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ALGORITHMS FOR SLAB-ON-GRADE HEAT TRANSFER CALCULATIONS

1 INTRODUCTION

Background

The impact of carth-coupled heat traisfcr processes on thc energy consumption and thcrmal
comfort of buildings has been a concern to building scientists for more than 40 )cars. Earl) studieb'
showed that the basement of a typical U.S. residence accounted for as little as 10 percent of its total
energy consumption. Because leak), lightly insulated tbovc-grade construction was the rule, foundation
heat losses could be ignored or estimated roughly with little penalty. The energy crisis duing the
1970s led to changes in construc:tion standards that have conbidcrably improved the performance of
typical new buildings. Most of these changes in practice affect the above-ground portion of a building,
while foundation designs have changed little. As a result, the same foundation that contributed only
10 percent of the heating load on a 1950's building might be responsible for half the load on a
comparable contemporary structure! Thus, the need for accurate foundation heat loss models in much
greater than in the past,

One practice that has received attention as a method of decreasing building energy consumption
is to insulate foundaC-"ns against carth-couplcd heat transfer losses. U.S. Department of Energy (DOE)
research suggests that approximately S5 billion in energy could be saved per year by cost-effective
insulation of building foundations? Interest also has grown in earth-sheltered construction.' Bermed
walls and earth-covered roofs can be used both to moderate the outside climate and as thermal storage
media; another reason this design is appealing for military construction is that the earth berm may offer
additional security.

Successful application of earth shelter technology requires a clear, quantitative understanding of the
performance of the carth-shcltecred envelope components. However, a satisfactory modeling method for
designing such facilities is not available. The theoretical background needed to support accurate models
is incomplete. Experimental studies, limited in number and narrow in scope, provide only clues to the
general heat transfer behavior of foundations. Anilytical methods (those which are distinguishable from
numerical methods) deal with simple geometries and boundary conditions. Detailed simulation of
foundations still requires computer resources and expertise in numerical methods not commonly
available to the building designer. Indeed, computer hardware limitations have restricted most research
via numerical modeling to two-dimensional analysis. The differences between two- and three-
dimensional analysis arc not well understood; however, the limited evidence available indicates that
two-dimensional analysis may underestimate heat transfer rates by 30 percent or more.' Other aspects

'H.D. Bareithcr, A.N. Fleming, and B. E. Alberty, Temperature and Heat Loss Characteristics of
Concrete Floors Laid on the Ground, Technical Report PB 93920 (University of Illinois Small Homes
Council, 1948); R. S. Dill, W. C. Robinson, and H. D. Robinson, Measurements of Heat Losses From
Slab Floors, Building Materials and Structures Report BMS103 (National Bureau of Standards, 1943).

2K_ J Labs ct al, Building Foundation Design Handbook, DE88-013350 (Department of Energy (DOEI,
May 1988).

3K.J. Labs ct ai.
'F. Moreland, F. Higgs, and J. Shih (Eds.), Earth Covered Buildings: Technical Notes, US-DoE CONF-
7806138-Pi (DOE, 1979).

'K.J. Labs ct al.
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of modeling, such as the effect of ground surface boundary conditions, soil properties, and deep ground
conditions, also have not been investigated thoroughly. Predictions of design models based on this
incomplete science vary considerably. For example, MacDonald et al. reported disagreements as large
as 1000 percent between the ba.,emcnt heat loss predictions from seven simplified methods.6 Earth-
sheltered technology is likely to remain immature until newv models are developed that account for more
of the parameters that influence earth-coupled heat transfer.

The U.S. Army designs, builds, and operates a large inventory of buildings that includes some
partially and completely bcloiv -ground structures. Impro, cd design and simulation techniques for earth-
coupled heat transfer vill benefit the Army by (1) making equipment sizing calculations more accuiate
for heating, ventilation, and air-conditioning (H VAC) systems, (2) permitting more confident prediction
of foundation and underground structure thermal performance during the design phase, and (3)
providing a method to demonstrate life ,.)cl cost savings due to energy-consenativ design approaches
involving foundation insulation or earth shelter.

Objective

The objective of this work was to develop algorithms vith the potential to provide accurate
estimates of earth coupled heat transfer rates from conventional foundations and earth-sheltered or
underground buildings.

Approach

The conventional slab-on-grade foundation %%a., studied as a first step toward developing a general
modeling capability. A detailed 8760-hr finite difference model of a slab floor was used to generate
a large data base of heat transfer results for rectangular and L-shaped floors against which candidate
design models could be tested. Parameters ,aried in these simulations included location, soil properties,
aspect ratio, and ground surface conditions. Models vere ,alidated with respect to detailed numerical
results because of the limited experimental data available for eanh-coupled heat transfer. Two types
of models were considered: techniques suitable for rapid manual calculation and those appropriate for
use in detailed energy analysis models.

Mode of Technology Transfer

It is anticipated that the modeling techniques developed in this 6.1 basic research will be applied
directly to building simulation models uszd within the Army such as the Building Loads Analysis and
System Thermodynamics (BLAST) program.7

6G.R. MacDonald. D.E. Claridge. and P.A. Oatman, "A Comparison of Seven Basement Heat Loss
Calculation Methods Suitable for Variable-Base Degree-Day Calculations," ASIIRAE Transactions, Vol
91 (1985), part lb.

TBLAST 3 0 User's Manual (Blast Support Office. Department of Mechanical and Industnal Engineering,
University of Illinois, April 1986).
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2 DATA BASE DEVELOPMENT

This chapter summariics the characteristics and performance of the three-dimensional, hourl), finite
difference model used to build the data base of simulations on which the simplified modelb discUs.C
in Chapters 3 and 4 are based. Thc actual model is discussed in more detail elsewhere." Previous
studies by Shipp,' Speltz,t° and Spcltz and Meixel" adopted related modclling approaches. The primary
advancement made through dhe present work is the more complete incstigation of three-dimensional
effects.

Mathematical Model

Heat Transfer in Soil

The basis for the detailed model %as the three-dimensional, transient heat conduction equation
without heat generation, i. e.:

pc V - (k- V 1)

d t [EqIlI

Eckert and Pfender12 have noted that conditions which typically exist in the scil near a building foundation
are such that coupled heat and mass transfer can be neglected. Therefore, no explicit account was taken
of transport by liquid or vapor in the soil matrix, and soil was assumed to be a homogeneous medium
(constant thermal properties). Effects of moisture and phase change may enter such a model through
thermal properties and boundary conditions, however. This simplified treatment of the soil makes
modeling considerably easier, but the specification of soil properties for a given site remains problematic.
In practice, the knowledge of soil composition and moisture distribution needed to establish properties and
boundary conditions accurately is seldom available. This problem cannot be solved by modeling.

Boundary Conditions

In most cases, boundary types encountered in the analysis of canh-c.oupled buildings fall into four
categories:

9 Earth-coupled building surfaces
* Far-field boundaries

s\V. P. Bahnflcth, Three-Dimensional Modeling of Heat Transfer From Slab Floors, Ph.D. Thesis
(University of Illinois, May 19S9); also published as USACERL Technical Manuscript E-
89/I l/ADA21O826 (July 1989).

'P H. Shipp, The Thermal Characteristics of Large Earth-Sheltered Structres, Ph.D. Thesis (University
of Minnesota, 1979).

**J J. Speltz, A Niwnerical Simulation of Transient Heat FloI in Earth Sheitered Bmldngs for Seven
Selected U.S. Cities, M.S. Thesis (Trinity University. 19S0).

,J J. Spclt' and G. D Meixel. "A Computer Simulation of the Thermal Performance of Earth Covered
Roofs." Proc Undcrground Space Conference and Exposition. Kansas City, MO (Published, 198 1).

"E. R. G Eckert and E. Pfeader, "Heat and Mass Transfer in Porous Media With Phase Change."
Proc. 6th International Hear TrarVfer Corfere.nce (Published by?, 1978).
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# Deep ground
e Ground surface.

The following discussion describes the heat transfer processes at these boundaries and the mathcmaucal
models of them used as boundary conditions on Eq 1 of this study.

Interior Building Surface Conditions. Heat transfer to interior building envelope sutfaces occurs
through combined convection and radiation. This flux can be approximated by an expression of the
form:

Q=h i . A(Troom -T floor) [Eq 2]

where Too,,m and Tf, ,, are, respectively, room air and floor surface temperatures and h, is a combined
convective-radiative surface conductance [W/m 2-C]. The American Society for Heating, Refrigeration,
and Air-Conditioning Engineers (ASHRAE) has published tables of h, for a variety of surface orientations
and emittances 3 Values appropriate for nonreflective horizontal surface in still air (6.13 and 9.26 W/m2-C
for upward and downward heat flow, respectively) were used throughout this study. Room air temperature
was set to 22 C in all cases.

Far-Field Soil Conditions. Soil conditions that are several building widths removed from the edge
of an isolated structure approach those of the undisturbed ground, in which the temperature distribution
is a function of depth and time only. This condition is commonly stated as one of zero lateral flux. When
applied at a finite distance from the building (as in numerical models), it implies the existence of a mirror
image building reflected about the zero flux boundary. When neighboring structures of different shape
are too close for an isolated building assumption to apply, they must be modeled explicitly. (Shipp
encountered this situation in modeling Williamson Hall on the University of Minnesota campus.)"4 In the
present study, an isolated building was assumed.

Deep Ground Conditions. In the deep ground, either zero flux or specified temperature conditions
may be applied, depending on circumstances, i. e.:

T=o 0for z-

or:

T= constant at some z > 0

1989 ASHRAE Fundamentals--SI Version (American Society of Heating, Refrigeration and Air-
Conditioning Engineers [ASHRAE], 1989).

'4P. H. Shipp.
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where z is the vertical coordinate, assumed positive into the ground. A specified temperature condition
is particularly appropriate when conditions exist that tend to maintain a fixed temperature at a finite
depth, such as a high water table.' Data summarized by Kusuda and Achenbach " show that annual
average earth temperature is well approximated by either average air temperature oi well-water
temperature, irrespective of depth. These data also show that surface conditions are the driving fortc,
behind the temperature distribution in the upper few meters of the soil. Consequently, an asymptotic
zero flux lower boundary condition is justified in some cases. This choice is most appropriate in the
absence of ground temperature data and when the local water table is not likely to be near the surfa..e.
The base case boundary condition in the present study was fixed temperature equal to the average air
temperature at a depth of 15 m.

Heat Transfer at the Earth's Sjrface. Heat transfer at the surface of the earth involves ,oupl,,d
rrocesses of conduction from the ground, convection, evaporation, and radiant exchange in both long
(sky and ground infrared) and short (solar) wavelength bands. The balance between these modes
depends on many parameters, including soil properties, soil moisture content, ground cover, anu eathcr
variables. Past studies have shown, both analytically 6 and experimentally, 7 that the result of this
complex process can cause ground surface temperatures to differ substantially from the coincident air
temperature.

Despite the extensive evidence that surface conditions can and do have a major effect on the
temperature level in the ground (and therefore on heat transfer through earth-coupled building
components), models of the ground surface in building simulation studies are often oversimplified.
More complete models (e.g., Shipp"8 ) include solar gain in the surface boundary condition and account
for evaporative effects in an ad hoc manner. Only the model of Speltz and Meixel,"9 however, deals
directly with all of the identified influences on surface energy balance.

The weather data representation used in modeling is closely linked to the model of surface heat
transfer employed. Simple boundary condition models, such as those limited to constant film
coefficient convection, require only the dry-bulb temperature. In models employing long time steps
(say, a week or longer), air temperature often is approximated by a sinusoidal function. In contrast,
a detailed model requires frequent input of many weather variables, including dry- and wet-bulb
temperatures, barometric pressure, solar radiation, and wind speed. Prior studies indicate that the use
of smoothed approximations to outdoor dry-bulb temperature does not cause significant loss of accuracy
relative to actual data used in the same model because the thermal mass of the soil damps short-term
variations rapidly, even at shallow depths.' The important issue of whether a given climate variable
should be included or omitted from a model has not been investigated in much detail, however. In
part because detailed representations of the surface boundary have not received extensive use, a
boundary condition model similar to that of Speltz was employed in the detailed model. Actual hourly
weather data were taken from "typical meteorological year" (TMY) tapes.

"I'. Kasuda and P. R. Achenbach, "Earth Temperature and Thermal Diffusivity at Selected Stations in
the United States," ASHRAE Transactions, Vol 71 (1965), part 1.

"R. R. Gilpin and B. K. Wong, " 'Heat-Valve' Effects in the Ground Thermal Regime," American
Society of Mechanical Engineers (ASME) Journal, Heat Transfer, Vol 98 (1976).

"7L. W. Gold, "Influence of Surface Conditions on Ground Temperature," Canadian Journal of Earth
Sciences, Vol 4 (1967); T. Kasuda, "The Effect of Ground Cover on Earth Temperature," Alternatives
in Energy Conservation: The Use of Earth Covered Buildings, NSF-RA-76006 (National Science
Foundation, 1975).

"8P. H. Shipp.
9J. J. Speltz and G. D. Meixel.
20L. S. Shen, J. Poliakova, and Y. J. Huang, "Calculation of Building Foundation Heat Loss Using

Superposition and Numerical Scaling," ASHRAE Transactions, Vol 94 (1988), part 2.
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The ground surface boundary condition can be stated mathematically as a specified flux condition
on Eq 1:

- = G (t) [Eq 3]
d z Z= 0

where the flux G(t) is determined by an energy balance at the ground surface. The surface energy
balance2' has the general form:

G= R t - qcs - qet [Eq 4]

The rate of conduction of heat into the ground (G) is equal to the net radiation absorbed at the ground
surface (Rt) less sensible convection (qc,) and evapotranspiration' (qet). Figure 1 shows these fluxes
in relation to a control v)Ilume at the su ace of the earth. Fluxes are positive in the direction of their
respective arrows. Procedures for estimating the components of Eq 4 in the present model were drawn
from several sources.

net hbsobed radiatton

R
t sensible convection

qcs evapotranspimtion

qet

control surface

G
conduction to grourd

Figure 1. Ground surface energy balance components.

R is the sum of absorbed solar radiation (R el) and incoming infrared sky radiation (Rsky) less
the infirared radiation emitted by tie ground surfaSce (Rg), i.e.:

Rt= Sol + RSky- Rg [Eq 5]

21W. D Sellers, Physical Climatology (University of Chicago Press, 1965); F. Kreith and W. D. Sellers,
"General Principles of Natural Evaporation", Heat and Mass Transfer in the Biosphere, Part I:
Transfer Processes in the Plant Environment, D. A. DeVries and N. H. Afgan (Eds.).

"Evapotranspiration is an umbrella term denoting all forms of latent heat transport from the ground
surface. It includes both evaporation of moisture directly from the soil and transpiration by vegetative
ground cover. It also is referred to as "consumptive loss" in some parts of the agriculture literature.
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Rol depends on the absorptivity of the ground surface and on incident short-wave radiation, both of which
may vary seasonally. The albedo of the ground, cxs 1, is more commonly tabulated than its complement,
the absorptivity, so Ro is determined by application of Eq 6:

RSol = ( ol - "Rsl [Eq 6]

where Rsoli denotes total solar radiation incident on a horizontal surface, a readily available item of
weather data. According to measurements summarized by Sellers,22 values of aOso vary from as low as
0.05 for blacktop to as high as 0.95 for fresh snow. Representative it erage values for North America are
0.16 in summer and 0.40 in winter.

Infrared radiation makes a much smaller contribution to the ground energy balance during daylignt
hours than does solar radiation. At night, however, it increases in significance and plays a role in
phenomena such as the formation of frost while air temperature remains above freezing. Sky radiation
data are not as generally available as solar radiation data. Consequently, Rsky was computed by using
Angstrom's empirical correlation:'

= -4

Rsky (71sky 4 [a- b. exp(-2.3c. e)] [Eq 7]

The term in square brackets functions as a multiplier on the gray emissive power of the sky evaluated
at the ambient dry-bulb temperature (Tdb). This correction factor depends on the moisture content of
the air, indicated by the ambient vapor pressure, e (millibars). Note that sky radiation increases with
air moisture content. The infrared emissivity of the sky is effectively unity. Coefficients a, b, and c
were assigned Geiger's recomnmended values of 0.820, 0.250, and 0.094.'

Ground surface infrared radiation is given by the Stefan-Boltzmann equation:

4
R g= g r g [Eq 8]

where T is the ground surface" :.mperature. The infrared emissivity, e., is on the order of 0.9 or
greater for most natural surf ji.es.

Expressions for turbulent convection of sensible and latent heat were taken from the work of
Kreith and Sellers' and Sellers and Dryden:

qs=p CDh( Tgg -,) [Eq 9]

2W. D. Sellers.
'R. Geiger, The Climate Near the Ground (Harvard University Press, 1961).
'R. Geiger.
2F. Kreith and W. D. Sellers.
'W. D. Sellers and P. S. Dryden, An Investigation of Heat Transfer Fromn Bare Soil, Final Reports,

Grant No. DA-AMC-28-043-66-G27 (University of Arizona, April 1967).
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and: q1l= p. c D w(T-T
C. - T ) [Eq 1O]

where q and are the snsible and latent fluxes, Dh and D are turbulent transport coefficients

for heat and wa er vapor (m/sec), and Tw is the ambient wet-bulb temperature. Eq. 10 gives
"potential" (i. e., maximum) latent loss rather than the actual value. The significance of this
substitution is discussed below.

Sellers and Dryden derived D and Dw by analogy to Dm , the neutral stability momentum transfer
coefficient:

Dm=0. 164u In iZ .'f

2m (Z 0  [Eq 11]

where, u2m is the wind speed measured at a height of 2 m,z w is the wind speed observation height
(i.e., 2 m), and z0 is the "roughness height" of the ground cover. Roughness height may be as small
as 1 mm for a very smooth surface or larger than 2 m for a forested surface.' While z0 frequently
is on the order of the actual height of ground cover, the relationship is not as direct as the name
"roughness height" implies. Because z0 is defined merely to be the z-intercept of the velocity profile
(i.e., the theoretical height at which an experimentally measured velocity profile goes to zero), it is
quite possible to obtain negative values of roughness height from data sets that do not fit the
logarithmic boundary layer model very well.

To extend the analogy to nonneutral conditions, Sellers and Dryden modified the neutral stability
expressions with corrections that depend on the atmospheric temperature gradient at the ground. The
corrected expressions are:

D m ~( 
g_~ )]3m  

jf 
T > d

Dm 1+-14 U2 if Tg< Tdb
D 2 1

Tg-T 
3

DM I 14( u~dbif Tg < Td2m [Eq 121

Z'W. D. Sellers.
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and:

Dm 1 lO.5 9 (b] if Tg>T[E

The term q~ in Eq 4 comprises all processes at the the surface of the ground that involve
exchanges of nt heat. These processes include convection of latent heat (Eq 10), evaporative
conversion of sensible heat to latent heat, and transpiration of latent heat by vegetation. Limits on
evapotranspiration are imposed by the saturation conditions of the ambient air, the mixing efficiency
of the boundary layer, and the supply of moisture available to the surface. For analytical purposes,
it is useful to distinguish between evapotranspiration that is limited by the supply of moisture and that
which is not. The latter case is referred :.) as the "potential evapotranspiration regime." It is the
theoretical maximum rate for a surface and is limited solely by meteorological conditions. An actual
evapotranspiration model requires knowledge about the degree of saturation at the ground surface and
could not be used in this study because the soil moisture distribution was not modeled.

Although it is a limiting case, potential evapotranspiration is approximated in some naturally
occurring situations-Emost often through the action of vegetation. Grasses and similar ground cover,
when well watered, transpire moisture into the atmosphere at near the potential rate even when the
ground surfaae is relatively dry. The potential evapotranspiration model is thus of w,der applicatility
than its definiton suggests. Also, the zero and potential evapotranspiration cases bracket the range of
boundary latent heat effects. Because it is sometimes a good model of actual conditions, does not
require specification of moisture conditions at the surface, and is a useful asymptotic case, potential
evapotranspiration was assumed in the present model.

Expressions for potential evapotranspiration have been derived elsewhere.' The working equation
given by Sellers is:29

Df(R w(TdT8i [Eq 141

ea first term on the right-hand side of Eq 14 represents sensible heat transferred to the surface by
radiation or conduction that is converted to latent heat. The dimensionless group [A(A y) is a
physical property of air that is tabulated in Jensen.' It represents the fraction of a unit of sensible heat
transferred to a saturated surface that is converted into latent heat. Parameter A is the change in

2W. D. Sellers, M. E. Jensen (Ed.), Consumptive Use of Water and Irrigation Water Requirements
(American Society of Civil Engineers [ASCE, 1973).

"eW. D. Sellers.
W eM. E. Jensen (Ed.)
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saturation vapor pressure with temperature and z is the "psychrometer constant" (the change in vapor
pressure per unit temperature differencc during an adiabatic saturation process). The becond term
represents convection of latent heat.

The final form of the surface boundary condition is obtained by substituting from Eqs 6 through
9 and 14 into Eq 3:

G=-k °T= (I-sol)RsoI .idz
4 4

+C Ok oTd, (a- b. exp(-2.3 c. e)j- g: T

- p .c, Dh(Tg -- T)

[Eq 15]

Numerical Solution

The mathematical model of earth-coupled heat transfer described in the preceding section was
solved numerically for the case of a three-dimensional slab-on-grade floor by an explicit Patankar-
Spalding finite difference formulation?' The program was written in FO&TRAN 77 and implemented
on a VAX 11-785 minicomputer. Details of the numerical solution tet.hnique, a snaple input furm,
and a listing of the program can be found in a separate publication.'

Execution time for the program ranged from slightly less than 4 l.r to as long as 52 hr (on a
dedicated machine). Runs at the high end of this range were those with no planes of symmetry
available to reduce the size of the computational domain. These were L-shaped floor plans and
simulations, including the effect of the building shadow. For symmetrical cases such as unshaded
rectangles, it was necessary to model only one-quarter of the domain, thus reducing the number of
operations per time step by nearly 75 percent. Typically, five to seven annual cycles were required
to achieve a converged periodic temperature distribution throughout the domain. Longer runs occurred
in deeper domains and with zero flux lower boundary conditions.

Simulation Parameters

Parameters of the detailed model that could be varied included 2"nate (i.e. the weather file), soil
properties, ground surface conditions, and building characteristics such a. z c, and insulation
treatment. Values of these parameters were chosen to span typical rangeb , might be encountered
in the United States. The following paragraphs describe the model parameters and give the values used
in developing the data base for this study.

Climate

Four TMY weather locations were selected to represent the range of climates found in the
continental United States. Table I lists geographic and climatic data for these sites. Minneapolis and

s'S. V. Patankar, Numerical Heat Transfer and Fluid Flow (Hemisphere, 1980).

"W. P. Bahnfleth.
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Table 1

Test Site Geographic and Clirmatic Data

Parameter* Medford, OR Minneapolis, MN Rhiadelphia, PA Phoenix, AZ

Latitude 420 2' 440 5' .5 330 3'
Longitude 1220 5' 930 1' "o 2' 1120 0'
Elevation (in) 396 251 2 340
T,:. (C) 11.7 7.0 12.2 219,
HDD (C) 2735 4636 2855 77.
CDD (C) 315 506 614 2023

*Tn,., - anual mean air temperature, HDD = heating degree da .DD - cooling degree days.

Phoenix are typical of the cold and hot extremes of U.S. wea*L'ier. Ph -ad-alphia ant' Medford are situated
in moderate climate zones having similar mean temperatures, but different degree days. Oregon's coastal
climate is responsible for the less severe conditions observed "i Medford. Three of these sites, Medford,
Minneapolis, and Phoenix, are located in regions identified by Labs as being well suited for earth-sheltered
construction.3'

Soil Proper:ies

Soil properties were chosen to represent the range of naturally ozcurring conditions. Dat,, gathered
'-y Kersten, ' as presented graphically by Andersland and Anderson,' were the primary source of
.ruidance for property selection. A mid-range set of properties corrsponding to a moist soil wab used
as the base case in most of the simulations. Four other sets represt.ntative of ,xth drier (lower
conductivity) and wetter (higher conductivity) extremes were used in a parametric stuay of property
effects. These five sets of properties are shown .. Table 2. Properties were varied from one set to
another in such a way that thermal conductivit, ,a4 thermal diffusivity effects could be compared
independently. (In set A, for example, "a" remains constant while "k" doubles with respect to the base
case. Diffusivity is halved with respect to the base case while conductivity remains constant in set B.)
Density and specific heat always appear as a product in this analysis, so they were assigned equal
values purely for convenience.

Ground Surface Properties

Ground surface properties were taken from sources summarized by Sellers . 6 A surface ordinanly
covered by short grass was assumed. Average solar albedo values were taken from the extensive

3 K_ Labs, "Regional Analysis of Ground and Above-Ground Climate," Underground Space, Vol 6, No.
6 and Vol 7, No. 1 (1982).
'M. S. Kersten, Thermal Properties of Soils, Bull,:tin No. 28, Vol LII, No. 21 (University ot Minnesota
Institute of Technology Engineering Experiment Station, June 1, 1949).

. B. Andersland and D. M. Anderson, Geotechnical Engineering for Cold Regions (McGraw-Hill,
1978).

3W. D. Sellers.
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Table 2

Soil Property Sets

Property* Base, Case A B C D

k (W/m-K) 1.0 2.0 1.0 0.5 2.0
p (kg/m3) 1200 1700 1700 1200 1500
c (J/Kg-K) 1200 1700 1"700 1200 1500
a (m2/s) 6.9 x 10-7  6.9 x 10-7  3.5 x U-7  3.5 x 10 8.9 x 7

* k = conductivity, p = density, c = specific neat, a = thermal diffusivity

measurements of Kung et al. who compiled tables of continental averages as a function of latitude and
snow cover on the basis of optical measurements taken from an airplane. 7 Values used in this study
were:

@ 30-35 Degrees North Latitude (Phoenix)--Snow: 0.191, No Snow: 0.172

* 35-40 Degrees North Latitude (lhiladelphia)--0.285/0.165

9 40-45 Degrees North Latitude (Medford, Minneapolis)--0.379/0.158.

Data reported by Geiger 8 and others indicate that infr- 1, cmibivity is 0.90 or higher for most natural
surfaces, including snow and grass. Accordingly, a value of 0.90 was used in all runs. 1.1uface
roughness height values of 0.75 cm for short, bare grass and 0.03 cm for snow were used in the
convection model.

Building Parameters

Several floor parar,,eters were held constant throughout this study so attention could be focused
on the central question )f size and shape. Consequently, issues such as details of floor construction,
material property differr, .-es, and floor coverings were not considered. Al floors were 10-cm-thick
concrete slabs. Therme. properties of concrete were those given in the 1989 ASHRAE Handbook of
Fundamentals: 0.93 W/m-,(, 2300 kg/m , and 653 J/kg-K, respectively, for conductivity, density, and
specific heat. Insulation, when specified, was polystyrene L.,.*ard with a thermal conductivity of 0.029
W/m-K (i.e.,2a thermal resistapce of 34.5 m-K/W). As noted previously, floor surface conductances
of 9.26 W/m and 6.13 W/m were used for heat transfer to and from the room, respectively.

Rectangular and L-shaped floors covering a arge range of size and aspet ratio were considered.
Values of area varied from a minimum f 144 m to a maximum of 3600 m . For most runs, either

3"E. C. Kung, R A. Bruison, and D. H. Lenschow, "A Study of Continental Surface Albedo on the
Z i.;-f l ght Measurements and Structure of the Earth's Surface Cover Over North America,"
Monthly Weather Review, Vol 92, No. 12 (1964).

'R. Geiger.
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a "residential" size of 144 m2 or a "commercial" size of 2025 m2 was used. Aspect ratio varied from
unity (for a square floor) to nine (180 m by 20 m rectangle). Area-to-perimeter ratios ran from 2.4
m to 15 m. Four cases of insulation were considered. 2.54 cm on the slab edge and under the first
meter of the floor, 2.54 cm co',cring the entire outer surface of the slab, and 5.08 cm in both of the
preceding configurations.

Parametric Groups

The 93 simulations that form the basis of this study are u.atalogued in the Appendix. They are

grouped into seven series that isolate various effects of interest:

o Series G: floor shape and size/domain depth
* Series W: climate
o Series E: no evapotranspiration
* Series S: shadowing of the ground by the building
* Series K: soil thermal property effects
• Series Z: zero-flux deep ground boundary condition
e Series I: insulation.

The ground surface boundary condition included potential evar... anspiration except in series E and
as otherwise noted in the Appendix. All floors other than thibe in senes I were uninsulated. The deep
ground boundary condition in all series except Z was a sp.cified temperature condition equal to the
annual average air temperature at a depth of either 10 or 15 m (again, as indicated in the Appendix).
In each series, several area and aspect ratio combinations were considered to show how the effect
produced by the parameter under study depended on geometric factors.
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3 CIIARACTERISTIC LENGTH METHOD

This chapter describes a procedure for estimating whole-floor heat transfer rates from a slab-on-
grade that is suitable for use either as a manual method or in simple computer models. A portion of
the data from the finite difference model are referenced in this discussion, however, not all of the
parametric studies listed in the preceding chapter are described here. The interested reader should
consult USACERL Technical Manuscript (TM) E-89/11 for a complete exposition of parametric study
results. Presentation of the proposed method is prefaced by a discussion of the method currently
recommended by ASHRAE for design heat loss calculations. This discussion serves to identify the
shortcomings of existing models that motivate the development of an improved method. A more
detailed qualitative consideration of floor heat loss characteristics can be found in TM E-89/11.

Overview

The well known 1948 study by Bareither et al. used 3 months of heating season measurements
to evaluate two simple models of unheated slab floor heat loss:3

Q=P.(Ti Touide ) + 2- A inside [Eq 16)

and:

Q= 2" P" (Tisde -Toutidc) [Eq 17]

%here Q is the total rate of floor heat loss in Btu/hr.*" Eq 16 distinguishes between heat lost at the
slab edge and heat lost to the ground through the "inner area" of the floor (A.,,,., total floor area less
the area of a 2-ft strip around the perimeter). The edge loss is a function of floor perimeter length,
P (ft); indoor-outdoor air temperature difference, T.-T,,,,, (*F), and a constrtion-dependent perimeter
heat loss factor "F," [Btu/(hr/sq ft)]. The latter component was found to be approximately 2 Btu/(hr/sq
ft) of inner floor area. Eq 17 predicts whole-floor loss on the basis of perimeter length only, using a
different set of aI.tors, F2. Buth icthods relate floor licat loss to the instantaneous indoor-outdoor
temperature difference.

Bareither et al. concluded that the F1 method is the more accurate of the two. The F2 method,
however, was judged to be adequate for area-to-perimeter ( A/P) ratios of 12 ft or less. For larger
values of A/P, the neglected loss from the inner area caused large errors. These researchers'
recognition of the need to account for heat transfer from the "core" or "inner" floor area of medium-
to-large buildings is an important observation that is generally neglected by designers today. It is
widely presumed that the large perimeter heat loss rates common during the heating season render the
much smaller core flux irrelevant to the total floor heat loss rate. The 1989 ASHRAE Handbook of
Fundamentals recommends the F2 method wvith no caveats concerning the limits of its applicability.

9I[. D. Bareither, A. N. Fleming, and B. E. Alberty.
*'These equations do not use metric units: conversion factors are: I Btu = 3.412 w, 1 ft = 0.305 m,

1 sq ft = 0.092mi2, 0F = (IC x 1.8) + 32.
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The numerical results plotted in Figure 2 challenge the fundamental premise of the F method that
floor heat loss is proportional to perimeter length. The figure compares heat loss per uni[ of perimeter
for 12 by 12 m and 45 by 45 in slabs in Medford, OR. The two curves are similar in shape, but
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Figure 2. Daily-averaged heat loss per unit perimeter length for large and small slabs,
Medford, OR.
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Figure 3. Ileat loss vs. l)erineter length for uninsulated floors in Medford, OR (15-m-deep
domain).
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offset from one another by approximately 8 W/m over the entire year due to the greater core loss per
perimeter unit of the larger building. This example indicates the important role played by core losses
in larger buildings and the considerable error that can be introduced by the use of F, coefficients based
on small building data. Heat loss estimates for the 45 by 45 m floor extrapolated from the flux per
unit perimeter length of the 12 by 12 m floor would be low by roughly 25 percent in the winter and
50 percent in the summer for this case.

Several features of the heat loss distributions in Figure 2 are relevant to possible modeling
strategies. Although fluctuations with a period of I week or less are evident, the predominant pattern
is a single annual cycle of approximately sinusoidal shape. On a relatively short time scale, i.e.,
periods of less than I week, both floors experience heat loss fluctuations of about the same magnitude
per unit of perimeter because the heat loss profile near the edge is not very sensitive to floor area.
The difference between the two cases, therefore, is a difference of mean heat loss. This suggests that
mean and fluctuating components of heat loss should be distinguished in a model.

Model Description

Shape and Size Effects on Mean Heat Flux

Since it is clear that the fundamental geometric hypothesis of the F, method can cause large erors
in floor heat transfer estimates, an improved scaling relationship is an essential element to an accurate
model. Data from the series G runs were studied to determine the relationship between shape, size,
and heat transfer rate. Constant factors in these runs were Medford weather, base case soil properties,
potential evapotranspiration surface condition, and a i2 wer boundary temperature fixed at the annual
average dry bulb. Area varied from 144 to 3600 m and area/perimeter varied from 2.4 to 15 m.
Pl n shape was rectangular with the exception of three L-shaped cases (areas of 144, 900 and 2025

Figure 2 gives evidence that effets of area on heat loss are localized in the mean component.
The area effect on mean loss is shown even more clearly in Figure 3, which gives annual average heat
loss as a function of perimeter for 20 series G runs with a 15-m-deep domain. Five floor areas and
a variety of aspect ratios are represented. For a given perimeter length, there is a significant area effect
on average loss. HeaL transfer data from a given floor describe a curve that would lie above curves
corresponding to smaller areas and below those corresponding to larger areas. L-shaped floors fall into
plice among rectangles of the same area in Figure 3 (for example, the middle point of the five 2025
m cases is an L-shaped slab). The relationship between area and perimeter--not the particular shape-
-seems more important. The presumed independence of shape should not be taken to extremes,
however. It is easy to imagine multiply connected shapes, such as buildings %ith enclosed courtyards,
that might not fit this hypothesis.

On the basis of the observations that (I) mean heat loss is sormhow proportional'to both perimeter
and area and (2) the particular plan shape of a floor is not of great significance, it was decided to
develop and test a model of geometric effects based on the length scale A/P, a measure of the
narrowest dimension of a planar shape. For a square of side "U, A/P is equal to L/4. In the general
case of a rectangle with short side "L" and aspect ratio "It" (defined _> 1), A/P is equal to LI[2(l t1t1.
Thus, an infinite strip of length "L", which has an aspect ratio of infinity, has an A/P of LF2. When
the data of Figure 3 arc replotted as annual-a-,eraged heat loss per unit area vs. A/P, the result is
Figure 4. All of the data lie on a single curve approximated by the logarithmic function:

d
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where c and d are constants. For a given rectangular area, a square has the largest value of A/P, so

for each group of data plotted in Figure 4, the quare case isihe right-most point. Note that there is
overlap between the A/P values of the 2025 m and 3600 m data, and that the heat flux values for
these overlapping cases fall into place quite weli on the same curve. As the chamcteristic width of
a slab increases, its average rate of heat loss decreases. This occurrence reflects the fact that floors
with large A/P have proportionately more low-flux "core" area than those with small values of A/P.

The constants c and d depend on a great many parameters, including the annual average
temperature difference, soil properties, domain geometry, and details of foundation design. There is
no reason to suppose that the value -0.736 for exponent d is universal in any sense. In addition, the
fluctuating component of heat transfer appears to behave differently than the mean (refer again to
Figure 2). The extension of Eq 18 to include these effects will be considered in subsequent sections.

It is worthwhile to consider the implications of the heat flux relation (Eq I8) for average whole-
floor heat loss. The whole-floor heat transfer rate implied by Eq 18 is:

Q=c. -A=c-p-d.A I+d [Eq 191

If d has a value of -1. then Eq 19 is independent of area and is a linear function of perimeter. Values
of d greater than -1 indicate a combined dependence on total area and perimeter. A value of 0 would
indicate linear dependence on area and independence of perimeter. If d is greater than 0, Eq 19
implies that an increase in perimeter would lead to decreased heat loss for a fixed area. A value of
d less than -1 implies that heat loss decreases as area increases. Both of these behaviors are
implausible. Therefore, on physical grounds, it seems that values of d must lie between these limiting
cases of 0 and -I.
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Extension of Model to Transient Heat Flux

The mean heat flux model presented in the preceding section can be extended into a method for
approximating the daily averaged transient heat loss. Linear conduction theory permits the
decomposition of the total floor heat flux into mean and fluctuating parts:

q total (t ) = q + qpeiodic (t) [Eq 20]

If it is assumed that the mean heat loss is proportional to the difference between the indoor air and
outdoor ground surface temperatures and that the periodic loss is a function of the difference betveen
the daily averaged and annual mean ground surface temperatures, then for a given floor.

qtotal (t)= K . (Troom -T g, r ) + K2 . (T gn ea- Tg, 0) [Eq 21]

where K and K are constant mean and periodic conductances (SI units W/m2-K) and T . is the
time-dependent, p'hase-lagged ground surface temperature. Ground surface temperature wasliosen as
an ambient condition because it directly represents conditions in the soil--which may be much different
from air temperature. (This point is discussed in more detail below.) The phase lag "4" accounts for
shifting of floor heat transfer by the mass of soil thermally attached to it.

The ground temperature, T , can be approximated by a sinusoidal least squares model of soil
temperature data. In this studs numerical surface temperature predictions served as the raw data
approximated by Eq 22:

Tg=Tg +AT8 sin 2 ir( D ay + )) [Eq 22g'me r 365[E 22

where AT is the amplitude of .. e annual ground temperature cycle, "Day" is the day of the year (1
through 3g5 ), and is the shift (in days) of the ground temperature with respect to the calendar. T,,
differs from Tg only by virtue of the additional phase shift, 0:

Tg=T + AT .sin( 2 (Day+ )) [Eq 23]g, o Tg, tr-ar " 365[E23

The scaling approach of Eq 18 is used to model the geometry dependence of K1 and K2 for
arbitrary floors. Each conductance is presumed to vary independently of the other, so each is equated
with an expression of the same form as Eq 18:

K1c.( ) [Eq 24]
and:

d

K = c -(_&) [Eq 251
262
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Note that Eqs 24 and 25 presume KI and K, to vary independently. With substitution from Eqs 23
through 25, the complete daily averaged heat flux model of Eq 21 becomes:

d
qtotal(0)=cl-('A ) '"(T..o - T.,men

d

- " .,AT sin 2 n (Day+ 5[Eq 26
(A 9365 )

Values of the constants c1, c,, d1, and d2 are determined by a two-stage process. First, K and
K values are calculated for severn floor A/P values by least squares approximation of daily averaged
heat flux results. Then, c1 , c2 , d , and d2 are obtained by a second series of aoproximations using
Eqs 24 and 25. The phase lag, 0, has been found to' vary little over a range of floor sizes; therefore,
it seems acceptable to use an average value in Eq 23.

Numerical ground temperature results and the sinusoidal least squares ground temperature
approximation T for the Medford, OR cases of Figures 3 and 4 are shown in Figure 5 (a). Daily
averaged heat flR results and the approximate model qt, for the 12 by 12 m uninsulated slab appear
in Figure 5 (b). Ground surface temperatures show muth more scatter with respect to T than do heat
flux results with respect to q totar The relatively smoother heat flux data reflect the &amping effect
of soil thermal mass. The phase lag 4 cauzes an offset between the day of peak heat loss and the day
of minimum ground surface temperature of approximately 18 days.

Table 3 gives model coefficients for four representative uninsulated floors in Medford, OR. Values
of K, and K2 decrease with increasing A/P. In contrast, phase lag increases slightly (by approximately
I day) as area increase from 144 m2 to 2025 M2, but decreases as A/P increases for a given aiea. Values
of c,, c2, d,, and d2 derived from these four cases are, respectively, 0.978, 0.713, -0.747, and -0.999. The
values of c, and d,, which pertain to the annual average component of heat loss, agree very well with the
values of c and d (Eq 18) computed for the entire Medford data set and shown in Figure 4. Exponents
d, and d2 differ by only 1.5 percent of their mean value. The product of cl and the average indoor to
ground surface temperature difference is similarly close to analogous constant c (13.105 vs. 12.783). The
good agreement between coefficients derived from both large and small sets of results is encouraging
evidence that the scaling approach of Eq 18 has physical significance. Floor area seems to affect only
the mean heat transfer rate. The value of d2 differs from the area independent limit of -I by less than 0.01
percent. Thus, the periodic component of heat loss is a nearly linear function of perimeter and essentially
independent of area.

The effect of domain depth (zinax) was investigated by comparing re-",ts for Zmax = 10 m with
the z ma = 15 m Medford results considered previously. In all cases, the annual average heat loss was
greater or z max = 10 m, but the magnitude of the difference depended on A/P. Table 4 compars
the annual average heat loss for several floors as a function of zmax. For the smallest area, 144 m ,

there is no appreciable difference between the two cases. As area (and more particularly, A/P)
increase, differences become larger. An explanation consistent with these results is that the strength
of interaction between a floor and a lower boundary surface is related to the comparative magnitudes
of A/P and z x A building with small A/P creates a temperature disturbance that does not penetrate
very deeply io the ground. As size increases, the boundaries of the building-induced disturbance
expand and the building's heat loss becomes sensitive to changes in conditions at greater and greater
distances In this sense, a boundary is "deep" only if it satisfies the twin criteria of being beyond the
anvual penetration depth of the soil temperature distribution and deeper than the length scale of the
building in question.
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Figure 5. Daily-averaged heat loss model for a 12 by 12 m Dloor in Medford, OR:
(a) average ground surface temperature (b) average heat flux.
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Table 3

Daily Average Heat Loss Model Coefficients for Medford, OR
(15-r-Deep-Domain)

Dimensions Area A/P
Run ID (m) (m2)  (in) KI(W/m2) K2(W/m 21 (days)

GRO4 6 x 24 144 2.4 0.510 0.299 -17.885

GRIA 12 x 12 144 3.0 0.428 0.236 -17.811

GR8A 18 x 112 2016 7.75 0.212 0.093 -17.812
GR5B 45 x 45 2025 11.25 0.161 0.064 -18.381

Climate Effects

Performance of the proposed model was tested with simulation results from four climates:
Medfoid, OR; Minneapolis, MN; Philadelphia, PA; and Phoenix, AZ. Medford results were taken from
series G. The other cases are grouped as series W in the Appendix. All had potential
evapotranspiration ground surface conditions fixed temperature lower boundary conditions at a depth
of 15 m. Following the approach of the previous section, least squares models of daily averaged heat
flux were computed and model coefficients were compared.

Table 5 contains the parameters of sinusoidal least squares models for air and ground temperature
in each location. Note the varying degrees of difference between ground surface and air temperature
for the four sites. For the three temperate cases--Medford, Minneapolis, and Philadelphia--the mean
ground temperature is depressed from 2.4 to 2.9 °C beneath the average dry bulb and the amplitude*
of the daily average ground temperature is within a degree of the air temperature amplitude. For
Phoenix, however, which has a warm, dry climate with year-round high evapotranspiration potential,
the mean ground temperature is a full 6 °C less than mean air temperature and the ground temperature
model amplitude is 3.4 °C smaller than the dry-bulb amplitude.

These results demonstrate that air temperature may not be a reliable indicator of ground temperature
when accuracy is important. Because mean losses depend on relatively small temperature differences,
large uncertainty is introduced by using the indoor/outdoor air temperature difference as the reference
for floor heat loss. Figure 6 compares air and ground temperature models for Phoenix, AZ, the case
of worst agreement. Note that the two differ by as much as 10 'C during mid-summer.

Table 6 gives K1, K2 , and 0 values for the Minneapolis, Philadelphia, and Phoenix series W runs.
The corresponding results for Medford were tabulated previously in Table 3. Case-by-case comparison
of K1 and K2 shows that the models for Medford, Minneapolis, and Philadelphia are quite consistent
with one another. The spread among these three sites is within about 10 percent of the mean.
Because these model coefficients are similar, it is reasonable to conclude that differences in climate are

'Values of amplitude in Table 5 are negative as a result of the form of the model and the choice of

representation for phase shift. Only the magnitude is of significance to this discussion.
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represented appropriately by differences in the annual mean and amplitude of ground temperature." K2
values for Phoenix are in good agreement with the other three sites, but values of K are significantly
lower. It is possible that the proposed model is subject to error or behaves nonlinearly when the mean
indoor and outdoor temperatures are comparable (i.e., when their difference becomes small) as is the
case for Phr nix.

Table 4

Effect of Lower Boundary Depth on Mean Heat Loss for
Uninsulated Floors in Medford,, OR

Dimensions (m) Area (m2) A/P (m) Q15 m (W) Q10 m (W) A%

12 x 12 144 3.0 822.97 825.69 0.33
15 x 60 900 6.0 3062.71 3142.60 2.61
30 x 30 900 7.5 2583.86 2702.96 4.61
23 x 88 2024 9.1 5076.08 5386.06 6.11
45 x 45 2025 11.25 4367.89 4760.13 8.98
30 x 120 3600 12.0 7319.34 8001.86 9.32
60 x 60 3600 15.0 6467.18 7281.86 12.60

Table 5

Mean, Amplitude, and Phase Shift for Models of Daily Averaged Air
and Ground Surface Temperatures

Location Tair, mean (C) ATair (C) Cair (days) Tg, mean (C) ATg (C) Cg (days)

Medford, OR 11.4 -9.7 69.2 8.6 -9.9 73.0
Minneapolis, MN 7.2 -17.0 72.3 4.8 -16.3 72.6
Philadelphia, PA 12.4 -12.6 68.9 9.5 -12.1 68.8
Phoenix, AZ 21.9 -11.7 72.2 15.9 -8.3 68.3

*Bear in mind, however, that more subtle effects of climate variation are not explicitly incorporated
in this model. For instance, the effect of evaporative heat transfer is greatest in warm weather and
practically vanishes during cold weather. Consequently (as will be shown in a subsequent section),
evapotranspiration may be relatively uniform over the entire year in a warm climate such as Phoenix
and quite seasonal in a cold climate similar to Minneapolis. In the present case, this effect is apparent
only in differing ground temperatures recorded in Table 5.
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Figure 6. Daily averaged air and ground surface temperatures for Phoenix, AZ (potential
evapotranspiration).

Table 7 gives coefficients of daily averaged heat flux models for arbitrary A/P derived from the
data of Table 6. These data also show the strong similarity between results for Medford, Minneapolis,
and Philadelphia. In all four locations, the time-varying component of heat loss was linearly
proportional to perimeter length and independent of area (d2 

= -1.0). The primary difference between
Phoenix and the other sites is in the degree of area dependence of the steady-state heat transfer
component (much weaker for Phoenix). It may be that d1 was larger for Phoenix because the deep
ground and indoor temperatures were nearly identical in this case. When there is no mean temperature
difference between the floor and the deep ground, any mean loss must be toward the ground surface
from the floor perimeter. In this limit, the mean loss should depend on perimeter in a manner similar
to the periodic loss.

Values of K1 and K2 obtained relative to an air temperature reference showed a systematic
variation with annual average temperature from one climatc to another. Values obtained with a ground
temperature reference were more nearly independent of climatic changes. The cause of strong climate
dependence in the former case is the increase in fractional error due to the presumed equivalence of
air and ground temperatures as these values approach the reference indoor temperature. For example,
if the indoor setpoint is 22 °C, the outdoor air mean is 7.2 °C, and the mean ground temperature is
4.8 'C (as in Minneapolis), then the ratio of the mean indoor/outdoor air temperature difference to the
mean indoor/ground surface temperature difference is (22 - 7.2)/(22 - 4.8) = 0.86. The two differ by
only 14 percent. In Phoenix, however, where the mean air and ground temperatures were, respectively,
21.9 and 15.9 °C, the corresponding ratio of temperature differences was 0.016. In this case, the
indoor/outdoor air temperature difference is nearly two orders of magnitude smaller than the mean
difference actually imposed on the floor. When the air reference temperature differs from the "actual"
temperature difference, K must change by an amount proportional to the error in order to obtain the
correct mean heat loss. As this example shows, that correction would be much larger for Phoenix
than for Minneapolis, so K and K2 would lose their independence of climate. The obvious way to
avoid this problem is to adopt a ground temperature reference.
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The importance of allowing for surface temperaturcs that deviate from air temperature is further
shown by the results of the parametric study of zero-evaporation surface conditions in TM E-89/11.0
These results indicated a possible difference in floor heat transfer rates of 20 to 30 percent in temperate
climates as a result of differences in ground surface conditions.

Table 6

Daily Heat Loss Model Coefficients for Climate Variation Tests (Case by Case)

a) Minneapolis, MN

Run ID Dimensions (m) Area (m2) A/P (m) KI (W/n 2) K2 (W/m 2) ( (days)

WMN3 6 x 24 144 2.4 0.527 0.318 -16.503
WMN1 12 x 12 144 3.0 0.440 0.251 -16.467
WMN4 18 x 112 2016 7.75 0.221 0.099 -17.226
WMN2 45 x 45 2025 11.25 0.170 0.068 -17.413

b) Philadelphia, PA

Run ID Dimensions (m) Area (m2) A/P (m) K 1 (W/m 2) K2 (W/m2) ( (days)

WPH3 6 x 24 144 2.4 0.525 0.322 -16.104
WPHI 12 x 12 144 3.0 0.437 0.254 -15.854
WPH4 18 x 112 2016 7.75 0.217 0.101 -16.681
WPH2 45 x 45 2025 11.25 0.165 0.069 -16.822

c) Phoenix, AZ

Run ID Dimensions (m) Area (m2) A/P (m) K1 (W/m2) K2 (W/n2) ( (days)

WPX3 6 x 24 144 2.4 0A73 0.323 -15.930
WPX1 12 x 12 144 3.0 0.386 0.255 -15.833
WPX4 18 x 112 2016 7.75 0.167 0.101 -16.504
WPX2 45 x 45 2025 11.25 0.115 0.069 -16.722

4W. P. Bahnfleth.
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Table 7

Daily Averaged Heat Loss Model Coefficients for Climate Variatior Tests (Composite)

Location c1  dI  c2  d2

Medford, OR 0.978 -0.747 0.713 -0.999
Minneapolis, MN 0.997 -0.735 0.759 -0.999
Philadelphia, PA 1.007 -0.750 0.765 -0.995
Phoenix, AZ 1.041 -0.901 0.769 -0.997

Soil Thermal Property Effects

The proposed model does not have fea:urcs that explicitly account for variations in soil and
building material thermal properties. However, sets of coefficients for a range of soil conditions could
be interpolated for application purposes. In series K, four different combinations of soil k and a were
applied to uninsulated floors with four values of A/P in Philadelphia weather. The standard boundary
conditions used in other series also applied to this ,rjup, i.e., potential evapotranspiration at the ground
surface and fixed temperature in the deep ground. The series W Philadelphia runs, which had "base
case" properties, provided a fifth set of results. These five property groups are listed in Table 2.
Property sets were chosen to permit isolation of thermal conductivity and thermal diffusivity effects.
Two pairs (base case/B and A/D) have like conductivity but different diffusivity values, and two (base
case/A and B/C) have like diffusivity but different conductivity values. In total, three values each of
diffusivity and conductivity were considered. Conductivity varied by a factor of two in either direction
from the base value. Diffusivity varied from a factor of two smaller to a factor of 1.3 larger than the
base value.

The total, daily averaged heat loss results for varied property runs summarized in Table 8 show
that conductivity and diffusivity have much different effects on heat loss. The most important influence
of thermal conductivity is its role in determining the mean heat loss from a floor. For example, Qa,
for the 45 by 45 m floor varies from less than 2500 W to more than 7000 W over a thermal
conductivity range from 0.5 to 2.0 W/m-K. Thus, a four-fold increase in thermal conductivity produces
a nearly three-fold increase in mean heat loss.

Diffusivity has a negligible effect on the mean value of heat loss because thermal mass is
irrelevant to steady-state heat transfer processes. (Thermal diffusivity vanishes from the heat conduction
equation in the steady-stine case.) For example, consider the difference in mean heat loss between the
base and set B property cases for an 18 by 112 m floor. The 20 W discrepancy is less than 0.5
percent of the mean, an insignificant difference for practical purposes. Diffusivity does influence the
annual range of heat loss. For a given value of conductivity, larger ranges of heat loss correspond to
larger diffusivity values. For instance, the difference between Q,,, and Qm m for the property set B
(k = I W/m-K, a = 3.5 x 10.7 m2/sec) 12 by 12 m floor is 921.6 W. The annual range with base case
properties (same conductivity, but a larger diffusivity of 6.9 x 10- m/sec) is 1036.8 W. An increase
of approximately 100 percent in thermal diffusivity causes the annual range to widen by 115.2 W, an
increase of only 12.5 percent.

Thermal conductivity, too, affects the amplitude of annual heat loss. Returning to the previous
example, if the base case thermal diffusivity is fixed and conductivity is doubled (as in case A), the
annual heat loss range increases to 1440.0 W, a change of 518.4 W or 56.3 percent. The greater
influence of conductivity shown by these examples indicates that heat loss on a daily averaged scale
is quasi-steady with respect to the soil temperature distribution. Figure 7 gives further evidence of the
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relative importance of conductivity and diffusivity cn the daily scale. Figure 7 (a) shows distance-
weighted least squares approximations to the daily averaged unit heat flux of the 12 by 12 m base and
set B property groups. There is no significant change in mean heat loss and only a small change in
amplitude. In Figure 7 (b), a large shift in mean heat loss is evident when conductivity changes by
a factor of two while diffusivity is held constant. The sizable offset between the two curves reduces
the differenze betveen the minimum values occurring during tqc summer and exaggerates the difference
in winter maxima. The greatest difference approaches 5 W/m , considerably larger than the magtitude
of the diffusivity effect in Figure 7 (a).

Table 8

Heat Loss Data for Varied Thermal Property Cases

Dimensions (in) Area (m2) Properties Qmin (W) Qmax (W) Qavg (M)

12 x 12 144 Base 302.4 1339.2 784.3
A 547.2 1987.2 1226.6
B 345.6 1267.2 781.8
C 187.2 E35.2 482.9
D 504.0 2030.4 1227.9

6 x 24 144 Base 331.2 1641.6 941.8
A 576.0 2419.2 1454.0
B 388.8 1555.2 937.2
C 201.6 1022.4 584.0
D 532.8 2476.8 1454.9

45 x 45 2025 Base 2227.5 6277.5 4152.6
A 4252.5 9922.5 7003.7
B 2632.5 6075.0 4207.6
C 1215.0 3847.5 2450.5
D 4252.5 10125.0 6997.6

18 x 112 2016 Base 2822.4 8467.2 5443.2
A 5241.6 13305.6 9018.9
B 3024.0 8064.0 5463.6
C 1612.8 5040.0 3232.2
D 5040.0 13507.2 9026.7

Thermal property values al.,, influence the area dependence of floor heat loss. The nature of these,
effects appears as effects on the coefficients of the proposed model. Figure 8 shows K1 and K
coefficients as a function of A/P for the cases summarized in Table 8. Curves through tIe plotre
values of KI and K arc ins'ances of Eqs 24 and 25, respectively. Each curve is labeled to show its
vlues of c and i or c and d2 as appropriate. The observations made above concerning
conductivity and diffdsivity 3ependence are readily apparent in these plots.

'Philadelphia, PA weather and potential evapotranspiration.
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In Figure ,5 (a), K1 values for cases with the same conductivity but different diffusivities
essentially coincide, indicating the absence of a diffusivity effect on mean heat loss. Fractional changes
in K1 are comparable to, but smaller than, corresponding clanges in k. The area effect of thermal
conductivity on K1 increases with increasing k. This occurrence is indicated by the decreasing
magnitude of d (the exponent of A/P) as k becorncs larger. Area dependence increases because heat
loss from the low-gradient core region of the Iloor grows more rapidly than edge loss when k
increases, thus weighting total area more heavily. The results prcsented in Table 9 illustrate this
phenomenon. For both 12 by 12 m and 45 by 45 m floors, the floor center heat loss changes almost
in direct proportion to the soil conductivity (i.e., if k is reduced by a factor of two, the center flux is
halved.) Maximum edge flux values, however, change by 20 percent or less in response to twofold
increases and decreases in k. Thus, more of the difference in floor average heat loss results from
changes in core loss.

The value of K, decreases more rapidly with increasing A/P for lower values of conductivity.
Consequently, the fractional change in K, due to a given increase in conductivity grows with increasirig
A/P. The percentage changc in mean heat loss resulting from an increase of k from 1 to 2 W/m-K.
with a fixed at 6.9 x 107 (base case vs. set A properies), for a 6 by 24 m slab (A/P = 2.4 m) is 54.4
percent. When A/P increases to 3 m (12 by 12 m square), the fractional change increases to 56.4
percent. Floors with A/P values of 7.75 m (18 by 112 m rectangle) and 11.25 m (45 by 45 m square)
experience increases of 65.7 and 68.7 percent, respectively.

Figure 8 (b), which shows K2 as a function of A/P, confirms other observations made previously.
This plot clearly indicates the subordinate role that thermal diffusivity plays to conductivity in the
determination of K. and consequently, the periodic component of floor heat loss. Note that cases with
like conductivity fall much closer together than those with like diffusivity but different conductivities.
As in other cases considered previously, K2 for these varied property groups is essentially proportional
to (A/P)"', indicating that the periodic heat loss component is linearly proportional to perimeter length.

Floor heat loss phase lag results are summarized in Figure 9. For the cases considered, ranged
from 2 to 3 weeks. Clearly, soil properties exercise a muci2 sL.onger influence on phase lag than floor
size. Although there is some pattern to the size dependur, ,. of these results, a clear relationship such
as that deduced for K, and K2 is not apparent. For a biien set of properties, varied by 2 rays or
less. Lower values of soil conductivity corresponded to less phase lag, and for a given conductivity,
an increase in thernal diffusivity of the soil caused to decrease. Phase lag, like the conductances
K, and K2, was more responsive to changes in cond.;z. vity than to changes in diffusivity. While the
magnitudes of 0 observed in this study were not particularly large, 2- to 3-week lags are significant
because they support an argument against models i sed on instantaneous indoor/outdoor temperature
differences. The floor heat loss on a particular day results from weather events over a .rior period
of several weeks.

The results of this sciies of tests clearly show that soil tiermal conductivity must be a parameter
in any simplified model of slab-on-grade heat loss that purport' to be both general and accurate. If
k is specified incorrectly, heat loss rates could easily err by a factor of 2. The effect of conductivity
on both "c" coefficients of Eq 26 is quite strong. Conductivity also exercises some influence over the
exponent d, and consequently, on the area dependence of the steady-state heat loss component.
Variation in thermal diffusivity, however, does not seem to have much effect on heat loss and probably
does not need to be included as an explicit model parameter.

Building parameters suh as details of foundation configuration, material properties, insulation, and
floor covering all have the potential to change the overall conductance of a floor. The effects of these
parameters are confounded with the effect of soil properties in the coefficients of Eqs 21 and 26 and
can be separated only by the comparison of parametric sets of simulations. Therefore, a manual
method based on Eq 26 must be based on results encom',assing not only several soil types, but also
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a variety of foundation designs. The utility of constructing such a method would depend to a great
extent on the importance of foundation losses in the intended application and the expense incurred to
acquire and validate the necessary base of numerical results.
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Figure 7. Typical effects of k and a variation on smoothed, daily-averaged heat loss from
a 12 by 12 in floor.
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Table 9

Thermal Conductivity Influence on Floor Center and Edge Heat Loss Values
for Two Uninsulated Slabs in Philadelphia, PA, January 21

Property
Set k(W/m-K) q~c(Wrm2 ) Aqccnr (%) qdge, max(W/m2) Adge (%) qavg(V/n 2 ) (qa)

a) 12x 12m

Base 1 1.8 0 69.0 0 7.9 0
A 2.0 3.5 94.4 78.9 14.4 12.2 54.4
C 0.5 0.9 -50.0 55.5 -19.6 4.7 -40.5

b) 45 x 45 m

&Vse I 0.7 0 68.9 0 2.7 0
A 2.0 1.4 100.0 78.8 14.4 4.5 66.7
C 0.5 0.4 -42.9 55.5 -19.5 1.6 40.7

0

13 k = 2 WIm-K. a = 8.9"10A-7 m^2Is
+ k=2.a =6.9"10A-7
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Figure 9. Effects of IlernIal conductivity and thermal diffuisity on phase lag of fk'-tr heat loss.
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Effect of Insulation

A recent DOE report" documents the large potential for energy savings through the insulation of
buiiding foundations. Results of this stud) also indicate that (1) energy consumption due to heat flows
through uninsulated foundations may contribute 20 percent or more of a building's energ) budget and
(2) perimeter insulation c~an reduce these cnergy losses by 50 percent or more.' Consequently, the
effect of insulation on the proposed imodel is oi great practical interest. An examination of insulation
effects was included in this study to determine :how well Eq 26 could accommodate insulated slab
floors. Limitations on the range of parameters considered in the series I insulation runs included.

* Minneapolis weather only

" Insulation limited to I or 2 in. thicknesses of expanded extruded polystyrene board (k = 0.029
\V/m-K)

" Two configurations: edge + I m under slab perimeter and edge + entire bottom surface
of slab.

Although this set of parameters is far from comprehensive, these cases sene well to demonstrate the
effects of insulation on floor heat loss as reflected in the coefficients of Eq 26.

The simplified model seems quite capable of handling insulated floors without structural changes.
Insulation does, howcer, have a significant effect on the model coefficients. Coefficient values for
the uninsulated slab and the two perimc:cr ins'.lated cases appear in Table 10. As insulation is added,
the area dependence of both the steady and periodic components of heat transfer increases. As in
previous cases, the stead) state component is affected more -.tongly. The maximum fractional change
in d, is more than three times greater than the corresponding change in d2. With 2 in. of insulation
on the perimeter, d2 still deviates from -1 by only 7.S percent, thus, the strict perimeter dependence
of the periodic heat loss component is not seriously violated.

Figures 10 and II show die effect of insulation on daily low floor temperature during January.
In Figure 10, the uninsulated case, daily low temperature is more than 10"C below the daily average
and approaches freezing on several days. The rn;,ne of low temperatures is approximately 8 "C during
this period. When 2 in. c perimeter insulation are added to this floor, the difference between the daily
ax :rage and low temperatures is reduced by more than half and variation in the daily low is also much
smaller. An interesting and sup~erficially contradictory effect of insulation demonstrated by these figures
and the coefficient data in Table 10 is that a more uniform floor temperature distribution enhances the
shape dependence of heat loss. By decreasing heat loss at the floor perimeter, insulation rises the
contribution of interior area to total heat loss. Thus, while the floor temperature distribution is 'less
three-dimensional," heat transfer is norc three-dimensional. In light of this fact, the predictions of
perimeter hcal ks factor mcihod& ma) be especiall) misleading for highly insulated floors, regardless
of the configuration.

Figure 12 shows daily averaged heat loss from a 12 by 12 m floor for three different insulation
:eatments. The raw results hate been smoothed to facilitate comparison. As insulation is added to
the bare slab, both the mean and amplitude of the daily heat loss decrease. Consequently, the
maximum heat loss is reduced by a much greatcr amount than the minimum. The resulting benefit in
winter heating load avoided is much greater than the penalty paid in cooling lost during the summer.
The result for full I in.-thick insulation, which is not shown, would lie almost directly on top of the

K- Labs ct al.
4,V. P. Bahnfleth.
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curve for the 2-in.-thick, 1-m wide configuration. The nearly identical performance of these two much
different treatments illustrates the importance of effective insulation placement. The full 1-in.-thick
treatment requires 64 percent more material to achieve the same performance as the heavy perimeter
insulation configuration.

Table 10

Comparison of Daily Averaged Heat Loss Model Coefficients for Three
Insulation Treatments in Minneapolis, MN

Insulation
Treatment cI  dl c2  d2

Uninsulated 0.997 -0.735 0.759 -0.999
1" Thick, I m wide 0.603 -0.623 0.408 -0.953
2" Thick, 1 m wide 0.475 -0.570 0.308 -0.921
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Figure 10. January daily low and average floor surface temperatures for a
12 by 12 ni uninsulated floor in Minneapolis, MN.
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Figure 11. January daily low and average floor surface temperatures for a 12 by 12 m floor
with 1 m of 2-in.-thick perimeter insulation in Minneapolis, MN.
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Figure 12. Smoothed, daily-averaged heat loss from a 12 by 12 m Minneapolis
slab floor with various insulation treatments.
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Summary

This chapter has presented a potentially useful approach for the manual estimation of heat loss
from slab floors. The most significant features of this model are (1) separation of heat loss into mean
and periodic components, (2) the scaling of geometric effects by the floor length scale, A/P, and (3)
use of ground surface temperature as an ambient reference condition. It has been shown that this
model gives a good approximation of results obtained from a detailed, three-dimensional numerical
model under conditions of varying shape and size, for a range of soil properties, and when insulation
is added to a floor to reduce its energy consumption. The model does not explicitly account for
changes in soil properties or floor construction, but can be made to give accurate estimates through the
use of multiple coefficient sets. This model also is useful as a tool for interpreting the effects of
various parameters on floor heat transfer rates. The A/P scaling approach embodied in this model is
of theoretical significance and may contribute to the development of other efficient techniques for earth-
coupled heat transfer estimation.
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4 TRANSFER FUNCTION ALGORITHM

This chapter outlines a technique for calculating the heat flux through a slab-on-grade floor using
response factor methodology. The algorithm developed is compatible with existing detailed hourly
energy as well as simpler analysis programs. Input for the method is dependent on the undisturbed
ground temperatures calculated during the data base development described in Chapter 2. A portion
of the heat flux data from Chapter 2 is used to evaluate the accuracy of this algorithm.

Overview

Detailed hourly energy analysis programs such as BLAST use response factor methodology to
calculate building heat loss.43 These response factors are developed from the one-dimensional solution
of the Fourier equations for each building surface. This method has proven reliable for above-grouid
building components, but the technique used in applying it to ground-contact surfaces has oversimplified
the ground heat transfer process. Unidimensional analysis assumes that heat loss (or gain) through
earth-contact surfaces is a function of only two temperatures--generally the surface temperature and the
deep-ground temperature. In fact, most earth-contact surfaces "see" at least two temperatures: the
outdoor ground-surface temperature and the deep-ground temperature. This condition is recognized by
manual slab-on-grade heat loss calculations, which make separate determination of edge loss and core
loss. In addition, one-dimensional analysis assumes a linear temperature profile, which is not a realistic
representation of the temperature profile beneath slab-on-grade surfaces. Response factor methodology
could be better applied to earth-contact surfaces if the multidimensionality of the problem is
acknowledged and a procedure developed to calculate multidimensional heat transfer coefficients for
the ground.

Ceylan and Myers" developed a response-coefficient method for multidimensional heat conduction
problems which is substantially more efficient than finite-difference or finite-element methods. Seem"
devised a procedure for calculating multidimensional transfer functions that eliminates some of the
computationally expensive steps of the Ceylan and Myers method. These multidimensional methods
have been applied to strictly geometrical heat conduction problems. This study extends these
techniques to the more conceptual environment of simplified models. Specifically, these concepts are
applied to the problem of heat flux through slab-on-grade surfaces.

Concept

Many physical systems, including thermodynamic systems, can be approximated using
lumped-system analysis. In this approach, the system is described as a series of lumped, linear,
dynamic elements defined by ordinary differential equations. The network analogy provides a simple
visualization of this concept. In a network model of a thermal system, temperatures are represented
by nodes with a linear temperature distribution between each pair of nodes. Physical properties are
considered to be uniform between each pair of nodes, but can vary among pairs. Energy balance
equations are written for each node and the system of equations is solved for unknown temperatures

D. C. Hittle, Calculating Building Heating and Cooling Loads Using the Frequency Response of
Multilayered Slabs, Technical Manuscript E- 169/ADA097597 (USACERL, February 1981).

"H. T. Ceylan and G. E. Myers, "Long-Time Solutions to Heat-Conduction Transients With Time-
Dependent Inputs," ASME Journal of Heat Transfer, Vol 102 (February 1980).

45J. E. Seem, Modeling of Heat Transfer in Buildings, Ph.D. Thesis (University of Wisconsin, 1987).
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and heat fluxes. The validity of the system model depends on the accuracy of the assumptions of
uniform temperature at each node and linearity between nodes.

The matrices forming the energy balance equations of the nodes can be constructed using state
space representation, resulting in the state equation:

_x = Ax + BU
dt [Eq 27]

and the output equation:

Q= cx + DU [Eq 28]

The matrix X contains the unknown temperatures (state variables). U is the matrix of known
temperatures (input variables). Q is the matrix of fluxes (output variables). A, B, C, and D are
coefficient matrices. The size of the matrices and the values of the elements will be determined by
the specific model. Once the coefficient matrices are defined and the input values identified, the first-
order differential equations can be solved. Seem's method6 is used to solve the system of equations.
In this formulation, the time series of i.nput variables is modeled7 as a continuous piecewise linear
function by:

U(r)= Ut + (U_ - U) [Eq 29]

Using this funtion for the inputs, the differential equations are solved and substituted for X in
Eq 28, resulting in an equation that relates system outputs to inputs. This equation is known as the
"transfer function equation" and is of the form:

n nQt E o(S U  - 75 )- (e Qt-5
.= t [Eq 30]

where:

Qi = vector of output variables (heat flux) at time i
Sj = transfer function matrix for temperature inputs at time j
j = designator identifying a point in time, where j = 0 is the current time
j = I is one time step before the current time and so on
t = time of interest
6 = time step

Ui = vector of input variables (known temperatures) at time i
e = scalar constant for adjusting the effect of previous outputs on the output at the time of

interest.

A transfer function is defined as the ratio of the output variables of a system in state space to its
input variables (also in state space). In this way, the transfer function represents the dynamics of a
linear time-invariant system. The transfer function matrices depend on the system and inputs, but only

"'J. E. Seem.
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on the functional form of the inputs; therefore, any input that can be modeled adequately by the
continaous piecewise linear function noted above can be used with the transfer function matrices to model
its effect on the system. This option is particularly useful in modeling building systems where the input
conditions of climate vary greatly in time and geographic location.

Model Development

The system modeled for this study is a square slab-on-grade. The model proposed is a seven-node
network with three state variables and four inputs (Figure 13). The known temperatures (or inputs) are
t!.e daily average slab core region temperature (Tb), the daily average slab edge region temperatrc (T),
the daily average ground surface temperature (Tf), and the deep-ground temperature (Td). The three state
variables, the temperatures at the remaining nodes (T,, T., and T3), are allowed to float and consequently
have some thermal capacitance attributed to them. The temperature nodes are related to each other i.s
shown in the figure. Between attached pairs of temperature nodes, there is some thermal resistamne.
These resistances and capacitances are defined below and in Amber.47

[ 4 - D 03-I

Tb e f

12 3

02

d

Figure 13. Seven-node network model.

47 J. A. Amber, Multiple-Input Trarmfer Function Model of Heat Transfer From Square Slab Floors, M.S.
Thesis (University of Illinois, May 1989); also published as USACERL Technical Manuscript E-89/14/
ADA219193 (November 1989).
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Basic Equations

Energy balance equations are written for each node, resulting in four state equations of the form:

dT. 7C. I = 7- Gj (Tj- Ti [Eq 31]
i at j=1 I 1

for i= I to 4, and three state output equations of the form:

7
Qi GjTij - Ti) [Eq 32]

for i = 1 to 3, where:

Ci = thermal capacitance at node Ti

1 = inverse of the thermal resistance between nodes Tj and T,,

These sevLn equations can be written more conveniently in matrix form:

-AX + .BU
at [Eq 33]

and:

Q= CX + DU [Eq 34]

where:

at
ax= T2  [Eq 35]
at at

aT3

dt

TF

3 ) [Eq 36]
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u Tfl

Te 
[Eq 37]

QI Qf.
Qd

Q e [Eq 38]

-lb -G-G IdG1

G IG - G - G1 0
G12 G2c- 12- 23 2d 23

C22 2.
0 _ _ 23 3  f - % - G 3

C3  C 3  [Eq 39]

Gilb 0 G Id 0

0 0G 2d G2c
c2 c2

0 0 3 2.- 0 [Eq 40]

C C 3

0 G Oj

[Eq 41]
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G Gb- Gbe 0 0 Gbe
0 - G3f- Gel 0 Gef
0 0 -Gd- G2 d- G 0 

Gbe Gef 0 - Gbe- G -G2e [Eq 42]

The coefficient matrices A, B, C, and D define the relationships of all temperature regions in the
system to all others. They involve geometric factors such as the area through which heat is transferred

from one region to another, and physical properties such as the density and thermal conductivity of
various regions. The goal of defining the elements of the coefficient matrices is to make it possible
to generate transfer function equations for any system from its basic physical parameters rather than

as is frequently done in electromechanical systems--by testing the system itself. Because the important
aspect of the equations is the thermal relationships between regions, the model is not strictly
geometrical. The first step in defining the matrix coefficients is identifying the properties that comprise

the elements of G and C. The basic form allows for the description of several heat transfer
mechanisms, given the appropriate temperatures. For conduction, the equatior. becomes:

Q= kA dT
Q k x [Eq 43]

or, in the spatially discretized form used for this model:

Q kiU U )(Ti -_j

L U T [Eq 44]

In this case Gi1 is defined as the conductance,

G kA
ij L

[Eq 45]

where:

ki. = thermal conductivity applicable to the volume between nodes i and J
Aii = cross-sectional area through which heat is transferred between nodes i and j
L= distance between nodes i and j.

The thermal capacitance C is derived from the transient equation:

Q= PC V d--T

Q p dt [Eq 461
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so that:

Ci= PiCV [Eq 47]

where:

pi = density of tie region of soil at T
c i = specific heat of the region of soil at Tj
vi, = volume of the region of soil at T,.

Both thermal conductance, G , and thermal capacitance, C,, are composed of geometrical factors
(LJ, A,, V,) as well as soil properties (kj, p,, and cp,). These factors will be discussed separately.

Geometry

Bahnfleth's studyS of undisturbed ground temperature patterns shows two distinctly different zones
of temperature fluctuation: (1) a relatively fast zone near the ground surface where the temperature
changes are in scale with the temperature changes of the forcing temperature and (2) a slower zone
where temperature fluctuations are strongly damped. Because the response rate of the near-surface zone
is more similar to the response rate of typical building components than to that of the rest of the earth,
it was decided to model the near-surface earth and the rest of the earth as attached but distinct
components. The point of separation for these zones is the diurnal penetration depth, or roughly 0.5
m below the surface. The temperature at this point remains nearly constant over each day at that day's
daily average ground surface temperature.

Horizontal maps of ground temperature bencath buildings show a circular pattern: thus, a cylindrical
coordinate system was used to produce an axisymmetric two-dimensional model. Horizontal
temperature nodes are set at the slab center, the edge-equivalent radius, and the location where the
ground temperature is unaffected by the building (far-field). The edge-equivalent radius is calculated
as the radius of a circle of equivalent slab* perimeter, or:

rp = 2 [Eq 48]

Vertical temperature nodes are set at the diurnal penetration depth of the surface temperature wave
(about 0.5 m below the surface), the annual penetration depth (about 15 m below the surface), and the
depth of the point of inflection or knee of the undisturbed temperature profile (about 4 m below the
surface). Studies of underground temperature pattems49 show a shape that could be approximated by
linear temperature profiles between these temperature nodes (Figure 14). The area-equivalent radius
is used for calculations in the vertical plane. It is calculated as the radius of the circle that has the
same area as the slab, i.e.:

r a Y~j[Eq 491

4'W. P. Bahnfleth.
49 W. P. Bahnfleth; P. ff. Shipp; T. Kusuda and J. W. Bean, "Simplified Methods for Determining

Seasonal Ifeat Loss From Uninsulated Slab-on-Grade Floors," ASHRAE Transactions, Vol 90 (1984).
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Although this modcl cannot be reproduced graphically, it accounts for both the perimeter and area
effects of ground-coupled heat transfer.

Geometrical factors appear in three matrices--A, L, and V. A and V are both symmetric 7 X 7
matrices. For the seven-node network model, not all of the nodes are comected. Elements that relate
unconnected nodes to each other become 0, so that:

o A 0 A 012 lb 0 Ad 0
A2 0 A23 0 0 A2d A2eo A 0 0 A A

23 A3f A3d 0
A= Alb 0 0 0 0 0 Abe

o 0 A3f 0 0 0 Ale

AId A2d A3d 0 0 0 0

2e 0 Abe A 0 0

[Eq 50]

0

- 8am January 21
.5 -4--- oam July 21

E
N

-10

-15
-40 -20 0 20 40

T [C]

Figure 14. Undisturbed ground temperature profile.
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and:

0 L1 0 L 0 L

L 20 L b LId

12 L 23 0 0 L 2 L
o L0 0 L3f L 3 d 0

L= Lib 0 0 0 0 0 L
0 0 L3f 0 0 0 Lbe

L L L 0f
Id 2d 3d 0 0 0O L 0 L2e 0 Lbe L f e  0 0

[Eq 511

where the subscripts refer to the path; i.e., Aj is the area through which heat is transferred from Tj to

V is the vector:

V3

[Eq 52]

The definition of the elements, or network parameters, A.- L--, Vi is, in part, independent of themodel structure, but is based on the geometry presented above and is described further under Network
Parameter Specification below and in Amber.-

Soil Properties

Soil properties am represented by another 7 X 7 symmetric matrix:

0 k O2 0 k lb 0 kId 0

k12 0 k23 0 0 k2d k2e
0 k 23  0 0 k3f k3d 0

k= kb 0 0 0 0 0 kbe

0 0 k3f 0 0 0 kfe
kid k2d k3d 0 0 0 0

0 k2e 0 kbe kfe 0 02c bc fe[Eq 531

iOJ. A. Amber.
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and two vectors:

P= ( PI P2 P3) [Eq 54]

and:

p= Ie2 [Eq 551

Thermal properties of the soil can be defined separately for each energy balance equation.
Individually, the .energy balance equations assume constant thermal properties. Consequently, the
properties are defined as the "effective" value of the thermal properties in the region specified by the
equation. The need for an "effective" cunduc.i ity in discrete models is described more thoroughly b)
Bahnfleth5" and Patankars Effective conductivity is defined as:

k -ke lk

k [Eq 56]
k

where:

I= the thickness of layer k
kk = the conductivity of layer k.

Calculated from this equation, ku is the effective value of the soil conductivity in the region through
which heat transfers between Ti and Tj.

The units of k are specified during programming as J/day-m-K. This step is necessary because of
the small size of components of the calculated transfer function coefficient matrices. Without this
adjustment, maay of the tomponents approached zero, causing the calculations to fail. After the flux
was calculated, t.z units were converted back to WV/m-K before reporting.

Inputs

The inputs to the transfer function equation are (referring to Figure 13) the temperatures of tie slab
core area (Tb) and the slab edge area kf,, and the undisturbed ground temperatures near the surface
(Tf) and in the deep ground (Td). Because the "top" nodes are defined at the diurnal penetration depth,
their temperatures can be approximated by the daily average of the surface temperature, i.e., Tb = the
daily average slab center temperature and Tf = the daily average ground surface temperature. The
undisturbed ground-surface and deep-ground temperatures can be determined a prion using one of a
variety of algorithms.

5'W. P. Bahnfleth.

2S. V. Patankar.
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Network Parameter Specification

The network parameters are the elements that compose the geometrical matrices A, L, and V.
Their definition depends on the method of discreizing the system geometry. In other words, the
magnitude of the element depends on tie sizes of the regions assumed to be at tze specifico
temperatures. Because few of the regions are actually isothermal, the allocation of area and volume
to a specific temperature must be based on some method or algorithm. In this study, the heat transfer
areas are postulated from basic kno%ledgc of the typical temperature profiles in and around
s:ab-on-grade surfaces. The postulates are tested and modified empirically to tailor them to the model.
Details of this procedure are given elsewhere."'

Once the model is established, a test system is defined to describe a specific set of buil.ng a.,d
environmental input conditions. Tacbe data are input to the programmed model and the results are
compared with data from the data base d.scribed in Chapter 2. The data set .scd for evaluation of
the transfer function modc is series E presented in the Appendix. This set contains data for four
climates and four different building size/shape configurations for the most severe climate, Minneapolis,
-MN.

Description of Test System

Geometry. The test system is based on the initial assumption of a square slab. Data were
available from series E for two sizes of square slabs, a 12 by 12 m square and a 45 by 45 mn square.
Figure 15 shows the series E flux per unit area data for these two slabs for a calendar year in
Minneapolis (the most severe of the four location sets in series E). Due to the dominance of the edge
effect, the annual flux variation is much greater for the smaller slab. If the effect of the balance
between the perimeter and edge losses is to be accommodated, it is important that the test system
exhibit this effect strongly. Thereforc, the smaller 12 by 12 m slab was used as the primary test
system.

Soil Propcrtiec Although the s)stem model can support ,ariable soil properties, this capability was
not tested in this study. Serics E heat flux data were calculated using constant SOil properties. The
same properties were used in the test system.

Inputs. Data from Bahnfleth's one-dimensional semi-infinite solid model of the heat trnsfer in
undisturbed earth were used as input for far-field and deep-ground nodes. Becauec the far-field node
was placed at the diurnal penctration depth, the dail% average ground-surface temperature, rather than
the hourly ground surface temperature, was used as input to the multiple input trar:ofer function model.
The deep-ground tempera:ire was defined as the annuii average of the ground-surface temperatures
calculated by the semi-infinite solid model.

Exact data for the daily average slab center and slab edge temperatures were not available from
the series E data. This lack of data is typical of hourly energy analysis programs that assume
isothermal surfaces. Therefore, although it is posvible in the network modc to include a temperature
difference between the slab cenier and the slab edge, daily average slab surface temperatures (which
are equal to the ground temperature at the diurnal penetration depth) were used ror both of these
temperatures The network parameters developed under the assumption of an isothermal slab should
be appropriate for application to energy analysis programs, such as 3LAST, that use the same
assumption.

"J. A. Amber.
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Figure 15. Finite difference model of two square slabs.

Series E included data for four locations, as described earlier (Minneapolis, Medford, Pliladelphia,
and Phoenix). To develop the most responsive model network parameters, the most rigorous weather
conditions were used. Inspection of the daily average air temperature nlots for the four locations
indicated that the weather data for Minneapolis would provide the most demanding conditions for the
model. In addition to a large annual temperature variation, the temperature variation from day to day
is also greater in the Minneapolis data compared with the othier three locations. During development
of the network parameters, therefore, the data derived using Minneapolis weather were used to evaluate
the accuracy of the model fit. The model was then tested later at the remaining three locations.

Definition of Network Parameters.

The geometrical definition of network parameters is based on a series of assumptions about the size
and shape of the temperature regions beneath the slab as well as the geometry of the slab itself.
The elements L, of the matrix L can be assigned simply as the distance between nodes i and j.
Determination o? die elements of A is more complex, however. Although the model is not strictly
geometrical, the heat transfer areas can be initially postulated based on geometrical considerations and
then refined by empirical methods. 4

Programu GTF55 calculated the Ground Transfer Functions (GTFs) and scalar constants. Program
QCALC "  used the GTFs and the input t, "nperatures with the transfer function equation to calculate the
daily average heat flux. The results were divided by the slab area in order to have units compatible
with those in series E data.

Final Definition and Testing

Final Definition

The final series of equations used to calculate the GTFs and scalar constants are given here in their
final fonns:

'J. A. Amber.
5,)J. A. Amber.
"6J. A. Amber.
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D = 4 .Om-O.5m=3.5m

[Eq 57)

D 2 =lIm-4m=lIlm 
[Eq 58]

D3=12.5m 
[Eq 59]

i. om 
[Eq 60]

d =2. 5 + 0. 15 (characteristic length) 
[Eq 61]

hi= - 2- 7.25m[E62

h 2 =1. Om 
[Eq 63]

=0. mi Eq 64]

L b= L2e = L 3 f D1  
[Eq 651

Lid= L2d =:L 3 dD2 
[Eq 66]

LfL 23=D 3  
[Eq 67]

2z 
[Eq 681
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ra=."I [Eq 69]

21r D d
be In rp

1rp-d1 
[Eq 70]

2zrD DA = 13
c f (rp +D

In
rp 

[Eq 71]

A 2 2 rD 2d1
A1=n( rpd 1

ln r-p d1  
[Eq 72]

A23 =2r L23 (4. 5)(characteristic length) [Eq 73]

Alb i=Ad = r(ra - d1) 2 [Eq 74

A 3 f A3 d= r (ra + D3 ) 2 - A lb [Eq 75]

A2 e A 2d = 7r(ra + D3)2- Alb- A 2e
2c [Eq 76]

IA lbhi [Eq 77]

V2= A2e h2 [Eq 78]
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V 3 = A 3 fh 3 [Eq 79]

These equations were used to construct the geometry matrices A, L, and V (see Eqs 50 through
52) which, along with the soil property matrices k, p, and cr, (Eqs 53 through 55) were used to
calculate the conductance and thermal capacitance matrices G and C (Eqs 45 and 47). These matrices,
in turn, were are used to generate the coefficient matrices A, B, C, and D] (Eqs 39 through 42) which
were used with Seem's method to calculate the final multiple input GTFs and scalar constants.

Validation

The final set of GTF coefficients and scalar constants calculated using the above equations were
used to test the model for a variety of conditions, including diverse climates, slab size and shape, and
sensitivity to input data.

Size. The effect of slab size on the model's accuracy is shown in Table 11. The model is quite
accurate for relatively small (144 m2) to relatively large (2025 m2) square slabs, giving an error in total
annual energy consumption of less than 3 percent (compared with the Finite Difference Model [FDMI)
in both cases. The model is slightly more accurate overall for the larger slab based on the percentage
of data within 15 percent of the FDM: 97 percent for the larger slab vs. 89 percent for the smaller
slab.

Climate. The final GTF coefficients and scalar constants were used with environmental data for
the remaining climates (Medford, Philadelphia, and Phoenix). Plots of the flux and differences for all
four locations are given in Figures 16 through 19. Table 12 lists numerical data regarding the accuracy
of the models.

For Minneapolis, Medford, and Philade!phia, the difference between the GTF model and the FDM
is very nearly zero. In all cases, the difference is less than 1 W/m?" except for a few days at the
beginning of the annual cycle. In Phoenix, where the annual mean flux is approximately 1.5 W/m2 ,
an error of less than I W/m 2 can create a significant percentage error even when the actual value of
the error is quite small.

Shape. This model was developed assuming a square slab and uses the circular soil isotherms
evolving as the result of that geometry. Although it was not expected that this model would adequately
model nonsquare slabs, the extent of the inaccuracy was unknown. Therefore, parameter sets were
constructed based on the slab perimeters and areas and using the above equations. These parameter
sets were used to calculate GTF coefficient matrices and scalar constants, and from them, daily average
heat fluxes. The results are shown in Figures 20 and 21. Table 13 provides a numerical comparison
of these results to the FDM results for the nonsquare slabs.

As anticipated, the model did not give good results for nonsquare slabs. The form of the errors
indicated an inaccuracy in calculating the edge effect. In the summer when the area effect dominates,
the difference between the FDM and the GTF model is nearly zero. However, as the ground-surface
temperature drops and the edge effect becomes more important, the difference between the FDM and
the GTF model shows an increasing underprediction of the slab heat loss.
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Table 11

Results of the GTF Model for Slabs of Different Sizes*

Total Annual
Total Annual % Error in Difference in

Mean % of Data Energy Total Energy Energy
Area Flux Within 15% Consumption Consumption Consumption

Model (m2) (W/M2) of FDM (%) (kWhr) (%) (kWhr)

FDM 144 6.13 --- 7716.9

GTF 144 6.19 89 7786.6 +0.9 +69.1

FDM 2025 2.50 --- 44167.7 ......

GTF 2025 2.42 97 42872.2 -2.9 -1295.5

*FDM = Finite Difference Model; GTF = Ground Transfer Function.
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Figure 16. Heat flux--Minneapolis, MN.
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Figure 1. Heat flux--Mhlaedford, OR.

16 -59



16-

14

e.J 12-

nj 4

2-

-2

-4

-6 - I I I

0 100 200 300 400

DAY

Figure 19. Heat flux--Phoenix, AZ.

Table 12

Results of the GTF Model for Various Locations*

Total Annual % Error in Total Total Annual
Mean % of Data Energy Energy Difference in Energy
Flux Within 15% of Consumption Consumption (%) Consumption (kWhr)

Model City (W/M 2) FDM (%) (kWhr)

FDM Minn 6.10 --- 7716.9 ......

GTF Minn 6.19 89 7786.6 +0.9 +69.7

FDM Med 3.87 --- 4867.1 ......

GTF Med 3.86 78 4856.6 -0.2 -10.5

FDM Phil 3.89 --- 4893.7 ......

GTF Phil 3.87 78 4863.0 -0.6 -30.7

FI)M Phoe -1.66 .- 2082.9 ......

GTF Phoc -1.46 72 -1832.7 -12.0 +250.2

*FDM = Finite Difference Model; GTF = Ground Transfer Function.
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Sensitivity to Inputs. It is important to understand the effect of the input data's accuracy on the

results of the model, particularly if tie required data are not available and must be approximated. Two

plausible approximations are:

1. Substituting daily average outdoor dry-bulb temperature for daily average ground-surface

temperature (Ti).

2. Substituting constant indoor air temperature for daily average floor-surface temperature (Tb) and

daily average floor=edge temperature (T).
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Figure 20. Heat flux--6 by 24 rectangle.
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Figure 21. Heat flux--18 by 112 rectangle.
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Table 13

Results of the GTF Model for Nonsquare Slabs*

Total Annual
Total Annual Difference in

Mean % of Data Energy % Error in Total Energy
Slab Size Flux Within 15% of Consumption Energy Consumption

Model (m2) (W/M2 ) FDM (%) (kWhr) Consumption (%) (kWhr)

FDM 6 x 24 7.30 --- 9180.2

GTF 6 x 24 5.81 19 7305.2 -25.7 -1875.0

FDM 18 x 112 3.19 --- 56405.2 ......

GTF 18 x 112 2.18 19 38530.3 -31.7 -17874.9

*FDM = Finite Difference Model; GTF Ground Transfer Function.

The input sensitivity tests used the GTF coefficients and scalar constants calculated from the final
equations. When the approximation for one input data set was used, the remaining inputs were held
identical to those in the original runs.

For the most part, the changes described in this section caused linear shifts of the flux curve. This
linear shift appeared to be related mainly to the difference between the mean of the original data set
and the mean of the substituted data. The slight changes in the shape of the input data curves did not
have a great effect on the flux. It is probable, based on the linearity of the change, that altering more
than one input would result in a linear shift related to the added effects of the individual changes.

Ground Surface Temperature Table 14 gives the numerical comparison of data resulting from
substitution of the daily average outdoor air temperature for daily average ground-surface temperature
as the input at T. The eiTor in total energy consumption over the entire cycle ranges from 17.1 to
219.5 percent. Inspection of the graphical representation of the data (Figures 22 through 26) reveals
a common pattern in the error. In all cases, the largest factor in the error is a positive linear offset
which is greatest in Phoenix, where the temperature difference between air and ground temperatures
is highest. The larger slab, where the edge effect is less substantial, changing far-field temperature has
a much smaller effect on the results.

Slab Temperature. In this case, a constant value is substituted for the input data set. This
substitution is convenient and practical in the many cases for which slab temperature is, in fact, nearly
constant. Table 15 and Figures 27 through 31 give the results of this substitution. In assuming a
constant temperature about 10 percent higher than the actual floor surface temperature, an error of
roughly 10 percent is introduced. This error is primarily a linear shift, which appears typical of input
data set changes. It seems to be mainly due to the difference between the mean value of the original
data set and the mean of the substituted data. As in all other cases of input substitution, the effect
is substantially smaller for the larger slab.
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Network Parameters Based on Characteristic Length

Chapter 2 showed that heat flux through slabs of several different rectangular geometries can be
calculated based on the slab characteristic length (A/P). This finding suggests that it may be possible
to define the network parameters as functions of the soil geometry and slab characteristic length (AP),
thereby allowing the model to be used for nonsquare slabs.

As a crude test of this proposition, empirical models were developed for slabs of four different
configurations: 12 by 12 m, 45 by 45 m, 6 by 24 m, and 18 by 112 m. Little attempt was made at
this point to attach geometric significance to the network parameters: rather, each parameter set was
adjusted based primarily on the quality of the resulting fit to each individual set of base case data.
.A parameter set was considered acceptable A hen more than 80 percent of the resulting data wexe within
15 percent of the corresponding FDM data and the error in total annual heat flux was less than 5
percent with the Minneapolis weather data. It should not be assumed that these parameter sets are in
any way optimal. Once a set of parameters for each configuration was developed, the network
parameters were compared to identify any patterns among the four cases.

Several relationships became evident. A3 , A23, V1, and V2 were of identical or similar value
when the area of the slabs was (nearly) identical. This relationship is a strong indication that those
parameters are functions of the slab area. Correspondingly, Ab, and A2d appeared to be functions of
the slab perimeter. The remaining parameters %ere assumed to be functions of characteristic length,
A/P.

Table 14

Results of Substituting Daily Average Outdoor Air Temperature
for Daily Average Ground Surface Temperature*

Total Annual
Total Annual % Error in Total Difference in

Edge Mean % of Data Energy Energy Energy
Size Flux Within 15% of Consumption Consumption Consumption

Model City (M2) (W/M2) FDM (%) (kWhr) (%) (kWhr)

FDM Minn 12 6.13 --- 7716.9 ......

GTF Minn 12 8.11 21 10197.4 +24.3 +2480.5

FDM Med 12 3.87 -.- 4867.1 ......

GTF Med 12 4.55 49 5723.9 +17.6 +856.8

FDM Phil 12 3.89 ... 4893.7 ......

GTF Phil 12 5.65 12 7101.6 +45.1 +2207.9

FDM Phoe 12- -1.66 --- -2082.9 ......

GTF Phoe 12 1.98 2 2488.8 -219.5 +4371.7

FDM Minn 45 2.50 .- 44167.7 ......

GTF Minn 45 2.92 47 51711.8 +17.1 +7544.1

*FDM = Finite Difference Model; GTF = Ground Transfer Function.
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Figure 22. Heat flux--T r = T,, Minneapolis, MN.
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Figure 24. Heat flux--Tf T,,a, Philadelphia, PA.
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Figure 25. Heat flux--Tr = To., Phoenix, AZ.
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Figure 26. Heat flux--Tr = T.3, 45 by 45, Minneapolis, MN.

Table 15

Results of Substituting Constant Indoor Air Temperature
for Daily Average Slab Surface Temperature*

Total Annual
Total Annual % Error in Total Difference in

Edge Mean % of Data Energy Energy Energy
SizC Flux Within 15% of Consumption Consumption Consumption

Modcl City (n 2 ) (\VI/M) FDM (%) (k\Vhr) (%) (kWhr)

FDM Minn 12 6.13 -.. 7716.9 ......

GTF Minn 12 6.74 68 8480.0 +9.0 +763.1

FDM Med 12 3.87 ..- 4867.1 ......

GTF Med 12 4.27 66 5967.6 +10.3 +1100.5

FDM Phil 12 3.89 --- 4893.7 ......

GTF Phil 12 4.29 62 5398.7 -10.3 +505.0

FI)M Phoe 12 -1.66 .-.. 2082.9 ......

GTF Phoc 12 -1.38 66 -1736.8 -16.6 +346.1

FDM Minn 45 2.50 ... 44167.7

GTF Minn 45 2.47 99 43725.3 -1.0 -442..

*FDM = Finite l)ifference Model: GTF = (;round Transfer Function.
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Figure 29. Heat flux--Tb = TI,, Philadelphia, PA.
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Figure 31. Heat flux-Tb = Tia, 45 by 45, Minneapolis, MN.

Pairing the two square slabs and the two nonsquare slabs, a line was fit to each set and the coefficients
of the resulting equations were compared.

It was clear 'hat a single set of linear equations for the network parameters in terms of the slab
area, perimeter, or characteristic length could be written and should give acceptable results for all jour
cases. A set of equations based on these data is suggested elsewhere.'

Using the original L matrix and the A and V matrices generated using the new set of linear
equations, new GTFs and scalar constants were calculated and QCALC was used to calculate the daily
average heat flux through the slab using the Minneapolis weather data. The results are shown in
Figures 32 through 35. Table 16 gives numerical comparisons.

In all cases, more than 80 percent of the data are within 15 percent of the FDM data, and the error
in total energy consumption is less than 10 percent. Clearly, it is possible to develop a set of
equations for calculating network parameters as functions of slab area, perimeter, and characteristic
length that give good results for a variety of rectangular geometries. The equations developed for this
example cannot be considered universal; a more rigorous method of parameter estimation should be
used to develop a truly generic parameter set. However, this example indicates that such a procedure
should yield good results.

5'J.A. Amber.
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Figure 33. Heat flux--6 by 24.
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Figure 34. Heat flux--45 by 45.
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Figure 35. Heat flux--18 by 112.
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Table 16

Results of GTF Model Using Parameter Sets Based on Empirical Equations*

Total Annual
Total Annual Difference in

Mean % of Data Energy % Error in Total Energy
Slab Size Flux Within 15% of Consumption Energy Consumption

Model (mW) (V/M 2) FDM (%) (kWhr) Consumption (%) (kWhr)

FDM 12 x 12 6.10 --- 7716.9 ......

GTF 12 x 12 6.57 80 8263.1 +6.6 +546.2

FDM 6 x 24 7.30 --- 9180.2 ---..

GTF 6 x 24 7.31 81 9190.5 +0.1 +10.3

FDM 45 x 45 2.50 --- 44167.7 ......

GTF 45 x 45 2.47 93 43763.6 -09 -404.1

FDM 18 x 112 3.19 --- 56405.2 ......

GTF 18 x 112 2.93 86 51765.1 -8.2 -4640.1

*FDM = Finite Difference Model; GTF = Ground Transfer Function.
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5 CONCLUSIONS AND RECOMMENDATIONS

This report has described the development of two potentially useful methods for estimating hc.at
transfer through slab-on-grade floors, one appropriate for manual calculations and the otlier suited ior
use in transfer function-based energy analysis programs. Data from an extensive program of three-
dimensional numerical simulations p-ovided fundamental information for the fonnulation and teurin
of these models. The conclusions and recommendations presented below rest on analysis of io
numerical data base (above and in USACERL TM E-89/11) and on the performance of the propoocd
models.

Slab Ileat Loss Characteristics

Temporal and Spatial Characteristics

This study generally supports previous qualitative findings concerning the soil temperature
distribution near a slab-on-grade and the floor heat transfer regime:

* Temperature and heat flux distributions in the perimeter zone are essentially independent of
floor size for a given foundation design.

* Core conditions depend on the size and shape of a building. Floor center heat flux may vary
by a factor of two or three from a small building to a large one.

* Variations in floor total heat loss on a time scale shorter than 24 hr appear to be insignificant
for general-purpose calculations. Hourly effects on perimeter zones, however, may be of
consequence in passive design.

* Seasonal variations in the soil temperature regime cause heat loss to be more uniform over the
surface of a floor in the summer than during the winter. This fact makes perimeter loss
coefficient methods unacceptable for purposes other than heating load calculations. They are
not suitable for annual energy consumption estimates.

Geometric Effects

The results of this study indicate that influences of shape and size on floor heat loss in three
dimensions can be related to the effect of the characteristic length A/P on heat loss per unit area for
rectangular and L-shaped floor plans. Given the nature of this relationship, there is every reason to
expect that it extends to more arbitrarily defined shapes, as well.

Analysis using Eq 26 showed that floor area strongly influences the mean component of heat loss
but has little impact on the periodic component. Consequently, heat loss from floors with large A/P
may exceed F2 method predictions based on small floor results by as much as a factor of two. On the
basis of this work, the F2 method is not trustworthy.

Since two-dimensional heat transfer from a slab corresponds to the three-dimensional, infinite aspect
ratio case (for which A/P = LP.), there is an equivalent two-dimensional case for any three-dimensional
floor. This mapping is potentially of great significance, since it permits the heat loss from any number
of arbitrarily shaped floors to be obtained from the heat loss of a single two-dimensional case with the
same A/P value.
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Climate Effects

Differences in heat loss related directly to differences in the mean and amplitude of ground surface
temperature. Air temperature is unreliable as a reference because of the wide variation in local soil
temperature that may result from differences in surface conditions.

Ground Surface Boundary Condition Effects

Potential evapotranspiration caused mean ground temperature to fall several degrees below mean
air temperature and also decreased the amplitude of the annual cycle. The effect was most pronounced
during the summer when evapotranspiration potential is highest. Without a latent loss component at
the ground surface, the mean and amplitude of surface temperature increased substantially and ground
temperature exceeded air temperature through most of the year. The difference between air and surface
temperatures in the "no evapotranspiration" case also was greatest during the summer because of the
effect of greater solar gain.

Evapotranspiration increased maximum floor heat loss by 4 to 11 percent relative to the zero latent
loss case for a representative group of runs from Philadelphia, Medford, and Minneapolis while the
corresponding Phoenix simulation shcvcd a change of nearly 50 percent. Mean values were affected
to an even greater extent. For Philadelphia, Medford, and Minneapolis, mean heat loss decreased by
18 to 32 percent when evapotranspiration was suppressed. Phoenix mean heat loss changed by 170
percent--from a net loss to a net gain.

On the basis of this study, it must be concluded that the possible effects of latent heat loss on soil
temperature are substantial. A boundary condition that includes radiation but neglects evaporation will
predict ground surface temperatures that are generally elevated above air temperature during the day,
sometimes by 10 C or more. Conversely, a boundary condition that includes potential
evapotranspiration will predict lower daytime ground temperatures and a lower mean. The use of
ground surface conditions to modify loads on conventional buildings apparently has not been studied.
Speltz and Meixel, however, have shown that earth-covered roofs can greatly reduce cooling loads.'

Soil Property Effects

Soil thermal conductivity has a prcfound effect on both the mean and transient components of heat
loss. With the exception of foundation design, it is clearly the most crucial parameter affecting heat
loss. Reliable estimates of slab-on-grade heat loss without consideration of soil conductivity are
impossible. In this study, variation of soil conductivity produced greater change in heat loss than did
variation in climate. Factor of two changes in conductivity, which may occur in the field, produced
comparable changes in heat loss. Thermal diffusivity of the soil, however, did not exert much
influence on floor heat loss over the range of values considered.

Insulation Effects

The area dependence of the heat loss from an insulated floor was greater than that of the same
floor without insulation because insulation made floor temperature and heat loss more uniform. This
finding casts suspicion on the validity of F2 method heat loss predictions for highly insulated floors.
A comparison of observed heat loss values with current U. S. Army design energy targets for
residential and office space types 9 showed that the annual energy consumption of an uninsulated floor

'J. J. Speltz and G. D. Meixel."Architectural and Engineering Instructions: Design Criteria (Office of the Chief of Engineers, 13
March 1987).
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could be as much as 30 to 50 percent of the energy budget for new construction. Perimeter insulation
can r-duce this contribution by as much as 50 percent, and perhaps more. The contribution of the
floor load decreases with size because average flux falls as A/P increases.

Modeling Guidelines

The results of this study show that an accurate model of slab-on-grade heat loss will, as a
minimum, account for the following:

a Soil thermal conductivity
o Surface boundary effects on soil temperature
@ Foundation design and insulation treatment
* Area effects (A/P dependence of average heat flux).

Neglect or improper specification of any of these items could cause predictions to err by 50 percent
or more. In addition, manual methods should use soil temperature as an environmental reference and
distinguish between the mean and periodic components of heat loss.

Evaluation of Candidate Models

Characteristic Length Method

The method derived and discussed in Chapter 3 is well suited to use as a manual or simplified
computer technique. It is compact, easy to apply, applicable year-round, and is more consistent with
detailed numerical predictions than is the F2 method. Because it incorporates the A/P scaling
discovered through study of the numerical data base, this model can be used for floors of relatively
arbitrary shape and size. Because it is valid all year, it can be used for simplified energy analyses as
well as for load calculations. The model is limited to the extent that, in application, it requires
multiple coefficient sets.

The primary task required to make the proposed model usable is the computation of enough sets
of model coefficients (cl, d,, c2, and d2) to permit application across the anticipated range of soil
properties and foundation types. The precise size of this task, which would be considerable, would
be determined by considerations of acceptable accuracy as well as by the variety of foundation types
judged significant. In support of the model, it would also be necessary to provide the user with either
ground-surface temperature model coefficients corresponding to a range of surface boundary conditions
or the software to compute them. Neither option would be time-consuming or difficult.

Transfer Function Model

A simple multiple-input transfer function model of the heat transfer in the ground under a square
slab was presented. It was tested and modified to model both relatively small slabs where edge effects
are strong and larger slabs where heat flux is more strongly affected by the flux through the core.
Tested over a broad range of climatic conditions, the model calculated daily averaged slab heat flux
within I W/m 2 at all times and for all locations. This result translates to an error of less than I
percent (compared with the detailed finite difference model) for moderate and cold climates and 12
percent for Phoenix where the total flux is very low. The model's accuracy depends on the accuracy
of the input data; however, some reasonable approximations to the necessary input datr can give
acceptable results. A preliminary study of the development of network parameters based on slab
characteristic length indicated that the transfer function model has the potential to model more complex
systems accurately.
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Because of its conceptual similarity to existing energy analysis programs that use transfer function
models of building components, the model presented in Chapter 4 may be particularly suitable for
incorporation into such programs. This model also could serve as part of a stand-alone slab heat loss
program in situations for which the daily average slab surface temperatures are known or can be
reasonably approximated. In either stand-alone or integrated form, the model would require input from
some source of soil temperature data.

Recommendations

As noted above, the commonly used design techniques for slab-on-grade heat loss, such as the F2

method, are seriously limited in applicability and represent an obsolete view of earth-coupled heat loss.
Because of the increased importance of building/ground thermal interactions in contemporary
construction, it is imperative that the methods for earth-coupled heat transfer analysis be upgraded to
reflect the current state of knowledge. This objective could be met both through the development of
better manual methods and through computer-aided design tools.

The full capability of the transfer function model %,as not tested in this study. Further work is
recommended to expand the use of the model to nonsquare and possibly even nonrectangular surfaces
through a definition of the network parameters based on characteristic length. Testing and possibly
modification of the parameter equations to support differential slab core and slab edge temperatures
would allow the model to be used more effectively for insulation studies.

Both the manual A/P and transfer function approaches should be extended to include additional
earth-coupled surfaces such as bermed walls, basements, and heated slabs. More research is needed
into the effects of soil property variation and moisture movement.
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APPENDIX:

DATA SET USED TO EVALUATE PROPOSED MODELS

Series G

Rectangular and L-shaped plans. Evapotranspiration on, shadowing off. Medford, OR weather.
Base case properties (k = 1W/m-K, density = 1200 Kg/M3, specific heat = 1200 J/m 3-K). Variable
aspect ratio for areas of 144 M2, 900 M2 , 2025 m2, and 3600 M2. All floors are 0.1 m thick. Soil
temperature is 11.7 0C at a depth (z,) of 10 m or 15 m, as indicated. Side boundaries are
approximately 12 m beyond the edge of the slab. The purpose of this series is to demonstrate
geometric influences on heat loss.

ID Plan Shape Dimensions(m) Area (M2) Comments

GRO rectangle 12 x 12 144 z. =10 m
GRIA rectangle 12 x 12 144 z,==15 m
GRO2 rectangle 8.5 x 17 144.5 z.=10 m
GR03 rectangle 7 x 20.5 143.5 z.=10 m
GRO4 rectangle 6 x 24 144 z.=10 m

GR05 rectangle 45 x 4 2025 z., =10 m
GR5A rectangle 45 x 45 2025 XMAX&YMAX>GR05
GR5B rectangle 45 x 45 2025 z=,.=15 m
GR06 rectangle 32 x 63 2016 z .=10 m
GR6A rectangle 32 x 63 2016 zr=15 in
GR07 rectangle 23 x 88 2024 z.i=10 in
GR7A rectangle 23 x 88 2024 z.,=15 m
GR08 rectangle IS x 112 2016 10 mGRSA rectangle 18 x 112 2016 z.=15 in
GR09 rectangle 30 x 30 900 z,.,=10 m
GR9A rectangle 30 x 30 900 z=15 m
GR1A rectangle 20 x 45 900 z, =10 m

GRIOA rectangle 20 x 45 900 z =15 m
GRlI rectangle 17 x 53 901 z.=10 m
GRIIA rectangle 17 x 53 901 z,"=15 m
GR12 rectangle 15 x 60 900 z.=10 m
GRI2A rectangle 15 x 60 900 z.=15 m

GRI3 rectangle 60 x 60 3600 z,.=10 m
GR13A rectangle 60 x 60 3600 z-..=15 m
GR14 rectangle 30 x 120 3600 z,.=10 m
GR14A rectangle 30 x 120 3600 z=-=15 m
GR15 rectangle 20 x 180 3600 z.=10 m
GR15A rectangle 20 x 180 3600 z.=15 m

GR16 rectangle 20 x 20 400 z=10 m
GRI6A rectangle 20 x 20 400 z,,,=15
CR17 rectangle 10 x 40 400 z,.=10 m
GRI7A rectangle 10 x 40 400 z,..=1O in
GL01 L-shaped 144.9 z.= 15 m
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GL02 L-shaped 2028 z.=10 m

GL2A L-shaped 2028 z,=15 m

GL03 L-shaped 897.9 z=10 m

GL3A L-shaped 897.9 z, =15 m

Series W

Rectangular plans. The basic decks arc taken from the previous series. The only factor varied

was the weather file. TMY files from Minneapolis, MN, Phoenix, AZ, and Philadelphia, PA were
used.

ID Plan Shape Dimensions (m) Area(m 2) Location

WMN1 rectangle 12 x 12 144 Minneapolis
WMN2 rectangle 45 x 45 2025 Minneapolis
WMN3 rectangle 6 x 24 144 Minneapolis
WMN4 rectangle 18 x 112 2016 Minneapolis

WPXI rectangle 12 x 12 144 Phoenix
WPX2 rectangle 45 x 45 2025 Phoenix
WPX3 rectangle 6 x 24 144 Phoenix
WPX4 rectangle 18 x 112 2016 Phoenix

WPHI rectangle 12 x 12 144 Philadelphia
WPH2 rectangle 45 x 45 2025 Philadelphia
WPH3 rectangle 6 x 24 144 Philadelphia
WPH4 rectangle 18 x 112 2016 Philadelphia

Series S

These runs show the effect of shade cast on the ground by a building. Sites are Medford and
Phoenix. 15-m deep domain. Evapotranspiration is included except as noted.

ID Plan Shape Dimensions (m) Area (M2 ) Location

SMDI rectangle 12 x 12 144 Medford
SMD2 rectangle 6 x 24 144 Medford, Long EIW
Sl ID3 rectangle 6 x 24 144 Medford, Long N/S
SMD4 rectangle 12 x 12 144 Medford, No evap.
SPXI rectangle 12 x 12 144 Phoenix

Series K

These runs show the effect of thermal conductivity and thermal diffusivity. They are identical to
the "W" runs for Philadelphia except that the soil properties have been changed.

A. k = 2 W/m-K, density = 1700 kg/rM3, and specific heat = 1700 J/m3-K.
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ID Plan Shape Dimensions (m) Area (m2) Location

KPHI rectangle 12 x 12 144 Philadelphia
KPH2 rectangle 45 x 45 2025 Philadelphia
KPH3 rectangle 6 x 24 144 Philadelphia
KPH4 rectangle 18 x 112 2016 Philadelphia

B. k = I W/m-K, density = 1700 kg/m, and specific heat = 1700 J/rn'-K.

ID Plan Shape Dimensions (in) Area (m2) Location

KPH5 rectangle 12 x 12 144 Philadelphia
KPH6 rectangle 45 x 45 2025 Philadelphia
KPH7 rectangle 6 x 24 144 Philadelphia
KPH8 rectangle 18 x 112 2016 Philadelphia

C. k = 0.5 W/m-K, density = 1200 kg/m3, and specific heat = 1200 Jfm3-K.

ID Plan Shape Dimensions (in) Area (m2 Location

KPH9 rectangle 12 x 12 144 Philadelphia
KPHIO rectangle 45 x 45 2025 Philadelphia
KPHI 1 rectangle 6 x 24 144 Philadelphia
KPH12 rectangle 18 x 112 2016 Philadelphia

D. k = 2 WV/m-K, density = 1500 kg/r 3, and specific heat = 1500 i/me-K.

ID Plan Shape Dimensions (in) Area (m2l Location

KPH13 rectangle 12 x 12 144 Philadelphia
KPH 14 rectangle 45 x 45 2025 Philadelphia
KPH15 rectangle 6 x 24 144 Philadelphia
KPH16 rectangle 18 x 112 2016 Philadelphia

Series E

These runs show the effect of turning off evaporation in the surface boundary condition.
Otherwise, they are the same as the corresponding series G and W runs.

ID Plan Shape Dimensions (in) Area (i 2) Location

EMNI rectangle 12 x 12 144 Minneapolis
EMN2 rectangle 6 x 24 144 Minneapolis
EMN3 rectangle 45 . 45 2025 Minneapolis
EMN4 rectangle 18 x 112 2016 Minneapolis
EMDI rectangle 12 x 12 144 Medford
EPHI rectangle 12 x 12 144 Philadelphia
EPXI rectangle 12 x 12 144 Phoenix
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Series I

These runs indicate the effect of under-slab insulation. The insulating material is 2 in. extruded
polystyrene board, k = 0.029 W/m-K. The resistance of 1- and 2-in. layers is 0.8759 and 1.75
K/(W/m2), respectively. To treatments are considered; edge + I m under slab, and edge + full under
slab. Since insulation is apphd primarily to mitigate heating load, Minneapolis weather is used in
these runs.

ID Plan Shape Dimensions (i) Area(m) Location

IMN' rectangle 12 x 12 144 2", 1 in strip
IMN2 rectangle 12 x 12 144 2", full
IMN3 rectangle 45 x 45 2025 2", 1 m strip
TMN4 rectangle 45 x 45 2025 2", iPll
IMN5 rectangle 6 x 24 144 2", 1 m strip
IMN6 rectangle 18 x 112 2016 2", 1 m strip
IMN7 rectangle 12 x 12 144 1", 1 m strip
IMN8 rectang' "  12 x 12 144 1", full
IMN9 rectangle 45 x 45 2025 1", 1 m strip
IMI0 rcc.angle 45 x 45 2025 1", full
IMI1 rectangle 6 x 24 144 1", 1 m strip
IM12 rectangle 18 x 112 2016 1", full

Serie3 Z

Rectangular plans. The basic decks are the same as WMNI-4. The or, y factor varied is the deep
ground boundary condition. The ground temperature file has a zero-flux conidition at a depth of 15m.
Evapotranspiration is on.

ID P- S Dimensions(m) Area(m2) Location

ZMN1 rectangle 12 x 12 144 Minneapolis
ZMN2 rectangle 45 x 45 2025 Minneapolis
ZMN3 rectangle 6 x 24 144 Minneapolis
ZMN4 rectangle 18 x 112 2016 Minneapolis
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