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PREAMBLE

The objective of this workshop was to determine the state-of-the-
art in Discrete Structured Classification, and chart new directions of
research relevant to Navy needs. Thus it had two goals. The first was
for the Principal Investigators currently funded by ONR in this core area
of Discrete Mathematics to inform each other and their Scientific Officer
of their current research activities. The second was for the PIs and Navy
scientists to meet each other and exchange problems and ideas with the
hope of developing significant research partnerships.

The first goal was grandly achieved by direct PI presentations.
Progress on the second was made through the problem session and
roundtable discussions.
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ONR WORKSHOP ON

DISCRETE STRUCTURED CLASSIFICATION

. Tuesday 5 May
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1030
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. 1800

MARC LIPMAN
BUCK McMORRIS

PIERRE HANSEN
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An axiomatic approach to the aggregation
of trees and other discrete structures

F.R. McMorris
Department of Mathematics
University of Louisville

Suppose several classifications (usually structured as trees) have been
constructed for the same set of objects. How can we (why should we) form
a "consensus" classification that captures the common agreement of the
original classifications? During the past twenty years many methods have
been developed relevant to the comparison and consensus of classifications.
One approach based on the central ideas of Social Choice Theory pioneered
by K. Arrow, has been extended to produce a general axiomatic model to
address the above question. This talk will present an overview of this
approach and indicate some recent resuits.




HMW%WZ&%

aqgrugelicn of Diea and oThir

O®_ il 1Ty

F.R. MEMerris
UMUVERS!TS OF  JoulS L ILLE

EMO‘(OL“W'JWW”?
.1, «W Sz/od

MMZE

WMMW% .
LD OO D







2. 3i¥eT Y- s
. ANBeSSA BT ¥ ABeT

° Va4 AGT)ﬂdeaM//T ‘




o (2) S"‘W we Pave K aémcl‘% s
dola e | and it wal Thons AL

Lo product Dty T, ..., 7,

T C
® Ty, ) —> T







P2

. P3
no

P4

Figure 2.1 a
Waveform Segments

PZ (root)
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Figure 2.1 b ,
The Relational Tree

Erich and Foith enumerate several properties of these trees [1). For our work, the
most interesting is that RT's partition the set of ons-dimensional functions into

. equivalence classes. The partitions may be viewed as clusters in a pattern feature
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. SINCERE AND SOPHISTICATED

DECISIONS  VIA MATORITY
VOTING WITH AN AGENDA
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decisien . Thiodree € e dec (siontree b’?T_
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Miﬂihbﬂc The anticy aled decision at a verk
.n \e&le.l M-l S the 3lter mLe hbc\\'m '\‘VG" Yer{zx
For 055 <m-1, 4he an’m»kl me & a verk
m level 5 i e majo'rﬂy”d\’oice (given by T) bk
e 2 allenahves which ave the antcepated deciston:

at the 2 verkices al leve 3+ whicdh dte domimaled
by v,

The sophiskialed decsion is e antipaled
Cecisien ot Wre vooh ( level 0).
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e  PROMIITION:

LQ—I‘ T be, A W\&jtﬂ\‘\'\{ ’\'Oul’h'amen"‘\' on
thag)‘.h,\ah}\) lek (A =( 2,33 - . Qup)

be an agenda; and 16 X dende the
Sophichcaded decision. Then

N i X# 2w, en x> 3m,

@ i) if yeTwoe -\nmmiuer,'“\en y=x, and
W x=3m if ond ety if A 2 tanmillcr,

\%




The SheE\e —Weinaast Aloordhm

Gi‘m 8 majoﬁ“y "'OWMM" Tm“bu---:lnﬁ
and an 'asen& A= (&sm)am‘) -Crm +he
Sor\n\s’ﬂca‘ee\ Sequerve Z =(2,...2m) s bllou!

2m=am

- fa, ,d s>ZusBu,.,z2,
|&i<m : Z; =9 _°

| T-“\':GEEM [ Shelesle—Weinaast, 1984) :
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.Exam?\e Ta -‘-oum‘amev\\ with 2
Fransmitler x

\) T*" ile 50 X 5 Yhe Sincere dec

i) % is the only Banks point , %
X is the Sbrhs"\(a‘ci dec.

___:___4:‘5. Pick 2 masimel brawsibine
Sub"wmam en# n ‘o\wnm(— T oy Tmb'
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Majbri'l:y Tournaments :
Sincere and scfhis{ica’v.ecl

Vb‘hhg Accision.s under

amendment procedure
Math. Sec. Sci. 21 €G2D 1-19.

The relation s\\iF between
Jt.\No B\goﬁ{\\ms tor dm’siqns \i3
Sor\n isticated majoriiv Vo{:'mg

with an agenda,
Diae. Arrl Matnw. 31 cmn 23-2




» ORIENTED GRAPHS

’ REQBLIZED BY
DISTANCE - PLURALITIES
IN TREES




Wpurfo\z vertices are candidate locations.
T\n] form the vertex set of a Aignrh

wn which (x.y) 1S an ave i“ moeve virﬁw
® of G are c\o”f‘-\.o X ’c.\mn'\oy.




T\\is J‘Y‘f\" it called the P'un‘ily

> Pro.hunc.c dijmr\\ of G with ft&rcc{‘

o V (the set of vertices of G, in this
examele) and C  (the set of candidate

\ocakions).

This Jijnrk iy also said Lo be the

vredlization of G with usrecH'b V |
) and C.




Formal Definition

D
Lc’( G be a connected tjvafh of
order n. Let Vand C dendte two
(not nNece ssar'\be c\isjo‘mﬂ subsets of

vertices of 6, IVl=v and |Cl=2.

) The realization of G with ves rcd oV

and C is the digraph with vertex set
C sothat (a.b) isanave i

1{x: xeV and cIG(x.aR AG(x.b)} l

lix: xeV and JG(x.B )<d6(x,3)3‘.




Su"osz that we are given an

asymmd:ric Ais\'a?\n ) $BY o‘
order <.

o ls Bare o commechd NG‘ _,
Vad(.
1Clz2. o0 Ok D » Wo b
6wl Vaic?
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Lc{: D be an oriented Tbb\n of ovder ¢ with

o 1 arcs and waximuw d¢3ra A.

e D is (nn2)-realizable, where
s L‘+:.A-¢\. ( ldbaun 1 Sther. w2t

a D is (n.n,e)-realizzble ., where

® namf.n(cz+z.2z+21)-




\Nh\t}\ Oric.n’(.zc\ SVaY\v\s are realizable

® by TREES P

Theovem. 1§ an or'\cn-‘:al Srarh Dis
® (n.n. 2)—Tealizable lya TREE,

then D s ";ransi’civc .

Enmrh : The oriented ,v»h J order 8 above
® is not (n.n.8)-realinable i)va tree
for 3l n38. |




iewted rrk Dis

If an or

Theoren.

(A O - realnable bn TREE

Y

oy Ao i e A 74 5 N - 5 S s

Dot .

O, AP o B St ALt = Bog Wbt




o IN FACT.

THEOREM. Let D be an oviented graph
of order £.
D is (n.n.2) - realizbble l\y 2
TREE of order n>e

it and onbr 0
Dis 'l:ravusihu and D
Cm’c&v\s no indv CGA N\{;-Aim&

path of length 3.




REMARK ¢

AN

is transitive & cortaing mo 3-4 ‘»\h of lnith 3

® BLUT
is NOT realinable 57 awy TREE o order 5Y







Le{: fl be a ncm-nzga&iuc in'fgtr,
and \z{: c be a \l¢r‘\:ex in Ajrarké

B (e )
denotes the ball of radius & abaot 2.

1e. B (c.,%.\ =31xeV(6) ; d L2 1%}
of ordern

T“EOR__M__ Ld sz a M

single Cantvoid vcrtex A, W for cach 8.
| ve k< A\l(T). 1 - E‘(A.Q) consists o'[

soblrees with distind ordes. then the
trancitive n-‘b\)mamtn{ s (n.nn)-

® ralimble by T.
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JCENTRALITY IN GRAPHS

TREES

—— - e
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vk o By




®
STANDARD MEASURES of CENTRALITY
N TREES :

CENTER ( C. J3ompAN,(2ca)

MEDIAN ( 0. ORE, 1962)

CENTROID ( JORDAN)
L branch weight centroid




@O0 = max d{x.v)
) ve\(D

center o(’T =§x3 A S emﬁrallue\m

A(’Q - Z A (X)V)
| veV(T)

mu"\an 0‘( T =‘4 X; AG)Z AW Lo all u.e\/(.'m
)

b= order o a |avj¢slr m\rowlf of T-x

certrod ol T = 4§ x ; bwlx s buwdw for all ueVims




— FUNDAMENTAL RESULTS FeR TREES -

D
T\\Qow 1§ | (\\ordan, 1869) The center

and brandn-weight cambroid
aadh consists f a single vertex
or tuwo adjacent verdices .

O—0—e *—Q——O——v_ﬁﬁf%
®

Theotem 2. (Zelinks, 198 ) The median

is the same as the brand-— weigh

centrod .



Yandwd Centrali

Centra | Ca&sg?_

.4 ;aﬁtai‘x. O'F
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wily- centrality (Slater 1981)

Let d-=is.,....5.8 bu(uzyc‘o-nu




A&wm: G Bh&‘%uc\ 2 a coll echion J subtrees ?

® with no cowwon vertex

Thwmm 5,. Thz g—ccn{cr o“ T cansis“s o* one
vertex or two adjac.enf vertices .

Thzmzm 4’. The g-mcchan o&Tcms\s\'s o{ the
® vertices of 3 ra’c\n in V.

Theovem B, The 3-median of T is contained
wn the L-branch me‘sjh’c cantroid of T
(Cm&mthn{ Qn bhe Frowrzr)




For xeV(T) and for nteger k>0,
® e R-ball aboot x ,

dentted RGLR is
{z; veN(O), don) < bt

’-—-s

T LB(x)z)

® Stdt, By, ;| weWIRh




® 0\95@!@ thak i 3 4 the (:om(y

of all &- ba\\:'m T h<rer). bthe
the D-center of T % e
came 3 Yhe center of T.

Recmse. o (M2t

®
E. () = max 4, Blu,8))
3 neV
= gt Pl - B)
zTe(a-&
).

Wiie. St iboced by a0 e R -wems
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— KELAX COMNGCTIVITY REAVIREMENT c) TAMILY R8st

Lot D18 SuY, ma(d),
e the 'Family of all &-scubsets of
TU\c the n-St(: o‘ Vcr‘ices 01( a‘:rech

* Es(x\ =max {d&.S). ..., dS.3
\What is the H- cm&r in this casz?

ID‘«! ()= max. no. of members of >
whidh ave ¢"‘\v¢| containzd in

. One Comfmm* o{ T—x. .
95- branch weiaht cenvoid = ordinary b-w enloi




- For x€VU and & 2 ron-negakive integer
' let  plx.k) dende the sum
S dle, BLb) : ueT T, where
d (u. B {x. W) =win fdam) in e,
The &-nucleus of T i the subset of verke
1x @ w€V. PG l) £ pn) VyeV Y,

ik 1o dencded BLT:IH).
1} =0 @‘(T@sbue‘mnq‘f




a b
a b ¢ 4 f ¢ § ewmw
e 7 98 93 77 10 106 f

) 8¢ €7 U8 €3 47 g0 Té6
60 39 21 35 33 S2 W7

£
| C
, 3% ¥ N o 20 30 33 d
i (3 3 e (I o 2 c
b

b

§ o 1 3 3 6 |
o O o ¢+ 1 3 3 a,

EXAMPLE DuE TO P SLATER (198




Obw vz that swnee

) A(u.\ﬂ=d(x.u.\,
(”.u, B(xs&)‘ — A(x: B(“;&S)o
80:
?(,x.h\ = 1d(x, Bw,4) ; ueVY
:A.S(x) P

wheve D=1BwLD ; weVy,

’ T‘WS. {“C &-—rnuzhus 0{' T 16 the

S.. median of T, where 2) 15 the
{umby o all Rbalkkin T




'Dc\:u J. Slaler C1a21\) chowed :

. For 04ks rd(T). BT L) consisk of
2 Single verlew & two &ljuen* verheas .

2, UA6T:R : os kg rad (MY induces
y 2 cubtree of T




F. For xeV and SEV. s24, ¢
6 (x:9) =A§e_§ d(x.a). For Poﬁkw m‘(,o

L debne ¥ (x:4) 4o betne number
tmax 6D : seV. Isi=hi.
The R- cosvom & T daneked CCT; R
consink of all x for which TG

a Mintmowmwn . ...
Conl=1x : ey, rch<r (vsh WY l

WE. = CUTIN & Hhe cander of T

= CCTjn)is dhe median (=bw codeid) of T,
wheve n=1V1.




~re . R)~

P o b c 4 § e a9 CCT;8)
| 6 § 6 T 7 8 8 b
2 12 10 (1 13 13 s 8§ b
5 18 (15 b 18 (8 21 2 b.c
a4 20 19 22 23 26 27 ¢
5 % 256 23 25 28 30 33 e
6 35 36 27 28 33 34 3q é
T 3¢ 3% 3\ 31 33 38 45 c,d
8 43 3% 35 34 43 Y2 s| d
J 9w o33 37N 4% se d
6 5| 44 4 s SI 50 & d
' 55 47 43 W3 s = 5 c.d
W % g 64 t2 T 00 95 e
25 109 9 T 35 T2 102 o7 e
26 n2 91 73 87T 73 14 9 c.f
2T uy4 9 715 89 T4 (06 lol +
28 e 95 6 S1 75 0t 3 £
29 |71 96 TT %2 76 108 105 f
BBo ug ST T 93 17 1D 106 ¢
31 e 91 18 33 7 1o o6 £




® Poley T, Stalea (1978) shawed tnat :

L For 1<V, C(T'R) cancuks o"aa‘mjle
venlex or 2 a&}a(m'\' vevrlues .

vt
2. L‘l CCT:4) nduces a Sukﬁg o T.

[ ———




LET T=(V,E) RE A TREE ,(VI22:

DEF. For xeV and nen-negative intger
b, ler Blx.R) denole dhe h-ball
abwt % . e, 121 2eV, dxB)¢dd,
and lek bw ;R dencte the numbe

0“’ VCV‘\"\L&S in a \arge.x\- cn\n?me.n-‘-
of T—R(x.&).

burCoz s 2w coled the b-Lalt bandh weigid
ob w .




peF The &-kall bmkwe‘.shl' centroid £ T,
densted W (T:8). consiske o all verbices
of T u‘ mimum R-hall branch uue:JH.




NOTE:
W (T50) i the wia) branch ccight cevad

WIT:v) i Hhe uiva) ceviter . where r=mail

For hradtr), WT: k) =WIT) b (UBn)
: XeWR)

Do, o k2 dal1), W(TIRV=V,

THEOREM. Far 0sksrad (T). WTH)

Consists o“ a sin,k vevlex or

’t.wo M‘\J &cgn’t verkices,

1




THEOREM. DIW(T: | ogksrad (1)}

'mAuta A subg_(_g. o{' T

Obceveation: LW (T L) 0<RSvad(MY need
no{_ ndute A Fa-\h wT ! .

: & o
YGLT.L‘? | Pedehe
alvbleaeild Y " wm;”
bw(-.0) [33]32] 2 ioLi sefin )] 9
bwl.n [32] 21| a21]3e[ 3] 0 c
bwt,2)|2V] 9| ¢]| 7]21|30] 1q d
bw(-3)] 9] 8| 7] 6| 7|21| 8 d
bW 8] 7| 6] SI&f 7] 7] " d
_\}.![‘35\ 1] 6 44 5 6| 6 Cc
hol.Nol 1] 2[3]4]5] 3 b
bet-ad 1] 0| 1] 2|3y 2 b




B.Zdin¥a (1867) shewed -

the brandn weight cavid f T =
tre melin f T
That is.
W(T:0) = 6(T:0).
T M W= 00T 0 = center,
Mug WUE:R) = B(T2R) for a<kerdin) 7
vodins =3

W “albl"\' ?:’.\lso :
= Ral pr iy 8 /1) B

. :i::as!-ﬁ&: 1yt = Bri2) i.e.lf;}w;“nl;nmw

e ﬂww in CPTY G V9T




COME " ANTI- CENTRALITY”

") Weizhen Guw

p(_(ﬂ = { % . xeVb), evo= dis ((:)5

EC(O)21zZ ' 2B, d(r,0) =r6)
{:ov Some center Vtr(acf

WHEN 1§ P =ECe ?
» Cark&‘m\y P(T) = ’C(DY, '(o' heosT




\n kf:\. ‘cnf any Jﬂm ‘Nm‘iu 'm‘cyu

’ P<q there @asks 3 G with

d(P(R).EC(&) _ P
dia (G) 9

e Leee et aboove has been edemded
D m two dwechios [ Gu and Reid, 1992)

1§ e center of G s> single vertex v, and if
dny bleeK cm\'&\'mjv i cm\(t\ch, then

- P(e)=EBC (6).
\§ Gis mt selt- ud, nd e abgraph

) nduced \y Ye cenker of-G is centained in
2 bleck Walis cmplete, Men BO6)=EC(O.




» e other c\'ﬂ eckian conterns some
I\tﬁ.cﬁsavy avd SQ-‘-('idm* Conclil:ion:
ON\ soMe jvar\u 6 with dia (@)
=2:d6) o 2we)—=| so bhot
PO = ECCB).




K.B.Rzid, Centroids o centers in “‘.Vees,
® NETWORKS 21 (1991) (1-17,

K.B.Re1d and \Weizhen Gu :

. le‘a‘ﬂy F\'tkrc.nu d.‘j"f"" vealized
b’ 'Lrees, T Mc.auav ard csufficient
conditions, submitted.

e Plovalily preference J:,nr\u reslized
b_y trees. L : On restaation nombars )
. 40 asrearin Discreke Mathemaltics (I‘Hﬂ.

+ Periphenal and eczentric vertices graphs,
to aopear in Gnrhnnd Goobmabrics (190)

o [with W. Schnvder) Realiankon J‘Ji’@s
ly Fu&unas based on divhwees ngrephs,

submitted .




CLUSTER ANALYSIS ALGORITHMS

_ Pierre Hansen
GERAD and Ecole des Hautes Etudes Commerciales
Département des Méthodes Quantitatives et Systémes d’'Information
5255 avenue Decelles

Montréal, Canada H3T 1V6

Brigitte Jaumard
GERAD and Ecole Polytechnique de Montréal
Département de Mathématiques Appliquées
Succursale A, Case Postale 6079
Montréal, Canada H3C 3AT

Cluster analysis addresses the following very general problem: given a set of entities.
find subsets of it, called clusters, which are homogeneous. i.e., such that entities within
the same cluster resemble one another, and/or well separated. i.e.. such that entities in
different clusters differ one from the other.

From the late 60’s, Mathematical Programming has been applied to cluster analysis.
This allowed to:
(i) formulate precisely many problems of cluster analysis as mathematical programs:
i.e., optimization problems with an explicit objective function and constraints:
(ii) study the computational complexity of these problems;

(11i) obtain new polynomial algorithms for easy problems, with a low, and sometimes
lowest possible, complexity by careful study of ecach of their steps and of the data
structures necessary to their implementation;

(iv) obtain new and practically efficient algorithms for NP-hard problems;
(v) derive theoretical properties of existing or new algorithms;

(vi) make new clustering methods available to researchers in various fields in the form
of computer packages.




Our work in the last few years and planned for follows and extends such lines. We explore
two avenues of research. On one hand, we define several new problems of cluster analysis
in the areas of divisive hierarchical clustering, partitioning, constrained partitioning and
clustering with asymmetric dissimilarities. Each time, complexity issues are or will be
explored and new exact algorithms designed (as well as heuristics in the cases where exact
solution is too time-consuming). The main tools used will be graph theorv, combinatorial
optimization (mainly nonlinear 0-1 programming) as well as, for the first time in cluster
analysis, exact methods of global optimization.

On the other hand, we complement the study of algorithms by analysis of the steps
preceding and following their use: ways to construct dissimilarity indices, automated
methods to select “best” partitions among efficient ones, derivation of robustness and
sensitivity concepts for clusters and partitions, new and more informative ways to rep-
resent partitions and hierarchies. This work will be done in parallel with the analysis of
several data sets for real world problems.

The first part of the presentation will review steps of a cluster analysis study and il-
lustrate the mathematical programming approach. Bicriterion cluster analysis with the
split and diameter criteria will be used for this purpose. The second part will review
recent work on average linkage divisive hierarchical clustering, maximum split clustering
with connectivity constraints, the Weber problem on the sphere and using espaliers to
represent results.

]




PARTITIONIN ¢ -PROBLEHMS
AND ALGCORITHMS IN
CLUSTER ANALY SIS

PicrRrRE HANSEN » RUTCOR | Ruteens

UNIVER S (Ty aus GERAD |, kcoLE
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I. CLUSTER ANALYSIS: DEF(NITION
STEPS OF A STunYy , PROBCLENS

DATA ANALYSIS : TECHNIQVES FoA
ANALYSIMNG MULT(0I NENSIONAL BATA

e« PRINCIPAL COMPOINEWVTS ANALYSIS

DISCRIn) NaNT ANARLYS ;S

CLUSTER ANA LY S( S

8AsSic PROBLEN
CEIVEN A $ET oF ENTITUES , FUIND

SVBSETS |, cAaLLEn cLosSTIGRS , W
ARE MOROCENCOVS MND lon:  WELL

M b e e i Sy, Aoy o . el IS S8 e - ki s i

SEPARATED BEE
HonocgNEITY  ENTITIES IM{- maca
CLUSTER  SHouL® RESENA X  THE]
SEPARATION : ENTITIES N ;' Sk

SHouvtDdD NOT RESEMNPLE

NATHEMR T CALLY , (N




VSES oOF CLUSTEA ANALYSIS

, CLASSIF( CATION ( Peasrs AV IMALS )
.. EXPLORR TN : FIND A STRYcCcTYVAS t¢ TaéERL
IS owg ( WATVRAL ANI S9C(AL $CILENCES )

« PREVICTION : BSNAVIOVR OF ENTITIES W THI A

CLvsTErS ( REBECINE : DIAGNOSIS | HARKETING )

Y

OR CANALATION + OPEARATIONAL M [ ofFRATIIVG

RESEARCH MPPUEN &comnoOrics BROPUCTION . )

’

EXANRLE 1 : STANVOARD §IUES BOR GLOTHIV(C

POLITLCAL DASTRIC THNIC

EXAMPLE 2 ¢

PESY_T X RN




STEPS oF A CLUSTER ANALYSIS STUM)

@ () sanpPce 0=40,,00,.... 0,}
(i) OBSERVATIONS OR NEASUREMNENTS
X & (‘x“.) i:f,...'N
b24,...4

= RAW BAYA
(<ic) DissiniLariTiES

dat . e
.‘t(‘h“ lcf....:

d’h()o ;, dae =0 ’ ‘lt..’ dee (vemuy)
(NoT NECEIWAARILY & HISTAWNECE !

“.' € d“' '0'“,_ Nay meT NelLP)

THE MoRE Op AND 0O, ARE DIFFaRENT ,

THE LAcer (s dge .

NANY FoRRVLAE AVAILABLE (e.q. BveLidem
DISTANCE , TACCARY disTANCE -.. ) Sone Axions
Tie ﬁO}bli& “C.q, AEAD L IEVY .”’

s ({.v) STRVIC TORE PR TRE <CLUSTERS
o Gv,{) somser a0
. o el ) 4 .Mrf-tww A, oiF o o A
CLUSTERS . |




Pn:"c‘lttloo.. Cnr

CLFO  , ez VU ¢ =o
24, Y

4=1..n

(i) HIERARCHY 0©OF PARTITIoNS
Py, Py, ... P4

W

\
=» "gnlgzp OR "‘C €e

)

A NISAARCKY OF PART I ToNS IS AEPINES

AN-1 CLUSTERS WHICH AAE PAiAwise

%4
DiISsoInwT OR WeLWATD oNE INTe a1
OTHER .

CovER IV O | HIERAAR CRY

LEss FREQVENVTEY

oF COVERINGS
( PosSIALY ABDITION AL CONSTANI MTS

COUNECTIVITY , CARDINALLTY WEIOGNT | BALANCINC

(vl CRITER OV
nANY Poss: BLE CcRITERIA ([ Discvssed

BELow ) THey naAY BE OROVPED AS:
. THRESHOLD TWE . VAL Givemw BY A

SINCLE MSSIMILAERY TY




EXAMPLE : DIAMETER oO0F A PAARTITIOW B

LARCEST DISSIMILAARITY BETWEEN Twoe CVTITH

IV THE SAME CLUSTEAR

o THRESHOLD Sym Tvrre : VALVE Civew &Y owceg
DISSiric ARITY FOR €AacH cLvsTER

EXAMPLE ! Sun OB DIAMETERS oO0F A PAATITIOG

« SUM TYPE : VALUE GIVEN BY DIssiricARITICS
BETWEEN ENTITIES IN ONE OQULULTEAR

LARGLESIT _
EXANPLE 'WSUR OF MSSIMILARITIES (N onE

cLosTer  {P-NEBIAN rmax PRoSLEN)
. SUN-SUN TYPE ;: VALVUE DEPENDS ON AlLL
pissiruiLARITLES

EXANPLE ¢ RININUVM WITHIN CLUSTERS VARIANCE

3 WELL - POSED NATHE AT I cAL PROCRAN

W) ALLOR ITHN
EXALT OR HEVRISTIc , PotyNohiAL oR NOT
bii] INTERPRETATION OF RESVLTS

EXISTENCE oF A  “NaYvarl” sTRvcTURE |

. DESCRIPYION OF CLUSTERS .




2. THMRESHoOLD Trrc<€ CRITER A

. SPLIT OF A CLUSTER : SRALLEST MissimicAarr
AETWECM AN EUTITY (NSINE IT AND oNE 0TS
alé;) = tw L ITY) P
'Y | ' ¥
BIARETER oF A CLUSTEA : LARCEEr MiseimicAmIYY

AETWEEN TWe ENTITICS N Pag CLUSTEA
a ( C;) = "M( dy o
"' 1 64,046 <
RAMUS OF A CLUSTER : Mimumon overR M.c
. ENTITIES -‘oP " THE CLOSTEA op THE RAN( Mus
DISSINICARITY BETWEEN THAIT ENTETY AND ANOTIER
o€ (N THE CLOSTER

4.. l OpeC; &Liggec

(Of = CENTER oF

Ex: POINTS 1V THE PLANE ; EUCLINCAN DISTANCE




SPLIT OF A PARTITION P, : MINIKUA
. SPLIT O0F THiS PAARTITIoN 'S CLUSTERS [ on
MINITRVR DISSINILARITY PETWEEN &ENTITIES (W
PIFFERENT CLUSTERS)
Al(Py) = MIN a(c) = RNIN dyo
4s1... N 1.4 logéc ,0,0¢,
VANETER OF A PARTITION : RAXIRVAR MANCTER
OF THIS PAATITION'S CLUSTEAS (o0R Nax/hunM
PISSINICARITY PETWEEN ENT/TI&ES N TUE SANE CLUSTEL

d (P NA» dC¢) =z RaAx d
. ") ‘(u..h G) = 2.8.0 1o, 0gecy &t

RANMUS OF A PARTITION : RAR/INUVNR AAMNUYUS oF
THIS PART'WON'S L LVUSTEAS

P P)s MWAX  ple) > RAX muy  maX dye

=L M ) Qe Ciagesy

EXANPLE




[
PROBLEM | FIND A RAXI/MuR SPLIT PARTITION

® °F ° INTo M CLUSTERS (S504vED BEFORE Posch!

THEoAENn | (P, ROSENSTIELH , 6% , REFOANVLATED
BY n.DELATTRE AND P . 19%0) .

conPiLETe
ASsocIATE AY CRAPK G=(V,E) wWith 0 (v;wo,

AND WEISHMT (TS EDCES BY THE dge . THEN Tuc
&nvel)

M
$PLIT VALUES FoR ALL CLVUSTERG AwoiflTl'h'nows
OF O ARE EQUAL To THE WEICHNTS O0F THN§
E06ES 0F A RMIiNIHURn 6GPANNING TREEL OF 6,

COROLLARY | ( MDELATTRE ,P.H. I9%0) Tuec SIN6LE

. LinxKAaAcCE ALCORITKRNM PROVIPES ONLYy MWNWAX/INVM

$PLIT PARTITIONS

SINCLE LINKACE ALLORITHM FIRST VERS/iewy

,

(Tornsow €% . LUBRISKI o ot $B)

INITIACI SAYION (0 (n))
Poz {cq.cq,... ¢p} warn  Crtoh Jsil v
e N-|

CurrgwvT STEP (o (w?))

whHELE R >0 o
BING CLVSTERS €. 1Cq WITN ENDPOI'NTS OB

‘
. SRRLLEST DissimicAamRrry €06C HINING NRFIATVN T

CLVITEA S (S mivinum SPLIT)
Pﬂ ‘-[rﬂ \ “‘o‘t“ vV Canan wite Cyons ‘SVC"
n"Ren-i .

‘ I'4 .?s‘




t
EXAMPLE

O - {0"0z'... O‘S

~ 8% 9 5 2
g - 14 10 3 NoTE : TuRESHOLS -Tyse
P - § 41 - 31 & CARITERIA A#AS INVARIAY,
' FoR A NevoTowveg
§ o 3 - ¢ TRS r
} NS FToRNMATION o
2 3 4' I4 _ * THE MiSSImiLmRI1TICS

s = { (ot fo.4 (o0 ta tat)
Allg)z4 = 4,
Po = € 594, fo, 05} , o, § togtY
. Al®)=z 2 = d,4 %w“r
Py= { €o, 0% €0 0,4 Co. W5 [

4('4)‘ - 3 - ‘&’ ‘.,+_ . — ,ﬂ'

PQ.?- { ‘.-0,'01 ,’5.03“ “'\ "‘
AP § =4y .
Prs 404,00 ,0,0,,04¥Y

.
ol v

é=1,

RESULTS PRESENTED on g
n beno‘no CRAN:
. HoRI ZONTAL CimeEs :‘P:'h%’_'rlvro_aifs; |

2 CoNveEeTEd coOnPONTNTE oF ' - e ""&

CL=> (v,ft) waﬂ; € :((vg,vclf‘;;&'fldu ced

1}

THRESHOLD CRAPH




S5INGLE LINRKACE ARLGOIRITH R |, second VERSioN
( 6oweR , Ross 1969 )

' INITIALL SATION Conreex/Tr

FIindg ARST o0¢ ¢ O(Nnl) wirn Pain’s M
RANK ENGES OF NST oy NCREASING VALVES

Pz (i, ..ot Wit G edoiy Lanw,

Re p-
CURRENVMT STE?P

WHALE E8cEs OF MIT RERAIN bo

FIVND  CLUSTERS €y ¢y CONTAIMNG ENBPIINTS oF

Tor €0¢e
' P“ - "n \ ““.“)‘ v ‘“-N WiTh Copens C,‘V‘t

N N '

RENevE ErGE %)

END WHILE .
= O(wt) ,su aee .

BEST PosSibLe ALBoRiTuN.




L
PRoMLEM L FIND A RBINIRUR DINARETER PAARTITIoN

OF O INTO0 N CLUSTERS

. TNEoASN 2 ( BRVeER 3 ¥, P.u.,n prLarrac, s )
MINIMYR DIANRETER PARTITIOMING 1S NP-NARD For
nyy.
PRooF ;: REDVETION To Y-CoLoRiINE
RLGo R THM B ASCO ON GRAPH CoLemi1WC
RAO 3 (Foer mat ) |, CuRisTomINES ¥S (PAINcioi€)

P.H. , N DELATTRE +8

INITIAL l. SATION

' RANK ED6ES DAY wNeN-i1nvcaTAasIne dy,
CONGIDER., THRESHELA CRAPNS €, Wit b= dgy
IN oRNER OF RANKING (FirST G, Has wo £dcts

ACL VEATI cCLS OF SAMT
CUVRRENT STEP COLOA )

COLOR C¢ | TF S M cocons NEEZNAEN CoNTINVE
LAST CRAPAR (oLORAME N N coLorRS WA

npvinvn MA’H"‘?’(&. .




PRoOBLEN !

4. BICRITERION CLUSTER ANALYSIS (P, np.,Ms

T EEE TRANSACTIONS ON PATTERN ANALYSIS A
MACHINE INTELL(CENCE

D CHAIWING EFFECT @ WHEN vSINe $.L.A
VEAY DissSinr(LAR ENTITICS AT THE CwbHY or
CHAIN OF PAIRWISE SINILAR ENTITIES 1IN

SANE CLUSTER
’.
~1 V\ 7
/\/‘\\a
Vs
Vv, C v

OISSCeTiON EFFECT : WHEN VUSING ¢ L. A,

D VEAY SIMILAR ENTITIES 1N BIFFEAENT

CLUSTERS
a Q
A Q
A a Ana QO
a a 0

COMPACMISE AVOIDINCG AoTH DNEFECTS : Fruvb
EFFICICNT SoLuTIONS Py, FoR SPLIT AND
PLAMETER ; .

) AP ALPLY ® A (Py) and d(P{) g dCr,
on A (PW) 2 a(Pn) AN &(Pp) cdlPy




]
PRinect PLE OFr ALGORITHAR : FINO NSTTeF e

)
D nPesc Mumiiun VALVLE FoR SPLIT AY
FUSIONING VEATICES AT EXTALMITIES oF
SHALLEIT EQCE oF T, sCcond SNALLEST ...
IV PRACTCE - WoeRKS Fe TJo-led ENTITIES
NOAE IF THE 13 3oNnE STRVCTIFAS .
ANALYSIS o0F AREWULTS T uAoven THMHT
BIAMETER - SPLIT MAP (oh avAaLITIES NAP
INBLCcATIONS o0F STAVETUAREL :
. JUNGLE CPEICICNT PAATITION FoR SenE N
. STRowe OPECAREASE ¥ N;&Hﬂ’tn Fo A
SNALL NBECATAIC 'V PLIT,
. STAONG OCCREASE (N DiAngTeR FoR

VNIT INCAEAST 1N R,

EX

N@‘ @&"’2 vy)
et

~ o P Y
OJ‘\NC\

S SN Moo
w P QP




EXANP(E .

5 &
74 v ~'
\ N @
' 5 : @ 6
\
© 6 o
~g v, vg .
Iy
A [P.) - ‘g«: [ vt
v,
~ ¥ vy
v3 )
v &
sv‘O .
L]
&

©
‘V; t“
.= 449,01, ¢0,0,,064%
IN PRACTICEC : Wit STRvVeT VR ,LARGE INSTANCES

(N2 oo , IS cocons)

WITNOVT STRVETVASL N« 3c-=1l00




[

C. RUspinl’s Data: Partitions Into Four Groups.

S cLusTercrAPH 1 (A .H.S)
SR HCLUSTER ( 6.C.)

."-,.w .;g‘.'.',:, )
. R
*1.23“';. - . — W B T—— e meite cann o —m _“b-.
S TOR .
"J!‘) N
Hoo

4 &




PRc¢BLEM 3 FIND A RINIMUN RADIVS PARTITiownw

oF © InNvo [ ] CLYUSTERS

. LITTLE STodIEDd IN CLVSTERIWVG ( KR IvavE R

Siows T 1S N/I-HARE For M3} ) , KNewN IV

LOCATION THEORY AS THE P-ccvwTer PRoAuEN
(RINICKRA 30, KARIV -naKInI B9 DREINEAR & ... )
PRINCIPLE oF AlLGoR iTHR : PRVIAV kRAAVP $2

INITIAGI SATION

RAVMK EBocs DY NOW - (nveREASING dge¢ .

DrCHO T Rov SCARCH FoR oOFfTINAL VALUE

)

TENTATIVE vaLvE ¢
c.v-Aja,;r._ur' $TEP

SoLVE COVERING PRoALEN

Emx

NN o = 9.
a.t z n 2g 2! €21,0, ... N

=

o N AR
- . s B> _”‘ res
: : BT R
L TR A
. o - L T
wHeN whort
g ). -8 B AR AN} xS
AR T . :,. 2‘:0:\;"» [R5 SR
- L it .




Figure 3 : Diameter split-map - Uniform data
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Table 2. 24 psychological tests (HARNAN ' (,“‘)
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Figure 1. Diameter-split map : 24 psychological tests (4 AR RAN 'S m,‘.)
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Ports

Borts

M aPoiu

Aden

Moga dishu
Abadan
Muscal
Christmas Ts.
5aigon.

Perth

Manila

_Elipe[,
Tnchion.
'Beyo

Guam

Port  More
Wake Is 5b/

and  their locations

(CP, D) in degrees

(- 26.00, 32.41)
(12.35 , 45.20)
(202 , 45.33)
(30.33, 48.2%)
(23.62 , 58.58)
(-10.50 , 105.48)
(1037 , 106.6%)
(-31.93 , 115.83)
(l4.58 , 120.98)
(£5.00 , 121.50)
(346, 126.63)
(3570 , 139.77)
(13.4%, 144.78)
(8.5 , I#16)
(19.32 , 146.40)
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1
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1
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1
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Determine {Cz.m_/ CZ.NH} e T, (6) accorﬂ{njf
) to  Lrikrion & ¥
| B, — (P, U < Conm sz:_}) \{GT
| M <« M+4
End While

)
Av.e.r‘aje. - ﬁngaye. :

C,rz( - ma ximiza{‘:‘on oF the aVera(je. o’issim}/ah))/
of the best ihﬁfﬁb‘nn for al clusters:

Choose 9 such that .

J*(g) = max d*(¢)

i-',z,.../ M




Criterion 2 max:m:gahan of the verage dissimilar
one in Conr |, anobher

d  between pairs of entities

one in  Cay,, -

/

—

-

Tatroduction  of Einary variables =, assaciated
with each enb 0,,, € 9 such that

On € Copp
aHver\mse

FnAm; J (6) is  then etiuiva)enf o,

max d ) =.n§;g%—}, dps %n (1-s)

o o4
Z (I-x,
125’3 n5$ >




ty € £4-1 For AL q SuckhTuaT éy> 0

END REPEAY

END WHILE .

IN ORDER To ACCELARATE ALCOR ITH M

VPDATING OF CHANGES:
LEY xq - 4*1«

‘;q -;4 fll.\.. —ACX) ) (2 %,=1) & dx)

rai —

T'!z.. 'n. (z > ) 4(*,""..):{: (an,-1) =1

rs

5{:

IF THE VALUE OF %, 1S SWITCHEN To 3% :
® {“- N/p WHERE

N f‘ﬂﬂa -a) 4(1115-1)&@.#
- haged) - 2 (dge -dx)) (2 ne=1)

)=} ~ S{ltny-NaN

D= a(N-a)+(2a-)(2ugrtne-2)-2(20p-4) (2%
-1

AND a =

‘a’.Mt
2



L.EXAcT ALGORITHA

@ PINKELBACK'S Lemna (9.1 case)

CONSIDER A HYPERBOLIC 0-| PROGVRAN :

hay N(X) wugre D(x)> 0 FoR AL X .
b (X)

LET A= N(IX®°) . THen X©° 1Is orminaL
D (X°)

IE ANA  ONCY .po:n(xux)-»:m);o.
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- EXPERN nEwes

generated problems similar to those of the previous series of experiments are presented in Tables 9
and 10. It appears that: (i) HTABU gives slightly better values than HDALC; (ii) computing times
of HTABU are smaller than those of HDALC. Therefore, a direct application of Tabu Search to
the hyperbolic Problem (P) appears to be preferable to the Tabu Search heuristic solution of the
sequence of quadratic 0-1 problems given by Dinkelbach’s lemma (1967).

BT | HDALT % DALT
|
Partition D | D | MDn | D | D D | MDm
) ™ Y | 5 B <
A | ] alm| ] ] m| s e
P, oos| 7er| essl 0l ™| e TO| TS| e
P e8| 0] e err| 0| e orr| 70| s
P sa| 2| sl sz ) salsal w2l sa SRRl
Pq s32| 2| sl sn| ™m| sefim]| | s
Pr ws| 7| s aes| 7] ] e8| n7|  aes PROBLEN -
Py 36| 04| 43 426] 04| ] 8| 04| 2 .
B 415 | 709 48 | a5 | 108 418 f 15| T0@ 418
Pio 30| 72| fss{ee]| s3]0 3 EXARcT
P 378 e2| 28l 30| en| 2rr] 00| 01| 27 AL
Pia arr| em| 2 arr|em| 2} arr| 6| bo.
tcpu (seconds) | 0.01 [ 002 ] 0.1 l 010011 o041 foa1f032]| o032

HDALC
Partition Dwm D— MDm
P, 083 | 83 | b2
R 1963 48 | 2084
A 1788 2| ee0 LARG C
Py 1380 ame| s
P, 1n3 2800 | 264
Pe 1188 nse | 264 PRobC cr
P 1000 N9s | 264
R 1088 ams | 264
Py 1089 88 | 264 Tano
Pio 73 264
Py n|
Pso 2799 14
tcpu (seconds) | 0.23 51.04 | $1.02

Table 6: Heuristic solutions for Fisher’s iris data (N=150)
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| AVERAGE DISSIMILARITIES

N

z

Dem D | MDm | Dwm D | MDm | Dam D | MDm Cem Dm | MDm

1 1 % 173413 [ 173145 | 160610 &3 | 168931 | 172711 | 172991 | 17
170287 | 170884 | 170287 | 171972 | 171997 | 164695 | 171900 | 172080 | 164472 | 172688 | 171329 | 161924
109088 | 170743 | 100868 | 171501 | 172201 | 163344 | 171644 | 172601 | 163790 | 173006 | 171449 | 157367
169532 | 170833 | 100532 [ 171034 | 172421 | 161788 { 171183 | 172821 | 163473 | 172327 | 171195 | 151398
167470 | 170407 | 167470 | 168408 | 172107 | 100270 | 168884 | 172324 | 139029 | 170146 | 170919 | 140221
164597 | 170916 | 164597 | 100085 | 171470 | 154504 | 165696 | 171527 | 153028 | 108310 | 170783 | 124908
1 ~TTS035 | 171480 | 173000 | 173308 | 171678 | 171630 [ 175038 | 171480 | 17940, | 171080 | 160176 |
171488 | 174515 | 108151 | 171482 | 175350 | 168474 | 171458 | 174515 | 188151 | 173038 | 171807 | 163984
171290 | 172602 | 154564 | 171221 | 173800 | 100512 | 171290 | 172602 | 154364 | 172231 | 172115 | 100359
171087 | 172697 | 153683 | 171852 | 173340 | 157833 | 1711087 | 172697 | 153883 | 171274 | 172390 | 138390
17000t | 171686 | 143491 | 169735 | 172011 | 147302 | 170091 | 171686 | 143491 | 180777 | 171711 | 14700
168642 | 171329 | 140815 | 168041 | 1711308 | 145603 | 168642 Ly% 140815 | 100154 | 170805 | 131998
160477 | 100640 | 100477 | 177184 | 171367 | 167231 | 171167 | 1 1 174547 | 171268 | 165682 |
100357 | 109894 | 160357 | 171417 | 172377 | 167100 | 172027 | 173107 | 168273 | 171600 | 172122 | 166424
100259 | 169597 | 169259 | 170747 | 171754 | 163740 | 170730 | 172508 | 163254 | 171410 | 172389 | 15900s
100541 | 160088 | 170340 | 172102 | 162619 | 170816 | 173408 | 158251 | 171976 | 1718583 | 154072
168270 | 100433 | 168270 | 109612 | 171873 | 153331 | 109722 | 171908 | 149000 | 171345 | 171881 | 138798
167558 | 160388 | 167558 | 168444 | 171000 | 150221 | 168872 | 171084 | 136313 | 168801 | 170023 | 126190
1037 | 160280 | 170881 | 17080 | 164545 11 TT054 [ 10114 | 173838 | 172034 | 170489 |
100227 | 100348 | 100227 | 171302 | 109744 | 150428 | 170845 | 172536 | 16670 | 171417 | 170785 | 161514
109110 | 100324 | 109110 | 171275 | 170498 | 156072 | 170452 | 171111 | 158441 | 170413 | 170433 | 161028
169034 | 160328 | 160024 | 172820 | 170480 | 153301 | 170223 | 170990 | 157266 | 170880 | 170296 | 15308
108434 | 168264 | 168424 | 109844 | 170528 | 14227s | 100731 | 170070 | 14017 | 171373 | 170210 | 133858
167787 | 100221 | 167787 | 168287 | 170373 | 130878 | 168982 | 170883 | 137292 | 100422 | 170171 | 121290
1@ | T®TD |10 [ 1010 [ 170002 | 17065 | 171917 160038 | 171086 | 171038 | 100050
169131 | 109235 | 109131 | 170867 | 171630 | 160770 | 170073 | 170182 | 159638 | 171890 | 170044 | 161269
160036 | 100208 | 100096 | 17037s | 171238 | 156738 | 170233 | 170816 | 156803 | 169067 | 168333 | 152531
160027 | 109198 | 108927 | 17031 | 171272 | 149648 | 170115 | 171044 | 151156 | 171144 | 100624 | 148872

168485 | 160170 | 168483 | 160003 | 170748 | 136304 | 108532 | 170244 | 128373 | 160029 | 160750 | 13357S
167941 | 160140 | 167941 | 169001 | 170404 | 137528 | 160688 | 170350 | 125768 | 160881 | 109822 | 126278

AVERAGE TIME

100

$00

SvreunuGuavnoveuningraunagnew
i

-
w»

Da D | MDm | Dm D | MDwe | Dwm Dm | MDu | Dwm D | MDm
054 0483 | 10371 1093] 1091] 81.23| 51.76] Si5] ®Wos| /3 0]
1.583 1.49 47.78 $4.97 $4.97 | 14438 | 14990 | 14995 | 138.73 144.14 143.59
2.14 337 322 €721 8894 8584 23048 23661 | 28650 211.90 | 22912 | 229.08
3.0 637 sa8 | 1302 | 1823 1:3.17 | 34203 | 38496 | 384.24 | 328.01 | 364.84 | 38478
6.17 9.38 8.42] 147.03 | 242.90 | 241.98 | 602.21 { 679.18 | 678.05 [ s8s.00 | ¢61.33 | 6m0.19

!l“i,*

Table 9: Results for large problems
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Image Representation, Generalized Clustering, and Search in

Proximity Graphs and Pathfinder Networks

Donald W. Dearholt’

Department of Computer Science
Mississippi State University .
MS 39762

e-mail address: dearholtecs.msstate.edu
Phone: 601-325-2756

Abstract

Patnfinder associative networks (PFNETs) were originated to model human
semantic memory, and have proven particulariy effective with associative
aspects of the organization of knowledge. Theoretical connections have

been established with graph theory, path algebras, proximity graphs,
computational geometry, clustering, and search procedures. The PFNET paradigm
is being used in human-computer interface systems, and in the organization of
gata in a database for an experimental robotic vision system. Characteristics
of PFNETs include (1) the preservation of minimum-distance paths between
entities, (2) the clustering of similar entities through the edge structure,
(3) the consequent support of nigher levels of abstraction, and (4) the
capability of generating proximity graphs, such as the relative neighbornood
graph and the (open lune) gabriel graph. Monotonic search networks (MSNETs),
cliosely related to PFNETs, provide for search in which no backtracking is ever
necessary in domains having (objective) distance measures, and also support tne
clustering features of PFNETs. These studies have motivated investigations of
cluster learning and conceptual clustering from the perspective of primitive
transformations, with representation of the clusterings by means of PFNETs.
Models of cluster learning in which the clusters represent either ordered or
unordered sets, and which may or may not overlap, are being considered. The
sequential application of transformations on clusters to a graph-generation
algorithm is being considered as a learning paradigm, and this perspective
appears to support a constructive view of clustering. Co-occurrence of
entities is an essential component of the process.




PROPERTIES AND APPLICATIONS OF
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PHILOSOPHICAL STANCE: BETTER MODELING OF HUMAN
INTELLIGENCE WILL LEAD TO BETTER Al

THE NETWORKS WE ARE STUDYING:

DESCRIBE, SUMMARIZE, AND DISPLAY DATA

SUGGEST A PSYCHOLOGICAL MODEL ABOUT
MENTAL REPRESENTATIONS

COMPLEMENT MDS AND CLUSTER ANALYSIS

PROVIDE A PARADIGM FOR:
KNOWLEDGE REPRESENTATION
MODELS OF CLASSIFICATION
ORGANIZATION OF DATABASE SYSTEMS
SPREADING ACTIVATION (SEARCH)




OUTLINE

I. MOTIVATION, PERSPECTIVE, AND OBJECTIVES

II. PATHFINDER NETWORKS
A. DEFINITIONS AND PROPERTILS

B. APPLICATIONS

II. CLUSTER LEARNING AND DYNAMIC SYSTEMS
A. MOTIVATIONS AND APPROACH
B. DEFINITIONS AND PROPERTIES

C. APPLICATIONS




RESEARCH OBJECTIVES

I. THEORETICAL
DEVELOP AND TEST METRICS

RELATIONSHIPS:
GRAPH THEORY
PATH ALGEBRAS
PROXIMITY GRAPHS (RNG, GG, DTG)

LEVELS OF ABSTRACTION
II. EMPIRICAL

SEMANTIC MEMORY

CLASSIFICATION MODELS

PROPOSITIONAL ANALYSIS

KNOWLEDGE EXTRACTION FROM EXPERTS
IIl. APPLICATION DOMAINS

ORGANIZATION OF CONCEPTS
INTERFACES--INFORMATION RETRIEVAL, HELP SYSTEMS
DATABASE ORGANIZATION

PERCEPTION--OUTLINES OF OBJECTS




THE BIGGEST CHALLENGE

FOR AI AND COGNITIVE MODELING:

TO DESIGN A SYSTEM WHICH DOES MANY THINGS WELL,
ALTHOUGH EACH ALGORITHM MICHT MOT BE OPTIMAL
ASSOCIATIONAL ORGANIZATION
CLUSTERING
SEVERAL LEVELS OF ABSTRACTION
CLASSIFICATION
SEARCH

DESCRIPTION OF DECISIONS




DEFINITION

A PATHFINDER NETWORK (PFNET) IS A GRAPH BASED ON
PAIRWISE ESTIMATES OR MEASURES OF DISTANCES
BETWEEN ENTITIES.

EACH ENTITY CORRESPONDS TO A NODE.
EACH PAIR OF NODES IN A PFNET IS CONNECTED DIRECTLY

BY AN EDGE WHOSE WEIGHT IS THE DISTANCE BETWEEN
THE TWO ENTITIES,

UNLESS THERE IS A SHORTER ALTERNATIVE PATH.



EXAMPLE OF A LABELED PFNET

1
PRI, MCSTA

SPARROW

[ ‘ m

4 PRI, MCSTA

SEC, MCSTB SEC, MCSTB




DIRECTED PFNET FOR NINE COUNTRIES

4
/(\@mswvm«m
: 14 . 15
14

19 20

R-METRIC IS INFINITY

G-PARAMETER IS EIGHT




LDOCE: AMBIGUITY RESOLUTION

large borrow!

amount




TOUCHSCREEN DISPLAY FOR EMPIRICAL DATA

HOW SIMILAR IS A TO B?

0 —

OK

DISTANCE + SIMILARITY = K




THE PARAMETERS OF A PFNET

R-METRIC:

Eg(li%SFOR FINDING THE LENGTH OF A PATH WITH K

K
LP)= [Z w, AR
/=1
R PATH LENGTH DATA SCALE
1 SUM OF WEIGHTS RATIO
EUCLIDEAN RATIO

g * ¢

MAXIMUM WEIGHT RATIO, ORDINAL




THE PARAMETERS OF A PFNET

Q-PARAMETER:
"DIMENSION" OF GENERALIZED TRIANGLE INEQUALITIES SATISFIED

B

>

A : C

&

4 <[BR+cR1DRVE




THE TRIANGLE INEQUALITY

Cé D

E<B +C
A<E +D<B+C+D

THE GENERALIZED TRIANGLE INEQUALITY

A <[BR+cRpR'R

PURPOSE: TO PRESFRVE MINIMAL-DISTANCE PATHS




THEORETICAL RESULTS

FOR A GIVEN DISTANCE MATRIX,

PFNET(R ,Q):
IS UNIQUE,
PRESERVES GEODETIC DISTANCES,
LINKS NEAREST NEIGHBORS, AND

CONTAINS THE SAME INFORMATION AS THE
MINIMUM METHOD OF HIERARCHICAL CLUSTERING

PENET(R =e,0 =N ~1) IS THE UNION OF ALL MINTREES

PFNET(R ,,0) IS A SPANNING SUBGRAPH OF PENET(R;,0 )
IFF R <R,

PFNET(R ,Q,) IS A SPANNING SUBGRAPH OF PFNET(R,Q )
IFF 0,50,

MONOTONIC TRANSFORMATIONS PRESERVE
STRUCTURE FOR ALL PENET(R =e0,0 )

MULTIPLICATIVE TRANSFORMATIONS PRESERVE
STRUCTURE FOR ALL PENET(R, Q)
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COMPUTER VISION

GOAL: SCAN THE ENVIRONMENT AND MAKE DECISIONS
WITHOUT HUMAN INTERACTION

REQUIRES: KNOWLEDGE REPRESENTATION
CLASSIFICATION
ABILITY TO DESCRIBE SCENE
RECONSTRUCT SCENE
ENHANCE SCENE
MODIFY SCENE
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A HIERARCHY OF

EMPTY NEIGHBORHOOD GRAPHS

PFENET (L 5, o0, N-1)

RNG (L,) = PENET (L ,, oo, 2)

PFNET (L, 7, 2)

GG(L,) MSNET (L)
/
%
MGG(L,) = PFNET(Ly, 2,2) 7~

DTG (L,)

PFNET (L, 1,2)

EACH GRAPH IS A SPANNING SUBGRAPH

OF THE GRAPH BELOW IT
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MOTIVATIONS FOR STUDY OF CLUSTERINGS

LEARNING VIA CLUSTERINGS
MODEL DYNAMIC SYSTEMS

UTILIZE PATHFINDER NETWORKS
‘ ASSOCIATIVITY
CLUSTERING
LEVELS OF ABSTRACTION




CONCEPT/CLUSTER LEARNING MODEL
SHOULD SUPPORT:

SETS OF CLUSTERS AS THE DOMAIN
PROGRESSION THRU CLUSTERINGS AS LEARNING OCCURS
A DISTANCE MEASURE BETWEEN CLUSTERINGS

INTERPRETATION WITHIN THE PATHFINDER PARADIGM




MODEL FOR DYNAMIC SYSTEMS
SHOULD SUPPORT:

SETS OF CLUSTERS AS THE DOMAIN
PROGRESSION THRU CLUSTERINGS AS SYSTEM CHANGES
A DISTANCE MEASURE BETWEEN CLUSTERINGS

PATHFINDER OR PROXIMITY GRAPH PARADIGM




ADVANTAGES

PSYCHOLOGICAL FOUNDATIONS

REPETITION OR REHEARSAL CAN BE MODELED
REPRESENTATIONS AS ASSOCIATIVE GRAPHS
KNOWN GRAPH-THEORETIC PROPERTIES

VERIDICAL GRAPHICAL DISPLAY




ASSUMPTIONS

NOTATION DENOTES CLUSTERS VIA ()s
CO-OCCURRENCES DERIVED FROM ( )s NOTATION
FEATURES OF ENTITIES WON’T BE CONSIDERED
REPETITION INCREMENTS CO-OCCURRENCE

CO-OCC + DISSIM = CONSTANT




TWO MODELS:

1. SEQUENTIAL LEARNING PARADIGM

2. CONCURRENT (SNAPSHOT) PARADIGM




METRIC AXIOMS

REFLEXIVITY
SYMMETRY

TRIANGLE INEQUALITY--INVALID FOR CO-OCCURRENCES

PFNs IMPOSE THE GENERALIZED TRIANGLE INEQUALITY




COMPONENTS OF THE MODEL

DOMAIN D= {A,B,C,D, ... }
SAMPLE CLUSTERING Ci = {(A, B, C), D, E}

PRIMITIVE OPERATIONS
ADD ENTITY TO D
REMOVE ENTITY FROM D
MERGE TWO CLUSTERS INTO ONE CLUSTER
SPLIT ONE CLUSTER INTO TWO CLUSTERS

WHERE AN ENTITY IS A CLUSTER




EXAMPLE: THE LEARNING PARADIGM

{(A,B,C, D, E, F}

Co =

coocoo !
cooo '

oo 1P
oo 1009

o 10000
=111

SO

{(A,B,C), D, E, F}

Cl-=

cocoo !
cooo '@

comoe 1 O9
—— ' SO

AR b1
B L =X —X—]

S1




EXAMPLE CONTINUED:

C2= {(A’ B, C)Z’ (D9 E)) F}

S2
| l
© ®
C3 = {(A, B, O)3, (D, E), F))
S3

SOOI
cocn' B
ocemer NN
ot OOO
oy HOOO
N —Y—Y— X

OO OoWW!
coow' W
e WW
—po ' SO
— OO
) el OO




EXAMPLE CONTINUED:

C4 = {(A, Bs C)4’ ((D’ E)’ F)zs (B9 D)}

-44000
4-4100
44-000
010-32
0003-0
00020-




EXAMPLE: THE CONCURRENT PARADIGM

C = {(Aa B9 C)9 ((Da E)9 1?)’ (B, D)}

N2 )r—2—(pr<E
2\ /2 2\ /2




APPLICATIONS

METRIC FOR DIFFERENCES IN EXPERTISE
IDENTIFICATION OF ERRORS
CONSENSUS

AUTOMATIC SYSTEM ADAPTATION WITH LEARNING
HUMAN-COMPUTER INTERFACE
ROBOTICS VISION DATABASE




TRANSFORMATIONS, DISTANCE,
AND DISTANCE GRAPHS

Gary Chartrand
Western Michigan University

ABSTRACT

Several transformations are described — between graphs and between subgraphs in a graph.
Each of these transformations gives rise to a distance (between graphs or between subgraphs in a
graph). The relations between collections of graphs or between the subgraphs of a specified size
within a (connected) graph can be described by graphs themselves, called distance graphs. In
addition to describing these concepts, another distance between induced subgraphs of a specified
order and the corresponding distance graphs are also discussed.




Introduction

The distance between two vertices in a connected graph is the length of the shortest path
connecting the vertices. Distance is one of the most fundamental concepts in graph theory.
Algorithms for determining distance in graphs are well known while applications involving
distance in graphs are varied and numerous. Indeed, so much work has been done on this subject
that Buckley and Harary wrote a book in 1990 entirely devoted to distance in graphs. Distance in
graphs has been generalized in several ways, most notably perhaps to Steiner distance.

The combination of distance and graphs occurs in many other ways. One of these concerns
distance between graphs. It would be more accurate to speak of distance between certain pairs of
graphs because in many instances distance is defined between graphs having some specified
properties. In all such distances, the distance between two graphs is 0 if and only if they are
isomorphic. Hence, the distance between two graphs is a measure of the structural difference
between the graphs.

Transformations

Some distances between graphs involve the idea of transformations. Let G and H be
two (p, q) graphs. We say that G can be transformed into H by an edge rotation if G
contains distinct vertices u, v, and w such that uv € E(G), uw ¢ E(G), and H=G —uv + uw.
More generally, we say that G can be r-rransformed into H if there exists a sequence G = G,
Gy, ... Gy=H (n2 0) of graphs such that G; can be transformed into G;,; by an edge
rotation for 1=0, 1, ..., n - 1.

An edge slide is a restricted version of an edge rotation. A graph G can be transformed
into a graph H by an edge slide if G contains distinct vertices u, v, and w such that uv e
E(G), vw € E(G),uw ¢ E(G) and H=G - uv +uw. If a graph H is isomorphic to a graph G
or H can be obtained from a graph G by a sequence of edge slides, we say that G can be s-
transformed into H. For example, the graph H of Figure 1 can be obtained from the graph G
by an edge rotation, but H cannot be obtained from G by an edge slide. On the other hand, the
graph H’ can be obtained from G’ by an edge slide (as well as by an edge rotation).




v w v W
G H: o
u z u z
v w v W
G' H'
u z u z
Figure 1

It was shown by Chartrand, Saba, and Zou that every (p, q) graph G can be r1-
transformed into any other (p, q) graph H. It was also shown by Johnson that s-transformation
preserves connectedness. Further, a graph G can be s-transformed into a graph H if and only if
G and H have the same number of components and corresponding components of G and H
have the same order and same size.

Metrics Based on Transformations

Associated with these transformations are two metrics defined on graphs. Let G and H
be two graphs having the same order and same size. The edge rotation distance or, more simply,
the r-distance d,(G, H) between G and H is the smallest nonnegative integer n for which
there exists a sequence Gy, Gy, ..., G, of graphs such that G = Gg, H=G,, and G; can be
obtained from G;_; by an edge rotation for i =1, 2, ..., n. For example, the edge rotation
distance between graphs G and H shown in Figure 2 is d(G, H) = 3.

G: o H O—90
o o0
o oO——-°0

Figure 2

The following properties of edge rotation distance were established by Chartrand, Saba,
and Zou.
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Proposition 1 If G and H are two graphs having the same order and same size, then
d(G,H) = 4(G, H) .

It was shown that every nonnegative integer is the r-distance between some pair of graphs.

Proposition 2  For every nonnegative integer n, there exist graphs G and H such that
d(G,H) = n.

Prior to presenting an upper bound for the r-distance between two graphs, we introduce
another concept. For nonempty graphs G; and Gy, a greatest common subgraph of G; and G;

is defined as any graph G of maximum size without isolated vertices that is (isomorphic to) a
subgraph of both G; and Gj.

Proposition 3 Let G and H be two (p, q) graphs with q 2 1, and let s be the size of a
greatest common subgraph of G and H. Then d.(G, H) <2(q —s). Moreover, this bound is

sharp.

Another distance between graphs is associated with edge slide and was discussed by
Johnson and by Benadé, Goddard, McKee, and Winter. Let G be a graph with components G;,
1<i<k,and H a graph with components H;, 1 <i <k, such that G; and H; have the same
order and same size. We define the edge slide distance or, simply, the s-distance dy(G, H)
between G and H as the smallest nonnegative integer n for which there exists a sequence G =
Gg, Gy -» Gy = H of graphs such that, for i =1, 2, ..., n, G; can be obtained from G;_; by
an edge slide. If G and H are the graphs presented in Figure 3, then the edge slide distance
between G and H is dy(G, H) = 2.

G: H:

Figure 3

Note that d(G, H) =1 for the graphs G and H of Figure 3. It is straightforward to
show that d(G, H) < d|(G, H) for every pair G, H of connected graphs having the same order
and same size. The following result is perhaps less obvious.




Proposition 4 For every pair m, n of positive integers with m < n, there exist graphs G and
H such that d(G,H) =m and d{(G, H) =n.

Distance Graphs

Let S be a set of (nonisomorphic) (p, q) graphs. Then we define the edge roration
distance graph D¢(S) of S as the graph with the vertex set S such that two vertices G and H
of D(S) are adjacent if and only if d(G, H)=1. A graph F is an edge rotation distance graph
if F=D/(S) for some set S of graphs.

Let S’ be a set of (nonisomorphic) graphs having the same number of components,
labeled in such a way that the ith components of all graphs have the same order and same size.
Then we define the edge slide distance graph D(S’) of S’ analogously.

It was shown by Chartrand, Goddard, Henning, Lesniak, Swart, and Wall that every
graph is an edge slide distance graph and it was conjectured that all graphs are edge rotation
distance graphs. A number of classes of graphs are known to be edge rotation distance graphs.
The next two results are due to Chartrand, Goddard, Henning, Lesniak, Swart, and Wall.

Proposition 5 Complete graphs, cycles and trees are edge rotation distance graphs.
Proposition 6 Every line graph is an edge rotation distance graph.

Proposition 7 (Faudree, Schelp, Lesniak, Gydrfds, and Lehel) The complete bipartite graphs
K33 and Ky, (p21) are edge rotation distance graphs.

Proposition 8 (Jarrett) For every pair m, n of positive integers, the graph Kp, , is an edge
rotation distance graph.

F-Transformations

Let G and H be two (p, q) graphs, both containing a subgraph isomorphic to a given
graph F of order at least 2. We say that G can be transformed into H by an F-roration (or
simply, G can be F-rotated into H) if there exist distinct vertices u, v,and w of G and a
subgraph F' of G isomorphic to F such that u e V(F'), {v, w} € V(F’), uve E(G), uw ¢
E(G), and H=G —uv + uw. For example, if F = K| 3, then the graph G of Figure 4 can be
K 3-rotated into H and H'.




y y
. G- w \Y - w \Y " Y w
v
X X X
u N u z u z

Figure 4

More generally, we say that a graph G can be F-transformedinto H if either (1) G=H
or (2) there exists a sequence G = Gy, Gy, ..., G, = H of graphs such that, for i=0, 1, ...,
n -1, the graph G; can be F-rotated into G;, . For instance, the graph G of Figure 5 cannot
be Kj4-rotated into H, but G canbe K 4-transformed into H.

G(= GO): G;: H(=G,):
’ o«} o—o—s %CH %
Figure 5

Observe that fz-rotation and K,-rotation are edge rotation and edge slide, respectively.
Clearly, if a graph G can be F-transformed into a graph H, then G and H have the same
order, same size, and both contain a subgraph isomorphic to F. Unfortunately, the converse is
not true, in general. For instance, the graphs G and H of Figure 6 have the same order and
same size, and both G and H contain a subgraph isomorphic to C4, but G cannot be Cy4-
transformed into H. In fact, G can be Cy-transformed only into itself.




Figure 6

One may ask the question: What are necessary and sufficient conditions for one of two
graphs G and H to be F-transformed into the other? We have already seen the answer to this
question if F=K, or F=K,. The following results are due to Jarrett.

Proposition 9 Let F be any nontrivial connected graph. If a connected graph G can be F-
transformed into a graph H, then H is connected.

Corollary 9a Let F be a nontrivial connected graph. A graph G can be F-transformed into a
graph H if and only if the graph G has components Gy, Gj, ..., Gy, the graph H has
components Hj, Hy, ..., Hy, and G; can be F-transformed into H; forevery i (1 <i<k).

. Proposition 10 Let F be a connected graph of order p” with 8(F) =1, andlet G and H
be two (nonisomorphic) connected (p, q) graphs, each containing an induced subgraph
isomorphic to F. Then G can be F-transformed into H.

Next we show that if 8(F) > 1 or F is not an induced subgraph of G or H, the result
does not necessarily hold. For example, for the graph F of Figure 7 we have 8(F) =2 > 1.

Although the graphs G and H contain F as an induced subgraph, G cannot be F-transformed
into H. In fact, G cannot be F-transformed into any graph different from G.

F: G: H:
Figure 7

For the graph F of Figure 8 we have 8(F) =1, but F is not an induced subgraph of G,
and H cannot be obtained from G by an F-transformation. Indeed, G can be F-transformed
only into itself and graphs G" and G” of Figure 8.




U e

Figure 8

With each F-transformation another metric can be defined. Let F be a graph of order
p'22 andlet S be asetof (p,q) graphs such that for every pair G, H of graphs in S, the
graph G can be F-transformed into H. The F-distance F-d(G, H) between G and H is
defined as the minimum number of F-rotations necessary to transform G into H. For the graphs
F,G, and H of Figure 9, we have F-d(G, H) = 2.

F: G: H:
A ') c(\v/\r—-o A—A

Figure 9

If a graph G cannot be F-transformed into a graph H we set F-d(G, H) = oo. Itis
obvious that K2-d(G, H) < F-d(G, H).

Proposition 11 Let F be a graph of order p (2 2) and let n be a nonnegative integer. Then
there exists a pair Gy, Gy of graphs such that F-d(Gy, G3) =n.

Let F be a graph of order p’ (22) and let S be asetof (p,q) graphs, each containing
a subgraph isomorphic to F. Then the F-distance graph De(S) of § is that graph whose vertex
setis S and in which two vertices G and H are adjacent if and only if F-d(G, H) = 1. For
example, if F= K3 and S is the set of graphs Gy, Gy, G3, and G4 shown in Figure 10, then

De(S) =Ky -e.




Figure 10

Proposition 12 Let F be a nontrivial connected graph. Then every graph is an F-distance
graph.

Subgraph Distance

Let G; and G, be edge-induced subgraphs of the same size in a graph G. The subgraph
G, can be obtained from G; by an edge rotation if there exist distinct vertices u, v, and w such
that uv € E(G;), uw € E(G;), and G, = G; — uv + uw. More generally, G; can be r-
transformed into Gy if Gy = Gy or G, can be obtained from G; by a sequence of edge
rotations. It was shown by Chartrand, Johns, Novotny, and Oellermann that every edge-induced
subgraph of a connected graph G can be r-transformed into any edge-induced subgraph of G
having the same size. The edge rotation distance d,(G;, G;) between G; and Gj is the
minimum number of edge rotations required to r-transform G, into G,. For the graph G of
Figure 11, the subgraph G3 can be obtained from G; by an edge rotation so that d;(G,,G3) = 1.
On the other hand, G3 cannot be obtained from G by an edge rotation, but G3 can be obtained
from G, by an r-transformation and d/(G,, G3) = 3.
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G: Z v W Gl (Z\A
X y u t y u

GZ fz OV G3 . [z\/ /W
X y y u

Figure 11

One can also define a subgraph transformation based on edge slide. Let G; and G, be
two edge-induced subgraphs of the same size in G. We say that G, can be obtained from G,
by an edge slide if there exist distinct vertices u, v, and w of G such that uv € E(G;), uw ¢
E(G;), vw € E(G), and G, = G| — uv + uw. For example, for the graph G of Figure 12, the
subgraph G, can be obtained from G; by an edge slide. More generally, we say that G; can
be s-transformed into G, if either (1) G; =Gy or (2) Gy can be obtained from G; bya
sequence of edge slides.

w w

G: Gy: G,:

Figure 12

As we mentioned earlier, for every pair H, H* of edge-induced subgraphs of the same size
in a connected graph G, the subgraph H can be r-transformed into H’. Unfortunately, this is

not the case for s-transformations. For example, if G is the graph of Figure 13, then H cannot
be s-transformed into H’. In fact, H can be s-transformed only into itself.
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G: M X H: v H: VY X
u w y u w w y
Figure 13

Let e and f be edges of a graph G. A triangular e-f walk of G is a finite, alternating
sequence ¢ = e, Ty, €1, T, ..., ep_1, Tp, €n = f of edges and triangles such that ¢€;_; and ¢;
belong to T; (1 i< n). A triangular e-f path is a triangular e-f walk in which no edges or
triangles are repeated. The number n of triangles in the triangular path is called its length. In the
graph G of Figure 14 there exists a triangular e-f path (with T =({ej_;, ¢j}),i=1,2, 3), but

there is no triangular e-g path.

Figure 14

It is straightforward to show that every triangular e-f walk in a graph contains a triangular
e-f path.

Observe that for every two edges € and e’ of a triangle T, the subgraph ({e’}) can be
obtained from ({e}) by an edge slide. Therefore, if in a graph G there exists a triangular e-f
path, then G; =({e}) can be s-transformed into G5 ={(f}).

Whenever edges ¢ and f belongtoa 3-cyclein G, we denote this triangle by T(e, )
and call it a slide induced triangle. With every edge slide there is associated a unique triangle T,
namely, if G, =Gy —e +f, then T = T(e, f). These observations are useful in proving the
following result by Jarrett.

Proposition 13 Let G be a connected graph of size q 21, and let q" be an integer with
1 €q’ <q. For every pair G, Gy of subgraphs of G having size q’, the subgraph G; can be
s-transformed into G if and only if every two edges of G are connected by a triangular path.
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Triangular Line Graphs

For a given graph G, we define its triangular line graph (G) as that graph with vertex set
E(G) such that two vertices e and f of 2(G) are adjacent if and only if T(e, f) is a triangle of
G. For G=K, —e¢, the graph NG) is shown in Figure 15.

G: TG): ey €3

s

Figure 15

It follows from the definition that (G) is a spanning subgraph of the line graph L(G).
The next result is perhaps less obvious. These are due to Jarrett.

Proposition 14 Let G be a connected graph of order p 2 2. Then WG) = L(G) if and only
if G= Kp.

Proposition 15 Let G be a connected nontrivial graph. For every pair Gy, Gy of edge-
induced subgraphs of G having size 1, the subgraph G; can be s-transformed into G, if and
only if NG) is connected.

Corollary 15a Let G be a nontrivial connected graph. Then for every pair G;, G, of edge-
induced subgraphs of G having the same size, G; can be s-transformed into G if and only if
TG) is connected.

For integers n 2 2, the nth iterated triangular line graph T"(G) of a graph G is defined
to be T (G)), where T1(G) denotes TG) and T7}(G) is assumed to be nonempty.
Clearly, T"G) is a subgraph of the nth iterated line graph L™(G) of G. In fact, for n =
1, TN(G) = WG) is a spanning subgraph of L(G) = L(G).

Note that every triangle T in G gives rise to a triangle T" in %(G) with a one-to-one
correspondence between the edges of T and the vertices of T. Moreover, if T} and T, are two
triangles of G, then the corresponding triangles T{ and T3 of T(G) are edge-disjoint. For
suppose, to the contrary, that T{ and T, have an edge in common or, equivalently, T{ and T}




13

have two common vertices, say € and f. Necessarily, e and f are common edges of T; and
T,, which implies that Ty =T,. Thus 7(G) has at least as many triangles as G has. We show
that only for K4-free graphs G are the number of triangles in G and HG) equal.

Proposition 16 Let t(G) denote the number of triangles in a graph G. Then t(G) = «(HG))
if and only if G is K4-free.

Proposition 17 Let G be a K4-free graph. Then T%(G)= T 2(G). for n2>2.

The previous result does not hold for a graph G = K4. However, T 3(K4) = 8K3 and,
therefore, for n 23 we have T"(K,) = ‘T3(K3). The graphs G =K, and T'(Ky), 1 <i<3,

are shown in Figure 16.

Conjecture For every graph G containing at least one triangle, there exists an integer k > 0,
such that for n >k, T%G) = T¥(G).

G: TG):
T %(G): T 3(G):
@
A4
N &N
e
Figure 16

n-Subgraph Distance Graphs

The n-subgraph distance graphs were introduced by Chartrand, Hevia, Jarrett, Saba, and
VanderJagt. Let G be a graph of size q (2 1) and let n be an integer with 1 <n<q. The n-
subgraph distance graph L,(G) of G is that graph whose vertices correspond to the edge-
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induced subgraphs of size n in G and where two vertices of L (G) are adjacent if and only if
the edge rotation distance between corresponding subgraphs is 1. It is convenient to label the
vertices of L,(G) by the edge sets of the corresponding subgraphs or simply by listing the edges.
Each edge in a vertex label is called a coordinate. Since the coordinates are elements of a set, the
order in which the coordinates of a vertex are listed is irrelevant. For example, if a vertex of
L,(G) corresponds to the subgraph of G induced by the edge set {ey, e,, ..., €.}, then we may
label this vertex as e, €3, ..., e, or ¢; U X, where X = {¢; |1 <j<n,j=#i}, orsimply as ¢;X.
For the graph G =K + (K; U K;) of Figure 17, the graphs L;(G), i =1, 2, 3, 4, are shown.

a a
G: L (G):
b C b c
d
d
L,(G): bed
acd abd
abc
L4(G): abed

Figure 17

Observe that L4(G) = K, for the graph G of Figure 17. In general, Lq(G)sKl fora
graph G of size q. Furthermore, L;(G) = L3(G) for the graph G of Figure 17. This fact
illustrates the following result.

Proposition 18 Let G be a graph of size q, and let n be an integer with 1 <n <q. Then
Ly(G) =Lg_(G).
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The graphs Lj(G), 1 £n <q = E(Q), are also called generalized line graphs since the 1-
subgraph distance graph L(G) is the line graph of G. We shall also refer to these graphs as n-
subgraph rotation distance graphs to distinguish them from the n-subgraph slide distance graphs,
which we are about to describe. We begin with the definition of n-subgraph slide distance.

Let G be a graph of size q (2 1), andlet G; and G, be two edge-induced subgraphs of
G having the same size n (1 £n <q). We define the n-subgraph slide distance dy(Gy, Gp)
between G; and G, as the smallest nonnegative integer k for which there exists a sequence
Hg, Hy, ..., Hy of subgraphs of G such that G; = Hy, G = Hy and, for i=1, 2, .., k, H
can be obtained from H;_; by an edge slide. If no such k exists, we define dy(Gy, Gy) =oo. If
G =Ky -e¢,and G; and G, are two subgraphs of G shown in Figure 18, then
ds(Gy, Gp) = 2.

01: b Gz:

Figure 18

We define the n-subgraph slide distance graph S,(G) of G as the graph whose vertices
correspond to the edge-induced subgraphs of size n and where two vertices G; and G, of
Sp(G) are adjacent if and only if dy(G,, Gp) = 1. Itis straightforward to see that S;(G) = TG),
and, therefore, S;(G) is a spanning subgraph of L,(G). In general, for n 2 1, S,(G) isa
spanning subgraph of L,(G). For the graph G =K, — e, the graphs §;(G), 1 <i<5, are shown
in Figure 19.
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$,(G): $5(G):

S,4(G): S5(G)=K;:
bcde acde
abcde
O
abcd
abce abde
Figure 19

Observe that for the graph G = K4 — e, we have S7(G) = S3(G) and S;(G) = S4(G).

This fact can be generalized as follows.

Proposition 19 Let G be a graph of size q (2 1) and let n be an integer with 1 <n<q.
Then 84(G) =S¢ 4(G).
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Subgraph Distance for Subgraphs of the Same Order

For a connected graph G of order p and aninteger n suchthat 1<n<p, let F and H
be induced subgraphs of G of order n. We define a pairing ® from the set V(F), say {v;, vy,
.., Vvp}, tothe set V(H) as a one-to-one correspondence that associates a vertex of V(F) with
one of V(H). The distance induced by n between F and H is defined as

dg(F, H) = § d(vi, 7(v;))

and the subgraph distance between F and H is

d(F, H) = rr1ltin d.(F, H).

This concept was introduced by Chartrand, Johns, Novotny, and Oellermann. Observe that if F
consists of a single vertex, say u, and H consists of a single vertex, say v, then d(F, H) =d(u,
v). Thus d(F, H) is a generalized distance defined in terms of subgraphs. As an example, Figure
20 gives a connected graph G, two induced subgraphs F and H of G, a listing of all pairings
from V(F) to V(H), and d(F, H).




Vi u; Vi
F: H O
uy Tx y u,
I U3 v, V3
uz
0,
uj w \7) V3
Pairings uj V; d(u;, vj) dn, (F, H)
uj Vi1 2 g
T uy 2] 3
u3 V3 3
uj A 2 .
"2 up v3 4
u3 V2 2
ug \D) 3 o
3 uy Vi 3
uj v3 3
o 2 > 10
T4 ug v3 4
u3 Vi 3
uy V3 4 9
Ts uy V] 3
uy \Z) 2
o '3 : 10
Te uy va 3
u3 \S| 3
d(F,H)=8

Figure 20
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n-Vertex Graphs

Let G be a connected graph of order p and let F and H be subgraphs of order n with
1<n<p-1. Then d(F, H) =1 if and only if there exist adjacent vertices ue V(F) and v e
V(H) such that V(F —u) = V(H - v). We define the n-vertex graph of G as that graph G,
whose vertices are the induced subgraphs of order n in G and two vertices F and H of G, are

adjacent if and only if d(F, H) = 1. A graph and its 2-vertex graph are shown in Figure 21.

G: G2:

Figure 21




The optimality of clustering and monotone optimal assemblies

by
Uriel Ge Rothblum -

The purpose of the study is to present recent results

which provide sufficient conditions for the optimality of
clustered partitionse. In particulary we introduce a formal
definition of clustering by calling a partition clustered if
convex hulls of the sets of the partition are disjoint. It is
shown that if given vectors Al ¢ eee ¢+ An Iin Rk are to b
partitioned into m groupse of predetermined sizesy so as to
maximize an objective which is a quasi-convex function of

the sums of the vectors in each sety then a clustered optimal
partition existse. Furthery if quasi-convexity is replaced by
strict quasi-convexityy every optimal partition is clustered.
Computational implications of the results are discussed.

The techniques we developed enabled us to

determine sufficient conditions for the optimality of
monotone assembliese Here we consider the problem of
identifying multipartitions which occur when items of
different types are to be partitioned into setsy for example,
in system assemblyy components of different type are

assigned to modules which compose the systeme We show

that if the system is coherent and if the components in each
module are in seriesy there is a reliability maximizing
assembly which is monotoney ieseey it has a single module
which gets the best parts of each type (according to its
specification)y there is another module which gets the

second best parts of each type (according to its
specification)y and so on, till finally, there is one module
which gets the worst parts of each type (according to its
specification)e
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AN ORDINAL APPROACH TO CONSENSUS FUNCTIONS

G. D. Crown and M, F. Janowitz

Abstract. Let G be a finite nonempty set. A consensus function
can be viewed as a mapping F:Gkr——)G. For mn e Gk, F(n) is often
constructed from certain building blocks. For a family of
relations on a set X, these might be the pairs (x,y) that
constitute the output relation. In its most general setting, one
can work with a triple (G,S,7) where S is the set of building
blocks and 7:G—%P(S) is a one-one function. A neutral consensus
function F is characterized by the existence of a family fDF of

subsets of Vk = {1,2,...,k} having the property that for any k-
tuple n € Gk, s € y(F(n)) if and only 4if ({i: s e 7(gi)} € DF.
Assuming that Vk € DF, and o ¢ DE., we investigate conditions on 7y
that are equivalent to: A e D, implies V,\A ¢ D; A ¢ D, implies
Vk\A € iDF; DF is an order filter (principal filter, ultrafilter)
of Vk‘ The work is in progress, but here are some sample results:

Theorem. Assume G has elements g,h such that y(g)uy(h) is not of
the form (v), while »(g)ny(h) = y(w) for some w e G. Than for
any neutral F, it is true that A,B e DF implies AnB = 2.

(Included here would be any nondistributive lattice, as well as
any meet semilattice that is not a lattice). There are also some
general results that imply the following: If G is a lattice
having a pair of comparable sup-irreducibles, then DF is an order

filter of Vi I£ G is an atomistic lattice having distinct atoms
a,b,c such that ¢ s avb, then fDF is a principal filter (8o any

neutral consensus method is an oligarchy). If G is an atomistic
join semilattice that is not a lattice having distinct atoms
a,b,c such that ¢ =savwbw <1, or if G is a nondistributive join
semilattice that is not a lattice having at least 4 atoms, such
that every 1line c¢rntains exactly 2 points, then any neutral
consensus method is a dictatorship.




® ORDINAL CONSENsSUs METHODS
G. D. Crown and M. F. Janowitz

(Preliminary Report)

What is a consensus method?

G = finite set of objects

(the objects to be summarized)

‘. V = indexing set (the "voters")

(fixed, possibly infinite)

GV = set of profiles.

o
I

Thus for mn € P,

T = (ga)aév or m:Vi+—G.

" Consensus method: F:P—G.
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® For a profile n, will approach the
construction of F(m) by means of a

"stability" family.

Pair (S,¥), where S is a set and

Y:G—P (S) is a one-one

mapping.

Neutral consensus method F:

@ There is a family D = DF of

subsets of V such that
(1) o ¢ D, but Ve D.
(ii) s € y(F(m)) iff sn,e D,

where Sn = {a: s € y(n(a))}.

Goal: Relate properties of D with

properties of 7.




1.

Examples of stability families

G =a set of binary relations
on a set X. (weak orders,
linear orders, partial orders,
quasiorders, etc.) S = XxX, and
¥(R) = {(x,y): xRy}
or

¥(R) = {(x,y): xRy fails}

@
I

finite join (or meet)

semilattice.

S = sup-irreducibles in that
a,b < s = avb < s.

y(g) = {s € S: s =g}, or

¥y(g) = {s € S: s £ g}.

(or the dual of this example)

Trees and Eyramids. X = set




® with |X| =25. A set J of
subsets of X is a tre- if
(a) X e T, and o ¢ 7.
(b) {x} € J for all x € X.
(c) For A, BeJ, AnB € {o,A,B}
J is a pyramid if (c) 1is
replaced by
(d) For A,B e€ J, AnB € 7.
Take S = proper subsets of X,
" and 7v(T) = {(A: A e J}. There

are many similar examples.
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Some Sample Results

neutral consensus method with

fD=‘DF;

(S,7) 1s a stability family.

Theorem 1. If |V| z 2, (a) e (b)

(a)

(b)

(c)

(d)

For any such F,

A €D implies A’ ¢ D.
dg,h € G such that ¢y (g)uy(h)
is not of the form y(v) for

any v € G.

If |V| =23, (c) & (d)
For any such F,

B¢D implies B’ € D.
There exist g,h € G such that
Y(g)ny(h) 1is not of the form

y(w) for any w € G.
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® Theorem 2. If there exist g,h € G

such that
¥y (g)uy(h) is not of the form y(v),
but
y(g)ny(h) = y(w) for some w € G,

then A,B € D implies AnB # 2.

Corollary. Let G be any non-

distributive lattice, or any Jjoin
@ semilattice that is not a lattice.
Take S = sup-irreducibles, and
¥(g) = {s € S: s = qg}.
Then A,B € D implies AnB # o&.




® A VERSION OF ARROW'S THEOREM

ajs8,5a5 € S have the following

properties:

(1)

(2)

® (3)
(4)

Bgl,gz,g3 €e G > (i, 3, k) any
permutation of (1,2,3), then
a;, €v(g;), {aj,ak}nv(gi) = o.
dz € G > uiy(ai) < y(z).

dw € G > {al,az,aB}nw(w) = g,
{al,az,aB} is transitive in
the sense that al,azesy(g)
implies that ajz € ¥ (g) .

Theorem 3. If the above conditions

are

satisfied and F is a neutral

consensus method, then D is a

" lattice filter of V.




Remark. The above notion of

transitivity of course comes from
transitivity of relations:

xRy, yRz implies xRz.
But what makes it of further
interest is the fact that 1in a
join semilattice, <¢ = avb makes

(a,b,c) a transitive triple.

For relations, can talk about
a triple {(a,b), (c,d), (x,y)} being
transitive if

aRb,cRd implies xRy.

In general, 1if T €S and s € S,
can define (T,s) to be transitive

if T € y(g) implies s € y(9g).




. Theorem 4. Let a,b € S; x,vy,z € G.
Assume:
(1) aer(g) = b ey(g).
(2) a € v(x).
(3) a¢x(y), berw(y).
(4) b ¢ y(z).
Then F neutral implies D an order
filter.

. Theorem 5. Assume X,VY,9,2z € G, and

(1) »(x)ur(y) #= 7v(w).
(2) 7 (x)ny(y) 2.
(3) v (x)vy(y) < 7(g).
(4) 7(z) = @.

Then F neutral implies D is closed

under intersections.




® Theorem 6. Assume X,y,g € G, and
(1) y(x)ury(y) # y(v) for any v.

(2) 7(X)ny(y) = 7(w) for some w.
(3) v (x)uy(y) < 7v(g).

(4) D is an order filter.

Then D is a lattice filter.

Apply these and similar results to

lattices having more than
@ nember:

Theorem 7. G 1is a lattice, and

S = sup-irreducibles. These are

equivalent:

(1) G is not distributive.

(2) For any neutral F, D 1is
lattice filter.




r

Defn: A join-semilattice G is

distributive 1if every principal
filter of G 1is a distributive

lattice.

Theorem 8. G is a nondistributive

join semilattice not a 1lattice,
with S its sup-irreducibles.
For any neutral consensus method F

on G, D is an ultrafilter.

In progress: Work with

distributive join-semilattices.

The setting: A stability
family (S,7) such that:
(1) y(a)vr(b) = 7 (v).
(2) y(a)ny(b) is either 7y (w) or .




