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CONVERSION FACTORS, NON-SI TO SI (METRIC)

UNITS OF MEASUREMENT

Non-SI units of measurement used in this report can be converted to SI

(metric) units as follows:

Multiply By To Obtain
degrees (angle) 0.01745329 radians

feet 0.3048 metres
kips (force) 4.448222 kilonewtons
kip-feet 1355.818 newton metres
pounds (force) 4.448222 newtons

pounds (force) per square foot 47.88026 pascals
pounds (force) per square inch 0.006894757 megapascals
pounds (mass) per cubic foot 16.01846 kilograms per cubic

metre
pounds (mass) per cubic inch 27.6799 grams per cubic

centimetre
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METHODS OF EVALUATING THE STABILITY AND SAFETY OF GRAVITY

EARTH RETAINING STRUCTURES FOUNDED ON ROCK

PART I: INTRODUCTION

1. The US Army Corps of Engineers has responsibility for designing and

maintaining a large number of gravity retaining walls at navigation lock

structures and other facilities. The procedures currently used for designing

new structures and for evaluating the safety of existing structures are the

conventional equilibrium methods the same general method as those used for

analysis of earth retaining structures. Because the conditions of equilibrium

are insufficient for a complete analysis of all the aspects of soil-structure

interaction involved in the stability and performance of these structures,

these conventional equilibrium methods necessarily involve assumptions regard-

ing the loading and resisting forces that act on the structures.

2. Although the conditions and assumptions employed in the conventional

equilibrium methods are generally accepted as providing reasonable engineering

procedures, and although there have been few reported failures of structures

designed using these procedures, there is nevertheless some uncertainty con-

cerning their accuracy. A number of existing structures that show no signs of

instability or substandard performance have not met the criteria currently

used for design of new structures, and the possibility exists that the combi-

nation of the criteria and the methods currently used are more conservative

than necessary.

3. The research investigation described in this report was undertaken

to study the behavior of gravity earth retaining structures using the finite

element method of analysis and to compare the results of the finite element

analysis with the results of conventional analyses. Specifically, the finite

element method of analysis of ecrth retaining structures was used to study;

a. The progressive development of cracks at the interface between
the base of the monoliths and their foundation.

J. The factors that control the extent of the area of contact
between the base of the monoliths and their foundation.

Q. The magnitude and distribution of stresses developed on the
front, back, and along the base of the monoliths.

8



•. The factors that influence the movements of the monoliths and
the effect of wall movements on the magnitude and orientation of
resultant forces acting on the wall.

I. The development of shear forces acting on the front and back of
the wall as a result of the placemen¢t of the soil fill against
the wall.

4. The evaluation of the stability of earth retaining structures by the

finite element method is well established. However, this analytical procedure

has not been applied to walls that are loaded so heavily that gaps may develop

between the base and the foundation, i.e., structures deemed to be in a condi-

tion of incipient instability. Preliminary evaluations of earth retaining

monoliths for three locks under the jurisdiction of the Corps of Engineers

were found to have this characteristic. The structures analyzed in this study

were consistent with these monoliLhs.

5. This study was divided into two phases: The objective of this phase

was to develop, through a series of preliminary analyses, analytical proce-

dures for modeling separation of the base of a monolith from its foundation

and apply this procedure to a limited number of earth retaining structures (as

described in Part VI of this report). A number of procedures were evaluated

based on their accuracy and computational efficiency. These analyses were

performed using following loads, loads of predetermined magnitude and indepen-

dent of the movement of the monolith. The accuracy of the analysis procedures

was determined by comparing the results with the results of conventional

equilibrium analysis.

6. Further into this first phase analyses was a literature study to

compile information on the properties of rock masses, thereby providing a

basis for selecting rock properties for use in finite element analyses (FEA).

7. In the second phase of study (Ebeling, Duncan, and Clough 1990),

FEA's were performed to determine the effects of various geometrical and mate-

rial parameters on the stability of the walls, extending the study described

in Part VI of this report to other types of earth retaining structures. These

analyses were performed using two types of loading; following loads and loads

resulting from backfill placement. In the following load analyses, the earth

and water loads are prescribed, as described previously. In the backfill

placement analyses, loadings on the wall were generated automatically by simu-

lating placement of the fill behind the wall. These backfill placement analy-

ses are believed to be the most realistic that can be performed using the

9



finite element method. The magnitude of the forces acting on the monolith

depends on the relative movement of the soil and the monolith and requires no

assumptions with regard to the applied earth loads.

8. The stability of three earth retaining structures founded on rock

were evaluated using both backfill placement analysis and conventional equi-

librium method of analysis. The assumptions made with regard to applied loads

and resisting forces in the conventional equilibrium analysis (CEA) were con-

sistent with the assumptions used by the Corps of Engineers in equilibrium

analysis. The degree of conservatism introduced by these assumptions was

evaluated by comparing the results to those from backfill placement analyses.

9. This report is divided into seven parts and two appendixes. Part II

reviews the CEA of gravity earth retaining monoliths. The safety of the wall

against three modes of failure (sliding, overturning, and bearing capacity) is

defined in terms of the forces acting on the wall and the dimensions of the

wall.

10. In Part III the hypothutical structures used in the FEA are shown.

The characteristics of the earth retaining structures at three existing Corps

of Engineers locks are described using dimensionless ratios of forces acting

on the walls and dimensions of the walls.

11. Part IV discusses the development of analytical procedures used in

the FEA of retaining structures in a condition of incipient instability. The

implementation of this procedure in a backfill placement analysis is also

described.

12. The results from a series of parametric analyses of retaining walls

are described in Parts V and VI. Part V discusses the results of the follow-

ing load analyses used to determine the effects of various geometrical and

material parameters on the stability of the wall. Part VI presents the

results of the backfill placement analyses and makes comparisons between the

results of the FEA and the results of CEA.

13. The findings of the studies to date are summarized in Part VII, and

recommendations of topics for further study are given.

14. Appendix A shows cross sections through the concrete monoliths at

the Emsworth, Montgomery, and Troy locks.

13. Theoretical considerations of the effect of the scale of a

structure upon the computed results are explained in Appendix B.

10



PART II: CONVENTIONAL ANALYSES OF RETAINING WALL STABILITY

Forces Considered in Analyses

16. The conventional method of evaluating the stability of gravity

retaining walls employs the requirements of equilibrium to ensure safety with

regard to sliding, overturning, and bearing capacity. Figure 1 shows the

different loads on gravity structures. The forces considered in these analy-

ses are shown in Figure la:

1. The vertical force, F, , includes the weight of the structure
itself and the backfill contained within the enveloping rectan-
gle, usually included in the free body considered in CEA.

b. The horizontal force, Fh , includes the loads due to earth
pressure, water pressure, mooring forces, and vessel impact
forces; Fh is the vector sum of all these forces.

c. The force U on the base of the structure is the uplift water
pressure force. Consistent with the standard practice of the
Corps of Engineers, the uplift water pressures on the base of
the structures were assumed to vary linearly with distance
across the base of the structure, from the hydrostatic value at
the heel of the wall (zero if the backfill is drained effec-
tively) to the full hydrostatic value at the toe of the wall.

d. The force N' is the effective normal force between the base
of the wall and the rock beneath. Its magnitude is equal to
the difference between F, and U .

e. The force T is the shear force required for equilibrium of
the wall and is equal to the net horizontal force, Fh

Base Interface Friction Angle Evaluation

17. The safety of the wall a;ainst sliding can be determined by eval,1-

ating the mobilized angle of interface friction between t.he bottom of the w1ll

and the foundation. In this report the base interface friction angle is

called 6b , and the value of 6b required for horizontal equilibrium of the

wall is called 6bm , the subscript m signifying the mobilized value of

6b .The value of 6bni can be expressed as follows:

S- tan _1  (T-(1)

i1
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The factor of safety against sliding of the wall is equal to the ratio of the

friction angle of the interface to the mobilized angle of interface friction:

tan 6b8ax (2)
tan 6b.

where 6b.AX is the maximum possible value of the base interface friction

angle, a value that would cause sliding of the wall, For a ,7all to be safe

with regard to sliding, the value of F, should be greator than 1.0. A fre-

quently used criterion of safety is that the factor of safety a-ainst sliding

should be at least 1.5.

18. The safety of the wall against overturning can be expressed in

terms of the position of the resultant N' that acts on the base of the wall.

As the overturning moment due to Fh increases, N' moves to the left, and

the distance xn becomes smaller. The value of x. can be expressed as:

F , "x, - Fh*Yh - U 'x . (3)
xn - N'

19. In the most basic terms, the wall is stable against overturning for

any value of x, greater than zero. However, to provide a margin of safety,

it is required that xn exceed some minimum value. Current Corps of Engi-

neers criteria are that the value of x, should equal or exceed 25 percent of

the base width of the structure. The allowable value for x, varies with the

type of structure and the type of loading(s) used in the analysis (refer to

Tables 4-1 through 4-3, Chapter 4 in EM 1110-2-2502 (Headquarters, Department

of the Army, 1989)).

20. The overturning criterion is usually expressed in terms of the per-

centage of effective base contact area (B./B), where B. is the width of the

area of effective base contact and B is the base width. Assuming that the

bearing pressure between the base of the structure and the underlying rock

varies linearly from a maximum at the toe to zero at the inner edge of the

area of effective base contact, as shown in Figure lb, the value of B,/B

will be equal to three times the value of xn/B . Thus, if the stress

13



distribution on the base is triangular, a value of x,/B equal to 25 percent

corresponds to a value of B,/B equal to 75 percent.

21. An alternative assumption regarding base pressure distribution and

contact area, suggested by Meyerhof (1953), is shown in Figure 1c. Meyerhof

suggested that the width of effective base contact, denoted by Bm in

Figure lc, could be conservatively considered to be twice the distance from

the edge to the resultant, corresponding to a uniform distribution of pressure

across the area of contact. The logic behind this assumption is that the base

would in fact be centrally loaded and the bearing pressure would be uniform if

the base width was equal to Bm .

22. It may be seen that the assumption illustrated in Figure lb corre-

sponds to a larger area of effective base contact and a larger value of q...

(maximum base contact pressure) than the assumption illustrated in Figure 1c.

Meyerhof's (1953) pressure distribution has been used widely for foundations

on soil and is most appropriate for foundation materials that exhibit ductile

mechanisms of failure. The assumption is less appropriate for brittle materi-

als. The analyses described in subsequent sections of this report, that

employ assumed linear elastic behavior of the structure and the underlying

rock, result in distributions of bearing pressures on the base that correspond

more closely to the distribution shown in Figure lb than to the distribution

suggested by Meyerhof.

23. The factor of safety against bearing capacity failure or crushing

of the concrete or the rock at the toe can be expressed as

qult (4)
Fb - ~qmx

where qut is the ultimate bearing capacity or compressive strength of the

concrete or the rock at the toe, and q,,8 is the maximum bearing pressure at

the toe. For brittle materials like unconfined concrete or unconfined hard

rock, the ultimate bearing capacity is equal to the compressive strength of

the material. For ductile foundation materials that undergo plastic failure,

the ultimate bearing capacity is larger than the compressive strength of the

material.

14



PART III: CHARACTERISTICS OF GRAVITY EARTH RETAINING
STRUCTURES AND THEIR LOADING

24. To select an appropriate range of dimensions for the hypothetical

structures to be analyzed in this research study, the characteristics of the

monoliths at three Corps of Engineers locks (Emsworth, Montgomery, and Troy)

were examined in detail. Data regarding these structures were obtained from

reports by Pace (1976), Pace and Peatross (1977), and Pace, Campbell, and Wong

(1981). Cross sections through many of the structures examined in these

reports are contained in Appendix A. Some of the monoliths at these three

locks do not retain earth backfills, and thus understandably have somewhat

different characteristics from those that do retain earth. In selecting

dimensions for study, more attention was paid to the characteristics of earth

retaining monoliths.

Earth Retaining Monoliths at Three Existing Locks

25. Cross sections through all of the earth retaining monoliths at Ems-

worth, Montgomery, and Troy locks are shown in Figures 2 and 3. It may be

seen that they have a wide variety of shapes and sizes, undoubtedly due to

differences in the conditions of loading and foundation support at the loca-

tions where they were constructed. For purposes of examining the range of

dimensions and loadings of these structures, a number of characteristics of

each structure have been summarized in Table 1. They vary in height from 30

to 76 ft,* their base widths vary from 10 to 35 ft, and they are subjected to

a very wide range of earth pressures and uplift water pressure forces.

Dimensionless Parameters for Geometry and Load

26. For purposes of characterizing the shapes of gravity retaining

structures and the types of loadings to which they are subjected, it was

* A table of factors for converting non-SI units of measurement to SI
(metric) units is on page 7.
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4 50 ft - Emsworth L-52
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Figure 2. Sections through Emsworth and Troy earth retaining monoliths
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Monigomery L-19 Montgomery L-25

VV

Figure 3. Sections through Montgomery earth retaining monoliths
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to be useful to define a number of dimensionless ratios. The dimensionless

variables used in this study are:

F, Fh
- RhB'H-'7, B'H'-y

U 2' Fv'X

Ru- B'H'Ty R.m -H.yc

2"Fh'yh 2"U'z,
adm m B2T- H' iTy R7m "B-T--H' c

D Be
H

6bm

where

Fv - vertical force

Fh - horizontal force

U - uplift force

xv - moment arm of vertical force measured from the toe of the
structure

xu - moment arm of uplift force measured from the toe of the
structure

Yb - moment arm of horizontal force measured from the toe of the
structure

7c - unit weight of concrete - 150 lb/ft3

H - nominal height of structure

B - nominal width of structure

6bm - mobilized base friction interface angle

Mr - Moment about toe of wall due to forces resisting overturning

Md - Moment about toe of wall due to destabilizing forces

Mu - Moment about toe of wall due to uplift pressures acting
across the base of the wall

18



The significance of the dimensionless parameters are described in the follcw-

ing paragraphs.

S- weight index

27. The weight index is the ratio of the weight of the structure di-

vided by the weight of a solid block of concrete filling the entire enveloping

rectangle. The maximum value of R, would be unity. Its value is smaller

than unity if part of the rectangle is occupied by soil, air, or water, or if

the structure contains holes, such as conduits, filled by air or water. Since

the stability of a retaining wall is enhanced if its weight is increased (all

other things being equal), the closer che value of R, to unity the better.

The value of R, is almost always less than unity for real structures. Val-

ues of R, and other dimensionless parameters are listed in Table 2 for each

of the Corps of Engineers structures shown in Table 1. It may be se&n that

values of R, for these structures vary from 0.69 to 0.92, and that the aver-

age value is 0.83.

28. The distribution of the values of Rv for all of the Corps of

Engineers structures studied in this research project is shown in Figure 4.

The values of Rv are shown on the horizontal axis, and the number of occur-

rences of each range of values is shown on the vertical axis. The range of

values is the same for the structures that retain soil backfills as for all of

the structures, including those that are not subjected to earth loadings.

However, a somewhat larger fraction of the values of Rv for the earth

retaining structures falls within the range from 0.8 to 0.925, indicating that

the earth retaining monoliths are, on the average, slightly more massive than

the structures that do no retain earth.

Rh - horizontal load index

29. The horizontal load index is the ratio of the net horizontal force

acting on the structure to the weight of a solid block of concrete filling the

entire area of the enveloping rectangle. The value of Rh is a measure of

the severity of the horizontal loading on a structure. The values of Rh for

the structures shown in Table 2 vary from a minimum of 0.26 to a maximum of

0.52, with an average of 0.38.

30. The distribution of the values of Rh for the structures is shown

in Figure 5. For all of the structures, the range of values of Rh is quite

wide. This indicates a considerable range of horizontal loadings on the

19
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structures, including some with very small horizontal loads. The distribution

of values for the structures that retain earth backfills is r.oncencrstcd in

the upper range of values, indicating that these structures are usually sub-

jected to high lateral loads.

- Uplift force index

31. The uplift force index is the ratio of the uplift force acting on

the base of the structure to the weight of a solid block of concrete filling

the entire enveloping rectangle. The value of R, is a measure of the sever-

ity of the uplift force acting on the base of the structure. The values of

Rk for the structures shown in Table 2 vary from a minimum of 0.14 to a maxi-

mum of 0.29, with an average of 0.20. The distribution of the values of R,

for the structures is shown in Figure 6. There is little difference between

the distributions of values for all structures and for those that retain earth

backfills, as would be expected.

R, - resistinx moment index

32. The resisting moment index is the ratio of the resisting moment of

the structure (the product of the vertical force F, multiplied by its moment

arm around the toe of the wall) to the resisting moment of a solid block of

concrete completely filling the enveloping rectangle. This ratio is a measure

of the efficiency of the structure with respect to resistance to overturning.

The values of RM for the structures shown in Table 2 vary from a minimum of

0.73 to a maximum of 0.93, with an average of 0.83.

33. Distributions of the values of RM are shown in Figure 7. The

range of values for earth retaining structures is somewhat higher than for all

structures, indicating that structures that retain earth are more likely to be

broad and massive than are those that do not retain earth.

Ra - driving moment index

34. The driving moment indey is the ratio of the driving moment of the

horizontal forces (the product of the horizontal force Fh multiplied by its

moment arm around the toe of the wall) to the resisting moment of a solid

block of concrete completely filling the enveloping rectangle. This ratio is

a measure of the severity of the loading on the structure with respect to

overturning moment. The values of Rd, ror the structures shown In Table 2

vary from a minimum of 0.29 to a maximum of 1.45, with an average of 0.54.
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Excluding the extreme value of Emsworth L-19H, the next highest value is 0.71.

The extreme value for Emsworth L-19H is due to the incorporation of a hawser

pull load in the analysis. Distributions of the values of Rd are shown in

Figure 8. The range of values for the earth retaining structures is consider-

ably narrower than for all structures, indicating a smaller range of driving

or overturning moments on these structures.

7

6 Eorth retoining

S• Other monoliths

4-

0 3

h.Y

0 7

-0.30 -0.20 -0.10 0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70

Rdrn
Figure 8. Distribution of dimensionless parameter Rd,

Rm-uplift moment index

35. The uplift moment index is the ratio of the overturning moment on

the structure due to the uplift water pressure force (the product of the up-

lift force U multiplied by its moment arm around the toe of the wall) to the

resisting moment of a solid block of concrete completely filling the envelop-

ing rectangle. This ratio is a measure of the severity of the overturning

moment to which the structure is subjected by the uplift water pressures. The
values of 2 for the structures shown in Table 2 vary from a minimum of

0.18 to a maximum of 0.29, with an average of 0.22. Distributions of the

values of Ru. are shown in Figure 9. The values for the earth retaining

structures cover nearly as wide a range as do the values for all structures,
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It is a measure of the shape of the structure that is particularly significant

with respect to the resistance of the structure to tipping under the influence

of overturning moments. The values of B/H for the structures shown in Table

2 vary from a minimum of 0.33 to a maximum of 0.70, with an average of 0.54.

Distributions of the values of B/H are shown in Figure 10. It may be seen

that the base width-to-height ratios for the earth retaining structures are

somewhat larger than the values for the other structures.

61,m -mobilized base friction angle

37. As explained in paragraph 17, 6b, is the mobilized friction angle

on the interface between the base of the structure and the underlying rock.

It is a basic measure of the severity of the horizontal loading with respect

to sliding. The values of tan(Bbm) for the structures shown In Table 2 vary

from a minimum of 0.4 to a maximum of 0.81, with an average of 0.6. Distri-

tibutions of the values of t/an(b) are shown in Figure 10. The range for
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earth retaining structures is considerably narrower than for all structures

combined, as would be expected.

B,/B - fraction or percentage
of eff ctSie base contact area

38. As discussed previously, B./B is the ratio of the effective base

contact area to the full base area, and is usually expressed in percent. It

is a measure of the safety of the structure with respect to overturning; the

larger the value of B,/B , the safer the structure with respect to over-

turning. The values of B./B for the structures shown in Table 2 vary from a

minimum of zero to a maximum of 83 percent, with an average of 31 percent.

Only 1 of the 16 structures listed in Table 2 meets the Corps of Engineers

criterion with respect to having an effective base contact area of 75 percent

or more.

39. Distributions of the values of B,/B are shown in Figure 12, where

the range of values for all structures is wider than the range for the earth

retaining structures, and a considerable number of the structures that do not

retain earth have B./B ratios that satisfy the criterion of 75 percent

effective base contact.
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Figure 12. Distribution of B./B
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Use of Dimensionless Parameters

40. The parameters discussed in the preceding paragraphs provide a con-

venient means of describing some of the important characteristics of gravity

retaining walls. The values summarized in Table 2 and Figures 4 through 12

were used in selecting the characteristics of the hypothetical structures

studied during this investigation and the ranges of loadings analyzed. Match-

ing the characteristics of the real and the hypothetical structures in this

way ensured that the hypothetical structures were, in fact, representative of

actual Corps of Engineers structures and that they provided a suitable basis

for research into the significance of the various factors that govern wall

stability.

41. The safety of a wall with respect to sliding and overturning can be

related directly to the dimensionless parameters. The value of 6 bm can be

expressed as:

6bm - tan-1  (Rh ]5
The relationship expressed by Equation 5 is precise, as indicated by the vari-

ation of tan (6bm) with (Rh/R, - R,) shown in Figure 13 for the monoliths at

Emsworth, Montgomery, and Troy locks.

42. The effective base area ratio can be expressed in terms of the

dimensionless parameters as follows:

3 - RmRd -R)

B,/B - 2 (R, - R) 100% (6)

This relationship is also precise, as shown by the data plotted in Figure 14

for the Corps of Engineers lock structures.

43. Thus, the measures of stability used for design are determined com-

pletely by the characteristics of the structures with regard to the values of

the dimensionless parameters that characterize its shape and mass, and the

loadings to which it is subjected.
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Hvnothatieal Structures and Loading Conditions
Used in Following Load Analyses

44. A cross section through one of the hypothetical structures used for

following load analyses is shown in Figure 15. As shown in Table 3, the

heights of the structures evaluated varied from 40 to 70 ft, and the base

width-to-height ratio was varied from 0.4 to 0.8. The width of the top of the

monolith is maintained at 0.2.1H for all structures. The height of the water

table behind the monolitb, Hw , was maintained at 0.67. H .

45. The range of values of the dimensionless parameters for the walls

at Emsworth, Montgomery, and Troy locks and the hypothetical cases used in the

following load analyses are shown in Table 4. The hypothetical structures

cover a range of conditions very nearly the same as covered by the real walls.

It seems reasonable to expect, therefore, that study of these hypothetical

structures will provide information pertinent to analyses of the behavior of

real walls.

ýO2Hý

Ec,yc

SOIL T
Hw

K 5 ,K L

ROCK Er

Figure 15. Base case hypothetical structure used in the
following load analyses
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Table 3

Values of Parameters Used in Following Load Analyses

Constant Parameters Variable Parameters

T - width at top of wall - 0.2H H - height of wall

HW - height of water behind wall Er - modulus of rock foundation

7d - dry unit weight of backfill K, - normal stiffness of interface
- 125 pcf

Yaat - saturated unit weight of K, - shear stiffness of interface

backfill - 145 pcf

-e - unit weight of concrete - 150 pcf B - width of base of wall

E. - modulus of elasticity of concrete
- 3 x 106 psi

Poisson's ratio of concrete - 0.2
Poisson's ratio of rock - 0.15

H E K K
H B w r n s Loading

Run ft ft ..L ft pSi psi Dsi Mesh Increment Comments

1* t0 16 0.4 26.7 3x10 6  3x106  1×104 Coarse Coarse Base Case
2* 40 16 0.4 26.7 3x10 6  3x106  Ix10 4  Coarse [Fine] Base Case
3* 40 16 0.4 26.7 3x10 6  3x10 6  1X10 4  Fine Coarse [UBFM]
4* 40 16 0.4 26.7 3x10 6  3X10 6  1xl04  Fine Coarse [AM]
5* 40 16 0.4 26.7 [ixl04 ] 3×i08 ixl04  Fine Coarse AM
6* 40 16 0.4 26.7 [Ixl07] 3xlO6 i;NI04 Fine Coarse AM
7* 40 1.6 0.4 26.7 3x106  [3x10 4] 1X10 4  Fine Coarse AM
8* 40 16 0.4 26.7 3X10 6  3x106  [lxlO'] Fine Coarse AM
9* 40 16 0.4 26.7 3x106  3x10 6  1x10 4  Fine Coarse [Construct

wall], AM
10*,** 40 [24] [0.6] 26.7 3x106  3X10 6  ix10 4  Fine Coarse AM
ll*,** 40 [32] [0.8] 26.7 3x106  3X10 6  Ix10 4  Fine Coarse AM
12* [70] 28 0.4 46.7 3x106  3x106  Ixl04 Fine Coarse AM

Note: Parameters in brackets are those changed from the values for the base case;
UBFM - unbalanced force method; AM - alpha method; Construct Wall - simulate mono-
lith construction using three lifts.

* No hydrostatic uplift pressure.
** Full hydrostatic uplift pressure.
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Table 4

Ranges of Values of Dimensionless Parameters for Walls Studied by Corps

of Engineers and for Hypothetical Cases Discussed in this Report

Range* for Emsworth, Range Used in Range Used in
Dimensionless Montgomery, and Troy Following Load Backfill Placement

Parameter Earth Retaining Monoliths Analvses Analyses

Rv 0.705 to 0.961 0.974 0.95 to 0.975

Rh 0.228 to 0.524 0 to 0.534 0 to 0.821

Ru 0.102 to 0.294 0 to 0.278 0

Rrm 0.702 to 0.954 0.957 0.917 to 0.958

Rdm 0.010 to 1.066 0 to 0.883 0 to 1.365

Ru 0.152 to 0.284 0 to 0.278 0

B/H 0.323 to 0.763 0.4 to 0.8 0.4

tan(Sbm) 0.354 to 0.842 0 to 0.646 0 to 0.842

Be/B,% 0 to 84 0 to 100 0 to 100

* Range from two standard deviations below average to two standard deviations
above average.
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46. As shown in Table 3, the unit weights of the dry backfill, sub-

merged backfill, and the concrete were kept constant in the analyses, as were

the modulus and Poisson's ratio of the concrete and the Poisson's ratio of the

rock.

47. The modulus of the rock was varied from 10,000 to 10,000,000 psi.

The normal stiffness of the interface between the bottom of the monolith and

the rock foundation was varied from 30,000 to 3,000,000 pci, and the shear

stiffness was varied from 10 to 10,000 pci. The ranges in rock properties

used in the analyses were selected to cover the range of values found to be

appropriate for foundation rocks, based on the results of the study described

in the report by Benson et al. (1987).

48. Two conditions of uplift pressure were modeled in the analyses.

The first was no uplift. The second was full uplift, equal to the height of

water behind the structure multiplied by the unit weight of water, acting

across the entire base. These conditions were used to bracket actual condi-

tions. Full uplift pressure would correspond to a condition where a crack had

propagated from the heel along the base of the monolith to a point just short

of the toe; therefore, the entire base of the structure would be subjected to

hydrostatic pressure. A condition of no uplift would correspond to an un-

cracked monolith-foundation interface. Actual conditions of a crack propaga-

tion terminating somewhere in the middle of the structure should be bracketed

by the results obtained from the full uplift and no uplift analyses.

49. The base case hypothetical structure used in the following load

analyses shown in Figure 15 is 40 ft high, 16 ft wide at the base, with a

base-to-height ratio of 0.4. The modulus of rock was 3,000,000 psi, and the

normal and shear stiffness of the interface between the base of the structure

and the rock foundation are 3,000,000 and 10,000 pci, respectively. No uplift

pressure was applied to the base of the monolith in the base case.

Hypothetical Structures and Loading Conditions Used
inBackfill Placement Analyses

50. Cross sections representing each of the two categories of hypothet-

ical structures used for the backfill placement analyses are presented in

Figure 16. In one group of analyses the structure was buttressed by soil at

the toe, whereas in the other group there was no toe fill. The geometry of

the structure was the same for all analyses and was the same as the monolith

33



F---

00

'-q

0 ww

F-r

CM,

34-



used in the base case of the following load analyses. It was 40 ft high and

had a base width of 16 ft. The width of the top of structure was 0.2,H. For

the structure with toe fill, the fill at the toe was 17.8 ft deep, which is

equal to the height of structure multiplied by 0.45. In the analyses with toe

fill there was no water behind or in front of the wall.

51. As shown in Table 5, the unit weight of the concrete was kept con-

stant in the analyses, as were the modulus and Poisson's ratio of the concrete

and the normal stiffness of the interface between the base of the monolith and

the rock foundation. The coefficients for the nonlinear stress-strain model

for the soil backfill, the normal and shear stiffness for the interfaces be-

tween the soil and the concrete and the soil and rock were also maintained as

constant during the analyses. The foundation was represented as very stiff

rock.

52. The Poisson's ratio of the soil backfill was varied from 0.15 to

0.38, and the shear stiffness of the interface between the base of the mono-

lith and the rock foundation was varied from 10 to 10,000 pci.

53. The base case hypothetical structure used in the backfill placement

analysis of monoliths without backfill at the toe was also 40 ft high and

16 ft wide. The normal stiffness of the interface between the base of the

structure and the rock foundation was 3,000,000 pci, and the shear stiffness

of the interface was 10,000 pci. The dry unit weight of the soil backfill was

135 pcf and the Poisson's ratio was 0.15.

54. The base case hypothetical structure and material properties used

in the backfill placement analysis of a monolith with soil backfill present

beyond the toe is the same as that described for no backfill at the toe.
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Table 5

Values of Parameters Used in Backfill Placement Analyses

Constant Parameters Constant Soil Backfill Parameters

H - height of wall - 40 ft - friction angle of backfill - 39 deg

B - width of base of wall - 16 ft K - backfill stiffness parameter constant -
450

B/H - 0.4 n - backfill sciffness parameter exponent -
0.4

H. - height of water behind wall - Rf - backfill failure ratio parameter - 0.7
0 ft

T - width at top of wall - 0.2H - 6 - wall to soil interface friction
8 ft

7' - unit weight of concrete - 150 pcf

Ec - modulus of elasticity of concrete
- 3 x l06 psi

Kn, - normal stiffness of interface -
3,000,000 pci

KS - shear stiffness of interface
(soil to concrete)

- 20 to 300 pci

Poisson's ratio of concrete - 0.2

Variable Parameters Variable Soil Backfill Parameters

htoo - height of soil backfill beyond toe 7backfill - unit weight of backfill

KS - shear stiffness of interface (rock to "backfill - Poisson's ratio of backfill
concrete)

htoe 7 backfill K *

RLn ft htoe/h pcf - VSci 6 Comments

13a 0 0 135 0.15 1x40 4  0.8 * AM

14a 0 0 135 (0.3] lxlO4  0.8 AM

15a 0 0 135 [0.38] lxlO' 0.8 AM

16a 0 0 [120] 0.15 IXlOA 0.8 AM

17a [17.8] 0.45 135 0.15 lxl04 0.8 AM

18a 17.8 0.45 135 0.15 lxlO' 0.8 [Wall restrained
against deformation]

19a 17.8 0.45 135 0.15 [1x40 1 ] [1.0] AM

Note: AM - alpha method. Parameters in brackets are those changed from the
values for the base case.

* Concrete-to-rock
* * Concrete-to-soil
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Eouations for soil stress-strain model

Et - tangent modulus - [I - RfSL]32KePa(o 3 /P.)n

SL - stress level - (a, - 3)/(o - Ca)f

(l-o3)f - (2.c.coso + 2.oa.sino)/(l - sino)

P4 - atmospheric pressure
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PART IV: DEVELOPMENT OF FINITE ELEMENT PROCEDURES FOR RETAINING
STRUCTURES IN A CONDITION OF INCIPIENT INSTABILITY

55. Finite element procedures for analysis of conventional, stable

gravity earth retaining structures are well established (Clough and Duncan

1971; Kulhawy 1974). However, this approach has riot been adapted for walls in

a condition of incipient instability (the development of a crack at the base

due to an applied load), The study of gravity retaining structures in a con.

dition of incipient instability is divided into two phases. The objective of

the first phase involves identifying the analytical requirements, and extend-

ing the capabilities of the PEA procedure in the program SOILSTRUCT. The

improved procedure described in Part IV was used in a series of parametric

evaluations of typical retaining structures. The results of these parametric

studies are discussed in subsequent parts of this report.

56. Two fundamentally different approaches are used in the finite ele-

ment studies to treat the loading on the gravity wall. In the first approach,

the wall is assumed to be loaded by a predefined lateral pressure of given

magnitude and distribution. The soil backfill, per se, is not represented in

the analysis. The lateral pressures are established using conventional con-

cepts for earth and water loadings of retaining wall systems. The pressures

are applied to the wall in a series of steps so that the response of the

structure to gradually increasing loading can be determined. Because of the

nature of this approach, the magnitudes and distributions of the loadings are

uncoupled from the action cf the wall-foundation system. For example, no

matter how much the wall moves or regardless of the form of the structure

movement, the loading is not changed. Given the nature of this process, this

form of loading is termed "following load analysis" in this report. This

method is used in all first phase analyses discussed in Parts IV and V. The

second method of loading, used in these analyses, is presented in Part VI, and

extends the work to include a coupled soil-backfill system.

57. An additional feature of the following load analysis is that with

the lateral forces known in both magnitude and d.stribution, the resultant

forces acting along the interface between the base of the monolith and the

rock foundation may be determined using conventional equilibrium methods. The

total number of unknowns is limited to three, since they must not exceed the

number of equilibrium equations. Thus, the magnitude of the shear force

resisting sliding, the normal force, and the point of action of this force
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along the base are know% independent of the FEA These parameters can be used

to evaluate th* accuracy of the finite element analyses,

58. The first series of analyses were conducted using the off-the-shelf

terhnology as existed in the program SOILSTRUCT when the project was initiated

during the summer of 1986. Their purposk was to deflne rbe general nature of

the prdblem and identify the requiremunts of the analytical proctdure, These

analyses were exploratory in the sense that thib represents the first applica-

tion of the program to walls that verged on instability, Subsequently, ana-

lytical techniques %ere devbloped to more closely nmodel the actual conditions

of this category of problem.

gomments prn Finite E],W.Ur_.Anal]y.pi.and

Interface Modeling Teqbhg

59. The program SOILSTRUCT used in this evaluation of navigation struc-

tures is a ganeral-purpose finite element program with the capability of ana-

lyzing involved soil-structure interaction problems. Some of the unique fea-

tures include an ability to modcl nonlinear material behavi.or and geometric

details such as interfaces along which relative movements occur. In the first

phase of analyses, linear material behavior was specified for all materials

with the exception of the interface elements used to model the joint between

the wail and the foundation.

Interface elements

60. One of the key components in the first phase work is the interface

element between the wall and the foundation. The interface element dictates

the amount of cuntact between the wall and foundation and controls the Inter-

action between them to a large degree. The element deformation process is

characterized in teLms of two parameters: (a) the normal stiffness; and

(b) the shear stiffness. Details on these parameters are given in the report

by Benson et al. f1987). In the FEA, it is possible to make these parameters

single- or multiple-valued functiuns. Ir the latter case, different values

might be employed depending upon the stress conditions acting upon the inter-

face. For example, one value of normal stiffness might agply for situations

where there is compression in the element, and a zero stiffness might be

expected to apply if there is any significant amount of tension on the

interface.
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Interface stiffnmsa

61. In the first phase nnalyses, the following approach was taken:

A. .Lf. VJ.JL. In accordance with the foregoing discussion,
thim paramneter is taken as having two values; a finite value
for a state where the interface has ncrmal compressive stresses
and a near zero value if the normal stress at the center of the
element is shown to be in tension.

!, ghlsAj jffna&. This parameter is assumed to be single-valued
when the interface normal stress is compressive. In this
instance, it is desired to allow -he element to take all of the
shear stress it desires to use the accumulated shear stress to
check the base friction angle that is mobilized to accommodate
tho shear loading. The mobilized interface friction angle
cheracterimes the amount of base shear, and as will be seen,
this angle is typically within those known to exist for
concrete-to-rock interfaces for all the analyses. If the
interface normal stress is found to be tensile, the shear
stiffness is reduced to a near zerc value.

62. The values used for the normal and shear stiffnesses with the ele-

ment in compression were determined through the literature review given in t.he

report by Benson et al. (1937).

Loading Scheme

63. The loading scheme used in the following load analyses has three

basic components. The first involves the vertical loads induced by the weight

of the monolith, and the wedge of the soil backfill which is contained in the

triangular area that is bounded by the two vertical lines originating at the

heel of the monolith; one extending vertically through the backfill and the

other along the monolith-backfill interface. The second component of loading

is the lateral stress assumed to be generated by the soil backfill and the

water in the backfill. Finally, the third loading, used only in special

cases, is the upward pressure acting on the base of the monolith generated by

hydrostatic uplift. Inclusion of this force is discussed in the parametric

studies in Part V.

64. The vertical gravity loads generated by the retaining structure in

the following load analyses are accounted for in the aihalyses in two different

approaches. The first of these approaches is described in the following para-

graph while the second is discussed in Part V, paragraphs 131 through 138. Il

the simplest version, the effect of the weight of the concrete monolith and

the soil wedge is considered by applying a vertical downward pressure on the

40



base interface that is equivalent to the overlying material weight. During

the application of the downward pressures, the wall stiffness is zero and,

thus, does not influence tho loading process.

65. The lateral load is applied in a series of steps in which the pres-

suzas are assumed to act across the entire face of the monolith. As shown in

Figure 17, a total of 10 steps are generally used to bring the lateral loading

to full value. As a point of comparison, in one instance the loads are

reduced in size so that more than 10 increments are needed to arrive at the

full value. This analysis is referred to as a "fine load" analysis, whereas

the analysis using 10 load increments is a "coarse load" analysis.

66. Vhen using the coarse load analysis, the first five steps are

designed to bring the soil influence to full effect. Total pressures are used

for the soil above the water table, and effective pressures act where the soil

is below the water table The magnitudes of the pressures are dictated by the

assumed values for the soil parameters given in Table 3. The second of the

five steps applies pressures to the portion of the monolith face that is below

the water table and model the effects of the hydrostatic loading. By the

tenth load step, the full soil and hydrostatic pressures are applied.

67. The upward pressures accounting for the presence of uplift at the

base of the monolith are treated in an all or nothing manner. That is, they

are assumed to be commensurate with the full uplift or zero. The implemen-

tation of the uplift pressure increments is tied to the lateral loading

sequence. Basically, as lateral loads are rpplied that involve water effects,

the pressures representing the uplift effects are simultaneously implemented.

In the first phase analyses discussed in Part IV, no uplift pressures were

applied.

68. A final note relative to the number of load increments applied In

an analysis is: In some cases, the system may not be able to absorb the full

10 loading increments. This is due to the fact that before the tenth load

increment the system reaches a point where only one interface element along

the base of the monolith is left In compression. Loading beyond this serves

no purpose, since the system is inherently unstable numerically, and from a

statics point of view, the base contact area is zero or even less than zero.
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Coarse Mesh for Bass Case

69. The finite element mesh designed for the initial phases of the

investigation is shown in Figure 18. The cross section shows the base case

hypothetical structure (Figure 15), a 40-ft-high monolith with a 16-ft base or

a base-to-height ratio of 0.4. The depth of rock foundation included in the

mesh is two and one-half times the width of the monolith's base and extends a

distance equal to three times the monolith's height beyond the toe and heel.

The mesh contains a total of 167 two-dimensional and interface elements; 24 of

which represent the concrete monolith, 138 the rock foundation, with 5 inter-

face elements between the monolith and its foundation. The early analyses

showed this mesh to be too coarse, and refinements were added in subsequent

analyses. The mesh of Figure 18 is referred to as the "coarse mesh" in this

report.

Material Properties

70. Linear material behavior was assumed for the concrete monolith and

the rock foundation for all phases of analyses. For the base case, the modu-

lus of the concrete and rock is 3,000,000 psi, and the Poisson's ratio is 0.15

and 0.2 for the respective materials. The normal and shear stiffnesses of the

interface between the wall and foundation are 3,000,000 and 10,000 pci,

respectively.

Results from the Following Load Analyses

71. The results for the following load analyses are characterized in

terms of these parameters:

A. The distribution of normal and shear stresses along the inter-
face between the wall and foundation.

•. The percent contact area for the base of the wall with the
foundation, B,/B

Q. The ratio of residual tensile load, produced in the interface
elements to the overlying total gravity load of the structure
and the backfill. In theory, a perfect analysis would produce
a zero residual tensile load.

d. The ratio of residual shear load, produced in the interface
where tensile stresses are developed, to the total shear force
developed along the entire interface, Fh
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j. The location of the resultant normal force for the portion of
the base that is in compression as computed in the finite ele-
ment analysis compared to the location of the resultant force
computed from the conventional equilibrium analysis.

f. The ratio of the lateral dcsformation at the crest of the wall,
u. , to its height, H .

Results from the Coarse Load SteR Analysis
Coarse Finite Element Mesh

72, In Figure 19, the interface normal and shear stress distributions

on the base of the structure for the initial condition and with various stages

of lateral loading are shown. In this analysis, no uplift pressures along the

base are assumed. The first distribution presented in the initial stress

prior to any lateral loading. Since only gravity induced forces are acting

and no lateral loads are applied at this stage, the initial shear stress is

zero. The secouo distribution shown is for the case of 0.3-ov lateral load-

ing, the first indication that the wall is attempting to separate from the

foundation. The analysis results show that tensile stresses have developed in

the first interface element at the heel of the wall. For subsequent load

stages, the normal and shear stiffnesses are assigned a near zero value so

that no additional stresses are accumulated within the element. At this point

in the analysis, 13.3 ft of the base remains in compression and this is

referred to as the effective base contact area, B. . The first interface

element, representing 2.7 ft of the wall length, is removed from stiffness

computations for subsequent stages.

73. By the application of the full lateral soil load, equivalent to

0.5-av , three of the five interface elements on the base have developed ten-

sion stresses (Figure 19). Figure 19 also shows the normal stress distribu-

tion from the CEA for full lateral soil loading. It indicates a smaller

length of effective base, and a higher compressive stress within the toe

region, as compared to the results from the FEA. In spite of the differences

in base pressure distributions between the finite element and conventional

analyses, the resultant forces computed using the normal and shear stresses

predicted by the FEA for the interface elements are in equilibrium with the

applied forces. This is because the finite element solution minimizes the

total potential energy for the problem, the basis for the series of equations

used in the finite element procedure.
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74. Figure 20 presents information on the development of the effective

base contact area, B. , as a function of the loading for the FEA, and the

conventional rigid body static analysis. The value of B. is defined as the

area of the base over which the pressure distribution is in compression. The

normalized base contact area, B./B , decreases as the lateral load is

increased. Notably, the reduction in the computed B, is loss for the FEA as

compared to B, from the CEA. Taking the results at face value, they would

suggest that the conventional analysis is conservative. This would be true if

all factors were equal in the analyses, but as Figure 19 indfcates, the FEA

have, in essence, built in a stru~ture-to-foundation tension that does not

exist in the conventional case.

75. The magnitude of tension and shear stress in the cracked zone may

be considered as an index to the error in the FEA. In this document, the

stresses are converted to resultant forces and normalized by the total applied

vertical and horizontal forces, respectively, as convenient simplified parame-

ters to assess the accuracy of the analyses. The normalized normal and shear

resultant forces within the teuisile region are referred to as the overshoot,

since they represent forces which would not exist on a no-tension interface.

76. Figure 21 presents information on the development of normalized

overshoot forces as a function of the loading for the coarse mesh/coarse load

step analysis. As the lateral. loading increases, the overshoot increases. It

is observed that the normalized overshoot shear force (AT/Fh) decreases in

magnitude after the entire earth pressure load is applied, whereas the normal-

ized overshoot tensile force (AN/F,) remains constant. This decrease results

from the fact that the normalizing force Fh increases during the loading

sequence, whereas F, , which reflects the gravity load, is constant. At the

end of the earth pressure loading, a significant amount of force is retained

within the interface elements representing the open joint; 10 percent of the

gravity load and 45 percent of the shear force. Later analyses will put this

magnitude of error in perspective.

77. In Figure 22 the location of the resultant normal force for the

region in compression as computed by the FEA is compared to that of the CEA.

If they were in agreement, the results would plot on the diagonal line through

the figure. It is observed that as the loading increases and the location of

the resultant normal force moves toward the toe, the error in the computed

point of action in the finite element results increases.
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Conclusions for the Coarse Load Step Analysis

78. It has been shown that the results of the following load analysis,

using the coarse mesh/coarse load step, results in errors when compared to a

solution based on a no-tension; interface. These errors result from the stress

retained within elements representing the opened crack between the wall and

the foundation.
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Results from the Fine Load Step Analysis
Coarse Finite Element Mesh

79. In an attempt to reduce the errors found in the first analyses,

finer load steps were used. In this approach the same total load is applied

as before, but the load increments are about one-third as large, and, hence.

approximately triple the load steps are needed to reach the full load. For

exampl.e, to reach the earth loading of 0.3.a, , 9 load increments are applied

and for 0.5.a, , 15 load increments are needed.

80. Figure 23 presents the interface normal and shear stress distribu-

tions for 0.5.a, , lateral load. It may be remembered that in the coarse

load step analysis, the entire interface element closest to the heel developed

tensile stress when the load increment was applied and increased the total

load from 0.2.a, , to 0.3.oa . However, the fine load step analysis uses

three load increments to achieve this same increase in load. This difference

leads to the program logic sensing the fact that tension is beginning to

develop on the base for the fine load analysis before it develops for the

coarse load analysis; hence, the stiffness is reduced in time to hold tension

and shear stresses to a minimum. By the point at which the entire lateral

effective stress is applied, the fine load analysis predicts lower tension on

the base than does the coarse load analysis and agrees more closely with the

base pressure distribution of the conventional approach.

81. In Figure 20, it is observed that the analysis using the finer load

steps results in a smaller effective base width, B. , as compared to the

coarse load analysis. However, it is still larger than that calculated by the

CEA.

82. The development of overshoot forces for the fine load step analysis

is presented in Figure 21. As expected, the use of the finer load steps

results in a lower tension overshoot force, as compared to the coarse load

step. However, the magnitude of the overshoot error continues to be signifi-

cant. At the stage of loading equal to the full lateral effective stress, the

tensile overshoot force is 2.5 percent, and the shear overshoot force is

38 percent.

83. The resultant normal force location for elements exhibiting com-

pressive stress in the fine load analysis is closer to that from the conven-

tional equilibrium method, as seen in Figure 22. For example, at the stage of

full lateral effective stress loading, the resultant normal force acts at a
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point 1.45 ft from the toe, as computed using the conventional oquillbrium

method. The resultant compressive force for the coarse and fine load step

analyses are located at a distance of 2.94 and 2.02 ft, respectively. Thus,

the error in the point of actinn of the resultant decreased from 103 to

39 percent.

Conclusions for the Fine Load Step Analysis

84. It is obsorved that by tripling the number of load steps used in

the following load analysis, the error in the overshoot forces and the point

of action of the resultant normal force is reduced. It is tempting to believe

that the base tension could be completely eliminated if more increments were

used successively to apply the load. Taken to tho extreme, this logic is

correct, but it does not necessarily follow that the tnnsion will be reduced

in a monotonic fashion with the application of larger numbers of increments.

This problem is caused by the fact that the tension that develops in each

interface element is a function of the level of compressive stress in the

element prior to its going into tension, as well as the size of the load

increments. This means that since we are unable to use an infinite number of

load increments, there will always be some tension generated within an element

during the course of the FEA, and thus, a nonzero error. Two alternative

approaches, to be discussed in the following paragraphs, are needed to solve

this problem.

Following Load Analysis Using the Unbalanced Force Method

85. The residual normal and shear stress in the interface elements that

develop tension should be zero, ideally, since we are making the assumption

that the base interface is incaable of transmitting tension. As one alterna-

tive approach to reduce the amount of overshoot stress, the unbalanced force

method logic was built into the program to (a) check for the development of

tension, and if found, (b) then reduce this overshoot stress retained within

the element(s). This process is conducted after each load step is completed.

86. The technique used is known by several names: Zienziewicz (1977)

described it as the initial stress method, and later it became known as the

residual force method, stress transfer method, or the unbalanced force method.

53



All these phrases describe specific aspects of the samo general method imple-

mented in the program SOILSTRUCT. Briefly, the principle of the procedure is

to: (a) convert a stress regime into an equivalent set of nodal point forces;

(b) transfer this equivalent force into the adjacent elements by applying it

as an external force at the nodes; and (c) maintain equilibrium by subtracting

the equivalent internal stress from within the element(s) used to formulate

this force.

87. After each load step is completed and prior to any modulus adjust-

ment, all interface elements are checked for the development of tensile stress

at their centers. If none is found, the analysis proceeds with the next

increment of load as usual. When tensile stresses are observed in the inter-

face element(s), the following series of computations (idealized in Figure 24)

are made prior to analysis of the'next load increment:

A. For each interface element that develops tensile stresses at
its center, artificial restraining forces are applied to reduce
this tensile stress to zero. Two sets of artificial restrain-
ing forces, 0Q and Q, , are computed for each elemant; one
for the normanl stress and the other for the shear stress.
These artificial restraining forces are given as:

Qn - ff1[B] '(,)dv (7)
v

Q. - fff[B] T(a.)dv (8)
v

where (an) and (ua) are the element normal and shear
stresses to be restrained by the nodal forces. [B]T is the
transformation matrix that relates element strains to the aodal
point displacements. In the program code, this is accomplished
by subtracting this equivalent ncrmal and shear stress from the
stress regime existing across the entire element, as shown in
Figure 24.

b. Since the forces Qn and Q, do not actually exist, an analy-
sis is made of the entire mesh with these nodal point forces
applied in the opposite direction at the nodes. Essentially,
the tensile and shear stresses are redistributed. The largest
effect of this redistribution occurs in the elements adjacent
to the interface elements undergoing corrective action.

g. Steps a and b are repeated until the resulting stresses or,
conversely, the restraining forces ara small. Then the moduli
are updated, and the conventionel analysis is resumed with the
application of the next load increment.
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are generated within the entire mesh and especially at the nodes defining the

interface element(s). This results in the development of additional tensile

and shear stress within the interface element. However, the magnitude of the

accrued stresses are less than those applied in step a so that the net result

is the reduction in total stress at the end of each pair of operations for the

interface element(s).

89. The unbalanced force procedure is terminated when the overshoot

force is less than a specified value. In this case, the iterations were con-

cluded when the overshoot force was less than 100 lb which corresponds to less

than one-tenth of 1 percent of the weight of the monolith and soil wedge.

90. For comparison, the base case following load analysis of the hypo-

thetical structure in Figure 15 was repeated using the updated program with

the unbalanced force method logic. The same 10-step coarse load analysis was

used as before. However, due to the amount of base separation that occurred

in the previous analyses, a finer mesh was developed to allow for refinement

of the stress distributions.

Fine mesh for base case

91. The refined finite element mesh is shown in Figure 25. As before,

it represents a 40-ft-high monolith with a 16-ft-wide base. The depth of rock

foundation included in the mesh is two and one-half times the base width of

the monolith and extends a distance equal to three times the height of the

monolith beyond the toe and heel. The mesh contains a total of 329 two-

dimensional and interface elements with 113 representing the concrete mono-

lith, 200 representing the rock foundation, and 16 interface elements between

the monolith and its foundation.

Results from the following load analysis

using coarse load steps-unbalanced force method

92. Figure 26 presents the interface normal and shear stress distribu-

tions for the loading stage of 0.5.a, , along with the distribution for the

CEA at this stage. The results labeled "alpha method" in this figure will be

discussed in the final section of Part IV. For the first time, the normal

stresses from the FEA at the toe of the wall are higher than those from the

CEA. The maximum compressive stress (qmax) of 59,000 psf, by the FEA with the

unbalanced force routine, exceeds the 43,000 psf from the conventional analy-

sis. This reverse in trend compared to the earlier finite element results is
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attributed to solution of the overshoot problem by the unbalanced force

method,

93. The effective base contact area, B. , normalized by the total base

width, B , as a function of loading is presented in Figure 27. It is

observed that the general trend is for closer agreement in B./B with that

from the CEA than achieved in either of the earlier two analyses.

94, Figure 28 presents information on the development of overshoot

forces, both normal and shear, as a function of the loading for all the analy-

ses. As noted, the unbalanced force method as specified in the program

reduces the overshoot forces to a total maximum specifi-3d value of 100 lb. It

is observed that this technique reduces the normalized overshoot shear force

(AT/Fh) to a near zero value at all stages, while the normalized overshoot

tensile force (AN/Fv) remains constant at less than 1 percent.

95. The location of the resultant normal force for elements exhibiting

compressive stress is closer than those for previous FEA's to that from the

conventional equilibrium method, as seen in Figure 29. For example, at the

stage of full lateral effective stress loading, the resultant normal force

acts at a point 1.45 ft from the toe, as computed by the conventional equilib-

rium method. The location of the resultant compressive force for the three

FEA's are computed to be 2.94 ft from the coarse load/fine mesh analysis,

20.02 ft from the fine load/coarse mesh analysis, and 1.87 ft for the coarse

load/fine mesh analysis using the unbalanced force method. The error in the

point of action of the resultant for the three are; 103 percent, 39 percent,

and 29 percent, respectively.

Improved cost efficiency in

the unbalanced force method

96. A point of consideration when evaluating the usefulness of any

procedure of analysis is its efficiency. Efficiency is determined not only in

terms of execution cost, but also the number of computations conducted to

reach an acceptable solution. Due to the iterative nature of the unbalanced

force method, a total of 549 complete solutions of the problem were required

to attain the final solutions. This increased the central processing time on

the IBM 3090 model 200VF mainframe computer to 19 min, as compared to less

than 0.5 min in previous analyses. The analysis represents about a tenfold

increase in computer run charges for use of the VPI IBM mainframe computer.

To aid in reducing this cost, the computer program SOILSTRUCT was modified to
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take better advantage of one of the features of its equation solver algorithm.

97. In SOILSTRUCT, a large proportion of the computer time is used in

the solution of linear simultaneous equations of the form;

[K](u) - (Q) (9)
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where

[K) - global stiffness matrix

(u) - unknown nodal point displacements

(Q) - global force vector

For each computation in the unbalanced force method, a load vector, (Q) , is

created based upon the stress regime existing within interface elements that

develop tensile stress at their centers. At all stages of these particular

following load analyses, the moduli of the elements are maintained at their

original values. Since the elastic properties are constant, there is no need

to reformulate the stiffness matrix, [K] , prior to each iteration. This

fact allows us to expedite the computations by taking advantage of a unique

feature of the equation solver used in SOILSTRUCT.

98. The equation solver in SOILSTRUCT uses the Crout Reduction proce-

dure to solve the set of linear simultaneous equations. One of the features

of this equation solver is that the reduction of the stiffness matrix, [K]

occurs independently of the reduction of the load vector, (Q) . Thus, once

the original stiffness matrix, [K] , is reduced to its final values in the

fully triangularized matrix at the first computation stage, it is stored in

this form and used in all subsequent analyses for this load step. This modi-

fication results in a significant savings in computation time and thus cost of

analysis.

99. The implementation of the new logic resulted in a significant

reduction in computation cost for the unbalanced force method of analysis.,

For example, to attain the previously discussed results for the fine mesh/

coarse load analysis of the base case hypothetical structure, 549 complete

solutions are required. To produce the same results, the new logic reduced

the central processing time of the IBM mainframe computer from 19 to 0.5 min.

This analysis represents only about a twofold increase in computer run

charges, as compared with earlier analyses without the unbalanced force

routine.

Concluisions for the unbalanced force method

100. It is observed that using the unbalanced force method results in a

significant reduction in overshoot force and location of resultant normal

compressive force errors, as compared to previous FEA's. Also, the modifica-

tion of the sequence of computations used in conjunction with the equation

solver algorithm resulted in a significant savings in central processing time
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and thus cost per analysis. However, a second procedure, referred to as the

alpha method, will be shown to further reduce the errors, number of computa-

tions, and costs.

Following Load Analysis Using the Alpha Method

101. The alpha method addresses the same fundamental issues as the

unbalanced force method, namely; the reduction of the stresses retained within

interface elements developing tensile stress. However, the objective of this

procedure is: (a) a further reduction in the magnitude of the overshoot

forces and error in location of resultant compressive force, and (b) reduc-

tions in computations as compared to the unbalanced force method.

102. This method evolved from the unbalanced force method analyses, and

retains some of its key steps. Briefly, the principle of the procedure is to:

(a) factor the applied load vector so that zero normal stress results in the

center of the element which previously developed tensile stress at its center;

(b) convert a shear stress regime for this element into an equivalent set of

modal point forces; (c) transfer this equivalent force into the adjacent ele-

ments by applying it as an external force at the nodes; and (d) maintain equi-

librium by subtracting the equivalent internal stress from within the element

used to formulate this force. The name given to this method is derived from

the factor applied to the load vector, alpha.

103. After each load step is completed, all interface elements are

checked for the development of tensile stress at their centers, This occurs

prior to updating the stress, displacement, and modulus arrays. If none are

found, the analysis proceeds with the array updates and the next increment of

load as usual. When tensile stresses are observed in the interface ele-

ment(s), the following series of computations (idealized in Figure 30 for a

single interface element developing tension after application of the full load

increment, (Q0)) would be made prior to any array updates or the analysis

for the next load increment:

1. For each interface element that develops tensile stress at its
center, the fraction of the applied force that would result in
zero normal center stress is computed. This fraction is
referred to as alpha and is computed for all elements that
develop tensile stress at their centers. Each of these alpha
values may be described as the fraction of the total force
which results in zero overshoot normal force for that interface
element. The linear relationship is due to the incremental
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linear elastic analysis procedure used in the program. Due to
the mechanics of the crack development, it is observed that the
interface element closest to the heel, which has not developed
tensile stress at its center in a previous load increment,
possesses the smallest value of alpha.

k. The load vector, (Q) , is then redefined as the product of the
smallest value of alpha, a, , and the original load vector for
this load step, (Qo)

Q - aO.iQo) (10)

A new analysis is conducted using the reduced load vector, and
all displacements and stresses are updated.

•. Zero normal and shear stiffness is then assigned to the inter-
face element. This prevents the accrual of stress in step d.

d. For the critical interface element the tension stress at its
center is now zero, but artificial restraining forces are
needed to reduce the built-in shear stress to zero. The arti-
ficial restraining force, Q, , is computed for the element.
Using the unbalanoad load procedure, Q, is:

Q. - fff[B]T(a.)dv (11)
V

where (oa) is the element shear stress to be restrained by
the nodal forces. It is equal to the actual linear shear
stress distribution across the element. (B]T is the transfor-
mation matrix that relates element strains to the nodal point
displacements. In the program code, this is accomplished by
subtracting this equivalent shear stress from the stress regime
existing across the entire element.

•. Since the force Q. does not actually exist, an analysis is
made of the entire mesh to these nodal point forces applied in
the opposite direction at the nodes. All displacements and
stresses are updated. Essentially the shear stresses are
redistributed. This step, applied in conjunction with the
fourth, maintains equilibrium within the system.

f. The next fraction of the initial load to be applied is com-
puted. The load vector, (Q) , is defined as;

(Q) - ai'-( I - E'a)Qo) (12)
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where

OI - the smallest of the remaining values of
alpha

Ea - the sum of previously applied alpha values

(QO) " the original load vector

The analysis is then conducted using (Q) , and all resulting
displacements and stresses are updated.

g. Steps c through f are repeated until the total original load
vector for this load step, (QO) , is applied. Then the
conventional analysis is resumed with the application of the
next load increment.

104. For the purposes of comparison to the other methods, the base case

problem was analyzed with the alpha method. In this analysis, the fine mesh

(Figure 25), with the coarse load steps, were used,

Results from the following load
analysis using coarse load.Ateps. alpha method

105. Figure 26 presents the predicted interface normal and shear stress

distributions for the full lateral soil loading stage from the alpha method,

along with the distributions for the CEA and the unbalanced force method. The

shape of the normal and shear stress distributions are similar for the two

improved finite element methods, and both yield a q.., at the toe higher

than that computed by the conventional equilibrium method. Notably, the q,,,

for the alpha method is 70,000 psf, larger than that computed using the unbal-

anced force method by 11,000 psf.

106. The effective base contact area, B. , normalized by the total

base width, B , as a function of loading, is ptesented in Figure 27. Note

that B./B using the alpha method is in close agreement with that from the

CEA.

107. Figure 28 presents information on the development of overshoot

forces as a function of the loading for the four FEA's. In all cases, as the

lateral loading increases, the crack propagates from the heel toward the toe,

generating tensile stresses and thus overshoot forces within the interface

elements. However, the alpha method reduces this overshoot force to zero at

all stages of loading.

108. With the alpha method, the location of the resultant normal force

for elements remaining in compression is closer than previous analyses to that

from the conventional equilibrium method (Figure 29). At the stage of full

lateral effective stress loading, the resultant normal force acts at a point
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1.45 ft from the toe, as computed using the conventional equilibrium method,

Using the unbalanced force method and the alpha method, the locations of the

normal force are computed to be 1.87 and 1.52 ft, respectively. The error in

the point of action of the resultant decreased from 29 to 5 percent in using

the alpha versus the unbalanced force method.

109. The implementation of the alpha method logic also results in a

reduction in computational cost as compared to the unbalanced force method of

analysis. To attain the solution for the fine mesh/coarse load analysis of

the base case hypothetical structure, only 47 complete solutions ore required

for the alpha method, as compared to 549 using the unbalanced force niethod,

The central processing time of the IBM mainframe computer for the alpha method

was less than 0.5 min.

110. Figure 31 shows the normalized lateral deformation at the crest of

the wall (u,) by its height (H) as a function of the load. In general, the

lateral deformation increases as the load increases. The lateral deformation

also increases as the magnitude of the tensile stress retained within inter-

face elements is reduced. Further, due to the difference in the approach used

to reduce these overshoot forces, deformations re.ulting from the alpha method

are larger than those using the unbslanced force method.

Conclusions for the alpha method

111. It has been shown that the response of a rtructure in a condition

of incipient instability may be predicted by the computer program SOILSTRUCT

using a new computational technique called the alpha method. Further, the

results are accurate when compared to those using the conventional equilibrium

method. When compared to other methods uf FEA, the alpha. method results in

much smaller errors. It eliminates the overshoot forces, and results in a

reduced error associated with the location of resultant normal compressive

force. It also resulted in a significant reduction in the i:uiber of solutions

required when compared to the unbalanced force method.

The Alnha Method and the Backfill Placement Analysis

112. The previous discussion on the implementation of the alpha method

was associated with the analysis of structures subjected to following loads.

A second category of loading used in the second phase study of analyses is

termed the "backfill placement analysis." It differs from the following load
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analysis by the method in which the forces acting on the structure are devel-

oped. The soil backfill is incorporated in the mesh and the forces acting on

the wall are developed through a backfill operation simulation. The details

of this procedure and the results are discussed in Part VI.

113. In the backfill placement analysis, the backfill operation is

simulated by the placement of the soil in a series of lifts. For each lift,

the soil placed generates a set of forces that are applied to the wall and

previously placed backfill system. With an equivalent linear stress-strain

soil model used, the moduli within the existing soil backfill are adjusted to

be consistent with the current level of loading. In the analyses presented in

Part VI, two iterations are used for each lift, and the alpha method is not

implemented until the second computation is completed for each lift. In the

unbalanced force analyses, the alpha method is applied after the first compu-

tation for each load step is completed.

114. In the backfill placement analysis, the soil backfill is incorpo-

rated within the mesh. Interface elements are placed between several differ-

ent material regions in the mosh; concrete wall-to-rock foundation, concrete

wall-to-soil backfill, and soil backfill-to-rock foundation. Due to the

involved nature of the response of the system to the analytical simulation of

the backfill operation, the alpha correction is applied only to the interface

elements between the base of the wall and the foundation.
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PART V: RESULTS OF FOLLOWING LOAD PARAMETRIC ANALYSES OF
RETAINING STRUCTURES USING THE ALPHA METHOD

115. This part describes an investigation into the influence of geom-

etry, material, and loading parameters on retaining structures founded on rock

and subjected to a following load. The finite element program SOILSTRUCT with

the alpha method incorporated is used in the analyses. Since the loads are

predefined in the following load approach, the response that is predicted

focuses on the movement of the wall and foundation system and their interac-

tion along the base of the wall.

116. The influence of seven parameters are evaluated, with the range in

values presented in Table 3. These parameters include;

A. Height of the wall.

]. Initial normal and shear stress distributions developed along
the interface between the wall and its foundation, prior to
lateral loading.

£. Width of the wall.

•. Magaitude of the uplift pressure applied to the interface.

•. Modulus of the rock foundation.

•. Interface normal stiffness.

.g. Interface shear stiffness.

117. The results for the following load analyses are characterized in

terms of:

&. Distribution of normal and shear stresses along the interface
between the wall and its foundation.

k. Percent contact area for the base of the wall with the founda-
tion, (B./B).

•. Magnitude of the mobilized angle of friction at the base of
the wall.

d. Ratio of the lateral deformation at the crest of the wall,
u. , to its height, H .

A. Magnitude of the maximum compressive stress developed within
the toe region of the structure.

118. In the analyses, the two dimension ratios are kept constant.

Namely, the width of the top of the monolith always equals 0.2. H , and the

height of the water table within the backfill (Hw) is always 0.67. H . Sev-

eral of the material properties are also constant: the unit weight of the

concrete and the modulus and Poisson's ratio of the concrete and the rock.
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Effect of Height of the Wall

119. Study of the effects of wall height are accomplished by comparing

results for two FEA's: one for the base structure that is 40 ft high, and a

second for a structure that is identical to the first in terms of proportions,

but is 70 ft high. The scale factor between the two cases is 70/40 or 1.75.

120. The base case structure is modeled using the fine mesh in

Figure 25. A second mesh was developed for the larger structure by multiply-

ing x and y coordinates of the nodal points defining the fine mesh by 1.75.

This results in a 70-ft-high monolith with a 28-ft-wide base, while maintain-

ing the same base-to-height, B/H , ratio of 0.4.

121. As discussed in Part IV for the basic following load problem,

there are three components of loading: (a) the vertical loads induced by the

weight of the monolith; (b) lateral effective earth pressures due to the soil

backfill (usually applied in five increments); and (c) lateral pressure due to

water within the soil backfill (usually applied in five increments).

122. If the pressure distributions applied to the two different size

structures are normalized by the maximum pressure and plotted versus the dis-

tance normalized by the length over which the pressure acts, then the two

distributions are identical. This holds true for the gravity stress distribu-

tion along the base as well as the earth and water pressures on the back of

the wall. When the applied pressure is converted into equivalent nodal point

forces, the forces acting upon each of the structures will diffet in magnitude

by the square of the scale factor, at the same normalized distance. This

results from the equivalent force being equal to the integral of pressure over

the region upon which it acts, and each of these terms differ in proportion to

the scale factor between the meshes. The difference in magnitude between the

equivalent resultant force applied to each of the structures also varies with

the square of the scale factor. This resultant force has the same normalized

point of action since the distribution of normalized pressure versus normal-

ized distance is the same for both meshes.

Material properties

123. The standard material properties as used in Part IV are assigned

to both the small and large monolith problems. The modulus of the concrete
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and rock is 3,000,000 psi, and the Poisson's ratio is 0.15 and 0.2 for the

respective materLals. The normal and shear stiffness of the interface between

the monolith and foundation are 3,000,000 and 10,000 pci, respectively.

Theoretical considerations

of scale effects on the results

124. Due to the characteristics of both the analysis procedure and the

structural system, the effects of scale can be predicted theoretically. This

follows from four factors;

A. Although the analysis allows nonlinear response from one step
to another, the computational procedure used in the FEA is
based on a linear elastic response within each step.

I. The geometry of the two structures and their equivalent meshes
is the same when compared using normalized dimensions.

.. The same material properties are used.

•. The applied load increments are the same based on normalized
pressures and normalized distances.

125. With these considerations and theory given in Appendix B, several

conclusions may be drawn with regard to the, effect of the scale of a structure

upon the computed variables for each load increment.

a. The incremental stresses induced by the loading will vary in
proportion to the scale factor.

b. The incremental strains induced by the loading also will vary
in proportion to the scale factor.

c. The work done by the applied forces and the strain energy
stored within the system varies with the scale factor to tae
fourth power.

•. The incremental displacements vary with th6 square of the
scale factor.

Results--scale effects

126. Figure 26 presents the interface normal and sbeai stress distribu-

tions for the loading stage where the full lateral soil load is applied. In

terms of normalized distance along the base (x/B), the stress distributions

for the 70-ft-high monolith are the same as those for the 40-ft-high monolith.

The actual magnitudes of these stresses differ from those obtained for the

40-ft-tall base case monolith. For example, the maximum compressive stresses

developed within the toe region of the 40- and 70-ft-high monoliths are 70,000

and 125,000 psf, respectively. The compressive stresses differ by a factor of

1.78, a value approximately equal to the difference in scale between the
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structures, or 1.75. The small variance from 1.78 to 1.75 results from larger

approximation errors developed for the mesh representing the monolith 70 ft in

height.

127. The effective base contact area, B. , normalized by the total

bas, width, B , as a function of loading is presented in Figure 32. It is

observed that B./B agrees for all stages of loading in both analyses, and

is, ther.,fore, independent of the scale of the structure, as expected.

128. The mobilized base friction angle, 6b. , on the interface between

the base of the wall and its foundation is given as:

tan( 6bm) - T/N' (13)

where:

T - net horizontal interface shear force

N' - net effective normal interface force

For either size monolith, the mobilized base friction angle is the same. This

follows since the interface forces must equal the applied vertical and hori-

zontal forces. Both of these forces vary with the square of the scale factor,

so when substituted into Equation 13, the same factor appears in the numerator

and denominator, and the scale factors cancel out.

129. Figure 32 also shows the normalized lateral deformation at the

crest of the two monoliths (u./H) as a function of the load. There are two

general trends common to both structures: (a) the lateral deformation in-

creases as the load increases; and (b) the rate of deformation increases as

the effective base area decreases. Another trend observed in the figure is

that the normalized displacement is larger for the taller of the two struc-

tures. For example, upon application of the 0.5'a, soil loading, the

normalized lateral displacements are 0.00029 and 0.00017 for the 70- and

40-ft-high walls, respectively. The ratio of the displacements occurring at

the crest of the two structures for the same level of loading is 2.91. Theo-

retical considerations indicate that this ratio should actually be the square

of the scale factor, or 3.06.

130. With all factors considered equal, it is observed that for the

same level of load, the scale of the structure influences the magnitude of the
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stresses developed within the structure and the displacements. Importantly,

the distribution of the resulting stresses in terms of normalized distance,

normalized effective base contact area, and mobilized base friction angle are

not influenced by scale. Wherever small differences exist between expected

and calculated scale factors, they are likely a result of inherent approxima-

tions in the finite element method and the relative fineness of finite element

meshes.

Effect of Initial Stress Distribution

131. The influence of the initial stress distribution on the results

for the base case structure is examined in the following paragraphs. Two

types of gravity stress simulations are used to develop the initial interface

normal and shear stress distributions. In one case, the loads are applied

through vertical pressures acting downward on the interface, where the verti-

cal pressures are simply a reflection of the weight of the material above the

elements. The other approach uses the scheme of loading that involves a con-

struction simulation where the wall stiffness gradually comes into effect,

using three increments, allowing for hardening of the concrete after each

layer is placed.

132. The fine mesh of the base case structure is used with the 40-ft-

high wall with a 16-ft-wide base (Figure 25). The loading used on the struc-

ture for all analyses is the 10-step coarse load application shown in

Figure 17, with no uplift pressures. Material properties were unchanged from

previous analyses.

Results--initial stress distribution

133. The initial pressure distribution in the interface for the simple

approach is, as expected, a mirror image of the applied pressures (Figure 33),

with the normal pressure increasing from the heel of the monolith because the

amount of concrete overlying the base increases and the amount of soil de-

creases. Since the overlying material is all concrete, the pressute is con-

stant. No shear stresses are generated in this instance.

134. The initial normal pressure distributick in the interface with the

construction sequence simulation is different from that for the applied pres-

sure approach in that it is concave in shape, dith the pressures at the edges
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of the wall larger than those at the center. This effect is caused by the

interplay of the wall stiffness and the foundation. As is known from elastic

theory, the normal pressure distribution beneath a rigid foundation shows

theoretically that the edge pressures are infinite. The finite element

results are not so extreme since the wall is not rigid, and its stiffness is

only gradually engaged in the incremental construction simulation. Due to the

interaction effect, shear stresses are also developed along the interface.

135. As the lateral loads are applied, the trend is toward similar

distributions for the normal and shear stress along the interface regardless

of the initial pressure model. Figure 34 shows the stress distributions for

the loading stage of 0.4.oa , along with the distribution for the conven-

tional equilibrium method. At this stage of loading, the effective base areas

are approximately the same for both analyses, and slightly larger than that

obtained by the conventional equilibrium method. The nonlinear distributions

of normal and shear stresses have the same general features, and both results

exceed qmax get the toe compared to the couventional equilibrium method.

The difference between the magnitudes of the maximum stresses developed within

the toe region of the monolith predicted by the analyses with the different

initial stress distributions decrease with continued loading. For example,

after the gravity loads are applied, the man:imum compressive and shear

stresses for the simple pressure-induced initial stresses are 6,000 and 0 psf,

respectively. This compares with values of 13,500 and 1,800 psf, for the con-

stiuction simulation analyses. At the loading stage of 0.4.cv , the maximum

normal and shear stresses for the two approaches are very close.

136. The effective base contact area, B./B , is presented in Figure 35

for the two analyses. For the first three stages of the lateral loading, the

B,/B values are larger by 5 percent for the structure with the initial inter-

face stress determined by a construction sequence simulation. The values of

B./B resulting from both analyses are in agreement for all subsequent load

stages. The mobilized base friction angle agrees for the two analyses at all

stages of loading, due to equilibrium considerations.

Normalized lateral deflection

137. Figure 35 also snows the normalized lateral deflection at the

crest of the wall, u•,/H , as a function of load. The lateral deflection in-

creases as the load increases, and the rate of deformation increases as the
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effective base decreases. In general, the lateral deflections at the crest of

the monolith for both initial stress approaches are in agreement for all

stages of loading.

138. The initial stress distribution has an influence on some of the

computed variables, but the difference in the results for the two analyses

decreases as the loading proceeds. This suggests that this variable is unim-

portant in the overall behavior of the retaining wall system, except at small

loadings.

Effect of Width of Wall

139. To determine the influence of the width of the structure, the re-

sults for three structures with B/H ratios of 0.4, 0.6, and 0.8 are compared.

The prescribed loads are the same for all structures so that only the factors

influenced by the lateral geometry affect the results.

140. The base structure with a B/H ratio of 0.4 is shown in the fine

mcsh in Figure 25. The two additional meshes for the other structures are

developed by multiplying x coordinates of the nodal points defining the fine

mesh by 1.5 and 2.0. This results in respective base widths of 24 and 32 ft

and a height of 40 ft for all structures, with B/H values of 0.6 and 0.8.

The finite element meshes are shown in Figure 36.

141. The loading used on the three structures is the 10-step coarse

load analynes shown in Figure 17. No uplift pressures are assigned. The same

standard material properties are assumed for all three meshes as were used in

previous analyses.

Results--width of wall

142. In general, as the width of the base of the wall increases, there

is a decrease in the magnitude of the normal and shear stresses developed

along the base. When the loading stage 0.5.a, is applied to the three mono-

liths, the maximum compressive stress within the toe region decreases from

70,000 psf to 24,000 psf and 16,000 psf, as the B/H ratio increases from 0.4

to 0.6 and 0.8. After completion of the full 10-step lateral load sequence,

the resulting maximum compressive stress is 32,000 and 20,000 psf, respec-

tively, for the two wider monoliths.
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143. The normalized effective base contact area, B,/B , as a function

of loading Is presented in Figure 37. For the same set of applied forces, the

resulting B./B ratio is larger when the B/H ratio of the structure is in-

creased from 0.4 to 0.6. In fact, structures possessing a B/H ratio equal

to or exceeding 0.6 meet the Corps of Engineers criterion with respect to

having an effective base contact area of 75 percent for full lateral loading.

144, The mobilized base friction angle, 6bm , increases with load for

all the analyses (Figure 37). This is attributed to the same magnitude and

distribution of lateral force being applied to all structures at each stage of

loading. As the width of the structure increases, 6bm decreases, since wider

structures are heavier.

Irends common to all structures

145 Figure 38 presents the normalized lateral deformation at the crest

of the three monoliths, ux/H , as a function of the load. There are two

trends common to all structures: (a) the lateral deformation increases as the

load increases; and (b) the rate of deformation increases as the effective

base decreases. Another trend observed in the figure is that the normalized

displacement becomes larger as the structure itself narrows for the same level

of load.

146. With all factors equal, it is observed that for the same applied

load, the width of the structure influences all the computed variables; the

stresses, effective base contact area, mobilized base friction angle, and

displacements. In general, the wider the structure the more its stability is

enhanced and the smaller the lateral deformations.

Effect of Uplift Pressure Applied to the Interface

147. In these analyses the influence of the magnitude of uplift pres-

sure applied to the interface between the monolith and its foundation is con-

sidered. For this evaluation, two structures with B/H ratios of 0.6 and

0.8, but possessing the same height of 40 ft, are used. The procedure for

determining the vertical and lateral applied loads is the same for both struc-

tures, so that only the factors influenced by the uplift pressures affect the

results. The finite element meLhes are shown in Figure 36. The same standard
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material properties are assigned to the two meshes as were used in previous

analyses.

Loading scheme

148. The loading used on the two structures is the 10-step coarse load

shown in Figure 17. For this problem, two pairs of analyses are conducted for

each structure; one for no uplift, and the second using full uplift pressures.

As explained previously in Part IV, the uplift pressures are assigned during

the second 5 increments of the 10-step load sequence and model the effects of

full hydrostatic loading. At the end of loading, the magnitude of this pres-

sure, acting upon the entire length of interface, equals the unit weight of

water multiplied by the height of water in the backfill, 0.67'H . This is

the most severe boundary condition possible and thus represents the upper

bound in the magnitude of uplift pressure.

Results--uplift pressures

149. The influence of the magnitude of the uplift pressures on the com-

puted stresses on the base depends on the width of the structure. For

example, at the completion of the 10-step load sequence, 0.5-a, + -yw-H,, , the

monolith pcssessing a B/H ratio equal to 0.6 develops a maximum compressive

stress of 32,000 psf within the toe region for the case when no uplift pres-

sures are applied. This value increases to 37,000 psf when the full uplift

pressures are applied. However, in the corresponding pair of analys~s for the

monolith with a B/H ratio of 0.8, there is very little difference in the

computed maximum compressive stress; 20,000 psf for no uplift and 19,000 psf

for the case when full uplift pressures are assigned. A similar trend is also

observed for the maximum shear stress. The difference in the trends for the

two structures is attributed to the overall size of the structure and its

interaction with the applied uplift plessures.

150. The normalized effective base contact area, B,/B , as a function

of loading is presented in Figure 39. Given the same height structure,

lateral load, and uplift pressure, the resulting Be/B ratio increases as the

width of structure increases. There is a trend toward smaller differences in

B,/B as the width of the monolith increases, when comparing the results for

the analyses with no uplift pressures and those with full uplift pressures.

Another observation is that structures possessing a B/H ratio equal to 0.6

would meet the Corps of Engineers criterion only, with respect to having an
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effective base contact area of 75 percent, if no uplift pressure were applied.

However, a structure possessing a B/H value of 0,8 meets this criterion for

both load conditions.

151, With application of uplift pressures, the rate of change of 6bm

increases because the net effective interface pressure decreases (Figure 40).

For example, at the end of the 10-step load sequence, the presence of uplift

pressures results in an increase in 6b by 7 to 8 deg, depending upan the

B/H ratio of the structure. As expected, as the width of the structure

increases, 6 bm decreases.

152. Figure 41 presents the lateral deformation at the top of the two

walls (u.) normalized b~y the height (H). There are several trends: (a) the

lateral deformation increases as the load increases; (b) the rate of deforma-

tion increases as the effective base decreases; and (c) the deformations in-

crease as the uplift pressures are added.

153. It is observed that for the same height of structure and applied

lateral load, the magnitude of thn uplift pressures applied to the base of the
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structure influences all the computed variables; the stresses, effective base

contact area, mobilized base friction angle, and displacements. The degree to

which these variables are influenced depends upon the width of the structure.

Effect of Modulus of the Rock Foundation

154. In this fitst of a series of analyses of the effects of material

parameters, the influence of rock modulus is determined. The base case struc-

ture is used, and the loads are the same for all analyses. The fine mesh of

the base case structure as shown in Figure 25 is used.

Loading scheme

155. The loading for all analyses is the 10-step coarse load scheme

(Figure 17). For this problem, no uplift pressures were assigned.

Material Droperties

156. The same material properties are used for the monolith and the in-

terface between its base and the foundation as in previous standard analyses.
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The modulus values for the rock are 10,000, 3,000,000, and 10,000,000 psi.

The Poisson's ratio is maintained at 0.2.

Results--rock foundationmodulus

157. The normal and shear stress distributions on the interface between

the monolith and the rock foundation as predicted by the FEA are shown in

Figure 42 along with the values determined by the conventional equilibrium

method. The following trends are apparent:

a. The effective base contact area is not significantly impacted
by the rock modulus.
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]. The FEA results for all rock modulus values show higher normal
stresses at the toe of the wall than is indicated by the CEA.

Q. The maximum normal stress at the toe of the wall is affected
by the rock modulus, with higher values occurring as the rock
modulus decreases.

•. The distribution of the shear stresses on the interface for
the two higher rock modulus values are very similar, but there
is a wide shift relative to the values for the lowest rock
modulus. At the lowest rock modulus, there is a large concen-
tration of shear stresses at the toe and the heel of the wall
that does not exist for the stiffer rock foundations.

The behavior of the wall on the soft rock foundation can be better understood

by examining Figure 43, showing the lateral displacements of the wall as a

function of the lateral loading. It is observed that the deformations are

considerably larger for the soft rock case than for the other two cases. This

behavior is logical in that the soft rock modulus is less than the other two

by two to three orders of magnitude. It is useful to note that the displace-

ments do not scale in direct order with the differences in modulus since the

lateral displacement shown in Figure 43 includes movement generated on the

interface, a constant movement for all cases.

158. The larger deviation of the soft rock foundation stress distribu-

tions from the conventional analysis is consistent with the fact that the

conventional analysis assumes the rock foundation to be perfectly rigid.

Notably, the finite element results show that as the rock foundation becomes

stiffer, the predicted behavior fits closer to the conventional model.

159. The normalized effective base contact area, B./B , as a function

of loading is presented in Figure 44. There is a tendency for closer agree-

ment between the conventional equilibrium method and the FEA as the magnitude

of the rock modulus increases. The reasons for this are as described previ-

ously. The mobilized base friction angle agrees for the three analyses at all

stages of loading, due to equilibrium considerations. For the three analyses,

the same set of gravity and lateral forces are applied to the structures at

each load stage, and thus the same magnitude of interface shear forces are

developed.
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Effects of Normal and Shear Stiffnesses of Interface
Between the Wall and the Rock Foundation

160. To this point, the normal stiffness of the interface has been as-

sumed to be a value of 3,000,000 pci. Thus, the interface is assumed to

represent sound contact between the rock and wall. However, if the interface

should have deteriorated over time due to erosive action by water flow or

chemical effects, then the normal stiffness could be lower, and in this param-

eter study, a value of 30,000 pci is used. Assuming a similar deterioration

for the shear capacity of the interface, the use of a shear stiffness of only

10 pci rather than the standard value of 10,000 pci would be recommended.

161. All other parameters in these analyses are the same as for the

standard case. The fine mesh for the 40-ft wall is used as shown in Fig-

ure 25, and the loading is the 10-step coarse scheme of the previcus analyses.

162. In Figures 45 and 46, the results are given showing the effects of

varying the normal stiffness of the interface (the shear stiffness in these

93



(0

0 0

4)

e~1 0

lid SSJ 04

La C C

ý4.

I I .......................
R~ .-

zi 00
trJ

06a
U.C.

4 *.

.0 0. 0

0. 0 0E

94'



100

:f°F //
- ~o- I IP0

020-

Toe 0 20 40 60 80 100
Be/B(%) -Kn=3XIGOpci

0.0012 1

0.001-

0.0008-
Kn= 3XI04 pci

zf
0.0006-

0.0004 -

0.0002-

o - 1 1 I ---- I I
0 O.la" 0.20. Q3o. 0.4c" 0.5a0 0.5ov 0.5ao

+0.2 +0.4
Load Increment H

)w Hw y'wHw

Figure 46. Variation of B,/B and u1/H with lateral load,
two interface normal stiffnesses

95



stress distribution for the change in normal stiffness, there is a reduction

in the normal stress generated at the toe of the wall with the use of the

lower stiffness value. This reduction occurs since the soft interface pre-

vents the mobilizati.on of the high normal stresses that develop for the stiff

interface.

163. Figure 46 shcws that while little difference exists in predicted

effective base contact area with either value of normal stiffness, there is a

large increase in wall deformation with the sufter interface versus the

stiffer interface. The larger displacements are to be expected since there

are two orders of magnitude difference in the two values of interface normal

stiffness.

164. Figures 47, 48, and 49 give the results of the softer interface

shear stiffness (the standard value of the interface normal stiffness is used

in these cases). As shown in Figure 47, the softer shear stiffness has no

effect on normal stress distribution on the interface, but it dramatically

evens out the shear stress distribution on the interface. This is reasonable

in that the softer interface provides less opportunity to develop stress con-

centrations. Figures 48 and 49 show the expected results that the shear

stiffness value has little impact on base contact area, but that larger

lateral displacements develop with the softer shear stiffness.

165. The general impact of using either a softer normal or shear stiff-

ness for the interface is to increase lateral displacements and to modify the

distribution of the interface stresses. In these following load analyses, the

effect on lateral displacements is not important, since there is no soil-

structure interaction involved. However, the impact of this behavior in the

analyses -hat include soil-structure interaction can be considerable. In the

presence of more lateral displacement of the wall, as induced by the softer

interface, soil pressures on the active side of the wall would be reduced and

those on the passive side of the wall would be increased. The wall movements

will also cause changes in the vertical shear stresses acting on the wall

faces. Thus, while there is little impact of interface stiffness on the fol-

lowing load analyses, this conclusion cannot be extrapolated to more sophisti-

catee soil-structure interaction analyses.
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Summary

166. The influences of seven geometric, material, and loading param-

eters on the response of retaining structures to following loads have been

investigated. The finite element analyses used the alpha method, allowing for

the separation of a monolith from its foundation (i.e. a condition of incipi-

ent instability). The results of the parametric evaluations indicate:

.. The height of the structure influences the magnitude of the
stresses and the displacements resulting from the applied
loads. However, normalized stress distributions formulated by
dividing the actual stress by the maximum value and distance
by the geometry scale factor are the same for structures of
different sizes.
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k. At very early loading stages, the distribution of initial
stress along the bame of the wall influences the resulting
stresses on the base and effective base contact area. Other-
wise, this variable in unimportant in the computed behavior of
the wall.

£. The width of tho wall Influences all of the computed var-
iables. The value of B /B increases wirh incriasing values
of width, while the magnitudes of thqq stresses on the base,
the mobilized angleýof base friction, and displacements all
decrease with i.ncreasing width. Additionally, the stability
of the structure increases with i.ncreastng width.

•. The magnitude of the uplift pressures applied to the base of
the wall influences all the computed variables, The level to
which they are influenced depends upon the width of the Rtruc.
ture. In general, the narrower the wall, the greater the in-
fluence of the uplift pressures.

j. The rock foundation modulus influences all the computed vari-
ables, but the level of infl..ence is not the same for all
parameters. The value of the rock modulus has a greater
effect on the movements of the wall, the maximum value of com-
pressive stress, and distribution of shear stresses on the
base than on the distribution of normal stresses on the base
and the effective base contact area.

•, The magnitude of the normal stiffness of the interface between
the wall and its foundation influences the computed normal
stresses on the base of the wall, but has little effect on the
-itear stresses on the base. The reverse trend is observed for
the interface shear stiffness; the shear stresses are influ-
enced by changes in the value of the interface shear stiff-
ness, but this change does not affect the normal stresses on
the base. Changes in the magnitude of either the interface
normal or the Ehear stiffnesses affect the computed displace-
ments but have little influence on the effective base contact
area.

167. In addition to the influence of particular parameters, other con-

clusions can also be drawn:

A. Values of mobilized base friction angle calculated by FEA are
in precise agreement with values calculated using CEA proce-
dures.

k. Values of percentage effective base contact area calculated by
FEA are somewhat larger than those calculated using CEA.

.Q. The maximum valves of contact pressure between the b4 se of the
structure and the foundation calculated by the FEA are
somewhat higher than those calculated using conventional
analyses.
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_d. While certain of the parameters showed no significant influ-
ence on the results of the following load analyses, this does
not necessarily extrapolate to backfill placement analyses.
In particular, this applies to base-foundation interface
properties.
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PART VI: BACKFILL PLACEMENT ANALYSES OF RETAINING STRUCTURES
USING THE ALPHA METHOD

168. The final series of the second phase analyses are presented in

Part VI. This group of analyses differs from those described previously with

regard to the method used to simulate loading on the monolith. In the analy-

ses described in the following paragraphs, the soil backfll was represented

in the finite element mesh, and the loading& exerted by the backfill on the

wall were generated automat~cally during placement of the backfill behind the

wall. This procedure is termed "backfill placement analysis." Use of this

soil-structure interaction method of anelysis eliminates the necessity of

estimating or assuming the loads imposed on the structure by the backfill. It

is believed to afford the most realistic representation of the behavior of the

walls that can be performed using the finite element method.

169. The influence of several parameters on the computed results were

studied in the analyses described in this part. Some of the structures evalu-

ated had soil in front of as well as behind the monoliths. Comparisons were

made between the results of the FEA and the results of CFA of the type used by

the Corps of Engineers. The FEA were performed using the program SOILSTRUCT.

This program is capable of modeling the development of a crack between the

monoltth and its foundation using the alpha method, as described in Part IV.

Structures Analyzed

170. The structures are3.yzed are shown in Figure 50. Both of the mono-

liths have the same geometry, differing only In the fact that one of the

structures had soil in front of it as well as behind it. The monoliths are

40 ft high with base widths of 16 ft, resulting in a B/H ratio of 0.4. The

width at the crests of the monoliths is 8 ft, corresponding to a normalized

crest width of 0.2. H . These monoliths have the same geometry as the base

case structure used in the following load analyses dascribed in Part III. The

backfill extends to the top of the monolith. For the monolith with toe fill,

the height of the toe fill was 17.8 ft, resulting in a normalized height of

roe fill, hto./H , equal to 0.45.
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Loading Scheme

171. There are two important differences between the backfill placement

analyses and the following load analyses already described in this report:

A. The loadings exerted on the wall by the backfill and the toe
fill are dependent on soil-structure interaction and are not
explicitly controlled to take a certain form or magnitude.
The loadings are dependent on how much and in what direction
the wall moves.

h. The mode of interaction between the wall and the backfill is
not predetermined. This allows for the development of inter-
face shear, or downdrag, on the back of the wall, as well as
horizontal earth loads.

As shown in Figure 50, placement of the backfill was simulated using nine

layers of backfill, each 4.44 ft thick. Prior to placement of backfill, con-

struction of the wall was simulated in three lifts, each 13.33 ft high. In

the analyses where fill was placed in front of the wall, the backfill and toe

fill were placed simultaneously to a depth of 17.8 ft, the final thickness of

the toe fill. No water pressures were represented in the analyses.

Finite Element Meshes

172. The finite element meshes used for the backfill placement analyses

discussed in this part are shown in Figures 51 and 52. Both meshes are iden-

tical, with the exception that for the mesh shown in Figure 52 additional

nodal points and elements were used to model the toe fill. These meshes were

designed to model a gravity wall on very stiff rock. The nodes along the base

of the meshes were fixed, and thus simulated a rigid boundary at the top of

rock. Interface elements were included in four regions; between the wall and

the backfill, between the wall and the foundation, between the backfill and

the rock, and between the toe fill and the rock.

173. There are 204 two-dimensional and interface elements in the mesh

shown in Figure 51, and 258 two-dimensional and interface elements in the mesh

shown in Figure 52. Of these, 57 elements model the wall, 117 model the back-

fill, and 40 model the toe fill. The remaining elements model the interfaces

between the foundation and the structure and the fills above.
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Fib~are 51. Finite element mesh used to model a base
case hypothetical structure
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Figure 52. Finite element mesh used to model a base case hypothetical
structure with additional backfill beyond the toe

105



Material Parameters Used in The Finit Ee1aM•r&ADAy.ULA

174. As in the following load analyses, the wall was modeled as a

linear elastic material. The soil was modeled as a hyperbolic nonlinear

stress-dependent material. The modulus of each soil element was adjusted

during the course of the analysis in accordance with the stresses in the ele-

ment. A full explanation of the characteristics of the hyperbolic model is

given by Duncan and Chang (1970) and by Clough and Duncan (1971). This model

has been found to yield reasonable behavior for soils in many types of prob-

lems, end particularly those where the stresses are at working levels, and not

near failure. This condition is satisfied in the analyses described in this

part.

175. The values of the parameters used in these analyses are lis;ed in

Tables 3 and 5 (Part III). Table 5 also lists some of the key equations used

in the hyperbolic stress-stra.n relationships.

176. As noted, three interfaces were used in these analyses; the first

at the base of the wall, a second between the wall and the backfill, and the

third between the backfill and the foundation. The details of the interface

models have been discussed in Part IV. The interface between the wall and its

foundation provided the capability of modeling the development of a crack by

the alpha method of analysis. The original linear interface model, as dis-

cussed in the section titled "Comments on Finite Element Analysis and Inter-

face Modeling Techniques," paragraphs 59 through 62 was used for the inter-

faces between the backfill and the wall and between the backfill and the

underlying rock. The same normal stiffness was used for all three types of

interfaces, while the shear stiffnesses of the interfaces between soil and

wall and between soil and rock varied as shown by the parameter values listed

in Table 5. The shear stiffness assigned to the interface between the wall

and its foundation was the same as that used in the following load analyses.

177. Soil-to-concrete direct shear tests conducted by Clough and Duncan

(1969) and by Peterson et al. (1976) showed that shapes of shear stress versus

displacement curves for soil-to-concrete interfaces are dependent on the mag-

nitude of the normal stress on the interface. The shear stiffness values used

in these analyses were therefore varied in accordance with the calculated

values of normal stress in the interface elements. The interface strength was

considered to result entirely from friction, with zero adhesion.
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Analyses Performed

178. Analyses were performed to study the influence of five geometrical

and material parameters. The ranges of values considered for the variables

are shown in Table 5. The purpose of these analyses was to determine the

influence of these parameters on the calculated resultm;

A. The magnitude of the Poisson ratio assigned to the backfill.

]. The unit weight of the backfill.

Q. The presence of toe fill in front of the wall.

4. The movement of the wall.

I. The shear stiffness for the interface between the monolith and
its foundation.

179. The results of these backfill placement analyses were evaluated

with regard to a number of factors that control the stability of the wall.

These are:

.. The distribution of stresses along the base of the wall, the
front and back of the wall, and along several planes through
the backfill.

]. The magnikudes of the resultant forces on these planes, and
the positions of their points of action.

q. The magnitudes of the mobilized angles of friction on these
planes.

•. The magnitudes of the earth pressure coefficients that charac-
terize the magnitudes of the earth pressures on vertical
planes within the backfill.

j. The percent of effective contact between the base of the wall
and the foundation B,/B .

•. The lateral displacement of the monolith.

.. The magnitude of the maximum compressive stress developed in
the toe of the wall.

h. Stress paths at various key locations within the backfill.

180. Finally, a comparison was made between the results of the FEA and

the conventional equilibrium method used by the Corps of Engineers to evaluate

the stability of walls on rock.

jffec .-of Possos Ratip of the Backfill

181. The first analyses were performed to investigate the influence of

the magnitude of Poisson's ratio of the backfill. The structure shown in
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Figure 50, with no toe fill, was used in the evaluation. Three analyses were

performed, in which the value of Poisson's ratio assigned to the backfill was

increased from its standard value to a value large enough to reach a state of

impending instability for the wall,

Material Droperties used in the analyses

182. The properties of the concrete and the interface between the mono-

lith and its foundation were the same as those used in the following load

analyses discussed in paragraphs 46 dnd 49. The modulus of the concrete was

3,000,000 psi, and the Poisson's ratio was 0.15. The normal stiffness of the

interface between the wall and the foundation was 3,000,000 pci, and the shear

stiffness was 10,000 pci.

183. The properties assigned to the backfill and to the backfill/wall

and backfill/foundation interfaces were characteristic of a clean granular

backfill with a Unified Soil Classification of SW or SP and a relative com-

paction of 100 percent, as determined using the American Society for Testing

and Materials (ASTM) D 698-70 (ASTM 1970). This corresponds to an approximate

relative density of 75 percent. The unit weight was 135 pcf, and the angle of

internal friction was 39 deg. The magnitudes of the parameters used to model

the hyperbolic stress-strain behavior were: the modulus constant, K - 450

the modulus exponent, n - 0.4 ; and the failure ratio, Rf - 0.7 Three

values of Poisson's ratio were used: 0.15, 0.3, and 0.38.

184. The shear stiffnass assigned to the interfaces between the soil

and the concrete and between the soil and the rock ranged from 20 to 300 pci,

depending upon the confining pressure. The normal stiffness assigned to all

of the interfaces was 3,000,000 pci. The friction angle of the wall/soil

interface was 31 deg, corresponding to 80 percent of the angle of internal

friction for the soil.

Results of the backfill placement analyses

185. The results of the analyses (runs 13a, 14a, and 15a) are summa-

rized in Table 6. The stress distributions computed using the program

SOILSTRUCT were converted into equivalent resultant forces. Their magnitudes

and points of action were determined for several planes shown in Figure 53.

The sections labeled A-A and C-C pass through the heel of the monolith, the

former extends vertically within the backfill, and the latter along the soil-

to-wall interface. A vertical section B-B is located far behind the heel of

the wall, so that the stresses developed on this plane are not influenced by
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the soil-structure interaction. The resultant forces acting on this plane

were used to determine the at-rest earth pressure coefficient that character-

izes the maximum potential lateral load that could be developed on an unyield-

ing wall.

Firces on section B-B

186. Due to its distance from the monolith, the stresses developed

on the vertical section B-B are not influenced by soil-structure interaction.

The stresses on this plane therefore reflect only the influence of the mate-

rial parameters assigned to the soil.

187. The magnitude of the resultant lateral force, Fh , acting on sec-

tion B-B was found to increase with increasing value of Poisson's ratio. This

is consistent with the fact that it has been shown previously (Dunlop, Duncan,

and Seed 1968) that the equivalent value of K, for an elastic material

increases with increasing value of Poisson's ratio. For a simple linear

elastic material, Dunlop, Duncan, and Seed (1968) showed that K0  and v

were related as follows:

KO - __-- (14)

For the model used in these analyses, the relationship is more complex. The

value of the bulk modulus used in the program is calculated using Poisson's

ratio and the initial tangent modulus value (E1 ), whereas the stiffness of the

soil in shear is governed by the tangenc modulus value (Et). Be-ause Ej is

larger than Et , the relationship between K. and v is changed, and

K0 > (15)

in this case. In this case it is necessary to perform FEA to determine the

value of K. that corresponds to a given value of Poisson's ratio.

188. The lateral earth pressure coefficient (Kh) on section B-B corre-

sponds to the at-rest earth pressure coefficient (K.). Values of Kh - K0

were calculated from the finite element results using the expression

113



Fh
S,5.(16 )

0.5 s712ckf±illH2

As the value of Polsson's ratio of the backfill increases from the standard

vaiei of, 0.15 to 0.3 and 0.38, the value of K, inoreases from 0.51 to 0.63

and 0.73. The v,,ue of KV serves as a convenient index to the magnitude of

the loading this wall would ha subjected to if it did not move.

189. The resultant lateral force acts at 0.35.H above the base in all

three analyses. This is slightly larger than the value of 0.33.H corre-

sponding to an exactly triangular at-rest pressure distribution.

190. The resulting vertical shear force, Fv , acting on section B-B is

zero for all three analyses. This is due to the lack of differential settle-

ments from one side of B-B to the other.

191. The vertical shear stress coefficient (K,) at this section is

zero, since Fv is zero. The value of Kv was calculated using the follow-

ing equation

F7
Kv - 0.5 "Tbackfill.H2  (17)

192. The mobilized angle of friction, 6. , is also zero at section

B-B. Sm is given by

F
tan (6m) - _Y (18)Fh

Forces on th wall

193. The forces on the monolith are summarized in Table 6. The resul-

tant shear force along the base of the monolith (T) increases with increasing

value of Poisson's ratio. For horizontal equilibrium, T must be equal to

the lateral force applied to the monolith by the backfill and, thus, increases

with increasing value of Poisson's ratio.

194. The resultant normal force (N) acting on the base is the same for

the three analyses. However, the location of the resultant approaches the toe

(xn approaches zero) as the value of Poisson's ratio increases. This reflects
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the greater magnitude of the lateral force applied to the well, as the value

of Poisson's ratio is increased.

195. In Table 6, xn* is the location of the resultant normal force

for those elements remaining in compression, while x, is the location of the

resultant force considering all of the interface elements along the base of

the monolith. The accuracy of the results of the analysis can be gaged by

comparing these two values; ideally, if the results contained no numerical

inaccuracies, these two values would ba identical. For both runs, 13a and

14a, each pair of values are very nearly equal (they differ by less than

3 in.), indicating that the development of a crack between the monolith and

its foundation was accurately modeled. For run 15a there is a slightly larger

difference between these values, indicating that the analysis was somewhat

less accurate. This is not surprising, since a negative value for xn indi-

cates the monolith was unstable. It may also be noted that only a fraction of

one interface element, located adjacent to the toe, remains in compression

during the last stage of loading in analysis 15a. As discussed in Part IV, a

single element is not sufficient to model the behavior accurately.

196. The normalized effective base contact area, B./B , decreases with

lateral load and, thus, with increasing values of Poisson's ratio. As the

value of Poisson's ratio assigned to the backfill increases from 0.15, the

computed value of B./B decreases from 0.45 to 0.25 for v - 0.30 and ulti-

mately to about 0.09 for v - 0.38 .

197. As the value of Poisson's ratio increases and the effective base

contact area decreases, the maximum compressive stress developed within the

toe region of the monolith increases. As the Poisson's ratio of the backfill

is increased, the computed maximum compressive stress increases from 40,000 to

more than 165,000 psf. As discussed in paragraph 195, due to the incipient

instability of the monolith in run 15a, the compressive stress approaches

infinity as the structure rotates on its toe during overturning.

198. The mobilized friction angle, 6b, , along the bese increases with

increasing lateral force and, thus, with increasing value of Poisson's ratio.

For the three analyses, 6b increases from 25 to 29 deg, and ultimately

32 deg.

199. The lateral movement of the monolith also increases with increas-

ing value of Poisson's ratio, due to the larger applied lateral forces. The

normalized lateral deformation at the crest of the monolith (us/H) increases

from 0.000063 for u - 0.15 , to 0.000134 for u - 0.30 , and to 0.000325 for
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u - 0.38 Although the deformation of the wall increases with the applied

lateral force, the computed displacements are not sufficient to develop active

pressures within the soil backfill, even for the case in which a state of

limiting equilibrium of the wall is incipient. Terzaghi (1934) showed that

the active condition on a rough wall was reached for a value of us/H - 0.0014

for a deuse sand, and a value of u,/H - 0.0084 for loose sand. The largest

dir-lpc,ýments calculated in these analyses (u 1/H - 0.000325) was only about

25 percent as large as the displ~cement needed to develop active pressure in

dense sand.

Forces on section c-c

200. Section C-C corresponds to the interface between the concrete

monolith and the soil backfill. The magnitude and distribution of the result-

ing stresses reflect the value of K. for the backfill, the settlement of the

backfill as it is placed, and the effects of the movements of the wall during

backfilling.

201. The resultant shear, or downdrag, force, F. , decreases slightly

with increasing Poisson's ratio of the backfill. The value of F. is

25,000 lb/ft for u - 0.15 and about 22,000 lb/ft for u - 0.38 . This is

due to the fact that as the value of Poisson's ratio increases, the backfill

settles less during placement.

202. The normal force, Fn , increases with increasing values of Pois-

son's ratio. This corresponds to the larger value of K0 characteristic of

backfill with large Poisson's ratio. For all three analyses, this force acts

at a distance of 14 ft above the heel, as measured along the interface. This

distance corresponds to 33 percent of the interface length (L).

203. The mobilized friction angle, 6, , along section C-C decreases

with increasing Poisson's ratio. For the three analyses, 6, decreased from

25 deg for u - 0.1i to 19 deg for v - 0.30 and ultimately to 17 deg for

v - 0.38

orgces on section A-A

204. Section A-A is a vertical plane, within the soil backfill, passing

through the heel of the wall. Because of its close proximity to the wall, the

forces on this plane are affected by the soil-structure interaction.

205. The resulting vertical shear force, F, , acting on section A-A is

nearly constant for all three analyses and is, thus, nearly independent of the

value of Poisson's ratio assigned to the backfill. The fact that this force

is independent of Poisson's ratio is due to counteracting influences.
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206. Since F, has a stabilizing influence on the wall, its magnitude

is very significant. Further study of the factors that affect its magnitude

is needed to determine under what conditions it may be relied on as a stabi-

lizing Influence on the wall. The vertical shear stress coefficient, K, , at

this section also has a nearly constant magnitude, varying from 0.13 to 0.14

for the three analyses.

207. The magnitude of the resulting lateral force (Fh) acting on sec-

tior A. A inc-,aseq with the value of Polsson's ratio assigned to the backfill.

As the value of Poisson's ratio of the backfill increases, the value of Kh

increases from 0.45 for u - 0.15 , to 0.55 for u - 0.30, and to 0.62 for

u - 0.38 . When the lateral earth pressure coefficient for section A-A (Kh)

is divided by K. , the resulting values range from 0.85 to 0.88 for the three

cases analyzed.

208. It is interesting to compare the values of Kh for plane A-A with

the values of Ka and Ko for the soil. A convenient means of making this

comparison is the earth pressure index (EPI), which is defined as

K -
EPI - 0 (19)

This value of EPI varies from zero to unity when Kh - K, and Kh - Ka,

respectively. Thus, a value of EPI - 0 represents conditions where there is

no effect of wall movement on the earth pressure. A value of EPI - 1.0

represents conditions where the wall movement effect has reached its maximtun,

reducing the earth pressure to its active value. The values of EPI fox the

three cases analyzed are quite close, ranging from 0.20 to 0.22. This indi-

cates that approximately the saitte level of soil-structure interaction occurred

in all three analyses. This is consistent with the small lateral displace-

ments of the monolith, when compared to those required to develop active earth

pressures.

209. The resultant lateral force, Fh , acts at the same normalized

height above the heel of the wall, 0.36.H , in the three cases. Thus, the

resultant normal force on plane A-A acts at nearly the same height as on plane

B-B, where the earth pressure is not influenced by soil-structure interaction.

210. The mobilized angle of friction, 6, , for section A-A decreases

as Poisson's ratio increases. There is a decrease in 6. from 17 deg for

u - 0.15 , to 14 deg for u - 0.30 , and ultimately to 12 deg for v - 0.38

117



This is due to the fact that Fh increases with increasing value of Poisson's

ratio, while F, remains essentially constant.

Conclusions on the effect of

Poisson's ratio of the backfill

211. The value of Poisson's ratio assigned to the backfill influences

the magnitudes of the resultant forces acting on the wall and several of the

parameters which characterize its stability. As the magnitude of Poisson's

ratio increases, the lateral force applied by the backfill increases, tending

to destabilize the wall. The shear force on the back of the wall decreases

slightly with increasing value of Poisson's ratio, but the shear force on the

vertical plane through the heel of thewall remains essentially constant. The

degree of soil-structure interaction, as measured by the EPI, was essentially

the same for all three cases.

Effect of Unit Weight of the Backfill

212. One analysis was performed to determine the effect of changing the

unit weight of the backfill. The analysis (run 16a as shown in Table 6) was

performed using the finite element mesh shown in Figure 51. All of the param-

eters were the same aa the base case (run 13a), except that the unit weight of

the backfill was reduced from 135 to 120 pcf.

Forces on section B-B

213. The magnitude of the resultant lateral force, Fh , acting on sec-

tion B-B was found to be proportional to the unit weight assigned to the back-

fill. As in Table 6, when the unit weight was decreased from 135 to 120 pcf

(11 percent) the calculated value of Ft, also decreased by 11 percent. The

value of the lateral earth pressure coefficient, Kh , which for section B-B

corresponds to K, , was 0.51 for both analyses. The calculated lateral force

acts at the same normalized height (0.35.H) for both analyses. The shear

force on section B-B was zero in both analyses, and Kv and 6, were also

equal to zero.

Forces on the wall

214. The magnitude of the resultant shear force, T , on the base of

the wall changed in proportion to the unit weight of the backfill. For hori-

zontal equilibrium, the lateral force applied by the backfill must be equal to

T , and the magnitudes of both forces are thus influenced in exactly the same

way.
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215. The magnitude of the normal force, N , on the base of the wall

decreased as the unit weight assigned to the backfill decreased. The magni-

tude of this change is about 3.6 percent, only about one-third as large as the

percentage change in the shear force on the base. The difference stems from

the fact that a large portion of N is due to the weight of the wall, the

same in runs 13a and 16a. Because the magnitude of N decreases by a smaller

percentage than the magnitude of the horizontal load on the wall, the value of

x, (the distance from the toe to N) increases.

216. The normalized effective base contact area, B./B , is larger for

the analysis using the lower unit weight backfill by about the same proportion

as the change in the backfill density. When the backfill density was de-

creased by 11 percent, the value of B./B increased by the same percentage.

Also, as the effective base contact area increases, the maximum compressive

stress developed at the toe decreases in the same proportion.

217. The mobilized friction angle on the base, 6.b , decreased from

24.5 to 22.8 deg (by 10 percent) as the density was decreased from 135 to

120 pcf (by 11 percent).

218. The lateral deformation at the crest of the monolith, u. , de-

creased from 0.000063.H for 7 - 135 pcf to 0.000053.H for I - 120 pcf.

Thus, an 11-percent reduction in density resulted in a 16-percent reduction in

horizontal movement.

Forces on section c-c

219. The magnitudes of the shear and normal forces, F, and Fn

acting on section C-C changed in the same proportion as the change in backfill

density. The normal forces act at the same point along the interface, re-

flecting the same normalized stress distributions. The mobilized friction

angle for section C-C is the same (24.6 deg) for the two analyses.

Forces on section A-A

220. The magnitude of the vertical shear force, F, , varies in propor-

tion to the density of the backfill. The vertical shear stress coefficient,

K, , is equal to 0.14 for both analyses, since the value of F, changes in

proportion to the change in density.

221. The lateral force, Fh , acting on section A-A is proportional to

the backfill density, all other things being equal. The lateral earth pres-

sure coefficient, Kh , was equal to 0.45 for run analyses 13a and 16a, since

the value of Fh varies in proportion to Lhe unit weight of the backfill.

Also, the ratio of Kh/Ko was the same for both analyses (Kh/K 0 - 0.88), as
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was the earth pressure index (EPI - 0.21). The normalized lateral stress

distribution was also the same, with the resultant lateral force acting at a

height of 0.37.H in both cases. Similarly, the mobilized angle of friction

was the same (S. - 17 deg for both analyses).

Conclusions on the effect

of the density of the backfill

222. As the magnitude of the unit weight decreases, the lateral thrust

applied by the backfill decreases, resulting in greater stability of the wall.

The magnitudes of the shear forces, F, on section C-C and F, on section

A-A, decreased as the magnitude of the backfill unit weight decreased. How-

ever, the vertical shear stress coefficient, K, , for section A-A was equal

to 0.14 for both values of unit weight.

Effect of Soil Backfill in Front of the Toe of the Wall

223. The finite element meshes used in evaluating the effect of toe

fill are shown in Figures 51 and 52. Both meshes represent a monolith 40 ft

in height with a 16-ft-wide base. The mesh in Figure 52 differs from that in

Figure 51 by the addition of 17.8 ft of fill at the toe of the monolith. The

standard set of material properties were used in both analyses. The results

for the two analyses (runs 13a and 17a) are summarized in Table 6.

Forces on section B-B

224. Since both analyses were assigned the same backfill material

parameters, the magnitude and distribution of the resultant forces acting on

section B-B are the same. This is due to the fact that the results for this

section are solely dependent upon the properties of the backfill. The lateral

earth pressure coefficient, Kh , which for section B-B is equal to K. , was

equal to 0.51, as mentioned in paragraph 213.

Forces on the wall

225. The response of the wall is summarized in Table 6 using the re-

sultant normal and shear forces acting on the base and the lateral movement of

the crest. Due to the presence of the toe fill in the second analysis, the

base interface is no longer required to provide the entire resistance to the

forces exerted on the wall by the backfill. The magnitude of the resultant

shear force, T , was 24 percent smaller when the toe fill was present. The

distribution of the shear stress along the base was similar, but its magnitude

was smaller, as shown in Figure 54.
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226. The magnitude of the resultant normal force, N , increased by

3 percent as a result of the downward shear force exerted on the front of the

wall by the toe fill. The distributions of the normal stresses along the base

are similar for the two cases, as shown in Figure 54. The resultant normal

force acts at a larger distance from the toe when the toe fill is present.

227. The effective base contact area, B./B , was slightly larger, 0.5

compared to 0.45, with the toe fill, and the maximum compressive stress

decreased by 16 percent. The mobilized friction angle along the base ( 6bm)

decreased from 24.5 to 18.6 deg as a result of the toe fill. The normalized

lateral deformation at the crest of the monolith, u,/H , was reduced by about

21 percent (from 0.000063 to 0.000050) by the toe fill.

Forces on section C-C

228. The magnitude of the shear and normal forces, F. and Fn , on

section C-C were the same for the two analyses. This appears to be due to the

fact that the backfill properties were the same and the lateral deformations

of the wall were nearly the same in both cases. The normal forces act at the

same location along the interface, reflecting the same distribution of normal

stresses. The mobilized friction angle for section C-C was 24.5 deg for

run 17a (with toe fill) as compared to 24.6 deg for run 13a (Table 6).

Forces on section A-A

229. The vertical and lateral forces, Fv and Fh , on section A-A are

very nearly the same for both analyses. In Figure 55, the distributions of

normal and shear stresses for section A-A are the same for both cases. The

lateral stresses are considerably higher than those corresponding to an active

condition. The mobilized angle of friction is the same for the two analyses

(6m - 17 deg). Figure 55 shows the distribution of mobilized angle of fric-

tion with depth. Its value ranges from 0 deg at the surface of the backfill

to a maximum value of 25 deg near the foundation.

Forces on section H-H

230. Like section B-B, the stresses developed along vertical sec-

tion H-H are independent of the movement of the wall. The lateral earth

pressure coefficient, Kh , at this section corresponds to the at-rest earth

pressure coefficient. Ko , and is equal to 0.6. The reason for the differ-

ences between the K. values for sections B-B and H-H is that fewer lifts

were used in placing the toe fill. When each lift is placed, the stresses in

the new lift correspond to K. - 1.0 . As more lifts are placed, the average

value of Ko gradually decreases from KO - 1.0 to a lower value. Thus the
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average value of K. docreases as the number of layers increases. The value

of K, thus decreases with depth. This is reflected in the normalized depth

at which the resultant lateral force acts.

231. The fact that K, varies with depth in the backfill and the toe

fill complicates the distribution of stresses somewhat. However, the analyti-

cal procedures that give rise to these stress conditions were considered to be

necessary for the following reasons:

I. Clough and Woodward (1967) showed that calculation of reason-
able stresses in fills placed in layers is only possible if
each layer has negligible stiffness when placed, so that it
does not "bridge over" uneven displacements in the underlying
layer. Thus to meet this criterion, newly placed elements
were assigned very small values of Young's modulus. Because
the values of bulk modulus are not reduced, however, the newly
placed elements have the properties similar to those of a
dense liquid, with K, - 1.0 .

]. Usually, because K, - 1.0 is considered not representative
of the properties of real soil4, the horizontal stresses in
newly placed layers are assigned the smaller values of K.
input by the user. In the prosant analyses, however, this
could not be done. If the horizontal stresses in the newly
placed layers had been reassigned arbitrarily, the correspon-
dence between element stresses and nodal point forces would
have been lost, and precise evaluations of the results as
explained previously would not have been possible.

232. As a matter of fact, however, it is not unreasonable that values

of K, decrease with depth in compacted fills. Compaction induces higher

lateral stresses near the surface of the fills, and the value of Ko there-

fore decreases with depth in the top 5 to 15 ft of the fill (Duncan and

Seed 1986).

Forces on sectiop E-E

233. Section E-E is a vertical plane that passes through the toe of the

monolith and corresponds to the interface between the toe fill and the wall.

The magnitude of the vertical shear stress coefficient, K, , is equal to 0.16

for plane E-E, and the lateral earth pressure coefficient, Kh , is equal to

0.55. The ratio of the lateral earth pressure coefficient for section E-E

divided by the at-rest earth pressure coefficient, Ko , is equal to 0.92.

The mobilized angle of friction has approximately the same value, 16 deg, as

for section A-A.

Conclusions on the effect of toe fill

234. Toe fill has a stabilizing influence on the wall. The forces

exerted on the back of the wall (planes C-C and A-A) are changed very little
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by the toe fill. However, as a result of the forces exerted on the wall by

the toe fill, the forces on the base of the wall are changed significantly,

and the stability of the wall is improved.

Effect of Wall Deflections

235. The forces exerted on the wall by the backfill are influenced by

two types of movement that occur during placement of the backfill. The first

is settlement of the fill under the weight of overlying layers. Although this

movement is not large, it results in a downward shear load on the back of the

wall. The second type of movement that affects the forces on the wall is

deflection of the wall itself due to the backfill loads. As the wall deflects

from the backfill, the backfill loads decrease. Also, to the extent that the

back of the wall may rotate upward in relation to the backfill as the wall

deflects laterally, the wall movements may tend to increase the shear force

acting on the back of the wall. In the previous analyses these effects were

always coupled. Run 18a was analyzed to uncouple these effects. In run 18a,

no movement of the wall was permitted, thus eliminating this aspect of

soil-structure interaction.

236. The results for the fixed wall analysis (run 18a) are summarized

in Table 6. These results can be compared to those of runs 13a and 17a, in

which the wall was free to displace, to determine the effects of wall

movements.

237. It may be seen that the magnitudes of the forces acting on sec-

tions C-C and A-A are the same with and without wall movement. This is also

true for the forces developed along section E-E. The vertical shear stress

coefficient K, , for section A-A is equal to 0.14 and for section E-E is

equal to 0.16.

238. It is interesting to note that the ratio of Kh/KO for section

A-A is 0.9 rather than 1.0, as might have been expected. This indicates that

the compliance in the interface elements along the back of the wall is more

important than the movement of the wall itself in controlling the magnitudes

of the earth pressures exerted on the wall by the backfill. A similar result

is observed for section E-E.

125



The Effect of Shear Stiffness 2f the Interfac Between
the Monolith and its Foundation

239. One analysis was performed to determine the influence of changing

the shear stiffness of the interface between the base of the monolith and its

foundation. The analysis (run 19a) was performed using the finite element

mesh shown in Figure 52, and this includes toe fill. All of the parameters

were the same as for the base run 17a with toe fill except that the shear

stiffness for the interface between the monolith and its foundation (K.) was

reduced from 10,000 to 10 rci. The results are summarized in Table 6.

Forces on section B-B

240. The magnitudes of the resultant lateral forces, Fh , acting on

section B-B are the same for runs 17a and 19a, due to the fact that the soil

properties were the same. The lateral earth pressure coefficient, Kh

corresponds to K. and is equal to 0.51, as discussed previously.

Forces on the wall

241. The magnitude of the resultant shear force, T , on the base of

the wall decreased when the base interface shear stiffness was reduced. T

decreased from 37,300 lb for run 17a to 5,500 lb for run 19a, an 85-percent

reduction. Figure 56 shows that the distribution of the shear stress is con-

siderably different for the two runs.

242. The magnitudes of the resultant normal forces, N , for the two

runs differ by only 2 percent. Figure 56 shows that the distributions of the

normal stresses along the base were similar. The value of xn (the distance

from the toe to N) increased from 2.8 ft for run 17a to 4.1 ft for run 19a

(a 47-percent increase).

243. The effective base contact area, B./B , increased from 0.5 to

0.75 (a 50-percent increase), and the maximum compressive stress decreased by

34 percent. The mobilized friction angle along the base, 6 bm . decreased

from 19 to 3 deg. The lateral deformation at the crest, u1 /H , increased

twelve fold (from 0.000050 to 0.000607). These results indicate that when the

magnitude of the shear stiffness for the interface at the base of the wall is

reduced, there is a tendency for sliding along the base, rather than rotation

about the toe. The larger movement mobilizes greater stabilizing forces

within the toe fill.

Forces on section C-c

244. In run 19a, the magnitude of the resultant shear force, F. , on
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se't 4.on C-C increased by 8 percent and the normal force (Fn) decreased by

23 percent, as compared to the results for run l7a. The point of action of

the normal force (as measured from the heel) increased from 0.37.L to

0.42.L , and 6, increased from 24.5 to 32.4 de& (32 percent).

Forces on section A-A

245. The vertical resultant force, F, , acting on section A-A differs

by less than 1 percent, and the vertical shear stress coefficient, K,

equals 0.14 for both runs 17a and 19a. Figure 57 shows that the distribution

of shear stress is about the same. The lateral resultant force, Fh , de-

creased by 26 percent as the lateral movement of the wall increased. The

lateral earth pressure coefficient, Kh , decreased from 0.45 for run 17a to

0.34 for run 19a and remained greater than K, (0.23). The increased lateral

wall movements (run 19a) result in lower lateral earth pressures, as shown in

Figure 57. The larger displacements were sufficient to develop an active

state of stress within soil element 150, located adjacent to the heel of the

wall.

246. Two stress paths for element 150 are shown in Figure 58; one re-

sulting from the backfilling in the fixed wall analysis (run 18a), and the

second for the backfilling analysis in which a reduced base shear stiffness

was assigned (run 19a). These stress paths are loci of points describing the

states of stress on the plane of maximum shear, in terms of p (the average

of the major and minor principal stresses) and q (the maximum shear

stress). The stress path in the fixed wall analysis was almost linear and did

not approach the failure envelope. However, in run 19a the wall moved away

from the backfill sufficiently to develop an active state of stress in soil

element 150. The computed ultimate stresses slightly exceed those defining

the failure envelope because of the finite load increments used in the

analysis.

247. Kh/Ko for section A-A decreased from 0.88 for run 17a to 0.67 for

run 19a (a 24-percent decrease) The EPI increased from 0,21. to 0.61,

reflecting the increased soil-structure effect of interaction with larger

movement. The mobilized angle of friction on plane A-A increased from 16.8 to

22.2 deg (32 percent). The distribution of 6. ranges from 0 deg at the sur-

face of the backfill, to more than 39 deg near the foundation, as shown in

Figure 57.

Fxces on sections -- _

248. The lateral earth pressure coefficient, Kh , for section H-H is
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0.6, and is equal to K, , the same as for run 17a. Section H-H is suffi-

ciently far from the wall so that the earth pressures at this section were not

affected by the wall movement.

249. The shear force, Fv , on section E-E acts downward and was equal

to 3,342 psf for run 17a. For the fixed wall analysis of run 18a, it was al-

most the same, 3,490 lb/ft. For run 19a, the value of Fv was smaller

(1,479 lb/ft), and it still acted downward. The vertical shear stress coeffi-

cient, Kv , decreased from a value of 0.16 for runs 17a and 18a to 0.07 for

run 19a (56 percent).

250. The relationship between the wall displacements and Fv is shown

in Figure 59. Fv attained its maximum value after placement of the fourth,

and final, soil layer in front of the wall for the three cases. As back-

filling continued behind the wall, Fv was constant for the first two analy-

ses because the wall movements were zero (run 18a) or very small (run 17a).

In run 19a, Fv decreased in magnitude as the wall displaced toward the toe

fill during placement of the fifth and subsequent lifts of backfill behind the

wall. This resulted from the plowing action as the wall moved toward the toe

fill and the tendency to develop an upward shear force on the wall as the soil

moved upward along the front face of the wall.

251. The magnitude of the lateral force, Fh , is also related to the

wall displacements shown in Figure 59. The value of Fh increased about

threefold, from a value equal to 11,711 lb for run 17a, to 11,311 lb for

run 18a, to 30,930 lb for run 19a. The amount of movement was not sufficient

to develop the maximum passive force. The value of Kh increased from 0.55

to 1.45 and the value of Kh/K, increased from 0.92 to 2.41. The mobilized

angle of wall friction decreased from 16 to 3 deg.

252. The stress paths for soil elements 81 and 84 (adjacent to the

wall) are shown in Figure 60 for run 19a. The stress path for element 81

located near the surface of the toe fill is inclined slightly toward the fail-

ure envelope and might have reached it with greater wall movement. The stress

path for element 84, which is nearer the foundation, has two distinct seg-

ments. The first part of the stress path reflects the effect of backfilling

in front of the wall. The second part reflects the effect of filling behind

the wall and is parallel to the stress path for element 81.

Forces, earth pressure
coefficients. and wall displacements

253. The relationship between the magnitudes of the forces acting on
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the wall and its displacement is shown in Figure 61 (runs 17a and 19a). Since

the wall movements were directed away from the backfill and toward the toe

fill, the magnitude of Fh on section A-A decreased and the magnitude of Fh

on section E-E increased. The contribution of T to the horizontal equili-

brium of the wall decreased as wall movements increased, because the toe fill

provided greater resistance to the force exerted by the backfill, and the

force exerted by the backfill was smaller. The wall displacement for run 19a

was not large enough to develop an active state behind the wall nor a passive

state in front of the wall.

254. Figure 62 shows the variations in the values of lateral earth

pressure coefficients, Kh , in front of and behind the wall with wall dis-

placements. Kh is plotted versus the lateral displacements at the crest of

the wall, ux1/H , for section A-A, while Kh for section E-E is plotted ver-

sus the lateral displacements of the front of the wall at the surface of the

toe fill u. 2 /hto. . The results show that Fh decreases on the back of the

wall and increases on the front of the wall as the displacement of the wall

increases.

Conclusions on the effect of the
shear stiffness of the interface
between the wall and its foundation

255. The magnitude of the shear stiffness assigned to the interface

between the wall and its foundation influences the wall movements and the

magnitude of the forces acting on the wall. A reduction in the shear stiff-

ness of the base interface resulted in increased displacements of the wall,

decreased value of Fh on section A-A, increased value of Fh on sec-

tion E-E, and decreased value of T . The magnitude and direction of F, on

section E-E is dependent upon the magnitude of the wall movements. The verti-

cal shear stress coefficient for section A-A (K,) is essentially constant,

equal to 0.14 for the three analyses (runs 17a, 18a, and 19a). The EPI

increased from 0.21 (runs 17a and 18a) to 0.61 (run 19a), reflecting the

greater soil-structure interaction when the wall displacements are larger.

Comparison of Results of Conventional Equilibrium
and Finite Element Analyses

256. The CEA of the structures discussed previously were performed for

the purpose of comparing the results with the results of FEA. Analyses were
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performed for structures with and without toe fills. The results are summa-

rized in Table 7.

257. The CEA differed from the FEA in two important ways:

a. In the CEA, the at-rest earth pressure force, corresponding to
K. - 0.51 , was applied to plane A-A, the vertical plane
through the heel of the wall. In the FEA, the force on plane
A-A was smaller, because of the wall movement from right to
left as the backfill was placed. For the finite element
analyses, Kh was 0.45.

k. In the CEA, no vertical shear force was applied on plane A-A.
In the FEA, a downward shear force developed on plane A-A as
the backfl.ll settled under its own weight. The value of Kv
for plane A-A was thus equal to zero for the CEN, whereas
Kv - 0.14 for tho FEA.

258. As a resu-. of these differences in loading, the FEA resulted in a

smaller shear force and a larger normal force on the base of the structure.

These differences had a considerable effect on the value of the factor of

safety against sliding and the ratio of moments about the toe (RM). The value

of RM was calculated using the following equation:

Sum of stabilizing moments about the toe
- Sum of overturning moments about the toe (20)

259. Using the CEA forces on the base of the structure, the mobilized

base friction angle of 30.5 deg was equal to the assumed angle of sliding

resistance for the interface. The factor of safety against sliding calculated

using CEA is, thus, 1.00. Using the FEA forces, however, the mobilized fric-

tion angle is only 24.6 deg, corresponding to a factor of safety against slid-

ing equal to 1.29.

260. Using the CEA forces, xn was equal to 0.02 ft, RM was equal to

1.0, and B./B was equal to 0.3 percent. On this basis therefore, it would

be concluded that the wall was on the verge of instability. Using the FEA

forces, however, the value of x, was 2.14 ft, RM was 1.32, and B./B was

45 percent. Thus, while the wall does not satisfy current criteria for new

walls, it is clearly stable.

261. There is also a considerable difference between the values of

maximum bearing pressure at the toe calculated using the two analysis proce-

dures: The CEA results indicate that the effective base contact area is very

small, with the wall nearly balanced on its toe. The calculated value of

q,,x was 3,700,000 psf (25,700 psi), a value that would surely result in
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crushing of the concrete. The FEA results, however, indicate that nearly

one-half of the base is in contact with the underlying rock. The calculated

value of q.. in this case is 40,000 psf (278 psi), a weight that could be

carried by the concrete without distress.

262. Thus, the differences between the results of the CEA and the FEA

are very significant. Primarily because the CEA includes no shear force on

the vertical plane through the heel of the wall, the CEA results indicate that

the wall is on the verge of failure in sliding and in overturning and is be-

yond failure in regard to the stress on the concrete at the toe of the wall.

The FEA results, however, indicate the factor of safety against sliding and

the ratio of moments about the toe in the neighborhood of 1.3, about one-half

of the base still in compression and clearly tolerable compressive stresses at

the toe of the wall.

263. Similar analyses were done for a wall with toe fill, and the re-

sults were compared with the results of FEA runs 17a and 19a, as shown in

Table 7. In the conventional analyses, the at-rest forces were applied to

both the back and the front of the wall. The values of K0  used were the

same as found from the FEA, KO - 0.51 for the backfill and K. - 0.6 for

the toe fill. No vertical shear forces were applied in the CEA. However, as

discussed previously, shear forces on the vertical planes through the heel and

the toe were found to develop in the FEA, and these have a significant effect

on the behavior of the wall.

264. The CEA results are compared to the FEA results for the case of a

stiff base interface and small wall movement (run 17a) and for the case of a

very much less stiff base interface (run 19a) in Table 7.

265. In run 17a, where the base interface is stiff and the wall move-

ments are small, the toe fill force is very close to the at-rest value. In

run 19a, where the base interface is not as stiff, the wall moves sufficiently

from the right to the left to develop an appreciable amount of passive resis-

tance on the toe. The toe force in this case is about 2.5 times the at-rest

force.

266. As can be seen in Table 7, the force exerted by the toe fill can

have a significant influence on the stability of the wall. The results of the

CEA, including a toe force, are appreciably different from the results of the

CEA with no toe force:

A. The factor of safety against sliding increases from 1.0 to 1.3
through inclusion of a toe force.
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]. The ratio of moments about the toe increases from 1.0 to 1.1.

.. The effective base contact area increases from 0.3 to
16.0 percent.

4. The compressive streso at the toe decreases from 3,700,000 psf
(25,700 psi) to 75,000 psf (521 psi).

267. The FEA results indicate even greater stability and smaller com-

pressive stresses at the toe, since they include vertical shear forces on the

toe and heel of the wall. In the case where the base interface is stiff and

the wall movements are small (run 17a), the FEA results indicate a factor of

safety against sliding equal to 1.75, RM equal to 1.43, an effective base

contact area of 50 percent, and a maximum compressive stress of 33,000 psf

(229 psi).

268. In the case where the base interface was much less stiff

(run 19a), the FEA results indicate a factor of safety against sliding equal

to 11.6, RM equal to 1.73, an effective base contact area of 75 percent, and

a maximum compressive stress of only 22,000 psf (153 psi). These differences

are due to a toe force only 2.5 times as large as the at-rest pressure of the

toe fill, corresponding to a movement of the wall of only 0.3 in. from right

to left.

269. It is clear from these comparisons that CEA of wall stability are

very conservative, due to the fact that they ignore possible vertical shear

forces at the heel and toe of the wall, and that they often ignore or greatly

discount resisting forces from toe fills. The FEA discussed in this part

indicate that appreciable vertical shear loads develop with negligible wall

movement, and that appreciable toe resisting forces develop with wall move-

ments less than 1 in.
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PART VII: SUMMARY AND RECOMMENDATIONS

270. The program of research described in this report is still in prog-

ress, particularly concerning the material described in Part VI. Some of the

conclusions reached thus far are therefore considered to be tentative and

subject to modifications as the studies continue.

Summary of Oblectives

271. This study focuses on two main objectives: (a) developing new

finite element procedures for analysis of gravity retaining walls founded on

rock to allow insight into the wall behavior under varying degrees of loading

and stability conditions; and (b) evaluating the accuracy and reliability of

CEA of these structures. Because of several simplifying assumptions made in

the conventional analyses that neglect the true process of soil-structure

interaction, improvements in the present procedures are needed, and it is

likely that the improvements will lead to more realistic and less conservative

predictions of response. The latter assertion is supported by the fact that

some existing gravity walls under Corps of Engineers jurisdiction (e.g., navi-

gation lock walls) do not satisfy current stability criteria, while at the

same time they do not exhibit signs of distress or substandard performance.

The studies are divided into two phases--the first phase, completed herein,

and the second phase (Ebeling, Duncan, and Clough 1990). The first phase

defined the analytical requirements for this category of structure and

resulted in the development of new finite element procedures, while the secoud

phase explored the effects of a number of variables on the stability of the

wall.

272. The characteristics of Corps of Engineers' retaining structures at

three locks (Einsworth, Montgomery, and Troy) were examined to determine what

range of wall characteristics should be considered in tha analytic studies. A

number of dimensionless parameters were established, and it was shown that the

conventional criteria of mobilized base friction angle and percentage of

effective base contact area are uniquely related to these dimensionless

ratios. The hypothetical stcuctures studied in the FEA cover essentially the

same range of these dimensionless parameters as do the walls at Emsworth,
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Montgomery, and Troy locks, all founded on rock.

273. Two approaches were used in the FEA. The first studies were per-

formed using the following load analysis procedures. The structures were

subjected to predetermined earth and water loads that were increased gradually

in magnitude. Later studies were performed using backfill placement analysis

procedures, in which the placement of backfill behind the walls was simulated,

layer by layer.

274. The FEA performed during this study posed difficulties as a result

of the fact that portions of the interface between the structure and its foun-

dation are in a condition of incipient instability. Maintaining solution

stability and allowing for yielding and stress transfer along the material

interfaces required development of refined analysis techniques. Of the three

analytical procedures developed, the alpha method proved to be the most accu-

rate and cost effective. This method eliminated the oaershoot of the tension

and shear stress forces on the interface between the base cf the wall and its

foundation where a gap developed.

275. In the second phase (Ebeling, Duncan, and Clough 1990), the influ-

ence of seven geometric, material, and loading parameters on the response of

retaining structures to following loads were studied. The FEA used the alpha

method, allowing for the separation of a monolith from its rock foundation.

The analysis results show that as expected, smaller base widths and applica-

tinn of uplift forces lessen the stability of the monolith. Also, it is found

that for most practical problems, it is not important to incorporate the

effect of incremental modeling of the construction of the structure on the

initial base stress distribution. Analyses of material parameter effects show

that the stiffness of the rock foundation and the interfaces have a selective

effect on the behavior of the system in the following load analyses. In addi-

tion to the influence of particular parameters, other conclusions can also be

drawn:

.. Values of mobilized base friction angles calculated by FEA are
in precise agreement with values calculated using CEA
procedures.

b. Values of percentage effective base contact area calculated by
FEA are somewhat larger than those calculated using CEA.

•. The maximum values of contact pressure between the base of the
structure and the foundation calculated by the FEA are some-

what higher than those calculated using CEA.
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•, While certain of the parameters showed no significant influ-
ence on the results of the following load analyses, this does
not necessarily extrapolate to backfill placement analyses.
In particular, this applies to base-foundation interface
properties.

276. A second phase of parametric studies (Ebeling, Duncan, and

Clough 1990) was performed with the loads resulting from simulation of place-

ment of fill behind the wall. The backfill placement analyses are believed to

be the most realistic that can be performed using the finite element method.

The magnitude of the forces acting on the wall depends on the relative move-

ment of the soil and the wall and requires no assumptions with regard to the

applied earth loads. Increases in the values of Poisson's ratio or the unit

weight of the soil in turn increase the magnitude of the lateral force applied

on the wall, tending to destabilize the wall. As expected, the presence of

toe fill has a stabilizing influence on the wall. The level of influence the

toe fill has on the stability of the wall depends upon the deformation of the

wall.

277. The displacements of the wall have a significant influence on the

distribution of both stabilizing and destabilizing forces exerted on the wall

by the fill and on the base of the wall. In general, as the wall moves away

from the backfill, the lateral forces behind the wall decrease and the lateral

forces in front of the wall increase. Calculations indicate that the magni-

tude of the wall displacements required to develop significant changes in the

magnitude of the forces acting on the wall are less than 1 in. for a 40-ft-

high wall, less than those required to develop active pressures behind the

wall and much less than those required to develop passive pressures in front

of the wall.

278. Increased wall displacements may be achieved in many ways, includ-

ing variances in the magnitudes of the material properties of the backfill and

the magnitude of the base-to-foundation interface stiffnesses.

279. A stabilizing force, observed in the results of the finite element

computations and not considered in conventional procedures, is a downdrag

force on the face of the wall. This force results from the settlement of the

soil fill under its own weight and serves to -ounter the overturning moment,

increase the normal force acting on the base, reduce the angle of mobilized

base friction, and increase the effective base c.)ntact area. The shear force

acting on a vertical plane within the backfill and passing through the heel of
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the wall has been conveniently described in terms of a vertical shear stress

coefficient, K, . The limited number of calculations found the value of K,

to be within the narrow range of 0.13 to 0.14. However, further studies are

required to determine the factors that influence the magnitude of this coeffi-

cient. The value and direction of the stabilizing shear force and K, on the

front (toe side) of the wall depend on the deformation of the wall, due to

soil- structure interaction considerations.

280. Comparisons between the results of backfill placement analyses and

CEA of retaining structures indicate that the conventional analysis is very

conservative. This is due to two factors;

A. The conventional analyses ignore possible vertical shear
forces at the heel and the toe of the wall.

2. The resisting forces from the toe fill are often ignored or
greatly discounted.

Imiortant Unanswered Questions

281. At this stage of the investigation, a number of important ques-

tions remain unanswered.

A. Can vertical shear loads on the wall faces be relied upon as
permanent contributors to the stability of gravity retaining
walls? While it is clearly reasonable that they should de-
velop during backfilling, the FEA used to study their occur-
rence and magnitude are not capable of showing whether they
will persist under field conditions.

k. How does the behavior of gravity retaining walls on soil foun-
dations differ from the behavior of gravity retaining walls on
rock? Both would be treated the same in CEA. However, soil
foundations are typically more compressible than rock, and the
interface between the soil foundation and the overlying struc-
ture is not bonded. Both of these characteristics will lead
to more structure movement relative to the backfill, and,
hence, more redistribution of the earth pressures than in the
case of a structure founded on rock.

q. Is it possible that the tendency for overturning of a retain-
ing structure is preempted by sliding after the structure-
foundation bond is broken, with sliding leading to reductions
of pressure behind the wall and increases in the pressures in
front of the wall resulting in stabilizing of the structure?
This effect is implied in some of the latest results of our
study, and it is thought that it can be modeled more fully in
future analyses.
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•. Are the currently used methods of applying factors of safety
in the design of retaining walls consistent with the fundamen-
tals of the soil-structure interaction process? It appears
that there are both explicit and hidden factors of safety in
the present procedures, and that improvements on this tech-
nique can be found to define a true factor of safety.

Recommendations

282. It is recommended that the questions discussed in paragraph 281 be

addressed in subsequent series of second phase analyses (Ebeling, Duncan, and

Clough 1990). The studies would include:

a. Data regarding the persistence of shear loads on retaining
walls will be reviewed to develop a basis for assessing the
permanence and reliability of shear loads as contributors to
wall stability. It is expected that the data can be obtained
from field instrumentation and large-scale model tests. It is
hoped to find the means to reassess the instrumentation at
Port Allen and Old River Locks, since in both cases the
ins.rumentation data following construction showed downdrag
forces to exist.

•. FEA will be conducted to investigate the influence of the
stiffness of the backfill on the magnitude of the shear force
acting on the back of the wall and variations (if any) in the
magnitude of the vertical shear stress coefficient, K, .

.. A backfill placement analysis will be conducted to consider
the effects of water pressures on the wall and backfill.

•. FEA will be performed to study the behavior of gravity retain-
ing walls founded on soils. The foundation soil will be
modeled as a nonlinear medium, the interface elements will be
used between the foundation, and the base of the wall will be
treated to allow relative movements.

r. An analysis will be attempted to allow for slippage of the
gravity retaining structure after the structure has initially
tipped enough to break the foundation bond. This should allow
a better understanding of those problems where stability is
marginal.

•. An assessment will be made of the methods used for inclusion
of factor of safety in conventional design analyses. If
appropriate, recommendations will be made for improvements in
this process.

g. A procedure will. be developed to allow simplified determina-
tion of the downdrag force on the back of the wall so that,
wherever appropriate, it can be included in conventional
analyses.
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APPENDIX A: CROSS SECTIONS THROUGH CORPS OF
ENGINEERS MONOLITHS

1. This appendix contains cross sections through the Emsworth,

Montgomery, and Troy lock monolith. showing load cases 1 through 39. The load

cases for each cross section are tabulated in Table Al, and the cross sections

are shown in Figures Al through A19.
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Table Al

Load Cases 1 through 39 of Emsworth, Montgomery

an~d Troy Lock Monoliths

. Lock Ition Loading*

1 Emsworth L-3 I
2 L-19 H
3 IL-37 NC, ii
4 L-37 MC
5 L-52 NC, I
6 L-52 NC, H
7 L-52 MC
8 L-68 I
9 L-68 NC, H

10 M-8 NC, H, I
11 M-8 MC
12 M-22 NC, H, I
13 M-22 MC, I
14 R-4 NC, I
15 R-17 NC, H, W
16 R-17 MC, W
17 R-24 NC, I
18 R-24 MC
19 R-32 NC, I
20 Montgomery L-19 NC, H
21 L-19 MC
22 L-25 NC
23 L-25 MC
24 M-7 NC, H, I
25 M-7 MC, I
26 M-13 NC, H, I
27 M-13 MC, I
28 R-13 NC, H, I
29 R-13 MC, I
3C R-15 NC, H, I
31 R-15 MC, H
32 R-20 NC, I
33 R-20 MC
34 Troy L-5 NC
35I L-5 MC
36 L-12 NC
37 L-12 MC
38 L-20 NC
39 L-20 MC

* I - ice loading; H - hawser pull; NC - normal condition; MC - maintenance

condition; W - wind loading.
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Case 1 Case 2
Figure Al. Cross sections through Emsworth L-3 and L-19,

cases 1 and 2

, .. . . . .. 
. . . . .,•

Cose 3 Case 4

Figure A2. Cross sections through Emswot.th L-37,
casas 3 and 4
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Come 5 Case 6 Case 7

Figure A3. Cross sections through Emsworth L-52,
cases 5, 6, and 7

[v__WN
Case 8 Case 9

Figure A4. Cross sections through Emsworth L-68,
cases 8 and 9
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Came 10 Case 11

Figure A5. Cross sections through Emsworth M-8,
cases 10 and 11

Case 12 Case 13
Figure A6. Cross sections through Emsworth M-22,

cases 12 and 13

A5



Case 14 Cone 15 Caoe 16

Figure A7. Cross sections through Emsworth R-4 and R-17,
cases 14, 1b, and 16

. . . . .. . . . .

. . . . . .. . . . . .

Case 17 Case 18

Figure A8. Cross sections through Emsworth R-24,
cases 17 and 18
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Case 19
Figure A9. Cross section through

Emsworth R-32, case 19

Case 20 Case 21
Figure AlO. Cross sections through Montgomery L-19,

cases 20 and 21
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Case 22 Case 23

Figure All. Cross sections through Montgomery L-25,
cases 22 and 23

C s e 24 Case 25
Figure A12. Cross sections through Montgomery M-7,

cases 24 and 25
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Case 26 27Case 27

Figure A13. Cross sections through Montgomery M-13,

Cavq 28 Case 20
Figure A14.. Gross sections through Montgomery R-13,

cases 28 and 29
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Coas 30 Case 31
Figure AIS. Cross sections through Montgomery R-15,

cases 30 and 31

"Case 32 Case 33

Figure A16. Cross sections through Montgomery R-20,
cases 32 and 33
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Case 34 Case 35
Figure Al7. Cross sections through Troy L-5,

cases 34 and 35

Case 36 Case 37
Figure A18. Cross sections through Troy L-12,

cases 36 and 37

All



Case 38 Case 39

Figure A19. Cross sections through Troy L-20,
cases 38 and 39
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APPENDIX B: THEORETICAL CONSIDERATIONS OF THE
EFFECTS OF SCALE

1. In this appendix, relationships are developed that describe the

effect of the scale of the structure upon the computed results. They are

valid for a specific class of bodies described in Part V of the main text.

The relationships are based upon equilibrium and energy considerations, as

well as constitutive equations. They quantify the influence of scale on these

factors; the stress and strain developed within the body, the work performed

by the applied forces, the cnergy stored within the body, and the displace-

ments resulting from the applied forces.

Review of Energy Considerations

2. The first law of thermodynamics gives rise to the specific inLernal

energy relationship, which for elastic bodies under isothermal conditions

consists only of stored elastic strain energy. The strain energy density,

U0 , is given as

U0 ,,Jij Vjj d (,j (BI)

where

-lj - strain tensor

aU - stress tensor

U. represents the mechanical energy stored in the body per unit volume

through development of the stresses aiC and the corresponding strains EUj

Integrating the strain energy density, Uo , over the volume, v , of the body

results in the strain energy of the body, U :

U - fJf U, dv (B2)
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3. The work performed on the body, W , by the applied forces equals

the product of force, F , and displacement in the direction of the force,
u:

W - F-u (B3)

Consideration of the conservation of energy requires that the stored strain

energy of the body is equal to the work performed on the body;

dU - dW (B4)

Stress and Strain Developed Within the Body

4. A discussion on the influence of the scale factor on the geometry

and applied loads is presented in Part IV of the main text. It is apparent

that the magnitude of the applied load varies in proportion to the scale

factor. Further, since the normalized geometry, normalized pressure distribu-

tion, and region of application of load are the same for both structures, the

differences in the incremental stress changes throughout the body are also

proportional to the scale factor. This is exemplified by considering a point

within the body that is adjacGnt to the region of the boundary pressure. Any

changes in the magnitude of the applied pressure distribution will result in

changes of equal magnitude within the body.

5. In each incremental analysis, linear elastic material behavior is

assigned for all regions of the body. According to Hooke's law, the factors

that affect stress will also affect strain. Thus, the difference in the

incremental strains are also proportional to the scale factor.

Work Performed and Energy Stored

6. The elastic strain energy density is given by Equation Bl. At every

point in the body, it is a function of the change in stress and strain. Since

each of these terms are proportional to the scale factor between the meshes,

the strain energy density will vary with the square of this factor.

7. The strain energy stored within the entire body is given in Equa-

tion B2 as the integral of the strain energy density within the entire volume.
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Since the height and width of the meshes are proportional to the scale factor,

the area per unit thickness varies with the square of this factor. Thus, the

strain energy will vary with the scale factor to the fourth power.

8. Based upon the conservation of energy principle, the work performed

upon the body equals the strain energy stored within the body. Since the

strain energy varies with the scale factor to the fourth power, the work per-

formed on the body also obeys the same relationship.

Disilacements Within the Body

9. The influence of the scale of the structure upon the computed dis-

placements is evaluated by considering a single point located at the boundary

upon which the applied forces are prescribed varies. As noted, each of the

applied forces varies with the square of the scale factor. Also, in the pre-

vious section it was determined that the work performed by these forces vary

with the scale factor to the fourth power. Since superposition theory is

valid for this category of problem, this relationship also holds for the indi-

vidual forces. Therefore, by Equation B3 the displacements will vary with the

square of the scale factor.
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