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THREE DIMENSIONAL VARIABLE CONTRAINT EFFECTS
IN FRACTURE INITIATION

Introduction
Many naturally occurring cracks do not extend the entire width of the

specimen or component. The study of these partial or surface cracks is
important for structural integrity evaluations. Numerous investigations into
the surface crack problem have been conducted over the years. While
straight cracks which span the entire thickness are amenable to 2D analytical
and numerical evaluations, surface cracks in general require full 3D
analytical and numerical evaluations. The high stress and strain levels which
occur at the crack tip region require accurate constitutive representations for
this regime of the material response spectrum. The need for detailed 3D
nonlinear numerical representations results in expensive and time
consuming numerical simulations. The level of detail necessary to establish
the variation along the curved crack tip requires access to large computing
facilities. Numerical and analytical difficulties which limited the study of
surface cracks in linear elastic materials and materials which exhibit only a
relatively small amount of inelastic strain prior to fracture have made the
study of surface cracks in ductile materials all but intractable. Recent
advances in numerical methods and computer capabilities have made the
study of surface cracks in ductile materials more feasible.

The ability to accurately predict fracture initiation and subsequent
failure relies on the ability to accurately predict the magnitude of the stress,
strain and energy fields surrounding the crack tip. The variation in stress,
strain and energy along the irregular crack front is important in determining
fracture initiation sites, ductile tearing patterns and fatigue crack growth
characteristics. The location of fracture inititaion along the crack perimeter is
equally as important as global failure parameters such as load or crack
mouth opening displacement (CMOD). Crack growth patterns are important
because the shape of a surface crack effects its criticality. For instance, a
surface crack which grows deep and narrow instead of deep and wide is
more likely to lead to leak before break conditions in a piping system [1].

The absolute and relative dimensions of a surface flaw are also
important. Larger surface flaws will tend to lead to fracture due to the
presence of the crack whereas a smaller surface flaw may have a minimal
effect and failure will result from gross global instabilities. "Larger" and
"smaller" are used in a relative sense. Global geometry, loading conditions,
material toughness as well as crack dimensions will determine, for a specific
geometry and material, the extent of "larger" and "smaller."

Numerous analytical, experimental and computational studies have
been completed on surface cracks over the past three decades. The current
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summary is not meant to be an exhaustive literature review of the surface
crack problem.

One of the major difficulties in the study of surface cracks is the infinite
number of crack shapes possible. The shape of a surface crack is dependent
on component geometry, local material inhomogeneties, material toughness
and applied loading among other factors. There are some geometric
simplifications which can be used.While not exact representations of the
irregular boundary of many cracks, semi-elliptical crack fronts can be used to
approximate the shape of natural cracks [2,3]. A semi-elliptical surface crack
representation and angular definitions used in the current analysis are shown
in Figure 1.

Even with limiting the surface crack shape to semi-elliptical a wide
range of geometries still exist. In order to narrow the geometry selection
process one of three general approaches may be taken. The first approach
is to model a specific geometry, both crack and component. The advantage
with this approach is that a specific applications problem has been solved.
The disadvantage is that the information obtained is geometry, material and
component specific. Examples of this approach are studies of surface cracks
in cylinders [4], studies of surface cracks in cylindrical tee-sections such as
found in piping systems [5] and studies of surface flaws in nozzle corners [6].

The second analysis approach is to examine typical flaws from
numerous sources to determine if there are surface crack geometries which
are statistically significant. Numerical simulations would then be performed
on these statistically significant crack geometries. A disadvantage with this
analysis approach is the nature of the available data. There are many data
summaries of observed surface cracks but the collected data is for particular
component geometries, materials and loading conditions. Much data is
obtained only after failure or significant growth [7,8]. One analysis which
used statistical methods was an effort to determine the critical features of
crack geometry and the inadequacy of a semi-elliptical representation [9].

A second disadvantage with determining a statistically significant crack
geometry is that significant crack geometry may not be the initial geometry
but may be one which results after some ductile or fatigue crack growth. As
part of the general study of surface crack behavior and criticality, fatigue
crack growth patterns have been documented (Figure 2) [10,11]. It has been
shown that surface cracks will tend to growth towards certain aspect ratios
depending on initial geometry and loading conditions. However, these final
aspect ratios occur at relatively deep crack depths (greater than 70%) and
may not be reached prior to fracture.
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Fig. I -Typical Surface Crack Geometry - Semni-Elliptical Representation
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In the first two analysis approaches there is considerable difficulty in
isolating the effects on the stress, strain and energy fields which are solely
attributable to the surface crack. Geometric and material effects are
embedded into the application problem approach and in the data from which
a statistically significant crack geometries must be determined.

The third analysis approach is the study of several surface crack
geometries in geometrically simple components fabricated from a particular
material of interest. The material chosen should be representative of a class
of materials. The material response to loading should be well understood.
The advantage in this approach is that an attempt is made to keep all factors,
except for the surface crack geometry, identical. This will allow for the
comparison of results for different surface crack geometries. In this manner
the influence of a surface crack on the stress, strain and energy in a
component may be examined. The disadvantage is that numerous analyses
are required to determine the effects of a wide range of surface crack
geometries. This is the approach taken by many researchers, including work
on HRR field dominance by Parks and Wang [12] and J-integral studies by
Dodds and Read [13].

This analysis approach is followed in the current work. Two crack
geometries, one semi-circular and one semi-elliptical, are evaluated using
numerical simulation techniques. The stress, strain and energy fields along
the curved crack perimeter are examined for three crack depths. Moderate
crack depths are studied. The surface crack is embedded in HY-1 00
structural steel and independently subjected to tension or bending loads. HY-
100 structural steel is a high toughness, high ductility alloy used in current
structural applications.

Background
Numerous linear elastic fracture mechanics (LEFM) analyses of

surface cracks have been performed. Among the methods used for
determination of the critically of a surface crack are empirical formulations for
the stress intensity factor [14], weight functions based on reference stress
intensity factors which allow for arbitrary loading conditions [15], analytical
solutions which incorporate through crack solutions[1 6], boundary element
evaluation of the cracked component [17] and finite element evaluations [18].
Linear elastic analyses methods are only appropriate for elastic material
behavior or in cases where only a limited amount of plasticity occurs at the
crack tip. They are not appropriate for the evaluation of ductile high strength
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materials, such as HY-1 00 steel, which exhibit large amounts of deformation
and strain prior to fracture initiation.

While not strictly valid in the study of fracture in ductile materials,
surface flaw characteristics and growth behaviors based on LEFM analyses
are invaluable when studying surface flaw behavior. Hodulak, Kordisch and
Sommer postulated that surface crack growth was in reality a two part
problem [19]: the determination of stress intensity for LEFM applications and
the determination of crack growth resistance. The crack growth resistance,
or material toughness, is considered by Hodulak, Kordisch and Sommer to
be a variable quantity along the curved crack front. The variation in crack
resistance is attributed to interactions between the stress state and material
response and is affected by component geometry, degree of loading and the
nature of loading. This model of surface crack growth consists of a surface
crack in a plate with layers of different crack resistance. The crack resistance
is greater in the surface layers to capture the free surface effects. Crack
growth will increase once the crack has penetrated the regions of lower
resistance. The crack will show a tendency to stabilizes its growth rate until
it reaches the higher resistance layer associated with the rear surface. Until
the surface crack encounters the rear surface layer of higher resistance
growth in the thickness layer will dominate. Experimental verification of this
crack growth model has been performed [19,20]. Surface cracks with a range
of aspect ratios were tested under cases of simple tension. Surface cracks
tested were contained in aluminum alloy plates and reactor steel cylinders.
Results common to both geometries are:

for shallow and moderate depth cracks (a/t < 0.5) crack growth in
the thickness direction dominates
for deeper cracks, growth in the width direction dominates
growth patterns for surface cracks were found to be similar for
plates and cylinders

It is important to note that the extent of the variable resistant layers is not
qualitatively defined. The crack growth models used where based on LEFM
response.

In contrast to the approach adopted by Hodulak et al [20], other
researchers have worked with the assumption that the critical value of the
chosen fracture criteria is constant. Trantina et al [21] have performed a 3-D
finite element analysis of a shallow semi-circular surface crack. The finite
element model is subjected to several levels of monotonically applied remote
strain varying from elastic to 1.35 times the strain associated with the yield
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stress. J-integral values were determined at several positions along the crack
perimeter. The stress intensity factor, K, profile was determined by converting
the J-integral values to K values using assumptions of small-scale yielding.
The K values were compared with Newman-Raju LEFM calculated K values
[14]. Significant differences are observed between these two K profiles. The
maximum Newman-Raju LEFM K value occurs at the free surface. The
maximum K for the finite element analysis occurs approximately 750 from the
crack centedine. The results of this analysis were used to model the change
in crack shape with growth. For an initially semi-circular crack, crack growth
would result in a retardation along the free surface and the final crack
geometry would be indented along the free surface. This is consistent with
experimental observations. It is important to note that, even though the finite
element analysis incorporates significant amounts of plasticity, LEFM
relationships of J-integral and K values are utilized.

VanStone et al [22] used the work of Trantina et al to establish a cyclic
load crack growth model. The crack growth model developed is a variation of
the Newman-Raju LEFM K profile along the crack perimeter which
incorporates a reduction in K at the free surface. K was reduced proportional
to the size of the plastic zone at the free surface. Empirical constants were
determined for the model from surface crack and through crack specimens.
The lives predicted by the model were within a factor of two of experimental
values. Patterns of crack growth predicted were similar to those observed
experimentally. It should be noted that the applied nominal stress was less
than the yield strength of the material. Net section yielding was avoided. The
analysis performed while not strictly LEFM is in the range of loading where
LEFM results have been found to be useful.

In the majority of surface crack fracture initiation and growth studies
performed, as typified by those summarized above, the surface crack failure
parameter is assumed constant and the crack resistance is assume to vary
along the crack perimeter. This variation is either represented by changes in
the material toughness (the increased resistance layer of Hodulak et al) or
modifications of the fracture parameter (the constraint loss model of
VanStone et al). The failure criteria is typically determined for two points
along the curved crack perimeter - the daepest point and at the free surface.
The surface crack is assumed to grow in a semi-elliptical manner. The aspect
ratio is allowed to change with crack growth however the overall general
shape of the crack is maintained.

Extension of the surface crack problem into the regime of ductile
material response increases the complexity of the problem. The J-integral,
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one of the standard single parameter fracture criteria for 2D problems, has
been modified for application to the surface flaw problem. 3D J and J-type
parameters have been derived by Dodds et al [23], Dodds and Read [13] and
Nishishkov and Atluri [24] among others. An empirical modification of J-
integral for surface cracks has been presented by Dodds and Read [13]. in
all derived 3D J and J-type parameters there is the underlying assumption
that the crack tip stress field will be an HRR stress field near the crack tip as
in the 2D J integral derivation. Parks and Wang [12] performed a very
detailed 3D nonlinear finite element analysis for a variety of plate geometries
containing deep surface cracks range from 50 to 60% through the thickness.
Material response was modeling using deformation theory plasticity based
on a Ramberg-Osgood constitutive relationship. It was determined that
significant variations from HRR stress field dominance in the Mode I
dominate stress component occurs for nominal applied stresses near the
yield stress. J and J-type parameters require HRR stress field dominance.
The implication of this work is that J and J-type parameters are not adequate
to describe fracture along a surface crack in ductile materials.

The lack of HRR dominance for deeper cracks at near yield remote
tension stress levels complicates the use of J and J-type criteria. Even
though an HRR stress field may occur for shallower surface cracks it is not
possible to use a criteria based on HRR stresses for the entire range of crack
depths. The range of J or J-type parameter validity must be determined. The
use of strain energy density as the continuum fracture criteria for surface
cracks does not require any additional verification of the form of the state of
stress, strain or energy in the vicinity of the crack tip at any crack depth
considerations. The strain energy density is determined from the generalized
stress and strain tensors. The six components of stress and strain are
explicitly incorporated into the strain energy density. The critical strain energy
density as determined from a series of cylindrical tensile tests is based on the
individual stress and strain components present at failure. The determined
value of strain energy density is not affected by mathematical form which
represents the stress or strain field, therefore HRR dominance is not an
issue.

Analysis Objectives
In the current analysis, two surface cracks of different aspect ratios

embedded in HY-1 00 steel plates are examined in detail for various depths.
The depths are representative of moderate crack depths. HY-1 00 structural
steel is a very ductile high strength steel. The stress, strain and energy fields

8



along the curved crack front are determined for various loading conditions up
to failure. Failure is determined by a local fracture criterion which uses strain
energy density.Failure is defined as fracture initiation. Continuum material
constitutive response which has been shown to be accurate at high strain
levels is used to model the material response of HY-100 structural steel.

The two crack geometries considered are a semi-circle and a semi-
ellipses with aspect ratios of 1.0 and 0.25, respectively. Crack depth ratios (a/
t) considered are 0.25, 0.30 and 0.325. The surface cracks are embedded in
a 254.0 mm wide and 25.4 mm thick plate of HY-1 00 structural steel. The
surface cracked plates are independently subjected to tension or bending
across the thickness. The global and local stress, strain and energy
responses for the matrix of crack geometries presented are determined using
finite element computational simulations. Critical strain energy density is
used as the fracture parameter. The value of critical strain energy density
used was previously determined from a series of round bar tensile
specimens. Crack growth patterns based on the strain energy density profile
along the crack perimeter are and a stress-strain history dependent critical
strain energy density profile are determined.

Material Model and Fracture Criteria
An incremental rate independent plasticity theory available in the

ABAQUS finite element program [25,26] was used for the material
constitutive model. This standard model for plasticity is summarized here for
completeness. Total strains in the multiaxial strain stateEii were obtained by
the integration of the linearly decomposed rate of deformation tensor 8ij. This
integration was performed under the assumption that the elastic strains
remain infinitesimal. The total multiaxial strain state eij, expressed in terms of
elastic and plastic components, is:

E., = E. + E.j
V Ii IiU

The total logarithmic uniaxial strain, F, consistent with the integration of the
rate of deformation tensor for a multiaxial strain state, is decomposed as:
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S = £e + p

The yield function f takes the form:

f('rii) = 'r ( P)

where 'ij and r are the multiaxial Kirchoff (or Teffetz) and uniaxial stress
states, respectively. The associated flow rule governs plastic strain
increments by the relation:

In the case of purely elastic behavior (X=-O). For active material yielding (X>O):
Plastic strain increments also satisfied a dissipation equivalence condition:

Plastic strain increments also must satisfy a dissipation equivalence
condition:

,rdeP = idi J

and a consistency condition:
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-ITaf dr.. - 0...dP = 0
a 0P

T .e von Mises yield function is used and is:

- 3 1/23 V
f (T, ii) = (I ($jij) )

The deviatoric stress tensor sij is defined as:

1

sij = "ij- 3 "kk ij

where the hydrostatic component of stress is rkk/3.

The Kirchoff stress and logarithmic strain measures are employed
because of advantages gained in computational implementation. The
Kirchoff stress tensor, Tij, is approximately equal to the more physically
motivated Cauchy stress tensor, yij, for deformations involving only small
changes in values. This coincident is implicit in the current analysis. The
uniaxial Cauchy stress - logarithmic strain constitutive response of the
material were formally input, in multilinear form, as Cauchy stress and
logarithmic strain pairs for the ABAQUS program. This constitutive
formulation was determined in previous investigations by Matic, Father, Kirby
and Jolles [27]. The accuracy with respect to both global and local response
of the HY-1 00 constitutive response has been demonstrated by DeGiorgi,
Kirby and Jolles [28].

The strain energy density per unit mass, w, of the material, is:

W lm (AW
w=A V i ( )

11



where W is the energy and V is volume. The terms of stress components, ai,
and strain components, eij, and the mass density, p, the strain energy density
is:

w-J G.

0

The strain energy density incorporates the contributions of both stress and
strain quantities to the material history. The value of the energy density
corresponding to local fracture of the material is:

W C -- p dei

(f )

0

where wc is the critical strain energy density value for a given stress-s train
history. The value of wc is generally path dependent, although a
representative value may be practical for engineering applications.

For ductile metals, the mass density values only slightly, even over
large ranges of deformations. For this reason, it is possible to define an
energy per unit volume density:

AWw In lir
AV--oAV

or
LU

0

with an associated critical value:
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(Ei) C

Wc = f ideij

0

The energy per unit mass is a fundamental quantity however, the energy per
unit volume is equally appropriate for use with constant volume deformation
processes.

For the case of a uniaxial representation of true stress versus true
strain material response, the critical energy density corresponds to the area
under the uniaxial stress-strain curve:

EC

w = ode

0

This representation is suitable for use with traditional constitutive
formulations which rely on uniaxial stress-strain data for material response
characterization.

For a multiaxial state of stress, each of the six stress-strain pairs, three
normal and three shear, must be evaluated and summed. It should be noted
that one or more individual terms, but not all six terms, in the muliaxial
expression can be negative. The total, wc, must be positive.

Prediction of fracture inititaion employing a local criterion requires the
identification of local maximum energy densities and comparison of these
maxima with a local critical energy density value. For a materially
inhomogeneous component, the maximum local energy densities in each
constituent material must be identified and compared with the corresponding
local fracture toughness value. For a material homogeneous component, as
considered in the current investigation, one critical energy density value is
used to characterize local fracture resistance. The maximum local energy
density must be identified at each increment of loading and compared to the
critical values.

The location of the energy density maxima may vary during the loading
history. Additional deformation can be sustained without fracture as long as:
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W < c

Local fracture coincides with the energy density attaining the critical energy
density value for the material at some point:

w=W c
W C

The critical energy density value used in this investigation, as obtained from
the constitutive characterizing previously referenced, reflect the multiaxial
history dependence of wc.

Surface Crack Plate Model
Two surface crack geometries were modeled using the finite element

method. The surface crack geometries considered are a semi-elliptical
cracks with aspect ratios of 1.0 and 0.25. The two crack profiles modeled are
shown in Figure 3. The surface crack is embedded in a flat plate of
dimensions 254.0 mm wide by 25.4 mm thick. The plate is sufficiently long so
that there are minimal end constraint effects on the model. Three crack
depths are considered for each crack geometry: 0.25, 0.30 and 0.325. The
finite element models are constructed so that only one model is needed for
each crack geometry.

The finite element program ABAQUS [25] is used for the computational
simulations. The two basic finite element models are shown in Figures 4
through 7. Specimen, crack profile and loading condition symmetry required
only one quarter of the specimen to be modeled. The initial crack faces lie
along the axis of symmetry.

Type C3D8 elements were used in the model. These are continuum
three-dimensional brick elements with 8 nodes defining the element vertices.
Sufficient mesh refinement allows for accurate modeling using these linear
displacement interpolation elements. No crack tip singularity is included in
the model.

All analyses used full geometric nonlinearity to account for large strains
and large rotations. An updated Lagrangian formulation was used for
incremental solution in ABAQUS. A modified Rik's algorithm which is both
load and displacement controlled is used to allow for unloading. Use of the
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modified Rik's algorithm also enhances the numerical stability of the solution
procedure.

The finite element model for the surface crack of aspect ratio 1.0 is
shown in Figures 4 and 5. The model consists of 3400 elements and 4176
nodes which result in 12528 total variables within the model. There are 25
nodes and 24 elements along the crack front as shown in Figure 6. The crack
front is moved radially outward maintaining the aspect ratio of 1.0 for the
different crack lengths. The finite element model was generated using the
interactive mesh generating capability of PATRAN [29]. The mesh was
optimized using PATRAN prior to conversion to an ABAQUS input deck. The
maximum D.O.F. wavefront as optimized by PATRAN is 882.

The finite element model for the surface crack of aspect ratio 0.25 is
shown in Figures 6 and 7. The model consists of 3756 elements and 5085
nodes. Multi-point constraints, a option with ABAQUS to constrain nodes to
prescribed displacement or to displacements based on nodal displacements
to be determined as part of the solution, were used as a modeling aid in this
mesh. The total number of variables in the model is 15255. There are 52
nodes and 51 elements along the crack tip perimeter. The crack front is
moved radially outward maintaining an aspect ratio of 0.25 for all crack
depths. The mesh was created with the program PATRAN. The finite element
mesh was optimized using PATRAN and the maximum D.O. F. wavefront was
594.

Remote tension was approximated on both models by constraining
nodes along the plane of the crack in the perpendicular direction and
applying a uniform displacement in the perpendicular direction at the far end
of the model (Figure 8).

Bending across the thickness was modeled as four point bending as
shown schematic in Figure 8. Nodal constraints were applied along the line
of nodes representing the support. Uniform nodal displacements were
applied to the line of nodes corresponding to the load point. Symmetry
conditions were applied at the crack plane.

In both loading conditions the load was incrementally increased until
the maximum strain energy density along the crack front equalled or
exceeded the material critical strain energy value.

Results
The results of the surface crack simulations are presented as global

and local material responses.
20



Fig. 8 - Schematic of Applied Loading to Finite Element Model
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The global load displacement response for the matrix of crack
geometries examined are shown in Figures 9 through 15. Nominal stress is
the remote tension stress applied or the maximum bending stress applied
assuming no crack. The reported value of CMOD is the displacement
measured at the center of the front profile of the surface crack. This point is
identified as "CL" in Figure 1. In all cases, the plates containing the surface
flaw were loaded until the critical strain energy density value was reached at
some point along the crack perimeter.

Unloading is observed for the semi-circular crack at all depths when
subjected to remote tension loading. No unloading is observed for semi-
circular cracks subjected to bending. Unloading under applied tension is
observed for only the deepest semi-elliptical crack. No unloading is observed
for semi-elliptical cracks subjected to bending.

A comparison of all global responses for tension loading is shown in
Figure 15. All remote tension loadings, regardless of the crack geometry or
depth, result in almost identical global load displacement responses.

In contrast, bending loads result maximum nominal stresses which are
below the yield strength for all crack geometries. The global load
displacement curves for all crack geometries subjected to bending are also
shown in Figure 15. The global load displacement responses can be readily
divided into two distinct geometrically dependent responses. The global
response is more sensitive to crack size when the plate is subjected to
bending loads than when the plate is subjected to tension loads.

Local material response is represented by the strain energy density
profile along the curved crack perimeter. The strain energy density profiles
along the crack perimeter for various load levels are shown in Figure 16 for
the semi-circular crack (a/b=1.0) subjected to tension and with increasing
crack depths of 0.25, 0.30 and 0.325. The maximum strain energy density
occurs at the free surface. This is similar to LEFM results [14,18].

The strain energy density profiles for the semi-circular crack subjected
to bending are shown in Figure 17 for crack depths of 0.25, 0.30 and 0.325,
respectively. The maximum strain energy density occurs at the free surface
similar to LEFM results [14,18].

The consistency between fracture critical profiles for the range of crack
depths examined subjected to tension or bending is shown in Figure 18. A
comparison of the criticality of fracture parameters between the current
continuum constitutive response analysis and LEFM analysis for similar
crack geometries are shown in Figure 19. The nonlinear material constitutive
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response results in a flatter strain energy profile than may be expected by
simple extrapolation of LEFM results.

When the semi-circular crack is subjected to bending across the
thickness there is a region along the crack perimeter bounded 450 and 800
where there is a localized increase in the strain energy density. There is no
similar feature on LEFM predicted fracture criteria curves.

Typical tension and bending strain energy density profiles at fracture
initiation are shown in Figure 20. Even though the maximum strain energy
density occurs at the same location, the profiles are not similar.

The strain energy density profiles for various stages of tension loading
for the semi-elliptical crack (a/b=0.25) at depths of 0.25, 0.3 and 0.325 are
shown in Figures 21. The maxirnim strain energy density occurs at the crack
center. The location of maximum fracture criteria value is similar to LEFM
results [14,18].

The strain energy density profiles for the semi-elliptical crack subjected
bending are shown in Figures 22 for crack depths of 0.25,0.30 and 0.325.
The maximum strairn energy density occurs at the crack center, similar to
LEFM fracture crite.ria results [14,18].

The consistency between fracture critical curves for the crack depths
examined subjected to tension or bending can be seen in Figure 24. Local
minimums in the region bounded by angular measurements of 700 and 900
for a crack depth of 0.25 are due to element geometry in this region. The
greater crack depths have a more uniform mesh pattern and this region of
the strain energy density profile smooths in consequence. There is good
agreement in the strain energy density profiles when different crack depths
are compared, as shown in Figure 23, despite the individual element
geometries along this one region.

A comparison of fracture parameter criticality between the continuum
constitutive response analysis and LEFM results for similar crack geometries
are shown in Figure 24. For both tension and bending applied loadings, the
nonlinear constitutive response analysis results shown a greater difference
in fracture perimeter between the crack center and the free surface point. In
the case of tension loading the difference in strain energy density at the
extreme points of the surface crack is greater than that reported for J values
[15] for a deeper semi-elliptical crack of different geometry.

Typical tension and bending strain energy density profiles at fracture
initiation are shown in Figure 25. The maximum strain energy density occurs
at the same location and the profiles are similar.
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Fracture Criterion Variation Due to Constraint
In the preceding interpretation of results, it was assumed that the

critical strain energy density is a constant value independent stress-strain
history. It is know that the critical strain energy density as determined from
round bar tensile specimens is dependent on the constraint state [27]. Thick
short tensile specimens which simulate plane strain conditions have a lower
critical strain energy density value than long thin specimens which are
representative of plane stress conditions. The degree of constraint will vary
along the curved crack perimeter from near plane strain to plane stress at the
free surface. Inclusion of the known variation of the local fracture parameter
in the criticality evaluation is required for an accurate representation of local
fracture initiation response.

In order to estalish a critical strain energy density profile, the extent of
nearly plane strain conditions along the curved crack perimeter must be
determined. In the current analysis, the extend of plane strain conditions is
estimated from the analytical evaluations and compared with previous
estimates of the extend of plane strain conditions. Francis and Davidson [30]
experimentally measured plastic zones by electrolytic etching studies on Fe-
3Si specimens containing surface flaws of varying geometries. It was
determined from this study that nearly plane strain conditions exist for the
crack front between 0 and at least 450. Analytical work by Gangming and
Yongyuan [17] indicates that plane strain conditions exist until at least 650
along the crack perimeter. Their determination of the extent of plane strain
conditions is based on the convergence characteristics of the boundary
element numerical simulation performed. Trantina et al [21] estimated based
on stress component ratios that plane strain conditions exist until
approximately 750 along the crack perimeter.

In the current analysis, the ratio of maximum to minimum principle
stress is used as a measure of the constraint state. Typical variation in
principle stress components ahead of the crack tip for the two crack
geometries studied in the current work are shown in Figure 26. The principle
stress ratio indicates the transition from plane strain conditions occurs at
approximately 600 along the crack perimeter for both crack geometries. This
is consistent with the previous mentioned work [17,21,30].

The critical strain energy density for HY-1 00 structural steel has been
determined from a series of round bar tensile tests and numerical simulations
[27]. The critical strain energy density for plane strain conditions is 889.0 MN-
m/m 3 (1.29 x1 05 in-lb/in2). The critical strain energy density value
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representative of plane stress conditions is 1394.0 MN-rn/m 3 (1.92 xl 05 in-
lb/in2) [27]. A simple bi-linear failure curve is created based on the results
shown in Figure 26 and the critical strain energy density values for plane
strain and plane stress conditions. Typical strain energy density profiles for
each of the crack geometries and loading conditions studied are compared
to the failure curve.

The strain energy density profile for the semi-circular (a/b=1.0) crack
subjected to tension loading is compared to the critical strain energy density
curve in Figure 27. Even though the maximum strain energy density occurs
at the free surface where plane stress conditions occur, fracture initiation
occurs at 00, the crack center.The relatively flat nature of the strain energy
density curve will result in crack growth along the perimeter from the crack
center to approximately 600. The strain energy density profile in this region
indicates that there will be a slightly greater amount of crack growth nearer
the crack center.The higher critical strain energy density value associated
with the free surface results in retardation of crack growth near the free
surface. A schematic of the resulting crack growth pattern is shown in Figure
27. This is consistent with observed surface crack growth patterns of
subjected to tension as reported by McGowan [31] and more recently by Van
Stone [22]. It has been noted that surface cracks under tensile fatigue
loading will tend to grow towards an aspect ratio of 0.7 to 0.8 [11] with
increasing depth; an increase in crack depth with slightly less increase in
crack width, as predicted, will lead to this trend.

The strain energy density profile for the semi-circular (a/b=1.0) crack
subjected to bending is compared with the critical strain energy density curve
in Figure 28. Even though the maximum strain energy density occurs at the
free surface fracture initiation will occur at some intermediate angle. Using a
bi-linear representation of the critical strain energy density, the point of
fracture initiation will be at approximately 600. The resulting crack growth
pattern is shown in Figure 28 and results in the 'butterfly wing' pattern often
experimentally observed [32,33], predicted in a LEFM study by a an
observed change in the interferometry fringe count indicating a higher
potential for crack growth [34] and predicted from experimental results by
Ruiz and Epstein [33]. In both [33] and [34] crack growth patterns are
established based on experimental results. Prediction of fracture inititation at
600 compares favorably with fracture initiation point predictions of 530 to 660
based on experimental results [34]. Retardation along the free surface is also
indicated by the strain energy density contour.
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If an ellipse is drawn which encompasses the 'butterfly wing' crack
geometry, the crack growth trend is for a reduced aspect ratio with increasing
depth. This is consistent with experimental observations which shown that
surface flaws subjected to bending fatigue tend to grow towards an aspect
ratio of 0.1 [11].

The strain energy density profile for the semi-elliptical (a/b=0.25) crack
subjected to tension is compard with the critical strain energy density profile
in Figure 29. The maximum strain energy density occurs at the crack center.
This is where the minimum critical strain energy density occurs. The resulting
crack growth pattern is shown in Figure 30. Crack growth will occur in the
central section of the surface crack. Little or no crack growth will occur near
the free surface. This will result in an increase in the aspect ratio with crack
growth. This growth pattern will result in higher aspect ratio surface cracks
consistent with fatigue crack growth data [11].

The strain energy density profile for the semi-elliptical (a/b=0.25) crack
subjected to bending is compared with the critical strain energy density curve
in Figure 30. The same pattern as seen for tension loading occurs. The
resulting crack growth pattern is shown in Figure 31. Crack growth will occur
in the central region of the surface crack. A higher aspect ratio will be the
result of crack growth. This is not in conflict with reported fatigue crack growth
patterns for surface cracks with aspect ratios between approximately 0.1 and
0.3 and initial crack depth ratios between 0.1 and 0.4 [11]. In these cases,
there is an initial increase in aspect ratio before growth along the width
directions dominates. The domination of growth along the thickness direction
will eventually result in a lower aspect ratio.

It is expected that different initial crack geometries will result in different
crack growth patterns. As evidence of this, one can examine the fatigue
crack growth patterns presented by Shang-Xian [11] shown in Figure 1.
Independent of Shang-Xain, Miyoshi et al [1] noted in their study of leak
before break criterion that the initial crack shape was one of the most
important features for determining the leak before break criticality of a
surface flaw.

Summary
Nonlinear numerical simulations are performed to determine the global

and local response of two surface cracks of differing depths due to either
tension or bending across the thickness. The surface cracks are embedded
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in HY-1 00 structural steel, a high ductility and toughness metal. The crack
geometries and crack depth studied are:

aspect ratios (a/b)- 1.0 (semi-circular) and 0.25 (semi-elliptical)
crack depths (a/t) - 0.25, 0.30 and 0.325

The crack geometries and crack depths chosen are representative of surface
cracks of moderate depth. The material response of HY-1 00 structural steel
has been previously characterized for large strain deformation. Failure is
defined by a local fracture criterion using critical strain energy density.
Differences in constraint along the crack perimeter are taken into account by
recognizing the stress-strain history dependence of the critical strain energy
density.

Strain energy density profiles were determined along the crack
perimeter for each crack geometry, crack depth and loading conditions
combination. The patterns of the strain energy density profiles were
consistent for each crack geometry and loading conditions. In most cases,
similar trends are observed when the strain energy density profiles were
compared with typical LEFM fracture criteria profiles.

The strain energy density profiles and the critical strain energy curve
based on local constraint history are used to establish fracture inititaion and
crack growth pattems. The location of fracture initiation points is not
determined a priori. The location of fracture initiation is determined from the
combination of the critical strain energy density curve and the calculated
strain energy density profile.The resulting fracture initiation points and crack
growth patterns are compared with experimental results and observations.
The crack growth pattems derived from the numerical simulation accurately
predict experimental observations.

In conclusion, it has been demonstrated that the stress-strain
dependency of the fracture criterion is equally as important as the variation
of the fracture parameter along the curved crack perimeter. Correct crack
growth patterns can only be predicted if the effects of variations in constraint
are explicitly incorporated into the fracture evaluation.
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