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SECTION 1

INTRODUCTION

1.1 BACKGROUND

Several recent studies have demonstrated that the structural effi-
ciency of military and commercial aircraft can be improved by taking advantage
of the postbuckled strength of stiffened panels. An assessment of the current
postbuckled stiffened panel design, analysis and applications technology
(References 1 and 2) shows that several deficiencies need to be addressed to
establish a systematic postbuckling design methodology. In References 1 and 3
a design and analysis methodology was developed for flat and curved stiffened
panels made of either composite or metallic materials, and subjected to either
compression loading or shear loading. In practice, however, stiffened
airframe panels are subjected to a combination ¢f axial compression and shear
loads. A semi-empirical design methodology for curved metal panels under
combined loading exists (Reference 4) but has seen limited verification. The
present program was undertaken to extend the Reference 1 and Reference &
methods for application to curved composite panels under combined uniaxial
compression and shear loading, and to further substantiate the metal panel

design procedures.

1.2 PROGRAM OBJECTIVES

The overall objectives of the program were to develop validated
design procedures and an analysis capability for curved metal and composite
postbuckled panels under combined uniaxial compression and shear loading. The

specific requirements encompassed by these objectives were as follows:

1. Extend the existing semi-empirical analysis methodology (Refer-
ence 1) into a design tool for curved composite and metal
panels subjected to combined uniaxial compression and shear

loading. Account for any unique failure modes.




2. Develop a more rigorous energy method based analysis to predict
the digplacement and stress fields in postbuckled panels.

3. Develop a static and fatigue data base for composite and metal

panel design verification.
4. Develop a fatigue analysis method for metal panels.

5. Prepare a procedural design guide. Exercise the design guide

on a realistic aircraft component.

The work performed to accomplish these object!ves is documented in

this report.

1.3 PROGRAM SUMMARY

The program approach and plan paralleled those in Reference 1. At
the onset, a technology review was conducted to update the data base and to
clearly define the deficiencies in the static strength, durability and damage
tolerance design and analysis of postbuckled metal and composite panels. The
durability and damage tolerance technology assessment is documented in Refer-
ence 2. As a result of this technology assessment, a semi-empirical design
methodology for curved panels under combined loading was established and a
verification test program was planned. In addition, an energy method based
approach to predict the static response of postbuckled stiffened panels was
formulated. The technology assessment was accomplished in Task I of the
program. A summary of the data gaps identified by this technology assessment
is summarized in Table 1. In Task II, Data Base Development, the tests
required to fill the aqata gaps ideutified in Task I were conducted.
Analytical model development and verification was accomplished in Task III.
. Task IV ccnsisted of technology consolidation where the results of the
program were incorporated in a Design Guide (Reference 5) for postbuckled

structures.

The composite and metal panels tested in the program were cylindric-
ally curved and identical to the shear panels tested in Reference 1. The
design methodology initially established from the technology assessment was
used to estimate the buckling and postbuckling load capacities of the panels.

¢
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Static and fatigue tests including several static strain surveys were conduct-
ed on the test articles. The static test data were used to verify the semi-
empirical design methodology, whereas the fatigue test data were utilized to
determine the fatigue failure modes and obtain load versus life data to
formulate fatigue analysis approaches. The test results, in conjunction with
the semi-empirical design methodology were used to update the Preliminary
Design Guide (Reference 3).

1.4 ORT OUILI

This report details the correlations between the results of the
semi-empirical and rigorous analyses, and the tests conducted. Section 2
describes the semi-empirical analysis methodology and Section 3 details the
development «f the energy method based analysis, The actual correlations

between the analysis and test results are presented in Section 4.

Volume I of the final report presents an executive summary of the
program., The test program details are documented in Volume II of the final
report. Correlation between the test data and analyses is presented in
Volume III. The Design Guide Update and the Software User’s Manual are
published separately as Volumes IV and V, respectively,




SECTION 2

- CAL DESIGN GY

2.1 BACKGROUND

An in-depth survey of the semi-empirical design methods for metal
panels and their evolution into a design methodology for curved composite
panels under shear or uniaxial compression loads is given in Reference 1. The
shear panel and compression panel analysis methods of Reference 1 were used as
the starting points for the current program. Initially, the interaction rules
used for metal panels (References 4 and 6) *ere adopted to predict buckling
under combined shear and compression loa¢ 3. Test data were then used to
verify these rules and suggest modifications where necessary. Postbuckling
failure envelopes were developed by accounting for the failure modes possible
under shear loading only, and under pure compression loading. Failure predic-
tions under combined loading took into account load interaction for stiffener
crippling and skin rupture. This semi-empirical analysis methodology is de-
tailed in the following subsections.

2.2 DESIGN METHODOLOGY

A complete static analysis of postbuckled structures consists of
predicting the initial buckling loads, the failure or ultimate load of the
panel after buckling, and the local skin and stiffener displacement and stress
fields. The latter predictions are especially required for metal panel
fatigue analysis. The semi-empirical methodology detailed in this section can
be used to obtain the initial buckling and the failure loads. The energy
method based analysis described in Section 3 is useful in predicting the local

stresses and displacements.

The semi-empirical analysis method was selected as a design tool for

postbuckled structures to provide a quick, inexpensive, and reasonably accu-

rate but conservative design methodology. The scope of this program encom-




passed cylindrically curved stiffened panels loaded in uniaxial longitudinal
compression and shear. Since the Reference 1 methodology is the basis for the
combined loading design procedure, the semi-empirical analysis described in
this section applies to cylindrically curved panels under simultaneously

acting longitudinal compression and in-plane shear.

The essence of the combined loading design procedure is summarized
in Figure 1. As can be seen in the figure, the curved panel is analyzed for
compression and shear loads independently according to Reference 1 methods.
Buckling loads under combined loading are predicted using the parabolic
interaction rule developed for metal panels (References 4 and 6). Failure
analysis requires consideration of failure modes under shear and compression
acting independently and those due to the interaction of the loads. The
failure modes affected by combined loading are stiffemer crippling, and skin
rupture under tensile loading determined from a principal strain analysis and
the maximum strain criterion. The following paragraphs present the detailed

equations necessary for a semi-empirical analysis.

2.2.1 11 ad

The shear and compression buckling strains or loads for metal and
composite panels are calculated according to the equations given in Reference

1. For continuity these equations are summarized below.

The compression buckling stress for curved metal sheet panels can

be calculated from:

. chzE tw 2 @
cR = ——— |
12(1-v2) |bs

where,
Fcr buckling stress, psi
ty thickness of the skin, in

bg stiffener spacing measured between fastener lines, in




Postbuckling of
Curved and Flat
Panels Uan'Nx,ny

| |
Panel Analysis Panel Analysis
for NX for ny
[ |
Determine Initial Determine Initial
Buckling Load in Buckling Load in
Comprassion y Y Shear
e Closed Form INITIAL BUCKLING INTERACTION * SS8
¢ SS8 2
Re+ Rg =1
N
—
ny Cr
Ny
Nxor
' l
Y K|

Failure Analysis for Compression

!

Possible Fallure Modes

¢ Euler Buckiing
 Stiffener Crippling

¢+ Stiffener/Skin Separation
¢ Skin Rupture

Figure 1.

Em—

Faliure Analysis for Shear

!

—

FAILURE ENVELOPE
N

xy

Possible Fallure Modes

Stiffener/Skin Separation
Forcad Stiffener Crippling
Forced Ring Crippling

Skin Permanent Set
(Metal Panels)

Semi-empirical Analysis Approach for Postbuckled

Stiffened Panels Under Combined loading.




E,v modulus and Poisson’'s ratio for the sheet material

K. buckling coefficient determined from Figure 2 (References 6 and
7)

The theoretical value of K, is obtained from the buckling equations for thin

cylindrical shells and is a function of the nondimensional curvature Z of the

panel expressed as

bg (1-./2’)‘i
rey

where r is the radius of the cylindrical panel. Experimental data (Reference
7) have shown that K, is also a function of the r/t ratio for the panel. The
design curves of Figure 2, obtained from test data, show this dependence of K,
on r/t.

Compression buckling strains for curved composite panels can be
accuradtely determined through the use of computer codes $SS8 (Reference 8) and

BUCLASP-2 (Reference 9), for example. However, for an approximate calculation

of the skin buckling strain, the simplified equation given below can be used.

2 ‘ 2 4
eV = [Q_’.'.] S [Dll + 2(D12+2Dgg) [ﬁ-}l;—] + D99 [.111.:_] ]

cr L | Egutw W by,
(2)
E
+ = h A
2 E E 2 4
mr| g2 - V2vgyyByy - ~XEyw||nL | nL_
[L ] [Exw [ AR nyw ][mbw ko mby,

where Djj are the terms of the bending stiffness matrix of the composite skin,
Exw» Eyw, Cxyw: Vxyw,» and ty are the web elastic constants and thickness,
respectively, L is the panel length, b, is the wldth of the skin, R is the
radius of curvature of the panel and n and m are integer coefficients repre-
senting the number of half buckle waves in the width and length direction,
respectively. The lowest value of strain for various values of n and m

represents the buckling strain of the specimen.
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The effective width of the skin, by, was assumed to be equal to the
distance between the two adjacent stiffeners measured from one stiffener
flange centroid to the next stiffener flange centroid. Note that by is less
than the stringer spacing hg.

Equation 2 was derived in Reference 10 from the equations developed
for the buckling of orthotropic complete cylinders by making simplifying

assumptions.

The shear buckling stress or strain for composite webs can be calculated using
program SS8 (Reference 9). The buckling stress for curved metal webs can be

calculated using -

Kslﬂ Ehg
fcr,elastic = e if hy = hg
12rR272
(3)
K 212 EhZ
b ._L_____§. if hS Z hr
12r272

where,

Kg1.,Kgo = critical shear stress coefficients for simply sup-
ported curved plates, given in Reference 6

R - panel radius, in.
E - Young’s modulus for the material, psi
h2
Z - = Jjaad if hy 2 hg
Rty
h2
- L jaa if hg = hy
Rty
v - Poisson's ratio for the material

The composite panel buckling loads obtained from program SS8 are in
terms of runmning loads Ny oy and Nyy oy for compression and shear loading,
respectively. The critical buckling stresses for metal panels, Eguations 1

and 3 can be converted to running loads as follows:

10




o
Nxer - Fer'ty

No

XYer - Ter,elastic ' tw

where ¢ty is the skin thickness.

For combiied compression and shear loading, the buckling loads can

be computed from (Re.-.rence 6):

Rc+R§ - 1 (4)

0 o o o
where, Ro = Nxcr/Nxcr and Rg - Nkycr/nycr. Nx.r and nycr are the pure
compression and pure shear buckling loads, respectively, and Nxcr and Nchr
are the buckling loads when the shear and compression loads are acting
simultaneously. The presence of compression stresses reduces the shear

buckling stress and vice versa.

2.2.2 Failure Analysis and Margin Computatjon

Failure analysis of postbuckled structures requircs identification
of all possible failure modes and calculating the loads corresponding to the
critical failure mode. For curved panels under combined loading a failure
envelope spanning the load ratio Ng/Nyy values of 0 (i.e., Nyx=0, Nyy=0) to
(i.e., Ng#0, Nyy=0) is a convenient means for identifying the critical failure
mode. The procedure to develop this failure envelope is detailed in the

following subsections.

2.2.2.1 Compression lLoading Failure Analysis (Nx/ny-w, ny:91

The analysis for failure under compression loading has been devel-
oped and documented in Reference 1. Under compression loading the possible

failure modes are:

11




1. Euler buckling of the stiffened panel

2. Stiffener crippling

3. Stiffener/skin separation for composite panels with cocured or
bonded stiffeners

4, Skin permanent set for metal panels.

Euler Buckling Strain Calculations. The Euler buckling strain for a

stiffened panel is calculated by treating the panel as a wide column with the
width set equal to the stiffener spacing. The critical strain is calculated

using the standard column equation:

2
Cx"El1 (5)

€CR =
EA 12

where, EI is the equivalent bending stiffness of the panel, EA is the equiva-
lent axial stiffness, L is the panel length, and C is the end fixity coeffi-
cient. The fixity coefficient depends upon the support conditions at the
panel ends. Most compression panels are tested by flat end testing and the
results obtained by using C = 4 are unconservative; therefore, a value of C =
3 is recommended. The values of C for other end conditions can be obtained
from Reference 6 (Subsection Al8.23).

G Strain/Stress Calculation. The crippling
strength of metal stiffeners is calculated using the well established Needham
or Gerard methods documented in Reference 7. 1In the present program, the
Gerard method was used since it is a generalization of the Needham method and
was derived from a broader data base. The empirical Gerard equation for
calculating the crippling stress for 2 corner sections, such as the Z, J and

channel sections, is:

) 1/310.75
- 3.2 {E. {JL] ] (6)
cy A J|Fey

H!la"d

where

12




Feg = crippling stress for the section, psi

Fey = compressive yield stress of the material, psi
t - element thickness, in.

A - section area, in2

A design curve based on Equation 6 is shown in Figure 3 taken from Reference
6 Additional crippling equations that apply to sections other than 2 corner

sections are also given in Reference 6.

In order to calculate the crippling strains for stiffeners made of
composite materials, a semi-empirical methodology was developed ir the pro-
gram. The methodology consists of modeling the stiffener in terms of inter-
connected flat plate elements, calculating the initial buckling and crippling
strains for each element, and determining the crippling strain for the stiff-
ener as the lowest strain that causes crippling of the most critical element
in the stiffener section. It should be noted here that the absolute minimum
of the crippling strains for the various plate elements is not necessarily the
stiffener crippling strain; element criticality with respect to stiffener
stability has to be considered as well. The procedural details of this
methodology given in the following paragraphs provide additional clarifica-

tions relating to the determination cf the most critica’ plate element.

The first step in calculating the stiffener crippling strain is to
model the stiffener as an inverconnected assembly of plate elements. As
examples, plate element models of a hat-section and a J-section stiffener are
shown in Figure %. The hat-section stiffener is made up of four elements,

whereas, the J-section stiffener consists of nine elements.

The crippling strains for the plate elements are calculated from

empirical equations of the form

€5 = qof-cu (7)

€exr €cr

where
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Figure 3. Crippling Stress F,g for Two Corner Sections e.g., 2, J,
and Channel Sections (Reference 6, Figure C7-9).
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Figure 4. Plate Element Models of Hat- and J-Section Stiffeners.
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€cg ™ crippling strain of the plate element

€cr = initial buckling strain of the plate element

€cu ™ compression ultimate strain for the plate element laminate
a,f = material dependent coefficients obtained from test data

Equation 7 has the same functional form as that used by Gerard (Reference 7)
for metal stiffeners. The coefficients a and B depend on the plate edge
conditions and have been obtained in References 11 and 12 from a large data
base for plate elements that are connected on both sides (e.g., Elements 2, 3,
and 4 of the hat-section stiffener shown in Figure 4). The crippling strain
for stiffener plate elements connected on both sides is given by (Reference
12):

0.47567
|

€
€er

where €oy, the buckling strain for the plate element, is given by (Reference
13):

2
€cr = —2%—|/D11Dgp + D1g + 2Dgg (9)
b2t By

In Equation 9
b - plate element width
t - plate element thickness

Ex = compression modulus of the plate laminate along the
longitudinal direction

Di; = terms from the laminate bending stiffness matrix, (i,j =
1, 2, 6)
Equation 9 applies to plate elements for which the length-to-width ratio (L/b,
where L = stiffener length) is at least 4.

The crippling strain for plate elements that are connected on one
side only is calculated using the following equation:

}0.72715

€
€co = 0.4498£cr[-99 (10)

€cr
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where,

2
- 12 D66 N 4n D11 (11)

b2t By L2t Ey

€exr

L = length of the stiffener
with the other nomenclature remaining the same as for Equations 8 and 9.

The coefficients in Equation 10 were aobtained by fitting Equation 7
to the crippling data generated from tests on one-edge free plates in Refer-
ences 11 and 12. Data for two material systems, T300/5208 and AS/3501 graph-
ite/epoxy, were pooled to obtain Equation 10.

In Equations 8 through 11, the thickness of plate elements attached
to the skin is taken as the sum of the plate element and the cocured skin
thicknesses. In the case of the hat-section stiffener, crippling strains for
plate elements representing the skin only, such as Element 4 in Figure 4 are
also calculated. Another consideration in calculating the crippling strain
for stiffener flange elements attached to the skin is the choice of an appro-
priate element width. For example, in most practical designs the stiffener
flanges attached to the skin are tapered by dropping-off plies as shown in
Figure 5 for a hat-section stiffener. The flange plate element width in this
case is defined as the width to the end of the taper with the weighted average
of the element thickness added on to the attached skin thickness to obtain the
total thickness for use in Equations 8 through 11.

Equations 8 through 11 are quite general in nature and take into
account ply composition, stacking sequence, and material characteristics. The
ply composition, i.e., the percentages of 0°, 45°, and 90° plies, is reflected
in the compression ultimate strain e¢.,. Stacking sequence effects are ac-
counted for in the expression for eor where the bending stiffnesses Djj are
used. The Djjrg and ecy also account for mechanical property changes from one
material system to another. Use of strair rather than stress for crippling
calculations provides another significant advantage in that laminate non-
linearity (e.g., stress-strain response of #45° laminates) is accounted for by

way of the compression ultimate strain egy.
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Figure 5. Ply Drop-Offs in Hat-Section Stiffener.
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Fajlure load Calculation. The failure load for the panel is deter-
mined as the lowest of the loads calculated for the various instability modes

mentioned above, for stiffener-web separation in composite panels, and for
skin or stiffener yielding in metal panels. The methods for failure load

calculation are given in the following paragraphs.

Fajlure load Due to Euler Buckling. The failure load due to Euler

buckling is calculated using the following equation:

E
Pp = ecr (ExsAs + Exybyty) (12)
where,
E
€er ™ Euler buckling strain determined using Equation 5
Exg = Compression modulus of the stiffener in the loading
direction
Ay = Cross-sectional area of the stiffener
Exw = Compression modulus of the web (skin) in the loading
direction
by = Stiffener spacing
ty = Skin thickness
e Load Due to Stiffener Crippling. In order to determine the

failure load due to stiffener crippling, it is necessary to determine the load
carried by the stiffener and the panel web individually. The load carried by
the stiffener (Pg) is determined as follows:

1. Determine the two lowest crippling strains (eqc1) and (egcp) of
all the elements making up the cross-section using Equations 8
through 11.

2. If the element with the lowest crippling strain (ece1) is
normal to the axis of least bending stiffness of the cross-
section, the stiffener will fail at a strain equal to eg.1, and

the corresponding failure strain of the stiffener is given by:

Pg = ExsAx €ccl (13)
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3. If the element with the lowest crippling strain is parallel to
the axis of least bending stiffness of the cross-section, the
stiffener will carry additional load until the second member in
the cross-section becomes critical due to crippling. In this
case the load carried by the stiffener is given by:

Pg = (EA)1 (ecel - €cc2) + €cc2 Exshs (14)

where (EA)j is the extensional stiffness of the member becoming

critical first, and the stiffener failure strain

cc
€ ™ ¢€cc2

The total load carried by the panel is the sum of the load carried
by the stiffener up to crippling and the load carried by the buckled skin. In
order to calculate the load carried by the skin, the effective width concept
is utilized. The effective width for metal panels is calculated using the

semi-empirical equation given below (Reference 6):

w = 1.9t JI (15)
Fst
where
w - effective width of the skin after initial buckling
ty - skin thickness

Fgt = stress in the stringer

For composite panels, in the absence of any other guidelines,
Equation 15 expressed in terms of strain is used to compute the effective skin

width. Thus,

-0.5
w = 1.9ty,(eg) (15A)
for composite skins where eg = strain in the stiffener.

Thus, the total load carried by the panel for a stiffener crippling

mode of failure is given by:

Pee = Pg + By (16)
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where

load carried by the panel at stiffener crippling

3
0
|

stiffener load given by Equation 14
Py = load carried by the skin

The load Py is calculated as:

2 —_—
for metal panels, and for composite panels as:

2 ce 0.5
Py = 1.9t Eyyleg ) (18)

Fallure load Due to Stiffener/Web Separation. Failure of composite
stiffened panels due to stiffener/web separation is a common mode of failure
in the postbuckling range. It is extremely difficult to predict this failure,
even by using rather sophisticated analysis methods. The attempts to date on
making such predictions have been inconclusive. A simple empirical equation
to predict such failure was developed in this program. The correlation of
experimental data with the predicted failure loads based upon this equation is
surprisingly good. The empirical equation was derived by analogy with the
crippling data for plates with one edge simply supported and one edge free.
It is hypothesized that when the panel web strain reaches the crippling strain
the interfacial stresses become high enough to cause failure. The equation
should represent the lower bound on predicted failure loads. Any attempts to
improve the interface (for example, by stitching, riveting, etc.) can result
in higher failure loads.

Pgg = €gg (EygAg + Exybyty) (19)
where
0.72715
ss €
eg = 0.4498 ecr[—991 (20)
€er

€gg = Failure strain for stiffener/web separation

Pgg = Failure load for the stiffener/web separation mode
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The metal compression panel analysis methodology outlined in the
preceding paragraphs has been experimentally validated (e.g., Reference 7) and
is representative of current usage. In the case of composite panels,
available composite compression panel test data were utilized to validate the

semi-empirical analysis (Reference 1).

2.2.2.2 Shear loading Failure Analysis ng/ny~0; nyggl

Flat or curved shear panel analysis is accomplished by means of the
semi-empirical tension field theory developed by Kuhn (Reference 4) for metal
panels. In Reference 1 the tension field theory was modified for application

to composite shear panels by taking into account material anisotropy.

The essential elements of the generalized (for application to metals
as well as composites) tension field theory and its application are summarized
in Figure 6. Details of the semi-empirical analyses required to perform the
various steps in Figure 6 are given in the following paragraphs. The equa-
tions as presented below pertain to cylindrically curved composite panels and
to flat composite panels if terms incorporating the radius of curvature R are
set equal to zero. Use of the appropriate values for elastic constants in the
equations permits their direct application to metal panels. The analysis
procedure 1is based entirely on the theory presented in Reference 4 unless

specifically noted.

Computation of the Diagonal Tension Factor. The diagonal tension
factor k characterizes the degree to which diagonal tension is developed in

the skin of stiffened panels loaded in shear. A value of k = 0 characterizes
an unbuckled skin with no diagonal tension; a value of k = 1.0 characterizes a
web in pure diagonal tension. The diagonal tension factor is computed using

the following expression:

th
k = Tanh [{0.5 + 300 —¥-Ljlog -L (21)
R hg ]
cr
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Figure 6. Application of Tension Field Theory to Shear Panels.




where
ty = web thickness
hy = ring spacing
hg = stringer spacing
R - panel radius

T - applied shear stress = ny/t:w

Ter ™ buckling shear stress of web under pure shear conditions

o
- Nxyor/ty

The pure shear buckling stresses for composite and metal panels are calculated

using the techniques given in Subsection 2.2.1.

Computation of Diagonal Tension Angle ‘a’. An initial value is
assigned to the diagonal tension angle ‘a’ that defines the angle of the

'folds’ in the buckled skin. For curved web systems a=30° was found to be a
convenient starting point. The actual value of a is determined by the itera-

tive procedure outlined below.

Using the assumed initial value of a a 'new’ value for a is calcu-

lated by the equation:

€ - ¢ 0.5
ap = Tan"l|——— s (22)
where
E
€ - I |2k 4 Wa (1-k) Sin2a (22a)
EyalSin2a 2G,g
s = -kr Cota (22b)

EAS + 0.5 (1-k)R
DR sEus

- -kr Tano (22¢)

Py +05(1k)Ewr}
L +o0.

'Y
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T ——

h 2
R - 1 |=s if h, > h
£ % [R ] r s
22d
12 (224)
- % [EI] TanZa if hg > hy
For eccentric stringers and rings
— EI
EAg = EAg -—£
Elg
(22e)
— EI
EI,

In Equations 22, ¢ is the skin strain in the diagonal tension direction, and
€g and ¢, are the strains in the stringer and the ring leg attached to the web
averaged over their lengths, respectively. Ey,, Eyg, and Ey, are the web
moduli in the direction of the tension field, stringers and rings, respec-
tively. Gpg 1is the web shear modulus, EAg and EKr are the effective axial
stiffnesses of the stringers and the rings, respectively, calculated with
respect to the skin mid-surface. EI is the bending stiffness about the stiff-
ener neutral axis and EI the bending stiffness about the web midsurface.

In general, aj, the new diagonal tension angle will not equal the
initially assumed value of 30°. Therefore, aj; is used as the next guess and

the computations of Equation 22 are repeated until the process converges,
i.e., anew =~ aoldo
Once the diagonal tension angle has been determined with sufficient

accuracy, the next step is to compute the margins of safety.

Computatio Stringer and Frame Margins of Safety. The diagonal
tension angle value computed above is now substituted in Equations 22 to
obtain the diagonal tension strain in the skin, the stringer atrain, and the
ring strain. Next, the stringer and ring strains averaged over the cross
section and the length (egye) and the maximum strains in the legs attached to

the web (epgx) are computed using the following equations:
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€
Smax

€
Tave

€
Tnax

€y

€r

€y

HE

- h -
1+ 0.775 (1-k)(1-0.8-8)

_ h -
1 +0.775 (l-k)(1-0.8ﬁz)

- h_ -
1+ 0.775 (1-k)(1-0°8ﬂ§)

- h_ -
1+ 0.775 (1-k)(1-0.8E£)

S J

hy |

S

r J

if hg > hy

(24)
if hg < hy

(25)
if hg > hy

(26)
if hg < hy

The stringer and ring crippling mode of failure is then analyzed for by

computing the stringer and ring forced crippling strains (eog and ¢4y, respec-

tively) using the following equations:

€os

€or

0.00058

0.00058

.

r

.

E

€all

1000

E

€al1

1000

N

CS

Ry
PN

cYr

J

0.4

0.4

k2/3

k2/3

™

. /3

us
)

11/3"
X

“

~

ct
=

£

”

P e

(27)

(28)

where €511 is the laminate allowable strain, E,g and E,,, are the compression

modulus of the stringer and ring leg attached to the web, respectively, and

tuys and ty, are the thickness of the stringer and the ring leg attached to the

web.

The critical stiffener strains corresponding to the bending stiff-

ness required for stiffener stability are calculated using Equations 29 and

30.
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4x2 EI 29)
€ - S8
4n2 B3
. r

— (30)
ExrAghg2

€xp =
where egp and ,pp are the Euler buckling strains for the stiffener and the

ring, respectively.

The margins of safety can now be computed for each of the possible
failure modes by comparing the calculated strain values with the allowables.
Thus, to ensure positive margins, the following failure modes are examined and
the corresponding inequalities verified.

1. For stringer and ring stability €sB > €save
i.e., no column failure

€
€rB > “Tave

3 3h
2. For stability of the entire EIg > Estw(ﬁ‘§ - 2)hg

panel, i.e., to prevent buck- r
ling of the web as a whole, be- (31)
fore formation of the tension 3 3h
hg
3. For prevention of forced cripp- €os > €smax

ling of stiffeners
€or > €rmax
An additional check needs to be performed for metal panels where
yielding or permanent set in the web is likely due to excessive skin deforma-
tion. The only available criterion for permanent set check has been empiri-
cally obtained from tests on flat aluminum metal panels. Its applicability to
other materials or curved panels has not been verified. Thus, in the absence
of any other guidelines, the flat panel requirement that the maximum allowable

value of the diagonal tension factor kzjj be limited to
Ka11 = 0.78 - (t-0.012)0.30 (32)

at design ultimate load to prevent permanent buckling of the web at limit

load. is used in the present analysis.




o o
2.2.2.3 Gombiped loading Failure Analysis (Nx/ny-g;_Nxcr[nygggAl

The effects of shear and compression loading interaction have to be

accounted for in a combined loading failure analysis. For the combined

loading case, the additional considerations are:

1.

The buckling stresses are reduced in accordance with the

interaction given in Equation 4.

Compression stresses in the stiffeners prior to buckling are
those due to the directly applied compression only. However,
after buckling the compression stresses due to diagonal temsion

must be added to the direct compression.

The allowable stress calculation for the stiffeners must
account for an interaction between the forced crippling (panel
shear induced) and natural crippling (direct compression

induced) modes of stiffener failure.

Calculation of the stiffener stresses due to applied shear
loads is modified to account for the presence of the compres-

sion load.

The buckling interaction equation can be rewritten as

o o
Nxcr/Nxer + (nycr/nycr)2 -1

then,

o o
Nxyer = Nxyer Jl‘(Nxcr/Nxcr) (33)

The diagonal tension factor k is expressed as

t h N
k = tanh [[0.5 + 300 .X| log —X¥_ (34)
Rb Nyyer
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where
Nxy = applied shear load

= shear buckling load for combined loading as calculated

Nxyer
v from Equation 33,

Calculation of k using Equation 34 is subject to the auxiliary rules that if
hg > hy then replace hy/hg with hg/hy and if the resulting ratio is greater

than 2 then use a value of 2 for the ratio.

The diagonal tension angle a is computed iteratively using the same
procedure as for pure shear, but with appropriate modifications to the
stiffener strain expressions. Thus, if a=30° initially then the new a is
calculated using Equation 22 where ¢, the skin strain is obtained from
Equation 22a, the ring strain from Equation 22c and the stiffener strain from

the following expression:

- -krcota (35)
EA

€g

s:w + 0.5(1-k)EyeRg

2
where Ro+Rg = 1.

As in the pure shear case, sufficient iterations need to be per-

formed so that apey = g14-

Computation of Stiffener Margin of Safety. The total stiffener load

can be expressed as:

where Py is the load in the stiffener due to direct compression and Pyy is the
load in the stiffener due to the diagonal tension folds. The resulting
stiffener strain can be expressed as (References 6 and 7)

-N_h k N cota
- X_S - Xy (37)

(EA)
(EA)g + W tyfyg| |- = +0.5(1-k)EygRg

S

where the negative signs denote a compression strain, w is the effective width

of the skin after buckling as obtained from Equations 17 or 18 and Rg from
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Equation 4. The average and maximum strains in the stiffener can be computed

by analogy to the pure shear case, i.e.,

-N h kN v cota (EK)
€sgve = X8 . X . (EA)§ (38)
(EA) 8
s
-N . h k N cota
GSmax - X S_ - }'(Y . Do (39)
(EA)
(EA)S + w thws tw —-—-—-§~+0.5(1-k)EwsRs
hgty
where
. h -
D = 1+ 0.775(1-k)(1-0.8 EI) if hg > hy
L s
(40)
- h_ -
- Ll + 0.775(1-k)(1-0.8 E§) if hy < hy

In computing margins of safety for stiffener design, the above
strains have to be compared against the Euler buckling strain and the stiffen-
er crippling allowable strain. For Euler buckling, it is immaterial whether
the stiffener compressive strain arises from the direct compression load, Py,
or from the diagonal tension action caused by Pgy. Evler buckling failure is
assumed to take place when esave given by Equation 38 above reaches egg given
by Equation 29. The nature of stiffener crippling under combined loading,
however, requires that the interaction between the strain due to direct com-
pression and the strain due to diagonal tension be accounted for. This is
because crippling under diagonal tension is caused by forced deformation of
the stiffener leg attached to the web, whereas direct compression causes crip-
pling failure by local instability of the entire stiffener section. An empir-

ical expression for this interaction has been given in Reference 4 for curved

metal panels. For generic application to metal and composite panels the
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Reference 4 interaction is expressed in terms of strains as follows:

€CO ¢so}l:3
£+ | < 1.0 (41)
s

where
€g - the direct compression strain

€g - the compression strain due to diagonal tension which cause
stiffener crippling while acting simultaneously

€g = the stiffener crippling strain under pure compression
loading as computed from Equations 9 and 10, and the
procedure given in Section 2.2.2,

€og ™ the forced crippling strain of the stiffener under pure
shear loading calculated from Equation 27.

The margin of safety is computed as follows:

M.S. = 1 -1
¢ S 1.5
-8 4+ |-Smax
€S €os
cc
where
c -N . h
[(EA)g + W tyEys)
and
s -kN__ cota
“Smax = A * Do (42)
ty (EA)S + 0.5(1-k)E gR
. - shs
hgty
c tation of R argin Safety. Metal panel test data show

that the hoop compression stresses in the ring due to diagonal tension are
unaffected by the axial compression on the curved panel as a whole. There-
fore, Equations 22c, 25, and 26 can be readily used to compute the ring

strains and margins of safety.
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2.2.3 Automated Semi-Empirical Design Methodology

The design procedure outlined above has been coded in a computer
program called PBUKL for use as a design tool, Detailed documentation of this
program is given in Reference 14. The program is an extension of TENWEB,
works interactively, and has several built-in stiffener profiles for design
flexibility.

Program PBUKL was used to design the curved panels tested in this

study.
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SECTION 3

ENERGY METHOD BASED ANALYSIS DEVELOPMENT
3.1 PROBLEM FORMULATION

The energy approach was used for problem formulation. The problem
was formulated for a stiffened, curved anisotropic laminated plate. The
laminate was assumed to be balanced and symmetric. A small imperfection in
the lateral displacement was also included in the formulation. The panel
geometry and the coordinate system are shown in Figure 7. This figure also
shows the relationship between the overall postbuckling structural configura-
tion and the panel geometry used in the analysis. Since the adjacent bays are
assumed tc deform in an identical fashion, a single bay was analyzed. Figure 7

* * *
soows that the material properties for the skin are Aij and Dij' where Aij

* * * * * * * %*
(A11, A12, A2 and Agg) is the skin stiffness matrix and Djj (D11, D12, Dy,

Dgz, 656 and 026) is the skin rigidity matrix. The material axes 1 and 2 are
assumed to coincide with the panel geumetry coordinate axes x and vy,
respectively. The panel, with length a and width b, is bounded by stringers
along the straight edges and frames or rings along the curved edges. The
cross-sectional area, Young's modulus and moment of inertia of the stringers
are Ag, Eg and I respectively. Those of the frames are Ag, Ef and If. The

radius of the curved panel is R.

The energy expressions are written in terms of the displacement
components u, v and w in the x, y and z directions, respectively. The panel
is assuwed fixed along x = o and subjected to a system of combined compression
(Ng) and shear (ny) load along the edge x = a. The boundary conditions for

the displacement components are therefore given by:

Um=vV=W=o0 for x = o
We=o for x = a (43)
We=o0 fory=oand y=b
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The total potential energy, x, is the sum of the strain energy
stored in the skin, Uy, in the stringers, Ug, in the frames, Ug, and the
potential of the external load, I, and is written as:

*
The strain energy in the skin for an anisotropic plate with Aj¢g =

*
Agg = 0 is given by

* 2 * * 2 % 2
Uy = -%- {A11 ex + 2A12exey + Agoey +A66Txy
v

* 2 * *
+ D11W,xx + 2D12W'xxw’yy + 4D16wrxxw’xy (45)
* 2 * * 2

+ Dogw,yy + 4D2gW,yyW,xy + 4DgeW,xy) 4V
where ey, ey and Txy are the strain components. Commas denote differentiation

with respect to the subscripted variables.

The strains are expressed in terms of the displacements u, v and w

using the nonlinear strain-displacement relations:

- 2
ex =du 4 1 |0
ax 2 |9x]
o 2
ey =4l idul w (46)
dy 2 |dy] r

- dv 4 du w Jdw
'7xy g-;+ +§—.
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In the derivations that follow, the coordinate variables x and y are
normalized with respect to their respective panel dimensions. The normalized

coordinates (£,n) are given by

¢=% ,q-¥ (47)

The strain displacement relations can then be rewritten as:

2
1 1
Ex =2 ug + —— W
x T2 % ) §
1 1 w
&y =2 Vp + —=—w, + X (48)
Y 5 " 2 TR

- L 1 1

In Equation (48) and hereafter, the subscripts to the displacements u, v and w

denote differentiation with respect to the subscript variables.

Substituting the strain-displacement relations, Equation (48), into

Equation (45) the strain energy stored in the skin becomes:

1 1
* 2 2 4
- ab 1 1 1
Uy QE A1l [ _E ug + _5 ugwe + z we ]dsd,7
o Jo a a 4a
1 1
* 2
2 2 1
+ A L. Upv,, + E- UpW + —=e UgW,
LL 12 | Louevy + I ug v Lo g,
1 2 bl 1 22 ded (49)
+ e Vo We + —— WWe + Wew
alb e alrR ¢ 2a2p2 & ] ¢
1 1
* 2 2
+ A9 1 Vn + 2 VW + 1 w2 + i vﬂwn
R R2 b3
oJo
2 2
+ L. wwy, + A Yy ]dgd,7
b2R 4b4
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The strain energy in the stringer is

1 1
AE 2 I1E 2
Ug = 58 | ug (€,0) d¢ + -5 | ve (£,0) ¢ (50)
2a o 253 o

The strain energy in the frame is

1 1
A E 2 I.E 2
2 | 23 J,

The potential of the external loads is

1 1
0 = - blNyy J u(l,n) dy - bnyI v(1,n) dn (52)
(o] [o]

The solution method employs the principle of minimum potential
energy. In applying the principle of minimum potential energy, the
+ displacement components are assumed to be functions of the independent
variables § and 5. The selected functions must satisfy the displacement
boundary conditions given in Equation (43) and minimize the total potential
energy. A generalized series expression for the displacement functions with
unknown coefficients was selected for the present analysis and these are as

foliows:
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u = Anpf] + ajaé
v = Bynfo + bjaé (53)
w = cnmf3 + Dpynfs + wofs,

In Equation (53), the functions f; = fi(x,y;n,m), i -~ 1, 2, 3, 4, are

arbitrarily selected admissible functions. The expressions such as Appfj are

shorthand expression for a double series, i.e.,

N M
Appfi = 2 2 Apgp f1 (x,yin,m)
n=1 m=1

The coefficients Apy, Bpm, Cnm: Dnm. a1 and b] are unknown coefficients to be
determined by minimizing the total potential energy. The term W, in Equation
(53) is the initial imperfection at the panel center. The function fg5=f5(£, #)
is the initial imperfection function in terms of the lateral displacement and

satisfies the displacement boundary conditionms.

Substituting Equation (53) into the energy expressions and using the
definitions given in Appendix A for the individual energy integrals, the

energy expressions finally become:

* b 11 1 ab 2
Uy, = A1 o Anm qu G11 + bay Ay Fp + = a)

b 111 111 111
+ a2 (Anm Cpq Crs H133 + 2 Apy Gpq Drs H134 + Anm Dpq Drs Hiss)
a
bwo 111 111 b 11
+ 5 (Anm Cpq H135 + Anpm Dpq Hiss) + o2 (a1 Cpm Cpq €33
a

11 11 bw 11 11
+ 2aj Cpp Dpq G34 + a1 Dpp qu Gyy) + —;9 (a) Cpp G35 + a1 Dpm G45)

bw 111 bwl 11 b 1111
—=2 App Hy55 + —2 a3 Gss5 + [ Com Cpq Crs Ctu 13333
2a2 2a 8a3
1111 1111 (54),
+ 4 Chp Cpq Crs Deu 13334 + 6 Cpp Cpq Drg Dy I3344 (Cont'd)

37




.11 1111
+ & Cpm Dpq Drs Dtu 13444 + Dnm Dpq Drs Deu Issss

1111
+ 4 wo (Cpp Cpq Crs 13335 + 3 Cpp Cpq Dre 13345

1111 1111 1111
+ 3 Cpm Dpq Drs 13445 + Dam Dpq Drs Ia445) + 6 Wo (Cpp Cpq I3355

1111 1111 1111
+ 2 Cpp Dpq 13455 * Dnm Dpq I4455) + & wo (Cnm I3555
1111 1111
+ Dnm 14555) + W Issss
* 12 2
+ A12 V1 Amm qu G12 _ aaj Bpp Fo

10 10
+§ (Anm Cpq G13 *+ Anm DpqG14 + Wo Apm G15)

b o : 0 o
+ g— (a1 Cpym F3 + a] Dpy Fy + wy ay Fs)

1 122 122 122
+ TS (Anm Cpq Crs H133 + 2Any Cpq Drs Hi134 + App Dpq Drs Hisg)
\Y 122 122 22
+ EQ (Apm Cpq H135 + Anpm Dpq Hiss) + gg (a1 Cpm Cpq G33
22 22 aw 22
+ 2aj Cpp qu G34 + a1 Dpp qu Guy) + —SQ (a1 Cpm G3s
22 w2 122 aw? 22
*+ 81 Do G45) + 5= Anm Hls5+ = a1 Gss
1 211 211 211
+ Ya (Bam Cpq Crs H233 + 2Bnpm Cpq Drs H234 + Bpm Dpq Drs H2us
211 w2 211

W 211
+ Zg (Bpm Cpq H235 + Bnm Dpq H245) + Eﬁ Bnm H255

011 011 110
* 5123 [Cnm Cpq Crs H333 + Cnm Cpq Drs (2H334 + H334) (54 cont’d)
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011 110 011
Crm Dpq Drs (H3a4 + 2H344) + Dnm Dpq Drs Hass

011 110 011 101 110
Wo Cnm Cpq (2H335 + H335) + 2Wo Cpm Dpq (H345 + H345 + 345)

011 110 011 101
Wo Dnpm Dpq (2Ha4s5 + Hags) + Wo Com(H3ss + 2H3ss)

2 011 110 3 011
Vo Dnm (Hiss + 2Hgss) + wo Hsss)

1122 1221

1122
Z&g [ Crm Cpq Crs Ctu 13333 * 2Cnmm Cpq Crs Dtu (13334 + 13334)

1122 1212 2211
Cnm Cpq Drs Deu (13344 + 413344 + 13344)

1122 2112 1122
20nm Dpq Drs Deu (13444 + I3444) + Dpm Dpq Drs Dru Tasss

1122 1221 1122
2vy Cnm Cpq Crs (13335 + 13335) + 2Wo Cnm Cpq Drs (I3345

1212 1221 2211 1122 2112
213345 + 213345 + I13345) + 2Wo Cnp Dpq Drs (213445 + I3445

1221 2211 1122 1221
3445 + 213445) + 2Wo Dnm Dpq Drs (T4445 + Taass)

1122 1212 2211 1122
Wo Cnm Cpq (13355 + 4I3355 + I3355) + 2Wwo Cnm Dpq (13455

1212 2112 2211 2 1122 1212 2211
213455 + 213455 + 13455) + Wo Dnm Dpq (14455 + 414455 + 14455

3 1122 2112 3 1122 2112 4 1122
2wy Cpm (13555 + I3555) + 2Wo Dpp (I4555 + I4555) + Wo I5555

* . 22 20 20
Agg —EE Bam qu Goo + E (Bom Cpq Go3 + Bpp qu Goy

20 b 00 00 00
Wo Bpm G25) + ?EE (Com Cpq 633 + 2Cpy Dpq G34 + Dnm Dpq G44)

abw 00 00 abwg 00 222
G35 + Dpp G4s5) + Gss5 + —&~ (Bpp Cpq Crs H233
R2 2b2 2b2 (54 Cont'd)
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222 222 aw 222
2By Cpq Drs H234 + Bnm Dpq Drs Hosg) + ;—“ (Bpm Cpq H235

222 aw2 222 s 022
Bam Dpq H24s5) + - o2 2 Bpm Hpss + ;;E [ Com Cpq Crs H333

022 220 022 202
Com Cpq Drs (2H334 + H334) + Cnp Dpq Drs (H3ss + 2H344)

022 aw [
Dam Dpq Drs Hass ] + Eﬁﬁ Cam Cpq (2H335 + 2H335 + H335)

022 202 220 022 220
2Cpm Dpq (H345 + H345 + H3gs) + Dnm Dpg (2Hass + Hass)
aw2 [ c (Hozz o202 ) 4D (Hozz 2H202) ] aw3 022
- + + + + —9
R nm (H355 355 nm (H455 455 Sop 1555
[ 2222 2222
~a.

o3 Cnm Cpq Crs Ctu 13333 + 4Cnm Cpq Crs Deu 13334

2222 2222
6Cpm Cpq Drs Dru 13344 + 4Cnm Dpg Drs Deu 13444

2922 2222
Dpm Ppq Drs Dtu la44s + 4wy (Cnm Cpq Crs 13335

2222 2222 2222
3Cnm Cpq Drs 13345 + 3Cnm Dpq Drs I344s + Dnm Dpq Drs Ia44s

2 2222 2222 2222
6Wo (Cnm Cpq 13355 + 2Cnm Dpq 13455 * Dnm Dpq I4455)

3 2222 2222 2222
4wy {Cnpm I3555 + Dnm I4555) + Wo 15555

* 22 b 1 ab 2
Age Eg Anm qu G11 + E— Bom B pq G22 + bby Bpp Fo + _E b1

21
Anm Bpq 612 + @by Apgy F1 + Anm Cpq Crs H133 (54 Cont’d)

o (o

2 [ 212
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212 221 212
Anm Cpq Drs (H134 + H134) + Anm Dpq Drs Hiss
221 212 212 221
Wo Anm Cpq (H135 + H135 + Wo Anm Dpq (Hi45 + Hi4s)
1 [ 112 112 121
Wo Apm Hiss | + " Bam Cpq Crs H233 + Bam Cpq Drs (H234 + H234)
112 121 112

Bnm Dpc ‘s H244 + Wo Bnm Cpq (H235 + H235)

112 121 2 112 12
Wo Bnm Dpq (Ha45 + Ho45) + Wo Bpm Hass | + b1 Cpm Cpq €33

12 12
by Cpm Dpq (G34) + by Dpy Dpq Gas

21 12 21 12 2 12
Wo [ b1 Cnm (G35) + G35) + by Dpp(Gys5 + G45)| + wo by Gss

1 1122 1122 1221

%eb [ Com Cpq Crs Ctu 13333 + 2Cnm Cpq Ors Ddeu II3334 + I3334)
1122 1212 2211

Crm Cpq Drs Dru (13344 *+ 413344 + 13344)

1122 2112 1122
2Cnm Dpq Drs Deu (13444 + 13444) + Dnm Dpq Drs Dru lassa

1122 1221
2wy Cnm Cpq Crs (13335 + I3335)

1122 1212 1221 2211
2wy Cnm Cpq Drs (13345 + 213345 + 2I3345 + 13345)

1122 2112 1221 2211
2Wo Cnm Ddpq Drs (213445 + 13445 + 13445 + 213445

1122 1221
2wo Dnm Dpq Drs (Tas4s + Iaass)

2 1122 1212 2211
Wo Cnm Cpq (I3355 + 4I3355 + I3355)

2 1122 1212 2112 2211 (54
2uy Cppm Dpg (13455 + 213455 + 213455 + 13455) Cont’d)

2 1122 1212 2211 3 1122 2112
Wo Dpm Dpq (14455 + 414455 + 1ass55) + 2o Cnm (13555 + 13555
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3 1122 2112 4 1122
+ 2Wg Dpp (I4555 + I4s555 + Yo Issss

bD 33 33 33 33
+ __ll (Com Cpq 633 + 2Cnp Dpq 634 + Dy Dpq 644 + 2w, Cpy G35

33 2 33 D}, 34
+ 2 Do G45 + Vo G55) + L [ Crom Cpq €33

34 43 34 43 34
+ Cpm Dpq (634 + G34) + Dpp Dpq G44 + Wo Cnp (G3g + G35)

34 43 2 34 2D’1*6 [ 35
+ Wo Dnm (G455 + G45) + wy Ggs | + > Cnm Cpq 633
a

35 35 35 53
+ Cnm Dpq (G34 + G34) + Dppy Dpq G44 + Wo Cpp (G35 + G3s)

35 53 2 35 aby, [ 44
+ wo Dpm (G4s5 + Ggis5) + wg Ggg | + o3 Cnm Cpq Ga3
44 44 44 44
+ 2Cnp Dpq 634 + Dpm Dpq Gas + 2wy Cnm G35 + 2w Dpp Gy4s

44 2D‘2*6 [ 45 45 54
+ Wy Ggs 2 Chm Cpq G33 + Cpp qu (G34 + G3g4)

45 45 54 45 54
+ Dpm qu Gu4 + Wo Cpm (G35 + Gag) + wo Dpy (Gis5 + Gys)

2 45 2926 [ 55 55
+ Wy Ggg | + pry Com Cpq 633 + 2Cny Dpq G34

55 55 ]

55

AsEs [ 11 1 22
Ug = oa Anm qu Ki1 + 2a aj App J1 + aja (55)

+

s 33
5o Bnm Bpq Koo
a

AfEf 22 IfEf 44
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Q= - Nyx [ App J1 + aja ] b

The total potential energy is minimized with respect to the unkncwn
coefficients. The minimization process yields a system of nonlinear algebraic
equations. Details of these algebraic equations are given in Appendix A.

These equations can be expressed in the following form:

A L dA N
where the subscript L denotes the linear terms of the partial derivative of
the total potential energy with respect to a particular unknown coefficient

(A), subscript N denotes the nonlinear terms and C represents the terms that

are independent of the unknown coefficients.

An alternate approach to minimize the total potential energy is to
directly evaluate the energy expressions given by Equations (54) through (57).
In this approach, the wvalues of the unknown coefficients are initially
assumed. The value of the total potential energy is then directly evaluated
using the assumed values of the coefficients. The values of the coefficients
are systematically varied and the value of the corresponding total potential
energy is evaluated iteratively wuntil the minimum potential energy is
approximately achieved. The values of the unknown coefficients are then
substituted into Equation (58) to verify the numerical accuracy. This
procedure is adopted as an alternate approach because of a convergence problem

encountered in solving the nonlinear system, Equation 58, directly.

The numerical solution procedures are discussed in Sections 3.2 and
3.3. Section 3.2 details a single mode solution, in which only one buckling
mode is selected for analysis, i.e., only one term for each of the
displacement functions fj, i =1, 2, 3, 4, is used. In this case, the system

of Equations 58 is reduced to six equations and direct solution of Equation 58
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presents little difficulty. The multi-mode solution is discussed in Section
3.3. Because of the interaction between buckling modes, numerical solution of
Equation 58 is not always possible. A combination of the two approaches

discussed earlier is used to determine the unknown coefficients.

Ir the actual numerical solution, the displacement functions hav- to
be specifically defined. The functions that satisfy the boundary conditions
and describe the displacement behavior observed in postbuckled panel tests are

as follows:
£f1(¢, n; n, m) = sin lI§ cos (nll§ - mlln)

£2(€, 5 n, m) = (1 - cos I§) cos (nkif - miln)

£4(¢, 7; n, m; sin nllé sin mlln (59)

B
ol
]

£f4(§, n; n, m) = sin 0§ sin Iy sin (nll§ - miln)

£5(¢, n) sin II¢ sin Iy

The individual energy integrals written in terms of the above
functions are evaluated in closed form. Detailed expressions of all the

energy integrals are given in Appendix A.
3.2 SING 0D S

The number of nonlinear algebraic equations in the system given by
Equations (58) depend on the number of buckling modes used in the analysis.
The number of equations can be calculated from the relation 4NM+2, where N is
the number of buckling modes in the =x-direction and M is the number of
buckling modes in the y-direction. As N and M increase, the number of
nonlinear terms on the right hand side of Equation 58 also significantly
increases (see Equations A-9 through A-14 in Appendix A). A large number of
nonlinear terms present numerical difficulty in solving Equation (58). On the
other hand, although the postbuckling behavior of a stiffened panel is mixed-
mode behavior in general, the displacement response is dominated by a single
buckling mode. Therefore, if the dominant buckling mode is known, the

postbuckling behavior can be accurately described using a single-mode

analysis,

44




8

Let n be the selected buckling mode in the x-direction and m the
mode in the y-direction. Then the number of equations in the nonlinear system,
Equation (58) is reduced to six. Since there is no mode interaction, the
energy integrals G, H, I, K in Equations A-9 through A-14 become

af af

61j, nmpg = Cij, nmnm

afy afy

Hijk,nmpqrs ™ Bijk,nmnmom (609
afvs apyd

I13k1, nmpqrstu ® Iijkl, nmnmnmom

Kgg,nmpq - Kﬁﬁ: nmnm
In addition, for the case of no initial imperfection, i.e., wy = o, the total
number of integrals involved in Equations 58 is reduced to 108. The reduced
system of nonlinear equations can be solved with -- :y high accuracy by an
iterative technique using the method of successive linearization. 1In this
method, each of the unknown coefficient, Apn, Bpp, Cnms Dpm» 21 and by is
assigned an initial value and substituted into the right-hand-side of Equation
58. Equation 58 now becomes = csystem of linear algebraic equations and can be
easily solved for the new values of the unknown coefficients. Using the new
set of coefficients as initial values, another set of improved coefficients
can be obtained by solving the linearized system. This procedure is continued
until the solution converges within a desired limit. In the actual solution,
only the initial values ef the coefficients at the first load level need to be
assigned. At higher 1lcad levels, the initial values are obtained by
extrapolating the converged solutions of the preceding load levels to reduce

the number of iterations,

The results of the single-mode solution for an example problem are
presented below. The panel geometry and the material properties used in this
problem are:

Panel Length a = 17.5 in.
Panel Width b = 10.0 in.
Panel Radius R = 45.0 in.
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* *

A1l = 562 kips/in A19 = 174.7 kips/in

Azg - 582 kips/in A:5 - 225 kips/in

D;l = 121 1b/in ng = 36.4 1b/in

D;6 = Dgg = 0 D;Z = 121 1b/in D:G = 46.87 1b/in
Ag = 0.11 in? Eg = 10 x 106 psi Ig = 0.00615 in®
Ag = 0.5 in2 Ef = 10 x 106 psi Ig = 5.0 in®

In this example, the frame is assumed to be very rigid, this is
simulated by using a relatively large moment of inertia (5.0 in%*) as compared
to that of the stringer (0.00615 1n4). The ratio of the compression to shear
load (Nx/ny) used in the example is -1.0.

The results of the single mode analysis for this example are
illustrated in Figures 8 through 15. These results include solutions for m = 1
with n rarging from 1 to 6. The value of aj as a function of the total
compression load (Pxy = bNy) is shown in Figure 8. The parameter a} is an in-
plane displacement parameter. The value of aj is essentially the axial strain
in the x-direction due to end-shortening and is obtained from the first of
Equations 53. As shown in Figure 8, aj varies linearly with applied load for
n=1. For n2 2, the end-shortening parameter becomes approximately bilinear
with applied Icad. The load level where the slope of the end-shortening curve
changes signifies initial buckling of the skin. The figure shows that the
initial load is lower for some of the higher buckling modes (larger vaiue of
n). The initial buckling load for n = 2 is approximately 5000 1lbs. and
reduces to 2800 1lbs for m = 6, These results indicate that with m = 1, the
first two buckling modes (n = 1 and n = 2) are not likely to dominate the
postbuckling behavior of the panel. This conclusion is more readily evident

from the results of other parameters discussed below.

Figure 9 shows the relationship between the shear-displacement
parameter by and the total applied compression. The parameter by is the
dominant term in the y-direction displacement (shear-displacement). The value
of bja is the average shear-displacement at the loading end of the panel (x =
a), The results shown in Figure 9 indicate that the value of bj
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Figure 9. Shear End-Displacement Parameter by as a Function of the
Applied Compression Load.
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Figure 12. Displacement Coefficient Chm as a Function of the Applied

Compression Load.
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varies linearly with the applied compression for n = 1. For n = 2, the bj
curves are slightly nonlinear. The values of by are approximately equal for

n=23to 6.

The in-plane displacement parameters Apy, and by, are shown in
Figures 10 and 11. The coefficient Ap, shown in Figure 10 is a measure of the
in-plane/out-of-plane displacement interaction in the x-direction. As shown
in the figure, for n = 3, this parameter remains approximately zero when the
applied load is below the initial buckling load. At higher loads the absolute
value of the parameter increases with applied load. For n = 1 and 2, the
absolute value of Ap, continuously increases with applied load. These results
again indicate that the panel analyzed is not likely to deform into the first
two modes (n = 1, 2). Figure 11 shows a similar behavior for the coefficient
Bnms» the in-plane/out-of-plane displacement interaction coefficient for the v-

displacement.

Figures 12 and 13 show the variation of the out-of-plane
displacement coefficients Cpp and Dpp. The trends for these displacement
parameters are similar to that of Ap, and B,,. However, they are one order of

magnitude higher than Anm and Bnm.

Figure 14 shows the maximum, minimum and panel-center out-of-plane
displacement variations with the total applied compression load for the
buckling mode n = 1, m = 3. The panel center is at (8.75, 5). As shown in
the figure, the out-of-plane displacement at the panel-center remains
relatively small as the load increases. This is because the center is in the
vicinity of a nodal line for the assumed buckling mode. The maximum (outward)
displacement occnrs at location (6.25, 5). Figure 14 shows that the
displacement at this point remains at approximately zero below a compression
load of 3500 lbs. Above 3500 lbs., the displacement increases rapidly as the
load approaches 4000 1bs. Beyond 4000 1lbs., the displacement increases with
load at a relatively slower rate. The minimum (maximum inward) displacement
occurs at the location (11.25, 5). The out-of-plane displacement at this
point varies with applied compression load in a manner similar to that of the

maximum displacement but in the opposite direction.
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The out-of-plane displacement contours for the buckling mode n = 3,
m = 1 at applied compression load of 8500 1lbs. are shown in Figure 15. The
figure shows that there are two major buckles in the center portion of the
panel. These buckles are oriented at an angle of approximately 60° from the
x-direction. The buckle near the fixed end (left buckle) deforms outward
(positive displacement). The buckle near the loading end (right buckle)
deforms inward (negative displacement). In addition to these major buckles,
two minor adjacent buckles also develop. These are shown at the left-upper

and right-lower corner in Figure 15.

The results shown above indicate that the single-mode analysis
developed here can be used to investigate the postbuckling behavior of a panel
in several ways. First, a parametric study can be carried out to determine
the possible buckling modes of a panel. Once a dominating mode is selected,
the single-mode analysis can be used to describe the approximate postbuckling
displacement pattern of the panel. This analysis provides the approximate
displacement and stress (strain) fields of the panel at different load levels.
This information can then be used for a fatigue or failure analysis of the

panel.

3.3 MULTI-MODE ANALYSIS

In the single mode analysis, the solution is obtained for a
preselected buckling mode. The implicit assumption in the single mode analysis
is that the panel deforms in a fixed mode as the applied load increases in the
postbuckling regime. This assumption has been adopted in a number of analyses
in the literature. However, experimental data indicated that buckling mode
shape may change as the applied load increases. In order to simulate the
change of buckling mode in the postbuckling regime, a multi-mode analysis

method is needed.

The multi-mode analysis method developed is based on the strain
energy method discussed in 3.1. However, a general solution of Equation 58 is
prohibitive because of the excessive computing resource requirements and

convergence problems in the numerical solution. The number of nonlinear
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equations in Equation 58 is 4NM+2 for NxM modes used in the general analysis.
The number of energy integrals increases rapidly with N and M. Table 2 shows
the total number of energy integrals required for different values of N and M.
The numbers shown in Table 2 include the initial lmperfection terms. These
numbers suggest that selected buckling modes up to 4 x 1 would be more

practical.

In addition to the number of energy integrals, the number of
equations also limits the number of buckling modes used in the analysis. This
is because the interaction of buckling modes results in convergence problems
in solving the nonlinear equations. In the multi-mode solution, the two
numerical procedures discussed in 3.1 for either solving Equations 58 or
directly minimizing the total potential energy are used alternately to avoid

a convergence problem.

The analysis procedure for the multi-mode solution was coded in a
Fortran computer program PACL (Postbuckling Analysis for Combined Loads).
Details of the computer program are documented in a separate volume of this

report - Automated Data Systems Documentation (Reference 14).
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Table 2. Number of Integrals Required.

NUMBER OF NUMBER OF NUMBER OF
N TERMS M TERMS CONSTANTS

1 1 230

2 1 1222

3 1 3976

4 1 0944

4 2 110,956

5 1 21,034

6 1 38,610

6 2 498,112

7 1 68,492

8 1 110,956

8 4 21,725,092
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SECTION &
ANALYSIS AND TEST RESULTS CORRELATION

4.1 ductio

The static and fatigue data presented in Reference 15  were
analyzed to correlate the measured initial buckling load, ultimate strength
and failure mode with predictions from the semi-empirical analysis
methodology. The measured strains, buckling mode shape changes and panel
stiffness changes were compared with predictions ifrom the energy method based
analysis presented in Section 3. The fatigue life data were utilized to
establish S-N curves for metal and composite panels. These results are

discussed in the following paragraphs.

4.2 Initial Buckling Under Combined loads

Initial buckling predictions for the metal panels were based on
the semi-empirical expressions (Reference 6) given in Equations 1 and 3. A
comparison of the buckling load data obtained in this program for pure shear
or pure compression loading, with the predictions is shown in Figure 16. As
seen in the figure, the semi-empirical predictions are conservative by as much
as 30 percent. This observation is consistent with the metal panel data

generated in Reference 1.

Under combined loading, the buckling loads were predicted using a
parabolic interaction. A comparison of the predictions and the test data is
shown in Figure 17. Since the pure shear and pure compression buckling, loads
were higher than predicted, the buckling loads under combined compression and
shear are underestimated by Equation 4. A true comparison, however, can be
seen in Figure 18 where the interaction is shown in terms of the buckling load
ratios R, and Rg. The comparison in Figure 18 shows excellent correlation
between the predictions and the test data provided the scatter in the measured
values for the different panels is accounted for by normalization. Reference
16 data, used to establish the parabolic interaction equation,are also shown

to illustrate the consistency of the data obtained in the present program.
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Figure 18 shows that the buckling interaction equation used provides a lower
bound and is thus somewhat conservative for buckling load predictions for

metal panels under combined shear and compression loading.

The correlation between initial buckling load predictions and test
data for composite panels is shown in Figure 19. 1In the case of composite
panels, the pure shear, pure compression and the combined loading initial
buckling predictions were based on program SS8 (Reference 8). In Figure 19,
the parabolic and linear interaction curves are also shown for comparison.
The linear interaction expression provides a lower bound for the test data.
For preliminary design purposes, use of the 1linear interaction is more
appropriate for composite panels. Figure 20 shows that the test data are
bounded by the linear and a fourth power (i.e., @ = 1 and @ = 4 in the expres-

Q
sion R, + Rg = 1).interaction rule (Reference 17).

4.3 ULTIMATE STRENGTH UNDER COMBINED LOADS

The ultimate strength of metal and composite panels was predicted
using the methodology given in Section 2. The strength predictions were
plotted as failure envelopes and are shown in Figures 21 and 22 for metal and
composite panels, respectively. The only change in the strength prediction
methodology made after comparison with test data was in the stiffener
crippling interaction equation under combined loading. Originally (Equation

41) the following criterion was adopted for stiffener crippling:

1.5
co SO
£ £
S + S
eCC £os

However, the test data for both metal and composite panels show better

A

1.0

correlation with a linear interaction, i.e.,

so
co €
£+ | S <1 (61)
ec¢ fos

s
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m

As shown in Figure 21 the metal panel strength data show excellent correlation
with predictions. The failure mode, however, was permanent set in the skin.
The close agreement of the test data with stiffener crippling predictions
leads to the conclusion that the skin creasing was precipitated by stiffener

crippling.

The composite panel test data also show good agreement with the
linear interaction stiffener crippling prediction. There are two exceptions,
however, in panels GR-1 and GR-2. The low failure loads obtained for these
panels are plausible since these two early panels showed some load
introduction problems during the static tests. Specifically, the panel load
introduction area skin thickness was the same as the test section skin
thickness. Due to load introduction eccentricities, the skin in the load
introduction area buckled before the panel ultimate load was reached. Thus,
the two panels were not subjected to a uniform axial compression load and,
therefore, showed failure loads slightly lower than the predictions. In all
other panels the 1load introduction region thickness was increased by
secondarily bonding fiberglass laminates. Thus, the semi-empirical design
sethod as given in Section 2 with Equation 61 replacing Equation 41 can be
used for designing curved composite panels under uniaxial compression and

shear loads.
4.4 FATIGUE LIF COMBINED 1.OADS

The fatigue test data for metal and composite panels are fully
documented in Reference 15. A summary of the fatigue failure modes for the
metal panels under compression dominated constant amplitude 1loading 1i.e.
(Nx)max/(ny)max = 2 with R=10 for compression and R=-1 for shear*, is shown
in Table 3. For shear dominated constant amplitude fatigue loading i.e.
(Nx)max/(ny)max = 0.5 with R=10 for compression and R=-1 for shear, the test
results and failure modes are shown in Table 4. The basic fatigue failure
mode in the metal panels under compression dominated loading was crack
initiation in the skin adjacent to the stiffener flange and subsequent
propagation along the loading direction. The crack initially propagated along

*Note that due to differences in R-ratios, (Ny)pax and (Ny)max do not occur

simultaneously.
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the stiffener direction. After a certain length, the crack branched and grew
toward the centerline of the bay in the diagonal direction. The crack
initiation life of the panels was approximately 60 percent of the total number

of cycles required to tear one skin bay.

Under shear dominated loading, cracks initiated at the edges of
fastener holes in the skin. The subsequent crack growth pattern and the crack
initiation life relative to the total number of cycles required to tear one

bay were similar to those obtained in the compression dominated tests.

In practical aircraft structures curved panels are most commonly
used in pressurized fuselage structures. Therefore, the crack initiation life
was defined as the fatigue life of the metal panels. It should be noted,
however, from the test data that postbuckled metal panels retain a significant
percentage of their static strength even after the loss of skin due to

cracking under diagonal tension stresses.

The measured crack initiation life of the metal panels was used to
generate the S-N curve shown in Figure 23. In this figure, the typical
fatigue failure mode is also illustrated. The limited data generated in this
program indicate steep S-N curves for metal panels operating in the
postbuckling range. Secondly, the metal panels can sustain static loads of
approximately 2.5 times the average buckling load but in actual structures
their capability would be limited to 1.25 times the buckling loads due to

fatigue considerations.

Fatigue test results for the composite panels are summarized in
Table 5. The two panels tested at (Ny)pax/(Nxy)max = 2 experienced no fatigue
failure after 100,000 cycles of constant amplitude loading. Residual static
strength tests on these panels indicated no strength reduction (See Figure
22). The static failure mode was primarily skin/stiffener separation. Panels
under constant amplitude shear dominated loads i.e. (Ny)max/(Nxy)max = 0.5,
failed under fatigue cycling. The fatigue failure mode in these panels (GR-7
and GR-8) was skin stiffener separation at stiffener and ring intersection
accompanied by local skin rupture, Thus, the composite panels appear to be

more sensitive in fatigue to shear dominated loading.
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Figure 24 shows a plot of the number of fatigue cycles sustained by
the composite panels versus the applied loads. From four data poircs in
Figure 24 a fatigue threshold was estimated to be approximately 80 percont of
the static strength. The fatigue advantage of composite panels relative to
metal panels is readily apparent from Figure 24 in that the composite panels
could be utilized up to 200 percent of their initial buckling load for shear
dominated loading as opposed to 125 percent for metal panels. The

postbuckling range for composite panels under compression dominated loading

could be possibly higher.
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following

5.1

SECTION 3
CONCLUSIONS

The significant conclusions from this program are summarized in the

paragraphs.

SEMI-EMPIRICAL DESIGN METHODOLOGY FOR POSTBUCKLED PANELS_ UNDER
COMBINED LOA

1. The semi-empirical static design methodology developed in
Reference 1 for postbuckled composite and metal panels under
pure shear or pure compression loading was extended to panels
under combined uniaxial compression and shear loads.

2. The methodology was coded in a computer program (PBUKL) for
rapid iterative design of composite and metal panels.

3. Experimental verification data were wused to develop a new
criteria to predict the effect of shear and compression load
interaction on composite panel skin buckling. A 1linear
interaction, although conservative, seems more appropriate for
the design of composite panels as opposed to the well
established parabolic interaction rule for metal panels.

4. The test data showed that for both composite and metal panels a
linear interaction rule for stiffener crippling prediction
yields better correlation than a non-linear interaction rule.

5. Ultimate panel strength predictions based on the semi-empirical
analysis for composite and metal panels wevre fourd to be very
accurate and well suited for design purposes.

6. Stiffener and skin separation in composite panels was the
observed failure mode under static combined uniaxial compression
and shear loading.

7. For metal panels under combined compression and shear loading
stiffener crippling was the dominant fajlure mode. Permanent
deformation of the skin was either concurrent or precipitated by
stiffener crippling.

8. Under constant amplitude fatigue loading metal panel failure

occurred by crack initiation in the skin adjacent to a
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10.

12.

13.

14,

stiffener. The static strength of the metal panels was
unaffected by the skin crack propagating across an entire bay.
The crack initiation life was approximately 60 percent of total
number of cycles sustained by the panel prior to skin rupture in
a single bay. The nature of the combined loading, 1{i.e.
compression dominated or shear dominated, did not affect the
crack propagation pattern. However, the initiation sites in the
two cases were different. Under shear dominated loading the
cracks initiated at stiffener attachment fastener holes, whereas
under compression dominated loading the cracks initiated in the
skin at the edges of the stiffener flange attached to the skin.
Durability c¢.nsiderations can severely limit the postbuckled
operation range of metal panels. In the panel design tested the
static strength range was 250 percent of the average initial
buckling load. However, for a 100,000 cycle constant amplitude
fatigue life, the panel loads would have to be restricted to 125
percent of the initial buckling load.

Composite panels demonstrated a high fatigue threshold relative
to the initial skin buckling loads. Composite panels designed
for a static strength equal to 250 percent of the initial skin
buckling load can be safely operated under fatigue loading up to
200 percent of the initial buckling load.

. Composite panels tested in the program showed a greater

sensitivity to shear dominated fatigue loading as compared with
compression dominated fatigue loading.

The fatigue failure mode in composite panels was separation
between the cocured stiffener and the skin. In particular, the
region at the intersection of the stiffener and the ring was
vulnerable to the failure mode.

Repeated buckling had no influence on initial skin buckling
loads for either the composite or the metal panels.

The semi-empirical design methodology was used to develop a
design procedure for composite and metal panels under combined

uniaxial compression and shear loading.
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5.2 ¥ON-EMPIRICAL ANALYSIS OF POSTBUCKLED PANELS UNDER COMBINED LOADING

1. A single-mode and multi-mode energy method based postbuckling

analysis was developed.
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APPENDIX A
ANALYSIS DETAILS

This Appendix defines the individual energy integrals used in
Equations (54) through (57), details the nonlinear system given by equation

(58) and presents closed form expressions of all the energy integrals.

The displacement functions are expressed in a general form in
Equation (53). The following notations are used for the derivatives of the
displacement functions:

£i,0 (§,n;n,m) = £5 (£,7;n,m)

£f1,1 Gunin,m) = £1 ¢ (§,9in,m)
£i,2 (€,min,m) = £1 5 (€,7;n,m)
£1,3 (Cuminm) = £1 ¢¢ (§,n;n,m) (A-1)

£fi,4 (§onin,m) = £1 pp (§,9;0,m)

fi's (&,ﬂ;n,m) fl,en (f,ﬂ;n,m)

i=1,2,3,4

fs'a (f:ﬂ;n,m) fS,a (6’")

G = 0: ly 2’ 3» 41 5

The individual integrals F, G, H and I in equation (54) are defined

as

0
Fi nm = J J £1 ({,n,n,m)dédn (A-2)
0JO

i=1,2,3,4,5

[o
Fi, om - J J fi.a (§inin,m)dédn (A-3)
0Jo

-
i

1, 2, 3,4,5
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1 1
Gg?,nmpq - J J fi, o Cimin,m)fy g (§,n;p,q)dédn
0J0O
i,j=1,2,3, 4,5 (A-4)
a,p=0,1, 2, 3, 4, 5
1 1
H?fl,nmpqrs - J J fi,0 (&inin,m)fy g (€,n:p,q)
0 J0
xfi 4 (§.n;x,8)dddy (A-5)
i,j, k=1, 2, 3, &4, 5
a,B,y =0, 1, 2, 3, 4,5
1 1
I:?Zf,nmpqrstu - J { fi,a (§inin,m)fy g (£,7:p,9) (4-6)
040

xfy 4 (Eymix,s)f1 5 (§,n5t,u)dddy
i,j,k,e =1, 2,3, 4,5
a,f,v,6 =0, 1, 2,3, 4,5

The integrals J and K appeared in Equations (55) - (57) are defined

as
1
1
J1nm - f1,¢ (§,0;n,m)d¢ (A-7)
JO
1
I1rm - | £1 (Lnin,mydn
Jo
1
J2nm - J fa (1,n;n,m)dn
0

82




1

11 '

Kllnmpq = fl,f (f:oin.m)fl,e \E»O;P,Q)df (A'S)
lO
1

33

K22nmpq = £2,¢¢ (£,0;n,m)fy ¢¢ (£,0;p,q)d¢
NO
1

22 [

R22nnpq = £2.9p (L,nsn,m)fy  (1,75p,q)dn
UO
1

4t

K11nmpq = £1,9n (Limin,m)fy pp (L3P, q)dn
Jo

The system of nonlinear algebraic Equations (58) are obtained by
setting the derivative of the total potential energy with respect to each of
the unknown coefficient to zero. Siz groups of equations are obtained and
they are given below. In the following equations the total load, Pyy and Pyy

are used in place of bNyy and bNyy.

all = U
3A. .
ij
b * 11 a * ASEs 11 IfE 44
Anm [ " A11 C11ijnm + b Ag6 C11ijom + K1lijom * ~b3 KlliJM]
- Y 12 * 21
+ Bom | A12 C12ijnm * 466 C12ijnm ]
bw % 111 p ¥ 10 w, o * 122
+ Cpm > A11 H135ijnm * " A12 C13ijnm + - A12 H135ijnm
La

* 221 212
* }

Age (H135ijnm + H135ijnm)

o loi}
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+ Dpp [

1 *
+ a1 [ b Ajr Flij + AgEg Jlij] + by (a Agp Flij)

bw_ * 111 * 10 woox 122
—59 A11 H145ijnm + " A12 Claijom *+ = A12 H145i5mm
a

£

o X 212 221
*+ o Bee (H145i5om + Hlasijnm)]

* 1 2

* 111 * 122

= Pyx J1ij - Com Cpq [ §§5 Ali H133ijnmpq + 5%- A12 H1331jnmpq

b

* 212
* )

Age (H1331ijnmpq

o =

[ b * 111 L 122
- Cnm Dpg | 2 A11 H134ijnmpq + ~ 412 H1341jnmpq
1 202
* Age (H1341ijnmpq * Hlaaijnmpq>]
p 111 L ¥ 122
- Dnm Dpq [ 542 £11 H1441jmepq + 7 AL2 H1441 jnmpq
g 21
* Age (H14413inmpq ]
( A* GlO b A* H111 L H122
- W = - W — . 2 P
o' g 12 “15ij o [ 242 11 #1551ij + T 12 H155ij
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o |
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+ Bpy [ % A22 G22ijom + - Age G22ijnm * K22ijnm + K22ijnm ]
* 20 w211 aw % 222
+ Com [ i- A22 G23ijnm + e A12 H235ijnm + ‘;2" A22 H235ijnm
w, o x 121 112
) + 2 Age (H235ijnm + H235ijnm)
a
g X 20 w, x 211 aw % 222
+ Dppy [ 2 A22 G24ijom + = A12 H245ijmm + 7 A22 H245ijnm
v, x 112 121
+ -, fe6 (H245ijom + H245ijnm>]
* 2 * 1
+ aj (a Ayg FZij) + by (b Agg FZij)
1, §
- Puy J215 - o Opq | 3% A12 F233ijnupq * =& 822 H2331mmpq
L ¥ 122
t s 866 H233iinmpq ]
. 1 * 211 a * 222
- Com Dpq [ 2 412 H23415ompg * 25 A22 2341 jrmpq
L F 112 121
* - A66 (H2341 jnmpq + HZB&ijnmpq)]
L * 211 a * 222
- Dpm Dpgq [ o2 A12 H2441jnmpq + ) 822 H2441 jompq
LLx 112 Q¥ 20
. + N Agg H244ijnmpq } ~ Wo (E A22 GZSij)
L x 21 * 222 L 112
- o [ S~ A1p Hpssij + —2- Agp Hpssij + = Ags Hassij ] (4-10)
2a 2b2 a
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* 10 bw_*x 111 w x 122
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a

+

% 221 212
Age (H135nmij + Hlssnmij)]

c“li:
(o]
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3bw? % 1111
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W % * 1122 1212 1212 .

+ Eii (A12 + 2866) (I13355ijnm *+ 213355ijnm * 213355nmij
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2211 Jawl % 2222
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b X 00 Wy X33
D [ 42 A92 G34ijnm + — D11 C34ijnm
R2 a3
Df, 34 43 , ¥ 35 53
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a
D* 44 * 45 54
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* 21 12
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a

1

* 212 212
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y LX 1 L 122
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112 112
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y ¥ 01l 110 * 022
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2ab 12 + 2A66) (2134451jnmpq + 13445ijnmpq + 13445ijnmpq
2211 3aw % 2222

2134451 jnmpq) + A22 134451ijnmpq ]
b * * 22

a1 Com | 2 A1 G331jnm + % A12 G33ijnm ]
b * % 22
> AL G341jnm + 2 812 G34ijmm ]

* 12 -

b1 Cnm | A66 G33nmiJ + G331 jnm)

%* 21 .
Agg G341jnm + G34ijnm)

|
a4
|
|

b1 Dpp

b * 1111 * 1122
Cnm Cpq Crs [ E;; A11 I3333ijnmpqrs + - 2 (A12 + 2A66) (133331 jnmpqrs

1122 . k2222
+ 13333nmpqijrs) + 753 A22 13333ijnmpqrs ]

3 ¥ 111 * 2
Com Cpq Drs [ 223 A11 13333ijnmpqrs + 5—— (A12 + 2866) (2133341 jnmpqrs

1122 1221 1221
13334nmpqijrs + I3334ijnmpqrs + 213334nmijpqrs)

3a * I2222
A22 I13334ijnmpqrs ]
) jnmpq

89




3 * 1111
= Cnm Dpq Drs [ '2—;3' A11 I33441ijnmpqrs

% 1122 1212 1212
(A12 + 2366) (I133441ijnmpqrs * 213344ijnmpqrs * 213344nmijpqrs

2211 sy ¥ 2222
+ 133441 jnmpqrs) + 73 A22 133441 jnmpqrs ]

y ¥ 1111
- Dpm Dpq Drs [ a3 A11 I34441ijnmpqrs

* * 1122 2112
2a (A12 + 2A66) (I3444ijnmpqrs + I34441jnmpqrs)
a I2222
+—== 422 134441jnm rs]
253 jnmpq
00 * 33 DL, 43 34
- %o [ ab 4y 63515 + =2 D11 63543 + 12 (63515 + 63514)
a
0%, 35 53 44 2%, 45 54
= (G351 + G35ij) + —== 5 D22 G3s5i§ + (63515 + G3513)
a
4Df, 55
6
+ 86 ¢
= ©351j ]
2 011 101 an%, (Hozz 2202 )
- W, +
o | T son (13554 3551 ]
oy Y1 * * 1122 2112
- Vo 2o A1l I3s555i) + o= (A12 + 2A¢6) (1355515 + I355513)
. Za
* 2222
+ —&- Ag) 135554] ]
2b3

90




) | S )
aDij

y ¥ 10 bu % 111
Anm [ 'y A12 Gl4nmij + A11 + H145nmij

a
w,oo% 122 wooox 212 221
o A12 Hisspmij + - he6 (H145nmij + H145nmij)]

L * 20 woo % 211 aw  x 222
+ Bop [.;{_ 522 Go4nmij + —°= Al2 H245mmi; A22 H245nmi j

v, oo* 112 121
* T 66 (H245nmij + (H245nmij) ]
b X 00 p X33 sz 34 43
+C [ 5~ 822 C34mmij * —3 D11 C34nmij + o (G34nmij * ©34nmij)
a
2D§6 35 53 - . F b
* —5> (C34nmij + G34nmij) + —2- D22 G34nmij
a b3
20’2*6 (Gas Gsa ) 4926 Gss
+ . + [ SR 3. X
——_bz 34nmij 34nmi j b 34nmij
bw % 011 101 110

+ =2 A1 (H345mmij + H345nmij + H345nmij)

aw % 022 202 220
tom A2 (H345nmij + H345nmij + H345nmij)

3bwZ2 % 1111 wg * * 1122
+ A11 I3455mmij + -  (A12 + 2A66) (13455nmij

2a3 2ab

1212 2112 22113 3aw§ 2222
+ 213455nmij + 213455nmij *+ 13455nmij) + 3 A22 13455nmi j ]

p ¥ 00 p 33 D§2 34 34
+ D [ ;2 A22 G44ijnm + —5 D11 Gh4ijom + oy (G441ijom + C4tnmij)
a

91




+a [

+ b [

2D¥, 35 35 aD¥, 44 2D%, 44
+ —28 (Gusijom + Casnniy) + —22 Caggjom + -—=8 (Gusijmm
a b3 b2
45 4026 55 bw_ * 011 01l
+ Ga4nmij) + o C441jom + —= A12 (Hg45i3nm + Ha45nmij
110 aw % 022 022 220

*+ Baasijom) + =2 A22 (Hassijnm + Hassomij + Bassijnm)

3bw? * 1111 w2 oo* * 1122
+ ——A11 14455ijnm t 72 (A12 + 2A66) (14455iinm
2a3 2ab
1212 1212 2211 3awl * 2222

+ 2144551 jnm *+ 214455nmij + 14455ijnm) * 2b§

A22 14455ijnm

[ N—

y X0 bv % 11 aw k22
; M2 Fagj + —2= A1l CGu5ij + —2 A1) Gasij }
oF 21 12
Yo Rg6 (G451j + Gu51j) ]
* 111 * 122

b

= - App Cpq [ —— A11 Hi134nmpqij + % A12 H134nmpqij

+

2

[+

1 k21 221
b Age (H134nmpqij *+ H134nmpqij) ]

* 111 * 122

- Anm Dpq [ - A11 Hidannijpq * 1 Al2 Hlddnnijpq

-+

a2

Age (H1l44nmijpq + Hla4nmpqij)

o -

* 212 212 ]

* 211 * 222

- Bnm Cpq [ _i_ A12 Ho3hnmpgij + fi K22 H234nmpqij

+

1 * 112 121
3 Ags (H234nmpqij * H234nmpqij) ]

92




1*211 a*222
- Bnm Dpq [ e A12 Ho44nmijpq + o2 A22 Ho44nmijpq

1Y 2 112
* 5 66 Hosunmijpq + Ho44nmpqij) ]

— 011 110
- Can Cpg [ 7oz A12 (2H334mmpqij + H334nmpqij)

* 022 220 3bw % 1111

+ -2~ Ag) (2H334nmpqij + H334nmpqij) + —=2 A11 I3345nmpqij
2bR 2a3

w * * 1122 1212

+ Eﬁﬁ (A12 + 2866) (I3345nmpqij + 213345nmpqij

1221 2211 3aw = x 2022
+  213345nmpqij + 13345nmpqij) + A22 13345nmpqij ]

b * 011 110 110
- Cnm Dpq [ "y A12 (H344nmijpq + H344nmijpq * H344nmpqij)

. Jx 022 202 202
* 4R A2 (H344nmijpq + H344nmijpq * H344nmpqij)

3bwo * 1111 v, * * 1122

t 5 A 13445mmijpg + = (A12 + 2A66) (I13445nmijpq
a
1122 2112 1221 2211

+ I13445nmpqij * I3445nmijpq * I3445mmijpq + I3445nmijpq

2211 3aw ~ * 2222
+ I13445nmpqij) * ~;§— A22  13445nmijpq ]

b * 011 011 a * 022
- Dpm Dpq [ SaR A12 (Hasaijnmpq + 2H4s4nmijpq) + bR A2 (Ha441jnmpq

022 3bw % 1111
+ 2H444nmijpq) * —;—;9 A11  Ta44513nmpq
a -

93




* 1122 1122 1221

v
+ 553 (A12 + 2866) (2144451 jnmpq *+ l444siimpqij + 144451inipg

1221 L daw % 2222
+ 214445nmijpg) + 3 A22 144451 jnmpq ]

TR, o 22 -
a1 Cnm o A1l G34nmij + 5 A12 G34nmij

‘ - b * 11 * 22 -
a1 Dim | — A11 Ga4ijnm + - b A12 Gu4ijnm

- % 21 21 ;
b1 Ch L Ag6 (G34ijnm + G34nmij)

o+ 12 2
bj Dppm | 466 (C44ijnm + G4snmij)

* 1111 1122

Crim Cpq Crs [ ;h— A1l I3334nmpqrsij + L <A12 + 2866) (13334nmapqrsij
a
1221 , 5 & 2222
+ 13334nmpqisij) * o3 A22 13334nmpqrsij ]
a
g ¥ 1111 * * 1122
Com Cpq Drs [ ;‘5 A11 I3344nmpgijrs + e (A12 + 2A66) (13344nmpqijrs
a
1212 1212 2211
+ 2I3344mmpqijrs + 213344nmpqrsij *+ I3344nmpqijrs)
3a  aF (2222
+ 22 %99 I3344nmpqijrs]
2a3

3b_ * 1111
Cnm Dpq Drs [ 223 A11 13444nmijpqrs

* 1122 1122 2112
(A12 + 2866) (13444nmijpqrs + 213444nmpqijrs + 213444nmijpqrs

94




2112 aY 2222
+ 3444nmpqr51j) + ;;3 22 I3444nmiqurs ]

b * 1111
- Dnp Dpq Drs [ 723 A11 144441 5nmpqrs
a

» * * 1122 1122
(A12 + 2A66) (144441 jnmpqrs * lasssnmpqijrs)

* 2222

+ E§§ 822 144443 jompqrs ]
ab ¥ 00 TN D* 34 43
- v [ 5~ 22 Gusiy + — D11 G45ij +—=2 (G451 + G4513)
R a
2D§6 35 53 * 44 2036 45 54
2 (G451 + G451j) + —2- D22 G4545 + (64513 + Gu51j)
a b3 2
4 X 55
Ml Dgs Gu51j ]
20 p ¥ Ol 110 * 022 202
- W | 2aR A1z (Hys5ij + 2Hgs584) + —2- b A2 (Hgss5ij + 2H45513)]
31y Y 1l 1 * 1122 2112
- Wo 203 A11 I4555i5 + == (A12 + 2866) (I455515 + 14555ij)
L Za
. ¥ 2222
+ 3 A22 1455513 ]
a
-] |
aal—
v - *

1 1
Anm | b A11 Fipm + AsEs Jinm ]

_ x 2
+ Bpm a Aj9 Fonm }

95




0 bw * 11 aw * 22 ]

*
+ Cpm [ﬂg— A12 F3pp + a° A1 G35pm + b° A12 G35nm

ab * 0 bv % 1l % aw X 22
+ Dap [T A12 Fynm + - A11 G45nm + A12 G45nm }

*
+ a1 (ab A7y + a AgEQ)

F b * 11 a * 22
= Pyx @ - Cpy Cpq o A11 G33nmpq + e A12 G33nmpgq ]
s * 11 * 22 -

= Cnm Dpgq “a A1l G34nmpq *+ ‘%‘ A12 G34nmpq

. * 11 * 22 .

- Dpm Dpq -—‘Zl; A11 Gutnmpq *+ 2~ Al2 Gusnmpq

abw * 0 bwl * 11 aw2 % 22

- O A Fe - O A G - Q A G
R 12 *5 P 11 ©55 T 12 ©55
Jt: | S
dby
* 2
Anm (2 Age Finm)
* 1
+ Bnm (b Ags Fonm)
* 21 12 :

"
+ Com | Yo 866 (635nm + G35nm)

-

- * 12 21 )-
+ Dnm | Yo A66 (G45nm + C45nm

96




*
+ by [ ab Agg ]

* 12 12 21
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The individuel energy integrals defined in Equations (A-2) through
(A-8) are evaluated in closed form for the particular displacement functions
given by Equations (59). These integrals are expressed in terms of simple
integrals of the sine and cosine functions and the combinations of those
functions. The assumed displacement functions are given in equations (59) in

Section 3 and they are rewritten below.

fi(n,m;x,y) X9 (1,n) cos mny + X; (1,n) sin mmy
fo(n,m;x,y) = [cos nnx - X3(1,n)] cos may + [sin nax - X9(n,1l)] sin mry

fa(n,m;x,y) = sin nax sin mnry

f4(n,m,x,y) X1(1,n) Yo(1l,m) - X9(1,n) Y1(1,m)
fg(x,y) = sin nx sin ny

where
X1(n,m) = sin nrx sia anx, Yj(n,m) = sin nry sin mry

Xo(n,m) = sin nax cos max, Yo(n,m) = sin pry cos mny

X3(n,m) = cos naX cos mnx, Y3(n,m) = cos nay cos mxy

The derivatives of the displacement functious are given by

f1,1 (n,m;x,y) = w[Z3(n)cos mxy + Z2(n) sin mmy]

f1,9 (n,m;x,7) mr{X1(1,n)cos wny - X2(1l,n) sin mry]

f9,1 (m,m;x,y) = n{[n X9(n,1) + X9(1,n) - n sin nnx] cos mry
+ {n cos nx - n X3(1,n) + X3(1,n)] sin mny)

f2,2 (n,m;x,y) = mr{[sin nax - Xo(n,1)] cos mmy

~ {cos nmx - X3(1,n)] sin mmy)
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f3,1 (n,m'x,y) = nx cos nnx sin mnry
f3,9 (n,m;x,y) = mx sin nax cos mnmy
f3,3 (n,m;x,y) = -n2x2 gin nrx sin nry
f3,4 (n,m;x,y) = -m?x2 sin nrx sin mxy
f3,s (h,m;x,y) = nmr? cos nrx cos nry

£4,,1 (mx,y) = n[Zy(n)¥o(Ll,m) - Z1(n) Yy(1,m))
£4,9 (n,m;x,y) = x[X1(1,n)Z1(m) - Xo(1,n) Zy(m)]

£4,3 (n,m;x,y) = 22([2n X3(1,n)- (1+n2) X1(1,n)] ¥y (1,m)
+ [2n Xg(n,1) + (1+n2) X9(1,n)] Y1(1,m))

- 22(Xy(1,0) [(1+n2)¥9(1,m) + 2m Yo(m,1)]
+ Xo(1,n)[2m Y3(1,m) - (1+m2) Y7 (1,m)])

f4,4 (n,m;x,y)

x2{Zg(n)Z1(m) - Z3(n) Zy(m)]

f4,5 (n,mx,y)
f5,1 (x,y) = ® cos nx sin ny
f5,9 (x,y) = n sin ax cos ny
f5,3 (x,y) = -2 sin x sin ny
f5.4 (x,y) = -2 sin nx sin ny

f5,5 (x,y) = 72 cos nx cos my

where,
Z) (n) =X3 (1,n) -nX; (I,n) , 21 (n) =Y¥Y3 (L,n) - n¥Y] (1,n)
Zp (n) =Xy (n,1) +n Xy (I,n) , Zp (n) =Yy (n,1) +n Yy (1,n)

The integrals are expressed in terms of a series of elementary integrals and

combination of these elementary integrals defined below.

1 0 for n#0

I(n) = J cos naxdx = {
0 1 for n=20
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1 0 for even n

J (n) = sin naxdx =
0 -2 for oddn
nr

1
Ig(n,m) = sin nax sin maxdx = —i- [I(n-m)-I{n+tm)]
JO 2
1
Ji1(n,m) = sin nrx cos maxdx = —L- {J(n-m)-J(n+m)]
0 2
1
Io(n,m) = £0S NX cos maxdx = —%- [I(n-m)+I(n+m)]
Jo

1

Jo(n,m,p) = j sin nrx sin mrx sin paxdx
0

- -%— [J(n-n+p)+J (n+m-p) -J (n-m-p) -J (n+mip) ]

I;(n,m,p) = sin nnx sin mxx cos prxdx

{I(n-m+p)-I(n+m-p)+I(n-m-p)-I(n+mi+p)]

1
| ’
= O

1

Jo(n,m,p) = J sin nnx cos max cos prxdx:
0

= —%— [J(n-mtp)+I (n+m-p)+J (n-m-p)+J (n+m+p) ]

1

I3(n,m,p) = J cOS nAX cos mrx cos paxdx
0

- —%— [I(n-m+p)+I(n+m-p)+I(n-m-p)+I(n+m+p)]
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Ip(n,m,p,q) =

Jl(n,m,P,Q) -

IZ(n:m:P’q) -

J3(n,m,p,q) =

I4(n,m,p,q) =

Jo(n,m,p,q,r)

1

J sin nrx sin mrx sin pxx sin gaxdx
0

—%— [I1(n,m,p-q) - I1(n,m,p+q)]
1

J sin nax sin mrx sin pmx cos qaxdx
0

—%- [Jo(n,m,p-q) + Jo(n,m,p+q)]

sin nrx sin mrx cos pax cos ,axdx

Sy
o

L [(11(n.,m,p-q) + I(n,m,p+q)]

[ &

(o=

sin nax cos max cos pxxX cos qaxdx

e

ol S

[Jo(n,m,p-q) + Jo(n,m,p+q)]

=

COS NAX COS MAX COS PmX cos gmxdx

rgmam

N R

[I3(n,m,p-q) + I3(n,m,p+q)]

1

= [ sin nrx sin maxx sin pax sin qax sin raxdx
0

- —%— [J1(n,m,p,q-¥) - J1(n,m,p,q+r)]
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1

I1(n,m,p,q,r) = J sin nax sin mrx sin pax sin gq#x cos
0
= -%— [Ig(n,m,p,q-r) + Ig(n,m,p,q+r)]
1

Jo(n,m,p,q,r) = I sin nax sin mrx sin pax cos qax cos
0

= "%“ [Jl(n,m»P,Q'r) + Jl(n,mnP:Q'?‘r)]

1

I3(n,m,p,q,r) = J sin nrx sin max cos prx cos gnx cos
0

= —;—- [I2(n,m,p,q-r) + Iz(n,m,p,q+r)]
1
J4(n,m,p,q,r) = J sin nrx cos mAx cos p7mX €oOS qAX COS
0

- -%— [J3(n,m,p,q-1) + J3(n,m,p,q+r)]

1

Is(n,m,p,q,r) = J COS NAX COS MAX COS PAX COS QNX COS
0
- —;- [I4(n,m,p,q-t) + Iz(n,m,p,q+r)]

1

Iop(n,m,p,q,r,s) = J sin nrx sin max sin pmx sin qnx sin rax sin saxdx

L]
of 5

102

raxdx

rrxdx

raxdx

raxdx

raxdx

(I1(n,m,p,q,r-s) - I1{n,m,p,q,r+s)]



1

Ji(n,m,p,q,r,s) = J sin nnx sin mrx sin pnx sin qnx sin rax
0

- -—;— [Jo(n,m,p,q,r-8) + Jo(n,m,p,q,r+s)]

1

Is(n,m,p,q,r,s) = [ sin nxx sin mrx sin pax sin qmx cos rax
0

- —%— [I1(n,m,p,q,r-s) + I1(n,m,p,q,r+s)]

1
J3(n,m,p,q,r,s) = j sin nrx sin mrx sin pax cos gnx cos rax
0
- —%— [(Jo(n,m,p,q,r-s) + Jo(n,m,p,q,r+s)]
1

I4(n,m,p,q,r,8) = [ sin nnx sin mrx cos pax cos gmx cos rax
0

= —%— [I3(n,m,p,q,xr-s) + I3(n,m,p,q,r+s)]

1

Js(n,m,p,q,r,s) = J sin nmx cos mnrx cos pnx cos gnX COS rmx
0

- —%— (J4(n,m,p,q,r-s) + J4(n,m,p,q,r+s)]

1

I¢(n,m,p,q,r,s) = J COS NMX COS mMAX COS PAX COS QAX COS ITX

o

-1 [Is5(n,m,p,q,r-s) + I5(n,m,p,q,r+s)]

N

103

CoSs

cos

cos

cos

cos

cos

snxdx

snxdx

srxdx

stxdx

stxdx

sxdx



e

In addition to the elementary integrals defined above, the following

combinations of elementary integrals are also defined.

1

B1(i,j.k,e) = J cos ixx cos jmx Zg(k) Zo(e¢)dx
0

= I4(k,e,1,3,1,1) + kIg(l,e,1,3,k,1)

+eI4(1,k,1,5,¢,1) + keIg(1,1,1,5,k,e)

1

Bo(i,j.k,e) = I cos inx cos jwx Zi(k) Zo(.)dx
0

- JS(‘ri)jvlvl) - kJ3(1’k’L|i’j)1)
+J5(1,1,3,k,¢,1) - keJ3(1,1,k,i,3,¢)

1

B3(i,j.k,e) = J cos imx cos jax Zi(k) Zj(e)dx
0

- IG(i,j,k,&,l,l) - kIa(likii’jlbrl)
-1I4(1,¢,1,3,k,1) + keIo(l,1,k,¢,1,3)

1

By(i,j . k,e) = I sin irx sin jax Z3(k) Z1(¢)dx
0

- Ia(i,j,k,b,l,l) - RIZ(I,i,j,k,L,l)
SIp(L,1,4,0,k,1) + keIg(l,1,1,,k,¢)

1

Bs(i,j,k,e) = J sin irx sin jmx Zj(k) Zgo(¢)dx
0

= J3(i,j,b,k,l,1) - le(lri’jrk’L»l)

+1J3(1,1,3,k,¢,1) - keJy(1,1,1,3,k,0)
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1

Bg(i,j,k,¢) = J sin imx sin jax Z9(k) Z9(¢)dx

0
= I9(i,j.k,¢,1,1) + kIo(1,1i,j,¢,k,1)

+¢I9(1,1,3,k,¢,1) + kelo(l,1,1i,3,k,e)

1

C1(i,j.k,¢) = J sin inx cos jax X1(1,k) Zo(e¢)dx

0
- 12(1,1’k:L’j11) + LIZ(ltltivka")

1

Co(i,j,k,e) = J sin inx cos jax X3(1,k) Z3(¢)dx

0
- J3(1»irk:j’bv’1) = LJl(l»l’i,k)‘!j)

1

C3(i,j,k,¢) = I sin ixx cos jax Xg(1l,k) Z9(:)dx

0
= J3(1,i,+,3,k,1) + J3(1,1,k,j,¢,1)

1

Cu(i,j k,e) = J sin imx cos jwx X9(1,k) Zy(e¢)dx

0
- 14(1,i,j,k,b,1) < 512(1:1119L:j:k)

1

D1(i,j,k,¢) = J sin imx X9(1,j) Xo(1,k) Xp(l,¢)dx

0
- _%_ [I3(1,1,3,k,¢) - I4€1,1,3,k,¢,2)]

1

Do(i,j,k,t) = I sin imx X3(1,j) X2{(1,k) Xp(1,¢)dx

0
- -%— [J2(1,1,5,k,e) - J3(1,1,3,k,¢,2)]
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1

D3(1,j.k,¢) = I sin imx X3(1,3) X1(1,k) Xo(1,s)dx
0

- _%_ (I1(1,1,3,k,e) - Ip(1,1,3,k,¢,2)]

1

Dy(i,j.k,e) = j sin imx X3(1,3) X1(1,k) X1(1,¢)dx
0

- _%_ [Jo(1,i,3,k,¢) - J1(1,1,3,k,¢,2)]

1

E1(i,j.k,¢) = I cos imx Z9(3) Zo(k) Zo(:)dx
0

- -%- {Jo(d,k,¢,1,1) + J3(§,k,¢,1,1,2) + j J3(2,k,¢,1,5,1)
+ k J3(2,5,¢,i,k,1) + ¢ J3(2,3,k,1,¢,1) + 3k J3(1,2,¢,1,5,k)
+ 3¢ J3(1,2,k,1,3,¢) + ke J3(1,2,5,1,k,e)
+ jke [J4(1,1,5,k,0) - I5(1,1,3,k,6,2)])

1

Ep(i,j,k,¢) = I cos imx Z1(j) Zo(k) Zp(e)dx
0

- -%- (I3(k,e,i,5,1) + I4(k,¢,1,3,1,2) - § I2(2,3,k,¢,i,1)
+ k I4(2,¢,1,j,k,1) + ¢ I4(2,k,1i,5,¢,1) - jk I2(1,2,,,1i,k)
- 3¢ I2(1,2,3,k,1,e) + ke I4(1,2,1,5,k,0)

- jke [I3(1,5,i,k,e) - I4Q1,3,1,k,¢,2)})

1

E3(i,j,k,t) = J cos inx Z3(j) Zy(k) Zo(e)dx
0

- —%— {JgCe,i,j,k,1) + Js(e,1,3,k,1,2) - § J3(2,§,¢,1,k,1)
- k J3(2,k,¢,1,3,1) + ¢ J5(2,1i,5,k,¢,1) + jk J1(1,2,),k,,1,)
- 3o J3(1,2,5,i,k,t) - ke J3(1,2,k,1i,3,¢)

+ jk" [J2(1:j’k’i’b) - J3(1,j,k,i,L,2)]}
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1

Eq(i,5,k,¢) = j cos imx 21(j) Z1(k) Z1(e)dx
0

- .%_ (Is(i,j,k,¢,1) + Ig(i,3,k,¢,1,2) - § I4(2,3,1,k,¢,1)
-k I4(2,k,1,5,0.1) - ¢ I4(2,¢,1,3,k,1) + jk 19(1,2,3,k,i,¢)
+ je Ip(1,2,3,¢,4,0) + ke I9(1,2,k,¢,1,3)
- jke [I3(1,3,k,e,i) - I2(1,3.k,¢,1,2)])

1

F1(i,j,k,e) = I cos imx Zp(j) X1(1,k) X3(1,e¢)dx
0

’

- _%_ (31(1,2,3,k,¢,1) + j[I2(1,k,¢,1,3) -~ J3(1,k,¢,1,5,2)])

1

Fo(i,j.k,¢) = J cos imx Zo(j) X1(1,k) X9(1,:¢)dx
0

L]

- -%— (I2(1,2,3,k,1,¢) + 3[I3C1,k,i,3,¢) - I4(1,k,i,3,:,2)1)

1

F3(i,j,k,¢) = J cos inx Z9(j) Xo(1,k) Xo(1,:)dx
0

- —;- {(J3€1,2,3,1,k,0) + 3[34(1,1,5,k,¢) - Js5(1,1,3,k,¢,2)])

1

Fp(i,j k) = J cos inx Z1(j) X1(1,k) X3(1,:)dx
0

- -;— (I2(1,2,k,¢,1,3) - 3[I1(1,5,k,¢,1) - Ip(1,3,k,¢,1,2)])

1
F5(i,j,k, ) = I cos imx Z3(j) X1(1,k) Xp(1,:)dx

(=]

= L (J3(1,2,k,1,5,0) - j132(L,5,k,1,¢) - J3(1,5,k,1,¢,2)])
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1

Fg(i,j,k,¢) = J cos imx Z1(j) Xo(1l,k) Xo(1,:)dx

0

- ~%_ (14(1,2,1,3,k,¢) - §[I3(1,§,1,k,0) - I4(1,3,1,k,¢,2)])

1

G1(1,i,k,¢) = J sin inx X9(1,3) 23(k) 27(e)dx

0
- -%- (14(2,1,3,k,¢,1) - kIo(1,2,i,k,j,¢)

+ k‘[11(19i:k:5)j) - IZ(lvi’k’Lijz)]}

1

Go(i,j.k,e) = J sin inx X9(1,3) Zy(k) Zo(e¢)dx

0
- _%_ (J3(2,1,¢,5,k,1) - kI1(1,2,1,k,¢,3)

- ke[Jo(1,1,k,§,¢) - J3(1,1i,k,j,¢,2)])

1

G3(i,j,k,e) = J sin imx X9(1,j) Zo(k) Zo(¢)dx

0
- -%- {Ip(2,1,k,¢,j,1) + kIp(1,2,1i,¢,5,k)

+ kL[IB(l,i,j,k;L) - I4(1,1,j,k,b,2)])

1

Gy(i,j k,e) = J sin inx X1(1,3) Z3(k) Z1(e)dx

0
- _%_ (J3(2,1,3,k,¢,1) - kJ1(1,2,1,5,k,¢)

+ ke[Jo(1,1,3,k,¢) - J1(1,1,7,k,¢,2)])
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1

Gs(i,j,k,e) = [ sin inx X3(1,J) Z3(k) Z5(e¢)dx
0

- -%- (I2(2,1,3,¢,k,1) - kIg(1,2,1,3,k,¢) + ¢Ip(1,2,4,3,k,¢)

- ke[I1(1,1,3,k,e) - I9(1,1,5,k,:,2)])

1

Gg(i,j.k,e) = J sin imx X3(1,3) Zo(k) Zo(e)dx
0

- -;- (J1(2,1,3,k,¢,1) + kJ1(1,2,1,3,¢,k) + ¢J1(1,2,1,5,k,¢)
+ kt[Jz(l,i,j,k,L) - J3(1,1,j,k,b,2)])

1
Ko(i,j.,k,¢) = J Zp(1) 23(3) Za(k) Zp(e)dx

(=]

- {(3Ig(i,j,k,¢,) + 417(4,3,k,¢,2) + I3(1,5,k,¢,4)
i[1211(2,3,k,¢,1) + I1(4,3,k,¢,1)]) + j[211(2,1,k,¢,]))
I1(4,i,k,¢,j)) + k[211(2,1i,3,¢,k) + 17(4,1,],¢,Kk)]

e{219(2,1,3 .k, ) + I9(4,1,5,k, )] + 1j[I9(k,¢.1,])
I3(k,¢,1,5,4)] + ik[Ip(j,¢,1,k) - I3(j,¢,1i,k,4)]

v+ o+ o+ <»+~

+ 1e[I9(3,k,1,0) - I3(3,k,1,¢,4)] + Jk[Ia(i,¢,5,Kk)

- I3(i,¢,5,k,8)] + Je[Ip(i,k,j,¢) - I3(i,k,j,¢,4)]

+ ke[Ip(i,3,k,¢) - I3(1,3,k,¢,4)] + 1jk[213(2,¢,1,],k)

- I3(4,0,1,5,K)] + 1j[213(2,k,1,5,0) - I3(4,k,1,3,¢)]

+ ike[213(2,5,1,k,¢) - I3(4,,1,%,0)] + jke[213(2,1,3.k,¢)
- I3(4,1,5,k,0)] + 13ke[314(4,3,k,e) - 4I5(1,3.k,¢,2)

+ IS(i‘j k,0,4)])
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1

Ri(i,j.k,¢) = J 21(1) Za(3) Za(k) Za(e)dx
0

- _%_ (331(3,k,¢,1) + 4J9(3,k,¢,1,2) + Jo(3,k,¢,1,4)

i[230(2,1,3,k,¢) + Jo(4,1,3,k, )] + 3[232(2,k,¢,1,]))

-+

J2(4,k,&,1,j)] + k[2J2(29j")i’k) + J2(4ojv‘»itk)]

+

‘[2J2(2:j»k’i)‘) + Jz(atjtk’is“)] = ij[Jl(i,k,L,j)

JZ(ivky"jaa)] - ik[Jl(i:j"ak) - J2(1,j,t,k,4)]

fe[J1(1,3,k,e) - Jg(i,3,k,¢,4)] + jk[J3(e,1,],k)

JQ(‘titj’kta)] + jL[J3(k,i,j,L) - Jh(k’i’jybra)]

+ ke [J3(j,1,k,e) - J4(3,1,k,e,4)] - 1jk[209(2,1,:,7,Kk)

J2(4,1,b,j,k)] b ijb[ZJZ(Z,i,k,j,b) - J2(4’i)k1j)‘)]

1ke[239(2,1,],k,e) - J2(4,1,3,k, )] + Jke[204(2,1,5,k,¢)

Ja(4,1,3,k,¢)] - 13ke[3T3(1,5,k,e) - 4J4(4,3,k,,2)
+ J4(19Jokn"4)]}
1

Ko(i,j,k,¢) = J 21(1) 21(3) Zp(k) Zp(e)dx
0

- .%- {3Ip(k,¢,1,§,) + &I3(k,¢,1,5,2) + I3(k,¢,1,7,4)
- 1[211(2,1,k,¢,3) + I3(4,1,k,e,3)] - §1211(2,5,k,¢,1)
+ I1(4,3,k,¢,1)] + k[213(2,¢,1,3,k) + I3(4,¢,1,5,k)]
+ o[213(2,k,1,5,¢) + I3(4,k,1,3,¢)]+ 13[Ig(1,],k,¢)
- I1(1,3,k,¢,8)] - ik[Ip(i,e¢,3,k) - I3(i,e,i,k,4)]
- 1e[I(i,k,3,0) - I3(i,k,§,¢,4)] - Jk[I2(],¢,1,k)
- I3(3,¢,1.k,4)] - Je[Ip(3,k,1,e) - I3(3.k,1,¢,4)]
+ ke[I4(L,3.k,0) - Is(i,i,k,e,4)] + 13k[211(2,1,3,¢,k)
- 11(4,1,3,0,K)] + 13e[211(2,1,3,k,¢) - I3(4,1,3,k, )]
- 1ke[213(2,1,k,3,¢) - I3(4,1,k,3,0)] - 3ke[213(2,5,1,k,¢)
- 13(4,3,1,k,0)] + 1jk¢[312(1,j,k,;) - 413(1,3,k,¢,2)

+ I3(1,3,k,¢,4)])
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1

K3(i,J,k,e) = I 23(1) 21(3) Z1(k) 22(e)dx
0

- _%. (333(e,1,3,%) + &34(e,1,3,k,2) + J4€e,4,3,k,4)

1[2J2(2’iltijbk) + JZ(Aoi»‘ojsk)] - j[232(2,j,b,1,k)

+ J39(4,3,¢,1,K)] - kI239(2,k,¢,1,3) + Ja(4,k,¢,1,1)]

4

e[234(2,1,3,k,0) + J4(4,1,3,k,0)] + i3(31(1,3,¢,K)

Jo(i,j,e,k,4)) + ik[I1(1,k,s,3) - Jo(ik,¢,j,8)]

1L[J3(i,j,k,b) - J4<irjrk1"a)] + jk[Jl(j’kD"i)

J2(jlk)"1’a)] = j‘[J3(j;1:k:‘) - Ja(j,i,k,b,A)]

ke [J3(k,i,5,¢) - J4(k,1,j,¢,4)] - ijk[2Jp(2,1,].k,¢)

JO(Aoitj’kv‘)] + ijb[sz(z,i,j,k,b) - JZ(A,i,j,k,L)]

+ 1ke[239¢2,1,K,3,¢) - Jo(4,1,%,3,6)] + Jke[239(2,3,k,1,¢)
+ Jo(4,3.k,1,0)]- i3ke[331(1,3,k,¢) - 432(1,3.k,¢,2)
+ Jo(i,3,k,¢,4)])
1
Ku(i,j.k,e) = Io 21(1) 21(J) Z1(k) 21(e)dx

- .%_ (314(1,3,k,¢) + 4Is(i,3.k,¢,2) + Is(i,j,k,¢,4)

1[213(2,1,3,k,¢) + I3(4,1,5,k,¢)] - jl213(2,3,1,k,e)

+

I3(4,3,1,k,0)] - k[2I3(2,k,1,3,¢) + I3(4,k,1,5,0)]

- {21302, 6,4,5,k) + I3(4,e,1,5,K)] + 13(I2(1,3,k,¢)

- I3(i,3,k,0,4)) + 1k[Ia(i,k,3,¢) - I3(i,k,3,¢,4)]

+ 1e[Ig(i,e,9,k) - I3(i,¢,3,k,4)] + JkiIp(3.k,1,¢)

- I3(1.k,1,0,8)] + JelIp(§,¢,1,k) - I3(3,¢,1,k,4)]

+ ke[IgCk,¢,1,3) - I3(k,¢,1,3,4)] - 13k[213(2,1,5,k,¢)

- I9(4,1,9,k,0)] - 13e[219(2,1,3,¢,k) - I1(4,1,5,0,5)]

- 1ke[211(2,1,k,0,5) - I1(4,1k,6,3)] - 3ke[211(2,3.k,¢,1)

- I7(4,3.k,¢,1)] + ijke[31g(i,],k,e) - 4I7(i,3,k,¢,2)

+ I71(4,j.k,¢,8)])




1

Lo(i,).k,e) = I X2(1,1) Xp(1,3) X2(1,k) Xp(1,¢)dx
0

- —%— [314(1,,k,0) - 4Is(i,3,k,0,2) + I5(¢i,3,k,¢,4)]

1

Li(1,3.k,¢) = J X1(1,1) X3(1,3) Xa(l,k) Xa(1,4)dx
0

- -%— [333(1,3,k,¢) - 434(1,3,k,¢,2) + J4(1,5,k,¢,4)]

1
Lo(i,i.k,e) = J X1(1,1) X1(1,3) X2(1,k) Xo(1,e)dx
0

- —%— [319(1,3,k,¢) - 4I3(1,3,k,¢,2) + I3(1,],k,¢,4)]

1

L3(19j1k") - j 81(111) xl(l)j) xl(lrk) XZ(l")dx
0

- _%_ [331(1,1.k,¢) - &J9(d,5,k,¢,2) + Ja(1,3,k,¢,4)]

1

La(1,3.k,e) = I X1(1,1) X3(1,3) X1(1,k) X3(1,4)dx
40

- _%_ [319(i,§.k,e) - 6I7(L,5,k,¢,2) + I1(1,5,k,¢,4)]

1

Moo(i,j.k,e) = j Zg(i) Zp(3) Xo(1,k) Xo(1,e¢)dx
)

= = (T 30k,) - T3 ke, + 1213(2,00 1.k, 0)
- I3(4,j,1,k,e)] + 3{213(2,1,§,k,¢) - I3(4,1,],k,e)]

+ ij[314(i,3,k,b) - AIS(i’j:k»‘vz) + IS(i»j’k")4)]}
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1

Mp1(i,j,k,e) = I Zp(1) Z22(3) X1(1,k) Xp(1,:)dx

0
- _%_ (J1(4,3,k,0) - Jo(d,3,k,¢,4) + 1[279(2,5,k,1,¢)

= Jz(asjnk9i|‘)] + j[2J2(2,i,k,j,L) - J2(4’10k3j!‘)]

+ 1j[3J3(k,1,j,¢) - 4J4(k,1,3,¢,2) + Jg4(k,1,3,0,4)))

1

Moo(i,j.k,¢) = I Zyo(1) Zo(3) X3(1,k) X1(1,¢)dx

0
- _%_ (Io(i,j,k,e) - I3(i,3,k,¢,4) + 1[211(2,3.k,¢,1)

= 11(4,j,k,t,i)] + j[211(2,i,k,b,j) - Il(4ti’k:‘:j)]

+ 1j[3Ia(k,e,1,5) - 4I3(k,¢,1,3,2) + I3(k,:,i,j,8)1)

1

Mio(i,j,k,¢) = J 21(1) Z2(J) X2(1,k) Xa(1,¢)dx

0
- -%— (J3(3,1,k,e) - J4(3,1,k,¢,4) - 1[279(2,1,5,k,¢)
- JZ(a,itj’kv‘)] + j[241(2,i,j,k,b) < J4(4si)j’k9‘)]

- 13[333(1,3.,k,e) - 4J4(1,5.k,¢,2) + J4(i,i,k,e,4)])

1

Mp1(i,j,k,e) = I Z3(1) 22(3) X3(1,k) Xo(1,¢)dx

0
- _%. (Io(j,k,i,¢) - I3(3,k,i,¢,4) - i[219(2,1,5.k,¢)

- I1(4,1,3,k, )] + J[213(2,k,1,j,¢) - I3(4,k,i,j,¢))

- 1j[31p(i,k,j,¢) - 4I3(i,k,j,¢,2) + I3(i,k,j,¢,4)])

1

Mya(i,j,k,e) = I 23(1) Zo(3) X1(1,k) X1(1,e)dx

0
- —};- 131Gk, 6,1) - Jo(j,k,¢,1,6) - i[2J9(2,1,5,k,¢)

= JO(A,i,j,k,L)] + j[2J2(2,k,b,i,j) = J2(49k’6’i:j)]

- 1j[331(1,k,¢,j) - 439(i,k,¢,3,2) + Jolik,¢,j,8)])
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1

Mao(i,j k,e) = J Z1(1) Z21(3) Xp(l,k) Xp(1,¢)dx
0

- _%_ (I4(1,5,k,e) - Is(i,i,k,e,4) - 1[213(2,1,5,k,1)
- IS(AQi’j’k’L)] - j[213(233’i’k1‘) - IB(Aoj’i’kiz)]
+ 13[319(1,3,k,¢) - 4I3(1,5,k,¢,2) + I3(i,j.k,¢,4)])
1

My1(1,3.k,e) = J Z1(1) Z3(3) X1(1,k) Xp(1,¢)dx
0

- -%- (J3(k,1,3,0) - J4(k,1,3,0,8) - 1[239(2,1,k,3,¢)
- J2(4'1’k,jrb)] = j[2J2(2,j,k,i,L) - JZ(Asj’kaift)]
+ 13[331(1,3,k,¢) - 4J9(1,5,k,e,2) + Jo(i,],k,:,4)])
1

Mga(i,i.k,e) = J Z1(1) 21(3) X1(1,k) X3(1,¢)3x
0

- _%— (IZ(kvtsitj) = 13(k:byi’j14) = i[211(2:i)k3‘,j)
- Il(ariskoL)j)] = j[211(20j9k!tti) - Il(aij’kicvi)]

+ 13[3Ig(1,3.k,¢) - 4I1(1,5.k,¢,2) + I1(i,i.k,¢,4)])

1
T(1,5,k) = J 21(1) X1(1,3) X3(1,k)dx
0

= I,0(1,1,j,k,i,1) - i Ip(1,1,1,1,j,k)

1
To(i,3.k) = J Zo(1) X1(1,3) Xp(L,k)dx
0

= Jl(lylvi’jsk’l) +1 Jl(lalyl:jvk,i)

1
To(i,,k) = I Z1(i) Xp(j,1) Xp(k,1)dx
0

- IA(j,k,i,l,l,l) - i JZ(lai’j:kalrl)

114




1
T10(i.3,k) = J Z7(1) X2(3,1) Xa(k,1)dx
0

- J3(i,j,k,1,1,1) + 1 J3(1,],k,i,1,1)

1
T14(1,j,k) = I Zp(1) X2(1,3) X3(1,k)dx
0

- I54(1,i,j,k,1,1) + 1 I,4(1,1,1i,j,k,1)

1
T16(i,j,k) = J Z1(1) X9(1,3) X3(1,k)dx
0

- Js(1,i,3,k,1,1) - 1 J3(1,1,1i,j,k,1)

1
Q,i.k) - J 23(1) Z2(3) X31(1,k)ax
0

= C1(1,i,k,j) + i[Cy(i,1,k,j)- I3(1,1i,3,k,1)]

where Z3(i) = X9(1,1i) + i[Xp(i,1) - sin imx]

1
Q(i,j,k) = J Z3(1) Z2(3) X9(1,k)dx
0

- 1j11(1,1,1,k,3)

- C3(1,i,k,j) + 1[03(ip1:k1j) - J2(1,i,j,k,1)] = ijJZ(l,l,i,j,k)

1
Q3(i,j,k) = I Z3(i) Z21(3) X3(1,k)dx
0

= C2(1,i,k,j) + i[Ca(i,1,k,j) - Jo(1,i,k,j,1)] + ijJo(1,1,1,§,k)

1
Q(i,j,k) = J Z3(1) Z1(3) Xo(1,k)dx
0

= C4(l,k,i,j) + 1[C4(i,1,k,j) - I3(1,1i,j.k,1)] + 1jI3(1,1,1,7.Kk)
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A

1
Q5(1,3,k) = I Z4(1) 22(3) X1(1,k)ax
0

- TZ(j)i’k) - i[CB(kylni’j) = JZ(lijikritl)] + iij(lilykii;j)

where Z4(1) = X1(1,1) - 1[X3(1,i) - cos imx]

1
Qp(i,j.k) = J Z4(1) Z2(3) Xp(1,k)dx
0

- Cl(l,k,i,j) - i[Tla(j,k,i) - I3(1,j,i,k,1)] + ijI3(1’1vi:j,k)

1
Q7(1,j,k) = I Z4 (1) Z29(3) X1(1,k)dx
0

= T9(j,i,k) - 1[C4(k,1,1,3) - I3(1,k,i,3,1)] - 1§I3(1,1,5,k,1)
i
Qg(i,j,k) = J Z4(1) 21(3) Xp(1,k)dx
0
= Ca(1,k,i,j) - i[T16(J.k,1) - J4(1,1,3,k,1)] - 1392(1,1,3,1,K)

1
Ui(i,j,k) = [ cos imx Z1(j) Zi(k)dx
0

= Is(i,},k,1,1) - jI3(1,j,i,k,1) - kI3(1,k,i,j,1) + jkI1(1,1,3.k,1)

1
Up(i,j,k) = [ sin imx 21(j) 21(k)dx
0

- Ju(1,3,k,1,1) - 332(3,1,3,k,1) - kIp(1,i,k,j,4) + 3kJo(1,1,1,3,K)

1
U3(i,j,k) = J cos imx 23(j) Zo(k)dx
0

- Ja(k,i,j,l,l) = sz(l,j,k,i,l) + kJA(l,i,j,k,l) = ijZ(ltl’j)i!k)
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1
Uy(i,g k) = ] sin imx 21(j) Zp(k)dx
0

- 13(1’k’j,1’1) - jIl(l,i,j,k,l) + kI3(1’i)j:k91) - jkIl(l,l,i,j,k)

1
Us(i,j k) = [ cos imxx Z(j) Zg(k)dx
0

- I3(j,k,i,1,1) + jI3(1,k,i,j,1) + kI3(1,j,1i,k,1) + jkI3(1,1,1,j,k)

1
Ug(i,j k) = I sin imx Z9(j) Zg(k)dx
0

- J9(1,j,k,1,1) + 33p(1,1,k,3,1) + KIa(1,1,3,k,1) + jkI(1,1,1,3,k)

1
V4(i,3,k) = ] X2(1,1) 21(j) Z1(k)dx
0

- Js(lviijiktlil) - jJ3(1,1,j,i,k,1) = kJ3(1)11k’i:jsl) + ijl(l,l,l,j,k.i)
1
Vs(i,j,k) = J Xg(1,1) 21(3) Za(k)dx
0
-IA(lsk:iijtlnl) = jIZ(l)ltjpk)itl) + kIQ(lslvioj)kyl) - jkIZ(l’lyl,j»irk)

1
Vg(i,j.k) -j Xo(1,1) Zp(j) Zg(k)dx
0

= J3(1,j,k,1,1,1) + jJ3(1,1,k,1i,3,1) + kJ3(1,1,j,1i,k,1) + jkJ3(1,1,1,1,5,k)

1
v7(i,j,k) = [ Xp(i,1) Z2(J) Zp(k)dx
0

= J3(i,j.k,1,1,1) + jJ3(,i,k,j,1,1) + kJ3(1,i,j.k,1,1) + jkI3(1,1,i,3,k,1)
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1
vg(i,3,k) -«I Xo(1,1) 21(3) Za(k)dx
0
- IA(itk;jﬁltlsl) - 112(191»j’k’131) + k14(1’11j1k0151) = jkIZ(lilii’jlkil)

1
Vo(i,j,k) = I X2(1,1) 21(3) Z1(k)ax
0

- Js(i,j,k,l,l,l) - jJs(ltitj)ktlil) - kJS(lrivk)j!111) + ijl(lsl;i’j:k9l)

1
wii,j. k) = [ Z1(1) 21(j) Z1(kK)dx
0

Ig(i,3.k,1,1,1) - iI,4(1,41,5,k,1,1) - 3I4(1,3.1,k,1,1)
- kI4(1,k,1,3,1,1) + 1§I5(1,1,1,3,k,1) + ikIp(1,1,i,k,j,1)
+ jkIp(1,1,j,k,1,1) - ijkIp(1,1,1,1,3,k) '
1
Wa(i,3,k) = Jo 21(1) 22(3) Zp(k)ax

1,(3.k,1,1,1,1) - iI5(1,1,3,k,1,1) + 3I4(1,k,1,5,1,1)
+ kI4(1,3,1,k,1,1) - 1319(1,1,1,k,3,1) - ikIp(1,1,1,j,k,1)
+ jkis(1,1,i,3,k,1) - ijkI(1,1,1,i,j,k)
1
I 21(1) 23(3) Za(k)ax
0

W3(i,3.k)

JS(k,i,j,l,l,l) = 1J3(lri)kaj:1»1) = jJ3(1,j,k,i,1,l)
+ kJs(1,1,j,k,1,1) + ijJ9(1,1,i,3,k,1) - ikJ3(1,1,1i,j,k,1)

- jkJ3(1,1,j,1,k,1) + ijkJ1(1,1,1,1,3,k)
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1
Wi(i,j,k) = I Z2(1) 2(3) za(k)dx
0

- J3(i,3,k,1,1,1) + iJ3(1,j,k,1,1,1) + jJ3(1,i,k,j,1,1)
+ kJ3(1,1i,j,k,1,1) + 1jJ3(1,1,k,4,j,1) + ikJ3(1,1,j,1i,k,1)
+ jkJ3(1,1,i,j,k,1) + ijkJ3(1,1,1,1i,j.k)

1
P1(i,j,k) = [ [sin imx - Xo(i,1)] Zp(3) Zp(k)dx
0

= Uﬁ(i,j,k) = v7(i,j,k)

1
Py(i,j,k) = J [sin imx - X9(i,1)] Z1(j) Zp(k)dx
0

- U‘}(isj ’k) - Va(ivj’k)

1
P3(i,j,k) = I [sin imx - Xp(1,1)] Z1(3) 21(k)dx
0

- UZ(i,j.k) - Vg(ivjsk)

1
Pu(i,j,k) = J [cos imx - X3(i,1)] Za(j§) Zp(k)dx
0

= Us(i,3,k) - B1(1,1,3,k)

1
P5(i,j,k) = I [cos imx - X3(i,1)] Z1(3) Zp(k)dx
0

~ U3(i,j,k) - Ba(l,i,j,k)

1
Pg(i,j. k) -J [cos imx - X3(i,1)] Z21(3) Zy(k)dx
0

had Ul(i’j ’k) = B3(1,i,j,k)
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The energy integrals are evaluated in closed form and they are expressed
in terms of the integrals defined above. These integrals are given below.

J ool
0
F5 = £5(x,y)drdy = J(1) J(1) = &
Jo Jo x2
J o1
11 2 2
Gss = £5,1(x,y)f5,1(x,y)dxdy = x°I2(1,1)Ip(1,1) = -ﬁ—
JOo JoO :
11
12 2
Ggg = fs’l(x,y)fsyg(x,y)dxdy = 1431(1,1)J1(1,1) = O
JO JO
g 1
22 2 2
Ggg5 = fs5,2(x,¥)f5 2(x,y)dxdy = = Io(1,1)I2(3,1) = —ﬁ—
Jo J0
1
J1inm = f1(1,y;n,m)dy = sin 7 [cos nr I(m) + sin nt J(m)] = 0
Jo
1

Jorm = f7(1,y;n,m)dy = cos nx (l-cos =n)I(m)
JO

+ sinnr (1-sinx)J(m) =0 m=» 0
1
1
Jinm = J fl’l(X,O;n,m)dx = x{[ I2(1,n) - nIg(1l,n)] cos (0)
0
+ [J1(n,1) + nJ3(1,n)] sin (0)) =0
1
11
K11nmpq = J f1,1(X,0;n,m)fy 31 (X,0;p,q)dx
0
- x2[I4(n,p,1,1) - nIz(l,n,p,1) - pIz(1,p,n,1)
+ npIg(l,1,n,p)]

1

22
K22nmpq - I f2,2(1:y;n,m)fz,z(ly}’,P,Q)dY - l;mq';rz(-]_)n"'plo(m’q)
Jo
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_

1

33
K22nmpq = I £2,3(X,0;n,m)£fy 3(X,0;p,q)dx
0

= 24[(1+n2) (14p2) I4(n,p,1,1) - (n2+p2+2n2p2)I3(n,p,1)
+02p2I5(n,p) - 2n(l+p2)Iz(1,n,p,1) + 20p2I1(1,n,p)

- 2p(14n?)I5(1,p,n,1) + 202pI (1,p,n) + 4pplg(l,1,n,p)]
1

v VA
K11nmpq = J £f1,4(1,yin,m)fy 4(1,yip,q)dy = 0
0

A
anm - f3(x,y;n,m)dxdy = J(n) J(m)
Jo Jo
-
anm - f4,(x,y;n,m)dxdy = Io(1,n)J1(1,m) - J1(1,n)Ig(1,m)
Jo Jo
d 1
Finm - fl,l(x,y;n,m)dxdy = x{[I32(n,1) - nIg(l,n)] I(m)
1000 + [31(n,1) + ni1(1,0)] J(m))
= n[J1(n,1) + nJ3(1,n)] J(m) for m# 0
1 1
F%nm = J J f1,2(x,y;n,m)dxdy = mr(J1(1,n)I(m) - nJ3(1,n)J(m)]
0 0 = - mrJ1(1,n)J(m) for m = 0
1 1

Form = [ I fz,l(x,y;n,m)dxdy x{[nJ1(n,1) + J1(1,n)-nJ(n)] I(m)
0 JO

+ [nI(n) - nIz(n,1l) + Ig(1l,n)] J(m)}
- =0 for nm= 0

1 1

Fonm = J J f2,2(x,y;n,m)dxdy
0 Jo

mr{{J(n) - J1(n,1)] I(m)
- [I(n) - I(l,n)] J(m)}

= mrly(1l,n) J(m) for n,m = 0
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53
G45nm =

54
G45nm =

55
G45nm =

11
G35nm =

12
G35mm =

21
G35nm —

22
G35nm =

1

1

J J fa’5(x,y;n,m)f5’3(x,y)dxdy
0 Jo

-x4{[I(1,n,1) + nI1(1,1,n)]1[J2(1,m,1) - m Jg(1,1,m)]

{(J2(1,n,1) - n Jo(1,1,n)][11(1,m,1) + mIz(1,1,m)])

101
53
£, 5(x,y;in,m) f5 4(x,y)dxdy = G45nm
Jo Jo
1 2
T
£y, 5(x,y;n,m) £f5 5(x,y)dxdy
Jo Jo
-xt((J9(n,1,1) + nJp(1,n,1)]{I3(m,1,1) - mIj(l,m,1)]

[I3(n,1,1) - nI;(1,n,1)]{J2(m,1,1) + mJp(1,m,1)]}

1

J I f3 1(x,yin,m) £5 1(x,y)dxdy
0 0

1

nr? I9(n,1)Ig(l,m)

{ x2/4 nem=1
0

all other n,m

11
£3 1(x,y;n,m) f5 2(x,y)dxdy =~ nr? J3(1,n)J1(m,1)
Jo Jo
1 1
12
£3,2(x,y;n,m) f5 1(x,y)dxdy = G35mn
Jo Jo
J o1
11
f3,2(x,yin,m) £5 2(x,y)dxdy = G35mn
Jo Jo
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1 1

33

G3snm = J [ f3,3(x,y;n,m) f5’3(x,y)dxdy - nlxb Io(1,n)Ip(1l,m)
0 JO

{ﬂ"‘/& n=m=1

0 all other n,m
1 1
34 33
G35mm = f3 3(x,y;n,m) f5 4(x,y)dxdy = G35nm
Jo Jo
N -
35
G35nm = £3 3(x,yin,m) f5 5(x,y)dxdy = - 127431 (n,1)J1 (m,1)
No lo
1 1
43 33
G35nm = £3, 4(x,y;n,m) f5 3(x,y)dxdy = G35mn
Qo Io
B -
44 33
G35nm = £3 4(x,y;n,m) £5 4(x,y)dxdy = G35pn
Jo Jo
R
45 35
G35nm = £3,4(x,yin,m) f5 5(x,y)dxdy = G3s5pn
Jo Jo
d 1
53
G35nqm = f3 s5(x,yin,m) f5 3(x,y)dxdy = - nmaJ1(1,n)J1(1,m)
Jo Jo
1 1
54 [ 53
G35nm = £3,5(x,y;n,m) f5 4(x,y)dxdy = G350
uo NO
1 1
55
G35nm = f3 s5(x,y;n,m) f5 5(x,y)dxdy = nmrI9(n,1)I2(m,1)
Jo Jo
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11
G35nm

12
G45nm

21
G45nm

22
G45nm

33
G45nm

34
G45nm

5
G45nm

1

1

- J I f4,1(x,yin,m) £5 1(x,y)dxdy
o Jo

= x2{[Jp(n,1,1) + nJo(1,n,1)] I(1,1,m)

1

(I3(n,1,1) - nI3(1,n;1)] Jp(1,1,m))

1

- [ J f4,1(x,yin,m) f5 2(x,y)dxdy
Jo Jo

~ w2([I1(1,n,1) + nI1(1,1,n)] Jo(1l,m,1)

- [J2(1,n,1) - nJp(1,1,n)] I1(1,m,1)}

1
" 12
£4,2(x,yin,m) £5 3(x,¥)dxdy = - G45pn
Jo
i
11
£4,2(x,y;n,m) £5 2(x,y)drdy = - G45pn
do
1

f4,3(x,yin,m) £5 3(x;y)dxdy

Jo

- a{[nJg(1,n,1) - (14n2)Jp(1,1,n)] I7(1,1,m)

+ [2nJ1(1,n,1) + (14n2)J1(1,1,1m)] Jo(1,1,m))

1

33
£4,3(x,yin,m) £5 4(x,y)dxdy = G4s5npy

f4,3(x,y;n,m) £5 5(x,y)dxdy

Jo

x4([2nI3(n,1,1) - (14+n2)I1(1,n,1)] Jo(1,m,1)

+ [2nJ9(n,1,1) + (14n?)J9(1,n,1)] I7(1,m,1))
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43
G45nm

44
G45nm

45
G45nm

00
G35nm

00
G45nm

10
G15nm

20
G25nm

- £4,4(x,y;n,m) f5 3(x,y)dxdy = - G45mn
L O - 0
Y -
33
- £4,4(x,y;n,m) f5 4(x,y)dxdy = - G45mn
Jo Jo
1 1
33
- £4,4(x,y;n,m) f5 5(x,y)dxdy = - G45mn
Jo Jo
Jo 1
- f3(x,y;n,m) f5(x,y)dxdy = Ig(n,1)Ip(m,1)
Jo Jo
1/4 n=m=1
0 all other n,m
1 1

-J J £4(x,y;n,m) £5(x,y)dxdy
0 JO

- Jo(1,1,m)I1(1,1,m) - I3(2,1,m)Jo(1,1,m)

11
- I J £1,1(x,y;n,m) £5(x,y)dxdy
0 Jo

- "{[JZ(lsnvl) = nJo(l,l,n)]Jl(l,m)

+ [I1(1,n,1) + nI1(1,1,n)]Ip(1,m))

1 1
= I J £ 2(x,yin,m{5(x,y)dxdy
o Jo

- mr{[Io(l,n) - I3(1,n,1)}J1(1,m)

- [Jl(lvn) - Jz(l,n,l)]Io(l,m)}
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< » 1 4
101
H355qm = j J £y, 1(x,yin,m)E5(x,y)f5 1(x,y)dndy
: 0 J0

m2I9(1,n,1) Ig(l,1,m)

Jo1
202 101 -
H355nm = f3 2(x,yin,mfs5(x.y)f5 2(x,y)dxdy = H3s55pq
Jo Jo
v
'1 Il
110
Hy550m = £4,1(x,y;n,m) 5 1(x,y)£5(x,y)dxdy
Jo Jo
- x2{{I5(1,n,1,1) + nls(1,1,n,1)] J1(1,1,1,m)
- [J3(1,n,1,1) - nJ1(1,1,n,1)]Ip(1,1,1,m)}
1 1
202 110
H4550m = £4,2(x,yin,m)f5(x,y)f5 2(x,y)dxdy = - Hss5pn
.0 do
Jo 1
011
H355nm = £3(x,yin,mfs5 1(x,y)f5,1(x,y)dxdy
Jo Jo
- 2235(n,1,1) Ip(1,1,m)
1 1
022 011
H355nm = f3(x,y;n,m)f5 2(x,y)fs5 2(x,y)dxdy = H3s55pn
‘o 10
1 1
011
Hs455nm = f4,(x,yin,mf5 1(x,y)f5 1(x,y)dxdy
Jo Jo
- tzllz(l.n,l,l) J1(1,1,1,m) - J3(i,n,1,1) Ip(1,1,1,m)}
1 1
022 011

f4(x,y;n,m)fs5 2(x,y)f5 2(x,y)dxdy = - Hy55mn *




1 1
111
H155nm = J l £f1,1(x,yin,mf5 1(x,y)f5 1(x,y)dxdy
o Jo

{
- 23{[I4(n,1,1,1) - nIp(l,n,1,1)] I3(1,1,m)
+ [J3(n,1,1,1) + nJ3(1,n,1,1)] Jo(1,1,m))
i
1 1

122
H155nm = J ] £1,1(x,y;in,m)f5 2(x,y)fs5 2(x,y)dxdy
0o Jo

- x3([I2(1,1,n,1) - nIp(1,1,1,n)] J3(m,1,1)

+ [J1(1,1,n,1) + nJ1(1,1,1,n)] I2(m,1,1))
1 1

212
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JO
x2

1

|

1
101
£3 2(x,yin,m)f4(x,y;p,q)f5 2(x,y)dxdy = - H345mnqp
Jo
1

£4,1(x,yin,m £, 1(%,y;p,9) £5(x,y)dxdy

JO
[U6(1’n’P) J2(1)1s1om:Q) - Uh(lrp»n)ll(lllvl’q’m)

- Ua(l’n’p) Il(lvliloqu) + U2(11n.P) Jo(lfl,l,m,Q)]

3 !
110
£4,2(x,yin,m)f4 2(x,y:p,q) £5(x,y)dxdy = Has5mnqp
Jo
1
£3(x,y;n,m£3 1(x,y;p,q)f5,1(x,y)dxdy
Jo
Ja(n,p,1) Jo(1,m,q)
1
011
£3(x,y;n,m)£3 2(x,y;pq)fs5 2(x,y)dxdy = H335mnqp
Jo
1

£3(x,y;n,m £, 1(x,y;p,q)f5, 1(x,y)dxdy

Jo
{[12(n,p,1,1) + pIp(l,n,p,1)] J1(1,1,m,q)
- [J3(n,P»1,1) = le(lin)pll)] 10(1,1,m,Q))
1
011
£3(x,y;n,m) £, 2(x,y;p, @) f5 2(x,y)dxdy = - H345mnqp
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1.1
011
Hy45nmpq = I I f4(x,yin,m)fy 1(x,yip, Q) f5 1(x,y)dxdy
o Jo

- 22 {[J3(1,n,p,1,1) + pJg(*,1,n,p,1)] J2(1,1,1,m,q)
- [13(1:n»P.1»1) - le(lslvnyptl)] Il(lsltloq’m)
- [I3(1,p,n,1,1) + pI3(1l,1,n,p,1)]} I71(1,1,1,m,q)

+ [Jh(lanrpolol) - pJZ(lvlvp’nsl)] JO(loltlﬁmaQ)}

1 1
022 011
H445nmpq = f4(x,yin,m)E4 2(x,yip,q)f5 2(x,y)dxdy = His5pngp

Jo Jo
1 1

111 )
H135nmpq = £f1,1(x,yin,mf3 1(x,y:p,q)f5 1(x,y)dxdy

Jo Jo
- px3 {[I4(n,p,1,1) - nIp(l,n,p,1)] I1(1,q,m)

+ {J3(n,p,1,1) + nJ3(1,n,p,1)] Jo(1,m,q)}
1 1

122
H135nmpq = I { f1,1(x,yin,mf3 2(x,y;p,q)fs5 2(x,y)dxdy
o Jo

= qx3 {[I5(1,p,n,1) - nIp(1,1,n,p)] I3(m,q,1)

+ [J1(1,n,p,1) + nJ3(1,1,p,m)] J2(m,q,1))

1 1

111

H1450mpq = J J f1,1(x,yin,m £y 1(x,y:p, Q5 1(x,y)dxdy
o Jo

- x3 {{U3(1,n,p) Ip(1,1,m,q) - Uj(l,n,p) J1(1,1,q,m)

+ Us(1l,n,p) J1(1,1,m,q) - U3(l,p,n) Ig(l,1,m,q)]
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1 1

122
H145nmpq = I I £1,1(x,y;0,m £, 2(x,y;P, ) £5, 2(x,y)dxdy
o Jo

- 23 {[J9(1,1,p,n,1) - ndo(1,1,1,n,p)][T4(m,q,1,1) - qIz(l,q,m,1)]

[I3(l,1,n,p,1) - nIl(l,l,l,n,p)][J3(q,m,1,1) + qJ3(1,m,q,1)]

+ [I7(1,1,n,p,1) + nIl(l,l,l,p,n)][J3(m,q,1,1) - gJ1(1,m,q,1)]
- [Ug(1,1,m,p,1) + nip(1,1,1,n,p)1({I2(m,q,1,1) + qlz(1,mq,D]) t
11
Hi%énmpq - J I £1,2(x,yin,m)£3,1(x,y;p,a) £5,2(x,y)dxdy
o Jo
- mpr3 [J1(1,1,n,p) Ja(q,m,1)- I2(1,1,n,p) I1(mq,1)]
1 .1
Higénmpq - [ I £1,2(x,yin,m)f3 2(x,y;p,a)f5,1(x,y)dxdy
0o Jo
« mqe3 [J1(1,n,p,1) Jo(1l,m,q)- Ip(1,9,n,1) I3(1,m,q)]
1 .1
Hiignmpq - l ] £1,2(x,yin,m)f4 1(x,y;p,q) £5, 2(x,y)dxdy
o Jo
. - mx3 ([I7(1,1,n,p,1) + pI7(1,1,1,n,p)] J3(1,m,q,1)
- [Jp(1,1,n,p,1) - pJo(1,1,1,n,p)] I2(1,q,m,1)
- [J2(1,1,p,n,1) + pJo(1,1,1,n,p)] I,(1,m,q,1)
+ [I3(1,1,n,p,1) - le(l,l,l,p,n)] Ji(1l,m,q,1))
1 1
Hiiénmpq - I I £1,2(x,yin,m)E4 2(x,y;p, )5, 1(x,y)dxdy
0 JO )
- mr3 (I;(1,1,n,p,1) [J3(1,m,q,1) - @J1(1,1,q,m)]

- J2(1’1,n:P:1) [12(1:q)m31) + q12(1)1!msq)]
- Jo(1,1,p,n,1) [J2(1,mq,1) - qIp(1,1,m,q)]

+J3(1,1,n,p,1) [J1(1,m,q,1) + qJ1(1,1,m,q@ ]}
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1 1

112

H235nmpq = [ I f2,1(x,yin,m)f3 1(x,y;p,q)f5 2(x,y)dxdy
0 Jo

- pr3 ([n(Iz(1,n,p,1) - I3(1,n,p)) + Iz(1,1,n,p)j Jo(q,m,1)
+ [n(J2(1,n,p) - J3(1,n,p,1)) + J1(1,1,n,p)] I1(m,q,1))}
1 1
121
H235nmpq = £2,1(x,yin,m)£3 2(x,y;p,q9)f5, 1(x,y)dxdy
o Jo
- qﬂ3 {{n(Ig(n,p,1,1) - I1(n,p,1)) + I2(1,p,n,1)] Jo(1l,m,q)
+ [n(JZ(P-n.l) - J3(P:n,1,1)) + 31(1:n:P:1)] Il(l,m»Q)}
1 1

112
H245nmpq = J J f2,1(x,yin,m)f4 1(x,y;p,q)f5 2(x,y)dxdy
o Jo

- a3 ([J2(1,1,p,m,1) + pJa(1,1,1,n.0) + n(Ja(l,n,p,1,1)
- J1(1,n,p,1)) + np(Jo(1,1,n,p,1) - J1(1,1,n,p))] J3(1,m,q,1)
- [I3(1,1,n,p,1) - pI1(1,1,1,p,n) + n(I3(1,n,p,1,1) - I2(1l,n,p,1))
- np(I1(3,1,n,p,1) - 1p(1,1,n,p))] Io(l,q,m,1)
+ [I1(1,1,n,p,1) + pI1(1,1,1,n,p) - n(I3(1,p,n,1,1) - I2(1,p,n,l))
- np(I3(1,1,n,p,1) - I5(1,1,n,p))] I2(1,m,q,1)
- [Jo(1,1,n,p,1) -~ pJo(1,1,1,n,p) - n(J4(l,n,p,1,1) - J3(1,n,p,1))
+ np(Jo(1,1,p,n,1) - J1(1,1,p,n))] J1(1,m,q,1)}
1 1
H%Zénmpq - J j f2,1(x,yin,m)f, 2(x,y;p,q)f5 1(x,y)dxdy
0 Jo
- 3 ([Jp(1,1,p,n,1) + n(J3(1,n,p,1,1) - J1(1,n,p,1))]
[J3(1,m,q,1) - qJ1(1,1,q,m)]
- [I3(1,1,n,p,1) + n(I3(1,n,p,1,1) - I2(1,n,p,1))]
[Io(1,q,m,1) + qIo(1,1,m,q)]

+ [Il(lylvn’pyl) - n(I3(11p»n51:1) - 12(1:p1n31))]
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H245nmpq =

[12(1,m.Q.1) - qu(lslam)q)]
- [JZ(lol’nrpﬁl) - “(Ja(lin’polil) - J3(1,n,P,1))]
(J1(1,n,q,1) + qJ1(1,1,m,q9)])

1 1

H235nmpq = J I fg,2(x,yin,m)f3 1(x,y;p,q)f5 1(x,y)dxdy
o Jo

- mp"3 {[32(n»P.1) - J3(“:P,1,1)] Il(l,q,m)

- [I3(n,p,1) - J4(n,p,1,1)] Jo(1,m,q)}

1 1

[

H235nmpq = J J £ 2(x,yin,m£f3 2(x,y;p,q)f5, 2(x,y)dxdy
o Jo

= mqx3 ([Jo(1,n,p) - J1(i,n,p,1)] I3(m,q,1)

= {Il(l»P»n) - 12(1.P:n.1)] Jz(m,Q»l))
1 1

I j £2,2(x,yin,m£, 1(x,yip.9)fs5 1{x ,y)dxdy
0 JO

- mx3 ([Ip(n,p,1,1) - I3(m,p,1,1,1) + p(Iz(1,n,p,1)

- T3(1,n,p,1,1))] I9(1,1,m,q)

- [J3(n,p,1,1) - J4(n,p,1,1,1) - p(J1(1,n,p,1)
- Jo(1,n,p,1,1))] J1(1,1,q,m)

- [J3(p,n,1,1) - J4(p,n,1,1,1) + p(J3(1,n,p,1)
- J4(1,n,p,1,1))] J1(1,1,m,q)

+ [T4(m,p,1,1) - I5(n,p,1,1,1) - p(I2(1,p,n,1)

< 13(19pvn11’1))] 10(1,1:m,Q)}
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1 1
222
H245nmpq = I ] £2,2(x,y;n,m) 4 2(x,yip, Q) f5 2(x,y)dxdy
0 JO
- mK3 ([IO(l,lgn,P) - Il(l’ltnrpol)][Ia(m’qtlal) = qIZ(l’q)msl)]

[J1(1,1,n,p) - J2(1,1,n,p,1)]{J3(q,m,1,1) + qi3(1,m,q,1)]

)

[(J1(1,1,p,n) - Jo(1,1,p,n,1)](J3(m,q,1,1) - qJ1(1,m,q,1)]
+ [Ip(1,1,n,p) - I3(1,1,n,p,1)][I2(m,q,1,1) + qIp(1l,m,q,1)])}
1 1

1111 \
13355nmpq = J j £3, 1(x,y;n,m£3 1(x,y;p, )5, 1(x,¥)f5,1(x,y)dxdy
0o Jo

= npr® I4(n,p,1,1) Ig(1,1,m,q)

11
1122
13355nmpq = J J £3,1(x,y;n,m£3 1(x,y;p,0)fs5, 2(x,y)f5 2(x,y)dxdy
0o Jo

= npr 15(1,1,n,p) Iz(m,q,1,1)

1 1

1212 i

13355nmpq = J J f£3,1(x,y;n,m)£3 2(x,y;p, 05 1(x,¥) 5, 2(x,y)dxdy
0o Jo

= ngx% I5(1,p,n,1) Ip(1,m,q.1)
1 1

1111
13455nmpq = J J £3,1(x,yin,mf4 1(x, 7P, 5, 1(x,¥) £5, 1(x,y)dxdy
0 Jo

= nn® ({J4(p,n,1,1,1) + pJs(l,n,p,1,1)] I3(1,1,1,m,q)
- [Is(n,p,l,l,l) - pI3(1,p,n,1,l)] Jo(1,1,1,m,q))

f 1 1
1122
13455nmpq = J J £3 1(x,y;n,m)f4 1(x, ;0.0 f5 2(x,¥) 5 2(x,y)dxdy
0o Jo

= nn® ([Jp(1,1,p,n,1) + pJa(1,1,1,n,p)} I3(1,m,q,1,1)

- [13(1sl:n)p11) = pll(lyltl:ptn)] J2(1vm)q)111)}
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1 1

1212
13455nmpq = I [ £3,1(x,y;n,m)£4 2(x,y;p,q)f5,1(x,y) 5 2(x,y)dxdy
0 0

- ux% (Jo(1,1,p,n,1) [I3(1,m,q,1,1) - qIi(1,1,m,q,1))

- 13(1.1,n,P.1) [JZ(lsmsq’l:l) + qJ?_(l,l,m,q,l)]}

1 1
2211 1122
13355nmpq = f3 2(x,yin,m)f3 2(x,yip, D fs5,1(x,¥)f5,1(x,y)dxdy = 13355nnqp
Jo Jo
1 1
2222 1111
13355nmpq = f3, 2(x,yin,m)f3 2(x,y;pq)f5 2(x,y)f5 2(x,y)dxdy = 13355mnqp
-0 do
1 1
2112
13455nmpq = £3,2(x,yin,m) 4 1(x,y;p, D f5,1(x,y)f5 2(x,y)dxdy
Jo Jo
1212

= ~ 13455mnqp
1 1

2222
13455nmpq = J J f3 2(x,yin,m)f4 2(x,yip, @) f5 2(x,y)f5 2(x,y)dxdy
o Jo

1111
= - 13455mnqp
1 1

1111
14455nmpq = I J £4,1(x,y;n,m 4 1(x,y;9, 0 f5,1(%,y)£5, 1(x,y)dxdy
o Jo

- ,‘,4 [Bl(l,l,n,p) 12(1;1,1’1’m1Q) - 32(1,1,P,n) Jl(l,l,l,l,q,m)
- Bo(1,1,n,p) J3(1,1,1,1,m,q) + B3(1,1,n,p) Ip(1,1,1,1,m,q)]

1 1

1122
14455nmpq = J J £, 1(x,yin,mf4 1(x,y;P, 5, 2(%,y)£5 2(x,y)dxdy
0 Jo

- x% [Bg(1,1,n,p) I4(1,1,m,q,1,1) - Bs(1,1,p,n} J3(1,1,q,m,1,1)

- Bg(1,1,n,p) J3(1,1,m,q,1,1) + B4(1,1,n,p) I5(1,1,m,q,1,1)]
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1212

2211
14455nmpq

2222
14455nmpq

110
H334nmpqrs

110
H344nmpqrs

220
H334nmpqrs

1 1

14455nmpq = [ J f4,1(x,y;n,m)f4 2(x,y:p, 9 f5,1(x,y)£5, 2(x,y)dxdy
0 Jo

- x4 [C1(1,1,p,n) C4(1,1,m,q) - C3(1,p,1,n) C3(1,m,1,q)

- Co(1,1,p,n) Co(1,1,m,q) + C4(1,1,p,n) c1(1,1,m,q)]

1 1

- ] I £4,2(x,y;0,m)f4 2(x,y:p,Qf5,1(x,¥)f5,1(x,y)dxdy
0 JoO

1122
= 13455mnqp

1 1

- J J £4,2(x,y;n,m)f, 2(x,y:p,q)f5 2(x,y)f5, 2(x,y)dxdy
o Jo
1111

= I4455mnqp

1 1
- J j £3,1(x,yin,m)£3 1(x,y;P, Q) £4(x,y;r,s)dxdy
o Jo

= npr2 [I(1l,r,n,p) J1(1,m,q,s) - J3(1,n,p,r) Io(l,r,q,s)]

11
- J J £3,1(x,yin,m)fy 1(x,y:P, ) £4(%,y;1,s)dxdy
o Jo

= nn2 {[J9(1,p,r,n,1) + pJa(1,1,r.n,p)] Jp(1,1,m,q,s)
- [13(1,p,n,r,1) + pI3(1,1,n,p,r)] I3(1,1,m,s,q)
- [13(1,r,n,p,1) - pI1(1,1,p,r,n)] I1(1,1,m,q,s)
+ [J4(1,n,p,x,1) - pJ2(1,1,p,n,x)] Jo(1,1,m,q,s)]}

1 1
110
= £3 2(x,y;n,mf3 2(x,y;p, ) £4(x,y;7r,s)dxdy = - H334mngpsr
0 Jo
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1 1
202 . L0
H344nmpqrs = £3,2(x,yin,m)54(X,y:P,9)£4,2(x,y;r,5)dxdy = H344mnsrqp
0 Jo ‘

1 1

011

H333nmpqrs = J J f3(x,y;n,m}f3 1(x,y:p,q)f3 1(x,y;r,s)dxdy
o Jo

- prar2 Jo(n,p,r) Jo(m,q,s)
1 1

011
H334nmpqrs - I J f3(x,y;n,m)f3,1(x,y;p,q)f4,1(x,y;r,s)dxdy
0 Jo

- pﬂz {{I2(n,z,p,1) + rIg(l,n,p,r)] J1(1,m,q,s)

- [J3(n,p,x,1) - rJ1(1,n,r,p)] Ip(l,m,q,s))

1 1
022 [ 011
H333nmpqrs = f3(x,yin,m)£3 2(x,yip,q)f3 2(x,y;r,s)dxdy = H333ynqpsr
Jo Jo
1 1
022 [ 011
H334nmpqrs = f3(x,yin,m)f3 o(x,yip,q)f4, 2(x,y;r,s)dxdy = - H334muqpsr
lo lo
1 1

011
H344nmpqrs = J J f3(x,yin,m)f4 1(x,yip. Q) f4, 1(x,y;x,8)dxdy
o Jo

- n2 [Ug(n,p,r) Jo(1,1,m,q,s) - Uy(n,r,p) I1(1,1,m,s,q)
= Ul;(n’P»r) 11(1,1,111.41,5) + U2(n3p’r) Jo(l,l,m,q,s)]
1 1

[
022 01
H344nmpqrs = J I f3(x,yin,mf4 2(x,y;p,Qf4,2(x,y;7,8)dxdy = H3s4mngpsr
0 Jo
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1 1
011
Hiu4nmpqrs = I [ £(x,yin,m) £, 1(x,y;p, D f4,1(x,y;51,8)dxdy
o Jo

- 2 [Bg(1l,n,p,r) J3(1,1.h.m.q.5) - Bs(l,n,r,p) Io(1,1,1,s,m,q)
- Bs(1l,n,p,r) Io(1,1,1,q,m,s) + B4(l,n,p,r) Ji3(1,1,1,q,s,m)
- V6(n.P,r) 12(1,1,1,m1q,5) + VS(n»r;P) Jl(l,l,l,m,S,Q)

+ Vs(n,p,r) J1(1,1,1,m,q,s) - V4(n,p,r) Ip(1,1,1,m,q,s)]

1 1
022 [ 011
Hitbnmpqrs = f4(x,yin,m)fy 2(x,yip,9)E4 2(X,y;1,8)dxdy = - His4mngpsr
o Jo
1 1
111 [
H133nmpqrs = J £1,1(x,y;n,m)f3 1(x,y;P,q)f3,1(x,y;r,s)dxdy
0o Jo

= pre3 {[I4(n,p,r,1) - nIp(1,n,p,r)] Ii(q,s,m)
+ [J3(m,p,r,1) + nJ3(1,n,p,xr)] Jo(m,q,s)}
1 1

111
H134nmpqrs = I J f1,1(x,yin,m)f3 1(x,y;p,9)f4,1(x,y;1r,s)dxdy
o Jo

- px3 [U3(p,n,r) Ip(1l,q,m,s) - Uj(p,n,r) J1(1,q,s,m)
+ Us(p,n,r) J1(1,m,q,s) - U3z(p,r,n) Ip(l,m,q,s)]
1 1

122
H133nmpqrs = J J f1,1(x,y;n,m)f3 2(x,y;p,q)f3,2(x,y;x,s)dxdy
0o Jo

= gsn3 {[Ip(p,r,n,1) - nIg(l,n,p,r)] I3(m,q,s)

+ {J1(n,p,r,1) + nJ1(1,p,r,n)] Jo(m,q,s)}
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1 1

122
H)34nmpqrs = I I £1,1(x,yin,m)f3 o(x,y;p,.q)f4 2(x,y;r,s)dxdy
o Jo

- qn3 ([J2(1,p,x,n,1) - nJg(1,1,n,p,r)][I4(m,q,8,1) - sIp(l;s,m,q)]
- [I3(1,p,n,r,1) - nIi(1,1,n,p,r)]{J3(s,m,q,1) + sJ3(l,m,q,s)]
+ [I1(1,n,p,r,1) + nIy(1,1,p,r,n)|[J3(m,q,s;,1) - sJi(1,m,s,q)]
- [J2(1,n,p,r,1) + nJo(1,1,p,n,£))[Ig(m,s,q,1) + sigo(1l,m,q,s)}}
1 1

111
His4nmpqrs = J J £1,1(x,yin,m) £, 1(x,yip,9)£4,1(x,y;1r,s)dxdy
0o Jo

- #3 [Wa(n,p,r) I3(1,1,m,q,s) - W3(n,r,p) Jo(l,1,s,m,q)
- W3(n,p,xr) Jo(1,1,q,m,s) + Wi(m,p,r) I1(1,1,q,s,m)
+ W4(n,p,xr) J2(1,1,m,q,s) - Wa(r,n,p) Ii(1,1,m,s,q)

- WZ(P,n,r) Il(lilim)q)s) + w3(P;r,n) JO(ltlgm’qu)]

1 1
Hifinmpqrs - I J £1,1(x,y;n,m)f, 2(x,y;p,9)£4, 2(x,y;1,s)dxdy
6 Jo
- a3 [Ty(n,p,r) Uj(m,q,s) - Cp(1l,r,p,n) U3z(m,q,s)
- Go(1,p,r,n) U3z(m,s,q) + C4(1,r,p,n) Us(m,q,s)
+ T9(n,p,r) Uy(m,q,s) - C1(1,r,p,n) Us(m,q,s)
- C1(1,p,r,n) Uy(m,s,q) + C3(1,p,r,n) Ug(m,q,s)]
1 1

212
H133mmpqrs = J J £1,2(x,y;n,m)f3 1(x,y;p,q9)£3 2(x,y;x,s)dxdy
0 JO

= mpsa3 [J1(1,n,r,p) Jo(q,m,s) - Is(l,z,n,p) I1(m,q,s)]
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1 1

212
H134nmpqrs = [ I f1,2(x,y;n,m)f3,1(x,y;p,q)f4’2(x,y;r,s)dxdy
¢ JO

- mpﬁ3 (Il(l,l,n,r,P) [J3(q.m,s.1) - SJI(I;Q»S»m)]
- J2(1,1,n,P’r) [J2(q,5,m,1) + 312(1.q,m,5)]
- JZ(ltlsrantP) [IZ(N.Q:S»l) - SIO(l'm'qu)]

+ I3(1,1,n,p,r) (J1(m,q,s,1) + sJ1(1,m,q,8)])-

1 1

221
H134nmpqrs = I J £1,2(x,yin,m£3 2(x,y;p, ) £4,1(x,y;1,8)dxdy
¢ Jo

- mqn3 ({I7(1,n.p,r,1) + rI;(1,1,n,p,1)] J3(1,m,q,s)
- [J2(1,n,p,r,1) - ¥Jg(1,1,n,p,x)] I2(1,s,m,q)
- {J2Q1,p,x,n,1) + rJo(1,1,p,n,1)] I2(1,m,q,s)

+ {I3(1,p,n,r,1) - rIj(3,1,p,r,n)] J1(1,m.5,9))

1 1

212
HlAanmpqrs - J J fl,Z(X,y;n,m)fA,l(xvy;P:Q)f4,Z(X’y;ris)dXdy
0 Jo

- on3 (To(p,n,r) [J4(l,m,q,s,1) - sJa(1,1,s,m,q)]
- €1(1,r,n,p) [I3(1,s,m,q,1) + sI3(1,1,m,q,s)]
- T1(p,n,x) [I3(l,q,m,s,1) - sI3(1,1,q,s,m)]

+ Co(l,r,n,p) {Jo(1,q,s,m,1) + sJp(1,1,q,s,m)]

- Cl(l,n,r,P) [13(1vm1Qrsnl) sIl(l,l,m,s,q)]

+ C3(1,n,r,p) {Jp(1,m,s,q.1) + st(l,l,m,q,s)]

+ Co(1l,n,r,p) [J2(1,m,q,s,1) sJo(1,1,m,q,s)]

C4(l,r,n,p) [I1(1,m,q,s,1) + sI;(1,1,m,q,s)])
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1 1

112
H233nmpqrs -[ J £9 1(x,y;n,m)f3 1(x,y;p,q)f3 2(x,yir,s)dxdy
0 Jo

= psx3 ([I(1,r,n,p) + n(Iz(n,r,p,1) - Iy(n,r,p))] Ja(q,m,s)

+ [J1(1,n,x,p) - n(J3(x,n,p,1) - Jo(r,n,p))] Ii(m,q,s)}

1 1

112
H234nmpqrs = ] J f2,1(x,yin,m)f3 1(x,y;p,Q)f4 2(x,y;r,s)dxdy
0 Jo

- pr3 ([J(1,1,r,n,p) + n(Ja(1l,n,r,p,1) - J1(1,n,r,p))]

[J3(q,m,s,1) - sJ1(1,q,s,m)]

- [I3(1,1,n,p,r) + n(I3(1,n,p,r,1) - I2(l,n.p,r))]
[I2(q,s,m,1) + sIg(l,q,m,s)]

+ [11(1,1,n,r,p) - n(I3(1,r,n,p,1) - Io(1l,r,n,p))]
(I2(m,q,s,1l) - sIp(l,m,q,s)]

- [J2(1,1,n,p,xr) - n(J4(l,n,p,r,1) - J3(1,n,p,x))]
[J1(m,q,s,1) + sJ3(1,m,q,s)])

1 1

121
H234nmpqrs = J I f2,1(x,y;n,m)f3 2(x,y;p, Q) f4,1(x,y;x,s)dxdy
0 JO

- g3 ([J2(1,p,r,n,1) + n{Jo(n,p,r,1,1) - J1(n,p,r,1)) + rJa(1,1,p,n,1)
+ nr(J2(1,n,p,r,1) - J1(1,n,p,x))] J3(1,m,q,s)
- [13(1,p,n,r,1) + n(I3(n,p,r,1,1) - I3(n,p,r,1)) - rI;(1,1,p,r,n)
- nr(I1(1,n,r,p,1) - Ip(1l,n,xr,p))] I2(1,s,m,q)
+ [1:(1,n,p,r,1) - n(I3(p,r,n,1,1) - I(p,r,n,1)) + rIi(1,1,n,p,r)
- nr(I3(i,p,n,r,1) - Io(l,p,n,r))] Io(l,m,q,s)
- [Jo(1,n,p,r,1) - n(J4(p,n,r,1,1) - J3(p,n,x,1)) - rJo(1,1,n,p,x)

+ nr(Jo(1,p,r,n,1) - J1(1,p,xr,n))] J1(1,m,s,q))
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112
H244nmpqrs

211
H233nmpqrs

211
H234nmpqrs

1

1

= J J £9 1(x,yin,m)fy 1(x,yip, Q) £y, 2(x,y;¥,s)dxdy
0 Jo

- 13 {Ql(n,p,r) [Ja(ltmpq’ssl)

+

+

+

1

Q2(n,p,r) [I3(l,s,m,q,1l) +

Q3(n,p,r) [I3(},q,m,s,1)

Q4(n,p,r) [J2(l,q,s,m,1) +

Q5(n,p,r) [I3(1l,m,q,s,1)

Q¢(n,p,r) [J2(1l,m,s,q,1) +

Q7(n,p,x) [J2(1,m,q,s,1)
Qg(n,p,r) [I;(1l,m,q,s,1l) +

1

sJo(1,1,s,m,q)]
sI3(1,1,m,q,s)]
sI1(1,1,q,s,m)]
sJo(1,1,q,m,s)]
sI1(1,1,m,s,q)]
sJo(1,1,m,q,s)]
sJo(1,1,m,q,s)]

sI1(1,1,m,q,s)])

- J J £9 2(x,y;n,m)f3 1(x,y;p,q)f3, 1(x,yir,s)dxdy
o Jo

=~ mpra3 ([Jo(n,p,r) - J3(n,p,r,1)] I1(q,s,m)

- [I3(n,p,r) - I4(n,p,r,1)] Jo(m,q,s)}

1

1

- j J f2,2(x,yin,m)f3 1(x,y;p, 4 1(x,y;1r,s)dxdy
o Jo

= mpr3 {[Is(n,r,p,1) - I3(m,r,p,1,1) + r(I2(1,n,x,p)

- I3(1,n,r,p,1))] I2(1l,q,m,s)

- [33(n»P,r.l) - JA(n.P,ryl:l) = r(Jl(l,n,r:P)

- Jz(l,n,r,P.l))] J1(1:Q»S,m)

- [J3(r,n,p,1) - J4(x,n,p,1,1) + r(J3(1,n,p,r)

- Ja(lyn,P»r,l))] Jl(lrmIst)

+ [I4(n,p,r,1) - Is(n,p,r,1,1) - r(I2(1,r,n,p)

- 13(1:rrnnpv1)] IO(ltqu:s))
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1 1
222
H233nmpqrs = ] [ f2,2(X,Y:n-m)f3,2(x.y:p,q)f3,2(x.y;r.s)dxdy
0 0
- mgs#3 ([Jo(n,p,r) - J1(n,p,r,1)] I3(m,q,s)

- [11(p,x,n) - Iz(p,r,n,1)] Jo(m,q,s)}

1 1 .
Hggznmpqrs - j ] fz,2(x.y;n.m)f3,2(x.y;p,q)fa,z(x,y;r,S)dxdy
0 JO (
- mqnd ([Ig(l,n,r,p) - I3(L,n,r,p,1)][14(m,q,s,1) - sIx(l,s,m Q)]
- [J1(1,n,p,x) - J2(1,n,p,r,1)][J3(s,m,q,l) + 8J3(1,m,q,s)]
- [Jl(l,p,r,n) - J2(1,p,r,n,1)][J3(m,q,s,1) - sJ1(1,m,s,9)]
+ [I2(1,p,n,x) - I3(1,p,n,r,1)][Iz(m,s,q,l) + sIgp(l,m,q,s)]}
1 1
nginmpqrs - j I fz,2(x,y:n,m)f4,1(x,y;p,q)fa,1(x,y;r,s)dxdy
0 JO
- mn3 (P1(n,p,r) 13(1,1,m,q,s) - Po(n,r,p) Jo(1,1,s,m,q)
- Pz(n,p,r) J2(1,1,q,m,s) + P3(n,p,r) Il(l,l,q,s,m)
- P4(n,p,x) Jo(1,1,m,q,s) + Ps(n,r,p) I11(1,1,m,s,q)
+ Pg(n,p,r) J1(1,1,m,q,s) - Pg(n,p,r) Jo(1,1,m,q,s)]
1 1
Hglztlz&nmpqrs -J j £5 o(x,yin,m)E4 2(x,¥;P, D £4,2(x,y;7,8)dxdy
0 JoO
- mn3 {[Jo(1,1,n,p,¥) - Jl(l,l,n,p,r,l)] Ui (m,q,s)
- [11(1,1,n,p,1) - 15(1,1,n,p,x,1)] Uz(m,q,s)
- [11(1,1,n,1,p) - I2(1,1,n,x,p,1)] U3(m,s,q)
+ [Jz(l,l,n,p,r) - J3(1,1,n,p,r,1)] Us(m,q,s) )
- [1;(1,1,p,r,n) - Ip(1,1,p,r,n,1)] U (m,q,s) 1

J3(1,1,p,n,r,1)] U4(m,q,s)

+

[32(1,1,1’,“: r)

+ [Jg(1,1,x,n,p) J3(1,1,r,n,p,1)] Us(m,s,q)

[13(1,1,n,p,1) - 14(1,1,n,p,r,1)} Ug(m,q,s))
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1 1
1111
13335nmpqrs = J J £3,1(x,yin,m)£3 1(x,y;p, Q) £3 1(x,y:x,8)f5 1(x,y)dxdy
o Jo

- npr1r4 I4(n,p,x,1) Ip(l,m,q,s)
1 1

1122
I3335nmpqrs = I [ £3,1(x,y;n,m)£3 1(x,y;p, Q) £3 2(x,y;r,s)f5 2(x,y)dxdy
o Jo

- npsn4 Io(1,r,n,p) Iz(m,q,s,1)

1 1
1111
13345nmpqrs = J J £3,1(x,yin,m)f3 1(x,y;p,0)f4 1(x,y;r,8)f5 1(x,y)dxdy
o Jo
- npr® ([J4(r,n,p,1,1) + rJ4(1,n,p,r,1)] I1(1,1,m,q,s)
- [Is(n,p,r,1,1) - rI3(1l,r,n,p,1)) Jo(1,1,m,q,s)}

1 1
1221
13335nmpqrs = l J £3,1(x,yin,m)f3 2(x,y;p,9)£3 2(x,y;r,s)f5 1(x,y)dxdy
o Jo

1122
= 13335srqpmn
1 1
1212
13345nmpqrs = J J f3,1(x,yin,m)£3 2(x,y;p, Q4 1(x,y;1,8)f5 2(x,y)dxdy
0 Jo
= ngr® {[Jp(1,p,r,n,1) + Jp(1,1,p,n,x)] I3(l,m,q,s,1)

- [I13(1,p,n,r,1) - rIj(1,1,p,r,n)] Jp(1l,m,s,q,1)}

1 1

1221

13345nmpqrs = £3 1(x,y;n,m)f3 a(x,y;p. ) f4 2(x,y;r,8)f5 1(x,y)dxdy
0 JO

1212
= - 13345qpmnsr
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1111
13445nmpqrs

1122
13445nmpqrs

1221
134450mpqrs

2222
13335nmpqrs

1122
13345nmpqrs

2211
13345nmpqrs

1 .1
- I [ f3,1(x,yin,m)f, 1(x,y:p, £, 1(x,y;1,8)f5 1(x,y)dxdy
0 Jo

= nr% [By(1,n,p,r) Ia(1,1,1,m,q,s) - By(l,n,r,p) J1(1,1,1,m,s,q)
- Bp(i,n,p,r) J3(3,1,1,m,q,s) + B3(1l,n,r,p) Jo(1,1,1,m,q,s)]

1 1
= J I f3 1(x,y;n,m)f4 1(x,y;p,Q)£4, 2(x,y;1r,8)f5 2(x,y)dxdy
0 Jo

- nr% [C1(1,n,r,p) C4(m,1,q,s) - G3(1,n,r,p) Co(m,1,q,s)
- Co(1,n,r,p) Cy(m,1,q,s) + C4(l,n,r,p) Ci(m,1,q,s)]

1 1
- I I f31(x,yin,mfy4 2(x,yip, Q)4 2(x,yir,s)E5 1(x,y)dxdy
0 Jo

- nxt [I2(1,1 9,r,n,1) B4(l,m,q,s) - J3(1,1,p,n,r,1) B5(l,m,q,s)
- J3(1,1,r,n,p,1) Bs(l,m,s,q) + I4(1,1,n,x,p,1) Bg(l,m,q,s)]

1 1
- J I £3, 2(x,yin,m)f3 2(x,y;p,q)£3 2(x,y;r,s)f5 2(x,y)dxdy
o Jo

1111
- I3335mnqpsr

1 1
= J J f3,1(x,yin,m£3 1(x,y:p, ) £4 2(x,y;r,s)f5 2(x,y)dxdy
0 Jo

- np1r4 {(Jo(1,1,r,n,p) {I3(m,q,s,1,1) - sI;(1,m,q,s,1)]

- I3(1,1,n,p,r) [Jo(m,q,s,1,1) + sJo(i,m,q,s,1)])

1 1
- J I f3, 2(x,y;n,m£3 2..5,y;p, D f4 1(x,y:1,8)f5 1(x,y)dxdy
o Jo

1122
= - 13345mnqpsr
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1 1

2222

13345nmpqrs ™ J J £, 2x,yin,mf3 2(x,yiP, D f4, 2(x,y:1,8)f5 2(x,y)dxdy
o Jo

1111
~ - I3345mnqpsr
1 1

2112
13445nmpqrs = [ J £3,2(x,yin,mf, 1(x,y;p,Qf4,1(x,yix,8)f5 2(x,y)dxdy
0 Jo

1221
~ 13445mnqpsr
1 1

2211
13445nmpqrs ™ J J £3,2(x,yin,m) £, 2(x,y;p, Q) f4 1(x,y;r,s)f5 1(x,y)dxdy
0 Jo

1122
= 13445mngpsr
1 1

2222
13445nmpqrs = J [ £3,2(x,yin,m) £y 2(x,y;p,)f4, 2(x,y;1,8)E5 9(x,y)dxdy
o Jo

1111
- IB&&Smnqpsr
1 1
Iiiiénmpqrs - J; J; £4,1(x,yi0,m)E4 1(x,y:p, Q)4 1(x,y;x,8)f5 1(x,y)dxdy
= »* [(Ey(1,n,p,r) Dy(1,m,q,s) -Eo(1,r,n,p) Dp(l,s,m,q)
- E2(1,p,n,r) D9(l,q,m,s) + E3(1,p,r,n) D3(1,q,s,m)
- Eo(1,n,p,r) Do(1l,m,q,s) + E3(l,n,r,p) D3(1,m,s,q)

+ E3(l,n,p,r) D3(1l,m,q,s) - E4(1l,n,p,r) D4y(l,m,q,s)]
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1 1

1122

I44450mpqrs = I J f4 1(x,y;n,m 4 1(x,y;p.9) 4, 2(x,y;1x,8)f5 2(x,y)dxrdy
0o Jo

- [Gg(l,r,n,p) Fg(l,s,m,q) - G3(l,r,n,p) F3(l,s,m,q)
- Gs(1,r,p,n) Fs5(l,s,q,m) + Gp(l,r,p,n) Fo(l,s,q,m)
- Gs(1,r,n,p) Fs(l,s,m,q) + G2(1l,r,n,p) Fo(l,s,m,q)
+ G4(l,r,n,p) F4(l,s,mq) - G1(1,r,n,p) F1(1,s,m.q)]
1 1

1221 _ .
L4445nmpgrs = J j £4,1(x,ysmm)fy 2(x,yip. @) Eg4 2(x,yir,8)f5 1(x,y)dxndy
o Jo

1122
= - las45srqpmn
1 1

2222
IQ&ASmnpqrs - J J fl;,2(X.Y;11.m)f4,2(xn)’;P»Q)fa,z(xg}';r,S)f5,2(x’}’)dXdy
0 JO

1111
= - l4445mnqpsr
1 3

1111
13333nmpqrstu = [ J f3 1(x,yin,m)f3 1(x,y;p,q)£3 1(x,y;r,s)f3 1(x,y;t,u)dxdy
o Jo

= nprta* I4(n,p,r,t) Ig(m,q,s,u)

1 1

1111

13334nmpqrstu = [ J f3 1(x,yin,mf3 1(x,yip, ) f3 1(x,y;¥,8)f4 1(x,y;t,u)dxdy
o Jo

- npr1r4 {[Jg(t,n,p,r,1) + tJ4(1,n,p,r,t)] I:{1,m,q,s,u)
- [15(n,p,r,t,1) - tI3(l,t,n,p,r)] Jo(l,m,q,s,u))

1 1

1122
13333nmpqrstu = J J £3,1(x,y:n,m)f3 1(x,y:p,q)f3 2(x,y;r,s)€3 2(x,y;t,u)dxdy
o Jo

= npsur® Iy(r,t,n,p) Iz(m,q,s,u)
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1122
13334nmpqrstu

1111
I3344nmpgrstu

1122
I33l+lmmpqrstu

1221
I3334nmpqrstu

1212
13344nmpqrstu

1 1
- J J f3,1(x,yin,m)f3 1(x,y;p, O £3 2(x,yir,s)f4 2(x,y;t,u)dxdy
0 Jo

= npsn4 {Jo(1,r,t,n,p) [I3(m,q,s,u,l) - uli(l,m,q,u,s)]
- I3(1,r,n,p,t) [Jo(m,q,v,s,1) + uJy(1l,m,q,s,u)}}

1 1
~ J J £3,1(x,yin,m) 3 1(%,y;p,)£4,1(X,yir,8) £, 1(%,y; t,ujdxdy
o Jo

= npr4 [By(n,p,r,t) Ip(1,1,m,q,s,u) - By(n,p,t,r) J1(1,1,m,q,u,s)
- Bo(n,p,r,t) J1(1,1,m,q,s,u) + B3(n,p,r,t) Ip(l,1,m,q,s,u)]
1 1
- J J £3,1(x,yin,m)£3 1(x,y:p, Q) f4, 2(x,y;1,8) £y 2(x,y;t,u)dxdy
0 Jo

~ npr* [I5(1,1,r,t,n,p) B4(m,q,s,u) - J3(1,1,r,n,p,t) Bs(m,q,s,u)
- J3(i,1,¢t,n,p,r) Bs(m,q,u,s) + I4(1,1,n,p,r,t) Bg(m,q,s,u)]

1 1
'I Jf&ﬂ&ﬁmm%JWJWAﬁLﬂ&wLQQJQJWWQW
o Jo

1122
= - 13334srqpmnut

1 1
- I J £f3,1(x,yin,m)f3 2(x,y;p, A4, 1(x,y;1,8) £, 2(x,y;t,u)dxdy
0o Jo

- nqr* [C1(p,n,t,r) C4(m,q,s,u) - C3(p,n,t,r) Ci(m,q,s,u)

- Co(p,n,t,r) Co(m,q,s,u) + C4(p,n,t,xr) Ci(m,q,s,u)]
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1 1

1111
13444nmpqrstu = [ I £3,1x,yin,mfs 1(x,y5p, D f4 1(x,y:1,8)f4 1(x,y;t,u)dxdy
o Jo

- nx® [Ey(n,p,r,t) Dy(m,q,s,u) - Eo(n,t,p,r) Dy(m,u,q,s)

]

Eo(n,r,p,t) Do(m,s,q,u) + E3(n,u,t,p) D3(m,s,u,q)

Ea(n,p,r,t) Do(m,q,s,u) + E3(n,p,t,r) D3(m,q,u,s)

+ E3{(n,p,r,t) D3(m,q,s,u) - E4(n,p,r,t) D4f(m,q,s,u)]
1 1
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