%crc aldc 14, makc 4111"
\\ il 11 wily I-cpI, c'vIll al ioll, (d' / 1-11 /1.%// /1) II-S If, Inu lici dillicil'i(mal Ill()l it'll'. wc Illa.\ It( 11
it I xvaý\ ý, I it . ( ) If w l I I I lit I I 'I I It ),1 4 a ( 1, W I I ( ýI ( - I I I I ý i I I I I )1 '11 it I I I h I I I I I it I I it 1 1 114 1 )11 , I I it 4
lim uc tha ll Ill ut it "_) I'( I )J, I'l't I( )III W ill ill ýI If I ;I I 1 1( - I if ..\ I -I I I I Ilic ('1w I d, i I I 14 ýI it I I
I( -,i .ý- I I I ( if J , .

F i I I a I I \ . it I I, m ýI- I I a I is I I it 1, 1111 m 'i-I it I I I I I I If ý1-( III, (.kill( 4,1.11 1 1 it I I I If ý 1.( 1 -1 1
al io ll ()I, ill"I it'll co llst railll s i I I cw di,-, Ill'al iw l I )a(.(. I I I a.\ I it )I I )( - I If I I it )'I i I I I I I i I i \ I

Fel )p s( I I I it I it )I I it Va i lit I ill ý i I I \v I I it I I I ( ) I.( 'I I 'i( IvI 'llapc i ill vra( I it)ll'. I I I ;I I t i I lit I . I if
callse I I le I-cpresl ýIll al it ill I )I-(-cI 11 ý I lic 'cl ()1' 11/1 111(0 itill railll I ( it-'( I I if -1 11 If .1-f - i
ilw irisk Am ilw &Agnvir I nay I w ww"ImAntod MI h twcoWwdo a i L WAR Am- i-

it gival dcal (W illf(willal ion presenled ill all imiww ndi it, 3. 12 ill So( I itll 3.2.

We Ilave I ried If) st4lell I Ill, h1mv s('111cwhat hý pr"\ idill'-, ill"I lacl it'll' in I Ill'
of I*iili(.t iolial Illel iIpII()I-, I hill f6cll, wlc!, al Will i(m ()It I lic Inw-c 11111)(wl aill a-pc( I

Ille Illolion ct'llsirailil represclit al ioll fol it O\c1l applicalioll dwilaill.

Wolild il he p(r'sildc If) prescill it Inw-c ahridued represvill al ioll. perlial" illi'll'u

Ilic hill's ()I, I'll llcl iolla I Inclaloll()v illilstralion lich ilý in Fit-,111-c 3.3 I'()r it c(miplialli

all"VillblY or 3.9 1*()1. it Imvl I'veder., Such a 'illiplilied lelive'villali(III c(itild

ccrulinly he Illadc h, indicalc it' it ",koll flesiu'll c\Ilihilcd Ilic dcilvd

V\aIllple. il, 111(we Illall mic palli arumv ill Ilic bmvi fco-fler Inclapl1w ill Viu.

I I re :0 ) I )its,(.( I I Ill.( )11--' 11 Ille fecdcl, willwill I )( -i I 1 1.4 J4 cI ( .( I . wf wt )I 1 1( 1 k I I, m I I I it I I I if
i vel I fcv( I( -r ( Ic"i ,, 11 w ill fail . I I I, 'r. I Icl I it 1.( w ( -'( '111 it I it )I I \\*( )I I it I I )I I I I I I I

lise in del cl-milling whal I I io I I( x 11( )w I I it I I I_, 4 11( ý I I I I If -I- I y i I rý it I I I I
,I.viiamicý, s() its lo make Ilic fecdcr hinclimi it, desired. Fw- nch ;I litsk. \\c iwed
If, havc access III Illc llildcrlyimý c(nistrailil I-cpri-cillali(m, ill Allfirl If) idrillil'.\ and
I I I ;I k( ý I I I( I I( -c( ýssa ry cI I it I I -,( -s .

F i I I it I . Iln I'a In il ia r rel wesvill al iow, it re I-it 1.4 -1 .\ ilil Ilil kc al I I I it 114 11( 1 1111
san"'(1"Ild Im, SaW Id Inally clit-, iflecrill", represcill al it'll, ill lvidc'plvad llc I-I)i
(Aalliple. Ilic illl*(,I.lllillioIl prescilled in sm 11 I-cpl-c'cill al it'll, it, I hr(picil, (Itillmill
Mide 1)1()I. a 1.()()l l(wils diagraill. or it phase plailc 1wrl rail I'()I il , , \ 'IcIll lit-Ill I Ilc licid,
o f , v"Icill (I vilaillics and (,(,Ill [.(,I, arc clrf_,IIabl.\ ll()Ililll llil I\ 0. ý,, 114,11 111" 1 I'll, 4,11111cle(l.
W ith expericlice. bectmit. pi'v'cifill \ i'llali/ol it'll Iti'd,
Ilial ill it (.(,[[( iscalld. c\cIlIll'ilk. illillilk"Illaillicl. Sim
Had , v. Ilic lll()IioIl cwlslrailll re 1wescill al it'll ilrfillablý has Ilic p(iff-Illial If- Iw it 11,41111
1(,(,l whell (d).jeclively jildued in Ilic (()iit(,Nt t)l' whal makes it rvplcývlll ill it ill.

A, wo,ýd Ili S'o-cliom 2.2 l1w , .I Ir"o d.-III - ,11,1 rmlit d-, w-I pr, \. lit it, lrý -lit - , .11,id
1111*1111 d illiclisi'-w il a lill" ll" ll Ili, I 'I, - -111 11 Ill d, I I 1, -111 :t 11, -11 111 It,, da I I ;I I I I o

)11;11 f -1 1, ý I I cý



218 0( hE' i fi: ( onc/ilsol!

6.2.2 The Implementation

I' he cspace-shell Ittij)1lc'illteia loll. as tiole() al)ove. pleselits a sel of' tools aiidI s vt-t-
I fiesis pr-ocedliii-es 1 hal alv 1)01 I'l Iuttwl ioiallI (otisislelit ait(I OliiiaioalvItcale
as' well it, li(ilii" sliff~iiceilt iv ast to l1e iise(l Bitlc vl.lasicailv. I ite set of lii

pfel~ivilwt((l t'imefvleSitat jolis aii( ltools allowc(f its 1I.) (lo. whlat we wvall e(l. all lioligil not
al Wavs its caslilv as we Iiiig~lt hlave likedl. Specifically. dwheIlisci1issioii l'egal~liltg thle
vi'Cokecti etss oA tile 4 lesi gil hi itct 11iols ii liite ill cspace-shell itSect ioi 1 .6
iiidlicaiedl fliat, alt iioiigii slitliciewt to genterate wor-kablel desigits. 1 here was a goodI
leafl of, looil Folot ill) fitovetiientill lei ll( of, 111(1ý e'ase of, tse,.

FIl fi folowv igl ist 1'st of, featlives aii(l opelat bits mtpeie it d i cspace-shell

(ini bold faced text). t ogetli Ierwi li iv tI'tvfattires we woui (1 hlave hik d to hlave hlad
available whille dloitig dlesigti.

"* Independent Manipulation of Coiitact Constraints OR Support Con-
straints. fI~ie local lols of' siippotil I r-alisit loll l)oittt(iaries oil I Ie( C'S ilia 'v iev
tiiodlifiedl Eliect lv lbY appjaentn itivei-siot of' tlie siil)l)oiIt li'ack gvotnieti,.\. M' Ill-
(1f1iect lY ) llvtodliticat lols to I lie C'S it sell. Billt t lie 1indirect tInodificat loiis I hat
re(Sullt itotin cliattges to t lie (CS ofieti make it (ljfliciilt to posit iotl slupplort i~atisi-

I loll iouitli'fatles as dlesited~. 01ie opt bitl to oVetecotuie I hlis wouldl 1e to ilii iowilice a
hecw appflfhilti lilivel-sioli desigti tttictlionll fiat coupjles supp~jort t iatisit ion bouiimf-

arvY iiio(ljfjcat oios to E)ofiI t lie ti ack ;-itd p)ail /howf .l all geotlittti'es to allowv
llitoleC 11ltlfotiii titatipuillat iou of t Itese I iotiiidatiles. Slc it~i a i1lit oll wouldl ser-ve

ais ali alt c'tiiatllv 1o t lie plesettt tedlill(Iqie of* iiavmiig to alteriiatelY tiio~lifv t lie

(CS' mill slip; iort 1latisitl i onlioll~l~aliles ili(le~eiidlenlt l v of' ohie allot hter \\.it iiii1i It(li

Ititiet lof) of ,,li flsi ivi tie o(lolopv *ilitit ate(l iii [iguire I.19.

"* Representing and Manipulating Only the Intersection of the Full
.r, y, 6) Support Boundaries with the CS. flue coiupliing bwlet eii dev-

sighl pat atiie et Il's tlli motion coiistliaintts exhiblitv~ edil tw lie feeder examiiiles of'
( 'hapicut cv oltlflicat l'~l I Ilie pl-ocess of' (lesigii aii(l accoliiite(l io0u a (oilsi(feal-Ale
atiotitit of outl llit ii atidl ('Iloit . I )tll Ii ii evelopitig rlesignii 111(1 toologies to

co)111 tol (olillflemit V litil ill leqitlil-igv iuiati'v passes tIliioiigli tIIle ittliet (lesigiilo100)

of' I'iiu ltt- 19.1. \ltiiloitgii miost of' IIils coilpliitg is aii Inititerii InlwlY)el of' iio-

I lill couistlialills. sollih a(lWit ioiial coluplittg w~as iltitm(luce(l l)Y t lie f~act lihat we

wcte tiot alc ite 1( iiatiijillat e stllj)f)oil collstlialilt 5 il(lel~elt(ietitl lv of* I Ilie (011 act

cotist raitti otIt 1 lie CS. 'Ilici-erefote. at tiuoe (lesir-ai~e lefinesenltat joll 1 hail shlow-

iiiuý I lie siilj jort I tta tisit loll 1wliottuiar-es oil] wher heyvi jltY etllsectl t~ liCS xvotldl
lie I lie djlect co( ilifilt atloll. uevii(letiitg. atu I uinaniiplat ion of' tilie futll sippjoit-
iiolillilfdib4s Ill (.r~. 1.) ('otifigiti-atliOu Tpace toget her. w~it i tile (CS. Tlls wmlhl(]

lie ali alt eliaiia je to l lie coitledv IllialTiltlat jolt of slitpliottI t1aiisitloll hioluiitdaiie~s

pl-iose~ch aliove.
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"* Applying Modifications Uniformly to All Selected Object Vertices.
Il~l(, alppalivit IIIv('i011o (l('5ii2m 11111(11011 for lllallpijlat ug) thle CS Facet s mapif

to all selecet('( jolygoll veil ices tiI Ii(ilbinlv. Vs a restilt. chllaigii,1 lie shape)(
ol, at I'aei to. saY. (ialdlgeIt's orleWlltat iou am/ p~ositioll lHaY l~eqlIHl'V mutt if1i('
!llallipillat lolls115 lsig (iiffll'1lllt 5111 ('1s of I li pol.vg'oi eles(('lilgIhtaet

id(('t shiapel. althioulgh at the c(ost of' a(Wi~tjlloal (lei('gr(4( ) fiveedoi Iil eoli ol

t hat lu111is 1w1 sjpeeified at piol-I IY I lie (leSiPulCI'.

"* Mapping User Inputs to Motions in X-Y Planes. Two dlilluemsioulal isi

fpialle *1cil (lfigill-at ioul spaee. 'Il aI~i~ f Ie~ii I ol ll~ffIl 11 ilflpills to

offsets ill (x.0.(). (Y. 0). all(l alwi-iari-lv specifiedi planels wonldl have ueeli uisef ii

ill illlo(lik-ill go(1n1act facel sh ap es wit ii fwer. seleet iou) - II lo(Ii ficatIio I stepf s.

6.2.3 Some Remaining Issues

Uncertainty and Reliability of Designs

Ill 1111)51 of, wit exalllfples we hlave assulilll('l I hatal ki(52ll dcs),ll alll('f('rý,. hot) If Shape)(

al)(] hull-shape, ale knlownl ('Xaci lv. .\i fihl~lportalitlleeocni ill allY (l('sil~ll aclivilit is

e~lialuilitY x ow well (hoes at (heSigll perfo,0ril1 whlei fpklralliel('t's \.at vfi\ 110111161.( Iloullililal

valuues*2 \lot.( gelelal lY. hlow Call We mod0(el the (11leets of ulliceri ai lil onIl e hillel lolia I
1hu(laviol. of, alI t aiat and~ hilell(le till evaltuat ion of'tll'sce ('flees Ill i lie (l('sigijl pr-oelss.,

Illeert ajllt Is is pa -i~cllt d ilfIoliutit (lllsi(le'ratio 14) Oi shiape fpal'ahlltels hec-

Calise(. as W(C have\( 5lell ill a llhlller11wi of' eallile~(s. Smlll~ vanliat llls Ill evil iecal shape

f)alla~llete" c's all f)lo(llle(*' 1otion 1(11 (0151ailits thfat ale lopollogicall 'v. all(l I livi('lef(rI lhlin-

I oiialiv. qui1te dlif fereilt . 1`0t1 (Nallple. lil Seet ion :1.1 we iioled Ithat ILv shl-likimll
sh"lght Iv If( wle l xIft ii 1 g1 a 1 i.let((al-alle(' hole Ill a p('g-ill-ll1i( ass('l~lyi. I lIfc' ('tiesf)onli-

illo. If()14' lull I li ill' 5111 a(4 ft lie C S ill culifiiŽllalt loll space (1)111( i)(' llale( 1t) (ls1)1a )'av.2

011ie llel('1 of' Iernil('fls('llt Ilng Illl(l'lt ailit ill shlap)( faldalletll' ('Is k xV Ii~ h to d('fill('
Il1l)1 oll (Iulll'llt 1(1111 5111es' whenll eaci sliajue paldallltl't(lakt~ dl('5 Il it Ialige o[1 vatic's.

11)1 (Nalif)l('. if' We W0V(lto IIi'jvl('5('ll eachl [)fulgoll vell('x w, a siliall l)lulllil'(lel F-eigllll

ill Ir q) elvl I ll(' leslilt Ingi~ eoii act f'ael s coulil(i 1w' l-eptles('tedI as Iululdi('d( ro/uiti,,

Ill (i.l1. (I) eolulfig"llal~tiol sfpa(( whvil I il(' sm-f aces ouf thiese volulllus ci'espl(' mll~ tou

f'ae(t c('(lat loll,' (valulat ((I alt (NI n'llu' vallu( 0's oIl11'\(lt ('IN fMIcll111'l ('15I3]. 'I'lil

)2 I( ),.f f (I I\.. I , I )( )ý I ldci I() riui " Il l, , -III 1 1llu 1l hels Idll "S' au' I I d o iiuc ;ll and cm

IE,'ld,i fIrES, lulguI !sl p uuaranw rifcalk~ iwp r iIIIE-elI'I h, l (it'uuu.iig ,jcf ' i e
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Start

Figure 6.1: .\ nominal to!ionoll pallj. witili depthl-otie branches at each point where a
(fIIaiI"IC Parameter variat ion would result ill a diffecrent inst antaiweoi milot ion.

(oust mrtc liol and ini erpret at ion ol such represent at ions wouild. however. I )Cext i'eliel\ v
c'Omll)Iex. A-not her means for relpresentilg shape linceriailtv would be to extenld lieC
pres•et (.. , 0) representat ion to include d imensio.ns for parameter varialiolns [23].
This. too. would seem iIlal)p)rolIiale for 0o11 l).p l)roses• sill((e it wouhl make I he process
of design even less I ract able.

.\not her meai.s of represent iug shape lmicertaint .*, at least in(ire('t IY. w'old(l be to
(lisciet('l ,iv siamle the set of' shape pairameters iii much the same way as was d(oul( f'or

hlie (Iviia iiics paramiet ers for ('01.om)liant assembi in Sect ion 1..5. speIificall v. since
we ha\,( il p)lace lie tools niecess'.arV l change sihap)e paralinletrs and view thlie effect•
of, these cihaiiges on Ihle iiot ion ('onst raiiits. we (call simllY .use these tools to evaluate

t he ef'ects of shape uncerl aitl V ( irect Iv. Ii essence. We at'e( uiig I uauic ('onsl raill
Visualizaltion as a hle)aDs of visualiziiig I lie sensilivilv of 'a (fesigilo Il) Valmialot )

shape paramiieters (see 'Sectliou 1.1.3). Althlough lhis places all extra hllrdeI on Ilie
desiginer. it leVert hlieless avoilds a coinsiderable degree o' added ('OM1)lxiy lI hat woUld

i'esiilt fioiii iliove (direct miethIods5.

In adl(lition to slhalpe' iaram elters. we ,'auil to considser thle effects of iiiicertailitv

ol p)aralmeter ( suc .hn('h as t lie dihreel)i ll of' the ap)fplie'l t'('e. the coefficient of t'ri('t ion /1.
or Ilhe int iafl posit lo) 'rioin) which a mnot ion is to A art. Sill(-(e lIhese paramieters oilv
aff`ect Ilhe forward piroject iol•.. we need to consider wa ,avs of extell(ing the f'oinard

plroje('(lioll rep)r'esenltlatio•us to iii'luide ilii'e'rlaitny. Onie simple il1etliod. mentioned
(arlier for 'ompliant asseibli'.es. \'as to lInori path bui dbl., corresp)Onding to dis•'rete
sailmples of I lhe iparaniierstem ii•i ue•tlln.

.\i1ot hueir w'a of' lepreIsel11iliig illi'cl'tliliV for a Imiot ion palt Ii giveni a set of' dnailiCS
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I~ldia t ('Ims re )esl-ootaed as nlominttaalue pils tattl(' on I os allii(' wouldt l I H o
Cotlipilte Ihte exact iltotlioll paill us ising iltie iioitiiiial valli('s as hef'ore. 111t at ed(Ii

(dilse tlie inls~tant anevons inlotiou at that p~oint to( var-y beyoiid at 'Ifm-ifiedt l-aille. if'
so. 1 ti(ii iii add~ition l o Il~ ie niomlinal p~athI we (olltd (omplleflt4 tie.ll(- n liii tlI.

frloiii thec pat it at that point. Thie r-esttil would be at iiomintal patiil. iv, b ef'oe. 1,1

wilt ita series of* tlrallties alt Ihose pointis atloiit tile patiil where sonie cottit 'iiat junl

oIt pa rallivet ('s wouild have signiificantltyi afrected i tie forward p~o~ject oh . thei pat Ii

potc('lit at alt(i'liate pa vth. IigIIIe 6. I titllist e ta t ic ('t11 patiil. \vwtIer(' I2veielil\ sjueakitiiý
1tic ta iie tle patili. t11 tie tow seiisjtiv('it is to valitat iuli ill dyllalilt~ l dilet('s

Recalting± our. dilscussion of' coiist railit Ife atue I I It-( IeIII ( 'S iI I SectI io (I 1. 1. 2. we notec
I fiat mot toll pat uis alongi. valleys, oIlt t ie C S are tgeiier-ait (1tilte stl ai e and ili'ensit i\ ce

to \ar-iat ious inl (Itvltailliics fparaluletclts. 'Itlet-ef'ore. We woUld ex f)eCtI lfralichis to oC(4111

altongi 1)0)1 iolis of at tpat It 1 tlat c(ross ilitivUidlial fa(('t s.

Yc(' aiot Iio'r h lulInatIIs of, \isl a Iizitt g I I I(' lohulI ISt hess of, a port ioti of at pat Ill to \*lI iatI iou-I'

ill dtynamicis p)al-aill('t etS wouttd te lo tO? ((1 (lltili( 1 11c' I-llge~( of pal~anielct (v alne f'oli
whtichl thte iltstaiitalieo~lls moionttj al t sp5jecified p~oint ()tita path Iw~ould t('iliailt \\it 1111

to spec'ifie'd )olilli(Is oil tlie of*(iltaillics t)parti'alcc'Is. it*(, coilI comitl)lte t tie Ialgcisl(4'5 f

)ildi It let ('Is fat wouit(I tie tlian-i liteed to) tke'fa loc(al Ii lot ioul withtiin sp ecified t bolit idt
oil t tie fpatIt. ttie lial-l-o\et t tie r-alige of' pat-ali('t ('s For. at g~iv(li po1 int, tile ii olut

selsit l\' t fiat po011 1011 of' t Itiepa I)t is to pa-anilet ~i( \alItat ions1.

tot. bountd~ed ciier-gy forward pr-oJect ioiis. t lhe ilichll.isili of* IllicelIt aitit ,v is sottiewi at
11101' st I'aighti f'otwat-f we1( W'ittay (-it tier expaiid 01. (otl I~act t tie ( oivex f'otward

filoujit lioul colies afpflrofltiatet\ to coltipelisate furl t-alig('s of' par'alliletet \aflelý,s 511(

as t tie (o('fticielit of, test it Ilt 1(11 ( . \\it It I tie (Xefct jolt oA plat it bilindle'' for. comlttianit

as~ltSitIIl \. ilolte(A o ttie~se Illi(('lt ailitY Iv lpeselt at ulsw for (tyltaltic. flaraittet t'l, have\

Potential for Automated Design

Ill tll tie 011 fCeill. Natif~)t(s We htave' 5eli hiow 1 tie 110lOltol (oltst lailt reprevselilatl0ions

alilt (t(i'5i2j hititiotul15 Iltay tie lsedt by a decsigit2.il to) vjiiatjli. aliat ,vec aiiot ittattiptitate

de(sii.l p~ialalett(l('s to flef'orl-it tesit!it. As Iliowd( (altliet ill Svct toll 1A.). tie moittjolt

(olist tailli I('fI~c.('Selaita oli (all bc \iew('(itas that tueltial iaiihl'v pjcit((s( anid cotplijla-

li oliatty a((('ssjfd dite aa s i-lict illes". (tearl\l. t1ti4'1. I ftes( r-efbles('cilitat s should tbe
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414'"lll ( 1 41 11 ~ '(41 i ' cu ,I I I t \. I oc 4IO cw lw alls ()1I'4 I41 1w 14' 114,il I hl l 4'I )11 ,)4)I wcC i ( Ic4(', I ('4'1ll

F .\ II ý -4l4' it aI I lt4lid -l 1 I14,44 W4 MV411 I 5l,4)a 41.4l'I vi114'.lI 're141 i.~/I 11v1 1' I I~i ' 11id 42 I 5II I 4I1ri

.4A 4445r i 1141 p 4111. alt 1411, 1 Ill it 'p l 1 111h 2,. M\ 11M141 114 "00d'5 54114'Ill I)MI kl,4cr' welI~ are~''II
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of 10eiii nuo11 4imisiradinis adii 1iii iiiliiidhw OAineii) var1e4iat\iod 4lnh to il( (o(Il-

Al rai Ii a, ai Ild paraiil cer'. Ii en'r wouI 1(I iik('l bci 1111 i el (in~ f 1414d I inini m i I i Id I lit WI ýo hIId
nitl II4'C(e dI"S l'I\ v corrc4'N 1)01( o 14 al isiacloir I' N iI m4)li~l~ii . 'Ii 'll4'toi4. aI Nill1JIp( lill

0! I i lh ii-, l al etoic'-' ii l hev p iov ike I t he(Ic ma ek~l desillipPliiiilise.~c

Wler ciih Ii;, u)~ili'amleo l of 'lakiliilal4)i idopliY otal 41-u's 'y takiii afýiaii-

1 h Iaii 1C O CIi l 1iiit 0(114' M o iiid S 'i4'g\ hlij ol e M illilld\ hle Fedcd'lo I0'igll llalc'alllod lo'eP

(HaIl Iie 1 a \n 'Ieclicul p4)ci ol illaI) F 1ij. j4 Ir .1 hat ww'i iou el leii d for ' lial woly i 11allo a
li114'dI 01)1 S'eifiicaloll '-' v.l'i~ 14)v 4114kV cowli\'ibs24' lto local h Wolil ina. fit'( loal 4leite\

of coli'l 54aili' coupled4 x lit tiailgcs iiii nal 1)( l'or1iila t ionl of the hldle\ a level4i prl4'deln.

oFl u c 4))l Iicill mpiniins m %" d ildh l rrýuI ,II a o aIo lm / lo

alone. I here1di") hl )4' c al 14) 1' ale ol4'i'-ti/lidlh4 as o li . 4)III' ('5!Ita 'm milli4' (//ililita -Ii



224 ( ha pl r 6: ( oncu(/sI')

.11l? l'Ifia b vE l iE loi 111c coldhll ( )1(Ii eslt iii II o sat 'Isaci1or\v soilolt 14)15l)ilig

.\fail. (II i' lic ihovc ii('~ as XvclI ats workinig IiiI iciiv'ilitat loll', oI' ailoliat OhidtE dl(sioli

-~tra t~i'~alohit1i ll(. li4 ilies of, I 10( l ('se d 'ril)('( al o\('. riidilil issues" It)!or lieu-11c i'ecarl-Il.

6.3 Future Work

Near Termi

I 114' Illiliji low bsofI' the fpiesewlit ipifllelit at ion of* cspace-shell suggest sonic( ne(arei'

tt'l-n euilaiauceliueit s t hat co)uldl Imlprov(Ile 111 pw4'l ad il is(Iiluit's. of' thle iepelci'45(lt -

tioloi dui~l tools. .\(l~lt ouia ('uliauiceuhicilsit 5dul et'Xllsiouis, uIligli, icl1( lefllwug

"* Comple~4te the i( (l(eloIpui('uiI auijlld Im lellicill at loll1 ofIl(' the e4'rgy bl)Oiiil4'( Ilowardl

pro)liols niecessary to iliodel('l ht'j alild AIPOS I'Oeder applicat ion doilialuis.
I'li(' Illaili (llalleuige 11(14' 151 lie t'act that imljp~leci('it gi1lies(' f1*0wair I)oje(1 10115

would lC-fllii( Its toe(xtelld thle curi-citl Iiicreliciieial CS toclg oltst 11,1(1clou to
cohllJipt 4' a ilioi(' comple(te repleici('(uta o l al l ll(o ' thgJb1a 1 C S tofpobogv. sIlllilari t)
I i( lle )dl approach Ise hY BrosJt 1I 3]. Siiice t his (oilipluit at loll N\(ulld almlost (('it aiul\Y

(A (oulifpuiti~lg (CS t opology oiily ws a post -lrow4'ssiuigo 5(l)p alt ('I' all *11iteraci IV('

shiap mod'ificatiiont11 op~eraion ha1lis beeii (ollipfcl('e((.

"* Iluiplel4ii(ilt tl sli('511)il)0511lii 411 1114)1ol 4)1 ()isIraiuitý s I2l('ii('dt(( 1,01. plduila I)4l\

* OW L~~ii(l1p11)011 ;IlgieIII uai-stat o' vI Illc is 14ll('isnl f or bjct silIt ak)11 ait4'guat iou t

"ii~l~t VlNuldtld i( t'flectW (Illa i(' ato 11 d Id.I~C I)I(C)(Iif'01'ig Ol 1114' iofrtlug 411OIialilouiSt

Fotlie I hoIwlI l'('tle aiill asselliklyd app)licatio d1(oilliaiui. Ilion' l(' dela'l(lvtaui
11 iodek lS a It mprov1 lle t hie SiuiIIal lollt41 allt1 vel-li(¼it loll ol lI'( ohp- )1 Ilou iPs.

Longer Term

ill t 11' plt'violis sect iou. are well wit lili the~ scope of' 1114' ('N~istjg rep )r4s(ilt at lolis'

atid algtlnit hllts. We lu1Iglit view t ll(ili a, feCat ii(s i hat we h4 oidd lav' kiiowii to)

uillip)4leti('itl or appjroache's t hlat we(' holiId hlave' doplojted earlier oii Ill t lie res4'a-cll.

01ther eililailice'll illu s alt' siillici4'ilit 4,1 hfler('it or cliall('uigiig to I4 (lsIi'la

sugui~IfIIcaIllIt iu4'w u4'54'a rdl1 lr(14t rciohs haseftI oI ii t 14' 4 irrii work. Soil e of, t hes( I IicI lItl:
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"* Iliniphleii thIle (Weiwli hil1( jlisi m scQsalr v to allow direct malialillatlioll of* mlo-

tiloll pathus vs. Iilit loll constrtaints it',(lis(1l55e(I ill th lievIio~tlls sec(tloln.

". Deve(lop) auil uimplemienit repreisenitatiolns tor milcerltauiti *\ anid elialbi lt in Ilie

(bosg"io 11(A lill (01151 ai'iiii a iI)lon the liieS of AMhos olt lined inl Sect ioi 6.2.3I.

"* 1 )velop and( iimpjlemient alitomlldI 'Ianid seuiai iit 'Iteii echiiu~es abut!,

I lic linets of' I hose discuissed ili Sectio 6~l(.2.3.

"* Fxfloi(' other( appllicat ion dlomlains l)ev olld thle Fomr developed ill ( hapt er 2.

and~ extn I(111lie rep~resenitat ions an d tools as necessa ry. FLxanipls of' fpot'i-

I iallv fpromi~siligd(omiais inludelll'Ilied(esigui of Iol and5 alt'ast ('11( a., illusi- at ('(

inl (Chapte (' I. elect rical couiuiect ors anld coupIlinlgs. 1iiiilt pie degree of* fl('('(oili

mIch ianisms.l 1..

"* F'xjpali and~ iiio(giat ( thle miot ion conist rainit repJresenlt at ionis wVith othe 11((l~gi-

uiC(T(iug repr~esenitations1 andl alialvsis/(lesigll t'chnliqfue(s siich ats: anialvt\- i( andt

iiuuuiierical m1odeles of, cost. miaterial strenug hi and si ifiiess. d *viiamuics andh vilha-

l ion. and~ iiuamil'factnuiing pr~ce'sses such as, machinuing, andh cast ling. lxaliilles,

h'orn thle dlomuain of' asseuiiilvy exNamuined inl Sect ion I .5 clearly illistrated t Ie
lived~ 161 Stich Il~lo(1e..4

"* A\ (ousitelahl mor (challenlginig (texlesioll 1 hlait Ihue suiferposit ion of' muult iple
fIlalar slics of a W11 Now m itWolld be to modeI(l tdue huiusoua lfetstirect ly

as f~lmdlletla. andt tompilplt e thle mlotiloll colstrajint.s for jut t'actliols amuong, t hoste

lpolylletlua colist rainecd to mlove iul (.. T f Y.lPC A andt tyvpe BI' accts \voidlt

correspondt to f~ace-vertex auutl Vertex-face interact ions bet weell th mi' ovinig! anld
st at iollary polhvledia. respec't ively. aiid at new fatcet t vpe repr~esenit hit! ('tgt'-t'tgt

nit (Tlact 10115 (lt pt' C ) woiiltl also bec requlired ( scet lozaiiO- Pete/ [ 19]1).

"* B~eyond polyhit'tla. a significant challenge WOWl lIn, to g('litrat( atid rendter 1l1o-

loll toist ralit 5 prtIltt'tl by- lulo g('livraul shiapte itit'l'act jols. such1 as ob)jt'cts

"* liliall , . we' shouildl 1) , lb( 1itdlls ) bv colillit ted to( th ll(iotlioll ttolsist ailit repre-

scilt at ionl or initeract iv(' tlsigti cuivil-olliluilit if' allot hier leplesilltat ioll appeal's

to hold( more plollis iii simllljlilying tlic' tasks" of, allal ,vss andh de'signl. For

c'Nallipii .e it imay be t(Jossi Ildc to develop hyvI id f'll mll iouial ilcll(apholo/unlotionl

tolhit ujuill l11ef~tsclt at ions5 that could( c'ase' I lie (esigllvl'rs bluiuuelt' of' learnling

ll'\V ali 1ld l 1I11ailiiil id Ilt repesenlt atl lolls.
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Energy Bounded Forward
Projections

AppciidiX A

A.1 Forward Projections for Dropped Objects

Single Bounce

HICI( I)l~I-01I'01 01C I Ie iiiaIInIIII 1CM le ~ ii raded afier 1I~ lie III i mumv jal but ic u a aril de

h~ ~ ~ ~ ~ ~ ~ ~ ~~~~~~~~~~~~~~p .... I )tFg r .)ii ' lo fIII a IIracw f I((tps)fI I ,deicIw

ho

422
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l'oIlows.

/(To illili aI \('It)i1 . its:

miI hal

compJl11C Ille I)oS1-impall~ \('IjciIV c4h11pl~j)iviE.' Isilit!, thle (O(wifhicicil (if rsit"Iif Iii 4)1

all( equa('(ic on41 2.1:

-r ~ I -+ ( ) Sill :1 ('01"71

2. .-

II - !Io +X- I/ ~ 4-- + ' -I,/' 1

2q2

Double Bounce

1114' I)1,0fi14 161) Ille4 Illa XIIIlIIIIl hI4'igil reachd(I4( afile IIC(' s4'coIi( 1141ilc4 ()f' parlt icle

ill IFigiu-e 2.7) as a Iniiiv114 of 11m4' illijadl snlid(( 41li('lionI ,:,1 is derived as

'11w4 4 y1lal III. fiw I he4 ca., w114-r- I 114' h(4411jiwactr is at al dilltri-iu Iwighil lfnm 11 114 tirsl an,

'4 411s141-r;141' ll more compe11
4x . hut1 dw so14' tons111 4ini ca114I 41 I hlat III Iw rfvat'tI lmlr 4j4(mII I4'1,6\,u fr 4 I it,1

"4'4I1al 116A12lll ;11l;11ýsIs giv4'lilI14-r4 4 IlalinI, Il 114 44111r jpailis.
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C, 2I - 4 (j((Cr'.7 . 1  - Sill ,

-C Os

2- U

We It cyi (' lId he velllciW( Iahcr h eodIpc ob c']s a

I + I a y2(Ih : Il tal +t I' 1 2)

WC mav ol\-(,1he rcsthine xpressin numeical oac-ec

f2

We ili * v l()X\.pci-F~~ll th Samepre an post Im a ials swv d nF h frl
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A.2 Non-Conservative Bouncing

In t his section we ees imate tihe maxinmm height at t ainable by a part ide start ing from
rest oil a table with coefficient of restitution . and vibrating with ['requCnR'.v ,:t and
amnplitudl"e A1 . \\e Compute tlhe maximum height ),y coinsidering the nmost extreime
of impact condlitions. Sl)ecifically. we assume that after falling from the nmaxilnlumI
height. the energy lost bI" tle particle during impact with tile table exactlv " balances
tile maximum energy imparted to the particle bV the table (i.e. when the table is
moving at its maxiIHimH upl)ward velocity).

From equlation 2.1 we have:

I ,- 't = -1 (c2m + I't,,,e, )

where v, anld '2 are tihe pre and post-iml)act velocities of the particle. respe'tivelv.

From ain energy balance on the p)article under the above assumptions iwe have:

So that the maxinmum l)ost-inuhact velocity of the parlicle is

(1+•)c..,...0 +... (l )*',•,
VPjr11(-a - (I - ,VI (

"J lie miaxinmurmi velocity of irhe table is

F'ronm conservation of energy after the p)article leaves the table:

11,,, 2, 11 c,,,. ....

So tai fmialv ~v2hav

22
(.,1o') 2 (1 + ,)

2.q (1-)"



Facet Curvature

Appenudix B

III this apl)endix wX'e derive Ille miaximum motio1n inlegrallotn slepsize I1asedl on a

sl)Ccitied iulpper errot ho11(1d E,,,,.

\\e Ibegin wit h a denivalion ofi le get'eral ('1 \va tItl e,, -alollg :1) surface ["iII l\aiX

k P~rat1 [301. The snl'ace is defined as a vect'or (laualni tY F l'ere

I -r + .ij + --

A ('Ilrve oti a (11. v) surface is givenl bY it = ut() anl c = ill) w\here t is a p)aralelter

along tihe c(ur've. The surlface normiual at a given poin lOil 1 lie sittiace is gi\ven III teil'rll

of 1 he iparamet ers (11. r) bY

The CH N'rlr u ro,, of 1he surftace along I he (.iirye is giveti I b

•"- -r':

a ild T) Is t h e ( c ', • o IM . 'lld.1*1l ~111da lli n/ i v' en lb Y
2:31

u [u I). I1 -/
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andi (,; is I lIej .ir ./ .'ud l nil(II/1 Ita l Purb givei bY

; = ,,, ' ., p]

(Carrvi Tg oII thi lalrlix multil)li('ation and simplifying we have

(l/]12 + 2d12 i' + d22 i'2

fli12 + 2g92 i' + 922i%2

where it I,, and di., and gi. are elements of IT) and (G re(p)('ct ivel".

For TIype .\ and Type lBl contact facets, the derivation of the curvatunre h,, is given

as follows. For facets paraIIet erized IbY (p. 0). a curve on the (1. r') surface is give|I

bY 1 = p(t ) and I, = O(t). where as before I is a parameter along t he ctirve.

The elehmen.ts d,, and .,j of T) and (; are:

ý)2.1. F ~ 0 2 ::

d i.r +2 +it - 2 :
* i)2

('2 ='2•1 = '"p-- + " + /I-
d1.r 0210 0100

"22 )2.1. ý2y d(122 = u. + - + 1--

and 2)9

ldx (j2 /1)2 1j)_1/" = •}+ + 1, i7+
(r Od p i! i) d: dp O

Y112 Yt21 = Ox + +

O~p Ho0 Op do O p Hol

1/22 = ay + +

\C recall Ifront Sect ioll ).3. 1 1 hal I lih eeiunei so' r or Or tile c'owlI act facetls are oh' t ie

.r = *I,(/p.O)
XI = 0)

" p IIf)
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Re•calling thle mor/ and turn convention of Section 5.3.2. we use the following nota-

t ion:

Illy lll'll

where .,/arl is the (. .y) start poinl of a ijiove. I'sinig this notation. o we have foi a

TYpe A Facet:

. .= /.I + S.I.C9- co Sysinll + -p( 11./cO - I ny si I9I

/ = t! + S.., sill + .,! cos + ;'( l.i/ sin 9 + lil cos
.:7 = (1O

and for a Tvpe B Facel:

X = .1.r + Vr cos(0 - tI sill -+ p/11/.

y . y+ /x sinl + lyicos() + pl1
.: = (10.

I'sing these equations. we can now derive thhe termns niecessarv lo comipillet lie ele-
mentlls di., and y.,o giv'en a bo\'(.

For a T'vpe A Facet we have:

Ox 11..r co.s ill - l in 11

i)2.1.

- 0

0.1
- -. sX. Sil 19 - .s cl('S09 + p(- -11.1. i -II 1/'cosO)

- -. s.X C(S0 + .y sil 10+ c(o- s . 0('059 + 11/ sin 19)
j)2f)

-- - ?x. silln - !/(+ m c 0s

Op
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00 S.* COS0 -- syi sill 0 + p~iiacos 0 - til Sill 0)

W)0

-. u' Sill 0 - sy! 'os () -+ d- rSill 0 - 111Y/ cos 0)

i ) y 1 11 .1 c o s 0) - i ll y S i l l 0 )

i)2!1)

d',
=0:

d~o
i)-,i

-.•r c s/1 -. I!ls ini() - Iii~ COsM/ 0 !snt

010)

For itT~pe Face X%.(-have

i~ipid()

i))2

ilOp

•)''2

"- I(0 -f o

d"-o

=02

i)2 y

i)1.2
0 .1 = .- c o s 0 I. 1 1

-00

-- -/.I- sill 0) -- I/lcos (
?0-1
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0100

p2z

d_ (

- I

ini Sect ion 5).1.2 we (IeveIlocf t he exp~ressionls needed to compu~lte the Ilist alit arieois

odirect loll of* miot Ololl oilit afacet sturface. ill I(ter1U5 of Ap al I A(). firoml It le l for1Ce COM1-

JMoliellts at I lie p)oint of' coiita't . I'sing Eoquat ions 5.15 and 3. l6 we (-aii aI)Iromiluat('

(II) ~ ~ 1 AIý+ ___ _____o

AI( 7_ VA/ 2+)

I'sing t his alplroxiluatlioll f*Or iil an . and~ 1 lie ('eli~let s (/,/ anld Y~ coinpultedl fvonli
I lie above expressionis for1 t lie appropriate f'acet It* ype. we 'olilplt c' Ible f~acet clirvat tle

hý,, along I lie sp~ecifiedl ( Aj. AO) odirect ionl of, iliot ioil across tItliefacet . F~rom t lie f'acet
(illrvat lire. we coluip)itle I lhe equlivalenit radiu1.% of currat~urf R as

Figture 1.1I shows thle relat buish ip I etweeii a sp'ciflied ma xIlliiI ii ('iTo)E rM,J. theI i(
raoiuis of' cuirvat 11W IR alon~g Ihle iliotlioll lpatIil. anid thle iiaxiiuili stel)siie

Froml I t( lifigure we see t hiat

-1 ~ I ,I,111, Rsill OM1)

a 11(

EM(III- COS CO)

W\ith si ome simpi lle I rigoi loll iet iY aniid rearranIginig we' have

COS ,,,,, . -

H?
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neR
a R

(P 
> Facet Curve

Figurein. 1.: I )et ('111111 g thle IllaXiItIIIIII Iliiiegr'atiou l (te)sIzV oi a (IIrIe(d I acet.

dii (I

R V2Ef?- E2'.

A si 10 v2 I? -

(ui v(l) AT~ ,,,'. . WV' Call (O01plle jithe Ill ia xi iltil~l stepl siz(' III te('11115of' thle f'acet pl'aralie-

tel's (p. 0) Ilsilig E(1ulat lolls 5. IS aild 35. 19 ini Sect ion 5. 1.2. which we r-epeat hen, 1*0t

A~2 + A02

AO~q - ..AO



Primary Data Structures

Appnwudix C

For Representing Objects:

PART An array ol (.r.y!) polygon vertiices and referentce point cg describing a planar

polygoin.

typedef struct {
PPOIT points[MAXPARTPOINTS]; /* Array of points C/
int point-count; /* lumber of vertex points */

int type; /* Type of part (A or B) */
PPOINT cg; /* Centroid of the part (A) */

char *name; /* Name of part */
} PART, *PARTPTR;

TRACE .\n array of M()OVE, and TI'i HNs describing a planar l)olygon.

typedef struct {
MOVE moves(RAXPARTPOINTS]; /* An array of moves 0/

int movecount; /* lumber of moves
TURN turns[PAXPARTPOINTS]; /* An array of turns */
int turn-count; /* Number of turns e/

} TRACE, *TRACEPTR;

MOVE A pair of (.r. q) vert ices tiriming a I)olYgon ed(Ige amid I he leng h and angh' of

t hI cedge.

typedef struct {
int type; /0 Type of move (from partA or partB) Cl
int direction; /* FORWARDROVE or BACKWARD-MOVE */
PPOINT startpt; /* Part point relative to cog. (Includes original partpt index) e/
PPOIIT endpt; /0 Part point relative to c.g. (Includes original partpt index) 0/

double angle; /* Original orientation of move in radians */
double length2; /$ Length (squared) of move */
PPOIIT component; /* X,Y components of segment (start to end) 0/

M MOVE, *MOVE.PTR;

237
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TURN .\ i (.r.!l) verte'x polnt. witilh anigles fo0r Ihlie Cllering edge anid exilinig )polyYo
edge. and(I a L '.F"TTI"II N or IGI IlTAI ",HN corresponding to a (oliveX 01

('Onc|a' veil rex.

typdef struct {
int type; /* Type Gf turn (from partA or partB) */
int direction; /* LEFT_TURN or RIGHT-TURN */
PPOINT turnpt; /* Part point relative to c.g. (includes original partpt index) */
double start-angle; /* Original orientation of move entering turn in radians */
double end-angle; /* Original orientation of move leaving turn in radians S/

}TURN, *TURN.PTR;

For Representing Motion Constraints:

CS .\i arraY of 2.\11 !ype A anl 1ylpe B1 ('onlact facets.

typedef struct {
FACET facetsA[MAXMOVES][MAXTURNS]; /* FACET array (2D) indexed by MOVE and TURN e/
int facetsA-moves; /* Number of facetsA moves (partA moves) 5/

int facetsA-turns; /s lumber of facetsA turns (partB turns) */
FACET facetsB[MAXMOVES][MAXTURNS]; /* FACET array (2D) indexed by MOVE and TURN 5/

int facetsB.moves; /* lumber of facetsB moves (partB moves) */
int facetsB-turns; /* lumber of facetsB turns (partA turns) 5/

} CS, *CSPTR;

FACET ('oultai us infformiuation on facel I ype aiid size for renid(ering a co(1tact facet.
arraYs of RELFACETs 0ol11aiiniiig adjacentiilid iiite'('l iuig aadets lou collptul jug
inot ion pat hs. and a sti)Morl' iiap Ito record I lie sil)iport st at ifs of poiltl s on I lie

t'acel surface.

typedef struct {
int type; /* Type of FACET (TYPE-A or TYPEB) *1
int direction; /* FORWARD-MOVE or BACKWARD-MOVE facet e/
int move-index; /* Index to part MOVE forming this facet 5/

MOVEPTR move; /I Pointer to MOVE forming this facet (for speed) S/
int turnindex; /* Index to part TURN forming this facet */
TURNPTR turn; /0 Pointer to TURN forming this facet (for speed) ./
double min-theta; /l Minimum theta for which this facet is valid */
double max-theta; /* Maximum theta for which this facet is valid e/
int adjacents.posted; /* Flag indicating if adjacents have been posted */
RELFACETPTR adjacents; /* BEGINNING of the array of adjacents */
int adjacents.count; /e lumber of adjacent facets */
int intersects-posted; /* Flag indicating if intersects have been posted 5/

RELFACETPTR intersects; /* BEGINNING of the array of intersects 5/

int intersects-count; /e lumber of intersecting facets */
int support-status; /* (SUPPORTED, UNSUPPORTED, TEST-SUPPORT) 5/

SUPPORTPTR support-map; /* Beginning of array of support transitions 5/

int support.map-count; /* lumber of support-map elements */
double support-delta-theta; /* Theta step at which support map is computed 5/

double support.delta.p; /0 Nominal p step at which support map is computed e/
I FACET, *FACETPTR;
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SUPPORT ('otlaills all al'ra" of silppolor I rallsil ons fir a gi v'iII tixe•d-0 slice ' oa f'acel.

typedef struct {
double theta; /* Value of facet theta parameter at which slice is taken */
int pO.status; /. Support status at facet parameter (p = 0.0) .1
int plstatus; /* Support status at facet parameter (p = 1.0) .1
SUPPORT.TRANSPTR support-trans; /* Beginning of the support-trans array */
int support-trans.count; /* lumber of elements in support-trans array 4/

} SUPPORT, *SUPPORTPTR;

SUPPORT-TRANS A flag determining whet e(r I he ilioving plolgoll gi,., orf 1o0.,., Sill)-

poll al a given p position moving iII the +p (lirection. logtll11r \6it Ih lhe val'ae
of' p = (0. 1).

typedef struct {
int transition-type; /* Type of support transition (GAIN-SUPPORT or LOSE-SUPPORT) *[
double p_facet; /* Value of facet p parameter at which transition is marked */
int track-segment-id; /* Index to poly segment of the track */

double ptrack; /* Value of track segment p parameter at which trans. marked */
} SUPPORT-TRANS, *SUPPORTTRAUSPTR;

For Representing and Computing Object Motions:

PATH A\i array of CONTACT-_STATEs. with a terinination flag and an initial con(lilion

IproI)al)ililY (0 - )

typedef struct {
CONTACTSTATEPTR states; /* BEGINIING of the array of CONTACTSTATEs *l

int statecounter; /* No. of states in PATH */
int termination-flag; /* Flag indicating termination status of path 4/

double probability; /* Probability of part entering this path 4/

} PATH, *PATHPTR;

CONTACT-STATE .\n array of RELFACETs cont aining those facets with which the cmr-

renlt se• of positionis along tlie p)ath are iii (contact . at) arraY of' I)ositions oil
Ilihe facets. and an arraY of" )osil ious slightlY abo)',f lie f'a(ce'Is for displaying Ilie

palt I.

typedef struct {
int contact-type; /* Type of contact (see defines) 4/

RELFACET contacts[MAXCONTACTS]; /* Array of facets forming contact e/

int contactscount; /* No. of contacting facets */

RELFACETPTR non-contacts; /* BEGINNING of array of non-contacting proximal facets a/
int non-contacts-count; /* No. of non-contacting facets (and proximals) 4/

POSPTR positions; /* BEGINNING of positions array of trajectory points a/
int positions-count; /1 No. of trajectory points */

POS_PTR display.pos; /* BEGINNING of positions array for displayed points 4/

CONTACT-STATE, eCONTACTSTATEPTR;
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FACET-FORCE.STATE .\ rori I oft Ii w iI Isl a iti a I wllon"l InI( ilorc' aI al(e 1 il ai IIgi la(cel iat
a lpoint alontg IItl palh il•.llnlidig I lh' poslt loll. inorimal alndl taligeill ill veclors,.
illl(i \-(.(.r lot.l"o ling tlihe (oliligli-raliloll space 1'1•1,1' lCOliC.

typedef struct {
FACETPTR facet; /* Pointer to a FACET */
POSPTR pos. /* Pointer to POS on facet 'I
double p; /* Param. P corresponding to pos on FACET */
double n-co[3]; /* CS normal at point */
double m-p[3]: /* CS m-p at point */
double m.theta[3]; /* CS m-theta at point ./
double n-fc[3]: /* Normal to CS friction cone plane */
double f-rhs[3]; /* RHS bounding ray of CS friction cone */
double f-lhs[3]; /* LHS bounding ray of CS friction cone */
double f-net[3]; /* get force on contact */
FACETFORCESTATE, *FACETFORCESTATE-PTR;

PROXIMAL Tlhe signedC distalico', of a l)Oi fiih ll III(' sil'si i(c of il lioll-coillac't iig facel
flicl silil'(I i ill a ('ollsl itll-0 laliC .

typedef struct {
int proximal-state; /* State of facet adjacency or point-to-line proximity */
double distance; /* Signed distance from point-toline 4/

} PROXIMAL, *PROXIMALPTR;

MOTIONYPARAMS A r(eclor of Ih eixtern('ril I (,.'I ••a l i(l to IlhfC•e I-i'Ie1cc , poiintI tih
pat i iniitegratlonll s•I C) siz('. anI(l I)arallie('Irs p alil /I.

typedef struct {
double f-ext[3]; /* Externally applied force */
double max-step; /* Maximum step size for integration */
double rho; /* Radius of gyration, scales theta to X-Y 4/
double mu; /* Coefficient of friction ./

) MOTIOUPARAMS, *MOTIOIPARAMSPTR;
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