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SUMMARY

The Rotorcraft Dynamics Division, Aeroflightdynamics Directorate, U.S. Army Avia-
tion Research and Technology Activity (AVSCOM) has developed the General Rotorcraft
Aeromechanical Stability Program (GRASP) to calculate aeroelastic stability for rotorcraft
in hovering flight, vertical flight, and ground contact conditions. In this report, GRASP is
described in terms of its capabilities and the philosophy behind its modeling. The equa-
tions of motion that govern the physical system are described, as well as the analytical
approximations used to derive the equations. These equations include the kinematical
equation, the element equations, and the constraint equations. In addition, the solution
procedures used by GRASP are described. N

GRASP is capable of treating the nonlifear static and linearized dynamic behavior
of structures represented by arbitrary collections of rigid-body and beam elements. These
elements may be connected in an arbitrary fashion, and are permitted to have large rei-
ative motions. The main limitation of this analysis is that periodic coefficient effects are
not treated, restricting rotorgraft flight conditions to hover, axial flight, and ground con-
tact. Instead of following the methods employed in other rotorcraft programs, GRASP is
designed to be a hybrid of the finite-element method and the multibody methods used in
spacecraft analyses. GRASP differs from traditional finite-element programs by allowing
multiple levels of substructures in which the substructures can move and/or rotate relative
to others with no small-angle approximations. This capability facilitates the modeling of
rotorcraft structures, including the rotating/nonrotating interface and the details of the
blade/root kinematics for various rotor types. GRASP differs from traditional multibody
programs by considering aercelastic effects, including inflow dynamics (simple unsteady
aerodynamics) and nonlinear aerodynamic coefficients.
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1. INTRODUCTION

Previous helicopter aeroelastic stability programs have suffered from significant re-
strictions. The General Rotorcraft Aeromechanical Stability Program has been developed
using a modern approach which overcomes these limitations.

1.1. Background

In early efforts made to calculate the zeroelastic stability of hingeless helicopter ro-
tor blades, it was common practice to make use of simple physical models (e.g., spring-
restrained, centrally-hinged, rigid blades (ref. 1)). Later work treated configurations that
were somewhat more complex, and included models of elastic blades (ref. 2), body degrees
of freedom, and inflow dynamics (ref. 3). These simple approaches to rotorcraft acroelastic
stability calculations have been very valuable for gaining physical insight into many com-
plicated phenomena (e.g., coupled rotor-fuselage stability). They all are, however, based
on a single physical model, and therefore are of limited value when more realistic rotorcraft
configurations must be analyzed.

Because of the complex couplings inherent in a bent and twisted beam, the calculation
of aeroelastic stability is particularly important in the analysis of rotor blades having
cantilever root boundary conditions (e.g., hingeless and bearingless rotors). In bearingless
rotors, the blade/root kinematics demand a great deal of modeling flexibility because
individual blade designs tend to have widely varying configurations. The FLAIR program
(vefs. 4, 5, and 6) is able to perform this type of aeroelastic stability calculation, but is
limited to a configuration that has a rigid blade, a uniform flexbeam, linear aerodynamics,
static induced velocity, and several different blade/root configurations. While FLAIR is
currently being used in the rotorcraft community, it lacks the flexibility and generality
necessary for it to be considered general-purpose analysis.

For analysis of problems involving complete rotorcraft, there exist large helicopter sim-
ulation programs such as C-81 (ref. 7) and G400 (ref. 8). These programs were designed
primarily for time-history analysis of rotorcraft behavior in forward flight rather than for
acromechanical stability. Despite their generality and complexity, these programs have
limitations (primarily related to aerodynamics) which are pointed out by Johnson (ref. 9)
in his discussion of these and other large rotorcraft programs. While the CAMRAD pro-
gram overcomes many of these limitations, all of these programs (including CAMRAD) are
restricted to a fixed number of physical models, and lack the modeling fiexibility needed to
deal with a wide variety of blade/rout geometries. Many of these programs rely on results,
such as a set of modes, from other programs. This approach may present an assortment of
modeling difficulties, especially for bearingless rotor blades. In particular, the mathemati-
cal and physical consistency of a combined approach is seldom examined, and the physical
bases of the individual programs are likely to not be consistent. Furthermore, in stability
analyses a nonlinear static equilibrium suvlution is needed about which to linearize — an
important consideration which most of the earlier simulation programs do not address.




Therefore, it is important that a code be developed in which blade structural dynam-
ics, isolated blade stability, and isolated rotor stability, as well as coupled rotor/airframe
stability, can all be treated under a consistent set of physical assumptions.

Dynamic coupling programs, such as DYSCO (ref. 10), which have a high degree
of generality, allow coupling of discrete component models and/or modal representations
of flexible structures. While DYSCO has a very powerful, executive-driven system, it
currently cannot treat the aeroelastic behavior of bearingless rotor systems undergoing
geometrically nonlinear deformation. The problem is that it lacks a sufficiently general
element in its element library.

Several recent implementations that apply the finite-element method to rotorcraft
problems (refs. 11, 12, and 13) are not abie to overcome these limitations because their
physical models are limited to a single configuration. Simply breaking a rotating beam
into a number of finite elements yields nothing more than a discretized rotating beam.
This approach does not meet the requirement that the beam be coupled with an airframe,
or model blade/root kinematics of an arbitrary configuration. The classical finite-element
method is based on the breaking up of a single structure (i.e., & beam, plate, or shell)
into an arbitrary number of elements and expanding the appropriate field variables into
polynomial shape functions. This approach by itself also lacks the flexibility to deal with
truly arbitrary rotorcraft configurations because a helicopter is a system of structural
components, some of which may be rotating and/or translating relative to one another.
Because of this, rotorcraft are actually more akin to the multibody systems (refs. 14 and
15) encountered in spacecraft problems. Unfortunately, few multibody programs possess
the capability to deal with flexible components, and none have the capability to deal with
acroclastic phenomena since they were developed primarily for spacecraft applications.

All previous attempts at modeling rotorcraft problems have incorporated certain re-
strictions that are undesirable in a truly general-purpose program. General-purpose codes
that are currently under development, or will be developed in the future, should over-
come the major shortcomings of existing aeroelastic analyses. Consider, for example, the
following typical restrictions:

The first is a restriction to linear, small-displacement approximations of beamn elastic
deformation. This restriction is unacceptable in a general-purpose rotorcraft program
because the rotor blade aeroelastic problem, especially for hingeless and bearingless rotor
blades, has been conclusively shown to be a nonlinear problem. A cousistent approach
based on nonlinear kinematics is required for these configurations.

The second is a restriction to elastic blade models with ordering schemes, second-
degree nonlinearity, or “moderate” rotations. These approximations are undesirable be-
cause the governing equations often have to be augmented with certain higher-order terms
if the values of certain structural properties are not within svme nominal range (Rosen
and Fricdmann (ref. 16)). Therefore, in a general purpose analysis, the higher order terms
must be present. Ordering schemes, while still a valuable tool when used in special purpose
cuodes and codes where accuracy is a secondary consideration, are neither necessary nor
desirable in a geneial-purpuse coutext. Furthermore, a bearingiess-rotor flexbeam must




undergo deformation-induced rotations of the order of the collective pitch angle — a ro-
tation too large to be classified as “moderate.” Thus, bearingless rotor problems demand
a large-deflection analysis without artificial restrictions on rotations due to deformation,
the degree of nonlinearity, or the values of blade properties.

The third restriction is to a fixed number (usually one) of configurations (e.g., isolated
hingeless blade or coupled bearingless rotor and body or a single blade/xoot configuration).
This restriction is unacceptable in a general-purpose code because the intent of such a code
is to analyze different types of configurations with a single, consistent set of assumptions.
Such a code should be able to treat all currently known blade/root mechanisms and, at the
same time, model configurations that do not yet exist. It should be possible to construct a
new configuration with simple building blocks and with no artificial limitations on the pro-
cess. For maximum flexibility in treating these different configurations, the finite-element
method is the preferred approach. Moreover, the existence of many different blade/hub
configurations for helicopters requires a capability to analyze arbitrary configurations of
strnctures, parts of which may be rotating. Thus, the code should employ the multibody
philosophy.

1.2. Approach

To overcome the aforementioned limitations of the existing methods of aeroelastic
stability analysis, the General Rotorcraft Aeromechanical Stability Program has been de-
veloped. GRASP combines the finite-element and multibody approaches, and incorporates
multiple levels of substructures to provide a powerful tool for rotorcraft analysis. The de-
sign of GRASP is based on the concept of a collection of flexible and rigid bodies connected
in an arbitrary manner. Libraries of elements, constraints, and solution algorithms appro-
priate for the helicopter aeroelastic stability problem were designed and built into the
program.

The element library promotes the modeling of the blades as beams; construction of
arbitrary mechanisms to treat blade/root kinematics with beam elements and rigid bodies;
treatment of the fuselage as either a rigid body, a collection of beam elements, or a modal
representation obtained from some other source; and treatment of both static and dyramic
induced inflow by means of blade-element /momentum theory. The constraint library allows
arbitrary connections between elements, includes constraints that allow for compliance in
the constrained rciative motion between elements, and includes constraints that ailow
the connection of rotating and nonrotating substructures. None of the constraints in the
library use any kinematical approximativns, such as small-angle assumptions. The solution
procedures include nonlinear static equilibrium and linearized stability about equilibriu: |,
hoth presently limited to the hovering flight condition.

It should be noted that these physical modeling assumptions and solution procedures,
while adequate for aeromechanical stability analysis in axial flight and ground contact,
arc not adequate for a comprehensive rotorcraft dynamic analysis as defined by Johnson




(ref. 9). The analysis methodology used in GRASP, although a viable approéch for ap-
plication to nonlinear dynamics in forward flight, would require considerable effort to be
implemented in GRASP.

Several very desirable, but not required, features of a general-purpose code, have
been incorporated in GRASP. 1) The accuracy of the analysis may be increased without
having to add more elements. The aeroelastic beam finite element developed specifically
for GRASP uses a variable-order (or p-version) approach, which is based on high-order,
orthonormal, polynomial displacement functions (refs. 17 and 18). 2) As much as possible,
the equations of motion are formed by the program internally, minimizing the poussibility
of human error in the equations. 3) The user interface is capable of handling a general
problem without having to be supplied with the form of the equations of motion or even
the number of degrees of fieedom. 4) Both large and small problems can be modcled
with the same code. Thus, the number of degrees of freedom is not fixed a priori. This
feature not only requires a great deal of flexibility in assembling the system equations of

motion, but also requires that data be structured and managed in core with a flexibility
not inherent in FORTRAN (ref. 19).




2. SOLUTION APPROACH

GRASP is specifically designed to provide a tool for determining the equilibrium
deflections and aeroelastic stability of arbitrary rotorcraft configurationsin hover or vertical
flight. A GRASP rotorcraft model is considered to be an aeroelastic system consisting of
a structural system, portions of which may be rotating relative to one another, and a
moving air mass with which the structure interacts. All parts of the model may be subject
to forces and externally applied constraints. The position of any point on the structure or
the air velocity at any point in the flow field relative to an inertial frame of reference may
be determined by solving a system of partial differential and boundary value equations.
These equations are ubtained from the laws of fluid and structural mechanics, and from
the constitutive properties of the materials in the structure and the air.

In vertical flight, hover, or ground contact a rotorcraft can assume a steady-state
cquilibrium configuration when the airflow, gravity, and the rotor spin axis are aligned,;
and when the angular velocity of the rotationally isotropic rotor is constant. In this
restricted case where the structure is not subject to time-varying forces, it is possible to
eliminate explicit time dependence from the equations. This steady-state equilibrium can
be considered to be static when contrasted to the more general periodic equilibrium found
in forward flight problems. The steady-state equilibrium configuration is characterized by
a time-invariant deformation in the nonrotating portions of the rotorcraft, a steady flow of
air through the rotor disk, and time-invariant deformations of the rotor blades with respect
to a rotating reference frame. The steady-statc solution then calculates the equilibrium
values of all of the model generalized coordinates and generalized forces.

The equations of motion for the continuous-structure portions of the structure are
discretized by means of variable-order, finite-element shape functions. The equations for
the structure then become a system of nonlinear, ordinary differential equations. It is
possible, as indicated above, to climinate all explicit dependence on time from the equations
for the restricted case of axial flight or ground contact. A linearized system of equations
may then be calculated by taking small perturbations about the static equilibrium state.
The stability problem is defined, therefore, by a second-order system of linear equations
with constant coefficients.

For infinitesimally small perturbations about a previously-calculated, steady-state
configuration, the dvnamic motion of the rotorcraft can be represented as a linear combi-
nation of complex eigensolutions. Since the aerovelastic stability of the rotorcraft can be
determined directly from the eigenvalues, the primary objective of GRASP can be satisfied
by cemputing these eigensovlutions. The frequency and damping information in the eigen
values and the modal information in the eigenvectors, which can also be obtained from the
cigensolutions, facilitate the user’s understanding of the dynamics of the rotorcraft.

The eigensolution provides the complex eigenvalues and eigenvectors for all model
degiees of freedum associated with the equations of motion Af§ + C¢ + Kq - 0 which have
been linearized about a steady-state deformation. These equations are often referred to
as being “asymmetric” because of the nonsymmetry due to aerodynamics contributions
to the coeflicient matrices C and K. The coeflicient matrix M, which is both symmetric




and positive-definite, contains contributions from the mass of the structural model and
from the “apparent mass” of the air. The coeflicient matrix C contains contributions from
structural and aerodynamic damping and inertial forces. The coefficient matrix K contains
contributions from structural stiffness and effective stiffness from aerodynamic and inertial
forces. Like the steady-state solution, this solution reguires that the model correspond to
a physical system which is not subject to time-varying forces. Currently, the asymmetric
cigensolution must be computed by using the steady-state solution obtained for an identical
model. This solution procedure prohibits one, for example, from obtaining the steady-state
deformations of an isolated blade, then applying that solution to a coupled, rotor/fuselage
configuration.




3. MODELING APPROACH

In order to form a mathematical representation of a structure that may contain bodies
which are experiencing large kinematic motions relative to one another, it is necessary to be
able to write the full, nonlinear equations of motion for the structure. The fundamentals of
the approach used in GRASP to derive these equations are adapted from methods that were
originally developed for spacecraft applications (ref. 20). For the types of structures that
GRASP is designed to represent, additional emphasis haz neen placed on using multiple
levels of substructures to model a structure.

The first step in modeling a structure in this manner is to decompose the structure
(called the parent) into a set of subordinate substructures (called children), each of which in
turn may also be decomposed into a set of child substructures. This decomposition process
continues until every substructure has been decomposed ..to simple structural elements.
The lowest-level substructures (i.e. those with no children) are called elements. The result
of this method of modeling a structure is a hierarchically-ordered set (tree) of substructures
(fig. 1) that has the complete structure at the root and elements at each of the leaves.
Under this modeling scheme, a parent substructure may have any number (including zero)
of child substructures but only one parent substructure. The only substructure without a
parent is the complete structure, which is at the root of the tree.

Model-type subsystem: 1
System-type subsystems: 2, 3
Element-type subsystems: 4,5, 6, 7

Figure 1.  Hierarchical substructure tree.

The hierarchical model representation implemented in GRASP allows great generality
in the types of configurations that can be analyzed, and permits essentially arbitrary kine-
matic motions of components relative to one another. This general framework, along with
a software design that emphasizes the use of libraries for constraints, elements, solutions,
and so un, means that the capabilities and limitations of the program are those associated
with the members of the libraries, not with the program in general.




3.1. Subsystems

In GRASP, substructures are abstracted into subsystems. Each substructure is then
represented by a subsystem, which may be classified accerding to its position in the hi-
erarchy (fig. 2). The subsystem representing the complete structure (or model) is called
a model-type subsystem. Substructures having nc children (elements) are represented by
element-type subsystems. The remaining subsystems, those having a parent and at least
one child, are represented by system-type subsystems. To represent the substructures that
make up the model, subsystems serve several functions. First, they contain the complete
definitions of the substructures that they represent. Second, they are repositories for the
generalized coordinates, generalized forces, and dynamic matrices associated with the sub-
structures. Finally, t! .v serve as the basic units of the hierarchical organization, which
is an integral part of the computational process of transforming the parent generalized
coordinates to the child generalized coordinates, and transforming the child generalized
forces to the parent generalized forces.

Element

Element Element Element
Figure 2. Hierarchical subsystem tree.

Subsystems, in general, may contain the following: a frame of reference, a set of nodes,
a set of generalized coordinates, and a set of constraints. Each of these entities performs
a different functior: within the subsystem, and will be described in the following sections.




3.1.1. Frames of Reference

Every subsystem in a GRASP model (with the sole exception of the air mass element)
has a frame of reference associated with it. The frame of reference is not associated with
any material point on the substructure, but instead serves as the “point of view” for the
subsystem. As such, it establishes the coordinate system for that subsystem. The initial
position and orientation of a reference {frame may be selected to define a coordinate system
that is natural for the subsystem (e.g., a hub-centered frame of reference might be selected
for a subsystem that contains a helicopter rotor).

Since reference frames are not physically connected to any structure, but rather are
allowed to move freely, six degrees of freedom are associated with each frame. These
degrees of freedom define the position and orientation of the frame of reference for the
current subsystem relative to the reference frame for its parent subsystem.

In addition to serving as a reference for the subsystem, the frame of reference may be
uscd to model the discrete motions of the substructure. This can often lead to significant
simplifications in the equations of motion for subordinate subsystems. For example, if a
reference frame is attached to the root of a rotaling beamn and used to model the rotational
motion of the beam, the equations of motion of the beam itself need not explicitly include
the rotational motion.

Since Newton's laws hold only in an inertial reference frame, the model-type subsystem
at the root of the tree is defined to be fixed in an inertial frame of refercnce. Therefore,
while a model-type subsystem does have a frame of reference, that reference frame has no
degrees of freedom associated with it since it must be inertial. As a result, the motions of
every part of the system can be related to an inertial frame of refcrence.

3.1.2. Nodes

Nodes arc used by GRASP to introduce degrecs of freedom into a model. In general,
the degrees of freedom introduced by a node may be any generalized coordinates that can
be associated with a physically identifiable property of the structure. For example, the set
of degrees of freedom for a node could be defined to be the three rigid-body translations
and the three rigid-body rotations of a point on a structure. Alternatively, there could be
a node whose degrees of freedom are defined to be modal coordinates,

Currently, two different types of nodes are used by GRASP: structural nodes and air
nodes. The structural nodes provide the measures for the local displacement and rotation
of a structure. They move with the deformation of the structure and may be conceptualized
as massless, infinitesimal, rigid bodies that are physically attached to the structure. The
air nodes define the induced inflow velocity field through a helicopter rotor. The degrees of
frecdom for the air node are measures of the velocity distributions around the rotor disk.
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3.1.3. Constraints

The constraints act as a sort of “glue” that holds a model together. Constraints
arc used to model both physical constraints (e.g., pins, gimbals, and clamps), and to
eliminate the dependent degrees of freedom that have been introduced into the model. An
example of a physical constraint would be the clamped boundary condition at one end of
a cantilever beam. That end of the beam is modeled by constraining the node at one end
of the beam to have no translational or rotational motion. Now consider two frames of
reference that are defined to move as if they are rigidly connected to one another. For this
system, there are twelve degrees of freedom (six for each frame), but only six of them are
independent. Therefore, a constraint must be defined to remove the depender t degrees of
frecdom. In general, the set of constraints for a subsystem must be sufficient to reduce the
total number of degrees of freedom to only the independent degrees of freedom for that
subsystem. Similarly, for the complete model, all dependent degrees of freedom must be
climinated.

All of the constraints implemented in GRASP are based on purely kinematical rela-
tionships. There are no restrictions to small or moderate displacements or rotations in any
of the constraint equations. However, it is necessary to avoid the singularity that occurs
for deformation-induced rotations of 180° . This singularity arises as a result of using
finite-rotational kinematics that are based on Rodrigues parameters (ref. 21).

The constraints in GRASP are implemented at two levels: the program level and
the user level. The constraint “primitives” are found at the program level. These simple
constraints provide a basic set of connections among generalized coordinates, frames, and
nodes. At the user level, these primitive constraints are combined to provide the user with
physically meaningful constraints between structural elements. For example, the rigid-
body mass conncctivity constraint, which is used to attach a rigid-body mass clement to
a structure, is a combination of a primitive constraint between frames snd a primitive
constraint between nodes.

In order to provide a full set of constraints, the constraint library in GRASP includes
several different classes of constraints. These include constraints between two frames, con-
straints between two nodes, constraints between generalized coordinates, and constraints
between a frame and a node.

3.2. Elements

Elements are subsystems that have no children. In addition to frame and nodal
degrees of freedum, they may also have additional, non-nodal generalized coordinates.
Computationally, the elements are the primary source of virtual work in the structure.
For steady-state problems, the elements return the generalized forces associated with a
given set of generalized displacements. For perturbation problews, the elements return
the clement cueflicient matrices. These matrices are determined from the perturbations
in generalized forces resulting from perturbations in the generalized coordinates and their
time derivatives.
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3.2.1. Rigid-body Mass

The rigid-body mass element represents a rigid body that is subject only to inertial
and gravitational forces. It has a single structural node that is located at the mass center,
and its axes are aligned with the principal axes of the body. The frame of reference for the
rigid-body mass element coincides with the nodal coordinates in their undeformed state.

3.2.2. Air Mass

The air mass element models the momentum air flow through an axisymmetric rotor
disk. The degrees of freedom associated with this element are introduced through a single
air node. Since the air mass element is defined to be fixed in inertial space, the frame
degrees of freedom are suppressed. For steady-state problems, the residuals corresponding
to the uniform inflow velocity and the radial velocity gradient are calculated from momen-
tum considerations (ref. 22). For the asymmetric eigenproblem, only the momentum terms
(ref. 23) involving uniformn and first-harmonic, cyclic perturbations of the inflow velocity
contribute to the element coefficient matrices.

3.2.3. Aeroclastic Beam

The aeroelastic beam element represents a slender, nonuniform beam (without shear
dcformation) that is subject to elastic, inertial, gravitational, and aerodynamic forces.
The primary assumption in the derivation of the element equations (ref. 24) is that strains
remain small relative to unity. There are no small-angle approximatiors made and all
kinematically nonlinear effects are included. One current limitation is that orientation
angles (ref. 21) (of type body-three: 1-2-3) are used in the description of finite rotation
inside the beam element. Thus, rotations due to the deformation of beam elements may
net exceed 90° .

The aeroelastic beam element degrees of freedom come from a frame of reference that
coincides with the root of the element in its undeformed state, structural nodes at the
root and tip, an air node, and a set of internal degrees of freedom. The internal degrees
of freedom result from the higher-order polynomials that may be used to increase the
accuracy of the beam deformation calculations. When no internal degrees of freedom are
specified, the aervelastic beam is an Euler-Bernoulli beam in which the axial and torsional
deformations in excess of a built-in pretwist are represented by linear polynomials, while
the bending deflect’ons are represented by cubic polynomials. The method of adding
internal degrees of freedom to improve the accuracy of an element is more convenient than
adding elements, and is also more efficient (ref. 17) given the same number of degrees of
freedom, Internal degrees of freedom may be added selectively to reflect the dynamics of
the clement. For example, if a beam is very stiff in bending and cxtension but soft in
torsion, additional torsional degrees of freedom may be added without having to include
any more bending or extensional degrees of freedom.

The aerodynamic forces on the beam element are calculated from quasi steady strip
theory using lift, drag, and moment coefficients that are piecewise continuous functions of
the angle of attack. Spanwise scale factors for the lift, drag, and moment may be specified
to allow for tip loss and othur similar effects. The chord width, the pitch angle of the
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zerc-lift-line, and the offset of the aerodynamic center from the elastic axis may also vary
over the length of the element. The aeroelastic beam element also calculates the blade-
element contributions to the induced velocity, which are combined with the momentuin
contributions from the air mass element elsewhere.

13




4. SOLUTION METHODS

The solutions currently implemented in GRASP allow the user to calculate the steady-
state deformations of a structure under load, and then to solve for the eigenvalues and
cigenvectors of the deformed structure. In order to obtain a valid eigensolution, the steady-
state deformations that are used must be such that the structure is in equilibrium.

4.1. Steady-State Soiution

The equations for the steady-state equilibrium of the model are a set of nonlinear,
algebraic equations of the form

Qi = flq1,--+,qN); i=1,...,N (4.1-1)

where the Q; are the generalized forces (residuals), the g; are the generalized coordinates,
and N is the number of system degrees of freedom. These equations are generated in-
ternally by GRASP at the element level, and automatically assembled by the constraints,
which combine the contributions from the finite elements into the final set of equations. The
solution to this set of equatiowns s obtained through the use of the Levenberg-Marquardt
algorithm. This algorithm minimizes the sum of the squares of the residuals from the
steady-state equations. The implementation in GRASP uses the IMSL (ref. 25) subrou-
tine ZXSSQ.

For problems involving the aeroelastic beam element with internal degrees of freedom,
the solution algorithm is used at two levels. First, it is used in an outer iteration loop to
arrive at o solution to the steady-state equations for the complete model (which exciudes
the aeroclastic beam internal degrees of freedom). In addition, it is used in a separate,
inner iteration loop to calculate the internal degrees of freedom for each aeroelastic beam
element. A full inner solution for each aeroelastic beam is calculated for each iteration of
the outer solution.

In order to arrive at a steady-state solution, the residual forces on the system must
be calculated, given a deformation state. The algorithm that is used to calculate the
residuals for the top-level subsystem in the hierarchical organization of the model is based
on a full-order tree traversal (fig. 3). When traversing down the tree (away from the root
subsystem), the st..e vector for each child subsystem is calculated from that of its perent.
Also, the inertial motion of the child subsystem reference frame is calculated from that of
the perent. Upon reaching an element, the state vector for that element and the inertial
motion for the elemeut fraine are used to calculate the element residuals. Traversing
back up the tree (towards the rvot subsystem) the residuals from each child subsystem
arc transformed into its parent subsystem and added to the parent residuals. When the
traversal is complete, the residuals corresponding to each generalized coordinate in the root
subsystemn are known. The complementary processes of calculating the state vectors and
asseinbling the residual vectors are accomplished by using the constraints, which define
the relationships among the degrees of freedom in the parent and child subsystems.
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Calculate generalized coordinates (1, 2, 3, 5, 7, 10)
Assemble generalized forces (4,6, 8,9, 11, 12)

Forces calculated in subsystems 4,5, 6, 7

Figure 3. Steady-state solution full-order traversal.

The solution methods available in the current version of GRASP are restricted in that
the same model must be used for both the steady-state and asymmetric eigenproblem solu-
tions. This creates & problem for the steady-state solution algorithm when a configuration
contains unconstrained degrees of freedom. This can occur when a model having both ro-
tating and nonrotating components is being analyzed. For such a configuration, the cyclic
degrees of freedom generated by the rotating constraints are unconstrained. It can also
occur in airborne configurations, which suffer from the same problem because their body
degrees of freedom are unconstrained. To alleviate this problem, GRASP currently marks
these unconstrained degrees of freedom during the building of the model, and eliminates
them from the state vector used in the mninimization algorithm.

4.2. Asymmetric Eigenproblem Solution

The system equations for the asymmetric eigenproblem can be expressed in the famil-
iar form

Mi+Ci+Kig=0 (4.2-1)

where the ¢’s are infinitesimal perturbations of the generalized coordinates. The algorithm
used to assemble the coefficient matrices for the root subsystem is very similar to that
used to calculate the steady-state residuals in that it also is based on a full-order tree
traversal (fig. 4). However, while traversing down the tree, no state vector calculations
are required. Upon reaching an clement, the coefficient matrices for that element are
calculated. During the traversal back up the tree, the constraints are used to assemble the
child subsystem matrices into the parent matrices. At the conclusion of the traversal, the
cocfficient matrices for the model subsystem are complete.




Assemble subsystem matrices {4, 6, 8, 9, 11, 12)

Calculate element matrices in subsystems 4, 5,6, 7

Figure 4. Eigensolution full-order traversal.

The solution of this set of equations is begun by factoring matrix M using the Cholesky
decomosition algorithm. The GRASP implementation uses subroutine LUCECP from the
IMSL (ref. 25) library. M then becomes

M=LLT (4.2-2)

Introducing the transformation
:=LT§ (4.2-3)

the mass matrix A can be reduced to an identity matrix and the system equations can be
written as
AF+LCL T34+ LKL T3 =0 (4.2-4)

Writing this system of equations in first-order form

A 0 M 0 A - ¢
{0 A]y=[—-L"’KL"T -L*‘CL‘T]y (4:2-5)

J= { . } (4.2-6)

Time may be climinated by the introduction of

S B2 S Y) B
y—{/\z_}e (4.2-7)

where

N
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which allows the extraction of eigenvalues and eigenvectors directly from the matrix on the
right-hand side of equation (4.2-5). The dynamic matrix is balanced, converted to Hes-
senberg form, and then the QR algorithm is used to obtain the eigensolution. Finaily, the
eigenvectors are transformed back to the original coordinate systemn via the transformation

q-u — L-—Tz* (4.2—8)

GRASP uses subroutine RG from the NASA/Ames Cray library to calculate the
eigensolutions.
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5. COORDINATE SYSTEMS

In GRASP, many different coordinate systems are used to mathematically describe
the physical structure. To differentiate among them, each coordinate system is identified in
its undeformed state by a capital letter (e.g., A). Depending on the context, an identifier
may refer either to the coordinate system itself or to a point located at the origin of the
coordinate system. The addition of a prime or a double-prime to the identifier indicates
that the designated coordinate system either is in a state of static equilibrium (e.g., A') or
is in a dynamically perturbed state (e.g., A"). With these multiple coordinate systems, it
is often desirable to use several types of mathematical notation when deriving and writing
equations. Not only can the form of the equations be simplified, but also they can be
made more readable. This section is intended as an introduction to the notation used in
the sections where the equations are actually derived.

5.1. Vectors

Vectors play an important role in coordinate system mathematics. Associated with the
orthogonal axes emanating from the origin of every coordinate system is a set of dextral
unit vectors. These unit vectors are called the base or basis vectors of the coordinate
system. In addition, vectors are used to define variables such as position, velocity, and
acceleration. Three types of notation are used in writing vector expressions and operations:
vector-dyadic notation, index notation, and vector notation.

5.1.1.  Vector-Dyadic Notation

All vectors and dyadics used in GRASP are underlined (e.g., V), and all unit vectors
are identified by a circumflex. The difference between a vector and a dyadic should always
be clear from the context of its usage. For a coordinate system A, the basis vectors are

~A
written as §, , where ¢ = 1,2,3. Any unit vector other than a basis vector is denoted by ¢,
and may appear either with or without superscripts.

When kinematical quantities have coordinate systems associated with them, the rela-
tionship is defined by using the appropriate superscripts. For example,

RBP4 = position of the origin of coordinate system B
with respect to the origin of coordinate system A

VB4 = velocity of the origin of coordinate system B
with respect to cocrdinate system A

ABA = acceleration of the origin of coordinate system B
with respect to coordinate system A

084 = angular velocity of coordinate system B

with respect to coordinate system 4
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Forces and moments are significant in their point of application as well as their source.
The notation adopted herein is

FA Zforce at 4

M* =moment at 4

For example, a force and moment at A contribute to a moment at B according to the
relationship

MEB = M* + R4P x A% (5.1.1-1)
5.1.2. Index Notation for Vectors

A vector V in the A basis may always be expressed as
~A
V = Vaib; (5.1.2-1)

where the summation convention adopted is that repeated indices are always summed
over their range. Unless otherwise specified, Latin indices assume the values 1,2,3; Greek
indices assume the values 1,2. The subscript A in V74, indicates that the measure numbers
V4; are defined in the A basis.

Two symbols frequently encountered in vector operations that use index notation are
the Kronecker delta é;; and the Levi-Civita epsilon €;; where

6 = {0 P# (5.1.2-2)

1 1=
0 any index repeated
€k = { +1 cyclic permutation (5.1.2-3)
-1 acyclic permutation

The Kronecker delta consists of the components of the identity tensor in a Cartesian
courdinate system, while the Levi Civita epsilon consists of components of the permutation
tensor in a Cartesian coordinate system. Some useful identities regarding both of these
symbols may be found in reference 26.

5.1.3. Matrix Notation for Vectors

Using index notation, a vector 17 may be expressed in the 4 basis as shown in equa-
tion (5.1.2 1). Since the basis is identified by the subscript 4, the measure numbers
themsclves may be viewed as a complete description of the vector. Thus, the column
matrix 174 can be defined to be

Vas
Va== Vi (5.1.3-1)
VAI}
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as an alternate way of expressing the vector V. The dot product U -V may then be written
as

Va
UTVa = |Ua1r Usz Uns) { Vaz (5.1.3-2)
Vas

The cross product of two vectors U and V. may be written as
~A A
UxY =Uaib; x Vaib;

LA
= €ijkUa;Varb; (5.1.3-3)

~ ~A
= Uni;Vajsb;

This equation implies that the measure numbers of the cross product in the A basis are
simply the elements of the matrix product U4V, where

( )ij=_fijk( ) (5.1.3-4)
For example,
} 0 ~Uas Uase
Ua=1| Uazs 0 —=Uxy (5.1.3-5)

~Uas2 Uay 0

There are also several useful identities that can be derived for two column matrices a

and b

al =—a
&b:—l.)a
a’h = - bTa = (ab)?

) ‘ - (5.1.3-6)
ab = — aTbA + ba”

ab =baT ~ abT

ab - ab =ba
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5.2. Finite Rotations

In many kinematic analyses, rotations are assumed to be either infinitesimal or moder-
ate in size. These assumptions allow certain simplifications in the kinematical relationships,
but constrain the range of applicability of the analysis. In GRASP, no such assumptions
are made and all rotations are assumed to be of arbitrary size (finite). Finite rotations are
expressed in four ways in GRASP:

(1) direction cosines,

(2) Euler rotations,

(3) Teit-Bryan orientation angles, and
(

4) Euler-Rodrigues parameters. Internally, GRASP expresses all finite rotations in terms
of direction cosine matrices. For the convenience of the user, any of the other three
methods may be used to specify the input to GRASP. Since there are significant
differences in the algorithms used to compute the direction cosine matrix, all three of
the other representations are also discussed in detail.

5.2.1. Direction Cosines

When a coordinate system B undergoes an arbitrary rotation relative to coordinate
system A, the basis vectors are related by the equation

~

b = CBAY; (5.2.1-1)

where the superscripts are coordinate system identifiers, not indices. The matrix of direc-
tion cosines CB4 is orthonormal such that

CBACAB — 0ABoBA _ A (5.2.1-2)

It should be noted that the form of the matrix of direction cosines used in this manual is
the transpose of that developed in reference 21.

Similarly, with this notation it is easy to show that a basis change for any kinematical
vector can be performed by changing the subscript and multiplying by the matrix of

direction cosines for the bases.
Vg = CBAV, (5.2.1-3)

Note that for kinematical vectors the superscripts are unaffected by these operations.

5.2.2. Euler Rotations

If coordinate system B, initially coincident with A, rotates about a unit vector ¢ fixed
in 4 by an angle 0 (fig. 5) then the matrix of direction cosines can be written as

CcBA = Acos0+e,1eAT(1 —cosf) ~ é4sind (5.2.2-1)

where

it
1>
A= aid

€ai (5.2.2-2)




b8 2

B
b3
0
A
b3
A
by
B
b2

Figure 5.  Euler rotation.

5.2.3. Tait-Bryan Orientation Angles

. . . . . - A ~B
Consider two coordinate systems 4 and B with coincident basis vectors b; and b; .
Let the orientation of B with respect to A change as follows (fig. 6):

B
(1) Perform an Euler rotation of B about é = b; (7 = 1,2, or 3) by an angle 8;;

(2) Perform an Euler rotation of B about é = bf (k=1,2,0r3, k#j) by an angle 6;;

(3) Perform an Euler rotation of B about € = bf (!l=1,2,0r 3,1 #k,l #3)by an angle

6.

The final orientation of B relative to A depends both on the magnitudes of 6,, 8,, and 65
and the sequence j-k-I. Details of this type of transformation may be found in reference 21
where Tait-Bryan angles are classified as orientation angles of type body-three. For the
rotation sequence 1-2-3 the matrix of direction cosines is calculated as follows:

cz s3 0 ca 0 -3 i 0
CBA= 53 ¢3 O 01 o0 0 o
0 0 1 s2 0 ¢ 0 -5

C2C3 €183 - 8182¢€3 8183 — C182C3
= | —C283 C1C3 — 813283 83C€C3 — C18238;3

82 —81Ca C1C2
W .ere
¢, = cos 8,
8, = sinf,

22

0

31

Cy
(5.2.3-—1)
(5.2.3- 2)




Figure 6. Tait-Bryan orientation angles (1-2-3).

5.2.4. Euler-Rodrigues Paramcters

For two coordinate systems A and B, three parameters ¢, = 2ey4, tnn(g) may be used
to describe a change in orientation (ref. 21). The values of ¢, herein are scaled by a factor
of 2 relative to the Rodrigues parameters presented in reference 21, so that for infinitesimal

- v s A - s k4
values of ¢, - ¢,, the rotation may be regarded as a vector ¢;l_): = ¢;b, with CB4 = -4,
The matrix of direction cosines is then simply

L GE)a 4 g

BA,"(
ST

(5.2.4-1)

The angular velocity of B relative A, expressed in the B basis, can be written as

pa_ (& - 519

]

(5.2.4-2)

These relatiuns contain nu trigunometric functions and are easily expressed in a shorthand
matrix notation. Furthermore, a simple inverse transformation exists s that given C84,
the values of ¢ may be obtained from

R (5.2.4-3)
i
where C4 is the trace of CB4. Given ¢ and N84, $ can be obtained from
. A T
S (A Z' ' ¢f A (5.2.4 4)

Transforusations between Enler Rodnigues parameters and ditection cosines (or angulag
rates) are very simple relative to the transformations required for Tait Bryan angles.
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5.3. Angular Velocity and Virtual Rotation

The measure numbers for the angular velocity of coordinate system B relative to
coordinate system A expressed in the A basis, 184, may be determined from the addition
theorem discussed in reference 27, They can be related to the time derivative of the matrix
of direction cosines as follows:

CB4 = _QBACPBA = —cBAQEA (5.3-1)

By virtue of the Kirchhoff kinetic analogy (ref. 28), CB4 in Eq. (5.3-1) may be replaced
with §CP4, and Q54 with ﬂg". The expression for the components of virtual rotution
of B in A then becomes

-~ B P
5CPA = _5pp " CBA = _CBAG" (5.3-2)

The corresponding virtual rotation vector _6_1£B 4 is used in determining the virtual
work due to applied moments. The components of virtual rotation may be obtained from
any cxpression involving the angular velocity in a manner identical to that used to obtain
equation (5.3-2) from equation (5.3-1).

Similarly, infinitesimal perturbations of the rotation vector can be obtained by sub-
stituting CZ4 for CB4 and 884 for B4 in equation (5.3-1).

GPA = —BACBA = _CPAGBA (5.3-3)

5.4, Velocity, Acceleration, and Virtual Displacement

Velocity and acceleration vectors are obtained by applying the superposition theo-
rems discussed in reference 27. The calculation of the velocity and acceleration vectors
is fundamentally nothing more than the differentiation with respect to time of a position
vector in (i.e., relative to) some coordinate system. It is often necessary to determine the
time derivative of a vector in coordinate system B, when the derivative is known only in
coordinate system A. Given an arbitrary position vector R and its first and second time
derivatives in A, the first and second time derivatives of R in B may be determined from
the following expressions.

d g
B~ = A . AB
p7E i R U

(5.4-1)

- A‘(é (A%E‘*‘_QABXﬁ)”*‘QABx(A%£+Q_ABX_B_>

d? d d
A___R+ A—'QABX_I_Z-}-ZQABX A.Jt'—-‘@+g-ABx(

AB
T 27 < B)
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The Kirchhoff kinetic analogy (ref. 28), can also be applied to equation (5.4-1) to
obtain the virtual displacement vector. Time derivatives in B, £ ;%( ), are replaced with

B§( ); velocity vectors in 4, 44( ), are replaced with virtual displacments in 4, 46( );
QA8 are replaced with virtual rotations §4pAB,

and angular velocity vectors

B§R= 4R+ §y*% xR (5.4-2)




6. SUBSYSTEMS

As described in Section 3, the physical structure that is being modeled by GRASP is
broken down into a hierarchy of substructures. Each of these substructures is represented
in GRASP as a subsystem. Every subsystem in the model is in turn composcd of a sct of
components which may include a frame of reference, a set of nodes, a set of constraints,
and a set of child subsystems. It is the interrelationship among these components that
allows the construction of the equations of motion for each subsystem.

6.1. Frames of Reference

The position of the frame of reference F for a child subsystem relative to the frame
of reference S for the parent subsystem is defined as RF S and the orientation (direction
cosines) of the child subsystem’s frame relative to the parent’s frame is defined as CFS
(fig. 7). Sincc Newton’s laws apply only in inertial frames of reference, all equations of
motions must be written relative to an inertial reference frame. Therefore, it is essential
to have a method of transforming back to the inertial frame from any subsystem frame in
the model. If the position and orientation of the parent’s reference frame S are defined
rclative to an inertial reference frame I, the inertial position and orientation of any child’s
reference frame F can be determined from the parent’s reference frame S by applying the
following equations recursively.

RFI ___RFS 1 RSI

(6.1-1)
CFI =CFScSI

In addition to the position and orientation of any reference frame relative to the inertial
reference frame, it is necessary to know the inertial motion of every subsystem frame. A
subsystem reference frame may experience accelerations relative to the inertial frame if it
or any of its dircct ancestors is experiencing translational accelerations or rotation motions.
Thus, if the inertial motion of the parent’s frame of reference S is known, then the velocity,
angular velocity, and acceleration of the child’s frame F can be obtained from the following

equations:
KFI =KFS+KSI+QSI X_I_Z_FS

Qft =q8" 4 o (6.1-2)

e

FI =AFS 4 AST '*'QSI X(QSI XEFS)
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Figure 7. Frames of reference.

When expressed in the appropriate bases, these equations become (in matrix form)
'VFI"'I =CFS(VSFS + Vgsl + leRES)
oFf =cfSag! + af%) (6.1-3)
AET =CTS(ABS 1 AF' + 4TS RES)

Note that in the current version of GRASP, it is assumed that VS = AES - 0.
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Frames also possess six rigid-body degrees of freedomn. Thus, while frames are not
physically attached to the structure, they may move relative to one another in space. In the
casc of stcady-state deformations, these six degrees of freedom include threc translations
along the deformed frame basis vectors and the three Euler-Rodrigues parameters for
angular displacements. The steady-state displacement vector for frame F is

1 e F'
RFF = REF}, (6.1-4)
The steady-state frame rotations are expressed in terms of ¢F 'F and the direction

cosines of the deformed frame coordinate axes F' with respect to the undeformed coordi-
. ' . .
natc axcs F arc written as C,-FJZ F. In matrix notation, the stcady-state frame statc vector

is
REF
P = { B (6.1-5)
é;
For dynamic perturbations about the steady-state condition, the displacement vector
15

IRl ottt 2 Y
_I_Z_P F - RE’H‘[‘ I_) (6.1—6)

The dynamic perturbations of the frame rotations are expressed in terms of infinitesimal
rotations £, ", for which the direction cosines (ref. 21) are

" :F”F’
CF F = A - 01.*1:,‘ (61"7)

In matrix notation, the dynamic perturbation frame state vector is then

qpn = {l?g‘:"'{t (6.1"8)
oF”i J

The virtual displacements for the stcady state and dynamic formulations are simply
variations of the displacement coordinates

F'F _spP'FiF
SR T =bIpi b
(6.1-9)
fold "" F” Fl H F”
é!__z EéRFni .b__.
and the virtual rotations aie variations of the rotational degrees of freedom
e b F
b‘/’ 'Lby'l‘a,' b|
(6.1 10)

Fs YR f 3
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8.2. Nodes

Nodes are used by GRASP to model the kinematics of a structure, and their degrees
of freedom are representative of the physical states of that structure. The position and
orientation of auy node is defined relative to the frasne of reference for the subsystem in
which the node resides. Thus, for a node N in a subsystem with reference frame F, the
position and oricntation of N with respect to F are RVF and CNF, respectively. Two types
of nodes are currently used in GRASP: structural nodes and air nodes. The kinematics of
these nodes are described in the following sections.

6.2.1. Structural Nodes

A structural node represents a specified material point on a structure. Since the
material point may have up to six degrees of freedom, the structural node also has six
degrecs of freedom. For the casc of steady-state deformations, these six degrees of frecedom

-N
include three translations along the undeformed nodal basis vectors b, and three Euler-
Rodrigues parameters ¢V V for angular displacements. The nodal displacement vector for

node N is then - oo N
RV'N = RN} (6.2.1-1)

The direction cosines of the deformed nodal coordinate axes N' relative to the undeformed
' 3 L3 . »
axes IV are expressed as C,’;" N Then, in matrix notation, the nodal state vector is

N'N
qn = {g:,y.'w } (6.2.1-2)

Note that the nodal steady-state degrees of frecdom are referenced to the undeformed nodal
basis, whereas the frame steady-state degrees of freedom are referenced to the deformed
frame basis.

For dynamic perturbations about the steady-state condition, the displacement vector

RN'N' = RNIN'RY (6.2.1-3)

The dynamic perturbations of the nodal rotations are expressed in terms of infinitesimal
. FYNIIENL . . . .
rotations 0%;‘ N for which the direction cosines are

o . _-NIIN!
CN'N = A -y, (6.2.1-4)

In matrix notation, the dynamic perturbation nodal state vector is then
RNI-I NI
qNu = { o-NNl%NI } (6.2.1—5)
Ni

Nute that the nodal dynamic degrees of freedom are referenced to the undeformed nodal
basis, whercas the frame dynamic degrees of frecedom are referenced to the dynamically
perturbed frame basis.
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The virtual displacements for the steady-state and dynamic formulations are simply
variations of the displacement coordinates

NIN ] -~ N
§R™Y =8 RN,
(6.2.1-6)
gt 1pgta N
QB.N N' 5 R% ; N L):'
and the virtual rotations are variations of the rotational degrees of freedom
N'N _c N'NiN
7T =6y b
(6.2.1-7)

6_¢,N”N' =&Ni' N'é?'

6.2.2. Air Nodes

The generalized coordinates representing the axisymmetric flowfield associated with
a helicopter roter are introduced into GRASP by means of the air node. The generalized
coordinates are defined relative to an inertial frame of reference I, and determine the
inertial air velocity at a point Q as

I;A

U9 = —(Uf + rvih + ROt + RIAE) (6.2.2-1)

2A . . . - . e
where b, is an inertially fixed unit vector and 4 is a coordinate sysiem whose origin is
located at the center of the axisymmetric flowfield. The distance from the center of flow r
can be caleulated from

2 2
= (R33) +(R3) (6.2.2-2)

For the case of steady-state inflow, U{* and v{\. represent the uniform inflow velocity
and the radial velocity gradient, respectively. The other two generalized coordinates have
no physical meaning under these conditions, and therefore are not used. The air node state
vector for stcady-state inflow is then

A
qu = {U’ } (6.2.2-3)

A
7!1‘

To model dynamic inflow, generalized coordinates U{', v{}, and 7{} represent the
collective and two cyclic velocity perturbations. The air node state vector for dynamic
inflow is then

Uit

un = 7{12 (6.2.2"‘4)
A
i3
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7. CONSTRAINTS

The purpose of a constraint is to create a dependency among generslized coordinates.
In GRASP, the dependencies among the generalized coordinates are used to eliminate
dependent generalized coordinates in favor of independent generalized coordinates. In
the following sections, the general formulation of a primitive constraint will be presented,
followed by the specific applications in GRASP. Then, the composite constraints that have
been constructed from the primitive constraints will be discussed.

7.1. Primitive Constraints

Consider a set of generalized coordinates that are related to one another through a
constraint. The constraint relationship g may be written in the special forin

qe¢=gi(q"1""’q"~')’ (:=1,...,N¢) (7.1-1)

Thus, the generalized coordinates related by the constraint can be partitioned into two
sets: a set to be eliminated, g, and a set to be retained, ¢,. Using the constraint relation-
ship, the set to be eliminated can be obtained directly from the constraint functions which
depend only on the set to be retained.

The virtual work for the generalized coordinates associated with the constraint is

Ne© NT
oW = Z 6qc,- Qei + Z 6qr{ Q’“ (7'1_2)
=1 =1

The sum of the generalized forces Q associated with a generalized coordinate may differ
from zero for two reasons. First, during the process of seeking an equilibrium solution,
equilibrium may not always be satisfied. In this case, the sum of the generalized forces is
residual force that is a measure of the error in the approximate solution. Second, even if
the complete system is in equilibrium, individual subsystems may not be in equilibrium.
The generalized forces for these subsystems will be nonzero.

Taking the variation of equation (7.1-1)
. Jg; , e
THEDY 5;——6(1,.}., (i=1,...,N¢) (7.1-3)
and substituting Eq. (7.1-3) into Eq. (7.1-2)
N7 N¢ ag
W = ;5‘% (Qr; + ?; 5‘(;;Qe4) (7.1-4)

This relationslup is used by GRASP to incurporate the contributions of the generalized
forces associated with the climinated gencralized courdinates into the retained generalized
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forces. During calculation of steady-state residuals, the residuals associated with the elim-
inated generalized coordinates are transformed and added to the appropriate residuals in
the parent substructure’s residual vector.

The treatment of constraints for small perturbations about an equilibrium state is
a little more involved. For this problem, each generalized coordinate is assumed to be
the sumn of an equilibrium value and an infinitesimnal perturbation from that value (i.e.,

=7 + §). Equations (7.1~1), (7.1-3) and the generalized forces Q can all be expanded
in Taylor series about the equilibriumn velue. Noting that equation (7.1-1) is valid when
q = G, cxpansion of equation (7.1-1) yields .

Jg; . ) c
Ge = Zag Gy by (i=1,0..,N°) (7.1-5)

Expansion of equation (7.1-3) yields

N* /[ — Nt ag

=) b, + Y e ]

¢ Z:l q'(aQr, Zaqr,aqr,.q" > (7.1-6)
(t=1,...,N¢)

Expansion of the generalized force, @, for both eliminated and retained termns yields

Qei _Qc. +VLe.e,Qe, + ZLeu‘,qr‘,, (‘L= 1,...,N3)
=1
(7.1-7)

Q".‘ —Qr, + ELr.e, Qe; + ZLr.r,Qr,, (Z =1,... ,N")

i=1 j=1

where the linear operator, I, con*ains the terms normally associated with the mass,
damping, and stiffness matrices, - M 45 dz? -C gi — K. Note that the minus signs are present
in the definition vf L because the generalized force is generally regarded as positive on
the right-hand side of the dynamical equation, whereas the linear coefficient matrices are

regarded as positive on the left-hand side.

GRASP calculates the M, C, and K matrices for a subsystem by adding the contri-
butions of cach of its children. The rows and columns of the child subsystem’s matrices
correspond to all of the generalized courdinates of the child. The constraints are used to
eliminate dependent generalized courdinates, 1esulting in matrices whose rows and coluinns
currespond to only the retained generalized coordinates of the child. The matrices elements
are then added to the elements of the parent’s matrices that correspond to the child’s inde
pendent degrees of freedom. The required transformations can be found using the virtual
work for the subsystem.
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An expression for the virtual work from small perturbations about the equilibrium
state may be obtained by substituting equation (7.1-6) and the eliminated and retained
subsets from equations (7.1-7) into the virtual work expression in equation (7.1-2).

N¢ N* ayt NT 3 p _ Ne _ N_;_
6W Z Z 6qu Z P) vr;‘ + .. -) Qe‘ + Z Lc,'e;. ‘jc,. + L LCif‘h qf‘h
k=1 k=1

i=1 j=1 qr,

N¢ N~
+ Z 6‘1;-; ar.- + Z Erce; qe; + Z fr.-r,‘ ‘jr,-
i=1 j=1 j=1 y

(7.1-8)

After discarding terms of second or higher order, the expression for virtual work
consists of a constant part and two first-order parts in §. The constant part is the same
as equation (7.1-4), except that it is evaluated for the equilibrium state.

N NT ag
$54, (Fe, 12, oo

t=1 j=1

The first linear portion of the virtual work is the single term

NT N' N Ty
) —*6 : — vr -
j=1 ?:Jl (Z aq,, qr. ) o

(7.1-10)

P

Zi&q,}. (-KS..) e

J=1k=1

The matrix K¢ represents the geometric stiffness associated with the constraint. During
assembly of the matrices for the parent substructure, GRASP calculates this geometric
stiffness and adds it to the stiffness matrix in the parent substructure. This extremely
important term is often vverlovked. For instance, a pendulum, modeled as a rigid-body
mass constrained to rotate about an offset axis (using a screw constraint) derives all of its
stifiness from this geometric stiffness term.

The remainder of the linear terms are

N* Ne N =
Lzbq' ( rjen t Z 69' _e.e,,) ep +

Rk (7.1-11)
v %
30ICH IS SR S A
1=1 k=1 =1 4
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After substituting equation (7.1-5) into equation (7.1-11) for the eliminated perturbation
coordinates these terms become

N NT ag

ZZ*’%( *Z ~Leir+

J=1 k=1 (7.1-12)
P rje; aqu et Lt e.ca a

The quantity within the parentheses in equation (7.1-12) can be thought of as defining
a new set of M, C, and K matrices in terms of the retained and climinated portions of
the original matrices. GRASP calculates the new matrices and adds their elements to the
elements of the parent substructure’s matrices.

The definition of a constraint follows from the specification of the function g. To obtain
a solution for a system in equilibrium, the matrix g’; must be known. A perturbation

solution, however, requires both the matrix gg and the geometric stiffness matrix K€. In

the following constraint derivations, matrix %—3 will be denoted by R.

7.1.1.  Fixed Frame

The fixed frame constraint describes a rigid connection between two frames of refer
ence, F and 5. Regardless of the changes in position and orientation relative to inertial
space that they may undergo, their position and orientation relative to one another re
wains constant. The current (child) frame F will have its degrees of freedom eliminated,
while the degrees of freedom for the superordinate (parent) frame S will be retained. In
GRASP, this constraint is available through the user interface.

Steady-State. Consider two frames in their undeformed (S and F) states and in their
steady-state (S’ and F') configurations (fig. 8). The degrees of freedom of F (and F') are
considered to be dependent, while those of S (and S') are independent. The frames are
assumed to be connected such that

RS'S ¢ RSF 4 RFF' L RF'S" _ g (7.1.1 1)
where ‘
RE S _ RES (7.1.1-2)
and ,
ceseskFekF P s -y (7.1.1 3)
Thus,

RF'F : RF'S' , iﬁ'q RFS

1?1[:.:’ (‘""5'(12\;::\ N Ie'q:ﬂ') (vl'b‘(w\'\R[;‘y (‘ 11 4)

CF‘F CI-"S'CS‘GCSF
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Figure 8. Fixed frame constraint.
Consider the virtual work performed in the F' frame at F'.
F'E T F F'F T F'
6W = (6Rp: ) F v+ (61/)17: ) J\’Ip: (7.1.1—5)

The virtual displacemnents and rotations at F' are related to those at S such that

SRE = CF'S'(§RSS ~ 5C% S RE®)

! ot ! ~S'S o>
= CFS(6RSS + §¢pg CSSRES)

(7.1.1-6)
= CF'S'(6RE.S - RES695.%)
Mv,{:’? = CF"5'6¢-§:S
so that the virtual work performed in the F' frame at S’ becomes
’ 'I‘ ] 1 '
SW - (6RZ°) CFF FE +
s F (7.1.1-7)

vl ‘I‘ 1 3 'l -~ "
(09s. %) (S F ME + RESFE)




Equations (7.1.1-7) show the contributions of the force and moment acting at F to the

force and moment at S for the steady-state problem. >

.
Dynamic. Now consider the two frames in their . -1cally perturbed (F" and S")
states (fig. 8). The perturbed position and orientation are related by

-B‘S”s' +—I-Z.sl‘pl +;EF'F” +B_F"s” = 0 (7.1.1_8)
where . L
Rgns =Rsrs (7.1.1"9)
and el 1 AL 1 et " it
CSScSFeFF cF's" = (7.1.1-10)
Thus,
RELF' = GP'S"(RES 4 RESS") — 0F"S" 5" s
(7.1.1-11)
CF”F’ = CF"'S”CS“S,CS,F'
Taking the variation of both sides yiclds
6RII;::FI = CF”S”((SRg::s, _ 6Csllis§"Isl)
"o "ot ~ 5"s' > "s' ot
= CF'S"I§RE.S +89gn (A ~G5 )RES (7.1.1-12)

t

61/)[;‘11 F - CF“s”(Slllgl'll s
The transformation from the F" frame to the S" frame can then determined in terins
Of R ‘lxld I(G' H o 11} 11 ! 1]
- [CF S _CF's Rg'b ‘
- (7.1.1-13)
l 0 CF“S'

where the columns of R are associated with variations of the generalized coordinates

1 ! H ot . . i ! AL n1J
6R3.S and §92. 5, and the rows are associated with §RE,F and 6§y £, T . Then,

0 0
0 FERES

K¢ = (7.1.1-14)

where the columns of K¢ are associated with generalized coordinates Rf::s' and Gfu s,
and the rows are associated with 6R§::'q‘ and 611[‘2,': S'. Equations (7.1.1-13) and (7.1.1
14) define the constraint formulation for dynamic perturbations about the steady state

configuration.
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7.1.2.  Structursl Node Dcmotion

The structural node demotion constraint describes a rigid connection 1 tween a node
D in the child subsystem which has a frame of reference F, and a node I in the parent
subsystem which has a frame S (fig. 9). The degrees of freedom for the dependent node
D will be climinated, while the degrees of freedom for the independent node I, the super
ordinate frnme S, and the current frame F will be retained. In GRASP, this constraint is
generated internally, and is not available through the user interface.

ol Ve
\\y// * \ i -

—
-
ﬁ"_ /,..n’?

Figure 9.  Structural node demotion constraint.

Stcady Statc. The governing equations express the displacement and orientation of
node D in terms of those of I, S, and F. The basic equations for the deformations come

from
EDD“.!.?Dl *LG'!y’_!}"ﬁ ‘_QSS+£SF +£F'F +L2FU

(7.1.2 1)
Cl"l) :Cl"l'cl'lClS'CS'ScSF(vFF'CF'D
In matrix notation the basic equation govermng displacement is
Rﬁ'l’ Cl’l‘"(\F'F(ﬁFS(vSS'{CS'i CII'RQ'I' ¢ R;'l) i qu N RS S] (.. Lo o)
7.1.2 2

('I’I' ((11 IRIS . er ‘ RF" )
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It is also necessary to take the force and moment at D' and find their contributions to the
forces and moments at I', F', and S'. For this, the virtual displacement and rotation of
D' relative to D is required. The virtual displacement is

' f~F'F ' ' ' ' byt ' ’ '
SRPP = - CPF'5pp, CEFCFICSS[CSI(CITRYT + RET) + REY + RES)+
~! [ - ¢ ~S,S 1] 1] tyr 1} 1] 1
CPFeFFeFSesS sy,  [cS (' RET + Ry + RYY + RE.S]+
t . S ' Y ' "ot ' '
cPECFFcrSess (¢S (sp, CRET + 6RTT) + 8RS 5]+

l~F’F i ' 4
CPP 5y CFFCFORGS - CPFSREF

~ -~ CPF'§REF 4 CPS§RES + CPISRI T -

1 —~F'F 1 ~S5'S o ~I'I_p
CP¥ 6 REF 4+ CPS 65 RES + CPlsyp, RPI

= - CPF'(§REF — RRIFyE F)4
CPS'(6RES - RD'S645,%)+

CPISRY! - RP'Tspf ")
(7.1.2-3)
and the virtual rotation is

§Y5'P = cPlgpl't 4 CPS 6935 - CPF sy ¥ (7.1.2-4)
The virtual work performed in D' contributes the following tevrns at I', S', and F'

ST ' 1o T ' 1y T [ T ' ~ 1y '
§W = - (6REFY FE + (8RES) FE + (6RYY) FP — (895 F) (ME + RRTFE )+
1vo. T ' - gyt ' v T ' ~ gyt gt :
(693°) (Mg + RESFE )+ (891 7) (MP + RPTFP)
(7.1.2-5)
Dynamic. For dynamic perturbations about the steady-state configuration, the basic

kinematic relation is used to determine the matrices R and KG. The basic equation
governing the displs :ement is

QDMDI __,.—EDN’" .i. B,N,l + E”l -*- -Ii[s” + _I—Z'S”s' + -B-sls—
RFS - RF'F _ gF"F' _ RDF" _ pD'D
(7.1.2-6)
QDHDI ;:BD”I” .*.' B,H,I 4b EIII +}_lell +—Ig-sllsl _EF’S'_
RF”F' RDF" _ RD'D
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Expressing the position of the perturbed state relative to the steady-state position in the

D basis (fig. 9), the dependent node displacement may be obtained.
RgHDI =CDF" CFIII;VJ CF,S'CS'SM CS“ICII'RR'”I" +
CDF"CF”F’CF’S’CS’S"CS”I(RI”I, RI’I)_*_
DF" FHFI Fl sl S' SH IS" sll sl
cvt c C"~C”” (Rgn + R2u”)—
CDF”CF”F’ CF,S’RF’ S'

" 1IN Al "
cPFY(RE.T + REI") - RY

The first variation is
6R‘g”D’ =CDF”CF”F'CF’S’CS’S”CS”I&RI”I’
CDFIICFHFICFileslslléRsllSl CDFH6RFHFI+
CDFHCFHFICF slCslq”CsII]CIIlé_CIIIIIRDHIH
CDF"CF”F'CF'S'(sCs S” [CSHICII'CI,I”RR,“["_*_
cSIRYT +RENY+ RE 4+ RS+
CDF”6CF”F,CF'S' [Cs's”CS”ICII,CI’[”Rg,”I”_*_

CSIS”CS"I(Rf"I’ + R}’I)_*_ CS’S”(R‘L_‘E” + Rg::sl) ersl]

Similarly, the relationship governing the virtual rotation is

isEDMDI =-6£Duln + @-I”I' + @-111 + éﬂls” + ‘6_¢S”S'__
6¢F'S' _ (5’¢’F”F’ _ 6’¢’DF” - 6¢D'D

which in the D basis becomes

61/)8”0, =CDF”CF”F’CF'S'CS'S”CS”I‘S,lp;”I'_{_
CDF”CF”F,CF'S’CS'S,'é-‘l)g::S'__
C'DF"6d)r"r’
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(7.1.2-10)




The virtual work done by a force at D" is then

T

(6RgnDo)T D" (5Rl"1') (FD +CIS Fs, Bs”c' —-CIF,FD,'OI;::F')-}-

na T 1 ot "t
(6R%.SY (FB + FB 63,5 — CcSF FR 65, F)-
(SREZF) FR +

ITRTIV A ) ' P e I L, ' ' =~ " et
(6o Ty (RPVFP + FP'RP 6" + CIS RES FE 63,5 -

CIF' RRI BRI GELF' )+

(650 S) (RS FR' — ¢S P RI'Y _ FR'RSMS &
CSIFP'RP'T O + RE'S FE 95,5 -
CS'F' RS FR 9L, F')—

(SHEF Y (RRF'FR - CF'IFP'RI' — OF'S F' RSS +
CFIFP RP'T 91T 4 OF'S' FRREIS 05,5

~ t - ! " ]
FE RRF 0L, F)

(7.1.2-11)
and the virtual work done by a moment at D" is
nyt T " np T " .ottt 1ot Jupy P '
(6vB Py ME =841 7) C¢FS (A -05.5)CF (A + 05T )ME, +
na T =5 g ) ~ it gl 1"
(695:5) (A - 02.5)C5F (A + 05, F )ME, -
"ot 7' "
(85T ) MR,
(7.1.2-12)
oyt I‘ ' -~ ' " ot . [ N Al
=691 ") (MP" + ¢15' 2 og,,s ~-CIF P L. F )+
sgt T I TR s N 1B L
(65:°) (Ms. + 0B 05,5 ~ cS'F ;R 65Ty~
o T
(6B 7Y ME
The matrices 7 and K€ are
CDI _CDIRD’I' CDS' _CDS'RD"S' ___CDF' CDF'RD:F'
R= d s F (7.1.2-13)

0 cP! 0 cbs’ 0 ~-CbF

where the columns of R are associated with variations of the generalized coordinates
HEL i "ot 1 of H g 1t - .
6RLE, 8910, SRS, 6955, SRE.T | and 69E, T, and the rows arc associated with
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§RB.D" and 6¢5,P". Then,

0 0 0 _cIs'fD'
0 —FP'RPT 0 -CIS(RRTFR + ME)
KS = 0 0 0 ~-FL
CS'IFID' —CS,IFID'}.Z?'I' qu' RD'S' Fst ICIS.'
0 0 0 0
—CFIpp'  CFIpP'RP'T  _CF'S' Fg CF'S 7R RS’
0 C’F'i‘g' i
0 CI(RRYVFR + ME)
0 cSF R
bt vt e e | (7:1.2-14)
0 CSF (RIS FR + 1B
0 0
0 D' RO F

where the columns of K€ are associated w1th perturbatwns of the generalized coordinates

Hl

” 1 8oyt H ot " ot ll 1]
R{. T, 0{.,1 R:.S, 05"5 RE,F') and §E,¥", and the rows are associated with §Rf,,

" l ” ! " ot " 1] " !
6"/’{::1 gns 61/’5::5 FNF ’ and 61PguF .
7.1.3. Screw

The screw constraint describes two nodes, D and I, that are connected by a mecha-
nism that permits translation along and rotation about a single axis which is fixed in the
coordinate system of both nodes. The dependent node D will have its degrees of freedom
eliminated, while the degrees of freedom of the independent node J wil' be retained. This
constraint is available through the GRASP user interface.

To simplify the derivation, two intermediate nodes located on the screw axis " will
be introduced (fig. 10). The “stationary” node S is rigidly connected tc the independent
node I, while the “moving” node M is rigidly connected to the dependent node D. Nodes
M and S initially coincide in both position and oricntation, but may trenslate along and
rotate about the screw axis relative to one another.
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Figure 10.  Screw constraint.

Steady-State. For the steady-state problem, the equations governing the degrees of
freedom must be developed, as well as the equation for the contribution of the force and
moment acting at D' to those at I'. The basic displacement and oricentation relationships
for the screw constraint are

RU'D _pD'M' | pM'S' | pS'l' | pI'l | RIS | pSM 4 pMD
(7.1.3-1)
cD'D _oD'M oMM NI'S' ¢S'I' 'l ¢ ID

where M' indicates a node whose position and orientation relative to S' is the same as
that of M relative to S. The position of D' relative to D in the D basis is then
Rg‘D =CDICII’C"S'CS"“'Clﬁ'h"CA"D'Rg:)“' -
RBM 4 cPICI oIS yoter 4 (7.1.3-2)
cPICI RS + RV - RST)

where . ,
RM'S" = ygrer (7.1.3-3)

and u is the screw displacement.
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These equetions simplify somewhat since €IS = ¢F'S' = ¢D'M’ = ¢DM = A oMt

can be easily expressed as an Euler rotation, given the screw rotation 8, and e} M' , the screw
axis unit vector. The virtual displacement is then

&Rg'f) =CD16011'CI'S'05'NI'C:fl'hl'cM'D'Rg:A['_*_
CDIcII'ci'S'cS'M'60)‘7'1’”'CM'D'RD'M'+

CDI'sCII CI s' ncr u+ CDICII CI s' ccr Su+

cPX( scH!’ Rff" +6 R} Iy (7.1.3-4)
=cb! [6R” ~ (RP'M gt 4 RET eyl 1y
cr Su + eacr RD M’60]
and the virtual rotation is given by
§pB'0 = CPI (69T + o3 86) (7.1.3-5)

The virtual work at the screw connection and at I' due to a force and moment at D'
is

W =(6R"’)T Py (64f ) (RPTFP + MP')+

o , (7.1.3-6)
Sules™) FP' + 86(ei™ ) (RP'M FP' + MP')

Dynamic. For the dynamics of the constraint, the equations governing the degrees
of freedom are used to to find the matrices R and K€. Consider the nodes and the screw
axis in their perturbed states (fig. 10), an infinitesimal perturbation from their steady-state
positions and orientations. The basic equations are similar to those of the steady-state case.

LzD"D' =_E.D”Al" + ﬂ)\"””f” + :B-M,,S,, -*- E.S"I".ln
RIMI: N RI,D,
" ' " 1] "aett PPN (7-1.3"7)
@D D =§_?_D M _i_%hl M '*6_1{1.,” S +

.6_,!-/:5“ l" -}.- -6_‘21”5, + -{?—I'D'

The first, third, fourth, and sixth terms are zero in both equations. Proceeding as above,
and noting that

CI"I' =A - Cl'lé;”l'cll' — CI'I(A 01" )CII'
6C,u,l - . C,J[(A _ 0.1’”1')5?[);""0!!' (7.1.3""8)
(()CAI" 1" 68-0('7", CIU"AI”
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the R and K€ matrices are then

CDI _CDII}P'I' CDIE}"' CDIé;cr' R?'I\f'
R= , (7.1.3-9)
0 CDI 0 CDIe;cr

where the columns of R are associated with the variations of the g'en?ralized coc'>r<'iinates
SRI'T, L I' §u, and &0, while the rows are associated with 5Rg D" and B D,

po -

0 0 0 0
G 0 _FI 'RID'I, _é;cr'FID' _F.‘I 'R?,M'e;cr,
KS = . _(e;cr' )Tﬁ‘ID' o 0 (7.1.3-10)
(RD’M’)"'éacr'Is-D' PVTIY ( D '
_0 :(e:cr' )71'1(,110’1 0 —(RID M ) e;cr e;cr FID i

where the columns of X G are associated with the perturbations of the generalized coor-
dinates R} 1, 84/, i, and 6 and the rows are associated with R} 7', 69§ 7', bu, and
9.

71.4. Copy

The copy constraint describes the relationship between generalized coordinates that
are common to both parent and child subsystems, but are otherwise unconstrained. This
situation most often exists when unconstrained generalized coordinates in the child sub-

system are passed up to the parent subsystem. This constraint is not available through
the GRASP user interface.

Steady-State. From equation (7.1-1), the constraint relationship between the child
subsystem generalized coordinates ¢., that will be eliminated and the parent subsystem
generalized coordinates g,; that will be retained can be written as

Gei=ary  (i=1,...,N) (7.1.4-1)

Therefore, the calculation of the contributions of these generalized coordinates to the child
subsystem state vcctor involves only copying the values of generalized coordinates from
the parent subsystem state vector into the child subsystem state vector.

The variation of g, is then
8e; = b, (i=1,...,N) (7.1.4-2)
When this expression for bg.; is substituted into equation (7.1-2), the virtual work is

N
W= 6, (@ +Qc) (7.1.4-3)

j=1
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Thus, to assemble the residual vector for the parent subsystem, the contributions of these
generalized forces from the child subsystem are added to the generalized forces from the
parent systemn.

Dynamic. The derivation of the constraint dynamics follows a similar vein. First,
the perturbed generalized coordinates, the variations of the generalized coordinates, ard
the generalized forces are expanded in Taylor’s series.

Ge; = Gry» (i=1,...,N) (7.1.4-4)
bq., = bg,, (i=1,...,N) (7.1.4-5)
N _ N _
Qc;= +2Le;ejqc;+ZLe;r;ery (i=1a°'-7N)
j=1 J=1
(7.1.4-6)
— N —
Qr.- =Qr; ZLr‘e;qe, +2Lr,r;qr,, (7": 1)"'1N)
j=1 j=1

When these expressions are substituted into equation (7.1-2), and the resulting expression
simplified, the virtual work is written as

W = Z 8qy, Qe + @y, + }: ere; + Deiry + Lrge; + rer; ) g (7.1.4-7)

i=1 Jj=1

Since the g., generalized coordinates exist only in the child system, and the g,, exist only in
the parent system, fem and fg..,.,. are null. The R matrix is, therefore, an identity matrix.
For small perturbations about the steady-state solution, the coefficients in the rows and
columns associated with the copied generalized courdinates in the child subsystemn dynamic
matrices (M, C, and K) are simply added to coeflicients in the corresponding rows and
columns of the parent subsystem dynamic matrices. The geometric stiffness matrix K€ is
null.

7.1.5. Prescribed

The prescribed constraint is used to describe the permanent deformation of a partic-
ular generalized coordinate. This constraint is trivial, because the steady-state value is
constant. In GRASP, the prescribed constraint is available through the user interface for
nodal degrees of freedom.

Steady-Stute.  Following the derivation of a general constraint, consider a child
subsystem that has N¢ gencralized coordinates ge;,? = 1,..., N¢. For this constraint, one
of those generalized coordinates (e.g., ge, ) has a prescnbcd constant value.

ge, = constant
. (7.1.5-1)
Te, =93 (Trys-+ s qrus) s (i=2,...,N°)
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The total virtual work is

W = que.czﬁ Z«Sqr.Qr.

i=1 i=1

Ne NT
= Z 6ge; Qe; Z 6qriQr,
i=2 i=1

since the variation of the prescribed generalized coordinate §ge; is zero. Therefore, this
generalized coordinate makes no contribution to the virtual work of either the child or par-
ent subsystem. In practice, degrees of freedom that are prescribed in the child subsystem
may be eliminated from the parent subsystem state vector.

(7.1.5-2)

Dynamic. The derivation of the dynamic constraint equations for small perturba-
tions about the steady-state solution proceeds following equations (7.1-5) thiough (7.1-7).
The orly difference is that in equations (7.1-5) and (7.1-6), 2 = 2,...,N¢. When these
expressions are substituted into equation (7.1-2),

N¢ NT ag N* 0 7 _ Ne _ N:_
6W=Zzéqr; (aq: Z F) qrh +"') (Qe;+zL¢(eu‘jeh +§_4Le;r;.q'r;.>

i=2 j=1 ‘Ir, k=2 k=1

NT Ne® N
v St (@t DT + 3 B
=1 j=2 Jj=1

(7.1.5-3)
From this equation it can be seen that the contributions to the virtual work are the
same as for the general case, with one exception. The rows of L, and Le,r,, and the
columns of Eem and f,...c,., associated with the prescribed generalized coordinate have
been eliminated. This is equivalent to removing the appropriate rows and coluinns from
the M, C, and K matrices that are passed up to the parent subsystem.

7.1.6. Copy Air Mass

The copy air mass constraint is the constraint used to transform the air mass gener-
alized coordinates and forces between child and parent subsystems. This constraint is a
clone of the copy constraint, specialized to copy only the four air mass degrees of freedom.
Due to the fact that the air mass degrees of freedom ate defined in an inertial frame, and
need never be traunstorined out of that frame, the generalized coordinates and forces are
simply copied. The copy air mass constraint is not available through the GRASP user
interface.

7.1.7. Periodic Frame

The periodic frame constraint describes the relationship between a superordinate (par
ent) frame S and three or more identical, child frames Fi (for k = 1,2,...,b) rigidly at-
tached to §. Frames Fy are located at equally-spaced, azimuthal intervals about an axis
fixed in S (fig. 11). The origin of S is located on the axis of syminetry, while the origins
of the Fi may be located elsewhere. In GRASP, the periodic frame constraint is available
through the user interface.

46




Figure 11.  Periodic frame constraint.

The derivation of the periodic frame constraint is very similar to that for the fixed
frame, cxcept that it is assumed here that there are b identical frames spaced at equal
azimuthal intervals around an axis. The quantity Rf,-f * is independent of k, and CFxS =

CF ST, where

Tr = Ty + Te cos pp + T, sin ¢y, (7.1.7-1)
and where i i
1 06 0
To=1{0 0 0
0 0 0]
o o]
T,=10 1 0 (7.1.7-2)
0 0 1]
0 0 0
T,=10 0 1
0 -1 0
2
o= (k=1), k=125 (7.1.7-3)

The fixed frame equations can be easily modified to account for this configuration. It will

. - . . 5
be assumed that the axis of symmetry for the periodic, child frames is b, .
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Steady-State. For the steady-state problem, the equations for the deformed position
and orientation of any one of the child frames can be written as

FyFy __~F!S' S's F,s' FiFw pFyS
RF; —\-C 1 TkRSI +RF; - C & hRF*
' of ' ! g ALl t n 7 "~
=CPS'TRES + RS - CPS' TS ST ST RS (7.1.7-4)
h

CF"' Fy =CF{S' TkCS'STE'CSFl

In ordel to make the left-hand sides independent of k, let Rs'z = R5,3 = 0 and d)

¢$'S = 0. Since the right-hand sides are equivalent for all k, all Tk can be set to To to
simplify the equations. The virtual displacements are then

6RF).F1. _CI"'S T06-R§:s . CF;S'T 6‘05 STTc‘FF,Rn.S
(7.1.7-5)
) § Mool ~8'Ss ' N -
=CTS'TsRES + CS sy, €5 STT CST RES

and the virtual rotations are

6¢F"F" CPiS' Ty693S (7.1.7-6)

The virtual work at S’ due to the b sets of forces and moments acting at Fy, is therefore

i[ RF,,F,. r,, ,(6¢F,,[‘,.) r,,]

7.1.7-7

_ 5'S\T T ~§'F! pFy $'S\T [T AS'F 3 (Fi (7:1.7-7)

_b{(éRS, ) TTCSTiFg + (898°) |TT S FiMf} -
1

(T(;I'Cs'F; FFIT{;)'CS'ST(;I'CSFlei.S] }

Dynamic. For small perturbations abeut the steady-state solution, the perturbed
position and orientation (fig. 11) of any one of the child frames Fy is

r‘"F s S "t "ot "et ’ gt _F'S
Rgl,™ <Rph™ -+ ¢S T R3S - et eSS nles FxRFZ
(7.1.7-8)

T mil ot "ot 1
CT',.F,, -ci'Ss chs ST’;I'CvSF,
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To first order in the perturbation quantities, the virtual displacetnents and rotations are

' ot " ot

17 gt e att "ot ~5' T T o
6RY " =0T, [mg,,s + s (A~bsn TTCTPRES ]

(7.1.7-9)
s B =CFS" 1 598, S
KX
. . - " sl
Note that the geometric stiffness matrix will come from the g, term.
After substituting into the expression for the virtual work, the matrix R is
CRIS"T, —(TTCSFIR™iy
R = (7.1.7-10)

| 0 CH'S"m,
where the columns of R correspond to 6R§::5’ and 51/;3',': ' and the rows correspond to
it ot gt . .
bR;’:.P" and 61&;7, v The matrix K is
& [

0 0

K¢ = (7.1.7-11)

b
TAS'F @F pFuS' AR S
0 ;Tk CSFifgt Re™ CMS'T,
=1
e et ot N
where the columns of K% correspond to RS and 63,5, and the rows correspond to
I 5 3 P

6R::':,F" and 611);:7, v For evaluation of the lower-right submatrix, it should be noted that
h r

Z TT ()T = bT7( )To + 3TT( )T + 4TT( )T.] (7.1.7-12)
k=

—

when the expression enclosed in parentheses is independent of k.

7.1.8. Periodic Node Demotion

Just as the periodic frame constraint is very similar in concept to the fized frame con-
straint, the perivdic node demotion constraint has a similar relationship to the structural
node demotion constraint. In this case, a nude belunging to a parent subsystem is repli
cated in the child subsystemn at b equally spaced azimnuthal intervals about an axis that
is fixed in the parent subsystem. The periodic node demotion constraint is not available
through the GRASP user interface.

The degrees of freedom of the b child subsystem nodes Dy are expressed in terms of
the degrees of freedom of Fy, S, and I. To visualize this constraint, consider figure 11 and
imagine o node [ associated with frame S and a node Dy associated with each frame Fy,
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as in figure 9. The virtual work done at all nodes Dy for £ = 1,2,...,b is determined at
Fy.. The total virtual work is summed for k = 1,2,...,b and determined at S and I. For

-5 ~1
this constraint, it is assumed that the axis of symmetry is b, , and that }, also lies along
that axis.

Steady-State. The governing equations for the periodic node constraint are derived
in a similar manner to those of the structural node demotion constraint. First, let

1 g 1
CF"S =CF"S = CF;STk = CFlS Ty

(7.1.8-1)
CD;.I =CD£]' - CDlITk — CD'lI'Tk
where T} is defined in equation (7.1.7-1) and (7.1.7-2). When
RF"S RF" S = constant
(7.1.8-2)
RD"I —-Rgé'll = constant
h
the positions and orient«tions of the frames and nodes may be written as
RDth CD"F"«CF':F*CF‘ST CSS' CS'I CII'TTcl'D',RDp.I'
kC> [C% k p, *
RI'I) RIS' RS' S] _
(7.1.8-3)

CD;.F,,(CI‘,,F,.RI‘;S + R F"RD*FA)
CPDs =D T, o1 OIS ¢S STF 0 SFi o P i o Fi D

To make equation (7.1.8-3) independent of k, let Ré‘f’" =0,C’ = Aandlet Ty = T, (all
displacements and rotations for S and I take place along or about the axis of symmetry).

The virtual displacements and rotations are required in order to calculate the virtual
work of a force and moment at D}, for all k.

6Rn,,D,. _ . CD.,FLS;Z)?EF’*CF,’.F,.CFlsTUCSS’ [CS"(C”'T,;I'C’D*Rg;’:"+
RI" + RE + RES)+
CDWFiy oFLFr CF,STOCss'g;bz:s [CS'I(C”'TOTCID‘Rg;':I
RI")+ RE + RES|+ (7.1.8-4)
CONFL CFVFu OF ST, 05 [Cs'z(&zi'lcu'ﬂ;rcl'o;Rgé:ﬂ+
§RYY) + 6125'5] -
CD"”(-EZ CF,,F,.Rns4 6RE Fh)
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5D —CDAFLCRRCRST,oSS (05 Tspl' T 4 5955)-

' 7.1.8-5
CD*F&é'lbﬁzF. ( )

The virtua! work due to the virtual displacements of each of the nodes I} is

T

oW = - (6RE™) Fr (54:”*) (M + REFP Fob )+
(6RES) C° STOT cShFR*+
535 T 1 oS'STTGSF pPh 4 [0S STTOSFigFsFiL(RPA | GFWFx pFas

S 0 Fy 0 F, F)

cRFghST, CSS' Rg:s)l “'CS'STOTCSF, Fg;' }+
(6R§'I)TCIS'CS,STOTCSF1Fg;‘ _*_
(5d’§'1)T<Cts'Cs'sTTCSF. M{’L n {Czs'cs'sTTCSF.CF,,F,; leg.F;._l_
CPFRERS 4 P oRST 05 (RS + RET )+

CFiFu CF'STOCS“" CS’IR§’I] } C!s'cs'sTérCsn FE“)
(7.1.8-6)
The summation cf terms involving the virtual displacements and rotations at S' and I'
involves only a multiplication by b. The corresponding terms at Fj need not be sumined
since only one system contributes to the virtual work there.

Dynamic. Asin the case of the equations for the steady-stute periodic node demotion
constraint, the derivation of the equations for the dynamics is similar to the derivation of
the structural node demotion constraint dynamic equations. In a manner similar to that
for the static equations above, let Rg,s' =0 and C!5' = A. Also, let

. 1 gt "ean 1ot ot ol
chS —ChS = CcPWS" = chST, = CHS T, =CF'S Ty = constant

[N "y gt "yt
cPI —cDwt' — oDV I" - oPIT, = D', = CPi T = constant

- (7.1.8-7)
R3S —R?: = R?Ls = constant
RDM ’“RD"I Rgul = constant
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The resulting equation for the matrix R is

- r! -y o
¢ DI _Rg:ICD..I cDsS —-CD*S'R?,"S

R=
0 cbul 0 C DS’
(7.1.8-8)
—CDF CD;.F,"R?'Z,F
0 —~CDiFx
where
D1 =CDhF,:0F{S'TkCS'I
CcP+S' =D FugFiS'T, (7.1.8-9)
RO =CS R ehD R 4 ¢S'TRIT 4 RIS
The columns of R correspond to 6RI”" 61,[1’"1' 5”5' 61,1:3,','5' 6Rf,’:,F", nd 6¢f:’,‘, Fi
respectwely, while the rows are associated with 6RD" D" and 611)0" Dk The cocflicients of

the geometric stiffness matrix K€ are then
6R 1II I'
R,”I " column: 0
0}”1 " column: 0

Rsn column: 0
(7.1.8-10a)

~

" ot Dl
0%, column: — 4T Fy'?)
I"'”F,
Rgi " column: 0
k

F”F,
0F’,', k column: TTCI lF
k
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61111"' row:

1 ot
§RZ.5 row:

"y
RI'T column: ©

"t ~D' =D! b =D =D\
0} T column: - bTér(FID‘R?‘I)To - ;TE(FIDIR?II)TC"
SrT (PP,
RS, column: 0
(7.1.8-10b)

1 ot

~ny -t b AP o~
83,5 column: - bToT(RIIJ‘I FID‘)T0 - ET;I'(R?J FIDI )T —
g’—”? (RO EPYT, — o(TT MPrY
R?:‘:F'l' column: 0
]

Al A1} ~ ! rt ) ,_Dl ' - D,
0;’,‘, Fi column: T R? 1Folh Fp' + T CIFL jf 0
k 1 1

RI"I' column: 0
01"1' column: 0

Rg::S' column: 0
(7.1.8-10c)

N J

03,,5 column: - b(TOTFI ")
RIVEL

Fir column: 0

F”F' t ..Dl
9. %% column: TRCTFiF
F P

53




2 Q!
59%u° ro

RI'T column: H(TTFP1)

95“1' column: — ng‘(f’ID"I-Z?'!I')T - gTT(FI 1RID !')Tc

-g-T,T (FP P,

R3S column: B(TTFPY) (7.1.8-10d)

05:: 5" column: - ng'(R Dl)To - ETT(R?“'}.FIP; )T~

ST BT, - (T MY

F" I
RF'LF" column: 0
h

F"F! ;- '
0% * column: T RD1 C’IFIF +TkCIF1MII;),1
A 1
. ”F’
6Rf;’,', * row:
k
"yt
RI'T column: 0

"yt
0}’ " column: ©

RS:: 5" column: 0
(7.1.8-10¢)

" ot
02,5 column: 0

Y
R;’;‘,r" column: 0
h

" column: 0
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F” Fl
§Ypn * Tow:
ke

" gt = D' 1
R}'T coluram:  — F;‘CF Iy,

1"z D' fy =~ III
67 ¥ column: FF{‘C'FIIR?l T,

s"s' . _ "D; FiI
R3:® column: - Fp'CTIT, (7.1.8-10f)

" ol

~ Ty ’ ..DIII
03,5 column: Fg‘CF'IRI‘ Tk
1

I"’F'
Rz,7* column: 0
k

Fy' F} . _ @D pDLF

7.1.9. Periodic Generalized Coordinate

A rotationally isotropic structure consists of three or more identical substructures
that are spaced around an axis of symmetry at equal azimuthal intervals. The periodic
generalized coordinate constraint exists in order to transform generalized coordinates that
belong to the rotationally isotropic structure into the generalized coordinates for a generic
member of that stiucture. Additionally, it must transform generalized forces for a generic
substructure into the generalized forces for the complete structure. In one sense, it is
sitnply an extension of the copy constraint for periodic structures. In GRASP, the periodic
generalized coordinate constraint is not available through the user interface.

Steady-State.  The set of independent generalized coordinates for a rotationally
isotropic structure mey be grouped as collective (g9 ), cosine (g, ), and sine (g,) components.
The generalized coordinates for the kth generic substructure gx may be written as

Qk = o - gc €08 Pk + g, Sin P (7.1.9-1)

where ¢y = 2—6"-(1.‘. ~1). The variation of these coordinates is

dqr = 8qy + bq. cos P + g, sin ¢ (7.1.9-2)

Given generalized forces Qg, the total virtual work from all of the generic substructures

is
b b b b_
W = ZJ Sqel Qi = g0 2_’ Q. + 8gc” }: Q. cos Py, + 6q,1 L Qrsing,  (7.1.9-3)
k=1 k=1 k=1 k=1
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Since the generalized force of a generic structuse is independent of k, Q5 = Qi and

§W = bgo T bQy (7.1.9-4)

Dynamic. The dynamic perturbations of the generalized coordinates are related in
the same manner as the variations of the steady-state generalized coordinates.

gk = go + g cos d’k + g, sin d’k (7.1.9—5)

Like the generalized forces, the substructure coefficient matrices M, C, and K are inde-
pendent of k and
W = 6. T(M§, + Ci + Kgi) (7.1.9-6)

The contribution to the virtual work in terms of the independent generalized coordinates
is

4o

h
W = Z l590T + 8g.T cos gy + 8,7 sin d”‘J [M] qc cos dp 3 +
k=t g, sin ¢
0! ; do K] do
C){ g.cosde p + (K] gccosde N
d, sin ¢ g, sin P (7.1.9-7)

bégo” (Mo + Clo + Kdo) + 509" (M3 + Cic + Kde)

b . .
+ 50" (Mg, + Cg, + Kq,)

The wmatrices for the rotationaily isotropic structure therefore have three rows and columns
for every row and column in the generic substructure, and are of block diago 1al structure.

7.1.10. Pcriodic Air Mass

The periodic air node constraint describes the transformation of the air node gener
alized coordinates and forces between subsystems associated with perivdic structures and
subsystems associated with generic substructures. Since the air nude generalized coor-
dinates describe an induced airflow velocity field that is already axially syminetric, the
periodicity of the structure has no effect on them. In fact, it is assumed a priort that the
flow field is interacting with a rotating, periodic structure. This constraint is not available
from the GRASP user interface.

Steady-State. When a subsystem is periodic {in the sense that it cousists of three or
more generic, periodic members such as thouse described under the perivdic node demotion
constraint), the steady-state air node generalized coordinates U;! and 51 are simply copied
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from the parent subsystem to the child subsystem in a manner similar to the copy air
inass constraint. During the assemnbly of the generalized forces, the air node generalized
forces from a single, generic substructure are simply multiplied by b and added to the
corresponding generalized coordinates of the parent subsystem.

Dynamic. For perturbed motions, let the generalized coordinates for the kth subsys-

tem be
Gk =Thg; 6 =Tby (7.1.10-1)

where T} is as given in equation (7.1.7-1) and where

A i
G = <{>f‘2,, T ER (7.1.10-2)
qs‘ld:h, ¢{‘3
and
§PA sPp
Sqp = 8d7h ¢ 3 Bg= 8¢t (7.1.10-3)
Lo §oth

Note that g and ¢ will not appear in the dynamical equations. The equations now trans-
form in exactly the same manner as the ones in the copy air mass constraint.

7.1.11. Rotating Fraie

The rutating frame constraint describes a constraint that is very much similar to the
fixed frame constraint, except that frame F is rotating at a constant angular speed relative

. . . s F
to frame § (fig. 12). The axis of rotation passes through the origin of F and along b,
. No time-dependent terins are retained in the equations. In GRASP, this constraint is
available through the user interface.

Steady-State. In moving to its steady-state, equilibrium position, the axis of rotation

.It‘ .. 1} ? .
follows b, . The position vectors R5F and RSF are constant in the S and §' bases,
respectively. The change in orieniation is then

cF'S(t) = T(t)CT'S(0) = CF¥t) = T(t)CT0) (7.1.11-1)

where
T(t) = Ty + T cos () + T, sin (2t) (7.1.11-2)
where Tp, T¢, and T, are given in equations (7.1.7-2).
The kinematics for the rotating frame constraint are based on the following equaticns.
REF =TCT'S(0) (RES + RES - €59 RES)
(7.1.11-3)
CF"F -‘STCF'S,(O) CS'ScSI'(O) TT

57




—

w

Figure 12. Rotating frame constraint.

The time-dependent terms in these equations vamsh if all of the displacements and rota-

tions of §' relative to S are along and about b, (the axis of rotation). Therefore, let

(7.1.11-4)
¢ * = :f'F =0
The virtual displacements and rotations of the F' frame are then
! [6]21 'l ! ot t ~S'S ]
SRET = { o = To,CF5(0) (6RES + 95 CS SRES)
Lo
(7.1.11 -5)
sf.f
svEF =4 ¢ Y =TeFS(0)6vsS

58




where the use of only the T component of T eliminates the time-dependent terms.

The virtual work at S associated with the force and moment at F' yields the following
contribution at S:

te T _crp , '
§W =(6R35) C*F(0) T4 Ffn -
(6¢55)T RESCS'F(0) TT FE + (7.1.11-6)
(645,5)" C5'F'(0) T ME,

Dynamic. The position and orientation of the perturbed frame relative to the steady-
state position and orientation are related as follows:

RE.F' =1cF"S"(0) (REVS" + RE.S — C5"S'RES)
(7.1.11-7)
CF”F' =TCF”s”(O) Cs”sl CS’F,(O) TT

From these equations, the virtual displacement and rotation may be obtained. To first
order in the perturbation quantities,

!

S' ':S, S' (N
(A~8g0 )RS®]

" "t 1" e - 5"
§RE, T =TCT"S(0) [6RE.S + 69 5u
(7.1.11-8)

SpEaF =TCF"S"(0) 6955

" ot
-S"S
where contributions due to geometric stiffness come from the g, term. The matrix

R is

T(t)CF"S"(0) -T(t)CF"S"(0) RE S

R= 0 T($)CF"S"(0)

(7.1.11-9)

where the columns of R correspond to Rg::sl and 63,5, and the rows correspond to
SRELF" and §pE.T .

Since R depends on t, the time-dependent terms must be removed from the final
transformed equations. This is easily accomplished by taking the time-averaged value
of the transformed equations. The only contributing (i.e., nonzero) terms then are the
constant terms, the cos?(QT') terms, and the sin®(QT) terms. In addition, since R depends

on t, terms from matrix M will contribute to M, C, and X in the transformed equations
and C will contribute to C and K by virtue of the following relations

. olll ol - . s"s'
.an . RSH Rsu

=R +R (7.1.11-10)
:,F" ol 0'5”5' -_,S“S'
OFH S 051:




. F" F! . s" S' . sllsl .« SH sl

an ” S . RSH Rsu

=R +2R +R (7.1.11-11)
';F” FI ésu Sl LS” sl .:s" Sl
OFII s” 05" osn

KG, the geometric stiffness matrix, is

0 0

KG= 1o 1™ & pnt !
0 [C5F(0)TT FE| RES

(7.1.11-12)

A > ot ! b - UN-U
wheze the columns of K¢ correspond to RZ,S and 62,5, and the rows correspond to
tH of 1 ot
612‘;"3 ﬂnd 6¢§us .

7.1.12. Rotating Node Demotion

The rotating node demotion constraint describes the relationship between two nodes,
one of which is located in a rotating frame of reference and the other in a nonrotating frame
of reference (fig. 13). This constraint combines many of the characteristics of the rotating
frame and structural node demotion constraints. It is assumed that the child frame F is
rotating about a fixed axis at an angular speed (2, and that a dependent node Ls 1s defined
relative to that rotating frame. The parent frame S is stationary (relative to F') and an
independent node I is defined relative to S. The rotating node demotion constraint is not
available through the GRASP user interface.

Steady-State. The governing equations for the steady-state condition are similar to
those for structural node demotion except that

CFo(t) =T()CF0) = CT'S'(t) = T(H)CF'$(0) = CPI(¢)

irt tyr 7-1-12"'1
=T(t)cP(0) = cP1(t) = T(t)cP 1 (0) ( )
In addition, RES and R?,'I' are constants, and

T(t) = Ty + T, cos(2t) + T, sin($2t) (7.1.12-2)

The governing equations describing the deformed pcsition and orientation of the de-
pendent node are then

RB'D ::CDF'CF'FTCFS(O)CSS' [CS"(C”'R}’,"" + R}'I) + Rgls' + Rg's]_
CDF‘ [CF’FTCFS(O)Rg:S + Rfr:p + RIQIF’ (7.112_3)
CD'D =TcD'I'(O)CI'1015'CS'ScSF(o)TTcFF'CF'D

In order to be independent of ¢, let T = Ty and choose RRF' = 0 and CPF' = A. Thus,
only displacements along and rotations of D about the axis of rotation can be nonzero.
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Figure 13.  Rotating node demotion constraint.

The virtual work at D' due to a force and a moment acting at D' is determined in terms
of the virtual displacement and rotation

6R8'D CDFI(S‘I/) CF'FTocFS(O)CSS' +CDF'0F'FT0FS( )CSS'RDSI(ST,bSI -+
] ' ) ~1I'I ' X}
CDF CF FTocFS(O)CSa [C.; I(6¢I CII R;)' 1 +6R +6R ]_
) ~F'F 1 !
CPF' [~ §pp CTTT,CTAO)RE® + SREF)

5vD' P =CPTT,CTS0)C 6yl ! + COP T 0)C §93° - CPT sy T
(7.1.12-4)




The virtual work done at D' is then

W = — (SREFY FE ~ (6yEF) (MEB + REFFE )+
((ms s) CS'SCSF(O)TOF}?'+
(6635) (S SCSFO)TT ME' + RESCS SCSF(0)TT FE' 1+ (7.1.12-5)
(6R}"
(01"

Dynamic. The governing equations are similar to those for structural node demotion
except that, as in the static case, RBF = 0 and CP F" = A. The governing equation for
the position of the perturbed dependent node is

EDIID: =£D”I" + EI”I’ +£1'1 ..}.__R_IS” + ESHSI + ﬂS'S__
RNS__ RFN __RF'F _ RF”F _RDF" _RD'D

T eIsoSH oy, FR' +

)
T Al il ' -~ 1yt Al ol 4
Y (eS0T ME + RY T 15 CSH0)TY )

(7.1.12-6)

where ,
RNS 4 RFN - RS'S 4 RN'S' 4 RF'N' - RF'F (7.1.12-7)
Solving for the dependent node displacement,
_I—ZD”DI =B—D”I” +B—1”1l +lz-.111 +_Ii]s“ +E—Sllsl _-EN,S,_

1 agt 1 i H [ (7'1'12—8)
EFN _EFF _B_DF _EDD

By referring the displacements to the D basis this vector relation becomes
RB”D’ =CDF”CF”F'CF'N'CN'S'CS'S”CS"ICII’CI'I"RP”"I”_*_
CDF”CF”F’CF’N'CN'S'CS’SHCSHI(Rf”I' I Rfll’)‘i'
CDF”CF"F'CF’N'CN’S'CS’S"(RI.'SI” + Rg::s’)_ (7.1.12-9)

DF” F'IFI F'A’I lel lel
CPF'GF'F' gF'N'ON'S' piv's" _

all] alNnll T N1 o pgt nlll I8l Al ]
CDF Cr F CFN R‘I\}IN - CDF (RE:IF '}' RIL;?H )"'Rg b

The virtual displacement is then
6RgHDI ZCIJFHCF”F,CF'N’CN’S'CS'S”CS"I6R§”.(+
DF” F”F' I'WI 1 ol ! of! ot . F’ F!I I'\'
cPF cF F et N eNSoSS"sR:,S —~ PP §RE,
CDF”CF”F'CF’N'CNIS'CS'S”CSI,ICII"SCI'I”R;)””]”_*_
CDI“”CF”F’CF’N’CN’S’&CS“S’[CSHICII'CI'I”R?'”I”‘}'
CS"!(RI"I' 1 RI'I) 3+ RS" + R:;::S']
CI)I' 6(1{"1"01“ N' [CN S'Cb ‘;”05“1011 CI I"RD“I”+
CN S'CS'.S CS“I(Rfl + R.I )+

1ot ron " U gt ot l
cNT oSS (R + RS - V'S RE - RGN

(7.1.12-10)
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and the virtual work done by the force at D' is

6RD"D' TF ' — 6RI”I' T CIN,CN'F'FD’ +CIN' CN'F,FE' ~CN'S'0§::S'——
D D 1

CIN' OGN FRgELF)
(6RES) [CS' V' V' F' FR 4 ¢S'N'(CN'F' FR') V'S g5S -
CS N oN'E FRIgE, P~
(SREZF') PR 4
(61/;}"")T[C’N'R,’\),',"CN'F' FE + ¢!V (eN'F FRY NI RP' o}
CIN RRI(CN'T PRy NS08, S — CIN' RR o' T R 65, T+
(51!15"5')T[Cs' 'RRIGN'F pR _ oS'N'(oN'F' Ry oN'T 1M
cSN' (NP Ry NS RS +
CS'N'(CN'F'FR'y eN'TRD'TgI" T,
cs 'RD'I'(CN'F'FD')'CN'S'():;::S'
CS'N'RD s'oN' F’I';\r’ 01 " l"
(&b;:”F')T[(CF'N RRF'Y PR _ FRCF'N oN'IRI'T _
FR "cF'N'oN' s'Rs"s' + FIQ'CF'N’CN’IR;D'I’oll"I'_l_
FR T N'eN'S RIS 93,5 — FE(CT'N' RR.F'Y 9L,
(7.1.12-11)

The virtual rotations can be easily obtained frumn the variation of the direction cosine
relation

6CD”D, _ CD”D’CD'D%II;”D'CDD'

=CDHIII6CI”IICIIICISnCS”slCsINICNIFICFIFHCF”DCDD' -}. (7.1.12-“12)
CDHIHCIHIICIIICIS”6Cs”slCs’N'CNIFICF'I;‘”CF”DCDDI ".

D”I” 1“1' llI IS” s” sl slNl NI FI Fl F” FH D DDI
C c cterecrreth e 6C c" " C

thus yielding

—

"' D " we=S"S'" weF"F'
&b  =CPlp; P 4P Sy C5P - CPF b PP (7.1.12-13)
Upon removal of the tilde the virtual rotations are

1"y S il i gt 1ot 1ot 1" )
bwg D "-:-'CDF CF FCFNCNSCSS CS 161‘[)1 I

ot nllN Al ot At 1! 1 gt 1" ol " ALl (7112“14)
CDP ct"'F CFN cN'S CSS 6¢gl'5 CDI" 61!'1 F
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and the virtual work done by the moment is

T T

(6980 ME =(s91"Ty 1% (A - 65,505 N N F (A + 65T )ME +
T T

(6955 ) (A - 63.5)CS N ON'F(A 4 65,7 \MB, - (895, T") ME,

(6¢I”I')T[CIN’CN'F'A4D' + CIN'(CNIF'A/I?‘I’)"CNl.slag::sl—
CIN'CN'F MR 95T 1+

(Ep5S) [CSN' eN'F (B 4 SN (CN'F MB Y ¢S 955 -
SN oN'F pR gk F' )~

(S EF ) ME!

(7.1.12-15)
since CF'N' = T, let CNV'S' = CF'S', as in the structural node demotion constraint. The
time-dependent terms can be eliminated when R2F = 0 and CPF = A.

Combining the virtual work due to the force and the moment at D", the matrix R
can then be calculated.

CDF'TcF’I _CDF'TcF'IR?'I' CDF’TcF'S'

R = ' '
0 CPFrcF! 0
(7.1.12-16)
_CDF'TcF'S'Rg'S' —CDF 0 1
CDF'TcF'S' 0 _CDF'
where the columns of R are associated with §RI'T', §p1"T' §RS.S', 65,5, 6RE.F, and

61/4" , respectively; and the rows correspond to 5RD 'D' and 51,1)D”D' The coeflicients of
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the matrix XK€ are

5Rf”I'T row:
RI'T colymn: 0
01"1' column: 0
Rg::sl column: 0 (7.1.12-17a)
05;;5' column: - C’F'(TTF,I.?,'YCF'S'
wa::F' column: 0
0}:.':’7' column: CIF'TT}E',’,?,'
61/1;'"T row:

Rf“I' column: 0

o' column: - CIF'(TTFB')~CF'I

Rﬁ::s' column: 0 (7.1.12-17b)
05::5' column: - [I.Z?’]'C'F'(TTFFQ')- + CIF’(TTNI}.?,')-]CF'S'

RF::F " column: 0

05::‘7' column: fZP'I'CIF'TTf‘g + CTETT




1 ¢! T
§R3.5

natT
b2 S

row:

row:

" ot
RI'T column:

0

0,"1' column: 0

H ol
R3S column:

UNJ
03,5 column:

11 ’
RE,F column:

"t

85, column:

"yt
RI'T column:

"yt
0} 7" column:

" ot

RZ,5 column:

3.5 column:

ot
RF F

e column:

" gat

0,’::,, F' column:

0 (7.1.12-17c)

_ CS’F'(TTFFQ')'CF' s’

CSFTTRE

CS'F'(TTFIQ')'CF'I
- cSF(rYFEy ¢
S'F'(mT pD'\~ ~AF'S'
C>" (T Fp) C (7.1.12-17d)

_ [ﬁgllslcslpl(TTFpp'l)- + CS:J‘"(T’I'MF")-]CI;"S'

- ot XA ~ ! o 1
RS CSFTITER + ¢S F'1THE
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1 et T
SRELE row:

ottt T
61/)ng F row:

The rotating
subsystem to the

Rfull column: 0

HI”I " column: 0

R_‘g:;s' column: 0 (7.1.12-1%e)
02:: 5 column: 0

R?::F " column: 0

Al
05" column: 0

RI'T colamn: - FFI?,'TCF'I

91"l column: j:"’{.),'TCF’jl'zll)lIr

RS column: - FR'TCF'S (7.1.12-171)
93,5 column: FR'TCF'S RE'S

Rf;::F' colurnn: 0

1l gt
05T column: 0

7.1.13. Rotating Generalized Coordinates

generalized coordinate constraint relates generalized ~oordinates in one
curresponding generalized courdinates in another subsystem that is ro

tating at constant angular speed relative to the first. This constraint is often applied to
subsystems that contain periodic structures. This constraint is not available through the
GRASP user interface.

Steady- State.
coordinates is

where

The general form of the transformation from rotating tv nonrotating

ar = Tqn (7.1.13-1)

T=T - T.cos ¥t + Ty sin§lt (7.1.13-2)
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and gp is a set of generalized coordinates in the rotating subsystem that corresponds to a
set of gn generalized coordinates in the nonrotating subsystem.

In order to make the transformation equations independent of time, let T = Tj, and
6qrT = Tybqn. This eliminates any generalized forces of the lateral (cosine or sine) type.

Then, the virtual work is
W =75Qn = GhTIQr (7.1.13-3)

Dynamic. In the rotating system, the virtual work can be written as

W = §k(Mndg + Crip + Knrdr) (7.1.13-4)
where
gr =Tqn
dr =Tdn + Tdy (7.1.13-5)

dp =Tin +2T4y + Tin

Substituting these relations into equation (7.1.13-4), the virtual work can be obtained in
terms of the generalized coordinates of the nonrotating system.

W = GFT [MaTiy + (CaT + 2MaT)iy + (KnT + Crf + Mpf)in|  (7.1.13-6)

Thus, the Cn coefficient matrix (in the nonrotating system) depends on Cp and Mp, and
Kpn depends on Kpg, Cp, and Mp.

7.1.14. Rotating Air Mass

The rotating air mass constraint transforms the air node generalized coordinates and
their associated generalized forces between a rotating subsystem and & nonrotating sub-
system. As in the other air mass constraints, the air node generalized coordinates are not
transformed out of the inertial frame of reference. The rotating air mass constraint is not
available throught the user interface in GRASP.

Steady-State. oince oniy U{' and #{i. are valid coordinates in the steady-state prob-
lem, and Loth are rotationally symimetric, they are treated in exactly the same manner as
in the copy air mass constraint.

Dynamic. For a set of dynamically perturbed air node generalized coordinates, let

Py SPy
dn = J"‘l‘{ﬂl ; dqp = 64){12,1 (7.1.14-1)
 bisn §disn
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and

pA 61’"
Y i .
dv=1{ dfan {3 dav =1 SN (7.1.14-2)
disn bdisn
Then
dr =Tqn
dn =Tqn (7.1.14-3)

dr =Tqy + Tin
The virtual work for the rotating subsystem is
W = §5(Mip + Cdg) (7.1.14-4)

which, when transformed into the nonrotating subsystem, becomes
oW = GETT [(MTGy + (CT + MT)jy | (7.1.14-5)

The C coefficient matrix for the transformed (nonrotating) subsystem therefore depends
on the M and C coefficient matrices from the original (rotating) subsystem.

7.2. Composite Constraints

In general, a composite constraint is a constraint that is built up out of one or more of
the primitive constraints that have been described in the previous sectivns. The bundling
of primitive constraints into a single constraint is primarily done for the convenience of the
uscr. There are many times that scts of constraints must be used together, and it makes
sense to combine them internally. In the following sections, the composite constraints that
have been constructed fromn the set of primitive constraints in GRASP will be described.
All of the composite constraints are available from the GRASP user interface.

7.2.1. Acroelastic Beam Connectivity

The purpouse of the aeroelastic beamn connectivity constraint is to provide a means for
attaching an acroelastic beam element (o a GRASP model. The element subsystem for
the acroelastic beam consists of a frame of reference, a root node, a tip node, and an air
node, all of which must Le connected to their counterparts in the existing portion of the
model. Therefore, the aervelastic beam connectivity constraint must contain a fixed frame
constraint (for the frame), two structural node demotion constraints (for the root and tip
nodes), and a copy air mass constraint (for the air node).

In the definition of the aeroelastic beam connectivity constraint, the position and
orientation of the dependent, eleient oot node R relative to an existing, independent node
Inp must be provided. The position and orientation of Iy relative to its subsystem frame of
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reference (the superordinate frame Sp) is known from the definition of In. Therefore, the
position and orientation of the dependent, root node relative to the superordinate frame
can be calculated.
CchSr —cRIncIrSE
(7.2.1-1)
RESr =gSningfin 4 RS

After locating the parent subsystem of the element subsystem in the system organization
tree, the position and orientation of the parent frame relative to the superordinate frame
can be calculated. Since the element frame and the element root node are coincident,
the position and oricntation of the element frame relative to its parent frame can then be
determined.
CFP _____CRP — CRSncsnP
(7.2.1-2)

REP =REP = oPSn(RESR + RSRT)

With this information, the fixed-frame constraint can be defined. In addition, all of the
position and orientation information is available tu define the structural nude demotion
constraint for the clement root node. In those cases where the superordinate frame is
not the same as the parent frame, it is necessary to create copies of the independent and
element root nodes in each of the subsystems leading tu their nearest common ancestor.
These nodes are chained together by a series of structural node demotion constraints.

The position of the element tip node T relative to the root node is defined as RTR -

Z_I};t, and the orientation C”® is defined as an Euler rotation of magnitude 8'¢ about &;l.
After the position and orientation of the root node relative to the independent tip node
Iy has been calculated, the offset of the element tip nude from the independent tip nude
can be determined.

R}!T =C'rS7(CSTRRRR 4+ REST - REST)
(7.2.1-3)
CTIT :07'RCRS1‘CSTIT

At this point, the structural node demction constraint for the element tip node can be
defined. In those cases where the superordinate frame is not the same as the parent
frame, it is necessa:y tu create copies of the independent and element tip nudes in each of
the subs: stems leading to their nearest common ancestor. This creates another chain of
structural nodes, all connected together by structural nude demotion constraints.

If the beam element is to be connected to an air mass element, the position and
orientation of the clement subsystem relative to the corresponding air node is calculated.
Then, the copy air mass constraint is defined. In thuse cases where the air node is not
defined in the patent frame, it is necessany to create copies of the independent and element
air nodes in each of the subsystems leading to their nearcst common auncestor. This creates
a chain of air nodes, all connected togeiher by copy air tass constraints. If, however, the
beam clement is not to be connected to an air mass element, the four nodai air mass
degrees of freedomn are constrained out using prescribed constraints.
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7.2.2.  Air Mass Connectivity

The purpose of the air mass connectivity constraint is to provide a means for attaching
an air mass element to a GRASP model. The air mass element subsystem is unusual in
that the frame serves only to establish the positiun and orientation of the elemment relative
to the remainder of the model. Therefore, while the frame does exist and docs nced a
frame constraint, it has no frame degrees of freedom. The air mass connectivity constraint
is then made up of a fixed-frame constraint, a copy air mass constraint, and one or morz
prescribed constraints.

In the air mass connectivity constraint it is assurned that the independent air node I,
the depcndent (clement) air node 4, and the element frame F' are all coincident.

Ctl/l :CAF =A
(7.2.2-1)
EIA ___RAF = Q

After locating the parent of the element subsystem, the position and orientation of the
patent frame relative to the superordinate frame can be calculated. Since the pusition and
vnientation of the independent nir node relative to its subsystem frame (the superordinate
framc 5) is known, the position and vrientation of the element frame relative to the parent
frame can also be calculated.

CFP :CIP - ClchSP
(7.2.2-2)
RGP =R = Cps(RE + RET)

These expressions provide the information necessary to define the fixed frame con
straint. In addition, the copy air mass constraint can be defined at this time. In those
cases where the superordinate frame is not the sate as the parent frame, it 1s necessary to
create cupies of the independent and element air nodes in each of the subsystems leading
to their nearest common ancestor. These additional air nodes are also connected together
using copy air mass constraints.

If the model containing the air mass connectivity constraint is to be used in a steady
state problem, the two ¢y dic air nude degrees of freedomn are weaningless. Therefore, they
must be eliminated by defining two prescribed cunstraints in the supcrordinate subsy st
If, on the other hand, the model is to be used in an eigensolution, the gradient degree of
ficedum 1s meaningless. A single presciibed constraint is then defined in the suparordinate
subsystem.
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7.2.3. Periodic Structure

The purpose of the periodic structure constraint is to provide a simple means for
creating an axially symmetric structure. This is accomplished by replicating a single branch
of the model at equal azimuth angles about an axis of symmetry. For this constraint, the
parent subsystem represents the assembled periodic structure and the child subsystem
represents a single component. The periodic structure constraint consists of one or more
of the foliowing: a periodic node demotion constraint, a periodic generalized coordinate
constraint, and a periodic air mass constraint. Note that the periodic frame constraint
must be defined separately.

When there are nodes in the component, periodic node demotion constraints are
needed to transform them into the assembled structure. If the independent node corre-
sponding to a dependent node (in the component) does not exist in the parent subsystem,
a string of images of the independent node are created in the intervening subsystems and
chained together with structural node demotion constraints. Similarly, if the dependent
node docs not exist in the child subsystem, a string of images of that node are created
and chained together. Since the independent node (or its image) now exists in the parent
subsystem and the dependent node (or its image) cxists in the child subsystem, a periodic
node demotion constraint can be defined.

One or more periodic generalized coordinate constraints are needed if there are gen-
eralized courdinates in the child subsystem. Similarly, one or more periodic air mass
constraints arc nceded if there are air nodes in the component. A process identical to that
uscd to conneet structural nodes is used if the dependent and independent air nodes are
not in the child and parent subsystems, respectively.

7.24. Rigid-body Connection

The purpuse of the rigid-body connection constraint is to provide a simple means for
cunnecting two nodes together rigidly. It is actually a special case of the screw constraint
in which the translation and rotation degrees of freedom are both locked.

7.2.5. Rigid-body Mass Connectivity

The purpose of the rigid-body mass connectivity constraint is to provide a means
for attaching a rigid-body mass element to a GRASP model. Tlie clement subsysten
consists of a frame ot reference and a center-of-mass node, both of which must be connected
to their counterparts in the existing portion of the model. Therefore, the rigid-body
mass connectivity constraint is made up of a fixed-frame constraint and a structural node
demotion constraint.

In the definition of the rigid-budy mass connectivity constraint, the position and
vrientation of the dependent, element center-of-mass node C relative to an independent,
existing node I is provided. The position and orientation of the independent node relative
to its subsystem frame of reference (the superordinate frame S) is also known. Then, the
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position and oricntation of the center-of-mass node relative to the superordinete {frame can
be written. .
CC ) =CC I CI )
(7.2.5-1)
CcS SI npcClI IS
Rs =C RI + RS

Afier locating the parent subsystem of the element subsystem in the system organization
tree, the position and orientation of the parent frame relative to the superordinate frame
can be calculated. Since the element frame and the clement center-of-mass node are
coincident, the pousition and orientation of the eleinent frame relative to its parent frame
can then be determined.

CFP =CCP — CCSCSP
(7.2.5-2)

REP =RGF = CPS(RGS + RSF)

With this information, the fixed-frame constraint can be defined. In addition, all of the
position and orientation information is available to define the structural node demotion
constraint for the center-of-mass node. In those cases where the superordinate frame is
not the same as the parent frame, it is necessary to create copies of the independent and
element center-of-mass nodes in each of the subsystems leading to their nearest common
ancestor. These nodes are chained together using a series of structural node demotion
constraints.

7.2.6. Rotating Structure

The purpose of the rotating structure constraint is to provide a simple means for allow-
ing one subsystem to rotate relative to another. For this constraint, the parent subsystem
reptesents the nonrotating structure, while the child subsystem represents a rotating struc-
ture. The rotating structure constraint consists of one or more of the following: a rotating
node demotion constraint, a rotating generalized coordinate constraint, and a rotating air
mass constraint. Note that the rotating frame constraint must be defined separately.

When there are nodes in the rotating subsystem, rotating node demotion constraints
are needed to transform them into the nonrotating subsystem. If the independent node
corresponding to a dependent node (in the rotating subsystem) does not exist in the parent
subsystem, a string of images of the independent node are created in the intervening
subsystems and chained together with structural node demotion constraints. Similarly, if
the dependent node does not exist in the rotating subsystem, a string of images of that
node are created and chained together. Since the independent node (or its image) now
exists in the parent subsystem and the dependent node (or its image) exists in the child
subsystem, a rotating node demotion constraint can be defined.

One ur more rotating generalized coordinate constraints are nceded if there are gen-
eralized coourdinates in the child subsystem. Similacly, one or more rotating air mass
constraints e needed if there are air nodes iu the component. A process identical to that
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used to connect structural nodes is used if the dependent and independent air nodes are
not in the child and parent subsystems, respectively.




8. ELEMENTS

The GRASP clement library currently contains three elements, the aeroelastic beam,
the air mass, and the rigid-body mass.

8.1. Rigid-Body Mass

In GRASP, rigid bodies are modeled as being influenced only by inertial and gravita-
tional forces.

For the purposes of modeling the motion of a rigid body in an inertial and (possibly)
gravitational field, consider a rigid-body mass element B th.t has an inertia dyadic I.

~teady-State. The rigid-body mass element (fig. 14) has a body-fixed node N and a

frame of reference F. Node N is initially coincident with the deformed frame F' (QF N 0
and C™'N = A). The virtual work at the deformed node N' is

oW =._-F_Nl . IMN'I +A’-,N, ‘@N'I (81—1)

from which nodal forces and moments can be derived. The nodal virtual displacment and
rotation variables for this element are RN ©V and 6§ IV, respectively.

The inertial virtual displacement and rotation of the deformed node N' are

[_QEN’I = I(S_EF'I’F&_I/)_F'I X_E_N'N + NmN'N

(8.1-2)
@N'! =@N'N +§iNF" +§1[)-F'I
The force acting on the body at N' is
) AR—— T myg { (8.1-3)
where the inertial acceleration of N' is
AN = 4F'T 4 Pl (QF'I x _EN’N) (8.1-4)

Substituting equation (8.1 4) into equation (8.1 3}, and transforming from the body-fixed
(V) coordinate system into the deformed-frame (F') system,

FY' =m(ow - AET - GETRETRY™)

all fed 1 ~ '
=m(gpm - ALT - QLIQERY N)




Figure 14. Rigid-body mass element.

The moment acting on the body at N' is
M_N, — .-E.N'I % _QN'I (8.1"6)
where the inertial angular momentum at N' is
HN'T = 1.qNY (8.1-7)
and the inertial angular velocity at N' is

QN'I = QN'N +Q_NF' +Q_F.I (81-8)

Substituting, T
A/[{VV - HII'\'J' IQ?"I (81‘9)

1] [
where H;’.Y, I = IN:QR,'.I.
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The frame force and moment components can be derived in a similar manner. If the
frame virtual displacements and rotations are 6RE,F and §¢E, T, respectively,

FE =cPNFY
=FY’
(8.1-10)
ME = MY + RYNFY
= MY - FY'RN'N

Dynamics. Assuming that the rigid-body mass node is perturbed from its steady-
state position (fig. 14), the virtual work at the node may be expressed as

”IT

n T " n
§W = 6RN' T FN" + 6N 1" MY (8.1-11)
where the force and moment are
FN " - mA%”I + man
(8.1-12)
MNN - INaN n HNMIQ%III
the angular momentum is '
HY' = Iyaf™’ (8.1-13)
and the inertial angular velocity is
QN = B, 7 Q"N 4 cT Pl (8.1-14)
The virtual displacement is then
"y e " agt m—— F"F' oo = At '
SRN'! = SRELT 4+ 6RN'™ 4 §pn [REWT 4+ RY'N + RN'N) (8.1-15)
and the virtual rotation is
SPN"T = spEa T 4 6NN (8.1-16)
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The inertial acceleration of the node is

" ) - . . ' - F" 1 ' F”F' . N”Nl ' . Fll !
AN = AR L QEIQL RN N 4 Rpw — RN'M6pw + Ry + 205 Rp. -
-~ ' fod ! -~ ] I - - 4 had "F’
[RN'NQET + (EIRN'NY + QLI RN NG, +
205 Ry 4+ QEIOEIREF +
[A'F’I _ (QF'JRN N) QF I Qr IRN NQF'I]QEI':
QLIQL T RN"N
(8.1-17)
and the components of the gravitational acceleration are
an = g + G 5T (8.1-18)

The components of the inertia dyadic in the nodal basis can be expressed in matrix
form as

~NUN!

- Nll NI

In=(A+0y )CVN'IneCN'N(A-by ) (8.1-19)
Finally, the angular acceleration is
- ‘,'_F“F, ‘;N"N' N . ;F”F' NHNI
NN =§p 0y +0QET. +QE16, (8.1-20)

The fcree and moment can then be obtained from the substitution of equations (8.1-
12) through (8.1-20) into (8.1-11). When the virtual work is calculated, it consists of the
same steady-state residuals {Q} as were obtained in the previous section, in addition to
the virtual work associated with the coefficient matrices [M], [C], and [K].

"t
6R§up

nld I
SpEnF

—'6W = )
SRN"N

!

61/)ﬁ“Nl

T

(

[M] 4

{ . FHFI w
"
"F” F'
rn
" NHNI
RN
':,A'“N,

» +(C] ¢

4 . FHFI W
RFM

. FHFI

I;‘n

. NHNI

N
:,N”N'

\eN /

78

xaN J

Y + K]

hd " )
Rﬁ..F

0 H
R%“Nl
ovxllNl

-{Q}

(8.1-21)




where the M coefficient matrix is defined to be

10 e
6Rgn F row:

" !
SYELE row:

"
6R% N row:

. F" I;!l
Rpy  column: m

"F” F, ,
0pn column: —mRNY

. NHNI
Ry  column: m

‘;N” N

6y column: 0

. FII FI
~ ol ’
Rpn  columm: mRYY

'_‘,F” Fl

- ~ nr!
fpn  column: - mRﬁ'NRINV N 4 VN [yueN'N

o N” NI . ,
Ry  column: mR{Y

"N” N

-~ [} ]
§y column: CNNIn.CN'N

. FHFI
Rpn  column: m

wFUF
- -~ !
fpn  column: —mRNY

. NHNI
Ry  column: m

"N”N
8y column: 0
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(8.1-22b)

(8.1-22¢)




[IEN L
LIy N row:

.- F" Fl
Rpw  column: 0

. F" F’
] . NN' " N'N
8pn  column: CVF InuC (8.1-224)
“ NHNI
Ry  column: 0
‘iN”N 1 ]
6y  column: CNN [V N
the C coefficient matrix is defined to be
512@::”' row:
. FUF .
Rpw  column: 2mQE’
R FI’ F'
5 . o QFIRN'N
fpn  column: 2mQp' Ry (8.1-238)
. NN -
Ry  column: 2mQfLf
"N”N
8y column: 0
51,0;:: F' row:
. F” F! . —
Rpy  column: Zme\\;’IV Of!
s E BN'NGF' I N'N NN' N'NQF'Iy"
01;':' column: - szN QFI RN - (C INMC Qp: ) +
NN' N'NA/F'I AT ANN' , N'N

CYN InuCY N Qp’ + Qp  CVY INnC (8.1-23b)

. NII NI

- ! -~ 1
Ry  column: 2mRY™N Qf!

LN”N ~ ' ' ' t ty o~
6y column: QF/CNN InnCN'N (CNN IuCNNQE N

[ = ot
CVN InuCN'NQLT
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n [ 4
GR% N row:

" '
0PN N row:

. F"FI -y
Res column: 2mQff

. FI'FI
. . o GFIAN'N
@pn  column: 2mflp Ry (8.1-23c)

. NIINI —
Ry column: 2mQ%f

'_N“N

Oy column: 0

. F"FI
Rgy  column: 0

: F!'F! 1 Iar = ! ~ gt [ '
0pn  column: CNNInuCNNOES 4+ QEICYN TyuC NN -

NN’ N'NQF'Iy”
(C INHC QF' ) (81-23d)

. N”N'
Ry column: 0

«N"N = =) ! ' ¢ ' tp o~
6y  column: QEICNN InuCN'N —(CNV [naCV NaE )y +

4 1 il nlJ
CVN I eN'VOLT

and the K coeflicient matrix is defined to be

U
SRELT row:

Ay nlll ol N I -8 Ll
RF“P column: mﬂ;;’ﬂ?:l

« patt gt -~ . ~ gt ' ~ g
65,7 column: m[AL! - gm - (ALRYT) b -

flﬁ:’flﬁ’,'”flﬁ:’] (8.1-24a)
R%”N' column: mﬁfi’flql

Attt ar
6%~ column: 0
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UE-1
spEL’

" !
§RN N row:

61/)IPVIHNI

Tow:

row.

RELF column:  — ml{AET — gm + (QEIQETRN'NY_
RN NOEIGE
GEF column: mRN V(AR - g - (RFRY Y G-
QEIRN'NQET 4 QEICNN [y, eV N QLT -
(CNN [N NQE QET (8.1-24b)
fZN"N' column: - m[AF' -G + (erilﬁglRlﬁ’N)'_
RN NALIQE
NN column: Qg:ICNN’IN..CN'NﬁF:I_

Qg:f(cNN'IN”CN'NQgI)'

.l
ngF column: me, QI

F'F' ) - -yt ) o
§ELF" column: m[ART - gm — (QLTRN N) QLT-

ﬁﬁ’fi%wﬁf::’] (8.1-24c)
RN” " column: mf)g:Iflﬁ:I

v n
N N column: 0

II
R Fu column: 0

e nlid

" fad 'l 1 L d !
6E. T column: QRN InaCVNQE T~

NN' N'NQF' I\ QF'I
(CTV INnCT T QR) Qe (8.1-24d)

~ y !
RY'™N column: 0

< artt = 1 [EN K.l

NN column: QEICNN IneCVNQLT-
~ 1 [ XN ! t -
QLI (CN M InCM N aRT)
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8.2. Air Mass

The air mass element models the momentuin flow of air through a helicopter rotor
disk. For this element, the rotor is assumed to be an actuator disk, and the flow field a
cylindrical region surrounding the disk (fig. 15). The state vector for the air mass element
is made up of the generalized coordinates for a single air node.

Actuator
disk plane

Figure 15.  Air mass element flow field.

Steady-State. Consider the air flowing ste lily through a rotor. Reference 22 shows
that the thrust dT' acting on a differential annuius of the rotor {fig. 16) is related to the
induced velocity v via a momentum balance such that

dT = 4mwpyrv |V + v| dr (8.2-1)

where r is the radial coordinate of the rotor and V" is the velocity of the rotor relative to
still air (V" is positive when the rotor is moving in the positive z; direction). The use of
the absolute value of the sum of the velocities V7 + v assures that the differential thrust dT'
has the proper sign under all uperating conditions. Integrating, the total rotor thrust is

R
T= 41rpa/ v|V+o|rdr (8.2-2)

€
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Figure 16.  Air mass element differential annulus.

The virtual work done by the thrust on the air is
R
W = 4mp, / v6R|V + v|rdr (8.2-3)

where SR is the virtual displacement of the air. The right-hand side of the equation for
the virtual work can be discretized by letting v = U +3Ar and §R = § P + ré¢{... Then

R
W =drp, / (T4 +3{0) [V + T4 + 3r| (6PA + r6pd )r dr

5PA4 Rooh L o FA L oA (8.2-4)
=6P{4mps | (UF +3{7) |V + U +3{r|rdrst

R
6 dmp, / (Of + 3840 |V + OF +3fr| 2 dr
€

Note that while the coefficient of P/ in equation (8.2-4) is equal to the rotor thrust, the
coeflicient of §¢f,. has the dimensions of moment but no clear physical significance.

The contributions to the §W (applied loads) side of equation (8.2- 4) are determined
from blade element theory, and are obtained by summing the contributions from each of
the aeroelastic beam elements that make up the rotor.

Dynamic. Simple models for the induced inflow dynamics, such as the one introduced
in reference 23, have been shown to iinprove the accuracy of mathematical models of heli-
copter rotor dynamnics. The velocity of the air mass is idealized as cunsisting of a spatially
and temporslly uniforin freestream velocity V7, which is augmented within a cylindric.l
region by the steady-statc inflow Ut induced by the rotor steady-state thrust, and by the
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infinitesirnal dynamic perturbations to the inflow induced by dynamic perturbatious to the
thrust, roll moment, and pitch momen} of the rotor.

For a differential annulus of a rotor disk through which air is flowing unsteadily,
the momentum balance can be expressed as a system of first-order, integro-differential
cquations.

R 2
W = / f 20,0 |V 4 v| 6P dyp dr+
€ 0

(8.2-5)
/ / / pat 8P dVyp
Veft

In order to intermix the air mass terms with the structural generalized coordinates in
a single sel of second-order equations, the perturbed air mass generalized velocities are
expressed as the time derivatives of generalized coordinates.

_ A 1A LA +A .
v=U{ + F{,r + P, — ¢yarsiny + @y3rcos 9 (8.2-6)

L A
wherc P, is the vertical component of the perturbation of the induced inflow velocity

component at the center of flow, ¢,, and ¢,, are the flow gradients at the center of flow
in the = and z3 directions, respectively, and 1 is the azimuthal coordinate of the rotor,
measured as a right handed rotation about the z; axis from the z3 axis. The flow direction
is assumed to be positive along the z; axis.

In addition, virtual displacement of the air inside the cylindrical flow field is assumed
to be
§P = 6P — §¢piyrsine + S cos (8.2-7)

where 6P is the vertical virtual displacement of the air at the center of flow, and §¢4;
and §¢4 are the cyclic virtual displacement components at the center of flow.

Nouw, consider the expression v|V + v|, where v =  + 9(¢). In seeking the linearized
perturbation of such an expression, if V' + % = 0 then v|V + v| = (¥ + 9)|9]. Since there is
no linear contribution in this expression, it may be assumed to be zero. Now, define

+1 fora >0
sgn(a) = 0 fora=0 (8.2-8)
-1 fore <0
Then,
vV o =[(V+9)5 4 (V+ 20)0]sgn(V -+ b) (8.2-9)




Since only the linear perturbation dynamics are pertinent to this problem, the contri-
bution of the change in momentum per unit area term from equation (8.2-5) is

R p2x s A A A
/ / 2pa7(V + 20)sgn(V + 7)(P; — §yprsin + ¢yyreos Y ) (6P +
e 0

bpiarsin P + Epiyrcos) dip dr =

W2

R < A A 7 LA A A A
/ dmpr(V + 20)sgn(V + 5) [P, 6P + 7(¢125¢12 + $136013)] dr = (8.2-10)

L A R
P, spf 47rp,,/ (V + 20)sgn(V + 0)r dr+
€

LA <A R s
2pa(Brabth + bryboty) / (V + 26)sga(V + 5)r° dr

The contribution of the volume term from equation (8.2-5) is the virtual mass-virtual
inertia effect as calculated in reference 23.

16p,

w A wA
a5 (R ~ €)($12605, + d13607%) (8.2-11)

w A
8§°(R3—-8)P,6Pf-k

From this development, the coefficient matrix for the generalized accelerations may
be defined to be

1= 0 0
8paRJ R ES .
M= 3 ZR(1 - £) 0 5 (8.2-12)
0 0 ZR(1- f)

and the coefficient matrix for the generalized velocities may be defined to be

2 f‘n grdr 0 0
C =2wp, 0 f‘R gre dr 0 (8.2-13)
0 0 Ln grddr |

where g = (V +20)sgn(V + 6) and o = U + r3{...

To eliminate ell periodic coefficients in the equations of motion, and to assure the
existence of a steady-state solution, the air mass element degrees of freedom must be
inertial. In addition, the flow direction must be coincident with the steady state spin axis
of the rotor and the gravity vector, if gravity is included in the model.
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8.3. Aeroelastic Beam

The aeroelastic beam element is designed to model a bean: undergoing small strains
and large rotations, and for which shear deformation and warping rigidity may be ignored,
A model of this type is developed in reference 24, which formuletes the nonlinear beam
kinematics and applies them to the dynamic analysis of a pretwisted, rotating beam el-
ement. The kinematic relations that describe the orientation of the cruss section during
deformation are simplified by systematically ignoring the extensional strain compared to
unity. The only restriction on the magnitudes of the orientation angles used in describing
the cross section oricntation is that they remain less than 90° . All influences of warp other
than warping rigidity are retained. The beam cross section is not allowed to deform in its
own plane. The static equations from reference 24 are used without simplification; the dy-
namical equations are linearized relative to static equilibrium. One noteworthy fearure of
the derivation of the equations in reference 24 is that the common practice of using an or-
dering scheme has been abandoned. Thus, all higher-order terms (within the assumptions
above) are retained.

In the following sections, the details of the derivation of the equations for the aeroelas-
tic beam element are presented. First, a synopsis of the basis under which the governing
cquations of the beam are derived is given. Next, the equations of motion for the beam
element are derived in terms of the frame, air, bending, extension, and torsion degrees of
freedom. These equations include contributions from beam elasticity, inertial and gravi-
tational forces, and aerodynamic forces. Then, the discretization of the beam degrees of
freedom is presented to show how the beam displacements are transformed into the beam
generalized courdinates. The final two sections describe the transformation from root and
tip node degrees of freedom to beam generalized coordinates, and the transformation from
beam generalized forces to root and tip node forces and moments.

8.3.1.  Basis of the Governing Equations

Consider the beam clement shown in figure 17. The element frame is denoted by
F, and the root and tip nodes are denoted by R and T, respectively. The addition of
priines and double-primes signifies the static and perturbed dynamic states, respeciively.
It should Le noted that F" and R are coincident with each other and that their coordinates
line up with the principal axes of the root end of the undeformed beam element with the

undeformed beam lying along I;f Similarly, T is at the tip of the .ndeformed beam
element and its coordinate directions lie alung the principal axes for the tip cruss section.
The air node, denoted by A, must be included in the problem so that the influence of
aervdynamic forces on the air node generalized forces can be determined and so that the
influcnce of perturbations of the air node generalized coordinates can be determined for the
generalized cvurdinates of both the beam and the air node. The pusition and vrientation
of A are inertially fixed.
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Figure 17.  Aeroelastic beam element (undeformed with pretwist).

Interior displacements of the beam are represented by four functions of the axial
coordinate z3: u; and 3. Bending is described by u; and u,, axial displacement by us,
and torsion by ;. These functions are discretized in terms of standard cubic ard linear
polynomials so that the generalized coordinates at the root and tip of the beam can be
related to the nodal displacements and rotations. In addition, however, there are also
generalized coordinates, called internal degrees of freedom, associated with higher-order
polynoimials.

8.3.2. Beam Elasticity

The derivation of the equations to calculate contributions of the elastic deformations
of a straight, pretwisted beam follows the derivation presented in reference 24.

Steady-State. The elastic beam equations for a beam in equilibrium are derived from
the variation of the strain energy

[4
§U = / (G€3a6€3a + E€336633) d:c; (8.3.2-1)
0

where
€31 =()\1 - 52)("3 - 0')

€3z = (A2 + &1) (k3 — 0") (8.3.2-2)

€33 =&3 -+ €aky — 1K2 + % (512 + 622) (k3 - 0')2 + (€221 —E1dg) (k3 - 0') 0
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where 0(z;3) is the pretwist angle (fig. 17), with 6(0) = 0, and ( ) = d( }/dzs. The

generalized strains are
- '
€3 =s —1

o =ui® " + (14 wg)”

&1 =(Cr2uy — C11uy)/Css

Ky =(Cauy — Cy1uy)/Css

C 20 ul!
Ky =03 — (——13-1_—03;—2] + C:u“';') /Cs3

(8.3.2-3)

where C = CP'F'| the direction cosines of local principal axes relative to the static frame
orientation. The elements of C may be expressed in terms of Tait-Bryan orientation angles

(orientation angles of type body-three: 1-2-3) as
Ci1 =czc3
Ciz =s2¢1 + 8182¢3

Ci3 =3381 — €182€3

C2 =~ c393

Ca2 =c3cy — 819293
Co3 =331 + c15283
C31 =u'l

Csz =u'2

033 =(1 —_ u'lz - u{,z)%
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(8.3.2-4b)




where

8 = —up{l -~ u'lz)"’}
89 =u’,
a3 =sin03

(8.3.2-5)
e =(1 — 5,%)3

C =(1 - .‘!22)1’L
¢3 =cosfs

After integrating over the cross-sectional area, the variation of the strain energy is
obtained in terms of the stress resultants F3, My, M,, and M;.

4
6U = / (F3és' + M8y + Mg + Msbrs) duy (8.3.2-6)
0

where

I
F3 =Eo€33 + Eglﬁ] - E]Iﬁz + 'zi‘f;;z + Do&'Ts

By7s?
2

My =Ey&3 + Iiky + + D,6'rs

Bimy?

1"-[2 = - EIE33 + Iznz - "—'5—" - D,H’Ts (8'3 ,3-'7)

Byts?  3Ds6'
M, = (J + I3&33 + Byky — Bk + 373 + Ds T3 + D49’2) T3+

2 2
(Doéss + Daky — Dyka)8'
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where 73 = K3 — 0’ and the section integrals are defined as

= [ 5

5= [ 2taa
5= [ sia
= [[ e
= [ s

L=h+1I

7= [ [ 6103 - 6 +0a + 14

B = [ [ Bete® + &7)as (8.3.2-7h)

B, = / / B&(t? +&7)dA
B; =//E(§12 +&°)dA
Do = / / E(t2A — €120)dA

D = f Béy(€ah — £1)a)dA
D, = / / Bta(a)s — E1)a)dA
D; = / E(&:? + &%) (&M — &Xa)d4

Dy =/ E(t2)y — &102)dA
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Here, Ey is the axisl rigidity; B, and E; are the first flexual momenis about the local
§1 and £, axes, respectively; Iy and I; are second moments (bending rigidities) about the
local ¢; and £, axes, respectively; and J is the Saint-Venant torsional rigidity.

The variations of generalized strains can be expressed in terms of the fundamental
variables as

os'
5s' —55:611,
(8.3.2-8)
a 3 a ]
S = a",, bull + 63:86} + 8", L 8ul, + €siakadly
and the variation of strain energy as
o OK; o'
oU =/ [(Fga—a’- + M; S )6 +F3F6u3 4 Gapgﬁfaﬂpaes-l-
0 ; (8.3.2-9)
K
6 T —full + M3603] dzy
where
_f_'_ __631' + ‘Ulé
Ou g
Or1 _Cu
Bu’l’ —033
9k __Cu
3ug C;n
9Ky _Cp
au’,' —033
(8.3.2-10a)
9k _ _ Cn
aul; - 033
oKy C3°Csy

Ok, _ uy (_ C22C32 szcsl> _ u5C11C3 C3,
Bui Cp® \ 1-05° Cis Cy3¥ (1 - C3y?)
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Ok uff (Clzcsz szc'sl) 1}/ C2;C31Cs3°

dul  Cy® \1-Cy? Css | Cy3’(1—Cs?)
- " "ney 2

Oy __—CuiCarvy (2Cs3® + C3y® — Csy) - v~ ) (8.3.2-10b)
au' 3 2\2 3

Uy C33 (1 - 031 ) C33
aﬁi ""Cil n
- - ol C "
Bu, ~ Cra? (u3Cs1 + uqCs2)

Dynamic.  Since the explicit, analytical derivation of the elastic stiffness matrix
would be exceptionally tedious and lengthy, GRASP generates it numerically. This is
accomplished by taking the Jacobian of the function that calculates the steady-state elastic
loads. Because of the necessity of calculating an accurate stiffness matrix, the algorithm
used to calculate the Jacobian uses a two-point central difference scheme plus a generalized
formulation of Richardson extrapolation.

8.3.3. Beam Inertial and Gravitational Forces

The generalized forces resulting from motion of the aeroelastic beam relative to an
inertial frame are also determined following reference 24, Warping dynamics are again
ignored. The derivation is based on the work done by inertial and gravitational forces
moving through a virtual displacement. The work is calculated by taking the scalar product
of the gravity minus the acceleration of a generic point P (fig. 17)in the beam interior
(ref. 24, eq. 32), with the virtual displacement of the same point (ref. 24, eq. 34), then
integrating the result over the beam length.

Steady-State. For a beam element in equilibrium, the virtual work is

[/
W = / (5uTFE + 69F ME: Ydzs+
0 (8.3.3-1)

L [4
sul, / FE duy + 547, / (ME, + REF FE!)das
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wheze .
Ff,

A’IP! 1

Alg:z =

Mbi,

RMF'

Gp

and

The section integrals are

] a gnt p o~ g
=m(gr — A5T) - Q5 7OF RYUF
. J ]
—mngq -1 Qg,gﬂﬁ.g

. ' §
- m;Gp:,-, + lzﬂg'{ﬂglg

: , F'IgF'I
=myGpi; ~ myGpiy + (i) — i2)0pi pig

=m(z363; + ui) + m1Ch; + maCy; 4

=gF' bl Agv ﬂ IQF, ‘Zqu

u=R§P

Su =8REP
Supr =6REF
Sy =6pEF

m=[ [ s
my = / / petrdA
o

e i

iz = [ [ puthaa
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(8.3.3-3)

(8.3.3-4)




beam length is given by

5upn.' row:

iprj column: mé;; -

#j column: mé;;

,F' 6’€l

W'g column: €t M, C; -évz

‘s (X
63 column: ckagm,C’,ﬁ-F
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( 6“1"":' | @F"i r'lz'Fni
] 6¢F"i uni ' qpn.-
-&W = 611,'(213) { [l‘l“ ‘2:'(33) > + [C]ﬁ 1'2,-(:!23)
Sug(es) iig(23) ig(2s)
i b05(w) ) | 6s(es) ) B3(23)

 + K]

S [FY "t
Opn; column:  e(mREF +mCR )

i
Bpn;
i(z3)

iip(z3)

03(z3)

Dynamic. For a linearized perturbation about the equilibrium solution, it is possible
. to express the equations of motion in a matrix format such that the virtual work per unit

-{Q}.

"

/
(8.3.3-5)

where the components of the generalized force vector Q are the same as the static general-
ized forces (see the previous section) and the coefficient matrices M, C, and K are defined
on the following pages. The M coefficient matrix is defined as

(8.3.3-6a)




61/)1:':',' Iow:
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#p» j column:
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fu,, row:

03 row:
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1j " "oy
dull “Bull Bug,

“ P .Bm
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the C coefficient matrix is defined as

Supn; row:

5 on s col . . mQE T

wpnj column:  — 2¢;;m8lpig

s ' 't ]
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U
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ZQF.m(szzilczm + 112201 )Cki ou'!
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Su; row:

' .
du, row:

. !’
wpnj column: — Zc;jkmﬂfn{

opn column: 26.,0;» (mRF,k +1n¢CP F ')—

2Q§:§(mR§v:,-F' + kak,-'F')

(8.3.3-7c)
% column: — 26.-,-,,mﬂ€v:,{
s t gt ot ¢ 11 a
ﬁ,'ﬂ column: 2m QL {(ChFCchF - C’PFCPF);',’,t
f3 column: 2mkﬂ§:,’(CﬁlF’Cu'P' C,,'F'CP'F')
. ! ! ! gt t ot a
g column: —kaﬂp,,(CPFCP F' CPFC,ﬁ,F )8_':%
o
j ICP'F _ Qb oP F\REF Orr
@Fu ; column: —Zcummm(ﬂp, iCin  —UpinCi;” )Bpiy 77 Bur
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Ya (8.3.3-7d)
#; column:  — 2m;ﬂp,,(CP'F'CP'F' CP'F'CP'F')ZN':
[# 4
of ¢ . p'r 3Ick afcz
4 column: —20;.1 (ekmlC.f .+ ekmzC, r
(4 m m aug au"
L ' OK 1ot OK
. P'F i p'F Yh2
3 column: ZQF,k(z,C St 1201 T
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603 row:

R ¥ ¥l ' g '
fipnj column: - 2mp QL] (CEF CRF — i F CiT)

* ' et 1 [ )
fpn; column:  —2eym(QLICH T — QF.CH T )RR, -

2QF'k(leP'F'CP'F' 1ZCP'F'CP'F')

(8.3.3-Te)
éj COIumn: _ 2mkﬂF,' (Cpl F' PIFI CP'F'CP'Fl)
. ' ) 1t 6'5] -1 aﬁ'a
g column: — 20511 C5" Z)—,F 0" Bu;;

33 column: 0

and the K coefficient matrix is defined as

dupn row:

. ~ ot g = gt
Upn column: mﬂ?.’ﬂﬁ,f

(fzﬁifﬁﬁifmp)' -s‘zf:::fa;:!ﬁ,p, (8.3.3-8a)

. - plp et
i column: mQE QL7

« . i pt
6p: column: - QF, Ik mpcf?
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6‘¢Fn row;
ipn column: — m[/iF:I —-gr + (ﬁF:Iﬂ P'F') - RP'F'Q ’ﬁﬁf’]—

(Q Fl mF') %-mprQF,IQ

fn column: m{Rg:F'(/iF:I - gr)+
REF(GEIR EIRPF') _ QEIQE IRP‘F]}+
g AR - g+ (QFTORIRET) -
AETAETREF |4
REF [(QEIQE I mp)” — QEOE fhup |+
CcF'P (Ap Qb - QB Lip QR oP'F (8.3.3-8b)

~

i column: m[:‘i;;[ —§m + (QEIQETREFY - REFOLIQL)-

(Q Qr: mF') - mf"ﬁgzlﬁg:l

fpr column: - REF QEIQE e CF P -
(A QEIQEIREF'Y CF'P'
A (AEIRETREF'Y CF P -
e (AET = gp)) CF'P' 4 i (AE — gp)OT P+
CF'P (Ap Q5T - A5 ip Q5T
éu column:

e column: mQp

§pn columm: m[zigl - gr + (QF,IQF"R )- - ﬁpi’ﬁEZ’Rf.ﬂ:”'H

(Q QF' mF') - Qgtlnpzlﬁlpl (8’3‘3—8(:)

-l =t
@ column: mQEL QL]

- INsU
6p' column: ——Q,«, QF. I P
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§Ypr row:

ipn column:

6p column:

A1 - 4
Cp F mplﬂ Iﬂg'f

CP,F'mFI(AF: -gr)+ CplFlﬁtF' [(Q}?Z’ﬁﬁ:’Rﬁil" -

TQET REF QET _ QENCP'F
ﬂ Sl ] +(HP np ﬂp IP Qp ) (8.3.3—8d)
% column: CP'Flth:fll;:Iﬁgl
fp column: CP'Fimp[AE T — o + (QEIQEIRET ) 1CF P +
ﬁpiﬂp' —ﬂpl iP'Q};'
where ,
Hp =iprﬂgll
iy 0 O
ip = s 0
0 0 i (8.3.3-9)
my
mpr = My
0

In the foregoing matrices, m is the running mass per unit length, and m,, is the first
. . wpl o,
mass moment about the £, axis. The last block row associated with §B, ¥ is used to
obtain the terms associated with §u!, and §63 by substitution from the equations

"pt Ok; ik, Pk; -
sy 0P = 64,60 : LY L fy)bu! 8.3.3-10
Ve = 0oidls (5o ¥ punour 8 ¥ Brias, (8.3.3-10)
and
PHPI 6 afﬁ, _"
OpiiT = 63303 + — Fuir e (8.3.3-11)

The 6% p: row block matrices must then be pre-multiplied by RT and the 6p: column block
matrices must be post-multiplied by R, where

R ='§"'E'i"
au”
a (8.3.3-12)
Riz =6i3
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The geometric stiffness matrix K¢ is added to the §¢pr rows and 6p: columns where

e 8%
G pP S
as =~ M * Qull Bul;
. By (8.3.3-13)
C = Mp—r—
Kas * Qul 30,
K$ =0

The matrix K€ comes from the last two terins in equation (8.3.3-10), which are commonly
called the geometric stiffness terms,

8.3.4. Aerodynamic Forces

The aerodynamic forces acting on the aeroelastic beam element are determined from
a quasi-steady adaptation of Greenberg’s thin-airfoil theory (ref. 29). Before the theory is
discussed in detail, two new sets of axes must be introduced for the purposes of defining
the directions in which the lift and drag forces and the pitching moment act. In figure 18,

) .7
the Z axes are associated with the zero-lift line for the airfoil section with the vector b,

along the zcro-lift line toward the trailing edge. The vector b3z is along the beam axis but
in a direction such that a dextral rotation of the airfoil section about this vector results
in an increase in the angle of attack. Then, being a dextral system, b, turns out to be
normal to the zero-lift line (and nominally in the direction of positive lift for the section).

14
The other set of axes is the so-called wind axes W. For these axes the base vector b,
A ~ g
is identical to b; . The base vector b, is located along the relative wind vector (in the
W
direction of drag) and b, is in the direction of lift.

Zerodlift line

I w\/
by

Figure 18.  Aercelastic beamn cross section.

103




The Z basis and the P (principal axes) basis convect witl’} t:['le blade cross section, and
are related by the direction cosine array C2% = CZF =C2'F",

cosf, sinf, O
C?P = | —osin8, ocosh, O (8.3.4-1)
0 0 o

P

where ¢ = +1 if a dextral rotation about b; results in an increase in the angle of attack

P
and o = -1 if a dextral rotation about b, results in a decrease in the angle of attack.

The wind basis W is related to the Z basis by

cosa —sina 0
CW¥Z% = |sinua cosa 0 (8.3.4-2)
0 0 1

where « is the angle of attack. Then, CVP = CWZ (2P,

Point Q is the quarter-chord point of the cross section, about which the aerodynamic
forces and pitching moment are calculated. The offset position of Q relative to the origin
of the local principal axes P is Rg.f _lg,z .

Consider the wind velocity vector at the perturbed position of the aerodynamic center
Q. W2 is calculated by subtracting the inertial structural velocity at Q" (V_’Q"I ) from
the inertial air velocity at Q" (U Q"I ), where

" —A L A 1A 14 .4
U = (U] +734 + P, + R3¢y, + R9%615)b, (8.3.4-3)
and F'I F"F' PF FII FllFl
VAT (@ T+ T +0 R+ T+ T RPT+
F”EPF +_QF IRF"F' n F'EF F n IRF I

The relative wind velocity components in the Z" basis are then

" " . ;. " Z.A " '..A
W:?"i == Cizl A(UlA +7"7A + P, + R32A¢12 + Rﬁ;;"dm)-
" Py~ "o - " uiP"P' ~
(CZF"QETY +(CZ" P fpu) + (CZ"P"8p ) |RP-
[(CZMFHQIF?:I)« + (CZMFMO-F”)-]CZHFMRgz:Fn_ (8'3‘4_4)
CZ"F” i'l _ [(CZ”F”Qg:l).']CZ"F”'ﬁFn-

"ot % ~ ) "t T 1
(CZ F oF") CZ F B _CZ F Apn _CZ F VF’I
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and the local air flow velocity gradient is

(8.3.4-5)

y CAZRYA + caZndd .
cif gk, +C”'0 +CZ”0

where

2 2
N
If the time derivatives in equations (8.3.4-4) and {8.2.4-5) are replaced with variations,
the relative virtual displacements and rotations of an element of air with respect to the
structure are obtained.
" ", " A / " A
653u; == CFf A(6P{" + R, “661y + R}, 6415)-
zIIFH - ZHPH P”pl - P
(CZF spn) +(CF P 695" ) Ja R -
(Czllrll6!/)F" )‘J Z”F"R;:'kF" _ CZ"F”61LJ._

C(I”F" 6uF” _ (CZ"F”6¢F' ) CZN F"RF”F',

§Yus = — Cf ACE A6¢fy —~ CL ACT 46¢fy + CFL T Sppuj + CE P 59B' P
(8.3.4-6)
The relative wind velocity magnitude and components are time-dependent quantitics.
For the magnitude note that

W2 = (W3 )2+ (WS,)? (8.3.4-7)
for which the static part is

W2 = (W) + (e (8.3.4-8)
and the dynamic part is

W= Wz(?'iwg"l + W.'?'zwg"z
W

(8.3.4-9)

Likewise, the angle of attack is a time-dependent quantity. In the equations written
below, it is necessary only to develop the static part and the linearized dynamic perturba-
tion part. These quantities are easily determined from the definition of a.

(8.3.4-10)
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The static part is simply

Ql
tan @ = p?%’,’ (8.3.4-11)

2'2

while the dynamic part is

W3 Wan = W3, Wal,

&= o (8.3.4-12)
The applied force is assumed to be
A‘ " *W" "
F=Cch +Dhy +Loch? (8.3.4-13)
and the applied moment is
M = Mb> (8.3.4-14)
The equations governing the aerodynamic force components are
1 nw "
Le=3paWieer + Ep.,c2WG§,,12
1 2
D =§p,,W cCd
(8.3.4-15)
1 ™ " . Al 3c .
M ='2'PaW2020m - ﬁpaca(wrcgulz + W??"] -+ FGgulz)

T WU C «+
Lnc =ZP¢‘32(W§": + ZGg“lZ)

Now, all of the quantities that are needed to define the virtual work are available.
l ' 17
W = / (—65%:Fzmi + 6T 33 M)des (8.3.4-16)
0

Steady-State. The static generalized forces can be removed from the expression for
the virtual work and written in the form W = fot 6¢T Qdzz, where 8q is

rgplA )
5,
A

13
6(] = { 6‘u.pu,' } (8.3.4"17)
bppu;
du;
Sul,
\503 /
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and the elements of @ are

spp:  c.ofVY + ooV

St (LAY +DOAY) - MC" MCii” (R$ACEA + RS CE4)
Spfy: 0
6¢f3 : 0
Sumi:  LCWF 4+ DO F = FA (8.3.4-18)
Sppi:  MCEZT 4 (RGF FA);
bu; F,-A
fu,:  CE(M- RIFFAIE
Uy ¢ 33 (M- )3 "

80y: CEP(M - R FP)
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Dynamic.  After removing the steady-state contribution to the virtual work, the
virtual work per unit of beam element length done by the aerodynamic forces and pitching
moment can be put into the following form:

(5pA T (Pt )
soh ¢
5t P bl
544, - 0 by
W
—§W =< upn; § < [4] 7,’ +[B]{.§° }+[D]<ﬁp~,~ ) [
Lne Gle 3
61/)17::.' M 0FMJ
bu; g
bul, i
66, J | ;) )
réc
i . : Q
\? =[E1{W§“ }+[F1 e
\ﬁ;c G%h, & (8.3.4-19)
f L A )
'PA \ Pl
1 LA
- bir
- :‘A
¢ty $12
: J’i‘a A4
w2
2o b =[G)Qipny p +[H] S ‘f” >
ng ép UE
NJ‘ .
{Lj 0Fllj
A U
\63 / ?'ﬂ
ké," /

This equation can then be rewritten in terms of aerodynamic M, C, and K matrices, where
M =AFH
C=4AEH + AFG 4+ BH (8.3.4-20)

K =AEG+BG+ D
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The elements of A are

§P{ row:
L. column: —Cj} w4
< . _wa
D column: 21 (8.3.4-21a)
Lpc column: — Cﬁ'A
M column: 0
5. row:
L. column: 0
D column: 0 - (8.3.4-21b)
Lne column: 0
M column: 0
645 5 TOW:
L. column: —C}V'4 RA;A
- ) c'A
D column: R%, (8.3.4-21c)
Lpnc column:  — C; Z'ARQ' :
M column: C,Z;ACQZ;A
5y row:
L column: —CJV'4 Rfi;"
3 . W'ApQ'A
D column: - C3} 4R3; (8.3.4-21d)
Lpc column:  — C,Z,'AR‘X;A

M column: CZ ACZ'
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dupn; row:

5 . W'F'
L. column: —Cy;

- (¥ A1

D column: —CHF

- (¥l
Lpe column: — CZ F

M column: 0

Sy pn; row:
- : 1] !
L. column: c.,;,CW RQ F
~ -l !
D column: €, Cy; WF RQ F
- 17 'F’
Lnc column: ;5% Cy; Rg,k
- 1§ al
M column: —-CZF
du; row:
- -1
L. column: —CW'F
- (A1)
D column: — C;:’ F
- )
Ly column: - Cf ‘ F
M column: 0
’ .
du, row:

< 'y )
£ colunn: CJY 2 C{f,p RGPS

Z2 au:

D column: CZ,'Z'C Rgf?—'-c-?‘-
ull

N i)
L column; C’a Rgf anz

3'63

M column: — —-
* n 733
ou!’
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605 row:

L, column: C

D column:

W'Z! 4 2P pQP
11~ Csy Rz,

W'Z' vZP pQP
C C33 Rzz

Lpe column: Cﬁp Rgf

M column: -

The elements of B are

§P{ row:

6of row:

§pfy row:

W2, column:

W3, column:

- Q .
G3,, column:

W3, column:

W2, column:

G%,, column:

W3, column:

W2, column:

G3%,, column:

zp
3

ocwlzl

—Wg,cE AL G 1+ D)

9&

\i# 1k
' w'z!
W3 04 AL Z— + D°
W32
0
0
0
0

1 gt ot
79 cZARY A 061 " 8Gy; *
~WzCi AR, (Le—h5— + D=34—)

&

LFE

- Q 1’ IA ocn'lz'
VVZICS AR32 (£C éi}

GC“."Z'
+ D)

W2
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(8.3.4-21i)

(8.3.4-22a)

(8.3.4-22b)

(8.3.4-22¢)




§¢f row:

A 80yt ack
W2 column: —-Wng'.Zl ([' “ +D "
Z1 lele
Q7'A Q A OCH'3 ac;}' 'gt (8.3.4-22d)
VV? column: Wz Ci "Ry (L & +'D )
2 :
W32
ég,z column: 0
6":15‘".' TOW!
"4 GCW. scy 'z
W2 column: VQ CE AL~ +D—55—)
Z1 Iwrglz
's : (8.3.4-22¢)
37 Q ! ac¥' 3 80"’ z
W, column: Wz CkA(L—bs +D )
22 |W§|2
ég,, column: 0
S Fn; row:
o 80 CW 1!
W2 column: e"kWZ'*’CZF RF'k([' +'D )
Z1 Iwglz
WQ ZFI OC" oC W' ] (8-304_22f)
W2 column: —2* PAL RF'k (L35 +D )
22 |W§|2
églz column: 0
§u; row:
Q qz'F'(p 901 , sc"; ‘3!
W3, column: “Wa i (Le— ’*'D b
|Wz |2
(8.3.4-22g)

w3 cZ™ (L. L oy’
IW I2

“ , column:

ég,z column: 0
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' .
du,, row:

§0; row:

W3, column:

Wgz column:

G 212 column:

W qu column:

W gz column:

ng column:

3Q AZP PQP o ocw'z' OC""'
Wz:Cs5 Ry, gun(Le—35— + D=3k

w22

8.3.4_22h)
- y sc¥'s wizt (
~W3CEP R g (L. 2— + D2

Wz

oyt tgl
=@ FzP pQP acW's ac\'z
Wz2Css Ry (L35 + D—55—)

w22
V’V'Z' "vl" (803-4“22i)
~W3CEPRYY (L. 20— + D&
(W22




The elements of D are

§P{ row:

P{ column: 0

¢ column: 0

éf, column: 0

¢f4 column: 0

iprj column: 0 (8.3.4-23a)
fFn ; column: eri;(LCH'F +DCY'F\CE A

ij column: 0

- ¥ ! p! wl ] ] al{,
u;, column: - eum(ﬁcClz L DC,, P )0545;"'7‘.
8

03 column: - cus(f’ccnﬂpl + 'DC;Z,P' )C{;'A
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6. row:

P# column: 0

¢4 column: 0

#{ column: ©

Jwﬁ, column: 0

(8.3.4-23b)

ipn column: 0

G pn j column: 0

#; column: 0

11"6 column: 0

65 column: 0
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§¢f, row:

PA column: 0
¢ column: 0
¢4, column: 0
¢f4 column: 0

- , ! '
ipn; column: — (Cccn’ 44 DCy, A)C.iF; 4

l

fpu; column: - eu(L.CILZ + DO 2 (CLACE AR -
CZF CHARSM)+

1 g 14 ' gt (8'3'4_230)
M(c? F Acz Clzl ACIZ Z F )]

iij column: — (L.CHV' 4+ DCH'4 )Cﬂ

ily column:  epm[(LON' 7 +DOY 2\ CEACLACEP RYE -
C'{PC ARQ A)+

Bnm

M(CEP O 4ChA - cFAchA0EP) = 5l

f5 column: ep[(L.CH'Z + DO 2 Y CEACEACEPRIY -

ciPCl ARS, )+
M(CEPCE'ACEA - cZAChACET))
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Sy row:

P column: 0
4'3;4,. column: 0
J)fz column: 0
(Zwﬁ, column: 0
dpnj column: - (L, Cl‘:"A + DC’W A)C;;'A

. ") 7t el ] a2 =0 !
GFnj column: — ejkg[(Cch,,z +DC 2 ) CEACE ARg'{ -

C?"F'C ARQ A)

o e (8.3.4-23d)
M(Cyi Czs - C1%Ci3 “C5.7 )]

4 column:  — (L.ClV' 4 4+ DO A )C}:A

iy column: eum[(ﬁcC}}ﬂZ‘ + 'DCK'Z’)(C,%'ACSAC?;PRE; -
CEZPCE'ARI M+

OKkm

M(CZPC 0223 CZ Acl’ ACZP) e "

03 column: em[(ﬁccnﬂzl + 'Dc'g‘}"z')(C;zl'Ale’s'AczzzPRgf“‘

C?PC ARQ’A)+
M(C; pCz}; AC - Cn'ACgACzZ:P)]

117




bu Frg TOW:

PA column: 0

é{. column: 0

¢4, column: 0

éf column: 0

ipnj column: 0 (8.3.4-23¢)
§pn j column: 0

ij column: 0

Y ' p! 1 pt ' gt OK
iy column: — ekim(LCH T +DCyL T )CE'F 3u'12

63 columnn: — eus(CCCI‘Z'P "+ DC;‘Z’P' )CF; F
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) I/J 11y TOW:

. 151" column: 0

$3. column: ©
¢4 column: 0
¢1 column: 0
iipwj column:  empt(L.CM 2 + DO Z\CE F CEF
fFn; column: 0 (8.3.4-23f)

- ‘V' ' “rlzl 1' ! IFI
ij column: empt(LC 2 + DO 2N\ FC,‘?j

t oyt N U 1N -1 a
iy column:  emn[(Lc clV'Z y el 2 )R(zz -~ M|cEPefF 55§+
ka,,ﬂ"q([:cc}::z, + DC:I‘::: Z')(C PCZFCP'F'+
) r 1ot OK
CZPCZI'C,{:F )Rgf = :

3 w ! w'z' 'F'
83 column: €mkp€ina(LC Z 4+ D0, Z)(Cf,PCﬁ-FC,’:OF +

C 'VZFCP'F')RP F'

ne




§u; row:

P{ column: 0

¢ column: 0

¢{, column: ©

éf4 column: 0

ipn; column: 0 (8.3.4-2%g)
O j column: 0

#; column: 0

_ t ot t oyt ' 08
u;J column: - cum(Cch’ P+ DC?V;‘, F )Cii ! 6':""
]

f; column: - em([,cCl‘z'P' + 'DCK'P,)C{:'F'
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’ .
du,, row:

603 row:

P# column: 0

$2 column: 0

${, column: 0

$1y column: @

dpnj column: 0 (8.3.4-23h)
pn; column: 0

#; column: 0

21 epl t opt 82
il column: [(C.CH'Z +DOY'Z\REE — MICEP -2
Fug Ouy

f; column: 0©

P,A column: 0

J)f‘,. column: 0

J){‘, column: 0

i A .

$73 column: 0

(8.3.4-23i)

iipnj column: 0

épuj column: 0

ij column: 0

11;, column: 0

4 column: 0
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The elements of E and F are determined from perturbations of Eqs. (8.3.4-15) which
govern the lift, drag, and pitchiug moment, Thus the F matrix may be defined as:

£, row:
we T Q 1 dey
71 column:  paceW5 + -2~pa T Wz,+
1 W3
e R,
L g (8.3.4-24n)
W2, column: paeWg, — 3FeC dch +
W3 zg
5 "Pac IWT G2
G2,, column: =mwp,c?|W|
D row:
3Q 7 Q 1 dCd
W32, column: p,ccaWy,; + gPaCT— w3
8.3.4-24b)
. . 1 d (
Wgz column: pyccaW gz - Epuc--d—ciwz1
égn column: 0
Lpe ToW:
W3 column: 0
o (8.3.4-24c)
Wz, column: 0

-

G%,, column:
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M row:

L = 1 de
Wg, column: pac’cnW gl + é—p,c’—‘?a—
Wwg -
37721 AQ
—RPaC —=G
16772 Tw| 12
. - 1 dem .=
w 32 column: p.,c’c,,,W}?2 - -—p,,cz—c-"-‘-W
2 da
1 3 Wgz AQ
~ 226
16" T 41
0 I s
G3,, column: -~ TR (W|
and for the elements of F
L. row:
: Q
W5, column: 0
: Q
W 5, column: 0
+ Q
G 7,5 column: 0
D row:
: Q
W, column: 0
: Q
W 5, column: 0
1 Q
Gz column: 0
: Q 2
W 4, column: wpzc

W 72 column: 0

: Q To.co

aC
G 2y, column: .
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(8.3.4-24d)

(8.3.4-25a)

(8.3.4-25b)

(8.3.4-25¢)




M row:

: Q pac’
w P -
z1 column 16
: (8.3.4-25d)
W z; column: 6
&1 column: - 3npac’
Z12 . 128

From the rclations defining the relative velocity components and gradient, the elements of
G and H can be determined. The elements of G are defined as

W2, row:

P2 column: 0
¢ column: 0
éf column: 0
$f column: 0
ipnj column: caMC'Z'F,ﬂf-:,I,,Cf;F'—
7 LoZMChARS! + chAR%M (8.3.4-26a)
fpn; column:  —~ e;uCEF (CF AT +754) + VE+
5alf.iklc'ﬁF QF'I Rzz +
- CLARDE (CEARG + CE ARG+
fakmfnoicu Cf.'nr'n Rf‘:tp ‘

Ol 1
#; column: camcz Q CZF

- ﬁ;,

& ] - 'A 21} — 'A
CLACR AR + CH AR




au,,,

ii;, column: - eumef[C{; A(ff{‘ + i""yA) + C{:F' vET ] 5u "

3
5a1631mcue Cs Paf. Rgfa '::'*'

A
32 2P 7' A QP (AP N
ekim = CH" CLARI(CHARD + CLARY 5, ',’,‘+

eklmfanonpl RF:F'(CP,F C7PcZ'F+

' o 1t 8n
F Z'F
ch'Feciics )—--au',;,‘

by column:  — ey CZPICHA(OA + 7#77) + CP'F'VF"TIH
erts€ano(Cl F CIPCLF  CEF CZPCZF )L IRET

- A
Y nzZPAZ'ARQP AP ARQ A P'ARQ A
ekt —Cai’ Coy "Rz (Cha "REy" + Cia "I )
ng row:
P{ column: 0
2 column: ©
ir *
$1h column: 0
d4A column: 0
13 :
o JA A2 A[(AZ ARF'A | aZ'ARF A
Uy column: ——1-_;—'0“ (022 012 -+ 023 st )—

1 '/ Q' 4' P, & !
S(CHARG + CRARGM(CR AR, + Ch* RGN
(8.3.4-26b)
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- oot '
6r» ; column: c,-u{C,z,,F af./+

i column:

12;, columnn:

03 column:

~A
7 ’ F' 4 1 ’ ?
TcZRE [(ChAch* + ChAch*)-

1 ' = )t = 'A ' - 'A ' 'A
S(CHARGA + CEARGM(CHARS! + O ARG -
=~A

‘Y (] ' 1] 'A [ 'A

—F'[Clzkp CHA(CHARS" + CRARY )+

OFACKT (CERY + o REM)

~A
'Y ' ' H ' 1]

_ _%_CLZ‘A[(C%ACJ_F;A +CgACJg;A)_

1 ~zapQ'A 'ARQ AV FARQ A 'A Q' A
(CHARS + CEARSMCE ARG + CHARSM)

72

2P ~P'F' o F' 1 9m
falanPC:k ﬂF'k"a'u_pT"'
B

A

v ' ' ' [ ¢
cun{ L-CEACERE] [(05ACEA + CH A0 4)-
1 ] 'A ] IA [ 'A 'A lA
S(CHARG + CEARLMNCH ARG, + of ARG -
~A
gl A2 A DY A 'ApQ'A
= [chrelk HeR R + cEARS )+

' [} ' ' t 8!0
A A
OFACH (O B + OE RS | e

~A
‘)’ ' ] [ 1 ]
s L-{ O ACE R (B ACH; " + CRACRA)-
1 1’ ] ] 'A [ OA (] IA
S(CHARGA + CEARTMNCE AR + Of *RE)] -
7 t t ¢ 1 'A .
cif ol A(ch RS  + Cf ARG )+
] 1 ! ] lA
G Ao (O ARG + o AR}
(8.3.4-26¢)




The elements of H are defined as:
WzQa row:

s A '
P, column: - CZ4

<A
@y, column: 0

¢ A
gz column: — CZ, R

A
¢y3 colummn: C R

. . 8.3.4-27a
dpnj column: — ijp ( )

* Ul -l t

9pn; column: 6(,;CZ F! R 2 + EQHC7 F 7 ] RE:,I,';
2'F

- cZ,

#; columnn:

QP ah‘a

i'g column: 6oy CET R, — 3 7

53 column: 6,,10 R
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égw Trow:

A
P, column: 0

o4
1 COlumn: 0

1A 7] ¢
¢z column: —CHACEA
< ' !
$y3 column: — CHACE4A

. (8.3.4-27b)
wpn; column: 0

3 1t
0Fn j column: 0373_1”

#; column: 0

. Ok
i's column: CZF 5#;

63 column: C’;,Z,P

8.3.5. Spatial Discretization

The variables u; and 6; are expanded in a set of polynomials based on reference 30.
The “C0” functions (u3 and 6;) are expanded in terms of v;(z) where z = z3/f. The
functions used beyond the first two standard linear functions are orthonormalized. The
C1 functions (uq) are expanded in terms of §;(z). The functions used beyond the first
four standard cubic functions are orthonormalized. The details of the orthonormalization
procedure are specified below.

The expansions are given by

Nq
U = Z 9aifi(®)

=1

Ny
ug =Y gsiti(2) (8.3.5-1)
=1

Ny
b= quiti(e)
=1
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The functions 1; for ¢ > 2 and B, for i > 4 are constructed from the Jacobi polynomials
gn(z) = Gn-1(p,q;z) where p :: 5 and q = 3 for the CO functions and where p = 9 and
q = 5 for the C1 functions. ®

Letting « = 22, the CO shape functions are
Pr=1-z
‘t‘bz =T (8.3.5—2)

¥i =2(1 — z)gi-2(z)fi-2

where 3 < i < N +1 and N = N3 or Ny. The recursion relations used to compute the
polynomials are
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9i(z) =g2(2)g;-1(2) — gj-2(2)Aj-2
91(z) =0

93(z) =1

(8.3.5-3)

g;-(z) =gj-1(z) + 92(‘”)9;'-1(3) - 9}-2(3)Aj—2

91(z) =0

92(z) =0

9;"(“’) =29;'-1(‘”) + 92(‘”)9;"—1(”) - 9;"-2-45—2

where

poilita-1)i+p-1)(i+p-9q),
i+ p-2)Qi+p-1)(2i+p)

"no_
2 =0

¥i =((1 - 22)gi-2 + 2(1 ~ 2)gi_,)fi-a

B =1-2gi-3(2) = 4(z - 3)gl-a(e) + 2(1 - 2)glL(2)]
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Similarly, the C1 shape functions are

B =1 — 3a? 4 22°
B2 =z — 22% + 2°

fBs =32* — 22° (8.3.5-6)

py =2® — 2

B; =z*(1 — z)*gi_a() fia

where 5 <i < N +1and N = N; or N;. The g’s are the same as above for the C0 shape
functions, A, is cvaluated for p = 9, ¢ = 5, and f? = 630. The higher derivatives are

9i'(2) =g§'(2) = 0

n m

95 (z) =3g3_,(z) + g2(z)g;1; — 9;22(2)Aj-2

(8.3.5-7)
g;l”( ) _g;lll( ) — 0
95" (z) =4gj.1(z) + g2(<)g5, — gj=a() 42
and derivatives of the shape functions are
g = —0z(l-z) B =12(e-1) =12 =g
,6; =322 —dz +1 ﬂ 6( __%) ;":6 IIII__O (835_8)
gy = 6z(1 - =) V= -12(z ~ 5) = _12 :I,IH =0 .
ﬂ"‘ - 3372 - 23) ‘I‘I —_ 6( — %) ﬁ”l — ‘I‘l” — 0

Bl =[~42(1 - z)(z - §)gi-a(z) + 27 (1 - 2) gi_4(2)) fi-s
B! =[12(z* ~ = + })gi=a(=) - 83(1 - &)(z = §)gi_s + 2°(1 = 2)° gL 4()] fi-s

B =(24(2 — Dge-s(z) + 36(2? — = + L)gi_s(z) - 122(1 — 2)(z - §)gi_,(z)+
22(1 - o) gl y(2)) i

B ={24g, . 4(z) + 96(z - "').9:-4( ) 4+ T2z -z + 1 )gu a(z)-

162(1 - z)(z - 1)gi" 4(2) + 22(1 - 2)* g1 4 ()] fi-s
(8.3.5-9)

These furmulas fur shape funstions, when substituted intv expressions for virtual work
of cither internal, incrtial, or applied loads, produce integrands that depend only on z;.
Thesc integrals can be cvaluated to any accuracy desired by use of Gaussian quadrature.
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8.3.6. Transformation from Nodal Coordinates

In GRASP, & different set of generalized coordinates are used for the beam element
than those for the nodes. It is therefore necessary to calculate the beam generalized
coordinates in terms of the nodal displacements and rotstional variables at both the root
and tip of the beam, so that the beam equations can be written using a convenient sct of
generalized coordinates.

The beam generalized coordinaties gq; for i = 1,2,3,4 determine the u, displacements
at the beam root and tip. Similarly, g3, determines the u3 displacenient at the root and
tip, and g4, determines the 63 rotation at the root and tip. The exact relations are

iy =UR;
q12 =CH K
d14 =C:un
g2 =CH F
q2a =CH
q33
g23 ) =C*Tup (8.3.6-1)
432
B 'R '
-C
ga1 =sin~? 2!
/1~ (CRRY |
[ _ {;T'R ]
a2 =sin™! = <
V1~ (enm?]

cT'R —oT'ToTR

. . . . " " [ 3
The rotation expressions are derived from expressions for C” ¥ written in terms of

u! and f; (see ref. 24, equations 4, 17, and 60-62) for which

"an .
Ch'F" =sinf, = u!

CSI;”F” = — cos Oy sinb; = u} (8.3.6-2)

" . .
Czpl F* - ~cosfysinly = —4/1 -u'12311103
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8.2.7. Transformaiion to Forces and Moments

The generalized forces calculated for the beam element root and tip correspend to
the bearn generalized coordinates. These forces must now be transfornied into forces and
moments at the root and tip nodes. The virtual work at the root can be written in terms of
the static residuals ¢J p and the linear coefficient matrices. In terms of the beam generalized
courdinates, this relation is

~8Wp = 8qrT (~Qnr + Lpdr) (8.3.7-1)

where Sgr” = |61y 8gz21 6g31 6qy2 8g22 Sga1)] and §X = |du1 G21 Gax Grz Gez Gas), and Lp
is a lincar operator representing (Mp g;;’ t Cn';-" + Kp). Note that this equation defines
the negative of the virtual work. The explanation for treating the virtual work in this
manner is that it is conventional for Ly to be positive, and Ly is normally considered to
be pusitive un the left hand side of the equations of motion, while Qg is positive un the
right-hand side.

The 1uut nude virtual displacements and rotations may be related tu the beam virtual
generalized coordinates by the expression

(411
bgn A 0 Sdup
3x3 3Ix3 Ix1
\ 2"” ) = , (8.3.7-2)
012 0 Rp dv'n
bq22 Ix3  3x3 axt
\64{41 /

where the rootl nude virtual displaceinents are fup - 6R§'”, and the rout uode virtual

rotations arc 8y - 8y fi . The 6 x 6 cucflicient matrix that premultiplics the root node

virtual displacement and rotation sector s called T and matrix Ry (ref. 24, eq. 67) is

n'n 'R
’ [}
Rp | (CRA 0 e (8.3.7-3)
0 o n o'
e IO TIT

Similarly, the perturbed rout nude displacements up and rotations 9y are related to
the perturbed element gencralized coordinates qp through the expression

in - Tn {;:} (8.3.7 4)
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When the virtual work at the beam root is transformed into nodal coordinates by
the substitution of equations (8.3.7-2) and (8.3.7-4) into equation (8.3.7-1), the following
expressicn is obtained:

~6Wr =|8ur” §¢rT|Ta” {{“Q"} + Enla {;: } }

(8.3.7-5)
={6un” §Yr") {{—TRTQR} +Tn" LaTn {:;R}}

R

First consider the transformation of Lp, which contains the dynamic matrices Mg,
Chr, and Kg. The transformation of the element generalized coordinates into the nodal
generalized coordinates introduces the transformation matrix Tp into the expression for the
virtual work. Since Tq is a function of C®' R, which is a function of the nodal rotations,
it must also be perturbed to recover any additional perturbation contributions. In the
case of the linearized dynamic matrices Mg, Cr, and Kg, no new perturbation terms are
introduccd by the transformation, since any such contributions would be nonlincar.

The transformation of the static generalized force Qp is, however, another matter. In
this case, transformation does contribute an additional term, called the geometric stiffness
term K g, to the linearized dynamic equations. Geometric stiffness originates from the
perturbation of Tg.

-8¢rQr = —|Sur” §¥r” |TRT{Qr} (8.3.7-6)
When Tp is perturbed,
oT T
—6grQR = — |Sur” 69R7T| 3R 4rQn
14
(8.3.7-7)
8TrT {ﬁ.n}
= — |6unT syprT Tr{ .
|6ur” 6¢n" ] Ban *\4p Qr
where )
0 0
3x3  3x3
%TE = _QR_.& (8.3-7"‘8)
R 0 9qn
33 3x3

When equation (8.3.7 7) is multiplied out, only one of the 3 x 3 submatrices is nonzero.
This submatrix is called the root geometric stiffness matrix kgp, and it conteins only terms
that are related to the nodal rotations.

Ga 8RaT _
KRpbp = ---a-é-R—RnﬂnQRe (8.3.7-9)
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where

QRu}
= 8.3.7-10
Qr {Qno ( )
Written in index notation to allow the isolation of kgr, the root geometric stiffness is
) 8Rp .
Keni;Or; = - 3 ke Rp;;0r;Qro, (8.3.7-11)
R,
and R
Ry
ken; = — 6qR: Rp;; Qnro, (8.3.7-12)

The geometric stiffness matrix used to transform all of the root nodal degrees of freedom
is then

0 0
G _ |33 (83.7-13)
R 0 ken e
3x3  3x3
The virtual work at the root can now be written in the form
—6Wr =|6ur” 6¢r” | {"‘TRTQR + TrTLrTx {:R} +K§ {;R}}
R R
(8.3.7-14)
" . . [ur
= |6un” ") {-—QR + I} {g }}
R
where r
RQr=Tr"Qr
(8.3.7-15)

Ly =TrTLpTr + ThTK§
The transformation of the generalized forces and moments at the tip of the clement

into nedal forces and moments is similar to that for the root. In beam element generalized
coordinates, the virtual work at the tip is

~6Wr = bqrT (-Q1 + L1dr) (8.3.7-16)
where §gr” = (8913 8g23 6qaz Squa Oqza gs2) and GF = |dis Gos Gs2 Gia 24 Gaz), and

Lt is a linear operator representing (MT(—ft—’,» + CTadg + KT). Note the similarity with
equation (8.3.7-1).
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The equation that relates the tip node virtual displacements to the element virtual
generalized coordinates is

(6q53) - .
6q23 CHT 0 Sur
) gqn _ 3x3 3x3 ax1 (8.3.1-17)
N4 0 RyCHT SYr
6924 3x3 3x3 3x1
\69421 - -

where the tip node virtual displacements are dur = 6R£’R, and the tip node virtual
rotations are 63y = &% R. The 6 x 6 coefficient matrix that premultiplies the tip node
virtual displacement and rotation vector is called Ty and matrix Ry is

0 (c,R oLk
Ry = | —LCLR 0 (CTR (8.3.7-18)
0 chr  _one
1-(CLR)?  1-(CT/R)?

Similarly, the perturbed tip node displacements it and rotations 67 are related to
the perturbed element generalized coordinates §r through the expression

ir = Tr {;;"} (8.3.7-19)

The expression for the virtual work at the tip is similar to the expression for the
virtual work at the root.

—8Wr = [bur” 890") {{-Tr" Qr} + Tr" LTy {37 }} (8.3.7-20)

As in the derivation of the transformation of L, no additional terms result from the
transformation of Ly. There are however, geometric stiffness terms that result from the
transformation of Q1. Following the derivation of the root geometric stiffness,

. 70TrT . (ar
—6qrQr = —|dur® &¢r” |—7Tr { : } Qr (8.3.7-21)
dgr g~
where
0 0
BTT Ix3 Ix3I
—_ s = 8.3.7-22
Ix3 Ix3
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When equation (8.3.7-21) is expanded, only one, nonzero 3 x 3 submatrix remains. It is
called the tip geometric stiffness matrix kgr, and

- ORrT .
korr = -—CTR———LRTCTnaTQTg (8.3.7-23)
oqr
where 0
Tu
T= 8.3.7-24
r {QTo} ( )
Written in index notation to allow the isolation of kg, tle tip geometric stiffness is
OR
ke, = —C&" —aq—:—"RTmC,ﬁTQre, (8.3.7-25)
or )
kGT{; = (CTRkGTCRT)ij (8.3.7—26)
where oR
ker; = - P) T Re,; Qo (8.3.7-27)
Ry
Therefore,
0 0
k§=|" ¥ (8.3.7-28)
T= |, kor 3.
3x3  3x3
The virtual work at the tip can now be written in the form
i (i
~§Wr =[bur” 877 {—TTTQT + TpTLrTr {é’ } +K§ {éf}}
T T
(8.3.7-29)
' T * * T
=|us” 61" {“QT + Ly { x }}
Or
where .
Qr =Tr" Qr
(8.3.7-30)

Ly =TpT LTy + TrTKS

For both the root and tip, derivatives of Ry and Ry with respect to the q,, are needed.
The only nonzero elements of these arrays may determined from

- C .
0 —(gu 0
C
g{,i = | bl 0 ¢ (8.3.7-31)
1
! 0 2CuCy  Ou(1-Ci-2Ch)
(1-¢3, Cas(1-C3))
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where

R _10R

qi12 —fau" =
R _10R
Oqu4 —U)u; za=t
R _10R
Ogay L 8u) ™"
OR lOR

(8.3.7-32)

(8.3.7-33)

where C is C'R at the root and CT'R a¢ the tip and R is IRz at the root and Ry at the

tip.
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9. CONCLUDING REMARKS

In response to the limitations of previous methods for analyzing rotorcraft, GRASP
has been developed. GRASP is a general-purpose program which treats the nonlinear static
and linearized dynamic behavior of rotorcraft represented by arbitrarily connected rigid-
body and beam elements. Large relative motions and deformation-induced displacements
and rotations are permitted (as long as the strains in the beam element are small). Periodic
coeflicients arc not treated, restricting the solutions to rotorcraft in axial flight and on the
ground.

GRASP uses a modern approach for modeling structures, incorporating the fealures
of several traditional methods. The basic approach which provides the foundation for
large relative motion kinematics is derived from “multibody” research with an expanded
emphasis on multiple levels of substructures. This is combined with the finite element
approach which provides flexible modeling through the use of libraries of elements, con-
straints, and nodes. The use of a variable-order polynomial beam element makes the finite
clement approach more effective. The incorporation of aeroelastic effects, including inflow
dynamics and nonlinear acrodynamic coefficients for the beam element, further extends
the capabilitics.

Due to the fact that GRASP was developed using structured, modular, software meth-
ode, changes to the code are relatively easy to perform. This makes it practical to modify
the code in order to enhance its functionality. Somc of the many arcas where possibilities
for cnhancements cxist are expanded solution procedures, improved aerodynamic models,
expanded modeling capabilities, new elements, and new constraints.

Exisling solution procedures (steady-state and asymmetric eigenproblem) could easily
be expanded to include a symmetric eigensolution. This solution procedure would take the
symmetric part of the linearized, perturbed equations of motion, then calculate the eigen-
values and eigenvectors. The symmetric cigensolution would be to generate the modes for
another new solution procedure, the subspace reduction. The subspace reduction would
allow the user to solve for the asymmetric eigensolution using a reduced set of admissible
functions. A reference deformations solution procedure would allow a user to take any
steady state solution and use it either as an initial guess for another steady-state problem,
or as the state about which the linearization is performed for an eigensolution. The refer-
ence defurmations solution would lift the restriction that the same model must be used in
the the steady state sulutivn and the eigensolution. Another valuable enhancement would
be to extend GRASYP to forward flight using either a timne-domain solution, a periodic
solulion, or both.

Enhancements to the acrodynamics could include adding the capability for table-
luvkup for the acrodynamic coeflicients, and perhaps meaking those coefficients functions
of Mach number. Anothet pussibility would be to incorporate a lifting line or lifting surface
theory to calculate the acrodynainic forces. Wake geometry could also be included. Other
valuable cnhancements to the aerodynamic model would be the inclusion of transonic and
dynamic stall effects.
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The modeling capabilities could also be improved with the addition of the ability to
model applied loads. It might be advantageous to include simple, dead loads (forces),
and geometrically nonlinear loads such as applied moments and nonconservative forces.
With the rapid growth of control theory, some sort of control representation should be
included in GRASP. This could be as simple as specifying the thrust level of the rotor, or
as complex as a complete control representation including sensors, actuators, and control
laws. In addition, it would be convenient to implement a “generic” node. Such a node
would be used to allow the user to define generalized coordinates not associated with any
of the predefined nodes.

GRASP would greatly benefit from the addition of a composite beam element and
a direct-input element. The composite beam element would be able to rigorously treat
the structureal couplings introduced by composite layups. This element might also include
the effects of shear deformation, initial curvature, and warping rigidity. The direct-input
clement would be used in conjunction with the generic node to allow the user to define the
properties of elements that are not included in GRASP. An example of such a use would be
taking a set of modes from a NASTRAN analysis to represent the fuselage of a helicopter.

New constraints that would enhance the capabilities of GRASP include a moving-
frame constraint, a pin constraint, and a clamp constraint. The moving-frame constraint
would allow a frame to deform with the structure. Currently, frame motion is independent
of the structure. The pin constraint would allow a node to rotate arbitrarily about either
a framc or another node. Eliminating all motion of 2 node would be accomplished using
the clamp constraint.

From this description of possible enhancements, it should be obvious that GRASP
has a great potential for growth. Because of its modular construction, GRASP has the
capability to handle expansion without requiring massive rewriting of the existing equations
and code. This framework makes GRASP a desirable platform for future development.
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