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Preface

The purpose of this study was to validate the three-body
perturbation theory described by Dr. William Wiesel, in his paper
entitled, "Perturbation Theory in the Vicinity of a Periodic
Orbit by Repeated Linear Transformations". Mastering these
techniques would be a necessary first step to navigating a highly
perturbed region of space, such as that surrounding the Martian
moon Phobos. Any further developments in the understanding of
time-periodic systems in general, could reap great rewards in
several non-astronautical areas as well. The dynamics of
helicopter blades is a good example.

This entire study would not have been possible if not for
the extensive help I received from Dr. Wiesel himself. The
process began with many hours of tutoring on the major technical
points of the thesis. Each area discussed eventually became one
of the six different programs used during the course of the
study. I was given free reign of several different programs,
subroutines, and hard to find text books. If Dr. Wiesel didn’t
already have a similar program to be modified, he would help me
lay out an algorithm that I could later encode. Dr. Wiesel also
devised several analytical tests that could be made to ensure
program accuracy.

For all of the reasons stated above, as well as the thrill
of showing someone that their ideas actually work, I consider
this thesis an overwhelming success. Yet there are still a great

deal of unanswered questions, and program modifications to make.
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I would also like to take this opportunity to thank my wife
Beth, for her support and understanding during this last year and
a half. Without her, the answer to the question, why bother ?,
would not have been so apparent.

Finally, I hereby dedicate this entire work to my very
special other Mom, Lynne, whose passing has opened my eyes to

what is truly important in this world.

David A. Ross
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\) ABSTRACT

A perturbation theory for restricted three-body orbits,
using a periodic trajectory as a reference solution, is
investigated. The nearly-periodic equations of moticn are
derived by analogy to a linearization about an equilibrium point.
In this case, the linearization produces a set of time-periodic
equations of motion that, according to Floquet, are completely
solved by a periodic trajectory.

The four-dimensional phase space of the restricted three-
body problem is first surveyed for regicns of periodic motion,
via the surface of section phase plot. Upon extraction of a
periodic crbit, nearly—-periodic orbits are integrated. The
integrated state vector is routinely sampled, and then twice
transformed into a new set of variables. The first translates
the frame center to the periodic trajectory. The second, or
modal transformation, projecté the coordinates along their
eigenvectors. The transformations are highly useful, since two
of four new variables are constant within a finite region.
surrounding the periodic reference. Plots of the two variables
are offered as an exact representation of a nearly-periodic
trajectory, while plots of the constants over time, trace the
boundaries of the nearly-periodic region. 6&""/

After the original Hamiltonian is canonically transformed
into the new variables, it is expanded in a Taylor’s series.
Several of the terms are either simplified or annihilated
completely. The expansion is then truncated after four terms,
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leaving a readily differentiable expression from which to derive
the nearly-periodic equations of motion. The expanded
trajectories are then compared to the exact ones, over a wide
range cof wvalues.

As was expected, a significant region exists where the
expanded equations of motion accurately reproduce the concentric
circular paths shown to exist by the transformed case. As the
initial displacements from the periodic trajectory are increased,
the expanded trajectories fail to accurately model the transients
observed in the exact case. These exact case, orbital
irregularities occur because the displacements from the periodic
orbit are no longer small enough to be represented by a
linearization of the dynamics. The expanded trajectories fail to
recreate this non-linear behavior because most of the Hamiltonian
terms responsible have been truncated. Therefore, before the
complete perturbation solution can be constructed, the expanded,
nearly-periodic equations of motion should be derived again using

more than four terms of the expanded Hamiltonian.




PERTURBATION THEORY FOR RESTRICTED THREE-BODY ORBITS

I. Introduction

Before the astrodynamics of man—-made objects in space can be
fully understood, one must first comprehend basic planetary
motion. Thanks to Sir Isaac Newton and his three laws of motion,
and to Johann Kepler for his three laws of orbital motion, it can
be shown that nearly all astrodynamical systems are dominated by
a single conservative force known as gravity. In fact, the most
general description of the motion of a collection of objects in
space is defined by the n-body problem.

In an n-body system, the n® body is acted upon by the other
n-1 gravitational masses present. In this way, the motion of any
mass in a system affects and is affected by every other mass in
the system. The overwhelming task of representing each body is
well illustrated by Wiesel.

Our own solar system consists of one star, nine planets,

over fifty moons, tens of thousands of asteroids, and

millions of comets. The description of the motion of this
system is clearly important, but an exact solution to this
problem has not been found in over three hundred years of

study. (8:33)

Therefore, the use of the exact n-body description of & dynamical
system is not simply a2 nuisance, it is virtually impossible to
implement.

The simplest and most drastic approximation to the n-body
problem is known appropriately as the two-body problem. Here,
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only two point masses are considered to exist within the
dynamical system. The primary masses are then constrained their
by mutual gravitational attraction. Specifically, both bodies
remain in a circular orbit about the system center of méss point.
This particular arrangement is very special in the field of
astrodynamics since, "it is the only gravitational problem for
which a closed-form solution has been found" (8:45).
Additionally, one might suspect the accuracy of such a severely
truncated formulation. Surprisingly enough, "most systems
encountered in orbital mechanics are nearly perfect two-body
problems, with only small perturbations from two-body motion"
(9:75) .

There are situations, unfortunately, where the small
perturbation assumption of two-body perturbation theory is
violated. Such a case occurs in the vicinity of the Martian moon
Phobos. The orbit about Phobos is so dramatically effected by
the gravitational pull from Mars, that a simple two-body
approximation can’t simulate the true dynamics of the region.
According to Szebehely,

Entry into celestial mechanics and space dynamics can be

gained by the study of the problem of two bodies. To

penetrate the fundamental problems, the number of
ﬁgfgicipating bodies must be increased from two to three.
Clearly, in highly perturbed dynamical systems, higher orders of

approximation must replace the tractable two-body scenario.




II. Historical Development

This study is the first of it’s kind. An extensive
literature search of four data bases, the AFIT library, and a
tedious bout with the Science Citation Index, produced nothing.
The only sources of information available on the development of a
restricted three-body perturbation theory using a periodic orbit
as the reference solution, were Dr. Wiesel’s paper on the subject
and Dr. Wiesel himself. As described in his previous work, Dr.
Wiesel contends that,

It is common for researchers working with periodic orbits,

to also solve the associated Floquet problem in order to

derive stability information on the orbit. It is far less
common to make use of eigenvectors of the linearized system,
or to use a periodic orbit as a reference solution for

perturbation theory. (7:231)

While it appears that this study is similar to others in it’s
content, it is quite original in it’s purpose. It is unique to
use the eigenvectors and Poincaré exponents of the periodic
trajectory, to canonically transform the generic equations of
motion into nearly-periodic ones. By analogy to classical two-
body perturbation theory the periodic trajectory serves as the

reference solution, while displacements from this reference are

treated as small perturbations.




III. Theory

The Restricted Three-Body Problem

The complete three-body formulation at first glance, might
not appear to be much more difficult to solve than the two-body
problem. While the inclusion of another gravitational mass into
a two-body system would further complicate the dynamics, one
would still hope to find at least a partial solution. 1In
reality, however, the problem of three-bodies is completely
unsolvable without imposing the restrictions first defined by
Leonard Euler in 1772.

In the restricted three-body problem, it is assumed that two
of the bodies are tremendously more massive than the third. The
motion of the third body is then governed by the gravitational
pull of the two primary bodies. Conversely, the motion of the
primaries is unaffected by the third body, and is completely
described by the two-body solution. In this way, the restricted
problem can be considered a one-body problem, because only the
equations of motion of the third body are of interest.

Before deriving the equations of motion, non-dimensional
variable definitions for mass, length, and time must be
introduced. First, the non-dimensional masses m,, m,, and m, are
defined by

Ml — MZ m
MM, 2 MM, 0T MM

ml = «() (1)

where M, and M, are the masses of the primary bodies, and M, is




the mass of the third body (see figure 1). Second, the non-
dimensional radii, s,;, s,, connecting the primary masses to the
center of mass are given by

s, o - S
S5, +S, S AYA

(2)

s =

where S; and S, are the actual radius magnitudes. The center of

mass position s, as measured from m;, is then calculated by

_ Xays; _ mx0+m,x (s, +s,)
my m, +m,

s, =m, (3)

Remembering that
S,+S, = m+m, = 1 (4)
then these parameters may be redefined by a single parameter L.
s, =m=p S, =m=1l-} (5)

Third, the non-dimensional orbit period T is defined as

G (M, +M,)
(5,+5,)3

3 - G (M, +M,)

? (6)
(5,+5,)3 2m

G (M, +M,)

(5,+5,)° ]’3'

where G is the universal gravitation constant. As a consequence
of eq(6), the non-dimensional angular velocity of the rotating
coordinate frame, w, may be derived from the mean motion of the

orbiting primaries.

2

1
2

N

(S,+S,)3
G (M, +M,)

G (M, +M,)
(S5,+S,)3

(5,+5,)3
G (M, +M,)

(7

w=1n




Ty r ry
é& m = n & com %4% m = 1-np
[ i
Sy = 1-u S; = u \\—’/ q

Reference Frame for the Restricted Three-Body System

Figure 1.




The Restricted Three-Body Equations of Motion

In his treatise on the problem of three budies, Victor
Szebehely devotes the entire first chapter to the description and
derivation of the equations of motion for the restricted three-
body problem (5:7-22). The equations of motion to be presented
differ from those of Szebehely, since his-final result is a set
of two second-order differential equations (3:22). Here, four
first-order differential equations are derived, which are
dynamically equivalent to those of Szebehely.

The position vector for the third-body, and the angular
velocity vector for the rotating coordinate frame can be directly

observed from figure 1.

I=qd + & (8)
W= 14, (9

where
o PN P (10)

form a set of orthogonal unit vectors. The velocity vector is

L7-7-60)8 + G5 (11)
and the dimensionless kinetic energy of the third-body is then
T = -;-m[‘_r"{'r] = %m3[(q1—q2)2 +(q2+q1)2] (12)

The non-dimensional potential energy of m; is purely

gravitational, and is given by




V= v “GMM,  -GMM | -my(A-p)  -apfp) (13)
G (M1+M2) .Z.'l rz 'rl rz
where
2 2 3
= -— 2
oo l@nn@rT (14)
I, = [(@+1-#)?H@)*?
the dimersionless Lagrangian is then
S - (1-p) , ()
L= m (@@ & @m)?] + rlp * 1‘}2 (15)

The conjugate momentum terms, p, and p,, needed to complete

the state vector

q, (t)

- _|p (E)
x(t) = q:(t) (16)

D, (t)

are constructed by differentiating the Lagrangian.

L
D; = 'ad?i = ql-qZ pz = "'a'?&‘z‘ = Qz"'Q:L (17)

A rearrangement and substitution of the momenta into the

Lagrangian then yields
L = 1(p2+p?) + =k + & (18)
Thus, the system Hamiltonian is

. 1-
H = Epidi - L= _;_(p12+p22) + 0,9, - DPq — T - "rE' (19)
1 2




The equations of motion for the :restricted third-body may then be

cbtained via Hamilton’s equations.

oH

ql = 'aE = D+t q,
B, = -H . _(A-w (e - plgri-p)

o8 z? )’ (20)

- OH _

q2 = —85‘2' = Db, q
oo B, AW g

2 aqz * r13 .K»=3

Periodic Orbits and the Equations of Variation

Periodic orbits are a very special sub-set of restricted
three~body orbits. In general, a periodic orbit is nothing more
than an orbit that closes upon itself after each revolution, and
nothing less than one of the few known solutions to restricted
three-body dynamics. Since it is the point of this study to gain
insight into nearly periodic orbits, an understanding of the
periodic case must first be obtained.

A periodic orbit will always return to it’s original state
after each integer multiple of it’s period. Because of this, a
periodic orbit may be calculated by iteratively narrowing the
difference between the initial and rinal state conditions.

In general, periodicity is obtained when

x(0) = %(7) (21)




In practice, once a set of initial conditions have been
chosen and the orbit integrated, one will find that the initial
and final conditions will not agree. Therefore, “efore the next
iteration, the initial conditions must be adjusted based on the
evror found in the final conditions of the last integr2tion.
This can only be accomplished if dynamical iniormation about
nearby trajectories is made available. This information i=
contained wishin the equations of variation.

In vector form, the equations of motion may be :@awritten as
Ly =7 22
JeX (x) (22)

Similarly, if we define the state of a nearby trajectory as the
vector sum of the current trajectory and the displacement vector

separating the two trajectories, then

-inoarby = _x- + a-i (23)

Substituting this result into the equations of motion, w2 get

d = d (o= =, g

Ly e = = + 24
T X% * g% = T(x+d%) (24)
After exparsion in a Taylor’s series, centered about the original

trajectory, the equations of motion become

Jf

4 ST < £+ | 8 + OfBRP (25)

Y +
ac* " gt
If we assume a first-—-order expansion and then subtract the

original equations of motion, we obtain the equations of

variation.

10




d (azy - L] a=
—a-t—:(bx) = E'i_ibx (26)

In vector form, Hamilton’s equations may be written as

- oH
() = 2= (27)
™
where
01 00
0 0 0 1
0 0-10

Differentiating Hamilton’s equations wich respect to the state

vector yields

L) -z BH _ 5(q) (29)

o't &
where A(t) is known as the linearization of the dynamics. Thus,

the equations of variation become

d ;e— —
- = 30
JE (8%) = A(t) 8% (30)
expanding A(t),
0 i 1 O
= (31)
A(t) 14 0 0 1

where

11
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o 3 (@-p)?-p) 3 (gti-p)® o1-p g

H.=

= r,® P z,? P
o = =3(q-p) @ (1-p)  3(q+1-p)gp

3

* r,5 r,’ (32)
Hy = Hy,

—2er2(1- 2

H, = 3q, (1 IJ) _ 3g,‘p + 1-p + B

5 5 3 3
I, I, I, I,

Since the equations of motion form a set of first-order,
time-varying, linear, differential equations, the general
solution may be constructed from the fundamental set of solutions

(6:61) .

dx (&) = ®&(£) 8% (0) (33)

where @ is the solution to the differential equation

d =
E‘“t) A(t) ®(¢&) (34)

which in turn must be integrated along with the equations of
motion.
Upon completion of an integration, the solution to the

equations of variation may be constructed as

6q1 (‘U) ¢11 ¢12 4>13 ¢14 bql(o)
8p, (1) | _ |$21 22 $23 $24| 8D, (0)
5g, (1) | ~ 4’31 4’32 ¢33 ¢34 6q2(0)
3p, ( 8p, (0)
PO oy bir s ] P2

(35)

If in the selection of the initial conditions, we restrict dp, (0)
and 0q9,(0) to zero, then the orbit must not only close upon
itself, but must do so intersecting the q; axis perpendicularly.

12




The benefits of this restriction are three fold. First, the
number of initial conditions that must be correctly determined is
halved. Second, the final values of 8p, and 8q, are the actual
error in the boundary conditions. Third, only the portion of
eq(35) that relates Op,(t) and 8q;(t) to 8q;(0) and 8p,(0) is

relevant. Therefore, eq(35) may be simplified to

3p, ()] _ [$21 b2 3, (0) (36)
8q, (T) | 7 |y, b, [8P2(0)

and after matrix inversion to
aql(o)] [ 4] bpl(t)] (37)
8p, (0] ~ ¢, &, 8, (%)

which yields the necessary relationship between initial and final

conditions to find a periodic orbit.

Initial Condition Determination

Since the equations of variation are a linearized
approximation of the true system dynamics, their use in an
iteration scheme is limited. More to the point, the iteraticr
scheme will only converge if the initial conditions chosen
produce a nearly-periodic orbit. Thus, a solution may be
extracted only if it has already been approximated.

The restricted three-body problem is spanned by four
dimensions, and is solvable only by four exact integrals of
motion. It was proven by Henri Poincaré, however, that

The Hamiltonian is the only analytic integral of the

motion. If other so called ’“quasi integrals’ exist,

13




they are not analytic functions of the system
coordinates, momenta, and time. (9:132)

Therefore, the periodic solution we seek must involve the
Hamiltonian, and three of these ‘quasi integrals’.

Given the absence of an analytical approach, it appears that
periodic regions may only be identified through numerical search.
Fortunately, such methods have been well developed and widely
used, given the availability of fast and powerful computers.
William Jefferys compiled an extensive catalog of restricted
three-body phase plots, known as surface of section plots (3:1).
These plots allow the user to graphically locate regions of
periodicity, and to identify sufficiently periodic sets of

initial conditions.

The Surface of Section

The equations c¢f motion as derived by Jefferys differ from
Szebehely’s formulation in two ways. First, the coordinate frame
is not centered at the system center of mass point, but has been
translated a distance p to the center of the primary body of mass
1-p. (see figure 2) Second, the Jacobi constant C, is used
instead of the system Hamiltonian, H. Therefore, in order to
obtain Jefferys’ results using the dynamics already presented,
two transformation relationships must be established.

The relationship between coordinates is simply

aQ
2/}

X+
y

(38)

while the relationship between constants of motion is a bit more

14




B,
w = 1q3
Ty
m, = l-n
i
7\
’/N/I
1
lv

Figure 2. Reference Frame Used in the Surface of Section




involved. Jefferys uses the Jacobi integral in the form

2+yr=2Q0-C (39)

where

2 1

r, = [x*+y?]
from Szebehely’s equations of motion

ql = p1+q2 Q2 =D, (41)

so after substitution, Jacobi’s integral becomes

- 2 2
(Dy+@) 2+ (Dy-qy) 2 = 2 1-p. B, (1-p) r, + Bz -C (42)
I, I, 2 2

grouping the terms found in the Hamiltonian to the left

H= %(plz."'pzz) +D,g; qul -BE - 'JLE
rz rl (43)

= 2[-(gf+qF) + (1-p)zf + pri - C]
then by substituting the radius terms

2H = - (@ +@@) + (1-p) [(@-p)2+g] + w[(q-p+1)2+gE] - ¢ (44)

which simplifies nicely to

2H=p(1-p) - C (45)

Thus, the transformation between the derivations of Szebehely and

Jefferys is complete.
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The surface of section does not plot orbit trajectories per
se. Rather, it illustrates the behavior of all possible
trajectories in a particular finite portion of the phase space.

Because the Hamiltonian is a constant of the motion, the
third body m,; is constrained to move on a three dimensional
manifold embedded in the four dimensional phase space. If
another independent integral exists for this orbit, then the
third body would then be constrained to move on a two-
dimensional manifold embedded in the three-~dimensional phase
space. (3:6)
The reduction of dimension from four to three, occurs because
specification of the Hamiltonian constant H and any three state
variables, dictates the value of the fourth. 1In this way, the
state vector may be transformed to include three state variables

and one constant.

dy o f]
(&) = = by (46)

22}
D, f(q1lp11q2rH: ®)

The dimension of the problem is further simplified by arbitrarily
specifying a plane, through which all of the two-dimensional
trajectories of interest must pass. The plane chosen by Jefferys

was

XX +yy=agb, + @p, - p(py+q) =0 (47)
since, "it represents the condition for a.. orbit to have a
pericenter or apocenter (i.e., the point nearest to or farthest

from the primary 1-u)" (3:8). Again, by algebraic manipulation,

the state vector may now be written as

17




<
2’(t) - g1(q1lq21Hl u) (48)
QL
9 (g &, H 1)

Therefore, by specifying a value for the Hamiltonian, the
arbitrary plane, and the parameter {, the dimension of the
problem is reduced from four to two. In order to find periodic
regions in the remaining two-space, Jefferys contends

If a second integral exists, the intersection of the two-

dimensional manifold on which the particle is constrained to

move with the arbitrary plane will be one-dimensional, in
general (i.e., a set of closed curves). On the other hand,
if no such integral exists, then the intersection will not
be restricted to one-dimensional sets in the arbitrary

plane. (3:6)

Thus, we now have a way to identify periodic regions in the phase
space, regions where two integrals of motion exist.

Figure 3 represents a precessing elliptical trajectory about
primary 1-p. By comparison, figure 4, shows which points from
this trajectory actually intersect the plane of interest. 1In
this case, the points of apogee and perigee constitute the only
points on the rotating ellipse that pass through the plane.
Therefore, the surface of section appears as two circles that
trace the path of the apogee and perigee points, as the
elliptical orbit precesses.

In general, on most surface of section plots, the location
of the primaries and mass m; are omitted. Therefore, one should
remember that the plot is always centered about the primary mass
1-p, with the other primary mass, H, located at the point (-1,0).

The actual location of mass m; is of little use and is never

18
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19




”’—— - -
’/
7’
P
7
7/
V4
/
/
7
/
/
/
! \\
! =
! /, \\ )
f / i
! t ]
13
“ " |
\ \ , !
\\ P4 ’
\ il 1
\ /
\
\
\
\.
\
N\
N
N
N
~
-,~.~

Figure 4. The Surface of Section of the Elliptical Trajectory

20




recorded. All that is really important here are the size, shape,
and location of closed curves on the arbitrary plane.

Since it is the purpose of these plots to describe the
dynamics of a region, severél trajectories must be integrated and
overlaid to produce a meaningful surface of section plot. Figure
5 is a surface of section plot for the sun-Jupiter system. The
value of U is small, which allows m; to orbit the primary 1-U in
gently perturbed two-body fashion. Figure 6, on the other hand,
is a good example of the highly perturbed, non-two-body case.
Here, both primaries are of a size and proximity, that they
grapple continuously for dynamical control of m;. On either
plot, the concentric enclosed island structures indicate regions
of periodic motion. These regions are all centered by a single

point that is a periodic solution.

The Nearly-Periodic Trajectory in Modal Variables

To summarize, the existence of Jacobi’s integral reduces the
dimension of the phase space from four to three. This is true
anywhere in the restricted three-body phase space. Locally,
however, a closed curve on the surface of section plot implies
the presence of a second integral. A second integral further
confines the dynamics to a two—dimensional manifold, embedded
within the four-dimensional phase space. The true dynamical
nature of these local two-dimensional manifolds is distorted on
the surface of section plot, because it is a projection of the

two—dimensional manifold onto the arbitrarily defined plane.
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Figures 7 and 8 illustrate these periodic regions, and their
distorted appearance on a surface of section plot.

To construct an exact representation of a nearly—-periodic
trajectory without distortion, a vector space that is locally
tangent to the Hamiltonian surface must be constructed. To this
end, Wiesel introduces two variable transformations (7:233). The
first, translates the frame of reference so that it is centered
on the periodic trajectory. The second, termed the modal
transformation, orients the frame with the local tangent space.
The resulting transformation maps a second state variable into a
second constant. This new constant refers to the orbit epoch
time, and may be treated like the Hamiltonian constant (7:236).

These variables transformations will be used in two
different ways. First, an orbit will be integrated in the
original cartesian coordinates, and then transformed into the
modal variables. A plot of this result will be used as an exact
representation of a nearly-periodic orbit. A wide range of
displacements will be tested in order to obtain a rough idea of
the limits of the two-integral region.

Second, the original Hamiltonian will be canonically
transformed into the modal coordinates and expanded in a Taylor’s
series. Since the magnitudes of the modal variables are
typically much smaller than one dimensionless length, the higher
order terms in the expansion rapidly approach zero. For this
reason, the Hamiltonian expansion will be truncated after four

terms. An approximation for the equations of motion for nearly-
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periodic orbits will result. The validity of the expanded
equations can then be tested vs. the exact representation.

The first transformation begins by allowing

gql &1~ o

= - |9P1] _ [P17Pyo (49)
8x 3q, &~ D20
3p, P2~Pzo

to constitute a canonical transformation to a set of nearly
periodic variables, centered about a periodic trajectory. Here,
the zero subscript refers to the periodic reference trajectory,
and the delta prefix signifies the new, nearly-periodic

variables. A generating function F, exists

F, = (8p,+D1q) (@ ~@0) + (8D,+Dy0) (@=@0) (50)

such that it’s partial derivatives of the form

dF, dF,
= __2 = 2 51
yield

by = 8p;+Py, 8q; = g;-qy, (52)

which reproduce the original substitution definition, and prove
the transformation canonical.

In practice, this first transformation is more difficult
than it appears. In order to subtract the current nearly-
periodic trajectory from the periodic one, both trajectories must
exist in an approximately continuous manner, given the tiny time

steps used in the numerical integration. The method employed

21




here, was to preserve the periodic trajectory in a finite series
of Fourier coefficients. In this way, barely a hundred samples
of the actual trajectory were transformed into two sets of fifty
coefficients. The advantage of the Fourier representation is
that the coefficients may be reassembled into the periodic orbit
at any time necessary. This is why the Fourier representation is
considered continuous. Details of this digital to analog
conversion process are contained in the Fourier subroutine in
appendix B, and also in the book by Brouwer and Clemence (1:109).
If the variables describing the motion of the third body
relative to the periodic orbit are indeed small, then Wiesel
argues that the equations of motion for a nearly-periodic
trajectory are analogous to the equations of variation previously
described. In other words, the periodic and nearly-periodic
trajectories are close enough that there is a linear relationship

between the two orbits. Thus
d re— _ _
E?[Gx(t)] = A(t) 8 (&) (53)

is a set of linear, time periodic differential equations, and

have the solution

dx(t) = ®(£) 8% (0) (54)

According to Floquet, since A(t) is time periodic, then the above

relation may be decomposed to

dx(t) = F(t) =M 8% (0) (55)

where M is a constant matrix, and F(t) is periodic with the same

28




period t as the original orbit. Wiesel then defines the second

transformation by

3x () = F(t) b(¢t) (56)
where b(t) is the product of €¥ and an initial constant.
Because e are the time-varying analogs of the system
eigenvalues, and F(t) is constructed with the system
eigenvectors, this transformation is known as the modal
transformation (2:671). The new state vector b(t) is then
obtained by simple matrix inversion.

b(t) = F(£) 8y (L) (57)

The orientation of the unit vectors in the modal system is
shown in figure 9. The matrix differential equation describing

the periodic changes in the eigenvector matrix is

4 p(e) = A(E) F(E) ~ F(E) T(E)

dt (58)

where A(t) is the same as in eq(31l), and J is a matrix of the two

system Poincaré exponents.

Re, Im; O 0
-Im, Re, 0 O
0 O Re, Im
Y 0

g= (59)

-Im, Re,

More information on the subtleties of Floquet theory is provided

by Calico (2:672). The details proving the second transformation

canonical are outlined by Wiesel (7:234), where the reader is
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Periodic Reference Trajectory

Figure 9. Reference Frame in Modal Coordinates
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referred to the text by Pars (4:453-483), for a full explanation

and proof.

The Restricted Three-Body Perturbation Solution

After canonical transformation to the modal coordinates, the

new Hamiltonian minus a pure function of time is

K(B) = H(B) (60)

since

9F,

at
doesn’t contribute to the equations of motion.

Expanding the new Hamiltonian in a Taylor’s series produces

b;b,; + ....QGZ)

4 4
aH(B) 1 2H(D)
K(B) = H(0) +E malt 31 % X B,

.i

where b=0 centers the expansion about the periodic trajectory.
Alternatively, this expansion may be more compactly written using

tensor notation.
K(B) = H(0) + H,(0)B, + —élTHij(O)EiB_., + %Hijk(o)ziﬁjzsk e

The first term in the expansion is the Hamiltonian for a
periodic orbit, and is a constant. The second, or linear term is
identically zero, because it describes the motion of the periodic
trajectory with respect to itself. The third, or quadratic term
is the Floquet problem, and becomes a constant coefficient,

linear system in the new variables. Since the magnitude of the
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modal state vector is very small compared to one, the expansion
is truncated after the fourth term.
The first two elements of the modal state vector, b, and b,

are the only two variables in the modal space. Elements b, and

b,, are both constants, and represent a change in the orbit epoch
(b;), and a change in the Hamiltonian surface (b,). Since we are
free to arbitrarily choose both of these values, they are both
set to zero. The dimension of the new Hamiltonian is then
reduced from four to two.

0

©

K(B) = H(0) + 2 B" [‘g ]zs + % Hy(0) By By B, (64)

where ® is the imaginary portion of the non-zero Poincaré

exponent, and the modal state vector is
bl
B-L%]
Expanding the third-order tensor, the new Hamiltonian becomes

K(B) = H(0) + 2 (b}+B}) @ + bla, - bib,a, + bybiay - bla, (66)

where

32




a,(t) = 1 HijkAliAlelk

6
a,(t) = %[HijkAziAlelk + HygeDy g Doy + HyppeAy g Ay yAn4]
@, (t) = %[HijkAi.iAszzk + HypeBogArgAoi + Hygho i Agghs 4]
e, (t) = %HijkAziAszzk

which are periodic functions of time alone. Hyy and A,y are

functions of the periodic trajectory and are independent of the
modal variables. A,y represents a particular eigenvector element
from the eigenvector matrix. Here, the index order is reversed
such that ; represents a particular eigenvector, and 4 indicates
which element from that eigenvector is needed. Using Hamilton’s

equations, the equations of motion for nearly periodic orbits are

Q.
Ry
1}

wb, - ble, + 2b,b,a, - 3bia,
(68)
4 p, = -wb, - b2a, + 2bbya, - 3b2a,
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IV. Hardware - Software

This study is a collection of several programs, coded in
standard Fortran 77, and executed on an ELXSI 6420 Super-Mini
computer. BAll of the software is contained within appendix B,
and is made up of six different programs and their associated
subroutines. The final computer outputs are a collection of data
files composed of ordinate and abscissa values. The figures
presented below were created by simply plotting the unformatted

data values, (x,y).
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V. Numerical Technique

Searching the Phase Space

Before a periodic trajectory can be extracted, periodic
regions in the phase space must first be identified using program
SECTION. 1Isolating a periodic region and a useful set of initial
conditions requires a cercain amount of trial and error without

prior knowledge of the phase space.

Initial Conditions

Once a periodic region has been located on a surface of

section plot, a set of initial conditions, (x0,y0), a value for
the Hamiltonian constant, and a value for the parameter U can be
determined. The orbital period must also be estimated by
observing the number of integration steps needed for the orbit to
return to it’s original state, and multiplying this value by the

time step (time/step).

Extracting a Periodic Trajectory

Using the initial conditions found above, a periodic
trajectory is extracted from the periodic region by the program
PERIOD. The initial value of the orbital period must be adjusted
in order to find the period that corresponds to the Hamiltonian
surface of interest. There is an inverse relationship between
the orbit period and the Hamiltonian surface constant. Upon
convergence, the program will calculate the eigenvectors,

eigenvalues, and Poincaré exponents of the linearized system.
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Storing the Periodic Traijectory

In order to preserve the periodic trajectory in nearly
continuous form, the state vector and eigenvector matrix
previously calculated must be fed into program FLOQUET/FOURIER.
This program numerically integrates the periodic trajectory, and
the state transition matrix. Routine samples of the state vector
and the eigenvectors of the state transition matrix are taken and
placed in temporary storage. Upon completion of the integration,
the stored values are fed into a Fourier conversion subroutine.
One hundred of the possible thousand integration values are

converted into two sets of fifty Fourier coefficients.

Storing the Periodic Hamiltonian Coefficients

The program FLOQUET/HAMILTONIAN requires the same input as
program FLOQUET/FOURIER. Here, the periodic trajectory is
integrated and sampied as before. The periodic Hamiltonian
coefficients are then calculated by a complex series of vector
multiplications. As before, the values are temporarily stored
until the integration is complete. Another call to the Fourier

subroutine produces the desired set of coefficients.

The Exact Nearlyv-Periodic Tra-jectory

The exact nearly-periodic trajectories are created by the
program EXACT. The orbit is integrated in the original
variables, before the state vector is routinely extracted and
transformed into the modal variables. Three separate data files

result. One each for the two constants created by the modal
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transformation vs. time, and one for the remaining two variables
plotted together. The only inputs required include the Fourier
coefficients of the periodic orbit, and a value for the initial
displacement off the periodic center. The output is an
unformatted data file, whose (x,y) entries may be plotted

directly.

The Expanded Nearly-Periodic Trajectory

Here, the new set of equations derived from the expanded
Hamiltonian are integrated. The inputs required include the
Fourier coefficients that represent the periodic Hamiltonian
coefficients, and the same initial displacement used in program
EXACT converted to modal coordinates. Program EXACT provides
these values. The output is a data file containing both elements

of the state vector, sampled during the integration.

Numerical Analysis

There are two distinct observations to made in this
analysis. First, several exact trajectories will integrated and
grouped according to their initial displacements from the
periodic trajectory. A rough idea of the behavior of nearly-
periodic orbits vs initial displacement can be obtained. Also,
the validity of the two integral assumption will be monitored by
plotting both constants of motion vs time.

The second set of observations will be made by overlaying
several expanded orbits on top of the exact ones. This step is

critical in determining the proper truncation limit for the
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expanded Hamiltonian. Both sets of observations will be
accomplished twice. Once for the Sun-Jupiter system, and once

for the highly perturbed system.
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VI. Results and Discussion

Nearly-Periodic Orbits in Modal Variables

Figure 5 is the surface of section plot for the Sun-Jupiter
system. Here, U is very small, and as one might expect, this
‘'system could well be described using classical two-body
perturbation theory, were it not in the vicinity of a resonance.

Proximity to a resonance, means that the same relative

configurations repeat in the same order. This gives an

otherwise small gravitational force a chance to produce a

relatively large effect. (9:98)

By comparison, figure 6 represents a highly perturbed dynamical
system. These are only two of an infinite number of choices, but
were chosen because of the plainly visible closed curves present
on both. Figures 7 and 8, magnify these regions where two
integrals of motion are present.

To this point, all of the figures presented have been in the
coordinate frame presented in figure 2. From this point on, all
of the figures will be referenced to the modal unit vectors
described in figure 9, and/or a time axis measured in orbital
radians.

The exploration of nearly-periodic three-body trajectories,
begins with figure 10. Here, orbits very close to the Sun in the
Jupiter-Sun system are plotted. As was expected, a set of
concentric circles is present. The initial displacement off the
periodic trajectory for each orbit is recorded as a fraction of
K. This plot depicts the limiting region where two integrals are

said to exist. Any distortion of the trajectories indicates the
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gradual dissolution of the second constant. Figure 11 shows the
behavior of the two integrals for the outer trajectory of figure
10, plotted on the same scale. The small periodic displacements
on figure 11 correspond to the distortions on figure 10. Since
straight lines and perfectly round circles are all that exist for
the trajectories inward from this point, they were considered
uninteresting and left alone.

The marginal case, where the second integral of motion can
no longer be assumed constant, is pictured in figure 12. Here,
the initial displacements off the periodic trajectory
are increased by an order of magnitude. The circular orbits
appear to decompose into five separate trajectories.
Surprisingly, however, each orbit contirues to close upon itself.
Figure 13 shows the marginally constant nature of the second
integral.

The extreme case, where Jacobi’s integral is the only
constant in the system, is plotted in figure 14. Unbelievably,
these orbits about the sun continue to close. This is very
interesting since the apogee of the orbit extends all the way out
to, and even past Jupiter! Figure 15 plots the third state
variable, formerly the second integral, and Jacobi’s constant.

The next series of plots, figures 16-21, represent similar
cases to the ones presented, only now for the system where { is
equal to a third. Once again, the first plot in the series,

figure 16, illustrates the nicely concentric nature of the
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nearly-periodic orbit in the presence of both integrals.
Figure 17 confirms that there are indeed two constants of motion
present.

In figure 18, the phenomenon of chaotic motion is first
seen. As we step further away from periodicity, the orbits
develop increasing numbers of odd twists and turns. The outer
three orbits fail to close at all. Figure 19 is very
interesting, since for the first time, both integrals of motion
appear to be moving. Since Jacobi’s constant has been proven to
exist everywhere in the phase space, then figure 19 indicates
that the tangent space is no longer aligned with the Hamiltonian
surface.

Figure 20 is an excellent example of a formerly well behaved
dynamical system marching off to chaos. The inner two
trajectories are still recognizable as orbits that nearly close.
The outer two trajectories no longer describe an orbit. The
onset of chaotic motion is well presented in figure 21. For
approximately half an orbit, the second integral remains quasi
constant, and the coordinate frame anchored on the Hamiltonian
surface. As time progresses, the epoch constant becomes the
epoch variable, and the relationship between coordinate reference

and the Hamiltonian surface is destroyed. Total chaos ensues.
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The Expanded Approximation Vs. The Exact Case

To best illustrate the accuracy of the approximated
equations of motion, they have been overlaid with a plot of the
exact case. Figure 22 compares two of the trajectories from
figure 10, with the same two trajectories from the expanded case.
The inner orbits overlay in round concentric fashion as expected.
The outer overlay represents the limit of the highly correlated
region. In figure 23, the trajectories are very marginally
agreeable, while in figure 24, the trajectories only meet at
nodal points.

For | equal to a third, similar behaviors may be observed.
Figure 25 represents the highly correlated region. Figure 26,
however, shows a large difference between the expanded and exact
cases. This case is still marginal, since both represent nearly
closed orbits of the same size. 1In figures 27, the expanded
trajectories don’t show any indication of the chaotic motion

present in the exact case.
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VII. Conclusions and Recommendations

The Modal Transformation and the Limits of the Tangent Space

The transformation into modal variables does indeed map the
state vector into a set of two variables and two constants in a
small region surrounding the periodic orbit. In the Sun-Jupiter
system, the radius of displacement separating the regions where
the epoch was or wasn’t constant, appears to be about 10% of U or
approximately 1.0E-4., The Hamiltonian constant remained so, for
every displacement attempted. This is interpreted to mean that
the Hamiltonian surface is relatively flat over a large area,
which permits an extended region of alignment between the
Hamiltonian surface and the tangent space. Given the emergence
of epoch time as a variable, this technique could be applied to
two-body systems near a resonance.

In the highly perturbed case, the apparent two-integral
region occurred within 1% of M. While this is a much smaller
percentage of | than in the previous case, the actual size of the
region is 3.0E-3. 1In terms of a ratio, this region is 35 times
as large as the region in the Sun-Jupiter system. Although this
result was not expected, it makes sense in terms of the location
of the center of mass of the three-body system. In the Sun-
Jupiter system, the mass center is nearly on the sun, where as
the mass center for the highly perturbed case is a third of the
distance separating the primaries away from the primary 1-j.

As before, a transition of the epoch constant to the epoch
variable was observed with larger displacements from the periodic
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trajectory. 1In this case, however, the Hamiltonian constant
began to move as well. Both observations coincided with the
transition to chaos. It appears that the Hamiltonian surface and
the tangent space skew much more abruptly than before. Unlike
the Sun-Jupiter system, the useable portion of the phase space is

strictly limited to the region where both integrals exist.

The Expanded Vs. the Exact Equations of Motion

The exact and expanded versions of the nearly-periodic
trajectories correlate completely in the presence of both
constants of motion. For the Sun-Jupiter case, within 10% of i,
and for the highly perturbed case, within 1% of H. These limits
were determined by simple observation of the figures presented,
and are not intended to be exact. In these cases, however, the
extra terms in the expanded Hamiltonian equations of motion
eq(68), other than the first, are unnecessary. These extra terms
are either zero, or very small, and fail to accurately model the
transition of the epoch variable. Therefore, if the desired
trajectories are strictly limited to the two-integral regions,
then the equations of motion could be further reduced to

b, = wb,

. 69
b, = -wb, (69

which are the equations of a harmonic oscillator. Since this
system can be solved in closed-form, no integration would be
necessary. The programs EXPANDED and FLOQUET/HAMILTONIAN could

be eliminated completely.
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Conversely, if the nearly-periodic trajectories outside of
the two-integral region are to be explored, then more terms must
be maintained in the Taylor’s expansion of the new Hamiltonian.
Eventually, by comparison of the new expanded trajectories
against the exact ones, the proper truncation limit may be
determined. Once this has been accomplished the perturbation
solution may then be constructed.

Either way, a solution for nearly-periodic orbits can be
derived in closed-form. The entire system would be modelled as a
harmonic oscillator with a forcing term, and no further
integration would be necessary. The final task would then be to
derive a functional relationship between the system parameters
and integrals of motion, and the maximum allowable initial

displacement from the periodic orbit.

(by (0) , b, (0)) = £(b;, by, 1)

max
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Appendix A: Code Validation and Error Determination

To ensure that the computer programs used in this study were
correct, a large amount of testing and cross checking was
required during code development. Wherever possible, hand checks
were performed. Unfortunately, given the numerical complexity of

most of these programs, few were actually validated that way.

The Surface of Section

It was very easy to determine the accuracy of this program.
Assuming that the catalog of SO0S plots published by Jefferys was
correct, the program was complete when the pictures matched.
This step validated the equations of motion for the restricted

three-body problem, as well as the surfacing technique.

Periodic Orbit Determination Program

The simple beauty of a periodic orbit is that it returns to
it’s original conditions after each orbit. The state transition
matrix was checked by taking numerical derivatives, and it’s
eigenvectors using a linear algebra software package. The last,
best test was a hand check of the converged state values

substituted into the equations of motion.

Floquetl /Fourier and Floquet/Hamiltonian

Both of these programs integrated the equations of motion
already validated, using the periodic initial conditions, also
already checked. Even though the individual outputs were

different, the methods used were the same. Periodic state or
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Hamiltonian information was extracted at fixed intervals during
the integration. The only check available here was to scrutinize
the general periodic trends in the data. Upon completion of the
integration, the discrete periodic information was converted into
Fourier coefficients. These in turn were checked by simply

reconstructing the known trajectory from the coefficients.

The Program Exact

Here, the only process yet to be checked was the matrix
inversion from the intermediate set of coordinates to the modal
ones. This was accomplished via the linear algebra package. The
two constants were checked for any periodic modulation that may
have been caused by insufficient sampling of the periodic
trajectory. In these cases the number of Fourier samples was

simply increased.

The Program Expanded

The only test left to perform, was to measure the size and

shape of the output compared to the exact case, using identical

inputs.
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Appendix B: Thesis Software

CCCCCCCCCCCCCceececeeeeeeeeceeeeceeceeeceececeeeceeececeeeeececececeoceceeeceececcecee
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PROGRAM SECTION
PURPOSE: Creates a surface of section plot file
SUBROUTINES: HAMING.F

RHS1.

H.F

CCCCCCCCCCCCCCCLCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCecececee

program sect
problem commons

common /data/ xmu,xmua
common /lam/ xlambda{4)
common /ham/ t,x(20,4),£(20,4),err(20),nn,hh, mode

variable declarations

implicit double precision (a-h)
implicit inte?er {i-n)

implicit double precision (o0-2)
character*10 filnaml, filnam2

dimension xlambda(4),x(20,4),£(20,4),err(20), rdotv(4)
input data

read (*,*) xmu,xmua
read(*,*) hh,tmax
npts = dint(tmax/hh)
read(*,*) xnot,ynot
read (*,*) xjac,s
read(*,*) filnam
read(*,*) filnam2

open output files
-~ filnaml is the plotfile
-- filnam2 is a general output file

open(2, file=filnam}l, status-'unknown )
open (3, file=filnam2, status='unknown’)

write(3,*) ’‘mu=’,xmu,’ l-mu=’,xmua

write(3,*) ’'x0=’,xnot,’y0=’,ynot

write(3,*) ’jacobli const=’,xjac,’timestep=’,hh
write(3,*)

write(3,*) ’'npts value at n*period’

mode = 0
nn = 4

nxt = 0
t = 0.40

get gl,pl,q2,p2 for given x0,y0, and jacobian

gl = xnot + xmu

g2 = ynot

xham = (xmu*xmua-xjac)/2.d0

rl = ((gl-xmu)**2.d0 + g2**2.d0)**.5d0
r2 = ((gl+xmua)**2.d0 + 2**2 do) **_5d0

d s xg7? I xmu?/rl + xmu
= ~Xmu
g2 9% % 1.do
b = =2, dO*(g*g*xmu + 9*82 + gl)
c = (g*xmu)**2.d0 + 2.d0* *xmu - 2.d0*d

p2 = (~-b+syn* (b*b-4.d0*a*c)**,5d0) /(2.d0*a)
1 = g* (xmu-p2)

initial conditions

x(1l,1} = ql
x{2,1) = pl
x{3,1) = q2
x{4,1) = p2

initialize haming




a0 a0 nao aao aaa

anaa

00nNn

[t Re N+

call haming(nxt)
turn- off second EOM eval

nxt = -nxt
if(nxt .ne. Q) go to 499
stop 99
499 continue

integration loop
do 500 { = 1,npts
permute indices

am3 = nm2
nm2 = nml
nml = nxt

integrate orbit, haming permutes nxt
call haming{nxt)
calculate r dot v

qld = £(1,nxt)
q2d = £(3,nxt)
rdotv(nxt) = (x(1,nxt)-xmu)*qld + x(3,nxt)*q2d

check for peri/apoapse crossing
if (rdotv(nxt)*rdotv(nml).gt.0.d0) go to 500

crossing has occured!!!
interpolate to crossing time

frac = -rdotv(nxt)/{( rdotv{nxt) -~ rdotv(nml} )
qlc = ~frac*x(l,nml) + (1.d0 + frac)*x(l,nxt)
q2c = -frac*x(3,nml) + (1.d0 + frac)*x(3,nxt)
xcross = gqlc - xmu

ycross = g2c

compute conjugate momenta plc and p2c for glc and q2c¢

rlc = ((glc-xmu)**2.d0 + g2¢c**2.d0)**.5d0

r2c = ((glctxmua)**2.d0 + 72c**2.d0)**.5d0

dd = xham + xmua/ric + xmu/r2c

gg = g2c/(qlc-xmu)

aa = gg*gg + 1.d0

bb = -2.d0*( g*gg*xmu + gg'qzc + glc)

cc = (gg*xmu?** .d0 + 2.d0*gg*q2c*xmu ~ 2.d0*dd
p2c = (-bb+syn* (bb*bb-4.d0*aa*cc) **,5d0) / (2.d0*aa)
plc = gg*{xmu-p2c)

write(3,*) i,x(1,nxt)
write (2,*) xcross,ycross

500 continue
close(2)
close(3)

stop
end
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PROGRAM PERIOD

PURPOSE: Calculate periodic trajectory via iterative
integration technique. Once found, determines
eigenvalues, eigenvectors, and Poincare exponents
for periodic trajectory at t=0.

SUBROUTINES: HAMING.F
gﬂgl.?

CCCCCCCCCCCCTCCCCCCCCCCCLCCeeCceeeeeeeeeceeeceececececececececeececeecet

program po

common /lam/ xlambda (4)
common /data/ xmu,xmua
common /ham/ t, x(20,4),£f(20,4),err(20),nn,hh, mode

local variables

implicit double precision (a-h)
implicit integer (i-n)
implicit doubie precision (o-z)

dimension xlambda(4),x(20,4),£(20,4),err(20),cerr(2,1),b(2,2)
dimension phi(4,4),xxx(10),wk(50),xww(2),xvec(2,16)

dimension tvec(16,2),alpha(4),tnvec(l6,2),xreal (4),ximag(4)
complex*16 w(4),vec(4,4),ww

equivalence (ww,xww)

equivalence (vec,rvec)

character*x10 filnaml, filnam2

read input data

read (*,*) xmu,xmua
read(*,*) period,npts
read(*,*) x0,y0
read(*,*) tol,maxit
read(*,*) xjacob
read(*,*) filnaml
read (*,*) filnam2

calculate timestep
hh = period/({(dble(npts))

calculate ql,pl,q2,p2 for given x0,y0, and jacobian
gl = x0 + xmu

q2 = y0
xham = (xmu*xmua-xjacob) /2.d0

rl = ((gl-xmu)**2.d0 + q2**2.d0)**.5d0

r2 = ((gl+xmua)**2.d0 + g2**2.d0)**.5d0

dd = xham + xmua/rl + xmu/r2

g9 = q2/(ql-xmu)

aa = gg* g + 1.d0

bb = -2.d *(gg*gg*xmn + gg*qz + ql)

ce = (gg*xmu}**2.d0 + 2.d0*gg*q2*xmu - 2.d0*dd
p2 = (-bb+(bb*bb-4.d0*aa*cc)**.5d0)/(2.d0*aa)
pl = gg* (xmu-p2)

echo inputs to output file
open (3, file=filnaml, status=’unknown’)
write(3,*) ’‘xmu = ‘,xmu,’ xmua = ’,xmua
write(3,*) ‘orbit period, npts ’,period,npts
write(3,*) ‘timestep ’,hh
write(3,*} ’ql0 = ’/,ql,’ pl0 = ',pl
write(3,*) ’q20 = ’,q2,’ YZO =, ,p2
write(3,*) ’tol, maxit’,tol,maxit

begin iteration loop
do 1000 iter = 1,maxit

set up initial state

x{1,1) = ql
x(2,1) = p1
x(3,1) = g2
x(4,1) = p2

write progress
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write(3,*)

write(3,*) ’iteration’,iter
write(3,*) ’ql=’,ql,’ pl=',pl
write(3,*) 7q2=’,q2,’ p2=’,p2

initialize phi matrix

do 100 { = 1,4
do 101 j = 1,4
ij = 4*i+j
x{i4§,1) = 0.d0
101 continue
x{5*1,1) = 1.40
100 continue

initialize integration constants
mode = 1
nn = 20
nxt = 0
t = 0.d0
initialize haming
call haming(nxt)
if(nxt .ne. 0) go to 499
write (*,*) ffailure to initialize’
stop 99
499 continue
integration loop
do 500 £ = 1,npts
call haming(nxt)
500 continue
extract error vector

cerr(l,1) = -x(2,nxt)
cerr(2,1) = -x(3,nxt)

extract correction matrix
b{l,1) = x(9,nxt)
b(l,2) = x(12,nxt)
b(2,1) = x(13,nxt)
b(2,2) = x(16,nxt)

calculate state corrections
call leqt2f(b,1,2,2,cerr,idig, xxx,ier)
add in corrections

ql = gl + cerr(l,l)
p2 = p2 + cerr(2:1)

check for convergence
iend = 0
if(dabs(cerr(l,1)) .gt. tol) iend = 1
if(dabs(cerr(2,1)) .gt. tol) jend = 1

if(iend .eq. 0) go to 2000
1000 continue

maximum iterations excecded without ccnvergence

write (*,*) ‘Iteration Limit Exceeded’
stop

2000 continue
c

on

converged processing
write(3,*)

B

write(3,*)
write(3,*)
write(3,*)
write(3,*)
write(3,*)
write(3,*)
write(3,*)
write(3,*)

’program converged in’,iter,’iterations’

’converged state values’
'ql=’,x(1,nxt),’pls’,x{2,0xt)
'q2=’,x(3,nxt), "p2=’ ,x{4,nxt)

’surface of section coordinates’
'x =, x(1,nxt)-xmu,’y =’,x(3,nxt)
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write(3,*)

compute hamiltonian/jacobian

a0n

= x(1,nxt)
= x(2,nxt)
q2 = x(3,nxt)
= x(4,nxt)
= dsqrt((ql—xmu)**Z d0 + g2**2.d0)
= dsqrt((q1+xmua)**2 d0 + q2**2.d40)
xham = .5d 0*(p1*p1+p2*p2) + pl*q2 - p2*ql - xmua/rl - xmu/r2
xjac = xmu*xmua - 2.d0*x

write(3,*) ‘ham =’,xham,’jac =’,xjac
extract phi
do 2005 { =
do 2005 j
phi (i, 3)
2005 continue

aaon

1,4
=1,4
= x(4*i+3j,nxt)

compute eigen values and vectors of phi
call eigrf(phi,4,4,2,%,vec,4,vk,ier)
transpose rvec, store as tvec

do 19 i=1,16
ii = (i/4.1)+1
alpha(ii) = 0.d40
do 19 j=1,2
tvec(i,j) = rvec(j,i)
19 continue

naono 000

normalize eigenvector matrix
do 21 i=1,16

aan

alp a(ii) = alpha(ii) + tvec(i,j)**2.d0
21 continue

do 23 i=1,16

do 23 j=1,2
tnvec(i,j) = tvec(i,j)/dsgrt{alpha(ii))
23 continue

write(3,*)
write(3,*) ’‘normalized eigenvectors of phi, by column’
do 24 ;=1, 6
write(3,7) tnvec(i,l),tnvec(i,b?2)
24 continue
7 format(ix,2(£20.13,1x))

compute Poincare exponents

write(3,*)
write(3,*) ’‘Poincare exponents’
do 2100 i = 1,4
wy = w(i)
c complex log of eigenvalue over period
xreal(i) = dlog(dsg:t(xwd(l)*xww(l) + xww (2) *xww (2)))
perio
ximag(i) = datan2( xww(2), xww(l) ) / period
write(3,5) xreal(i),ximag(i)
2100 continue
5 format(3x,2(e20.13,1x))

create input file for flo.f and fho.f

oo

ono

open(2, file=filnam2, status=’unknown’)

write(2,*) xmu,’ ',xmua
write(2,*) period,’ ’,npts
write(2, *) x{l,nxt),’ ’,x(4,nxt)
write(2,*)

write normalized eigenvector parts by column
-~ if complex first lecave alone
-- if real first, switch order

jt = 0

L£ ((tnvec(l,2).cq.0.d0).and. (tnvec(2,2).cq.0.d0))} jt=8

anaano
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do 25 ij=1,2
do 25 i=ltijt,4+5t
write(2,*) tnvec(i, )
25 continue

do 26 i=9-~jt,1l6-jt
write(2,*) tnvec(i,1)
26 continue

write poincare exponents for j matrix
-~ if ccmflex first leave alone
-- if real first, then switch

if (ximag(l).eq.0.d0) then

write(2,*)

, write(2,*) xreal(3)
write(2,*) ximag(4)
write(2,*) 0.40
write(2,*) 0.d0
write(2,*) ximag(3)
write(2,*) xreal(4)
write(2,*) 0.d40
write(2,*) 0.d0 ‘
write(2,*) 0.d0
write(2,*) 0.d0
write(2,*) xreal(l)
write(2,*) ximag(2)
write(2,*) 0.40
write(2,*) 0.d40
write(2,*) xirag(l)
write(2,t) xreal(2)

else
write(2,*)
write(2,*) xreal(l)
write(2,*) ximag(2)
write(2,*) 0.d40
write(2,*) 0.60
write(2,*) ximag(l)
write(2,*) xreal(2)
write(2,*) 0.d40
write(2,*) 0.d0
write(2,*) 0.d0
write(2,*) 0.d40
write(2,*) xreal(3)
write(2,*) ximag(4)
write(2,*) 0.d40
write(2,*) 0.40
write(2,*) ximag(3)
write(2,*) xreal(4)

endi
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close(2)
close(3)

stop
end
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PROGRAM FLOQUET/FOURIER

PURPOSE: Progagates the state and elgenvectors of a periodic
as determined by frogram period. Every value
during the integration ls saved, and then converted

into a fourier series.

SUBROUTINES: HAMING.F
RHS2.F
H.F
FOURIER.F

ceceeeeerececeeceeeceeceeceecceeeecececeececeececerccecececeececcececececececeeccee

program fl

common /lam/ xlambda (4)
common /data/ xmu,xmua,xj(4,
common /ham/ t,x(20,4),£(20,

local variables

4)
4) ,err(20),nn,bh,mode

implicit double precision {a=h)
implicit integ

implicit double precision (o-2)
dimension xlambda(4),x(20,4),£(20,4
dimension xic(2), xj(4 4), x0(16), (

data

,err(20), temp(lOO) ck (51)
100),v(4,4,100), sk(51)

read input

read (*,*)
read (*,*)
read (*,*)

do 10 i=l1,4
do 10 i=1,4
i1 = (J=1)*4 + i
read (*,*) x0(ii)
centinue

do 20 i=1,4
do 20 j=1
read (*,*) xj(3,1)
continue

hh = period/(dble(npts))

(*,*)
(*,*)
(*,*)
(*,*)
(*.*)
(*,*)
write (*, *) 'f(O)'
do 30 i=1 ,13,4
write (* 1) x0(1),x0(i+1),x0(1+2),x0(i+3)

continu
format(lx,fle 10,£18.10,£18.10,£18.10)

write (*,*)
write (*,*) ’'xj(4i,3)’

do 40 i= 4

write (* 1) xj{L,1),%x3(4,
continue

Xmu, Xmua
period,n ts
xic(l),xic(2)

write
write
write
write
write
write

fxmu = ‘,xmu,’ xmua = ’/,xmua

torbit period, npts ’,period,npts
‘timestep ‘,hh

’initial conditions (ql, pl=0, gq2=0, p2)’
'ql = !,xic(l),’ p2 = ',xic 2)

2),xj(1,3),x3{i,9)

set up initial state

%(1,1) = xic(l)
x(2,1) = 0.
x(3,1) = 0.d0
x(4,1) = xic(2)

initialize £(0) matrix

do 160 i = 1,16
x(i+4,1) = x0(1i)
continue

mode = 1
nn = 20
nxt = 0
t = 0.d0

initialize haming
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499

501

502
500

510

520
515

530

535
525

600

call haming{nxt)

if(nxt .ne. 0) g
write (*

~ 0

initialize’

stop 99
continue

integration locop

\-do 500 i = 1,100

do 501 § = 1,4
5(3'1) = x(j,nxt)
o 501 k = 1,4

v({j, k,1) = x(4*J+k,nxt)
continue

do 502 m = 1,10

call haming(nxt)
continue
continue

open output file
open{2, file=’coef.fou’, status=’unknown’)
copy elg values/vectors and feed to fourier

do 515 j3=1,4
do 510 i=1,100
temp(i) = s(j,1)
continue
call fourier(temp,ck, sk, 50)
do 520 k=1,50
write(2,*) ck(k),sk(k)
continue
continue

do 525 i=1,4
do 525 j=1,4
do 530 k=1,100
temp(k) = v(j,i,k)
continue
call fourier(temg,ck,sk,SO)
do 535 m=1,5
write(2,*) ck(m),sk(m)
continue
continue

final state conditions

write (*, *)

write(*,*) ’state at tf’

write(x, x) ¢ ql=',x(1l,nxt),’ pl=’,x(2,nxt)
write(*, *) ¢ q2=',x(3,nxt),’ p2=',x(4,nxt)

write (*, %)
write (*,*) *£(t)’
do 600 1=5,17,4

write (*,1) x(i,nxt),x(i+1,nxt),x(i+2,nxt),x(1+3,nxt)

continue
close(2)

stop
end
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c PROGRAM FLOQUET/HAMILTONIAN

c

c PURPOSE: Calculate period coefficients needed in the new
c expanded hamiltonian, from the third order

c hamiltonian of the geriodic trajectory. Compute
c after each integration step, and convert the result
c into a fourier series.

c

c SUBROUTINES: HAMING.F

c RHS2.

c H.F

c FOURIER.F

c

[o]

CCCCCCCCCCCCECCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCe
program fh

common /lam/ xlambda (4)
common /data/ xmu,xmua,X

3(4.4)
common /ham/ t,x(20,4),£(20,4

).exr (20} ,nn, hh, mode

local variables

[t Mo Ne]

implicit double precision (a-h)
implicit integer (i~-n)

implicit double precision (o-z)
dimension xlambda(4),x(20,4),£(20,4)
dimension xic(2),xj(4,4),x0(16),xx(4
dimension tc(8),c(4,100),ck(100), sk

read input data

,err(20),xh3(4,4,4)
),v1{4),v2(4)
100),temp(100)

Qoo

read (*,*) xmu,xmua

read (*,*) period,nfts

read (*,*) xic(l),xic(2)
transpose col to row to fit x{20)

do 10 i=1,4

oao

10 continue

do 20 i=1,4
do 20 j=1,4
read (*,*) xj(j, 1)
20 continue

hh = period/(dble{npts))
c output inputs

write (*,*) ‘xmu = ‘,xmu,’ xmua = ’,xmua

write (*,*) ’‘orbit period, npts ’,period,npts

write (*,*) ‘timestep ’,hh

write (*,*) ’injtial conditions (ql, pl~0, q2=0, p2)’
write (*,*) 'ql = ’,xic(l),’ p2 = ',xic(2)

write (*,*)

write (*,*) " £(0)’
do 30 i=1,13,4
write (*,1) xO0(i),x0(1+1),x0(i+2),x0(i+3)
30 continue
1 format (1x,4(£18.10))

write (*, *
write (*,*) 'xj(i,3)’
do 40 i=1,4
write (*,1) xj(i,1),x3(i,2),xj(i,3),x3(i,4)
40 continue

set up initial state
xic(1l)
0

0.do
x(4,1) xic(2)

initialize £(0) matrix
do 160 1 = 1,16

x(1+4,1) = x0(1)
160 cont inve
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aoa

530

550
500

[t N el ¢]

580

590
570

mode = 1
nn = 20
nxt =

t = 0. dO

initialize haming
call haming(nxt)

if(nxt .ne. 0) go to 499
write (*,*) ¢ ailure to initialize’
write (*,*) £(1,1),£(2,1
write (*,*) £(3,1),£(4,1)
stop 99
continue

begin integration loop

do 500 { = 1,100
do 510 § = 1,4
xx(3) = x(3,nxt)
vl(j) = x(4*j+1,nxt)
v2(3) = x(4*§+2,nxt)
continue

compute third order hamiltonian tensor
do 520 § = 1,4

do 520 1,4
do 520 m = 1,4
xh3(3,k, m) = h{xx,3,3,k,m,0,0)
continue
do 525 j=1,8
te(j) = 0.40
continue
compute periodic coefficients
do 530 =1 4
do 530 .4
do 530 m=1 4
tc(l) = tc(l) + xh3(3,k,m) * v1(3) * vl(k)
tc(2) = tc(2) + xh3(3,k,m) * v1(3j) * v2(k)
tc(3) = tec(d) + xh3(3,.k,m} * v2(3) * vi(k)
tc{4) = tc(4) + xh3(j,k,m * vi(3) * vi(k)
tc(5) = tc({S) + xh3(3, k,m) * v2(j) * v2(k)
tc(6) = tc(6) + xh3(j,k,m) * v1(j) * v2(k)
te(7) = te{7) + xh3(j.k,m) * v2(3) * vl(k)
tc(8) = tc(8) + xh3(j,k,m) * v2(j) * v2(k)
continue
c(1l,i) = te(l)/6.40
c(2,1) = (tc(2)+tc(3)+tc(4))/6.d0
c{3,1) = (tc(5)+tc(6)+tc(7))/6.d0
c(4,1) = tc(8)/6.d0
do 550 m = 1,10
call haming(nxt)
continue
continue
compute fourier coefficients from periodic ones
open (2, file=’coef.ham’, status='unknown’)
do 570 i=
do 580 j=1 100
temp(j) = cl{i, )
continue
call fourier(temp,ck,sk,SO)
do 590 k=1,5
write(Z,*) ck(k) sk (k)
continue
write(2,%*)
continue
final state conditions
write (*,*)
write(*,*) ’'state at tf’
write(*,*) / gl=’,x{1l,nxt),’ pl=’,x(2,nxt)
write(*,*) '/ q2=’,x(3,nxt),’ p2=’ ,x(4,nxt)

write (*,*)
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write (*,*x) 'f(t)’
do 600 i=5,17,4
write (*,1) x(i,nxt),x(i+1,nxt),x(i+2,nxt),x(i+3,nxt)
600 continue

close(2)
stop
end
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a0

100

PROGRAM EXACT

PURPOSE: integrates a nearly periodic trajectory, subtracts
e periodic reference, and transforms the result
into modal variables, and creates a plotfile

bl vs b2.
SUBROUTINES: HAMING.F
RHS1.
H.F

CCCCCCCCCCCCCCCCCCCCCeeeececeeeeeececececececeececeecocceceeceeeececeececceece

program check
problem commons

common /data/ xmu, xmua
common /lam/ xlambda (4)
common /ham/ t,x(20,4),£(20,4),exr(20}),nn,hh, mode

variable declarations

implicit double precision (a=h)
implicit inte?er {(i-n)

implicit double precision ({(o-z)
character*10 filnaml, filnam2,filnam3

dimension xlambda(4),x(20,4),£(20,4),err(20)
dimension sinn(50),coss(50),ck(20,50),sk(20,50),cf(20)
dimension cc(4,4),xx{4),dx(4),xxx(50)

input data

read (*,*) xmu,xmua
read(*,*) period,npts
hh = period/(dble(npts))
read(*,*) xnot,ynot
read(*,*) xjac,syn
read(*,*) w,trip
read(*,*) filnaml
read(*,*) filnam2

read (*,*) filnam3

do 100 i=1,20
do 100 j=1,50
read(*,*) ck(i,J).sk(i,])
continue

mode = O

nn = 4

nxt = 0
= 0.d0

pl = dacos(-1.d0)
w0 = 2.d0*pi/period

get ql,pl,q2,p2 for given x0,y0, and jacobian

gl = xnot + xmu

g2 = ynot

xham = (xmu*xmua-xjac)/2.d0

rl = ((ql-xmu)**2.d0 + g2**2.d0)**.5d0

r2 = ((gl+xmoa)**2.d0 + 72**2 .d0) **,5d0
xham + xmua/rl + xmo

q2/(q1-xmu)

g*g + 1.

=2. dO*(g' *xmu + g*q2 + gl)

(g *xmu)**g do + dO*g*q2*xmu - 2.d0*d
p2 = ( b+syn* (b*L-4. dO'a*c)** 5d0)/(2.d0%*a)
1 = g* (xmu-p2)

‘T OUMA Q.
nagnd

write(*,*) ‘initial conditions (Jefferys)’
uriteg',:; 'x0=’,xnot,’ yO=’,ynot

write(*

writc(*:*) 'lnitia‘ conditions (Szebehely)’
write(*,*) q1=',q1 4 pl-’,pl

3§i§g§:,:; ‘q2=’,q2,’ p2=',p2

write('i*) 'jacobian-’,x ac

write%:,:; *period=’,perlod

write (>,

write(*,*) ‘initial conditions (Modal)’
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nanNnan

499

200

300

301

320

330

331

335

336

initial conditions

x(1,1) = ql
x(2,i) = pl
x(3,1) = q2
x(4,1) = p2

initialize haming
call haming(nxt)
turn off second EOM eval
nxt = -nxt
if(nxt .ne. 0) go to 499
stop 99
continue
open output files
open (2, file=filnaml, status=‘unknown’)
open(3, file=filnam2, status=‘unknown’)
open(4, file=filnam3, status='unknown’)
integration loop
do 500 i = O,npts*trip

if (mod(4i,20).eq.0) then

compute sin(n*theta), cos{n*theta), n=1 to 50

coss{l) = dcos(wO*t)

sinn{l) = dsin(w0*t)

coss{2) = 2.d0*coss(1l)*coss(1l) - 1.d0
sinn(2) = 2.d0*sinn(l)*coss(1)

do 200 3=3,50
coss({j) = 2.d0*coss(j-1)*coss(l) - coss(j-2)
sinn(j) = 2.d0*sinn(j-1)*coss(1l) - sinn(j~-2)
continue

reassemble periodic traj and eigenvector matrix

do 300 k=1,20
cf(k) = ck(k,1)
do 300 j=1,49
cf(k) = cf(k) + ck(k,j+l)*coss(j)
+ sk(k,j+1) *sinn(3j)
continue

write (*, %)

do 301 § = 1,20
write(*,*) cf(j)
continue

compute generalized eigenvector (grad of hamiltonian)

do 320 j=1,4
xx(3) "= c£(3)
continue

temg = 0.d0

do 330 j=1,4

dx(g) = x{3j,iabs(nxt)) - c£(j)

cf(i6+3) = h(xx,1,2,0,0,0,0)
temp = temp + cf(16+]j)*cf(16+])

continue

write(*, *)

do 331 j=1,4
write(*,*) cf(16+3j)
continue

do 335 3=1,4
cf(16+§) = cf£(16+7j)/(dsgrt (temp))
continue

write(*,*)

do 336 j=1,20
write(*,*) cf(j)
continue
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place eigenvectors in 4x4 matrix (for inversion)

340

invert

do 340 E-l
do 340

gg(k j)j- cf (33)
continue

delta x = eigenvector matrix * b
idig = 0
call leqt2f(cc,1,4,4,dx,idig, xxx,ier)
if (i.eq.0.d0) then

write(*,*) ’bl0=’,dx(1l),’ b20=',dx(2)
endif
write(2,*) dx (1), ?x(Z)

write(3,*) t,dx(
write(4,*) t,dx(4)

endif
call haming(nxt)

500 continue

close(2)
stop
end
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c PROGRAM EXPANDED

c

c PURPOSE: Using the periodic coefficients made by the program
c loquet/hamiltonian, the eom for the truncated

c hamiltonian case are integrated. A plotfile

c matching bl vs b2 is created.

c

[ SUBROUTINES: HAMING.F

[ RHS3.F

c
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCECCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCe

program k3

common /data/ w0,w,ck(4,50),sk{4,50)
common /ham/ t, x(20 4), f(20 4), err(20) nn, hh, mode

local variables

naan

implicit double precision (a-h)
implicit inte?er (i-n)

implicit double precision (o-z)
character*10 filnam

dimension x(20,4),£(20,4),err(20)
dimension ck(4,50),sk(4,50)

read input data

Qa0

read (*,*) Eeriod ,npts
read (*,*)

read (*,*) w,trip
read(*,*) filpam

read fourier coefficients
do 20 i=1,4
do 20 j=1 50
read (*,*) ck(i,j),sk(i,J)
20 continue
hh = period/{dble(npts))

output inputs

000

a0

write (*,*) ‘orbit period, npts ’,period, npts
write (*,*) ‘timestep ’,hh

write (*,*) ’initial conditions (modal)’
write (*,*) ’bl0=’,bl0,’ b20=’,b20

set up initial state

x{1,1) = bloO
x{2,1) = b20

aaa

mode = 0
nn = 4§
nxt = 0
t = 0.d0

dacos(-1.40)

pi
2.d0*pi/period

w0

non

initialize haming
call haming(nxt)

if(nxt .ne. 0) go to 499
write (*,*) ’failure to initialize’
write (*,*) £(1,1),£(2,1)
write (*,*) £(3,1),£(4,1)
stop 99
499 continue

non

begin integration loop
open(2, file=filnam, status=’unknown’}

do 500 { = 1,npts*trip
call haming({nxt)
if (mod(i,100).ne.0) go to S00
write(2,*) x{1,nxt),x(2,nxt)
500 contlnue
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close (2)
stop
end

81

Tt

e

e e =




ceceeeeeeeceeeceececeeeeeeececeeececeecececececeeececeeeeeecceeceeeceeceeceeeccecece

[+
c
c
[+
[+
[+
[+
[+
[+
[
C
[+
c
c
[+4
[+

aaooQoQaa0Q00

10 x

20

30

40

50
1

70

90

SUBROUTINE HAMING

PURPOSE: Haming is an ordinary differential equations
integrator. It is a fourth order
predictor-corrector algorithm that carries the last
four values of the state vector, extrapolates
them to obtain the next value (the prediction part),
and then corrects the extrapolated value to find a
new value for the state vector. Nxt specifies whxch
of the 4 values of the state vector is the "next™"
one. Nxt is updated by haming automatically, and is
zero con the first call. The user supplies an
external routine rhs(nxt), which evaluates the
equations of motion

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCeeeecececcececececeeceeeecececceceeceeeceece

subroutine haming(nxt)

common /ham/ x,y(20,4),£(20,4),errest (20),n,h, mode
implicit double precxsion (a-z)

dimension I(ZO ,4),£(20,4) ,errest {20)

integer 1 nxt,n,npl, nml nm2, npo, isw, jsw, mode

x is the independent variable ( time )}

y{6,4) is the state vector- 4§ copies of it, with nxt
pointing at the next one

£(6,4) are the equations of motion, aga-n four copies

a call to rhs(nxt) updates an entry in f

errgst is an estimate of the tryncatisn error - normally not
use

n is the number of equations being integrated - 6 or 42 here
b is the time step

mode is 0 for just EOM, 1 for both EOM and EOV

tol = 0.0000000001
if(nxt) 190,10,200

o= X
hh = h/2.0d+00
call rhs(l)
do 401 = 2,4
x = x + hh
do 20 i =1,
y{i,1) = Y(i 1 -1) + bh*£{i,1-1)
call rhs
X = x + hh
do 30 { = 1,
yl{i,1) = Y(i 1 -1) + h*f(i, 1)
call rhs
j.ni = -10
isw = 1
do 120 { = 1,
hh = y(x 1) + h'( 9.0d+00*£(i,1) + 19.0d+00*f(i,2)
S.0d+00%f (i,3) + £(i,4) ) / 24.0d+00
if( dabs( hh ~ y(i,2)) .1t tol ) go to 70
isw=20
{(1 ,2) = hh
h = y(i,1) # hv({ £(i,1) + 4.0d+00*£(i,2) + £(i,3))/3.0d4+00
if( dubs( bh-y(i,3)) ‘it tol ) go to 90
Sw =
g(i 3) = hh

1 h = g(i,l) + h*( 3.0d+00*£(i,1) + 9.0d+00*£(i,2) ¢+

110
120

130

140

150

160

190

.0d+00*£(i,3) + 3.04+00*£(i,4) ) / 8.0d+00
if( dabs(hh-y(i,4)) .lt. tol ) go to 110
isw = 0
y{i,4) = hh
conninuc

do 130 1 = 2,4
x=x +h

call rhs(l)

if(xgw) 140 140,150

z,u = 1
f(j,d) 50 280,280
X = X0

fsw = ]

jsw = 1

do 160 i = i,n
cr:c.t(i) = 0.0
nxt =

go to 280

SW =
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nxt = iabs(nxt)

aaqao

this is hamings normal propagation loop -

200 x =x + h
npl = mod(nxt,4) + 1
go to (210, 230) isw
c permute the index nxt modulo 4
210 go to (270,270,270,220),nxt
220 isw = 2
230 nm2 = mod(npl,q4) + 1
nml = mod(nm2,4) + 1
npo = mod(nml,4) + 1

this is the predictor part

do 240 i
f£(i, nm2)

1
240 ,(i,npl)

000

( ,npl) + 4. 0d+00*h'( 2 0d4+00*£(i,npo) - £(i,nml)
0x* f(1 nm2) ) / 3.0d+

1,n
yb
f(i,nm2) ~ 0. 925619835*errest(1)

2.0d+

now the corrector - fix up the extrapolated state
based on the better value of the eguations of motion

gall ghs(npi)
l =
y(i, npl) = { 9.0d+00*y(i,npo) - y(i,nm2) + 3.0d+00*h*( £(i,npl)
1 + 2. 0d+00*f(1 npo) - (1 nml) ) ) / 8. 0d+00
errest (i) f(i,nm2) - 1)

250 y(i,npl) ¥(i,np1) + 0. 0743801653 * errest (i)
go to (26C,270), jsw

260 call rhs(npl)

270 nxt = npl

280 return
end

[t Mo NeN¢]

83




CCCCCCCCCLCeeCeeieeeeececleecececeececceeececeeeeceeeeeceeecececececceececcccecee

[+4
C
c
c
[+
c
C

aon

aaon

anoo 0 noo

anon

ann

000 000

10

20

30

40

SUBROUTINE RHS1

PURPOSE: Computes the right-hand side of the equations of
motion and variation, in the restricted three-body
problem.

CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCecCeececeeeecceceececece

subroutine rhs(k)
canonical EOM and EOV, 4th order system

common /lam/ xlanbda(4)
common /data/ xmu, XxXm
common /ham/ t, x(20, 4) £(20,4) ,err(20),nn,hh,mode

double precision t,x,f,err,hh
double precision xlambda Xxmu, Xmua
double precision h,xx(4),z(4,4),grdh(4,4),temp(4,4)

data z/ 0.d0, -1.d0, 0.d0, 0.d0,
1.40, 0.d0, 0.d0, 0.do,
0.d0, 0.d40, 0.d0, -1.d0,
0.do0, 0.d0, 1.d40, 0.do/

extract state
do 10 i =1,4

xx (i) = x(i k)
continue

W

equations of motion

£{(1,k) = h(xx,1,2,0,0,0,0)
£(2,k) = -h(xx,1,1,0,0,0,0)
£(3,k) = h{xx,1,4,0,0,0,0)
£(4,k) = ~h{xx,1,3,0,0,0,0)

if(mode .eg. 0) return
calculate order 2 gradient matrix
do 20 £ = 1,4
do 20 j = 1,

grdh(i, j) = h{xx,2,i,3,0.0,0)
continue

matrix mpy by z
do 30 i = 1,4
do 30 ii = 1,4
ij = 4risig
teng(x (ii) = 0.d0

i,4
tenp(i 11) = vemp(i,ii) + z(i, ) *grdh (3, ii)
continue

calculate A phi
do 351 =1,4

do 35 ii = 1,4
ij = 4*i+ii
£(ij, k) = 0.40
do 35 j=1,4
£1ij,k) = £(ij, k) + temp(i,J)*x(4*j+ii, k)
continue

check if propagating eigenvectors or phi
if(mode .eg. 1) return
get cigenvector conm

do 40 § = 2,4,2
do 4

0 if = 1,4
i3 = 4*(3-1) + II
£(ij,k) = £(£3,k) + xlambda(f)*x({ij+4, k)
£{i3+4,.%) = £(ij+4,k) ~ xlambda(j)*x(ij.,k)
continue
return
end
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SUBROUTINE RHS2

PURPOSE: Creates right-hand side of the eom for the
restricted three-body problem, and for the
eigenvector eguation.

DONQAONN0

CCCCCCCCCCCCCoCCCCrCC oo oooteeececceeceeceeececeeeceeceeeceoeeceececeeee

subroutine rhs(k)

c
c canonical EOM and BOV, 4th order system
c
common /lam/ xlambda (4)
common /data/ xmu,xmua,xj(4,4)
corcion /ham/ t,x(20,4),£(20,4),err(20),nn,hh,mode
double precision x(20,4),£(20,4),err(20),£1(20,4),£2(20,4)
double precision xlamnda,xnu,xmua t,hh
double precision h,xx(4),z(4,4), grdh(4 4§),cermp(4,4) ,x3(4,4)
data z/ 0.d€C, -1.d0, 0.40, 0.d40,
1 .do, 0.d0, 0.40, 0.d0,
2 0.d0, 0.d40, 0.d0, ~1.d0,
3 0.do, 0.d40, 1.d0, o0.dc/
c
c extract state
c
do 10 { = 1,4
xx (i) = x(i,k)
10 continue
c
c equations of motion
c
£(1,k) = h(xx,l 2,0, 0 o 0)
£(2,k) = -h(xx,1,1,0,0,0,0)
£(3,k} = h(xx,l 4 0 0 +0)
£(3,k) = -h{xx,1,3,0,0,6,0)
c
if(mode .eq. 0) return
c
c calculate order 2 gradient matrix
c
do 20 i = 1,4
do2n j =3
grdh(i j) = h{xx,2,%,3,0,0,0)
20 continue
c
c matrix mpy by 2z
do 30 f = 1,4
do 30 if = 1,4
ij = 4ai+ss
temg(i if{) = 0.40
do 30 j = 1,4
terpii, ii) = temp(i,ii) + z(i,J§)*grdh(j, i)
30 continue
c
c calculate A phi and phi J
c

do 35 i = 1,4
do 35 ii = 1,4

1? = 4'1+
(13,k) = 0 do
52(1 k) = 0.d0
do 3 g =1,4
£2(34, k) w £2(13.%) + x{4*i+3,k)*xj(3.1i)
fl(ij,x) = f1(ij,k) + te=pli, j)'x(q'j+zl k)
35 continue
do 36 L = 5,2
f(x K} = fl(l k) - £2(i,k)
36 continue
return
ecd
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SUBROUTINE RHS3

c
c
c PURPOSE: Calculate rhs for nearly-periodic eom, using
c expanded hamiltonian.

c

c

CCCCCCCCCCCCCCCECCCCCTCCCCCeCCeCCCCCCCCecceceececeeecececceecececcee

subroutine rhs(k)
canonical EOM and EOV, 4th order system

common /data/ w0,w,ck(4,50),sk(4,50)
common /ham/ t,x(20,4),£(20,4),err(20),nn, hh, mode

double precision t,x(20,4),£(20,4),err(20),hh,sinn(50)
double precision ck(4,50),sk(4,50),c(4),coss(50),w0,w
double precision bl, b2

000

generate sin(l to 50 * w0) and cos(l to 50 * u0)

coss({l) = dcos(w0*t)
coss{2) = 2.d0*coss(l)*coss(l) - 1.d0

0o0aQ

sinn(l) dsin (w0*t)
sinn(2) 2.d0*sinn(l) *coss (1)

do 100 i=3,50
coss (i) = 2.d0*coss(i-1)*coss(l) ~ coss(i~2)

sinn(i) = 2.d0*sinn(i-1)*coss(l) ~ sinn(i-2)
100 continue

reconstruct periodic function from coefficients
do 200 i=1,4

[ Rt X1

+ ck (i, j+1) fcoss(J) + sk(i,J+1)*sinn(j)
200 continue

bl = x(1,k)
b2 = x(2,k)

calculate bl dot and b2 dot

f(1,k) = w*b2 - bl*bl*c(2) +

* 2.d0*bl*b2*c(3) - 3.d0*b2*b2*c(4)
£(2,k) = -w*bl - b2*b2*c(3) +

* 2.d0*b1l*b2*c(2) - 3.d0*bl*bl*c(l)

[e e N¢}

return
end
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FUNCTION H

PURPOSE: Computes desired order tensor of the restricted

c
c
c
c three~body hamiltonian.
c
c

CCCCCCCLECCOCCCCCCCCCCCCCCCCCCCeeileeceeeeeceeeeeecececeeeeeececeece

function h(x,iord,i,Jj,k,1,m)
state vector x = ( ql, pl, q2, p2 )

a0o0

common /data/ xmu,xmua
implicit double precision {a-z)
dimension x(4)

integer iord, jord, i, 3,k

preliminaries

no0o

®x(1) - xmu
%x{1) + xmua
dsgrt (ga*ga + x(3)*x(3
dsqrt(qb*qb + x(3)*x(3

))
))
branch on order

jord = iord +
go to (1, 1000 2000, 3000), jord

* &

aaa

Order Z2ero *%

o000

1 continue

h = 0.5d0* (x(2)*x(2) + x{4)*x(4)) + x(3)*x(2) - x(1)*x(4)
1 . -~ xmua/rl xmu/r2

retur

1000 continue

k%

Order One *x

[eMeNe]

rl3
r23
go to

rl**3.d0
r2**3.d0
(1001, 1002, 1003, 1004), i

1001
1002
1003
1004

2000

a0a0

2001
2002
2003
2004

2011
1

2012

2013
2014

2021 h
2022 h
2023

2024
2031

h = -x(4) + xmua*qga/rl3 + xmu*qb/r23
return

h = x(2) + x(3)

return

h = x(2) + xmua*x(3)/rl3 + xmu*x(3)/r23

return
h = x{4) - x(1)
return

continue

Order Two *x

rl**3,d0
r2**3,40
rl**5,d0
r2x*5,d40

2002,

go
go

h = xmua/rl3 + xmu/r23 -3.d0*xmua*ga*qa/rl5
=3.d0*xmu*qb*qb/r25

return

h = 0.d0

return

h = =3.d0*xmua*gqa*x(3)/rl5 - 3.d0*xmu*qb*x(3)/r25

return

h = -1.d0

return

=0

return

=1,

return

h =1.d0

return

h = 0.d0

return
go to 2013
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2032 h = 1.d0

return
2033 h = ~3.d0*xmua*x(3) *x(3) /rl5 ~ 3.d0*xmu*x (3)*x(3)/r25
1 + xmua/rl3 + xmu/r23
return
2034 h = 0.d0
return
2041 h = -1.d0
return
2042 h = 0.d0
return
2043 h = 0.d0
return
2044 h = 1.d0
return

3000 continue
xx Orcer Three *%

rls rl*x5.,d0
r25 = r2*x5.d0
rl7 = rl**x7.d0
r21 r2**7,d0

go to {30001, 30002, 30003, 30004)

30001 go to (30110, 30120, 30130, 30140)
30002 go to (30210, 30220, 30230, 30240)
30003 go to (30310, 30320, 30330, 30340;
)

)

noon

30004 go to (30410, 30420, 30430, 30440
¢ note matrix is quite sparse now....
30110 go to (30111, 30112, 30113, 30114
30130 go to (30131, 30132, 30133, 30134
30310 go to (30311, 30312, 30313, 30314)
30330 go to (30331, 30332, 30333, 30334),k

30111 h = -9.d0*xmua*qa/rl5 - 9.d0*xmu*gb/r25
1 + 15.d0*xmua*ga*ga*qa/rl7 + 15.d0*xmu*gb*qb*gb/r27

return
30112 h = 0.d0

return
30113 h = -3.d0*xmua*x(3) /rl5 - 3.d0*xmu*x(3)/r25
1 + 15.d0*xmua*qa*qa*x (3) /rl7 + 15.d0*xmu*qb*qgb*x(3) /r27
return
30114 h = 0.d0
return
30120 h = 0.d0
return
30131 go to 30113
30132 h = 0.d0
return
30133 h = -3.d0*xmua*qa/rl5 ~ 3.d0*xmu*§b/r25
1 . + 15.d0*xmua*qa*x (3) *x (3) /rl7 + 15.d0*xmu*gb*x (3)*x(3)/r27
return
30134 h = 0.d0
return
30140 h = 0.d0
return
30210 h = 0.d40
return
30220 h = 0.d0
return
30230 h = €.dO
return
30240 h = 0.d0
return
30311 go to 30113
30312 h = 0.d0
return
30313 go to 30133
30314 h = 0.d0
return
30320 h = 0.d0
return
30331 go to 30133
30332 h = 0.d0

return
30333 h = =-9.d0*xmua*x (3)/rl5 - 9.d0*xmu*x(3) /r25
1 + 15.d0* (xmua/rl7 + xmu/r27)*x(3)*x(3)*x(3)

return
30334 h = 0.d0

return
30340 h = 0.d0

return
30410 h = 0.d0
return

L R )
FXRXK e LA
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30420 h = 0.d0
return

30430 h = 0.40
return

30440 h = 0.d0

return
end
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SUBROUTINE FOURIER

c
c
c PURPOSE: harmonic analysis of 2n values of function F
c evenly spaced at interval fi/Zn, starting with
c zero, into n+l cosine coefficients ck and n-1 sine
c coefficients sk.
c
c ref Brouwer and Clemence, p 109
c
CCCCCECECCCCCCECCCCCCCCCCCCCCCCCCCCECCTCCCCEE 2CCCCCCCCCCCCCCCCCECe
subroutine fourier(F,ck,sk,n)
double precision F(2),ck(2),sk(2),twopi,alpha
twogi = 2.d0*3.141592653589d0
a = twopi/dble(2*n)
n2m1 = 2*n-1
order k loop
do 500 k = O,n
cosine sum
ck(k+l) = 0.d0
do 200 § = 0,n2ml
ck (k+l) = ck{k+l) + F(j+l) * dcos( dble(k*j)*alpha)
200 continue
ck(k+l) = ck(k+i)/dble(n)

sine sum

ao0oa0 aaa

aaa

if(k .eg. 0) go to 500
if(k .eq. n) go to 500
sk(k+l) =
do 400 j = 1 n2ml
sk{k+l) = sk(k+l) + F(j+l) * dsin( dble(k*j)*alpha)
400 continue
sk{k+1l) = sk(k+l)/dble(n)

500 continue
correct first and last cosine coefficient

ck(l) = 0.5d0*ck(1)
ck(n+l) = 0.5d0*ck(n+l)

return
end

aon
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