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1. INTRODUCTION

There is a current need for a robust multivariable flight control design technique
which gives good performance under changing environment, disturbances, and uncertainty
in modeling. Also, it is very useful to know the maximum possible performance under
worst case conditions. Design techniques based on H,, methods are ideally suited for
vielding good performance of the aircraft even under worst case conditions. Thus, at the
Naval Air Development Center, efforts are underway to demonstrate the feasibility and
advantages of flight control design techniques based on finite horizon Hs, techniques.

The H,, optimal control problem has received considerable attention recently and it
is well-known that H,, suboptimal controllers can be synthesized via the solution of two
algebraic Riccati equations under certain restrictive assumptions[1]. These assumptions
can be removed using various transformations[2], and thus controller synthesis can be
accomplished in the general case in an indirect manner. Recently the techniques have
been extended to time-varying systems[3] under similar restrictive assumptions. One of
the contributions of the present report is the derivation of the results in a general case in
the time-varying setting. The synthesis of the controller is accomplished for a general error
criterion in the finite horizon case and the implementation of the equations on a digital
computer is easy. The synthesis can be accomplished by means of two dynainic Riccati
equations, one related to the controller part and the other to the observer part. In the
time-invariant case, the solutions of these equations usually tend to constant matrices.

A lot of current research has also been directed towards the problem of estimating
the infimal H,, norm of a given system. There are a few iterative techniques in the time-
invariant case. There are virtually no techniques in the time-varying case and another
contribution of this report is an efficient technique for the estimation of the infimal H.,
norm in a very general setting. The technique consists of considering the inherent minimax
problem and treating the adjoint variables associated with the maximization problem as
state variables for the minimization problem. Once this is accomplished, the techniques of
(4-9] can be applied to get the infimal norm.

We treat the problem of existence and computation of the minimal H,. norm initially.
Then the problem of synthesizing the suboptimal H,, controllers will be taken up. In the
derivation of the output feedback controller, the full state feedback expressions are useful
in the definition of the gain of the controller part and duality plays an important role in
the assignment of the gain of the observer.

In all control problems it is very useful to know the maximum possible performace
under worst case conditions. The theory of Sections 2-6 is useful in obtaining a quantitative
idea of achievable performance. Since suboptimal design is more practical, this topic will
be treated in Sections 7-10. Also the command following problem can be suitably recast
to fit the problem formulation of Section 7.

In the time-invariant case, the solutions of the dynamic Riccati equations involved
usually tend towards constant matrices, if the final time is large enough. This is very
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valuable in the case of flight control design. Research is also being done to successfully
deal with parameter variations under the present setting. In our reserach we are mainly
interested in the robust performance aspects of the aircraft under variations of the system
model, as opposed to robust stability considerations.

2. EXISTENCE OF OPTIMAL INPUTS
In this section we obtain results for the existence of optimal exogenous and control
inputs for the finite horizon Hy, problem. Consider the system given by

z = A(t)z + By (t)u + B2(v, z(0)=0. (on
z = C(t)r + D(t)u + E(t)v, (2.2)

where z and : are the state vector and the error vector respectively. The matrices
A(t), Bi(t), Bo(t),C(t), D(t), and E(t) will be assumed to be continuous on [0, T], where
T is the final time. In additica u,v € Ly(0,T).

The problem is to show the existence of u and v for which

. fOT %v*Rv dt
inf sup ——%——

A P T

(2.3)

is achieved. In (2.3) R(t) and W(t) are continuous positive definite matrices on [0, T].
We now consider the maximization part in (2.3). We will show that given any v,
there exists a u which minimizes fOT =*Wz dt. By simple changes in variables, the above
minimization problem can be converted to a problem of the form considered in Example
2, Section 3.3 of {10]. From the results of [10], there exists a unique u which minimizes

ST Wz dt.

We can write the functional in (2.3) as

S Lo*(H)R(t)o(t) dt

J(u,v) = —f ] - . - - ; - .
fo {z* Wiz + 2*Wou + su*Wiu + r*Wyv + 3v* Wsv + w*Wev} dt

(2.4)

We will use the adjoint variables associated with the maximization part of (2.3) as state
variables for the minimization part of (2.3).
Let

A ir;f(')szp.](u,z) (2.5)

Since we established the existence of a maximizing u for any given v # 0, it only remains
to establish the existence of a minimizing v to guarantee the existence of A.

o
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Let 6 be the adjoint variable associated with the maximization problem. For any
v # 0, we need to select u to minimize

T
1 1
/ {51'“’,3: + *Wou + §u'ﬂ'3u + "W + %v‘W'Sv + u*Wev} dt (2.6)
0

From the maximum principle{10], which in this case is also a sufficient condition for opti-
mality because of the uniqueness of the optimal u, the Hamiltonian is given by

1 1 1
H = —{51‘11'11 + *Wou + 511'”"311 +*Wiv + 51}'”’51} + u*Wev}+

0*{A(t)x + By(t)u + By(t)r}. (2.7)
The adjoint variable 8 satisfies
(—;—g =Wir+Wou+ Wye — 476, (2.8)
with
z(0) =0, 8(T) = 0. (2.9)

Assuming that W3 is invertible for all ¢t € [0, T], the optimal controller is given by
w=W;Y B - Wiz —Wee). (2.10)
Let
A=A BW'WT,
B =B\W;'B;,
C =W, — W, W; "Wy, (2.11)
Gl = Bz - B] ‘173—1I""’6,
G2 = "V4 - ‘1’2 I’V:;l”"s.

(- 2@ e

2(0) =0, 6(T) = 0. (2.13)

Thus we have

with
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Let
(= (;) : (2.14)
A B
N A o 1x
M (C _A:-)s (2.15)
G,
] — 9
N (Gz) , (2.16)
U, =W (=W; Br) (2.17)
U, = —W; W5, (2.18)
and
U, =(I, 0,). (2.19)

We define the matrices @, Q,, and @3 by
Q =U; WU, + U WU, + UV U, + U0, (2.2
Q2 =U WU, + U WU, + Un Wy + UV, (2.21)
Q3 = U WU, + W5 + 22U, W5. (2.2
The system give:r by (2.12) can be written as

¢ = M(t)¢ + N(t)v, (2.20)

with

z(0) =0, 6(T) = 0, (2.24)

and v needs to be selected to minimize the cost
ST Lo (OR((t) dt
T )
Jo (3¢ MQUC() + ¢ Qo + Lo*Qur) dt

We now investigate the conditions under which a minimizing v exists. Note that if
v = 0, the denominator of (2.25) is zero and that the minimum value of (2.25) over v # 0

is A.
THEOREM 2.1. Consider the system given by (2.23) and (2.24). Assume that there exists
av € Ly(0,T) for which 0 < [ {1¢*Q1¢ + (*Qav + 0" Qsv} dt < oo. Let

. fOT %U‘Rv dt
A= inf T . .
0 [T{50QuC + (" Qav + horQun) e
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4
Also assume that R(t) — AQ3(t) > a > 0 for all t € [0,T] and kgi %Z> is positive
2

semidefinite. Then there exists vo € Ly(0,T) which minimizes (2.25). Also, the minimum
value of (2.25) is strictly positive.

Proof. Since (2.25) is invariant under scaling of v, it suffices to consider only those v
for which fOT{%C‘ng' +(*Qav + %v‘ng} dt = 1. Let {v;} be a sequence in L,(0.T) such
that lim—ec [ v?Rvidt = A with [T{3¢7Q1¢ + ¢*Qavy + 107 Qav,} dt = 1 for each i.
Here (; is the response of

[S™]
]

i = M(t)G + N(t)e, (2.27)

with

®
3

2:(0) = 0. 6,(T)=0. (2.28)

Since {v;} is bounded in L;(0.T), a subsequence, still denoted by {v,} converges
weakly to some v9 € L,(0,T). Also we can select the subsequence such that {(;(0)}.

{fOT vl Qv dt}, {fOT vTv; dt} are convergent. Let (;(0) — ¢°. We have

t
Gi(t) = ((0) + / O(t, r)N(r)vi(7)dr, (2.29)
0
where ®(t, 7) is the transition matrix of (2.27). Let (o(t) satisfy
Co = Mo + N{tyeg,  $o(0) = ¢ (2.30)

It is clear that by the weak convergence of {v;}, (;(t) converges pointwise to {y(#). From
(2.29). 1t follows that for sufficiently large :. the responses (;(t) are uniformly bounded.
By the Lebesgne dominated convergence theorem, we conclude that

T T
/ )@ (1)Ci(t) dt —’/ Co (1)Q1(1)Co(2) dt. (2.31)
v 0
Also we have
T T T T
/ (i Qavidt — / CoQavp dt = / (Ci = Co)* Q2 dt +/ Co Q2{vi —vo)dt. (2.32)
0 0 0 0

It can be easily shown that the right side of (2.32) goes to zero as 1 — oc. Thus

T T
lim / CFQqv,dt = / CoQary dt. (2.33)
0 0

[ asade &

on
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Note that T
1 1 .
/ {6 Q1G + G Qv + §U:Q31’,‘} dt = 1Vi, (2.34)
0 &

T T
1 1
/ {56 @160+ Qavo+ = v0Q3v0}dt =1-lim 51’:Qal'z‘ df+/ ‘2“1'5Q31'0 dt. (2.35)
0

1—00 0

We already noted that lim;_., f,)T %v," Q3v; dt exists. As a consequence of weak convergence
/ -vgQ3vo dt < lim —v!Q3v; dt. (2.36)
0 2 $-—OC o 2

We claim that the right side of (2.35) is strictly positive. Otherwise by the positive
semidefiniteness of (81 Qoz) and by (2.34), (2.35) and (2.36), it follows that vy = 0 and
2
limy— o fOT %z{‘ng,- dt = 1. From the assumption that R — AQ3; > a > 0, we have

1 1 a
SV Bvi 2 ASuiQavi + Sofvs. (2.37)

Integrating b +'. sides from 0 to T and letting 7 go to oc, we get A > A + 3, where 3 > 0.
This contradiction shows ti.ai

“ - . - o~ % 1 * N
fo1 80 @i+ G Qavo + 5u5Qswe} dt > 0. (2.38)
) -

We now show that

Tl -
[U 2 URIOr]f S/\ {239)

fOT{%C(;Q]QO + Q() Q’zl‘o + 51’6Q31'0} dt

Since lim;_. fo ; vy Rv;dt = A, we only need to show that

T T i .«
1 vy Rvg dt
lim / Sv, Ruidt — — 1 f” 2f0T00 > 0. (2.40)
i—x Jg 2 fO {ECJQ]CO + C5Q2v‘ + %1':Q3lv'} dt

Indeed the numerator of

T T 1..%
. 1 v g dt
lim StrQividt — Jo_zv3@imo

- . T T
tmxJoo = 1—Tm, fo %1',‘Q3z', dt +f0 %z-éQy*o dt
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is given by

1 L
him / ~v (R - AQj)e, dt — / —vo (R — AQ3)vg dt. (2.42)
o 2 o 2

$—OC L <

Since R — AQ3 > 0, as a consequence of the weak convergence of {v,} to vy, the above
quantity is nonnegative.

Also A needs to be greater than zero. Otherwise vy = 0, which implies that the
corresponding unique optimal ¢ = 0. This makes the response (y(t) = 0, and hence the
denominator of (2.25) is zero, contradicting (2.38). O

3. INFIMAL H, NORM
In the previous section. the minimax problem was converted into a minimization
problem. The resulting system was

=M+ Nt (3.1)

with

r(0)=0. 6T)=0. (3.2y

where v needs to be selected to minimize the cost

ST L (Rt w(t) dt

) 2

JHECOQIUICH) + COQut)e(t) + Le=()Qs(t)e(t)} dt

We now state the conditions that are satisfied by an optimal v(#).

THEOREM 3.1, Consider the system given by (3.1)-(3.3). Assume that R~ )Q5 is invertible
for allt € [0.T]. If vo(t) minimizes (3.3). then there exists a nonzero p(t) = (p*(t) ¢"(t))"

such that
dp

-(?f— = —‘\I‘p — AQ]C - /\Q‘zl', (34)

where pit) and q(t) are components of the adjoint vector corresponding to z(t) and 8(t)
respectively, such that

2(0)=0, 6(T) = 0.

p(T) =0, ¢0)=0, (3.5)
where I-T Lot Ro dt
A= mf T Jo_ 2 ’ 36)
FO UG+ CQar + 20 Q) dt
and

valt) = (R = AQ1)" ' {AQ3C + N7p). (3.7)
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Proof. If vo(t) minimizes (3.3). then it also minimizes

N LS| X 1
J(v) = / ‘-_)-r'Rvdt - /\/ {;C‘Q;Q + Qv + 0" Q4r} dt. (3.8)

o 2 o 2 2

The theorem now follows from the mayimum principle{10]. O

Let
M =M+ AN(R-)Q:)7'Q;. (3.9)
N =NR=-)IQ;)"IN", (3.10)
and

L=-2Q; - NQA0R-)Q3)7'Q;. (3.11)

The variables satisfy a two point boundary value problem given by

: MOON
(5)-( 5)6)

z(0)=0, 6(T) =0,
p(T) =10, ¢(0)=0.

with

(3.13)

We now give a criterion for the estimation of A. Notice that A = min,»o max, J(u,v)
and gives a measure of performance of the optimal controller under worst-case conditions
corresponding to vo(t). In the Hy case, the evaluation of A would eutail the 4-iteration.

THEOREM 3.2. Let A be the smallest positive value for which the boundary value problem
given by (3.12) and (3.13) has a solution ((, p) with fOT{%(*Qlf—{—(‘sz—i- %1"‘Q31'} dt > 0,
where v 2 (R=2Q3)"Y{AQ35¢ + N*p}. Then X is the minimum value of (3.12). (¢, p) is an
optimal pair and v = (R — AQ3) " {\Q3( + N*p} is the worst exogenous input.

Proof. It is clear from Theorem 3.1 that if vo(¢) minimizes (3.3), then it satisfies (3.12)
and (3.13). with )\ being the minimum value of (3.3). Now suppose (. p) satisfies (3.12)
and (3.13) for some A. Let v = (R~ AQ3;) ' {)Q3(+ N*p}. In the following equations ( , )

denotes an inner product.
We have

4

T T T
/ (R = AQ3)v,v)dt = / (AQ3¢ v)dt +/ (N*p,v)dt. (3.14)
0 0 0

By equation (3.1), the second integral of (3.14) can be written as

T T T
/ (N*p,v)dt = / (p.Nv)dt = / (p.¢ — MC)dt. (3.15)
0 0 0
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An integration by parts and equations (3.4) and (3.5) yield

T T T
/(p,<—M<>dt= A/ (Qlc,c)dtH/ (¢, Q) dt. (3.16)
0 0 0

Substituting (3.16) in (2.14), we get

T T
/ v*Rodt = A/ {CQ1C+2C" Qv + v*Q3v} dt. (3.17)
0 0

Thus, the cost associated with v is A. Hence, if (¢, p) is a nontrivial solution of the bound-
arv value problem given by (3.12) and (3.13) for the smallest parameter A > 0 with
f { Qi+ Qv+ 1 sv*Qav}dt > 0, then ) is the optimal value and (¢, p) is an optimal
pair. O

Note that the boundary value problem (3.12)-(3.13) has a solution with a nonvanishing
denominator for (2.4) for at most a countably infinite values of A. Theorem 3.2 gives a
sufficicut condition for an exogenous input to be optimal. Equations (3.12)-(3.13) and
Theorem 3.2 completely characterize the worst exogenous input.

The criterion in Theorem 3.2 can be used to devise computational tools for the eval-
uation of the infimal H, norm in the finite horizon case. Our computational experience
shows that for time-invariant problems, the infimal H, norm in the finite horizon case
approaches that in the infinite horizon case as the final time T becomes large.

4. COMPUTATION OF )
Making use of the transition matrix, the solution of (3.12) can be expressed as

x(t) 611(t,0) ¢12(t»0) 613(t,0)  $14(t.0) r(0)

0(1) | _ [ 921(t.0) 022(1,0) ¢23(2.0) ¢24(2,0) 6(0) (4.1)
p(t) #31(t,0) ¢32(t’0) 033(t,0)  @34(2,0) p(0) | '
q(t) 041(1,0)  042(1,0) 43(1,0) 44(1,0) q(0)

The boundary conditions given by (3.13) yield

(¢22(T,0) ézg(T,O)) (I(O)) o o)
$32(T.0) 033(T,0) 6(0) : 2

Let
- ©22 923
= , ) 4.3
© (¢32 Oss) (4.3)
In view of (4.2) and (3.12)-(3.13). we have det(é(T, 0)) = 0if and only if the solution (¢. p)
of (3.12)-(3.13) is not identically zero. Thus. we need the least positive A which makes
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det (c;(T,O)) = 0 and the denominator of (2.4) positive. This can be obtained by doing a

search with A over an interval on which there is a change in the sign of the determinant.
We found the following algorithm to be numerically more stable since numbers of

lesser magnitude are involved in the computation of the transition matrices in (4.4). We

have -
C(T)) T (C(O))
=o(T., — —.0 . 1.4
() =2 p)ez.0 (G0 .
Let
€ &2 &3 &
- T €1 22 &2z €
YT 23 = 21 &22 &2 u | 45
o7 (T, 2) €31 €32 €33 &as (4.5)
€1 Ea2 Ea3 4
and
viy V2 Vi3 Vg
L N va ver v v ,
o 2 0) = v31 V32 V33 Vsg (4.6)
V4y V4 V43 V4y
Making use of 7(0) = ¢(0) = 6(T) = p(T) = 0, we have
i1 & viz 3
§21 &24 (T(T)> _|ve2 vn (9(0)) (4.7)
€31 €34 q(T) v3p V33 p(0) ) ‘
541 544 V42 V43
The above equation has a nontrivial solution if and only if
511 514 Vi2 i3
€21 €24 V22 V23
det = 0. 4.8
¢ €31 €34 v3z va3 (4.8)
€41 44 Va2 V43

Thus, we need the least positive A which makes the above determinant zero.

5. A DIFFERENTIAL EQUATION FOR A
For simplicity we derive a differential equation for A only in the case where W =
Ws = W = 0. Note that this makes Q, = Q3 = 0. Thus equations (3.12) and (3.13) can
be written as )
(=M(+NRIN*p

) R . (5.1)
p=—AQ(~ Mp

10
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with
z(0) =0,(T) =0,

p(T) =0,9(0) =0.

(5.2)

Now assume that the final time is changed to T + AT where AT is an elemental
increment. The solution of the above boundary value problem can be extended to [0, T +
AT]. Suppose {; and p; are the elemental variations in ((, p) owing to the increment AT
in T. That is, (( + (1,p + p1) is the new optimal pair. Also denote the variation in A by

A)X. We have )
¢(=M{G + NRTIN*p

p1=—-A@Q1(1 — M’p1 — AXQ (¢

with
£1(0) = 0,6,(T + AT) = —8(T + AT),

pi(T + AT) = —p(T + AT),q;:(0) = 0.

THEOREM 5.1. As a function of T, X satisfies

dr _ =AC(T)Q(T)UT) = 2¢*(T)M*(T)p(T) — p*(T)N(T)R™Y(T)N*(T)p(T)

aT [T Qicdt

Proof: From (5.3),
T+AT T+AT
[ eha== [ 0@+ M+ 8XCQuG)
0 0
By an integration by parts,

T+AT T+AT
/ Cprdt = C*pi(T + AT) — / {¢C*M*py + p"NR™IN"p,} dt.
0 0

From (5.6) and (5.7),

T+AT T+AT
/ (M*Qi¢ + AN QiC) dt = —C*py(T + AT) + / p*NR™IN*p, dt.
0 0

From (5.1), the first integral on the left side of (5.8) can be written as

T+AT T+AT
/ AC*QiCy dt = — / (6 + M°p) ¢ dt.
0 0

11
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Integrating the right side of (5.9) by parts, we get

T+AT T+AT
/ AC*Qi G dt = —p* (U (T + AT) + / p*NR™IN*pdt. (5.10)
0 [1}

Substituting (5.10) in (5.8), we get
T+AT
AA/ C*Qucdt = p*(T + AT)G(T + AT) — ¢*(T + AT)py(T + AT). (5.1
0

We have

p* (T + AT) = " pi(T + AT) = p*(T)C(T + AT) = (*(T)p1 (T + AT ) + o AT)
= —¢"(T)8(T + AT) + =*(T)p(T + AT) + o( AT)
= —¢"(T)(T)AT + z*(T)H(T)AT + o AT)
= —p"(T)UT)AT + (N(T)p(T)AT + o AT)  (5.12)

From (5.11) and (5.12). we get (3.5). O

6. EXAMPLES

The above theory is useful in the computation of the infimal H, norm. This problem
is still being researched actively in the case of both static and dynamic controllers and there
are a variety of algorithms in the literature. In the examples given below, we compute the
minimum H. norm given by (2.4) as the final time T varies. The programs were written
using PC-MATLAB and the least positive A which satisfies equation (4.8) was found. The
infimal finite-time H.. norm 7 is 1/vV/.
EXAMPLE 1. We consider the tracking example from [11]. In this case

-01 0 0 0 1
A:( 0 00}, Bi=[1], B;=10
0 0 2 1 0
0.0081 —0.045 —0.045" 0
W, =1 -0045 0.25 025 |, W,=(0], U=
-0.045 0.25 0.25 ) 0

0.009
Wy=|-005), Ws;=001, Wy=0 R=1.

—0.05

The results are given below.




NADC-91077-60

TABLE 1: Results of Example 1

T A y=1/VX
) 17.6023 0.2384
10 16.3113 0.2476
15 15.9802 0.2502
20 15.7944 0.2516
25 15.7442 ' 0.2520
30 15.7224 0.2522

EXAMPLE 2. This example, taken from [12] has

-2 1 1 1 0 0 1
3 0 0 0 1 0 0
A= -1 0 -2 -3 B, = 0 0l B, = 1
-2 -1 2 -1 0 1 0
with
1 0 -1 0
) 0 0 0 O . {10
R=1, wi=| o 1 ol ¥ _(0 1),
0 0 0 O

and zero entries in W5, W, Wy, and Wy. Table 2 gives the numerical results.

TABLE 2: Results of Example 2
T A y=1/VA
) 3.8975 0.5065
10 0.9220 1.0414
15 0.7001 1.1951
20 0.6722 1.2197
25 0.6681 1.2234

EXAMPLE 3. The last example is also taken from [12]. In this case

0 1 4 -4 1 0 0 1
-3 -1 1 2 1 4 0 0
A=1 0 1 -1 -1 0|, By=]0 0}, By=1{1],
2 1 -1 0 1 00 0
-1 2 1 -2 =2 0 2 1

13
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with
1 00 00
0 00 0 O 1 o
R=1 W,=]0 01 0 0], W’:(O 1>,
0 0010
0 00 0 O

with the rest of the matrices having zero entries. The results are given in Table 3.

TABLE 3: Results of Example 3
T A v =1/VA
5 0.89262204 1.05843988
10 0.87538735 1.06880842
15 0.87477568 1.06918203
18 0.87476217 1.06919029

7. SUBOPTIMAL PROBLEM FORMULATION

The main contribution of the remaining portion of the report is the derivation of
the suboptimal controller in the time-varying case for a general performance index. We
consider a generalized finite horizon suboptimal H., problem. An expression for a state
feedback controller is given in terms of solution of a dynamic Riccati equation. Also an
expression for a suboptimal output feedback controller is developed in terms of solutions
of two dynamic Riccati equations. Throughout the report an objective has been to derive
results in as general a case as feasible. The formulae for the synthesis of the suboptimal
H_, controller are summarized in Section 5 and these can be programmed easily on a
digital computer to synthesize a suboptimal H, controller. In the time invariant case, if
the final time is sufficiently large, the solutions of the dynamic Riccati equations converge
to the solutions of the corresponding algebraic Riccati equations.

Let the n-dimensional time-varying system be given by

z = A(l)z + By(t)u + Ba(t)v, z(to) =0, (7.1)
z = C(t)z + D(t)u + E(t)v, (7.2)
y = Co(t)x 4+ Do(t)u + Ep(t)v. (7.3)

Without loss of generality, let to = 0. Also let
T »
sv*Ru dt
Aopt = mMaxmin _pr_ﬁ_E_’
v v#0 fo %z‘”’z dt

where R and W are assumed to be positive definite and the superscript * denotes a matrix
or vector transpose. Computational techniques for the evaluation of A, are given in
Section 4. The problems addressed in the report can be stated as follows.

14
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Problem 1. Given A < A, find a full state feedback controller, if it exists, for which

Ty .
. fo %v Rv dt .Y

Problem 2. Given A < A, find an output feedback controller, if it exists, for which

T 1
sv*Ru dt

m
v#0 fOT 32*Wzdt

8. FuLL STATE FEEDBACK PROBLEM
Consider the performance criterion

1 T1
/ —v*Rvdt — )\/ =z*"W:z dt. (8.1)
o 2 o 2

We will first find a saddle point (u?,¢?) with respect to the criterion (8.1). The motivation
for finding the saddle point is so that we can construct a suboptimal H.. controller on the
finite interval [0, T).

The functional (8.1) can be written as

T 1 * T 1 * hd * r 1 * b4
J(u,v) = Sv Rvdt — A {51 Wiz+z ng-{—iu Wiu
0o < 0o 4
1
+* Wy + av"W'sv + u*Wer} dt. (8.2)

Given u(t), let v® maximize (8.2). The following lemma characterizes v°(t).

LEMMA 8.1. Let X be such that R — AW is positive definite for all t € [0, T}. For a given
u, if v°(¢t) minimizes (8.2), then tlere exists a nonzero 1(t) such that

d
E’tl = —A'n = AWyz — AWou — AW,0°,  n(T) =0, (8.3)

and
v°(t) = (R - AW;)™! {Byn+ AWz + AWu.} (8.4)

Proof. By the maximum principle[10], there exists an adjoint response n(¢) such that
the Hamiltonian

1
H = /\{Ez‘Wlx +x*Wou+ ;‘—u‘W’su +z*Wyv + Elz-v‘Vst + u*Wev}

—;l)-v’Rv +n*{A(t)r + By (t)u + Ba(t)v.}. (8.5)

15
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is maximized almosi everywhere on {0, T]. Satisfaction of %}l—{ = 0 yields (8.4). The adjoint
variable n satisfies
dp  OH _
dt ~ 9z
By the transversality condition, p(T)=0. O
In a similar manner, we can get an expression for an optimal «°(¢) which maximizes
(8.2) for given v and A.

A — AWz — AWau — AW, (8.6)

LEMMA 8.2. Consider the system given by (7.1). Assume that W3 is positive definite for
all t € {0, T}]. For a given v, if u®(t) maximizes (8.2), then there exists a nonzero '(t) such

that
dl,/) _ L 7 r .0 1" / — -
gt" =-A ’(,’+1111‘+‘12U +H4v, ’(,p‘(T)—O, (84)
and
Ot = Wy Y {Biy — Wyz — Weel. (8.8)
Proof. Proof is similar to that of Lemma 8.1. O
Simultaneous solution of (8.3), (8.4), (8.7), and (8.8) vields a saddle point solution
(u®, %) for the functional given by (8.2). We now express the above minimax solution in
a simpler form.
From (8.3) and (8.7), at a saddle point solution (u%,v?), we get

d, .. . , .
S (Av+n)=-4 (A +1n), A(T)+n(T)=0. (8.9)
It follows that
Mp(t)+n(t)=0, tel0,T) (8.10)
Thus the saddle point solution is characterized by
%—ltﬂ = —A*Y + Wiz + Wou® + Wy, (8.11)
u®(t) = Wy {Bry — Wir — Wii°), (8.12)
v2(t) = A(R - AWs)"H{=Bsy + Wiz + W'} (8.13)

We define the full state feedback controller the following way. Assuming that the
inverse of W3 + AWs(R — AWs5) Wy exists, let

Q=(R-AWs)™?, (8.14)
A= {W3 + AWeQWe} ™, (8.15)
Ui = A(B} + A\WsQB3), (8.16)
U, = —A(W3 + AWeQW)), (8.17)
Vi = AQ(=B; + WelUy), (8.12)
Vo = AW + W ls). (8.19)

16
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Substituting (8.13) in (8.12), we get
u = Uy + Usz. (8.20)
Substituting (8.20) in (8.13), we get
W = Vi + Vyr. (8.21)
Let € be arbitrary. On [¢, T, let
P(t) = P(t)z(t). (8.22)
On [, T), we get

P+ P(A+ BiU; + ByVy) + (A* = WU, — W, WP
+P(B:Uy + BV))P — (W + Wl + WiV,) =0, P(T)=0. (8.23)

Define the feedback controller and the exogenous input by

Ug = U]PI + U2.T, (824)
vo = ViPz + Vaz. (8.25)
We now show that the performance of this feedback controller is greater than A.
THEOREM 8.1. Consider equations (8.23) and (8.24). Then for this controller
T 1y* Ru dt
inf f°T 22 T L (8.26)
v#0 [ %z"W zdt

Proof. An elementary calculation shows that in equation (8.23), B;U; + B;}7 and
W, + WLoU,; + W4V, are symmetric and

(A+ BU; + B:V,)* = A* — WU, — W, 1. (8.27)
Thus P is symmetric. Since (8.20) and (8.21) follow from (8.12) and (8.13), we have

ug = Wy N {Bf Pz — W}z — Wsvg}, (8.28)
vo = AQ{—B3Pz + Wiz + W5ue}. (8.29)

Since P(T) = z(0) = 0, we have

T g4
—(r* =
I 5 Pz)dt =0 (8.30)

17
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Since
xr = Ar + BIUQ + Bgl‘ = (A + Bllr]P + Bl "rg).’l' =+ BQU, (831)

where v is an arbitrary function of time, we get after some algebra
d, . . )
EZ(I Pzr)=z*Pr + 2z Pz
=z*Wiz + 2*Woug + 2*Wyvg — 2* PByvg + 2* PByug + 2* PB,v.(8.32)
From (8.28) and (8.29), we get

B! Pz = Wiug + W}z + Wy, (8.33)
Q_ll'o

BiPz = - +Wrz + Weuo, (8.34)

Substituting (8.33) and (8.34) in (8.32), we get

d
—(z*Pzr) =2"Wiz + 22" Woup + ugWaug + 22* Wi

dt
)"‘Q—l s v — Y QO —p
: 3 : + 2ugWsv + (v = vo) Q)‘ (v = vo)

(8.35)

From (8.35) and (8.30), we get

T T T
/ v*Rvdt — /\/ 2*Wzdt = / (v —vo)* Q7 (v — vp) dt. (8.36)
0 0 0
Note that in the above equation v is an open loop function of ¢, whereas vy 1s a feedback

function of z. Note also that 27! is positive definite on [0, T). Since the map v — v — vy
and its inverse are bounded, it follows that there exists 6 > 0 such that

T T
/ (v —19)*Q Hv —vp)dt > 6/ v*Ru dt. (8.37)
0 0
From (8.36) and (8.37), we have (8.26). 0O

9. OuTPUT FEEDBACK CONTROLLER
Consider again the system given by

= A(t)z + B;(t)u + By(t)v, (9.1)
2 =C(t)z + D(t)u + E(t)v, (9.2)
y= Cz(f)l‘ + Dg(t)u + Ez(t)v. (93)

18
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Let i
C =Cy,+ E; VP + E, V0, (9.4)

where V] and 1), are defined by (8.18) and (8.19). Assume that the controller is of the
form

g = Ag + Bi(U1Pq + Uzq) + By(Vi Pg + V39) + L(Cq + Dau — y), (9.5)
u = Uy Pq + Usgq, (9.6)
where the observer gain L needs to be determined.
Let

uo = Uy Pr + Upa, (9.7)

vg = Vi Pz + Vo, (9.8)

r=u— ug, (9.9)

w = v — vy, (9.16)

e=1—q. (9.11)

Let the control be given by (9.6) and let P be the solution of (8.23). We have
T = Ar + Bi{(U1 P + Uy)q + Bpu, {9.12)

where v is an arbitrary function of time.

LEMMA 9.1. For the above system, we have

T T T
/ v*Re dt — /\/ SWedt = / w*Q lw dt
0 0 0

T T
—A/ r*Wirdt — 2/\/ r*Weuw dt. (9.13)
0 0

Proof. We have
2*Pz+22*Pi = 2" Wiz +2*Woug + z* Wyvg +2*PB{(2u —ug)+ 2" PBy(2v —vg). (9.14)
From (8.33) and (8.34),

B} Pz = Waug + Wiz + Weuo, (9.15)
Q_lvo

B} Pz = - + Wi+ W (9.16)

19
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Incorporating (9.15) and (9.16) in (9.14) and rearranging. the right side of (9.14) can be
written as

*0O—1

*Wir + 20 Wou + w* Wiau + 20" Wye — -

(v = 10)" Q7 (v = vy)
3 2

—(u —ug)* Wi(u —up) +
Since
T d T .
/ E;(I‘PI)df = / {2*Pr 4+ 2:*Pz}dt =0, (9.18)
0 0

the result follows. 0O -
We want to ultimately show that the right side of (9.13) 1s larger than & fu v* Re dt

for some & > 0. It easily follows that ¢ = r — g and r = u — ug satisfy

é =(A+ LC) +(By+ LE, . (9.19)
r = Be, (9.20)
where
A= A4+ B\, P+ B,V (3.21)
B=—(U,P+ 05, 19.22).

Note that C is defined by (9.4) and L is the gain of the observer. The right side of (9.13)

can be written as -

T [
/ w* Ruw dt — A/ S W dt. (9.23)
0 0

where (see (7.2))

zy = Dr+ Ew = DBe + Ew. (9.24)

We determine L by considering the dual of (9.19) and (9.24). Our ultimate goal is to show
that for the L to be cuosen, the controller given by (9.5) and (9.6) is suboptimal.
Let 7 = —t. The dual system can be defined on [—T,0] as

™

§+C*u+ B*D*w, (9.25a)

b S| %

= A"
1 = Byé + Eju+ E*w, (9.25h)

and the functional corresponding to (9.23) is written as

0 0
/ "W e dr - /\/
_7 2 -T

TR dr (9.26)

|
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Let us write (9.26) as

0 4 L
/ _tj-'n"’u”'dr—/\/ {=€"Wiée+ Wi+
—T2 -T 2

-

a* Wi

N =

. 1 . .
+é* W + 51]-‘”3&» +u*Weu} dr. (9.27)

We now find a saddle point solution for the functional in (9.27). The saddle point solution
will be useful in defining the gain L of the observer.

This problem is completely analogous to the full state feedback problem of Section 3
and we can write the solution by inspection. Equations (9.25a) and (9.27) are analogous
to equations (7.1) and (R.2) respectively. Assume that W3 and W~! — AW}’ are positive
definite and .3 is the adjoint variable. Observing (8.11)-(8.13). the saddle point solution is
characterized by

13 S . .
:-ﬁ = A3+ e+ Wya+ Wi, 3(0) =0, (9.28)
a=WH03-Wre —Woa). (9.29)
do= MW A ) T H-DB3 + e + Wla). (9.30)

Assume that li',; + AT (1T - /\ﬁ},)_lﬁ'ﬁ‘ 1s invertible. The equations analogous to
(8.14)-(8.19) are

d = (W = A1) (9.31
I = {1+ A1) (9.32
S, =T(C + AW dDB). (9.33
S, = —T(H} + AWed1i; ), (9.34
T, = A&(-DB + Wy S)). (9.35
T, = AW + 17S,). (9.3

Substituting (9.30) in (9.29). we can write ¢ and w as

u =53+ 85,¢. (9.37)
u = T] 3 + TQ(: (038)
Letting
F=1Yc¢ (9.39)
on [=T.0j. we get the Riccati equation
dY . . . X R
-5 = (A-W,85 -W )Y +Y (A" +C*S;, + B*'D*'Ty)

+Y(C*Sy + B*D*T)Y — (W) + W,8, + W,T,).  Y(0)=0. (9.40)
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which is analogous to (8.23). It can be easily verified that (9.40) is symmetric.

Define 1y and wy by
1‘20251}"54-52(:, (941)
lZ‘() = Tl Ye + TQE (942)
LEMMA 9.2. Consider equations (9.40) and (9.41) and assume that at 4 = g, given € > 0

there exists T > 0 such that for any & # 0 and all T > T, |*(=T)Y(=T)é(-T)| <
e [* 1 @*W Y@ dr. Then there exists § > 0 such that for all T > T,

0 0 0
/ Wi dr — A/ :R7 'z dr > 6/ Wl dr. (9.43)
=T -T -T

Proof. Following sumilar reasoning as in the proof of Theorem 8.1. we can write the
equation analogous to (8.35) as

(;—Ir(e'}'e) = N6+ 26" Whag + 4t W + 28 Wy + " Wb
N Rl LA P ) —
+2as Vg — u U 4 (0 — we)* P~ (0 — W) (9.44)
A A
Integrating both sides from —7 to 0, we get
0 0
/ Wl dr — A/ ZR7'idr =
-T -T
0
/ (i — )" @ (@ — ) dr + A (=Y (=T)é(-T). (9.45)
-T

Let € > 0 be sufficiently small. Since the map @ — @& —y and its inverse are bounded,
there exists é > 0 such that

0 0
/ (i — o) @ N — dg)dT » (6 + /\e)/ WS dr (0.46)
-T -T

Now by the assumption on €*(~T)Y (=T)é(-T). equation (9.43) follows, if T >T. O
We now go back to the original problem and reverse time in (9.40).
THEOREM 9.1. On [0.T]. let
Y =(A-W8 -W, )Y +Y(A* +C*S, + B*'D*'Ty)
+Y(C*S, + B*D*T))Y — (W, + W2S; + WiTy), Y (0)=0. (9.47)

N
o
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L=(5Y+8)". (9.48)
Consider (9.12). Let T be as defined in Lemma 9.2. If T > T, there exists & > 0 such that

T T 4T
/ v*Rudt — /\/ 2*Wzdt > 6/ v* Ruv dt. (9.49)
0 0 0
Proof. From equation (9.43) of the dual system, we deduce that if T > T,
T T T
/ w*Rw dt — /\/ 21Wzydt > 6 / w*Rw dt, (9.50)
0 0 0
for some & > 0. Since the map w — v is bounded, there exists § > 0 such that

T T T
/ w*Rw dt — )\/ Wz dt > 6/ v* Ruv dt. (9.51)
0 0 0

From (9.13), (9.23), (9.24), and (9.51), we get (9.49). DO
The above theorem shows that for the controller defined by (9.5) and (9.6). the per-
formance is greater than A. In fact from equation (9.49), we have

ST v Re dt

inf
T oWz dt

> ). (9.52)
#0 fo

10. SUMMARY OF RESULTS
The system is given by

&= A(t)z + By(t)u + By(t)v, x(0)=0, (10.1)
2 =C(t)r + D(t)u + E(t)v, (10.2)
y = Ca(t)z + Do(t)u + E,(t)v. (10.3)

Let
fOT %U‘Rv dt

Aopt = Max min (10.4)
PO [T Lz dt
and let A < Aypr. Also, let Wy, .- W be defined by
2Z*We=2"Wiz + 20" Wou + " Wiau 4 20" Wie + v* Wise + 2u™ We. (10.5)
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The relevant controller equations are

Q= (R—AWs)™?,

A = {Ws + AWQW7} 1,
Uy = A(B} + \WsQB;),
Uy = —A(W] + AWsQW7),
Vi = AQ(-B; + Welh),
Va = AQ(WT + WEUs),

P+ P(A+ B\Uy + BoVy) + (4% — Wyl — W, V)P

+P(B,Uy + ByW1)P — (W + Wl + Wyl,) =0, P(T)=0.

Note that the above equation is symmetric.
Let
5y = Bjé+ Ejua+ E*w,

and let W7y, -+, W be defined by

Rz = @ W e 4 20 Wi + a* Wi + 28" Wado + ¢* Wb + 20 Wead,

The relevant observer equations are

d = (W' =AWy,

T = {W; + AW},
A=A+ B,ViP + By Vs,
B =—(U;P +U),),

C = C; + E;ViP + EyVs,
S, =T(C + A\Ws®DB),

Sy, = —T(W3 + AWe@W,),
T, = A\&(-DB + W;5)),
T, = AO(W; + W;S,).

Y = (A- W8 - W,T)Y + Y(4" + C*S; + B*D*Ty)

+Y(C*S, + B*D*T))Y — (W1 4 WaS, + W, Th), Y(0)=0.

Note that the above equation is symmetric.

24
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The suboptimal controller is given by

¢ = Aq+ By(UiPq+Uzq) + By(ViPg + Vaq) + L(Cq+ Dau —y),  (10.25)
L=(5Y+5,)", (10.26)

11. CONCLUSIONS

In this report we treated the suboptimal finite horizon H, control problem. A differ-
ential equation for the measure of performance is derived. The report also illustrates the
usefulness of the finite horizon techniques in computing the infimal Ho, norm in the infi-
nite horizon case. An expression for a suboptimal finite horizon H., controller is derived
in a generalized case. The general case has been treated directly without the utilization
of transformations. The ouput feedback controller is synthesized via a controller compo-
nent and an observer component. A summary of all the design equations is given and
these equations are easy to program on a digital computer. In the time-invariant case the
dynamic Riccati equations involved in the design usually converge to constant matrices.
The theory developed in this report is useful for the worst case design of flight control
systems of aircraft in the presence of disturbances, commands, and sensor noise. The con-
troller equations are in a form that is convenient for the design of flight control systems
of advanced aircraft, since the results are applicable for a very general case. Preliminary
applications to flight control design have shown considerable promise and the next phase
of research will be directed towards the development of a systematic methodology for the
design of a flight control system for an advanced aircraft. Further research also needs to
be done to assess the relationship of the weighting matrices to satisfactory performance.

12. FUTURE WORK
Software is already in place to predict the best aircraft performance under worst case
conditions. The success of this portion of the software is demonstrated in Section 6 of
this report by way of examples. Future work based on the theoretical results of the report
would entail the following:

1. Making use of the theory developed in Sections 7-9, software will be developed to
synthesize both state and output feedback controllers.

2. Making use of an advanced aircraft model during landing, flight control laws will
be developed to achieve satisfactory performance in the presence of disturbances,
commands, and variations of the model.

3. The performance of the aircraft will be compared with that achieved through other
techniques and the benefits, if any, will be demonstrated.
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