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graphes des op~rateurs. Topologies sur les hyperespaces.
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0 optimisation et analyse non-lisse (dpi-d~rivdes des
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Presentation scientifique

H. Attouch et M. Thera

Introduction. Les convergences de suites d'ensembles et les topologies sur les ferm~s
d'un espace topologique se sont r~v~ldes au cours des dernires anndes comme dtant la ckd de la
comprehension de nombreux. probl~mes de convergence, approximation, perturbation en
analyse non-lin6aire, optimisation, statistique... Le congr~s du CIRM du 22 au 26 Juin 1992,
est consacrd A ces questions. Nous prdsentons dans les pages qui suivent ces nouveaux
concepts et quelques unes de leurs applications.

Les notions fondarnentales de l'analyse mathdmatique, telles que continuit6. derivation,
intdgration, approximation, d~veloppemnents (en s~rie...) reposent sur le choix d'un concept de
limite. Dans lapproche classique, c'est la convergence simple des fonctions et des op~rateurs
qui sous-tend la plupart de ces notions, avec bien scir des adaptations pour chaque dornaine
d'utilisation (convergence presque Afre, convergence au sens des distributions, convergence
uniforme stir les born~s, stir les compacts ... ).

Les d6veloppements r~cents en analyse non-lindaire et optimisation ont amene une
rupture par rapport A cette vision classique: ddjA, l'analyse convexe nous a familiartse avcc
lid~e que la convexit6 d'une fonction se formule naturellement en termes de convexittý de son
6pigraphe, et sa semicontinuit6 infdrieure en termes de fermeture de ce dernier. En analyse
lindaire, les propri~t~s des op~rateurs se formulent souvent simplement A l'aide de leurs
graphes (th~or~me du graphe ferm6...). L'analyse des op~rateurs a partir de leurs graphes
s est imposde tout naturellement avec la thdorie des opdrateurs maximaUX monotones. Ces
exemples nous font senoir le r6le gdom~trique cld que jouent l'pigraphe pour les fonctions et It
graphe pour les opirateurs dans l'analyse des probl~mes unilat~raux (minimisation ... ). 11 est
naturel de les retrouver au coeur des notions de convergences adapt~es ý lanalyse variationnelle,
et l'optimisation.
L'epi-' onvergence d'une suite de fonctions se d~finit g~om~triquement par la convergence de la
suite des dpigraphes correspondants. La graph-convergence d'une suite d'op~rateurs se d&finit
en termes de convergence des graphes correspondants. A la base de ces concepts se trouve
donc la notion de convergence pour une suite d'ensembles.

Lepi-convergence, la graph -convergence poss~dent bicti sfir, des versions analxL .que

qui, contrairement A la convergence simple o6i la variable est gelde, prennent en compte Ie
comportement des fonctions oti des op~rateurs en des points voisins. Uls sont paruiculi~renient
utiles lorsque i'on consid&e des fonctions ou des opdrateurs de domaines variables ou lorsque
Ion rencontre de fortes variations ou oscillations dans les donn~es d'un probleme. Ils ont ain11si
permis de traiter de nombreux probl~mes de convergences, approximation, perturbation.
sensidivitd dchappant A une analyse utilisant les concepts classiques de convergence bases sur Ia
convergence simple. Ces d~veloppements r~cents; se rattachent ý un courant math~matique dont
nous retraqons bri~vement i'historique.

Un bref historique. La thdorie des applications multivoques (semicontinues.
mesurables), et les questions de diffdrentiation (c6nes tangents, d~rivdes g~n~ralis~es) ou
d'int~gration (multivoque) qui s'y rattachent, ainsi que que N'tude des ensembles aleatoires
et la thdorie de Ia decision statistique ont longtemps dt les moteurs principaux de la th~orie des
convergences d'ensembles et des hypertopologies (topologies sur les ferm~s d'un espace
ropologique). Ces concepts se sont progressivement d~pag~s grace aux travaux de P. Pain leve
(1909), L. Vietoris (1923), G. Choquet (1947), K. Kuratowski (1948), G. Bouligand (1950.).
E. Michael (1951), J. M. G. Fell (1962), G. Matheron (1975), et, plus directement inspires
par I'6tude des ensembles al~atoires et Ia th6orie de ]a decision statistique, R. A. Wij'sman
(1964), E. Effros (1965), D. Walkup & R. Wets (1967), B. Van Cutsem (1971). Son chamnp
d'applications a 6t en s'61argissant avec la thdorie des jeux C. Berge (1959), 1'6conomie
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mathdmatiquc R. Aumann (1964), W. Hildenbrand (1979), J.-P Aubin (1979), Ia thdorie des
points fixes de type Ky-Fan, la viabilitd et le contr~ile des syst~mes dynamniques 1.-P. Aubin
(1981), B. Comet (1981), G. Haddad (1981), J.-P. Aubin & A. Cellina (1984), H.
Frankowska (1984), l'dtude des fonctionnelles int~grales et le contr6le optimal avec R. T.
Rockafellar (1975), Ch. Castaing & M. Valadier (1977), Z. Aristein (1972), C. Olech (1976).
E. Balder (1984).

Une dtape decisive dans le ddveloppement de ces concepts a dt leur maniage avec
l'analyse variationnelle. La comprdhension des m~thodes d'approximation vai-iationnelle
(Galerkin, 616ments finis) ou de perturbation (en liaison avec la capacitd et hi thdorie du
potentiel) a amen6 U. Mosco en Italic (1969) et J. L. Joly en France (1970) ii faire le lien avec
les indquations variationnelles et l'analyse convexe en dimension infinie, et A introduire la
Mosco-convergence. En liaison avcc 1'6tude de prob1~mes lids aux hypersurfaces minima,
E. De Giorgi ddgageait vers 1975 les concepts topologiques g~ndraux de convergence pour des
suites de fonctions (non n6cessairement convexes), qui permettent de passer A la limite sur les
probl~mes de minim-isation correspondants, A savoir la thdorie de la f'-convergence.

Dans cette orientation vaniationnelle, on trouve un grand nombre de travaux d'anakvse
convexe portant sur les convergences de suites de convexes fermnds, de fonctions convexes
s.c.i. et de leurs sous-diff6rentiels dans les espaces de Banach. La bicontinuite de Ia
tranformation de Fenchel relativement a la Mosco epi-convergence dans les espaces de
Banach rdflexifs est d6montrde par Mosco en 1971, cette propri~t6 fondamentale dtant en
grande par-ic A l'origine de l'introduction de cc concept. En 1976, la continuitd de l'op~ration
de sous-diffdrentiation f -*ý Df lorsque i'on munit les fonictions convexes s.c.i. de la Mosco epi-
convergence et les opdrateurs sous-diff~rrntiels de la graph-convergence est mise en 6vidence
par H. Attouch. Ce dernier rdsultat montre clairement le lien entre epi-convergencu des
fonctions et graph-convergence des op~rateurs. Plus rdcemment, G. Beer montre l'existence
d'une topologic induisant la Mosco convergence (1988), quill 6iend ensuite aux Banaich
gdndraux sous le nom de slice convergence. Outre la continuit6 de la polafitd, une etude
systdmatique des propridtds de continuitd des opdrations sur les convexes (intersection, addition
vectoriefle ... ) et sur Ics fonictions convexes (addition, inf-convolution ... ) est entueprse dans ie-,
travaux R. C. Bergstrom & L. Mc Linden (1981), H. Attouch & D. Az6 & R. Wets, R. T.
Rockafellar & R. Wets, D. Azd & 1.-P. Penot, G. Beer & R. Lucchetti, NI. Volle, 1.-P. Aubin
& H. Frankowska, S. Dolecki, H. Rihai...

Des progr~s d~cisifs ont dt dgalement accomplis dans le cadre non convexe avec
]introduction de versions "localisdes' des mdrriques de type Hausdorff par H. Attouch & R.
Wets avec comme corollaires les notions d'epi-distance et de graph-distance (1988,. L'ne
analyse quantitative des questions de convergence et d'approximation pour les problkmes de
minimisation. point-selles... est ainsi rendue possible; citons dans cette orientation les travau\
de G. Beer, R. Lucchetti, D. Az6 & J. P. Penot, D. Pai & P. Shunrnugaraj, H. Atrouich & J.-
L. Ndoutoume & M. Thdra , M. Soucycati, J. Lahrache.

Les travaux r~centE de G Beer, R. Lucchetti, Y. Sonntag & C. Zalinescu, A. Lechick-i
& S. Levi ont permis de classer ct de comprendre de faqon unifi~e les nombreulSeS
convergences d'ensembles et hypertopologies apparues ces demi~res ann~es.

Ces travaux thdoniques ont dt accompagn~s de nombreuses applications:

a) Mecanique des milieusx continus, calcul des variations et E.D.P. (probl~mes ii petits
param~tres, homogeneisation de milieux composites, couches minces, transition de phase.
,ontr6le et relaxation) avec les travaux en Italic de PNcole de Pise animde par E. De Giorgi (G.
Buttazzo, G. Dal Maso, P. Marcellini, A. Marino, L. Modica, C. Sbordone. S. Spagnolo), en
France de H. Attouch, D. Az6 , G. Bouchitte, A. Brillard, A. Damlamian, G. Michaille. F.
Murat, C. Picard, P. Suquet, L. Tartar, en Russie de A. V. Marchenko & E. Y. Hruslov et aux
USA de B. Kohn.

b) Optimisation stochasrique et theorie de la decision statistique (approximation
numdrique, lois des grands nombres pour des ensembles ou des fonctions s.c.i.
aleatoires, probl~me variationnel moyen) avec les travaux de R. Wets. G. Salinetti & R.



Wets, R. T. Rockafellar & R. Wets, Z. Artstein, H. Attouch & R. Wets, Ch. Hess, F. Hiai, P.
Kall, Ch. Castaing, A. Choukairi, A. Truffert.

c) Analyse non r~guliere, optimisation et contr6le (c6ne tangent, d~riv~es g~n~ralis~es,
epi-d~rivkes directionnelles du premier et du deuxi~me ordre, thdor~me d'inversion locale
pour une application multivoque) avec les travaux de J. P. Aubin, A. Auslender, D. Az6 , R.
Cominetti, L. Contesse & 1.-P. Penot, R. Correa, S. Dolecki, H. Frankowska, D. Kiatte, P.
Michel & J.-P. Penot, J. L. Ndoutoume, D. Noll, J.M. Borwein & D. Noll, J. P. Penot, R.
A. Poliquin, S.M. Robinson, R. T. Rockafellar, A. Seeger, M. Soueycatt, L. Thibault.

d) Analyse nwnmrique et optimisation (approximation, stabilitd et conditionnement
num~rique, combinaison d'algorithmes avec des m~thodes d'approximation, sensitivit6, dtude
de probl~mes non coercifs et fonctions de r6cession) avec les travaux de A. Auslender, A.
Auslender & J.-P. Crouzeix, H. Attouch & R. Wets, S. Flam & R. Wets, 1.-B. Hiriart-
Urruty, B. Lemaire, A. Moudafi, P.-L. Papini, Y. Sonntag, S. Flam & R. Wets, A. Seeger,
P. Tossing, T. Zolezzi, m~thodes d'homotopie et de continuation en optimisation paramrn~rique
avec les travaux de J. Guddat, Th. Jongen, H. Attouch & J.-P. Penot & H. Rihai.

e) Principes variationnels (Ekeland, Borwein-Preiss), gdom~trie des Banach,
probl~mes bien pos6s (au sens de Hadamard, de Tychonov), propridt~s g~n~riques et
differentiabilit6, avec les travaux de R.R. Phelps, G. Beer, R. Deville & G. Godefrov & V.
Zizler, R. Lucchetti, J.M. Borwein, J.M. Borwein & S. Fitzpatrick, P. Kenderov. H.
Attouch & H. Riahi, F. De Blasi, P.- L. Papini, J. Mijak, J. P. Revaiski, S. Sinmons.

f) Theorie de 1'approximation oji le r6le fondamental de l'approximation 6pigraphique
(inf-convolution) et ses proprirt~s de r~gularisation ont 6t mis progressivemnent en 6vidence
dans un cadre de plus en plus gdndral: approximation de Baire-Wijsman puis
approximation Moreau-Yosida introduite par J.-J. Moreau et H. Brezis dans le cas de
fonctions convexes et un cadre Hilbertien (1973) suivis par les travaux de R. Wets, H.
Attouch, J.-P. Penot, M. Bougeard, 1.-B. Hiriart-Urruty. Tr~s r~cemnment, l'approximation-
r~gula~risation de Lasry-Lions a permis de s'aifranchir de toute hypotheses de convexit6 ou
de croissance sur les fonctions et ce, en dimension infinie (H. Attouch & D. Az6 , M. Volle, J_
Benoist).

g) Convergences de suites d'operateurs maximaux monotones ou d'opfrziteurs
accrdtifs et des semi-groupes associds. Initialement introduites par H. Brezis. A. Pazy. MI.
Crandall, Ph. Benilan, H. Attouch, L. Mc Linden ces convergences ont 6t utilis~es dans
1'dtude de probl~mes d'dvolution avec op~rateurs d6pendant du temps par JA-. Moreau
(probl~me de rafle en 6lastoplasticitf), H. Attouch & A. Damlamian, et en les cotnbinant avec
des perturbations multivoqlues semicontinues par A. Cellina, B. Cornet, Ch. Castaing. N.S.
Papageorgiou. Combinde avec l'approximation Yosida, la graph -convergence de suites
d'opdrateurs maximaux monotones a permis de ddfinir une notion tie somnme 6tendue
(variation nel le) H. Attouch & 1.-B. Baillon & M. Thera.

h) Th~orie des jeu~x, problemes de min-maxr et 6conomie mathernatique o6 1'6tude des
questions de stabilit6 et approximation pour les probl~mes de min-max, de points selles ont
amend l'iniroduction de nouvelles notions de conver ences, H. Attouch & R. Wets (epi-hypo
convergence pour les probl~mes de point selle), G. Greco (F--convergence), E. Cavazzuti
(dquilibre de Nash), J. Morgan et P. Loridan (6quilibre de Stackelberg), B. Lemaire (optima de
Pareto), B. Comet (cbnes tangents et viabilitd), S. Simons, S. Flam.

Outre les ouvrages de rdfdrence classiques C. Berge (1959), C. Kuratowski (1958). G.
Matheron (1975), Ch. Castaing & M. Valadier (1977), plusieurs ouvrages r~cents traitent des
convergences d'ensembles: Y. Sonntag (1982), H. Attouch (Pitman; 1984), E. Klein & A. C.
Thomson (John-Wiley; 1984) 1.-P. Aubin & H. Frankowska (Birkhauser; 1990), R. T.
Rockafellar & R. Wets, G. Beer , Y. Sonntag & C. Zalinescu, (ýi paraitre).
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1. Convergences de suites d'ensembles.

1.1 Convergence au sens de Painievi-Kuratowski.
Soit (Xjt) un espace topologique, que, pour la simplicit6 de l'expos6, on supposera m~rrisable.
Etant donn6e une suite de parties A I, A2, A3.... de lespace topologique X, les limites
inf~rieures et sup6rieures (topologiques) de la suite (An1; n E NU) sont d~finies par les
formules

Li An= ( XE X: 3 (an1) ---x avec:pour tout nlE N, an E An1

En d'autres termes, Li An1 est l'ensemble formd par toutes les limites possibles de suites
(an; n E N I avec an1 E An1 pour tout n, alors que Ls An1 est form6 par toutes les valeurs
d'adh~rence de telles suites. Etant donnde une suite (An; n E IN), on peut toujours d~finir ces
ensembles Li An1 et Ls An1 , qui peuvent Etre dventuellement vides, et I'on a linclusion

Li An C Ls An .

Lorsque l'galit6 a lieu, on dit que ]a suite (An1; nE U) converge ou plus pr~cis~ment converge
au sens de Painiev6-Kuratowski, et l'on note

Lim An1 = Li An1 = Ls An1

La rdf6rence A la topologie T est implicite dans ces formules; lorsque Ion veut la mettre ell
6vidence on 6crit A = 'r- Lim An . Dans les formuies suivantes "cl" d~signe i'op~ration de

fermeture et XA'# d~signe la grille du filtre de Fr~chet XA' sur U
00 00

Li An = NE) # kNu Ak

Ls An = r) cl u~ Ak.
N E h' kE=N

Ces formules sont intdressantes A double titre: elles mettent clairement en 6vidence que les
ensembles T- LiAn, -T-LsA11 et donc T-LimA11 (Iorsque Ia limite existe) sont des ensembles

ferm~s pour la topologie T. De plus, ces limites restent inchang~es Iorsque Yon remplace An1 Par
sa fermeture. C'est la raison pour laquelle, sans diminuer la gdndralit6 dcs r~sultats, on peut
raisonner sur des ensembles ferm~s. Ces formules permettent d'6tendre tr~s simplement le",
concepts pr~cdIents aux cas d'ensembles indexds par un param~tre continu I AE E-W)O

Don nons queiques exemples 616mentaires en dimension finie:
a) Une suite de boules lffkx1 , Pn) converge vers la boule IB(x, p) Si et seulement si.

(x11; n1 E U ) converge vers x et (Pn; n c= IN) converge vers p. Si Pn tend vers linfini.
alors ces boules convergent vers 1'espace tout entier, et leurs complkmentaires vers l'ensernble
vide.
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b) Considdrons une suite qui prend alternativement deux valeurs, An = A0 pour n pair
et An = Al pour n impair, oii AO et A1I d~signent deux ferm~s distincts. Alors cette suite ne
converge pas, on a Li An =Aor)AI , LsAn =AOuA1 .

c) Dans I'exemple suivant, les ensembles An sont des dpigraphes: An = epi fn avec

-n s 0<x. •0
n

fn~x) nx-2 si15X In n

La suite des ensembles An converge, sa limite est encore un dpigraphe ý savoir ,

Lim An = A = epi f

oi f est la foniction qui vaut zdro partout, sauf ii lorigine oii elle vaut -1. Get exemple
6l6mentaire d'dpi-convergence illustre bien la difference avec la convergence simple, puisque
sur cet exemple la suite I fn; n E IN) converge simplement vers la foniction identiquemnent nulle.

d) Consid6rons A prdsent une suite d'opdrateurs monotones ý, de IR dans IRe
prenons pour ensembles An dans R2 leurs graphes: A,= graph 9ý (dans la pratique. on
identifie l'op~rateur et son graphe qui sont alors ddsign~s par le m~me symbole).

n

An) n x Si- - < X -n n

I six >L
n

La suite des ensembles An converge et sa limite est lensemble A= graph ,-' oji

(4x) = I [-,+lI ]si X=0
+1 si X Ž! 0

Cet exemple illustre lapproximation Yosida de l'opdrateur maximal monotone multivoque ýA
les opdrateurs An sont maximaux monotones lipschitziens, et la convergence a bien lieu en
graphe, la convergence simple des oprateurs An ne permettant de recup~rer que 0 Ia section
de nor-me minimale de l'op~rateur X4.I
Lorsque la topologie T est m~trisable, now.., d une distance induisant cette topologie, et posant:

d\A:= inf d(x,y),
YEA

on peut reformuler les limnites topologiques de suites d'ensembles:

Li An ={XE X Iimsup d(x,An)= 0 1=(XE X :lim d(x.An)= 01
n--4-

Ls An (XE X : iminf d(x,An)= 0 1
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1.2 Convergence au sens de Wijsman et Mosco convergence.

Les formules ci-dessus sugg~rent naturellement la notion de convergence suivante: la suite
(An; ne- IN) converge au sens de Wijsman vers A, on note A = W-LimA n si pour tout x(- X

d(x,A) = lim d(x,A,).
n ---)

La convergence au sens de Wijsman entraine la convergence au sens de Kuratowski-Painlevý.
Elle est, en g~n~ral, strictement plus forte que cette demni~e. La convergence au sens de
Wijsman permet de topologiser de fagon simple la convergence topologique d'ensenibles:
identifiant un ensemble A A la fonction distance d(.,A), on consid&re la topologie de la
convergence simple des fonctions distances. Si X est un espace m~trisable separable, on obt ien t
ainsi une topologie m~trisable separable sur lensemble 'T(X) des fermds de X, dont la tribu
bor~lienne est prdcisdment la tribu d'Effros 6'(Ch. Hess; 1986). Cette tribu joue un r6le
c16 dans l'dtde des application multivoques mesurables, elle est engendr~e par les ensernbths

U-= ( F E (X) ; F n U #0 1

obi U d~crit l'ensemble des ouverts de X. Une application multivoque mesurable n'est aUtre
qu'une application mesurable A valeurs dans FT(X) muni de Ia tribugc(R.T. Rock-afellar; 1977).
La topologie de Wijsman se rdv~le d'un usage ddlicat en dimension infinie car ellk depend dU

choix de la m~trique (ou de la norme) induisant la topologie T. Lorsque Ion se restreint aUx
convexes ferm~s d'un espace de Hilbert et que Ion prend pour d Ia distance associee ýI Lil

norme, on obtient la Mosco-convergence:

Soit (An; n E= N1) une suite de ferm~s d'un espace normn6 X. La suite [A,,: n- IN ) Mosco-
converge vers A, et Font notera A = M-limAn, si ofl a les deux propri&týs suiivantes:ý

(i) pour tout x dans A il existe une suite xn convergeant fortement vers x telle quc x,
appartienne ý An~ pour tout n E N.

(ii) pour toute sous-suite n(l) < n(2) < n(3) <... et Vke IN NkE An~kk a%*ec %Yk
convergeant faiblement vers y, on a y e A.

Theoreme (H. Attouch-Y. Sonntag-M. Tsukada). Soit X un espace de Banach refiexif 1muLni
d'une norme stnictement convexe et Kadec ainsi que Ia norme duale (Ia convereence faible et la
convergence des normes entrainent la convergence forte), ce qui est toujours possible aprce>
renorrnage. Soit (An; n E N), A une suite de convexes fermds non v'Ides de X.
Les propositions suivantes sont 6quivalentes:

(i) la suite (An, nE IN) Mosco-converge vers A;

(ii) V XE X, d(x.A) = urn d(x.An);

(iii) V xE X, pro4kx = urn projAnx.

obi pro.kx d6signe la projection de x sur A.
La convergence au sens de Mosco joue un r6Ie c16 en analyse variationnelle con-exe dans les
espaces rdflexifs. Nous verrons plus loin ses propridtds remnarquables relativement ii la dualitw.
Lorsque l'espace X n'est pas rdflexif, cule perd une bonne pantic de ses propri~tes,
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1.3 Converg.,nces de type Hausdorff.

(X, 101I) ddsigne un espace normd de boule unitd ferm~e lB. Etant donnds C, D C X, Fexce', de
lensemble C sur D est d~fini par

e(C, D) =sup d(x, D)
XE C

avec la convention e = 0 si C = 0. La distance de Hausdorff entre C et D est d~firlie par

haus(C, D): =max I e(C, D), e(D, C)).

On a la formule suivante:

haus(C, D) =sup I d(x, C) - d(x, D) I
xe-X

Cette m~trique qui joue un r6le fondamental en analyse est souvert trop forte lorsque "on
manie des ensembles non bomnds tels que 6pigraphes, c6nes, graphes...A cet eifet, une version
"localis~e" a &6 introduite par H. Attouch & R. Wets (1987):

Pour tout p Žt 0, Ia p-Hausdorff distance entre C et D est donn~e par:

haus,(C, D): = max (e(Cp, D), e(Dp, C)I

oii Cp, (resp. Dp) est d~fini par Cp: = C r-) p lB (resp. Dp: = D r-) p15).

line suite (C,, C X;1 n E INI de parties de X converge au sens des p-Hausdorff distances

vers un ensemble C, si pour tout p > 0,

urn hausp(C,,C) =0.
n --i

Cette converg-.nce est associde A une topologie m~trisable; lorsque Yon travaille avec les femnies

non vides duLn espace norm6 X, on peut prendre comme m~trique D

+ 0 d (A ,B )

D(A, B): S X - n~1+~AB
n=1 nAB

d n(A,B1): = sup I d(x, A) - d(x, B) I
IlxII:5n

Cette topologie, associde A la convergence uniforme sur les bomnds des fonctions distances est
donc interm-diaire entre la topologie de Wijsman (associ~e ý la convergence simple des
fonctions distances) et la topologie de Hausdorff (associ~e ý la convergence uniforme des
fonctions distances). En dimension finie, Ia topologie de Wijsman coincide avec Ia topologie
des p-Hausdorff distances et ces topologies induisent la convergence au sens de Painle.v6-
Kuratowski.
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1.4 Hypertopologies

L'dtude des topologies sur les fermds d'un espace topologique (X,T) (hypertopologies
induisant les convergences topologiques d'ensembles est un the~me central'dans toutr-s les
questions dvoqu~es prdcddemnment. Historiquement, ce sont les hypertopolo vies du type ''hit
and miss' qui sont apparues les prem~i~res. Etant donn6 E C X, on introduit

E -= (fA E (X); A n E #0)

E ={Ae (X); A C:E

(1) La topologie de Vietoris sur FT(X) a pour sous-base les parties de la forme V- et les

parties de la ic'rme W+ob V et W sont des ouverts de (X,'r).

(2) La topologie de Fell sur ~T(X) a pour sous-base les par-ties de la formc V- oL, V est urt

ouvert de (X,T) et les parties de la forme W* o6i W est de complkmentaire compact.
(3) Si X est un espace vectoriel normd, la Mosco topologie (introduite par G. Beer) sur les

fermds faibles de X a pour sous-base les parties de la forme V oii V est ouvert de X rnuni de

la topologie de la norme et les parties de la forme W' o6i W est de complit~nentaire faiblernent
compact.

Cette approche gdomdtrique se manie bien avec la th~orie des multiapplications
mesurables et l'analyse stochastique. L'approche "moderne" pour d~finir des hypertopologies
est plus fonictionnelle, elke consiste A associer A un ensemb!e une famille de fonctions et de
considdrer la topologie initiale qui leurs, est associ~e:
On a vu que la Wijsman topologie est la topologic la momns fine (topologie initiale) rendant
continue les applications A-) d(x,A) pour tout x dans X.
La Slice topologie de Beer sur les convexes ferm~s d'un espace norma peut &tre d&finie
comme topologie initiale associ~e aux fonctions de saut

A--4 D(A,B): = inf ( IN - yII xE A, YE B)I

oii B parcourt lensemble des convexes fermds born~s de X. Elie est associe ai la f.arnille de
semi-m~triques

PF(A,B) = ID(A,F) - D(B,F)I

ob F appartient A une famille de parties de X (ici les convexes fernnds born~s de X). Y SonntagZ
et C. Zalinescu obtiennent une classification des hypertopologies en distinguant celles
associdees A une famille de semi-mdtinques du type prdcddent (le type p) et celles associleecs a
une famille de semi-mdtriques du type suivant (le type q)

qF(A,B) = sup Id(x,A) - d(x,B~l
XE F

Dans ce dernier type on reconnait la m~trique de Hausdorff en prenant pour F lespace tout
entier, la topologie de Attouch-Wets ("bounded Hausdorff topology") lorsque F ddcrit
l'ensemble des parties bomdes de X.
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2. Epi-convergence de suites de fonctions.

De nombreuses questions li~es A la mi~nimisation de fonctions f: X -4 I u (+.-f peuvent ýtre
abord~es de fagon g~omdtrique en identifiant la fonction et son 6pigraphe

epi f EI(x,a) : X E X, ctX E]R, a tý,f(x)).

Les convergences dpigraphiques (epi-convergences) de suites de fonctions se d&finissent
gdomdtriquement en termes de convergences topologiques de ]a suite de leurs 6pigraphes. On a
donc les correspondances suivantes:

f = epi-lim fn 4- epi f = Lim epi fn

f = W-epi-lim fn c* epi f = W-Lim epi fn

f = M-epi-lim fn 4-* epi f = M-Lim epi fn

f = epi-dist-lim fn 4-- epi f = hausp-Lim epi fn V p >0

On dira alors. que la suite de fonctions Itfn. nc- N ) respec-.ivement epi-converge, Wijsrnan
epi-converge, Mosco epi-converge, epi-distance converge vers f. Une limite topologique
d'dpigraphes est encore un 6pigraphe, plus pr6cis~ment:

Ls epi fn epi (epi-liminf fn)

Li epi fn epi (epi-limsup fn )
avec

(epi-liminf fn)(x) = min I Iiminf fn(xn); xn -f X I

(epi-limsup fn)(x) = min ( limsup fn(xn); xn - x).

L'epi -convergence de la suite de fonctions (ffn nE IN) se traduit par 1'6galit6 entre les deux
fonctions epi-liminf fn et epi-limsup fn . On a donc que I{fn; n(_ N )epi-converge vers f au
point x, si les deux propri6t~s suivantes sont satisfaites:

{(i) pour tout suite xn convergeant vers x, liminf f11(xn) Ž! f(x)
I(ii)il existe une suite in convergeant vers x telle que f(x) Ž! limsup) fn")

Lorsque Y'on veut mettre en 6vidence la topologie x prise sur X on note f = 'r-epi-Iim fn.
On peut noter que ces conditions entrainent que f est semicontinue infdrieurement.
Lepiconvergence n'est pas comparable en g~ndraI avec la. convergence simple et fait intervenir
les valeurs des fonctions au voisinage du point considdrd. Dans le cas de suites monotones, les
deux notions coincident modulo des opdrations de fermeture:

Si la suite (fn; nre H) est croissante, alors epi-lim fn = Supn ( ci fn)
Si la suite (fn ne N ) est decroissante, alors epi-lim fn ci infn (fn).

L'importance de l'epi -convergence tient au fait que cetre notion est minimale parmni les notions
permettant le passage A la limite sur des suites de probl~mes de minimisation. Son utilisation
combin~e avec les m~thodes de compacitd est misc en 6vidence dans 1l6noncd suivant oiz Ion
d~signe par E-argmin f= (E X; f(x):5 inf f + c):
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Theor~me (E. De Giorgi; 1977). Soit If, fn1: X --* IR u (+ovl: n=1,2.... ) une suite de

fonctions k valeurs r~elles 6tendues. On suppose qu'il existe une suite ("n; ne IN
T-relativement compacte pour une topologie -T sur X et une suite de reels positifs { C,; nE N
tendant vets zero tels que Rn E Cr-argrnin fn pour tout liE NAlors, lepi -convergence pour la
topologie t de la suite Ifn; nE IN) vers f entraine:

(i min f lrn inf fn
n -ý 00

(ii) Ls (E-n-argmin fn) C: argmin f.

Dans les applications, cette propri6td variationnelle est compl~tde par le rdsultat de stabilit6:

Si f = t-epi-lim fn et g: X -ý IR est T-continue, alors f + g = t-epi-lirn ( fn~ - 2

La topologie Tr intervient donc naturellement en liaison avec les propridt~s de coercivit6, d'inf-
compaciti de la suite fn1. Le fait de travailler avec des fonictions pouvant 6ventuellement prendre
des valeurs infinies permet de formuler un r~sultat abstrait de compacit6 pour lepi-
convergence:

Th~or~me Soit (X, 'r) un espace topologique m~tisable separable. Alors, de toute suite de

fonictions (fn: X -]R;n=1,2,... ) on peut extraire une sous suite r-epi-convergente.

L'approximation epigraphique ou inf-convolution joue un r6le centrat en th~orie de
lepi-convergence. Etant donn6 une foniction f: X -4 IR u (+-)j oib (X, 11.11) est un espace

norm6, pour toute valeur strictement positive du pararn~rre X, on d6fi nit

f(x:=infUE X I f(u) + 1i- jjU112

l'approximation Moreau-Yosida d'indice X de f, et

fix) (x): =infuc- x I f(u) + 11-u11

l'approxitnation Baire-Wijsman d'indice X~ de f. Ces fonctions sont respectivemient
localement lipschitziennes et lipschitziennes partout d~finies sur Vespace tout entier, et jouent le
r6le des fonictions distances Iorsque les ensembles consid~r~s sont des 6pigraphes. De
nombreuses propridt~s d'epi -convergence se reformulent donc en termes de convergence
simple des approximdes 6pigraphiques. Par exemple, la Mosco epi-convergence d'une suite de
fonictions convexes s.c.i . sur un espace de Hilbert est 6quivalente At la convergence simple de
toutes les approxim~des Moreau-Yosida:

f =M-epi-lim f' c- V a2.O 'VxeX fX (x) = limn (fn)X (x).
nl~-0

Un r~sultat du mime type pour les approxim6es Baire-Wijsman a 6te obtenu par D. Aze.
La suite ( fX; X.-0I converge simplement et de faqon monotone croissante vets f lorsque
Ion suppose f s.c.i.. En fait, cette convergence a lieu au sens de J'epi-distance, ce qui donne
un contr6le mdtrique de cette approximation.
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3. Epi-convergence de fonctions convexes et dualite.

Soit (X, 11.11) tin espace norm6, r(X) d~signe l'ensemble des fonictions convexes semicontinues
infdrieurement propres stir X, et dualement F*(X*) d6signe l'ensemble des fonctions convexes
semicontinues inf6rieurement pour la topologie o(X*,X), propres d~finies sur *
Etant donn6 f E T(X), sa conjugude f*~ r= r-(X"') est d~finie par la formule

f*(y): = sup ( < x,y> - f(x) : x e X.

oii < x,y > ddsigne le couplage entre x E X ety E X*.

Etant donn6 h E [*(X*), on adopte la convention habituelle qui consiste Zi ddfinir h* seulement
sur X plut6t que stir tout X**, de sorte que h* E F-(X). La transformation de Fenchel f-- f*
est alors tine involution bijective entre r(X) et F*(x*) . On dit que yo E X* appartient au
sous-diffrrentiel de f re F(X) au pointX xjE X, et i'on 6crit Yo E af(x0 ), Si pour touw xE X,
on a f(x) ŽL f(xo) + <x - x0, yo>. En termes de fonctions convexes conjuguees, on a que

yE o'f(x(o) si et seulement si l'galitd de Fenchel est satisfaite : f(xo) + f*(y0 ) = <x~y> Le
sou~s-differentiel de f est l'opdrateur dont le graphe dans X x X* est donn6 par la formule:

af:{((X,y) EX XxX*: YE af(X)jl

=((x,y) r= Xx X* f(x) + f*(y) = <x,y>J.

Rappelons la formulation analytique de la Mosco epi-convergence: Une suite (f,; n=l1,2,... } de
fonctions de V(X) Mosco epi-converge vers f si en tout point X E X les deux propri~tes
suivantes sont satisfaites:

{(i) po ur toute suite Xn convergeant faiblement vers x, liminf fn(xn) Žý f(x)

00i ii existe une suite Rn convergeant fortement vers x telle que f(x1 Žý limsup) fn,\

The~orere (U. Mosco; 1971) Soit X un espace de Banach rdflexif. Alors la transformiation de
Fenchel f-4 f* est bicontinue pour la Mosco epi -convergence. En d'autres termes

f = M-epi-Iim fn 4- f*~ = M-epi-lim (fn)*.

Ce rdsultat, qui explique le r6le important jou6 par la Mosco-epi -convergence en analyse
convexe, tombe en ddfaut lorsque lespace nest plus rdflexif. Pour pallier les d~fauts de Ia
Mosco convergence dans tin cadre non rdflexif, G. Beer a introduit r~cemment la slice
convergence:

Soit X tin espace normd gdndral et (fn. nE IN) une suite de fonctions de E(X). On dira que fn

slice epi-converge vers f et I'on notera f = rs-lim fn si les deux propri~t~s suivantes sont
satisfaites: {V x~r= X 3 <Xn> -x0 tel que f(x0 ) = lirn fn(xn)

(i) VYOE X* 3 <Yn> -4Yo tel que f*(yo) =lim fn (Yn)
n -0
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La slice epi-convergence coincide avec la Mosco epi-convergence lorsque l'espace X est
r~flexif et la transformation de Fenchel f- f* est bicontinue pour la slice epi-convergence
dans les espaces nonnds g~ndraux (Beer, 199 1).

Le r~sultat suivant fait le lien entre la Mosco epi-convergence d'une suite de fonctions
convexes s.c.i . et la graph-convergence de la suite de leurs sous-diffdrentiels.

TheOr~re (H-. Attouch; 1977). Pour toure suite (f, fn: X --ý R ý_{I+-)}; n EIN ) de fonctions
convexes s.c.i . propres, oii X d6signe un espace de Banach riflexif, les propri~t~s suiv,,antes
sont dquivalentes:

(ii) gph Df =sxs lrn gph a)fn plus la "condition de normalisation WNC)":
fl--+-

La condition de normalisation provient du fait que f est d~termnin~e par @f ai une constante
additive pr~s et s'dnonce ainsi:

3(XO,Xo*)E gph Df, 3(xon,xon*)E gph afn pour tout nE N tel que
(NQC)

ýXon-4 X0, XOfl* --* X0'~ et fn(xon) -4 f(xO).

Ce r~sultat a &6 6tendu au cas d'espaces de Banach gdn~raux en rempla~ant la Mosco epi-
convergence par la slice epi-convergence (H. Attouch & G. Beer, 199 1).
Les opdrations de polaritd et de sous-diff~rentiation jouissent dgalement de propri~res de

continuitd remarquable vis A vis des topegies assocides aux p-Hausdorff distances:

Theoreme (G. Beer, 1990). Soit X un espace normd arbitraire. La transformation de Fenchel

f -- f* est bicontinue pour la topologie de lepidistance. En d'autres termes

f = epi-dist-lim fn = f* = epi-dist-lim (f,)*.

Th~orirme ( Attouch-Ndoutoume-Thdra; 1991). Soit Itf, fn :X -*- I {oo n c- N I une
suite de fonicrions convexes s.c.i. propres, oii X ddsigne un espace de Banach g&n6ral. Alors.
limplication (i) =: (ii) a lieu:

(i) f = epi-dist lim fn;
0ii) Df = gph-dist Jim an~ plus ]a condition de normnalisation (NC).

J3(xo,xo*) E gph af, J(xon,xon*) E gph afn pout tout ne H tel que

Xon- 4 X0, XOfl* 4 xo' et fn(x on) -4 fQxO).

Si de plus X est super-r~flexif, alors (i) et (ii) sont dquivalents.
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Differentiating set-valued maps

Zvi Artstein

The XVeizmann Institute Rehovot 76100, Israel

Abstract

Derivatives of compact set-valued maps will be defined,with the goal of developing a cal-

CUlus suitable to express evolutions of sets, and eventually differential equations for set

evolution. The motivation arises in controlled differential inclusions. The talk will corn-

pare the suggested derivative to the available notions of derivatives for multifunctions
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Approximation and Regularization of

Arbitrary Functions in Hilbert Spaces

by the Lasry-Lions Method

Hedv At, touch

U. S. T. L., 34095 Montpellier Cedex 5, France

and

Dominique Az6

Universit5 de Perpignan 66860 Perpignan Cedex, France

Abstract

Ih,' l.asrv-l.io;ts's regularization method is extemled to arbitrary functions, lrJ par-

l i, ulm. t•, an3 Inoter lower semicontmuous function f • X • fl• U {÷"oc} defined on

a Hilbert space X and which is quadratically minorized (i.e. f(z) > -c(1 + [la'I[:) for

,,,11•,. ,. _> 0). is associated a sequence of differenliable functions with Lipschitz continuous

(,', Ivat ire, which approximate f from below. Some variants of the method are considered

I•JIuding the case of non quadrati(" kernels.

\Iproximation methods play an important role in nonlinear anah'sis. A number of

1,1,,Ilems in variational analysis and in optimization theory give rise to nonsmooth func-

•l,,l•s with possibly infinite vahles defined on finite or infinite dimensional spaces. [:Ix' using

,, •,'vularization InO(edure based on the intinal con\olution or epigraphical sum I see [li).
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these problems can be attacked with the help of classical analysis tools. Let us mention in

this direction the pioneering works of K. Yosida [6], H. Br6zis [2], J.-.J. Moreau [5]. These

authors deal with convex lower semicontinuous functions in Hilbert spaces and with the

corresponding subdifferential operators which are maximal monotone. The regularized
function is proved to be C1" (continuously differentia ble with Lipschitz continuous gra-

lient). Some direct extensions have been recently obtained in [1] for more general kernels

than the square of the norm. A difficult problem is to extend these results to the non

con•,cx case. A decisive step in this direction has been done recently by J.-M. Lasry and

P.-L. Lions in [4]. They were motivated by the study of the Hamilton-Jacobi equations
and worked with bounded uniformly continuous functions. In [3] Theorem 2.6, bounded-

nes, and uniform continuity assumptions are removed: the approximation/regularization

result is obtained assuming that the absolute value of the function is quadratically ma-

jorized. Our main results state that, given any' quadratically minorized function f defined

on a Hilbert space X with values in N Uj {+c}., the function (fjx)ý defined by the formula

Hu Y1A i1Y - -1
(f )'(X) := SupYx Inf.ucv f(u) + 2

1

S(.1.1 whenever 0 < p < A and air,--tches f from below as the parameters A and p go

to 0. Observe that our growth ;- dmption on f allows to treat the case of an indicator

function. Clearly, by excha,p .,g the order of the inf-sup operations, one obtains a corre-

spoonding approximatior irom above. The paper is organized with respect to increasing

generality. We consder successively the convex, then the convex up to a square case,

aiAd finally the r,,neral case. A natural question that arises concerns the flexibility of

the method. The case of non quadratic kernels is also considered. These results open

new perspe-tives in nonsmooth analysis and ask for further developments: one may think

defining generalized derivatives by relying on these approximation techniques. Regular-

ization of sets can be considered too by using their indicator functions.
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Sum of Maximal Monotone Operators

revisited: The variational sum

Hedy Attouch

U. S. T. L., 34095 Montpellier Cedex 5, France

Jean-Bernard Baillon

Universit6 Lyon I, 69622 Villeurbanne Cedex, France and

Michel Th~ra

Universit6. de Limoges, 87060 Limoges Cedex, France

Abstract

The sum of (nonlinear) maximal monotone operators is reconsidered from the Yosida

app)roximation and graph-convergence point of view. This leads to a new conncept, called

•i'iatioral suin, which coincides with the classical (pointwise) sum when the classical

sum is maximal monotone. In the case of subdifferentials of convex functions, the varia-

Iional sum is equal to the subdifferential of the epigraphical sum (inf-convolution) of the

fu!iwtion.. A general feature of the variational sum is to involve not only the values of the

twn operators at the given point but also their values at nearby points.
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CONVERGENCE OF STATIONARY SEQUENCES FOR VARIATIONAL

INEQUALITIES WITH MAXIMAL MONOTONE OPERATORS

A. AUSLENDER

Department of Applied Mathematics
University Blaise Pascal

63170 Aubi~re Cedex, France

Abstract. Let T be a maximal monotone operator defined on IRN. In this paper we
consider the associated variational inequality : 0 E T(x*) and stationary sequences { x*

for this operator, i.e., satisfying T(x*) -- 0. The aim of this paper is to give sufficient

conditions ensuring that these sequences converge to the solution set T-1(0) especially

when they are unbounded. For this we generalize and improve the directionally local

houndedness Theorem of Rockafellar to maximal monotone operators T defined on IRN.



A survey of Young measure theory and

some applications

Erik J. Balder

Mathematisch Instituut, Rijksuniversiteit Utrecht, Netherlands

Abstract

A survey will be given of Young measure theory and some of its applications. .-\s

to the theory, it has been discovered in the past decade that Young measure theory

toens an extension of the classical weak convergence theory for probability measures on a

topological space [BalBa2,Va], with a useful reinforcement in the form of K-convergence

jBa3.Ba4.Ba5]. As for the applications. I shall limit myself mainly to discussing Fatou-
vype lemmas [Bal.Ba6.BaHe] and results ý. la Visintin [Ba7,Ca.Ba5,BaSj.
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Wijsman Convergence of Closed and

Convex Sets: an Overview

G. Beer

California State University, Los Angeles Ca 90032 USA

Abstract

.-\ natural way to define convergence for a sequence (or net) of closed sets in a metric

space is to insist that the associated sequence (or net) of distance functionals conver-

gences pointwise to the distance functional of the limit set. This point of view stems from

the seminal paper of R. Wijsman on convergence and convex duality, and has since been

developed by numerous authors. In this talk, we give an overview of the major results

involving this mode of convergence, indicating connections with convex analysis, Banach

space geometry, and measurable multifunctions.
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Approximation and regularization of

arbitrary sets in finite dimension

Joi~l Benoist

Universit,6 de Limoges, 87060 Limoges Cedex, France

Abstract

Ii! this paper, we define the regularization of a set in Rn by using two kernels. More

precisely. let (A*,. A',) be a pair of two kernels (nonempty open subsets of R n ): then. for

a nonernpty closed subset X C R", we associate its regularizing family (R.\,(.¥ ))0,,,

defined bv:

R.,(X) = ((X + AA1) + ,itA'2 ),

where 0 < p < A be two real numbers and 'A denotes the complement of A in R".

%\hen A', = "2 is the open unit ball, we can easily build the regularizing family. When

A', = -A' 2 is a quadratic kernel and when X is the epigraph of a lower sereicontinuous

fuiction. we retrieve the Lasry-Lions regularization (see [2]). Results are obtained in four

(Iirections:

1. general properties about RA,,(X) which are issued of its definition

2 the convergeihce of the regularizing family when (A, it) - 0:

I. the smoothness of the set Rr\,(X):

4. the asymptotic behaviour of Clarke's normal cone (see [1]) of the regularizing family.



13

References

T1] i.-M. Lasry and PA-L. Lions, A remark on regularization in Hilbert spaces. Israel

Journal of Mathematics, 55 (1986), pp. 257-266.

ý2] F. Clarke. Optimization and nonsmooth Analyszs, New-York. John Wiley, 19S3.



14

ASYMPTOTIC CONES, CLOSED IMAGES
A"-T A THEOREM OF DIEUDONNE

E. Blum (Lima)

W. Oettli (Mannheim)

Asymptotic cones were introduced to describe the behaviour of convex sets "at

infinity". If A is a convex, closed, nonernpty subset of a real separated topological
vector space E, then the asymptotic cone A. of A is classically defined as

(I) ~A.:= n" k.(A-a),

x>0

when a e A is fixed arbitrarily. The definition is independent of the chosen a e A.

Dieudonn6 [31 has proved the following result :

Theorem. Let A, B be convex, closed, nonempty subsets of E. Let A be locally
compact and A_ n B_ = {(}. Then A-B is closed.

Dedieu [2] has generalized the definition of asymptoti.. cone for arbitrary subsets
A Z E as follows:

(2) A- := ("h (0,E).A.
E>0

He extended Dieudonnd's result to the case where A and B, instead of being convex, are
raditating in a( A and be B respectively. Dedieu's proof follows rather closely the

proof of Dieudonn6. This is possible, because if A is radiating in a e A, then (1) still

holds, as in the convex case.

Groinner [41 has carried over Dieudonn6's result to convex multivalued mappings
T : E :1 F, where F is another topological vector space. Using Dieudonnd's result he

gave conditions for T(A) to be closed, where A is a closed convex subset of E.

Here we want to prove the following result, which generalizes Dedieu's and

Groinner's results
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Theorem. Let E, F be real topological vector spaces. Let T : E : F be a multivalued
mapping. Let graph T be closed. Let A_ E be closed, locally compact and radiating in

aEA. Let M = {tEE\tEA.,(t,0) E (graph T)_). If 'M, = {0), then T(A) is closed.

Here A-o is to be undertood in the sense of (2). If we set T(X) := X-B we obtain

Dedieu's result under weak assumptions. It should be noted that the requirement ' =

0) above can be replaced by the requirement that 'lL, is a linear subspace and

A+TrL z A, graph T+ (M x{0)) c graphT.

It is interesting to note that already Debreu in [l,p. 23] gave without proof the following
result : If A, B are arbitrary closed subsets of Rn with AfnBo = (0), then A-B is

closed.
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EQUICOERCIVITE DE PROBLEMES VARIATIONNELS
LE ROLE DES FONCTIONS DE RECESSION

G. BOUCHITTE ( UTV Toulon)
en collaboration avec P.SUQUET (LMA Marseille)l

Soit X un espace de Banach et T une topologie rendant compactes les boules ferrn&es de X. Etant
donn~es Fn,F : X---]-oa,+a] des fonctionnelles convexes propres telles que

tc- lime Fn F

et une forme lin~aire : - continue L :X-*IiR ,on se propose de caract~riser lensemble des scalaires
pour lesquels la suite F n:=F - X L(.) est dqui-coercive dans X ( ce qui assurera la convergence des

infima associ~s). Lorsque cet ensemble J contient 0 .il est montr6 que J =X.X[ob1

?t=Min ( Fc.(u) ;ureX, L(u) I1

F_, 6tant la fonction de recession de F.
Diverses applications sont donn~es en th~orie de la plasticitd. capillaritý ..etc..

En liaison avec lapproximation des coefficients k± A J'aide des probl~mes approch~s

;ýt= inf ( Fn., (u) ;L(u)= +1 I}, on s'int6resse ensuite A la convergence des fonctions de recession
F'n_ xers F_. En g~ndral 1'6galit6 t- lime F2. = F. est faussle . Ele est vraie cependant dans le

fl -4o

cas Xc:Y avec Y Banach r~flexif et injection compacte sous une hypoth~se suppl~mentaire de

compatibilitý des domaines des fonictionnelles conjugu6es sur Y*:

w - Ls dom (Fn)*c: dom F*

En application au probIme des charges limites en plasticit6 on obtient ainsi via YinL~ealit de

Deny-Lions un r~sultat d'homogdn~isation en milieu incompressible.

aparaitre dans Sdminaire EDP Co~lfte de France 1991 ,Pitman
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About proximal determinations of Huber's

estimators

Mireille Bougeard

Universit6 de Paris X, 92410 Ville d'Avrav, France

and

Christian Michelot

Universit6 de Paris I, 75634 Paris, France

Abstract

In recent years, robustness is a problem that has been given much attention in the sta-

t;st 1cal literature on the linear regression model. One reason of this interest is an increasilg

eIls;itIvitv of applied statisticians to potential deficiencies of least squares methods un-

dei the occurrence of outliers. Several robust alternatives have been considered. Among

hcImii. we find the class of ,l-estimators introduced by Huber [3]. Huber's M-estimator.

ioved to be the M-solution to a contarnined Gaussian model, is of particular interest. It

(ol'Iists in solving the following problem:

Find j E argmin ,(,;3) = E p [(X.3 - Y, (P)
th=

where .X is a given n x "I matrix, y E' and p is the cost function, depending on a given
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tuning constant c. defined by

li-2 if Irl < c
P = otherwise

Several iterative resolution procedures have already been investigated to find the

Huber 1l-estimator.

Here. according to the closed connection between Huber's cost function p and the

Moreau-Yosida c-approximate of the il cost function observed in [1]. we propose to solve

tlie optimization problem (P) by a proximal approach combined with duality whose ability
in So!ving efficiently some closely related problems, namely location problems, has been

proved [.51[6].

Ia fnrg, pa,.t ,-,f ti paper we reformulate the Hluber problem as a linearly con-

strained optimization problem. Then, thanks to duality (in the sense of l'ýechei), we

deilve optimality conditions and we give several applications of these conditions (descrip-

tion of the entire set of optimal solutions, asymptotical results,..). We also show these

optimality conditions can be solved by the Partial Inverse Method developed by Spingarn

7,. The algorithm, which can be viewed as a decomposition technique, gives very simple

updating rules and permits parallel computations, what is of interest for large size data.

As instance of the well known basic proximal algorithm, the procedure is known to be

*stable and always globally convergent,

In a second part, we give a new equivalent formulation of the Huber problem that

leads to a second duality scheme with decomposition properties in terms of "*small resid-

utii' aiid outliers. We show that this new formulation is also convenient to deal wii1

di•litv and can be solved by the partial inverse method.
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A Eulogy on Nonconvexity

Arrigo Cellina

SISSA, 34014 Trieste, Italy

Abstract

There is some interest in problems of the Calculus of Variations and Optimization
theory without the usual Convexity conditions.

This talk is mainly devoted in exploring and debating the reasons in favor of this

approach to the problem.

Some recent existence results for problems involving the gradient will be discussed.



Convergence Issues in Penalty Methods.

Linear Programming for Instance.

Roberto Cominetti and Jaimne San Martin

-Universidad de Chile, Casilla 170/3 Correo 3, Santia-go, CHILE.

Abstract

Si ice the cont ribiitions of IEachivan (1 979) anl INarmnarkar (198-1) on polynomial algo-

1 1-hms for linear programming, intensive research has been directed towards interior p~oint

iitho110s for linear as well as non linear programmring. A number of p~olyniomial algori t ihis

:,ti LP arid QV have emerged from this -esearch., somne of whtichi have shown to be "com-

1TIt ye wti respect to more st andard algorithmrs such a-s the simplex met hod. Recent

;I x~ai ce have Clarified thle closedl relationship betwxeeni interior point methlods and thle

ai a, (and1( soniiewliat forgot ten) penalty miet hods.

Iithis lectuew present the analysis of trajetre soitdt nCpn'!a

'tA It V fUiCt ion: thet existencp and convergence of these trajectories towards a "cent( er

;),Ii(If t1li o;tt iIIIa I Set, thle exponent iallv fast rate of convergence towards t his Cent er.

ct'et her withI a ikcomplete duality theory are all established under the sole and very

wVci I-. assu~mp~tion of boiinde(1nC55 of the soluition set.

'Ihe analyvsis is presented 'in thle simplest setting of LRP but some results of nonlinear

:1,11c atexpiosed l well. The comiputational efficiency of a loih aS~ i ~0
ii~lrl peiialtlces. predlicted bythe fast c onvergence rate, have b)een confirmed by (Iimit ed)

,iijIIlt atianal exjperieCTe.

Onl thle othter hand. the (uinexpected ) good behavior of trajectories raise interest inig

yw;ions ((lieerihliug thle limits toa whlichi onec-an push a satisfactory sensitivityv analysis of

cdi(,li ear l'ramlet ri c lprograins in the absence of the usual strong second order hv pothiesi~s.

ihih(ii idelneiit, (If active gradients. etc.: andl suggest t I at significant extensions are

puss ble i'l t 1i area.
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Suprema of Wijsman topologies in normed

spaces

Pietro Poggi Corradini

Via Cesariano 8, 20154 Milano

Absrtact

Our work starts from a theorem of G. Beer which states that, on the hyperspace of closed

and convex sets of a normed linear space ., the supremum of the \Vijsman topologies

ranging over the equivalent norms coincide with the Slice topology. In this context, we

proved that, on the hyperspace of closed sets, it suffices to weaken a little the Slice to,)ol-

ogv to find a similar statement. That is to say, on the closed sets of X, the supremum of

the \Vijsman topologies made as above coincide with the Hit-and-Miss topology generated

hN the '- with V open set of X, and the (Bc)#+ with B closed convex bounded and

yvnimetric set of X. Here symmetric means that B is the translated of a set symmetric

at the origin of X. This new topology always coincide with the Slice topology on the

closed and convex sets, while on the closed sets this is true if and only if X is finite

dimensional. Moreover, since a result of Borwein and Fitzpatrick states that, when X is

reflexive, the supremum of the Wijsman is in fact a maximum, we examined the situation

ont,• e closed sets and found that in this case the supremum is realized if and only if X

i- finite dimensional.
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A splitting property of the upper

bounded-Hausdorff convergence

Camillo Costantini
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Abstract

In the Hyperspace of a metric space (X, d), a caracterization of the upper bounded-

Hausdorff convergence is provided. Precisely, we prove that a net (A,),EI of closed subsets

of X is bH+-convergent to a closed subset A if and only if for every i E I there exist closed

subsets Bj,C, of X such that:

1) A, = B, UC,;
H+

2) B, A;

3) Vx E X: limcjd(x,C,) = +o0 (or, equivalently, C, 0).
As an application, we obtain that if every A, is connected and the set A is bounded, then

the upper bounded-Hausdorff convergence of the A1 's to A implies their upper Hausdorff

convergence.
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Characterization of Convex Functions *
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Abstract

It is known and easy to prove (Clarke (1983)) that the monotonicity of the Clarke
subdifferential of a locally Lipschitz real valued function is equivalent to the convexity
of this function. In order to prove the same result for a lower semicontinuous function
f £ E - RU {+Io} we have considered in Correa, Jofr6 and Thibault (1990) the Moreau-

Yosida proximal approximation

f% w(z) y inf [f (y)o + 1-i-lz -e iiy21 oCYIEE TA

"This work was partially supported by Fondo National de Ciencia y Tecniologfa, FONDECYT
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since (under some general conditions) f•x is locally Lipschitz and

f(X) = sup A(W).
A>0

Thus our procedure consisted in deriving the monotonicity of Ofx from that of Of. This

method required the reflexivity of the space E because it depended heavily on the fact

that the above infimum is attained whenever the Frechet subdifferential OFf(z) of f at

z is nonempty. This has been obtained by supposing (thanks to the reflexivity of E)

that the norm of E is Kadec and by showing that (when OFf(X) : € ) there exists

some minimizing sequence of (1) weakly converging to some point z and whose norms

converge to Jlz i, which implies the strong convergence of the sequence. The same result

was proved before by R.A. Poliquin (1988) for E = R' with the help of his notion of

quadratic conjugate function.

In this paper, by a completely different approach, we avoid the use of the Moreau-

Yosida approximation fx in order to get the result for any Banach space E. In fact we

prove that the monotonicity of any classical subdifferential Of of a lower semicontinuous

function f : E --+ Ru {+Uoo defined on a Banach space E is equivalent to the convexity

of this function f.
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Index rnultiplicatifs de convexite*/concavite"

et applications

J.-P. Crouzeix et R. Kebbour
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Ws um6n

L'6tude de la concavit6/convexit6 d'un produit de fonctions s~parables est. faite 'a Iartlir

de la notion d'index de convexit6/concavit6 cI~riv~s de 'Mindex de convexit,6 introduite par

Debreu-INooprnans et Crouzeix-Lindherg. Des applications sont donn6es en 6&olornie et

])ou des fonctions potentielles introdtiites r~cemnment en programrnation lin~aire.
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Stability of subdifferentials of non convex

functionals

Robert Deville

Universit de Franche Comt,, 25030 Besancon Cedex, France

Abstract

\\( present some recent variational principles and we apply them to show various stabil-

!tv results of subdifferentials and superdifferentials of non convex functionals in infinite

;mcinisions. These results are applied to the geometry of Banach spaces and to the study

,,f lamilton-Jacobi equations or of fully non linear second order partial differential equa-

,o:l s in Infinite dimensions.
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On the Convergence of Efficient Sets

Dinh The Luc *
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Roberto Lucchetti

University of Milano

Christian Malivert

Universit6 de Limoges

Abstract

Let E be a norrmed space partially ordered by a convex cone C. The set of efficient points

ard of weakly efficient points of A are defined by

.•1.l1A = la E A : a E a' + ('for some a' E .4 implies a' E a + C}

iIV znA = {a E A : there is no a' E A with a E a' + intC}

hlim question studied here is the dependence of MinA and WMinA on perturbations of

.V The main results existing on this topic [1][2][4], deal with the Kuratovski-Painlevý hll-

it, For instance, one can prove that if lim,-,, An = A then limsup,__ . .. In.4,, C

11*1!11n,4. When E is finite dinientional and A is closed this result can be read as

"v.isit tg lie Unmversity of Limoges
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:limr._d(An,x) = d(A,z) , for all x E E, implies liminf,7 .. d(IVWfinA,,,x) >

d(WMinA,x) for all z E E. Examples show that the same conclusion is not always

valid in an infinite dimentional setting. Here we present two particular cases in which

the result holds, either supposing that E is an Hilbert space with C a polyhedral cone. or

with the condition that U WMinA,, is relatively compact. Another interesting topic is to

obtain an opposite inequality in the form limsup,,. d(MinA,,x) < d(MinA,x) for all

.rE E. For this type of conclusion we present sufficient conditions ensuring at the same

time that Min A is nonempty.
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ON VARIATIONAL STABILITY IN COMPETITIVE ECONOMIES

Sjur Didrik FlAmn
Bergen University, Department of Economics, 5008 Norway

ABSTRACT. We explore the variational stability of supply, demand and equilibria in
perfectly competitive economies. The appropriate, and in fact, minimal limit notion is
furnished by the concept of Kuratowski-Painlev6 convergence together with the derived
concepts of epi and hypo convergence. When technologies and preferences converge in
such manners we show, subject to compactness assumptions, that equilibria of approximate
economies cluster to those of the limiting economy.

Key words: Epi-convergence, hypo-convergence, slice topology, Hotelling's lemma,
Shepard's lemma, excess demand, indirect utility, expenditure function, competitive
equilibria.

1 INTRODUCTION.
Microeconomic theory deals with the behavior of firms and consumers interacting via
markets. Typically one wants to understand (or predict) equilibrium demand and supply
of these agents. The dominating paradigm is then constrained optimization: each firm (or
consumer) is assumed to maximize its achievable profit (resp. utility) subject to
constraints. As a rule, only one half of such optimization problems is visible for an
outside observer: For a given. fixed price-vector p the objective of a profit-maximizing
firm is a known linear function <p,.>. By contrast, its technology, that is, the set Y of all
possible production plans y is often hard to describe. This situation is precisely reversed
for a representative consumer: On one hand, an adequate description of his feasible set is
readily given by the budget constraint <p,x> < b, b denoting here his budget. On the
other hand, his utility function u mapping the commodity space E into [-0,0), is usually
unknown, or at least, not made directly explicit.

This state of affairs prompts at least two questions. First, one regarding a dual approach
(Diewert, 1982): O0-serving the optimal choice correspondences

p -+ X(p,b) , p --+ Y(p),

portraying demand and supply of an individual consumer and a single firm is it possible
to reconstruct the underlying preference u: E--+ [-oo,c) and the technology Y ?
Second, in terms of sensitivity analysis (also named comparative statics), knowing the two
optimal value mappings, namely the expenditure function

p --+ e(p) := <p, x>, x £ X(p,b)

and the profit function,

p -ý 7t(p) := <p, y>, y E Y(p)
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may one predict changes AX(p,b), AY(p) that result from price perturbations Ap? Not
surprisingly, good answers to these questions have been granted by the application of
convex analysis. Some of these results are recalled in Prop. 3.1-2 below.
However, since economic models suffer from inaccuracies of various sorts, such answers
are usually inexact. In fact, to provide estimates of competitive supply and demand is not
well founded unless the correct, yet unknown economic model is stable in some
appropriate sense. This observation motivates the present note to inquire: What kind of
convergence E' -- E between economies E",E ensures that competitive equlibria of the
approximate economies En, n=l,2,..., cluster to those of the limit economy E?

At the level of technologies the convenient and natural notion Y' -- Y is that Kuratowski-
Painlevi convergence. For preferences it turns out that the most suitable convergence
mode u -_+ u is that of hypo-convergence. All definitions are recalled in Section 2. As
customary in microeconomics we focus first on one firm (Sect. 3) and one consumer
(Sect. 4) the objective being to explore stability of individual demand and supply.
Thereafter the results obtained for single agents are synthesized into a general equilibrium
analysis (Sect. 5). To facilitate the exposition we shall assume, for the most part, that the
commodity space E is finite-dimensional Euclidean. Sect. 6 points out generalizations.

The novelties of this paper are mostly in terms of applications; it opens up for variational
analysis in competitive economic contexts, a branch so far not much developed.



35

REFERENCES

C.D. Aliprantis and D.J. Brown, "Equilibria in markets with a Riesz space of
commodities", J. Math. Economics UI, 189-207 (1983).

H. Attouch, "Convergences de fonctions convexes, des sous-diffdrentials et semi-groupes
associds", Comptes Rend. Acad. Sci. Paris 284, 539-542 (1977).

H. Attouch, Variational Convergence for Functions and Operators, Pitman, Boston (1984).
H. Attouwh and G. Beer, "On the convergence of subdifferentials of convex functions",

WP, Montpellier (1991).
D. Az6 and M. Voile, "A stability result in quasi-convex programming", J. of Optimization

Th. and Applic. vol. 67, no. 1, 175-184 (1990).
G. Beer, "The slice topology: a viable alternative to Mosco convergence in nonreflexive

spaces", WP, California State Univ., LA (1991).
T.F. Bewley, "Existence of equilibria in economies with infinitely many commodities",

J. Econ. Theory 4, 514-540 (1972).
W.E. Diewert, "Duality approaches to microeconomic theory," in K.J. Arrow and M.D.

Intriligator, Handbook of Mathematical Economics, North Holland, Amsterdam vol.
II. Chapt. 14 (1982).

G. Debreu. The Theory of Value, J. Wiley, New York (1959).
J.P. Aubin and I. Ekeland, Applied Nonlinear Analysis, J. Wiley, N.York (1984).
A. Mas-Colell, "The price equilibrium existence problem in topological vector lattices",

Econometrica 54, 1039-1053 (1986).
V. Mosco, "On the continuity of the Young-Fenchel transform", J. Math. Anal. Applic. 35,

518-535 (1971).
R. . Rockafellar, Convex Analysis, Princeton Univ. Press, New Jersey (1970).
H. Varian, Microeconomic Analysis, 2.ed. Norton, New York (1984).
M. Volle, "Coiivergence en niveaux et en epigraphs", Notes aux Comptes Rendues de

l'Acaddmie des Sciences de Paris, vol. 299, 295-298 (1984).
R. Wijsman, "Convergence of sequences of convex sets, cones, and functions I/", Trans.

Am. Math. Soc. 123, 32-45 (1966).



36

Viability for Constrained Stochastic

Differential Equations
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Abstract

I ,x' existence of viable solutions of constrained stochastic differential equations (with

1I,,w !lan tIotion 1 i' established under a stochastic tangential condition. The approach

, eU on an approprilate notion of approximate solutions.
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Multivalued strong law of large numbers in the Wijsman topology and the slice

topology.

Christian HESS 1

In recent years, multivalued strong laws of large numbers (SLLN), especially for unbounded random

sets, proved to be useful in applications to stochastic optimization, statistics and related fields.

Results of such type were first provided by Artstein and Hart [ArH] for random sets (r. s.) with

closed values in finite dimensional spaces. Later, Hiai [Hi] and Hess [He3, 4] independently proved

similar results for random sets with values in an infinite dimensional Banach space. These

multivalued SLLN were proved assuming that the set of all closed subsets of the Banach space X,
denoted by e(X), is endowed with the Mosco topology (which reduces to the Kuratowski-Painlev6

topology for finite dimensional spaces).

Although these SLLN provide useful probabilistic convergence properties, one may ask for other

results involving more explicitelly the norm of the space X. A natural and well-known topology for
this purpose is the Wijsman topology, denoted by 6Tw . It is the topology of pointwise convergence

of distance functions. So, a natural qu•Lstion is : in a general (separable) Banach space, does the
SLLN for random sets with values in C(X) hold when this set is endowed with Tw ? An affirmative

answer to this question is provided by theorem 1 (A) below.

On the other hand, more recently, G. Beer [Bel, 2] introduced the "slice topology" on C(X), which

is a natural extension of the Mosco topology. Indeed, Beer showed that, in a general Banach space,
the slice topology, denoted by Ts, is stronger than the Mosco topology, and that both topologies

coincide if and only if X is reflexive. Further, on C(X) the slice topology is stronger than Tiw.

Consequently, one may also ask if the multivalued SLLN holds in the slice topology. A positive

answer to that question is furnished by theorem 1 (B).

Theorem I - A) Consider a separable Banach space X, an integrable r. s. F with values in Q-(X) and

a sequence (Fn)nI of pairwise independent r. s. having the same distribution as F.

Then, there exists a negligible subset N such that, for any (o r Q\N, one has

n

nl-*o i=l

where 'ý = W, that is, for any x E X,

n

d(x, co I(F, ,.)) = lim d(x, n
n• i=l

B) Moreover, if X* is strongly separable then (1) holds with T = 'Cs.

1CEREMADE, Universitd Paris Dauphine, 75775 PARIS CEDEX 16, FRANCE
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Th6orirne 2 (Application to integrands) - Consider an integrable convex lower semi-continuous

normal integrand f defined on Q x X with values in R and a sequence (fn)n2_l of lsc normal

integrands, pairwise independent with the same distribution as f. Also define the mean functional of

f, namely the function F given by

F(x):= ff(, x) d xEX.

Then for almost all w e QŽ, one has

n
(2) F** =~ ' - line n1 f(-0 )

n-*e i

where F** is the biconjugate of F. In (2) 'lime' means 'epigraphical limit'. More precisely, for almost

all Co, the sequence of epigraphs

n
e I( fi(wo, .) ) n Žepi ( n 2:>~,n- 1

i=1

'C-s-converges to epi F**.

See [He5, 6] for the proofs and further discussions. The proof of theorem 1 (A) heavily relies upon

specific properties on the distribution of random sets ([ArH] and [He1, 2]). Also note that results

similar to theorem 2, but for other topologies on C(X), has been obtained by Attouch and Wets

tAtW].
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SUBDIFFERENTIAL CALCULUS WITHOUT

"QUALIFICATION" CONDITIONS

J.-B. HIRIART-URRUTY and R. R. PHELPS

University Paul Sabatier University of Washington

TOULOUSE SEATTLE

Abstract. Calculus with subdifferentials of convex functions is important for dealing

with variational problems ; if f is constructed from some other convex functions fj, the

problem is to compute (exactly) Df in terms of the af' s. When the functions involved are
j

extended-valued, some "qualification" conditions are usually required to get the desired

foxmulas. For example, various conditions ensure that a(fl+f 2) = afl + af 2 , but these

conditions are not always satisfied in variational problems.The aim of the present work is

to derive a new set of calculus rules for subdifferentials of convcx functions,

without any qualification condition, substituting the information

(a Efj(X), C E ]0,-E) for afj(x). The threshold E > 0 can be taken as small as desired, the
"zero" of your computer for example. Again the role of the E - subdifferential arf as a
"-smoothing effect" or "viscosity enlargement" of af is emphasized. We give hereunder

some snapshots of the calculus rules obtained.

(1) Sum. Suppose that fl and f2 are proper lower semicontinuous convex functions

then (with the bar denoting tine closure in the weak * topology)

a(f1+f2))(x) ac " [ fl(x) + aE f2(x) ] (E >0arbitrary)
0<E-_:.tE

"(=ir [3flI(x) + af2(x)] "'•
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(2) Inf-convolution. If fl and f2 are convex lower semicontinuous,

a(fl 0 f2)(x) = n [Ur fl(Y) I DE f2(x-y)],
O<e<, ye EE(x)

where Ee(x)= {y : tl(y) + f2(x-y) < (fl o f2 ) (x) + F}.

(3) Maximum. If f1 and f2 are convex lower semicontinuous, if fj(x) =f2,

a[Max(fif 2)j(x) = n c-0[aE f1(x) ,- aE f2(x)] (A. BRONDSTED, 1972).
0<r_<.C

Once some key-formulas ure derived (like the one on the sum of functions), formulas

concerning further operations are deduced by using the usual tricks and transformations

in Convex Analysis.

The cases of marginal functions and differences of functions have been more thoroughly

studied in AVIGNON (A. SEEGER, M. VOLLE, R. MOUSSAOUL) with applications in

the area of Calculus of Variations.
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Lipschitz Approximation of
Lattice Valued Functions

VINCENT JALBY

Universit6 Montpellier II
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ABSTRACT

Let E be an nrder-complete Banach lattice with norm and positive cone

E+. We adjoin Lo E a greatest element +oc and we set E = E U {+oo}, E+ =

E L{±+z}. We introduce a new concept of lower semi-continuity for the functions

i.' from a separ,.ble metric space (X, d) into E': a function ?. : X - is inf-

continuous at x E X if for every e E E with e <_ i(x) and for every neighbourhood
V of 0 in E, th re exists a neighbourhood U of x such that inf P(U) E e + V+ Eý.
This notion is -'ronger than the usual one (cf. [2]). Both coincide when E+ has a

non empty int-.ior. We can now state the result of Lipschitz approximation.

THEOREM. LD t, : X - E" an inf-continuous proper function on X. Assume
that there exi. a,b E E+ and xo E X such that O(x) > -a - d(z, zo)b. Vx E X.

Then there ex;st h E E+ with IIhfl < 1 and ko E N* such that for all k > ko.
the functions 'k : X -- E, x - infyE x {I;(y) + kd(x, y)h} verify the following

properties:

(1) I'k(x) -?,k(y)l < kd(x.y)h, V(x,y) E X x X.
(2) K1Zýk(x--T) k(y)L < kd(xy), V(x,y) E X x X.
(3) 7(X) = ' t"Pk 7'k(X), Vx E X .
(4) 'X() iimkt,•(x), Vx E X st,' h that t,(x) E E.

We point out that the element h is not unique and that it depends on ý,. Also.

if i.- is such that there exists a sequence , of functions verifivng (1) to (4) then

t is inf-continuous.
We use this approximation result to characterize an epi-like convergence of lat-

tice valued functions: let (w,.), a sequence of functions from X into E° and de-

fine lie L, = supplimra inf i,,(B(r, l/p)), lse V,, = supplimra inf ý,."(B(x, 1/p)). If
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, (n) are finite inf-continuous functions minored by -a-d(x, xo)b and such that

Vn < 0, then one has lie ,n(x) = supNlim¢(x), lse 0,,(X) =sup 1-mm,4',(x). It

seems that the "good" definition of convergence is the following: a sequence (On),

*.epi-converges uniformly on X to 0', if from every subsequence of (4',,)n one

can extract another subsequence (kn,) P such that lie 4,n, = lse O,,. = tp•. This

notion have many variational properties such that inf 0". >_ 1mp [inf On,4I for a sub-

sequence (On, )p. Actually, the only relation between uniform *-epi-convergence

and the convergence of the epigraphs is the following inclusion: Epi(lse ,•n) C

Li(Epi n,).

We also extend to lattice valued integrands the previous approximation result

and prove a strong law of large numbers for this integrands.
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On B-subgradients and applications
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Abstract

The set of b-subgradients of a function f0 6sf, is a notion which generalizes the deriva-

t~ve, in the sense that, it is reduced to a singleton when the function f is differentiable.

This subgradient set and the related normal cone A'b are always smaller than the Clarke

Leineralized gradient and its correspondent normal cone. Recentl,, an important num-
-,i "If calculus rules (Michel & Penot. Treiman), optimality conditions in mathematical

r,(an in ptimal control, Proximal normal and b-subg-adient formulae (Jofre
,v Thibault I-eitan arnd Frechet ((, r)-normal formula (Jofre & Thibault) have been

p!,)%(-, 1siia11 thlese concepts. In this talk, we show two consequences of the proximal b-

:,,.,:rea1 foriu lac. Firstly, we give estimates to b-subgradient of the optimal value function

p( U) = inf{f 1k)f 9(x)+ u E -Kx E C}

",t-o)i~ •O(d t(, the parameterized nonsmooth optimization problem

riiinimize f (X ) subject to

I(-) + " q -ti

C
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where f : E - R and g : E -* R are locally Lipschitzian functions, C is a nonempty

closed subset of a Banach space E, and K is a convex cone in RP. Our proof follows the

ideas of Rockafellar and Clarke's works with a major difference, the set-va]ued map &bf(.)

is not upper semicontinuous even if f is locally lipschitzian.

Secondly, we give a result on the b-normal cones, in the vein of Cornet-Rockafellar's

theorem (1989), which coincide with a separation theorem when the sets are convex.
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Semi-Infinite Optimization:

Structure and Stability of the Feasible Set

H. Th. Jongen

RWTH Aachen, Germany

Abstract

This research was done in collaboration with F. Twilt and G.-W. Weber. The problem

of the minimization of a function f : if?" --, U? under finitely many equality constraints

and pe:haps infinitely many inequality constraints gives rise to a structural analysis of

the feasible set M[H,G] = {x E N' : H(z) = 0, G(xy) _> 0, y E Y} with compact Y

in ¶l. An extension of the well-known Mangasarian-Fromowitz constraint qualification

(EMFCQ) is introduced. The main result for compact M[H,G] is the equivalence of the

topological stability of the feasible set M[H,G] and the validity of EMFCQ. As a byprod-

uct. we obtain under EMFCQ that the feasible set admits local linearizations and also

that M[H.G] depends continuously of the pair (H.G). Moreover, EMFCQ is shown to be

satisfied generically.
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Metric regularity and stability in

semi-infinite optimization

Diethard KMatte

Institute for Operations Research

University of Zurich

CH - 8044 Zurich

Abstract

Iln the paper we study parametric nonlinear optimization problems of the type SIP(t):

f(x.t) -4 min,

subject to

h,(x,t)=0 , i E I

9(j,x,t) Ž0 , j E K

where t is regarded as a parameter varying over some metric space T, I := {1 .... p}.

K is acompact su')set ofR' , and h. : R" x T -- Rand g : Rx x R'•x T , R are

(:ontinuous functions being C1 w.r. to x resp. (jz).

Given t" E T and some solution x0 to SIP(t0 ) of interest (e.g., a local minimizer or a

stationary solution in the Kuhn-Tucker scnse), we are looking for conditions ensuring

regularity of the constraint system near (xo, tf) and local stability of the solution. As a

main regularity requirement on the constraints, we use the Extended Mangasarian Fro-

mnovitz Constraint Qualification (EMFCQ), cf. Jongen, Twilt and Weber [3]. First we

show that EMFCQ at some feasible point z is necessary and sufficient for metric regularity
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of the constraint system at z, cf. Henrion and Klatte [2]. This fact increases the number
of equivalent characterizations of EMFCQ: In Henrion [1], equivalence between EMFCQ
and some local epigraph representability of the constraint set was observed, and in [3],
there is shown that the feasible set of a semi-infinite program is (topologically) stable in
Jongen's sense if and only if EMFCQ holds on the whole set.
Then, assuming EMFCQ at a strict local minimizer z° of the initial semi-infinite problem
(i.e., at t'), the continuity of some portion of the local minimizing set mapping at tP im-
mediately follows, and, under more structure, even "upper Hoelder" continuity holds, cf.
Klatte [4]. Using a certain extension of the Gauvin-Robinson result on local boundedness
of the Lagrange multiplier set mapping under MFCQ to our situation, one may show
the Lipper semicontinuity of some portion of the (Kuhn-Tucker) stationary solution set

mapping.

Finally, we present strong stability results under the well-known reduction ansatz. This
approach leads - even under restrictive smoothness and regularity conditions on the orig-

inal data - to a C 1"1 optimization problem with finitely many constraints, and one may
apply the stability properties known in this case, cf. Klatte [4].
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Convergence of diagonally stationary

sequences in Convex Optimization

B. Lemaire & M.A. Bahraoui

Universit6 des Sciences et Techniques du Languedoc

Place E. Bataillon, 34095 Montpellier Cedex 5

Let f be a closed proper convex function defined on a real normed vector space X.

Denoting by af(x) the subdifferential of f at x and by d.(O, C) the distance, in the dual

space X* of X, from 0 to the subset C of X*, we say that a sequence {x,) in X is

stationary for f if it satisfies

lim d*(O,af (tx) = 0

that is, for each n e N. x,, is determined along with a subgradient x•, E af(x,,) such that

x, -- 0 strongly in X*. Some infinite constructive processes for minimizing f generate

such a sequence. Actually, in most situations (infinite dimension of X, constraints in f),
such a process is not applied to f itself but to a fixed approximation of it.

The idea of diagonal processes, as introduced in [Boy 74], is to combine a basic pro-

cess with a sequence {f f} of (closed proper convex) approximations of f changing the

approximation at each step of the process. For stationary sequence generating processes

"this leads to generating what we call a diagonally stationary sequence (DSS) for {f71},
that is, a sequence {zf1 } in X such that

lim d.(0,8f'1 (z,,) = 0

A natural question arises: under what conditions on {ffl with respect to f is the

considered basic process stable in the sense that the diagonal process inherits the conver-

gence properties of the basic one ? Variational convergence theory has revealed powerfull

tools to study this question in the context of particular basic processes [Lem 88,Mou 89.

Tos 90,A-L 91 ,Lem 91]. The purpose of the present work is to proceed on that way for gen-

eral DSS. We first consider the case of bounded DSS with different kinds of convergence
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of fn to f. For unbounded DSS we introduce tne notion of equi well asymptotical

behaviour (of the sequence {fn}) which extends the notion of well asymptotical be-

haviour introduced in [A-C 89] for a single convex function. If X is a (generýI) Banach

space, this notion appears to be equivalent to a notion of equi well posedness closely re-

lated to the one introduced in [Zol 78], equivalence yet established in [Lem 921 for a single

convex function between well asymptotical behaviour and well posedness in the (extended

to nonuniqueness) sense of Thikhonov.
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SOME NEW RESULTS ON WUISMAN TOPOLOGIES

S. LEVI (Milano)

Following the paper [BLLN], new results are appearing (see [Be] and [CLP] that

point towards the centrality of Wijsman topologies within the theory of set convergences.

It is therefore of interest to describe the conditions under which two equivalent

metrics generate the same Wijsman convergence in the hyperspace.
co(X) will denote the hyperspace of nonempty closed subsets of the metrizable

space X.

We recall the following results from [BLLN]

- the Vietoris topology on c(X) is the supremum, of the Wijsman topologies over

all equivalent metrics on X ;

- the upper Hausdorff topology generated by a metric d on X is the supremum

of the Wijsman topologies over all metrics that are uniformly equivalent to d.

and from [Be] :

- the slice topology on the closed convex subsets of a normed space is the

supremum of the Wijsman topologies over all metrics generated by equivalent norms.

In the forthcoming paper [CLPI the following result is proved :

- Kuratowski convergence on c(X) is the infimum - in the lattice of

convergences - of the Wijsman topologies over all equivalent metrics on X.

As for equality of two Wijsman topologies we have the

Theorem [CLZ] : Let d and r equivalent metrics on X ; then the Wijsman topology

generated by r is stronger on c0 (X) than that generated by d if and only if for every x

in X and 0 < e < a there exists x1 . . xn in X and 0 <di< si (i = 1,...,n) with

n n
Bed(x) C U Bdi(xi) C U. B.(xi) C Bd(x)

B )C i=1 d i=l

where Bd (x) is the d-open ball of center x and radius e.



1CEREMADE, Universita Paris Dauphine, 75775 PARIS CEDEX 16, FRANCE

51

As a corollary we obtain that on the hyperspac-e of a normed space two Wijsman

topologies generated by equivalent non homothetic norms agree if and only if the space is

finite dimensional.

[Be] G. Beer, "Wijsman convergence of convex sets under renorming", Preprint 1991.

[BLLN] G. Beer, A. Lechicki, S. Levi, S. Naimpally, "Distance functionals and
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[CLP] C. Costantini, S. Levi, J. Pelant, "Infima of hyperspace topologies", Preprint
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WEAK TWO-LEVEL OPTIMIZATION PROBLEMS AND TYKHONOV REGULARIZATION

Pierre LORIDAN dJacueline MOROAN

D~partement de Math•metiques, Dipartlmento dl Metemetlca e AppIcIC2C2r

Laboratoire d'Analyse num~rique, Unlv. de Bourgogne Complesso dl Monte San Angelo, Via Cint-a

BP. 138, 21004 Di)on, France 80126, Nepoli, I•talia

-et U and V be twu finite dimensional euclidian spaces, X a non empty subset of U, K a multifunctlon froi r, 1c
the nonempty subsets of V f and f two functtonals defined on Xxv and valued in R. We consider tne

followlng two-level optimization problem (with explicit constraints In the lower level problem) corres::nlng

tc a weak St5CKelberg problem In which the set of solutions to the lower level is not e singleton

Find xEX such that- supM 2(-x-) fI (_x-y) = minXEXsupJEM 2(x) fI (x,y)

(5) where M 2 (x) is the set of optimal solutions to the lower level problem

P(x): lnfyEK(x) f2(x,y)

When the problem (5) fall to have a solution, in order to obtain an approximation of (5), -- regulerizet=ons ,"a e

been considered in preceeding papers ([LO-MO. 1 ],[LO.-MO.2] ,[LO.-MO.3] ,[LO.-MO.4],[ LL.-MC.] ,[MA.-,,C ,

He-e, in order to trasform the problem (S) in a "better" one, different new regulerizations are presen.ec ere

more :erticularly a regularization of a Tykhonov type, which allows to substitute an Ill-posed two -leve:

problern og a quasi well-posed end approximating well-posed problem ([MO.]. Approxlmation results fo -,e

regularized problems end connections between the different approaches are given.

rIC -MO I I P.Loridan, J.Morgan, "New results on approximate solutions in two level optimizetior

Cptlmization, 20,1989, 819-836.
C -,'I -C 2 PLortdan, ,.,Morgan, " E-regularized two-level optimization problems", Lecture Notes i

Mathematics 1405, Springer Verlag, 1989, 99-113.

-'-C,3] P Loridan, J.Morgan,"Quasi convex lower level problem and applications in Iwo-level

optimization -, Lecture Notes In Economic and Mathematical Systems, Springer-Ver'lar,

n0345,1990, 325-341.

f: C -MC 4] P Loridan, J.Morgan, "On strict c-solution for a two level optimization problem Cpe'atlo-

Research Proceedings of the International Conference on Operation Research 90 in vienna,

G.Feichtinger, W.B uhler, F.J.Radermocher and P.Stahly eds., Springer Verlag, 1992. 165--2

L.. -11 C M.B.Lignole and U.Morgan, "Topological existence end stability for Stackelberg problems

P reprint n 03- 1991, Pubblicazione dell' Istituto di Matematica dell' Unlversite' oi Salerno

'-A-MO i L.Mellozzi, J.Morgan, "c-mixed strategies for static continuous Stackelberg problem-,

to appear on J.O.T.A.

Mc J Morgan, -Constrained well-posed two-level optimization problems", Nonsmooth Cptlmzeatarn

end related topics, Ettore Majorane International Sciences Series, Edited by FClarke,

v.Demianov and F.Olannessi, Plenum Press, New-York, 1989, 307-326.
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Hypertopologies: old and new approaches

R.Lucchetti
Department of Mathematics

University of Milano
Via Saldini 50, 20133 Milano, Italy

Abstract

"Two recent papers [BLI.SZ] deal with the description of the topologies on the

subspace CL(X) of the closed sets of a metrizable space X. They are presented as the

weakest topologies making continuous certain families of geometric functionals

defined on CL(X). Not only this allows to unify the subject, but it also suggests the

applications of general methods to get results in optimization. in presence of

perturbations described by means of moving sets, as epigraphs, constrained sets

etc. (BL2.LSSI. A new way of describing hypertopologles also outside the metric case

is investigated in [LP].

References

[BLI] G. Beer-R. Lucchetti: "Weak topologies on the closed subsets of a

metrizable space" (to appear on Trans.Amer.Math.Soc.).

[BL21 G.Beer-R.Lucchetti: paper in progress.

ILPI R.Lucchetti-A.Pasquale: paper in progress.

1L.SSJ R. Lucchettl-P.Shunmugaraj-Y. Sonntag: " Recent hijpertopologies

and continuity of the volue function and of the constrained level sets-

(submitted).

[SZJ Y.Sonntag-C.Zalinescu: " Set convergences:an attempt of

class ificatinn" (submitted).



54

Bifurcation for variational inequalities

with constraints on the derivatives

Antonio Marino

Dipartimento di 'Maternatica, Universitii di Pisa,

Via Buonarroti 2, 56127 Pisa, Italy

Abstract

Ihere are, s, veral problems which call be framed in the following abstract scherne o

for a givyen real snicoth function f on a manifold 1' the equationIs

grad, f~ii -( ) = ~ 0

Zl -gradj f (11 11 1 V ( I is an Intervalij.

V h iiiiflb(,tI.(U~e.several Important theories have been developed wilth viiriwii

I'.Bni.('Luke. Rockaifellal. le~llaill. allnone other,,.

I :ethleorv, (if subdifferential anldevuluitiOl equlat Otis for1 conlveX fuIICt ionls (and sul~ilt i

),: Ihat ionIs of thIIe Irs V ) beinTg a conVvex set ,lprov I des a cIaýLssI calI ext ensIoril of i I arid n

"vhi 1illw to stiidv proble tv'S of ditferetI j1al equal~tioWs anld ineqiualit ies of ellipt ii

\evetv leN.t severald problem, related to the above mentionied oiie- lead to consider

,,I;I'I t,, of liolconvex conistraints ItV

Ait!a cxamrple Is provided byý the, ,ItId-% of Vanl Iarilianl's Ineqiualities. which1 art,

elto tile prolblern of the well-J-amnjed plate, in presence of unilateral con.strairilts oil

!' ii pla rerli en? or Onl the currvatuiire. Tlo h e more precise, given a bou nded open iil sebt
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. of R', a C' function F, : - R aiid two functions (the obstacles) Rl, ;: : - R
with• , < 0 < ,2* one considers the problem

._' + lu. U] = Oý

\.IK.l. -(uA(v-u)-[A, + h.u(, - u)) dxdy >0 Vt G K:

.Rh C V,"-(9), u u Ku 0

iu represents the displacement of the plate and h the Airy stress function), having defined

u. ?'j= u 2u c, - 2i, + u .vz, and

K K, {u E W22̀(Q) j , uj u

K = K, {u E V,•'(2) I,,j eigenvalues of Hl • .2}}

If:. i the Hessian mat rix of u).

To study the previous problem. we may introduce suitable definitions of "suhdifhren

ti." and "lower crit cal point" (extending the meaning of equation 1) Y Now. introdacm.-

t• rbu. onal f : 9%V,- --- R defined byv

WI N, detined bv

M { , \V21 In[Fo u[udxdy = p}

pr(),'ril I.K I is reduced to finding the lower critical points of f on the constraint

K - N,. as the parameter p varies.

lie prutni with assigned p has been studied for K = K1. and some results are

W wish. to cls ider here the bifurcation problem for (V.K.L.). namely the relatinl

- '.ltweci. *'raiiclhs of solutions'" Ai. 1 i) of (V.IK.I.), with p ciose to zero' arid then

.v,. ,ol!witiu (Af the iorrenpondinig 0 asymptotic" problem :

IJ L•AU . - a- I AF!,. u](V-ii) drdy > 0 v E K

,' R, ,k K _ 0'

,ti) ,' that hi-.- prolderl is twofold:

I If IA. u) solves fV.I .1. L, doe- the "eigenvalue" A give rise to bifurcating bratiches of

"ý',1!:ol" of (\.N.[ (aid )l(a'nd'sa).
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111 Do eigenvalues of (V.K.I.)- exist!

It is worth noticing that for thle study of (\'.K.l.j. in +the ca~se of assigned p andi ii the(

bifur-cation case as well, the -curv'es of steepest descent" for f on K vi-iM (which extend

ih~w meanling, of equation (2) ) are used.
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DUAL REPRESENTATION OF COOPERATIVE GAMES

J.-E. Martinez-Legaz

Departament d'Economia i d'f-ist6ria Econ6mica

Universitat Aut6noma de Barcelona

Abstract.

One can associate to a cooperative game, defined by a set of players
N 1,2.-n) and the characteristic function v :N---ý IR (assumed to be non

n.

decreasing with respect to inclusion and to satisiy b(0) = 0). the function it Rn

given by r(w) = max {v(S) - • w} for al] w =(w. . w) e R Interpreting the
S icS

components of w as wages for the players, it associates to each possible set of wages

the net profit :-n employer can get hiring some set of players according to these wages and

then obtaining the value they generate by acting as a coalition. Clearly,. r. is a

nonincreasing polyhedral convex function such that inf n(w) = 0 and, at any w r R"
w

the subdifferential an(w) intersects the set {0,- 1 }n. The function 7T provides exactly

the same information as the characteristic function v, since one has v(S) = inf { r, I\,,
W

Vw " it is worth noticing that, for this equality to hold, no assumption on v is
IES

needed. The interpretation of this expression is the following : the value of a coalition is

the total amount of agents (i.e., the players and the employer) are sure to obtain whatever

the ;,,ages ma, be. If v is superadditive, the function it satisfies.the condition

) > inf n•(ws,wN\S) + inf T(WSWN\S) for all w E 1Rn+ and S C N, and
"N',.S \As

c-mverselv. For arh irary games, the core coincides with the set of vectors x e 1Rn

u,.h that r(x =X and I-...- 1) e dn(x).



58

ERGODIC THEORY AND THE CALCULUS OF VARIATION

E. CHABI
Facult6 des Sciences
Universitý MY.Ismail

Meknýs (Maroc)

G. MICHAILLE
Laboratoire d'Analyse Convexe

D1partement des Sciences Mathdmatiques
Universit6 Montpellier I1

Let (1,.,P) be a probability space, Q a bounded regular open set in JRd,

M(JRd) the set of non negative regular Borel measure on JRd equipped with its Borel
field @(JRd). M(Q2) is the set of non negative bounded regular Borel measure on Q.

A Random Borel measure is any map from Z into M(lRd) which is (T,A)Y)

measurable, A denoting the trace of the product tribe of JR u {.0oU

Given (Tz)zE S a group of P-preserving transformation on I where S is any
subgroup k-d of (2d,+), and .t a Random Borel measure satisfying, for every
bounded set A in g(Rd), the two following properties

t(w)(A+z) = g(T.-zo)(A)

W-4 gtco)(A) belongs to LI',P),

we define the sequence jin from 2 into M(Q) by

die,( := (- A)

where En tends to 0+.

Using Ergodic Theory and more precisely, an additive ergodic theorem due to
Nguyen Xuan Xanh and H. Zessin , we prove the following result

THEOREM 1.

(i) If a.s., ( ;in(u,) ; nE N ) is tight then a.s., Atn(w) converges for the narrow,

topology towards O(w) A-x where
0(w0) E7 ; •(.)([0'k[d),

E7 denoting the conditional expectation operator with respect to the tribe
Y :={(Ee = ,TzE=E Vz- S);
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(ii) if (Tz)zE S is Ergodic, that is to say if T contains only sets of % with

probability 0 or 1 then as., gn(.) converges for the narrow topology towards 0 dx

where 1d
9 E g(.)([Ok[d).

In the case where i(co) = f(w,.) dx, f(w,.) belonging to LPo(Rd), L<,p<+oo,

we get under suitable measurability hypothesis, the following stronger result.

THEOREM 2. Setting fn(W,x) := fro,--), we have

(i) in the case 1 <p • +-, a.s. fn(o0,.) converges towards - 0ý f(.,x)dx

in LP(fl) weak (* weak if p=+o);

(ii) in the case p = 1, when (Tz)zE S is Ergodic, a.s. fn(wo,.) converges towards

E f(.,x)dx in L1 (O) weak.

These two results have been used to solve stochastic homogenization problems, in

particular to construct suitable random test functions and random Radon measure in

nonconvex stochastic homogenization and in a stochastic version of Darcy's Law.
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VARIATIONAL TOPOLOGICAL PROPERTIES OF
THE SPACE OF DIRICHLET FORMS

Umberto MOSCO

Abstract.

We study compactness and closure properties of families of local and nonlocal

Dirichlet forms with respect to suitable variational topologies.
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Generalized second-order derivatives of

convex functions in locally convex

topological vector spaces

James Louis Ndoutoume *

Institut Africain d'Informatique B. P. 2263, Libreville, Gabon

and

Michel Th&a

Universit6 de Limoges, 87060 Limoges Cedex, France

Abstract

(;eneralized second-order derivatives introduced by T. Rockafellar in the finite dimensional

setting are extended to convex functions defined on locally convex topological spaces. The

nain result which is obtained is the exhibition of a particular generalized Hessian when

th,- function admits a generalized second derivative

References

[ltt. Attouch, Variational convergences for functions and operators. Pitman. Lon-

(oii, 1984.

"Tle author would like to thaik the Comnission for Development and Education from which he

,hiaitwd a grant to attend the meeting



62

[2]J.-MN. Borwein and D. Noll, Second order differentiability of convex functions: A.

D. Alexandrov's Theorem in Hilbert spaces. Preprint, Dalhousie University, 1991.

[3]C. N. Do, Generalized second-order derivatives of convex functions in reflexive Ba-

nach spaces. Preprint, 1991.

[4]S. Navry, Formes quadratiques g~n6ralis6 es. C. R. Acad. Sc;. Paris, 271, s~rie A.

1054-1057, 1970.

.5] L. Ndoutoume, Calcul diff6rentiel g6n~ralis6 du second ordre. Publication AVA-

MAC de l'Universit6 de Perpignan, 1987.

[6]J. L. Ndoutoume, Epi-convergence en calcul diff~rentiel g9neralise. Rgsultats de

con zergence et Approximation. These de doctorat, Universit6 de Perpignan, 1987.

T7JR. T. Rockafellar, Maximal monotone relations and the second order derivative of

i',oinsmooth functions. Ann. Inst. H. Poincar6, Analyse non-lin~a:re, 2, 167-1S4. 1985.

S3R. T. Rockafellar, Second order conditions in mathematical programming obtained

by the v.ay of epiderivatives, Math. of Oper. Res. 14, (3), 462-4S4, 19S9.

191R. T. Rockafellar, Generalized second derivatives of convex functions and saddle

functions, Trans. Am. Math. Soc.. 320, 810-822, 1990.



63

Graphical convergence and generalized

second derivatives for nonsmooth functions

Dominikus Noll

Universitit Stuttgart, 7000 Stuttgart, F. R. G

Abstract

Second order epi derivatives for convex and nonsmooth functions, as introduced by

R.T. Rockafellar around 1987, have emerged in an important role in nonsmooth analysis
and optimization. Here we present some results obtained recently'by D. Noll [3], [4], and

J. Borwein and D. Noll [1]. In particular, we address the following questions:

* Give a refined analysis of the interrelation between second epi derivatives and the

usual pointwise second derivatives.

* Give a geometric characterization of second order epi differentiability. A nonsmooth

version of the Theorem of Meusnier.

* In the convex case, give a link between second epi derivatives and approximate

second derivatives in the sense of J.B. Hiriart-Urruty. How to define the Dupin

indicatrix using second epi derivatives?

* The infinite dimensional dilemma! What is the right notion of convergence for the

second order difference quotients of non-convex functions in Hilbert space?
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Approximation by convex functions

Pier Luigi Papini

Dipartimento di Matematica, Piazza Porta S. Donato 5, 40127 Bologna, Italie

Abstract

Consider the following problem: let X be a space of real functions, endowed with a norm;

for fEX, consider the function(s) which best approximate f from the class of convex

functions. Also, if C denotes the subset of X containing all continuous functions, let us

consider the same problem by using as approximants the elements of the set Ar-C. The sets

A and Ar-C are cones; in case the norm if X is "good" and A (or Ar'C) is closed, then

some obvious results spring from the general theory of approximation, while simple

characterizatiuons of best approximations are possible. But in different situations, some

problems can arise, for example concerning convergence of sequences which best

approximate f with approximating norms; in this context, many papers appeared recently.

Here we try to survey some results of this type.
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Convergent and divergent concepts from

convergence theory and their uses in

optimization theory

Jean-Paul Penot

Facult6 des Sciences, Av. de l'Universit6 64000 Pau, France

Abstract

We endeavour to give a general account of the impact of convergence notions for opti-

mnization theory. Whether these tools can be considered as a convergent array of concepts

oi as a divergent and diverse bundle of tools is still a matter of taste or opinion. At least

it (annot be denied that the number of topics in optimization theory for which notions

of convergence become instrumental is increasing and covers a large extend of subjects:

alpproximation of functions and of sets, optimality conditions, sensitivity analysis, well-

posedness... A number of recent or less recent contributions of the author to this stream

,re, reviewed. The appearance of "alien terms" in optimality conditions is pointed out as

it ,orresponds to a well known phenomenon in homogenization theory.
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Calculus of epi-derivatives and

proto-derivatives

Ren6 Poliquiu *

University of Alberta, Math.Dept., Edmonton Canada, T6G 2G1

Abstract

A calculus of first- and second-order epi-derivatives is presented for amenable and fully

amenable functions (all functions are considered on a finite dimensional space). An

arnenable function is the composition of a lower semicontinuous proper convex function

with a smooth mapping and a natural constraint qualification. A fully amenable function

is an amenable function where the convex function is piecewise linear-quadratic and the

ý-nlooth function is of class C'. The calculus rules have direct applications in optimization
because most problems encountered in practice can be reformulated using fully amenable

functions; in addition, first- and second-order optimality conditions can be derived using

epi-derivatives. Finally, calculus rules for the proto-derivatives of subgradient mappings

of fully amenable functions are presented. These calculus rules for proto-derivatives have

applications in the sensitivity analysis of optimal solution mappings in parametric opti-

Mizat on.
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Solving Nonsmooth equations via

Generalized Jacobians and Iteration

Functions

Liqun Qi *

School of Mathematics, University of New South Wales

Kensington, NSW 2032, Australia

Abstract

Sv;tems of nonlinear equations defined by nondifferentiable, locally Lipschitzian func-

tions arise from many different areas including partial differential equations, nonlinear

coinplementarity, variational inequality, nonlinear programming and maximal monotone

operator problems [2]. The generalized Jacobians of the functions defining these nons-

inooth equations are set-valued. Superlinearly convergent Newton's methods for solving

nonsmooth equations are constructed via generalized Jacobians [31 [4]. A characterization

of sliperlinear convergence under the condition of semismoothness extends the classic re-

-ults IDennis-Mor6 for smooth equations [2]. Broyden-type methods are also developed for

-,lyiing nonsmooth equations [1]. Global convergent methods are established via iteration

fi (ctions.
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Necessary and Sufficient Conditions for the

Existence of Densely Defined Selections of

Multivalued Mappings

Julian P. Revalski
Institute of Mathematics, Bulgarian Academy of Sciences,

Acad. G. Bonchex Street, Block 8, 1113 Sofia, Bulgaria

Abstract

Let F: \" V be a multivalued mapping with non-empty images acting from the topo-
logical space X into the topological space Y (i.e. for each x E X the value F(x) is a non-
empty subset of Y). We give here sufficient (and necessary) conditions for the existence
of an upper semicontinuous and non-empty-compact-valued (usco) mapping G: X, - Y.
where X1 is a dense G6 -subset of X and G is a selection of F. In contrast to what is
widely accepted under "a selection ofF on X," we understand here a set-valued mapping

: Y1  y such that 0 # G(x) C F(x) for every x E X 1. In some particular cases the
,election G coincides with the restriction of F on X 1. If the range space 1 is completely

metrizable, then G can be considered to be single-valued.
More precisely, we call F lower demicontinuous (ldc) in X if for every open I in '.

the interior of the closure of the set F-'(V): = {x E X: F(x) "l' • 0} is dense in the
closure of F-1 (V), i.e. IntCl(F-1 (V)) is dense in CI(F-i(V)). The class of ldc mappings
,on1tains for example all lower semicontinuous mappings and all minimal usco mappings.
Several results are proved asserting that a given ldc mapping F admits an usco selection
defined on a dense subset of X. A typical theorem reads as follows:

Let F: X - Y be an open ldc mapping with closed graph, where X is a Baire space
and V contains a dense Gech complete subspace Y,. Then there exist a dense G,,-subset
X, of X and an usco mapping G: X 1 --- Y1 which is a selection of F. If, in addition, Y1 is
completely metrizable, then G can be considered to be single-valued.

In fact, the existence of such kind of selections for every mapping from the above class
is a characterization of the fact that the space Y contains a dense Cech complete subspace
or a dense completely metrizable subspace.

The above result generalizes some of the results in the recent paper of E.Michael [M].
We describe also situations in which the mapping F itself (not merely a selection of

it is usco at the points of a dense G6-subset of X. Here a typical result says that, if
f -X Y Y has a closed graph, X is a Baire space, Y is Cech complete and for every
open : CY the interior of the set {x E X alon F(x) C V } is dense in F-'(V), then there
exists a dense G•,-subset X, of X at the points of which F is usco. If, in addition. Y is
, plh'et,-ly metirizable then F is single-valued at the points of X1.
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These results arc used to obtain some new as well as known results like:
-to get a new version of the classical Lavrentieff theorem concerning the extension of a

denselv defined homeornorphism t~o a. subset containing a dense Ge-subset of the domain
spa ce;

-to prove that a given convex and continuous function is differentiable at the points
of some denise Go,-subset of its domain ([Ph])-,

-to obtain genieric results about w~ell-posed optimization problems ([LP]. [CXIi]. [Cl\2).

-to derive results about generic non -multi valuedness of metric projections and antipro-
3ections ([Zh]):
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TOPOLOGICAL DEGREE FOR MAXIMAL MONOTONE
OPERATORS

Hassan RIAHI
Universitd CADI AYYAD, Facult6 des Sciences I, B.P. S. 15, Marrakech, MAROC

Abstract

The generalized degree theory is a replacement for the Brouwer and Leray-Schauder degrees.
The purpose of this work is two-fold. One goal is to show how Browder's degree, given for

operators of class (S+), see [41, can be extended to the case of maximal mo..otone operators

by relying on generalized Yosida approximations. Particular attention is --aid to the
normalization and invariance under homotopies for the topological degree we define. This

allows us to extend some recent results of Attouch, Penot and Riahi [2] about the continuation

method for solutions of parametrized monotone nonlinear equations by withdrawing the

compactness assumptions. It is also possible that our definition, by relying on

subdifferentials, could be used to establish definitions of topological degree for real convex

functions and convex-concave saddle bifunctions.

1- Let be given a real reflexive Banach space X with the topological dual space X *

such that X and X * are locally 'iniformly convex. This implies that the duality mapping J

of X is a homeomorphism between X and X *.

In the sequel we will identify an operator A : X 3 X * with its graph in XxX*. An operator

A is said to he monotone if for any (xi , y i)EA, one has <y,-y2 , xl-x 2> Ž 0. A is maximal

monotone if it is maximal in the family of monotone operators in XxX*, ordered by inclusion.
I -1 IIIThe Yosida approximation is given by ANx = (A- + XJ ) . An extension, called

g-eneralized Yosida approximation, we'll use is given by AX= A X+XJ. AX is of class (S+).

Theorem 1. If a family of maximal monotone operators {A(c XxX*) ; tE TI is graph-

continuous (given t, --* t in T one has Limsup il At c Atc LminfiAti ) then for any
i i

open bounded subset fŽ cX X,the family {(At)X • •Ž-X * •teT, X>0} is of class (S+).
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2- Now, we are in a position to define the topological degree for a maximal monotone

operator A over ý2 at zero by the formula :

deg(A,fQ,0) = lim Xo d (AX',Q,0). (1)
where d denotes the Browder's degree for operators of class (S+), we refer to [41 for more
details. We verify that in the definition above, the degree function deg is independent of
X>0 for k sufficiently small. The following Theorem summarizes familiar properties of
degree theory for maximal monotone mappings.

Theorem 2. Let C2 be an open bounded subset, A c XxX* be maximal monotone. Then we

have : (i) deg(J,0,0) = 1, provided OEQ ;

(ii) deg(A,2,0) = 0 whenever 0 A(2)"

(iii) if the homotopy of maximal monotone operators (A, c XxX*;); tE T} is graph

continuous and satisfies 0 u { At() ; tE T ), then deg(At ,42 0) is independent of t in T

(iv) if Q and Q2, are two disjoint subsets of Q2 such that 0i A(Q\!Q I UQ 2 ), then

deg(A ,O ,0) = deg(A ,K1,0) + deg(A ,2 2,0).

(v) On the family of maximal monotone operators, there exists one and only one
degree function, with the invariance under graph-continuous homotopies.

As a consequence of this theorem we shall sharpen and extend [2] results for Hilbert
to reflexive spaces, as well as ruling out the compactness conditions.

Corollary 3. Suppose that assumptions of the preceding theorem (iii) hold and the following

condition is satisfied : for some toe T one has deg(Atn, f2 ,O) * 0.

Then for each t in T one has At (0) is nonempty and contained in Q.

3- In this brief section we apply the results of section 2 to convex functions and
convex- concave saddle bifunctions.

A- Since the subdifferential ao of a proper lsc function 0 is a maximal monotone
operator, see [ 1, 51 one can define the degree at 0 relatively to an open bounded subset of X
by:

deg( 0, Q , 0) = deg(Do, 0, 0). (2)

Proposition 4. a) For a proper convex Isc function 0, deg( 0, fQ, 0) * 0 and M(O)r-Q = 0
implies that 0 * M(0) c 0, where M(0) denotes the minimum set of the function 0.
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b) Let {IOt ; teT) be a Mosco-epicontinuous family of proper convex lsc functions

such that M( 1 )or,0- =0 V tE T and deg(to , •2 , 0) #0 for some to0 T.

Then for each t in T one has 0 M (r) c fl

B- For a closed convex-concave saddle bifunction F : XxY -+ R which is convex

lsc (resp. concave usc) with respect to the variable x in X (resp. y in Y), the operator A =

a1Fx(--a2F), where D1F and a2F denote the partial subdifferentials of the convex functions

F(.,y) and -F(x,.), see [6], is maximal monotone.

The degree of F at (x,y) is defined as follows deg(F Q , (x,y)) = deg (A .12, (x,y)).

With the above definition one can state the analogue of Proposition 4 for bifunctions

Proposition 5. a) deg(F,12 ,0) #0 implies that S(F)={saddle points ofF in XxY} In2 #0.

b) Let { F t ; tE T } be a Mosco-epi/hypocontinuous homotopy such that deg(F to,12 , 0)#0 for

some toe T and S(Ft)r"a2 =0 for each t in T. Then for every tE T one has 0 * S(Ft) c 02.
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Some Topological Min-Max Theorems

via an Alternative Principle for

Multifunctions

Biago Ricceri

Universita di Catania, Italy

Abstract

Let X. Y be two non-empty sets and let f be a real function defined on X x Y. WVe are

interested in the classical problem of finding suitable conditions under which the equality

ii sup inf f(x,y) = inf supf(z,y)
VEY -rEX xEX VEY

does hold.

In this talk we intend to discuss some of our recent results on this subject. Here is a

sample:

THEOREM - Let X,NY be topological spaces, with Y connected and admitting a con-

tinuous bijection onto [0, 1]. Assume that, for each A > supvEY inf 1 Ex f(x,y), xo E X
yo E Y, the sets

{x E X f(x,yo) 5 A}

(1 Ti d

{Y E Y f:(xooY) > A}

a rt ronnected. In addition, assurer that at least one of th e follou'ing three sets of conditIons
i., .atisfied:

thl) f(z,.) is upper semicontinuous tn Y for each z E X, and f(.,y) is lower semicon-
tin uous in X for each y E Y;
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(h 2 ) Y is compact, and f is upper semicontinuous in X x Y;

(h3 ) X is compact, and f is lower semicontinuous in X x Y.

Under such hypotheses, equality (1) does hold.

Just one remark. Namely, the condition that Y must admit some continuous bijection

onto [0,1] is, of course, very restrictive. This is, in practice, the necessary price one has to

pay for the generality of the other assumptions. In this connection, consider that, almost

every known topological mini-max theorem, ensuring the validity of (1), contains at least

the following assumptions: the space X is compact and, for each A > supey inf-EX f(x, Y)

and each non-empty finite set A C Y, the set

n{x Ex : f(x,y) _ A}
YEA

is connected (see [1]-[8]).

The fact that the above theorem can badly fail even when Y is only a "little" out of

the considered class, is clearly shown by the following

EXAMPLE - Take:

X =, = {(t, u) E R2 : + + 2 = 1}

and. for each (t, u).(r.z) E X,

f(t, u, v.z,) = tv + uz.

In this case, of course, we have

-1 = sup inf f(xy) < inf supf(x,y)= 1
YEY rEX xEX yEY

while, except that on Y, each other assumption of the theorem is satisfied.
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Graph Convergence in Mathematical

Programming

Stephen M. Robinson

University of Wisconsin-Madison, Madison, WI 53706, USA

Abstract

Methods using graph convergence, particularly the proto-derivatives introduced by

R.T. Rockafellar [31, seem to be the most natural tools available for obtaining certain

optimality conditions in mathematical programming (see, e.g., (4]). On the other hand,

once the optimality conditions are written, the analysis of solutions to those conditions

generally proceeds using very different tools, often some variety of implicit-function the-

orem.

For such analysis the formalism of normal maps [2] leads to equations involving single-

valued, though generally nonsmooth, functions. For example, the theorem of [2] together

with the functional form first introduced by Kojima [1] permits one to conduct a complete

local analysis in very much the same way as one would do for a system of nonlinear

equations. Noteworthy in this analysis is the complete absence of any graph convergence

methodology.
In this lecture we will investigate connections between the graph convergence method-

ology for obtaining optimality conditions and the analytical methods for exploiting the

mathematical structure of those solutions once they are obtained. We will describe the

normal-map approach and ask whether any natural relationships exist between the nor-

mal map derived from the optimality conditions and the graph-convergence techniques

that lead to those conditions.

-- -- - - - - - - - -
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Proto-differentiability of solution mappings

in optimization

Terry Rockafellar

University of Washington, Seattle, WA 98195, U.S.A.

Abstract

"The most commonly used model for sensitivity analysis of solution mappings in param-

cterized problems of optimization is the generalized equation model of Robinson, which

corresponds closely to optimality conditions in the sense of variational inequalities. Much

')f the work on generalized equations has centered on obtaining conditions under which

the solution is unique and depends Lipschitz continuously on the parameters, but one-

sided differentiability of the single-valued mapping obtained under such circumstances

has been studied as well. In contrast, proto-differentiability properties can be developed

even when the solution mapping is multi-valued. One-sided differentiability is then sim-

ply the case where the mapping does happen to be single-valued and locally Lipschitz.

which in finite-dimensional spaces can be characterized through Mordukhovich's criterion

on coderivatives. Furthermore, proto-differentiability also is an effective tool in broader

models in sensitivity analysis formulated in terms of subgradient mappings instead of gen-

eralized equations. In that setting it relates to the calculation of perturbations through

the solution of auxiliary problems of optimization involving second-order epi-derivatives

of functions in the original problem.
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APPROXIMATE EULER-LAGRANGE INCLUSION, APPROXIMATE TRANSVERSALITY
CONDITION, AND SENSITIVITY ANALYSIS OF CONVEX PARAMETRIC PROBLEMS

OF CALCULUS OF VARIATIONS.

Alberto SEEGER
University of Avignon

Department of Mathematics
33, rue Louis Pasteur

84000 Avignon, France

ABSTRACT. We study the first-order behaviour of the optimal value function associated to a convex parametric
problem of calculus of variations. An important feature of this paper is that we do not assume the existence
of optimal trajectories for the unperturbed problem. The concepts of approximate Euler-Lagrange inclusion and
approximate transversality condition are key ingredients in the writing of our sensitivity results.

1991 Mathematics Subject Classification : 49 N 99, 90 C 31
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Swimming below icebergs, and the

maximal monotonicity of subdifferentials

Stephen Simons

University of California Santa Barbara, CA, USA

Abstract

Let E be a Banach space, o : E - IR U {}oo be proper, convex and lower semicon-

tinuous and Pr 2 be the projection map from E x IR to IR. If B is a nonempty subset of

E IR such that (x,A) E B -= A < o(x) and sup Pr 2(B) > O(E) then we write

[B I o] := sup A-0(y)
(z.,A)EB.o(( <A li - Y1l

If B is a rock and o is the bottom of an iceberg, (B It o] tells you at what slope yon have

to swim down starting from an arbitrary point on the rock and still be sure that you will

not hist the iceberg. There are significant situations in which 0 < [B J. o] < c. We

can deduce from this a number of results on the existence of subtangents to o satisfying

various conditions, with sharp lower bounds on the slopes of the subtangents. One of

them improbes a recent result of Beer on separating subtangents, and another improves a

recent result of Beer on separating subtangents, and another improves a recent result of

Attouch and Beer on the approximation of conjugate functions. Our results also lead to

oeneralizations of Rockafellar's fundamental result that Vo is maximalmonotone , that
I,, to sa\,

if;q 9 E, a E E'andV(z,b) E do. < q- za-b > > Othen (q.a) E do.

Foi instance, we can prove that : if Q is a nonempty weakly compact convex subset of

E. a E E' and,

V(zb) E d0. Bq E Qsuch that < q- :.a - b > > 0
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then

3 E Q such that (q,a) E O•.

Dually, we can prove that : if A is a nonempty weak- compact convex subset of E', q E E
anld.

V(z.b) E 9p, 3q E Qsuch that < q- z,a -b> > 0

T hen

3a E Qsuch that (q,a) E 0d.

Since some of these result are quite technical, in the talk we will simply show how the
techniques can be used to give a very short proof that OQ is maximal monotone,
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Set convergences: a survey and a classification

Yves Sonntag

Universit6 de Provence, case X, 13331-Marseille Cedex 3, France

and

Constantin Zlinescu

University of Iasi, Department of Mathematics, 6600-Ia~i, Roma.nia

Abstract

Let (E,d) be a metric space and TY be the class of nonempty and closed subsets of E. By a set
convergence we mean a procedure that associates an element A e D5" to a net (Ai)ic.I C 3. The

number of these convergences continues to increase: there are more than 35 (and, of course, the

same number of epigraphical convergences for nets of functions fi:E -4 IR and graphical

convergences for nets of operators 4)i:E -- E). This proliferation is justified by the theory and

by the applications, but the theory becomes more and more complicated and the perplexity of

the potential user is comprehensible ... The difficulty comes from the disparate aspect of

definitions that does not make easy a global view of convergences: having in mind all the

results concerning the relative fineness between them causes already problems. A solution

consists to modify the original definitions of convergences using only few mathematical notions

that can be easily compared (inequalities, inclusions for example).

We proposed the following method in [SZI: each convergence corresponds to a semi-metric

space defined by a couple formed by a family % C TY (the class of the convergence) and a

function f:T x % -4 IR or g:E x 7' --* IR (the type of the convergence). The semi-metric

space is defined by the semi-metrics
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(fx)xE', where fX(A,B) = If(A,X) - f(B,X)I for A,B e T,

or

(gx)xg %, where gx(A,B) = supxEXlg(xA) - g(x,B)l for A,B e T.

It is also possible to take several families of such semi-metrics. The natural choices f(A,X) =

d(A,X) (the type p) and g(xA) = d(xA) (the type q) give the possibility to redefine the most

part of known convergences. One can use results of G. Beer (for type p), of B. Comet (for
type q) and of the authors. The convergences can be written simply:

%(f)-lim(Ai) = A iff lim f(AiX) = f(AX) V X E %,

%(g)-lim(Ai) = A iff lim[supxeXIg(x,Ai) - g(xA)I] = 0 V X e C.

The classification of convergences becomes now very simple and is based on the inequality

PX < qx and on evident inclusions of classes (compact sets C closed bounded sets C T,

etc ... ).
Remark that there are many convergences of type p, but very few, till now, of type q:
Hausdorff, Attouch-Wets and Wijsman.

Of course, one can define other types taking for f and g other canonical functions associated to
(E,d): for example the Chebyshev radius, the Hausdorff excess function, etc...
G. Beer and R. Lucchetti developed the study of types corresponding to the Hausdorff excess

function, giving so a good framework for fine and very fine convergences.
The papers of [SZ] and [BL] (and some others), which represent the base for our talk, give a
clear and coherent vision of the majority of set convergences. We hope that this presentation
will facilitate the work of ýs-convergences students and the task of users (optimization,

multivalued functions, probability, etc...) in choosing the adequate convergence(s) for their

own study.
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A new Topology for the Solid Sets of a

Topological Space

Anna Torre

Dip. Matematica Universith di Pavia

Pavia ITALIA

Abstract

In the paper [LTW' a new hypertopology r7 is defined with the aim of identif'ing classes

of sets where narrow convergence of a sequence of probability measures implies uniform

convergence ( see also [BT, LSW] and [SW] for applications).

The result can be expressed in this way: in any r,-compact class A of sets which is
contained in the family of the continuity sets of a probability P, narrow (i.e. pointwise)
convergence of P" to P implies unifcrm convergence of P" to P on the class A. Also, it

turns out that the condition of A being a P-continuity set (i.e P(OA) = 0) is necessary as

well as sufficient for the function P : (CL(X),Tr) - [0, 11 being continuous at A. The

paper in vestigates the topological properties of r, on the subset of the sets that are the
closure of their interior. In particular, it is shown that the hyperspace is metrizable if and

Wll, if the space X is separable and locally compact.
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Strong convergence implied by weak in Li

Michel Valadier
(in collaboration with Allal Anrani and Charles Castaing)

Universit6 Montpellier 11, 34095Montpelier Cedex 5, France

Abstract

The Visintin's theorem and its extension by E.J. Balder have been extended to infinite

dimensional Banach spaces by several authors. The best conclusion is obtained when

some strong compactness is assumed. But the weak topology is also considered. Some

of the results can be proved without Young measures. Then truncations are essential parts

of proofs and are related to some extensions of the tightness condition.
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Remarks about the Infimum of Hausdorff Metric

Topologies

Paolo Vitolo

Universita' della Basilicata, 85100, Potenza, Italy

Abstract

We consider a metrisable topological space X and denote by D the set of all compatible

metrics on X. For every d in D, the upper and lower Hausdorff topologies - H(d,+) and

H(d,-), respectively - are defined on the collection C(X) of all closed subsets of X. ( See

[1]). Let P be the infimum of the topologies of the form H(d,+), where d runs over D.

and M the infimum of the topologies of the form H(d,-). We show that M coincides with

the lower Vietoris topology, if and only if X separable (compare with [3], cor. 6). We also

show that ( for locally compact X) P coincides with the co-compact topology (see [2]) if

and only if X is compact.
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THE USE OF MONOTONE NORMS
IN CONVEX ANALYSIS

Michel VOLLE
Universitd d'Avignon

Abstract. We introduce some new binary operations for convex sets and convex functions. These operations
provide a general framework for dealing with the calculus of epigraphs, polar sets, and Fenchel conjugates.

1991 Mathematics Subject Classification : 90 C 25

Key words : monotone norms, convex duality, epigraphical analysis.
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Convergence of Integral Functionals

Roger J-B Wets *

Mathematics, University of California, Davis, CA 95616, U.S.A.

Abstract

Let (T. A. p) be a measure space with a-additive, nonnegative measure pi, and V a Banach

subspace of M.(T: IR'), the space of measurable functions from T to IR'. One refers to a

bivariate function f : T x X -- IR as an integrand if for all z E M(T:IR'). the function

-- f(t.x(t)) is A-measurable. We are interested in integral functionals of the type:

F : X -, Ui, F(x) := f(tx(t))-(dt).

The need for approximation techniques to deal with integral functionals that arise in

the calculus of variations, stochastic optimization and other variational problems (pde),

provided at least initially, the major motivation for the development of the theory of epI-

convergence and its extensions (epi/hvpo-convergence, F-convergence, etc.). This lecture

will try to take stock of the progress made during the last decade or so in dealing with

the convergence of integral functionals.

More specifically, let {(f : T x IR-. E IN } be a sequence of integrands. {1i:

A -[ R.,v E IN} a sequence of measures. and F' the associated sequence of integral

linctionals

F"(x) := IT f"'(t. x(t)) "(dt), v E N.

.V"11uning that the f and p& approximate f and p in some sense, what can be said about

l •e convergence of the integral functionals F' to F? In particular, when can we guarantee

hlit epi-convergence of the F' to F?

"Supported In part hy a grant of the National Science Foundation
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ON THE CONVERGENCE OF THE GENERALIZED GRADIENTS

T. Zolezzi.

Dipartimento di Matematica , Universita' di Genova, via L.B.Alberti
4. 16132 Genova (Italy). e-mail: Zolezzi at IGECUNIV. BITNET.

EXTENDED ABSTRACT for the conference " Convergences en
Analyse Multivoque et Unilaterale ; Marseille-Luminy , June
1992.

We consider a real Banach space E , and sequences of locally

Lipschitz functions

f, fn : E-* (-- o,+ o), n = 1,2,3,...

We address the problem, under which conditions on the
convergence of fn towards f, it is possible to obtain some
form of convergence of the sequence of their Clarke's generalized
gradients

afn -4 af

As an application ( and a motivation), we mention the stability
of the Clarke multiplier theorem [11 , which is connected to the
stability under perturbations of sensitivity estimates for
constrained optimization problems under (in)equality constraints.

If each term fn of the sequence is a proper, convex, lower
semicontinuous function, the problem above has been thoroughly
investigated. Necessary and sufficient conditions, linking epi -
convergence of fn toward f with the Kuratowski convergence
of the graphs of the generalized gradients are known : see [2],
[3), [4] , [5) . The bounded Hausdorff convergence of fn is also
related to the convergence of the subgradients, see [6].
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If E is a finite - dimensional space , sufficient conditions are
known yielding

(1) lim sup (3 fn (Y) c L f(x), as n -- +- and y--- x,

for every x E E , again under epi - convergence of fn to f
see [7].

If E is a Hilbert space , and each fn is (p,q) -convex, then
results linking epi-convergence of the functions with various
Kuratowski convergences of their lower semigradients are proved
in [8].

If E is infinite - dimensional and fulfills some regularity
conditions, it is possible to extend (1) under epi-convergence of
the sequence fn . No convexity is required, and an equi - lower -

semidifferentiability condition is imposed (as in [7]) on the
sequence fn . The proof makes use of convergence results for
lower semigradients of lower semicontinuous functions.

This allows us to pass to the limit in the Clarke's multipliers
rule in the infinite - dimensional setting, when data
perturbations are present. In this way we obtain sufficient
conditions for the stable behavior of the multipliers, under epi -
convergence conditions.

Further applications to the behavior of the generalized
gradients of integral functionals are also possible using the
above result.
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