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SUMMARY

Analytical plane-strain stresses and strains have been derived for both plain and
coldworked annuli subjected to remote loading, interference loading or both loadings acting
together. Where required, the deformation theory of plasticity has been used.

The comparative influence of the various loading cases on the fatigue process is discussed.
Under cyclic remote loading, it is predicted that the most beneficial fatigue situation will
result from a combination of interference fitting and coldworking.
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NOMENCLATURE

a hole radius
b outer radius of annulus

c elasto-plastic radius resulting from coldworking

D expression defined by equation (24)

E Young's modulus of annulus material

Ep Young's modulus of pin material

g ratio E/Ep
i dimensionless interference, I/a

I radial interference
in natural logarithm

p pressure
r radius

S uniform remote stress applied at radius b

3 mean remote stress applied at radius b

u displacement

a radius defined by equation (66)
A range (prefix)
f strain

v Poisson's ratio

p reyield radius resulting from recovery after coldworking

a stress

F mean stress

T reyield radius resulting from compressive remote loading of open coldworked annulus

Subscripts
a at bore

c at elasto-plastic radius
cw coldworking
o yield

p pin

r radial

z axial

a circumferential



1. INTRODUCTION

The fatigue process in aircraft structures is invariably associated with the presence of
stress concentrations of one kind or another, and fastener holes represent by far the most
numerous such feature in any metallic structure. Substantial attention has been given to
developing methods for improving the fatigue behaviour of structures containing holes,
and, in aircraft structural manufacture, interference fitting and hole coldworking are now
two of the most common processes used to achieve such improvement. Each technique
achieves its benefical effect by modifying the stress field around the hole to inhibit or delay
the onset and progress of fatigue cracking.

The structural feature considered in this report is an annulus, the bore of which may be
interference fitted and/or coldworked, and to the perimeter of which remote loading may
be applied. In an earlier report1 , analytical plane-strain stress and strain relationships
were derived for an elastic/perfectly-plastic annulus containing a coldworked hole using
deformation plasticity theory. A comparison there of the results with those from finite
element calculations using incremental plasticity theory2 showed that the analytical theory
gave predictions in good agreement with the more accurate assessments. This being so,
it was considered useful to extend the analytical work of the earlier report to include the
effect of interference fitting and of remote loading applied around the outer perimeter of
the annulus. The conditions leading to the minimising of both stress range and maximum
stress at the hole (the usual fatigue-critical location) may then be readily understood.

The cases considered here are listed in Table 1. Stresses and strains in both plain
(uncoldworked) and coldworked holes are derived for the cases of intereference loading,
remote loading and for both loadings acting together, i.e. combined loading. The case
of a loaded solid pin is included for completeness. The valid ranges for all solutions are
specified, and the values of all parameters used in the numerical examples considered
throughout the report are listed in Tables 2(a) and 2(b) respectively.

2. GENERAL RELATIONSHIPS

In the axisymmetric problems to be discussed, the radial, circumferential and axial
directions are also the principal directions. All formulations are given in terms of these
principal directions.
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2.1 Elastic Region

For plane strain conditions (e. = 0) the following general relationships hold':

dr
er = [a, - v(ae + a..)lIE = r

r

f, = [oa - V (Orr + oe)] IE = 0

From the last of these
ax = V(o + ae) (2)

and back-substitution to eliminate o. provides

Cr E V{1 )or -V#}1 +v ~ 7 ,~(3)

l+v69=-E-( - v)or, - }

From the second of (1), knowledge of circumferential strain alone at radius r is required
to determine radial displacement there:

u,. = ree (4)

2.2 Plastic Region

In this report, deformation plasticity theory is used. The following assumptions are
made:

(a) Incompressibility - plastic flow occurs with no change in volume. This corresponds to
Poisson's ratio becoming equal to one half.

(b) Plane strain - as before, e. = 0, and from the Hencky equations it follows that

I
= -(or + ci) (5)

and
Cr + eo = 0 (6)

These results also follow directly from (1) and (2) with v = 1/2.
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(c) Yield criterion - in terms of principal stresses, the von Mises criterion is given by

(a, - oo) 2 + (a-e - a) 2 + (a. - a,)2 = 2c 2

Substituting for a, from (2) gives

- s. = a*-= (7)

(d) An elastic/perfectly-plastic stress-strain relationship is assumed in both positive and
negative senses. Work hardening does not occur and the Bauschinger effect does not
exist.

Because of these simplifications, incompatibilities do occur - in particular, because of
the need for step changes in the value of v across elasto-plastic boundaries. For practical
purposes, however, these inconsistencies are either small in magnitude or affect quantities
of secondary interest only.

3. SOLID PIN WITH REMOTE LOADING

A uniform stress S applied to the outer boundary of a solid pin, Fig. 1(a), gives rise
to particularly simple elastic stress distributions3 :

rp = asp = S (8)

Substitution of (8) into (3) provides the corresponding strains as

= eop = S-(1 + v.9)(1 - 2vp) (9)

Thus, both stresses and strains in a uniformly stressed pin in plane strain are everwhere
constant and independent of radius.

The above apply equally to the case of external pressure p acting on the pin, this
case simulating the loading seen by an interference-fitted pin in a hole. In this case S is
replaced by -p.

Under conditions of plane strain, yielding of a pin cannot take place. The yield
equation (7) cannot be satisfied by (8). Thus in all situations involving interference fitting,
irrespective of the behaviour of the plate, the pin remains elastic.
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4. LOADING OF AN UNCOLDWORKED ANNULUS

In this Section the stresses and strains in an uncoldworked annulus resulting from
remote loading, interference loading and both loadings acting together are examined. The
effect of cyclic remote loading is also evaluated.

4.1 Remote Loading (Ouen Hole)

The stresses for this case, Fig. 1(b), are given by3

~=1-(a)2 (10)
o -- S 1 +(1)2

1 (1)2

Under cyclic loading these become

I _( )2 (11)

I(R)2A~o aS1+ (!1)2

The circumferential cyclic stress range is a maximum at the bore, being given by

(2as) = (12)

ASas] 1-(S)2

Comparison of as from (10) with its solid pin equivalent at (8) shows the stress
concentrating effect of the open hole represented by the factor following S in (10). When
the annulus is large, this factor approaches the familiar 2.0 for an infinite plate under
biaxial loading.

Increase in S eventually leads to the onset of plastic flow at the bore. Substitution
of (10) into the yield criterion (7), and setting r = a gives the value of applied stress to
initiate yield there as

I ,a 2] iI.(13)
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at which stage

0- r 7 [](14)

The elastic strains are readily found from (10) and (3) as

S" + v I [--a)2 (115)v

Ce S 1+v I[a2+( v

Substitution for So from (13) for S in (15) gives the strains at radius r corresponding
to the onset of yield at radius a as (with V = 1/2)

S r / (16)

foo =±0a (a) 2

2 Er
Thus, checks on whether the yield point has been reached at the bore may be found

from (13) in terms of applied stress or from (16) in terms of strain measured at radius r.

4.2 Interference Loading

The interference fitting of a pin into the hole, Fig. 1(c), generates an interface pressure
which gives rise to radial displacements of both pin and annulus such that

I - - Up

or

(17)
= =-= --° ' (e. ,).

a a a

Since the surface displacement of the pin, u.., is always negative (i.e. towards its
centre), (17) is always positive.
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The stresses in an internally pressurised annulus are given by3

(1)2 _(1)2( -(1)2"' P1-b (18)
(1)2 +(1)2

and those for an externally pressurised pin (8) by

arp = Cep = -p (19)

The corresponding strains are given by

Cr,=-- p [l+ v][a2 2V(!]

f= 1 +V ] + 2 !2 (20)

£ 1.)2J r bVV~J

and, from (9),

= Cep --- ( + V,)(1 - 2V,) (21)
E

Recalling (4), and setting r a there and in (20), provides the radial displacement of
the bore of the hole. Equation (4) combined with (21) provides the surface displacement
of the pin.

u6  p 1 + (1 - 2v)( .) 2

- ((22)

a E
u 6 ,2 = -(1 + v,)(1 - 2p

Substitution of (22) into (17) provides the relationship between interface pressure and
interference as

p - [I (f) 2 ] (23)

E D
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where

D =(1+ ) 1+1-v) + g(1 + v.) (1 - 2vp) b (24)

and g = E/Ep. Figure 2 shows D as a function of geometry and modulus ratio for the case
v = vp = 1/3. In practice, since a/b is unlikely to exceed 0.5, g has the more substantial
effect. When v = vp and g = 1, , D becomes independent of a/b, being given by

D = 2(1 - v2) (25)

Substitution of (23) into (18) gives the stresses generated in an annulus by interference
loading:

O r = - -i [ ( a ) 2 _ a 2
Sr b (26)

a e= i (a)2 + ()2]

The corresponding strains are given, from (20) and (23), by

i [(a)2 ()21
Er -- (1 -+V) 2v)'

D ~ r bu (27)
S(+) 2 + (1- 2) (a)2

Increasing interference leads to the initiation of yield at the bore of the annulus. This
point is reached when

PO (a 2]i (28)

This is identical to the case of remote loading, (13). In terms of interference, from (23),

a, D
i° E (29)

As previously noted, plane strain yielding of the pin is impos 'ible.
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4.3 Interference and Remote Loading

The stresses for this case are found by the superposition of those of the preceding two
cases. They are

(S)2 _ (S)2 I 2

Ur P + s
b b (30)a= (S)2 +(S)2 + (I )--) +- s ' )2

The displacement at the bore is written down immediately from (22) and (15) as

S + +(12v)()2 + s[2(1v2)] (31)

a E ~ 1 a 2 E ia 2

and from (22), for the pin,

--a - -(1 + v,)( 1 - 2 v,) (32)

a E

By introducing the non-dimensional interference i as before, (17), and substituting
(31) and (32) into (17) for this case, the following relationship between p, S and i is found

p 1 S2 _ S2( 2b E (33)
E D

where D is given, as before, by (24).

It can be seen from (33) that, under the action of a sufficiently high tensile S, sep-
aration between pin and hole will occur. From (33), this point is reached when p = 0,
or

- i[1 -(1)2]

E - 2(1 - V2) (4

Interestingly, (34) shows that Sap is independent of the properties of the pin. For
S> S.,p all interference has been lost and conditions are fully described by those of Section
4.1.
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By substituting from (33) for p, stresses (30) may be expressed in terms of interference
and remote loading only. They are given by

= - [(a)2 _( a)2 ] + S ' {i 1 . ~ ) [+) b()2 ]

D5 krkb (S) D 1_()
b V2) 2 r 2(35)

Comparison of (35) with (10) for remote loading alone shows that the second factor in (35)
represents the change to the stress field in the annulus effected by interference fitting.

The second of (35) can now be used to establish the circumferential stress range under
cyclic loading. The explicit interference term in (35) vanishes leaving

1+(1)2{1 2(I-vs) [(2)2 + ( )2]} (36)Aa 1Ai- (S12 D 1 + (S)2

By multiplying out (36) and rearranging the numerator as

which is of the form A-B/r2 , it is clear that, provided B is positive, i.e. D < 2(1 - v2), and
this will usually be the case, Fig. 2, the magnitude of (37) and hence (36) is a minimum
at the bore. This well-known 4 , but nevertheless remarkable, effect derives directly from
the interference between pin and hole.

In general terms, the sign of the second term in (37) depends upon the magnitude of
D, which in turn is a monotonic function of g, the ratio of Young's moduli of annulus to
pin, Fig. 2. When the Poisson's ratios for pin and annulus are the same, the second term
is positive for g < 1, and so the magnitude of Aus decreases towards the bore. When
g = 1, D = 2(1 - v2), the second term vanishes and Aas = AS and is constant across
the section. When g > 1, the sign of the second term changes and the magnitude of Aas
increases towards the bore. Thus, in order to obtain the maximum possible benefit from
interference in a fatigue situation, g should be as small as possible, i.e. Young's modulus
for the pin should be as high as possible and under no circumstances less than that of the
annulus material. These behaviours may be seen in Fig. 3 where the cyclic stress range
(36) is plotted as a function of r/a and g for the case b/a = 5, assuming v = vp = 1/3. In
addition to the behaviour described above, it is seen that the effect of interference fitting
is, for g < 1, to lower the circumferential stress range throughout.
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At the bore

2a 1 -- [1) + a 2
AS '2 ) 1{D[ b (38)

and Fig. 4 shows the effect of changes in geometry and g (i.e. D) on circumferential stress
range there.

Comparison of (38) with its counterpart for remote loading of an open annulus (12)
shows that the second factor in the braces of (38) represents the benefit gained from
interference fitting. The larger this term, the better and, as discussed above, the only
means available for effecting this in a given situation is to minimise D, i.e. g. Figure 5
shows a comparison of these cases for b/a = 5. The reduction in circumferential stress
range when interference is present, compared with the open hole case, is substantial.

From (35), the mean circumferential stress under cyclic loading is given by

iE [(a) +(a)2] + (){1 2(- ) [(a )2 +)21 ]}9
where the first term and the negative term are the explicit and implicit terms resulting
from interference fitting. Clearly, if the second term in braces above were to exceed the
first, a net benefit, i.e. reduction, in mean stress would result. Equating those terms gives

1iE 1-b (40)
2(1 - V'2 )

and leaves
1-(D) (41)
1Si .. )2

Comparison of (40) with (34) shows that 3 has become equal to Sep, i.e. all interference
has been lost, and the situation is described by (41) = (10). For lower S, the first term
in (39) dominates and the mean circumferential stress throughout is thus always greater
than that for the open hole case (41). The mean stress is a maximum at the bore, where

(LE) + a-2 + V [ 1+ ( a 2(ar D _(t) Db(2
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Thus, the overall effect of interference fitting is to increase the mean circumferential
stress level, (39) and (42), but to decrease the circumferential stress range, (36) and (38).
Since the fatigue process is much more sensitive to stress range than to mean stress level,
the net result of interference fitting is to increase fatigue life. It is clear that if some means

were available to lower the mean stress level whilst retaining the benefical effect on stress
range of interference fitting, the expectation would be for even greater fatigue life. Hole
coldworking provides one means of achieving this requirement, and is considered in Section
5.

Strains for the case of interference fitting and remote loading acting simultaneously
may be written down directly by superposition from (15) and (20). After substituting from
(33) for p in (20), the results are

Cr (1 + V()2 (1 - 2v, (a2 ~[ ;2 () (1 - 2v)
D [(r) _ ( - v)](43)

As for stresses, cyclic strain range is found from (43) simply by omitting the interference
term and replacing S by AS.

For convenience, all (elastic) stresses and strains in the loaded annulus considered in
Section 4 have been grouped together in Tables 3 and 4. This allows a ready comparison
between the results for differing loading cases to be made. Similarly, Tables 5 and 6 provide
similar information for circumferential cyclic stresses and strains.

Finally, it is noted that the onset of yield at the bore for the present case of combined
remote loading and interference may be found by substituting from (35) into (7) and setting
r = a. The results are

( 44)
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or

Z" D = ~ +. 1] r2(1 (45)73 Va o [()2] D. <v)-i

Figure 7 shows the bounds within which the elastic results of Section 4 are valid for
the example cases previously considered. The application of high positive remote stress
results in separation of the annulus from the pin, (34): yielding of the resulting open hole
annulus (13) provides the positive stress limit of elastic behaviour shown. Separation, open
hole yield and combined loading cases coincide at the point shown: this can be verified by
reference to (34), (13) and (44) respectively. The coordinates of this point are given by

and
(46)

S-" -(1 - v 2 )

5. COLDWORKED ANNULUS

The plane strain stresses and strains in a coldworked annulus which has been cold-
expanded to cause plastic flow to radius c, and which has reyielded on unloading to radius
p, Fig. 8, are given below'.

For the zone a < r < p

ar 20' In r

V3- a r](47)
- 'oa l+°]

For the zone p < r < c

V 3 I (rb(148)

a* = r 2 n ( C \2 1 [( e\ 2 + ( e2 ]
o. 7 j4io.'~ j 2 y-~ jJ
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For the zone c < r < b

The strains in these regions are given by

For the zone a < r < p

r (1+V)oa. C 2v ' [C)2]-2 b2 1 (5vE

For the zone p < r < c

r (l+ v)a. { (C)2[ ()2] [()2 (_)2]} (51)

fe = -E 1+(1-2v) - -2 +12v)

For the zone c < r < b
=(1 + v) a°r,~ C21f\(\ 1

=r ( r+-)o { (1 - 2v) (C )2] - 2 [( +)2 _ (1 - 2v) (E) 2] l
(1 + v) a. 2 (C2] [() +( _ (52)]

V3, -E I [')+(1 2 b r[\rI 2 b/J f

The elasto-plastic radii c and p in the above are found from

E = 1 + V) (C)2 [(C) 2 ]

isew d o- e u 1t(1-2v)
+ (1+ v)(i-_2v,)g [21nc +1 _- ). } (3

where iw is the dimensionless interference used in the coldworking of the annulus and
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These expressions are now used in conjunction with the effects of combined loadings to
establish stresses and strains in loaded coldworked annuli.

Figures 9 and 10 show the stress and strain profiles through a coldworked annulus
where b/a = 5 and c/a = 2.5. The locations of the yield (c/a = 2.5) and reyield (p/a =
1.19) boundaries are clear from the circumferential stress plot of Fig. 9. The discontinuities
at the same locations visible in the radial strain plot of Fig. 10 are a consequence of
the deformation theory of plasticity, whereby the value of Poisson's ratio is required to
change abruptly across elasto-plastic boundaries. The effect need manifest itself in only
one strain formulation: since radial displacement is a function of circumferential strain
(4) (and circumferential displacement is, by symmetry, zero), the correct circumferential
strain formulation has been retained here.

5.1 Remote Loading (open hole)

The effect of remote loading upon the stress field in a coldworked annulus differs
fundamentally, according to whether the loading is tensile or compressive. In the case of
tensile loading, superposition of the tensile stress field over that resulting from coldworking
is all that is required. Under compressive remote loading, additional yielding occurs near
the hole to extend the reyielded region (developed during unloading from cold-expansion)
still further. This, in turn, modifies the elastic stress field beyond.

5.1.1 Tensile Loathing (S > 0)

The stresses may be written down directly by superposition from (47) to (49) and
(10).

For the zone a < r < p

- 2a. Inr + S (
a 1

= 1l+ (S)2 (55)
o, 2a 1 +(I r S -

.... ~ ~ ~ ~ ~ ~ v3 a] I _ (f li iii )2liiil.. ..
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For the zone p < r < c

z(S)2

For the zone c <Sr < b (56)

The effect of tensile remote loading is to increase both radial and circumferential
stresses. Eventually, when S becomes sufficiently high, yielding will again occur first from
the bore, this time in a positive sense. Using the plain strain yield criterion (7), and (55),
the applied stress to initiate yield at the bore is found as

as= [ (58)

The magnitude of the remote stress to cause yielding at the bore is thus of the order of the
yield stress of the material itself, and this is beyond normal expectation. Practical levels
of tensile loading around open cold-worked holes will therefore normally be described by
the elastic formulations for stress given above.

The corresponding elastic strains iin a coidworked annulus under remote loading are,
from (50) to (52) and (15)

For the zone a < r

(2+.() [1+(C)2] -2( )2] + 1 -()2}

b (57)j
, ~ ~ ~ ~ r 2 ,+ (C)2"i-m [m(e, 2,v i llmll lln ~ l +l| l l "e ]1 + ,
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For the zone p < r < c

(I (+V) a.e {(C)2[ (C)2] [() E2
Er (1+ E + (1- 2,) -2 2v)

[ .2~] [(a) 2](60)

+ V a (C)2 [1) + (1 - 2v)]

For the zone f < r < b

(1 + V) . 2 (C12

fr= (I -(l 2v) - -2 (-2v)

fouV3d Ey s po I [(o ofteetc )qain b 10 rn b1) u ihopoiesg,

in Fig. 12. Because all applied loadings result in elastic changes in stress and strain, the
'unloaded' tensile cases ae, of course, simply the coldworked residual cases existing prior
to remote loading. The cyclic stress and strain regimes occurring under repeated loading
are simply those between the loaded and unloaded curves.

5.1.2 Compressive Loadinr (S < 0)

Compressive remote loading applied to an open cold-worked hole introduces entirely

different circumstances to those described above. Because the region bordering the hole
has already yielded and reyielded, Figs. 8 and 9, the application of remote compressive
loading increases the reyelding radius from p to a larger reyield radius -. Upon unloading,
superposition of the positive elastic stress field upon the loaded field results in a stress field
differing only in mean level from that of the tensile loading case.
5.1.2 CMsi v iod (S < 0) III...
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For the zone a <r < r (r >p)

In this extended plastic region the stress equations are exactly as for the cold-worked
hole alone. Thus, from (47),

73 a .(62)2oo [1 ,n!.]

It will be seen later that for practical levels of applied remote loading r is certainly

within the range p < r < c.

For the zone r <r < c

In this region elastic superposition applies, but with a complication. The extension
of the plastic zone modifies the value of a to be used in the formulation relating to S.
Denoting this new radius by a, its value is readily found from the requirement of stress
continuity across the (new) elasto-plastic boundary r. There results, from (62), (48) and
(10), for a,

{ )1 _ (()2 (63)
1 -(2)2

and for a#

1{ I7 [2,on' +, 1 +_2
+ 1 + (g)2 (64)

Solving (63) and (64) for the unknowns r and a gives

(,r) _o (p:)2 In (65)]
..... ... ... .... . . II , iv/- IIII I - - I-I
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and the relationship between elasto-plastic radii as

(a)2 (P)2 (66)

Thus, for a given compressive remote loading S, T is established from (65) and a from
(66).

Substituting (66) into (65) gives a more compact version of the latter as

_2[,- ]2
-o~In-aI -- l (67)

Equation (66) is extremely well approximated by

(C,)2 p (68)

with the approximation becoming exact as p/r - 1. Rearranging (68) as

a ==, V(Plr) (69)

it is seen that a is given approximately by the geometric mean of the original and the new
reyield radii.

The stresses in this region are now found by superposition from (10) and (48), after
replacing a by a, as

73 c i r b 1-70)

S- o 21r, +1+ 2]-2 2+ ) + S1_() 2

where r is evaluated from (65) and a from (66).
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For the zone c < r < b

As before, superposition provides the solutions as

ar [ 2 +()2] 2 () 2 I 1-() 2

1r +2) (7r

aO .~ ~ 2 + (C)2] [__E_2 (71)]1 S (

and S < 0.

Strains in the elastic regions r < r < c and c < r < b may be written down immediately
from (60) and (61) after replacing a by a. In the plastic region (a < r < r) use is made
of the fact that circumferential strain there is proportional to 1/r 2 . By equating plastic
and elastic e# at r = r, the constant of proportionality may be evaluated. Thus, ee may
be written down and, using (6), fr. The results are

For the zone a < r < r(r > p)

+ (1 )o.{ C)2 [l(.v()2] (,r&) [(p)2 E)2]~

- 1 ~ )2 - () + (I1- 2v)] (72)

For the zone r < r < c

( + ) a (\ C\1Fo
= ( )2 1 + (1 - 2~) C2]-2 [()2 (1 2v) ()] 

(2)2 [-- 2 i - ( - 2-v)]

E
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For the zone c < r < b

(1 + V.) o12v)

W)2 1(74)f r

E +.2 (1- ) - (-

where S throughout is less than zero.

As for tensile loading, the effect of load removal is found by superposition of the elastic
stress and strain equations (10) and (15), with opposite sign, on the above. Unlike the
tensile loading case where unloading restores the status quo, here, because of the additional
yielding which occurs under compressive loading, the unloaded situation is no longer that
of the coldworked hole. For the case previously considered and with an applied load of
S/a, = -1/2, the stresses and strains are shown in Figs. 11 and 12, along with those for
unloading. The increased extent of yielding is clear from Fig. 11 ("/a = 1.50); its effect
on strain is seen in Fig. 12.

As for the tensile loading case, compressive cyclic stresses and strains occurring under
repeated loading are indicated by the regimes between the loaded and unloaded curves in
Figs. 11 and 12. It is seen that, under either tensile or compressive loading, the stress
limits are identical in the region from the bore to the original reyield radius p. Fatigue
cracking initiating in the bore and propagating through this region would, therefore, on the
basis of stress alone, be independent of the sign of the applied loading. At larger radii, the
tensile cyclic stress limits are higher than those for compressive loading, and fatigue crack
growth in those regions must proceed more rapidly under cyclic tensile loading. In terms of
strain, the circumferential strain limits under tensile loading are higher throughout. From
this point of view, the fatigue process must be expected to initiate and progress more
rapidly under cyclic tensile loading than under cyclic compressive loading.

Because of the elastic response to repeated loading*, both stress and strain ranges for
tensile and compressive cyclic loading are the same, and they are identical to those for the
same loading applied to a plain (non-coldworked) annulus. They are, therefore, also given
by the summary Tables 5 and 6.

* In the case of compressive loading, only after the first half-cycle: see Fig. 12.
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5.2 Interference Loading

It is assumed in the following that interference is specified relative to the coldworked

radius, and not relative to that existing prior to coldworking. This means that, under

elastic conditions (normal for interference fitting) the interface pressure between pin and

annulus will be the same for a given interference as for a non-coldworked hole. It is given
by (23) and, in conjunction with (26) and (27) and (47) to (52) inclusive, the stresses
and strains resulting from interference fitting a cold-expanded hole may be written down

directly.

For the zonea<r < p

_ 2 g,, In r r[a\2_a21
V3- r- an- (75)

V_ a D[ r~/ 7

For the zone p < r < c

C21 [(e)2 _re21I/E[a\2
20. -- 1+2 (a2

/3 c \b r b D r kbJ (76)

For the zone c < r < b

Or {[c2 +(C)2] +2[(e)2 - (E)2] } _ iE [(a)2 - (a)2]

= o {[ 2 + (C)2] 2[(e)+(p,2]}+ i [ 2a+2(a)2]177

It can be seen that the effect of interference fitting on the stresses resulting from
cold expansion is to decrease the radial stress and to increase the circumferential stress.
Eventually, a situation will be reached where reyielding will again occur at the bore. By
substituting from (75) with r = a into the yield criterion (7), the degree of interference to
cause incipient reyielding at the hole is found as

2a. D (78)

which is just twice that required to initiat- yield in a non-coldworked hole, (29).
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The strains in these regions are given by For the zone a < r < p

_ (+ V) [(a)2 2v(1 2) (0)2]

(79)

_ (1+)C ( r (C2 p ) v (~2Ce + V c 1 + (1- 2v) -2 () [1+ (1- 2v)

D [(a + (1- 2v) (a)2]

For the zone p < r < c

=(1+ V) a. I 2 C2]]2

-i( + V) [(a)2 )(a)2]

D r

(80)

( 1 + V [ ( + ( 1- 22) ]2 ]

For the zone c < r < b

Cr ( + i) ao 0 [Gc 2 _(1 -2 ) C 2] - [ e 22v ) 11

-i( + V) [(a)2 )()2]

(81)

( + V)C {a. 2\b1-2v /C2j 2 ( ) 1 v E 2

i(1 + V) ()2 + (1 - 2v) ()2]

It is seen that the effect on strains of interference fitting a coidworked hole is to decrease
further the radial strain and to increase further the circumferential strain, as expected.
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5.3 Interference and Remote Loading

In the previous Section it was shown that the effect of interference fitting a cold-
expanded hole was to superimpose an elastic stress system which gave rise to no fur-
ther yielding. The effect of a superimposed remote stress on an interference fitted, cold-
expanded hole is similarly found by superposition - at least up to some limit, beyond which
further yielding will occur. It turns out that, for practical levels of remote loading (and ir-
respective of sign), the situation remains fully elastic. Use is made of the results of Section
4.3 and the coldworked results of Section 5 in listing the stress and strain equations.

For the zone a < r<p

From (35) and (47)

a, 2 a 1 r - E [(a \2 _a 21

+ 1--(S)22 , ( S

= - 1fl) { _11 1 11
(A)2 D +(A)2

1E -2a. ( 2(1- (a)2 (a)2]

+- I _ (82)

= -- 2.-0(},,±..)

ES 2 D! +-) 2 ( S- 2 )

For the zone p < r < c

From (35) and (48)

rr r + (C\2]l () (f) 2]1(3

ar V3_12 c b +2 r b

+ E [(a)2 (a)2] +S~ I2(; ) S()2 ()2]}

'~ ~ • " ilil + b i Iailmil
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For the zone c r _<b

From (35) and (49)

40r I[_ )2 ()2)].i 2 {i+e21;2 I ()()]

D r b1 _ (1) D- (a)2

(84)

a-(.)2 C\rp1 + (-j)2 2

Following the format of Section 4.3, in determining the cyclic circumferential stress
range, both explicit interference and cold-working components vanish, leaving

Aae =AS1 - - () 2(1- ._2)[( 1)2 + 2 (85)
1 _ ()2 D 1 1+(E)2

which is identical to (36). Thus, as for the non-coldworked hole case, provided the second

term in braces above is less than unity, interference fitting a cold-worked hole gives rise to
a cyclic circumferential stress range which is a minimum at the bore.

In the region a < r < p, the mean circumferential stress under cyclic loading is written
down directly from (82) as

_1+ (E) 2 ( 2, 2 _' (86)
+S %r I-+1Vb()2 D + (!)2]

, • • •i i il i I l i i I l II I l i =D
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It is seen that the effect of coldworking has been to lower the magnitude of mean
circumferential stress by the first term which, in the neighbourhood close to the bore,
is substantial and may often exceed the second, interference fitting, term. At some dis-
tance from the bore the beneficial effect of coldworking diminishes to the point where the
circumferential stresses for the coldworked and non-coldworked hole cases become equal.
Equating a9 from (35) and (83), and making use of (54), gives this radius as

I'- - (e) 2  (87)
p a r

when p < r < c and, from (35) and (84) as

(E)2 =2 (E)2 _ (S)2 (8

(.)2 (8

when c < r < b. For the example previously given, where p = 1.19a, this 'crossover' radius
occurs at r = 2.01a.

From (86), the mean circumferential stress at the bore is given by

2a + LV[ + (a)2] + I S( 1)2 { _ iv2 [1+ (a)2]} (89)

which is identical to that for the non-coldworked case (42) apart from the yield term.
As already noted, this term is large and, consequently, of substantial fatigue benefit in
lowering the magnitude of the circumferential mean stress there.

Thus, the combination of interference fitting (which gives rise to a reduced cycle stress
component at the bore) and hole coldworking (which reduces the mean stress at the bore
caused by interference fitting) gives rise to a stress system which should benefit fatigue life
in the pre-crack and early crack growth stage. This is, of course, the dominant period in
terms of total fatigue life.
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Strains are found by superposition as follows:

For the zone a < r < p

From (43) and (50)

i(1+ v) [(a,)2 " a!21 S __[_1_+_ [(a 2 1

{ 2(1-va~) (~ (1-2)( ) 2 }

For the zone p < r _< c

From (43) and (51)

{er = } (I+ V) o{.I(C)2 [1 +(1 2 )()] -2[( )2v E 1I

(1 + V)[,a2: (1 - 20) (a)2] :F S 1 2 + (a)2 T- (1 - 2v,)](1
(1)2][(a)(91)

[ D()2F( _V) 

For the zone c < r < b

From (43) and (52)

F(1l+v) o ([c2 c p(p\1'er = (I +- V)a f 2 (1 - 2v) C2]-2 [()2: (1 _2v) e2

(eel Tkr 
-V 

If [)j
(+) (2 - 2 S [ 3 - 2) (92)

D ()') F_ (I- 2v )
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As for the loading cases for the plain annulus considered in Section 4, all elastic stresses
and strains for the loaded cold-worked annulus considered in Section 5 have been grouped
together in Tables 7 and 8. Cyclic stress and strain ranges are readily found from (82),
(83) and (84), and (90), (91) and (92) by omitting the coldworking and interference terms
and replacing S by AS. As previously noted, the results for a coldworked annulus are
identical to those for a plain annulus: they are listed in Tables 5 and 6.

The incipience of yield at the bore of the interference-fitted, remotely-loaded cold-
expanded hole is found by substituting from (82) into the yield criterion (7) and setting
r = a. The results are, for S > 0,

S. =E b 1(93)a-- a- 2 (l - -V2) - D

and for S < 0

S. 1
- = (E _2 D) 1 b() (4

a, ~ UO LF2(1- V2) - DJ

The region between these limits is that in which elastic behaviour occurs. As for the
plain hole case of Fig. 7, the elastic regimes for representative cold-expanded cases are
shown in Fig. 13. As before, higher positive stress gives rise to separation between pin
and hole, the upper limit to elastic behaviour then being governed by that of an open
coldworked hole.

As for the non-coldworked hole case, separation, open hole yield and combined loading
cases coincide at the point shown, whose co-ordinates are

So_ 2 [1 (a)2] 
(5

ao vr I b(95)

Comparison of (95) with (46) shows that coldworking has extended, by a factor of
two, the elastic regime, both stresswise and in terms of interference. This is also readily
apparent by comparing Fig. 13 with Fig. 7, both of which are drawn to the same scale.
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6. CONCLUSIONS

The complete elastic and plastic stress and strain distributions have been presented or
derived for an elastic/perfectly-plastic annulus loaded remotely, by interference fitting and
with both loadings acting together for both plain and coldworked holes under conditions
of plain strain. This study indicates the following:

(i) Under the action of remote loading, and provided the Young's modulus of the pin is
greater than that of the annulus material, interference fitting gives rise to a reduction
in cyclic circumferential stress amplitude which is a maximum at the bore: the greater
the ratio of Young's moduli, the greater the reduction. For a rigid pin, the factor on
circumferential stress range at the bore is about 0.6. This is to be compared with a
factor of the order of 2.0 for an open annulus under remote load. Interference fitting
itself gives rise to a tensile residual circumferential stress which is a maximum at the
bore.

(ii) Hole coldworking gives rise to a large compressive circumferential stress in the region
neighbouring the hole of the order of the yield stress of the annulus material.

(iii) The combination of interference fitting a coldworked annulus gives rise to a stress
system close to the hole in which, under the action of cyclic remote loading, a reduced
circumferential stress range operates in conjunction with a compressive mean stress.
This stress combination must be very effective in delaying the onset of fatigue cracking
and in inhibiting its growth rate when the crack itself is still small.
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Table 1 Cases Considered by Section Number

Geometry Type of Loading
Remote Interference Combined

Solid Pin 3.

Plain Annulus 4.1 4.2 4.3
Coldworked Annulus 5.1 5.2 5.3

Table 2(a) Chosen Parameter Values used in Worked Examples

b/a = 5

c/a = 2.5

v = vp = 1/3

g = 0, 1/3, 1 (D = 1.778, 1.493, 1.351)

a, = 48OMPa

E = 69, OOOMPa

S/a, = ±1/2
i = 0.5%

Table 2(b) Deduced Parameter Values in Worked Examples

p/a = 1.19

a/a = 1.34

r/a = 1.50



Table 3 Stresses in a Loaded Annulus - Plain Hole

Remote loading only (open hole)

1 (S)2

-r - (R)2- ) (10)

a S1 -()2

Interference only

iE [LaT2 + ()2]

D r b

Combined interference and remote loadinK*

b 1 r 2(35)iE [(a)2 (a)2 + () { (1-2) [() )] }
09 ~[()2 () 1 + 1()2{ 1 v2 [() -af} (5SFr S- Is r l a

*For S < S°,p. If S _> S,,, stresses are given by remote loading only case (10).



Table 4 Strains in a Loaded Annulus - Plain Hole

Remote loading only (open hole)

2]S 1 ( - 2v)]

fo = E 1-(a)2 +(1-2v)

Interference only

[(a)2 (a)2] (27)

EG = D (1+V) +(I 2v)

Combined interference and remote loading*

([(a)2 -1-) ()2 _ 1 +V [a2

fr '-~ + ) [ -~ + (1 - 2v,a2 +~ [ ()2 -() (1- 29,)]

V2 = (1. ) [(a)2 +(1 2 ) (S

* 2a s r b
*~~~ Fo( ~,f S ) (I -s2anaevenbeoelain nycs 1)



Table 5 Circumferential Stress Range in Plain and Coldworked Annuli

Remote loading only (open hole)

+ (S)2
AU1o = AS 1 + () (11)

Combined interference and remote loading

o =AS 1+()2 { 2(1-A) [(a)2 + ()2} (36)z =s-(1)2 D 1 + (1)2

Table 6 Circumferential Strain Range in Plain and Coldworked Annuli

Remote loading only (open hole)

S E 1+ v)] [1a)2- 2v) (15)

Combined interference and remote loading

A { 2(1 + v) + (1 - 2v) 1 +4(1-32v)

,~~ r b, Et i(S)2 r-,~ ulIl l IBi .. . . ..



Table 7 Stresses in a Loaded Annulus - Coldworked Hole - a < r < p only

Coldworked annulus (no loading)

Orr"2a . In
Or= -- / lt-73 a (47)

2o= 1 1+ In I/3- a]l+l-

Remote loading only (open hole)

(i) S > 0

= 2a o In r()2

2o r b 1+ (S)2 
(55)

ore = -a-1 +Inj- +S S
0al 1 - (b)2

(ii) S < 0

r 2a. In --

V3- a 
(62)

Interference only

= 2a r iE2]
r 3 a D r- (5
a = [ + n r ] + [(a2 +(a)2]

Combined interference and remote loading*

2al nr iE [(a)2 (a2]

1s_-(S) 2 S)2
C S r -- n - r b)-i l

1a () D rSkb2
b [ ( ) ] (82)

= - ( ( 1 + In a ) + if ( a )2 + ( )2 ]

+ ( ) - 2(1- v2) -(_) _) }
+ 1 Sv

*Provided S < S,, . If S > S,,P, stresses are given by remote loading only ase (55).



Table 8 Strains in a Loaded Annulus - Coldworked Hole - a < r < p only

Coldworked Annulus (no loading)

(1 + v) a. ' (C\2r 9(C2] 9 (e 2 [1 +P 2 ]e= VF3 E r 1+ (1 -2v) b -2 1+(12v) b(50)

Remote Loading only (open hole)

(i) S> 0

(1+ V~) 0. r C\)2 ( ) ] ( ) p 2=r (1 - 2) o [1 (1 - 2v) 2

S + v~[(G [(a)2 + (1 - 2v)]

E 1-_ (S) 2  r59

(ii) S < 0
(1+ V) 0. C( 21 (

Ero ____ - 1I 1 2 ) - 2[ ( v

+~ s1I+ v ]( [(a)2 ] (72)-2v

€0= -r

Interference only

(1+) v) < (

(1 + v) f
217(72)

+ V) a ( c 2 _ _~~'~ Vr- j) [a)(12v() -() [2v)((a)]}

V) [(a)2 + (1 - 2v) ()2]



Combined interference and remote loading*

{e :F (1 + V) a. C)2 [1±(+-2]\ 9 (e 2 r 9 e21

If v'3 E r(2) b -2 r [1+ I -2v) b0
T( + r F( -2)E j2) (a\ 2 ] :FS [1iv] [(a)2 (1T)y~ ~[ a2 (1 - 20~ (90)

S P i S (S)S:> (S -sv)

•Provided S < S,,. If S > S,p, strains are given by remote loading only case (59).
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