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ABSTRACT

A LABORATORY STUDY OF THE EFFECT OF STRESS STATE
ON THE ELASTIC MODULI OF SAND

Major Martin David Lewis, USAF

Doctor of Philosophy

The University of Texas at Austin, 1990

A study was conducted to determine the effect of stress state on
the Young's modulus of an uncemented dry sand. A new laboratory
device was built which uses dynamic wave propagation to determine
independently the constrained (M), Young's (E), and shear (G) moduli
by measuring the dilatational, bar and shear wave velocities,
respectively. The device, called the Multi-Moduli Testing Device (MTD),
can vary the principal stress, in compression or extension, that is
parallel to the longitudinal axis of a cylindrical soil specimen, creating a
state of stress in the specimen where G1 > 62 = 63 0r G{ = G2 > G3.

The dilatational and shear wave velocities are determined using
pulse test methods. The bar wave velocity is determined using a
longitudinal resonant test method in which the first four natural
frequencies of the specimen are determined. The bar wave velocity is

computed from the natural frequencies using a two-step reduction




process that begins by computing the phase velocity assuming one-
dimensional motion. The second step utilizes the three-dimensional
solution for longitudinal wave propagation in an infinite rod to adjust the
phase velocities. The resulting values for the bar wave velocity are
typically within five percent of each other.

Tests were conducted on a dry, uncemented sand subjected to
isotropic and biaxial stress conditions. The tests showed that when
confined isotropically, all three moduli (M, E and G) could be
adequately described by a relationship involving a constant times the
mean effective stress raised to a power ranging from 0.45 to 0.51.
However, when the sand was subjected to biaxial compression or
extension, it was shown that the principal effective stresses influenced
each modulus differently. For the constrained modulus, the tests
reaffirmed earlier studies which have shown that the principal stress in
the direction of wave propagation almost solely controls the modulus.
This study has shown the new result that Young's modulus is also
dominated by the principal stress in the direction of wave propagation.
However, the principal stresses perpendicular to the directicn of wave
propagation have more influence on Young's modulus than the
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ABSTRACT

A LABORATORY STUDY OF THE EFFECT OF STRESS STATE
ON THE ELASTIC MODULI OF SAND

Publication No.

Martin David Lewis, Ph.D.
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Supervisor: Kenneth H. Stoioe, |

A study was conducted to determine the effect of stress state on
the Young's modulus of an uncemented dry sand. A new laboratory
device was built which uses dynamic wave propagation to determine
independently the constrained (M), Young's (E), and shear (G) moduli
by measuring the dilatational, bar and shear wave velocities,
respectively. The device, called the Multi-Moduli Testing Device (MTD),
can vary the principal stress, in compression or extension, that is
paraliel to the longitudinal axis of a cylindrical soil specimen, creating a
state of stress in the specimen where 61 > G2 = G3 or 61 = 62 > G3.

The dilatational and shear wave velocities are determined using

pulse test methods. The bar wave velocity is determined using a
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longitudinal resonant test method in which the firsi four natural
frequencies of the specimen are determined. The bar wave velocity is
computed from the natural frequencies using a two-step reduction
process that begins by computing the phase velocity assuming one-
dimensional motion. The second step utilizes the three-dimensional
solution for longitudinal wave propagation in an infinite rod to adjust the
phase velocities. The resulting values for the bar wave velocity are
typically within five percent of each other.

Tests were conducted on a dry, uncemented sand subjected to
isotropic and biaxial stress conditions. The tests showed that when
confined isotropically, all three moduli (M, E and G) could be
adequately described by a relationship involving a constant times the
mean effective stress raised to a power ranging from 0.45 to 0.51.
However, when the sand was subjected to biaxial compression or
extension, it was shown that the principal effective stresses influenced
each modulus differently. For the constrained modulus, the tests
reaffirmed earlier studies which have shown that the principal stress in
the direction of wave propagation almost solely controls the modulus.
This study has shown the new result that Young's modulus is also
dominated by the principal stress in the direction of wave propagation.
However, the principal stresses perpendicular to the direction of wave
propagation have more influence on Y.,ung's modulus than the

constrained modulus.
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Chapter One

Iintroduction

1.1 Background

Research into the dynamic properties of soils over the past three
decades has focused on finding constitutive relationships which best
characterize soils subjected to a broad range of strains. It is understood
that a soil, either in situ or in the laboratory, exhibits a constitutive
relationship more complex than that described by simple linear elasticity.
However, research has shown that at shear strains less than 0.001%,
most soils behave as a linear elastic continuum. The bulk of this
research has been conducted in devices where only an isotropic state of
stress could be applied to the soil. Consequently, it was generally
believed that the first stress invariant, the mean effective stress [Go =1/3
(61 + 62 + G3)], controlled all moduli (Young's, shear, constrained, and
bulk) in the same manner. Research during the past decade has shown
this was not completely true, at least for shear and constrained moduli.

A fundamental understanding of the relationships between the
measured dilatational (Vp), shear (Vs) and rod (V¢) wave velocities, the
elastic moduli and the stress conditions under which the velocities are
measured is essential to the successful application of seismic testing in

the laboratory and the field. As it is commonly believed that a cross-




anisotropic model is conceptually a better representation of natural soil, it
is imperative to understand how different states of stress affect the moduli
commonly used to characterize soil stiffness. With this knowledge it may
be possible to continue to extend the use of seismic testing to include
applications such as relating stiffness properties between field and
laboratory specimens and the characterization of in situ stress states.

As an additional note, an elastic continuum assumption implies
that the soil moduli should be unaffected by the frequency at which a
dynamic test is conducted. This was probably a fair assumption when
one considers the frequency range over which most dynamic laboratory
tests have been conducted (1-300Hz). However, the use of devices such
as piezoelectric crystals introduces test methods which are conducted at
frequencies at least one order of magnitude greater than used in the
past. Many civil engineering materials exhibit different stiffness
properties at higher frequencies.

All dynamic laboratory test devices which use methods based on
wave propagation theory can be divided into two principal types:
resonant devices and pulse devices. Resonant devices measure soil
stiffness by first determining a resonant frequency of the soil specimen.
One example is the torsional resonant column with which the shear wave
velocity, and thus, the shear modulus, is determined by measuring the
first-mode resonant frequency in torsion. A second example is the
longitudinal resonant column, with which the bar wave velocity is

determined by measuring the first-mode resonant frequency in the




longitudinal direction. Although several laboratory devices exist that
were designed to resonate both torsionally and longitudinally, the most
commonly used devices determine only one soil stiffness.

The second group of dynamic testing devices incorporates pulse
methods to measure direct travel times of polarized waves. With the
appropriate combination of sources and receivers, it is possible to
measure the velocities for dilatational and shear waves, and
consequently the constrained and shear moduli can be determined.
Most devices in the past have used mechanical or electromagnetic types
of vibration sources. However, with the advent of piezoelectric crystal
technology, sources capable of operating reliably at higher frequencies
are available tor use in laboratory and field testing.

Any of these devices, in their simplest form, can measure soil
stiffness under isotropic conditions and most torsional resonant column
testing is conducted under isotropic states of stress. A limited number of
studies have been conducted using the torsional resonant column device
where an axial compression load was applied (biaxial compression), and
resonant tests on hollow samples has permitted testing under limited
triaxial conditions. But the torsional resonant column can only study the
anisotropic behavior of the shear modulus. It cannot be used to to study
the constrained or Young's moduli. Modifications to the longitudinal
resonant column to allow study of anisotropic states of stress are
inherently more difficult because the device must load the test specimen

axially yet still permit it to resonate dynamically. For this reason,




research under true triaxial states of stress have commonly used cubic
devices with pulse testing.

Dynamic laboratory testing using pulse methods has been
conducted i~ both small- (4 in) and large- (7 ft) scale cubic laboratory
devices which had the ability to vary the stress in all three orthogonal
directions. The ability of these test devices to vary the state of stress in
the test sample has led to the discovery during the past decade that the
mean effective stress does not uniquely control a soil's stiffness. Rather,
it has been shown that, for waves polarized along principal stress
directions, the dynamic stiffness of a soil skeleton is controlled by the
state of stress in the line (dilatational wave), or plane (shear wave),
containing the propagating wave and particle motion and was virtually
independent of the stress(es) in the other direction(s). However, cubic
triaxial testing devices using pulse test methods only measure body
wave velocities and cannot measure the bar wave velocity.

In brief summary, the state of the art in laboratory resonant devices
typically results in the measurement of shear modulus or Young's
modulus under isotropic loading. The torsional resonant column has
been modified to conduct tests under biaxial compression or triaxial
states of stress but is not commonly used in this manner. State-of-the-art
pulse devices can measure either the shear or constrained modulus
under isotropic, biaxial and triaxial states of stress. In the writer's
knowledge, no device has been developed which would allow the study

of the effect of state of stress on the Young's modulus of a soil.




1.2 Goal and Objectives

The primary goal of this research was to study the effect of state of
stress on Young's modulus of the soii skeleton. To accomplish this goal
it was necessary to des}gn and construct a laboratory test device which
could measure the bar wave and dilatational wave velocities of a dry
cohesionless soil under different states of stress. An additional objective
was to measure the shear wave velocity on the same specimen.
Therefore, the main goal was broken into several objectives which are

enumerated briefly in the following list.

(1) Review recent literature for research on testing of soils under
different states of stress, particularly looking for research concerning

Young's and constrained moduli in the linear elastic range.

(2) Design a testing device with which small-strain Young's,
constrained and shear moduli could be independently determined on the
same sand specimen without changing the state of stress. With the

testing device one should be able to:

(a) apply, at a minimum, a biaxial state of stress by

changing the stress in one direction, both in compression and extension;




(b) determine the state of stress in the specimen and the

changes in the shape of the specimen resulting from changes in stress;

(c) excite dynamically the specimen in the small-strain

(<0.001%) range and measure its response; and

(d) record and store digitally the dynamic response of the

specimen for future analysis.

(3) Develop a method using the device designed in item 2 to
determine Young's modulus and develop a data reduction technique that

is founded in wave propagation theory.

(4) Study the impact of specimen parameters such as size, shape
and stiffness on Young's modulus determined using the test apparatus

and test method developed in items 2 and 3.

(5) Develop a method for constructing dry sand specimens which

would yield structurally uniform and comparative sand samples.

The research program described in this dissertation explains how

each of these five objectives was accomplished.




1.3 Organization

The research that is reported in this dissertation describes the
theory, modelling, development and construction of a Multi-Moduli
Testing Device (MTD). The MTD was designed to measure
independently the dilatational, bar, and shear wave velocities from which
the constrained, Young's, and shear moduli could be calculated.

A brief description of recent developments in dynamic laboratory
testing is presented in Chapter Two. Basic concepts used in current
practice are described, with specific emphasis placed on methods to
determine constrained and Young's moduli.

The theoretical development used to analyze and reduce the data
collected using the tests methods employed in the MTD are presented in
Chapter Three and companion Appendices A, B and C. The reader is
encouraged to examine the sections developing a specific case for one-
dimensional wave propagation in a finite cylindrical rod, three-
dimensional wave propagation in an infinite cylindrical rod, and transient
motion in a semi-infinite rod resulting from a sudden impact on the end.

The development of a finite element program using axisymmetric,
finite elements to model! cylindrical test specimens in this study is
described in Chapter Four and companion Appendix D. The program
was used to model the three representative soil specimens tested in this
study, a loose sand, a dense sand, and a moderately stiff clay. Inthe

program the user has the flexibility to specify different specimen




parameters, such as length, diameter and stiffness, and the appropriate
end conditions. The output from the program is a transfer function that
relates the vertical and horizontal motion at nodes along the top of the
specimen to a unit vertical displacement of the nodes at the bottom of the
specimen. A qualitative study of the effect of the specimen stiffness,
length, diameter, Poisson's ratio and end conditions on the transfer
function is included in this chapter.

The design of the MTD and of each of its major systems is
described in Chapter Five. The MTD is divided into three main systems
which are; (1) Specimen Confinement, (2) Dynamic Excitation, and (3)
Dynamic Monitoring. A detailed list of equipment for each system is
included in Appendix E. The latter part of Chapter Five describes test
specimen preparation and set up. A step by step description for the
preparation of a cohesionless sand specimen using a multiple sieve
pluviating device that was designed and built for this research is included
in Appendix F.

The Axial Pulse and Shear Pulse test methods used to determine
the dilatational and shear wave velocities and the respective constrained
and shear moduli are described in Chapter Six. A description and
justification of the fundamental assumptions in each pulse test is also
included in this chapter, along with an assessment of the potential error
in each of the computed moduli.

The Longitudinal Resonant Column test, which is used to

determine the bar velocity of the test specimen, and thus Young's




modulus, is described in Chapter Seven. The theoretical developments
described in Chapter Three are applied in this chapter to the data
obtained from the longitudinal resonant column test to yield the bar wave
velocity. An assessment of the assumptions made in reducing the data,
and an estimate of the error in the computed values of Young's modulus,
are also included.

The materials tested, and the results from those tests conducted
during the development of the MTD, are described in Chapter Eight.
These materials included man-made materials, such as polyurethane,
polypropylene, polyvinyichloride and Portland cement concrete, as well
as two natural materials, a compacted clay and the dry sand that was the
focus of this study.

The two test series conducted on the dry sand confined
isotropically at pressures ranging from 4 to 64 psi are described in
Chapter Nine. The constrained, Young's, and shear modulus versus
mean effective stress relationships are calculated and compared to
previous research on the same sand.

Five test series in which the dry sand is subjected to varying
biaxial states of stress are described in Chapter Ten. In these test series,
both the axial and radial stresses are varied independently up to a
maximum effective principal stress ratio of 2.0. The separate influence of
each of the axial and radial effective stresses on the constrained,
Young's, and shear moduli is presented and compared to results from

earlier research on the same sand.




The dissertation is concluded in Chapter Eleven, in which a
general summary, fundamental conclusions, and recommendations for
further research are presented. This research raised many more
interesting questions and identified more potential study areas than were
possible to address within its original scope. This, in the writer's opinion,
is as valuable a contribution to the profession as the development of the
MTD and the understanding of how state of stress affects Young's

modulus.
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Chapter Two
Laboratory Testing Devices to Evaluate Dynamic Moduli of
Soils

2.1 introduction

The development of dynamic laboratory testing equipment for
determining soil stiffness by measuring velocities of wave propagation
has reached a plateau over the past decade. Lately, most advances
have been confined to optimization and automation of existing test
devices and methods that were initially developed two or more decades
ago. There are two basic groups of dynamic laboratory test devices
available to the geotechnical researcher, those which are based on
resonant methods and those which are based on pulse methods.

This chapter describes the basic concepts associated with each
group of dynamic laboratory test devices and briefly discusses their
capability and limitations. The discussion will be limited to dynamic
laboratory devices which typically test at strains of 107 percent or less.
This precludes discussion of cyclic triaxial and torsional shear testing, a
common group of testing devices sometimes considered "dynamic”.
These devices, whether strain or stress controlled, generally work best
when measuring soil stitfness at strains between 10°! and 1073 percent.

Ni (1987) and Lee and Stokoe (1986) provide literature summaries of

11




resonant column testing for the shear moduli and pulse testing for the
constrained and shear moduli, respectively. It is not the writer's intention
to repeat their work, but to stress the strengths and weaknesses of the
devices currently used in practice. Additional reviews of dynamic testing
for the laboratory and the field are provided by McSkimin (1961), Richart
(1975), and Woods (1978).

This chapter concludes with a brief summary of the relationship
between the stress state and the dynamic moduli of soils, as it is currently
understood by the soil dynamics community. This relationship is

presented in light of the development in the laboratory equipment.

2.2 Resonant Testing Devices

The first major group of dynamic laboratory testing devices
measure the resonant frequency of a specimen, from which the specimen
stifiness is computed using one-dimensional wave propagation theory.
These are commonly referred to as resonant column devices, and their
first recorded use was by Japanese engineers (lida, 1938 and lida, 1940)
when wave propagation in a sand column subjected to longitudinal and
torsional motion was studied. Their device determined wave velocity
from the resonant frequency and height of the sand column and had no
provisions to confine the sand other than under its own weight.

The growth of the nuclear power industry in the 1960's revived

interest in dynamic soil properties as they pertained to soil-structure
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interaction and liquifaction problems. Consequently, the resonant
column device reappeared as a tool to study dynamic soil properties.
Shannon, et al (1959) and Wilson and Dietrich (1960) designed a new
resonant column and data reduction scheme. in their device, the soil
specimen was placed on a vibrating base which could be excited
longitudinally or torsionally. Most importantly, an isotropic confining
pressure could be applied to the specimen.

A schematic of Shannon and Wilson's device is included in Fig.
2.1. Drmevich et al, formalized the resonant column device and data
reduction method in 1878. Their proposal was eventually designated a
standard (D4015-87) by the American Society for Testing and Materials.
Shannon and Wilson's device, also referred to by researchers as the
"Drnevich” device, measures the resonant frequency of the soil-device
system. The device response has to be determined separately in a
calibration test and is then removed from the system response to obtain
the soil response. Further, constraints have to be placed on the relative
stiffness of the springs attached to the driving base in order to reduce the
laboratory data using "free-free" or "fixed-free" one-dimensional wave
propagation theory. The process of determining a soil stiffness was
relatively complicated and required a computer program and/or the use
of several tables.

In the 1960's and through the mid-1970's, researchers developed

and used resonant column devices for numerous investigations. These
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Fig. 2.1. Schematic of Early Resonant Column. (From Drnevich et al,
1978)
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researchers included Hall and Richart (1963), Hardin (1965), Afiti and
Richart (1973), and Anderson (1974). In the course of their
developments, the driving mechanism was moved to the top of the
specimen and the base was rigidly fixed, creating a "fixed-free” device
that was easier to use and which had a simpler data reduction process.
At the same time, the device became exclusively a torsional resonant
column, with research concentrating on determining the factors affecting
the shear modulus.

Early versions of the resonant column could only apply an
isotropic confining stress. Hardin and Music (1965) modified their device
so that it could apply a vertical stress (in addition to the hydrostatic
confining stress) to the top of the specimen through a piston bearing
directly on the vibration generator. Drnevich et al(1967) modified his
device to test hollow cylindrical specimens in order to minimize the
varniation of shear strain across the specimens. Drnevich also increased
the torque capacity of his device so that shearing strains above 10-1
percent could be applied to the specimen.

in the late 1970's and early 1980's, a newer version of the
torsional resonant column was developed at the University of Texas at
Austin (Isenhower, 1979, Canales, 1980). The driving mechanism was
improved to simplify the test set up and to allow significant consolidation
in the sample during the course of a test. The torsional resonant column
device was further modified to accommodate solid or hollow specimens

(Isenhower, 1979). Allen and Stokoe (1982) modified the torsional
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resonant column to apply an anisotropic loading to solid samples

(61 > G2 = G3) by pulling down on a thin wire that ran through the center
of the specimen and was connected to the top cap. Stokoe and Ni
(1985) further modified the apparatus to test hollow specimens, which
allowed testing under true triaxial conditions. in 1987, Ni connected the
resonant column testing devices at the University of Texas to a
microcomputer and all aspects of the test and data reduction were fully
automated. Figure 2.2 is a schematic of the anisotropic torsional
resonant column device set up with a hollow specimen that was used by
Ni (1987).

One of the important aspects of the development of resonant
column devices is that the majority are now constructed to measure only
one elastic moduli under one state of stress, specifically, the shear
modulus under isotropic confining pressures. A second poini is that only
one-dimensional wave propagation theory is applied in the data
reduction. It will be shown in Chapter 3 that this is appropriate for
torsional resonant column testing because the fundamental mode in the
three-dimensional problem is independent of frequency. However, that
is not the case for longitudinal motion. It will be shown that the
fundamental longitudinal mode is a function of frequency and one-
dimensional approximations quickly become inadequate as the
frequency increases. One final point, only torsional resonant column

devices have been modified to allow testing under anisotropic states of
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stress, specifically biaxial compression (61 > 62 = 63) and triaxial (61 >
G2 = G3) states of stress. To the knowledge of this writer, no resonant
device has been constructed with the specific intent of measuring

Young's modulus under anisotropic states of stress.

2.3 Pulse Test Devices

In laboratory pulse tests, the time for an induced disturbance to
travel from its point of origin to a detecting sensor (or between two
detecting sensors) is measured. The distance travelled by the
disturbance, divided by the travel time corrected for any instrument
delays is the pulse velocity. The specimen stiffness is then calculated
from the velocity in accordance with wave propagation theory in an
elastic whole space. The disturbance can be generated by any number
of devices, i.e. mechanical, electro-mechanivai, or piezoelectric.
Typically, the detecting sensors are velocity (geophones) or acceleration
transducers which convert physical motion into electrical signals that can
be amplified and recorded.

Pulse tests can be used to measure two body wave velocities, the
dilatational and shear wave velocities. For both waves propagating
between source and receiver locations, the respective particle motion for
the dilatational wave will be parallel to the direction of wave propagation

whereas it is perpendicular for the shear wave. Consequently, it is
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possible to design a pulse generator intended to generate predominantly
one or the other of the two wave types and orient the receiver with the
corresponding direction of particle motion. This use of "polarized” waves
is the basis of all pulse testing.

The devices constructed for pulse testing are either right circular
cylinder or cubic in nature. Cubic devices have the advantage to vary the
three orthogonal stresses independently, whereas cylindrical devices
can only load specimens biaxially. Lawrence (1963) used piezoelectric
crystals or ceramics to generate and detect disturbances in a traditional
triaxial test cell. Schmertmann (1978) generated puised dilatational and
shear waves in cylindrical samples by striking a rod with a ball and
scissor-type mechanical generator within a test chamber. Roesler (1979)
buried a DC motor exciter in a 30 cm cubical sample in order to generate
shear waves. Knox, et al, (1982) constructed a large-scale triaxial device
(LSTD) at the University of Texas (UT) in which 7 ft cubical samples were
loaded in true triaxial states of stress. Accelerometers were buried at
different locations and elevations inside the sample. The LSTD was
used subsequently by Chu et al (1984) and Lee and Stokoe (1986) to
study: (1) the eftect of stress state on dilatational and shear wave
velocities (and hence, constrained and shear moduli), (2) the influence of
structural anisotropy on dilatational and shear wave velocities, and (3)
the importance of (1) and (2) on in situ testing. These goals dictated the

use of such a large device versus the relatively small laboratory devices
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Fig. 2.3.
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Cut-Away Isometric View of Large-Scale Triaxial Device
(LSTD). (From Lee and Stokoe, 1986)

used by earlier researchers. Figure 2.3 is an illustration of the LSTD

used at the University of Texas over the past decade.

Pulse testing in cubic devices has the advantage of measuring

dilatational and shear body waves under triaxial stress conditions with

relative ease. Through the use of "polarized” waves it is possible to

investigate the effects of structural anisotropy (in large samples) and

stress-induced anisotropy. However, pulse methods in cubical devices
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cannot measure the bar wave velocity (and Young's modulus) directly;
rather it has to be calculated from other moduli assuming isotropic linear
elastic properties in the specimen. Until recently, pulse methods have
not been used {c find the bar wave velocity in normal laboratory-sized

soil samples.

2.4 Other Developments in Dynamic Laboratory

Testing

One of the most significant developments over the past quarter of
a century is the routine use of piezoelectric crystals and ceramics for a
variety of applications. There are signs that such use is siowly making its
way into the realms of geotechnical laboratory testing. For years, the use
of piezoelectric technology in resonant column devices has been limited
to the accelerometers used to measure the motion of the drive plate
and/or the free end.

Piezoelectric technology can be applied in both resonant and
pulse devices currently used in dynamic laboratory testing. First, the
advent of piezoelectric vibration generators, made by stacking
piezoelectric ceramic disks and connecting them in series, has made it
possible to replace the cumbersome electromagnetic or electro-
mechanicai vibration mechanisms used in resonant column devices.
The piezoelectric shaker has a greater frequency range than the current

driving mechanisms which are generally limited to less than 1000 Hertz.




However, piezoelectric shakers also can not operate well at very low
frequencies (<300 Hz) and a trade off has to be considered.

Piezoelectric technology can also be applied in pulse tests,
particularly with the customization and miniturization allowed by the
technology. Strassburger (1982) and Dyvik and Madshus (1986) have
measured small-strain shear moduli using piezoelectric bender elements
embedded in soil samples to generate and detect shear waves.
Strachan (1985) proposed an alternative test method for ensuring full
saturation in triaxial test samples by measuring the dilatational wave
velocity generated and detected by piezoelectric crystals mounted in the
center of the base and top cap of the sample. Strachan demonstrated
that the well-known sensitivity of the dilatational wave velocity to small
quantities of air in the pore fluid can be correlated to the wave
propagation velocity and the B-value coefficient (change in pore
pressure over change in isotropic stress).

There is a second area of dynamic laboratory testing where
advances in technology are having an impact. That area invoives the
control and recording of dynamic laboratory testing and its subsequent
data reduction. As mentioned earlier, Ni (1987) has fully automated the
torsional shear and resonant column test devices. It is the writer's
observation that this is the state of the arnt, however, even now electronic
laboratory equipment is available that has many times more the
capability of the equipment assembled by Ni. Perhaps the most

significant development is the use of dynamic signal analyzers which
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aliow, through the use of Fast Fourier Transforms (FFT), real time
analysis of laboratory measurements in the frequency domain. Just one
example is provided by Tawfiq, et al (1988) who used random ncise to
conduct pulse testing of cohesive soils and then analyzed the response
in the frequency domain. It is the writer's opinion that frequency domain
analysis will become more common in dynamic laboratory testing in the

future.

2.5 Dynamic Properties of Soils Under Different States

of Stress

The study of the effects of stress state on dynamic material
properties was initiated by Duffy and Mindlin (1957), who derived a
longitudinal wave equation for a material composed of elastic, perfectly
rounded particles arranged in a face-centered cubic array. Their

equation, in terms of Young's modulus, E, is

_2(8 - vp) [3692 0-0]
E = 8-5vp L 2(1-vp) (2.1)

where vp and Gp are Poisson's ratio and shear modulus of the material
particles and Gy is the effective isotropic confining stress. Duffy and
Mindlin's experiments with steel spheres, arranged in the shape of a bar,

showed this cubic root relation between Young's modulus and confining




stress was likely a lower bound, as they actually measured a higher root
for confining pressures below 5 psi.

Hardin and Richart (1963) used a "Shannon-Wilson" free-free type
of resonant column device to evaluate both longitudinal and shear wave
velocities in granular material. They found that the shear modulus of
sand varied with approximately the square root of the isotropic confining
pressure. They also showed that the void ratio was one of the most
significant variables affecting shear modulus, with other factors such as
moisture content, grain characteristics, and gradation influencing the
modulus mainly by how they affect void ratios.

Hardin (1965) used a Kevin-Voight mode! to analyze the response
of a cylindrical column with different boundary conditions and concluded
that it would be suitable for representing the resonant column system.

He also concluded that damping measurements in the resonant column
were hysteretic in nature, i.e. independent of frequency.

Drnevich (1967) investigated the effect of strain history on the
dynamic properties of a dry Ottawa sand. One finding of his work was
that the low-amplitude (<0.001%) shear modulus of undisturbed sand
varied with the square root of confining pressure.

Hardin and Black (1966) published an extensive study of the effect
of isotropic confining pressure on the stiffness of sand. They also
concluded that shear modulus was proportional to the square root of the
confining pressure, and in 1968 extended those conclusions to include

normally consolidated clay. Hardin and Black concluded that the
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functional relationship for shear modulus would include many factors, the

most likely being:

G =150, e H, S, . Cg Ap. 1,1, OCR, T, O, K1) (2.2)

in which
Oo = effective octahedral normal stress,
= void ratio,
H = ambient stress and vibration history,
S, = deg. ee of saturation,
To = octahedral shear stress,
Cg = grain characteristics, grain shape, grain size,

grading, and mineralogy,
= amplitude of vibration,

frequency of vibration,

i

L}

secondary effects that are a function of time,

soil structure, and

tempeiature, including freezir.g.

_?(O—{‘ﬂv>
i

Based on numerous tests on different soils, they suggested an
empirical equation for clay and clean sands when e < 2.972 (Hardin and

Black, 1968). This equation can be written as:
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G__ = 1230 F(e) OCRN &, © (2.3)
where

Fe) =  (2.973-e)%/(1+e),

OCR = overconsolidation ratio, and

K = overconsolidation adjustment factor.

The value of K varies between 0 and 0.5, depending on the
plasticity index Pl and equals zero for a Pl equal to zero. The units for

both Gmax and G, are psi. This equation is known as the "Hardin - Black"

equation.

This early work by Hardin and Black was enlarged by a series of
tests on clean sands and cohesive soils by Hardin and Drnevich (1972).
They identified strain amplitude, mean effective stress and void ratio as
the three most important factors affecting shear modulus. Degree of
saturation and overconsolidatior: ratio were also important for cohesive
soils, but appeared less so for sands. It should be noted that their test
program, which utilized resonant column and cyclic torsional shear
devices, 'tilize.d a frequency range between 1 and about 300 Hz, and
was conducted under isotropic states of stress.

Although the Hardin - Black equation can be applied to predict the

low-amplitude shear modulus for many types of soil, Hardin (1978)




proposed a modification of this equation in an attempt to extend its range
to higher void ratios and to make the equation dimensionally correct.

That equation, referred to as the "Hardin" equation, is

G, =A (OCR)¥ Pa'" &, /F(e) (2.4)

where
An = dimensionless coefficients (called stiffness

coefficients in this study),

Pa = atmospheric pressure (in same units as Gmax
and 60 ),
Fe) =  0.3+0.7¢%

For most practical applications, Hardin suggested the use of A = 625 and
n=0.5.

Research in the 1970's concentrated on refining the laboratory
testing methods and improving the empirical relationships put forth by
Hardin and Black in the late 1960's. One of the most notable
developments was the discovery in the early 1980's of how stress state
impacts the magnitude of the shear modulus. In particular, it was
determined that shear wave velocity, and consequently the shear
modulus, was dependent on the effective stress in the plane containing

the direction of wave propagation and direction of particle motion and
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was nearly independent of the anti-plane stress (Roesier, 1979; Knox, et
al, 1982; Allen & Stokoe, 1982; and Lee, 1985). In 1986, Lee and
Stokoe published the results of a comprehensive set of seismic tests on
sand in a large scale triaxial device (LSTD) where the sand was
subjected to both isotropic and anisotropic stress conditions. They found
tor waves propagating along principal stress directions:

G, =C &a " "5 " (2.5)

where
Grax = shear modulus at small strains (<10'4%),
O3 = principal stress in the direction of wave
propagation,
Gp = principal stress in the direction of particle
motion, and
Oc = principal stress in the out-of-plane

direction (i.e. the third principal stress).

The factor C is simply a coefficient. Parameters na, nb, and nc are
stiffness coefficients. For practical purposes, nc = 0 and Eq. 2.5 can be

rewritten as

A nach nb (2.6)

"
o
S

Gmax




This approach for representing modulus has been referred to in the
literature as the "individual stress approach” or "three-stress approach” in
the case of Eq. 2.5 and the "two-stress approach” in the case of Eq. 2.6.
Lee (1985) performed extensive wave propagation tests on a dry
sand sample confined under isotropic, biaxial, and triaxial states of stress
in the cubical LSTD at UT. Shear wave velocities were measured along
all principal stress directions. Lee's results also showed that shear wave
velocities depend about equally on 63 and 6p, with G having a

negligible effect. In his studies, Lee expressed shear modulus as
G = S &5 "3, "PPat Mk (e) (2.7)

where S, na, and nb are the stiffness coefficients and F(e) is defined as in
Eq. 2.4. Ni (1987) has tabulated the results obtained by other studies for
the stiffness parameters that define the small-strain shear modulus. His
summary is included in Table 2.1.

It is noted that the foregoing discussion has concentrated on the
stress-state affecting the shear modulus. It has illustrated how, for shear
waves propagating along principal stress directions, the principal
stresses in the plane containing the direction of wave propagation and
particle motion control the value of shear modulus. However, pulse tests
in the LSTD at UT conducted during the same period of time has lead to

an equally important discovery. It was found that for dilatational waves
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travelling along principal stress directions, the principal stress parallel to
the line of wave propagation and particle motion almost solely controls
the constrained modulus.

In pulse tests on small- and large-scale laboratory sized
specimens, Schmertmann (1978), Kopperman, et al (1982) and Chu, et
al, (1984), have shown the dilatational wave velocity is proportional to
the mean effective stress raised to a power between 0.14 and 0.24.
Tests by some researchers make a distinction between stiffness
coefficients for dilatational waves travelling in a vertical (anisotropic)
plane of the specimen versus waves propagating in the horizontal
(isotropic) plane of a structurally anisotropic specimen. The values are
typically different. Lee and Stokoe (1986) tabulated the results of other
studies for the dilatational velocity as defined by the mean effective
stress. Their table is recreated in Table 2.2.

An examination of Table 2.2 shows that if the constrained modulus
is derived from the dilatational wave velocity, it will typically vary as a
function of mean effective stress raised to a power between 0.34 and
0.48. It was shown by Kopperman et al (1982) and Chu et al (1984) that,
for waves travelling along principal stress directions, the constrained
modulus is controlled almost solely by the effective principal stress in the
direction of wave propagation (and particle motion). This distinction is

only important for specimens loaded anisotropically.
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Table 2.1. Summary of Stiffness Coefficients for Shear Modulus
Obtained from Various Research Studies. (From Ni, 1987)

. Range of
Author Void Raio  F(e) s n ne mb nc  Swess, psi Remarks
Mardinand  0.53.063 . . 046-050 - - - 21-139 Owwasand.a**’
Richan (1963) - - 0s54.062 - - < 139-694
Lawrence 056-148 1° 681(350)*° 0.50-066 - - - 20-100  Kaolinite and
(1968) Boston blue clay, b
Hardin and 064-065 - . 0.50 . . « 21-139 Onawasand. s
Black (1966) 0.60 139- 694
Hardin and <0.80 11 724(686) 0.50 - . . Round Ottawa sand.a
Dmevich (1972)
Black (1968) 1 625(321) 0.0 . . . - Angular crushed sand. a
077-088 1 8300425 10 0.50 - - - 27.8-556 Edgarplasncclay,a
625(321)
Hardin and <20 I 625321 0.50 . - . . Soils
lw;sa#?e! al 061-086 U 724(882) 040 - - - 28-83 Toyours sand, a
(1977)
Hardin (1978) 04 -1.2 10 625 0.50 . . . . Soils. a
Roesler (1979) - - - - 0.298 0.214 0.00 7.25-25  Fine round grain sand, ¢
Kohusho(1980) 0.64-0.79 11 678(826) 0.50 - - - 139-278 Toyourasand.d
Aller ard 067-070 111 720 0.48 024 022 - 4.0-.-640 Washedmonarsand. a
Stonoe (TUND)
Ay egal (140 (124 0N np 0.4 Wb ed mona st
11980)
YuandRichar 0852-062 - . . 024 028 -84 Onawa sand and
(1983) Brazuisand. a
Churg etal 068 m 823 0.48 145-33  Monterey No Osanc. 4
L1984,
Hemigerand  0.62-070 U 563(686) 0.50 - 145-K7  Coarse-grainsand, 3
Studer (1985,
Stokoe.etal 062-070 - - 0.40 0.18 018 - 10-40 Washed monar sand, ¢
(1985, *
Siokoe and Ni 0.69 1m 724 0.44 0.22 022 - 30-550 Washedmonarsand.a
(198%)
Ler and Stokoe 0.62-070 - - 0.40 0.20 0.20 0.00 10-40 Washed monar sand, ¢
(1985)
Thusresearch  063-0.72 111 687 0.44 022 023 0022-55 Washed monar sand. a
11} 023 020 - 12-24 Ticino sand. a
1 - 024 023 . 12.24

ReidBedford sand, a

*. Fle): 1a(297-¢ /(lee). = (2.17-€)2/(1ee), M1 =03 407¢?

** . Number 1n the dracket is the anginal value which 1s referred 10 F(e) shown, while the number 8ot 10 the bracket is the
value of S whizh s referred to the 111 of F(e).
*¢¢. Remarks: awresonan: columnn test, b = supersonic pulse test, ¢ = pulse tesi (cubic sample), d & cyclic thaxial test




Table 2.2. Summary of Values of the Siope of the Log M - Log 6,

Relationship* for Dry Sand under Isotropic Confinement.
(After Lee and Stokoe, 1986)

[Reference | nm Confining “Remark
; Pressure
Matsukawa and 0.40 0.3-3.0psi a
| Hunter (1956) _
Schmertmann 0.40 - 0.46 5-20psi ail
1978) 0.28 - 0.36 5 - 20 psi a2
Kopperman, et al 0.40 10 - 40 psi b1
&98@) 0.46 - 0.48 10 - 40 psi b2
Chy, et al 0.34 10 - 40 psi b1
(1984) 0.44 - 0.46 10 - 40 psi b2
Lee and Stokoe 0.42 15 - 30 psi b1
1986) 0.44 15 - 30 psi b2
*M= C gonm

a. Pulse Test in Cylindrical Chamber

b. Pulse Test in Large-Scale Triaxial Device (LSTD)
1. M{rom Vpin vertical plane of sample, i.e. Vpa
2. Mfrom Vp in horizontal plane of sarple, i.e. Vp;

At first perusal, very little can be found in geotechnical literature
specifically addressing the measurement of Young's modulus using
dynamic wave propagation. Actual published results are less common
today because of the recent emphasis on studying the shear modulus.
The writer has discovered what appears to be some confusion on the
part of recent researchers when reviewing past literature. What early
researchers mistakenly called the dilatational or compressive wave

velocity was, by the very nature of the test in which they were measured
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(in resonant column tests), the bar wave velocity. This has caused recent
reviewers to group what were tests measuring the bar wave velocity with
those which measured the dilatational velocity. The only way the writer
knows to measure the dilatational velocity is through the use of pulse
tests.

Reexamining the literature, and retabulating the results of various
researchers in light of this discovery, it can be seen in Table 2.3 that
Young's modulus (as determined from the square of the bar wave
velocity) is a function of the mean effective stress raised to a power which
typically ranges between 0.45 and 0.55 with some values as high as
0.70.

Only two recent references were found by the writer where
Young's modulus values were reported, and both of these involved
longitudinal resonant column tests. Heiniger and Struder (1985) built a
resonant column device to test coarse granular materials and reported
Young's and shear moduli values for gravel and Monterey O sand.
Unfortunately, their tests were done only at two confining pressures. The
writer does note that they measured multiple longitudinal and torsional
resonant frequencies but still used only the first resonant frequency to
compute the respective moduli. Saxena, et al, (1988) reported
longitudinal and torsional resonant tests on uncemented and partially

cemented Monterey O sand. Their relationship for Young's modulus of




Table 2.3. Summary of Stiffness Coefficients for Log E - Log 6o

Relationship® for Soils under Isotropic Confinement from Past

Research Studies.

[Reference nm Confining Remark
Pressure

[Duffy and Mindlin 0.50 <5 psi a

1(1957) 0.34 > 5 psi

Shannon, et al 0.50 > 4 psi a
1959) _t

Hardin 0.46 - 0.62 3 - 55 psi a

| (1961) _

Smoots and Stickel 0.32 - 0.56 > 4 psi a
(1962) _

Wilson and Miller 0.40 - 0.50 > 4 psi a
1962) _ _

Hardin and Richart 0.54-0.70 < 14 psi a
(1963) 0.46 - 0.50 > 14 psi

*E=C&,m

a. Longitudinal Resonant Column Tests

the uncemented sand involved the mean effective stress raised to a

power of 0.39. It appears not much work is been done measuring the

Young's modulus of soil materials.
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2.6 Summary

Dynamic laboratory testing devices can be divided into two
general groups: those which use pulse methods, and those which use
resonant methods. The pulse devices measure stiffness by determining
the time for a polarized body wave (dilatational or shear) to travel through
the material between a dynamic source and receiver. The distance
divided by the corrected travel time yields the body wave velocity which
is then used to calculate stiffness. Pulse test devices are either
cylindrical or cubic in nature, allowing testing under biaxial (61 > 62 = 63
or 61 = G2 > G3) or true triaxial (G > G2 > G3) loadings, respectively.
However, they can only measure the constrained and shear moduli and
are not able to measure Young's modulus.

Resonant method devices measure stiffness by finding a
characteristic resonant frequency of the specimen. A wave velocity is
computed from the resonant frequency by applying one-dimensional
wave propagation theory. Typically, resonant devices only find the first
resonant frequency, either torsional or longitudinal, and no use is made
of the multiple resonant frequencies which are sometimes observed.

Torsional resonant devices can, with modification, apply biaxial
(compression only) and triaxial loadings to specimens. However, all
longitudinal resonant devices are used only under isotropic loading
because of the difficulty associated with making measurements under

biaxial or triaxial loadings. Although first introduced in the 1930's,
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resonant column devices have only been used extensively to study
dynamic soil properties since the 1960's. The bulk of those studies have
concentrated on the parameters affecting the shear modulus with the
implied assumption that the parameters would affect the other elastic
moduli in the same manner. In particular it was commonly accepted that
the shear modulus, and the other elastic moduli as well, were a function
of the mean effective stress raised to a power between 0.30 and 0.50.
This is true only for specimens under isotropic confinement.

Research over the past decade, in which pulse and resonant
devices were used to study soils under biaxial and triaxial loading
conditions have shown that the elastic moduli are affected differently by
the different principal stresses. That research, which was confined
primarily to dry sands, has shown that for waves propagating along
principal stress directions, the constrained modulus is controlled almost
solely by the principal stress in the direction of wave propagation and
particle motion. It was also found that the shear modulus is controlled
about equally by the principal stresses in the direction of wave
propagation and particle motion, and is virtually unaffected by the third
principal stress. No research studies have been found which described

how the state of stress influences Young's modulus.
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Chapter Three

Theoretical Background

3.1 Introduction

Inherent in this research is the assumption of small strains, hence
the test materials are assumed to behave linearly elastically. There are
many well developed wave propagation problems that are founded in
linear elastic theory. Comprehensive discussions of many problems are
given by Rayleigh (1945) and Love (1944). Theoretical and
experimental developments for wave propagation in waveguides are
relatively more recent, dating to the mid-1900's. The advent of high
speed computing using numerical methods has broadened the capability
of the mechanics researcher to study more complex and arbitrary
problems. However, the theory applied in this research is founded in
fundamental solutions developed long before the computer.

This chapter, along with the detailed developments contained in
Appendices A, B and C, presents the theoretical foundation used for the
reduction of the measurements made in the laboratory. General
solutions of the equations of motion in cylindrical coordinates are
contained in Appendices A and B. A particular solution for one-
dimensional wave propagation in a finite rod is presented in this chapter

because of its specific application to the developed test. Similarly, the
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three-dimensional solution for waves propagating in the axial direction of
an infinite bar is also presented in detail. Finally, a brief summary of the
theoretical solution for transient waves propagating in a semi-infinite rod
due to an impact on the end is included. A detailed development for the

transient case is included in Appendix C.

3.2 One-Dimensional Wave Propagation in an Elastic

Material

it the body forces and the stress tensor depend only on one spatial
variable the stress equations of motion, expressed in indicial notation,

become

ti11 +pfi = puj (3.1)

where 1jj is the stress tensor, p is the mass density, f; is the vector
describing the external forces, and uj is the vector describing the

acceleration. The displacement equations of motion become

HUi11 + (AU, 10 + pfi = pU; (3.2)

where uj is the vector describing the displacements and y and A are
material constants. These equations, here expressed in Cartesian

coordinates (x1, x2 and x3), can also be expressed in cylindrical

L
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Fig. 3.1. Cylindrical Coordinates for Finite Rod.

coordinates (r, 8, and z) as illustrated in Figure 3.1. The strain-
displacement and stress-strain relationships expressed in cylindrical
coordinates are given in Appendix A.2 and the displacement equations
of motion are given in Appendix B. In cylindrical coordinates, z, with its
corresponding displacement, w, will be chosen as the dependent spatial
variable for the purposes of the following discussion.

Now consider the case where w is the one non-vanishing
du

30 equal zero. As a result

. . ov
displacement, which assumes u, v, 3 and

Eqs. A.18-A.24 reduce to




3 aw
Ty = (x+2p)§‘£’— . w=ta=Ay, (3.3a,b)

and the only displacement equation of motion that is not trivial is

I

1 %
=Cqt2 a2

2w 1 9 (BW) , (3.4)

52—"' 1.2\,&_ .87

where v is the Poisson's ratio and Cr is the shear wave velocity.

Rearranging Eq. 3.4 yields the familiar equation for a one-dimensional
dilatational wave travelling in a half-space

32 92
(x+2u)a—z"7" = 3‘;—" (3.5)

or
02w 1 0d2w
922 = Cl2 a2 (3.6)

CL is referred to alternatively as the compressional, dilatational, P-wave,
or constrained wave velocity and is also represented using the symbol,

Vp. The constrained modulus, M, is defined as

M=24+2u=pCi2 = pV2 (3.7)

Now consider a second case where 1 is the one non-vanishing
stress, which assumes 1, =tg =Ttz =19 =Tz = 0. Then Eqs. A.14 through

A.24 yield
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=" Ve (3.8)

where v is the Poisson's ratio. Substituting Eqgs. 3.8, A.14 and A.24 into
Eq. A.20 yields

H(3A+2p)

oepl) €2 (3.9)

Tz=

If the expression for 1z in its displacement form is substituted into Eq. 3.1
in the absence of external forces, it yields the well known equation of
motion for a plane wave travelling along a rod in the absence of external

forces, thus

L(3A+2) 2w 92w
(A+p) 022" Por2 (3.10)

or
0w 1 0%w
322 = Cg2 o2 (3.11)

Cg is referred to as the bar or rod wave velocity and is also often

represented by the symbol, Ve. The Young's modulus, E, is defined as

_ H(3A+2y)

o) - pCg2 = pV¢? (3.12)
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Now consider one final case, that where the displacement is
confined to the plane normal to the z-axis, which is equivalent to
assuming w and any derivatives with respect to r and 8 are equal to zero.

Then the only stresses that are non-zero are given by

ou ov
Tz=H3, TWz=H3; - (3.13a,b)

and the displacement equations of motion then reduce to the two
uncoupled equations given by

02u 1 d%u v 1 v
022 “CrZo ' o2~ Criom (3.14a.b)

Cr is referred to as the shear, distortional or S-wave velocity and is also

often represented by the symbol, V. The shear modulus is defined as

G=p=pCr2=pVs2 (3.15)

The deformational behavior of an isotropic, linear elastic material
can be defined by any two of the elastic constants, or any two of the
velocities Vs, V¢ or Vp. Table 3.1 lists some of the more commonly used

relationships.




Table 3.1. Commonly Used Relationships Between Elastic Constants.
E,v E,u oy
i Ev p(E—2u) P
(1+v)(1—2v) 3u—E )
E
# 2(1+v) # #
A+2
E E E u(3A+2u)
Atp
E UWE 2
B - —_r .
3(1—27) 3Gu—E) At3m
E-2u A
14 14 —_—
2u 2(A+u)

= Lame's constant

Shear modulus

n

Young's modulus

o m ¥ >
]

Bulk modulus

vV = Poisson's ratio
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33 One-Dimensional Wave Propagation in a Rod
Subjected to a Steady-State End Condition and
with an Added Mass

The development of the closed form solution for one-dimensional
motion in a finite rod is well known. See, for example, Richart et al
(1970) and more recently, Norman-Gregory and Selig (1989). As
defined in the previous section, one-dimensional motion assumes the
wave propagates with a plane front without dispersion and is dependent
only on the axial spatial variable and time. The governing equation of
motion is given by Eq. 3.11. The axial displacement, w(z,t) can be

assumed to take the following steady-state form:

w(z,t) = Ceilkz-0t) 4 De-ilkz+wt) (3.16)

where k is the wave number and equals w/Cg, and C, D, ars constants to
be determined from the boundary conditions.

The boundary conditions considered for this solution are those
anticipated to best represent the conditions in the test apparatus. In the
test apparatus developed in this research, the rigid base is subjected to a
steady-state sinusoidal vibration and the top is capped by a rigid mass.

The conceptual problem is illustrated in Fig. 3.2.
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Fig. 3.2. Idealized Mode! for One-Dimensional Wave Motion in a
Finite Rod.




The boundary conditions are;

at 2=0, w(0,}) = W e-iot
(3.17a)
2
at z=L, EAQ‘%";'—Q - -md—gt%ﬂ (3.17b)

Substituting Eq. 3.16 into the first boundary condition at z = 0 yields
C+D=W, (3.18)

Ditferentiating (3.16) with respect to z and t yields

2
d ‘gx;'t = -02[Ceilkz-ut) 4 Derilkz+at)] (3.19)
and

dv;!zz,tz - ik[Cei(kZ""t) . De-i(kz+a)t)] (3.20)

Substituting Eqs. 3.19 and 3.20 into the second boundary condition at z =
L yields

KEA[Cel(kL-0t) . DerilkLsat)] =

-mmz[Cei(kL-mt) + De-i(kL+mt)] (3.21)




Collecting coefficients and eliminating e-i®!, two equations for C and D

are determined. Cast in matrix form, these equations are
1 1 [C 0
[(mmz-ikEA)e"‘L (mm2+ikEA)e"k'-:' mH”é } (3.22)

Equations 3.22 can be solved for C and D which gives the solution for
w(z,t). The denominator of the solution is the determinant of the
coefficients. If the determinant vanishes, w(z,t) goes to infinity, a
condition analogous to "resonance.” |f the determinant is set equal to
zero, it yields the following equation,

(mw2+ikEA)elkl - (mw2-kEA)e kL = 0 (3.23)
Collecting real and imaginary terms yields

-ma2(eikl-g-ikl) + kEA(ekl+gkl) =0 (3.24)

and noting Euler's identities

2i sinkL = (eikL-g-kL) | (3.25a)
2 cosklL = (ekL+g-ikl) | (3.25b)
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Eq. 3.24 reduces to

iKEA(2coSKL) = me2(2i sinkL) . (3.26)

Cancelling i, multiplying by L and recalling the relations k = w/Cg, E =
pCg? and p = y/g, yields with development

ol oL
28in— =
Lmow smCB = mpCbALcoség (3.27)
sin%
oL > Cg _ At
Cs ol = mg (3.28)
cosg

W, M
s M
Btan B = Wm = m (3.29)
where

M = mass of the sample,

m = added mass,

Wg = weight of the sample,

Wm = weight of the added mass, and

g ol

= CB .

Equation 3.29 is the same result obtained for one-dimensional

wave propagation in a finite rod wheia one end is fixed, w(0,t) = 0, and




the other end has an added mass. Richart et al (1970) developed this
solution for one-dimensional torsional motion. Similarly, Norman-
Gregory and Selig (1989) recently rederived this equation for one-
dimensional fongitudinal motion with a fixed end and added mass at the
other end.

Equation 3.29 is a transcendental equation with an infinite number
of roots for any given ratio of sample and added mass. This is illustrated
in Fig. 3.3, where values for f are given for M/m = 2.0. Rt is therefore
possible to compute the frequency for any givct weight ratio, sample
length and bar velocity. These frequencies correspond to the resonant

frequencies of the system. Thus it can be shown that

on =0, n=123.. (3.30)

where B are the solutions to Eq. 3.29 for a given mass ratio and n
corresponds to the distribution of strain or displacement in the rod.
These distributions are also referred to as modes of vibration, i.e.n=1is
the first mode, r = 2 the second mode, etc. These values of n refer to the
distribution of longitudinal displacements with respect to z, which
assumes a plane wave front, or that the longitudinal displacement is
equal in the plane perpendicular to the axis of the rod at any particular

point.
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Fig. 3.3. Graphica! Solution of B tan B =

It is relatively simple to solve in a similar manner the
corresponding case of one-dimensional motion for a rod with one end
fixed, w(0,t) = 0, and the other end free, dw(L t)/dz = 0. This has been
done by Richart et al (1970) and others. The relative shapes of the first
three modes are illustrated in Fig. 3.4. It can easily be concluded that the

corresponding wave lengths for each mode, An, are given by

aL
A= @noT)

n=1,23,.. (3.31)
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Fig. 3.4. Distribution of Axial Displacements for the First Three

Modal Shapes of a Fixed-Free Rod. (From Richart et al,
1970)

The resonant frequencies of each mode for the fixed-free case also

follow directly from the solution. These are

2n-1)nC
©n = (—z—l’_"—@ , n=1,23,.. (3.32)

The presence of a mass at the free end serves to reduce the

resonant frequency or alternatively, increase the modal wavelengths.




This is easily seen in Fig. 3.3 where, as the mass ratio increases to
infinity, the values of Bn approach (2n-1)n/2, and the natural frequencies

approach those for the fixed-free case (zero mass at the free end).

3.4 Frequency Spectrum of a Solid Cylindrical Rod of
infinite Length

The general solution for time-harmonic motion in an infinite
cylindrical rod with solid cross section is developed in Appendix B. The
frequency spectrum of an infinite rod is frequently considered for three
separate types of motions; torsional, longitudinal, and flexural. The
assumptions associated with each of these types of waves greatly
simplifies the frequency equation derived for the general case. In the
general problem, every choice of integer n and real valued wave number
k yields an infinite number of roots corresponding to an iafinite number of
modes of wave propagation in the rod. The general problem is further
complicated when imaginary ang compiex-valued wave numbers are
considered. The simplest case of torsional waves is described here first
in order to lay the ground work for the more complicated case of
longitudinal waves. Flexural waves will not be discussed as they were
not the focus of this study. However, any text on motions in waveguides

includes an analogous discussion of flexural modes.
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3.4.1 Torsional Waves in a Solid Cylindrical Rod

Torsional waves assume that only the circumferential
displacement is non-zero and that it is independent of 6. Stated
differently, it assumes that the displacements in the axial and radial
directions and any derivatives with respact to the circumferential direction
equal zero. The only displacement equation of motion which applies is
Eq. B.25, the others being trivial. Reducing Eq. B.25 using Eq. B.27
yields

92v. 1ov v v 1 03
T 2t TCae (3.33)

Similarly, the only non-trivial boundary condition is

at r=a, :,9=%-§=o (3.34)
If the displacement v is of the form
v(r.zt) = % B2J1(qgr)eilkz-wt) (3.35)

where J1(qr) is a Bessel function o1 the first kind and order one and Bz is
a constant. When Eq. 3.35 is substituted into Eq. 3.34, it yields the

frequency equation for r = a in the form
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(qa)Jo(qa) - 2J1(qa) =0 . (3.36)

Jo(qa) is a Bessel function of the first kind and order zero and q is defined
by

2. 92 2 (3.37)
q =Cr .

This is a transcendental equation whose roots have been tabulated by

Abramowitz and Stegun (1964), or they can be computed numerically.

Rewriting Eq. 3.37 to allow examination yields

(‘é’—:)ﬂ (Gna)2 + (ka)2 (3.38)
where
a = radius of rod,
o = circular trequency,
K = wave number,
Cr = distortional wave velocity, and

Gn = roots to Eq. 3.37.




55

Recalling that w = kC, where C is the phase (or apparent) velocity, Eq.

3.38 can also be written as
C a
(——CTf+ (gﬂ—ka )2 -1 . (3.39)

A special solution to Eq. 3.36 is when q = 0. In this case, Eq. 3.39 shows
that C = Cr, or the phase velocity equals the distortional wave velocity
and does not change with frequency. This means that the lowest
torsional mode is not dispersive. Further, if one takes the limitasq — 0

in Eg. 3.35, it assumes the form

v(r,z,) =% Boreilkz-ot) (3.40)

which shows that the displacement is proportional to the radius for the
lowest torsional mode.

An examination of the higher modes can now be made. In
general, one mode of propagation corresponds to each root of Eq. 3.36.
The solution to Eq. 3.38 is plotted in Fig. 3.5 for the first four modes
corresponding to qoa =0, q1a=5.156,qra=8.417,and qza = 11.62. ltis
noted that ka can be real or imaginary for real values of gna. Thus, the
mode branches are hyperbolic for real values and circular for imaginary
values of k. The implication of this graph in practice is that, below a

certain frequency known as the cutoff frequency, a torsional mode will
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Fig. 3.5. Frequency Spectrum for Torsional Waves in a Cylindrical
Rod.

not propagate along a given rod of known radius and stitiness. Even if
the initial excitation at the rod end contains higher frequencies, the

higher modes will be evanescent and decay quickly.




3.4.2 Longitudinal Waves in a Solid Cylindrical Rod

Waves travelling longitudinally, i.e. paraliel to the axis of the rod,
are assumed to be axially symmetric, and contain displacements in the
axial and radial dimensions only. Axisymmetry assumes that the
circumferential displacement, and any derivatives with respect to it, equal
zero. Thus, the displacement equations of motion follow from Eqs. B.24
and B.26 as.

V2t T e TG 5 (3.41)

and

Vew+ —— ==t . (3.42)

The Laplacian in radially symmetric coordinates is

2 19 02
Ve = 3E*Tar* 5.2 (3.43)
and the dilatation is
ou U ow
A = 5?+?+-a_z_ (344)

It is possible, with extensive calculation, to manipulate and solve these

equations for the displacements. However, it is simpler to cast the
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problem in terms of displacement potentials. The pertinent definitions
follow from Egs. B.17, B.18 and B.19, which reduce to the following for

the axisymmetric case;

U= ‘g% - E\VEQ (3.45)
o oy
—z—' = ——rl (3.46)
W = Q§+}a(g’r"" (3.47)

where ¢ is a scalar potential and yg, yr and y; are the three components

of, v, the vector potential. Noting Egs. B.39 to B.42, it is convenient to

use potentials of the following form

¢ = AJdo(prjeilkz-oi) (3.48)

ye= CJi(grjeilkz-ot (3.49)

and substituting these into Eqgs. 3.45 and 3.47, yields for the

displacements

u = {-pAJ1(pr) - ikCJ1(qr)} eilkz-ot (3.50)
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w = {ikAdo(pr) + qCJo(qr)} eitkz-l) (3.51)

Here p and q are as defined by Eqs. B.34 and B.36, respectively. The

two non-trivial boundary conditions which follow from Eqs. B.31a,bandc

are
at r=a, T = (?L+2p)g$ + Jl% + Ag—:v‘ =0 (3.52)
atr=a,  1g= g—‘z‘ + %V!) =0 (3.53)

If one writes (A+2y) and A in terms of p2 and q2 by manipulating
Egs. B.34 and B.36, and then substitutes Egs. 3.50 and 3.51 into Eqs.
3.52 and 3.53, two homogeneous equations in terms of the constant

coefficients A and C are obtained. These are, in matrix form,

{(-%(q?-k"’wo(pangu(pa)) (-iquo(qa)-ri;kJﬂqa))} @)
-2ikpJ1(pa) (92-k2)J1(qa)

=0 (3.54)

The requirement that the determinant of the coefficients must vanish

yields the frequency equation for the longitudinal modes as

22 (q2+k2)J1(pa)Jr(a) - (a2k2)2Jo(Pals(qa)
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- 4k?pqJ1(pa)do(qa) =0  (3.55)

This equation is known as the Pochhammer-Chree frequency equation,
and was first published by Pochhammer (1876). The five variables in Eq.
3.55, w, k, a, C, and Ct can be reduced to three independent
dimensionless variables; the dimensionless velocity, C/Ct, the

dimensionless wave number ka, and Poisson's ratio, v.
If Eq. 3.55 is multiplied by a4 and divided by J1(pa) and J1(qa), it

can be recast in the form

2pa[(qa)2+(ka)?] - [<qa)2*<ka>2]2i<p:)

- 4(ka)2(pa)(qa)%‘17—((§g% =0 (3.56)

Here it is convenient to redefine pa and qa by noting that w = kc and k =

2n/A. Thus,
2a C v
(pa)2=(2k Tuz[(ace 1] (3.57)

(qa)? = Gé}’nz[(;g—a -1] (3.58)

where o and y are defined by Poisson’s ratio, v, as

and
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Oy v
o2 (ge)a (14v)(1-2v) (3.59)
and
Cr 1
P = (gs)zgz(“v) . (3.60)

It is now possible to solve the frequency equation numerically, by first
assuming a = 1, and choosing a value for v. Then by iterating C/Cg for a
given value of 2a/A, it is possible to find vaiues of C/Cg which satisfy the
frequency equation. This has been done for the first three modes which
are illustrated in Fig. 3.6 for Poisson's ratios of 0.30 and 0.49.

This iterative solution technique assumes real values for 2a/A. Itis
also conceivable that either one or both of the values for (pa)2 and (ga)2
could be negative, making them purely imaginary. if this occurs, the
corresponding Bessel functions in Eq. 3.56 are replaced with modified
Bessel functions.

The vertical axis in Fig. 3.6 is the ratio of the phase velocity to the
bar velocity, C/Cg, known as the dimensionless velocity. The horizontal
axis is the dimensionless wave number ka/r. The dimensionless wave

number can be written in several different forms, such as:

ka wa 2fa 2a

= c=cC- (3.61)




m .

C/iC

0.0 0.5 1.0 1.5
2a/A
Fig. 3.6. Frequency Spectrum for Longitudinal Waves in a

Cylindrical Rod as a Function of Dimensionless Wave
Number.
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An examination of the lowest longitudinal mode in Fig. 3.6 shows
that, as the dimensioniess wave number goes to zero, the phase velocity
approaches the value of the theoretical bar velocity. Stated in other
terms, as the wavelength becomes long with respect to the diameter of
the rod, 2a/A —0, the apparent phase velocity approaches the theoretical
bar velocity. Conversely, as the wave length becomes short with respect
to the diameter of the rod, 2a/A—<<, the phase velocity approaches the
Rayleigh wave velocity. Recall that the Rayleigh wave is a surface wave
that has a velocity that is on the order of 85-95 percent of the shear wave
velocity and whose amplitude decays exponentially with depth from the
surface, becoming insignificant at depths greater than about one
wavelength below the surface.

The higher longitudinal modes in Fig. 3.6 become asymptotic to
the vertical axis as the dimensionless wave number approaches zero,
whereas they become asymptotic to the shear wave velocity as the
dimensionless wave number becomaes infinite. The three modes have
been replotted in Fig. 3.7 as fu 1ctions of frequency by rewriting the
frequency equation in terms of wa/rCg. It can be seen there are specific
frequencies at which the dimensionless velocity goes to infinity. These
frequencies are known as the cutoff frequencies and are easily

determined.




Fig. 3.7.

Frequency Spectrum for Longitudinal Waves in a
Cylindrical Rod as a Function of Frequency.
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As k—0, Egs. 3.56, 3.57 and 3.58 become respectively

2p'a(qa)? - [(a)2]2 i a) (3.62)
(pa)? = (‘:g:} (3.63)
(@a)? = (%f} (3.64)

Substituting Eqgs. 3.63 and 3.64 into Eq. 3.62 gives
2 . Jolp'a
- a)ﬁ{% =0 (3.65)

and values of p'a which satisfy this transcendental equation yield the

cutoff frequencies

Wcod _ (p'a)a
nCg n

(3.66)
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3.5 Transient Wave Propagation in a Semi-Infinite
Solid Cylindrical Rod

The simplest solution for transient waves in a rod assumes a one-
dimensional state of stress and the applicabie equation of motion,
derived in Section 3.2 was

02w 1 02w
22 = Ca? o2 (3.67)

where w is the displacement parallel to the longitudinal axis of the rod
and Cg is the theoretical bar velocity defined by (3.12). This wave
equation predicts that a pulse will not change shape as it propagates
along a rod, however researchers have shown, (Bancroft, 1941, Hudson,
1943 and Davies, 1948), that this is typically not the case. If the pulse is
applied rapidly the resulting wave form shows dispersion as it travels
along the rod.

The problem considered in this section is illustrated in Fig. 3.8.
General methods of solution have been investigated by researchers such
as Rosenfeld and Miklowitz (1965) and others. A solution for the
axisymmaetric case can be obtained using integral transform methods if
mixed boundary conditions are specified at z = 0. Such a solution was
presented by Folk et al (1958) and is reproduced in the manner of
Achenbach(1973) in Appendix C.
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r r=a
* Tr(a,z,t) =0
Trz(a,z,t)=0

— b
z2=0 z =00
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Tz(r,0.t) = -PH(t) u(r,z,t)=0

u(r,0,t) =0 wir,z2,t)=0
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H(t)>=1,t20

Fig. 3.8. Prokiem Statement for Transient Wave Propagation in a

Seni-Infinite Cylindrical Rod.

The solution presented in Appendix C solves for the particle
velocity in the axiai direction in the vicinity of the elementary wave front

that is travelling at the theoretical bar velocity. That solution is of the form

. -P
w(zt) = o [F1+ F2] (3.68)
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where Fq and F2 are given by

: n3
1 | sin(@nn+73)
Fn =; . —dn (3.69)
and where
_ z-Cpt . 2+Cpt 370a.b
R E TR N ERIE (3-7025)
and
1 2
{ =7 v2Cga? . (3.71)

In this form F¢ and F2 can be recognized as integrals of Airy's integral

o0

. 1 n3 .
Ai(an) = — fcos(qnm—g)dn (2 72)
0

Thus we can rewrite the expressions for Fy and F2 as

a1
Fy= fAi(s)ds . (3.73)
0
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q2
. 1
Fo= JAI(S)dS +5 (3.74)
0

where the 1/6 terms enter as the values for F4 and F2 for q1 = 0 and

qz = 0, respectively.

The solution for Eq. 3.68 was determined numerically and plotted
in Fig. 3.9 as a function of q1. The two solutions shown in Fig. 3.9 are for
a rod with a bar wave velocity of 1000 fps, a length of 0.96 ft, a diameter
of 0.24 ft and Poisson's ratios of 0.25 and 0.49, respectively. The
elementary solution is shown as a solid line in the figure. The integrals in
Egs. 3.73 and 3.74 approach -2/3 for large values of time, t, and the
solution agrees with the elementary solution, V = P/pCg. Alternatively,
for small values of time, the integrals vanish, thus showing that at some
distance ahead of and behind the wave front, z = Cgt, the approximation
agrees with elementary theory.

It is important to remember that this approximate solution for
transient waves in a cylindrical rod is appropriate at some distance from
the end of impact. The evanescent waves produced by the nature of the
applied force, an instantaneous step function, may still exist at points
close to the end of the rod. The point at which it is safe to use this
approximation is a subject of detailed study and not a part of this

dissertation. Howevaer, it is assumed the solution will at least provide
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Particle Velocity in the Vicinity of the Elementary Wave

front Travelling in a Semi-Infinite Rod Due to a Sudden
Impact at the End.

some insight into the behavior of the transient waves in rods with large

enough length-to-diameter ratios. In Fig. 3.9, the solution appears to be
appropriate for length-to-diameter ratios of at least four.
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This approximate solution for transient waves in a rod due to an
impact at one end has significant implications for this research. As will
be shown in Chapter 6, the fact that theory suggests some energy
precedes the arrival of the elementary wave front (travelling at the bar
wave velocity) establishes a premise for identifying the first arrivals at a
point as those corresponding to a wave travelling at the dilatational

velocity.

3.6 Summary

The theoretical solution for one-dimensional wave propagation in
a finite cylindrical rod is well known. An examination of a particular case,
where one end is subjected to a steady-state longitudinal vibration and
the other is capped by a rigid mass, shows that resonant frequencies
occur at relative phase angles of approximately plus and minus 90
degrees. [t was shown that at resonance, the solution for this case is
identical to that for a fixed-free rod with an added mass at the free end.
The solution relates known sample and added masses to the natural
frequencies, sample length and bar wave velocity. Consequently, the
bar wave velocity can be computed using one-dimensional theory if the
natural frequencies of the specimen can be determined.

Research has shown that the phase velocity, C, for longitudinal
waves in a long cylindrical bar are frequency dependent and are typically

less than the theoretical bar wave velocity, Cg. The three-dimensional

Lo
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solution for the longitudinal waves travelling in a cylindrical rod applies
the assumption of axisymmetry to the general problem statement. The
derived frequency equation relates three dimensionless variables: the
dimensioniess velocity ratio, C/Cg, the dimensioniess wave number,
ka/n, and Poisson's ratio. The fundamental mode of this equation shows
that for small wave numbers, i.e. long wavelengths with respect to the bar
radius, the phase velocity approaches the bar wave velocity. Further, as
the wave number becomes very large, i.e. short wavelengths with respect
to the bar radius, the phase velocity approaches the value of the

Rayleigh wave velocity. Therefore, if the wave number, the phase
velocity, and Poisson's ratio are known, it is possible to calculate the
theoretical bar wave velocity.

An approximate solution for transient longitudinal waves in a semi-
infinite bar, due to a sudden impact on the free end, shows that some
wave motion will precede the square wave front which propagates at the
bar wave velocity. The solution suggests that some energy may travel at
a velocity that approaches that of the dilatational wave velocity.

This brief overview of each of these theoretical solutions is
supplemented by detailed developments in Appendices A, B, and C. The
particular case for one-dimensional wave propagation in a finite rod,
three-dimensional wave propagation in a long cylindrical rod, and
transient longitudinal motion in a semi-infinite rod are of specific interest
because they provide the basis for the development of the test apparatus

and data reduction methods used in this research.




Chapter Four
Modelling a Finite Rod Using Axisymmetric Finite Elements

4.1 Introduction

A computer program was developed using axisymmetric finite
elements to model the response at the top of a finite, isotropic, linearly
elastic rod subjected to a steady-state vertical motion at the base. The
program was developed to study the impact of various parameters on
the response of model test specimens. These parameters include, but
are not limited to, specimen stiffness, length, diameter, Poisson's ratio,
damping and theoretical end conditions. The program was developed
for use on a microcomputer and, in its present form, is limited to
solutions of the response at nodes along the top surface of the
specimen.

The program outputs a transfer function which relates the motion
of points on the top surface to that of the bottom surface as a function of
frequency. With this transfer function it is also possible, through the use
of Fourier transforms, to predict the time-displacement motion of the top
of the model specimen in response to a specified time-displacement
motion at the base. Such a program was developed to study briefly the

first wave arrivals for several transient input motions.
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Three model soils were defined for the study. The first typifies a
moderately stiff clay with high material damping, the second typifies a
loose sand under low confining pressure with moderate material
damping, and the third typifies a dense sand under moderate confining
pressure with low material damping. The following sections describe
the development of the finite element program and observations
concerning changes in the frequency spectrum of the model specimen
caused by varying different specimen parameters and boundary

conditions.

4.2 Development of the Finite Element Program

4.2.1 Developing the Axisymmetric Finite Element

The key to the success of the finite element modelling was the
use of axisymmetric elements. This allowed modelling a three-
dimensional problem as a two-dimensional problem, greatly reducing
the computer processing requirements. A complete description of the
development of the axisymmetric elements used in this program is
contained in Appendix D. A condensation of Appendix D is included in
this section for the benefit of the reader.

The equations for the strain displacement (u,v,w), and stress-

strain relationships expressed in cylindrical coordinates (r,0,z) were
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developed and are presented in Appendix A. These relationships can
be derived for the axisymmetric case by setting v and any derivatives
with respect to 6 equal to zero. The strain-displacement equations then

become

Er=3 = €&2=3,, (4.1a,b,c)

and

d
Yz = 261z =a—; + 37 - (4.2)

The stress-strain relationships are derived from Eqs. A.18-A.24, and are

given in matrix notation by
T= De (4.3)

where T and € are column matrices containing the pertinent stresses
and strains, respectively, and D is the matrix containing the stiffness
parameters that relate them.

Defining a two-dimensional 4-node, linear, finite element as

shown in Fig. 4.1, where the z-axis corresponds to the central axis of
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Fig. 4.1. Axisymmetric Finite Element in Global Cylindrical

Coordinates.
the cylindrical specimen and the r-axis is perpendicular to it, and if u is
the displacement in the r-direction and w is the displacement in the z
direction, then

U= fnUn and W= ann (4.4a,b)

where fn are prescribed interpolation functions and un and wp are the

respective nodal displacements. In matrix notation

{\‘,’v} = NTu (4.5)
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where NT is the matrix of interpolation functions, fn, and U is a column
matrix of the nodal displacements, un and wn. It is possible to write the
strain-displacement relationships given in Eqs. 4.1 and 4.2 using the
interpolation functions and their partial derivatives with respect to r and

z, fnr and f'nz. respectively. These are then

1 \
&= fann , Eg= F fnUn , Ez= fnng, and

Yz = TnzUn + fpWn | (4.6)
These can be written in matrix notation as
e=B U (4.7)

where B is the matrix containing the interpolation functions and their

derivatives. To form the element stiffness matrix it is first noted that

t=De=DB U (4.8)
and
el = UT BT, (4.9)

if the equations of motions for this element are stated in matrix form they

would be




MU+ KU=P (4.10)
where
= element mass matrix,

element stiffness matrix,

nodal displacement matrix,

= nodal acceleration matrix, and

v c Cc X =
"

external forcing functions.

By assuming steady-state motions, and by the virtue of the conservation
of work and the definition of internal work, it is possible to show that the

element stiffness matrix is given by

K=V[BTDBdV (4.11)

Written in global cylindrical coordinates K is given by
2r 2o 2

K= J j jBToBrdrdzde (4.12)

It can be shown similarly that the element mass matrix is given in global

coordinates as
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2r 22 2
M= J j prNTrdrdzde (4.13)

where p is the mass density of the element. The resulting element
matrices are 8x8, which corresponds to four nodes multiplied by the two

degrees of freedom at each node.

4.2.2 Constructing the Specimen Stiffness Matrix

The finite element model is constructed in layers of elements as
is illustrated in Fig. 4.2. Only half of the cylinder needs to be discretized
because of the axisymmetry of the problem. Each layer is composed of
1 to 20 elements, and the layer stiffness and mass matrices are
constructed using the individual element stiffness and mass matrices
developed in the previous section. The arrangement of elements in a
layer is illustrated in Fig. 4.3. There can be a maximum of 42 nodes in
a layer, and with two degrees of freedom at each node, the resulting
layer stiffness and mass matrices have a maximum size of 84x84. The
number of layers and number of elements are specified initially. All
layers have the same height, dz, and the same number of elements in
the radial direction.

The solver for the finite exement model takes advantage of the

fact that the combined stitiness matrix for all layers will contain only

79




2

2=h

NZ

NZ -1

3

2

1 NR
-3

r=a

Fig. 4.2. Finite Element Model Construction.

80




81

J+NR+1 J+NR+2

4 3
J
1 2
J J+1
NR+2 NR+3 NR+4 2NR 2NR+1 2NR+2
1 2 1 ... NR-1 NR
¢ —e
1 2 3 NR-" NR NR+ 1
Fig. 4.3. Element and Node Arrangement in a Single Layer of the

Finite Element Model.




82

non-zero values that are confined to a band not greater than 168 (2x84)
values on each side of the diagonal. if we call S the dynamic stiffness

matrix for a layer and partition it as

_[ S11 S12
S‘[Sz1 Szz] (4.14)

where the subscript 1 refers to the degrees of freedom at the bottom
face of a layer and the subscript 2 to those of the top face, the equations

of motion are of the form

S11 Si12 Ui P
S21 8224511 812 Uz P2

=< . (4.15)
S21 S22+S149 Sq2 . .
S21 S22 Un+1 Pns+1

If all the layers have the same properties. then the matrix S needs only
be formed once. The solution is then votained by initially letting
§'11 = Sq4
P'y =Py

’

S'22 = S22 - $21(5'11)"1842, and
P'2 = P2 - S24(S'14) 1Py .

Then repeating n times,

S'11 =811+ S'22
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P1=P2
S'22 = S22 - S21(8'11)1S12, and
P'2 = - S21(S'11) 1Py .

Finally, the desired displacements at the top are given by

U= (S'22)1P'2. (4.16)

4.2.3 Specified Boundary and End Conditions

The boundary and optional end conditions are illustrated in Fig.
4.4. The radial displacement is fixed on the centerline due to the
axisymmetric assumption, but the axial displacement is not. The radial
and axial displacements are free on the outer surface of the rod, except
as prescribed at the ends. Also, it is assumed that the outer surface
remains free of external stresses. ‘

The program has more flexibility in prescribing the end condition
along the base, z = 0. The number of nodes subjected to a unit vertical
displacement can be specifically identified and can be less than the

total along the base, allowing modelling of cases where only part of the
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Fig. 4.4. Boundary Conditions for Finite Element Model.
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base is supported. A second special base condition fixes the vertical
displacements and subjects the single center node to a vertical unit
force. The radial displacement can be specified as fixed or free in
either case.

There are two choices for the end condition at the top, 2z = h.
First, the top surface can be specified free, not limiting either the axial or
radial displacements. Secondly, it can be specified as having a rigid,
distributed mass creating an end condition in which all the vertical
displacements are forced to be equal. Consequently, a vertical stress
is applied due to the inertia of the mass. The radial displacement can
also be specified as fixed or free when the rigid mass is present, and
will be the same as is specified for the bottom.

A qualitative study of the impact that each of these end
conditions has on the model's response is included in Section 4.4. A
comparison of the model response and a response measured in an

actual laboratory test is discussed in Chapter 7.3.

4.2.4 Program Input/Output

The finite element program was written with two input versions;
one uses screen and keyboard interaction and the second reads input
directly from a file. The input information required is listed in Table 4.1

and is briefly described below.

85




Table 4.1.  Input Variables for Finite Element Model.

Input Parameter Units Program Variable

A. Element Description

No. of Layers Each NZ

No. of Eiements Each NR

Total Height inches H

Element Thickness inches T.i=1=NR

B. Material Properties

Young's Modulus psi E

Shear Modulus psi G

Poisson's Ratio PR

Unit Weight pcf GAM

Damping Ratio DAMP

C. Boundary Conditions

No. of Displaced Nodes Each NV

at Base

Weight of Added Mass, Ibs AMASS

Horizontal Fixity IHOR

(Top & Bottom)

D. Erequency Range

Starting Frequency Hz BFR

Ending Frequency, Hz EFR

Initial Frequency Increment Hz DF
Element Size/Dimension: The operator provides the number of

vertical layers and the total height, in inches, of the model specimen.

The program divides the total height by the number of layers so that

each layer has the same height. The total number of radial elements
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and their individual thicknesses in inches are input by the operator
starting with the inner element first. The radial dimensions of the
respective elements are the same for each layer.

Material Properties: Two of the following three material
properties must be entered: Young's Modulus, shear modulus, and
Poisson's ratio. The missing property is entered as zero and
determined from the other two by assuming isotropic properties. The
total unit weight is entered in pounds per cubic foot and the damping is
entered as a decimal, for example, D = 0.05 for 5 percent material
damping. The mode! uses hysteretic damping so the material
constants are converted to complex form using the input value for
damping (G* = G[1+iD]).

Boundary Conditions: The number of displaced nodes at the
base is entered. This is equal to the number of fully supported
elements plus one. If a point load at the center of the base is desired, a
zero is entered. If there is an added mass at the top, its weight is
entered in pounds. If a zero is entered for the added mass, the top
boundary is free. Lastly, the horizontal displacement condition at the
top ana bottom is specified as fixed or free.

Erequency Range: The starting and ending frequency of the
desired frequency range are entered along with the initial frequency
increment. The program will automatically increment at 1X, 0.1X, or

0.01X the specified increment depending on the change in magnitude
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of the transfer function, as determined by the two previous frequency
increments.

The output from the program is the response of the nodes along
the top surface for each steady state frequency. Only the response of
the node on the centerline was of interest in this study, although the
program could output both the horizontal and vertical displacements for
each top node. The response for a specific node is in the form of a
complex transfer function. (The transfer function in this form can be
read by another program to estimate the response, in the time domain,
to a transient input motion at the base). However, it is difficult to
interpret a transfer function in its complex form so it is converted and
displayed using amplification ratios and phase differences.

The amplification ratio at a particular frequency is the magnitude
of the complex value of the transfer function, and the phase difference
is the arctangent of the ratio of the imaginary and real par of the
complex value. A simple conversion program reads the complex value
of the transfer function at each frequency and produces a second
output file which lists the amplification and phase at each
corresponding frequency. The transfer function in this form can then be
graphed in a manner which is identical to that produced by the dynamic
signal analyzer (DSA) used for the longitudinal resonant column test
described in Chapter 7. This provides tremendous utility in comparing
the effect of different parameters on the response of a specimen and

permits a direct comparison with measurements made in the laboratory.




4.3 Frequency Responses of Three Model Soils

Three model soils were chosen to study the effect of several test
parameters on the predicted response. These soils represent a
moderately stiff clay, a loose sand under low confining pressure and a
dense sand under moderate confining pressure. Their baseline
properties and dimensions are summarized in Table 4.2. The material
parameters have been related assuming the model soils are linearly
elastic, isotropic materials with hysteretic damping. The minimum
element size was selected as one-tenth of the minimum wavelength that
was computed by dividing the shear wave velocity by the highest desired
frequency. The shear wave velocity was chosen because it is the lowest
of the three velocities (Vs<V¢<Vp), and thus, it is the most conservative.

The frequency response (transfer function) for each model soil is
illustrated in Figs. 4.5, 4.6, and 4.7, where both the relative amplification
and phase are shown for each soil. These response curves are for the
top node on the centerline of the mesh, a point which corresponds to the
location of the top vertical accelerometer in the test apparatus. Each
case here assumes a free surface (no added mass) at the top and
unrestrained horizontal motions at the base.

The one qualitative observation which is common to all response
curves, regardless of the input parameters, is that the peak amplitudes

essentially correspond to phase angles of plus or minus 90 degrees.
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Table 4.2.  Typical Characteristics of Three Model Soils.

Parameter

Shear Wave Velocity
Bar Wave Velocity,

Compressive Wave
Velocity

Poisson's Ratio
Unit Weight
Damping Ratio
Length

Radius

Length-Diameter Ratio

Shear Modulus
Young's Modulus

Constrained Modulus

Maximum Frequency

Minimum Element Size
(C1/10F)
Element Mesh Size

fps
fps
fps

pcf

psi
psi
psi

Hz

M

dr

Stiff
Clay
650
1115
2732

0.47
95
0.05
5.6
1.4
2.0

8664
25472
153070

5000
0.156
9 x 36

Loose
Sand
350
564
655

0.30
95
0.02
6.3
1.4
2.25

2512
6531
8793

2500
0.168
9 x 38

Dense

800
1239
1306

0.20
105
0.002
6.3
1.4
2.25

14506
34815
38683

5000
0.192
8 x 33
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at £90 degrees, fn, which is the natural frequency of the undamped
specimen. This correspondence at £30 degrees phase is in
accordance with the solution for one-dimensional wave propagation in
a finite rod subject to steady-state displacement and inertial mass end
conditions as is discussed in Section 3.3.

A number of qualitative observations can be drawn by varying
the specimen input parameters and comparing the resulting transfer
functions. This has been done and is described in the following
section. The effect of changes in the specified end conditions is a more

complex subject and will be addressed in Section 4.4.

4.3.1 Effect of Stiffness on the Transfer Function of
Three Model Soils

The qualitative effect of stiffness on the frequency response of a
specimen can be deduced by comparing the amplification curves of
each of the three model soils. It is easily noted by examining Figs. 4.6
and 4.7 that, as soil stiffness increases, the magnitude of the natural
frequency corresponding to each relative mode increases. For
example, the frequencies of the first peak amplitude for the loose and
dense sand are approximately 275 and 600 Hz for Young's moduli of
6,531 and 34,815 psi, respectively. This is consistent with one-
dimensional theory which suggests that frequency is proportional to the

square root of the stitfness. An exact correlation is not possible here
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because the other parameters such as damping and Poisson's ratio are
also varying. Their relative effects on specimen response are

discussed in the following sections.

4.3.2 Effect of Damping Ratio on the Transfer
Function of a Loose Sand

The transfer functions of the dense sand, D = 0.2%, and two
model clays, D = 5.0% anc D = 20%, are shown together in Fig. 4.8.
Although a material damping value of 20% is high for a typical clay,
some of the polyurethane specimens that were tested (see Chapter 8)
had damping values nearly this high. Figure 1.2 shcws the frequency
responses of the model loose sand at three damping ratios, D = 5.0%,
D = 2.0% and D = 0.5%, whict: corresy >nd tc tvpical values for material
damping in most soils.

Several qualitative observations are immediately apparent. As
the damping ratio increases, the magnitudes of the corresponding
peaks in the amplification curve decrease. [t also can be shown that
the frequency corresponding to the peak at each mode, f;, decreases
slightly with increasing damping. It can be further noted that the
decrease in magnitude of successive amplitude peaks becomes
greater as the damping ratio increases. Lastly, the peaks are not only

lower but broader for successively higher modes.
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Additional observations can be made by examining the phase
diagrams in Figs. 4.8 and 4.9. The slope of the phase diagram in the
vicinity of the natural frequency (at £90°) is steeper for lower values of
damping, and the slope subsequently decreases for consecutively
higher modes. Further, the values of the natural frequencies increase
for very high damping values, most likely reflecting the increase of
damping in the stiffness value. However, it appears that small changes
in damping do not affect the value of the natural frequency when
damping is confined to a range between 0.5 and 5.0 percent.

This behavior in both the amplitude and phase response curves
can be compared to the single-degree-of-freedom system such as that
illustrated in Fig. 4.10 from Richart et al (1970). Similar behavior is
noted for f; and f, as was seen for the range of damping values (0.2% -

5.0%) and frequencies (0-5000 Hz) used for this study.

4.3.3 Effect of Length and Diameter on the Transfer
Function of a Loose Sand

In order to examine the impact of changes in the length or the
diameter on the response of a specimen, five differently sized
specimens were chosen for the model loose sand. Three of the
specimer.s had the same radius and different lengths and three had the

same length and different diameters.
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Fig. 4.10.  Response Curves for a Viscously Damped Single-
Degree-of-Freedom System. (From Richart et al, 1970)

The effect of length on the transfer function is illustrated in Fig.
4.11. It is apparent that the natural frequency of each respective mode
decreases as the sample length increases. This follows directly from

the one-dimensional solution which shows for the fixed-free case,
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or that the natural frequency is simply inversely proportional to the
sample length.

The effect of diameter (2a) is illustrated in Fig. 4.12. It can be
seen that the number of modes clearly visible without interference from
higher frequency motions decreases as the diameter increases, or as
the length-to-diameter ratio decreases. These high frequency motions
could be due to the higher propagating modes described in the three-
dimensional solution for waves propagating in an infinite rod
(discussed in Chapter 3). Without specifically explaining their cause, it
is obvious that the presence of these high frequency motions prohibits
the clear identification of the natural frequencies which are required to
compute the Young's modulus. Specimens tested in this research
normally had length-to-diameter ratios of 2.0 to 2.5, and were primarily
limited to this size because of the test apparatus. Nevertheless, it was

normal to clearly observe three or four natural frequencies.

4.3.4 Eftect of Poisson's Ratio on the Transfer
Function of a Dense Sand

The transfer functions of the mode! dense sand at three different
values of Poisson's ratio are shown in Fig. 4.13. In this exercise, the

value of the Young's modulus was held constant and the shear
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Table 4.3.  Eftect of Poisson's Ratio on the Response of a Model Dense

Sand*.
a. Comparison of Natural Frequencies
Ratio Mode 1 Mode 2 Mode 3 Mode 4
0.15 405.3 1364.7 2415.3 3137.2
0.20 405.8 1360.2 2380.8 3088.9
0.30 404.9 1348.3 2308.2 2988.3

b. Comparison of Computed Velocities

[ Poisson's Bar Wave Velocity*, V, fps

Ratio Mode 1 Mode 2 Mode 3 Mode 4

0.15 1240.8 1241.4 1241.5 .-
0.10%++ 0.15% 0.15%

0.20 1242.6 1241.4 1241.7 1240.9
0.24% 0.15:/3 0.17% 0.10%

0.30 1240.8 1241.7 1242.4 1242.8
0.10% 0.17% 0.23% 0.26%

*L=6.3in,2a=2.81in,Cg=1239.6 fps, D = 0.2%, MR = 2.0
** Natural Frequencies determined at ¢ = £90°.

+ Computed using reduction program described in Chapter 7.
++ Percent change from input value of bar wave velocity.

modulus was varied to obtain the appropriate values of Poisson's ratio.
The responses were compared for a model specimen with an added
mass that was half of the mass of the specimen (resulting in a mass

ratio, MR, of 2.0). Table 4.3 compares the natural frequencies and the
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bar wave velocities (computed in a manner described in Chapter 7) for
each value of Poisson's ratio.

It appears Poisson's ratio has little effect on the computed
natural frequencies or on the value of the bar wave velocity computed
from them. It has no discernable effect on the frequency of the first
mode and causes less than one quarter of a percent error in the
computed velocities for any mode. It is reasonable to expect that any
significant variations in Poisson's ratio will probably be accompanied
by significant changes in other properties such as stiffness, the effect of
which will likely oversha.ow any effects attributable to changes in

Poisson's ratio.

4.4 The Effect of End Conditions on the Transfer

Function of a Dense Sand

The finite element program was especially written with the ability
to change the end conditions in order to examine their effect on the
transfer functions of the model specimens. Of particular concern is the
effect of a rigid mass at the top, the amount of base support and the
horizontal fixity at the ends. Each of these points is addressed

separately in the following paragraphs.
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4.4.1 Effect of a Rigid Top Mass on the Transfer
Function of a Dense Sand

Aimost all dynamic laboratory tests involving soil have an added
mass at the top of the specimen because of the presence of a top cap
and accelerometers for dynamic measurements. Only in the case of
synthetic or pavement materials can an accelerometer be glued directly
to the test specimen and its presence be neglected, providing its weight
is small compared to that of the specimen's. Further, in the case of a
soil specimen using a top cap, the relative stiffness between the
material of the top cap (in this case stainless steel) and the soil is quite
large. Therefore, the top cap is presumed rigid with respect to the soil,
and it is assumed that the vertical displacements along the top of the
specimen are forced to be equal.

To examine the effect of a rigid mass at the top of a specimen
two more transfer functions were computed for the dense sand
assuming added masses weighing 1.179 and 4.714 pounds,
corresponding to mass ratios of 2.0 and 0.5, respectively. (Recall the
mass ratio was defined in Chapter 3 as the mass of the sample divided
by the added mass at the top.) The resulting transfer functions are
plotted along with the free surface transfer function in Fig. 4.14. The
natural frequencies and computed bar wave velocities for each of the

first four modes are summarized in Table 4.4.
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Table 4.4.  Effect of Added Mass on the Response of a Model Dense
Sand*
a. Comparison of Natural Frequencies
MassA Natural Frequency**, s, Hz
Ratio Mode 1 Mode 2 Mode 3 Mode 4
oo 589.6 1746.7 2745.3
2.0 405.8 1360.2 2380.8 3088.9
0.5 246.2 1230.5 2312.0 3072.0
b. Comparison of Computed Velocities
Massa Bar Wave Velocity+, V¢, fps
Ratio Mode 1 Mode 2 Mode 3 Mode 4
oo 1256.6 12541 1249.0
1.37%++ 1.17% 0.76%
2.0 1242.6 1241.4 1241.7 1240.9
0.24% 0.15% 0.17% 0.10%
0.5 1240.8 1241.5 1242.0 1242.8
0.10% 0.16% 0.19% 0.26%

A Mass Ratio = Mass of Specimen/Added Mass.

*L=6.3in,2a=2.81in,Cg=1239.61ps, D =0.2%, MR = 2.0
** Natural Frequencies determined at ¢ = +90°.

+ Computed using reduction program described in Chapter 7.

++ Percent change from input value of bar wave velocity.

The most obvious observation is the reduction in natural

frequency of each of the respective modes with the increase in the

added mass. The added mass also reduces the amplification slightly at

each resonant peak, having a greater impact on the higher modes.
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Probably most important is how the presence of the added mass
appears to improve the agreement of the computed bar wave velocity
with the input value. This implies that having the added mass may

improve the accuracy of the measured values for the bar wave velocity.

4.4.2 Effect of Base Support on the T.ansfer
Function of a Dense Sand

Any laboratory testing involving a natural soil necessitates a
condition where the base is completely supported. However, some
synthetic and pavement materials were larger than the available
sample base, and consequently were not fully supported. For the
purposes of comparison, the base ratio is defined as the ratio of the
area of the base to the sample cross-sectional area. Thus a base ratio
ot 1.00 is a fully supported base. Two additional transfer functions were
determined for the dense sand assuming a free surface at the top and
assuming base ratios of 0.766 and 0.563, corresponding to a 2.81 in.
diameter sample supported on 2.46 in. and 1.56 in. bases, respectively.
The transfer functions for the three cases are shown togather in Fig.
4.15, and the natural frequencies and computed bar wave velocities for
each of the first four modes are summarized in Table 4.5.

Two observations can be made by examining Fig. 4.15. First, the
natural frequencies decrease markedly when the hase diameters are

less than 87.5 percent of the sample diameter. Consequently, the
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Table 4.5.

Effect of Base Ratio on the Response of a Model Dense

Comparison of Natural Frequencies

Based Natural Frequency**, fn, Hz
Ratio Mode 1 Mode 2 Mode 3
1.00 589.6 1746.7 z.45.3
0.77 584.9 1734.6 2739.1
0.56 533.7 1593.9 2591.6

Comparison of Computed Velocities

Based Bar Wave Velocity*, V¢, ips
Ratio Mode 1 Mode 2 Mode 3
1.00 1256.6 1254 .1 1249.0
1.37%+ 1.17% 0.76%
0.77 1246.8 1247.0 1247.3
0.58% 0.15% 0.17%
0.56 1139.3 1160.3 1203.9
-8.09% -6.40% -2.88%

A Base Ratio = Area of base pedestal/area of sample.

*L=6.3in,2a=2.81in, Cg=1239.6 fps, D = 0.2%, Free Top.

** Natural Frequencies determined at ¢ = £90°.

+ Computed using reduction program described in Chapter 7.

++ Percent change from input value of bar wave velocity.

computed value of the bar wave velocity can be five to ten percent
below the input value, underestimating the Young's modulus by up to

20 percent. Second, the influence of the base ratio tends to increase

for the higher modes. Nevertheless, for materials similar to dense




sand, it can be concluded that, if the base diameter is greater than 90
percent of the sample diameter, the computed bar wave velocity from
the first few modes will be within two percent of the theoretical input

value.

4.4.3 Effect of Horizontal Fixity at the Specimen
Ends on the Transfer Function of a Dense
Sand

The etfect of a fixed or free horizontal displacement condition at
the specimen ends is illustrated in Figs. 4.16 and 4.17. Figure 4.16 is
the response of a dense sand with a free surface at the top, i.e. only the
horizontal displacements at the base are fixed. Figure 4.17 is the
transfer function of the dense sand with an added mass at the top, i.e.
the horizontal displacements are fixed at the bottom and the top. The
natural frequencies and computed velocities are summarized for each
case in Table 4.6.

The fixity of the horizontal displacements at the bottom appears
to have little impact on the frequency response, with only a minor effect
appearing in the third mode. The fixity of displacements at both the
bottom and the top appears to have little effect on the first two modes,
while there is a minor increase in the natural frequency of the third

mode. A similar trend appears in the computed bar wave velocities,

where the fixed end conditions increase the error in the computed
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Table 4.6.  Effect of Horizontal Fixity on the Response of a Model
Dense Sand.
a. Comparison of Natural Frequencies
Natural Frequency™”, fn, Hz
MR = Mode 1 Mode 2 Mode 3 Mode 4
u - Free 589.6 1746.7 2745.3
u - Fixed 590.4 1751.0 2765.9
MR=20
u- Free 405.8 1360.2 2380.8 3088.9
u - Fixed 406.0 1369.4 2419.9
b. Comparison of Computed Velocities
Bar Wave Velocity+, V¢, 1ps
MR = o Mode 1 Mode 2 Mode 3 Mode 4
u- Free 1256.6 1254.1 1249.0
1.37%++ 1.17% 0.76% --
u - Fixed 1258.2 1256.6 1254.3
1.50% 1.37% 1.19%
MR =20
u- Free 1242.6 1241.4 1241.7 1240.9
0.24% 0.15% 0.17% 0.10%
u - Fixed 1243.2 1248.9 1255.1
0.29% 0.75% 1.25% --

*L=6.3in,2a=2.81in,Cp=1239.6 fps, D = 0.2%.

** Natural Frequencies determined at ¢ = £90°.

+ Computed using reduction program described in Chapter 7.
++ Percent change from input value of bar wave velocity.




velocity. Nevertheless, the total error still does not exceed two percent,
so it is possible to conclude that the horizontal fixity will have little effect

on the value of the bar velocity measured in the laboratory.

4.5 Summary

A finite element program was developed to study the relative
influence of a number of material properties and boundary conditions
on the frequency response of three mode! soils. The program utilized
two-dimensional, four-node, axisymmetric, linear elements assembled
in layers to model solid cylindrical specimens. The program output is
the transfer function for the relative motion of points at the top of the
model specimen resulting from a unit vertical displacement at the
bottom. The three model soils represented a stiff clay, a loose sand
under a low confining pressure and a dense s_and under a moderate
confining pressures.

As was expected, specimen stiffness and length have a direct
impact on the natural frequencies of the model specimens. The natural
frequencies of the specimen are roughly proportional to the square root
of the specimen stitfness and inversely proportional to the specimen
length. Also, greater length-to-diameter ratios (from smaller relative
diameters) provide a larger number of observable natural frequencies

before they are obscured by higher frequency motions. It is further
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shown that there is little impact on the natural frequencies for mode!
specimens with damping less than five percent. However, increases in
damping decrease the peak magnitudes of the transfer function, and
that decrease becomes more pronounced for successively higher
modes. Lastly, moderate differences in the Poisson's ratio of the
material appear to have little effect on the natural frequency or the
computed bar wave velocity of a specimen.

A qualitative examination of the effect oi various end conditions
was also conducted. The presence of a rigid mass at the top
significantly reduces the natural frequencies of the specimen.
However, it is shown that the specimen with the added mass predicts
the bar wave velocity much better than if the specimen top is free. The
natural frequencies of the model specimens are also reduced if the
base diameter is less than 90 percent of the sample diameter. Lastly,
the horizontal displacement condition at the ends has little effect on the
natural frequencies of the specimen, only increasing the error in the
computed bar wave velocity from less than one to between one and two

percent.




Chapter Five
Test Equipment

5.1 Introduction

The equipment used to construct the Multi-Moduli Testing Device
(MTD) was selected using several criteria, specifically: cost, commercial
availability, versatility, potential for automation and ability to meet the
goals of the research study. It is important to remember that the MTD was
designed to study the impact of stress state on the behavior of a
cohesionless sand and, therefore, is necessarily more complicated than
if it were designed to study intact, self-supporting materials such as
plastics or Portland cement concrete. Necessarily then, the discussion in
this section addresses testing cohesionless samples.

The MTD was designed to independently measure three different
wave velocities in a sand specimen subjected to biaxial states of stress.
Consequently, it has the ability to determine three different moduli,
specifically; the constrained, Young's, and shear moduli. Most
importantly, these measurements can be conducted without changing the
stress state on the sample. The MTD has the capability to vary the stress
in the axial direction, either in compression or extension. As a result, a
wide variety of test series can be designed to test the impact of stress

path on the stiffness of sands and other soils.
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This chapter describes the equipment assembled to construct the
MTD and to perform the three principal tests it was designed to conduct.
A detailed list of the equipment components and their manufacturers is
included in Appendix E. A description of the sample preparation

procedures, and associated equipment, is also included in this chapter.

5.2 The Multi-Moduli Testing Device (MTD)

The MTD can be divided into three major subsystems which
roughly correspond to their three principal functions. The functions of the
three major subsystems are: 1) apply and measure the state of stress in
the test specimen, 2) provide dynamic excitation, and 3) sense and
record the specimen’s response to the dynamic excitation. These three
subsystems will be referred to as the Confinement, Excitation, and
Monitoring systems, respectively. Figure 5.1 is a schematic diagram of
the MTD. Figure 5.2 is a photograph of the MTD (with the containment

cell and sensor cables removed).

5.2.1 Specimen Confinement System

Figure 5.3 is a schematic drawing of the confinement system of the
MTD. The containment cell is a 10-inch diameter (ID), stainless steel

cylinder approximately 18-inches high. The top and bottom plates are
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Fig. 5.1. Schematic Diagram Multi-Moduii Test Device (MTD).




Fig. 5.2.

Multi-Moduli Test Device (MTD) with Outer Cell and
Sensor Cables Removed.

121




122

VOLTMETER

l

SWITCH BOX I
] I )
I |

AMPLIFIER AMPLIFIER AMPLIFIE AMPLIFIER AMPLIFIER

LNAD
CELL |
o w o PRESSURE
VACUUM = Y = PANEL
PANEL g > =
P n >
g g
Q [«
VACUUM B & pRESSURE
TRANSDUCER PRESSURE TRANSDUCER
CHAMBER
Fig. 5.3. Schematic Diagram of Specimen Confinement System in

the MTD.

O




123

1.4 inch thick stainless steel pieces which are 14-inches in diameter and
are connected by four, 0.75-inch (OD) stainless steel rods. The
containment cell is sealed using standard butile rubber O-rings in face
seal glands cut in the top and bottom plates.

Cell pressure is controlled by a pressure regulator (0-150 psi
range) and monitored using a pressure transducer, calibrated using a
standardized Heise pressure gage (0.2 psi). Internal specimen
pressure is controlled by a vacuum regulator (0-30 psi) and monitored by
a vacuum transducer (0-48 w/linearity of +0.5%), calibrated using a
standardized Heise vacuum gage (£0.5 psi). Axial pressure is varied
using a double acting air piston and monitored using a standard static
load cell (50 Ib, 100 Ib or 300 Ib capacity). The axial load is transferred to
the sample through a specially designed vibration isolation assembly.
This assembly is illustrated in Fig. 5.4 and is designed so the static load
is transterred to the top cap ring through springs in compression, while
allowing the sample top to move dynamically. Changes in sample height
are measured using 11-mm (diameter) proximiters with a sensitivity
range between 0.04 and 0.16 inches with a linearity of £0.004 inches. A
complete list of the equipment model numbers and manufacturers is

included in Appendix E.
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their opposing faces. To make a vibration ganerator, the disks are
stacked and their faces connected in series. This crystal stack is then
sandwiched between a reaction mass and an attachment fixture. When a
voltage is applied across the crystals they expand, reacting against the
inertia of the backing mass and apply a force to the test structure through
the attachment fixture. Some shakers contain an accelerometer and/or
force transducer in the attachment fixture which allows accurate
monitoring of the input vibration to the test structure. The shaker is
powered by an amplifier connected through an impedance matching
network. A schematic of the piezoelectric shaker system is shown in Fig.
5.5.

A schematic of the shaker mounted in the MTD is shown in the Fig.
5.6. The shaker is mounted vertically beneath the test table and
connected to a stainless steel piston which passes through an O-ring
seal in the base plate. The specimen base attaches directly to the top of
this piston allowing the flexibility of changing bases without
disassembling the shaker or base seal plate. The shaker is mounted on
a threaded circular plate which allows minor adjustments in the height of
the shaker and subsequently the specimen base.

The tapping device used as a source for the shear pulse test is
made of a 0.125-inch diameter stainless steel rod mounted on a solenoid
that was salvaged from an 8-track tape player. The function generator is
connected through a rectifier circuit to a variable amplifier/power supply

and is connected via an off-on switch to the tapping device. The function
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Fig. 5.5. Schematic Diagram of Piezoelectric Shaker System in the
MTD.

generator provides a square wave signal which the rectifier chops so
only the positive voltage steps of the square wave reach the ampilifier.
When the switch is closed, the positive voltage signal activates the
solenoid and drives the rod against the side of the base pedestal. A
small piece of steel is glued to the side of the base to protect its surface.

A schematic of the shear wave source is included in Fig. 5.7.
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Fig. 5.7. Schematic Diagram of Shear Wave Generator in the MTD.

A function generator provided the source signal for both pulse
tests. For the longitudinal resonant column test, the source signal was
internally generated and controlled by the dynamic signal analyzer that
was also used for measuring and recording the specimen response. A

complete list of the equipment model numbers and manufacturers is

included in Appendix E.
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5.2.3 Dynamic Monitoring System

The third principal subsystem senses the dynamic response of the
specimen and records that response for future analysis. The two main
components of this system are the sensing devices and the recording
devices.

Piezoelectric accelerometers were used exclusively to sense the
input motion and response of the specimen. Two types of
accelerometers were used. The first is an internally amplified, high
sensitivity, high frequency accelerometer. An intemal hybrid charge
amplifier converts the high impedance charge signal of the piezoelectric
crystal to a strong, low impedance voltage output signal. These
accelerometers have a voltage sensitivity of approximately 100 mV/g, a
frequency range (15%) of 3-15,000 Hz and a mounted resonance greater
than 50,000 Hz. The second type of accelerometer was a miniature
charge output accelerometer. These lightweight accelerometers have a
charge sensitivity of approximately 1.5 pC/g, a frequency range (+1dB)
range of 1-18000 Hz, and a mounted resonance greater than 55,000 Hz.
The charge accelerometer requires an in-line charge converter to convert
the high impedance charge output to a low impedance voltage output. A
summary of the characteristics of both types of accelerometer is given in
Table 5.1.

The internally amplified accelerometers and the in-line charge

converters used for the charge output accelerometer require +18 VDC




Table 5.1. Accelerometer Characteristics.

(a) (b)

Voltage Sensitivity, mV/g 100 1.3
Transverse Sensitivity, % 5 5
Acceleration Range, g 60 1000
Resonant Frequency, kHz >50 55
Frequency Response (+3dB), Hz 2-25,000 0.6-30,000
Power Requirements, +VDC 18 18
Weight, grams 15 1.3

(a) Intermally amplified, low impedance accelerometer.

(b) Charge output, high impedance accelerometer w/in-line charge
converter.

power to operate. In addition, signal amplification is sometimes required
to boost the magnitude of the output signals to enable accurate recording
by the readout equipment. A general purpose combined power unit and
amplifier with selectable gains of 1X, 10X, and 100X provides both the
DC power required and permitted matching output signal levels to the

recording equipment. A conceptual diagram of the connections for both

types of accelerometers is given in Fig. 5.8.
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Two recording devices were used; one for the axial and shear
pulse tests and one for the longitudinal resonant column test. A 6-
channel digital recording oscilloscope is used to record, temporarily
store, and transfer time domain signals from the pulse tests. The
oscilloscope has a sampling rate which ranges from 20 MHZ to 1 MHz
depending on the number of channels being utilized. Each channel has
a 10-bit vertical resolution, which increases to 14-bit with averaging. The
amplitude range is 1 mV/div to 10 V/div (10 divisions) with an accuracy of
+1%+0.01div. The oscilloscope also has a versatile menu of wave form
and measurement functions. The oscilloscope triggers on the source
signal provided by the function generator, or on one of the
accelerometers. The signals recorded in this research were typically the
average of 64 or 128 repeated inputs. Figure 5.9 illustrates the
equipment set up for the pulse tests using the digital recording
oscilloscope.

A digital dynamic signal analyzer is used to control and record the
frequency response of the specimen for the longitudinal resonant column
test. The signal analyzer has two channels and an internal function
generator. As used in this test, the analyzer outputs a steady-state
sinusoidal source signal to the vibration generator and then measures
the relative amplitude and phase between the signals received at the two
input channels. The analyzer can perform user-programmed frequency

sweeps, recording and displaying the frequency response spectra in
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relative amplitude and phase. Figure 5.10 illustrates the equipment set
up for the longitudinal resonant column test using the dynamic signal
analyzer.

Neither the digital recording oscilloscope, nor the dynamic signal
analyzer, has permanent file storage capability so they have to be
augmented with disk file storage. Both have IEEE 488 interfaces and can
transfer files, as well as be controlled remotely. The digital recording
oscilloscope requires another instrument, such as a computer to act as
the controller, directing the transfer of the recorded wave form from the
oscilloscope to disk file storage. The dynamic signal analyzer can act as
a controller itself and thus only requires an external file storage device.

Data files were recorded in binary form on 3.5-inch diskettes.
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5.3 Test Specimen Preparation and Set Up

This section briefly describes how each test material was installed
in the MTD. The bulk of the disussion in this section is directed toward
the preparation of uncemented sand specimens for which a special mold

and pluviation device were constructed.

5.3.1 Preparation of Synthetic Specimens

Synthetic specimens were epoxied to the sample base using a
rapid-setting (5 minute) two-part epoxy. When a top cap was used, it too
was epoxied to the top of the specimen. In those tests in which a top cap
was not used, the accelerometers were glued directly to the center of the
top of the specimen using quick setting (1 minute) superglue. In all
cases, sufficient epoxy or glue was used to insure an even continuous
bond between the test specimen and the base and top cap surfaces.

Each synthetic specimen was machined to a right circular cylinder
with their ends smooth to +0.001 inches across the diameter. Their
diameters ranged from 1.4 to 4.0 inches and never varied over the length

by more than £1% of the diameter.




5.3.2 Preparation of Compacted Clay Specimens

Compacted clay specimens were not glued at the ends, but a
moderate amount of vacuum grease was applied to improve contact at
the ends. The clay specimens were encased in a latex membrane that
was secured at the base and top cap with butile rubber O-rings. A minor
amount of vacuum grease was applied to the base and top cap sides to
improve the seal. Vacuum grease was also used for some tests to
improve the contact between the specimen and the base and top cap.

Three evenly spaced strips of filter paper less than 0.5-inches wide ran

the length of the specimens between the clay surface and the membrane.

All clay specimens were about 2.8 inches in diameter and 5.6 inches in

length.

5.3.3 Preparation of Uncemented Sand Specimens

Preparation of sand specimens is made difficult by the fact sand
has no strength unless confined. For this reason a special sample mold
was constructed to prepare sand samples. [n addition, a new pluviating
apparatus was constructed which allowed the preparation of test
specimens with consistent densities. A step by step description for the
preparation of a sand is included in Appendix F.

Miura and Shosuke (1982) demonstrated a sample preparation

technique using a multiple sieving pluviation (MSP) apparatus and
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determined, with extensive testing, its effect on the static and cyclic
deformation and strength properties of sand. Their apparatus was
composed of a hopper with a variable nozzie diameter, and a stack of six,
8-inch diameter sieves through which the sand fell into the sample mold.
They demonstrated the MSP gave a wide range of reproducible
specimen densities by controlling the height of fall and the nozzle
diameter. Their results sh\owed that the nozzle diameter was the
predominate factor controlling specimen density. LoPresti and Pedroni
(1989) have also shown, using a similar apparatus, that the resulting
specimen density was mainly a function of deposition intensity
(weight/time/area). In both cases, the controlling factor was the rate at
which the sand was allowed to fall.

The sample mold is made of two halves which bolt tightly togethrr,
forming a cylindrical shell which has a diameter equal to the base plus
twice the membrane thickness. The membrane is precut to a specific
length, installed on the base and held with one O-ring. The mold is
carefully fitted together around the base with the O-ring fitting in the slot
provided for it in the mold. After bolting the two halves together and
levelling the mold, the membrane is stretched over the moid's top edge,
and an aluminum restraining ring is slipped on. A 1.0 to 1.5 psi vacuum
is applied at the ports in each mold half to hold the membrane against
the inside surface of the mold. The membrane is then adjusted so there
are no folds or creases in it. The sample mold is now ready to permit

pluviation of the sand.
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The MSP apparatus developed for this research has a large
funnel at the top to hold the sand. Various sized nozzles can be inserted
in the funnel which control the rate of sand fall. A short 6-inch section
separates the funnel from the top-most sieve which is typically sized 5 to
15 times the Dsg grain size. The column contains six sieves, spaced two
inches apart and oriented at 45 degrees to one another. The sieve
openings increase in size from top to bottom, with the bottom four being
the largest and the same. Below the bottom sieve is a 12-inch long
section through which the sand falls freely into the mold. The MSP is
constructed of cast acrylic tubing with an inside diameter just less than
the mold diameter. The MSP column rests directly on the top of the mold
ard is held in place by an acrylic retaining ring. Enough sand to fill the
moid and 2 to 3 inches of the bottom of the MSP column is preweighed,
poured in the funnel, and then released.

After the sand has pluviated, the column is disassembled nne
section at a time and all loose sand "vacuumed"” into a preweighed flask.
The excess sand in the base of the column is "vacuumed"” and the top of
the mold is struck off using a steel straight edge taking care to capture all
excess sand and not disturb the sand in the mold. The difference
between the weight of the sand used and the weight recaptured is the
specimen weight.

Finally, the top cap is placed carefully on the top of the specimen,
the membrane folded up its sides and an O-ring installed. The vacuum in

the mold is released and applied to the specimen itself. Now the mold is




removed, the vacuum on the specimen increased to a predetermined
level, and the initial diameter and height are measured using a Pi tape
and digital calipers, respectively. The remaining steps in assembling the

MTD for a test series are listed in Appendix F.

5.4 Summary

The Multi-Moduli Testing Device (MTD) was designed to
independently measure three different wave velocities in a sand
subjected to isotropic and biaxial states of stress. The MTD has the
capability to vary the axial stress of the sample in compression or
extension and yet, through a vibration isolation assembly, still allows the
top of the specimen to move dynamically in response to the excitation of
the base.

The MTD is divided into three main systems, which are the
Confinement, Excitation, and Monitoring Systems. The Confinement
System is composed of the following: (1) a pressure and a vacuum
transducer to monitor the confining pressure on the specimen, (2) two
proximiters to determine changes in the length of the specimen, (3) a
load cell to determine the axial load on the specimen, and (4) the
pressure and vacuum panels and the pressure chamber which apply the

state of stress in the specimen.
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There are two wave motion generators in the Excitation System.
The first is a piezoelectric vibration generator, which is mounted vertically
in the base of the MTD and connected to the sample base pedestal. The
shaker vibrates the sample longitudinally using impulse (for constrained
modulus) or sinusoidal (for Young's modulus) signals input by a function
generator. The second wave motion generator is an electromechanical
tapper which is mounted horizontally and strikes the side of the base
pedestal (for shear modulus).

The Monitoring system is composed of the piezoelectric
accelerometers that sense the motion of the specimen and the digital
recording devices which capture and store the responses. Two
accelerometers are mounted on the base, one vertically and one
horizontally. Three accelerometers are mounted on the top cap, one
vertically and two horizontally. A digital recording oscilioscope (DRO) is
used to capture time records in the axial and shear pulse tests described
in Chapter 6. A digital dynamic signal analyzer (DSA) is used to
measure the frequency response of the sample in the longitudinal
resonant column test described in Chapter 7. Time records and
frequency responses are stored on diskettes for future analysis. A
detailed list of the equipment used in the MTD is included in Appendix E.

The cohesionless sand specimens were prepared for testing using
a Mutltiple Sieve Pluviating (MSP) column. The MSP column consists of
a stack of six sieves, topped by a funnel, which sits atop the sample mold.

The rate at which the sand falls, and to a lesser extent the height of fall,
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determines the density of the specimen. The rawe of fall is controlled by
varying the size of the opening in the funnel at the top of the MSP. A
small opening (slow rate) results in specimens with high relative density
and a large opening (fast rate) results in specimens with low relative
densities. A detailed description of the construction of a sand specimen

using the MSP is contained in Appendix F.
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Chapter Six

Measuring Constrained and Shear Moduli Using Pulse Tests

6.1 Introduction

The constrained modulus is commonly determined by measuring
the compression or dilatational wave velocity using pulse testing
methods. Two methods have been formalized by the American Society
for Testing and Materials (ASTM) to determine wave velocities in civil
engineering materiais. First, ASTM C597-83, details test procedures to
determine the pulse velocity in concrete, and the second, ASTM D2845-
69, datails testing using ultrasonics to determine the pulse velocities in
rock.

All methods to determine pulse velocity consist of the same basic
step. and equipment. An electromechanical generator and an
elect:omechanical receiver are attached to, or held in contact with, the
oppusite sides/ends of a specimen. The generator produces a fast-rise-
time displacement pulse, and the motion of the receiver is measured. By
comp:anng the waveforms measured at the generator and receiver using
the ¢ ame time base, a time for the pulse to travel the distance between
the generator and receiver can be determined. The distance travelled by
the pulse, divided by the travel time corrected for any instrument delays is

the pulse velocity.
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The equipment used for pulse testing is described in detail in
Chapter 5 and Appendix E and specific procedures are included in
Appendix F. The tests are described here only in general to iliustrate the

process leading to determining the particular modulus.

6.2 Constrained Modulus from the Axial Pulse Test

6.2.1 Conducting the Axial Pulse Test

To conduci a pulse test to find the dilatational (or P-) wave velocity
of a sand specimen, the function generator and digital recording
oscilloscope(DRO) are used as configured in Figs. 5.5 and 5.9. The
configuration of the MTD for this test is also illustrated in Fig. 6.1. The
vertical accelerometers in the sample base and on the top cap are
connected to separate channels of the oscilloscope. The function
generator is connected to the vibration generator and also to a third
channel of the oscilloscope. The function generator is set to produce
one-half cycle of a square wave with a magnitude of 0 10 voits, a
frequency of 2000 Hz and is triggered every 0.10 seconds. The resutting
signal appears on the oscilloscope as a step function when compared to
the travel times measured in the specimens.

The oscilloscope is set to trigger on the signal produced by the
function generator because it provides a consistent trigger point. The

oscilloscope is set to average 128 measurements and then stop. A direc’
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Fig. 6.1. Arrangement of MTD for Conducting Axial Pulse Test.




copy of the oscilloscope screen is provided as an example in Fig. 6.2.
Displayed in Fig. 6.2 are the responses of the base and top
accelerometers, with the trace for the top accelerometer highlighted
(darkened in the figure). After the test is complete, each waveform is
stored internally in the oscilloscope and the screen is cleared. The
stored waveforms are recalled, and, using zoom and amplification
functions on the oscilloscope, the waveforms are manipulated and
expanded for easier examination.

The time interval, tp, between the first arrivals of the puise at the
bottom and top accelerom.eters is easily determined using cursors.
Figure 6.3 is an example of the oscilloscope configured to determine this
travel time. The travel time for this example is 372.5 us. The length, L, of
the sample is determined using the initial measured length, adjusted for
any changes calculated using measurements from the proximiters. The
calibrated time delay between the accelerometers, tq, is determined in a
separate test for each specific accelerometer configuration. In those
calibration tests, the top cap is placed directly on the base with a very thin
layer of vacuum grease between them and the same pulse test is
conducted. The values of these delays typically ranged between 7 and
10 us. A value of 9.5 us was measured for this accelerometer
configuration and is used in this example. The P-wave velocity, Vp, is

then calculated using
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Vo= Toig- (6.1)

For the loose sand in Fig. 6.2, L= 0.2338 ft, and the resulting velocity is

1458 fps. The constrained modulus, M, then follows from the equation
M= pr2 (6.2)

where p is the mass density.

Several assumptions have been made in the process of
conducting and analyzing the axial pulse test. These include: 1) the first
arrival is due to a disturbance travelling at the dilatational wave velocity,
2) the input motion has a sufficiently high frequency to appear as a step
function, and 3) the strains in the specimen remain low enough to
assume that the material responds linearly elastically. These

assumptions are discussed in further detail in the following sections.

6.2.2 Justification for Identifying the First Arrival as
the Compression Wave Arrival

A theoretical solution for transient waves propagating in a semi-
infinite rod due to an impact on the end is presented in Chapter 3 and
Appendix C. A computer program was written which numerically
computes the solution tor the particle velocity at positions relative to the

wave front corresponding to the elementary solution. Tiiis solution can
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be plotted versus time as done in Fig. 6.4 for Poisson's ratios of 0.25 and
0.49. The solutions are for a point in a rod thzt 5 at a distance four times
the diameter from the impact end. The arrivals of the elementary rod
wave, tp, and the corresponding dilatational wave arrivals, tp, are also
shown. Here the dilatational wave arrival was computed using Cg and
Poisson's ratio and assuming an isotropic linearly elastic material. It can
be seen that motion at the observed point starts at about the time
corresponding to the time of arrival for a dilatational wave. It is also
observed, that as Poisson's ratio decreases, the time difference between
the dilatational and elementary bar wave arrival decreases. The arrival
of the dilatational wave appears to correspond to an amplitude which is
on the order of 10 percent or less o the first peak amplitude in the
waveform.

Therefore, for the purposes of this laboratory testing, the P- wave
arrival time was assumed to occur at a point when the waveform makes a

marked departure from the ambient level. This is illustrated in Fig. 6.3.

6.2.3 Impact of Input Frequency on the Measured

Compression Wave Arrival.

In Fig. 6.2 it is obvious that the motion of the accelerometer in the
base is very different from the step function input by the function
generator. The time record for the base accelerometer has a sharply

varying amplitude and dominant frequency. In addition, it should be
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noted that the wave arrives at the base accelerometer approximately
30 us after the time it is output from the function generator. This delay,
and the resulting amplification and dominant frequency, are due to
delays in the power amplifier and impedance matching network, inertial
response of the piezoelectric crystals in the vibration generator, and the
time it takes for the pulse to travel through the steel base piston and the
base pedestal. The dominate frequency, about 45 kHz, appears to
correspond to the expected resonant frequency of piezoelectric crystals
in the vibration generator, subject to slight modification by the pulse's
passage through the steel piston and base pedestal.

This observation leads to the assumption that although the input
motion is not a true step function, it has a frequency sufficiently high in
comparison to the natural frequency of the specimen that it appears as a
step function. This conclusion is made noting that in Chapter 7 the first
natural frequency for the loose sand in this sample is approximately 400
Hz, making the excitation frequency nearly tw2 orders of magnitude
higher. The study of the influence of input frequency on the observed P-
wave arrival is beyond the scope of this :usearch. However, the finite
element model described in Chapter 4 shoulid prove a useful tool. Fast
Fourier Transform (FFT) aigorithms can be used with the transfer function
output by the finite element program to compute a time response at the

top resulting from a specified input motion at the bottom.
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6.2.4 Assumption of Small Strains in the Axial Pulse
Test

One fundamental assumption governing this research study is that
the strain levels generated in the specimen are so small that the material
behaves linearly elastically. For a typical sand this means that measured
strains should be below 10-3 percent.

It is a straightforward process to compute the maximum level of
strain which occurs in the specimen. There are two points in the axial
pulse test, the base and the top, where the acceleration amplitude is
known accurately. If the displacement at any point is assumed to be

governed by an equation of the form

w = Ae et = A(coswt - i sSinwt) (6.3a)
then

w = -Awe-iot (6.3b)
and

W = +Ap2eiot (6.3c)
SO

W=-W® O  Wmax=Wmax/® . (6.4)

From the waveforms recorded in an axial pulse test, it is a simple matter
to determine the maximum acceleration knowing the accelerometer

constants and the signal amplification. It is noted that it is inherently
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assumed that the maximum acceleration occurs on, or just after, the first
arrival and the impact of wave reflections and their coincidences is
ignored. For the example in Fig. 6.2, the maximum acceleration at the
top is 0.28 g's and at the bottom is 1.33 g's (where 1 g — acceleration due
to gravity). The corresponding dominant frequencies can also be scaled
from Fig. 6.2. These are 20,000 Hz and 45,000 Hz for the top and bottom
acceierometers, respectively.

It can be shown through simple manipulation of the one-

dimensional equation of motion that

W= Té—v‘"e €2Ve (6.5)
where
W o= particle velocity in the z-direction,
1 = stress in the z-direction,
Ve = bar wave velocity,
E = Young's modulus, and
€2 = strain in the z-direction.

Thus, if the bar velocity for a material is known, even approximately, the
magnitude of the strain at maximum particle velocity can be computed
from

-

€zmax = ;‘{‘fj (6.6)
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The bar wave velocity for this test was determined in Chapter 7 to be
approximately 1250 fps, thus the maximum strain was computed to be
5.7 x 10-6 percent at the top and 1.2 x 10-4 percent at the bottom, well

within the small strain region for this material.

6.2.5 Measurement Errors for the Axial Pulse Test
and Their Influence on the Constrained
Modulus

Table 6.1 is a summary of the approximate errors and their
propagation through the calculations to the final computed value of the
constrained modulus. The values presented in Table 6.1 are
approximated for the sand used as an example in this and the following

chapter.

6.2.5.1 Errors in Specimen Dimension and
Weight

The length is initially measured with an accuracy of £0.01 inches
and adjusted for changes measured during a test series using the
proximiters. As the accuracy of the proximiters is about £0.0001 inches, it
is believed any error in the length will be dominated by the initial

measurement.
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Table 6.1.  Propagation of Errors in the Axial Pulse Test for a Loose
Sand at 65 = 16.0 psi (ISO2T7 Test)

Parameter Quantity Emor  Units %
Error
Length, L 6.37 + 0.01 in 0.2%
Diameter, D 281 + 0.01 in 0.1%
Volume, V 39.41 + 0.12 in3 0.3%
Weight, W 983.0 + 1.0 gram 0.1%
Unit Weight, ¥ 9510 * 0.3 pcf 0.3%
Added Mass, Wm 485.5 + 041 gram 0.02%
Travel Time, tp 3725 + 8.0 Hs
Time Delay, tg 9.5 + 0.25 HS
Net Travel Time, (tp-tq) 363.0 + 8.0 us 2.2%

Compression Wave
Velocity, Vs 1462.2 + 32.2 fps 2.2%

4

Constrained Modulus, M 6312600 + 202000 psf 3.2%
43830 + 1400 psi 3.2%

The diameter of the sample is also measured initially to £0.001
inches or less, using a Pi tape. The initial diameter is the average of at
least three measurements which may range as high as +0.005 inches
from their mean, thus, an assumed error of £0.01 inches is considered

reasonable. However, unlike the length, the diameter is not adjusted




using direct measurement. Changes in the diameter are computed using
the assumption that the strains experienced in the sample are equal in
the axiai and radial directions. For isotropic loading this is a reasonable
assumption and not likely to introduce any appreciable error. However,
in the case of biaxial loading, this assumption is inherently wrong.

For a material under biaxial loading one expects that as the axial
dimension increases, the radial dimension will decrease in an amount
proportional to the Poisson's ratio. Consequently, the data reduction
program written to reduce test series data was written to account for this
volume change behavior. For moderately equal changes in the axial and
horizontal stresses (less than 0.5 psi), the diametrical strain is
proportional to the jongitudinal strain and in the same direction. For
unequal changes in the respective stresses, the diametrical strain is
proportional to the longitudinal strain and taken in the opposite direction.
Further, a distinction is made whether the change is in the axial stress or
the horizontal stress. An assumed value of Poisson's ratio is used as the
proportionality constant. Typical values assumed for this study were
between 0.26 and 0.30 for the loose sand and between 0.18 and 0.22 for
the dense sand. For all tests on the sand, the largest change in length
was less than £0.015 inches, which amounts to an axial strain of £0.0025
tfor the specimen lengths used in this study. If one assumes a Poisson's
ratio of 0.30, then the diametrical strains would be on the order of £0.001,

or one tenth of a percent or less.
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The error in the volume is simply the square root of the sum of the
squares of the appropriate errors of the length and the diameter. An error
in the sample weight is governed by the care used during sample
preparation. With the preparation technique described in Section 5.4
and Appendix F, it is believed that the weight of the sand samples can be
determined to within one gram. This is an error of about 0.1 percent for
the sample size used in this study. The errorin the unit weight is the
square root of the sum of the squares of the appropriate errors for weight
and volume, resulting in an error of approximately 0.3 percent for the

sand samples used in this study.

6.2.5.2 Determining the Error in the
Constrained Modulus

The principal source of error in the travel time is determining the
time of arrival at the top. An examination of Fig. 6.2 shows the starting
time is easily determined from the base accelerometer time record.
However, the first arrival of the wave at the top accelerometer is less
clear and a range exists where the actual arrival may occur. This "arrival
window" is illustrated in Fig. 6.3 and is about 8 us wide, which is a
potential error amounting to approximately two percent for the sand in
this example. Conceptually, a stiffer material will have a shorter travel
time and the "arrival window" will constitute a larger percentage of that

travel time. However, the author has observed that as a material
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becomes stitter, Poisson's ratio decreases and the relative size of the
"arrival window" decreases. The exception to this is a material which has
high Poisson's ratio (greater than 0.48). This material will have a
relatively high constrained velocity, regardless of its stiffness, and the
"arrival window" constitutes a larger percentage of the travel time. In
such a case even the precision of the measurement (typically £0.5 us)
will constitute a larger proportional error.

it remains a straightforward step now to determine the error in the
constrained velocity and subsequently the constrained modulus. The
example listed in Table 6.1 suggests the ultimate error in the constrained
modulus is on the order of three percent, low for typical geotechnical

measurements.

6.3 Determining the Shear Modulus Using an

Independent Shear Pulse Test

6.3.1 Conducting the Shear Pulse Test

To conduct a shear pulse test to find the shear wave velocity in a
specimen, the function generator and digital recording oscilloscope are
used with a tapping device which is set up as shown in Figs. 5.7 and 5.9.

The configuration of the specimen and the appropriate accelerometers
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used for the test are shown in Fig. 6.5. The two horizontal
accelerometers at the top and the horizontal accelerometer attached to
the side of the base are connected to separate channels of the
oscilloscope. The function generator is connected through a rectifier
circuit to a variable amplifier/power supply and set to produce a 5.0-volt
square wave at a frequency of 5.0 Hz. The rectifier acts to chop the
negative half of the square wave, allowing only the positive voltage steps
of the square wave to the amplifier. The amplifier is set to amplify the
input signal 2 to 3 times and is connected, via an off-on switch, to the
tapping device. The tapping device is made of a 0.125-inch diameter
stainless steel rod mounted on a solenoid that was salvaged from an 8-
track tape player. When the switch is closed, the positive voltage signal
activates the solenoid and drives the rod against the side of the base
pedestal. A small piece of steel is glued to the side of the base to protect
its surface.

The oscilloscope is set to trigger on the signal produced by the
horizontal accelerometer attached to the base next to where the tapper
strikes. The oscilloscope is set to average 64 measurements and then
stop. A direct copy of the oscilloscope screen is provided as an example
in rig. 6.6. Displayed in Fig. 6.6 are the responses of the base and two
top accelerometers with the top accelerometer opposite the tapper being
highlighted (darkened in the figura). After the test is complete, each
waveform is stored internally in the oscilloscope and the screen is

cleared. The stored waveforms are recalled, and using zoom and
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amplification functions, the waveforms are manipulated and expanded
for easier examination. The travel time, tg, for the shear wave arrival is
determined using the cursor functions. However, idcntification of the
shear wave arrival at the top accelerometers is less straight forward than
for the P-wave arrival and is discussed further in the next subsection.

The length of the sample, L, is determined using the initial
measured length, adjusted for any changes determined from
measurements using the proximiters as was described in the previous
section for the axial pulse test. As before, the time delay, tg, between the
accelerometers was determined in a separate test without the soil
sample present. The values of these delays typically ranged between 35
and 45 ps. A value of 41 us was measured for this accelerometer

configuration and is used in this example. The shear velocity, Vs, is then

(6.7)

For the loose sand in Fig. 6.6, L = 0.2338 ft, and the resulting shear wave

velocity is 790 fps. The shear modulus, G, then follows from

G= pV52

B
@

where p is the sample mass density.
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Several assumptions have been made in the process of
conducting the shear wave pulse test. These assumptions include clear
identification of the shear wave arrival and that only small strains occur in
the sample. Each of these is addressed separately in the foliowing

paragraphs.

6.3.2 Identifying the Shear Wave Arrival

The shear wave is not the fastest travelling wave in the specimer.
Consequently, its arrival at a receiver is often masked by the arrival of the
dilatational wave. Also complicating this case is the presence of near-
field shear waves, which are commonly observed when the receiver is
less than two wavelengths from the source. Sanchez-Salinero (1987)
showed that the near-field shear wav > would travel at the P-wave
velocity, further complicating identification of the far-field shear wave
when making measurements close to the source.

To assist in identifying the shear wave arrival, each accelerometer
used for this test was glued to the same base and subjected to an
upward pulse. The relative orientation of the signal outp.t is shown in
Fig. 6.7. Using the accelerometer's base as the bottom reference an
upward motic.i resufts initially in a positive signal for the top
accelerometers and a negative signal for the base accelerometers. This
suggests that, for the shear pulse test, the top horizontal accelerometer

opposing the source should experience a significant positive signal
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corresponding to the main shear wave arrival. Figure 6.8 illustrates how
the shear wave arrival was selected for a typical test. The second top
accelerometer provides a check and aids in arrival identification. The
travel time recorded was the average of the two separate measurements.
The P-wave and/or near-field shear wave arrival can also be seen
at the top accelerometers, although this arrival can only be identified by
magnifying the vertical scale of the recorded signal many more times
than is necessary for the shear wave measurement. This has been done

for the example and the P-wave arrival is also annotated in Fig. 6.8.

6.3.3 Assumption of Small Strains in the Shear
Pulse Test

The strain level at the top and bottom of the specimen is computed
in a manner analogous to that developed in & ‘tion 6.2.4. It is again
noted that it is inherently assumed that the maximum acceleration occurs
at, or just after, the first arrival and the impact of wave reflections and their
coincidences is ignored. Then, assuming one-dimensional wave
propagation, the shear strain, y, at maximum horizontal particle velocity is

computed from

(DVS
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An examination of Fig. 6.6 shows at the top and bottom of the sample the
maximum accelerations were 1.2 and 3.7 g's and the corresponding
frequencies were 3,333 and 40,000 Hz, respectively. The shear wave
velocity for this example was 790 fps, and the strains were computed to

be 2.3 x 104 percent at the top and 5.9 x 10-S percent at the bottom.

6.3.4 Determining the Error in the Shear Modulus

Table 6.2 is a summary of the approximate errors and their
propagation through the caiculation of the independently measured
shear modulus. The values in Table 6.2 are approximated for the loose
sand confined isotropically that is used as an example in this and the
following chapter. Comments pertaining to the errors in the sample
dimensions and properties are included in Section 6.2.5.1 and are not
repeated here.

The principal source of error in the measurement of the shear
modulus is determining the arrival of the main (far-field) shear motion at
the top horizontal accelerometers. The "arrival window" is iliustrated in
Fig. 6.8. An examination of the time record for the top accelerometer
shows motion occurring well in advance of the larger far-field shear
wave. Consequently, its arrival is obscured and could occur within a
window 80 - 120 us wide. If the middle point in the window is chosen,

and an average error is assumed of half the maximum window width,
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Table 6.2.  Propagation of Errors in the Shear Pulse Test for a Loose
Sand at 65 = 16.0 psi (1ISO2T7 Test)

Parameter Quantity Error Units %
Error
Length, L 6.37 £ 0.01 in 0.2%
Diameter, D 281 £ 0.01 in 0.1%
Volume, V 39.41 + 0.12 in3 0.3%
Weight, W 983.0 + 10 gram 0.1%
Unit Weight, y 9510 % 0.3 pcf 0.3%
Added Mass, Wm 485.5 + 0.1 gram 0.02%
Travel Time, tg 713.5 + 60 us
Time Delay, t4 41.0 + 1.0 us
Net Trave! Time, (ts-tq) 672.5 + 57 us 8.5%
Shear Wave Velocity, Vs 789.9 + 67.1 fps 8.5%
Shear Modulus, Gm 1841970 + 222880 psf 12.1%

12790 + 1550 psi 12.1%

say +60 us, then the error for the shear wave velocity of the loose sand 2.
16 psi confining pressure will be 8.5 percent. This results in a 12% error
in the shear modulus.

This large an error is unacceptable and makes it difficult to draw
any useful conclusions from the shear pulse test as it is currently
configured in the MTD. To be useful, a shear wave source which does

not generate so large a P-wave will need to be developed.
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6.4 Summary

Two of the three tests conducted in the Multi-Moduli Testing
Device (MTD) are the axial and shear pulse tests which measure the
dilatational and shear wave velocities that are used to calculate the
constrained and shear modulus, respectively.

In the axial pulse test, the piezoelectric shaker applies a step
function impulse to the base of the sample and the responses of the
bottom and top vertical accelerometers are recorded by the digital
recording oscilloscope. The travel time for the pulse is determined from
the two time records, adjusted for any delay, and the dilatational wave
velocity is computed from the sample length. The travel time is chosen
as the time interval between the first arrivals at each accelerometer. The
justification for picking the first arrival is based on the transient wave
propagation theory discussed in Chapter 3. When the solution for
transient motion in a rod (due to a sudden impact at the one end) is
plotted as a function of time, it shows that particle motion begins at about
the time corresponding to the theoretical arrival of the dilatational wave.
Calculations for an example test on a loose sand confined at 16 psi
showed that the maximum strains experienced by the sand were on the
order 1 x 10-4 percent, or less. An examination of the errors in the axial
pulse test suggest the error in the constrained modulus should not

exceed three percent.
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In the shear pulse test, a mechanical tapping device strikes the
side of the base pedestal and the responses of the bottom and two top
horizontal accelerometers are recorded by the digital recording
oscilloscope. The travel time for the pulse is determined from the three
time records, adjusted for any delay, and the shear wave velocity is
computed from the sample length. The travel time is determined by
observing the arrival of the polarized shear wave that corresponds to the
direction of impact. However, motions travelling at the faster P-wave
velocity obscure the shear wave arrival. This problem is likely due to the
nature of the source and the size of the sample. Consequently, the error
in the shear modulus is significantly greater than for the constrained
modulus, and may be as large as 15 percent. A new dynamic source is

needed which will generate a stronger shear wave that can be reversed.




Chapter Seven

Young's Modulus from Longitudinal Resonant Column Testing

7.1 Introduction

The use of resonant testing to determine the dynamic stiffness of
civil engineering materials is slowly gaining acceptance in practice. The
development of laboratory testing using dynamic techniques over the
past 30 years is discussed in Chapter 2. The American Society for
Testing and Materials has a formalized method, C215-85, to determine
dynamic moduli of concrete specimens using the fundamental
transverse, longitudinal and torsional frequencies.

The general procedure used in this research to measure multiple
longitudinal natural frequencies of a typical soil specimen and to
compute the elastic Young's modulus from those measured frequencies
as discussed in this chapter. Detailed test procedures are included in
Appendix F. A description of the test apparatus and equipment is
included in Chapter 5 and Appendix E. Theoretical development of the
equations used to backcalculate Young's modulus are contained in

Chapter 3 and Appendices A and B.
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7.2 Determining Young's Modulus of Soil Specimens

7.2.1 Conducting the Longitudinal Resonant Column Test

The arrangement of the MTD for conducting the longitudinal
resonant column test is illustrated in Fig. 7.1, and the equipment set up is
shown in Fig. 5.10. The base and top vertical accelerometers are
connected to channels 1 and 2 of the dynamic signal analyzer, and the
piezoelectric shaker is connected to the analyzer's internal function
generator. The dynamic signal analyzer is set to conduct an upward
frequency sweep with channel 1, the base accelerometer, used as the
reference channel for frequency and amplitude control.

Table 7.1 is a listing of some of the pertinent settings that were
used for the loose sand specimen used as an example in this chapter
and for the pulse tests described in Chapter 6. The analyzer can be set
to conduct the frequency sweep automatically, allowing the operator to
perform other functions while the test is progressing. Depending on the
properties of the test specimen, the operator may have to reset the
source level or the range of the top accelerorneter to insure good
coherence between the accelerometer's signals. The settings in Table
7.1 were found to be appropriate for virtually all sand tests with
adjustments only required for extreme variations, high or low, in material

stiffness and damping. For all the tests on sand, loose or dense, the
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| SPECIMEN

CENTRAL AXIS

Fig. 7.1. Arrangement of MTD for Conducting Longitudinal
Resonant Column Test.
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Table 7.1.  Typical Settings for Dynamic Signal Analyzer for
Longitudinal Resonant Column Test on Sand.

Measurement Mode:
Auto Gain:
Ref Chan
Ref Level
Source Limit
Average:
Integration Time
# of Averages
Frequency:
Start
Stop
Resolution
Source:
Sweep
Offset
Input:
Chan 1
Chan 2
Chan 1
Chan 2

Swept Sine - Linear Sweep
on

Chan 1

15 mVpk

<2 Vpk

50.0 ms
8

100 Hz
5 kHz
6.12 Hz/Point

Up
0.0 Vpk

Auto Range Up
Auto Range Up
AC (Float) Coupling
AC (Fioat) Coupling




settings in Table 7.1 were adequate for confining pressures ranging from
4 to 32 psi. Typically, the frequency range would have to be extended
above 5000 Hz for sand under higher confining pressures (64+ psi) or
stiffer materials such as polyvinyichloride and Portland cement concrete.
It also was common to have to increase the reference level (15 mv) for
highly damped materials such as the compacted clay and polyurethane
specimens.

The analyzer perforrs a frequency sweep by driving the vibration
generator at a specific frequency and amplitude referenced to a
designated channel. In this example, the reference channel was the
base accelerometer and the reference level was 15 mv, which was about
0.1 g. (The accelerometer constant, after amplification, was 150mv/g.)
The source was also set to a maxinium of £2.0 Volts peak to protect the
piezoelectric shaker which has an input limit at the power amplifier of

13.0 Volts. The analyzer outputs a sine wave to the piezoelectric shaker

in order to attain the prescribed test frequency at the base accelerometer.

A typical test frequency range used for the natural soils was 100 to 5000
Hz, with a sweep consisting of 200 test frequencies. This resulted in a
resolution of 6.12 Hz between test points. At each frequency, the
analyzer took eight averages of the measured signals and then
computed the relative amplitude and phase of the signals received at the
two input channels. The analyzer could also display a variety of other

waveform functions, including the coherence between channels, the
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power spectrum of each channel, and the cross spectrum between the
channels.

In the longitudinal resonant column test, the phase of the
frequency spectrum is used to determine the natural frequencies of the
sample. Figure 7.2 is the amplitude, phase and coherence plot for a
longitudinal resonant column test on a loose sand (Dr = 26%) confined
isotropically at 16.0 psi . The top curve is the ratio of the amplitudes of
the top accelerometer to the bottom accelerometer in terms reduced to
actual acceleration using the appropriate accelerometer constants and
amplifier gains. The middle curve is the phase of the top accelerometer
relative to the bottom accelerometer and is displayed in a form which
wraps the plot between 1180 degrees. The bottom curve is the
coherence between the measured signals and is an indication of how
well the signals relate to one another. A value close to 1.0 is an
indication that the signals track each other well and the amplitude and
phase measurements should be good. Low coherence can be the resuit
of interference from other waves in the specimen, external noise and
vibrations, or motion too small to be detected by one, or both, of the
accelerometers. It is noted in Fig. 7.2 that the coherence is poor below
about 300 Hz, a limitation attributable to both the accelerometer's
inability to sense, and the piezoelectric shaker's inability to generate, low

frequency motions.
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Fig. 7.2. Dynamic Signal Analyzer Record for Longitudinal
Resonant Column Test on a Loose Sand Under 16 psi
Confining Pressure (ISO2T7 test).
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v!vv-’:=ﬂntan[3n , h=1,23,.. (7.1)
where
(D_nL 27tfnL
Br=Cg="¢g ' "=123.. (7.2)
and where
W = weight of the specimen
Wm = weight of added mass,
L = length of specimen,
Cs = bar wave velocity,
On = resonant circular frequency in rad/sec, and
fn = resonant frequency in cycles/sec.

Therefore, for any given Wg, W, L, and Cg, the value of f, could be
predicted by solving the transcendental equation. This is easily
accomplished numerically by computer. Alternatively, if Wg, Wm, L and f,
are known, then Cp can be calculated. This has been done for the
example test and the results listed in the third column of Table 7.2 and
denoted as Cn. It is immediately obvious that the values calculated for
Cn are not equal to each other as would be expected for one-
dimensional wave propagation in a linearly elastic, finite rod. Therefore,

an additional adjustment is required.
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it was shown in Chapter 3 and Appendix B that dispersion occurs
in an infinite rod subjected to a steady-state motion. It was also shown
that the velocity of propagation is a function of the radius and stiffness
properties of the rod and the frequency of the driving motion. Figure 7.3
is a plot of the dimensionless velocity ratio (the ratio of the phase velocity,
C, to the theoretical bar velocity, Cg), as a function of the dimensionless
wavelength, 2a/A, for various values ot Poisson's ratios. Only the first
longitudinal mode of propagation is shown. Thus, for any given radius, a,
wavelength, A, and Poisson’s ratio, v, three-dimensional theory predicts
the dimensionless velocity ratio. Finally, if the phase velocity is known,
then the theoretical bar velocity can be computed from the dimensionless
velocity ratio.

Using this approach for the example test on the loose sand, the
wavelength can be determined for each longitudinal mode of
propagation using a variation of Eq. 7.2. By noting fA = C, and
substituting Cn, for Cg, the wavelength for each mode can be computed

directly from

2nL

An= Bn (7.3)

Then, assuming a value for Poisson's ratio, a dimensionless velocity ratio
can be determined for each natural frequency using the curves in Fig.

7.3. Finally, by assuming that the velocity computed from the first
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Fig. 7.3. Dimensionless Velocity Ratio as a Function of the
Dimensionless Wavelength For Various Poisson's Ratios
(Fundamental Mode Only).

approximation is the phase velocity, the bar velocity is calculated. The
fourth through seventh columns of Table 7.2 reflect these steps. Here the
values for C/Cg were computed numerically using an assumed value of
Poisson's ratio equal to 0.27. The bar velocity computed in this manner
is listed in the seventh column of Table 7.2 and is denoted as V¢ to reflect

the fact it is a measured quantity.
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The final step is to compute Young's modulus using the

relationship developed earlier for one-dimensional motion

E = pV,2 (7.4)

where p, the mass density, is taken from the appropriate measurements.
Consequently, there will be a different value of En for each longitudinal
mode of propagation, n. Which value of Ep, is the most correct is
discussed in Section 7.3. The values for Young's modulus computed for
the loose sand in the test example are shown in the eighth column of
Table 7.2.

7.2.3 Computing Poisson's Ratio and the Shear
Modulus

The adjustment to the phase velocity using the dimensionless
velocity ratio requires a value for Poisson's ratio. In the earlier example,
a Poisson's ratio of 0.27 was assumed. An examination of Fig. 7.3 shows
that, for low and high values of the dimensionless wave numbc.r, an error
in the estimate of Poisson's ratio should have only a small impact on the
computed value of the bar velocity, Ve. Nevertheless, with the bar wave

velocity from this test and the constrained wave velocity from the axial
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pulse test described in Chapter 6, a possibly more accurate value of
Paisson's ratio is available.

Poisson's ratio can be computed directly using the results from the
axial pulse test. From linear elastic theory it can be shown

VB2 + 4B - B
ve 5 (7.5)

where
0= i =R 76)
v = Poisson's ratio,
= constrained modulus from axial pulse test,
E = Young's modulus from longitudinal resonant
column test,
Vp = constrained velocity measured in pulse test,
and
Ve = bar velocity computed from longitudinal

resonant column test.

The computed value of Poisson's ratio can now be compared to that
originally assumed and, if different, the computed value can be used to
recompute the value of the bar wave velocity. By iteration in this manner

the appropriate value of Poisson's ratio and the dimensionless velocity
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ratio is quickly reached. This process is easily incorporated in a

computer program and this has been done for all the laboratory test

series. A copy of the source listing for the data reduction program is

included in Appendix F. Figure 7.4 is a copy of the individual test printout

for the loose sand at 16.0 psi that is used in this example (ISO2T7 test).
The shear wave velocity can now be calculated assuming

isotropic linear elasticity from either

Vs Ve (7.7)

A 2(1+)

or

(1-2v)
2(1-v)

Ve =Vp (7.8)

Finally, the shear modulus, G, follows from

G = pVg2 (7.9)

where p is the sample mass density. As there was a different value of the
bar velocity for each mode, there will also be a different value of the

shear wave velocity and shear modulus backcalculated for each mode.




Fig. 7.4.

ISO2 TEST SERIES, 34 MAY 90

STRESSES:
AXIAL = 16.16 psi

HORZ= 1599 psi

MEAN=  16.05
KO = 1.01

SAMPLE PROPERTIES:

HEIGHT (in): 6.3695
DIAMETER (in): 2.8077
WEIGHT (b): 2.1675
VOLUME (cf): .0228
UNIT WT. (pcf):  94.98
SPECIFC GRAVITY: 2.670
WATER CONTENT: .001510
VOID RATIO: .7577
ADDED MASS (b): 1.0703

TESTNO. 7
TIME(h): 650

MODE fr(Hz) C(fps) Cb(fps) Cp(fps) POL. RAT. Cs(fps)

1

4036 12456 12473 14622 .3072

2 13977 12777 12959 14622 2783
3 24389 12358 13104 14622 .2684
4 32595 1128.6 13380 14622 .2474
MODULI (psf):

YOUNGS CONSTRAINED SHEAR
1 4503047. 6312600. 1756849.
2 4958149. 6312600. 1939411.
3 5069600. 6312600. 1998447
4 5285589. 6312600. 2118600.
MODUL! (psi):

YOUNGS CONSTRAINED SHEAR
1 31896. 43838,  12200.
2 34432, 43838,  13468.
3  35206. 43838.  13878.
4 36705. 43838. 14713,

810 5
8227
847.1

INDEPENDENT SHEAR WAVE VELOCITY: 789.9 fps
INDEPENDENT SHEAR MODULUS: 1841972, psf

INDEPENDENT SHEAR MODULUS:

individual Test Printout for ISO2T7 Test on a Loose Sand

Under 16 psi Confining Pressure.

12791. psi
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7.2.4 The Assumption of Small Strains in the
Longitudinal Resonant Column Test

It is important to determine that the strains experienced during this
test are small enough so that the small-strain assumption remains valid.
The process of computing the maximum strain in the specimen is
analogous to that described in Section 6.2.4. However, the maximum
acceleration and frequency are now known fairly accurately at each
resonant mode. The acceleration at the bottom is 0.1 g, and is known
because it is preset at the beginning of the test. An examination of Fig.
7.2 shows the maximum amplitude occurs at the first resonant mode and
the acceleration at the top can be computed from the equation defining

‘ the amplification

Amplification (dB) = 20 log1o [ﬁ‘”—} (7.10)
Wbase
The amplification at the first resonant mode is approximately 40 dB, so
the corresponding acceleration at the top is approximately 10.0 g's. The
maximum strain at the top and bottom can now be computed using Eq.
6.5, the first natural frequency of 403.6 Hertz and the approximate bar
velocity, V¢ = 1250 fps. The resulting axial strains are 1.0 x 10-4 percent

and 1 x 10-2 percent at the bottom and top, respectively.




Table 7.3. Summary of Maximum Strains for Example Longitudinal
Resonant Column Test
Mode Natural | Magnitude Base* Top
Freq., Hz dB Ezmax°/o €zmax%
1 403.6 40 1.0x 104 1.0x 102
2 1397.7 27 29x 105 6.6 x 104
3 2438.9 15 1.7x 105 9.4 x 105
4 3259.5 6 1.3x 105 2.5x105

*Base acceleration setto 0.1 g's

A similar calculation can be conducted for the second, third, and

fourth resonant modes. The corresponcing maximum strains are

summarized for each mode in Table 7.3. Note that except for the first

resonant mode, all the maximum strains are less than 1 x 10-3 percent,

the small-strain threshold for this sand.
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7.2.5 Measurement Errors in the Longitudinal
Resonant Column Test and Their Influence on
the Calculation of Young's Modulus

A summary of the approximate errors and their propagation
through the calculation of the Young's modulus for the loose sand used
in this example is presented in Table 7.4. Comments pertaining to errors
in the sample dimensions and weight are included in Section 6.2.5.1.

The principal sotirce of error in the computation of Young's
modulus is from the length measurement and the determination of the
natural frequency. The example in Table 7.4 suggests the computation
process only introduces an error in the Young's modulus that is on the
order of 1-2 percent. However, the study using the finite element modei
that is described in Chapter 4 suggests the two-step reduction method
and the effect of the various test parameters will introduce errors which
may be attributable to the test method, the test apparatus and the data
reduction method. In particular, the parametric model study showed that
the potential error in backcalculating the correct bar velocity tends to
increase for the higher modes. However, that error never exceeded one
or two percent and normally remained below one percent for the first
three modes. Consequently, it is possible to conclude the error in
determining the Young's modulus will surely be less than five percent.
This is further substantiated by the comparison discussed in the next

section.
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Table 7.4. Propagation of Errors in the Longitudinal Resonant Column
Test (Values from 1st Mode of ISO2T7 Test)

Parameter Quantity Error Units %
Error

Length, L 6.37 £ 0.01 in 0.2%
Diameter, D 2.831 £ 0.01 in 0.4%
Volume, V 39.41 + 0.24 in3 0.6%
Weight, W 983.0 £ 1.0 gram 0.1%
Unit Weight, v 95.10 £ 0.5 pcf 0.6%
Added Mass, Wn 4855 £+ 0.1 gram 0.02%
Natural Frequency, fn 4036 £ 0.5 Hz 0.1%
Phase Velocity, C4 12456 £ 2.9 fps 0.2%
Wavelength, A4 37.03 + 0.08 in 0.2%
Wave Ratio, 2a/A 0.0338 + 0.0003 0.5%
Velocity Ratio, C/Cg 0.9990 + 0.0046 0.5%
Bar Velocity, V¢ 1246.8 £ 6.1 fps 0.5%
Young's Modulus, E1 4595400 + 42100  psf 0.9%

31915 + 292 psi 0.9%
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7.3 Comparing the Frequency Response Measured in
the Laboratory to that Calculated by the Finite

Eiement Model

Figure 7.5 is the transfer function computed using the finite
element model described in Chapter 4. The input parameters for the
program runs were taken directly from the test results for the loose sand
used as an example in the preceding section. Two transfer functions are
shown in Fig. 7.5, one each corresponding to the moduli computed from
the first two natural frequencies found in the longitudinal resonant
column test. The Young's modulus and shear modulus (computed from
Eq. 7.9 using the measured constrained modulus) were used for the
input stiffnesses. The damping ratio was calculated from the first mode

noting the following from Fig. 4.10 for a single degree-of-freedom system

W 1
[—&D-] = 35 (7.10)
Whase

where the left side of the equals sign represents the magnitude
(amplification ratio), and D is the damping ratio. Recall that for this
example, the magnitude of the first peak is approximately 40 dB, making
the respective damping ratio approximately 0.05, or 5 percent. Other
specimen parameters used for the input came directly from the laboratory

results as summarized in Fig. 7.4. Table 7.5 summarizes the bar
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Fig. 7.5. Transfer Function for Loose Sand Computed Using Finite

Element Model and Stiffness Parameters Determined in
the Laboratory in the 1SO2T7 Test.
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Table 7.5. Comparison of Mode! Bar Velocities to Measured Bar
Velocities for Loose Sand (1SO2T7)

Ve-fps

Mode 1 Mode 2 Mode 3 Mode 4

1S0277 1247.3 1295.6 1309.5 1336.7 |

(Lab Test)

FEM1* 1248.7 1249.7 1250.5 12511
0.11%** | -3.54% -4.51% -6.40%
FEM2 1297.3 1298.1 1298.7 1298.9
4.01% 0.19% -0.82% -2.83%
13111 1311.9 1312.4 13126
FEM3 5.12% 1.26% 0.22% -1.80%
FEM4 1338.4 1339.0 13415 | 13394
7.30% 3.35% 2.44% 0.20%

* FEM(n) represents program input corresponding to mode n from
ISO2T7 test using En and G, where Gp is computed from M and Ep,.
** Percent difference from corresponding mode in ISO2T7 test.

velocities determined in the lab and resulting from the finite element
model runs. It can be seen the best match for the lab data occurs when
the moduli from the second or third modes are used for input.

It is noted now, that the bar wave velocities for the second and
third mode are within one percent of each other, while the first mode is
about five percent lower. There are two possible explanations. The first
is that the strain level in the sand is above the small-strain range and a
lower modulus is being measured. It is suggested in Section 7.2.4 that

the axial strain at the top is on the order of 1 x 10-2 percent and, as can
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be seen in Fig. 8.10, the stiffness of the loose sand begins to decrease
when the axial strain is greater than 1 x 10-3 percent. The second
explanation considers the one-dimensional wave propagation
assumption which is made in the process of reducing the natural
frequencies to the bar wave velocity. As the frequency increases for the
higher modes of vibration, the wavelength becomes shorter with respect
to the diameter and the long bar assumption associated with one-
dimensional theory may no longer apply.

This comparison of laboratory and model results is important
because it supports the use of the second or third natural frequencies to
define the relationship between the various moduli and the stress state.
In virtually all the longitudinal column tests in the biaxial test series, the
first natural frequency was obscured by other resonances in the system.
Further, in the BIAX1, BIAX2 and BIAX3 test series, the second mode was
also obscured when the axial load was high (in tension or compression),
and only results from the third natural frequency could be relied on for
analysis. The BIAX4 and BIAXS test series used a new dynamic isolation
top cap assembly, and the second, third, and fourth (where present),

natural frequencies were clearly identifiable.




7.4 Summary

A longitudinal resonant column test is used in the Multi-Moduli
Testing Device (MTD) to measure the bar wave velocity of a specimen,
which is then used to calculate Young's modulus. A dynamic signal
analyzer is used to contro! the dynamic excitation and record and display
the response of the specimen. The analyzer drives the piezoelectric
shaker at the base of the sample at a specified frequency and measures
the relative amplitude and phase between the base and top vertical
accelerometers. A typical linear sweep for a test on sand consists of 200
different frequencies and covers a range between 100 and 5000 Hz
(resulting in a resolution of 6.12 Hz/point). The longitudinal natural
frequencies are determined at phase angles of £90 degrees, in
accordance with the theoretical development for one-dimensional motion
in a finite rod described in Chapter 3.

The bar wave velocity of the specimen is determined from the
measured natural frequencies in a two-step reduction method. In the first
step, one-dimensional wave propagation is assumed and the phase
velocity corresponding to each natural frequency is computed. The bar
wave velocity is calculated in the second step by dividing the phase
velocities by a dimensionless velocity ratio that is determined from the
solution for the first longitudinal mode for three-dimensional wave

propagation in an infinite rod. The values of Young's modulus computed
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from the bar wave velocity for each natural frequency typically compare
within five to ten percent.

The error in determining the Young's modulus from the
longitudinal resonant column should be less than five percent. Also, it
was shown that for the loose sand confined isotropically at 16 psi, that
except for the first resonant mode, all the strains experienced by the
specimen are less than 1 x 10-3 percent, the small-strain threshold for
this sand.

Finally, a comparison was made between the bar wave velocities
tound in the MTD and the bar wave velocities determined using the finite
element program developed in Chapter 4 and input parameters from the
laboratory test on a loose sand. The comparison between the computed
measured responses suggests it is appropriate to use values for Young's
modulus that are computed from the second or third natural frequencies
as well as the first. This is important because it was not always possible

to observe the first natural frequency of the specimen.




Chapter Eight

Test Materials

8.1 Introduction

In the course of developing and evaluating the Multi-Moduli
Testing Device (MTD), a variety of natural and man-made materials were
tested. The list of man-made materials included plastics, such as
polyurethane, polyvinylchloride and polyethylene, and Portland cement
concrete. The synthetic materials provided a distinct advantage in that
their stiffness did not change from test to test and they were easy to
handle and set up. Further, the synthetic materials were available in a
wide range of stiffnesses, allowing samples to be selected which
approximate natural soils or other civil engineering materials. Most
significantly, these specimens could be used repeatedly and could be
tested in other laboratory test equipment using different methods such as
used in cyclic triaxial (resilient modulus), torsional resonant column and
torsional shear tests. Each of these materials were cast or formed in
cylindrical shapes of various sizes and length-to-diameter ratios.

Each of the man-made materials is described in this chapter.
Wherever available, their stiffness properties determined by other
iaboratory tests are presented. The results from the axial and shear

pulse tests and the longitudinal resonant column tests are summarized in
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this chapter when they are available. It is important to note that many
tests on these synthetic materials were conducted in the early stages of
the MTD's development and some results are incomplete or must be
presented with qualifications.

A compacted clay and a washed mortar sand were the two natural
materials used for the bulk of the laboratory tests after the MTD was
completely developed. Both soils are being, or have been, used for other
experimental investigations at The University of Texas at Austin. The
results from the few tests conducted on the compacted clay are
presented in this chapter along with results from torsional shear, torsional
resonant column, and cyclic triaxial tests on the same samples. Tests on
the washed mortar sand are by far the most extensive of the research
study and the results are discussed in Chapters 9 and 10. However, the
sand is described in this chapter and the results from torsional shear and
torsional resonant column tests conducted on identically prepared

samples are inciuded.

8.2. Synthetic Calibration Specimens

8.2.1 Polyurethane Specimens

Stokoe, et al (1990) performed extensive tests on synthetic

calibration specimens made of a tv:9-component urethane elastomer




resin. Their tests were used for calibrating and comparing cyclic
equipment used for resilient modulus testing. Three different urethane
mixtures, Conathane® TU-700, TU-900, and TU-960 were used to
construct cylindrical specimens. These three polyurethane specimens
were tested in static axial compression, cyclic torsional shear and
dynamic torsional resonant column tests. Their tests showed that the
urethanes could be considered linear, viscoelastic materials with
stiffness characteristics which were independent of confining pressure,
strain amplitude and stress history. However, the tests showed that the
urethane stiffness was dependent on loading frequency and specimen
temperature. Therefore, any comparison of stiffness values determined
by different test methods must make adjustments for these two effects.
Figure 8.1 is a plot of the stiffness variation of each urethane
specimen as a function of strain amplitude and frequency from each of

the dynamic tests. Young's modulus from the cyclic torsional shear and

torsional resonant column tests was computed using Poisson's ratio from

static tests. Also shown in Fig. 8.1 are the values for Young's modulus of

the TU-700 and TU-900 measured in the MTD. Values of Young's
modulus corresponding to each of the measured modes (except the first
which was difficult to measure) are shown. It appears that the values of

Young's modulus measured in the MTD fit well if one extends the trend

for the stiffness to increase with frequency. Table 8.1 is a summary of test

results for tests on several polyurethanes, including two additional

specimens tested toward the end of this research study.
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Young's Modulus, psi

Fig. 8.1.
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8.2.2 Polyvinylchloride (PVC) Specimens

A polyvinyichloride plastic, commonly referred to as PVC, was
tested in a variety of length-to-diameter (L/D) ratios. A 4-inch diameter
solid cylindrical rod of PVC industrial stock which was 24 inches long
was purchased to make calibration specimens. Tests were performed on
three PVC specimens, all of which came from the same piece of stock.
The PVC specimens were 4-inch diameter by 24-inch long, 4-inch
diameter by 12-inch long, and 2.8-inch ciameter by 6-inch and long,
which resulted in length-to-diameter ratios of about 6, 3, and 2to 1,
respectively.

Figure 8.2 illustrates the transfer function measured for the longest
PVC specimen. The effect of the length on the transfer function is clearly
evident by the presence of a large number of resonant modes. Table 8.2
summarizes the results from tests on all three PVC specimens. ltis
important to note that two of the samples have base ratios of 0.475 (base
ratio = area of base pedestal/area of sample base). Although these two
specimens show Young's moduli that are noticeably lower, it was shown
in Chapter 4 that a base ratio of about 0.5 would result in 8 measured
velocity for the first mode that is 10 percent lower than that measured for
a base ratio of 1.0. Consequently, the Young's modulus would be on the

order of 20 percent lower, approximately what is seen in Table 8.2.
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8.2.3 Ultra-High Molecular Weight (UHMW)
Polyethylene Specimens

An ultra-high molecular weight (UHMW) polyethylene was tested
in a variety of length-to-diameter (L/D) ratios. A 4-inch diameter solid
cylindrical rod of UHMW industrial stock 24 inches long was also
purchased to make calibration specimens. Tests were performed on
three UHMW specimens, all of which came from the same pie ~- °f stock.
The UHMW specimens were 4-inch diameter by 24-inch long, 4-inch
diameter by 12-inch long, and 2.8-inch diameter by 6-inch long, which
resulted in length-to-diameter ratios of about 6, 3, and 2 to 1,
respectively.

Table 8.3 lists the results from tests conducted on the three
different sized UHMW samples. Again it is noted that two samples have
base ratios o 0.463 and consequently their computed vaiues of the
Young's modulus are 20 to 25 percent lower than for the specimen with a

base ratio ecual to 1.0.
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8.2.4 Portland Cement Concrete (PCC)

A series of axial pulse and longitudinal resonant column tests
were conducted on a 3-inch diameter by 6-inch long cylinder of curing
concrete. These tests were conducted primarily out of the curiosity of the
writer at an early stage in the development of the MTD. However, the
results are described here because they illustrate its unique capabilities.

The PCC sample was rodded into a 3-inch by 6-inch, thin-walled
PVC mold, approximately one hour after it was initially mixed. The
concrete was first sifted through a 3/8 inch sieve before rodding into the
mold. A 2.9 inch diameter hole was precut in the bottom of the mold and
the bottom was then taped back into the hole before the concrete was
rodded into the mold. The bottom was carefully removed about five
hours after rodding and the concrete cylinder (still in the mold) was set
directly on the base pedestal of the MTD.

Axial pulse and longitudinal resonant column tests were
conducted every 30 or 60 minutes for the next six hours and then less
frequently over the next two days. The plastic mold was removed 48
hours after the specimen was prepared and tests continued daily for five
more days.

Figure 8.3 shows the constrained and Young's modulus as a
function of time from when the concrete specimen was prepared. Only
one natural frequency was measured for each test so only one value of

Young's modulus is reported. The shear modulus was backcalculated

N



209

6 !
J
5 e 2 |
09
x —-E|
2 M| . |
= —G|! !
=} :
O H
o
-
0 i |
0 2 4 6 8 10 12
Time, min x103
Fig. 8.3. Constrained, Young's and Backcalculated Shear Modulus

of PCC as a Function of Curing Time.

from the constrained and Young's modulus assuming the specimen's
properties are isotropic. Figure 8.4 shows the change in the Poisson's
ratio as a function of time from specimen preparation. Both figures
clearly illustrate the strength gain as the concrete cures. It is
conceivable, with slight modification to the test setup, that strength
measurements could be made from as early as one hour after sample

preparation.
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8.3 Soil Specimens

Two soils, a washed mortar sand and a medium plasticity,
compacted clay were the focus of the laboratory investigation. Both soils
have been used extensively in experimental investigations at The

University of Texas at Austin.

8.3.1 Compacted Clay

A medium plasticity, compacted clay, derived trom a surficial
subsoil at a local highway construction site, is being tested extensively at
The University of Texas at Austin as part of a research program
sponsored by the Texas State Department of Highways and Public
Transportation (TSDHPT). Compacted specimens are being tested in
cyclic compression, torsional shear and torsional resonance. it was
decided to test the clay using the tests in the MTD in order to provide a
side-by-side comparison.

The clay is classified as a CH (LL = 56, Pl = 27) in the Unified
Classification system and is an A-7-6 soil under the AASHTO
classification system. One hundred percent of the material passes the
#10 sieve, 93.6 percent passes the #40 sieve and 87.3 percent passes
the #200 sieve. The clay was compacted in accordance with AASHTO T-
99 specifications at moisture contents dry of, wet of, and near the

optimum moisture content. The optimum moisture content was about 19
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percent and the samples tested had moisture contents of 13, 19, 28 and
39 percent. All the clay samples were approximately 2.8 inches in
diameter and 5.6 inches long. Cyclic triaxial testing was conducted at
one and six days following compaction, torsional shear and resonant
column testing was performed at two and six days following compaction

and longitudinal resonant column and pulse testing was performed

approximately five days following compaction.

Figure 8.5 is the transfer function measured for one clay specimen.
It is immediately apparent that the clay has much higher damping than
that observed in the loose sand used as an example in Chapter 7. Table
8.4 summarizes the results for the clay specimens from the tests
conducted in the MTD. The trend in measured stiffnesses matches that
expected for a compacted clay specimen. As the moisture content
decreases from wet of optimum, the stiffness increases to a maximum at
the optimum water content and then decreases. It can also be noted in
Table 8.4 that the Poisson's ratio steadily decreases as the water content
decreases.

The clay specimens were also tested using cyclic triaxial, torsional
shear and torsional resonant column. The torsional shear and resonant
column tests showed that the stifiness of the clay was both frequency-
and strain-dependent. Consequently, any comparison of the test results

will have to take this into account. Torsional shear and resonant column
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test results showed that the frequency dependency of Sample #3
amounted to a six percent gain per log cycle of frequency. Figure 8.6
plots the corrected values of Young's modulus for Sample #3 as a
function of axial strain amplitude. The values in Fig. 8.6 have been
normalized to a frequency of 10 Hz, the frequency at which the cyclic
triaxial tests were conducted. The shear modulus and shear strain
values determined by torsional shear and torsional resonant column
tests have been converted to Young's modulus and axial strain using the
Poisson's ratio calculated from tests in the MTD. The result for Young's
modulus determined using the longitudinal resonant column is shown
with an assumed strain amplitude of 1.0 x 10-6 (1 x 10-4 percent) and was
normalized to 10 Hz (from f2 = 734 Hz) and then increased 10 percent to
account for aging that was exhibited by this clay.

The tests on the compacted clay using the various devices
highlighted two problems which the researcher has to consider. The first
was the integrity of the test specimen. The quality of the compacted clay
specimens varied significantly with water content. Clay specimens
compacted dry of optimum had lateral discontinuities and tended to ravel.
This raises the question of whether the specimen can still be treated as a
continuum. Any dynamic test method relies heavily on the assumption
that the specimen is contiguous and internal flaws will tend to
contaminate the test data. The second problem involves the impact of

the end conditions on the observed stiffness. For particularly stitf
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materials, the continuity between the specimen and the end caps has to
be ensured. This is particularly important for torsional tests. The writer
believes that one inherent strength of the longitudinal resonant column
and axial pulse tests is that, as long as the strains are kept small and the
contact between the specimen and base is uniformly continuous, the
susceptibility of the measured stiffness to horizontal slippage at the ends
is limited. As was shown by the analytical study described in Chapter 4,
the horizontal fixity will have only a minor effect on the natural
frequencies of the specimen, and that effect is confined to the higher

modes.

8.3.2 Washed Mortar Sand

Washed mortar sand has been used for small- and large-scale
laboratory wave propagation tests over the past decade (Stokoe et al,
1980; Knox et al, 1982, Allen and Stokoe, 1982; Lee and Stokoe 1986;
and Ni, 1987). The sand is medium to fine with a subangular to
subrounded grain shape. It is uniformly graded with 2 mean grain
diameter, Dsg, equal to about 0.35 mm and less than 1% passes the
#200 sieve (0.074 mm). The specific gravity of the sand is 2.67. Rix
(1984) performed sieve analyses during the course of his experiments
and showed that the gradation was not significantly altered after
repeated sample preparation using a simple raining process. The sand

has a maximum dry density of 106.6 pcf and a minimum dry density of
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90.6 pcf (as determined by ASTM D2049-69). The corresponding
minimum and maximum void ratios are 0.563 and 0.839, respectively.
Figure 8.7 shows the average grain size distribution for the sand. A
summary of soil characteristics and properties are presented in Table
8.5.

The washed mortar sand was recently tested using cyclic triaxial,
torsional shear and torsional resonant column methods. The sand
samples for these tests were prepared using the multiple sieve
pluviating (MSP) device developed for this research and described in
Chapter 5. Consequently, the loose and dense sand samples had
approximately the same structure and void ratio as \nose specimens
tested in the MTD. Figure 8.8 shows the shear modulus measured in
torsional shear and resonant column tests on loose sand and dense
sand.

The shear moduli and shear strains from the torsional shear and
torsional resonant column tests were converted to Young's moduli and
axial strains using Poisson's ratio values determined at comparable
confining pressures (see Fig. 9.8) in the MTD. The Young's moduli are
plotted versus axial strain in Fig. 8.9 along with the values for Young's
moduli calculated using the log E - log &, relationship and stiffness
coefficiants determined in Chapter 9. It can be seen that there is
reasonably good agreement between the values, with differences less

than 10 percent.
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Table 8.5.

Summary of Soil Characteristics and Properties of Washed

Mortar Sand.(From Rix, 1984).

Soil Type:

Unified Soil Classification
Mean Grain Diameter, Dsg
Percent Passing #200 Sieve
Specific Gravity

Maximum Dry Density
Minimum Dry Density
Maximum Void Ratio
Minimum Void Ratio

Grain Shape

Relative Density, %

5.7
10.2
12.3
17.5
22.4

114.0

Washed Mortar Sand

SP
0.35 mm
<1%
2.67
106.6 pcf
90.6 pcf
0.839
0.563
subangular to subrounded

Angle of Internal Friction, ¢

34.5
34.5
36.5
37.2
38.5
44.0
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8.4 Summary

A variety of natural and man-made materials were tested in the
course of developing the Multi-Moduli Testing Device (MTD). The man-
made materials that were tested included several plastic specimens
(polyurethane, polyvinylchloride and polyethylene) and Portland
cement concrete. The plastic specimens provided the following
advantages: (1) a range of stiffnesses similar to soils and other civil
engineering materials, (2) the capability for repeated use in the MTD
and other laboratory test equipment, and (3) ease in test preparation
and set up.

Tests on the plastic specimens were used to illustrated how weli
the moduli measured in the MTD compared with those measured by
torsional shear and torsional resonant column devices. The single test
on curing Portland cement concrete showed the versatility of the MTD
to measure the stiffness of a broad range of materials.

Two natural soils were tested in the MTD, a medium plasticity,
compacted clay, and an uncemented, dry sand. The compacted clay
was also tested in cyclic triaxial, torsional shear and torsional resonant
column devices. After making adjustments for the effect of frequency
and aging, the Young's modulus determined by each small-strain
device compared within two percent.

The main thrust of this research involved testing dry sand

subjected to different stress states. Identically prepared sand samples
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were also tested under isotropic loading using torsional shear and
torsional rescnant column devices. Those tests showed that the sand
stiffness remained linear up to strains of about 1 x 10-3 percent.
Young's modulus was computed from the shear modulus using the
value for Poisson's ratio found in the MTD. The values for Young's
modulus determined in the MTD were computed at the corresponding
confining pressures using the log E - log G, relationship determined in
Chapter 9.4. The Young's modulus values typically compared to within

ten percent.




Chapter Nine

Stiffness of Sand Under Isotropic Confinement

9.1 introduction

Two series of tests were performed to determine the effect of the
simplest stress state on the constrained, Young's, and shear modulus of
a uniform, dry sand. The testing was performed to evaluate the effect of
isotropic confinement, which is essentially equal to the confining
pressure, on each of the moduli, and to compare these results with data
from earlier tests on the same sand. The test series also provided insight
into the eftect of stress history and void ratio on the elastic moduli.

Finally, it was possible to evaluate how applicable was the assumption
that the sand behaved as an isotropic linear elastic material in these
tests.

This chapter deals exclusively with testing on an uncemented, air-
dried sand. However, a number of other materials were tested under
isotropic loading conditions. These included compacted clay specimens,
a variety of plastic specimens and Portland cement concrete. The results
from tests on these materials are summarized in Appendix G and are

discussed in Chapter 8.
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9.2 Testing Sequence and Stress-State '

Two test series were conducted utilizing only the top cap and
accelerometers, i.e. the load cell, top cap frame, and axial loading piston
were not installed. The hole in the top plate through which the axial
loading piston normally passes was capped with a solid plate. Thus,
aside from the minor weight of the top cap assembly itself, the test
specimen was subjected to an isotropic state of stress. In an isotropic
stress state the major, intermediate, and minor principal stresses are
equal.

The isotropic stress state assumed for this case is illustrated in Fig.
9.1. For the purpose ot discussion in this and the tollowing chapters, the
vertical or axial stress will be labelled oy and the horizontal stress (which
is equal to the confining pressure) will be labelled on. The major,
intermediate and minor effective principal stresses will be labelied o1, 62,
and o3, respectively. In this case, 62 = 63 = O6h = O¢ell and G1 = Oy = Oh =
ocell. The weight of the top cap adds about 0.17 psi to the vertical stress
for the top cap and sample sized used in these tests. This equates to a
difference which ranges from 5.0 % to 0.3 %, respectively, as the
confining pressure increases from 4 to 64 psi.

One test series was conducted on a dense sand sample and the

other was conducted on a loose sand sample. These are denoted
hereafter as ISO1 and ISO2, respectively. Each test series was made up

of tests conducted at confining pressures of 4, 8, 16, 32, and 64 psi.
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Ov = Ocell

~——— Oh = Ocell

//
Gh = Ocell
Ci =02 =03 = Ocell
Fig. 9.1. Assumed Isotropic Stress-State for Tests on Sand

Specimens.




Table 9.1. Summary of Loading Sequence for Dense Sand Specimen
(1ISO1 Test Series).
Test # Void Axial Horizontal Ko Mean
Ratio Stress Stress Stress
e psi psi psi
1 0.594 4.13 3.96 1.04 4.02
2 0.594 8.17 7.99 1.02 8.05
3 0.594 16.17 16.00 1.01 16.06
4 0.593 32.18 32.01 1.01 32.07
5 0.592 64.16 63.98 1.00 64.04
6 0.593 32.18 32.00 1.01 32.06
7 0.593 16.17 16.00 1.01 16.06
8 0.594 8.17 7.99 1.02 8.05
9 0.594 4.15 3.98 1.04 4.04
10 0.504 8.19 8.02 1.02 8.07
11 0.593 16.18 16.01 1.01 16.06
12 0.593 32.15 31.97 1.01 32.03
13 0.592 64.17 63.99 1.00 64.05
14 0.593 32.18 32.00 1.01 32.06
15 0.593 16.18 16.00 1.01 16.06
16 0.594 8.18 8.01 1.02 8.07
17 0.594 4.17 4.00 1.04 4.06
18 0.594 16.18 16.01 1.01 16.06
19 0.592 64.14 63.97 1.00 64.03
20 0.593 16.18 16.01 1.01 16.07
21 0.594 4.21 4.04 1.04 4.09
22 0.592 64.15 63.98 1.00 64.04
23 0.594 4.20 4.03 1.04 4.09
Average
Void Ratio = 0.593
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Table 9.2. Summary of Loading Sequence for Loose Sand Specimen
(1ISO2 Test Series).

Test # Void Axial Horizontal Ko Mean
Ratio Stress Stress Stress

e psi psi psi

1 0.760 4.18 4.01 1.04 4.06

2 0.759 8.19 8.01 1.02 8.07

3 0.759 16.16 15.99 1.01 16.05

4 0.757 32.18 32.00 1.01 32.06
| 5 0.756 64.14 63.97 1.00 64.02
6 0.757 32.18 32.00 1.01 32.06

7 0.758 16.16 15.99 1.01 16.05

8 0.758 8.18 8.01 1.02 8.07

9 0.759 4.18 4.01 1.04 4.07

| 10 0.758 16.17 16.00 1.01 16.05
1 11 0.756 64.17 64.00 1.00 64.05
12 0.758 16.17 16.00 1.01 16.05

13 0.759 4.18 4.01 1.04 4.06

Average

Void Ratio = 0.758

Axial pulse, shear pulse and longitudinal resonant column tests were
conducted at each pressure step. The two test series are summarized in
Table 9.1 and Table 9.2. The ISO1 test series contained 23 test steps in
four load and unload cycles. The ISO2 test series contained 13 test

steps in two load and unload cycles.
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9.3 Constrained Modulus of Sand Under Isotropic

Confinement

The values of constrained modulus measured for each test series
are plotted versus the mean effective stress in Fig. 9.2. It is immediately
apparent that the log M - log &, relationship is different for the first
loading cycle (tests 1 - 5) than for the subsequent unloading and
reloading cycles. In Fig. 9.2, the dashed lines represent the first load
cycle and the solid lines represent the first unload and subsequent
reloading cycles. The phenomena appears in both the dense and loose
sand. The sand exhibits a decrease in stitfness after the first load cycle
when unloaded to confining pressures below about 16 psi. This
behavior was alsc noted by Ni (1987) and Lee and Stokoe (1986) in
tests on this same sand.

There are several possible causes for this behavior. It could be
due to particle rearrangement, seating of the top and bottom caps or
complex and sensitive stress conditions in the vicinity of the base and top
caps. It also could be attributed to the sample preparation technique.
However, Lee and Stokoe prepared their test specimen in a large scale
triaxial cube (7 ft x 7 ft x 7 ft) by raining, whereas, Ni prepared torsional
resonant column samples using raining and an under-compaction
technique (Ladd 1978). Lastly, the phenomenon cannot be attributed to
a change in void ratio because that change was insignificant from the

beginning to the end of a test series in this research study. Nevertheless,
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the same behavior appeared in both research studies when the sand
was uniloaded to low confining pressures. Whatever the cause, its effect
appears to be erased after the first loading cycle as is clearly shown in
Fig. 9.2. As a result, the stiffness parameters reported hereafter are
computed for the loading and unloading cycles after the initial loading
cycle, i.e., excluding the first four tests at 4, 8, 16, and 32 psi.

The dynamic stiffness equation representing the constrained

modulus as a function of the mean effective stress is cast in the form

M =Cp Go "M Pal-"m /F(e) (9.1)
where,
M = constrained modulus,
Cm.nm = stiffness coefficients,
Go = mean effective stress,
Pa = atmospheric pressure in same units as 6,, and

Al
)
f

function of void ratio, F(e) = 0.3 + 0.7¢2.

Equation 9.1 is a straight line relationship when plotted on a iog-
log scale, and lends itself to a simple least squares fitting technique. The
log M-log 6, relationships for both isotropic test series are shown as
straight lines in Fig. 9.2. The resulting values for the coefficients Cy and
nm are summarized in Table 9.3 for each test series. The stiffness

coefficients computed from the test steps in the biaxial test series
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Table 9.3. Comparison of Stiffness Coefficients for Log M - Log 6o
Relationship* for Isotropic Confinement

TeSt seneS eAveraqe CM nm S.E.E.#

ISO1 - 1L** 0.593 1941 0.388 736
ISO1+ 1813 0.476 1046

IsQ2 - 1L.** 0.758 2020 0.3985 561
ISO2+ 1953 0.458 970
BIAX1++ 0.760 2150 0.408 1022
BIAX2 0.771 2013 0.441 1993
BIAX3 0.586 2031 0.450 2019
BIAX4 0.582 2059 0.410 1341
BIAX5 0.750 2000 0.459 2021

*M = Cpm 6" Pal-nM/F(e) , F(e) = 0.3 + 0.7¢2

** From first four tests at 4, 8, 16, and 32 psi confining pressure
+ From all tests except first four

++ From tests in the biaxial series which are under isotropic confinement
# Standard Error of the Estimate in psi

(described in Chapter 10) that were at isotropic states of stress have also
been included in Table 9.3.

It has been shown by Roesler (1979), Knox, et al (1982), and Lee
and Stokoe (1986), that the constrained modulus is determined almost
solely by the state of stress in the direction of particle motion and wave

propagation for dilatational waves propagating along principal stress




directions. This coincides with the axial stress so Eq. 9.1 can be written
as
M = Ca Gy Pal-na /F(e) (9.2)

where G3 is now the effective stress in the axial direction and Ca and na
are the coefficients corresponding to a single stress in the three-stress
model described in Chapter 2. The values resuiting from a least squares
fit are summarized in Table 9.4.

it can be seen the stiffness coefficients for the log M - log 6, and
log M - log G, relationships are similar, with the slope of the latter
marginally higher and the constant marginally lower, than the former.
However, comparison of the stiffness coefficients in Tables 9.3 and 9.4
suggests that either of these models is appropriate for the constrained
modulus over the range of stresses at which these tests were performed.
Further, it suggests there is little difference whether the axial or the mean
effective stress is used to predict the constrained modulus when the sand

is under an isotropic state of stress.

9.4 Young's Modulus of a Sand Under Isotropic

Confinement

The values of the Young's modulus (calculated at the third mode)
measured in the ISO1 and {SO2 test series are plotted together in Fig.

9.3. Again, it is obvious that the sand appears stiffer on the first load
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Table 9.4. Comparison of Stiffness Coefficients for Log M - Log 63
Relationship* for Isotropic Confinement
Test Series €Average Ca na SEE#
ISO1 - 1L** 0.593 1933 0.393 672
ISO1+ 1803 0.480 1114
ISO2 - 1L** 0.758 2011 0.400 601
ISO2+ 1943 0.462 836
BIAX1++ 0.760 2148 0.407 1020
BIAX2 0.771 2013 0.441 1889
BIAX3 0.586 2018 0.452 2008
BIAX4 0.582 2058 0.410 1335
BIAXS 0.750 2000 0.459 2020

*M=Cad3" Pal-na/F(e) , F(e) = 0.3 + 0.7e2

** From first four tests at 4, 8, 16, and 32 psi confining pressure
+ From all tests except first four

++ From tests in the biaxial series which are under isotropic confinement
# Standard Error of the Estimate in psi

cycle than in subsequent loading and unioading cycles, suggesting the

same phenomenon affects both constrained and Young's moduli.

The dynamic stiffness equation relating Young's modulus to the

mean effective stress is written as

E = Cg G,"™ Pa'"M /F(e)
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where
E = Young's modulus,
Ce.nm=  stiffness coefficients,
6o = mean effective stress,
Pa = atmospheric pressure in same units as 6o, and
Fle) = function of void ratio, F(e) = 0.3 + 0.7e2.

The values resulting from a least squares fit to a straight line log E
- log 6, relationship yields the stiffness coefficients Ce and nm which are
summarized in Table 9.5 for the ISO1 and 1SO2 test series and for the
tests from the biaxial test series which were conducted at isotropic states
of stress. However, now there are as many as four relationships for each
test series, one corresponding to each observed mode. The coefficients
for the second and third modes in the ISO1 and ISO2 test series are
included in Table 9.5. Only the third mode is included for the biaxial tests
for the sake of brevity. In any event, not all the data was reliable,
particularly at low and high frequencies, and these two modes had the
most complete data (as was discussed in Chapter 7). The log E - log 6o
relationships for mode 3 from both test series are shown as solid lines in
Fig. 9.3.

Two observations can be made by examining Fig. 9.3 and Table
9.5. First, the slope of the lines relating the Young's modulus and the
mean effective stress are about the same for both the dense and loose

sand. Second, there appears to be a general trend for the slope to




Table 9.5  Comparison of Stitfness Coefficients for Log E - Log &,
Relationship* for Isotropic Confinement

Test Series @Average Ce nm SEE#
- Mode

ISO1-2-1L** 0.593 1745 0.425 164
ISO1 - 2+ 1648 0.499 1416

{ISO1-3-1L** 0.593 1785 0.421 107
ISO1 - 3+ 1692 0.493 1234

1ISO2-2-1L** 0.758 1622 0.464 330
ISO2 - 2+ 1546 0.511 768

ISO2-3-1L** 0.758 1639 0.468 234
ISO2 - 3+ 1575 0.516 795
BIAX1 - 3++ 0.760 1685 0.491 871
BIAX2 -3 0.771 1681 0.506 1796
BIAX3-3 0.586 1850 0.470 1975
BIAX4 - 2 0.582 1692 0.481 1816
BIAX5 - 2 0.750 1545 0.526 1534

* E = Cg 6o"™M Pal-"M/F(e) , F(e) = 0.3 + 0.7e2

** From first four tests at 4, 8, 16, and 32 psi confining pressure
+ From all tests except first four

++ From tests in the biaxial series which are under isotropic confinement
# Standard Error of the Estimate in psi
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decrease and the corresponding intercept to increase for subsequently
higher modes. It is interesting to note that the slopes are lower, and the
intercepts are higher, for the biaxial test series. This implies that stress

history may have an impact on the observed behavior of the sand.

9.5 Shear Modulus of a Sand Under Isotropic

Confinement

The values of shear modulus measured using the shear pulse test
in the ISO1 and ISO2 test series are plotted together versus the mean
eftective stress in Fig. 9.4. Here also, it is obvious the sand appears
stiffer on the first load cycle than subsequent loading and unloading
cycles, suggesting the same phenomenon affects all three moduli.

The dynamic stiffness equation relating the shear modulus to the

mean effective stress can be written as

G = Cg Go"™M Pal-nm /F(e) (9.4)
where

G = shear modulus,

Cg and nm = stiffness coefficients,

mean effective stress,

So

Pa

atmospheric pressure in same units as 6o, and

F(e) = function of void ratio, F(e) = 0.3 + 0.7e2.
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Table 9.6  Comparison of Stiffness Coefficients for Log Gm - Log 6o
Relationship* Measured by Shear Pulse Test for Isotropic
Confinement

Test Series €Average Cam nm S.E.E.#

ISO1 - 1L** 0.593 703 0.414 311
ISO1+ 655 0.486 1185

ISO2 - 1L** 0.758 595 0.498 489
ISO2+ 584 0.515 471
BIAX1+ 0.760 634 0.487 837
BIAX2 0.771 674 0.484 685
BIAX3 0.586 761 0.457 772
BIAX4 0.582 755 0.474 1356
BIAX5 0.750 647 0.531 1034

*Gm=CgamGo™ Pal""/F(e), F(e) = 0.3 + 0.7¢2

** From first four tests at 4, 8, 16, and 32 psi confining pressure
+ From all tests except first four

++ From tests in the biaxial series which are under isotropic confinement
# Standard Error of the Estimate in psi

The values resulting from a least squares fit to the straight line log
G - log J,, relationship yields the stiffness coefficients Cam and nm which
are summarized in Table 9.6 for the ISO1 and ISO2 test series and the
tests from for the biaxial test series which were conducted at isotropic

states of stress. The independently measured log G - log 6,

241




242

relationships for the ISO1 and 1SO2 test series are shown as lines in Fig.
9.4.

The shear modulus can also be backcalculated from the
constrained and Young's modulus using Eq. 7.9. The backcalculated
values of the shear modulus are plotted in Fig. 9.5 and the stiffness
coefficients computed using Eq. 9.4 are included in Table 9.7 and also
shown as solid lines on Fig. 9.5. A comparison of the measured and
backcalculated values of the shear modulus is discussed in the next

section.

9.6 The Validity of the Isotropic Linear Elastic

Assumption

To backcalculate the shear modulus from the measured
constrained and Young's moduli, the simplest assumption is to assume
the sand sample is homogeneous, isotropic and linear elastic. If this
were true, the measured shear modulus and the backcalculated shear
modulus should be equal. The measured and backcalculated shear
moduli (from the third mode only) are plotted against each other in Fig.
9.6 and Fig. 9.7 for the ISO1 and ISO2 test series, respectively. Similar
trends are evident for the other modes as is noted by comparing the
stiffness coefficients in Tables 9.6 and 9.7. In addition, the biaxial test

series also show the same trends in shear moduli.
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Table 9.7. Comparison of Stiffness Coefficients for Log Gp - Log 6o
Relationship* (Backcalculated From the Constrained and
Young's Moduli) for Isotropic Confinement

Test Series €Average Cab nm S.EE#
- Mode

ISO1-2-1L*"* 0.593 727 0.446 79
ISO1 - 2+ 693 0.515 774

ISO1-3-1L*" 0.593 757 .0445 139
ISO1 - 3+ 726 0.507 656

ISO2-2-1L*" 0.758 641 0.488 102
ISO2 - 2+ 608 0.529 390

ISO2-3-1L"" 0.758 650 0.494 73
ISO2 - 3+ 624 0.538 392
BIAX1 - 3+ 0.760 662 0.518 236
BIAX2 -3 0.771 677 0.534 417
BIAX3 -3 0.586 778 0.485 259
BIAX4 - 2 0.582 677 0.5C8 387
BIAX5 - 2 0.750 603 0.547 280

* Gp = Cgp Go"™ Pa’-"M/F(e) , F(e) = 0.3 + 0.7¢2

** From first four tests at 4, 8, 16, and 32 psi confining pressure

+ From all tests except first four

++ From tests in the biaxial series which are under isotropic confinement

# Standard Error of the Estimate in psi
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Figures 9.6 and 9.7 show that the measured shear modulus and
backcalculated shear modulus tend to agree with each other within about
+10 percent. The general trend is for the backcalculated shear modulus
to be slightly higher (10 - 15 percent) than the measured value, however,
this difference corresponds to a 5 to 7.5 percent difference in shear wave
velocity, an error which is well within the range that can be expected from
the shear pulse test (see discussion in Chapter 6.3.4.).

Figure 9.8 shows the variation in the Poisson's ratio as a function
of the mean effective stress for the ISO1 and 1ISO2 test series. Poisson's
ratio was computed from the constrained and Young's moduli (3rd Mode)
using Eq.s 7.5 and 7.6 . An examination of the test summaries in
Appendix G shows that Poisson's ratio decreases slightly for the higher
modes in a longitudinal resonant column test, a decrease which probably
reflects the increase in Young's modulus computed for each higher
mode. It is also noted that there were cases when the computed Young's
modulus was higher than the constrained modulus. in that event, the
entries for the Poisson's ratio were set to zero primarily to act as a flag to
the writer to discard that data. This occurred most often for the Young's
moduli computed for the first and fourth modes, principally because of
limitations in the ability of the equipment at low frequencies near the first
mode, and interference from high frequency motions in the vicinily of the
fourth mode (it it was observed at all).

Figure 9.8 shows a trend for the Poisson's ratio to decrease with

increasing mean effective stress. T.is trend is also refiected in the
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slopes of the log M - log 6o and log E - log 6, relationships in Table 9.3
and Table 9.5, respectively. The slope of the log E - log G, relationship is
consistently a bit higher than the log M - log G, relationship. This trend is
illustrated in Fig. 9.9 for the 1ISO2 test series. Based on theoretical
considerations, it is not possible for these two relationships to intersect at
very high confining pressures. (The moduli, E and M, can become equal
for v = 0.) However, it is possible to postulate that they may become
about parallel at high pressures and have a constant Poisson's ratio that
approaches that of the solid particles of the sand. In effect, this suggests
the properties of the sand fabric will approach those of its solid
constituency, which suggests that any effect attributable to particle
interfaces might become negligible at higher confining pressures.
However, the pressure levels at which this might occur are well above

those used in this study.

9.7 Comparison of Stiffness Equations with Previous

Research on Washed Mortar Sand

A comparison of the stifiness coefficients for the log M - log G,
relationship for research work completed using the same washed mortar
sand that was used in this study is presented in Table 9.8. It can be seen
the values of the stiffness coefficients from this research are similar to

those from previous studies.
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Table 9.9 is a comparison of the stiffness coefficients for the log E -
log G relationship for research work completed during this study and
previous studies on cohesionless soils. Only the slope coefficient is
reported in the literature, so no comparison can be made of the constant
coefficient. The slope of the log E - log G, relationship determined in this
study compares well with those reported by eariier researchers.

Table 9.10 is a comparison of the stiffness coefficients for the log G
- log 6, relationship for research work completed using the same washed
mortar sand that was used in this study. Two sets of coefficients are
shown for this research, one representing the shear modulus (Gm)
computed from the independent shear pulse test described in Chapter
6.3 and the other representing the shear modulus (Gp) backcalculated
using the Young's modulus and constrained modulus from the
longitudinal resonant column and axial pulse tests, respectively. |t
appears the directly measured shear modulus has a similar constant but
a slightly higher slope than found in previous studies. This is probably
due to the difficulty in identifying the far-field shear wave arrival. The
backcalculated shear modulus has a steeper slope, but a similar value
for the constant, which probably reflects the influence of the Young's and
constrained moduli from which it is calculated. It is noted that the
stiffness coefficients measured in the smaller laboratory devices tend to
be slightly higher than those measured in the large-scale triaxial device.
Figure 9.10 is a comparison of the values of the shear moduli computed

from the various research studies using the washed mortar sand.




Table 9.8. Comparison of Stiffness Coefficients for Log M - Log 6o
Relationship* from Various Research Studies Using
Washed Mortar Sand

Study Void Cm nm Range of | Test
Ratio, e Stress, psi | **

Kopperman 0.40 10 - 40 a

1983)

Chu, et al 0.64 1661- 0.41- 15-30 a

(1984) 2129 0.43

This Research 0.59 1968 0.45 4-64 b

0.76 2029 0.44 4-64

*M=CMGo"™ Pal-"M/F(e) , F(e) = 0.3 + 0.7e2
' a. Puise tests in Large Scale Triaxial Device (LSTD)
b. Axial pulse tests in Multi-Moduli Testing Device (MTD)
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Table 9.9. Comparison of Stiffness Coefficients for Log E - Log 6o
Relationship* for Soils under Isotropic Confinement from
Various Research Studies.
Reference Ce nm Confining | Test™
Pressure
Dufty and Mindlin .- 0.50 < 5 psi a
(1957) -- 0.34 > 5 psi
Shannon, et al --- 0.50 > 4 psi a
(1959)
Hardin 0.46-0.62 | 3-55psi a
(1961)
Smoots and Stickel - 0.32 - 0.56 > 4 psi a
(1962)
Wilson and Miller 0.40- 0.50 > 4 psi a
(1962)
Hardin and Richart 054-0.70 | <14 psi a
(1963) 0.46-050{ >14psi
This Research
e=0.59 1721 0.49 4 - 64 psi a
e=0.77 1606 0.51 4 - 64 psi a

*  E=Cgdo"mPal-nm/F(e), F(e) = 0.3 + 0.7¢2
a. Longitudina!l Resonant Column Tesis
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Table 9.10. Comparison of Stiffness Coefficients for Log G - Log G
Relationship® from Various Research Studies Using
Washed Mortar Sand

Study Void Co nm Range of | Test**
Ratio, e Stress, psi

Allen & Stokoe | 0.62-0.70 720 0.48 4-64 a

(1982)

Knox, et al --- 0.40 10 - 40 b

(1982)

Stokoe &Ni 0.69 721 0.44 3-55 a

(1985)

Lee & Stokoe 0.64 635 0.36 10 -40 b

(1986)

Ni 0.64-0.72 687 0.44 2-55 a

(1987)

This Research 0.59 724 0.47 4-64 c
0.76 635 0.50 4 -64 c

This Research 0.59 719 0.50 4-64 d
0.76 635 0.53 4-64 d

*G=Cgd,"mMPal-"M/F(e), F(e)=0.3 +0.7e2

b a. Torsional Resonant Column Tests

b. Shear Pulse tests in Large Scale Triaxial Device (LSTD)

c. Shear Pulse tests in Multi-Moduli Testing Device (MTD)

d. Longitudinal Resonant Column and Axial Pulse Tests in MTD
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9.8 Summary

Tests were performed in the Multi-Moduli Testing Device (MTD) to
determine the stiffness of sand under isotropic loading. Two test series
were conducted, one on a dense sand and one on a loose sand. In each
series, an axial and shear pulse test and a longitudinal resonant column
test were each conducted at confining pressures of 4.0, 8.0, 16.0, 32.0
and 64.0 psi in several cycles of increasing and decreasing confining
pressures. It was observed that the stiffness of the sand was significantly
different for the first loading cycle (4.0, 8.0, 16.0 and 32.0 psi) than for the
first unloading and subsequent loading and reloading cycles. This
phenomenon suggests that the sand stiffness is susceptible to stress
history and similar behavior was noted in tests by others on the same
sand. The cause for this stress history dependent behavior may be
attributed to sample construction technique, particle rearrangement,
seating of the top cap or complex and sensitive stress conditions in the
vicinity of the specimen ends. Therefcre, a distinction is made between
first load and subsequent loading when expressing the stiffness-stress
relationships.

The tests showed that the small-strain constrained (M), Young's
(E), and shear (G) moduli could all be expressed by a constant times the
mean effective stress, Gy, raised to a power ranging between 0.44 and
0.53. These relationships are straight lines when plotted as the log of the

modulus versus the log of the mean effective stress, with the siope of the
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line the power of the mean effective stress. The log M - log Go
relationship had slopes of 0.44 and 0.45 for the loose and the dense
sand, respectively. The log E-log 6, relationship had slopes of 0.51 and
0.49 for the loose and dense sand, respectively. Finally, the
independently measured shear modulus had slopes of 0.50 and 0.47 for
the loose and dense sand, respectively.

The stiffness-stress relationships for those tests in the biaxial tests
series (described in Chapter 10) which were conducted at isotropic
states of stress were also determined. In general, for all moduli, the
slopes were lower, and the constants higher, than for the test series
where the sand was subjected only to isotropic loadings. This
observation lends support to the thesis that stress history may have
significant impact on the stiffness of a sand.

It is noted the slopes for the Young's modulus were steeper than
for the constrained modulus, illustrating the decrease in Poisson's ratio
that was observed as the confining pressure increased. Poisson's ratio
was computed by invoking the assumption the sand is linear elastic. The
shear modulus can be computed from the constrained and Young's
modulus by making the same assumption. The shear moduli thus
computed were generally within the 10 -15 percent of those measured
independently, an error which is mostly attributable to the difficulty in
determining the shear wave arrival in the shear pulse test used to

determine the shear modulus.
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The values for constrained modulus measured in the MTD
compared well with previous research on the same washed mortar sand.
The slope of the relationship was slightly higher than for previous work,
however, that work has been exclusively pulse tests in a large (7 ft) cubic
triaxial test device. Further, the previous work was limited to tests in a
narrower range of confining pressures.

No direct comparison can be made between the values for
Young's modulus measured in this research and those determined for
similar soils by earlier researchers. However, the slopes of the log E-log
0o relationship determined in this study compare well with those reported
in other studies.

The values tor shear modulus measured in the MTD were similar
to those reported in previous research. It is noted again that the trend for
higher values appears to be related to the size of the test device. Further,
the absolute values for the measured shear modulus have to be qualified
by the possible error that is attributable to the shear pulse test as it is

currently conducted in the MTD.




Chapter Ten
Stiffness of Sand Under Biaxial Loading

10.1 introduction

Five series of tests were performed to examine the effect of a
biaxial stress state on the constrained, Young's and st.ear moduli of a
uniform dry sand. The testing was conducted ic evaluate the effect of the
axial and horizontal stress on longitudinal, compression, and shear
waves propagating in the axial direction of the specimen. The goal of the
test series was to evaluate separately the influence of axial and
horizontal stresses on Young's modulus. However, extensive data were
also gathered which enabled the effect of these two stresses on the
constrained and shear moduli to be studied.

It is assumed in this study tha: the principal stresses are aligned
with, ana perpundicular to, the axis of the specimen as illustrated in Fig.
10.1. Itis further assumed that: (1) the direction of wave propagation is
parallel to the longitudinal axis of the specimen and consequently
paralle! to one cf the principal stresses, and (2) the direction of particle
motion is either paralie! to (for compression waves), or perpendicular to
(for shear waves), the axis of the specimen. Finally, it is assumed that

the rod wave propagates in a direction that is paraliel to the axis of the
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specimen and that even though it has a complicated particle motion, the
major motion is parallel to the axis of the specimen and only a minor
component may be perpendicular to the axis of the specimen.

This chapter deals exclusively with testing on an uncemented air-
dried sand. The test sequence used in each of the test series is
described initially. This description is followed by an analysis of the
effect of the biaxial state of stress on the constrained, Young's and shear
moduli. Complete summaries of the test results for each test series are
included in Appendix G and only representative examples are discussed

in this chapter.

10.2  Biaxial Testing Sequence and Stress State

Five biaxial test series were conducted, and these are denoted
BIAX1, BIAX2, BIAX3, BIAX4,and BIAX5. Only two of these, BIAX4 and
BIAX5, were conducted with the vibration isolation assembly illustrated in
Fig. 5.4. The BIAX1, BIAX2 and BIAX3 test series were conducted with
and earlier less effective isolation assembly which may have influenced
the results from those tests. Table 10.1 is a summary of the loading
sequence for the BIAX2 test series and is included here as an example.
The BIAX1 test series was conducted on the same loose sand sample as
the ISO2 test series. The remaining biaxial test series were conducted
on newly prepared samples, BIAX2 and BIAXS on a loose sand, BIAX3

and BIAX4 on a dense sand. The average void ratios and relative




Table 10.1. Summary of Loading Sequence for Loose Sand Specimen.

(BIAX2 Test Series)
Test # Void Axial Horizontal Ko Mean
Ratio Stress Stress Stress
e _psi psi psi_ _|

1 0.775 4.01 4.00 1.00 4.00
2 0.773 15.99 16.00 1.00 15.99
3 0.770 64.00 64.00 1.00 64.00
4 0.772 16.01 16.01 1.00 16.01

5 0.773 4.02 4.00 1.00 4.01
6 0.772 16.00 16.00 1.00 16.00
7 0.772 18.31 16.00 1.14 16.77
8 0.772 21.39 16.01 1.34 17.80
9 0.771 25.68 16.01 1.60 19.23
10 0.771 32.09 16.00 2.01 21.36
11 0.770 32.10 20.00 1.60 24.03
12 0.769 32.08 24.00 1.34 26.69
13 0.767 32.04 28.01 1.14 29.35
14 0.764 32.00 32.00 1.00 32.00
15 0.763 64.00 63.99 1.00 63.99
16 0.765 32.02 32.01 1.00 32.01
17 0.765 25.54 32.00 0.80 29.85
18 0.765 21.20 31.98 0.66 28.39
19 0.766 18.15 32.00 0.57 27.38
20 0.767 15.81 32.01 0.49 26.61
21 0.767 15.84 28.01 0.57 23.95
22 0.768 15.89 24.00 0.66 21.30
23 0.770 15.96 20.00 0.80 18.66
24 0.791 16.00 16.00 1.00 16.00
25 0.796 4.00 4.01 1.00 4.00

Average
Void Ratio = 0.771
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Table 10.2. Summary of Void Ratios and Densities for Test Series on

Sand.
Test Series €Average YAverage: Relative
pct Density, Dy %
ISO1 0.593 104.7 88
1SO2 0.758 94.9 27
BIAX1 0.760 84.8 26
BIAX2 0.771 94.2 23
BIAX3 0.586 105.2 91
BIAX4 0.582 105.5 93
BIAX5 0.750 95.3 29

. YAverage = Ymin
Dr

Ymax = Ymin

Figure 10.2 illustrates the axial and horizontal stress paths for the
BIAX2 and BIAX3 test series. Each test series started with five isotropic
test steps at confining pressures of approximately 4.0, 16.0, 64.0, 16.0,
and 4.0 psi. This was intended to eliminate the effect of stress history

described in Section 9.3. Each biaxial test series consisted of a loading

, where Ymin = 90.6 pcf and ymax = 106.6 pcf

and unloading cycle during which the axial or horizontal stress was

increased or decreased while the other was held constant. The biaxial
portion of the test series actually started isotropically by increasing the
confining pressure to 16.0 psi (after finishing the first five tests). The axial

stress was then increased in increments for the next four tests while the
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Fig. 10.2.
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confining pressure was held constant. The axial stress was increased to
a maximum of twice the confining pressure (Ko = 6h/0a = 0.5). Then for
the next four tests, the confining pressure was increased incrementally
while holding the axial stress constant, until the horizontal stress again
equxled the axial stress at 32.0 psi.. The remaining test in the loading
half of the test series included a test under isotropic conditions at a
confining pressure of 64.0 psi to allow comparison witi the isotropic test
series.

The unloading half of the test began by decreasing the confining
pressure to 32.0 psi. Then the axial stress was reduced in four
increments while holding the confining pressure constant until the
horizontal stress was twice the axial stress (Ko = 2.0). Next, the confining
pressure was reduced in increments until the horizontal stress again
equalled the axial stress at 16.0 psi. The final step in the unloading
sequence was to reduce the confining pressure and test at the lowest
isotropic state of 4.0 psi.

The BIAX4 and BIAXS test series contained two biaxial "loops” like
the one just described for the BIAX2 and BIAX3 test series. The BIAX4
and BIAXS test series had a biaxial "loop” between 8.0 and 16.0 psi, in
addition to the one between 16.0 and 32.0 psi that was just described.
The BIAX4 and BIAXS test series are illustrated in Fig. 10.3 where they
are plotted on a two-dimensional diagram that is a representation of the
three-dimensional state of stress. The horizontal axis is the square root

of two times the radial stress because the two principal stresses equal
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each other. Consequently, the stress path for the biaxial test series wili
be confined to a plane in three-dimensional stress space which contains
one principal stress axis and the stress space diagonal. The Mohr-
Coulomb failure envelopes for compression and extension are also
shown on Fig. 10.3.

Whenever testing was conducted with the axial loading piston,
load cell, and vibration isolation assembly in place, it was possible to
correct the axial stress for any additional weight on the top of the sample.
Thus, it was possible to adjust the axial load in order to achieve a more
ideal isotropic balance of stresses in the sample. A correction was also
required to account for the imbalance of forces on the sample due to the
confining pressure acting against the cross sectional area of the loading
piston. By knowing the appropriate constants and zero readings for the
transducers and load cell, it was possible to predetermine the necessary
readings to achieve the desired state of stress iui each test step in a test

series.

10.3 The Constrained Modulus Under a Biaxial State of

Stress

Figure 10.4 illustrates the results from tests in the BIAX4 test series
and shows the variation of M with the mean stress Fig. 10.4a), the axial
stress (Fig. 10.4b), and the horizontal stress (Fig. 10.4¢). It is immediately

obvious that constrained modulus appears to be almost solely a function




Fig. 10.4.
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Table 10.3. Stiffness Coefficients for Log M - Log G5 Relationship® for

Sand Under Biaxial Loading

Test Series €Average Ca na S.EE”
BIAX1 0.760 2082 0.453 544
BIAX2 0.771 1894 0.570 1142
BIAX3 0.586 2031 0.487 1815
BIAX4 0.582 2040 0.422 1490
BIAXS 0.750 1961 0.527 1769

*M=Cada"@ Pal-na/F(e) , F(e) = 0.3 + 0.7€2
** Standard Error of the Estimate in psi

of the axial stress. In this case then the dynamic stiffness equation

representing the constrained modulus as a function of the axial effective

stress is taken in the form of equation 9.2

where

M=Ca G2 Pa""a/F(e) (10.1)
M = constrained modulus,
Ca.na= stiffness coefficients,
Ca = axial effective stress,
Pa = atmospheric pressure in same units as G, and

Fe) = function of void ratio, F(e) = 0.3 + 0.7e2.
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Equation 10.1 is a straight line relationship when plotted on a log-
log scale and lends itself to a simple least squares fitting technique. The
resulting values for the stiffness coefficients Ca and na are summarized
for each biaxial test series in Table 10.3. The stiffness coefficients in
Table 10.2 are for all test steps, excluding the first two, tests 1 and 2, at
4.0 and 16.0 psi confining pressure, respectively.

It is also possible to represent the constrained modulus using a
relationship containing both the axial and horizontal stresses. This two-

stress relationship is of the form

M = Cy 53" Gp"P Pal-na-nb/F(e) (10.2)
where
M = constrained modulus,

Cwm,na and nb = stiffness coefficients,

Ca = axial effective stress,
Ob = horizontal effective stress,
Pa = atmospheric pressure in same units as Gz and 6p,

and,

F(e) function of void ratio, F(e)=0.3+0.7e2.

This relationship can be transformed into a linear equation by taking the
common logarithm of both sides and a simple least squares regression
then finds the coefficients. The resulting values for the stiffness

coefficients are shown for each biaxial test series in Table 10.4.




Table 10.4. Stiffness Coefficients for Constrained Modulus (M) of Sand
Under Biaxial Loading Using a Two-Stress Model*

Test Series| SAverage Cm na nb S.EE.*
BIAX1 0.760 2082 0.451 0.002 574

BIAX2 0.771 1898 0.570 -0.006 1189

BIAX3 0.586 2005 0.448 0.079 1246

BIAX4 0.582 2034 0.384 0.058 657

BIAXS 0.750 1969 0.577 -0.077 1536

* M = Cp Gg"a Gpnb Pal-na-nb/F(e) , F(e) = 0.3 + 0.7¢2
** Standard Error of the Estimate in psi

The stiffness coefficients in Table 10.4 are computed using only the tests
which were part of the biaxial loading sequence, i.e. tests 6 - 14 and 16 -
24 for the BIAX2 and BIAX3 test series, and tests 6 - 22 and 24 - 40 for
the BIAX4 and BIAXS test series. The corresponding stress levels were
16 - 32 psi for the BIAX2 and BIAX3 test series, and 8 - 32 psi for the
BIAX4 and BIAXS test series.

There appears to be a significant ditference in the values of the
slopes for the axial stress between the one-stress and two stress
relationships for the constrained modulus, however, most of this may be
attributable to the different stress ranges over which the relationships are

fitted and the possibility that the earlier, less effective, version of the
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vibration isolation assembly influenced the resuits. However, there is
also the possibility that the loose sand behaves differently under biaxial

stress loadings.

10.4  The Young's Modulus under a Biaxial State of

Stress

Figure 10.5 illustrates the effect of the mean (Fig. 10.5a), axial (Fig.
10.5b), and horizontal (Fig. 10.5¢) effective stresses on the Young's
modulus for the BIAX4 test series. By examining Fig. 10.5, it can be
seen that Young's modulus is dominated by the axial stress. However,
there appears to be a slight influence from the horizontal stress.

Therefore, the dynamic stiffness equation is again taken in the

two-stress form

E = Cg Ga"2 GpMb Pat-na-nbjF(e) (10.3)

where E is Young's modulus and Cg, na and nb are the corresponding
stiffness coefficients.

As before, equation 10.3 is transformed into a linear relationship
by taking the common logarithm of both sides. The resuiting log E - log

Ga - log Op relationship lends itself to a least squares fitting technique.
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Table 10.5. Stiffness Coefficients for Young's Modulus of Sand Under
Biaxial Loading Using a Two-Stress Model*

Test Series | €average Ce na nb S.E.E*
- Mode
BIAX1-3 | 0.760 1679 0.441 0.055 420
BIAX2-3 | 0.771 1621 0.571 0.039 993
BIAX3 -3 0.586 1806 0.451 0.088 517
BIAX4-2 | 0.582 1700 0.446 0.069 741
BIAX4-3 | 0.582 1758 0.424 0.077 581
BIAX5-2 | 0.750 1543 0.582 -0.021 794
BIAX5 - 3 0.750 1603 0.558 -0.011 977

* E = Cg 63" 6pnb Pal-na-nb/Fe) , F(e) = 0.3 + 0.7¢2
** Standard Error of the Estimate in psi

The resulting values for the stiffness coefficients are summarized in Table
10.5 for each biaxial test series. Again, the stiffness coefficients include
only those tests which were part of the biaxial loading sequence.

The slope coefficients are higher, and the constants lower, for the
loose sana compared to the dense sand. This trend is similar to that
observed for the constrained modulus and may be attributable to the
possibility that the earlier, less effective, version of the vibration isolation

assembly influenced the resuits. Again, there is also the possibility that

274




275

the loose sand behaves differently than the dense sand under biaxial

stress loadings.

10.5 The Shear Modulus Under a Biaxial State of Stress

Figure 10.6 illustrates the effect of the mean (10.6a), axial (10.6b),
and horizontal (10.6c¢) effective stresses on the independently measured
shear modulus for the BIAX4 test series. ltis appa tthe mean stress
alone is only a fair indicator for the shear modulus. It is also apparent
both the axial stress and horizontal stress affect the shear modulus.

The dynamic stiffness equation is again taken in the form

Gm = Cgm Ga"@ Gp0 Pal-na-nb/F (e) (10.4)

where Gn is the shear modulus and Cam, na and nb are the
corresponding stiffness coefficients.

Equation 10.4 is again transformed into a linear equatior by taking
the common logarithm of both sides and the resulting log Gm - log G3 - log
Gp relationship is fitted using least squares regression. The resulting

values for the stiffness coefficients are summarized in Table 10.6 for each
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Table 10.6. Stiffness Coefficients for Independently Measured Shear
Modulus of Sand Under Biaxial Loading Using a Two-
Stress Model*

Test Series | ©Average Cam na nb S.EE."
BIAX1 0.758 636 0.321 0.177 313
BIAX2 0.771 661 0.406 0.160 228
BIAX3 0.586 759 0.297 0.208 221
BIAX4 0.582 775 0.270 0.244 585
BIAX5 0.750 676 0.438 0.100 709

* Gm = Cgm G3"2 6p"P Pal-na-nb/F(e) , F(e) = 0.3 + 0.7e2.
** Standard Error of the Estimate in psi

biaxial test series. The stiffness coefficients in Table 10.6 are for all only
the test steps that were part of the biaxial loading sequence.

The shear modulus can also be calculated from the constrained
and Young's moduli in the manner described in Section 7.2.3 by
assuming the sand is linear elastic. The resulting backcalculated shear
modulus, Gp, can be expressed using the same two-stress mode! used
for the measured shear modulus. The values of the stiffness coefficients

for the log Gp, - log 63 - log Sp relationship are summarized in Table 10.7.




Table 10.7. Stitfness Coefficients for Backcalculated* Shear Modulus of
Sand Under Biaxial Loading Using a Two-Stress Model**

Test Series | eaverage Ceb na nb S.EE~+
- Mode
BIAX1-3 | 0760 | 663 | 0438 | 0076 | 236
BIAX2-3 | 0.771 649 | 0571 | 0063 | 417
BIAX3-3 | 0586 | 755 | 0445 | 0.117 | 259
BIAx4-2 | 0582 [ es2 | 0472 | oo74 | 387
BIAX4-3 | 0582 | 722 | 0.445 | 0087 | 287
BIAX5-2 | 0750 | 603 | 0583 | -0.003 | 280
BlAx5-3 | 0750 | e36 | 0551 | 0015 | 362

* Computed from constrained and Young's moduli.

** Gp = Cab GaMa Spnb Pal-na-nb/F(e) , F(e) = 0.3 + 0.7e2.
+ Standard Error of the Estimate in psi

Table 10.6 shows that the relative contribution of the principal
effective stresses to the shear stittness is different for the loose and
dense sands. It appears that for the loose sand, the axial stress has
greater influence on shear stiffness than the horizontal stress. However,
the relative influence of each stress is about equal for the dense sand.
This trend does not appear to be the same for the backcalcalculated

shear modulus, where the axial stress seems to dominate more.
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10.6  Comparison of Relationships for Sand Under

Biaxial States of Stress with Previous Research

The stiffness coefficients for the moduli of washed montar sand
under biaxial loading using the two-stress model are summarized in
Table 10.8. The stiffness coefficients listed in Table 10.8 have been
averaged from the values of each test series for the dense and loose
sand, respectively.

The stiffness coefficients for constrained modulus are similar to

those of earlier research on this sand. However, a direct comparison is
not possible because previous results are not typically presented using
the two-stress model used in this study. A review of previous studies
shows a trend for the nb coefficient (the exponent of the principal
effective stress perpendicular to the direction of wave propagation) to be
very close to zero. The values for the nb coefficient in this research
bounded zero, and their slightly larger magnitude may reflect the impact
of the extreme void ratios of the specimens used in this research.

A comparison of the stiffness coefficients for shear modulus from
various research studies of the washed mortar sand under biaxial (and
triaxial) loadings is included in Table 10.9. The stiffness coefficients for
the dense sand measured in this study compare fairly well with those
from earlier studies. However, the principal effective stresses appear to
influence the shear modulus of the loose sand differently. For the dense

sand, the infiuence of the axial stress is about equal to that of the




Table 10.8. Summary of Stiffness Coefficients for Tests on Washed
Mortar Sand Under Biaxial Loading Using a Two-Stress
Model**

Modulus C na nb

Dense Sand e =0.587

M 2020 0.416 0.069
E 1758 0.440 0.081
Gp* 720 0.454 0.093
Gmt* 767 0.284 0.226

Loose Sand e=0.760

M 1983 0.533 -0.027
E 1609 0.538 0.014
Gp* 638 0.536 0.038
Gm+t 658 0.388 0.146

** Modulus = C 3N &b Pal-na-nb/F(e) , F(e) = 0.3 + 0.7e2.
+ Caiculated trom M and E
++ Measured in Shear Pulse Test
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horizontal stress. Conversely, the axial stress is definitely more dominant
than the horizontal stress for loose sand.

The axial stress appears to almost solely control the shear
modulus which is backcalculated from the constrained and Young's
moduli. This is most likely due to the fact that the constrained and
Young's moduli depend almost solely on the axial stress. This apparent
difference highlights the problem of applying isotropic linear elastic

assumptions to a structurally or stress-induced anisotropic medium.

10.7  Summary

Five series of tests were performed to examine the effect of biaxial
loading on the constrained, Young's and shear moduli of a uniform dry
sand. The testing was conducted to evaluate the effect of the axial and
horizontal stress on longitudinal, compression, and shear waves
propagating in the axial direction of the specimen. For tests conducted
with the MTD, it is assumed that: (1) the direction of wave propagation is
parallel to the longitudinal axis of the specimen and consequently
paraliel to one of the principal stresses, and (2) the direction of particle
motion is either parallel to (for compression waves), or perpendicular to
(for shear waves), the axis of the specimen. It is further assumed that the
major motion of a bar wave propagating longitudinally in the specimen is

also parallel to the axis of the specimen.
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Each biaxial test series consisted of an initial isotropic loading
cycle followed by a biaxial loading cycle. The first isotropic loading cycle,
which consisted of tests at 4, 16, 64, 16, and 4 psi confining pressure,
was performed to remove any effects which may be attributable to stress
history (as observed and discussed in Chapter 8). In the loading portion
of the biaxial cycle, first the axial stress was increased while the
horizontal stress was held constant, and then the horizontal stress was
increased while the axial stress was held constant. In the unloading
portion of the biaxial cycle, first the axial stress was decreased and the
horizontal stress was held constant, and then the horizontal stress was
decreased while the axial stress was held constant. Three of the test
series contained one biaxial “loop” between 16 and 32 psi , and two
contained two biaxial "loops”, one between 8 and 16 psi and one
between 16 and 32 psi. The maximum effective principal stress ratio did
not exceed 2.0.

Stiffness coefficients for the constrained, Young's and shear

moduli were determined using a two-stress model of the following form

Modulus = C G3"a Gp"b Pal-na-nb/F(e) (10.5)
where

C,na and nb = stiffness coefficients,

Ga axial effective stress,

horizontal effective stress,

ob




Pa = atmospheric pressure in same units as c?a‘ and Gp,
and,
Fle) = function of void ratio, F(e)=0.3+0.7¢2.

The stiffness coefficients were determined using multiple linear
regression analysis and are summarized in Table 10.8. The regression
analysis included only the tests which were part of the biaxial loading
cycle.

The constrained modulus and Young's modulus are controlled
almost solely by the axial stress. The horizontal stress appears to have
slightly more influence on Young's modulus than constrained modulus.
However, for practical applications this difference is negligible. The
almost sole dependence of constrained modulus on the principal stress
in the direction of wave propagation and particle motion agrees with that
reported by others for tests on this same sand.

There is a notable difference between the stiffness coefficients for
the shear modulus measured in the MTD and those reported by others,
especially the coefficients for the loose sand. Earlier research on this
same sand, has shown the shear modulus depends almost equally on
the effective principal stresses in the direction of wave propagation and
particle motion. However, the shear modulus measured by the shear
pulse test in the MTD shows nearly a one to one correspondence for the
dense sand and almost a three to one correspondence for the loose

sand. This discrepancy may be caused by the difficulty in identifying the
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arrival of the far-field shear wave, which was often obscured by waves
travelling at the faster dilatational wave velocity.

The shear modulus that is backcalculated from the constrained
and Young's moduli shows more impact from the axial stress than the
directly measured shear modulus. This was probably due to the fact that

both constrained and Young's moduli are dominated by the axial stress.




Chapter Eleven

Summary, Conclusions and Recommendations

11.1  Summary

11.1.1 Background

Research over the past three decades using seismic wave
propagation testing on laboratory-sized soil specimens has focused on
finding the constitutive relationships which best characterize soil. Early
research showed that for small shear strains (less than about 0.001%),
soil would behave as a linear, elastic continuum. Most of the early
dynamic laboratory test devices were limited to testing under isotropic
conditions, and as an indirect result, it was generally believed all elastic
moduli (constrained, Young's, and shear) were controlled in a similar
manner by the mean effective stress. Research over the past decada has
shown this is not the case for constrained and shear moduli. However,
until this research was conducted, no study had been made of the effect
of stress state on Young's modulus.

Dynamic laboratory testing devices can be divided into two
general groups: those which use pulse methods, and those which use
resonant methods. The pulse devices measure stiffness by determining

the time for a polarized body wave (dilatational or shear) to travel through
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the material between a dynamic source and receiver. The distance,
divided by the corrected travel time, yields the body wave velocity which
is then used to calculate stiffness.

Resonant method devices measure stiffness by finding a
characteristic resonant frequency of the material from which a wave
velocity is computed by applying one-dimensional wave propagation
theory. Typically, resonant devices only find the first resonant frequency,
either torsional or longitudinal, and no adjustment is made for dispersion
which occurs due to the three-dimensional nature of the wave
propagation problem. This adjustment is normally insignificant if tests
are limited to the first resonant mode where the ..a.eiengtii is usually
long with respect to the sample diar -eier.

Pulse method devices Lsing cubical samples have the unique
capability of being able to vary the three orthogonal stresses
independently, allowing testing under isotropic (61 = 62 = 63), biaxial
(61> G2 =03 or Gy =02 > G3), or triaxial (61 > G2 > 63) loadings.
Torsional resonant devices can, with modification, apply biaxial
(compression only) and triaxial loadings. iHowever, ali longitudinal
resonant devices are used only under isotropic loading because of the
difficulty associated making them capable of biaxial or triaxial loading.

Research over the past decade, in which pulse and resonant
devices were used to study soils under biaxial and triaxial loading
conditions, have shown that the elastic moduli are affected differently by

the diiigrent principal stresses. That research, which was confined
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primarily to dry sands, has shown that for waves propagating along
principal stress directions, the constrained modulus is controlled almost
solely by the principal stress in the direction of wave propagation and
particle motion. It was also found the shear modulus is controlied about
equally by the principal stresses in the direction of wave propagation and
particle motion, and is virtually unaffected by the third principal stress.

No research has been conducted to demonstrate how the state ot stress

influences Young's modulus of soil.

11.1.2 Theoretical and Analytical Studies

A review was made of wave propagation theory for wave guides,
particularly the theory for waves propagating in a solid cylindrical rod. A
particular one-dimensional case was developed where one end of the
sample is subjected to a longitudinal steady-state displacement and the
other is capped by a rigid end mass. The resulting development shewed
at resonance that the problem reduced to the simpler case of vibration in
a fixed-free rod. In that problem, the ratio between the sample and
added masses is related to the frequency, sample length and the bar
wave velocity by a simple transcendental equation.

The three-dimensional problem for steady-state longitudinal
waves in an infinite rod shows that the velocity of propagation is a
function of frequency, rod size, and the Poisson's ratio. The theory

shows that, for the fundamental longitudinal mode, the phase (or
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apparent) velocity approaches the value of the bar wave velocity as the
wave number goes to zero, i.e. long wavelengths. Alternatively, as the
wave number goes to infinity, i.e. short wavelengths, the phase velocity
approaches the Rayleigh wave velocity.

Finally, it is possible to obtain an approximate solution using
integral transforms for the case of transient waves travelling in a semi-
infinite rod due to a sudden impact on the end. This solution is for the
particle velocity in the vicinity of the elementary wave front. The solution
suggests that there is motion preceding the elementary wave front which
travel at velocities as high as the dilatational velocity. Therefore, theory
shows it is possible to measure the dilatational velocity by identifying the
initial wave arrival from a longitudinal pulse in a cylindrical specimen.

A finite element program, constructed with axisymmetric elements,
was used to study what effect specimen parameters (such as stiffness,
length, diameter, damping and Poisson’'s ratio) and specimen end
conaitions would have on the frequency response of a cylindrical
specimen. The finite element program was used to model the
longitudinal resonant column test. The study showed that: (1) the natural
frequency of a specimen is roughly proportional to the square root of the
stiffness and inversely proportional to the length, (2) the number of
clearly observable resonant frequencies decreases as the diameter
increases, relative to the length, (3) material damping less than five

percent has little impact on the natural frequency, and (4) for a given




stiffness (E), changes in Poisson's ratio would have little effect on the
natural frequency or the computed bar wave velocity.

The finite element program had the versatility to change the end
conditions of the model specimen. A study of the effect of end conditions
showed that: (1) the presence of an added mass significantly reduced
the natural frequencies, (2) the presence of the added mass improved
the accuracy of the computed bar wave velocities, (3) Young's modulus
is underestimated if the base support is less than 90 percent of the
diameter of the sample, and (4) the horizontal displacement condition at
the ends has only a minor impact on the measurement of Young's
modulus, overestimating it by one or two percent if the end is fixed rather

than free.

11.1.3 Multi-Moduli Testing Device (MTD)

With the expressed goal of finding how the state of stress affects
the Young's modulus of a dry sand, a laboratory device was designed
and built which has the ability to measure the constrained, Young's, and
shear modulus of a cylindrical sample without changing the state of
stress on the sample. This device, called the Multi-Moduli Testing Device
(MTD), uses axial pulse and shear pulse tests to determine the
dilatational and shear wave velocities, respectively, and it uses a
longitudinal resonant column test to determine the bar wave velocity.

The MTD has the capability to perform these three tests under biaxial
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loading conditions through the use of a venrtical vibration isolation

asse mbly, which can be used to apply a static axial load, in compression
or extension, and still allow the top of the specimen to "vibrate" freely in
the longitudinal direction.

The MTD has a pressure chamber that is 14 inches in diameter
and 18 inches high in which specimens can be confined by air pressure
or internal vacuum. There is a double acting air piston in the top of the
cell which applies to the specimen an axial loading that is measured by a
load cell. Cell and vacuum pressure are monitored by transducers and
changes in sample length are measured by two proximiters mounted on
opposite sides of the specimen.

The constrained modulus is determined from the dilatational wave
velocity which is measured using an axial pulse test. In the axial pulse
test, a piezoelectric shaker applies a step function impulse to the base of
the sample, and the time domain motions of vertical accelerometers at
the base and top of the specimen are recorded by a digital oscilloscope.
The time between the first arrivals of the impulse at each accelerometer
is adjusted for any delays, and divided into the sample length to compute
the dilatational wave velocity. The error in the constrained modulus is
estimated to be about two percent, with the largest contribution coming
from finding the travel time.

The shear modulus is determined from the shear wave velocity
which is measured using a shear pulse test. In the shear pulse test, an

electromechanical tapper applies a horizontal impulse to the side of the
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sample base pedestal and the time domain motions of the horizontal
accelerometers are recorded by a digital oscilloscope. The time between
the arrivals of the polarized motion at each accelerometer is adjusted for
any delays and divided into the sample length to compute the shear
wave velocity and the shear modulus. The possible error in the shear
modulus determined in the MTD is as high as fifteen percent. This error
is attributable to the difficulty in identifying the far-field shear wave arrival
at the top accelerometers, since the arrival is obscured by the presence
of wave motions travelling at faster velocities.

Young's modulus is determined from the bar wave velocity which
is measured by the longitudinal resonant column test. A frequency
sweep is conducted by a dynamic signal analyzer in which the
piezoelectric shaker is driven at specified frequencies and the relative
amplitude and phase between the top and bottom vertical
accelerometers is recorded. The natural frequencies of the specimen are
interpolated at +90 degrees of phase and the corresponding phase
velocities are calculated using one-dimensional theory. The phase
velocities are then adjusted to find the bar wave velocities by using the
solution for the fundamental mode in three-dimensional theory for
longitudinal waves in an infinite rod. The resulting values for the bar
wave velocity, one for each natural frequency, typically agree within five
percent.

For one example, a test on a loose sand confined isotropically at

16.0 psi, the specimen parameters determined in the MTD were used as
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input for the finite element model. Transfer functions were determined
using the stiffness values from each of the four resonant modes observed
in the laboratory test and the bar wave velocity was computed for the
natural frequencies using the same two-step reduction method used in
the laboratory test. For this example, the bar wave velocities computed

by the model compared very well with those measured in the laboratory.

11.1.4 Tests on Sand and Other Materials

Several man-made materials and two natural soils were tested in
the course of this research. The man-made materials tested included
three plastics (polyurethane, polyvinylchloride and polyethylene) and
Portland cement concrete. The tests on plastic afforded the opportunity
to compare Young's modulus values measured in the MTD to those
computed from the shear modulus measured in the torsional shear and
torsional resonant column test. When adjusted for frequency and
temperature dependency, the Young's modulus values usually
compared within five percent. Tests were conducted on a curing sample
of Portland cement concrete. The tests began approximately five hours
after mixing and continued for seven days. This test illustrated the ability
of the MTD to test materials over a broad range of stiffnesses and values
of Poisson's ratio. A medium plasticity, compacted clay was also tested

by cyclic triaxial, torsional shear, torsional resonant column and in the
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MTD. The values for Young's modulus agreed well when adjustments
were made for frequency, strain, and aging effects.

An uncemented, uniform dry washed mortar sand was the focus of
this research. A total of seven test series were conducted on loose (D¢ =
23-29%) and dense (Dr = 88-93%) sand specimens. Consistent sand
specimens were constructed using a multiple sieve pluviator (MSP). The
MSP is a column of six sieves (oriented 45 degrees to each other),
topped by a funnel that has a variable size opening. The rate at which
the sand is released from the funnel governs how dense the sand
specimen will be, with fast rates yielding loose density specimens and
slow rates yielding high density specimens.

Two test series were conducted in which a loose and a dense
sand were confined isotropically at confining pressures of 4.0, 8.0, 16.0,
32.0, and 64.0 psi in several cycles of increasing and decreasing
confining pressures. The stitfness of both the loose and dense sand was
notably higher on the first load cycle (4.0, 8.0, 16.0, and 32.0 psi) than the
tirst unloading and subsequent reloading cycles. This stress history
dependent behavior had been noted by others in tests on the same sand
and is possibly attributed to sample construction technique, particle
rearrangement, seating of the top cap and base pedestal, or complex

and sensitive stress conditions in the vicinity of the specimen ends.




11.1.5 Etfect of Stress State on Elastic Moduli
of Sand

The tests on the dry sand under isotropic loading showed that the
constrained, Young's, and shear moduli (of the soil skeleton) could all be
expressed by a constant times the mean eftective stress, 6o, raised to a
power. These relationships are a straight line, with the power
representing the slope, when plotted log of the modulus versus log of the
stress. The log M - log &, relationship had slopes from 0.44 to 0.45, the
log E - log G, relationship had slopes from 0.49 to 0.51 and the log G -
log G, relationship had slopes from 0.47 to 0.50. It was noted that the
slope for Young's modulus relationship was slightly greater than for the
constrained modulus, illustrating an observed decrease in Poisson's
ratio (computed from M and E) as the confining pressure increased. If
one knows the Poisson's ratio, it is possible to calculate the shear
modulus, assuming the sand is isotropic. These "backcalculated” values
for the shear modulus were within 10-15 percent of those measured
independently by the shear pulse test, with the backcalculated vaiues
slightly higher.

The log M - log 65 and log G - log &, relationships have slopes
which are slightly higher than those reported by others conducting
research on the same sand. This could be due in part to the fact that the

bulk of the previous tests were conducted in a large (7 feet) cubic triaxial
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test device over a narrower range of confining pressures in which there
may be less effect from end conditions.

Five biaxial test series were conducted in which the washed
mortar sand was subjected first to a cycle of tests at isotropic confining
pressures (4.0-64.0-4.0 psi). Then a biaxial cycle of tests was conducted
in which first the axial stress was varied and the horizontal stress was
held constant, and then the horizontal stress was varied while the axial
stress was held constant. This load path was done first by increasing the
respective stresses in a loading cycle and then decreasing the respective
stresses in an unloading cycle.

The log modulus - log stress relationship was expressed using a

two-stress mode! of the form

Modulus = C (?ana Eanb Pa1-na~nb/§:(e) (1 1 1)

where

C, na, nb = stiffness coefficients,

Oa = axial effective stress,

b = horizontal effective stress,

Pa = atmospheric pressure in same units as 6, and Gp,
and

F(e) function of void ratio F(e)=0.3 + 0.7e2.




297

The stiffness coefficients for the loose and dense sand are
summarized for the isotropic and biaxial test series in Table 11.1. The
constrained modulus and Young's modulus are controlled almost solely
by the axial stress. The horizontal stress appears to have slightly more
influence on Young's modulus than constrained modulus. The shear
modulus calculated from the constrained and Young's moduli shows
more impact from the axial stress than the directly measured shear
modulus. This is probably due to the fact that both constrained and
Young's moduli are dominated by the axial stress which is subsequently
refiected in the beh~v')r of the calculated shear modulus.

The alr v« sole dependence of constrained modulus on the
principal st.ess in the direction of wave propagation and particle motion
agrees with that reported by others for tests on this same sand. However,
there is a notable difference between the stiffness coefficients for the
shear modulus measured in the MTD and those reported by others,
especially the coefficients for the loose sand. It has been shown the
shear modulus depends almost equally on the effective principal
stresses in the direction of wave propagation and particle motion.
However, the shear modulus measured by the shear pulse test in the
MTD shows a little more than one to one correspondence for the dense
sand and a three to one correspondence for the loose sand. This
discrepancy was most likely caused by the difficulty in identifying the
arrival of the far-field shear wave, which was often obscured by waves

travelling at the faster dilatational wave velocity.

U




Table 11.1. Summary of Stiffness Coefficients for Tests on Washed

Mortar Sand.
Isotropic Test Series* Biaxial Test Series**
4 - 64 psi 8 - 32 psi
C nm C na nb

Dense Sand e = 0.587

M 1968 0.445 2020 0.416 0.069

E 1721 0.486 1758 0.440 0.081

Gp* 719 0.504 720 0.454 0.093

Gm** 724 0.472 767 0.284 0.226
Loose Sand e =0.760

M 2029 0.442 1983 0.533 -0.027

E 1606 0.510 1609 0.538 0.014

Gp* 635 0.533 638 0.536 0.038

Gm** 635 0.504 €58 0.388 0.146

* Modulus = C &,"™M Pal-na/F(e), F(e) = 0.3 + 0.7¢2

** Modulus = C 63nag,nb Pal-na-nb/F(e), F(e) = 0.3 + 0.7e2
+ Calculated fromMand E
++ Measured in Shear Pulse Test
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11.2 Conclusions

The following conclusions can be made as a result of this
research.

1. The solution for one-dimensional motion in a finite rod
subjected to steady-state longitudinal motion at one end and having a
rigid mass at the other is, at resonance, identical to that of a fixed-free rod
with an added mass. This makes it possible to compute the bar wave
velocity based on the assumption of one-dimensional longitudinal motion
in the specimen.

2. The solution for longitudinal waves in an infinite cylindrical rod
shows that the phase velocity is a tunction ot frequency (wave number),
rod radius, and Poisson's ratio. For the fundemental mode, the phase
velocity approaches the bar wave velocity for long wavelengths and the
Rayleigh wave velocity at short wavelengtks (with respect to bar radius).

3. An approximate solution for transient wave propagation in a
semi-infinite bar caused by a sudden impact at the end suggests that
some wave motion will travel at velocities approaching the dilatational
wave velocity. Therefore, it is possible to identify the first arrival of a
pulse travelling longitudinally in a cylindrical specimen as that which
corresponds to the dilatational wave.

4. A finite element model, constructed with axisymmetric finite
elements is a valuable tool to study the steady-state behavior of a typical

laboratory-sized soil sample. Employed as such a tool, the finite element
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mode! leads to the following conclusions about the effect of different
specimen parameters and end conditions on the response at the top of
the specimen due to longitudinal excitation at the base:

a. The natural frequencies are roughly proportional to the
square root of Young's modulus of the material specimen.

b. The natural frequencies are inversely proportional to the
length.

c. The number of clearly observable natural frequencies
decreases with increasing diameter (length staying the same).

d. Changes in damping (hysteretic) within a range from
0.5% to 5.0% will not significantly affect the observed natural
frequencies.

e. For a constant Young's modulus, changes in Poisson's
ratio have only a minor effect on the observed natural frequencies.

f. The presence of a rigid mass reduces the natural
frequency of the specimen and increases the respective wavelength.

g. Estimations of the bar wave velocity appear to be
significantly improved by the presence of the added mass.

h. Young's modulus will be significantly underestimated if
the base pedestal diameter is less than 90 percent of the sample
diameter.

i. The difference in bar wave velocities for end conditions
ranging from a free to fixed horizontal displacement conditions is two

percent or less. The fixed condition results in slightly higher velocities.
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5. It is feasible to construct a test device which can measure three
small-strain moduli independently without changing the stress state or
end conditions of the sample.

6. It is feasible to measure multiple longitudinal natural
frequencies in a specimen using a piezoelectric vibration generator and
accelerometers mounted along the centerline at each end of a soil
specimen.

7. It is possible to calculate the theoretical bar wave velocity from
any of the first three natural frequencies using a two-step reduction
method which first determiries the phase velocity using one-dimensional
theory. The second step computes the bar wave velocity from the phase
velocity based on the frequency spectrum of the fundamental mode
found from three-dimensional theory. This adjusts for the dispersion in
the phase velocity for waves travelling in cylindrical rods as predicted by
theory and observed in the laboratory testing.

8. Tests on plastics and compacted clay show the vaiues for
Young's modulus measured in the Multi-Moduli Test Device (MTD)
compare within five percent to those measured, or derived from, cyclic
triaxial, torsional shear, and torsional resonant column tests.

9. The MTD can measure the elastic moduli of a broad range of
civil engineering materials including soils, asphalt concrete, and Portiand
cement concrete.

10. The dilatational wave velocity can be measured by exciting

the entire base axially with a step function pulse and observing the first
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arrival at the top accelerometer. For the instrumentation used in this
study, the resulting constrained modulus has a measurement error on the
order of two percent or less.

11. Tests on dry, uncemented sand, subjected to isotropic and
biaxial stress conditions showed that when confined isotropically, all
three moduli (M, E and G) could be adequately described by a
relationship involving a constant times the mean effective stress raised to
a power ranging between 0.44 and 0.50. A summary of the average
stiffness coefficients for the dense and loose sands is included i, Table
11.1.

12. Poisson's ratio of the sand decreases as confining pressure
increases for tests under isotropic loading.

13. Stress history has an impact on the stiffness of the sand for
initial loading conditions at confining pressures below 32 psi.

14. When the sand was subjected to biaxial compression or
extension, it was shown that the effective principal stresses influenced
each modulus differently. It was found that:

a. For M, the principal stress in the direction of wave
propagation almost solely controls the modulus.

b. For E, the principal stress in the direction of wave
propagation dominates the modulus. Howszver, the principal stresses
perpendicular to the direction of wave propagation have marginally more

influence on the Young's modulus than the constrained modulus.
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c. For G, both principal effective stresses influence the
shear modulus. However, this study shows the influence of the stress in
the direction of wave propagation could be more influential than the
stresses perpendicular to the direction of wave propagation. This is
contrary to research by others on this same sand, which showed the
shear modulus was about equally influenced by the principal e. 2ctive
stresses in the plane containing the direction of wave propagation and
the direction of particle motion. This difference could be due to the fact
that the MTD can only load the specimen biaxially and this will require
turther study.

15. The shear wave tapper used for the shear pulse test is not an
adequate source to generate the clean, polarized shear waves
necessary to identify a shear wave arrivai in the size of sample used in

the MTD.

11.3 Recommendations for Future Research

The following recommendations are broken into three general
groups: (1) changes to the M1 D, (2} theoretical developm nt and
analytical studies using the finite element program, and (3) studies of

soils and other civil engineering materials using the MTD.

1. Changes to the MTD. The MTD continuously evolved as this

research progressed. It was not possible to incorporate the following
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specific modifications within the time allowed for this research. However,
they are recommended because the modifications should improve the
accuracy of the results measured and extend the capabilities of the MTD.

a. The axial and shear pulse tests and the longitudinal resonant
column tests should be automated. The ability to set and run
automatically will reduce the work load on the operator, reduce the
possibility of error and increase the speed of testing.

b. Replace the current load cell with a static piezoelectric load
cell. This will aliow taller samples in the cell and eliminate a
cumbersome sensor cable.

c. Install case-isolated feed-throughs for sensor leads in the cell
casing, versus the™ current location in the top plate. This will greatly
simplify the set-up process.

d. Use proximiters to measure changes in diameter. This will
reduce the error introduced by assumptions made to compute volume
change.

e. Modify the sample top cap to install an accelerometer flush with
the top of the sample like the one that is currently installed in the base.

f. Design a new shear wave source. The current tapping device
generates both dilatational and shear waves in the sample. Consider the
use of piezoelectric crystals mounted in the base pedestal.

g. Improve the top cap vibration isolation assembly.

h. Modify the base plate to allow testing of saturated samples.
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i. Modify the sample base pedestal to allow tests where only a

point on the central axis is excited.

2. Theoretical and Analytical Studies. Two avenues are available

to further investigate the theory as it was applied in this research.

a. Develop a closed-form solution for a solid cylindrical rod
subjected to a steady-state longitudinal displacement at one end and
having a rigid mass at the other. Investigate ways to apply that solution
to reducing laboratory data.

b. Study the impact of specimen parameters on the arrival of the
dilatational wave.

c. Develop a reduction method which optimizes use of the
multiple natural frequencies measured by the longitudinal resonant
column test to find the bar wave velocity and damping in the specimen.

d. Study the distribution of strain in a model specimen resonating

at its natural frequencies.

3. Studies of Soils and other Civil Engineering Materials. This

research demonstrated the ability of the MTD to measure the elastic
moduli of civil engineering materials with a broad range of stiffness
properties. Potential studies in the MTD may include:

a. Development of damping measurements in the MTD. As
currently configured, the MTD has the possibility of performing three

independent damping measurements by using: (1) the logarithmic
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decrement (of a free vibration curve), (2) the half-power bandwidth
method, and (3) the difference between the resonant and natural
frequencies of each mode.
b. Further studies on the behavior of sand under anisotropic
states of stress should be conducted including:
(1) more tests to study the effect of stress state on Young's
modulus,
(2) more tests at different void ratios (densities), and
(3) tests to study the effect of stress path on Young's and
other elastic moduli.
c. Further studies of the effect of axial strain level on the stiffness
of sand under isotropic and biaxial stress states.
d. Tests on other soils such as clays, silts, and gravels. Also tests

on saturated soils.




Appendix A

Theoretical Solution of Elasticity for an Isotropic Material
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A1 Elastic Solution for Isotropic Materials

In its most general form the relationship between the components

of the stress tensor, tjj, and the components of the strain tensor,ex is

given by

Tij = Cijkt €k (A.1)

where

Ciki = Cjikt = Cxiij = Cijik (A.2)

and Cijjx is a tensor having 81 separate components. Equation A.1 is
recognrized as the generalized Hooke's law. Here i,j,k and | represent
commonly used index notation and can each take values of 1,2 or 3in
correspondence to the three reference directions in Cartesian
coordinates. Equation A.2 actually limits Cjj to 21 independent
components. This reduction occurs by imposing the assumptions the
material is homogeneous (Cij is independent of location) and that the
material behaves linearly elastically (Cjj is constant). Finally, by
recognizing the symmetry of the stress and strain tensors, and
recognizing the existence of a linear strain energy density function, we
arrive at the 21 independent constants which represent a fully anisotropic
material. lf a material is elastically isotropic, it is assumed there are no

preferred directions and the elastic constants are the same whatever the
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orientation of the Cartesian coordinate system in which 1j; and gj; are

evaluated. This implies that the constants Cij can be expressed as

Cijki = A8ijdk1 + 1{Gikdj + dudik) (A.3)

where §jj is the special tensor known as the Kronecker delta, which is
equalto 1 wheni=jand equal to O wheni=j. and A and p are Lame's

constants. Hooke's generalized law then assumes the well-known form

Tij = Aekkdij + 2LEij (A.4)

Now consider two cases;i#jandi=j. Ifi=j, a state of pure shear

exists and

Tijj = 2UEjj (A.5a)
or alternatively

1j = Gy (A.5b)

where u = G and is known as the shear modulus.

ifi=j, Eq. A.4 becomes

Ti = 3A g+ 2U §j (A.6a)

or




Ti = (3A+ 2U) i (A.6b)

and if we perform the implied summation letting t11 = t22 = 133 =-p, a

state of hydrostatic compression occurs and

3A+ 2
=-( . “Ja‘ (A.6C)
Here
B=l+§u > 0 (A7)

where B is known as the modulus of compression or the bulk modulus.

Another special state of stress assumes all strains except €11

equal zero. In this case, Eq. A.4 becomes

111:)\.811+ 2“811:()\. +2u)€11 (A8)
Here
M=(A+2u)eq4 (A.9)

where M is known as the constrained modulus.
One final special stress state warrants discussion. If the strain
tensor is written in terms of the stress tensor by substituting Eq. A.6b in

Eq. A4, it results in
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1 Adij
g e —— (A.10
Gi= o0 U 2p(are2p) KK (A.10)

if 7j= 0, and all other 1ij = 0, a case of pure tension exists. Equation A.10

yields
A+ u 1
E11=—T—— == A11a
11 @2y 1= 1 ( )
A (A.11b)
€2=¢€33=—"—— -1 :
22 =€33 2u(3h+2p) 11
and substituting Eq. A.11binto Eq. A.11a
€22 = €33 = A £ (A.11c)
2= 33_2(>»+u) 11 -

Equations A.11a and A.11c yield the constants known as Young's

modulus and Poisson's ratio:

p(3A+2p)
E= .
o (A.12)
_f2 A (A13)

V = =
€11 2(A+U)
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The fundamental point to note is that a homogeneous isotropic linear
elastic material can be completely characterized by two elastic constants.
Tatle 3.1 relates common constants for an isotropic linear elastic

material.

A2 Elastic Solution in Cylindrical Coordinates

Whereas Eq. A.4 is frequently presented in terms of Cartesian
coordinates, using X, y, and z to represent the orthogana! coordinate
directions and u, v, and w, the respective displacements in those
directions, it is often convenient to represent the three-dimensional
problem using cylindrical coordinates. In this case the coordinates
directions are denoted by (see Fig. 3.1) r, 6, and z. Denoting the
displacements in the coordinate directions as u, v, and w, respectively,

the strain-displacement relationships are given by

du u 19v ow
&r=3, £9=F+F£’ €2 =55 (A.14 a,b,c)
dv v 1ou
2€r9=2£9r=ar - r +r 0 (A15)
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10w 0

2Eez=2£ze=‘r‘ge—+5§ (A.16)
du dw

2€rz = 2€3¢ =$ + ? (AT?)

and the stress-strain relations following from Eq. A.4 are of the form

ou

T=M+2uy (A.18)
xe=u\+2p(r9+ 17%—;) (A.19)
17=MA+ Zu% (A.20)
Trg = u[g—vr- - V“r— + 1?‘1—:] (A.21)
Tez = %% + aa—‘z’} (A.22)

du dw
Tz = “{E + gr-] (A.23)
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where, A, the dilitation is defined as

du u 19v ow

A=ar+r+?£+az (A.24)




Appendix B
Theoretical Solution for Waves Propagating in a Cylindrical

Elastic Rod
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B.1 Equations of Motion for a Linearly Elastic Body

Derivation of the equations of motion in a continuous media
begins with the principle of balance of linear momentum. That principle
states that the instantaneous change of the linear momentum of a body is
equal to the resultant external force acting on the body at the particular

instant of time. Mathematically this can be stated as

s[tdS+prdV= inidv (B.1)

where V represents an arbitrary contiguous volume enclosed by the
surface S. Here t is the distribution of surface tractions on S, f is the
distribution of body forces acting on V and U is the distribution of the
acceleration in V.

The Cauchy stress formula relates the stress tensor, t, to the

surtace tractions by
t=1n (B.2)

where n is the unit normal vector to the surface S. Substituting Eq. B.2
in Eq. B.1 and writing in indicial notation, the balance of linear

momentum can be written as




J}UmdS+Jﬁﬁdvz Jpﬁdv (B.3)

Transforming the surface integral into a volume integral using Gauss'

theorem which states

Jtij,i av = S[ tij nj dS (B.4)

This Eq. B.3 becomes

Jm“+mrpmNV=o (B.5)

which for a continuous volume yields Cauchy's first law of motion
Tij,i + pfj = p.L]j (B.6)

The problem statement for the motion of a homogeneous isotropic,
linear elastic body consists of the stress equations of motion (Eq. B.6),
Hooke's generalized equation relating stresses and strains (Eq. A.4) and

the strain-displacement equations, given by
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1
gj=% (Ui + uij,i) (B.7)

Equation B.7 invokes the common assumption of "small” strains
associated with linear elastic theory. If Eq. B.7 is substituted into Eq. A.4,
which is then substituted into Eq. B.6, it yields the displacement

equations of motion

HU; i + (A + puji + pfi = pUj (B.8)

B.2 The Equations of Motion Expressed in

Displacement Potentials

The displacement equations of motion as written in Eq. B.8 are
difficult to deal with because they couple the three displacement
components. It is a common practice to express the components of the
displacement vector in terms of the derivatives of potentials which
themselves satisfy uncoupled wave equations.

The displacement equations of motion in the absence of body

forces, can be written in vector notation as

uV2u + (A + p)VVeu= pu (B.9)
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If we decompose the displacement vector into the sum of a scalar, ¢, and

a vector, y, potential such that
u= Vo+Vay (B10)

and substitute Eq. B.10 into E1. B.9, it yields

uV2[Vo + VAy) + (A + p)VVe[Vo + V A y]
92 .. .
= pa—tz“[V(p+VA\y] (B.11)

Noting that VVeg =V2¢ and VeVay = 0, we obtain after rearranging
Eq. B.11

V{(A +21)V20 - pg ] + V A [uV2y - py] = 0 (B.12)
By inspection, for Eq. B.12 to be true, the terms in brackets must each

equal zero and with rearranging yields

P w1
Vz(p-_-mq):‘c?(p (B.13)
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P 1 ..
2 _r - —
Viy= V=gV (B.14)
where
A+2
CL2= ‘; B and cr2 =§ (B.15a,b)

Equations B.13 and B.14 are uncoupled equations of motion in ¢ and .
The scalar potential and the three components of the vector potential are
generally coupled through the boundary conditions of any particular
problem. However, if the boundary conditions can be adequately
described in terms of the potential functions then a unique solution can
be found. It should be noted that ¢ and y together contain four functions
which are related by Eq. B.10 to the three displacement functions. This
implies an additional constraint condition is required and usually, but not

always, the components of y are related by

Vey=0 (B.16)

B.3 The Problem Statement for Waves in a Rod of

Circular Cross Section




In cylindrical coordinates the relation between the displacements

u, v, and win ther, 6, and z directions follow from Eq. B.10 as

0p 19dyz; dve
109 dyr dyg

=r_6+ aZ - ar (818)
dp 19(wer) 1 dyyr

W= T T T 3 (B.19)

1 02
V2¢=@?-at—§p (B.20)

Yr 20y 1 03y
VzWr- f2 -r—2 ae =CT2 812 (821)

Ve 2 dyr 1 2%y
Veyo- 273 o =2 32 (B.22)

1 82\;12

Veyr=5 3 32 (B.23)




Note two equations, Eq. B.20 and Eq. B.23 are uncoupled. The

components of the vector potential must also satisty a constraint

condition such as that given by Eq. B.16.

The displacement equations of motion written in terms of the

displacements u, v, and w are

u 29v. 1 9A 1 d%

2, U €0V
VU127 12 39 * 1oy O T Cr2 o2
vay ¥ 29u 1 194 1 3%

271239 T 1.2y F 39 ~ Ct2 ot2

1981 o%w

2 —_—=
VW oy or T2 a2

where V2 is the Laplacian and is defined by

2 19 192 92

2 2 to 1o  ©o°
v = ar2*rortr2yez toz2

and the dilatation, A,is as defined in Eq. A.24 and Poisson's ratio, v, is

defined in Eq. A.13.

The pertinent stress-strain relations are

tp:M-t-Z},l%

(B.24)

(B.25)

(B.26)

(B.27)

(B.28)




0 1 0duU
z,9=p[5‘f- e } (B.29)

(B.30)

B.4 General Solution for Time-Harmonic Motion in a

Long Cylindrical Rod with Solid Cross Section

For the case of an infinitely long cylinder of solid cross section and

radius a, the boundary conditions at r = a are

=0, 9 =0, 1z=0 (B.31a,b.c)

provided no surface tractions exist.

Considering the scalar potential ¢(r,6,2,t) and a wave propagating

in the positive z direction is of the form
¢ = O(r)O(6)e-itkz-wt) (B.32)

which presumes a separation of variables type solution in r and 6.

Substituting this function for ¢ into Eq. B.20 and rearranging yields
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separate second order differential equations for the functions of ® and ©.
The solutions for ©(0) are sines and cosines of the argument n8 where n
can only be zero or an integer. The solutions of ®(r) are ordinary Besse!

functions which by necessity are only of the first kind because of the solid

cross section (the displacement at r = 0 must be finite). The solution for ¢
then is of the form

@ = [A1c0s(nB) + Azsin(nd)] Jn(pr) e-iltkz-o)  (B.33)

where Jp are Bessel functions of the first kind and order n, A1 and Az are

constants and p is defined by

2.2 e (B.34)
P2=5p2 .

A similar treatment of the other uncoupled wave equation given by

Eq. B.23 yields a solution for y; of the form
yz = [B1cos(nB) + Basin(nB)] Jn(qr) e-itkz-ot)  (B.35)
where q is defined by

w2
Q2= C2” k2 (B.36)




The solutions for y, and yg are necessarily difficult because they

are coupled by Eqs. B.21 and B.22. On further investigation it becomes
evident y, and yg also contain trigonometric expressions of 8. However,
it is noted that a sine-dependence on 6 of one potential is consistent with
a cosine dependence on 8 of the other. The converse can also be true.
Substituting functions for one possible pair having the form
Vr = ¥,(r)sin(ng) e-itkz-o) (B.37)

Vo = Wy(r)cos(nb) e-ikz-ut) (B.38)

into Eqgs. B.21 and B.22 and imposing the constraint condition, ¥, = - ¥y

(as opposed to that represented by Eq. BR.16), yields

vr = C2Jn.1(ar)sin(ne) e-itkz-ol) (B.39)

Ve = -C2Jn+1(qr)cos(n6) e-i(kz-wt) (B.40)

If the following pair of equations derived from Eq. B.33 and Eq. B.35

¢ = A1Jn(pricos(nd) e-itkz-wt) (B.41)

vz = B2Jn(gr)sin(ng) e-itkz-wt) (B.42)
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are considered together with Egs. B.39 and B.40, the general motion in
the cylindrical rod is completely defined. These four equations can be
used to express the stresses in terms of the potentials. By applying the
boundary conditions of Eq. B.31a,b&c, three homogeneous equations
can be obtained to determine the values of the constants A¢, B2, and C».
The requirement that the determinant of coefficients vanishes provides a
complicated frequency equation which relates w, n, and k. It is noted that
an alternate set of equations similar to Eqs. B.39 - B.42 can be chcsen
merely by exchanging the sine and cosine functions of n6.

it is further noted that the analysis for a hollow cylindrical rod can
be accomplished in the same manner. However, now the solutions
containing the Bessel functions must retain Bessel functions of the
second kind. The corresponding expressions for the potentials now
contain six arbitrary constants which can be solved for if the stresses on
the inner wall vanish as well, thus yielding six homogeneous equations.
The frequency equation is then obtained from the requirement that the

determinant of the coefficients vanishes.




Appendix C
Theoretical Solution for a Transient Wave Propagating in a

Semi-infinite Solid Cylindrical Rod
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C.1 Theoretical Solution for a Transient Wave
Propagating in a Semi-infinite Solid Cylindrical
Rod

The simplest solution for transient waves in a rod assumes a one-

dimensional state of stress and the applicable equation of motion (Eq.

B.26), derived in Appendix B, is

2w 1 92w
d9z2 ~ Cpg?2 ot

(C.1)

where w is the displacement paraliel to the longitudina! axis of the rod
and Cg is the theoretical bar wave velocity defined by Eq. 3.12. This
wave equation predicts that a pulse will not change shape as it
propagates along a rod. However, if the pulse is applied rapidly, the
resulting waveform shows dispersion as it travels along the rod.
Casting the problem in terms of the displacement potentials

following the manner of Achenbach (1973) the pertinent expressiois

relating the displacements to the potentials for the axisymmetric case (v =

% = 0) from Egs. B.20 - B.23

)
u(r,z,t) = 5(': g—\: (C.2)
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w(r,zt) =

5
S

1

where the single remaining component of the vector potential yg is now
denoted by y. Only two of the four equations of motion remain. These

are

V2 = C—l—é %%p (C.4)
Vew_rﬂzz 01—72%%[ (C.5)

and the Laplacian is now defined by
Vz:%*%%*% (C.6)

The pertinent components of the stress tensor in terms of the potentials

follow from Egs. B.28-B.30 and Eq. C.2 and Eqg. C.3. These are

afap @
z,=xv2¢+2u§[5‘ri’- -BW?] (C.7)

9]0 10
17 = XVZ(p+2ua—z[£+ T —(—W—)]

; (C.8)
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3 (% dw) 3 (3 13y}
‘ﬂ”{az (ar ) az) *or (az T oo J (C.9)

Solutions to these equations must satisfy the boundary conditions at the
end of the rod, at the lateral surface and at a point an infinite distance

along the rod. Summarizing these we have

for 0<r<a T2(r.0,t) = -PH(t) (C.10a)
for 0<r<a u(r0ty=0 (C.10b)
for z20 1{a,zt)=0 (C.10c¢)
for z20 z(2,2t) =0 (C.104d)
for 0<r<a u(reet) =0 (C.10e)
for 0<r<a W(roeot)=0 (C.10f)

As the rod is at rest at time t = 0, the initial conditions are

u=w=b=s;v=tr=tz=trz=0 (C.11)
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Substitution of the displacement and stress tensor equations into the
boundary conditions given by Egs. C.10a and C.10b and the stress
tensor for 15 in Eq. C.8 and recognizing that ¢ also satisfies the equation
of motion in Eq. C.4, it is possible to write the boundary conditions at

z = 0 in terms of the potentials ¢ and y. Doing so then,

atz=0for 0<r<a po = -PH(t) (C.12)
atz=0,for 0<r<a g—il:O (C.13)

Integral transforms are a common method of solution used in these types
of wave propagation problems. For this problem, Fourier sine and cosine
transforms are used with respect to z and a one-sided Laplace transform
is used with respect to t. The appropriate transform pairs are defined for

O<z<~and 0 <t<=as:

sine transform; fS(&) = Jf(x)sinﬁxdx (C.14a)
f(x) =§ JfS(g)singxdg (C.14b)

cosina transform; (€)= 0jf(x)coséxdx (C.15a)




o0

f(x) =§ d[fc‘(g)singxda

oo

Laplace transform; f(p) = Jf(t)e'mdt

The form of the boundary conditions given at z = 0 in Eq. C.12 and
Eq. C.13 suggest the use of a cosine transform for y and a sine transform

for ¢. The one-sided Laplace transform is also applied to eliminate the

dependence on time t. Transforming the equations of motion in Eq. C.2

(C.15b)

(C.16a)

(C.16b)

and Eq. C.3 and applying the initial conditions in Eq. C.11 and the

boundary conditions in Eq. C.12 and Eq. C.13 yields

where

(C.17)

(C.18)
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-p2 -p2
“2=6%2"§2' 52=6PT—2-g2 (C.19a,b)

It is noted the solutions of S and yC will involve Bessel functions and for

a solid rod must remain bounded at the center. Thus,

(ps= Ado(ar) + E% (C.20)
pP
and

w=Bhip) (C.21)

The remaining boundary conditions at r = a also need to be
satistied. Transforming Eq. C.10c using the Laplace and Fourier sine

transforms and substituting Eqs. C.20 and C.21 yields atr=a

[-(ﬁ? - £2)Jo(aa) + %“—Jﬂaa)JA +2[BxJo(Ba) - %J1(B3)J B

A P&
A+2u p pa?

(C.22)

And similarly applying the Laplace and Fourier cosine transtorm to

Eq. C.10d and again substituting Eqs. C.20 and C.21 yields at r = 3,

2atJq(aa)A + (B2 - £2)J4(Ba)B = 0 (C.23)
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The solutions for A and B follow from these two equations and are

_ A _PEpxE2J4(Ba)
T A+2upP g2 D

(C.24)

2
B= _2_)\__5_1_§_J1 aa (C.25)

where

D = 2% (82 + £2)J1(0a)1 (Ba) - (B2-E2)2d0(0a)1 (Ba)

- 4aBE2J1(0a)do(Ba) (C.26)

The particle velocity, V, in the axial direction will be the focus of
remaining development. In terms of the potentials it can be defined from

Eq.C3as

QU

a(ny)

Virzt) =5 =3,

QJIQJ
A=)

1
+T o (C.27)

Applying the Fourier Cosine and Laplace Transforms results in

.. P Pa
Vostog e PEGS + 7 50 (M) (C.28)




which can be rewritten by substituting the solutions for ¢S and < given by

Egs. C.20 and C.21 as

- P 1 A PEEN
VC = — - —22- C.29
p p2+£2C12 A+2upuPo2D (C.29)
where D is defined by Eq. C.26 and
N = (B2-£2)Jo(ar)d1(Ba) - 2aBJo(Br)di(aa) (C.30)

Inversion of the transforms to find V(r,z,t) now remains the only task,
however, it is a formidable one. First consider the inversion of the
Laplc:ce transform in accordance with Eq. C.16b. It is possible to perform
the iitegration in the complex p-plane by applying Cauchy's residue
thecrem where the path of integration is closed by a semicircle of infinite
radi..s about the origin in the left half-plane.

It can be shown by manipulating Eq. C.30 that only even powers of
a and B appear so there are no branch points in the complex p-plane.
Furt ie", by replacing the Bessel functions by their appropriate asymptotic
form . for large arguments the integral over the infinite semi-circle
vani-hes. Therefore, the original integral is equal to 2ri times the sum of
the residues in the left plane.

With close examination, both terms of Eq. C.30 have poles at

$iECL. however, it can be verified the residues of these poles cancel
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each other and the remaining poles occur where the function D(p.£)
vanishes. If the substitution p = iw is made in Eqs. C.26 and C.19a,b the
equation D(p,£) = 0 takes the same form as that for the frequency
equation for longitudinal motions of a rod that is presented in Section
3.4.2 (Eq. 3.55) with the only difference being the transformed variable £
in the location of the wave number k. As a result, for any value of £ there
are an infinite number of poles along the imaginary axis of the p-plane at
positions defined by p = iwn, where the functions wn(E) are the circular
frequencies of longitudinal modes in a rod. The contributions of these

poles leads to a summation for the solution for V€ given by

AP
VE = - — ) 2iE2M E)si t C.31
rezp 2 Mn(on L)sinen) (C.31)
where
M 1 N C.32
n(wn,§) = o2 9D/dp | p=iwn (C.32)

It is relatively simple now to apply the inversion integral for the Fourier

cosine transform to the infinite series for VCyielding

A P
)“"2}1 H n=1

\Y In (C.33)

where




oo

n=- JézMn(wn.é)sin(wnt)COS(F,Z)dé (C.34)

To evaluate the particle velocity at large time the integrals in Eq. C.33

can be recast in the form

[ =]

=" J@Mn(wn.é)ne‘@""””"- G2+t (ca35)

0

At large values of dimensionless time, such as C t/a an approximate
evaluation can be accomplished using the stationary phase method.
This approximate method is outlined by Achenbach(1973) and discussed
in some detail by Skalak(1957) when applied to transient motions in a
rod. Borrowing on a development by Jones(1964) for transient motion in
a layer, it can be shown that the contributions of the various branches of
the frequency spectrum will at most be on the order of (C t/a) 172, except
at positions of stationary group velocity where the contributions are of the
order (C t/a)-1/3.  Additional contributions may come from poles on the
real E-axis but Skalak(1957) presents an argument for the case of a rod
in that dD/dp cannot vanish for real values of £. In the present problem it
should also be noted that for the lowest mode w4, that the contribution is

proportional to £ in the vicinity of £ = 0 and the presence of a2 in aD/dp in
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the denominator causes a simple pole at £ = 0, which also coincidentally
is a point of stationary phase. It can be further demonstrated that the
group velocity is also stationary at § = 0. As a result, the contribution of
the lowest mode at small values of £ predominates over the contributions
from large modes particularly because it does not decay with time.
Following Skalak's (1957) development, it can be noted the

frequency for the lowest longitudinal mode can be approximated by
w1 = Cgt - 7&3 (C.36)
where Cg is the bar velocity and vy is defined as

Y= % v2Cga? (C.37)

Here v is the Poisson's ratio. By substituting ¢ = Cgg into M(w1,£), and
taking the limit as § goes to zero, the essential contribution to |y, can be
determined from Eq. C.35 by limiting the range of integrationto £ < e

where € is small. Thus

+€
I = i%%gr ﬁ[e‘@"”ﬂ"- /(62 +0nt) g (C.38)

0
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Next the upper limit of these integrals are extended to infinity because
the integrals so added are of the order (CLt/a)-1/2. If just the first term of

Eq. C.36 is substituted into Eq. C.38 it yields

V(z.t) = 5155 H(Cgt-2) (C.39)

which is the solution according to elementary theory. Note, the waveform
in the elementary solution is independent of £, or stated differently, the
velocity is independent of the frequency, and the waveform will not
disperse as it travels along the rod.

A better approximation is obtained if both terms of Eq. C.36 are

used. This results in

kCL2
h=-"Cs [F1+ F2] (C.40)
where F1 and F2 are given by
- - 3
3 1 Jsm[&(z Cpt)+yE3t] at (C.41a)
n §
inf- 3
F2=—:; Js'"[ é(z“th)% U gt (C.41b)

0




By changing the variable the expressions for F1 and F2 can be

written as
i 3
Fn=l Jsm(qnnm /3)dﬂ (C.42)
n n
0
where
_ Z-Cpt . Z+Cpt
N IR T TE (©-432.0)

and yis defined in Eq. C.37. In this form F4 and F2 can be recognized as

integrals of Airy's integral

[

U[cos(qnn+n3/3)dn (C.44)

A=

Ai(gn) =

Thus we can rewrite the expressions for Fy and F» as

Q1
Fi= [Ais)ds + 3 (C.45)
0
Q2
| 1
Fo= fA.(s)ds ‘g (C.46)
0
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where the 1/6 terms enter as the values for F1 and F2 for

g1 =0 and gz = 0, respectively.




Appendix D

Developing an Axisymmetric Finite Element
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D.1 Developing an Azisymmetric Finite Element

The equations for the strain-displacement (u,v,w) and stress-strain
relationships expressed in cylindrical coordinates (r.6,z) were developed
and presented in Appendix A. These relationships can be derived for the
axisymmetric case by setting v and any derivatives with respect to 8

equal to zero. The strain-displacement equations then become

ou u ow

Er=57, €9 ='r_. Ez:'éz (D.1a,b,C)
anrd
Ju ow
Yz=28z=35; + 5p (D.2)

The stress-strain relationships are given in matrix form by

T A+2u A A O €r
19 A A2 A0 €9
Tz - A A }\.+2},10 ] (DS)
Ter 0 0 0 pJ \vm

or in matrix notation
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Now define a two-dimensional, 4-node, linear, finite element (see Figure
D.1) where the z-axis corresponds to the central axis of the cylindrical
specimen and the r-axis is perpendicular to it. The nodes are numbered
1 to 4, counter-clockwise from the lower left and ry, r2, 24 and z2 are the
global coordinates corresponding to the sides of element.

If u is the displacement in the r-direction and w is the displacement

in the z direction we can define

u = fyuq + fouz + fauz + faugs (D.5)
and

w = fiwq + fowp + faws + fawy (D.6)

where fn are prescribed inte¢ rpolation functions and un and wn are the

respective nodal displacements. In matrix form these are

(U )
Wi
u2
u f10f20f30f40J )

{W} =[0f10f20f30f4 ﬁ us > (D.7)
w3

U4J
kW4




345

N

a)
Z | -
1
n
(0.1
® 9
(-1,0)
b < —4>
(1,0)
® P
(0,-1)

Figure D.1. Description of Finite Element Coordinate System; (a)
Global Coordinates, and (b) Loca! Coordinates.




or in matrix notation

{;’v} = NTu (D.8)

= ['z{)(%)% (1-8 (-n) (D.92)
f2= (%J(%)%m +8) (1-1) (D.9b)
fo= (5"—:)(%)%(1 5 1+ (0.50)
ty= (%J(%)‘ 2(1-8) (1+7) (D.90)
where
Ar=ro-ry,and Az=22-21. (D.9e.f)

£ and n represent local variables relative to the center of a particular

element as illustrated in Figure D.1 such that,

r=r1(l—é—§)+r2(1 ;5) -1<f<1 (D.10a)
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and

and

Az
dr=%dt dz=%dn . (D.11a,b)

By denoting the partial derivatives of f, with respect to r and with respect

to z as f'r and f'z, respectively, we can determine using the chain rule

dfn, dindf dfp /2
for=D =—F"=—"|— D12
T dr Tgy dr g (Ar) (D12)
and
. _dih_dfhdn_dfy(2
2=dz = gndz " an (Az) (B.13)
The derivatives of the interpolation functions then become
f —-—1—(1- ), f --—1-—(1-§) (D.14a,b)
KA YL AR PN 18
for= ——(1-m), fag=-——(148) (D.14c.d)
ar= 2Ar n ' 2z = 2AZ . '
f —L(1+ ), f ——1—(1+§) (D.14ef)
P YV APV T
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1 1
far=-——{(1 = —(1-§). D.14g,h
ar=-(1+m), faz= 7 (1-8) (D.14g,h)

It is now possible to write the strain-displacement equations given in
Eq. D.1 using the interpolation functions and their partial derivatives.

These are then

1
€= f'ann , &= ",— fnUn , Ez= f'nng, (D.1Sa,b,C)

and

Yrz = f'nZUn + f'ann ) (D16)

Equations D.15 and D.16 can be combined in matrix form

(u1)
] [Tar O far O f3r O far 07) 77
f f2 fa fa
£9=roror0roﬁ\32> (D.17)
2 0 fiz 0 for 0 f3; 0 faz || .2
Yz flaz f'9r 2z for '32 '3r P4z f'4r ug
LW4J
which in matrix notation is

To form the element stiffness matrix, it is first noted that
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t=De =DBU (D.19)

and

el = uT BT (D.20)

If the equations of motions for this element are stated in matrix form they

are

MU + KU =P (D.21)
where

element mass matrix,

= element stiffness matrix,
nodal displacement matrix,

= nodal acceleration matrix, and

v Ccc Cc X =2
"

= external forcing functions.

For steady state motions equation D.21 can be rewritten as

P=(K-wiM)U (D.22)

By virtue of the conservation of work, we have
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SUTP = §UTK - w25UT M U (D.23)

Also, the internal work in the element is given by
SW=J55T1=J55T105=V[SUT BTDBU  (Dz24)

It is then obvious from equations D.23 and D.24 that the element stiffness

matrix is given by

K=JBTDBdV (D.25)

which in global cylindrical coordinates is given by

2n 2z 1
K=O[ [ [BTD B rdrdzde . (D.26)
21 Iy

In local coordinates, the axisymmetric case becomes

11
K=2n (A—'f—ih -!BT D B r didn . (D.27)

it can be shown similarly the element mass matrix can be determined in

local coordinates by
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11
A
K = 2n (%EN JN NT r dEdn , (D.28)

where NT is the matrix of interpolation functions defined in equation D.7.
For the purpose of numerical computation, the integrals in equations

D.27 and D.28 can be replaced by the following summation

11
1[ { fEmdidn = ¥ T AAfEN)  (D.29)
4 . - =

where A;, Aj are the appropriate constants from the quadrature formula.
The resulting element matrices are 8x8, which corresponds to the four

nodes multiplied by the two degrees of freedom at each node.




Appendix E
Equipment Used in the Multi-Moduli Testing Device
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E.1

1. Specimen Confinement System

Equipment Used in the Multi-Moduli Testing Device

mponen

Eurpose

Pressure Regulator

Manufacturer

To control air supply to
axial air piston and
confinement cell

Fairchild M30
pressure regulator

Vacuum Regulator

To control internal
specimen vacuum

Farchild M30 vacuum
regulator

Pressure/Vacuum
Transauucer

To measure chamber
pressure and
specimen vacuum

Validyne DP15
pressure transducer

Multichannel Carrier
Demodulator

To input excitation
signals to pressure

Validyne CD 280

transducer for
conditioning
Proximeter Probe To measure changes | Bentley-Nevada 7200
11-mm diameter in length Series
Proximiter Conditioner | To condition the Bentiey-Nevada
probe signai 19048-00-10-05-02

Load Cell

To measure axial load

Lebow M3397 w/ 50 or
300 Ib capacity

DC Power Amplifier

To amplify load cell
signal

NEFF Model 128

Voltmeter

To read output from
load cell, proximiters
and transducers

HP 3478 Multimeter

DC Power Supply

To power Load Cell
and Proximiters

LAMDA power supply
M-LL-902
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2. Dynamic Excitation System

ggmggngn!

Piezoelectric Vibration
Generator (Shaker)

longitudinal excitation

| Purpose Manufacturer
To provide transient Wilcoxon Research
and steady-state F7 Shaker

Power Amplifier

To amplify input
signals to shaker

Wilcoxon Research
PAS8

Matching Network

To balance
impedance of shaker

Wilcoxon Research
N8HF

Transverse Shear To generate shear MDL
Wave Exciter waves in the specimen
Power To amplify signal to HP 6825A
Supply/Amplifier shear wave exciter
Function Generator To supply excitation HP 3314A
signal for shear wave
exciter and shaker
3. Dynamic Monitoring System
Burpose Manufacturer

Low impedance, High
output Accelerometer

To measure dynamic
moiion of specimen

Wilcoxon Research
736

High Impedance
Charge Accelerometer

To measure dynamic
motion of specimen

Wilcoxon Research
111A

Power Unit/Amplifier

To provide DC power

to accelerometers

Wilcoxon Research
P702
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3. Dynamic Monitoring

System (continued)

_Q_gmggngn!

In-Line Charge
Converter

| Purpose

Manuyfacturer

To convert high
impedance charge
output to low
impedance voltage
signal (for 111A)

Wilcoxon Research
CC701

Line adapter

To provide DC power
to P702 amplifiers

Wilcoxon Research
LA703

Digital Recording
Oscilloscope

To capture, store and
analyze time records
for pulse tests

Tektronix 11401

Dynamic Signal

To control and

HP 3562A

(Data Reduction)

reduction

Analyzer measure frequency
response

Computer To control transfer and | HP+ 200 series

(Test Con’ ) storage of pulse time | desktop
records microcomputer

oisc Drive To store programs and | HP 9133D Winchester
data files disc or HP 9122D disc

drive

Printer To make hardcopies | IBM Proprinter or HP
copies of oscilicscope | 82906A graphic
records and print data | printer
and results

Plotter To plot time and HP 7475A or HP
frequency records 7470A plotter

Computer To perform data IBM AT or equivalent
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Appendix F
Sample Preparation and Test Procedures for the Multi-Moduli

Testing Device (MTD)

356




F.1 Preparation of a Sand Sample

1. Collect the following items needed to construct a sand sample.
Filter paper
Scissors
Super glue
Latex membrane
A ruler
Vacuum grease
O-rings
O-ring spreader
Sample mold with fittings
A small level
3/16 in. allen wrench
Pluviating device with appropriate screens
Vacuum source and gage
Sand
Beaker, 1 liter
A scale accurate to + 0.1 grams
Erlenmeyer flask, 1 liter
Initial data sheet
Steel straight edge
The top cap assembly
Yard stick

2. Make sure that the shaker is mounted properly in the base of the test
cell, that the sample base pedestal is installed properly, and has been
cleaned.

3. Cut two small circles of filter paper approximately 1/4 in. in diameter
and tack one over each hole in the sample base pedestal using one or
two drops of super glue.
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4. Cut the membrane to a length of 8.3 in. (dictated by sample mold
size). Also, on the uncut end of the membrane, cut a small rectangular
notch approximately 1/4 in. into the membrane and 1 in. long.

5. Apply a small amount of vacuum grease around the sides of the base
pedestal. Stretch the uncut end of the membrane over the base pedestal
and align it so that the notch in the membrane spans the tapping plate for
the shear wave tapper. Carefully align the bottom of the membrane so
that it is even with the bottom edge of the base pedestal. If the notch in
the membrane is large enough, the shear tapper plate should be
exposed and there should be a small 1/4 square inch area of the base
exposed next to it. This is where the base horizontal accelerometer will
be glued.

6. Install an O-ring on the base over the membrane using an O-ring
spreader.

7. Disassemble the sample mold and apply vacuum grease to the two
sides where they touch. Be sure to clean any excess vacuum grease
from the inside of the mold. Now assemble the two halves of the mold
around the base and the membrane. Be careful that the membrane is not
pinched between the two halves of the mold and that the O-ring on the
base fits snugly into the groove for it in the mold. Finger tighten the four
bolts holding the two halves of the mold together.

8. Using a small level adjust the legs of the mold to level the moid.

9. When the mold is level, tigh.an the bolts using the 3/16 allen wrench.
10. Carefully pull the membrane up and fold it over the top of the mold,
ensuring there are no wrinkles in the membrane inside the mold.

11. Fit the aluminum capture ring from the pluviating device over the top
of the mold and membrane.

12. Attach the vacuum source to the ports on the side of the mold and
draw a 1.0-1.5 psi vacuum, ensuring that the membrane is pulled
smoothly against the sides of the mold. Again check to see there are no
wrinkles in the membrane.
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13. Recheck the level at the top of the mold before installing the
pluviating column.

14. Set up the pluviating column on top of the sample mold. Begin by
putting the acrylic base alignment ring over the aluminum capture ring on
top of the sample mold. Continue assembling the pluviating device with
the bottom free-fall section, the sieve stack and the top free-fall section on
top of the sample mold. Ensure that the sieves in the sieve stack have
been oriented at 45 degrees to each other and that the correct size
sieves are installed to achieve the desired density.

15. Install the funnel on the top of the pluviating column and insert the
funnel opening (plastic insert) that will give the desired density. For high
relative densities, use a small funnel opening, and for low relative
densities use a large funnel opening.

16. Place sand in the liter beaker and weigh. Also weigh the
Erlenmeyer flask. Record these weights on the initial data sheet.

17. Pour the sand from the liter beaker into the funnel, ensuring that it
doesn't fall through by first stopping the hole.

18. When ready, remove the stopper and allow the sand to fall. After
pouring the sand into the funnel, weigh the beaker again and record this
weight on the initial data sheet.

19. When the sand has completed falling into the mold, there should be
1-2 inches of sand above the top of the mold inside the pluviating
column.

20. Start disassembling the pluviating column. Connect the Erlenmeyer
flask to the vacuum source. (It is possible to disconnect the vacuum to the
sample mold at this time.) Disassemble the pluviating column one piece
at a time being sure to capture all the loose sand with the vacuum in the
Erlenmeyer flask. When removing the sieves it is convenient to
reassemble them in reverse order, so that they are ready to use for the
next sample construction. Before removing the bottom free-fall section of
the pluviating column, remove the excess sand to within about 1/2 in. of
the top of the mold. After removing the free fall section, carefully vacuum




the remaining sand on the top of the mold down to just above the top
surface of the mold and remove the acrylic alignment ring. Again, be
careful to capture all loose sand with the vacuum. Now, carefully remove
the aluminum capture ring.

21. Using the steel straight edge, carefully strike off the top of the sand
sample, capturing any excess sand with the vacuum.

22. Ensure that the top cap has been assembled with the necessary
accelerometers and mounts. The horizontal acceierometers should align
with the bolt holes in the top cap. Apply a light layer of vacuum grease to
the sides of the top cap.

23. Carefully place the top cap on top of the sand in the mold. Align it,
using a yard stick, between the two vertical connecting rods on either
side so that the horizontal accelerometers are aligned with the mounting
location for the shear wave source.

24. Inch the membrane up along the sides of the top cap, being careful
not to rock the top cap excessively, and making sure that the membrane
is smooth along the side surface of the top cap.

25. Install an O-ring on the top cap using the O-ring spreader.

26. Attach the vacuum to the ports in the base of the sample base. Then
apply a 1.5 t0 2.0 psi vacuum to the sample. With the sample under a
vacuum, remove the bolts connecting the mold and carefully remove the
mold without disturbing the sample.

27. Ensure that all spilt sand is collected with the vacuum. Weigh the
Erlenmeyer flask and record the weight on the initial data sheet.

28. Add a second O-ring to the top and the bottom of the sample using
the O-ring spreader. This completes the construction of the sample.
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F.2 Assembling the MTD and Preparing a Sample for
Test

1. To start, collect the following items:
Digital calipers
Pi tape
A large adjustable wrench
Vacuum grease
Allen wrenches (sizes 3/32, 9/64, and 5/32)
Super glue
Cotton swabs
Equipment listed in Appendix E

2. The following equipment should be calibrated ahead of time: the two
proximiters, the load cell, the pressure transducer, and the vacuum
transducer.

3. To measure the initial dimensions of the sample, increase the internal
vacuum in the sample to 3.5 psi. Measure the length between the top
and the bottom caps on opposing sides of the sample using the digital
calipers and average the two measurements for the initial length. Using
the Pi tape, measure the diameter at a minimum of three locations along
the sample and average the measurements for the initial diameter, being
sure to subtract twice the membrane thickness. Note the pressure on the
sample indicated by the vacuum transducer so that it is possible to return
the sample to this pressure at a later time during the setup procedur .

4. Glue the horizontal accelerometer next to the tapper shield or the side
of the base pedestal. It may be necessary to trim the membrane slightly
to make sure that it will glue securely to the base.

5. Install the shear wave tapper. Mount the shear wave {apper so that it
is aligned with the horizontal accelerometers on the top cap.

6. Very carefully install the top vibration isolation assembly, ensuring that
the proximiter targets align with the proximiter locations. Very carefully
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install and tighten the cap screws that attach the vibration isolation
assembly to the top cap using the 9/64 allen wrench. Be careful not to
twist the top of the sample.

7. Attach the three internal accelerometer cables to the top three
accelerometers. Make sure that they are tightened securely.

8. Install the proximiters in their proximiter mounts. Screw the mounts to
the base plate of the cell and adjust the proximiters so that they are
centered in the middie of the targets on the top cap assembly. Use the
3/32 allen wrench to space the proximiter from the target. This should
give an initial reading of -8 to -9 volts.

9. Connect all of the proximiters and the accelerometers to their
appropriate amplifiers and determine that they are operating properly.
Also check that the shear wave tapper is operating.

10. Disconnect all of the connected proximiters and accelerometers.
Clean the O-ring groove (for cell casing) in the base plate using cotton
swabs.

11. Install the acrylic wire guard around the sample by carefully lowering
it down around the sample and feeding the bottom wires through the
holes in the bottom of the guard.

12. Apply a liberal amount of vacuum grease to the O-ring groove in the
base plate. It is convenient to tie all loose accelerometer cables in a
bundle and carefully rest them on the vibration isolation assembly on top
of the sample. Lower the cell casing down around the wire guard being
sure not to damage any of the wires.

13. With the cell case in place, drape all of the wires from the bottom and
the top accelerometers over the top of the cell casing. Also, work the
proximiter leads into a position where they can be easily reached. Feed
the top accelerometer leads through the holes in the top of the wire
guard.

15. Note the zero reading for the load cell and install it on top of the
vibration isolation assembly. Also install the gimble joint on top of the
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load cell. Screw both down snugly but be careful not to push down on, or
twist, the top of the sample.
16. Lift the top plate onto the top of the cell and prop it on the upright
connecting rods.
17. Attach all of the internal cables to the feedthrus in the top plate. Also,
connect the internal proximiter and the load cell cables to the cables
passing through the fittings in the top plate.
18. Connect all of the external leads to the outside of the top plate. Test
each of the accelerometers and proximiters again to make sure that they
are operating.
19. Extend the shaft on the axial air piston and screw it down into the
connecting rod on top of the gimble joint.
20. Having ensured that all sensors are working properly, liberally
grease the top of the cell casing and carefully lower the top plate onto the
container cell.
21. Carefully lower the piston and screw it down into the mount on the
top plate.
22. Before tightening down the nuts securing the top plate, again test all
of the accelerometers and proximiters and other instruments.
23. Tighten the nuts on the top evenly so that it does not warp the top
plate.
24. Connect the pressure panel to the pressure cell and the two ends of
the axial loading piston.
25. Incrementally decrease the vacuum in the sample and increase the
pressure in the test cell in 0.5 psi steps until the cell pressure is at 3.5 psi,
or at the same pressure used initially when the height of the sample was
measured. When the vacuum has been reduced to atmospheric
pressure, disconnect the line and open the vacuum port in the base
plate.
26. Record the initial reading for the two proximiters.

These steps complete the setting up of the test cell and the
preparation for a test series.
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F.3 Beginning a Test Series in the MTD and
Conducting Tests at a Single Stress State

1. Decide on the stress state for each test step in the test series. Having
chosen the desired stress states, prepare a transducer reading
calculation sheet. This sheet will give the transducer readings for the
pressure transducer and the load cell for each test step in the test series.
2. From the preparation pressure, in this case 3.5 psi, adjust the cell
pressure and the axial loading piston until the readings from the pressure
transducer and load cell equal those on the transducer calculation sheet
for the first test step. All tests in this study started at 4 psi cell pressure.
After adjusting the cell pressure and the pressure in the axial piston to
get the correct load cell readings for the desired stress state, record the
time, the pressure transducer reading, the load cell reading, and the
reading on the two proximiters at the beginning of the test step.

F.3.1 Conducting the Axial Pulse Test.

1. Connect the base and top vertical accelerometers to two channels on
the digital recording oscilloscope. (See Fig. 5.9) Connect the shaker
amplifier to the function generator (See Fig. 5.5.) and recall the preset
settings saved in the scope and the function generator for the axial pulse
test. The typical settings for the function generator to conduct an axial
pulse test in sand are listed in Table F.1. Also, note at the beginning of
the test, the amplification settings of the accelerometer amplifiers. When
multiplied by the accelerometer constant, these will be the accelerometer
constant requested when the wave forms are saved to disk storage.

2. Activate the internal trigger on the function generator and adjust the
oscilloscope so that two clear signals are observed for the bottom and
the top vertical accelerometers. The oscilloscope should make the




Table F.1.  Typical Settings for the Function Generator to Conduct an
Axial Pulse Test on Sand.

Frequency 2 kHz
Amplitude 0.100 Vv
Offset 0.00V
Symmetry 50 %
Phase -90.0 deg
Number 001
Trigger Interval 100 ms
Trigger Internal
Mode 1/2 Cycle
Wave Square

prescribed number of averages and stop. (128 averages were used in
this test program.)

3. Store the two recorded wave forms in the first and second internal
storage locations of the oscilloscope.

4. Turn off the internal trigger on the function generator.

5. To permanently store the recorded wave forms for the axial pulse test,
load the PSAVE storage program into the active bank of the computer
and execute. The program will ask you for the name and the storage
location for the file in which to store the wave forms. it will then request
the accelerometer constants for each of the accelerometers. The
computer will transfer the wave forms and necessary wave form data in
storage locations 1 and 2 of the cscilloscope and put them in the file that
has been identified on the mass storage unit. The source code for
PSAVE, which is written in HP Basic®, is provided in Fig. F.1 at the end
of this appendix.

6. The final step in the axial pulse test is to determine the compression
wave travel time. To accomplish this, clear the oscilloscope screen, and
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recall the waves stored in storage locations 1 and 2. Then, using the
cursor functions it is possible to determine the travel time between the
two accelerometers in the sample. Record the travel time on the test data
sheet. Calculation of the P-wave velocity is in accordance with the
procedures outlined in Chapter 6.

F.3.2 Conducting the Shear Pulse Test.

1. Connect the base and two top horizontal accelerometers to three
channels on the digital recording oscilloscope. (See Fig. 5.9) Connect
the shear wave tapper to the function generator (See Fig. 5.7.) and recall
the preset settings saved in the scope and the function generator.
Tvoical settings for the function generator to conduct a shear pulse test in
sand are listed in Table F.2. Also, note at the beginning of the test, the
amplification settings of the accelerometer amplifiers, which when
multiplied by the accelerometer constant will be the accelerometer
constants requested when the wave forms are saved to disk storage.

2. Hold down the oft/on button and adjust the oscilloscope so that three
clear signals are observed for the bottom and two top horizontal
accelerometers. The oscilloscope should make the prescribed number
of averages and stop. (64 averages were used in this test program.)

3. Release the off/on button when the oscilloscope stops.

4. Store the three wave forms in the third, fourth, and fifth internal storage
locations of the oscilloscope.

5. To permanently store the recorded wave forms for the shear pulse
test, load the SSAVE storage program into the active bank of the
computer and execute. The program will ask you for the name and the
storage location for the file in which to store the wave forms. It will then
request the accelerometer constants for each of the accelerometers. The
computer will transfer the wave forms and necessary wave form data in
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Table F.2.  Typical Settings for the Function Generatcr to Conduct a
Shear Pulse Test on Sand.

Frequency 5 Hz
Amplitude 5V
Oftset 0.00V
Svmmetry 50 %
Phase -90.0 deg
Number 001
Trigger Interval N/A
Trigger N/A
Mode Free Run
Wave Square

storage locations 3, 4, and 5 of the oscilloscope and put them in the file
that you have identified on the mass storage unit.

6. The final step in the shear pulse test is to determine the shear wave
travel time. To accomplish this, clear the oscilloscope screen, and recall
the waves stored in storage locations 3, 4, and 5. Then, using the the
cursor functions, it is possible to determine the travel time between the
bottom and top accelerometers. Record the travel time on test data
sheet. Calculation of the shear wave velocity is in accordance with the
procedures outlined in Chapter 6.

F.3.3 Conducting the Longitudinal Resonant
Column (LRC) Test

1. Connect the base and top vertica' accelerometers to channels 1 and 2
of the Dynamic Signal Analyzer (DSA), respectively (See Fig. 5.10).
Connect the shaker amplifier to the internal source of the DSA. Recall
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the preset settings saved in the DSA for the LRC test as prescribed by
Table 7.1. Note the amplification settings and determine the
accelerometer constants for each accelerometer. Ensure the
"engineering units valves" for each channel of DSA are set to the correct
accelerometer constants.

2. Begin the frequency sweep. While the frequency sweep is being
accomplished by the DSA, the operator can be determining the P-wave
and S-wave trave! times for the axial and shear pulse tests.

3. When the DSA has completed the frequency sweep, laoel the trace
and store the frequency response and coherence on disk storage.

4. While the sween is being conducted, the opcrator can be identifying
and recording the natural frequencies of the specimen on the test data
sheet. Calculation of the bar wave velocity is in accordance with the
procedures outiined in Chapter 7.

F.4 Completing Tests at a Single Stress-State

1. After completing the axial and shear pulse tests and the longitudinal
resonant column tests, again record the time and the readings from the
pressure transducer, load cell, and two proximiters.

2. Check the transducer caiculation sheet and adjust the cell pressure
and axial air piston for the next stress state. Repeat until the last stress
state is complete.

F.5 Reducing the Lab Data

1. All the manually recorded data for each test step in a test series is
entered into a computer using an interactive program that automatically
builds an input file that is read by the data reduction program. That
program is called RCLIN and the source code is includ~d in Fig. F.2. at




the end of this Appendix. The input program will first request initial test
data which was recorded on the initial data sheets. It then requests test
data for each test step in the test series, in sequential order.

2. When the input file is complete, the operator executes the data
reduction file, RCL, which reads the input file and computes the wave
velocities and moduli in accordance with the methods described in
Chapter 6 and Chapter 7. The output from the program is an individual,
one page summary for individual tests at each stress state in a test series
and an overall summary of the moduli measured during the test series.
An example of an individual stress state summary was given in Fig. 7.4
and test series summaries for the sand and clay can be found in
Appendix G. The source code for the data reduction program is included
in Fig. F.3 at the end of this Appendix.

F.6 Dismantling the MTD

1. When a test series is complete, reduce the cell pressure and increase
the vacuum in the specimen (which has been reconnected) in 0.5 psi
increments until the cell pressure is zero and the vacuum is at 3.5 psi or
4.0 psi. Open the cell pressure port to the atmosphere and disconnect
the pressure lines to the axial load piston.

2. Disconnect all external sensor leads to the top plate and remove the
retaining nuts.

3. Carefully lift the top plate and prop it on top of the connecting rods.
Wipe off any excess vacuum grease.

4. Unscrew the axial load piston and remove.

5. Disconnect all internal sensor leads to the top plate and remove the
top plate.

6. Unscrew gimble joint and load cell and remove.

7. Carefully coil loose cables on top of vibration isolation assembly.
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8. Remove cell casing and wipe off any excess vacuum grease.

9. Disconnect the accelerometer leads from the top accelerometers.

10. Carefully remove acrylic wire guard, feeding cables back through
holes in bottom.

11. Remove proximiters and their mounts.

12. Loosen cap screws and remove vibration isolation assembly from the
top cap.

13. Remove shear wave tapper.

14. Reduce vacuum to zero and carefully remove top cap. The sand
sample will stand in the membrane without a vacuum. Scoop sand from
membrane into beaker, taking three 100 -150 gram samples for
determining the moisture content.

15. Vacuum any excess sand into the Erlenmeyer flask and clean
vacuum grease from top and bottom plates and the sample base
pedestal.




OPTION BASE !
CLEAR 7

FRINT "PROGRAM TO SAVE PULSE TEST WAVEFORMS*®

PRINT = °©

INPUT "INPUT FILE NAME TO SAVE P-WAVE DATA T0:" F$
PRINT *= *

FRINT "DESTINATION STORAGE ADDRESSES"

PRINT " (1) FLEXIBLE DISC -~ :,706,0°
PRINT " (2) HARD DISC - 1,700,0"
PRINT = (3) HP INTERNAL - :INTERNAL ,4,0°

PRINT “* (4) OTHER"
INPUT °“SELECT DESTINATION DEVICE: *,Save$
SELECT Save$

CASE "t1*
F$=Fg8": ,706,0"

CASE "2*
Fé=Fs8": 700,0"

CASE "3"
F$=F%8 " : INTERNAL ,4,0"

CASE ELSE
INPUT “ENTER DESTINATION DEVICE: *,D-
FE=F$8Devs

END SELECT

ON ERRCR GOTO Err

INPUT "ENTER ACCELEROMETER CONSTANT FOR WAVEFORM IN STO1(Volts/G}):" ,Accl
INPUT "ENTER ACCELEROMETER CONSTANT FOR WAVEFORM IN ST02(Volts/G):" ,Acc2

PRINT "= "

PRINT "eaaa INSERT STORAGE DISK, HIT CONTINUE sesa*
PAUSE

ASSIGN @Tek TO 716

ASSIGN @Tekbin TO 7161FORMAT OFF

PRINT * *

PRINT "TRANSFERRING WAVEFORM IN STO1"

OUTPUT @Tek;"ENCDG WAUFRM:BIN;BYT.OR MSB"
QUTPUT @Tek;*OUTPUT STOL"

QUTPUT @Tek; "CURVE?"

ENTER @Tek USING “%,7A ,W"i1Head$ ,Bytcnt
Nr_ptli=(Bytent-11)/2

ALLOCATE -INTEGER A(1:Nr_ptl1)

ENTER @TekbiniA(+#)

ENTER 8Tek USING "B"iCksum

QUTPUT @Tek¢"WFMPRE? YMULT,LYZERO,XZERO ,XINCR"
ENTER BTekiYmull ,Yzer! Xzer! Xincl

PRINT = * .

Fig. F.1. Source Code for Saving Axial Pulse Test Wave Forms -

PSAVE.
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PRINT "TRANSFERRING WAVEFORM IN STO2*
OUTPUT 8Tek;“ENCD6 WAUFRM:BINiBYT.OR MSB*
OUTPUT @Teks*OUTPUT STOZ2"
OUTPUT €7eki“CURVE?"
ENTER @Tek USING "8%,7A,W"i1Head$ ,Bytcnt
Nr_pt2=(Bytcnt-1)/2
ALLOCATE INTEGER B(1:Nr_pt2)
ENTER @TekbiniB(s)
ENTER BTek USING "B"3Cksum
OUTPUT ®Teks"WFMPRE? YMULT ,YZERQO,XZERO ,XINCR"
ENTER @TekiYmul2, Yzer2 Xzer2 Xinc2
CREATE BDAT F$,2,2¢6¢8+2¢(Nr_pti+Nr_pt2)
ASSIGN @Dest TO F$:FORMAT OFF
OUTPUT @Destifcct ,¥Ymull Yzerl Xzer! Xinci Nr_ptl
QUTPUT @Dest iA(»)
OUTPUT @DestiAcc? ,Ymul2 Yzer2 Xzer2 Xinc2 Nr_pt2
OUTPUT ®Dest:iB(+»)
PRINT * *
PRINT " sesese TRANSFER TO "iF8i" COMPLETE w#essser
6070 680
Err: OFF ERROR
IF ERRN=S4 THEN
INPUT “"FILE EXISTSt OVERWRITE? (YorN):*" Q$
IF Q$="N" THEN 6070 50
PURGE F®
END IF
60TO 520
DEALLOCATE A(s) B(e)
END

Fig. F.1. Source Code for Saving Axial Pulse Test Wave Forms -
PSAVE(continued).




C*********PROGRAM TO BUILD INPUT DATA FILE FOR RCL TEST**********

C

IMPLICIT REAL*8(A-H,0-2)
CHARACTER*50 TESTID
INTEGER UNIT1,Q

UNIT1=9
OPEN(UNIT1,FILE=' ' STATUS="UNKNOWN)
WRITE(6,")IS THIS A NEW INPUT FILE? (1-YES,0-NO):
READ(5,")Q
IF(Q.EQ.0)THEN
REWIND UNIT1
READ(UNIT1,")TESTID
CALL ENFIL(UNITY)
BACKSPACE UNIT1
READ(UNIT1,*)ITEST
GOTO 100
ENDIF
WRITE(6,5)

5 FORMAT(1X, THIS IS A NEW INPUT FILE. YOU WILL HAVE TO ENTER!,
*' TEST CONSTANTS FIRST.'//1X,ENTER TEST NAME & DATES:)
READ(5,")TESTID
WRITE(UNIT1,*) TESTID
WRITE(6,")ENTER SAMPLE WEIGHT(gram):

READ(5,")WT

WRITE(UNIT1,)WT

WRITE(6,")ENTER INITIAL SAMPLE LENGTH(in) AND DIAMETER(in):
READ(5,")Z,D

WRITE(UNIT1,%)Z,D

WRITE(6,")ENTER SAMPLE SPECIFIC GRAVITY AND WATER CONTENT
READ(5,")GS,WC

WRITE(UNIT1,*)GS,WC

WRITE(6,")ENTER POISSON'S RATIO FOR VOLUME CHANGE COMPUTATION'

READ(5,")PR

WRITE(UNIT1,")PR

WRITE(6,")ENTER ADDED MASS OF TOP CAP(gram):'
READ(5,")WM

WRITE(UNIT1,*)WM

WRITE(6,")ENTER MASS OF TOP CAP LOAD FRAME(gram):
READ(5,*)WF

WRITE(UNIT1,*)WF

WRITE(6,"YENTER P-WAVE DELAY(microsec)"
READ(5,")PD

WRITE(UNIT1,*)PD

WRITE(6,')ENTER S-WAVE DELAY/(microsec):
READ(5,")SD

Fig. F.2. Source Code to Build Lab Data File - RCLIN.
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WRITE(6,"YENTER PRESSURE/VACUUM TRANSDUCER CONSTANT (psiAvolt)’,
* & ZERO READING(vols)”
READ(5,")PTC,PTZERO
WRITE(UNIT1,")PTC,PTZERO
WRITE(6,") ENTER AXIAL LOAD CELL CONSTANT(lbsivolt),
* & ZERO READING(voh):
READ(5,")ALC,ALCZERO
WRITE(UNIT1,*)ALC ALCZERQ
WRITE(6,")ENTER PROXIMITER #2 CONSTANT(in/volt)’,
* & INITIAL READING
READ(5,")PX2C,PX2!
WRITE(UNIT1,*)PX2C,PX2!
WRITE(6,")ENTER PROXIMITER #3 CONSTANT(in/volt)’
* & INITIAL READING
READ(5,")PX3C,PX3l
WRITE(UNIT1,*)PX3C,PX3I
WRITE(UNIT1,*)iITEST
GOTO 150
c
100 WRITE(6,*)THIS IS AN INPUT FILE FOR - " TESTID
WRITE(6,110)ITEST
110 FORMAT(1X, THE LAST DATA ENTERED WAS FOR TEST ',13,")
c
150 ITEST=ITEST+1
WRITE(6,200)ITEST
200 FORMAT(1X,'ENTER DATA NOW FOR TEST *,13,")
WRITE(6,")ENTER TIME(hr) OF TEST FROM INITIAL START
READ(5,")TIME
WRITE(UNIT1,")TIME
WRITE(6,")ENTER PRESSURE/VACUUM TRANSDUCER READING(volt):
READ(5.")PT
WRITE(UNIT1,")PT
WRITE(6,*)ENTER AXIAL LOAD CELL READING({vot):
READ(5,")AL
WRITE(UNIT1,")AL
WRITE(6,")ENTER PROXIMITER #2 READING(voh):
READ(5,")PX2
WRITE(UNIT1,")PX2
WRITE(6,")ENTER PROXIMITER #3 READING(vol)-
READ(5,")PX3
WRITE(UNIT1,")PX3
WRITE(6,")'ENTER P-WAVE INTERVAL TIME(microsec):
READ(5,")PW
WRITE(UNIT1,")PW
WRITE(6,)ENTER S-WAVE INTERVAL TIME(microsec):
READ(5,")SW
WRITE(UNIT1,")SW
WRITE(6,") ENTER NO. OF FIXED-FREE MODES MEASURED:
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WRITE(6,")ENTER NO. OF FIXED-FREE MODES MEASURED:
READ(5,)IC
WRITE(UNIT1,*)IC
DO 250 1=1,IC
WRITE(6,240)!

240 FORMAT(1X, ENTER RESONANT FREQUENCY(Hz) FOR MODE ',13,")
READ(5,")FX

250 WRITE(UNIT1,)FX
WRITE(UNIT1,*)ITEST
WRITE(6,260)TEST

260 FORMAT(1X,'YOU HAVE COMPLETED DATA ENTRY FOR TEST 13,
*/1X,'DO YOU WISH TO ENTER DATA FOR ANOTHER TEST? (1-YES,0-NO))
READ(6,")Q
IF(Q.EQ.1)GOTO 150
END

c
CrevsssrsesesssSUBROUTINE TO ADVANCE TO END OF FILE®***sevsesesss
c
SUBROUTINE ENFIL(ID)
IMPLICIT REAL*8(A-H,0-2)
c
100 IF(.NOT.EOF(ID))THEN
READ(ID,*)FILL
GOTO 100
ENDIF
RETURN
END
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Cr****+e+++****PROGRAM TO REDUCE LONG. RES. COL. DATA®**********
c
IMPLICIT REAL*8(A-H,0-2)
CHARACTER'50 TESTID
DIMENSION TIME(50),PT(50),AL(50),PX2(50),PX3(50),PW(50),SW(50)
DIMENSION BETA(10),IC(50),CP(50),CB(10,50),C{10,50),POS(10,50)
DIMENSION CS(10,50),FX(10,50),CSW(50),G(10,50),PM(50),E(10,50)
DIMENSION GSW(50),SIGA(50),SIGC(50),SIGM(50),2(50),D(50)
DIMENSION V(50),GAM(50),VR(50)
INTEGER UNIT1,UNIT
DATA PV/3.14159265358979/,UNIT1/9/,UNIT/10/
c
C"'.""."READ INPUT F'LE'.".'.'..""..'.'.Q'
c
OPEN(UNIT1FILE=' ' MODE='READ))
REWIND UNIT1
READ(UNIT1,")TESTID
READ(UNIT1,)WT
READ(UNIT1,%ZI,DI
READ(UNIT1,")GS.WC
READ(UNIT1.")PR
READ(UNIT1,*)WM
READ(UNIT1.")WF
READ(UNIT1.")PD
READ(UNIT1,%)SD
READ(UNIT1,*)PTC,PTZERO
READ(UNIT1,*)ALC ALZERO
READ(UNIT1,*)PX2C,PX2i
READ(UNIT1.°)PX3C,PX3l
READ(UNIT1,*)ITEST
10 I=ITEST+1
READ(UNIT1,*, END=30) TIME(l)
READ(UNIT1,")PT(l)
READ(UNIT1.%)AL(l)
READ(UNIT1,*)PX2(l)
READ(UNIT1,%)PX3(l)
READ(UNIT1,")PW(})
READ(UNIT1,*)SW(])
READ(UNIT1,")IC(l)
DO 20 J=1,IC{)
20 READ(UNIT1,*)FX(J,])
READ(UNIT1,*)ITEST
WRITE(6,")' JUST READ TEST,ITEST
GOTO 10
30 CONTINUE
c
(\’"..'t'."..COMPUTE VALUES FOR EACH TEST'Q'......."...
c
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CALL XFBETA(WT/WM,BETA)
c

DO 300 I=1,ITEST
WRITE(6,")' COMPUTING TEST:,|
c

8’“'““‘“'COMPUTE DIMENSION AND STRESS CHANGE*******
SIGC(1)=(PT(l)-PTZERO)*PTC
PL=ALC*(AL(l)-ALZERO)-SIGC(!)*0.19635
IF(ALC.EQ.0.0)PL=0.0
AS=DI'DI'PV4.0
SIGA(l)=SIGC(l)+{PL+{WM+WF)/453 6)/AS

DZ=(PX2I-PX2(1))* PX2C/2.0+(PX3I-PX3(1))* PX3C/2.0
2)=(2-D2)
IF(LEQ.1)THEN
DD=PR*DZ*DI/Z(l)
D(1)=DI-DD
GOTO 210
ENDIF
DL=(PX2(I-1)-PX2(1))* PX2C/2.0+(PX3(I-1)-PX3(1))* PX3C/2.0
DSIGA=SIGA())-SIGA(-1)
DSIGC=SIGC(I)-SIGC(I-1)
IF(DABS(DSIGA-DSIGC).LE.0.5)THEN
DD=PR*DL*D(I-1)/Z(l)
GOTO 200
ELSEIF(DABS(DSIGA).GE.DABS(DSIGC))THEN
DD=-1.*PR*DL*D(I-1)/Z(l)
GOTO 200
ELSEIF(DABS(DSIGA).LT.DABS(DSIGC))THEN
DD=-1."DL*D(I-1)/Z(I)/PR
GOTO 200
ENDIF
c
200 D(1)=D(-1)-DD
210 V(1)=Pi*D(!)*D(1)*Z(1)/4.0/1728.0
GAM(N)=WT/453.6/V(l)
AS=D(l)*D(I)*PV4.0
SIGA(l)=SIGC(1)+{PL+{WF+WM)/453.6)/AS
SIGM(l)=(SIGA(1)+2.*SIGC(1))/3.0
VR(l)=(62.43*(1.+WC) GS/GAM(1))-1.0
c
ZFT=2(1)12.0
. DFT=D(1)/12.0
C"'..""QQQQQQOCOMPUTE Vp AND vs."OQt'Q.'.""000"...
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C
CP(1)=1000000.*ZFT/(PW()-PD)
CSW(1)=1000000."ZFT/(SW(})-SD)
GSW(I)=GAM(I)*CSW(I)*CSW(Iy32.17

C..".."'...""'..".COMPUTE Vc".."."'C...'..'.'.'..

c
DO 300 J=1,IC(l)
C(J,)=2.0°PI'FX(J,|) ZFT/BETA()
ZR=FX(J,))'DFT/C(J.))
IF(C(J,1).GT.CP(1))GOTO 250
B=(CP(l)*CP(1)-C(J,))* C(.))/2/CP()/CP()
POI=DSQRT(B*B/4.+B)-B/2.

225 CALL LM1(ZR,POI,CR)

CB(J.)=C(J.l)CR
IF(CB(J,).GT.CP())GOTO 250
B=(CP(I)*CP(1)-CB(J,)"CB(J.1))/2./CP()/CP(l)
POS(J,)=DSQRT(B*B/4.+B)-B/2.
IF(DABS(POS(J,1)-PO).LT.0.0001)GOTO 275
POI=POS(J,I)
GOTO 225

250 POS(J,)=0.0
CB(J.)=CP(l) .

275 CS(J,)=CB(J,Iy/DSQRT(2.°(1.+POS(JI))
E(J)=GAM()*CB(J,1)'CB(J.N32.17
G(J,)=GAM(I)*CS(J.1)*CS(J,1/32.17
PM(1)=GAM(I)*CP(l)*CP(1)/32.17

300 CONTINUE

c

C.....'.'."'lNDIVlDUAL TEST OUTPUTIQQO'.""...'...'.'
Cc : '
OPEN(UNIT FILE=" )
DO 500 I=1,ITEST
c

WRITE(UNIT,2)TESTID,I, TIME(l)

2 FORMAT(A50,5X, TEST NO. *,I13/55X, TIME(hr):",F6.2)
WRITE(UNIT 5)SIGA(!), SIGC(I) SIGM(1) SIGA(IYSIGC(l)

5 FORMAT(/1X,
“STRESSES:'/5X,'AXIAL = ' F10.2,' psi'/5X,'HORIZ .= *,
*F10.2,’ psi',/5X,'MEAN = ',F10.2,/5X,'K0 = ',3X,F10.2)
WRITE(UNIT,15)2(1),D(1),WT/453.6,V(1) GAM(),

*GS,WC,VR(l), WM/453.6

15 FORMAT(/1X,"'SAMPLE PROPERTIES:'/5X,HEIGHT (in):F10.4,
*/5X,'DIAMETER (in):",F10.4,/5X, WEIGHT (Ib):',F10.4,
*/5X,'VOLUME (cf):,F10.4,/5X,'UNIT WT. (pcf):',F10.2,
*/5X,'SPECIFC GRAVITY:',F10.3,/5X,WATER CONTENT:,F10.6,
“/5X,VOID RATIO! F10.4,/5X 'ADDED MASS (ib)*,F10.4,)
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WRITE(UNIT,25)

25 FORMAT(/1X,'MODE' 2X, fr(Hz)' 4X,'C(fps)’,4X,‘Cb(fps)’,
*3X,'Cp{ps)’,2X,'POI. RAT.",2X,'Cs(fps)’)
WRITE(UNIT,35)(J,FX(J.1).C(J.1),CB(J.)),CP(1),POS(J.)),
*CS(D).J=1,IC(l)

35 FORMAT(13,4F10.1,F10.4,F10.1)

WRITE(UNIT 45)

4SSFORMAT(/1 X,"MODULI (psf):'/10X,'YOUNGS',8X,.CONSTRAINED',6X,
“SHEAR)

WRITE(UNIT,55)(J,E(J.1),PM(1),G(J.)).J=1,IC(1))

55 FORMAT(I3,3F15.0)

WRITE(UNIT 65)

65 FORMAT(/1X,MODULI (psi):'/10X,'YOUNGS',8X, CONSTRAINED',
*6X,'SHEAR))
WRITE(UNIT,75)(J,E(J,1)/144.,PM(1)/144.,G(J 1}/144.,J=1,IC(1))

75 FORMAT(I3,3F15.0)

WRITE(UNIT,85)CSW(1),GSW(1), GSW()/144.

85 FORMAT(/1X, INDEPENDENT SHEAR WAVE VELOCITY:F9.1, fps'/1X,
*INDEPENDENT SHEAR MODULUS:",F11.0,’ psf'/1X,
*\NDEPENDENT SHEAR MODULUS:',F11.0," psi' ///)

DO 450 K=1,30-3"1C(l)
450 WRITE(UNIT,")
500 CONTINUE
c
C'....'t.".’..‘.."MODULI SUMMARY OUTPUT‘"".'.'.'...{«'."'Q..'
c
DO 800 J=1,IC(ITEST)
WRITE(UNIT,105)TESTID,J

105 FORMAT(//20X,A50,/25X, TEST SUMMARY FOR MODE ',12,/27X,

*(ALL VALUES IN psi)’)
WRITE(UNIT,115)J,J
115 FORMAT(/1X,'# SIGA SIGC SIGM VR PR,
*6X, M ,8X,'GM',6X,'E',12,6X,/GB",12,))
c
DO 700 I=1,iTEST
c
WRITE(UNIT,125)1 SIGA(!),SIGC(1) SIGM(1), VR(}),
*POS(J,1),PM(1)/144..GSW(I)/144.,E(J,1)/144.,.G(J,1)/144.

125 FORMAT(1X,12,3F7.2,2F7.4,4F9.0)

700 CONTINUE

800 CONTINUE

c
CQQ".'.'...Q..".STRESS_STATE SUMMARY OUTPUT"...'....'.'...
c

WRITE(UNIT,135)TESTID

135 FORMAT(//20X,A50,/25X,'STRESS-STATE SUMMARY *,/27X,
*(ALL VALUES IN psi))
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WRITE(UNIT,145)PR

145 FORMAT(/1X,'COMPUTATION FOR ASSUMED VALUE OF POISSONS',
* RATIO = " F10.4)
WRITE(UNIT, 155)

155 FORMAT(/1X,# VR SIGA SIGC Ko SIGM LENGTH!
* DIAMETER GAMMA'))

DO 900 I=1,ITEST

c
WRITE(UNIT,165)VR()) SIGA(I), SIGC(). SIGA(IYSIGC()),
*SIGM(),Z(1),D(1), GAM()
165 FORMAT(1X,12,F7.4,4F7.2,2F9.4,F9.2)
900 CONTINUE
END

c
C*e***++++**SUBPROGRAM TO CALCULATE BETA VALUES!****tsesssssssses
c

SUBROUTINE XFBETA(WR,B)
IMPLICIT REAL*8(A-H,0-2)
DIMENSION B(10)
P1=3.14159265358979
DO 40 1=1,10
D=(i-1)"F1+0.00000001
DW=0.1

10 D1=D+DW

IF(D1.GE.(2°I-1)*PU/2)GOTO 20
W=D1*DTAN(D1)

SUM=WR-W
IF(DABS(SUM).LE.0.000001)GOTO 40
IF(SUM)20,20,30

20 DW=DW?2.

GOTO 10

30 D=D1
GOTO 10

40 B(1)=D
RETURN
END

c
C*******SUBPROGRAM TO CALCULATE C/Cb RATIO OF 15T MODE**********
c

SUBROUTINE LM1(AK,POLW1)

IMPLICIT REAL8(A-H,0-2)

G2-05/(1.+POI)

A2=(1.-POI)/(1.+POI)/(1.-2.*POI)

CTB=DSQRT(G2)

CRT=(0.862+1.14°POI)/(1.4POI)

CLB=DSQRT(A2)
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CLT=CLB/CTB
CRB=CRT'CTB
AK2=AK*AK
W=CRB
CALL SUMP(SUM,W,G2,A2,AK2)
OW=0.1"POI

10 W1=W+DW
IF(DW.LE.0.00001)GOTO 60
CALL SUMP(SUM1,W1,G2,A2 AK2)
IF(SUM*SUM1)40,50,50

40 DW=DWr2.
GOTO 10

50 SUM=SUM1
W=Wi1
GOTO 10

60 CONTINUE
RETURN
END

C
Ceereeeeee*BESSEL FUNCTION, 1ST KIND, ORDER ZERQ?®***vstteree=r

C
SUBROUTINE BESJO(X,Y)
IMPLICIT REAL*8(A-H,0-2)
X2=X*X/4
DY=X2
Y=1+DY
M=0

10 M=M+1
AN=M+1
AN2=AN'AN
DY=-1.DY* X2/AN2
Y=Y+DY
IF(DABS(DY/Y).GT.1.E-06)GOTO 10
RETURN
END
C
Crerrerrre+*BESSEL FUNCTION, 1ST KIND, ORDER ONE****¢steere*
C
SUBROUTINE BESJ1(X.Y)
IMPLICIT REAL"8(A-H,0-2)
X2=X'X/4
AM=1,
SUM=AM
M=0
10 M=M+1
DM=M*(M+1)
AM=-AM*X2/DM
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SUM=SUM+AM
(F(DABS(AM/SUM).GT.1.E-06)GOTO 10
Y=X'SUM/2.
RETURN
END
C
Cretrreere***MODIFIED BESSEL FUNCTION, ORDER ZERQ®* vt eeeressesr
C
SUBROUTINE BESIO(X,Y)
IMPLICIT REAL"8(A-H,0-2)
X2=X"X/4
DY=XxX2
Y=14+0Y
M=0
10 M=M+1
A=M+1
A2=A"A
DY=DY*'X2/A2
=Y+0Y
IF(DABS(DY/Y).GT.1.E-06)GOTO 10
RETURN
END
C
Ceertr****MODIFIED BESSEL FUNCTION, ORDER ONE®****2eesee**
C
SUBROUTINE BESI(X,Y)
IMPLICIT REAL"8(A-H,0-2)
X2=X"X/4
DY=1.
SUM=DY
M=0
10 M=M+1
A=M
Al=A+1.
DY=DY*X2/A/A1
SUM=SUM+DY
Y=SUM*X/2
IF(DABS(DY/Y).GT.1.E-06)GOTO 10
RETURN
END
C
C"".'."".QSUBPROGRAM TO CALCUL-ATE SUM'.....".'..'.'...Q
C
SUBROUTINE SUMP(SUM,W,G2,A2,AK2)
IMPLICIT REAL"8(A-H,0-2)
TPi=6.28318530717958
PR=TPI'TPV4.
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Q2=AK2*PI2*(W*W/G2-1.)
P2=AK2*PI2*(W"W/A2-1.)
Q=DSQRT(DABS(Q2))
P=DSQRT(DABS(P2))
TERM1=4.*P*Q*AK2*PI2
TERM2=2.'P*(Q2+AK2*PI2)
TERM3=(Q2-AK2*PI2)*(Q2-AK2*PI2)
IF(P2)20,10,10
10 CALL BESJO(P,BPO)
CALL BESJ1(P,BP1)
CALL BESJ0(Q,BQ0)
CALL BESJ1(Q,BQ1)
SUM=TERM1*BQ0/BQ1-TERM2+TERM3*BP0/BP1
GOTO50
20 IF(Q2)40,30,30
30 CALL BESIO(P,BIPO)
CALL BESI1(P,BIP )
CALL BESJ0(Q,BQ0)
CALL BESJ1(Q,BQ1)
SUM=TERM1°BQ0/BQ1-TERM2-TE RM3*BIPC/BIP1
GOTO 50
40 CALL BESIO(P,BIPO)
CALL BESI1(P,BIP1)
CALL BES!0(Q,BIQ0)
CALL BESH(Q,BIQ1)
SUM=TERM1°BIQ0/BIQ1-TERM2-TERM3*BIPO/BIP1
50 CONTINUE
RETURN
END

Fig. F.3. Source Code for Lab Data Reduction Program - RCL
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ISO1 Test Series, 19-21 April 90

Test Summary

Test

psi

Ch
psi

psi

void M
ratio vV psi

psi

psi

psi

Mode 1

OO HE WK -

4.13
8.17
16.17
32.18
64.16
32.18
16.17
8.17
415
8.19
16.18
32.15
64.17
32.18
16.18
8.18
417
16.18
64.14
16.18
4.21
64.15
4.20

3.96
7.99
16.00
32.01
63.98
32.00
16.00
7.99
3.98
8.02
16.01
31.97
63.99
32.00
16.00
8.01
4.00
16.01
63.97
16.01
4.04
63.98
4.03

4.02
8.05
16.06
32.07
64.04
32.06
16.06
8.05
4.04
8.07
16.06
32.03
64.05
32.06
16.06
8.07
4.06
16.06
64.03
16.07
4.09
64.04
4.09

0.594 0.23%9 31904
0.594 0.215 40903
0.594 0.194 53550
0.593 0.215 71440
0.5%2 0.089 97366
0.593 0.215 72144
0.593 0.193 52941
0.594 0.197 37637
0.594 0.197 26939
0.594 0.189 36319
0.593 0.184 50613
0.593 0.201 69812
0.592 0.000 96619
0.593 0.199 71666
0.583 0.180 51608
0.5%94 0.167 36318
0.594 0.198 26190
0.594 0.184 50475
0.592 0.000 97371
0.593 0.168 52195
0.594 0.188 25931
0.592 0.000 97368
0.594 0.188 25777

10924
14926
19841
25820
34491
26765
19703
13582

9232
13660
17921
25514
32668
24919
19364
13426

9123
19433
35628
19365

9081
37527

8891

27109
36110
48569
62987
95662
63646
48084
34012
24351
33105
46428
62764
96619
64558
47513
33898
23627
46314
97371
48652
23668
97368
23541

10939
14866
20344
25911
43910
26192
20161
14211
10176
13916
19612
26133
48309
26916
20127
14528

9861
19567
48686
20826

9960
48684

9910
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Test Summary (continued)

Test

psi

Sh So void M Gm
psi psi ratio V) psi psi

psi

psi

Mode 2

OO NOUNbLWN

4.13
8.17
16.17
32.18
64.16
32.18
16.17
8.17
4.15
8.19
16.18
32.15
64.17
32.18
16.18
8.18
417
16.18
64.14
16.18
4.21
64.15
4.20

396 4.02 0594 0.238 31904 10924
799 805 0.5%4 0.213 40903 14926
16.00 16.06 0.594 0.191 53550 19841
32.01 32.07 0.593 0.183 71440 25820
63.98 64.04 0.592 0.184 97366 34491
32.00 32.06 0.593 0.181 72144 26765
16.00 16.06 0.593 0.186 52941 19703
799 8.05 0.594 0.200 37637 13582
3.98 4.04 0594 0232 26939 9232
8.02 807 0594 0.192 36319 13660
16.01 16.06 0.593 0.183 50613 17921
31.97 32.03 0.593 0.172 69812 25514
63.99 64.05 0592 0.165 96619 32668
32.00 32.06 0.593 0.166 71666 24919
16.00 16.06 0.593 0.174 51608 19364
8.01 8.07 0594 0.179 36318 13426
400 4.06 0.594 0.227 26190 9123
16.01 16.06 0.594 0.185 50475 19433
63.97 64.03 0.592 0.166 97371 35628
16.01 16.07 0.593 0.178 52195 19365
404 409 0.594 0.220 25931 9081
63.98 64.04 0592 0.162 97368 37527
403 4.09 0594 0.219 25777 8891

27146
36184
48724
65557
89337
66357
48456
33858
23182
33002
46487
64857
90357
66935
47851
33478
22696
46248
909830
48151
22699
91253
22621

10961
14914
20456
27699
37743
28089
20433
14103

9412
13842
19656
27682
38796
28705
20389
14196

9248
19518
38989
20431

9300
39258

9281
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Test Summary (continued)

Test

Ca
psi

Oh
psi

Oo
psi

void
ratio

M
psi

psi

psi

psi

Mode 3

OWONOODNHWN =

413
8.17
16.17
32.18
64.16
32.18
16.17
8.17
4.15
8.19
16.18
32.15
64.17
32.18
16.18
8.18
4.17
16.18
64.14
16.18
4.21
64.15
4.20

3.96
7.99
16.00
32.01
63.98
32.00
16.00
7.99
3.98
8.02
16.01
31.97
63.99
32.00
16.00
8.01
4.00
16.01
63.97
16.01
4.04
63.98
4.03

4.02
8.05
16.06
32.07
64.04
32.06
16.06
8.05
4.04
8.07
16.06
32.03
64.05
32.06
16.06
8.07
4.06
16.06
64.03
16.07
4.09
64.04
4.09

0.594
0.594
0.594
0.593
0.592
0.593
0.593
0.594
0.594
0.594
0.593
0.593
0.592
0.593
0.593
0.594
0.594
0.594
0.592
0.593
0.594
0.592
0.594

0.223
0.188
0.171
0.164
0.156
0.156
0.161
0.176
0.199
0.178
0.162
0.153
0.143
0.145
0.151
0.163
0.193
0.164
0.140
0.156
0.190
0.137
0.189

31904
40903
53550
71440
97366
72144
52941
37637
26939
36319
50613
69812
96619
71666
51608
36318
26180
50475
97371
52195
25931
97368
25777

10924
14926
19841
25820
34491
26765
19703
13582

9232
13660
17921
25514
32668
24919
19364
13426

9123
19433
35628
19365

9081
37527

8891

27824
37339
49756
66823
91722
68015
49656
34803
24272
33538
47438
65952
92033
68160
48644
33998
23764
47217
92907
49202
23628
93159
23521

11376
15714
21239
28696
39659
29432
21379
14796
10121
14242
20411
28600
40272
29773
21221
14611

9958
20278
40735
21289

9930
40981

9895
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Test Summary (continued)

Test

psi

Ch
psi

Co
psi

void
ratio

M
psi

psi

psi

psi

Mode 4

OoONOUH WN -

(SR I, T Y QP Qi S i S G S iy
N2 OWONOODBAEWN O

23

4.13
8.17
16.17
32.18
64.16
32.18
16.17
8.17
4.15
8.19
16.18
32.15
64.17
32.18
16.18
8.18
4.17
16.18
64.14
16.18
4.21
64.15
4.20

3.96
7.99
16.00
32.01
63.98
32.00
16.00
7.99
3.98
8.02
16.01
31.97
63.99
32.00
16.00
8.01
4.00
16.01
63.97
16.01
4.04
63.98
4.03

4.02
8.05
16.06
32.07
64.04
32.06
16.06
8.05
4.04
8.07
16.06
32.03
64.05
32.06
16.06
8.07
4.06
16.06
64.03
16.07
4.09
64.04
4.09

0.594
0.594
0.594
0.593
0.592
0.593
0.583
0.594
0.594
0.594
0.593
0.593
0.592
0.583
0.593
0.594
0.594
0.594
0.592
0.593
0.594
0.592
0.594

0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000
0.000

31904
40903
53550
71440
97366
72144
52941
37637
26939
36319
50613
69812
96619
71666
51608
36318
26190
50475
87371
52195
25931
97368
25777

10924
14926
19841
25820
34491
26765
19703
13582

9232
13660
17921
25514
32668
24919
19364
13426

9123
18433
35628
19365

9081
37527

8891

31904
40903
53550
71440
97366
72144
52941
37637
26939
36319
50613
69812
96619
71666
51608
36318
26190
50475
97371
52195
25931
97368
25777

16952
20451
26775
35720
48683
36072
26470
18818
13470
18160
25306
34906
48309
35833
25804
18159
13095
25238
48686
26098
12966
48684
12888

387
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ISO2 Test Series, 3-4 May 90

Test Summary

Test Oa Oh Oo void M Gm E Go
# psi psi psi ratio \V psi psi psi psi

Mode 1

418 4.01 406 0.760 0.310 25133 6376 18116 6913
8.19 8.0t 8.07 0.759 0.312 34040 9796 24423 9309
16.16 15.99 16.05 0.759 0.294 43604 12643 32962 12740
32.18 32.00 32.06 0.757 0.286 57300 18353 44163 17170
64.14 63.97 64.02 0.756 0.218 80098 25063 70374 28892
32.18 32.00 32.06 0.757 0.296 58765 18221 44165 17042
16.16 1599 16.05 0.758 0.307 43838 12791 31896 12200
8.18 8.01 8.07 0.758 0.309 31317 9423 22653 8652
4.18 4.0 407 0.759 0306 22213 6191 16199 6200
10 16.17 16.00 16.05 0.758 0.300 43009 13103 31975 12301
11 64.17 64.00 64.05 0.756 0.210 79215 26142 70371 29079
12 16.17 16.00 16.05 0.758 0.279 41520 13181 32582 12741
13 418 4.01 4.06 0.759 0.301 22836 6041 16916 6501

OO H WN -

Mode 2

418 4.01 406 0.760 0.303 25133 6376 18515 7105
8139 8.01 8.07 0.759 0.289 34040 9796 26041 10101
16.16 15.99 16.05 0.759 0.263 43604 12643 35427 14026
32.18 32.00 32.06 0.757 0.242 57300 18353 48488 19528
64.14 63.97 64.02 0.756 0.247 80098 25063 67068 26883
32.18 32.00 32.06 0.757 0.254 58765 18221 48595 19375
16.16 15.99 16.05 0.758 0.278 43838 12791 34432 13468
8.18 8.01 8.07 0.758 0.292 31317 9423 23782 9204
418 4.01 4.07 0.759 0.299 22213 6191 16570 6380
10 16.17 16.00 16.05 0.758 0.272 43009 13103 34285 13479
11 64.17 64.00 6405 0756 0.233 79215 26142 68036 27597
12 16.17 16.00 16.05 0.758 0.250 41520 13181 34608 13845
13  4.18 4.0t 406 0.759 0.309 22836 6041 16549 6324

OCOOJOOHLEWN




ISO2 Test Series, 3-4 May 90

Test Summary (continued)

Test Ca Oh Op void M Gm E Go
# psi psi psi ratio \V psi psi psi psi
Mode 3
1 4.18 4.01 406 0.760 0.300 25133 6376 18698 7194
2 8.19 8.01 8.07 0.759 0.288 34040 9796 26095 10128
3 16.16 1599 16.05 0.759 0.256 43604 12643 35901 14288
4 3218 32.00 32.06 0.757 0.233 57300 18353 49169 19935
5 64.14 ©63.97 64.02 0.756 0.232 80098 25063 68854 27941
6 32.18 32.00 32.06 0.757 0.242 58765 18221 49701 20011
7 16.16 1599 16.05 0.758 0.268 43838 12791 35206 13878
8 8.18 8.01 8.07 0.758 0.285 31317 9423 24187 9409
9 4.18 4.01 4.07 0.759 0.286 22213 6191 16707 6448
10 16.17 16.00 16.05 0.758 0.262 43009 13103 35017 13875
11 64.17 64.00 64.05 0.756 0.217 79215 26142 69664 28616
12 16.17 16.00 16.05 0.758 0.242 41520 13181 35136 14151
13 4.18 4.01 406 0.759 0.304 22836 6041 16796 6443
Mode 4
1 4.18 4.01 406 0.760 0.287 25133 6376 19341 7516
2 8.19 8.01 8.07 0.759 0.274 34040 9796 26985 10589
3 16.16 1599 16.05 0.759 0.239 43604 12643 37058 14955
4 3218 3200 32.06 0.757 0.206 57300 18353 51167 21212
5 6414 6397 6402 0.756 0.204 80098 25063 71745 29801
6 32.18 32.00 3206 0.757 0.214 58765 18221 51888 21363
7 16.16 1599 16.05 0.758 0.247 43838 12791 36705 14713
8 8.18 8.01 8.07 0.758 0.264 31317 9423 25412 10056
9 4.18 4.01 4.07 0.759 0.276 22213 6191 17547 6877
10 16.17 16.00 16.05 0.758 0.238 43009 13103 36591 14774
11 64.17 64.00 64.05 0.756 0.000 79215 26142 79215 39608
12 16.17 16.00 16.05 0.758 0.216 41520 13181 36602 15056
13 4.18 4.01 406 0.759 0.283 22836 6041 17724 6906
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BIAX1 Test Series, 5-6 May 90

Test Summary

Test Ca Ch Co void M Gm E Go

# psi psi psi ratio \V psi psi psi psi

Mode 3
1 4.00 4.01 401 0.762 0.317 27030 7218 19081 7245
2 1598 16.01 16.00 0.760 0.263 45485 13724 36951 14629
3 1828 16.01 16.77 0.760 0.258 47306 14421 38821 15430
4 2132 1601 17.78 0.760 0.267 51623 14834 41584 16411
5 2554 16.01 19.19 0.760 0.267 55502 16197 44728 17654
6 3180 16.01 2131 0.759 0.275 61971 17137 49084 19254
7 33.03 32.0t 32.35 0.754 0.247 62592 19764 52452 21032
8 6400 6399 64.00 0.759 0.236 83045 25556 70972 28717
9 3200 32.00 32.00 0.760 0.242 61793 20074 52236 21027
10 28.46 32.00 30.82 0.760 0.240 57776 18663 49001 19755
11 25.64 32.00 29.88 0.760 0.253 56527 18335 46868 18707
12 23.33 32.00 29.11 0.760 0.258 54474 17578 44689 17760
13 2140 32.00 28.46 0.760 0.251 50982 16811 42402 16947
14 16.00 16.01 16.01 0.762 0.265 45112 14344 36501 14429
15 4.00 4.01 401 0.763 0.328 26386 6639 17965 6766

390




BIAX2 Test Series, 21-22 May 90

Test Summary

391

Test

psi

Ch
psi

Co

psi

void
ratio

psi

psi

psi

psi

Mode 3

OONOUNLWN -

4.01
15.99
64.00
16.01

4.02
16.00
18.31
21.39
25.68
32.09
32.10
32.08
32.04
32.00
64.00
32.02
25.54
21.20
18.15
15.81
15.84
15.89
15.96
16.00

4.00

4.00
16.00
64.00
16.01

4.00
16.00
16.00
16.01
16.01
16.00
20.00
24.00
28.01
32.00
63.99
32.01
32.00
31.98
32.00
32.01
28.01
24.00
20.00
16.00

4.01

4.00
15.99
64.00
16.01

4.01
16.00
16.77
17.80
19.23
21.36
24.03
26.69
29.35
32.00
63.99
32.01
29.85
28.39
27.38
26.61
23.95
21.30
18.66
16.00

4.00

0.775
0.773
0.770
0.772
0.773
0.772
0.772
0.772
0.771
0.77
0.770
0.769
0.767
0.764
0.763
0.765
0.765
0.765
0.766
0.767
0.767
0.768
0.770
0.791
0.796

0.301
0.228
0.194
0.232
0.287
0.229
0.242
0.240
0.229
0.238
0.233
0.229
0.226
0.224
0.198
0.209
0.213
0.218
0.216
0.221
0.220
0.225
0.235
0.243
0.300

28751
44419
77198
42509
24694
42167
46158
49282
52413
58887
60454
60899
61160
61293
80601
59356
$3603
49501
44257
39550
39465
39841
40103
40008
22658

7728
14854
26902
14432

7585
14208
14939
16315
17397
18714
19631
20164
20185
21004
28172
21005
19581
18232
16799
15550
15456
15243
14559
14200

7120

21295
38442
70001
36571
19011
36432
39011
41830
45295
50173
51884
52619
53118
53404
72768
52781
47418
43483
38982
34614
34554
34657
34320
33758
16837

8184
15653
29317
14846

7388
14822
15702
16871
18430
20272
21037
21408
21670
21824
30384
21824
195645
17850
16027
14180
14158
14151
13896
13578

6476
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BIAX3 Test Series, 1-2 June 90

Test Summary

Test

Ca Oh Go void M Gm E Gy
psi psi psi ratio Vv psi psi psi psi

Mode 3

- -
2 OO NGO H WN =

N =4 =3 ad cd b od —d b
QWX IOTUNHWN

NN
WHN -

n
H

25

400 4.01 4.00 0588 0.232 45072 15486 38743 15721
16.00 16.00 16.00 0.588 0.181 61930 22854 56968 24116
64.02 64.00 64.01 0.586 0.171 105440 39079 98008 41852
16.02 16.01 16.01 0.587 0.180 55430 21310 51073 21649

402 4.01 4.01 0.588 0.215 30916 11446 27264 11217
16.00 16.01 16.00 0.588 0.184 56090 21160 51427 21715
18.27 16.00 16.76 0.587 0.190 59684 22178 54361 22840
21.30 16.00 17.77 0.587 0.195 64450 23630 58339 24403
25.55 16.00 19.18 0.587 0.198 70038 24550 63230 26401
31.90 16.00 21.30 0.587 0.212 80158 26558 71062 29328
31.93 20.01 23.98 0.587 0.201 80457 27897 72330 30115
3196 24.00 26.65 0.586 0.193 80514 28985 73119 30656
31.98 28.00 29.33 0.585 0.185 80540 29741 73740 31103
32.01 32.00 3200 0.583 0.182 80931 30165 74357 31447
64.01 64.01 64.01 0.583 0.157 105620 39729 99433 42964
32.02 32.01 3201 0.584 0.165 80935 30559 75631 32450
25.61 32.00 29.87 0.584 0.181 74041 28442 68136 28853
21.38 32.00 2846 0.584 0.182 68425 27293 62906 26618
18.34 32.00 2745 0.584 0.198 65447 25809 59061 24653
16.06 32.00 26.69 0.584 0.320 61516 24918 42943 16263
16.07 28.01 24.03 0.585 0.417 113340 24244 45598 16086
16.02 23.99 2134 0586 0.417 113270 23590 45577 16079
16.16 20.00 18.72 0.587 0.417 113180 22957 45549 16069
16.00 16.01 16.00 0.588 0.417 113050 21617 45510 16056

4.01 4.01 401 0589 0.417 113080 11031 45514 16057




BIAX4 Test Series, 2-5 July 90

Test Summary (Mode 2)

Test

Ca
psi

oh
psi

Co
psi

void
ratio

M
psi

psi

psi

psi

OCONONEWN =

3.78
15.79
63.77
15.80

3.79

7.79

8.92
10.46
12.56
15.74
15.76
15.76
15.77
15.79
18.07
21.10
25.35
31.72
31.74
31.76
31.77
31.79
63.78
31.79
25.41
21.15
18.11
15.83
15.82
15.82
15.81
15.78
12.61
10.48

8.96

7.83

7.82

7.80

7.81

7.82

3.79

3.77
15.78
63.76
156.79

3.78

7.77

7.78

7.78

7.78

7.78

9.78
11.77
13.77
16.77
15.78
15.78
15.78
15.78
19.77
23.78
27.78
31.78
63.78
31.78
31.78
31.78
31.78
31.78
27.78
23.78
19.78
156.77
15.78
15.78
15.78
15.78
13.79
11.78

9.79

7.81

3.77

3.77
15.78
63.77
15.79

3.78

7.78

8.16

8.68

9.37
10.43
11.77
13.10
14.43
15.78
16.54
17.55
18.97
21.09
23.76
26.44
29.11
31.78
63.78
31.79
29.66
28.23
27.22
26.46
23.79
21.13
18.46
15.78
14.72
14.02
13.51
13.13
11.80
10.45

9.13

7.81

3.78

0.584
0.583
0.581
0.582
0.583
0.583
0.583
0.583
0.583
0.583
0.582
0.582
0.582
0.581
0.581
0.581
0.581
0.581
0.581
0.580
0.580
0.579
0.579
0.579
0.579
0.580
0.580
0.580
0.580
0.581
0.581
0.582
0.582
0.582
0.582
0.582
0.583
0.583
0.583
0.584
0.584

0.333
0.242
0.213
0.230
0.310
0.278
0.266
0.271
0.264
0.236
0.241
0.237
0.235
0.233
0.242
0.228
0.224
0.228
0.226
0.222
0.226
0.224
0.222
0.220
0.230
0.231
0.232
0.231
0.234
0.236
0.242
0.230
0.259
0.258
0.263
0.277
0.268
0.271
0.275
0.276
0.310

39383
58981
101740
57587
33502
42638
44191
47565
50492
54779
56398
56740
57087
57441
61544
63455
67560
74752
76037
76318
77661
78231
105130
78769
73379
68085
63346
58737
58894
58520
58665
56591
52985
49030
46226
44568
42660
42538
42521
42077
32742

11676
22285
38600
22528
10852
14441
15148
16056
17048
18253
20220
21252
21880
22290
23482
24203
25547
26893
28015
28849
29849
30507
40181
30902
29492
28060
26624
25296
24516
24225
23489
22784
21495
20239
19686
18646
17797
17057
15907
14869
10573

26272
49877
90052
49695
24193
33505
35695
37979
40906
46778
47787
48388
48863
49337
52049
54909
58786
64708
65986
66702
67458
68114
91883
68948
63287
58623
54496
50572
50472
50022
49587
48853
43382
40221
37544
35136
34296
33980
33639
33262
23592

9853
20081
37129
20205

9236
13108
14101
14340
16178
18920
19257
19559
19786
20012
20957
22357
24006
26351
26907
27304
27522
27825
37612
28247
25724
23808
22123
20538
20450
20242
19960
19867
17227
15984
14862
13761
13525
13369
13190
13039

9002
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BIAX4 Test Series, 2-5 July 80
Test Summary (Mode 3)

Test

Ca
psi

Gh
psi

Oy void M Gm
psi ratio Vv psi psi

psi

psi

OoO~NOOAE WN

3.78
15.79
63.77
15.80

3.79

7.79

8.92
10.46
12.56
15.74
15.76
16.76
15.77
15.79
18.07
21.10
25.35
31.72
31.74
31.76
31.77
31.79
63.78
31.79
25.41
21.15
18.11
15.83
15.82
15.82
15.81
15.78
12.61
10.48

8.96

7.83

7.82

7.80

7.81

7.82

3.79

3.77
15.78
63.76
156.79

3.78

7.77

7.78

7.78

7.78

7.78

9.78
11.77
13.77
156.77
15.78
15.78
15.78
15.78
19.77
23.78
27.78
31.78
63.78
31.78
31.78
31.78
31.78
31.78
27.78
23.78
19.78
156.77
15.78
15.78
15.78
15.78
13.79
11.78

9.79

7.81

3.77

3.77 0.584 0.318 39383 11676
1578 0.583 0.222 58981 22285
63.77 0.581 0.000 101740 38600
15.79 0.582 0.208 57587 22528

3.78 0.583 0.293 33502 10852

7.78 0.583 0.256 42638 14441

8.16 0.583 0.247 44191 15148

8.68 0.583 0.250 47565 16056

9.37 0.583 0.233 50492 17048
10.43 0.583 0.221 54779 18253
11.77 0.582 0.223 56398 20220
13.10 0.582 0.222 56740 21252
1443 0.582 0.218 57087 21880
15.78 0.581 0.214 57441 22290
16.54 0.581 0.221 61544 23482
17.65 0.581 0.210 63455 24203
18.97 0.581 0.204 67560 25547
21.09 0.581 0.208 74752 26893
23.76 0.581 0.205 76037 28015
26.44 0.580 0.201 76318 28849
29.11 0.580 0.203 77661 29849
31.78 0.579 0.200 78231 30507
63.78 0.579 0.000 105130 40181
31.79 0579 0.194 78769 30902
29.66 0.579 0.206 73379 29492
28.23 0.580 0.206 68085 28060
27.22 0.580 0.207 63346 26624
26.46 0.580 0.207 58737 25296
23.79 0.580 0.210 58894 24516
2113 0.581 0.212 58520 24225
18.46 0.581 0.220 58665 23489
15.78 0.582 0.211 56591 22784
1472 0.582 0.221 52985 21495
14.02 0.582 0.227 49030 20239
13.51 0.582 0.238 46226 19686
13.13 0.582 0.249 44568 18646
11.80 0.583 0.238 42660 17797
10.45 0.583 0.242 42538 17057

9.13 0.583 0.250 42521 15907

7.81 0.584 0.250 42077 14869

3.78 0.584 0.299 32742 10573

27692
51475

51302
25402
35096
37063
39613
43354
47879
49167
49585
50146
50718
53844
56405
60480
66548
68032
68618
69606
70388

71424
65544
60807
56536
52359
52303
51874
51393
50240
46374
42517
39347
37184
36291
35979
35462
35061
24378

10504
21055

21236

9827
13967
14867
15841
17583
19599
20098
20296
20584
20881
22053
23316
25112
27535
28238
28572
28924
29323

29913
27177
25210
23430
21682
21609
21408
21065
20752
18998
17330
15890
14881
14652
14487
14189
14024

9382

394




BIAX5 Test Series, 6-8 August 90
Test Summary (Mode 2)

Test

Oa
psi

Ch
psi

Oo
psi

void
ratio

M
psi

Gm
psi

psi

psi

OONOObDWN=
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4.03
16.01
64.00
16.02

3.99

8.04

9.15
10.68
12.79
15.98
15.98
16.00
16.01
16.01
18.29
21.33
25.59
31.86
31.99
32.01
32.02
32.01
£4.00
32.01
25.61
21.34
18.31
16.01
16.01
16.02
16.01
16.00
12.82
10.70

9.18

8.04

8.02

8.03

7.98

8.01

4.02

4.02
16.01
64.00
16.01

4.01

8.02

8.01

8.02

8.01

8.01
10.00
12.00
14.00
16.00
16.01
16.01
16.02
16.01
20.01
24.01
28.02
32.01
64.00
32.00
32.00
32.00
32.02
32.00
28.01
24.01
20.01
16.00
16.01
16.02
16.01
16.02
14.01
12.01

9.98

7.99

4.02

4.02
16.01
64 00
16.01

4.00

8.03

8.39

8.91

9.60
10.67
12.00
13.34
14.67
16.00
16.77
17.78
19.21
21.33
24.00
26.68
29.36
32.01
64.00
32.00
29.87
28.45
27.45
26.67
24.01
21.35
18.68
16.00
14.94
14.25
13.74
13.36
12.01
10.68

9.32

8.00

4.02

0.753
0.753
0.749
0.752
0.753
0.752
0.752
0.752
0.752
0.752
0.752
0.751
0.751
0.750
0.750
0.750
0.750
0.749
0.749
0.748
0.747
0.746
0.745
0.746
0.746
0.747
0.747
0.747
0.748
0.749
0.750
0.751
0.752
0.752
0.752
0.752
0.752
0.753
0.753
0.755
0.755

0.332
0.286
0.242
0.288
0.324
0.299
0.302
0.296
0.296
0.293
0.293
0.293
0.292
0.291
0.283
0.267
0.268
0.265
0.267
0.266
0.263
0.260
0.245
0.257
0.258
0.256
0.267
0.263
0.264
0.265
0.264
0.273
0.271
0.281
0.283
0.276
0.275
0.278
0.281
0.281
0.320

26411
45456
80026
45576
24451
32282
34509
36789
40443
45537
46320
46729
46881
46902
48253
50836
54949
61108
61727
61963
62004
62053
82911
62053
55572
50651
45722
41165
41371
41451
41305
42261
37879
34728
31089
28859
28726
28907
29148
29514
22700

7217
15290
280:7
152°3

6774

9177

9458
12703
13321
14887
15278
15483
15692
156907
16443
17121
18093
19280
20007
20318
20637
20967
28842
21127
19762
18527
17289
16383
15854
15435
156322
15108
14186
13186
12081
11229
10864
10514
10178

9653

6759

17721
35053
67684
34966
16879
24054
25470
27617
30418
34498
35110
35383
35611
35711
37499
40985
44214
49431
49698
49986
50390
50691
69772
50984
45625
41696
36804
33445
33562
33551
33487
33617
30229
27104
24122
22767
22735
22722
22735
23018
15863

6654
13630
27252
13575

6376

9259

9779
10653
11740
13342
135682
13683
13784
13832
14617
16180
17441
19538
19602
19737
19953
20112
28029
20274
18138
16594
14520
13241
13280
13264
13247
13207
11889
10580

9388

8918

8916

8890

8872

8983

6009
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BIAXS Test Series, 6-8 August 90
Test Summary (Mode 3)

Test
#

Ca
psi

oh
psi

Co
psi

void
ratio

M
psi

Grm
psi

psi

psi
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4.03
16.01
64.00
16.02

3.99

8.04

9.15
10.68
12.79
15.98
15.98
16.00
16.01
16.01
18.29
21.33
25.59
31.96
31.99
32.01
32.02
32.01
64.00
32.01
25.61
21.34
18.31
16.01
16.01
16.02
16.01
16.00
12.82
10.70

9.18

8.04

8.02

8.03

7.98

8.01

4.02

4.02
16.01
64.00
16.01

4.01

8.02

8.01

8.02

8.01

8.01
10.00
12.00
14.00
16.00
16.01
16.01
16.02
16.01
20.01
24.01
28.02
32.01
64.00
32.00
32.00
32.00
32.02
32.00
28.01
24.01
20.01
16.00
16.01
16.02
16.01
16.02
14.01
12.01

9.98

7.99

4.02

4.02
16.01
64.00
16.01

4.00

8.03

8.39

8.91

9.60
10.67
12.00
13.34
14.67
16.00
16.77
17.78
19.21
21.33
24.00
26.68
29.36
32.01
64.00
32.00
29.87
28.45
27.45
26.67
24.01
21.35
18.68
16.00
14.94
14.25
13.74
13.36
12.01
10.68

9.32

8.00

4.02

0.753
0.753
0.749
0.752
0.753
0.752
0.752
0.752
0.752
0.752
0.752
0.751
0.751
0.750
0.750
0.750
0.750
0.749
0.749
0.748
0.747
0.746
0.745
0.746
0.746
0.747
0.747
0.747
0.748
0.749
0.750
0.751
0.752
0.752
0.752
0.752
0.752
0.753
0.753
0.755
0.755

0.317
0.268
0.000
0.268
0.303
0.283
0.284
0.278
0.281
0.280
0.278
0.276
0.274
0.271
0.259
0.256
0.258
0.263
0.258
0.255
0.251
0.247
0.000
0.243
0.240
0.242
0.238
0.238
0.240
0.242
0.242
0.252
0.248
0.254
0.260
0.256
0.256
0.261
0.264
0.263
0.294

26411
45456
80026
45576
24451
32282
34509
36789
40443
45537
46320
46729
46881
46902
48253
50836
54949
61108
61727
61963
62004
62053
82911
62053
55572
50651
45722
41165
41371
41451
41305
42261
37879
34728
31089
28859
28726
28907
29148
29514
227090

7217
15290
28037
15263

6774

9177

9458
12703
13321
14887
15278
15483
15692
15907
16443
17121
18093
18280
20007
20318
20637
20967
28842
21127
19762
18527
17289
16393
15854
15435
16322
15108
14186
13186
12081
11229
10864
10514
10178

9653

6759

18673
36549

36605
17992
25097
26759
28923
31526
35627
36392
36899
37198
37423
39507
41897
45065
49689
50632
51194
51599
52011

52409
47172
42843
38924
35019
35096
35071
34915
35087
31696
28706
25419
23762
23651
23603
23644
23982
17127

7092
14414

14430
6902
9784

10423

11317

12301

13917

14237

14459

14601

14718

15688

16681

17907

19679

20121

20404

20628

20857

21089
19026
17251
15720
14139
14151
14123
14055
14013
12701
11443
10088
9457
9413
9363
9355
9495
6616
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