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Abstract

The problems of pressure shock and longitudinal impact on
a semi-infinite circular tube are studied. The considerations
are performed within the framework of the 1linear theory of
elasticity. The problems were reduced to the system of Bessel
differential equations by using double integral transforms. The
solutions are obtained in the terms of Fourier and Laplace

integral which could be evaluated by numerical methods.
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Introduction

Problems of wave propagation in waveguides in view of
their importance in numercus applications have received
considerable attention in the literature devoted to
elastodynamics. The bulk of the study of elastic waves 1is
concerned with rods and plates. The cylindrical rod of circular
cross section is a classical example of a medium involving the
complexities of dispersive propagation. Pochhammer [1] was the
first who derived frequency equations for the cases of
compressional, flexural and torsional harmonic waves traveling
in an infinite elastic rod. The frequency equations are
connected with a stress free lateral surface of the rod and
they constitute a basis for investigations of both steady
vibration and transient wave propagation.

This report deals with two dynamic problems of a
semi-infinite circular elastic tube. The first problem is
related to mixed pressure conditions, the second one is devoted
to the longitudinal impact. The analysis 1is performed within
the framework of +the 1linear theory of elasticity. The
considered problems belong to the class involving mixed edge
conditions.

The method of solution of the first problem is based on
the dcuble integral transforms (Fourier and Laplace transform )
and it leads to solutions given in the terms of Fourier and
Laplace integrals , which can be calculated by using analytical
approximations or numerical analysis.

A similar mixed-pressure problems of infinite circular
rods were solved by Folk et al [2] and is also presented in the
Achenbach book [3]. By using integral transforms and employing
the analysis of Pochhammer’'s frequency equations to the
procedure of an inversion of Lapiace transiorms, the sclution
of the wave problem was expressed in the terms of Fourier
integrals. The Fourier integrals could not be evaluated
rigorously by analytical means, however, a satisfactory
approximation was obtained by the method of stationary phase.




The second problem considered in this report deals with
the impact of a semi-infinite <circular elastic tube. The
solution is given under assumptions that the end of tube has no
tangential stresses but is suddenly set into motion with a
constant valocity and the lateral surfaces are free of
pressures. The analogous problem for a semi-infinite bar was
solved by Skalak [11]. His method was to split the problem into
two parts. In the first part the collision of two half-spaces
was considered. In the second part he investigated an infinite
har with an equal and opposite stresses travelling along the
lateral surface. Using the principle of superposition a stress
free lateral surface was ensi.red. In Section 2 Skalak’s results
are adopted to the prcblem of circular tube. The solution of
the impact problem is presented in the form of Fourier
exponential and Laplace integrals, which can be calculated by
using analytical approximations or numerical analysis.

Transient wave problems in elastic waveguides were
considered by many authers. In the survey by Miklowitz [4] one
can find a coverage of general literature up to 1964. Solutions
of many wave problems are also presented in Miklowitz book [5].
Longitudinal harmonic motions of a cylindrical tube on the
basis of the three-dimensional theory of elasticity were
considered by Gosh [6], where the frequency equation are
derived. The discussion of the characteristic equations for
this problem and the phase velocity (for the case of Poisson’s
ratio v = 0.3) are presented in [7]. Some numerical results for
the longitudinal impact problem of a circular tube obtained by
using the numerical integration along the bicharacteristics,
are given in [8].

Understanding of dispersion behaviour in bars and tubes
are of great importance in all experimental techniques used to
test mechanical characteristics of materials at high loading or
strain rates, for exampie [12-14]. One prominent examplie is the
Split Hopkinson Bar technique (Kolsky apparatus), where a thin
wafer specimen is inserted between two instrumented Hopkinson
bars [12]. A more exact analysis of wave dispersion in the SHB

enables for a more exact interpretation of oscillograms, and




consequently, for a more exact determination of a specimen
response at different loading conditions [15,16].

Since it is expected that the lateral inertia causing the
Pochhammer-Chree vibrations are substantially reduced in tubes,
application of tubes instead of bars as measuring devices 1in
wave transmission seems to be reasonable. Sc far, some
applications of tubes for material testing at high strain rates
were already proposed, [17,18]. However, in those applications
a simple one-dimensional wave approrimation was commonly used.
The main target of this study is to make analysis of the
wave-guide tubes more precise, specially for short pulses.

1.The mixed problem of pressure shock

1.1 Formulation of the prodblem

A semi-infinite cylindrical elastic tube of inner radius
a and outer radius b , which are referred to cylindrical
coordinates (r,8,z) where the z-axis coinciding with the axis
of the tube, Fig.l, is considered. Let A, u be Lame constants
and o be the mass density of the tube material. The problem is
restricted to the axisymmetric case of motion, thus the

displacement vector u is independent on the wvariable 6 and
u(r,z,t) = ( ur(r,z,t); 0; uz(r,z,t) ) (1.1)
where t denotes the time.

The equations cf motion of the linear elasticity take the form

o*u_ 1 ou u_ azuz
N+ 2u) (5 T T - T, o+ T ) o+
dr ar T ar dz
a’u a*u a%u
r z r
o - ) = e —3; /
az ar a9z at




' u 1 du a u
(A o+ 2u) (— o T e =Ty -
ar 9z az 522
1 aur 0uz 82u azuz azuz
o (— =y s (T =Ty = g (1.2)
az ar dz 8r 3r at

The stress components are expressed by the displacements u ,

u, as follows

| O}z(r=a,z,t)

auz u, aur 6uz
& o= 2p + X (o + ),
=z dz r or az
0ur 6uz
o=k (o ) (1.3)
Zzr az ar
du u 6ur du
o = 2w — o+ A (= o+ 1 4 )
rt ar r ar az
Consider the boundary conditions
e _(r,z=0,t ) = - f(ty,
ur( r,z=0,t ) = 0, forre <a,b> , t e (0,w) (1.4}
and
Orr(r:a'z't) = orr(rzb'z't) =0 (1.5)
= o;z(r=b,z,t) = 0, for z € (0,o) , t € (0,0) ,
where f(.) is a given function, provided that f(t) = C for t<O.
A futher condition is that the displacements and the stresses

vanish at infinity , z —> ® .Assmming that the semi-infinite
circular tube is at rest prior to time instant ¢t = 0, guaticns
(1.4) and (1.5) are supplemented by the initial conditions



aur
u(r,z,t=0) = ~—— (r,z,t=0) = 0,
ot (1.6)
au
uz(r,z,t=0) = —(r,z,t=0) = 0 ,for r € <a,b> ,z €(0,w).
at

By introducing the displacement potentials ¢ ,¥ as follows

¢ Qy
u = - ,
ar az
3P ., @
u, = o+ (r v ) {1.7)
dz ar

the equations of motion (1.1) are separated into two following

equations
2 1 62
( v - . 2 Yy ¢(r,z,t) = 0 ,
c at
1
) 1 1 8
(v - -, - -, —,)w¥rzt)=0, (1.8)
r c at
2
where
, 9o i@ a°
F=am s o— o — (1.9)
ar ar 3z
and
Ao+ 2u I
c? = e , et = — . (1.10)
1 ol 2 ol

Substituting equations (1.7) into (1.3) the stress components
may be written in the terms of displacement potentials in the

form

2 a ap Iy
o =XNTe 20— (T - -y,
ar ar oz
a ¢ 1 o
azz:>\72¢+2u-—[—~—— oz — (rw) 1, (1.11)
az az ar
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a ap 3y 8 ¢ 1 2
T = H {—(—=- — )+ — (= + r {(r w) )]
az ar az ar az ar
By using equations (1.8) and (1.11) we have
3%y %y A a%s
oL =2 (5 - — )+ — T,
e ar® ar az S
%y e 1 8¢ 1 8°
24 = p — - 2n { + T ) o+ 2 e T oy, (1.12)
2z 6t2 arz r ar r 9r 9z
% %y %y
o =2 (T - T )+ p
zr r az az* at*
From boundary condition (1.4)z and equation (1.7)1 it follows
that
¢ ay
- =z - , for z =0, r € <a,b>, te (0,m). (1.13)
ar a3z
By using (1.13) , (1.12)2 and boundary condition (1.4)1 one
cbhtains
3%y
p —, (r,z=0,t) = - f(t) , for r e <a,b>, te (0,™) (1.14)
at
Because the potential ¢ is independent on r at =z = O {see
Eg.(1.14) ), then @¢/8r = 0 for z = 0 , and from (1.13) it
follows that
oy
— (r,z=0,t) = 0 for r € <a,b> , t € (0,w) (1.15)
az
Equations (1.14) and (1.15) constitute boundary conditions at
z = 0 for the displacement potentials. The initial conditicns
(1.6) together with (1.7) imply



a¢

¢(r.z,0) = — (r,z,0) =0,
at
Sy

y(r,z,0) = — (r,z,0) =0 (1.16)
at

Moreover, the potentials ¢ and ¥ has to vanish at infinity

, 2>

1.2 Solution by integral transforms

Let us denote by ,according to [9]:

[o.4]
£5(r,,t) = F (f(r,z,t); z>f } = F f(r,z,t) sin(Zz) dz ,
Q
o o]
£€(r, 2, t) = FAf(r,z,t); z>¢ ) = S £(r,z,t) cos({z) dz ,
(o]
— «© - t
f(r.z,p) = £ {f(r,z,t); t—>p } = J f(r,z,t) e P dt . (1.17)
(o]
af
If 1lim f(r,z,t) = 1lim 35 (r,z,t) = 0 then it follows that
Z >0 Z—>00
If
F_{ — ; z—>¢ } = - £5(r,£,t) ,
=3
az
af
F_ { — ; z>f } = & £5(r,E,t) - f(r,z=0,t) , (1.18)
< az
a%s ,
F o[ — : z-»F } = -£2 £5(r,&,t) + £ £(r,z=0,t) ,
s Oz
ats . af
Fo oz} = -8 £°(r,8,t) - — (r,2z=0,t) ,
C 2
97 az




and
a* , -
€ {5 i t>p} =p f(r,z,p) - p limf(r,z,t) -
at t~ >0
af
lim ~—— (r,z,t) (1.19)
t—>0 at
provided ,that |f(r,z,t)| < K(r,z) exp(¥,t) , where K(r,z) is
an arbitrary function and Re p = » > v, -
Applying Fourier sine transform with respect to 2z to
equation (1.8)1 it follows that
az¢s . ans . s 1 62¢S
2 Yt § T - 7 ¢7 + % ¢(r,z=0,t) = Y {1.20)
ar or c.  at
and using Laplace transform to (1.20) one has
% 1 09° . s ~ i
* o T - E @7 + % #(r,z=0,p) = —, @ (1.21)
z r 2
ar ér c,
The boundary condition (1.14) after Laplace transformation
yields
. £(p)
¢ (r,z=0,p) = - > (1.22>
ep
where
f(p) = & { £(t) ; t —>p ) (1.23)
Substituting (1.22) inte (1.21) the following Bessel eguation
is found
2 - -
*9%(r,&.p) 1 35(r,Z.p) s s $E(p)
e — $ o T - o 27 {(r,%,p) = TR (1.24)
ar T or op
where 2
2 2 p
ot = £ + ~——;-—-— (1.25)
c




1

Applying Fourier cosine transform with respect to z to equation
(1.8)2 one finds

C z C

8zwc 1 oy 2 Oy 1 ¢ 1 8y

T+ T e = Ty - o (r,z=0,t) - W o= e {1.26})
2 r 2 2 2

ar ar 3z r <, at

However, by means of boundary condition (1.15) the equation

(1.26) is reduced to (after Laplace transform):

62 ;C 1 a;c ) 1 .
— tr T -, v =0, (1.27)
ar ar I
where
pZ
G S (1.28)
c
2
The general solutions of equations (1.24) and (1.27) may be

written in the form, [5]:l

S e
27 (r.£,p) = AI (1) + AK (1) - - f(p) ,

P p o
¥“(r,£,p) = BI (3 r) + BK (B r) , (1.29)

4 1 2 1

where Io(.) , 11(') and Ko(.) , K1(.) are the modified Bessel
functions of the first and the second kinds, respectively. Here
Ai, AZ, B1 ,B2 are unknown functions of the variables £, p and

they have to be determined by the use of boundary conditions on

the lateral surfaces of the tube given in {(1.5). In order to do
this the equations (1.12) are transfomed , thus

— —c

. *e% oy s

o0 =2 (T v E T ) o+ o T, (1.30)

ar or C

It is emphasized that for the analogy problem of a rod, the
following conditions should be assumed :AZ:BZE 0 to ensure

finite potentials, displacements and stresses at r=0.




o =20 [ & o = o {r,z=0,p) ¢+ S . - (r.z=0,p) |
From (1.15) , (1.13) and (1.31) it is obtained
5§r=2u(f """" SR SV W (1.32)

Employing the following relations, according to [107:

A1_(Ax) 9K _(3x)

3% =B I1,(8x) Sx = - KA

91 (3x) ;
3z =/ 1_(Ax) - 2 1 (Bx) . €1.33)
ffl(ﬁx): -3 K (Bx) - Y (Bx)

ax o ' x '

and using equation (1.29) it is found

95
ez A1 o 11(dr) - Az fo" Ki(ar),
dr
@255 3 1
arﬂz = A a [x 1 (ar) - ;ﬁ I(er)] + A, & [a K (ar) + - K (ar)]
-
f? =B [A 1 (fr) - 1 (RFr)} + B_[-7 K (f8r)- 1k (Fr)]
ar Ty v o \FT r T2t 2 o' r 17 ‘
aZQC 2 2
Ty =B L+ =) IRy - = I (Br) ]+
ar r
B, [ (7" + fz ) K (pr) + 2k (pr) 1 . (1.34)

Substituting eguations (1.29) and (1.34) into (1.20) and (1.32)

one finds

10




o (r.2.p) = 2w [ AZ o I (ox) ~ AL a K (ar) + B (£ +

ep° , ep
o ) I (Br) + B, (§" ¢ 5 ) K (Br) ]

Koz

Si(r,f,p) = A1[ (21 o+ _;;; ) Io(ar) - 2 % Ii(ar) ] +
, sz 1
A2 [ (20 o + — ) Ko(ar) + 2M = K‘(ar) ] o+
Ci
B, 24 & [ BI(Br) - = I (Br) 1 + B, 2u & [-B K (A1) -
1 A -
T K(Br) ] - ———— . L(p) - (1.35)
(A +2p )

Let us introduce the following notations:

e(r) =¢ oI (ar) ,
ez(r) = - ¥ «a Ki(ar) ,
2
— Z pp -
e (r) = (§ + 5;—') L),
2
2 (=3
e (r) = (& + 57~ ) K(fAr) , (1.36)
2 )\pz
dx(r) = (24 o+ 7 ) Io(ar) - 2K = Iz(ar) .
ci
_ 2 sz a
dz(r) = (20 &+ - ) Ko(ar) + 2u z Ki(ar) .
C1
d(r) =208 [ 8 I (Br) - 2 1(Ax) ],
d,(r) = -24 & [ B K, (Ar)+ [ K (BT) ]

The boundary conditions (1.5) together with egquations (1.35)
and (1.36) vyield the system of four linear algebraic equations,

11




for unknowns Ai, Az, B, B, in the form:

1 2
N E f(p)
A d (a) + A, d,(a) + B, d,(a) + B, d,(a) = R
(A+2u) «
X & £(p)
A, 4,(b) + A, d,(b) + B d,(b) + B, d (b) = — = _,
(A+21) a
A e (a) + A e,(a) + B, e_(a) + B, e (a) =0 , (1.37)

+

A1 ei(b) + A2 ez(b) + B1 ea(b) Bz e4(o) = 0

The solution of equations (1.37) can be written in the form

w1 wz w3 w‘
A1 = A A2 = A B: = A ’ Bz = A ’ (1.38)
where

_d1(a) d,(a) 4,(a) d,(a)
d (b) d,(b) 4,(b) d,(b)

A = det ei(a) ez(a) ea(a) e‘(a) .

L ei(b) ez(b) ea(b) e‘(b) l

X & f(p)
(sz)azw d,(a) d,(a) 4 (a)
X & f(p)
W = det (—)::;;)—ak d,(b) d,(b) d (b) ,
0 ez(a) eg(a) e‘(a)
L 0 ez(b) ea(b) e‘(b) L

12




d,{a)

W= det| 4 (b)
2 1

e (a)

e, (b)

d (a)

d (b)
W_ = det

e (a)

e (b)

d, (a)

d, (b)
W, = det
4

e (a)

4

e, (b)

Substituting the sclution given by (1.38) into (1.29)

e w1
¢ (r,§,.p) = A

=

vCir.z,p) = 5°

Io(ar) +

d (a)

2

d, (b)

e, (a)

e, (b)

W

A

W

4
Ii(ﬁ’r) + A

X ¥ f(p)

(X+2u)a2
A E f(p)

(k+2u)a2
0

0

d, (a)

d, (b)

e, (a)

e, (b)

Ko(ar)

K (fr)

13

¢ f(p)

- 2 2
P p o«

one has

(1.40)




From equations (1.7) and {1.40) it follows that

—g wt wz w3
ur(r,f,p) =5 & Ii(ar) - A @ Ki(ar) * A g Il(ﬂr) +
wot
K 4 K’_ (Rr) , £1.41)
- C w1 WZ W3
u(r.Z,p) = 7 & I (ar) + 17 & K (ar) + 3 I,y -
W, £ £(p)
Z ,? Ko ( ,(? r ) + 1 e e o e et et

2
P P

Substituting (1.38) into (1.35) one obtains

—c 21 2
e lTEP) = pm LW Z el (or) - W, £ o K (ar) + W (£° «
2 2
Pp 2 PP
2n ) LB w W (0 s o) K (A1) ]
s w1 2 sz 2]
o (rdp) = 1 [ (28 & ~x ) I (ar) - 2u T Ller) ]+
Cl
wZ 2 )\pz (2]
A [ (20 o7 + Y ) Ko(ar) + 2 = Kt(ar) ] +
Ci
s 1 w¢
A & LB I,(Br) - : I(Br) 1 - A =T IR K, (Br) +
] X € f(p)
D K@) ] - —m— (1.42)
(A4 2u )

Using equations (1.12)2 and (1.40) after some manipulations one

has W W
ol (r.8.p) = 3" (pF - mo®) I (ar) + :* (o p° -
2 wB
20 a”)K (ar) 2 # T BRI (fr) +
w, ¢ _
AWITAKMD - S Ee) (1.43)
14




Equations (1.41) , (1.42) and (1.43) represent the solution
{called the formal one) of the considered problem expressed 1n
the terms of Fourier sine-Laplace or Fourier cosine-Laplace
transforms. It should be emphasized that 4, « , [ W ,
v=1,2,3,4, (see Egs. (1.25), (1.28) , (1.36) and (1.39) ) are
functions of transform parameters ¥ and p. Using the inversion
theorems of the Laplace and Fourier transforms the solution can
be written in the form
1 @ yF+im

=~ 55 ul(r,z.p) eP’ sin(fz)dp ar
70 1 0 y-iow

ur(r,z,t)

1 ® y+ico —c t
e S s u (r.Z,p) eP cos({z)dp d¥ ,
1 0 y-iw

i

w (r,z,t)

1 ® y+iw e t
o, (r.z,t) = = S5 o (r,£,p) e’ cos(fz)dp a& ,  (1.44)
) w1 0 p-iw
1 ® ¥+io g t
e oz, t) = —/5— S S o Ar.i.p) eP’ sin(Zz)dp az ,

ni 0 y-ic

1 o y+ic -5 £
— s 0% (r,z,p) eP’ sin(¢z)dp ar
N . z2
n i 0 y-iw

H

o (r.z,t)
The function f(.), if the boundary condition 1is given as
(1.4)1, is yet undefined. The ©possibility of the following
cases of impulses can be mentioned:

Case 1 Infinitely short impulse

Let function f(.) (see Eq.(l.4)1 ) be given

f(t) = —fo S(t) (1.45%)
where fo, fo >0 |, is a constant and &é(.) is the Dirac
function, then

f(p) = - fo . (1.46)

15




ase 2 Infinitely long impulse

It is assumed

f(t) = - fo H(t) (1.47)
where H{.) is the Heaviside step function, then

f(p) = £ /P . (1.48)
Case 3 Impulse of finite lenght

It is assumed

£(t) = -f_ H(t) H(T - t) (1.49)

where 7, 7 > 0, 1is a duration of the impulse. In this case one

has

f(p) = - 51 - e PT oy, (1.50)

2.The problem of longitudinal impact

The problem presented above 1is related to the mixed
conditions of shock pressure at the end of the semi-infinite
circular elastic tube. Consider now the problem shown in Fig.2.
Two semi-infinite circular tubes, moving in opposite directions
with speed v ,are assumed to contact at the instant t=0 and at
the plane z=0. The lateral surfaces of +tubes are free of
loads. The analogical problem for two semi-infinite circular
bars was solved by Skalak [11], and such approach and also some
results of [11] will be used further on.

The solution of the problem considered is derived by
application of the superposition principle for two separate
problems. The first of them is limited to two elastic

16



semi-spaces, moving in opposite directions with speed v. They

are assumed to contact at the instant t=0 and at the plane z-0.
After time t=0 the semi-spaces are assumed to behave as a
single, solid space, like the tubes considered above, which are
assumed to behave for t > 0 as a single, infinite tube. The

solution of this problem is given in [11] in the form:

H
O

ur(r,z,t)

il

- +
u(r,z,t) { + v t for - z > cC t;'

- v z/c, for |z| < c, t . (2.1

The displacements assumed above induce the following stresses,

when using equations (1.3) and (2.1):

o lr.z,t)y =0,
0 for |z| » c,t
T, 2,t) = “(N+2u) v /c, for |z| <« c,t . (2.2)
0 for |z| » c t
Orr(r,Z,t) = A v _/Cl for Izl < Cxt

It is seen from equations (2.2) that the solution of the first
preoblem canse non-zero radial tractions on the lateral surfaces
of the circular tube. Applying the principle of superposition
to ensure a stress free lateral surfaces of the infinte tube
the second problem is considered , which is defined by

equations of motion (1.2), the boundary conditions

o (r=a,z,t) = o (r=b,z,t) = 0 ,
zZr zr
0 for |z| >ct , (2.3)
a"(rza,z,t) = o"(rzb,z,t) = N v/c1 for |zl <c‘t )
for z € (-w ,+@) , t € (0, +m) ,
and the initial conditions given in (1.6) for z € (-®.+w). A

futher condition is that the displacements and the stresses

vanish when |z| —> «

17




The solution of the problem is found by using
displacement potentials ¢ and ¥ introduced in (1.7) and Fourier
exponential transforms

0

fF(r,f,t) = F{f(r,z,t); z->E}) = S f(r,z,t) e
)

"z g, (2.4)

as well as Laplace transform defined by (1.17)3 with respect to

t . Using (2.4) one has

af F
3-*{ a.,_z : Z“’:’f } = 1 f f (rlflt) .

%t 2 _F
F— izt ) = 20 £F(r, (2.5

az

af(r,z,t)
provided, that lim f(r,z,t) = lim g =" =0
|z]—>w fz]—>w

Applying Fourier exponential transform and Laplace transform to

equations (1.8) one obtains

a*3"(r,z,p) | ' (r.2.p) 2 -F
.._w_.--—;-ﬁ + —E T - ot ¢ (r:frp) = 0:
ar or
,._F
o*yF(r,2.p) ; o (r.2.p) 2 1 ~F
T 4 e (e S ) v (r,E,p) = 0 (2.6)
2 o
r r r

where o° is given in (1.25) and ﬁz is determined by (1.28)

The general solution of equations (2.6) ~an be written

in the form:2

o (r.2,p)

C1 Io(ar) + C2 Ko(ar) ,

w(r,t,p) = D, I,(ar) + D, K (ar) , (2.7)
where C‘, Cz, Dl, Dz are unknown functions of the variables ¥,

p and they have to be determined by using boundary conditions
{2.3). Applying Fourier and Laplace transforms to equations
IE‘H;;_é;pgégligd—iﬂgtmfg; Ehé”aﬁéngTE‘Serme—_6¥‘*2 m;ég h%ﬁ;
conditions Cz=DzE 0 sholud be assumed to ensure finite

potentials, displacements and stresses at r=0
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{1.12) one has (by using (2.5) and (1.19) ):

~F o* " ot Ap’ e
O,r (r.&€,p) = 2u ( “’;"” - i & ) 4 - éh P )
) ar ar Cl
—F a;F , ppz .
o (r.8.p) = 20 [ 18 ;;“ L COREE ol BRI (2.8)

Substituting (2.7) into (2.8) and employing (1.33) it follows
that

~F 2 P a
o (rf,p) = C [ (2po v —2 ) I (ar) - 21 - I {ar) ] +
Ci
2 )\pz (o]
C, [ (u o+ — ) K (ar) + 2. - K (ar) ] -
C1

D2 1 & [ B I (Br) - % I,(Br) ] + D20 i & [ A K (Br) +

i K (/3 1 2.9)

: K (Ar) 1 ., (2.

of (r,&,p) = 2u [-C,i £ & I (ar) + C,i &€ & K (ar) +

2 PPZ 2 ppz
D, (& + 57~ ) I (Ar) + D, (&~ + —37 ) K (Ar) ].
Using the notations introduced in (1.36), the boundary

conditions (2.3) together with (2.9) the following system of

linear algebraic equations for unknowns C1' Cz' Di, Dz is found

RY(z.p) ,

dez(a) + Czdz(a) - Dzi da(a) - Dzi d‘(a)

dei(b) + Czdz(b) - Dzi da(b) - Dzi d‘(b) EF(E,p) .

i
o

—Cii ei(a) - Czi ez(a) + Dt ea(a) + D2 e‘(a) (2.10)

H
o

—Cli et(b) - Czi ez(b) + D1 ea(b) + Dz e‘(b)
where

19




The solution of equations

a (a)
d, (b)

—ie1(a)

1-ie (b)

RE(2,p)

RF (g, p)

3
i

. det 0

0

| 4,2

d, (b)

3
"

» = det -ie (a)

J —iei(b)

d, (a)

d, (b)

-3
]

det —iei(a)

i -ie, (b)

d_(a)

d, (b)

—iez(a)

—iez(b)

4, (a)
d,(b)
—iez(a)

-iez(b)

RF (¢, p)
RF(2,p)
0
0

d, (a)
d, (b)
—iez(a)

—ieg(b)

{(2.11)

{2.10) can be written in the form

-id_ (a)

—ida(b)

e (a)

e, (b)

—ida(a)
—ida(b)
e,(a)

e, (b)

-id_(a)
-id,(b)
e (a)

e (b)

rF(z,p)

RF (z,p)
0
0

20

(2.12)

-id (a}
-
—id4(b)

e (a) ;

e (b) |

~id (a)

<+
~id4(b)

e4(a) (2.13)

e (b)

—id‘(a)
~id‘(b)

e (a)

e, (b) J

-id_(a)
—id‘(b)
e (a)

e (b) |




d,(a)  d,(a) ~-idj(a) R (Z,p)
a (b)  d,(b) -id (b) R (£.p)
T, = det -ie (a) -ie, (a) e, (a) 0 '
I -ie (b) ~-ie,(b) e, (b) 0
and 4. (.) , e(.) ., v=1 ,2 ,3 ,4 , are defined by equation
(1.36).

Substituting (2.12) into (2.7) and using (1.7) and (1.12) after

some manipulations one obtains

1

Gf(r,f,p) =7 [ Tiot Ii(ar) - Tz a Kl(ar) - Tai 14 Ii(f:‘r) -

T4 i¥ Ki(ﬁr) 1. (2.14)

1

ul(r,g,p) =g [ T, if I_(ar) + T, if K_(ar) +

T, @ I,(At) - T, # K (Br) 1,

and
—F 2u
o, (r.f,p) = 5 [ -T if «al (ar) + T, i & a K (ar) +
2 2
2 ;PP 2 eFPp
T, (& + P ) I(Br) + T, (§° + 55 ) K (Ar) ] .
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—F T . AP
Orr(r,f,p) =7 [ (24 &5 + “y ) Io(ar) - 2 0= 1 (&1 ] +
Ci
T, rp”
7 [ (2w e + =) K (or) + 2p ¢ K (ar) ] -
Ci
= 20 1 1
T 2018 [ A1 (Pr) - 2 1.(Pr) ] +
o K L ¥ (pr; 2.15)
T 2018 [ 1B o(ﬁr) + T 1( ry 1., {(2.15)

1
GE (r,8,p)= g [ T, (pp° - 2w &) I (ar) + T, (PP -
2u o) K (er) + T, 20 & i3 I (Ar) - T, 2z & i & K (Br)]

Equations (2.14) and (2.15) represent the solution ,called the
formal one ,of the considered impact problem expressed in terms
of Fourier and Laplace transforms. The inversion of these
transforms would be difficult to carry out because T, Tu
v =1, 2, 3, 4, are the functions of transform parameters £ and
p, equations (2.13), (1.36), (1.28). Using the inversion
theorems of the Laplace and Fourier exponential transforms the

solution can be written in the form

1 © y+im .
ur(r,z,t) = T S J urF(r,E,p) elgz ept dp 4z ,
4 1 ~w yp-iw
1 © y+im _ .
uz(r,z,t) = — 2 S S uF(r,f,p) elfz ept dp d¢ ,
4 n7i - y-iom z
1 ® yt+iw _ .
o _(r,z,t) = S r of (r.z.p) e}f?% &Pt gp az |,
ZZ 2 . . zZ
4 n° i ~00 =—-100
1 ® y+im 3
o (r,z,t) = — rr oF (r,£.p) e¥?% &Pt gp ar
4 i ~o p-iw =
22
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