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Abarz.?t

A procedure is presented for performing three-
duneasional stress analysis of spiral bevel gears in
mesh using the finite el bod. The proced:
involves geaerating a fimte element model by solving
equations that ideatify tooth surface coordipates.
Coordinate transformnations are used to onentate the
gear and pinsoa for gear meshing. Contact boundary
conditions are simulated with gap elements. A
solution techmque for correct oneatation of the gap
elements is given. Example models 20d results are
preseated.

Introduction

Spiral bevel gears are used to transmut power between
mwrscclmg shz‘!s. One such application 15 in

Sy In this critical
apphmuon. the gears operate at relatively high
fot21i02ai Speed 208 traosmit substantial power (i. .
1500 HP 2t 21,000 rpm).

Prior rescarch bas focused on spiral bevel gear
geometry'® 1o reduce vibraion and kinematic error,
improve masufacturability and improve iaspection.
Stress :.nahsxs 1s 2nother umportant area of oagoing

A di of 20d
tooth root/fillet sutsss 2re ImpOTIant to ncrease
reliabihity and reduce weight.
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Much effort bas fc d oo pred in gears
with the finite element metbod Most of this work has
involved parallel axis gears with two dimensional modsls.
Only 2 few researchers have investigated finite element
analysis of spiral bevel gears™.

Finite element analysis has been done on a swgle spiral
bevel tooth using a0 2ssumed contact stress distribution *.
Thbe rescarch reported here will utilize the numerical
solutton for spiral bevel surface geometry to study gear
meshing. Pinion tooth ana pear tooth [urfaces will be
developed based oo the gear mzuufacrering kinematics.

2 individual teeth are then rotated in space to create a
multi-tooth model (4 gear and 3 pinion teeth). The tooth
pair contast 2ones are modeled with gap el The
model development procedure 2nd fuute element results
are presented.

Equations for Tooth Surface Coordinates

Thbe system of equati briefly ized bere, re-
required to define the coordinates of a face-milled spiral
bevel gear surface were developed by Haodschub 22d
Litvin®.

A comcal cutting bead, attached to 2 rotating cradle,
swings through the work piece. Parameters U and 6
Tocate a point on the cutting bead 10 coordiate system S,
attached to the cutting bhead as sbown io figure 1 and




described by the following equations.

r ooty - Ucosy
U siny sin6 o)
U sin¥ cos@
1

Toe roll angle of the cradle &, is used to locate the
rotating cradle with respect to the fixed machine

d system S_. P. U, 82nd &, along
with vanous machine tool settings can be used to
completely define the location of a point oo the
cutting bead 10 space.

Since the kinematic motion of cutting a gear is
eguivalent to the cutting head meshung with a
simulated crown gear, an equation of meshing can be
wnttea in terms of 2 point op the cutting head (.e.,

coordinates of 2 spiral bevel gear. The 3 parameters U,
8 and ¢ are defined relative to the cutting head and cradle
coordunate systems (S, and S)) respectively. These
paramet:ts mn be transformed through a serdes of
[ ionstoa d: system attached
to the work piece. Or U, 0 ¢ can be xmpped into X,,
Y.. Z, in coordi Y S, hed to the work
piece. These transfc , used in copjuaction with
two otber geometnc requirements, give the two additiopal
equations.

The correct U, 6 and o, that solves the equation of
meshing, must also, upon transformation to the work
pisce coordinate system S,,, result in 2 axial coordinate Z,
that hes with a preselected axial position Z. (See
figure 2)

zZ, -2 =20 @

'I‘hxs equauon along wath the correct coordinate

in terms of U, 8 2nd ¢.). The equation of meshi.

fcr straight-sided cutters watk 2 constant ratio of roll
between the cutter 20d work prece 1s gives in'** as:

(U-rcot¥cosy)cosysing + S(m,, -5sin )
cos ¢ sin 6 ¥ cos ¥y sw ysin(q - o))
= E_ (cos ysin y * sin y cos y cos 7)
-l sinycosysinT = @)

The upper 2nd lower s1gns are for left and nght haad
gears respectively.  The following machice tool
setiings are defined >4,

cutting bladz angle
(R EX A
cradle angle
root angle of work piece
machining offset
vector sum of change of machine
cepter to back 2nd the sliding base
©Jo,, the relationshup between
the cradle and work piece for 2
constant ratio of roll
gensrating cone surface coordinate
radial location of cuting head w
coordinate system S,

r radius of generating cone aurface

This 15 equivalent to:

fwes) = o (o)

Because there are 3 uaknowns U, 8, and o three
equations must be developed to solve for the surface

£ (see equation 11) result in a second
equatxon of the form

£(U.8.4) = 0 e

A simular requirements for the radial location of 2 point

cn the work piece results in (See figure 2).

r-(2 + YA¥® = 0 ©)

The appropnate di £ ions (see eq

11) will convert equation (6) wto a function of U, 0 and
Qe

£(U.8,4) = 0 0]

Equatioas (3), (5) 2nd (7) form the system of nonlinear
equations pecessary 1o define 2 point on the tooth surface.

Solution Technique
An witial guess U*, 6°, o * 15 tsed to start iterative solu-

ti03 proced Newt ‘s hod 15 used to determine
subscqu:m values of the updated vector (UP, 6, 0" *°.




Where the vector Y is the solution of-
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The 3x3 matrix in the preceding equation is the
Jacobian matnx and must be inverted each

numencal differentiation into X, + ine, Y, ~ ¢, Z_ +
inc. Equations (4) and (6) are then used to evaluate the

1 diff Function f,, f;, f, and the
partial degivatives of f,, f, f; required to the Jacobian
matnx are updated each iteration. The iteration ¢

uatil the Y vector is less than a predetermined tolerance.
This completes the sol techmques for a single point
on the spiral bevel gear surface.

The four corners of the active profile are identified from
the tooth geometry plase as shown in figure 2. Point 1
on the surface is chosen to be the lowest point of the
astive profile oc the toe end. The initial guess to start the
procedure bas to be sufficiently close to the correct
solution for convergence to occur. The soluton for the
first point proves to be an adsquate initial guess for any
subsequent points on the surface.

Suh

to solve for the Y vector. The equation of meshung,
fuaction f;, is numencally differentiated directly to
find the tenes for the Jacobian matnx. Function f;
and f, can not be directly differentiated with respect
to U, 8 and . After cach iteration UY', 6%, o *!
(io the cutting head coordinate system S¢) are
transfermed into the work piece coordinate system,

q mtenor surface  points are found by
increenting r = (X° + Y9)'" a0d Z. By adjusting the
increments used, a surface mesh of any density can be
calculated. The process 1s repeated four times for each of
four surfaces, gear copvex, gear concave, piuon coavex
2nd pinios coacave.

Suce 2ll four surfaces are generated independently,

S.. with the senies of coord iransfc as
given in equation 11.

[x"

Y reoty - Ucos @)

THeMa) Usoysme 10
a Usin ¢ cos 8

1

M=
ML) M3 M) M, £ My

Each matrix [M] 2bove represents 2 transformation
from one coordunate system to accther.  (Sec
Appendix 1 for the speaific matrices.)

Functions f; and f, are evaluated by starting with an
watial U%, 6* and ¢, performung the transformation
wn 11 20d \l 3 {4) and {6).

'S q

4

The oumencal differentiation of f; aad f; is
performed by traasforming Ut < ioc, & + inc, 6
< 1oc (where < 15 2 small increment appropnate for

! matrix are d to obtain

the appropriate ori ion for bing. The proper

convex and concave surface orientation (for both the gear
and pinion) 1s found by fixing the concave surface and
rotating the convex surface until the comrect tooth
thickness is obtained. The correct angle of rotation is
obtawned by matching the tooth top land thickness with the
desired vajus.

Gear and Pinion Orisntations Required For Meshing

After geperating the pinion and gear surface as describen
2bove, the pinion cone and gear cone apex will meet at
the samz point 2s shown in figure 3. This point 1s the
ongin of the fixed coordinate system attached to the work
piece being geasrated. To place the gear and pinion in
roesh with each other rotations desenibed in the following
example are required:

1. The 19th tooth 15 selected for meshing.  This
corresponds to ing the @ ted tooth 190*° CW
about the Z axis. (For this example, N, = 36 total teeth
on the gear.) For the general case the gear tooth is
rotated 360/N, + 180° CW zbout ats axis of rotation (Z,).
Thus corresponds to selecting the 1th tooth of the gear to
beinmesh wherei = N, 2 + 1.

2. The pumon 1s rotated by 90" CCW about the Y axis.




Note: (1) corresponds to selecting a diff

tooth on the gear to be 1n mesh; however, rotation (2)
corresponds to physically rotating the entire pision

until it meshes with the gear.
3. Because the four surfaces are derived
dependently, their orieptation is random with

respect to oeshing. The physical location of the gear
and pinjon after rotatiocs (1) and (2) correspond to
the gear and pinion in mesh with severe interference.
To correct the iterference the pimon 1s rotated CW
about 1ts axis of rotation (Z,) until surface contact
occurs.  For thus example the rotation was 3.56°.
Figure 4 sbows an exampls of 2 stmulated gear pair
meshing. The generated pimon tooth was copied and
rotated '2 times and the geperated gear tooth was
copied and rotated 36 tumes.

Contact Simulation

The tooth pair mesh contact pownt can be Jocated by
2 method descnbed by Livin® or by 2 search
technique.  Pairs of finite element node points (cne
on each tooth surface) are evaluated until the pair
with smallest separation distance 15 obtained. (A
finer finite clement mesh would yield greater
resolution.) Once the contact point 1s established, 2
vector normal to the surface at the contact point is
calculated.

The 1otersection of the normal vector on the pimon at
the contact poist with the gear surface identifies the
<econd point required to define the gap element.
Additional gap el are obtamed by taking
additional vectors from otber pinion surface finite
element podal points (parallel to the contact point
normal vector), and calculating where they intersect
the mating gear surface. Fimte element nodal pornts
on the gear surface are ) d to the

Thus vector 1s written relative to S_, 2 coordpate system
fixed to the cutting head. To obtain the vector n, relative
to the coordinate system fixed to the work piece, the
following transformation must be performed.

o} = Lo (13)

Where [L.] 1s found by removing the 4th row and
column from {M.J.

Each gap element 1s connscted between a node on the
punon surface, bereafter designated node 1, and the
corresponding intersection node powt oa the gear surface,
designated node 2. The intersection poiwnt on the gear
surface is found as follows:

Consider node 1, a point on the pinion with coordinates
P.P, P inS.. Let Q, Q, Q, be any point in space
such that (Q,, Q,, Q) = bl n,, n,)' where b isa scale
factor, and n,, n, 20d n, are the componeats of the normal
vector at the pomt. The ion of the normal
vector from node 1 with the mating gear surface defines
node 2 and has to sausfy the following three equations:

Q =G = X ~bn
Q =G = X<+bnq 9
Q =G, = Z +bn

Where G,, G,. G, is a point on the gear surface. A point
oa the gear surface must also satisfy

G reos ¢, - Ucos ¢,

: Usi in®
G,} = M.} fmv‘m (i5)
Usm ¥ _cos 8

Q

Equation 15 leads to 2 system of 3 ponlwear 2lgebraic

pownts of the normal vectors and the gear tooth
surface.

The vector normal to the cutting surface s given 10’
as:

sin &,

{n) = cos ¢, sin T (12)

cos ¥, 08 T
3

q These thres equations, along with the equation
of meshing for the gear surface provide 2 system of 4
equations and 4 unknowas (u, 8, ¢, b). these equations
are solved with Newton's method described earhier. The
wtersection of the pormal from rode 1 on the pirion with
the gear surface 1s now oblained.

This procedure is used to locate the intersection of
oormals from all points on the pinion surface (in the
contact zone) with the gear surface. The gear tooth
surface is remesbed utilizing the intersection poiots as
sbown in figure 5. Gap el are ¢ d b
corresponding nodzl points on the pinion and the
intersection points on the gear surface.




Fanite Element Model

An example z2nalysis was performed using gears from
the NASA Lewis Spiral Bevel Gear Test Facility. In
this case, the left hand pinton mates wath the nght
hand gear. Counter clockwise rotation of the pion
results in the concave surface on the pinion mating
with the convex gear surface.

The design data for the pinion and gear are given 1n
Table 1. The design data are used with methods
givet in® to determire the machine tool settings for
the straight sided cutter data given in Table II.

The finite element gear pair model, shown o figure
6, contains 4 gear teeth and three pivjon teeth. The
2] had 10,101 nodes (30,303 d of freedom)

concentration from the gap elements. These stress ranges
bracket the d hertziap for the gear set
under the same load conditions. Coatact with only 4 gap
elemeats, along with large stress gradient among adjacent
nodes indicate .ke need for a fiver finite element mesh for
improved stress prediction.

Conclusions

A mult: tooth finite element model was used to perform
three-dimensiopal contact analysis of spiral bevel gears n
mesh. Four gear teeth and three pinion teeth are
geoerated by solving the equations, based op gear
factunng k that identify tooth surface
coordmates. The gear and punion are orientated for
hing with d £ i

and 7596 eight nc ed 3D bnck elements.

Thc lhrce prason teeth are fixed n space with zero

and Thus 15 done by settng
X, v and 2z dispiecements 2qual to zeru 5o the four
comer podes of eack am section.  The gear is
constrawed to :ctation about 1t axis of rotation  The
gear is Joaas? « ik 2 torque of 9450 in Ibs on the
gear by aprpivrig 1725 Ib force located 2.0976” from
the gear »a:c of retai w7

At the orientation chosen between the pinjon and gear
two pairs of teeth were 12 contact.  One pair bad
coptact near the middis region of the tooth aod
apother pair bad coatact nzas the toe (i.e., 2bout to
go out of mesh). Initially the medel started with 2
total of twenty one g2p elements. For the *ooth that
1s approximately midway through 3=z fi =2 J20
elements were used.  For the tooth abx-t * feave
mesh, four gap elements were used.  The anaiysis
starts with oo gap elements closed 1 e contact
zone. Within the finite elemert code a5 xerative
process is used to determine bow mas; gap eiemzats
must close to reach static equilibriuz. The soluticn
werated four tumes before reachung equilkibnum with
four gap element closed in the main contact region
and one closed in the edge contact region.  Stress
coptours for the two pinjon teeth with contact are
shown in Figures 7 2nd 8.

The average nodal punimum pnncipal stresses in the
maib contact zcne average -204,000 psi wath a
maximum of -299,900 psi and a mxmmum of
-103,574 psi. The correspond

average -103,500 psi with 2 maximum and muimum
of -123.900 psi and -79,500 psi, respectively.
Thenodal stresses are  higher because of load

Surface luated with gap el The
gear surface 15 mwhd with nodal points relocated to
wdentify the correct gap element onentation. Initial FEA
stress results compare favorably with calculated tertaan
contact stresses. However, large stress gradients betivecn
adjaczet nodes in the contact zones indizate « nxed for
greater finite element mesh refineriest.
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Appendix |
Coord { involving both rotation

apd translation require mixed matrix operations of
Itiphcation and addition. Matrix rep ion of
coordinate transformations will need only
multiplication of matrices if position vectors are
P d by bomogeneou d . The
following 4 x 4 matrices are required to transform the
bomogeneous coordinates of a point on the cutting
head to 2 point on the work piece.

Matrix {M,] transforms coordinate system S,
attached to the cutting bead, into system S,. rigidly
connested to the cradle.

10 0 ]

0 cxsg ssmg ssing (16)
0 =2sing cosqg scosg

[ 2] 1] 1

)=

Matrix [M_] transforms coordinate system S, into
system S, attached to the frame.

1 0 0 o
0 cosg, 3sing, O

M= an

0 :sind, cosd, O
lo 0 0o 1

Matrix {M, ] transforms coordinate system S into system
S, which orieptates the apex of the gear bewg
manufactured.

cosd O -sind -L_sind

0 1 0 :E

0 0 o 1

Matrix [M,,] transforms coordinate system S, into system
S, which located the apex of the gear being manufacturer
wiath respect to S

csp 0 sinp O

Fst [ 1]

pr) - |70 S a9
hd -sinp 0 cosp O

o 0 0 1

Matrix [M,,] transforms coord:pate Sz into system Sw
attached to the work piece.

cosd, =sind, O O
B - ssing, wsd, 0 0| o

0 0 10

0 o o 1]

TABLE 1 - PINION AND GEAR DESIGN DATA

PINION GEAR

Nuzmder of eeth pision 12 36
Dedendumangle, éop 1.5666 3.8833
Addendumeagle, dep 3883 1.5666
Piuh anzke, &g 18 4333 71.5666
Skadl angle, deg 00 0.0
Meaa spind azgk, deg 35.0 350
Face wvidh, ;mnm (i) 25.41.0) 254(1.0)
Mz23a cone

distance., ten (i2) 31053 131)  $1.053.19])
L=side radiss of pear

Blazk, = (2) 53 (0.609%)  3.0(3%9)
Top land thickaess, mm G2) 202200080) 2.489 (.09%)
Cleznce, =m () 0762 0.030) 0.92954 (0 0356)




TABLE II - GENERATION MACHINE SETTINGS

PINION GEAR

Concave Convex Concave Cenvex
Radius of cutter, r, in 2.9656 3.0713 3.0325 2.9675
Blade angle, ¥, deg 161.9543 24.33741 58.0 2.0
Vector sum, L, 0.038499 -0.051814 0.0 0.0
Machine offset, E_, in 0.154576 -0.1742616 0.0 0.0
Cradle to cutter distance, s, in 2.947802 2.8010495 2.85995 2.85995
Cradle angle g, deg 63.94 53.926 59.234203 59.234203
Ratio of roll, M, 0.30838513  0.32204285  0.950864 0.950864
Initial cutter length, u, in 9.59703 7.42534 8.12602 7.89156

Initial cutter orientation, 6, deg  126.83544 124.43689 233.9899 234.9545
Initial cradle orientation, ¢, deg -0.85813 -11.38663 0.35063 -12.3384

Xe
, V>
inside blade (convex side).
. u - [AB}
Ye
. Yoo
- |ﬁ/ Outside blade {concave side),

u =IK§I

Figure 1. Cutting head cone surfaces and attached coordinate system.
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Figure 3. Orientation of gear and pinion based on solution of the system of equations, and after

rotations required for mesh.
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gure 4. Complete 3D model of gear and p

Figure 5. Distorted gear after connecting gap elements.
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Figure 6. Seven tooth model used for finite element analysis of mash.

Figure 7. Stress contours in pinion tooth.
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