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Abstract

The paper describes the major aspects of modeling engineering problems

of elastomechanics. It shows various aspects and results on a set of

illustrative examples of 2 and 3 dimensional problems.
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1. Introduction

The aim of computational analysis is to describe and reliably predict
physical pheromena of interest. In the engineering sciences the primary aim
is usually to design tools which operate SAFELY under certain (mechanical)
conditions, in certain environments and for a certain period of time.

By computaticnal analysis, ONLY mathematical problems and NOT the reality
can be analyzed. The mathematical problem TRANSFORMS given input data into
information which is of direct interest and does not add anything new (in
fact its loses some information).

The aim of computation is to reliably cobtain certain information in the
range of an admissible tolerance so that it is not unduly influenced by the
computational procedure used.

The formulation of the mathematical problem is usually the most crucial
part of the analysis. Because of the complexity of engineering analysis and
uncertainties in the available information, the fermulation of the mathe-
matical problem is often directly or indirectly stipulated in the design
codes and often (at least in parts) it is also influenced by the particular
(company) engineering practices. These codes change with time and express the
experiences with the technology used. As a typical example we mention the
design code (USAF-MIL-A-83444) used in aircraft components. It is based on
the principle of "non-inspectable slow crack growth" which should meet the

following demands
a) the life of the component should exceed two design times

b) the residual strength of the r~ompcnert should, after being in service
two design life time, exceed maximal load acting on the component by a factor

of, say, 9/8.




These or similar principles and other considerations (for example, un-
certainties in the input information) lead to the precise formulation of the
mathematical problem and defining the data which have to be obtained as well
as to the admissible accuracy with which they have to be determined.

The basic flow chart of an engineering computuiional analysis is shown

in Fig. 1.

1. PHYSICAL PROBLEM
AND CRITERIA

l

2. BASIC MATHEMATICAL
PROBLEM

|

3. SIMPLIFIED MATHEMATICAL
PROBLEM

AND

ANALYSIS OF THE ERRORS
CAUSED BY THE SIMPLIFICATION

l

4. NUMERICAL TREATMENT
AND
ANALYSIS OF THE ERRORS

CAUSED BY NUMERICAL
TREATMENT

|

5  PHYSICAL CONCLUSIONS
OR ENGINEERING DECISION

Fig.1. The flow chart of computational analysis.




Usually in practice loops are present in the flow chart.

The "reality" is associated with (1). The engineering analysis of the
problem, the aims of the analysis, and the assessement of the quality of the
available data. etc. then yield the precisely formulated mathematical problem
(model) (2). This model is to be understood as a "higher" model which is
identified with reality. Nevertheless we solve usually only a simplified
problem (3) and reliability of its solution is judged typically in comparison
with (2). In (4) we solve numerically problem (3) and the reliability and
the error of the numerical solution is related to the (exact) solution of (3)
(and not (2) or (1)).

Let us underline that basic and simplified mathematical problem has to
have reasonable mathematical properties, for example the existence of a
solution. The existence of the solution of the "real" problem does not
necessarily mean that the solution of the mathematical problem exists too.
This is because of the simplification which enters into the formulation of the
mathematical problem. Also, if the numerical algorithm provides numerical
results (possibly reasonable looking), it does not mean that the solution of
the mathematical problem necessarily exists, (because convergence has not to
occur etc.) Obviously, theoretical analysis of the mathematical problem and
comparison of 1its properties with the expected properties of the reality is
essential part of the reliability of the model.

In all stages we have to relate the numerically obtained solution to the
exact solution of a mathematical problem. The agreement with reality, for
example with experiments, is then related solely to the formulation of the
basic (or possibly simplified) problem. It is essential that the errors of
numerical solutions are completely under control so that the exact solution of

the mathematical problem is essentlally achieved and a possible disagreement




with experiments is related ONLY to the mathematical problem itself.

In this paper we will show various concrete examples to illustrate the
basic ideas and results. All the computations in this paper has been made by
the h-p version of the finite element method by the code PROBE (McNeil
Schwendler-Noetic) and STRIPE (Aeronautical Institute of Sweden). These codes
have various error checks so that the numerical results presented here can be

assumed to be exact in the range of accuracy needed for the model conclusions.

2) Problem of the cantilever beam

Consider a problem of a simply supported cantilever beam shown in

Fig.2.1a
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Fig.2.1 The simply supported cantilever beam

Let the basic mathematical problem be the problem of two dimensional linear
elasticity (plane strain) for isotropic homogeneous material. The basic
unknowns, the displacement u,v, satlisfy the usual Lamé-Navier equations of

elasticity. As the boundary conditions shown in the Fig.2.1a. we impose on

BC:T =p, T =0, on AB, u=v =0, on CD, DE, FA: T =T =0 andon
% x x 'y

EF(where A « d) T, = 0, v = b(x-L’) where b is such that [ Ty(x—L')dx = 0.
EF




By Tx respect to Ty we denoted the traction-. The problem is a model
of the simply supported cantilever beam. The (weak) solution which has finite
energy exists and is uniquely determined.

Let us now consider the simplified problem when A = 0 and when v =0
at the point G (see Fig.2.1b) is pres.ribed instead of the more complicated
boundary condition of the basic problem. Then it is possible to show that the
unique (weak) solution of the simplified problem is the same as the one when
the condition v =0 at G is not present. We see that the solution of the
simplified problem is unacceptable. The reason for it is that the displace-
ment under concentrated load is infinite (the Bousinesque solution). Although
the solutions of the Yasic problem converges to the simplified one as 4 —0,
the convergence is very slow and so it is lnadmissible to consider this
limiting case instead of the original one.

We remark that the point support is standardly used in fiaite element
computations, i.e. the simplified problem is often numerically solved. Hence
the error of the finite element solution is very large because for a mesh not
extremely refined the cantilever beam solution without support, i.e. the exact
solution is not obtained. It is possible to show that the fiﬁite element
solution converges to the solution for the beam without support as the mesh
size converges to zero. Hence the solution obtained in practice is mesh
dependent. This is of course completely undesirable. It is necessary to
mention that the finite element meshes used in practice (if not adaptively
constructed) are crude and the FE solution does not show the mentioned effect.

For some numerical analysis and computation we refer to [3].




3) The problem of the built in plate (beam).

Let us consider the classical problem of an infinite plate problem (in 2
dimension) which can be formulated as two dimensional (plane strain) problem
in the coordinates xy. The scheme of a concrete example is shown in the

Fig.3.1 where we assume built in (clamped) boundary conditions.
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Fig.3.1 The scheme of the considered plate.

We define once more the basic problem as the two dimensional elasticity
problem with » = 0.3 (where we denoted by v the "Poisson ratio") and with
the modulus of elasticity E = 3.107, The built-in (clamped) boundary
condition 1s modeled by u = v = 0.

The solution e:zists, and is unique. Assume that the aim of the analysis
are the stresses in the areas A and B shown in Fig. 3.1. Let us further
distinguish 2 cases for the data of interest

a) the bending moment and the shear force

b) maximal stresses and the stress distribution through a cross section.

3.1. The problem of the boundary conditions.

It is obvious that the modeling of the clamped end is an idealization.
In reality the support is obviously more complex. Hence we have an
uncertainty in the formulation of the boundary condition and the problem

shown in Fig.3.1 can be und-rstood as the simplified one. To analyze this




problem consider a few configurations which could be expected to lead the same

simplified p-oblem. They are shown in Fig.3.2.
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Fig. 3.2 The scheme of various boundary conditions.

In the case (e) we model the clamped end as the elastically built-in end.
The boundary corditions are then
T = -cv

T = -cw

vwhere c¢ = 108.

The case (f) depicts a still further simplified problem based on the
Kirchhoff beam theory (strength of material approach). In this case the

value of the bending moment In the center is

1 g2 100

(3.1) M= 53 5




Assume first that we are interested in the maximal stiess o in the
center of the beam (area A in Fig.3.1). We get then in the case f: o=
100.

We let the stress o= 100.23 in the case d) (i.e. the case shown
in Fig.3.1) be the "exact" solution to which we will compare all others.

Table 3.1 shows the results.

Table 3.1. The stresses at the cznter for various models.

Case T, Error
a 108. 46 8.2%
b 109.76 9.5%
c 108. 27 8.0%
d 100. 23 0%
e 120. 17 19. 9%
f 100. 00 0.2%

Table 3.1 shows that simplification of either problem a,b,c leads to the error

about 10% while the simplification of the case d by Kirchhoff hypotheses

leads to error of 0.2%.

We have considered the special case for the ratio d/I. = l—. If d—0

20

(for fixed L), the relative difference between the cases a,b,c, and d goes
to zero. We have then

In the case a):

(3.2) aad(d) 2 —— = cld-fhigher order terms.

For d/Luséﬁ we can neglect in (3.2) the higher order terms. Table 3.2

10




shows that in fact aad(d) = cld with high accuracy.

Table 3.2 . The relative error a d(d) of the case a with respect
to the case d '

d/L aad(d)
1/20 8.2%
1/50 3.2%

Let us now consider simplification of the problem d to the problem f.

We have then

d f
va - o | 5
(d) = —g = czd + higher order terms.

Bdf
fo_ |
x

We see that the error of the modeling of the boundary conditions
is much more significant than the error of the simplification leading to the
Kirchhoff (strength of material) solution.

So far we have computed the maximum of the stress cx in the area A.
Here the stress is very accurately linear through the cross section and hence
when the interest is in the moments, the relative errors mentioned in the
table 3.1 and 3.2 hold too.

We reported the stress iIn the area A and have seen that the sensitivity
to the boundary conditions is of order 10%.

In the area B the differences in the stresses are much larger. The
stresses are singular (the singular behavior of the solution will be discussed
in the next section). Here we report in the Fig.3.3 a,b,c, the stress in the
cross section in the distance x = d/100 from the boundary. We clearly see

that the differences between the mentioned cases are significant. On the

11



other hand let us be interested in the (bending) moment and shear force. Then
using equilibrium condition we easily see that the differences in the moments
are the same as in the center of the beam i.e. as in the area A. Hence
different aims lead to very different sensitivities to the uncertainties in

input data.
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Fig. 3.3 The stresses in the area B.

4) The singularity problem and zooming principles.

4.1 The problem in 2 dimensions.

Let us consider the linear elasticity problem on a polygon domain Q

with the boundary consisting of straight segments Fi, i=1,....n and

vertices Ai.i =1,...,n. By w1 we denote the internal angles. Let us
assume that we are dealing with a homogeneous isotropic material and that on

every segment Fi are boundary conditions with analytic data prescribed and

that no volume forces are present. Then the solution is analytic on ﬁ\UAi.

The solution is singular in the neighborhood of the vertices. Let

r.,r be the segments meeting in the vertex A

1041 Assume for simplicity

i

that the boundary condition (of standard type) are homogeneous on ri,r1+1.

13




Fig.4.1 Scheme of the angle

Then the solution of the problem in the neighborhood at Ai has the form

u(x,y) n Ai ¢1(0)
(4.1) = cyr + smoother terms

vix,y) |2 ¥ (8)

where (r,0) are the polar coordinates with the origin in Ai as shown in

Fig.4.1. Ai are real a complex and Re Ai+12Re/\i >0 and ?4 and g(;i are

smooth functions in 6. If Ai is complex then we use real and imaginary

parts separately. Coefficients Ai and ®y wi are given by the geometry (the

angle wi), the type of boundary condition on Fi, F1+1 and the material

properties (in our case Poisson ratio). They are independent of the solution.
The coefficlents Sy depend globally on the solution (except for special
cases). The structure of the solution is well known in the general case, for

straight and curved segments I, and for general (linear) materials. We will

i
not go into details. Here we refer instead to [14], [15], [16], [22]). 1In
(21] a general approach (and a computer code) for computation of Ai' X wi
for anisotropic and nonhomogeneous materials is given. Very often the
coefficients ci called stress intensity factors (together with Al. wi, wl')
are the main aims of the analysis (in 2 and 3 dimensional settings). This lis,

for example, in the case of design based on the earlier mentioned design code

14




{USAF-MIL-A-83444). are unbounded

The stresses in the neighborhood of Ai

when Rel1<1 c, #0.

provided that 1

Because in finite element computations the stresses are always finite,
if Al <1
clao although it can be

the character of the computed stresses can be misleading. then

practically always (except in symmetric cases)

relatively small. Then the large stress can be confined to small area only

(we will see an illustration in a three dimensional problem in the next

section.) Reliable computational analysis always requires to compute these

stress intensity factors. (For methods of reliable computation of the

singular behavior around the corners see references [1], [25]).

Let us now relate (4.1) to the zooming principle. To this end let

£ = E. n= i, p = oy and
U(E,n) = u(xg, «7n)
V(g,n) = v(xg, kn)

be the zoomed solution.

Then we obviously have

u(g, n) n A ¢i(e)
(4.2) = )X ciFi(x) p!
v(g,n) i=1 wl(e)

and hence functions ph’¢i(9). pA‘wi(a) are the parts of the zoomed solution
with the zooming parameter x., Here it was characteristic that the infinite
sector was invariant with respect to the zooming.

Let us consider now another case, namely the case shown in Fig. 4.2. We
can zoom (Fig. 4.2b) the solution at A (see Fig. 4.2a) and get the solution

in the form (4.1) (resp. (4.2)) in the same way as before. The other possi-
bility is to zoom the solution with respect to the parameter d as shown in

Fig. 4.2b. Then up to rigid body motion the first term in the zoomed solutlon

15



has the form

U(g,n) -1 Ql(i,n) ¢2(€,n)
(4.3) =d M + T .
V(g,n) wl(ﬁ,n) wz(E,n)

Here M and T 1is the moment and shear force at the end of the beam. The
function Qi’ wi' 1 = 1,2 are the functions defined on the domain shown in

Fig. 4.2b.
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Fig.4.2. The solution on the zoomed domain,

Coefficient M and T are analogous to the stress intensity factors
introduced earlier. The zooming principles can be used in many cases when
the corner singularity interferes as in the case shown in Fig. 4.2. For more

details we refer to [6].
4.3. The problem in 3 dimensions

In 3 dimensions we will consider a polyhedron instead of a polygon and
the problem becomes more complex. Once more we will consider the case of
tsotropic homogeneous maeterial. Along the edges the solution is singular in

the direction which is perpendicular to the edges and is smooth along the

16




edges. Assuming that the (straight) edge is along the axis 2z, the singular

terms are of the form

ulx,y,z) 9y (8)
vix,y,2) = ci(z)r‘Al n(0)
wix,y,z) gi(8)

where (r,0,z) are the cylindrical coordinates. Functions ”1'Wi'<i are
smooth in 6. There are, in contrast to the two dimensional case, two kinds

of singular function. For the first kind coefficients A, and functions 9y

i
wi are as in 2 dimensions and ci = 0 (they are sometimes called bending
singularities). In the second kind we have ¢, = wi = 0 (and 611(3) (they
are sometimes called torsion singularities). For details we refer to [15],
[22]. The function ci(z) are the stress intensity functions which are smooth
in 2z (except the neighborhood of the verticles).

In addition to the edge type singularity, we have a vertex singularity.

Here the singular terms have the form

u(x,y,z) (1) 01(0,%)
vix,y,z) = ciRA ¥ (0,%)
wix,y,z) Z:(0,2)

where (R,0,Z) are the spherical coordinates. Functions ”1’*1"1 have
singular behavior in the neighborhood of (es,as) being the coordinates

of the edges. For detalls once more see [15], [22].

(1)

The coefficient A , and functlions 51'$1'El depend on the geometry,

boundary conditions and material properties but not on the solution. The

coefficients c, are the analog to the stress intensity factors and depend

(except special case) globally on the solution. The relation between A
(1)

i

and A governs the singular behavior of the edge intensity factor function

in the neighborhood of the vertex. The unboundedness of the stresses in the

17




neighborhood of the vertex take place when A(l) <1 provided the coefficient

cla(). Because of global dependence of c, on the solution, 4

practically always (except possible in special case of symmetries). Neverthe-

20

less “y can be small and large stresses can be confined to a small area.
Then the usual finite element solution could indicate completely wrong

behavior. Hence computation of Sy is a necessity to obtain reliable results.

y - DISPLACEMENT

100

TRACTION FREE

Fig.4.3. The 3 dimensional domain

| RAY
RAY 4
RAY 3
TORSION INTENSITY
FACTOR FUNCTION
RAY 2
A BENDING INTENSITY
FACTOR FUNCTION

Fig.4.4. Location of the rays
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Let us show now two typical examples. Fig.4.3 shows a three dimensional
domain with imposed boundary conditions. Along the marked edge shown in Fig.
4.4 the stress intensity factor functions are present. In the neighborhood
of A solution has vertex type of singularity. In Fig.4.4 we show the rays
where the stresses are depicted. The first two coefficients /\.1 are given in

Fig.4.5a for v = 0.0 and v = 0.3. The stresses on the rays will have then

the form
(1) (2)_
o= CIRA 1+C2RA 1-+higher order terms.
()
/U4
. (1
i  (0,.C3 R2i 4 o R4 )
15 —~~— A\/ ! e
‘ (o, 03.RINY / . 3 1 !
- I SN T ~(a,, 00, R5) ’
1 T T ~Z
S T L ! =< (c,,03,Ra) 1
0 —- 77 ZX 1,,00./2) ° << —
}/ X{a,,00.R)) < ‘
. -2 N -
=] )| @ AN
v | A A? | N\ (r,;, 03R4
- -4 :
. 00 |05445]09085 AN
0.3 0625507852 -6 \Y {o,.C3.RS
1 X
8 (0,,03,R$T \
(e,,0.3,R2), Bl
0 d [o%) 1.0 . 2.2
- — e Ty O3R2) | @A :
0.5 r
: 10 1.5 20
) & .
— gAY
Fig.4.5. The behavior of stresses on the rays.
and
_A(1) (2)_,(1)
¢R1 A = Cl-tCZR(A A )+-higher order terms.
1_A(l) (A(Z)_A(l))
Hence in the scale oR x R the behavior is linear for small

19




R. C1 and C2 relate to the need to compute two stress singular functions.
Fig.4.5 ab depict the stresses on different rays. The Fig.4.5ab show well
also the scales where the large stresses will appear (which is of the order of
17100 of the thickness). We also see that the value of v does not signifi-
ntly influence the behavior of the solution. Nevertheless this is not always
the case as we will see in the next example.

The second problem (which was suggested by K.J. Bathe, (see also (9]) is

depicted in Fig. 4.B.

CLAMPED

SYMMETRY
CONDITION

A
Tax=zll+2d) H (

u=0

Fig. 4.6 The Bathe's problem

The boundary conditions are shown in the figure. When nothing is explicitly
stated then the associated tractions are zero. Let us consider now the
behavior of the solutions at the edge I-A: for v = 0.0 and v = 0.3.

The values of the constants Alll

are the same as in the previous example.
Fig. 4.7 shows now the stress Ty at the edge I-A. We see here drastic
difference between the stress behavior for v = 0.0 and v = 0.3. The
standard finite element analysis will lead to the conclusion that o is
bounded on the edge I-A for v = 0.3 while for v = 0.0 is large. This

conclusion is of course completely wrong. Let us mention that the strength of

material solution predicts o= -280 for x = -d and z = 0. This value

20




is approximately achieved for v = 0.0 for any y (the problem here is

400
5
350

-300

-250

.200 . e

-150 —~~va—m._~_a____+_j;ﬁ
|
100} -- , j
. \ v=0,31; /
50 ]

. i
0 ' ! l
10° 10 108 10?7 10! 10°

Xl ——

Fig. 4.7 The stress L on I-A for v =00 and v =0.3

*
y-independent). For v = 0.3, it is approximately achieved for y>7d .

We see that for a reliable conclusion about the stresses in the neighborhood

of the corners and edges the computation of the stress intensity factor is

essential and any program should always have to be able to provide them

(STRIPE provides them). For more about the problem of reliable computations

in solid mechanics and detailed analysis of Bathe problem and engineering we

refer to [(1].

S. The plate problem

The plate (and shell) problem is a basic problem in engineering.

As the

basic mathematical problem we will understand the three dimensional problem

of elasticity on the thin domain

.Analysis of the problems of this section has been made by programe STRIPE by

Dr.B. Andersson. For more see also [1].
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Q= {x,y,zl(x,y) ew, |z]| <d/2}.

We will assume isotropic homogeneous material.

5.1 The problem of the derivation of the simplified formulation.

There are very many formulations of the plate problems. For the survey
see [20] [23]. The major simplified formulations are the Kirchhoff [K] and
Reissner-Mindlin (RM) formulations. Many results describe the asymptotic
behavior of the solution of 3 dimensional (basic) formulation as d —0.
These results show that (for example in the energy norm) the 3D and Reissner-
Mindlin solutions converge to the Kirchhoff solution as d —0, see eg.

{12), [19]. For a detailed study of the asymptotic behavior of Reissner-
Mindlin problem we refer to [2].
Further there are generalized models based on the projection in the

energy on the space of functions of the form (Kantorovich method)

& Kk

(5.1) u(x,y,z) = Z ¢, (x.¥)z
k=0

& K

Vix,y,z) = Z wk(x,y)z
=0

o K

Wix,y,z) = zsk(x.y)z .

k=0

In the case v =0, the case n =1 with wo = wo =0 and m =0 leads

to RM model. For v>0, n=1, m= 2, ¥ = wo = 61 = 0 leads to RM model
with singular perturbations. Usually m =n+1 1is taken, which guarantees
the proper asymptotic rate of convergence. The model based (5.1) will be
called n-m model. 1In general n and m can be different in different parts
of w. For n,m—5w® the solution of (n-m) model converges to 3 dimensional

solution (in the energy norm).
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The form (5.1) leads to a hierarchic family of models. It depends on

particulir choice of the function in 2z. In (5.1) polynomials have been

used. This choice is optimal in an asymptotic way when d —0 (see e.g.

[12], [26]). Other optimal choices can be considered too [24].

The error of the various models have to be judged in the relation to

the 3D solution and which data are of interest.

5.2 The problem of the rhombic simply supported plate.

Let us consider the plate shown in Fig.5.1. The simple support can be

formulated as

a) hard simple support

b) soft simple support

Fig. 5.1 The rhombic plate

In the case a) we assume on the lateral sides w =0 and u, = O where by

u

t

t

we denote the displacement in the directions of the tangent to the boundary

of w (and hence TtS(J), u is free (i.e. T = 0).

n

/

In the case b) the only constraint on the lateral side is w = 0 (and bence

T

n

= Tt = 0). The K-model cannot distinguish between these two supports.

Few problems now appear

i) How much do the solutions for the two models of support differ?
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i1) Which support does the K-model describe?

i1i) How accurate (with respect to the 3D model) are the K and RM models?

Answers to these questions depend strongly on how we measure the error. It is
well known that the major difference between K and RM model is in the
boundary layer. For a detailed analysis in the case when the boundary of w
is smooth we refer to [2].

If we take the energy norm measure of the error and the load uniform on
the upper side of the rhombic plate the relative error in % for the K-model,
and the m = n = 2 model {(which leads to the slightly smaller error the RM
model) and for the soft simple support is given in Table 5.1 (3D solution is

taken as exact).

2 model for

Table 5.1 The relative energy norm error of K and m=m
soft simple support in %

v = 0.0 v =03
d=0.1 d = 0.01 d =0.1 d = 0.01
a
K (2,2) K (2,2) K (2,2) K (2,2)
g0’ 39.56 12.57 11.87 3.50 34.52 11.18 9.88 2.94

80° | 39.91 12.59 12.23 3.57
60° | 42.24 12.72 15. 46 4.14
40 45. 43 13.60 20.50 4.24

30° 48.27 15. 41 22.66 4.34 44.68 15.03 18.91 3.88

Table 5.2 shows for a« = 380 and v = 0 the error for the hard support (the
3D solution with hard support is taken as exact). The error of the 3D solu-
tion with the hard support with respect to the soft support of 3D formulation

is 34.7% for d =0.1and 11.7% for d = 0.01 For more see [19].
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Table 5.2 The relative enery norm error for the K and (2.2) model
for hard support in %.

l Model \ d =0.1 d = 0.01
K 20.31 2.03
(2.2) 8.22 0.68

The difference between models eg. K, RM, n-m and 3D model is largest in
the boundary layer. It can be in fact very large.

To illustrate this, we consider the square plate (a =980, v = 0.0). Let
sz and Qyz be the shear forces on the line x = 0.5, 0<y<0.5 computed
from the 3 dimensional solution for d = 0.01 and soft support. They are
shown in Fig.5.2ab. Realizing that the K-model leads to Qyz = 0, we see that
K-model is unreliable for these data of interest.

Q
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-10.0 ’
<
2.0 N -80 i 8.86
-10. '
-4 0 s ooo ol 02 03 04 05
415.36
-16.0 oy
0 0.l 02 03 04 05 B
048!

Fig.5.2 The shear force sz and Qyz at =0.5 and 0<y<0.0S

The K-model approximates relatively well the hard support but not the
soft one. In the larger distance from the boundary, the K-model is usually
usable also for the soft support. Although the K-model approximates the hard
support the usual approach is to modify the reaction sz by the derivative of

the twist moment to get the soft support reaction. This leads to a reasonably
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good approximation of sz. In Fig.5.3 sz for soft and hard support with
twist moment adjustment is shown. Nevertheless no adjustment of K-model could

give reasonable values of Qyz'

! I
- ‘ | Qg = SOFT SUPPCRT -,

Y Bt /

' ‘ T M
oM ™ i
Qux= —3g% MARD SUPPORT-S\\
02 b
F\\
l ! |
0 ; . | \

O 01 02 03 o4 o5

5.3 The reaction Q .
XZ

There is a significant theoretical difference between hard and soft
sample support.

In [6] we have analyzed the behavior of the solutions on a regular n-eck
polygons wo inscribed in the unit circle. We have shown that for hard
simple support the solution in W, converge to a solution on the circle S
but which paradoxically is not the solution on S for the hard simple
support. This happens for K, RM and 3D model. In contrast, in the case of
the soft support, such paradox does not occur. This shows that the
mathematical problem of the hard support has a property which we would not
expect in "reality" and hence an increased precaution has to be given when
hard support model is used.

5.2 The problem of the solution singularity of the plate models.

Let us once more consider the square plate (a = 90°), d = 0.01, v = 0.3
such that the sides 0.5<x<0.5, y = $20.5 are clamped (u,v,w = 0) and
other two sides are free. Then in the neighborhood of the vertices the

solution is singular. [In (111, [27] the singular behavior of the RM solution
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is analyzed. This analysis shows that RM solution has two different
characters of the singularities. Denote by (r,8) the polar coordinates with
center in A = (0.5,0.5). Then for r « d the solution for example the

stresses or moments have the form

M =g = Cr'R

N . wRM(e)

while for r = d, the singularity is as for the Kirchhoff model

= K
o, Cr ¢K(9)

Between these two areas there is a transition domain. The exponents ARM‘

Ax satisfy some transcendental equations. In our case

AR

Ak

- 0.241

+ 0.0686 + 10. 438

(i.e. the stress of K-solution is oscillating). In Fig. 5.4 we show the

stress o at the diagonal of the plate in log - log scale. We see clearly

that both types of singularities occur. Other stresses show similar behavior.

! x Stress G,
2x103}-- ;= —.. . @ Asymptotic Kirchhoff
Singularity, A = 0.068
1xw03] o ) +10438 _
8x10% - o
ex102 - [
9 2 Asymptotic
4x10% I poissner Mindlin -

Singularity, A = -0.241
2x102 } . ——
! Reissner-Mindlin || Transition [l Kirchhoff
2 s
<107y, U
gx10't - — o

10°% 10* 107 1072 10"

P ——

Fig. 5.4 Stress Ty of the RM model.
Finally we can compute the character of the moments computed from the 3

dimensional solution. Here we can show that
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(8)

and in our case

A3D = -0.289

We see that the corner behavior is different for these 3 models. This
difference strongly depends on the geometry of the plate and boundary

conditions. For more we refer to [8].

6. The problem of nonlinear elasticity

The nonlinear formulation in the theory of elasticity stems from

a) nonlinear geometry as large displacements, stresses, etc.

b) nonlinear constitutive law.

Here we will address some questions related to the elasticity assuming
static behavior where effects of velocity etc. can be neglected. In one
dimensional case, given the strain g(t) -w<t <o the constitutive law

leads to the stress response of(t)
(6.1) o = Ac

where A 1is an operator mapping the strains into the space of stresses.

In the 3 dimensional case, € and ¢ are the strain and stress tensors,
respectively.

Usually the constitutive law in 2 and 3 dimensions is derived from the
one dimensional law by applying various principles as Mises, Tresca,
Huber-Hencky, etc. In one dimension many laws were proposed, see e.g. [28].
The basic laws are kinematic, isotropic hardening and others. Recently the
formulation by Chaboche [13] has become popular.

Mathematically it is important that the constitutive law is such that it

satisfles conditions which guarantee the desirable properties of the mathe-
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matical problem of elasticity where it is used. It is of course also
important that there is not a large difference between observed and predicted
response (based on the constitutive law used).

6.1 Experimental results

Results of an extensive one dimensional, experimental analysis with the
aluminum alloy 5454 in the H32 condition are reported in [18]. This alloy is
produced (under the same commercial mark) by different manufacturers and is
widely used in engineering.

The analysis in [18)] is based on the fact that in engineering the
material is taken from the warehouse and at best the experiments for selection
of the proper constitutive law can be made on samples only (statistical
approach). Hence 84 samples have been taken and analyzed. Among others, the
main questions were related to

a) reproducibility of the response

b) selection of the constitutive law.

Two classes of the strain were considered

i) the cyclic periodic strain (which is usually used in material
science).

ii) random strain which is more realistic in applications.

The main results can be broadly characterized as follows

a) The reproducibility factor QR for the random stralin is of order
=10-15% where

max|A(t) - B(t)|

t
R - max[A(t) + B(E) |
t 2

Here A(t) and B(t) is the stress response of two different sample to the

same random strain. For cyclic load the factor Qc is of order 7-10%.
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b) For every sample and particular constitutive law mostly used in
practice (as Chaboche, kinematic, Mroz, etc.) the constants for the best fit
were computed. Then the average value of these (84 samples) were computed and
using these constants the constitutive law the factors CR (resp. CC) vere

analogous to QR(resp Qc) i.e. we define

max|A(t) - B(t)|
t

max|A(t) + B(t) |
t ' 2

Here A(t) is the response for a sample and B(t) is the predicted response

based on the average constants. For the best law (one of them is Chaboche we

get C_ = 22-25% and CC = 16-18%.

R
For the best fit of one sample we get CR ~ 8%.
If the set of averaging is small we can get CR>»30%.
For some laws (in standard use in FE codes), C_ > 40 - S50%.

R

In the Table 6.1 we show the H-HL “'"L norm (in psi) and relative error.
© 2

1A-B IAB | A-BIl Leo i A-BIl L,
Lo La T(A-BY/2] I (A=BY/2)
! Lz Lg
; % f
| ? |
fd | fq . s322 2334 14. 4% " 12.9%
| |
£d Chabache | 8346 2654 22. 0% | 13.5%
fd | Kinematic | 11850 3475 32.8% 17. 6%
|

(fd, fq is the label of the sample, Chaboche and Kinematic means response
obtained by the Chaboche resp. kinematic law). We mention that for

computational purpose, the norm “‘"L is essential (and not |-}
[+

Lz)'

As an illustration we show in Fig. 6.1, 6.2, 6.3, the value for A-B (two
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samples) and A-B for character and kinematic law using average constants, for

the random strain.

STRESS (PS!1)

w2

Fig.6.1 The difference between two samples

1 Ul teee

SERESS (S

s we Y ) V2 14 e 18 ?

Fig.6.2 The difference between sample and Chaboche law
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Fig.6.3 The difference between sample and kinematic law.

[18] analyzes only the one dimensional problem. It is possible to expect
that in 2 resp. 3 dimensional setting the factors will be larger.

The analysis made in [18] indicates

a) It is necessary to analyze the reliability of constitutive laws
derived from statistical sampling.

b) It is necessary to analyze random and not cyclic strains.

c) It is highly desirable to develop a mathematical theory for determin-
ing the constitutive law based on the (infinitely dimensional) identification
problems and to develop a strategies for optimal selections of strains for
experiments. This is especially important for 2 and 3 dimensional settings.

d) It seems that the usual elasticity formulation and computation based
on the "average" constitutive law cannot glive reliable results and other

approaches such as bracketting have to be developed, see also here [10].



6.2 Mathematical formulation of Chaboche law.

We have seen in the Section 6.1 that the Chaboche law is one of the
laws which fits best the data for the single sample. Therefore we will
discuss it here in more detail.

Although in [13] the law is formulated in an incremental way related to
mechanical interpretation, it can be cast into a system of ODE for the stress
and two (internal) parameter functions, (e(t), x(t), R(t)) for given strain
e(t). In what follows we denote &(t) = g% etc. The Chaboche law is

characterized by 6 constants.

We have

x(0) = R(0) =0

Ee, o(0)

.
o

ta
]
o

] - -
eh(O) ey, 58(0, ey

O
1]
o

(6.2)

for all te8&, where

£ = {tlel(t) <g(t) <eh(t). or e(t) = eh(t)

and €<0 m‘cét)=eu) and €20}

. _ Elc(a~-x(t)) + b(Q-R(t))] -
o(t) = ety +bla=R(t)) + E =V
. _ Elc(a-x(t)) .
(6.3) 2(t) = T ¥ BeR(t) +E V)
. Eb(Q-R(t)) .
R(t) = = (0)) + B(GR(EN+E (V)
B o=t
g, = ¢ - 28
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for all teP where

P,={tl€>0 and e = ¢}

h
and

. _ Elc(a-x(t)) + b(Q-R(t))
(6.4) o(t) = SEax(t)) *BQ-R(E)) +E

R(t) = tb(Q-R(t))

c(a+x(t)) + b(Q-R(t)) +E
g, =€ - 2%
sy =&

for all t e€P_, where

P_={t|¢<0 and € = ¢,

e
Chaboche model is characterized by 6 constants with a physical interpretation.

a: Kinematic coefficient
c: Kinematic exponent

Q: isotropic exponent

b: isotropic exponent

g: yield strain ‘

E: elastic modulus

The Chaboche law as formulated can be generalized into 2D and 3D formu-
lations. Nevertheless when this is used in the nonlinear elasticity equation
problem, some desirable mathematical properties of the problems (as for
example, the exlistence of the solution) are not quaranteed. Hence another
formulation which approximate well the Chaboche law and leads to the desirable

properties of the mathematical formulation should be used.
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6.3 A proper mathematical formulation of the constitutive law.
Let us outline now here principles and family of constitutive laws

(called gauge method) which guarantee good properties of the mathematical

problems based on them. There are two basic (sufficient) conditions for it.

a) Existence and convexity of the yield surface

b) the normality condition

(These conditions are related to the Druckers postulates).

Let ge[Rm be the set of internal parameters, ac AcRm, A being a
convex set in R". Set further awsRs (for a two dimensional problem).

Now we will formulate the law with the help of the yield function. To
this end let F(o,a), F: R3><A-—+R be given so that

(6.8a) F 1is convex and C1

(6.8b) F(0,0) =0

(6.8¢c) There exist constants 7, I' such that 0~<3’<|6aF||6aFI<I‘

uniformly on the set {(o,a)|F(e,a) = 2.} for some 2z

0 0
Then
(6.9) oc=De if teég
a=0
. Ds_F(5_F)'D _
(6.10) o= |D - T T €
(8, F) (8,F) + (8 F) (3 F)
«=- (AT - N NG FRTeIsF if te?
a a o [+ 4
where
& = {t|F(o,a) <z or

0

Fla,a) = z. and (aaF)T&sm

0
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P = {t|F(e,a) =2, and (GGF)T&EO}.

0
The Chaboche model could be cast approximately in the above frame using

Flo,a,B8) = [max(Fl(c,a.B), Fz(c,a.s)]‘

where

(6.102) F, (e, a.B8) al(a—al)z +a,(aa,) + a3(8—81)2 +a,(8-8,) + (6-0 ) + T,

(6. 10b) Fz(c.a.B)

2 2 N
bl(a—azl -ﬁbz(a-az)-+b3(8-81) -+b4(B-82, (o 02)-+C2

-

and [ ] the smoothing the operator in the neighborhood of the manifold

Fl(v,a,B) Fz(c,a,B).
Fig. 6.4a shows the relation between &£ and ¢ for cyclic (sinusoidal)

strain with 50 reversals (25 periods) for the constant computed out of the

experimental data (averages of Chaboche constants).

ACE D AL A SO LOOPS CACE "0 mef OF A.8.2.3 S0 53 .3CP

BB ENCD AL, NEAW 30 LOTPS L L S0 I » g ]

—
]

)
[ IR ")

Fig.6.4 The relation between the strain € and the stress for the law based
on (6.10a,b).
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Fig. 6.4b shows the results where, for the constant, we have taken the mean
minus standard deviation (let us mention that the correlation for these
coefficients (see [18])) are of order 0.2). Fig. 6.4c shows the results when
computed from the Chaboche law (see section 6.2) and Fig.6.4d shows the
experimental results for one sample.

We see that the results from the original Chaboche law are well
approximated. In all these data we have asisumed that the initial data which
depend on past history have been known. In reality they are not known which
further increases the uncertainties in the available information. The
derivation of 2 and 3 dimensional constitutive law leads to still more
uncertainties because not enough experiments could be made. In [10] the 2
dimensional constitutive law was derived as the limit of the frame made out of
the bars, analogous Cauchy’'s derivation of linear elasticity.

We have seen that the computation of the problem of elasticity on the
assumption of the knowledge of constitutive law without respecting the

uncertainties leads to unreliable results.

7. A pos.eriori error analysis of the model.

It is essential to make a posteriori analysis of the error of the
solution of the simpliefied problem when only the data from this simplified
model are used. This can often be made by two sided energy estimates. For
details see e.g. [17].

7.1. Estimate of the error of geometry idealization.

Consider the problem on Qr shown in Fig. 7.1.
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Fig. 7.1. Scheme of the problem with perturbed houndary.

Let the basic mathematical problem be the 'inear elasticity on Qr and

the simplified problem is the problem on QO using E=1, v = 0.3 (and

r = 0). Then by finite element solution we get two stress intensity factors

(see Section 4) c, = 0.2157 102, c, = 0.5929 10°. Then the estimate using

c (and the form of the singular functions) allows to compute the upper

1" %2
estimate in the energy norm on QO

(see 117)). Table 7.1 gives the results together with the true

of the difference between the solutions on
Qr and Qo

error obtained by th2 solution on Qr'

Table 7.1 The estimate and true error of the geometry ideal

r 4J Estimate True error
0.1 19. 0% 13.2%
0.01 3.5% 3.0%

We see good effectiveness of the estimate.

7.2 Estimates of the linearization

Let us consider once more the problem shown on Fig.7.1 with r =0. If
the simplified problem will be understood as the linear probliem the strains

and stresses are infinite (see Section 4). If we would consider as the basic
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problem the nonlinear problem, the nonlinearity will occur in the neighborhood
of the corner. We will assume the Hencky model of the nonlinear elasticity

with the governing function

g for 05 ¢ SCO
p(g) =
1- - - -
BC+TB§(1) <A ————-c(1 7;(1 B) o for ¢ >¢
X 0.5-8
with 76[—1_3— .1)

Functions (L) 1is the function describing the nonlinearity of the material.
Let us consider the problem depicted in Fig.7.1 with E = 106, v = 0.3.
Table 7.2 shows the upper estimate of the relative error mentioned in the

energy norm for various values of B8,7,{.. For more details we refer to [17].
0

gy = 0.01 ¢ = 0.001

Estimate of Estimate of
B 7 relative B 7 relative

error error
0.1 0.501 2.76 10" % 0.9 0.8 2.05 107%
0.1 0.5001 2.79 1074 0.9 0.5 4.06 1075
0.1 0.50001 2.79 1074 0.9 0.02 5.36 107°%
0.01 0.501 g.56 10”3 0.5 0.8 1.19 1074
0.01 0.5001 a.62 1074 0.5 0.5 2.55 10~ %
0.01 0.50001 9.63 10”3 0.5 0.2 3.89 1074
0.001 0.501 3.03 1073 0.3 0.3 1.84 1074
0.001 | 0.5001 3.07 107 0.3 0.5 4.32 10”%
0.001 | 0.50001 3.08 1073
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8. Conclusions

We have discussed various aspects of reliability without trying to define
more precisely what does it mean. We have seen that the aim is to get desired
data with an assessment of their accuracy. More precisely we are aiming to
get the quantitative bracketts in which the "true" results are. These
bracketts then express the uncertainty of the results c;used by uncertainties
in the input data, the (simplified) formulation, the discretization etc.

We can now roughly define the reliability of engineering computations in
the relation to reality.

The computational results furnished with the bracketts are physically
reliable if the physically observed resulls are in the provided bracketts.

Analogously, (more precisely) we can define the reliability of the compu-
tational results in the relation of mathematical analysis.

The computational results furnished with the bracketts are mathematically
reliable if the exact data of the basic mathematical problems are in the
provided bracketts.

We have seen that the reliability is related to the data of interest and
the definitions what is meant by accuracy (e.g. particular norms) etc.

We have also seen that the mathematical formulation has to be closely
related to the engineering analysis and experimentation. Without it, the
"physical” reliability is impossible to expect.

The mathematical reliability, i.e. the comparison of the obtained results
with the exact data stemming from the basic mathematical problem is always (at
least in principle) possible. This comparison and its bracketting is then the
main goal of the (mathematical) computational analysis.

The reliability of the computational analyses has many features and

bring out many unsolved problems. Nevertheless there are already today many
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ways Lo get at least partial quantitative insight into reliability of computed

results.
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The Laboratory for Numerical analysis is an integral part of the
Institute for Physical Science and Technology of the University of Maryland,
under the general administration of the Director, Institute for Physical
Science and Technology. It has the following goals:

o To conduct research in the mathematical theory and computational
implementation of numerical analysis and related topics, with emphasis
on the numerical treatment of linear and nonlinear differential equa-
tions and problems in linear and nonlinear algebra.

o To help bridge gaps between computational directions in engineering,
physics, etc., and those in the mathematical community.

o To provide a limited consulting service in all areas of numerical
mathematics to the University as a whole, and also to government
agencies and industries in the State of Maryland and the Washington
Metropolitan area.

o To assist with the education of numerical analysts, especially at the
postdoctoral level, in conjunction with the Interdisciplinary Applied
Mathematics Program and the programs of the Mathematics and Computer
Science Departments. This includes active collaboration with govern-
ment agencies such as the National Bureau of Standards.

o To be an international center of study and research for foreign
students in nurerical mathematics who are supported by foreign govern-
ments or exchange agencies (Fulbright, etc.)

Further information may be obtained from Professor 1. Babu$ka, Chairman,
Laboratory for Numerical Analysis, Institute for Physical Science and
Technology, University of Maryland, College Park, Maryland 20742.




