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Minimum Eigenvalue Separation!

Beresford N. Parlett? and Tzon-Tzer Lu®

Abstract

Consider real unreduced n x n symmetric tridiagonal matrices with all sub-
diagonal entries equal to one. Such a matrix has distinct real eigenvalues and Parlett
conjectured that they must differ by at least

2 (w = =)/u" = O@w*™),
w
where w is the spread of diagonal entries and should exceed 4.

We show that the conjecture is true for w > 3n, but fails if w/n is too small.
The proof rests on two types of lower bound for eigenvalue separations and on detailed
estimates of the ratios of entries of eigenvectors; one set for componentwise ratio of
two different vectors, another for adjacent entries in the same vector. These results

have some independent interest.
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Chapter 1

Preliminaries

1.1 Introduction and Summary

For over one hundred years, the eigenvalue problem has been investigated by math-
ematicians, physicists, and engineers. Scientists explored the characterization, location,
perturbation and computation of eigenvalues, to name a few topics. This thesis is devoted
to the separation of eigenvalues. We will find the minimum gap between eigenvalues over
an interesting class of tridiagonal matrices.

We consider unreduced n X n symmetric tridiagonal matrices with all subdiagonal
entries 1. The typical matrix may be written

1 1 ... 1
Jn(a) = tridiag | a(1) a2) - --- . a(n)
1 1 ... 1
where a = (a(1),a(2),...,a(n)) denotes the diagonal and a(k) € R.

J(a) has distinct real eigenvalues and, in [10], Parlett conjectured that they must

differ by at least

) (1.1)

2(w = =" = O(A™"),
where w = 1121.32’: a(k) - mkm a(k) is the spread of diagonal entries and should exceed 4.
Our contribution is to settle this conjecture. It is true for w > 3n and probably for some
smaller ratiow/n. Nevertheless some condition on w/n is necessary because we have counter
examples for w > 4.
As will be shown later, the problem of finding the minimal separation of eigenvalues

for given n and diagonal spread w is a piecewise smooth constrained optimization problem.




The first task is to find matrices that satisfy the Kuhn-Tucker conditions, but it is much
harder to deduce when these matrices are global extrema. Indeed, when w is not large
enough the rival configurations also satisfy the Kuhn-Tucker conditions and appropriate
the global minimum to themselves.

It is not immediately apparent but the eigenvalue gap does not start to get small
until a few eigenvalues are clearly separated from the others. This observation directs our
attention to the case w > 4.

The proof rests on detailed estimates of the ratios of entries of eigenvectors; one
set for componentwise ratio of two different vectors, another for adjacent entries in the same

vector. These results have some independent interest.

The motivation leads us to the definition of minimum eigenvalue separation, or

gap.

Definition 1 Let {),} be the set of eigenvalues of a matriz A, then the gap of A’s spectrum
18

g(A) = min [\ — ;.
T3]

In section 1.2 we survey some of the voluminous literature on gap. We also include
results on the first excitation energy of the Schrédinger operator. We show, in section 1.3,
that the minimal gap is invariant under shift, duality, reversal of the diagonal, and their
combinations. In section 1.4 we normalize and formulate our minimization problem, and
give a complete description of the answer. When w is large enough, w; = (v,0,...,0.w)
becomes the minimizer. We compute the gradient of each eigenvalue separation with respect
to the diagonal in section 1.5. Section 1.6 includes formulas for the entries of normalized
eigenvectors and their symmetric properties.

Chapter 2 is devoted to our extremal matrix J(wy). Its eigenvalue equation and
eigenvectors can be expressed in terms of Chebyshev polynomials. By symbolic computa-
tion, we can derive the asymptotic expansions of two dominant eigenvalues and hence their
separation. Precise bounds are included as well. We also have the analogue for the dual
matrix J(wj).

Chapter 3 explores the ratios of the entries of eigenvectors. Let A, and A, _, be
two largest eigenvalues with corresponding eigenvectors vy and vp_1. We prove that the

ratio % is strictly monotonic as k increases. It follows that V(),, — A,,_;) obeys certain




sign pattern. Ashbaugh and Benguria’s Comparison Theorem [1] is an easy consequence.
We also have inequalities for the ratios % and ""T:l_-(f&)l-l, and establish convexity for
the components of an eigenvector.

Chapter 4 solves our minimization problem when the size of diagonal spread is
large enough. Suppose the eigenvalues are in increasing order A\; < A3 < --- < A,. We
obtain a lower bound for each A;4; — A;, which indicates the middle ones always have bigger
lower bounds than A; — A; and A, — A,_;. Hence the middle separations can not compete
with the end ones. By duality we only need to comsider A, — A\,-1. From the refinement
of Sun’s theorem, the trace of the minimal matrix must be small. In view of the Kuhn-
Tucker condition, the sign patterns of V(A, — A,_1) yield all the possible local minimizers.
Then we use the ratio inequalities from the previous chapter to eliminate the unsymmetric
minimizers. Finally we prove J(w;) indeed minimizes A, — A,_; locally. We sketch the

whole process and state the main theorem in section 4.5.

1.2 Review of the Literature

The gap of a matrix indicates whether its spectrum is well separated. Hence the
separation of eigenvalues is closely related to the difficulty of eigenvalue computation. In
fact the number of iterations of many methods depends on the size of the gap.

Wilkinson [15, p. 308] studied

Wim+1 = Jam+1(a) with a(k)=|m+1-%| fork=1,2,....,2m + 1.

The largest two eigenvalues of W4, differ by roughly (m!)=2. For example Ay and Ay
of W agree for their first fifteen decimal digits! Nevertheless this is not the smallest gap

for such matrices.

Wang [14] generalizes Wilkinson’s matrix W4 to
Wam+1(d) = Jom41(a") with a'(k)=|m+1-k|d fork=1,2,....2m+ 1.
Then he gives upper and lower bounds for its gap.

Theorem 1.1 (Wang) Ford > 0.92,

1 30m?
Fm(mdT < I(Wampi(d)) < COE
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Sun {12, Theorem 1] considers real tridiagonal matrix
b b2 -+ bnaa
T, = tridiag | a; a; =+ - . an | with bg_qcx >0 fork=2,3, --,n,
C2 c3 - Cn
(1.2)

and gives a lower bound for gap.

Theorem 1.2 (Sun) Forn > 2, 9(Ta) > 2( ﬁ bi_1ck)t p?-n where
k=2

p = min{p, maz(p2, p3)}, P1=2a =2y,
1 i 1 &
= - = - ndy),
p2 = —(nka Z.-:xak)’ p3 n-2(§1“" ;)
Xn = 2ax {ax + |bel + lexl), & = min {ag — |bel - Jexl},

and ¢ =b,=0.

We mention that A, and X, given in his paper are misprints. A; should be a lower
bound for the smallest eigenvalues of T, and A, an upper bound for the largest one. They

can be estimated by the Gershgorin's Disk Theorem. For example Wy, has
X,,:m-i-l a.nd a1=—2.

While the deleted absolute row sums are used in Theorem 1.2, we may have following

different choices by columns

Xn = lréxgsxn{ak + lbeoal + leesal}, A= lrsr}‘ig"{ak = lbk=1] = lek+1l},
with bg = ¢4y = 0.
Note that Theorem 1.2 can be improved and the refinement is stated in Theo-

rem 4.3. Table 1.1 compares the true value and several lower bounds from Theorem 1.1-3
and 4.3 for the gap of W5;. In fact Sun uses

2m -1
m?+2m+1
instead of Theorem 1.2 to get the bound 1.06 x 10~15 in the table.

An(Wam41) = Anc1(Wamar) > 2p37" = 2( )2m-1

Sun’s {12, Theorem 2] for gap is wrongly stated since he mistakes [2x’(A;)/x" ()]
for |A41 — A|, where x()) = det(A\I — T') and eigenvalues {);} of T are in increasing order.
The true formula is

X"(AN) 1
2¢(N) i Ak

eyl




true gap | Theorem 1.1 | Theorem 1.2 | Theorem 1.3 | Theorem 4.3
7x10°1 ] 3.8x10°T [1.06x1071° | 1.07x 107" | 1.24 x 10=7

Table 1.1: Low bounds for g(W5,).

The minimum eigenvalue separation of two matrices is defined as following. Let
{Ai} and {u;} be eigenvalues of matrices A and B respectively, where A and B may have
different dimensions. Then for all pairs of A; and u;,

g(A,B) = n}ijn |/\.‘ — /.l_,‘l.
Recall )\, and A, given in Theorem 1.2.

Theorem 1.3 (Sun [12]) The tridiagonal matrices T, and T,_; given by (1.2) have sep-

aration n
9(Ta-1,Ta) > [] bk-rcx - max{p*~*", p(n)'~"p(n — 1)27"},
k=2
where Pr=2n=2;, 2= 5isl(2n = D)Aa = tr(T0) = tr(Tuzy)),

P3 = gasg(tr(Ta) + tr(Taz1) = (2n = 1)),  § = min{fp1, max(py, p3)},
p(j) = min{py, max(p2(3), p3(4))},  p2(i) = 75052 ~ tr(T})),
(i) = Fltr(T) - in),  forj=n,n-1.

We remark that a centrosymmetric matrix, which is symmetric with respect to
both long diagonals, can be split into two smaller matrices such that each one owns half
of the original spectrum [3]. See section 1.6 for more detail. Therefore g(W5,) is equal to
the gap between two submatrices, and we can estimate g(W,;) by Theorem 1.3. The lower
bound is listed on Table 1.1.

In quantum mechanics, an eigenvalue corresponds to the energy level of a certain
state. A separation of eigenvalues thus represents the energy absorbed (or emitted) in the
transition from one state to another. A lot of recent research by physicists has focussed on
the first excitation energy, or in mathematical terms, the separation between the first two

eigenvalues. We give a brief survey of that literature here.




First cousider the Schrodinger operator in general dimension n. It is well known
that the lowest eigenvalue of the Schrodinger operator is always non-degenerate. Hence it
makes sense to discuss the gap between the first and the second eigenvalues.

Let Q be a smooth strictly convex bounded domain in R", potential V' : @ — R

be a nonnegative convex function, and A be the Laplace operator. The eigenvalues of

{ —Af + V(2)f = A,

f=0 ondQ,
can be arranged in nondecreasing order 0 < A; < A; < A3 < ---. Singer, Wang, Yau, and
Yau [11] prove that
W‘
Az = A1 > —,
2T =y

where d is the diameter of 2. Under the same hypotheses, Yu and Zhoug [16] improve the

estimate to

Kirsch and Simon (7] give a Comparison Theorem for A; — A, of twe different
Schrodinger operators and use it to find new bounds on the lowest band in a solid. For
bounded potential V(z), they also give a lower bound for A, ~ A, depending on the geometry
of the set C = {z| V(z) < A;} and the maximum value of |V(z) — v| over the convex hull of
C and v € [Ay, A;).

For the one dimensional case, the Schrodinger operator becomes —f,- + V(z)in
an interval. It is also known that all the eigenvalues are nondegenerate and can be ordered
by A1 < A2 < A3 < ---. Hence each separation A\;;; — A; never vanishs.

Kirsch and Simon [6] provide the same type of lower bounds for A;4; — ); in
one dimension as in [7]. Consider —d{; + V(z) on [a,b] with either Dirichlet or Neumann

boundary conditions at a and b. Assume V € C*([a,b]) and
% =max{ |y~ V(2)|? : 2 € (a,b) and v € (A, Mg},
then
Aig1 = A 2wyt exp(~7i(b - a)).

The exponential factor in such bounds are realized precisely in tunneling examples.
For the one dimensional Schrédinger operator with a symmetric single well poten-

tial V(z) in a interval of length d and with Dirichlet boundary conditions, Ashbaugh and




Benguria [2] obtain the optimal lower bound

Equality holds if and only if the potential is constant. A single well potential in [a, ] means
there is a ¢ € [a,d] such that V is nonincreasing for z < ¢ and condecreasing for z > c.
The lower bound for A; — A; comes from a general comparison theorem which
is stated below. Consider two Schrédinger operators — gy + U(z) and —j% + V(z) with
Dirichlet boundary conditions. Let {A;(U)} and {A;(V)} be their eigenvalues 1. spectively.

Assume both U and V are centrally symmetric, and U — V is a sing:c well potential, then
AAT) = M(U) 2 2(V) ~ (V)

and the equality holds if and only if U — V is constant.
The discrete analogue of Schrédinger operator is a tridiagonal matrix of the form
—L + D, where L is the discrete laplacian
1 1 .- 1
L = tridiag | -2 -2 - e . =22
1 1 -1
and D is a diagonal matrix. Thus all the previous problems reduce to estimating the gap
between two adjacent eigenvalues of tridiagonal matrices.
Ashbaugh and Benguria published the discrete version of their results in [1]. For

example their Comparison Theorem becomes
do(~=L+ D)= M(=Z+ D)2 M(-L+ D)~ M\(-L+ D).

if the diagonals of D and D are centrally symmetric, and that of D — D is symmetric in-
creasing from the midpeint. In Chapter 3, we will provide a simple p1oof of this Comparison

Theorem using our eigenvectors’ ratios.

1.3 Symmetries

Only symmetric tridiagonal matrices are considered in this paper. The eigenvalue
problem is trivial for diagonal and bidiagonal matrices. So the simplest nontrivial form is
the tridiagonal. However there is no loss of generality since every symmetric matrix is or-

thogonally equivalen\ .o a syinmetric tridiagonal matrix. In fact we assume all subdiagonal



entries nonzero. Such tridiagonal matrices are called unreduced. In case some subdiago-
nal entries vanish, then the matrix becomes block diagonal with each block an unreduced
tridiagonal. We can take care of eigenvalues of each unreduced submatrices separately.

The unreduced symmetric tridiagonal matrices have the form

B By -+ PBn-r
T(a) = tridiag | a(1) a2) - .- - a(n) |,
B B2 -+ Ba-a
where a = (a(1),a(2),...,a(n))is the diagonal, and all the 3,’s are nonzero. The tridiagonal
matrix T, in (1.2) can be symmetrized to the form T'(a) by scaling. More precisely, there

is a diagonal matrix D such that
T(a)= DT, D™,

where a(k) = ax for k= 1,2,...,n, and Bi = £/Bxcrq; fork=1,2,...,n-1.

Before formulating our minimization problem, it is necessary to understand the
behavior of eigenvalue separations. In this section we will accumulate the background
needed. We start with some invariant properties of eigenvalues and eigenvectors, and then
explore symmetries under which gap is invariant.

Let {A\(T)} and {s;(T)} be the eigenvalues and corresponding normaiized eigen-
vectors of matrix T. It’s well known that an unreduced symmetric tridiagonal matrix has

distinct real eigenvalues {9, 7-7-1]. In this paper we always order A, increasingly, i.e.
A € A3 < -+ - < A,
Define the i-th eigenvalue separation to be
9i(T) := BX(T) = Aisa(T) - A(T),
where A is the forward difference. Then the gap defined by Definition 1 is equivalent to

9(T) = lsx%i'x‘l‘l 9i(T). (1.3)

For every eigenvector s;, the first entry s;(1) and the last one s;(n) are always
nonzero [9, 7-9-5]. An easy way to see this is from the three-term recurrence; s; = 0 if

8i(1) = 0. Hence without loss of generality, we can assume s,(1) > 0 for all i’s.




[y
—
—

-1 1
Theorem 1.4 Let [ = 1 I = , € =

er p

|

-
-

—
[ ]

a = (a(1),a(2),...,a(n))T and o be a scalar, then for i = 1,2,...,n,
i. M(T(a+ce)) = \(T(a))+0, and s;(T(a+ce))=s;(T(a)),
ii. \(T(~a)) = —An-i(T(a)), and si(T(-a)) = Is;(T(a)),
iii. Mi(T(0e—a)) =0 - A-i(T(a)), and s;(T(ce-a))=1s;(T(a)),

. assume in addition §; = Bn_, for j=1,2,...,n -1, then

A(T(Ia)) = Ai(T(a)), and s;(T(Ia)) = I si(T(a)).
Proof.
i. Since  T(a+ oe) = T(a)+ oI,
X(T(a+ oe)) = A\(T(a)) + o
and eigenvector s;(T(a + oe)) remains unchanged.

ii. Observe that /-! = [ and IT(a)f = —T(-a). Since eigenvalues are ordered increas-
ingly, Mi(T(-a)) = X\i(=IT(a)]) = A\{(~T(a)) = =An—i(T(a)). Also

si(T(-a)) = si(-T(-a)) = s;(IT(a)f) = I 5;(T(a)).
iii. Combine previous two,
Ai(T(oce— a)) = 0 + X(T(-a)) = 0 - A\—i(T(a))

and
8i(T(ce - a)) = 5;(T(-a)) = I 5;(T(a)).

iv. By the symmetry of f/s, IT(a)] = —T(Ja). Since [-1 = [,

Mi(T(1a)) = M\(T(a)) and si(T(fa)) = s;(IT(a)]) = I 5(T(a)).
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O

Although eigenvalues are invariant under all similarity transforms, not many of
them preserve the tridiagonal structure. [ and I are among such few examples. Notice that

vector Ja is just the reverse order of a.
Definition 2 Given vector a = (a(1),a(2),...,a(n)) and scalar w.
i. We denote the reverse order of a

al := fa = (a(n),a(n - 1),...,a(1)).

#1. We define the dual of a with respect to w by
a* :=we-a=(w-a(l),w=-a(2),...,w—a(n)).
The duality is the combination of shift and reflection about origin. Of course we
can combine different operations in Theorem 1.4 to get other symmetries.
As a simple consequence of Theorem 1.4, the gap is invariant under shift, reflection

with respect to origin, and duality. In addition if 3;’s are symmetric, then it’s invariant

under reversing diagonal.
Corollary 1.5 Assume e, a,o are the same as in Theorem 1.4, then fori=1.2,....n
i. g(T(a+ce)) = gi(T(a)), and g(T(a+ oe)) = g(T(a)),
i. gi(T(-a)) = gn-i(T(a)), and ¢(T(-a))=g(T(a)),
1. gi(T(a%)) = gn-i(T(a)), and g(T(a*))= g(T(a)),

. assume tn addition 3; = B,_; for j =1,2,...,n— 1, then

9i(T(aR)) = gi(T(a)), and ¢(T(aR))= g(T(a))

1.4 Normalization of the Problem

One certainly can try to find a tridiagonal matrix with gap smaller than that of
Win+1, but we ask a more general question: what is the minimal gap over this type of
matrix? To make this minimization problem well posed, some normalization is needed. A

few simple observations will help:
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unreduced tridiagonal Our problem becomes trivial unless we exclude those matrices
with multiple eigenvalues, e.g. the identity matrix. Therefore we only consider unre-

duced tridiagonal matrices which always have distinct eigenvalues.

symmetric tridiagonal Also we only deal with symmetric case so that all the eigenval-
ues are real. The gap certainly can be defined, in a similar fashion, for complex

eigenvalues. But it is more difficult to analyze.

Bi’s bounded below The off-diagonal elements play an important role for the distribution

(<o)

whose eigenvalues are +e. Its gap 2¢ has no lower bound if we let ¢ — 0. Therefore

of eigenvalues. Consider

we need to fix a lower bound on the off-diagonal elements.

scalar multiplication Notice that the gap function is homogeneous under scalar multi-
plication, i.e.

g(cT) =0 g(T)

for all scalar 0. Hence we can fix all the off-diagonal elements 84 > 1, which is just a

normalization constant.

n=2 The eigenvalues of J,(a) are

%[a(1)+a(z)=t (a(1) - a(2))2 + 4].

Hence the gap

Via(l) - a(2))? +4 > 2.

Equality holds if and only if a(1) = a(2). Therefore there are infinitely many mini-

mizers. From now on only n > 2 is considered.

diagonal spread The size of the diagonal spread is crucial. In the next chapter we will
show that J(wj) has gap approximately 2/w™~2, which can be as small as possible
when w is not bounded. Hence the diagonal spread has to be fixed.

shift By the shift invariance Corollary 1.5(i), we can take lx?ixé a(k) = 0. Assume the
sSkSn
diagonal spread is w, then nax a(k) = w. In other words we restrict all the diagonal

a(i)’s to lie in the interval [0,w)] and in no smaller interval.




12

w | 1[0,0.1]]0.2,0.5] [ [0.6,1.5] [ [1.6, 4] ] [4.1, o0]
a Ws Wy wg w2 w1

Table 1.2: Minimizers for g(J(a)) with n = 15.

n fixed The dimension n of the matrix can not be free either. The eigenvalues of $J,(0)

are the roots of the n-th order Chebyshev polynomial of second kind, i.e. cos XX for

n+41
k=1.2,...,n. Hence
r 27 . 3r . T 3r2
9(Jn(0)) = 2cos Tl 2cos-;:_——1 = 4sin 3(n+ 1) sin 3t D) =~ TESIE

when n is large.

Now we can formulate a well defined minimization problem. Forn >3 and w > 0

given, we seek
min g(J(a)) subjectto 0<a(i)<w fori=1,2,...,n. (1.4)

Parlett [10] conjectures that J(w;) minimizes (1.4) for w > 4. But in fact the

minimizing matrix depends on the size of the diagonal spread w. Let

wj(w) == (w,...,w,0,...,0,w,...,w
e oo’
J J
for j =1,2,...,[3]. Table 1.2 shows the extremal w;(w) for different size of w when n = 15.
wg has smallest gap initially, and w4 beats wg after a while, then wj takes over and loses

to wq later. In the end wy wins the crown when w is large enough.

*

For the general n, w[§1 is the starting minimizer for tiny w, and then w(g]-l’ ..
etc. For large w, wy is the ultimate winner, and this will be proved in Chapter 4. Therefore
(1.4) is not a simple algebraic problem.

Corollary 1.5(iii) shows that J(w;) and J(w;") have the same gap, where

wi*:=(0,...,0,w,...,w,0,...,0
e, e’
J J
is the dual of w;. Hence w;" is also a minimizer if wj is. Thus (1.4) has at least two

minimizers.
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Our final remark is that Jyp,41(W31(m)) has smaller gap than W, ;. Indeed

2

9(Nzmar(wi(m))) = —2  and  g(Wim4) = (m!)~%

For example, g(J21(w1(10})) = 2 x 10~-1° while g(Wy;) = 7 x 10~14,

1.5 Gradient of g;

In this section we fix all the subdiagonal entries §;’s, and consider A; and g; as a
function of the diagonal a. It is surprising that Vg; = V,g, has a simple form. Recall that

sj is the normalized eigenvector of A, i.e.
T(a)s; = As; (1.5)

and
lIsill? = siTs; =1 (1.6)

Definition 3 The Schur product of vectors u and v is an element-by-element multiplication
uov:= (u(1)v(l),u(2)v(2),...,u(n)v(n)).
For example consider & = (1,-1,1,-1,...), then in Section 1.3 f[v=éov.
Lemma 1.6 t. VXi(T(a)) =sjos; fori=1,2,...,n,
it. Vgi(T(a)) = sj,1 08j,1 —Sj0s; fori=1,2,...,n-1.

Proof. Take partial derivatives of (1.5) with respect to a(j)

a\; g

%) O™ B MG

T(a)ls; + T(a)

da ( )
Premultiply by s; and use (1.6), then

o P
a(:) = Ba() A gy

sdeiag(...,O,\l/,O ) si + 8T T(a)
j-th

&  _ O .1 8
9a(j) '~ da(3) * M Ba(j)™

)2+ [Aisi])T

X
da(j)

= 8(j)? fori,j=1,2,...,n
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3.1 -
3.482

3.108

2.642
2.39¢
2.129
1.063
1.99¢

1.0

0.086 0.308 $.500 $.900 1.200 1.300 1.064 2.100 2.600 2.799 3.400

Figure 1.1: g, and g, for J3((4,0, z)).

Thusfori=1,2,...,n
VAi=sjos; and Vgi = VAiy1 — VA = sj,1 08j,1 — Sj O5;j.

g
By Definition 1 of gap, or by (1.3), we expect that g(T'(a)) fails to be differentiable
at certain values of a. But restricted to each open domain where g = g, for some ¢, Vg is
just Vg;. For example, in Figure 1.1 we plot g, and g2 for J3((4,0,z)) with respect to z
in [0,3]. It is clear that ¢ = g; when r < 1.3, and g = g, when z > 1.3. Indeed g is not
differentiable at the intersection z = 1.3.
Before we carry on, we need to clear up our notation. Consider a smooth function
h:R"™ — R", V, ¢gi(T(h(a))) represents the gradient of the composite function of T(h(a))
and g, with respect to a, while Vg;(T'(h(a))) means the evaluation of Vg, at T'(h(a)). Note
that
Va 9i(T(a)) = Vgi(T(a)).

We can get more information on Vg; by Corollary 1.5 and Lemma 1.6. The
following Corollary says Vg,(T(a)) is invariant under shift, always perpendicular to e, and
equal to the negative of Vg._(T(2*)). Furthermore if 3,'s are symmetric, then Vg,(T(aR))
is the reverse order of Vg;(T'(a)).

Corollary 1.7 Assume e,a,a® a* are the same as in Theorem 1.4, Definition 2 respec-

tively. Then for scalars o,w andi=1,2,...,n
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i. Vgi(T(a+ oe)) = Vgi(T(a));
ii. Vgi(T(a)) L e;
iti. Vg(T(a*)) = —Vgn_i(T(a));
iv. assume in addition B; = fa_j for j = 1,2,...,n =1, then

Vgi(T(a®)) = [Vgi(T(a))}R.

Proof. Note that Vg, is a row vector, and matrix D,h(a) is the total derivative of h with

respect to a.

i. YV, 6i(T(a)) = V, gi(T(a + oe)) = [Vgi(T(a + ce))] D,(a + oe) = Vg(T(a + oe)).

ii. Vgi(T(a))e=[Vg(T(a+ ce))e= £4i(T(a+ ce)) = £9/(T(a)) = 0.
Here is another proof using the normalization of s;’s,
Voi(T(a))e = Y siv1(k)? = si(k)? = |lsinll - llsill3 = 0.
k=1

iii. Va gn-i(T(a)) = Vo gi(T(we — a)) = [Vgi(T(we — a))] Da(we — a) = —Vg;(T(a")).
iv. Consider I in Theorem 1.4 and B, = fBn; for j = 1,2,...,n — 1, then

V. gi(T(a)) = V, gi(T(Ia)) = [Vg,(T(Ja))] Da(Ia) = [Sg:(T(a®))] I = [Vgi(T(aR))]R.

o

1.6 Normalized Eigenvectors

Another surprising fact about tridiagonal matrices is that we have explicit formulae
for their normalized eigenvectors in terms of eigenvalues. The following theorem was given
by Paige in [8], as a corollary of Thompson and McEnteggert’s result on adjugates {13]. We
refer the readers to [9, Section 7.9] for more detail.

Before stating the result, we need the following notation
Bj -+ Br-r
Tx(a):= tridiag { a(j) - .- - a(k) for j < k,
B; -+ Bi-a




Xf,',k('\)
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det[A] — Tjx], ifj<k;

x(A) =
xik(2) {1, if§> k.

denotes the derivative of x;x(A) with respect to A and v(k) is the k-th entry of

vector v.

Theorem 1.8 Let {);} and {s;} be eigenvalues and normalized eigenvectors of Ty ,. Then

i. for1<i<nandl1<j<k<n

X1.a(Ai)8:(5)8i(k) = x15-1(X:) B -+ Bre—1 Xk+1.(Ai);

1. when A, is a simple eigenvalue (or T ,, unreduced),

$i(5)* = x15-1(A) X510 (i) /X1 (X0).

Corollary 1.9 Fori=1,2,...,n

i.

.

1.

$i(1)8i(n)x] (X)) = B1B2---Ba-1;
$i(1)2x1 n(Ai) = x2:m(X0);

3:i(n)2x1 . (Xi) = X3.a-1(A);

1. X1.a-1(Ai)x2,n(A) = 5;"33 e '53-1-
Proof.
i. Takej =1 and k = n in Theorem 1.8 (i).
it. Take j = k = 1 in Theorem 1.8 (ii).
iii. Take j = k = n in Theorem 1.8 (ii).
iv. By (i-iii)
n-1
X1.n-1(0)x2a(A) = [8:(Dsi(n)x1 (W) = ] B2
k=1
0
A matrix A is called centrosymmetric if it is symmetric with respect to both long
diagonals, i.e.

AT=A and JAf=4
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where [ is defined in Theorem 1.4. Another way to characterize such a matrix 4 = (ai;)is
Gij = Gji = Gn4l-jn+l-i = Qn4l-in+l-j JOré,j=1,2,...,n

A centrosymmetric matrix can be split into two matrices of half the size such that
each owns half of the original spectrum. Half of its eigenvectors are symmetric,i.e. vR = v,

R is the reverse order of v

and the other half are skew symmetric, i.e. vR = —v. Here v
defined in Definition 2 (i). We refer the readers to Cantoni and Butler’s complete survey
on centrosymmetric matrices [3)].

Centrosymmetric tridiagonal matrices have the form

b B2 - B2 B
T, = tridiag | a(1) a(2) - --- - a(2) a(l)
) B2 -+ DB B

Let {);} be the eigenvalues of T, in ascending order and {s;} be the corresponding normal-
ized eigenvectors with $;(1) > 0. Then s;’'s are alternately symmetric and skew svmmetric

provided A;’s are distinct. A complete picture of their behavior is stated below.

Even Case Suppose n = 2m. Define two matrices

ﬂl te 5m-2 Bm—l
T = tridiag|{ a(1) - -+ -+ a(m-=1) a(m)x 3m
5 - »’3m—2 53m—1
Let {u*} be the eigenvalues of T% in increasing order and {uf} be the normalized

eigenvectors with u,-*(l) > 0. If A,’s are distinct and 3,, > 0, then

- 1, . -
A?k—l = uk ) s2k_1 = E[ukv _(uk )R]v

1
A =+, s =_“+,u-0-R
2k = M 2k \/5[ k ( k) ]
for k = 1,2,...,m. The situation is reversed if ,, < 0.

Odd Case Suppose n = 2m + 1. Define

B - Bmar
TS = tridiag | a(1) - -~ .  a(m) |,

B o+ Bmaa
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and

B - Bma V26m
T;_H = tridiag | a(1) - --- . a(m) a(m +1)
By -+ Pmr V26m

Similarly define {u0}, {u!}, {u°} and {u’} as above. If A;’s are distinct, then
Aok = ul, sox = —=[ud,0, —(ud)F}, for k=1,2,...,m,
\/'
and A2k-1 = “L’
1
Sok_1 = —(ul(l),...,ul(m),\/ﬁu}c(m + 1),u1(m),....ul(1))
V2
fork=1,2,....m+1.

Notice that Wy 4, is centrosymmetric and the eigenvalues of W2, interlace those
of W!

m+1- Hence

9(Wamy1) = g(Wa Whi ),

which can be estimated by Theorem 1.3.

Corollary 1.10 For a centrosymmetric tridiagonal matriz T wnith positive subdiagonals.
. si(k)=(-1)""'si(n+1-k);

i 8i(7)2 = \ag=1(A)2B5 - Brey [ XA X

n-1 n-=2

) [1a (Ai=a(1)? ] 80

i, s5(1)? = = and  5i(2)? = —m——=2
IT A=Al IT Ai=Aul
e Ve

fori,k=12,....,n and j=12,...,[2)

Proof.

i. It follows from previous results on (skew) symmetry of eigenvectors. It can be proved

by Theorem 1.8 as well. By centrosymmetry of T,

X1k-1(A) = Xog2-kn(A)  and  Xhyy o) = X1nck(N)-




ii.
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Hence |[si(k)] = |si(n+1—k)| by Theorem 1.8 (ii). Take k = n+1—7 in Theorem 1.8
O

X1.5-1{A) Bj -+ Brej Xn+2=jin(Ai)
X1-1(A)? B;---Bj—1 > 0. (1.7)

X1.a(A)si(5)si(n + 1 - j)

Then

sign[si(j)si(n + 1 — j)] = sign[x} a(A)] = sign[[] (A = X)) = (-1)*".

vy

Take absolute value of (1.7) and use (i).

. Take j = 1 and j = 2in (ii).
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Chapter 2

Extremal Matrix

In this chapter we devote ourselves to the extremal matrix

1 1 ... 1 1
Jn(wy) = tridiag | w o . .- - 0 w
1 1 ... 1 1

We will discuss its eigenvalues, eigenvectors, and gap in full detail. It deserves our attention
because gn_1(Jn(W1)) minimizes our objective (1.4) for large enough w. But more important

is that we use this gap to eliminate the other separations and solve (1.4).

2.1 Eigenvalues and Eigenvectors

Suppose
J,,(Wl )V(A) = /\V(A)

with v(}) = (11(X), v2(A),. .., vn())), then

(w=2n(A)+a(A) =0,
Vk—l(’\) - A"E(A) + Vk+1(A) =0, k= 2,3,...,n-1,
Un-1(A) + (w = Awva(A) =0. (2.1)

If we set vp(A\) = w and ,(A) = 1, then we can extend the three-term recurrence
Vks1(A) = Avi(A) = vea(X). (2.2)

tok=1,2,...,n-1.




Recall that the Chebyshev polynomials of second kind satisfy the same recurrence

relation. To be more precise, let

sin(k cos™! ]
e =<
Uk-l(.'l') =

z)
sinh(k cosh™! 1) .
mh(een-T2) 121> 15
for k=0,1,2,.... Then

Uk+1(z) = 22Ux(z) — Uk—1(2), (2.3)

for k =0,1,2,..., with U_;(2) =0, Uol(z) = 1, Uy(z) = 2z, etc. Observe that

Uo(5 )-1 Ui( )—/\ Ua(3 ) Us(5 ),

and
A A A A
-1\F)=Y, —=abr—v""a'-'9
U-i(5) =0, Uo(5) = 1, Ta(3), Val5)
are two linearly independent solutions of (2.2), so the sequence {v;(A)|i = 0,1,...,n} can
be expressed as their linear combination. Indeed

A A
Vkpr{A) = Uk(s)—uUk_l(E) fork=0,1,...,n - 1. (2.4)

Notice that the Chebyshev polynomials of first kind Ti(z) obey (2.3) too, but have

different initial conditions
To(z) =1, Ty(z) = z, To(z) = 22° — 1. etc.
Therefore we can have different expressions for v, for example

wn) = Znd)+a-Znd)

A A A
= Tk(‘i) + (5 - ‘-‘")Uk»—l(")
4w~ 2 A 4~ Zz\w

w7 )t =T Timr(2 )

fork =0,1,...,n-1. As a matter of fact, we can solve the difference equation(2.2) directly.
nNe_,
(AﬂéE)" and (A:Ai’u)" are two linearly independent solutions if A # +2. Thus

u.,(,\)-_—%(w, 2”5"",\ o )(’\+' Y ( 5;2'1‘”4)("‘\/2*5-4)&

fork=0,1,...,n -1,




N
[}

Clearly (2.4) is the simplest form. Notice that we have not used (2.1) yet, which
gives us the eigenvalue equation. Hence we can solve for all the eigenvalues, and then find
all the eigenvectors by (2.4). For centrosymmetric J,(wy), however, the spectrum can be
split by the technique in Section 1.6. Instead of original matrix, we then deal with two
matrices of half the size.

We first locate the eigenvalue {);} of J,(w1) by Gershgorin’s Disk Theorem, which
says A; € [-2,2]JU [w — 1,w + 1] for all i’s. For an irreducible matrix, a boundary point
of the Gershgorin disks can be an eigenvalue ouly if every Gershgorin circle lies on it {5,
Theorem 6.2.26]. Thus when w > 3,

—2< A <€ A2<2<w-1< A1 € An < w+ 1. (2.5)
We assume this case in the sequel.

Even Case Suppose n = 2m and
1 1 ... 1 1
JZ := tridiag | w 0 - - -0 +1 1,
1 1 ... 1 1

then {A2x-1}[L, constitutes the spectrum of J;; and {\2x}{L, constitutes that of J} while

u(A) = (1(Ai), v2( i)y - - - V(X))
is the corresponding eigenvector.
Using the last equation in system JZu()) = Au(})), we have

Um-1(A) + (£1 - Mvm(X) = 0,

£0m(3) = Win() = ¥m1(X) = vmar (),
£{Un-1(3) = Un-3(3)] = Un(3) = wUmr(3)

£ Un-1(3) - Un(3) = oftUn_2(3) - Unr(3)] (2.6)

by (2.2) and (2.4). As expected, the eigenvalue ) is a zero of a polynomial of degree m. In
fact (2.6) is nothing but the characteristic equation det{A] — JZ] = 0.
Suppose A is A,_; or A\,, then % > 1 by (2.5). So we can change variable A=

2
cosh ¢, where ¢ # 0, in (2.6) to get

+Um-1(cosh ¢) — Un(cosh ¢) = w[+Upm_2(cosh ¢) — Up_1(cosh ¢)],
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+ sinh m¢ — sinh(m + 1)¢ = w[+ sinh(m — 1)¢ ~ sinh m¢),
{ (+): —2sinh$ cosh(m + })¢ = ~2wsinh § cosh(m — )¢,
(~): —2sinh(m + })¢ cosh § = —2wsinh(m — })é cosh §,

(+): cosh(m + })¢ = wcosh(m - 1)¢, @7
(-): sinh(m+ 1)¢ = wsinh(m - 3)¢. '
Again consider ¢t = e®, then t > 0, t # 1,
1, oy _ 1,0, 1
cosh{¢ = 5(e¢+e )= -2-(t +t7)’
and
. 1o o -tey_loe 1
sinh £¢ = 2(e —-e"®)= 2(t t‘)'
Hence (2.7) can be further simplified to
tm+§ + t—(m+§) 2m+1 1 2m _2m-1 4t
(+): w= I YT = mol —y2m=2 241’ (2.8)
tm-3 4 t~(m-3) t2m 4t t -t doe—t2 4t
m+y _ —(m+}) 2m+1 _ $2m o 2m-1 4 L4
(=): w=" ! =t - = t oottt (2.9)

=k _g-(m=k)  2m ot fImel pme2 g2 4t

When X is one of Aq,..., -2, %‘- € (-1,1) by (2.5). We can change variable
A=2cosp=2z+ -1;, where z = €'¥ and ¢ € (0, 7). Notice that sin ¢ # 0 for all ¢ in (0, 7),
thus z is not a real number. The same computation shows that z satisfies (2.8) or (2.9) as
well.

Both (2.8) and (2.9) have 2m roots. Replacing ¢ by 1 in (2.8) and (2.9), we get
the same equations. Therefore their roots come in pairs, i.e. t and }. However we recover

the same eigenvalue A from both ¢ and 1.
Hence (2.8) has a pair of positive roots corresponding to A,,, and the other zeros
on umit circle corresponding to Az, Ay,...,An_2. Similarly two positive zeros of (2.9) give

An-1 and the other complex roots give Ay, A3,...,An_3.

Odd Case Suppose n =2m + 1. The..
JO := tridiag | w o - - -0

has eigenvalues {Azx}/%.,, which satisfy

Vm-1(A) = Am(}) = 0.
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Thus by (2.2) and (2.4)
A A
Um(’z‘) - WUm-l('é') = Vm+1(A) =0.
Change variable
A=2coshp=e?+e?=t+1, ifA>1;
{ cosh ¢ fz +e | o (2.10)
A=2cosp=e¥+e¥=t+1, if|A<1;
then A
2m+2 _ 2m 4 42m-2 4 ... 1 42
Un(%) _t 1 Pm4?m-24...44241 (2.11)

= Um_l(%) - t2m+1 _ ¢ - tem-1 4 $2m-3 4 oo 13 T re

(2.11) has 2m zeros which are in pairs. A,_; comes from the only pair of positive
roots, and Az, Aq,...,An—3 come from the other m — 1 pairs of complex roots.
In the other hand
1 1 -1 V2
J,',,_,_l::tridiag w o . -~ - 0 0

1 1 .- 1 V2

m+1 and eigenvectors

has eigenvalues {Azx_; }5of;
1
(1 (A2k=1)5- - -y Vm(A2k-1), ﬁl’m+l(A2k-l))-

The eigenvalue equation is

Vaum(}) - A—\}i—vm.n(/\) = 0.

Thus by (2.2) and (2.4)
vm(X) = Mms1(3) = vm(A) = Umsa(N),
Un-1(3) = wUm-2(3) = Ums1(3) = wUn(3),
0 1Un(3) = Un-2(3)] = Umss(3) = wUm1(3),
Using (2.10), we have

W= Um+1(%) = Um-l(‘é) = tm+1 4 t=(m+1) _ tIm+2 4 1
Un(3)-Un-a(§) T HE™ B4

(2.12)

(2.12) has 2m + 2 zeros and they comes in pairs as well. The only positive pair gives A,

and the other m complex pairs give Ay, A3,...,An-2.
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We summarize as follows. Let 7 and 7’ be the smallest positive roots of p(t) = w

and ¢(¢) = w respectively, where

p(t) := Z::l_}_—-:l (2.13)
and i+l
at) = —— (2.14)
Then
Adn=T+ -i— and Ay =1'4 % (2.15)

Since p(t) and ¢(t) are negative in (—o0,0), decrease from +oo to 1 in (0,1), and increase
from 1 to +o0 in [1,+0), each function hits w (> 3) exactly twice. In fact 7 and 1 are the

only real roots of p(t) = w, and so are 7/ and & of ¢(t) = w.

2.2 Asymptotic Expansions

In this section we compute the asymptc.. - expansions of A, and A\,_;. The tool
is the Hensel iteration in the power series domain R[[x]]. Let f(y) be a polynomial with
coefficients in R{[x]] and yo in R be an O(z) approximation to a root of f(y),ie. y = yo
is a solution to f(y) = 0 when z = 0. Suppose f'(y) := %(yo) # 0 when z = 0, then the

sequence of iterations defined by

S(Yk-1) k+1
k= Yko] - ————— mod z k=1,2,... 2.16
Yk i= Ykt F(v0) ( ) (2.16)
has the property that yi is an O(z¥+!) approximation to y. This is the Hensel iteration,
which converges linearly.

Under the same hypotheses we have the well known Newton iteration

b

— _ F(yr-1) 2k _
Yk 1= Yk-1 —_f'(yk-z) (mod z%) k=1,2,..

which has the property that y; is an O(z") approximation to y. The quadratically conver-
gent Newton iteration is superior to the Hensel iteration in general. However each step in
Hensel iteration is less expensive since no recomputation of f’ is required. Therefore Hensel
iteration seems cheaper if only a few terms in power series are needed. This is the reason

why we use (2.16) in the following computation.
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We are ready to find the asymptotic expansion of A\,(w). First we convert A\, toa
power series in € near ¢ = 0 by setting € = 4. Recall A, comes from p(t) ~ w = 0, which

now becomes
il +1

1
- —-=0.
"4t €
Therefore we consider

F() = (2" + 1)~ (1" +1).

and its smallest positive root 7. We apply the Hensel iteration on f to expand 7 as a power
series of e.

To obtain the initial value #o, consider ¢ = 0. Then f(t) = ~t(t"~! + 1) = 0, and
to = 0 will be the appropriate guess for the smallest positive root of f. By (2.16)

J(to)
f(ta)

t; =15 ~ (mod ) =e.

Since
fit1) = (et + 1)~ (" + €)= "2 — ",

t1 is an O(e™) approximation to 7, which is far more promising than to. Hence it is better
to start the Hensel iteration from ¢; so that each iteration improves n — 1 terms. More
precisely let 23,13, ... be the successive approximations by (2.16), then
Oty = -Tf,%fl% (mod ' ¥(n-1(k+1)y, (2.17)
for k > 1, where A is the forward difference.
Observe that

Ft)=en+ D) -nt}"  —1 = ~[1+ 1"t ~ (n+ 1)e"*}),

and
-—;i— =1-[ne" '~ (n+ 1) +[ne" = (n+ 1) P + ... = 1+ O D).
()
Thus
Aty = f(t1)((140(™ 1)) = ("2 - )14 O(" 1)) = " + "2 (mod 1),

t = H+A0h =€—-€ +e2
f(t2) e(3F 4+ 1)~ (17 +12) = €[(ts + A" 4 1] = [(11 + A" + (81 + At)]
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n+1
2

e[ttt + (n+ D)TAL + ( )t';"At% + O(e*"%) + 1)

~[t? + neP- 148 + (g) 12482 + 0(e*"3) + t, + Aty]

= (Tt +1) = (B + 1) + 771 AY[(n + 1)ety - n]
+§‘?"At¥[(n + ety — (n = 1)] ~ Aty + O(e*"72)
= flh) - Aty + € (—€" + t2)[(n + 1)€® - n)

+5€" (= + e (n + 1)e? = (n - 1)] + O(e4"~2)

= ne™ 1o (2n+ 1)@ 4 (n+ 1) - ____n(nz- 1)63"-2

+"(3"2' 1)€3n _ n(3n2+ 1)€3n+2 + n(n2+ 1)€3n+4 +0(e4-3),

Oty = —-f'f7((—tt27))- = [ne¥™ = (2n + 1) + (n + 1)E™3 4 O(E"2)] [1 + O(e™ 1))
= ne™ ! (2n+ 1)@ 4 (n+ 1)t (mod €"-2),
t3 = h+AQt1=e—-e+ 24t~ (2n 4+ 1) 4 (n + 1),
f(t3) = €3 +1) = (1 +t3) = €[(t2+ A" + 1] = [(t2 + At2)" + (12 + Aty))
= e(t3t +1) = (17 + t2) + 37 AL (n + 1)eta — n] - Aty + O(74)
= f(ts) - Oty + (e — € + €+2)"1[ne™1 _ (20 + 1) 4 (n 4 1)+
[=n+(n+ 1)(€ - e+ +2)] + O("4)

n(nz- 1)e3n-2 + n(anz- 1)€3n _ n(3n2+ 1)€3n+2 + n(n’2+ 1)63n+4 + 0(6411-3)

-n?e" 2 4 n(3n + 2)" — (n + 1)(3n + 1)E"*2 4 (n 4 1)237H 4 O(€17-3)
_n(3n - 1)63,,_2 + 3n(3n + 1)63,, _(3n+1)@3n + 2)63,,+2

2 2 2
+(n + l)gsn + 2)€3n+4 + 0(64"_3),
f(ts) -
Aty = —=——L = f(t3) (1 + O(e™!
= _nBn-1),, 5, 3n(Bn+1),, (Bn+1)3n+2) ;...
E ———c + en - €
2 2 2
+ (n + 1)§3n + 2) €3n+4 (mod eln—3)’
ty = €—€+ ent? + nen-1 _ (2n + 1)€2n+1 + (n + 1)€2n+3 - 1(3"_-1)6&:-2

2
+ 3n(3721 + 1)63,, _(3n+ 1)2(371 + 2)63,,“ + (n+ 1)§3n + 2)63,,“'
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Since t¢ is an O(e*"-3) approximation to the root r,
T =14 0(e*"3).

Recall that A\, = 7+ %, so the power series of -1- is needed as well. Notice that % is
in fact the largest root of f. Hence we can repeat Hensel iteration with appropriate initial

guess to expand -} However it is easier to invert it directly
1
= =[ta+ O(e" )]
1
- ;[1 _ 6"_1 + €"+1 + ns2n-2 _ (271 + 1)62" + (n + 1)€2n+2

"(3" 1)€3n—3 +0(m1)!

n(3n — 1)63,,_3]

= %{1 + [en- — "tl _ pe?n-2 + (2n+ 1)€2n - (n + 1)€2n+2 + 5

+[€n—l n+l n€2n—2]2 + 63"_3 + O(€3n—l)}

1
= -;{1 + ot (n-1)"2 4 (2n - 1)€" - ne"t?

+(n = 1);3" - 2)€3n—3 + 0(€3n-1)}
= %+ en—z - " =~ (n _ 1)€2n—3 + (2n - 1)€2n-1 - n€2n+l
-1)3n -2
+(" )(2 n )€3n-4+o(€3n—2), (2.18)

by the formula of geometric series ;1= = 1+ 7 + r? 4+ ... Finally by (2.15) we have

r

/\,,=‘r-{—l
r

1
= -+et €2 —2¢" + "2~ (n~1)"3 4 (3n - 1)e!

(n~1)3n-
2

_ 1, (w=2&P? =n-1 3n-1 3n+1 n+1
= (w+ :) + Wt win-3 ' gin=1 _ 2n+1 | ;2n+3
(n=-1)(3n-2) 1
+ 2es3n—4 + O(W) (2.19)

—(31! + 1)€2n+1 + (n + 1)€2n+3 + 2)€3n—4 + 0(€3n—2)

Similarly we can get the asymptotic expansion for A,_;(w). This time we consider

the smallest root r’ of function

h(ty=e(t™! 1) —t" +t.
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The initial guess tj = 0 and t] = € are the same. Then
At = " — "2,

Aty = né™ ! - (2n + 1) 4 (n + 1)@,

Al = n(3n - 1)63"__2 _3n(3n+ 1)63,‘ + (3n+1)(3n + 2)€3n+, _(r+1)@n+ 2)63"""
3 2 2 2 2
by Hensel iteration. It follows that

3n-1 .
=€t —e"24ne - (204 1) 4 (n+ 1) 4 n(n_)es"_._, +0(™) (2.20)

2
and
-1)(3n-2
-1-; = l—e""«l»e"-—(n-—1)62"‘3+(2n—1)«52"’l —nenti_ (n )g - )63"“+O(e3"‘2).
T €
(2.21)
Therefore by (2.15)
1
An—1 = ! + ‘;,'
= i erpom et (n - 1)e¥3 4 (3n — 1)e¥n?
€
-1)(3n-2
- (3n + 1)€2n+l + (n + 1)€2n+3 - (n )(2 n )ezn-4 + 0(€3n-2)
1 w=234)2 n-1 3n-1 3n+1 n+1
= (w+—)_( ng-)_- n-3 In-1  Intl In+3
w w wen w w wen
(n-1)3n-2) 1
- T 9= (2.22)

We used the modulo e!+(n-1)(k+1) representation in the iteration (2.17). It seems
that we implicitly assume n + 2 < 2n — 1 in At; and 2n + 3 < 3n — 2 in At,, etc. However
these assumptions are not required for a legitimate iteration. The reason is that the extra
error terms won't affect the order of approximation. Similarly for (2.18) to (2.22), several
terms overlap to each other when 2n+3 > 3n-—4, but the validity of the expansions remains.
We conclude that (2.19) and (2.22) hold for n > 2 and

Theorem 2.1 For n > 2, the matriz J,(w)) has two dominant eigenvalues that satisfy

2w-2)? (n-1)3n-2) 1
wnu + w3n-4 + O(an—2 )

An = oy =

v

2w = )2 " s w— oo
w
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Let’s look at two cases when n is small. We can compute the eigenvalues directly

from the characteristic polynomial. Indeed

w 1
Jz(wl).—. (1 w)

Aw-2)? 4 1
A=A =2= -—w—z—u—-{-“?-i-O(J).

has eigenvalues w + 1 and

J3(wy) has eigenvalues

A = %(u-— Vo?+8), A =w, andAz= %(w+ Vw? 4 8)

with  Ag—A; = %(\/w2+8—w) (2.23)

w 8
w, 4 8 32 1

= @St EoH)
2 4 16 1

= T RTHETO
2w-21)% 14 1

= wsw + =5 +0(=)

2.3 Bounds for )\, - A\,

Although (2.19), (2.22) and Theorem 2.1 are asymptotic, there are precise bounds
for An, An-1 and A, — A,_;. We need the following lemma, whose assertions are suggested
by the expansions of (2.18) and (2.21).

Lemma 2.2 i Supposen>3andw >3, thenw+ i <i<w+ 5ig.
i. Supposen > 4 andw > 3, thenw — k- <;‘1<U—,‘7?=r.
Proof.

i. Recall that 1 is the largest zero of f(t) or p(t) — w, where p is defined by (2.13). For
w > 1, equation p(t) = w has only two real roots, ie. 7 € (0,1) and ! € (1, 00).
Hence it suffices to show

2

wn—1

1
)<W<P(U+w—,,3),

plw+
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then by Intermediate Value Theorem

1
w+wn—l <;<w+wn__2.

Take n=w+ D—,?—_r for short, then

pN<w < tl+l<wn”+wy

= (-whh"<wn-1

27" 2
= S <wltgm)-l
n 2 1
= 2(-)" —_——=
(w) <w+w"_1 "
2 1 2
= 2(1+ 5)" <w-— " + e (2.24)

Since w™/n increases with n and for w > 2,and 33/3=9 > 8,
w” > 8n ifn, w>3.
Also notice that the sequence (1 + }) is strictly increasing with limit e. Hence
(1+%)"<e for k > 0.
The inequality (2.24) is always true since

2 2. ., 1 1 2
= = 3—- = -
2(1+w") <2(1+8n) < 2ye< 3<w-S+

wn=1"

Similarly for the other inequality, substitute § = w + wﬁ-, then

p>w = ((-w)f">wf-1
Eﬂ

wn—Z

—

>ww+wi™) -1
S (f}-)" >1l4w!="—w-t
The last inequaiity is always true since

1+ ™" >14n0' "+ > 1+l > 140" -2

ii. Recall that ¢ is defined by (2.14) and for w > 1 equation ¢(t) = w has only two real

roots, i.e. 7/ € (0,1) and 4 € (1,00). Let §’ = w — A, then

) <w & (O -1<w(@)-uwe




= wf-1<(w-£6)¢"
= w’—-ws"‘—1<-(£")—:
-

= 1-uw"-uwlc (:;)". (2.25)
We need following inequalities, which can be proved by calculus or by induction,
Q-86)">1-né forn>1land0<é< 1,
w3+1>n  fn>4andw>3.
Indeed (2.25) holds since

Q- ™ >1=-n'">1- (W 3+ 1! =1 - —w™2

For the other inequality, consider 7’ = w — w,?_ , then

d)>w <= wry-1>w-7"")"
2(n')"
y-1> T

= ww- e

Obviously the last inequality is true since

12 1 2 2
w—;—wn__l>3—§*§>2>2(1-—;—;)n.

We remark that Lemma 2.2 (ii) fails when n = 3, since

1
wn-2

1 1
;:w—:—3—0($)<u-

by (2.21). Now the following theorem can be derived from Lemma 2.2.

Theorem 2.3 Let A\, and )\,_; be the dominant eigenvalues of J,(w1).

Assume w > 3, then

i forn22, w+grdes+ 5T < <wt ot o

i forn 24, w4 gt - i < A1 <w+ gdem - T
. forn 23, Zy < gy - prpshrery < An=Ano1 < gy - oeTrimeE < o
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Proof.

i. Assume n > 3, then by Lemma 2.2 (i)

1 1
—— T —
w+ wi-n w+ 2wl-n

and

b b e
w4+ wi-n | wn-l T w + 21N

The desired inequality follows from (2.15). It is trivial for the case n = 2 since

wn=2"'

1 1
—_— <A = 1 —_t1
w+ +1+ < w+ <w+w+,) -+

ii. Similarly by Lemma 2.2 (ii)

1 , 1
w—2in T ST
and
1 1 .y ] 1 2
w+w_2‘dl—n -un—2 <An1 =T +-1:7 <w+w_w2-n -un—l'
iii. According to (i) and (ii)
4 1 1
An = An-1 > wn=1 ' 4 2-n T w—wi-n
4 2

wn—-1 - wn(l - w2-2n)
4 2w 2
> ————=

wn- 1 wn wn— 1

b

if n > 4, since

T2 1__.%=2<<.9.'.

Similarly
2 1 1 2 4 2

An - A"_l < wﬂ—z + o+ 2“)1_" - o zwl_" = w"-z - wn+1(1 _ 4“1-271) < wn—Z.

The case n = 3 comes from straight computation. In view of (2.23), we want

4 2 4)< (\/w2+8 w)< 4

W WB(1-wm T w1 - 4w-9)
8 4 8
— e — 2 —_——
== w+w2 w3-u-1< w+8<w+u TR
- 64 16 16 8w 64 8
(WP -w1)? ' w WBowl (WP -l
16 64 16w 64
<0 < -+ - - (2.26)
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The first inequality in (2.26) holds since
8 + 2 + 2 < s + 2 + 2 <1
(W -w1)2 w3 (33-1)2 3 ’
and the second one holds since
w 4 1 1 4 11 4 1
~4w-?  w(wt - 4w-2) [w 45 +w3—4w—3]<:5(§+-2—6-)<:2"
O
2.4 Dual matrix J,(w1*)
The dual matrix
1 1 ] 1
Jn(wy™) = tridiag | O A ™ 0
1 1 .- 1 1

shares the same gap with J,(wy). Therefore J,(w1~) is also an extremal matrix. However

all of its eigenvalues can be recovered from those of Ja(w1). Indeed by Theorem 1.4 (iii)
Ai(Ja(w1%)) = w = Anci(Jn(W1)) fori=1,2,...,n. (2.27)

In view of (2.19), (2.22) and (2.27), Ja(w1*) has
1 («.--—)2 n—-1 3n-1 3n+1 n+1 (n-1)3n-2)

/\l = -: - wﬂ + u)2n—-3 - w2n-—l + w2n+l - w2n+3 - 2&)3""4 O( 3n— )
and
N = w=2)? n-1 3r-1 3n+1 n+l (n-1)@rn-2)

L —; + wh wZn—3 - w2n-1 w2n+l - w2n+3 2w3n_4 ( 37\ 2

asymptotically. Similarly we have counter parts of Theorem 2.1 and 2.3.
Corollary 2.4 Let A\, and A, be two smallest eigenvalues of Jn(wy*), then

i forn>2, M—A = X0oml | (aolOeod) 4 o(dy)  asw — oo;

wn
i forn>2and w>3, —W—U}n<kl<-azzr—mm;
ii. forn>4and w>3, —w_:?‘;_,,i-w,?_l </\2<-D:-2‘15r:-;+“7}:7;

. forn>3and w>3,

2 < 4 _ 2 \ A < 2 4 2
wn=-1 wn-1 w“(l _u2-2n) <A2-A wn-2 - wn+1(1 - 4‘_‘)-271) < wn—2'
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Chapter 3

Ratios of Eigenvectors

Important to our minimization problem are the results on ratios of entries of
eigenvectors, the subject of this chapter. We consider unreduced symmetric tridiagonal

matrices

O
T.(a) = tridiag | a(1) - -+ --- a(n)
Br - Baaa
with the diagonal a = (a(1),a(2),...,a(n)), and all the §,’s positive.

Assume T'(a) has eigenvalues Ay < Az < «-- < A, . Let v; = (v;(1),vi(2),...,vi(n))
be an eigenvector corresponding to A,, and s; = (8,(1), 8:(2),...,si(n)) be the normalized
eigenvector. Notice that v;(1), va(7), vi(1) and v;(n) are nonzero for all ’s [9, 7-9-3]. Hence
we assume all v;(1)’s are positivein the whole chapter, though the theorems apply to grneral
1;(1)’s.

Fori=1,2,...,n, we can write T(a)vj = A;v; as a system of linear equations
Bi-1vi(k = 1) + (a(k) = Ai)vi(%) + Bevi(k + 1) = 0, (3.1)

where v;(0) = vi(n + 1) = 0. From (3.1) there cannot be two consecutive zeros in an
eigenvector. If v;(k) # 0, then

vi(k - 1)
(k)

v(k+1)
S = X alk) (3.2)

This ratio equation is the key tool that leads to all the theorems.

Bi-1

+ Bx
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3.1 Ratio of vy_; and v,

(3.2) governs the ratios of consecutive entries of an eigenvector. It’s not surprising
that our first lemma uncovers the relation between the ratios of adjacent entries of v; and
those of v;.

Lemma 3.1 Assume j > i and vi(k)vj(k) > 0 for k =1,2,-.- ¢, then
v;(k) vi(k)

E=1) sk = 1)’ (3:3)
fork=2,3,...,£+1.
Proof. Recall that A\; > A;. For k= 2,
2(2) _ A —a()  Ai-a(1) _ w2
v;(1) b1 P (1)
by (3.2). Suppose (3.3) holds for some k < ¢, then
v(k=1) _ w(k-1)
- > - . 3.4
0 (8) i (R) G4
since both ratios in (3.3) are positive by assumption. In view of (3.2),
vj(k = 1) v;(k+ 1) vy(k-1) vi(k+ 1) .
- =), - i— c) = - 3 . .
B+ Bt = A= alk) > Ai—a(k) = B e A (35)
Multiply (3.4) by Bk~ and add it to (3.5), then
vi(k+ 1) > vi(k+ 1)
v;(k) vi(k)
as desired. By induction (3.3) holds whenever v,(k)v,(k) > 0. o

If we have v;(k)v(k) < 0in Lemma 3.1, then the inequality (3.3) reverses. Also it
is possible to replace k = 1,2,---,{ by k = £/,£'+1,...,n in Lemma 3.1. Here comes our
main theorem, which states that the element-by-element ratio of vy_; and vy is strictly

mo..otonic.

Theorem 3.2 Under the normalization v,_1(1)va(1) > 0, then ":‘,—:&{9 ts a strictly de-

creasing sequence in k.
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Proof. Without loss of generality, we may assume v,(1) and v,_1(1) are positive. Then
vn(k) > O for all k’s since vy has no sign change. Because v,_; has exactly one sign

reversal, there is an integer £ < n — 1 such that
v,._l(l) >0,.. .,3)"_1([ - 1) >0, vn-l(l) >0, v,._l(l + 1) <0,..., v,,_l(n) < 0.

Takei=n—1and j = n in Lemma 3.1 to find

va(k) Vn-1(k)
Va(k—1) 7 voq(k=1)’

Vn-1{k - 1) S Un-1(k)

or talk—1) ~  va(k)
for k=2,3,...,¢ Hence
vn—l(l) vn—1(2) vn—l(‘) vn-l(e + 1) .
(1) ~6) e > __vn(f) >20> —-—v,,(l-i- I (3.6)

The rest of inequalities can be proved by the symmetry of the eigenvectors. Recall
I from Theorem 1.4, then T := IT(a)I just reverses the diagonals. By Theorem 1.4, T has

the same eigenvalues {A;}, but eigenvectors {v;®} in reverse order, i.e.
vRk)=vin+1-k) fori,k=1,2,...,n. (3.7)

Notice that »®(k) > 0 for all k, and v2 _;(k) < O for k = 1,2,...,n — £. Apply (3.6) to

eigenvectors v and —~vZ_,, then
”5-1(1) v 1(2) S vf-l(n“f) vi_y(n—£+1)
- - e —_——el S (0 Z - .
vR(1) v (2) vi(n - £) vR(n~£+1)
Therefore by (3.7)
toos(m) _aca(m=D) e84 D) o 2ea()
va(n) va(n - 1) vn(€+ 1) = (8’
which concludes the preof. 0

We remark that zﬂvﬁ#l is strictly increasing in k when v,_;(1)vna(1) < 0. Needless
to say, the normalized eigenvectors 8;’s obey Lemma 3.1 and Theorem 3.2. However we

obtain more by using the normalization of s;’s.

Corollary 3.3 Forn 2> 3, either [sn_1(1)| > |sn(1)] or |$p_1(n)| > |8n(n)].
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Proof. Suppose s,(1), 8o-1(1) > 0 and the assertion is false, i.e.
8n(1) 2 8p—1(1) and — 8p-1(n) < sa(n).
Thus by Theorem 3.2
sn—l(l) 3n-l(2) 3n-l(n)
1> > S D> e > 1,
= 8.(1) 3,(2) 8n(n)
Hence for all &k’s )
Sn-1
> (=1 a(B)] > 8n-1(k
1 = 3"(k) or lS (k)l = |sil 1( )|
with at least one strict inequality. Then we have a contradiction
n n
1= Z sn(k)? > 2 Sn-1(k)? = 1.
k=1 k=1
a

By Corollary 3.3 and ||sn||? = ||sn-1||3 = 1, there exists an integer k such that
|$n(K)| > |8n-1(k)|. More precisely we have

Corollary 8.4 Suppose n > 3 and 3n—1(€)sn-1(£ + 1) < 0 for some integer £, then either
[3n(€)] > [8n-1(£)] or [sn(£+ 1) > |sa-2(€£+1)|.

Proof. Again assume $,(1), $p~1(1) > 0, 8p—1(£) 2 84(€) and s,(£ 4+ 1) < =551 (£ +1).
Then by Theorem 3.2

3n—l(1) S sn—l(z) 2 1> -1 2 3n—1(l+ 1) .. 8,,-1(71)

3a(1) 777 Tsa(l) sn(C+1) 7 Tsa(n)
ie. |sn—1(k)| 2 |sa(k)] fork=1,2,...,n

with at least one strict inequality. Therefore

1= isn-ﬂk)z > isﬂ(k)2 = 1.
k=1

k=1
which is a contradiction. Hence s,_,(k) 2 sp(k) for k= £for £+ 1. O

We remark that Corollary 3.3 and Corollary 3.4 may fail for the case n = 2. For
example J2(0) has eigenvalues +1 and corresponding eigenvectors (7‘5,715) and (&5, %—).
This is a counterexample.

To illustrate Theorem 3.2 and Corollary 3.3-4, consider Jy0((2,0,...,0,2)), which
has ratio vector sg(k)/si0(k)

(1.0098,1.0010,0.9579,0.7953,0.3416, —0.3416, —0.7953, —0.9579, —1.0010, —1.0098),

Figure 3.1 gives another example.
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Figure 3.1: 28 of J,0((0,0,3,0,0,3,0,0,0,3)).

3.2 Sign Pattern of Vg,_;

Recall that the separation gn_1(T(a)) := An(T(a)) — An=1(T'(a)) is a real valued

multi-variable function. Its gradient is given by Lemma 1.6
Vgn-1(T(@)) = (3a(1)? = 80e1(1)2, 3n(2)? = 8a-1(2)% - -, 8a(n)? = sacr(n)?).  (3.8)

As a consequence of Corollary 3.3 or 3.4, Vgn-1 # 0 for n > 3 and all a’s. This certainly
is not true for n = 2, J(0) in the previous section is an example.
Assume n > 3 and 34(1), Sn—1(1) > 0 in the sequel. According to Corollary 3.3,

there are three cases

I 8a-1(1) > 84(1) and =—s,-1(n) < sn(n);
IL. $n-1(1) < 8a(1) and —sp_1(n) > sa(n);
I S$p-1(1) > 8n(1) and --8,-1(n) > sa(n).

Combined with Theorem 3.2, each case gives
L ot > faml s> aglilds . gl > g
o 1> %=50 >...>—H}{-}P> ~1> 23l > .. ),
L .> 2l s gy falitl) s Ly taglnd) > g fanl

for some integers i and j. Therefore the gradient (3.8) has corresponding sign patterns
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I (=y=yeres. = 540,4,...,4,40);

i-th
II. (#0,4+,..., 4,40, — ,—,...,=);
j-th
III. (=y-vey. = 340,4,...,+,40, — ,...,=).
i-th j-th

Here “4-0” means the entry can be positive or zero.
y p

Recall from the end of last section, the ratio vector sg(k)/sio(k) of
J10((2,0,...,0,2)) is skew symmetric. This is true for all centrosymmetric tridiagonal
T(a) since its eigenvectors are either symmetric or skew symmetric by Corollary 1.10 (i).

Therefore we can replace "or” by "and” in Corollary 3.3 and 3.4.

Corollary 3.5 Assume T(a) is centrosymmetric and n > 3, then
i [$n-1(1)] > |8a(1)]  and  |sa-i(n)]| > |sa(n)l;

ii. lon(B)| > lsnoa(K)|  for k= [3],...,[2£3).

Only case (III) above is possible for centrosymmetric T. The gradient Vg,., is
also symmetric about the center and has the sign pattern

Vgn—l-—'(—s'-" - ,+0,+,...,+,+0, ;’ ,...,—). (39)
i-th (n+1-4)-th

Now we are ready to prove Ashbaugh and Benguria’s Comparison Theorem |1,

Theorem 5.1]. They only prove it for J(a), but in fact it is true for all centrosymmetric
T(a).

Definition 4 A vector u = (u(1),u(2),...,u(n)) is symmetric increasing (from the center)
if
+1

u(1) = u(n) 2w =u(n-1) 22 w25

D =u(3]+1).

Theorem 3.6 (Ashbaugh and Benguria) Assume T(a) is centrosymmetric and u is
symmetric increasing, then

9n-1(T(a + u)) < gn-1(T(a)). (3.10)

Equality holds if and only if all the entries of u are the same.
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Proof. The case n = 2 is nothing but a shift (or translation) of T, so equality always
holds. Assume n > 3. By the Mean Value Theorem, there exits n € (0, 1) such that

gn-1(T(a + u)) — gn—1(T(a)) = Vga_1(T(a + nu)) - u. (3.11)

By assumption a and u are centrally symmetric, then so is a + nu. Thus T'(a 4+ nu)) is also
centrosymmetric and we can assume Vg,_1(T(a + nu)) has sign pattern (3.9) for some 1.

Now we traanslate u to
u' = u-u(i+1)e,

where e = (1,1,...,1). Since u'(k) = u(k) — u(i + 1) for k = 1,2,...,n, u’ has the sign

pattern
f= . -0,...,— cen . .12
= (40,..., 40, 0,-0,...,-0,0, +0 ..., +0) (3.12)
i-th (n+1-)-th
by the symmetric increase of u. Again "+0” means the entry > 0 and ”-0” means < 0.
Match the patterns of (3.9) and (3.12) to get
Vgn-1(T(a+nu))-u’' <0, (3.13)

Hence
Vga-1(T(a+nu))-u= Vg, (T(a+nu)) -u' +u(i+ 1)Vg,1(T(a+7u))-e <0

since the last term vanishes by Corollary 1.7 (ii). Then (3.10) follows by (3.11).
If u = oe for some scalar o, then (3.10) becomes equality by Corollary 1.5 (i). For
another direction, suppose we have equality in (3.10), then so is (3.13)

Y avk)=0 (3.14)

k=1

where Vg._:(T(a + nu)) = (&1,€2,...,€a). Since (3.14) has no positive term, &u'(k)
vanishes for all k’s. Notice that §; < 0 and 5[3;_;] > 0 by (3.8) and Corollary 3.5. Therefore

n+1 n+1

w'(1) = /([

D=0 o u(l)=u(i+1) =y

))-

By symmetric increase of u, all the entries of u are equal. o
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3.3 Unbalanced Diagonals

In this section we consider T(a) with unbalanced diagonals. We assume the right
side is heavier than the left for the main diagonal and two subdiagonals, though the reverse
case can be treated similarly. The ratios of two consecutive entries of an eigenvector obey

a certain rule, which will be explored here. We start with the following lemma.

Lemma 3.7 Let v; be the i-th eigenvector of T(a). Assume

vi(1), vi(2),...,vi(£) have the same signs, (3.15)

and so do vi(n+1-£€),vi(n+2-1¢),...,vi(n); '
a(k)<a(n+1-k) fork=1,2...¢ (3.16)
Bi £ Bn-k fork=1.2,...,¢ (3.17)

for some € < [3], and j is the first indez k that gives strict inequality in (3.16) or (3.17).
Then

. i(k+1 i(n—-k . . N
1. '%'_(k)) = v"’('%'_l_)k) fork=1,2,... min{j - 1.€};
i slbrl) 5 nnok fork=jj+1,...¢.

We give two remarks before the proof. In the case j = 1, (i) is not necessary in Lemma 3.7.
If equality holds everywhere in (3.16) and (3.17). then we can take j = { + 1 and part (ii)
is redundant.

Proof. Since neither v;(1) nor v;(n) vanishes,
vi(k)# 0 foralk=1,....and n+1-¢,....,n

by (3.15). Hence it is legitimate to take ratios

vi(k + 1) vi(n — k)
vi(k) and vi(n+1-k) (3.18)

for k = 1,2,...,£. Moreover both ratios in (3.18) are positive for k¥ = 1,2,...,£ -1 by
(3.15).

i. Suppose j > 1, then by assumption

a(k)=a(n+1-k) and Gy = Fn-i fork=1,2,...,57-1. (3.19)

]
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Our induction argument begins with

vi(2) _ Ai —a(l) _ Ai — a(i) _ vi(n - 1)
w(1) " A Baar  vin)
by (3.2) and (3.19). Now assume
vi(k) _ vin-k+1)
vi(k=1) v(n-k+2)

for some k < j, then by (3.19)

vi(k—1) _ vi(n-k+2)
Bi-1 wlk) - ﬂn+1—km (3.20)
Use (3.2) and (3.19) again to get
Bi-1 v'.(:(z)l) + Bk v'.Ef(:)l) = A; — a(k)
= A- k) =gtk tiln+2-k)
= Ai—-a(n+l-k)= ﬂ""‘v,-(n gy +'B"“'"v,~(n TR (3.21)
Subtracting (3.20) from (3.21), we have
vi(k+1)  vi(n-k)
v(k) T virn-k+1)
by (3.19). Part (i) follows by induction until k = j or there is a sign change.
ii. Suppose j < ¢. From (i) ) (ni1-i)
Vild _ v(n -2
vu(i-1) " vi(n+2-j)
Com(i=1) w(n+2- )
5]—1 vj(j) - »Bn+]—1———"vi(n +1- J). (322)
According to (3.2) and (3.16)
Ao T = X e
L o vi(n—-j) vi(n+2-j)
2 Ai-a(n+l-j)= ﬂ""—_v.-(n ot B+ o P (3.23)
Subtract (3.22) from (3.23), then
ﬁ; () = Bn-j vn+1-7) (3.24)
By (3.17)
1,1 (3.25)
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Since
a(j)<a(n+1-j) or B; < Bn=j,

inequalities (3.23) and (3.24) are strict, or (3.25) is strict. Multiplying (3.24) and
(3.25), we have .
wG+1) | _w(n=j)
vi(j) vi(n+1-7j)

Assume .
v (k) viln+1-k)
vi(k-1) " vin+2-k)

for some k < ¢, then by (3.17)

- ﬂk—lﬂ%(';')l—) > —ﬂ"“'"% (3.26)
Similarly by (3.2) and (3.16)
Bi-1 vi(:(;)l) + Bk v.‘(':'(-;)l) = A —a(k)
= N-a(nt1=B)2 fr s g SEE2E0 o)
Add both (3.26) and (3.27), then multiply it with 31: 2 3..1? to get
vi(k 4+ 1) S vi(n - k) '
vi(k) vi(n -k + 1)
Below we consider
a(k)<a(n+1-k) forks= 1,2,...,[%]. (3.28)
Bk < Bn-x  fork=1,2,.. .,[g], (3.29)

and apply Lemma 3.7 to vy and vp_3. If at least one of the inequalities in (3.28) or (3.29)

is strict, then positive vp is heavier in the right side and the broken line graph of vy_3

crosses zero after the midpoint 21,

Theorem 3.8 Assume (3.28) and (3.29) hold, and j is the first k that gives strict inequality
in (3.28) or (3.29). Then

i

vn(k+l) _  vn(n=k - ; .
- '-.,"nn_ +1 fork—1,2,...,]-1,
vn(k+1 vn(n=k

fork=jj+1,....[5

va({n—-k+1
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.  if vp is positive, then for k =1,2,...,(3]

va(k) < va(n + 1= k). (3.30)

Proof. Since vy has no sign change, (3.15) is true for ¢ = [!%] Now (i) and (ii) are
exactly Lemma 3.7.
Consider (iii). From (ii) with k = [3] -

(31 +1)  _vn(n=[3)
w3  wa(n ¥ 1- 3D

Thus for odd n

v,.("—}’—i) v,,(l;i) n-—1 n+3

mEZD) gy T e

and for even n
v,.(% +1) ”n(%)

vn(3) (3 +1)
Hence (3.30) holds for k = [3]. Now we can prove this part by induction backward on k.

n n
= v,,(;) < v,.(E + 1).

Assume
vn(k + 1) < vpa(n — k) (3.31)

for some k > 1. In view of (i-ii), we have

va(k) < vn(n -k +1)

valk+1) = vp(n—-k) (332)

Multiply (3.31) and (3.32), then (3.30) follows. o

In Theorem 3.8 we assumed at least one strict inequality in (3.28) or (3.29). Sup-
pose they are all equalities, then Theorem 3.8 (i) holds for all k¥ = 1,2,...,(3] and (ii) is

redundant. As in the proof of Theorem 3.8 (iii), we can show

va(k) = va(n+1-k) fork=1,2,---a[g]-

This gives the symmetry of vy for centrosymmetric T, which is not new of course.

The next theorem considers vn._1. Notice that Lemma 3.7 is valid until it encoun-
ters the sign change of vy_1. The broken line graph of vector v is a piecewise linear curve
that goes through all the nodes (k, v(k)).

Theorem 3.9 Assume (3.28) and (3.29) with at least one strict inequality. Then
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i. the zero vy of the broken line graph of vy_) satisfiesy > 231
1. tf va_1(1) 18 positive, then
va-1(2f2) > 0 for odd n, and vn-1(3) + va=1(§ +1) > 0 for even n;

idi. ";:*_(l’;:)” > .,,f::(‘.f'lif,’u fork=1,2,...,n-[7].

Proof. Without loss of generality, we can assume v,-;(1) > 0.
Suppose v £ 3. Define
' ¥ —1, if v is an integer;
i otherwise.
Then

v,._l(l) >0,.. .,v,._l(l) > O,Un_1(£+ 1) <0, Un-1(£+ 2) <0,.. .,v,,._l(n) < 0.

Hence by Lemma 3.7

0> va-1(£+1) > vn_1(n = {) >0,
T a1 (&) T vpa(n—-£41)
which is impossible.
Suppose 3 < ¥ < -"—'2ﬂ When n is odd, we have
n+1
2
Since there is at least one strict inequality in (3.28) or (3.29), by Lemma 3.7
0> vn-x(ﬁ:{—l) t'n-l(ﬂ'%"l‘) > 0.
T vpa1(25) T vaoa (23)

which is a contradiction. When n is even, we have

n-1 n+3
vn—l("'—'z_) > 0, vn-1( ) <0, and vn—l(T) <0.

n n n n
vn—l(i) > 0»%-1(5 +1)<0, and vn—l(E) + vn—l(E +1)<0.

Again we have a contradiction by Lemma 3.7

vn-1(3 +1) vn-1(3) > —1
vn-1(3) Vn-1(3+1) ~

Therefore ¥ must be larger than 1‘-'2'-‘-1 Since the broken line graph of vq_; is

-1>

positive at the midpoint 2§1, (ii) follows. Part (iii) is exactly Lemma 3.7. O
Consider J30((2,2,0,0,0,0,0,0,2.1,2)) as an example. Its eigenvectors
s10 = (0.0089,0.0111, 0.0049, 0.0049,0.0110, 0.0308,0.0891, 0.2584, 0.7498,0.6014),

39 = (0.6177,0.7359,0.2592,0.0912,0.0320,0.0108, 0.0024, —0.0031, —0.0123, —0.0103)

illustrate well Theorem 3.8 and Theorem 3.9. Notice that j =2 and 7 < y < 8.
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In this section we consider T'(a) with partially symmetric diagonals. We have
following convexity property for the entries of an eigenvector.
Theorem 3.10 Assume
‘ , . n+1
a(k)=a(n+1-k) and B =Pn-k>0 fork=3+1,7+2,...,[ 2 ],  (3.33)
1
a(k) + 26x < X fork=j+1,j+2,...,[n; 1, (3.34)
for some i < n and j < [21]. Under the normalization
vi(25) > 0, when n is odd;
) (3.35)
vi(3)+ vi(53+1) 20, whenn is even;
we have
BilviG) +vi(n+1-3)] 2 Bin[vi(G+ 1) + vi(n—-j)] 2--
2 5[_?_][”:([ ]) + Ut([ ]+ 1)] 2 0. (3'36)
Proof. First assume n is odd, then [2}l] = = [2] + 1. By (3.1), (3.33), (3.34) and
(3.35)
n + 3 1 + 3
Basi [oi( o) 4+ o222 )1—ﬂ~-.v< )+ﬂn_;iv.~ 1T
n+1 n+1 n
= (Ai-gf LA )2 2ﬂ..-1v.( ﬂ[..;_][v-([ 22+ ((F1+nl20

The counter part of even n can be proved by a similar fashion:

ﬂ§ 1["'(" -1)+ v.( +2)]= ﬂg"—lv-( -1)+ ﬂy+1vl( +2)

(i - 0(5))0-'('2‘) - ﬂ,’!v-’('z' + 1]+ (A - 0(5 + 1))v.~(§ +1)- g-v-'(‘;)]
2 Di-a(3) - Aplin3) + uG + 1) 2 B3[w(3) + w5 + 1)) 2 0.

We now use induction backward to prove (3.36). Assume

Bi[vi(k) + vi(n + 1 = k)] 2 Besa[vi(k + 1) + vi(n - k)]
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for some k > j, then by (3.1), (3.33) and (3.34)

Br-1{vi(k = 1) + vi(n + 2 = k)] = Br-1vi(k — 1) + Bns1-ivi(n + 2 — k)]
= [(Mi - a(k))vi(k) = Bevi(k + D)} + [(Ai — a(r + 1 = k))vi(n + 1 = k) = Bn—svi(n ~ k)]
= (N —a(k))vi(k)+ (Ni—a(n+ 2 -k))vi(n+1—k)= Bifvi(k+ 1) + vi(n - k)]
= [ = a(R))[vi(k) + vi(n + 1 = k)] = Bi[vi(k) + vi(n +1 - k)]
= [M —a(k) = Bi][vi(k) + vi(n + 1 = k)] 2 Brpa[vi(k + 1) + vi(n - k)] =>o0.

as desired. 0

Let’s apply Theorem 3.10 to the previous example J10((2,2,0,0,0,0,0,0,2.1,2)).
We have j = 2 and eigenvalues

An = 3.2467 > Ap- = 3.1915 > 2.
Under the normalization (3.35), Theorem 3.10 says that
8i(2) + 8:(9) > 8i(3) + 8:(8) > si(4) + 8:(7) > 5:i(5) + si(6)

for i=n and n-1. The numerical values given above satisfy these inequalities.




Chapter 4

The Minimal Gap

In this chapter we settle our minimization problem; to find the minimal gap among
the class of matrices
£y = {J(a)| a € [0,w]"}

when w is large enough. Formally we seek
min{g(J(a))|0 < a(k) Lwfor k =1,2,...,n},

or min{g,(J(a))|a€[0,w]"and i=1,2,...,n~1}. (4.1)

-~ The answer to this problem is stated precisely in Theorem 4.8. Section 4.5 gives the outline

of our proof.

4.1 Ericsson’s Lower Bound

Consider the tridiagon=l matrix T of the form

B -0 Bp-r
tridiag | a(1) - -+ .- a(n) (4.2)

Br 0 Ba
with all §,’s positive. Let the eigenvalues of T be labeled as \; < A\; < ... < A,, and
d = A, — A; be the eigenvalue spread of T. Assume s8; = (s,(1),84(2),...,8;(n)) is the i-th

normalized eigenvector of T.

Theorem 4.1 (Ericsson [4]) ¢(T) 2 26182+ Bn-1/d""? whered = A, - A,.
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Proof. Let .
x(A) =:detAI - T] = T[(A - Xe)
k=1
and x'(A) be the derivative of x(A) with respect to A. Then
n-1
si(D)si(n)x' (X)) = H B, fori=1,2,...,n. (4.3)
=1 g
by Corollary 1.9 (i). Since the arithmetic mean exceeds the geometric mean,
1= |lsillf = Y si(k)? 2 5i(1)* + si(n)? 2 2|si(1)siln)],
k=1
and (4.3) gives
i-1 n-1
H(A—Ak) IT (=3 = KOl 2 2] A (4.4)
k=i+1 k=1

Pull out the A\;4; — A; term and bound the others by d in the left hand side of (4.4), then

n-1
(Ait1 = A)d* 2 > 2] 6,
k=1

n-1
i.e. A.‘+1 - /\.‘ _>__ 2 (H ,Bk)/d"-2
k=1
for : = 1,2,...,n — 1. Hence we have the desired inequality by (1.3). ]

Although the eigenvalues of T can be surprisingly close to each other as in Wy,
according to Theorem 4.1 they cannot be arbitrarily close when the entries a(7)’s and 3;’s
are bounded. We remark that Theorem 4.1 can also be derived by Theorem 1.2, but Sun’s

method is different from ours. In addition we need the following refinement.
Theorem 4.2 Given1 < i< n-—1. Let m = min{i,n — i} and d be the spread of T, then
9i(T) 2221816y - B /d"2.

Prcof. Assume ¢ < 3, then

i-1

I‘[(,\ - ) 1‘[ e = X)

k=141
n-i+1 n
= H(A-A)(A.H—A)H(Ak—x) II =)
j=1 =i+2 k=n—142
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i-1 n—i+l
= JIi=2)Gncier = 2) - ier =2 JT =0
I=1 =142
=1 y\. . s X
< H(A' Ai ¥ Anzjin = A )2 (Aig1 = A) d™%
1 2
=1
< G0 gy =) = S (i - A
< @) (X1 = ) = 3am3 i = X)-
Therefore o
gi 2 2271 Bi)/d?
k=1
by (4.4). The argument for i > % is similar. w

This refined theorem says that the middle eigenvalue separations have bigger lower
bounds than the end ones. Thus the middle separations cannot be too close compared to
the end ones.

Now we can get a lower bound for the gaps in our class £,. The spectrum of J(a)

is contained in

n-1
[a(1}) - 1,a(2) +1}U U [a(k) - 2,a(k)+ 2] U [a(n) — 1,a(n) + 1]
k=2

by Gershgorin’s Disk Theorem. Since a(k) € [0,w], all the eigenvalues are in the interval
[-2,w + 2] and the spread
d<w+4.

Therefore by Theorem 4.1
2 2
> >
9(J) 2 d-?2 = (w+4)"?

for J € L,. Moreover by Theorem 4.2

8
9i(J) 2 = (4.5)
forn>4,i=2,3,...,n—-2and J € L],

Recall that

gﬂ‘l(‘](wl)) < wn-2

by Theorem 2.3 (iii). Hence the minimum in (4.1) must be smaller than . Thus all the
middle g;’s in (4.5) are too large to consider provided that

8
>
(W + 42 = o2

4
& 4>(1+;)"‘2 & (4.6)

4
W D> —
"V4-1
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The right hand side of (4.6) seems mysterious. Consider § = =15, then
48 = flnd = 1+61n4+%(51n4)2+--- >1+6ln4

and
LIPS NN SR
#-1 %ln4 In2 ’

The constant 25 = 2.885390082 < 2.8854. Therefore (4.6) holds if
w > 2.8854(n — 2). (4.7)

By more detailed analysis of the spread this constant can be reduced, but some constraint
like (4.7) is necessary because of the counterexample in Table 1.2.

We conclude that the minimum of (4.1) comes from g or gn_1 if w is large enough.
This is certainly trivial when n = 3. Recall that

n1(J(a)) = gn-1(J(a%))
by Corollary 1.5 (iii), where
a*=we-a=(w-a(l),w-a(2),...,w—a(n))

is the dual of a with respect to w. Note that a* € [0,w]" if and only if a € [0,w]™. Therefore
under the condition of (4.7), (4.1) is equivalent to

min { gn-1(J(a))| a € [0,w]"}. (4.8)

After the reduction, it suffices to solve (4.8).

4.2 Refinement Sun’s Theorem

In this section we also consider the tridiagonal matrices T'(a) of the form (4.2)
with positive Gi’s. Sun’s Theorem 1.2 is refined below. These inequalities say that \;4; — A;
cannot be too small when i > 3 and the trace of T is large, or when i < 5 and the trace of
T is small.

Theorem 4.8 Let ), be an upper bound for A\, and Ay be a lower bound for A,. De neA

P 1 po . 1 _ n-1

§==— [kZ::l a(k) - (n - 1)), i=—= -1k - El a(k)),

Fi= = 1 5 [} a(k) - (n~ 1)), b= - i 5 [(n - 1) = 3 a(k)],
k=2 k2
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n-1
fo L [a(l) -12- a(n) | 3" a(k) = (n = 1)),

n-—2 k=2

[(n 1%, - a(1)+a(n) "z':l a(k)],

d = max{{, ¢}, f = max{%,+}, t= max{{, i}.

Then

i g(T() 2 2011 /@037, g(T(@) 2 20T A fori =12, 1553,
it (@) 2 2T A)/@3, @) 2 2(1 Afin? fori= (2. in-;

i, g(T(a)) 2(:1;1: B)/@ME"Y,  and  g(T(a) 2 2(:1;1: Be) /T2,

Proof. According to Corollary 1.9 (iv)

n-1
X1,n-1(Xi)x2,a(Xi) = H ﬁf,
k=1

where x;x(A) := det{A] — T4} and

B; - B
T;x(a):=tridiag | a(j) - -+ -  a(k) for j < k,
B; - Brk-a

Let {6:}72] and {ux}7Z] be the eigenvalues of Ty ,_; and Ty, respectively, in increasing
order. Thus

n-1 n~1

TT (% — 86X — ) = Hﬁk fori=1,2,...,n. (4.9)

k.—.
Replace i by i + 1 in (4.9) and multiply it by (4.9), then

n-1l

n-1
T = 8)(Xigr = 86)(Ni = ) (Nigr = i) = II 5. (4.10)
k=1

k=1
Recall that A\ < O < Agy1 and A < pe < Agyq for k = 1,2,...,n — 1 by Cauchy’s
Interlacing Theorem (9, 10-1-2]. Since the arithmetic mean is no less than the geometric

mean, we have

[H(A o) T] (0 - 2™

k=i+1
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n-1
< Ai)]
k=i+1
-1 n—1
= ——-—[(2: A= O+ Y 6] .
k=1 k_.+1
[(2t—n)k—0—220k+"§10k] ifi<3
52 - n)Ai +6; + 2 _%lo,‘- 2 6], fi>3%
< { ;‘—_—2—[tr(T1,,._1) - (n - I)Al] < q, ifi< 5
T - DA - tr(Tya)] <4, P23
n-1 n-1
since 3 O = tr(Ty,n-1) = 3 a(k). Thus for i < 3, (4.10) gives
k=1 k=1
n
H ﬂ: = (9,- - /\.‘)(/\.'4.1 - 0.’)(#6 - Ai)(Ai+l - ﬂi) )
k=1
i-1
TI(x = 66)(Nisr = 66)(Xi = prie)(Nigr = paa) -
k=1
n-1
II 6k = 2)(8k — Aiva)(px = X)) (pa — Aiga)
k=3
< [9“ - A +2f\-‘+1 - 9-']2[#.' - A +2)\.'+1 - /-"i]2qm—2q'n—21:n-21:n-2
= (&)442!\-47:2"—4’
it n—1
P > 7)1 fori=1,2,...,
ie. g _2(*1=Ilﬂk)/(qr)= ori=1 [~
It is exactly the same when ¢ > 3. Clearly gap
n-1 n
oT) 2 2] Bu)/@m): .
k=1
Again use the inequality of arithmetic and geometric means
2 1 , » 4
()% < 5(¢+9) =1,
and
Y D S
(¢0): < S(g+7) =t
The other half follows in the same way. o
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Theorem 4.3 is slightly better than Theorem 1.2 since

(m\ -Za,,)>t and p; = —
k=1

p2=

by

A1 € kzﬁg.,n{a(k)} and An 2 k=1113%¥"n{a(k)}.

For Wilkinson’s matrix Wam41, An = m + 1 and

\_i._i_m2+2m
I=r=t=om-1
Hence by Theorem 4.3
1 Wamen) 2 2221 yamer
In-1(Wam41) 2 2( 2+2m)

which yields 1.24 x 10~!% for Wy; as in Table 1.1.

Now we can apply Theorem 4.3 to the class of matrices £7,.

Corollary 4.4 Suppose J € LD, with tr(J) 2 3w. Ifw > 2n, then gi(J) > 5,.3:1 for
1= [%1],...,71— 1.
Proof. For J € L], A\n £ w + 2. So we choose An = w + 2. Recall that

An 2 An > _max {a(k)} > max{a(1),a(n)} > aQ1) + a(n)

’2' | 2 !
then

a(n) 1
12[(n-1)5n “(1)+ (n) 2 a(k)]

1 _ n
< n_z[n,\,.—éa(k)] Sn_z[n(u+2)—3w]
< 12[(n—3)w+2n] < iz[(n—3)u+w]=w.

Thus by Theorem 4.3 (ii)
gi > 2/t""1 > 22

fori=[241],...,n- 1 o
As a consequence of Corollary 4.4 and Theorem 2.3 (iii),
gn1(d) 2 = > gaa(I(w1),
if tr(J) > 3w and
w > 2n. (4.11)

Hence under the condition (4.11), the minimizer of (4.8) must have trace less than 3w.
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4.3 Unsymmetric Diagonal

From Section 3.2, Vg,_;(J(a)) has only three types of sign pattern
I (=y=seeey=y 40, 4,...,+,+0);
II. (40,4, .., 4,40, =, —, ..., =);
OL (.o, = 40,4, .0y, 40, —, ..., —).

Here “+0” means the entry can be positive or zero.
Since Vg,_1 never vanishes, the global minimum point a of (4.8) must be a bound-
ary point of [0,w]" which satisfies the Kuhn-Tucker condition. Since all the possible sign

patterns of gradients are known, the corresponding minimizers can be only

L (wyw,...,w,*,0,...,0,%);
II. (#,0,...,0,%,w,w,...,w);
I11. (Wy.ooyw,#,0,...,0,%,w,...,w).

Here “ * ” means the entry can be anything in [0,w].
To be a minimizer, it is impossible to have too many w’s in the diagonal. Courtesy
of the result in the end of last section, at most two w’s are allowed in the diagonal if w > 2n.

The possible minimizers are thus reduced to five cases
i. a=(z,0,...,0,y,w,w) with Vg, =(+0,+,...,4+,40,—,-);
ii. a=(z,0,0,...,0,y,w) with Vg, ; =(40,+,+,...,4,40,-);
ii. a =(w,z,0,...,0,y,w) with Vg, =(-,+0,+,....4,40,-);
iv. a = (w,w,9,0,...,0,z) with Vg, ; =(-,-,40,+,...,+4,+40);
v. a=(w,y,0,...,0,0,z) with Vg, =(-,+0,+,...,+,+,+0);

We want to show that none of the unbalanced diagonal a can be the minimizer.
The following lemma is crucial.

Lemma 4.5 Assume 3,(1)sp-1(1) > 0, Anq > 2,

a(k)<a(n+1-k) fork=1,2,...,j,




57

with at least one strict inequality, and
a(k)=0 Jork=3+1,74+2,...,n-3,

for some integer j < [2£}], Then

3n—l(j) _3ﬂ—1(n+1—j)
3a(J) 3u(’,’+1-]‘) ’

Proof. By assumption, we have at least one strict inequality in (3.28). Without loss of

generality, choose both s,(1) and s,—(1) positive, then

sn(k) < sq(n+1-k) fork=1,2,..., [g] (4.12)

by Theorem 3.8, and

n+1
2

Sn-1( ) > 0 for odd n, and s,...l(g) + 3,,_1(§ +1)> 0forevenn
by Theorem 3.9. Hence according to Theorem 3.10

Sn-1(J) + 8a-1(n+1-j) > 0. (4.13)
Notice that s,-;(j) must be positive, otherwise

sn—l(1)>0a 3n—1(j)so and sn—l(n+1-j).>_0,

by (4.13), which violates that sy_; has only one sign change. Therefore, using (4.12) and
(4.13),

sn—l(j) S sn—l(j) > _sn—l(n+1"j)
$n(J) ~ saln+1-7) "  sa(n+1-7j)°
[m]

In all the cases above, A, > ,pax {a(k)} > w. Suppose w > 3 and n > 3. If
=1,2,...,n

A1 € w -1, then

2
An = Apo: 21> == > gn-1(J(W1)),

which is clearly not competitive. Hence in the sequel we assvme Aqp_; > w—-1> 2 Also
we take sn(1),8,-1(1) > 0.
Obviously case (i) satisfies Lemma 4.5. Assume the (n — 2)-th entry of Vg, _, is

zero, i.e.
3n-1(n - 2)

Sp(n - 2) =-1
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Then by Lemma 4.5
1>

3n1(3) | _Sami(n-2)
3n(3) sp(n - 2) ’
which is impossible. Therefore the (n — 2)-th entry of Vg,_, must be positive and y must

vanish. Case (i) thus reduces to
a=(z0,...,0,0,w,w) with Vg3 =(40,+,...,+,+,—,~).

Notice that
Sp—1(n —1)
ATV 1.
By Lemma 4.5 again, we have
3n-1(2) > _Sn-1(n-1)
$a(2) sn(n—-1)

a contradiction. We conclude that there is no diagonal a in case (i) such that Vg,_;(J(a))

1>

> 1,

satisfies the desired sign pattern.

To exclude w) from case (ii), either z < w or y > 0. Assume the (n — 1)-th entry

of Vgn_1 is zero, i.e.
Sn-1(n—-1) = -1
sp(n=-1) )

Then by Lemma 4.5
3n—l(2) _sn—l(n - 1) =1
$a(2) Sn(n —1) ’

which is impossible. Thus the (n—2)-th entry of Vg,,_; must be positive and y must vanish.

1>

Case (ii) then reduces to
a=(z,0,...,0,w) with Vg, ;=(4+0,+,...,+,-).

Notice that
Sn-1 (n)
sn(n)
Again Lemma 4.5 forces a contradiction

8"_1(1) -’n—l(n)
L2557 7 T ()

In summary there is no a in case (ii), except wy, with the desired sign pattern of Vg,_;.

>1,

Similarly we assume z < y in case (iii). Then y > 0 and the (n — 2)-th entry of

Vgn-1 must vanish. In other words

311—1(") -
—————sn(n) = -1.
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By Lemma 4.5 again we reaches a contradiction

1> Jn-l(l) > _’n-l(n) =1,

= s.(1) 3n(n)
The counter part £ > y can be eliminated similarly.

Notice that (iv) and (v) are symmetric to (i) and (ii), hence they can be dealt in
the same fashion and the only possibility is wj.

Therefore only the symmetric diagona.i a=(wz0,...,0,z,w) in case (iii) sur-
vived our test. Since we have ruled out the situation when trace > 3w by (4.11), we only

need to consider z < -“f’ This will be discussed in the next section.

4.4 Isolated Minimum

In this section we consider (4.8) with a near w;. Assumen >4,0< z < ‘-;’- and
diagonal vector

u(z) = (w,z,0,...,0,z,w).

We want to show Vg,_;(J(u)) has sign pattern

(=454, s+ 4,-) (4.14)

if w is sufficiently large. Hence J(wy ) satisfies the Kuhn-Tucker condition on the boundary
of [0,w]". Restricted to the class of admissible matrices L, g,—; attains a relative minimum

at J(wy). Moreover J(u(z)) can not be the minimizer for any z € (0,%).
Lemma 4.6 Assumen >4 and0<z <Y, then

i. w < Ap1(J(u(2))) < An(J(u(z))) <w+ 3,

B gama(J(u() < &.

Proof. The Weyl’s Monotonicity Theorem (5, Corollary 4.3.3] says that ali the eigenval-
ues of a symmetric matrix increase if a positive semidefinite matrix is added to it. Therefore,
by Theorem 2.3 (ii),

1 1

An-1(J(u(z))) > An-1(J(W1)) > w + W= 2ul-n _ un-2

> w.

Consider

u'(z)=(w-120,...,0,w—z) and e=(1,1,...,1).
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Then by Theorem 2.3 (i)
A(J(W(2) <w =7+ — o<Wzt <w-zt 2
nlin w=-2z (w=—z)*2 woErT o svTErT o
By Monotonicity Theorem and Theorem 1.4 (i)
4
A(I(W1)) < Mn(I(u(2) + 2€)) = M(I(W(2) + 2 <w+ =
Obvicusly (ii) follows from (i). D

Theorem 4.7 Assumen >4 andw > /9n ~ 14 + 2. Then
i. wy locally minimizes gny(J(a)) over all a € [0,w]";
#. forallz € (0,%), (w,z,...,z,w) is not the minimum point of g,_1(J(a)).

Proof. Since J(u) is centrosymmetric, 8; is either symmetric or skew symmetric by
Corollary 1.10 (i). Hence Vg,_y(J(u)) is symmetric and it suffices to prove that the first
balf of

Vn-1(J(1)) = (3a(1)? = 8a—1(1)%,3a(2)? = 8n-1(2)%. .., 8n(n)? = 8n_1(n)?).  (4.15)

has the desired sign pattern (4.14). Recall that

1

. 2
WP =t and s T
[T |2 = Al IT 1A = Al
[ T 11 A=)
kyti ket

for i =1,2,...,n by Corollary 1.10 (iii).
Since Ay > Apm1 > A fork=1,2,...,n-2,

1 1

(1)’ = o3 <— = sn-1(1)%
Pa=2el  I1 Pacs = N
k=1 ol

Hence the first component of (4.15) is negative.

For the second entries of (4.15), we need s,(2)% > 3,-1(2)?, so
(An - ““’)2 > (An—l - w)2
n~—1 n '
T 12n = Akl p [An-1 = e

= =1
k=1 Agnet
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An—w 2. W AN
80 —— ) > -_
(An_j - U) k=1 Ana1 — A
g = g
50 14— )2 1+ n-l 4.16
(+g2=tors [+ 220, (416)

By Lemma 4.6 (i)

4
A1 — W< Ag ~w < —,
[

so the left hand side of (4.16)
o2

T > 1+ B0 = 14 2+

O+ 2 16

91 (4.17)

Gershgorin’s Disk Theorem gives the location of A;, which is contained in
~2,2lJlz -2,z + 2] Jw-1,w+1]

Since z < %, the interval [w — 1,w + 1] is well separated from the others if w > 6. In this
case

A1<~--<An-zSz+2s%’+2

ne-1 >

for k =1,2,...,n — 2. The right hand side of (4.16)

n— n-1 2n- n-2
Mo+ 22 < MosfZy -a+ 2
< (ex ng"' yr-? -explugn_ll
= 1+%—‘_—4) ..-1+e" [Z(T"—f—)]’ 2 (4.18)

The last equality uses Taylor series expansion with the remainder term where
n € (0,25 ga1).
To have inequality (4.16), it suffices to compare the quadratic polynomials of g,_;

in (4.17) and (4.18). Assume

n-2 _1 4.19
ww-4) (4.19)
The coefficients of g,~1 in (4.17) and (4.18) satisfy
2(n-2)

w~4 9 2°




Since
2gn-1(n-2) 8(n-2) <8
w-—4 ww-4) 9

by Lemma 4.6 (ii) and (4.10), the coefficients of g2_, in (4.17) and (4.18) obey

n<

e” 2(n - 2) 8/9 2w, 2689 , .  w?
2[ T 3 (?) =Y < 0.061w <
We conclude that (4.16), or equivalently s,(2)? - s,-1(2)? > 0, holds under (4.19).

Rewrite (4.19)

<

WV -dw>9(n-2) &= W-2’>9n-14
= w>vVIn-14+2. (4.20)
Notice that when n > 4

w>v9:4-14+4+2=+v224+22x6.69>6.

Recall that the ratio of s,—1(k) and s,(k) satisfies

sn—l(l) 3n-1(2) . sn-l([m*._gll) )
(1) sn(2) Sn(["xzd])
by Theorem 3.2. Thus
(4.20) => 3,(2)% > sn1(2)?
nt1
—_ 1> sn—l(z) 3n—1(3) o Sn--l('[l 21 ])
$n(2) 3n(3) sa([244])
= s.(k)? > sp_1(k)? for 2,3,. ..,[n; 1].
Hence (4.15) has the desired sign pattern by symmetry. =]
4.5 Global Minimum
We have solved, as promised, the minimization problem
min{g(J(a))| a € [0,w]"} (4.21)

for w large enough: gn_;(J(wy)) is the minimum. We now outline the whole argument.

One key idea is to use our candidate g,_1(J(wy)) as an eliminator. Since

gn-1(J(W1) < =
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by Theorem 2.3 (iii), the minimum in (4.21) must be smaller than D—,?—_y Hence we can
throw away all the J(a) with eigenvalue separations not less than U-?_-T

For the class of matrices £}, of interest, their spectra are contained in [-2,w + 2]
by Gershgorin’s Disk Theorem. Thus the spread d of each J € Ly, is less than w + 4. By

Theorem 4.2
J)> 8 > 2
gi = (@ +4)-2 = gn2

fori=2,3,...,n-2 if
n>4 and w > 2.8854(n-2). (4.22)

Hence under the assumption (4.22), the minimum of (4.21) comes from ¢; or g,—;. The
constant 2.8854 is not the best possible, however, some condition on w/n is necessary.
Duality, introduced in Section 1.3, shows that there cannot be 2 unique minimizer

since
91(J(a)) = gn-1(J(a"))
by Corollary 1.5 (iii), where

a° =we—-a=(w-a(l),w=-a(2),...,w—a(n))

is the dual of a with respect to w. Note that 8™ € [0,w]" if and only :f a € [0,w]". Therefore
under the condition of (4.22), (4.21) is reduced to

min { g,_1(J(a))| a € [0,w]"}. (4.23)

Now we have a smooth functional to minimize.
Another key idea is to use the trace to eliminate rivals to J(wy). As a consequence

of Corollary 4.4, for J € L, with tr(s) > 3w,

gn—l(") 2

> gn-1(J(w1)),

wn—2
provided that

w > 2n. ‘ (4.24)
Again some condition on ration w/n is necessary and (4.24) probably can be improved.
Anyhow the minimizer of (4.23) must have trace less than 3w if we assume (4.24).

The global minimum of (4.23) must be a relative minimum subject to the constraint

and obeys the Kuhn-Tucker condition: the diagonal a needs to match the sign pattern of
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Vgn-1(J(a)). Since all the possible sign patterns of gradients are known from Section 3.2,

we can obtain all the possible minimizers.

Under (4.24), the possible minimizers finally reduced to five cases
i. a=(z,0,...,0,y,w,w) with Vg,_;=(+0,4,...,+,40,—,-);
i. a=(z,0,0,...,0,y,w) with Vg, ='(+0,+,+,. coyty+0,-);
iii. a = (w,z,0,...,0,y,w) with Vg,_;=(-,40,+,...,+,40,-);
iv. a = (w,w,9,0,...,0,z) with Vg, =(-,-,+0,+,...,+,+0);
v. a=(w,y,0,...,0,0,z) with Vg, =(—,40,+,...,+,+,+0).

All the cases with unsymmmetric diagonal a are impossible. This is courtesy of
Lemma 4.5. Therefore only the symmetric diagonal u(z) = (v,2,0,...,0,z,w) in case (iii)
survives. By the requirement of trace > 3w, we only need to consider z < ‘—‘2’-

In Theorem 4.7 we show Vg,,_;(J(u)) has sign pattern (—,+,+,...,+,+,-)if

n>4 and w>V9n-14+2. (4.25)

Hence among all u(z)’s, only wy satisfies the Kuhn-Tucker condition on the boundary of
(0,«]", and is the unique minimizer for (4.8).

Under the assumptions of w > 3, (4.24) and (4.25), J(wy) uniquely minimizes
(4.23). Notice that

2n > V90 - 14 4 2 = (2n-2)>>9n - 4
< 4n? -1Tn + 18>0 == (4n-9)(n-2)>0

is true if n > 4. Since w > 2n > 8 > 3, only the conditions n > 4 and (4.24) are needed.
For (4.21), we have two minimizers J(wy) and J(w;*) if (4.22) and (4.24) hold.
Compare the right hand sides of (4.22) and (4.24)

2.8854(n — 2) > 2n <= .8854n 3 5.7708 <> n > 6.518.
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Figure 4.1: Graph of w(n) in 6, 50].

Theorem 4.8 1. Assume n 2 4 and w 2> 2n, then wy uniguely minimizes g,—1(J(a))

over all a € [0,w]".
1. Assumen 2 4 andw > 2n, then wy* uniquely minimizes g,(J(a)) over all a € [0,u]".

1. Assumen > 7 and w > 2.8854(n — 2), then wy and wy” are the only minimizers of

g(J(a)) over all a € [0,w]”. For n = 4,5,6, we need w > 2n.

This result shows that J(wy) and J(w;*) are the extremal matrices of the class

L7, for w large enough. More precisely, Theorem 4.8 requires
w2 2n or w 2 2.8854(n - 2). (4.26)

However as mentioned, neither inequality is sharp. For each n, there is a value w = =(n)
such that

n-1(J(W1)) = gn-1(J(W3)),

for which J(w;) and J(w3) are both minimizers. Theorem 4.8 holds for w > ©(n), and
this inequality is then the best possible.

We have not been able to determine the functional form of @(n), but by using
Mathematica with up to 70 decimal digit precision, we computed =(n) for n = 6,7,...,50
to two digits of accuracy. The graph is displayed in Figure 4.1 and appears to grow a little
less than linearly. In fact,

0.21n 4+ 0.87 > w(n) > 0.21n - 0.1 for 6 < n <50.
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So the conditions (4.26) are of the right order of magnitute.
From Figure 4.1, we expect

w(n) — o© as n —— 0o.

When the size of diagonal spread w is fixed, Theorem 4.8 holds for only a finite number of

n's.
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