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A. *ESCRIPTION OF THE SCIENTIFIC RESEARCH GOALS

The thrust of this project is to come up with the design and specification of advanced
composite materials using dielectric ceramics, chiral polymers or piezoelectric materials as
inclusions with polymer-based materials as the binders. The research is theoretical and
complements the associated experimental and developmental programs on such materials at the
Research Center for the Engineering of Electronic and Acoustic Materials and the Materials
Research Laboratory. Basic research on the interaction of electromagnetic and acoustic fields with
composite materials at wavelengths comparable to inclusion size and spacing were to be studied to
come up with structure- property relations that offer better possibilities for controling material
behavior than those permitted by simple mixing rules. Emphasis was on chiral composites,

piezoelectric composites, fractal composites, and ferrite composites. éj—g) é,

B. SIGNIFICANT RESULTS IN THE PAST YEAR

Much progress has been achieved during the three years of this program as evidenced by the
numerous publications in refereed journals.

Basic research on the electromagnetics of chiral media have now been applied to chiral
waveguides, chiral mirrors and their applications, Green's functions for chiral media which were
then used in the solution of several problems of practical interest. The first monograph on this
subject entitled " Time Harmonic Electromagnetic Fields in Chiral Media " , co—authored by
Lakhtakia, Varadan and Varadan was published by Springer — Verlag in 1989. Multiple scattering
calculations have been extended to composites containing chiral inclusions, as well as anisotropic
inclusions. We have demonstrated that chirality significantly alters the absorption characteristics of
an otherwise low loss composite. This has also been verified by experiments on chiral composites
designed and prepared at our laboratory and measured in the 8 — 18 GHz frequency range. The
chirality parameter P has been measured for the first time for chiral materials. This parameter has
not been measured for optically active materials, although that phenomenon has been known and
studied for over one hundred years.

Comoposites containing anisotropic inclusions have been modeled, treating for the first time




the effects of inclusion anisotropy. A new coupled dipole model was formulated and implemented
ncmerically to compute the single scatterer response. These were then included in the multiple
scattering computations. The results were then compared with models which neglect the anisotropy
of the inclusions. The differences are tremendous and wrong approximations can lead to gross
€ITors.

The phenomenon of back scattering enhancement is of great practical interest because it may
permit imaging through composite media. This particular problem is engaging the interest of
several theorists and experimentalists. Using our multiple scattering formulation, we have been
able to obtain good agreement with enhancement observed experimentally on random systems in
the optical region.

The theoretical problems associated with the microwave sintering of ceramics fit very well
into the scope of our multiple scattering studies. Green ceramics in the form of porous pellets have
a high dielectric loss tangent, leading to absorption of microwave power and resulting increase of
temperature and loss tangent. This creates a condition for rapid increase of temperature often
referred to as temperature runaway. By theoretically analyzing the effective properties of the
porous ceramic, the thermal runaway condition can be predicted by including thermal effects via a
diffusion equation and hot wall boundary conditions correlated with experimental observations.
Research is ongoing in this area.

Inverse problems associated with ferrite composites have been studies. Ferrite composites
have both dielectric and magnetic properties which are complex and frequency dependent. From
measurements of the propagation constant, it is not possible to infer both properties. An inverse
procedure has been proposed and has been tested against experimental data. It can be used to infer
constituent properties from the data. This is a convenient way of obtaining constituent properties,
especially for constituents in powder form.

C. PLANS FOR NEXT YEAR'S RESEARCH

This is the final report for the three year program. The Center will continue development of

further applications of novel chiral composite as well as piezoelectric composite coatings for

various types of sensors and coatings.
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. OTHER SPONSORED RESEARCH DURING FY89

Item
. 1989 Center Memberships

. Ben Franklin State Support
+PA Industrial Support for
projects in Materials Research

. ONR Contract #N00014-82-K-0339

(Global-local sensing of fluid-
structure interactions)

. ONR Contract #N00014-89-J-3102

(Global-local SAW sensors for
turbulence)

Amount

$225,000

$320,000

$85,000

$105,000

V.K. Varadan

11.0%

24.5%

0.0%

3.0%

V.V. Varadan

17.0%

27.5%

2.0%

3.0%
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BRIEF RESEARCH REPORTS

Electromagnetic Response of Chiral Media

Electromagnetic waves in a chiral medium are circularly birefringent. In other words, left- and
right-circularly polarized waves, with different phase velocities, exist in this class of media. In
order to describe the electromagnetic properties of isotropic chiral media, the usual constitutive
equations, D =€E and B = pH, are inadequate because they admit to a single phase velocity.
Instead, D =€ [E + BVXE] and B = pu [H + BVxH]; these constitutive relations are symmetric
under time-reversality- For a right-handed medium, the chirality parameter B > 0; while for a
left-handed medium, B < 0. Several theoretical aspects of electromagnetic wave propagation and
scattering in isotropic chiral media have been explored, and have been described in the previous
Annual Report.

A major activity during the present period was the publication of a book on electromagnetic
chirality in the Lecture Notes in Physics series published by Springer-Verlag. This is the first book
on the subject, and it aims to summarize the recent developments in this exciting new area.
Undertook as a service to the electromagnetics community, this book lays down the foundations of
electromagnetic theory as applicable to chiral media. [A. Lakhtakia, V.K. Varadan and V.V. Varadan,
Time-Harmonic Electromagnetic Fields in Chiral Media, Heidelberg: Springer-Verlag, 1989.]

In general, when a wave propagating in a homogeneous isotropic chiral medium encounters a
homogeneous isotropic chiral scatterer, both the scattered and the internally induced fields contain
LCP and RCP components regardless of the state of polarization of the incident field. In the
previous Annual Report, we had shown that the reflected and the transmitted plane waves across the
planar interface of a mirror-conjugated chiral media have the same handedness as the incident plane
wave. It has now been proved that the scattered as well as the internal fields have the same state of
polarization as the incident field, if the scatterer and the surrounding medium are
impedance-matched; this conclusion holds regardless of the two chiral parameters involved as well
as the geometry of the scatterer. [A. Lakhtakia, V.K. Varadan & V.V. Varadan, 'Influence of impedance
mismatch between a chiral scatterer and the surrounding chiral medium,’ J. Mod. Opt. 36, 1989, 1385 - 1392.]

A fully vector treatment of the problem of scattering by singly periodic interfaces between
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chiral and achiral media was developed. Using an improved T-matrix method of solution, this
treatment is able to bypass the restrictions imposed by the Rayleigh hypothesis. In addition, several
other related problems have their solutions embedded in the method developed. The specific
features of the solution procedure allow it be easily converted for doubly periodic interfaces. The
analysis may be useful for developing new surface-relief gratings made using chiral materials. [A.
Lakhtakia, V.K. Varadan & V.V. Varadan, ‘Scattering by periodic achiral-chiral interfaces,' accepted for publication in
J. Opt. Soc. Am. A]. Furthermore, the excitation of a planar achiral-chiral interface by near fields was
also examined. [A. Lakhtakia, V.K. Varadan & V.V. Varadan, 'Excitation of a planar achiral/chiral interface by
near fields,' J. Wave-Mater. Interact. 3, 1988, 231 - 241.]

Wave propagation in unidirectionally inhomogeneous chiral media was examined, i.e., the
constitutive properties of the chiral media vary along the z axis. It was also assumed that the
electromagnetic field was a function of the z coordinate alone. It was shown that the electromagnetic
field, in this arrangement, can be decomposed into two mutually-independent circularly-polarized
states. Coupled first-order differential equations were derived to describe the fields, and various
solution procedures discussed. Extension was made to the case when the medium inhomogeneity is
periodic, for which case a perturbational solution was explicitly given.[A. Lakhtakia, V.K. Varadan &
V.V. Varadan, Propagation along the direction of inhomogeneity in an inhomogeneous chiral medium,’ accepted for
publication in Int. J. Engg. Sci.)

In the previous Annual Report, we had described spherical chiral resonators. Continuing on the
same lines, propagation of electromagnetic waves in a parallel-plate waveguide wholly filled with a
chiral medium was examined. The dispersion equation derived leads to two sets of modes, and the
propagation constants for the two sets were numerically obtained. [V.K. Varadan, A. Lakhtakia & V.V.
Varadan, Propagation in a parallel-plate waveguide wholly filled with a chiral medium,' J. Wave-Mater. Interact. 3,
1988, 267 - 272.]

In another effort to utilize the geometric foundations of chirality, the reflection and thc‘
transmission characteristics of a structurally chiral slab had been investigated in the previous year.
This effort has been further extended this year. By stacking up unit cells made of (identical)

structurally chiral slabs, a periodically inhomogeneous medium was constructed. Each structurally
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chiral slab was made up of a certain number of identical uniaxially anisotropic plates, the
consecutive optic axes describing either a right- or a left-handed spiral. When the unit cell thickness
is very small compared to the principal wavelengths in the uniaxial plates, the periodically
inhomogeneous uniaxial medium was shown to be equivalent to a homogeneous biaxial medium,
the two optic axes of the equivalent medium being dependent on the handedness of the periodic
medium. [V.V. Varadan, A. Lakhtakia & V.K. Varadan, Propagation through a periodic chiral arrangement of
identical uniaxial dielectric layers and its effective properties,’ accepted for publication in Optik] A similar result
was also obtained when the uniaxial plates were replaced by biaxial plates. [A. Lakhtakia, V.K. Varadan
& V.V. Varadan, ‘Effective properties of a periodic chiral arrangement of identical biaxially dielectric plates,' accepted
for publication in J. Mater. Res.]

When particles of considerable concentration are dispersed in a host medium to form a
composite, multiple scattering dominates the scattered energy when waves are impinging upon
them. While this effect is known and shown for various dense systems, it has never been examined
for chiral composites. Therefore, preliminary investigations were undertaken this year. The
scattering response of a single chiral particle is cast in terms of a T-matrix. The circular
birefringence of chiral media does not generate any difficulties in the present multiple scattering
formulation, if and only if the composite medium is assumed to be achiral (or weakly chiral).
Although a rigorous multiple scattering formalism needs to be introduced when the effective
medium is chiral, at least in the low frequency regime, using Maxwell-Garnett Approximation
(MGA), we have derived the dispersion equation for an effectively chiral composite medium. [V.V.
Varadan, Y. Ma & V K. Varadan, ‘Effects of chiral microstructure on EM wave propagation in a lossy dielectric
composite material,' accepted for publication in Radio Science] The low frequency expressions of the
dispersion equation using the Bruggeman approximation were also obtained. [V.V. Varadan, A.
Lakhtakia, Y. Ma & VK. Varadan, 'Long and intermediate wavelength models for the effective properties of a chiral
composite material,’ URSI International Symposium on Electromagnetic Theory, Stockholm, Sweden, 'August 14 -
17, 1989]. Finally, computed results of microwave properties of chiral composite materials, were
obtained by the numerical solution of the dispersion equations. [V K. Varadan, Y. Ma, V.V. Varadan &

A. Lakhtakia, ‘Electromagnetic wave propagation in chiral composite materials,’ First Progress in Electromagnetics
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Research Symposium, Boston, Massachusetts, USA, July 25 - 26, 1989]

Acoustic Chirality

The premise for acoustic chirality in elastic solids has been investigated by us in the past, and
was reported in the Previous Annual Reports. In an effort to synthesize structurally chiral media,
layered composites were examined. These are made up by stacking identical uniaxial plates, their
consecutive symmetric axes describing either a right- or a left-handed spiral. The field equations
governing the harmonic motions of the layered composite were written as a first order matrix
ordinary differential equation, where the field variable is a 6-vector consisting of the displacement
and traction components. A matrix representation method was used for solving the reflection and
transmission characteristics of the layered composites; it is noteworthy that this method is not
affected by the number of layers. Numerical results of the plane wave reflection and transmission
characteristics were obtained for these chiral arrangements. It was observed that the co-polarized
characteristics are unaffected by the structural chirality, while the cross-polarized reflected and
transmitted electromagnetic fields are greatly influenced by it. These investigations will shortly be
submitted for publication.

Experimental research on the use of chiral composites for acoustic attenuation continued during
the present period. The composites were constructed by embedding piezoelectric springs in a
polymeric material. Each chiral inclusion was also backed by an air-filled cavity, while echo
reduction and insertion loss were measured in an acoustic pulse tube. The results of our
investigations demonstrated that underwater sound attenuation could be enhanced by embedding

chiral-shaped inclusions in polymeric materials. Further research is in progress.

Effective Properties of Ferromagnetic Composites

Ferrite composite materials as well as other ferromagnetic, carbonyl iron composites have
recently received wide attention due to their various applications over quite a broad microwave
band. Electromagnetic shielding ability and wave absorbing efficiency are just two of their popular

characteristics. In order to use these materials in different environments and to optimize their
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capabilities, we must carefully tailor their properties. In this context, we have developed a direct
formalism which can be used to predict the effective electromagnetic properties of ferrite composite
materials [Y. Ma, V.K. Varadan & V.V. Varadan, Prediction of electromagnetic properties of ferrite composites,’
submitted for publication in Progress in Electromagnetic Research ].

In addition, for many types of ferrites, it is hard to directly measure the frequency dependent
complex permittivity and permeability due to their high electric conductivities. We have developed a
new technique to predict these complex properties using the effective property measurements done
for a high (or low) porosity ferrite composite, as well as our mutiple scattering formalism. [Y. Ma,
VK. Varadan & D.K. Ghodgaonkar, 'Inverse problems for ferromagnetic composites,' 91st Annual Meeting of

American Ceramic Society, Indianapolis, Indiana, April 23-27, 1989].

Modified Flux Models and Their Applications to Coating Design

In two- and four- flux models of radiative transfer theory, the scattering coefficients or
efficiencies of non-emitting media are commonly computed using the single-scattering albedo, while
the interactions among particles are negleéted. The flux models are modified by considering multiple
scattering. One application of the modified flux model is to predici the opacity of high pigment
volume concentration paint coatings. Therefore, we introduced the multiple scattering formalism
and have shown from the resulting equations how the multiple scattering albedo can be calculated
from the effective propagation constant K. The multiple scattering albedo so obtained can be used in
the flux model to compute the diffuse reflectance of the corresponding paint film.

Because the refractive index of pigment particles used in the measurements is direction-
dependent, the modeling of an anisotropic scatterer wass introduced. For an unpolarized light
source, illuminated anisotropic particles of random orientation can be thought of as having an
average refractive index over the optical axes within the particles in most of the visible spectrum.
This information is used to compute scattering cross section or the T-matrix.

We also reviewed the existing formalisms of the flux models. The coupled differential
equations for the diffuse reflectance and transmittance are solvable in general. However, the

coefficients in the equations were modified by incorporating multiple scattering. The boundary
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conditions for the real paint films cannot be ignored and we considered two different diffuse
substrates in order to justify the opacity through the contrast ratio. Though in most cases theoretical
results compare favorably well with those measured, the discrepancies in some case due to either
the anisotropic modeling or inaccuracy in the values used for the substrate are discussed [Y. Ma,
V.V. Varadan & V K. Varadan, 'Modified flux models considering multiple scattering - application to opacity of

coatings,' submitted, Applied Optics).

Enhanced Absorption due to Dependent Scattering

In a recent series of studies on light scattering from pigmented surface coatings or by radiative
heat transfer in powder insulators, it has been shown that for densely populated heterogeneous
media dependent scattering as well as dependent absorption have to be considered. As a result, for
paint opacity, the dependent scattering-absorption can greatly affect the diffuse reflectance as it does
the overall thermal radiation resistance of the powder insulation composites. Analogous to the
aforementioned applications, chemical and nuclear reactors, fuel combustors, cryogenic insulation,
microwave and laser coatings, artificial obscuration materials and many other commercial and
military systems usually involve a high concentration of particles. In order to analyze the energy
transport characteristics, the dependent scattering and absorption properties cannot be ignored.

The role of multiple scattering on dependent scattering as well as on dependent absorption was
investigated for heterogeneous media containing a high concentration of particles. The decrease of
scattering and increase of absorption for lossy (with intrinsic absorption) particles in a lossless
matrix was quantitatively described by the use of a Rayleigh region solution derived from a multiple
scattering formalism. For smaller wavelengths, dependent scattering and absorption was obtained
through numerically solving the resulting dispersion equation. Numerical results were computed for
lossless particles in a lossy matrix which models an optical coating system. [(i) Y. Ma, V XK. Varadan &
V.V. Varadan, Enhanced absorption due to dependent scattering,’ accepted for publication in ASME Journal of Heat
Transfer; (ii) Y. Ma, VK. Varadan & V.V, Varadan, 'Enhanced absorption due to dependent scattering,’ 1989
CRDEC Scientific Conference on Obscuration and Aerosol Research, Aberdeen Proving Ground, Maryland, June

26-30, 1989]
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Modeling of Dielectric Properties of Porous Ceramic Materials

In our experimental studies on the microwave sintering of ceramics, it has been observed that
the (initial) porosity of the green sample predetermines the subsequent sintering rate [V.K. Varadan, Y.
Ma, A. Lakhtakia and V.V. Varadan, ‘Microwave sintering of ceramics,’ in Microwave Processing of Materials (Eds.:
W.H. Sutton, M.H. Brooks & 1J. Chabinski), Pittsburgh: MRS, 1988].The change in porosity during
sintering is a complex thermodynamic process, rooted in the absorbed microwave energy; the
instantaneous absorption depends on the temperature-dependent dielectric loss of the porous
sample.

We have proposed a model to quantitatively describe the change in the dielectric properties
using the effective two-body inter-particle potentials. These potentials depend on the porosity as
well as on the temperature. At the critical porosity (or ,the critical temperature), a phase switch can
thus be predicted [V.K. Varadan, Y. Ma and V.V. Varadan, ‘Modeling of dielectric properties of porous ceramics
during microwave sintering,’ 91st Annual Meeting of American Ceramic Society, Indianapolis, Indiana, April
23-27, 1989]. In addition, using analytical expressions [Y. Ma, V.K. Varadan & V.V. Varadan, Effective
properties of microwave composites,' J. Wave-Mater. Interact. 3, 1988, 243 - 248] we have predicted dielectric
properties of some sintered ceramic materials. The computed results compare quite well with those

measured which were provided by Georges Roussy from Universite' de Nancy 1, France.




The Journal of the Acoustical Society of America
Vol. 85 (1), January 1989, pp. 520-521.

. BOOK REVIEWS

Power Sonic and Ultrasonic Transducers
Design
B. Harmonic and J. N. Decarpigny, Eds.

Springer, New York, 1988.
X+ 249 pp. Price $59.40.

The subject of power sonic and ultrasonic transducers has been rapidly
expanding on an international scale over the last several years. This book is
a collection of papers resulting from the Proceedings of the International
Wo;'kshop on the Design of Power Sonic and Ultrasonic Transducers, as
held in Lille, France, on 26 and 27 May 1987. A presentation of some of the
latest transducer design techniques, applications, and available materials
are given. The complete text includes 222 figures and is written ih English.

The contents of the book begin with an introductory lecture by B.
Tocquet and follows with the 13 papers written by each of the invited Work-
shop contributors. Each chapter is an individual paper, and, as such, they
can stand on their own.

The first chapter is entitied “Power Limitations of Piezoelectric
Length Expander Transducers,” by Oscar B. Wilson of the U.S. Naval
Postgraduate School in Monterey, California. This paper discusses some of
the internal and external power limiting factors of electroacoustic trans-
ducers, Effective use of an equivalent network is provided with the exampie
discussion of a longitudinal vibrator.

L. Eyraud of the Laboratoire de Genie Electrique et Ferroelectricite in
Villeurbanne, France authors the second paper “The Material for Piezo-
electric Power Transducers” and coauthors the third paper “Characteriza-
tion of Piezoelectric Ceramics for High Power Transducers™ with P. Gon-
nard and P. Champ of the same address. Chapter 2 discusses the
mechanisms of piezoceramic stability as a function of aging and polariza-
tion through a discussion of chemical compositions, while Chap. 3 charac-
terizes various ferroelectric parameters. An analysis of piezoceramics under
cw and pulsed conditions is presented with the limiting factors of each
detailed.

The fourth chapter is titled “Highly Magnetostrictive Rare Earth

. Compounds for High Power Acoustic Projectors,” by Arthur E. Clark from

the Naval Surface Weapons Center (NSWC) in Silver Spring, Maryland.

This paper is a reproduction of a chapter (7) written in 1980 in the book

Ferromagnetic Materials, Volume 1, published by North-Holland, Amster-
dam. It presents a background and detailed discussion of magnetostrictive
lanthanide compounds. Although the discussion appears complete, much

of the literature is dated and does not include the excellent recent work done .

by Clark and his colleagues at NSWC,

D. Boucher of Groupe d’Etude et de Recherche en Detection Sous-
Marine in Toulon, France penned Chap. 5 “Trends and Problems in Low
Frequency Sonar Projectors Design.” A discussion on various classical so-
nar transducer designs is presented along with an effective briefing on array
interaction effects. Unfortunately several of his comments on specific trans-
ducer designs are quite misleading. For example, when he states “...the
work in this field (Class IV flextensional design) has been pursued as far as
‘possible,” he ignores the recent resurgence of the Class IV fextensional
design utilizing lanthanide drivers, high strength epoxy shell composites,
and new multidimensional array designs. On the other hand, his summary is
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an accurate portrayal of the present problems being encountered in low-
frequency sonar transducers.

*Frequency, Power and Depth Performance of Class [V Flextensional
Transducers” is the title of Chap. 6 as cowritten by J. Oswin and J. Dunn of
British Aerospace, Underwater Research and Engineering Unit in Wey-
mouth, United Kingdom. This paper gives an excellent overview of the
Class IV flextensional transducers from the original patents to present. Dis-
cussions on depth, power, and frequency performance are given along with
simple design guidelines. A correction on the dates of the two Toulis patents
(references 6.1 and 6.11) must be clarified though. The authors incorrectly
listed the patents as being granted in 1963 but in actuality the patents were
first filed in 1963 and granted in 1966. A minor point but one that should be
quantified to establish an accurate historical setting.

Chapter 7 is titled “Opportunities and Challenges in the Use of Ter-
fenol for Sonar Transducers,” by J. M. Sewell and P. M. Kuhn of Martin
Marietta Aerospace in Baitimore, Maryland. This paper begins with a brief
comparison between piezoceramic and terfenol, and is then followed with a
discussion of terfenol transducer performance characteristics. Even though
the authors found several positive points in the designs presented, the tech-
nology shown here is antiquated. Their methods for applying both the dc
(magnetic) and the mechanical bias are ineffective and will result in low-
efficiency devices. The educated reader will readily notice that the latest
reference given is 1977, despite the literature and patents published by the
Naval Underwater Systems Center (NUSC), Raytheon Company, and Im-
age Acoustics, among others, that have advanced this technology much
further along.

**Application of the Finite Element Method to the Design of Power
Piezoelectric Sonar Transducers” and “Determination of the Power limits
of a High Frequency Transducer Using the Finite Element Method™ are the
titles to Chaps. 8 and 9, respectively. The first one, authored by B. Harmon-
ic (one of the two book cditors) of the Institut Superieur d*Electronique du
Nord, Laboratoire d’Acoustique, in Lille, France, presents FEM analysis
(with ATILA code) on several sonar transducer designs. Chapter 9, co-
written by W. Steichen, G. Vanderborek, and Y. Lagier of Thomson-Sintra
in Valbonne, France, explains a multiprocedure FEM analysis that includes
acoustic radiation and thermal and dielectric losses. Although this method
appears rather tedious, the experimental and computed examples are in
general agreement. .

The next two chapters present discussions on novel new ultrasonic
transducer designs for industrial applications. Chapter 10 s entitled *“High
Power Ultrasonic Transducers for Use in Gases and Interphases,” by J. A.
Gallego-Juarez of the Instituto de Acustica in Madrid, Spain, while Chap.
11 is entitled “Design of High Power Ultrasonic Transducers for Use in
Macrosonics,” by P. Tierce of Sinaptec Sarl and J. N. Decarpigny (the
second editor of the book) of the Institut Superieur d'Electronique du
Nord, Laboratoire d’Acoustique, both in Lille, France.

The functions and architecture of a sonar emitting system are present-
ed in Chap. 12 under the heading “Power Electronic Devices for Sonar
Systems,” by C. Pohlenz of Groupe d’Etude et de Recherche en Detection
Sous-Marine (GERDSM) in Toulon, France. This paper offers several
methods for solving difficult impedance matching problems in a sonar sys-
tem. Disappointingly, it is the only paper that did not offer any references
for further study. The final paper in the book, Chap. 13, is *“The Electronic
Driving Sources for Ultrasonic Machining,” by B. Thirion of Slice Sar! in
Lille, France.
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In summary, although I found several papers reporting on “past glor-

ies,” I feel that most transducer designers and material scientists will benefit
from this book. It offers a rare glimpse of the international transducer world
with 8 wide variety of useful global references. It is not limited to the under-
water sonar designer since it additionally offers innovative ultrasonic de-
vices that may be found in use in the private sector.

THOMAS R. HOWARTH
Department of Engineering Science and Mechanics

Research Center for the Engineering of Electronic and Acoustic Materials
The Pennsylvania State University
University Park, Pennsylvania 16802




TECHNICAL NOTES AND RESEARCH BRIEFS

Advanced-degree dissertations in acoustics

The Journal of the Acoustical Society of America

Vol. 84 (&), October 1988, p. 1557.

Experimental studies using chiral composites as acoustic energy
attenuators (43.30.Kyl—Thomas R. Howarth, The Research Center for
Engineering of Electronic and Acoustic Materials, Department of Engineer-
ing Science and Mechanics, The Pennsylvania State University, University
Park, PA 16802, May 1988 (M.S.). The area of underwater acoustic attenu-
ation has been a subject of much research since the 1940s. The Germans first
investigated the use of atr-rubber baffles to camouflage their submarines for
active sonar. In their study they also developed a water-filled acoustic pulse
tube device for determining air-rubber performance characteristics under
various hydrostatic pressures and temperatures. In the late 1970s and into
the 1980s other types of designs have been sought. It was found by using the
concept of a T matrix in conjunction with multiple scattering theory that
the use of piezoelectric chiral-shaped elements could replace the air pockets’
of the previous designs and offer new mechanisms for acoustic energy at-
tenuation. This thesis investigates experimental studies using piezoelectric
chiral composities for acoustic attenuation. A discussion of the theoretical
concepts is given followed by the techniques used for fabrication of test
samples. Background and operation of the pulse tube measurement system
are provided followed by a discussion of measured results. Recommenda-
tions for future investigations conclude the presentation.

Thesis Advisor: Vijay K. Varadan.




*

Incommensurate Numbers, Continued Fractions,

and Fractal Immittances

A. Lakhtakia®, R. Messier***, V.V, Varadan*, and V. K. Varadan*
The Pennsylvania State University, University Park, PA 16802 (USA)

Z. Naturforsch. 43a, 943-955 (1988); received June 10, 1988

Continued fractions have a rich tradition in the thcory of numbers: c.g.. non-terminating con-
tinued fractions represent irrational numbers. It will be shown that a class of continued fractions
posscss the property of self-referential decomposition, and their interpretation in the form of non-
terminating ladder circuits gives rise to fractal immittances with potential analogies to rough
surfaces. thin cermet films, as well as to the internal void network structure of thick films.

Introduction

The motivation for this work comes from number
theory: the representation of irrational numbers in the
Stieltjes continued fraction form, and which has al-
ready inspired the development of ladder circuits [1].
Continued fractions have recently been used in under-
standing fractal quantization of particles in one-
dimensional potentials with incommensurate periods
[2], as well as in two-dimensional electron gases [3]: a
particularly appealing and simple interpretation of
the relevant Hamiltonian has been given by Chao [4].
Continued fractions have also been applied in examin-
ing the frustrated instabilities of active optical resona-

* tors [5].

Although continued fractions have seen some use in
the characterisation of the rough surfaces of real mate-
rials [6,7], they have not been applied yet to the
inhomogeneous internal structure of materials, It will
be shown that specific examples of the resulting ladder
circuits have fractal immittances with potential ana-
logies to both cermet thin films and films with internal
void networks; and, hence, to the related film proper-
ties.

* Department of Engineering Science and Mechanics.
** Materials Research Laboratory. ,

Reprint requests to Prof. R. Messier, Engineering Science
and Mechanics, 265 Materials Research Labroatory, The
S?Ansylvania State University, University Park, PA 16802,

Continued Fractions and Quadratic Irrational Numbers

Any rational or irrational number can be written
down in the continued fraction form as [8]

1

{dg, @y, 43, 03,...0=ay+
a, +
a, +

1
i

a+..., i

with ag, a,, etc. being positive integers [but see Ap-
pendix]. The continued fraction is finite in size when
it represents any rational number p/q, with a, being
the integral part of the ratio p/q; it turns out that every
rational number has exactly two such representations
{9]. On the other hand, irrational numbers have con-
tinued fraction representations which are infinite in
size. Of these irrational numbers, there is a class of
quadratic irrational numbers which are solutions of a
quadratic equation. A theorem due to Lagrange [10]
states that the continued fraction expansion of any
quadratic irrational is periodic after a certain state,
g,

J15=(.1.6.1,6,1,6,...),
J31=¢51,1,3,531110,1,1,3,53,1,1,
10,1,1,3,5,3,1,1,10,...),

{24 — J15}/17=41,5,2,3,2,3,2,3,...).

It is the rcpresentation of quadratic irrational num-
bers which is of particular interest in the present con-
text. The simplest example is the number

QW =<0 p...>; u>0, @

0932-0784 / 88 / 1100-0943 $ 01.30/0. - Please order a reprint rather than making your own copy.
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ABSTRACT

The refraction of near fields by a planar achiralichiral interface has been examined. A realistic source, a
constant current line source, has been used here, as apart from the usual analyses involving incident
planewaves only, Provided a planewave spectral decomposition of the incident field is possible, this
procedure can be extended to include sources of other configurations and polarizations as well. Maps of the
refracted field are drawn to elucidate the effect of both the near-zone irradiation as well as of the handedness of
the chiral medium. Such an analysis would be of use to various researchers in the area so that the effect of
the near fields of radiating sources may not be ignored.

1. INTRODUCTION

Ever since the discovery of optical activity early in the last century, there has been a great interest in
measuring the circular dichroic (CD) and the optical rotatory dispersion (ORD) spectra of molecular
aggregations [1]. Such measurements are routinely made, at frequencies down into the infra-red regime
nowadays. The measurement procedures usually are variants of a simple technique: A planar slab of the
optically active, or chiral, material is irradiated by a source, the polarization state of the irradiating field being
known. On the other side of the slab, the rotation of the plane of polarization of the transmitted field with
respect to that of the incident field is measured, and the CD and the ORD of the material determined. A good
description of such an experiment conducted at frequencies around 10 GHz is available in [2], where Tinoco
and Freeman describe the procedure for measuring the optical rotatory activity of a collection of oriented
copper helices, each approximately 0.5 cm in diam and about 1 cm long.

However, this and other such measurement techniques usually ignore the proximity of the chiral slab to
the source. If the source is far away from the exposed face of the slab, the illuminating field may be
conveniently taken to be a planewave. But when that is not so, the slab lies in the near-zone of the source,
where the irradiating field has reactive components of large magnitudes. In such circumstances, the planewave
approximation of the source field can be quite gross. In this communication, the nature of the fields excited
in a chiral half-space are examined. The source is taken to be a constant current line source, the field radiated
by which source is decomposed into an infinite set of planewaves, some of which are propagating and the
remaining ones are evanescent. It is to be emphasized here that any other source can be accommodated in this
theoretical procedure, provided its field can be expressed by a planewave spectral (PW'S) representation (3]. By
mapping the field refracted into the chiral half-space, some understanding of the effect of near-field irradiation
of achiral/chiral interfaces is obtained.

2. REFRACTION OF A TE-POLARIZED PLANEWAVE BY A PLANE
ACHIRAL/CHIRAL INTERFACE )

Let the space z < 0 be filled by a non-dissipative achiral medium (here taken to be free-space) in which
the constitutive relations

D=¢E, B=pH (1a,b)

o
hold, and from which a TE-polarized planewave
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E()=jexp(j {xx+B ()z}] . Hi(x)=(Ujop )V xE(x) , (2a,b)
with
B 0=+ =K1 | k =alng)”, Ga.b)

is incident on the interface z = 0, the harmonic time-dependence expl(-jiot) being suppressed here and hereafter,
and the unit vectors i, j, k having their usual meanings in a rectangular co-ordinate system.

The region above the z = 0 interface, z 2 0, is occupied by a chiral medium in which the constitutive
equations are given as [4,5]

D=¢{E+aVxE} , B=p{H+aVxH]} (4a,b)

and in which it would be proper, because of Snell's law, to express the transmitted field as [6]:
E(%) =Ty (0) Q) + 2 Te(¥) Qg(0) - Ga)
H (x) =, T;(K) Q)+ To(x) Qg(K) (5b)

in which T g(x) are to be determined by the boundary conditions on the interface z =0, and the left- and the
right-circularly polarized (LCP and RCP) wavefunctions, respectively, are given as

Q (%)= (1) {-B, (i —jic j + xk ) explj (xx + B (x)}] (62)
and

Qg (%) = (kg ) {~Bg ()i - jip j+ k) explj {xx + By (x)z}] (6b)

In Egs. (5) and (6) the following definitions hold:
a =, g =-ilwe)” (Ta,b)
k =k[1-ka]”' . ky=k[l+ko]" , (c.d)
o =+C-K1" o=+l -xT" (Te.9)
k=o' . (7g)

The field reflected back into the achiral medium also has LCP and RCP components, and it can be
expressed in the form [6]:

Er(x) =Ry(x) Pp(x) + R, (x) PL(K) , Hr(x) = (1jon ) vV x E(x) , (8a,b)
where Ru()() are 10 be determined and the wavefunctions,
' Pp(¥)= (1K) (B (0)i + jk j + k] explj {xx B ()}] ©a)
and
P ()= (1K) (B, (0)i-jk i + xk} explj {xx -B ()2}] . (b)
By invoking the usual boundary conditions across the z = 0 interface, i.c., '
k x [Ei(x) +E r(lc) -E(x)]= 0, kx[H i(1:) +H r(lc) - Hl(x)] =0 , (10a,b)
and using Egs. (1), (5) and (8), it can be shown that
T (k) =2 [S + 2, Q)1 / A(x) , (11a)
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T(¥) = 2j (& S-PMO1/A() (11b)
Ry () =— (14) [T, (0) (P(0) + 1} {3 S +1} + T {QM) -1} {S+2,}] , (11c)
R, () =(1/4) [T, (x) {P(x) -1} {3, S -1} + Tp(x) {Q() + 1} {S-2a;}] , (11d)
A() =[S +a, Q0] [1 - P(x) S]-[3 S-P(X)] (a3 +Q(¥)S] ,  (lle)

P(0) = (k k) (B, (/B (0] , Q) =(k fkg) BB 0] . S=-jluse)” .

(11f,g,h)
It should be noted that if a = 0, i.e., the medium above the z = 0 interface also becomes achiral, then
ky=k =k , B(0=B (0=p=+K - , (12a,b)
P(x) = QU = (k /&) (BB (0)] (120)
T, (%)= - 8 Tg(0) =j ag lag + QO ST (12d)

and
Ry () =~ R, ()= (112)j [ag - Q(x) ] [a +Q) ST ; (12¢)
consequently, the familiar expressions available in any standard textbook [e.g., 7) on EM theory emerge:
E(x) = j 23, [, +Q() ST explj {xx + B(x)z}] (13a)

and
E() = -] [ag - Q%) S] lag + Q) ST explj (kx =B, (xR}l . (13b)

3. REFRACTION OF THE FIELD OF A LINE SOURCE

Let now an isotropically radiating, y-directed current line source be located at rp= —kdp in the achiral
half-space, and its radiated field be set as (8]:

E, =jnH  (kIr- rpl) ] ' (14)
A planewave spectral (PWS) decomposition (3] of this field is possible, and is given by

;= [ (0 00] xpli (M, expl (0 + B, 0011 o 2>-d, . (150

El=jjldﬂﬁo(x)] exp[-jB,(9)d lexplj (xx - B,(x)z}] ., z<-d, . (15b)

In view of the PWS decomposition, Eq. (15a) and the development of the preceding section, it is
possible to write down the total field existing in the chiral half-space due to the line source as
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= [ 1B 00N explB 0001+ (T, 00 Q0+ & T Q) . 250 . (16

Likewise, provided it is assumed that the field reflected from the achiral/chiral interface does not influence the
line source current, the total field existing in the space z < —dp can be set down as ,

E= J [dw/B ()] exp{jB,(k)d,} * {Rg(K) Pp(x) + R (x) P, ()} +

+jJ[dﬂbo(x)]cxp[—jbo(x)dpl explj (x B ()z}] , z<-d, . (D)

4. DISCUSSION

It is the function E which has to be mapped in the xz plane in order to understand the fields generatcd
in the chiral half-space. It is obvious that the x-domain poles can be extracted simply by solving the
equation A(x) = 0. However, such poles are of little interest in the present analysis. Instead, the only recourse
is to actually map E over an xz grid for a given set of parameters. It would certainly be useful then to
exploit the x- and the x-symmetries of the various parts of the integrands in Eq. (16), and it tumns out that

E.= ZI[dK/kLB (x)] exp[)B (x)d ]exp[]BL(K)z] (¥) {—IBL(K)cosnx—nk coskx+kjksinxx} +

+2ay j [dxc/ke B, ()] expliB, (<), ] exp(iBg (2] Te(x) l—lBR(K)cosxxkacoskaKsmm}

z>0, (18)

whose cartesian components have either even or odd symmetries with respect to the x coordinate.

A computer program to calculate ET was implemented on a DEC VAX 11/730 minicomputer via Eq.
(18). The infinite x-integral in Eq. (18) was truncated to hold over the range 0 < x/k, < 20.0, it being
observed that this truncation did not give rise to any errors for the selected values &/eq < 5.0, Wiy = 1.0, ak
<0.1 and kod = 2.0. The magnitudes of the x-, y-, and z- directed components of the LCP and the RCP
parts of ET, as well as of the total E, are illustrated in Figs. 1 - 4 for several cases over the rectangular
region 0 < kx/dy, kz/dp < 10.0.

In Fig. 1, FPT = Ej since ¢/g, = 1.0 and ak = 0.0. This illustration, therefore, simply shows the field
radiated by the line source in the specified xz domain when all space is covered by the non-dissipative achiral
medium. As was expected and can be observed from this figure, the magnitudes of the RCP and the LCP
parts of E are identical, but E is only y-directed. In Fig. 2, the ratio e/e,, was increased 10 5.0 with ak
still equal to zero. Again, ET turns out to have only a y-directed component, the x- and the z- directed
components of its LCP and RCP parts having cancelled themselves out. These two figures are then simply
symbolic of what can be expected when the refracting half-space is also achiral [8].

This cancellation of the x- and the z- directed components of the LCP and the RCP parts of ET does not
occur in Fig. 3 where ¢/e, = 5.0 and ak = 0.01. The magnitudes of the LCP and the RCP parts of ET are
still equal by virtue of the fact that all possible values of x ( positive as well as negative) are included in Eq.
(18). However, the sum of these parts still shows the presence of the x- and the z- directed components,
which had cancelled out in Figs. 1 and 2 where ok = 0.0. The effect of handedness in the half-space z 2 0 is
betrayed, thus, by the presence of a transmitted electric field E1 which is not TE polarised like the source
field Eg. This tendency is even more marked in Fig. 4 where &/, = 5.0 and ak = 0.1. Furthermore, in
Fig. 4, ET records well-defined extrema, which are not as prominent in Fig. 3. It becomes possible (o state,

Journal of Wave-Material Interaction, Vol. 3, No. 3, July 1988
234




Excitation of a Planar Achiral/Chiral Interface ...

Lakhtakia, Varadan & Varadan

001 5 9p/zx *9p/xx s 0 urewop zx o uo umesp are sdew proy L, °0°0 = 0 pue o' = il

‘0’1 = °373 ‘0z = 9pOx ssvowered oyl “yosu Ly pue Ly jo wed 40y ‘L7 jo wed 407

:wonoq o1 doy wos "stusuodwod pAdanp -z pue -£ *-x oY1 Jo sopnjruSew Moz yoed ul 1Y3u o)
101 woug *(41) by Aq uoal8 s 17 uoym (81) *bd Jo L jo siusuodwod snowrea ap jo sopmiuBey | ey

A
Pl il
NP L ldd
AR L ST S SIS
Rl e e et
I F A IS S A S A A s
L e i S A Al A AR
e d i i e ik AR
L B LA B S Y P Pt A S A P G IR
O i S A A S A A B A S A A A
G g S 4 At s I s NP
A s R o i s e Ah
< \\\\\\\\\\\\\\\N\\\\N\\\\\\\\\\\
LT G A S A A A
G e e AL ”
S R

s s,
OIS AT S
o
P e e L
P e N M )
P e e e A e L el L Sl Ll
i AP P S I s P IS YA S
B s e gt
e e L o R e A e A e s et e A o S A

G e o P Ly
I S o S A A A S A S

i o AL P e AP P A A L
L P s P S A

o B S
L IS
[ i L
RGrltls

0°T

235

Journal of Wave-Material Interaction, Vol. 3, No. 3, July 1988




Lakhtakia, Varadan & Varadan

NIRRER \\\\\\\\

N ‘\
AR
AN Q\\\§\\\\§\\\\

AT IR
Y
SN
3 \\\\\\1 -‘\\

\\\ N W

N\

A AR
QRN

\\\\\ AR W

‘,‘\\‘\‘ \\\\\\." A \\\\ \\\
b o AN \\\\\

/./

AN
N

\\, \\\ N

\ Q‘\\\\\
NN
NN

Excitation of a Planar Achiral/Chiral Interface ...

—1.0

R

"N

Journal of Wave-Material Interaction, Vol. 3, No. 3, July 1988

236

Figure 2 Same as Fig. 1, except e/eq = 5.0.
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—1.0

Figure 3 Same as Fig. 1, except €/eg = 5.0 and ok = 0.01.
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Figure 4 Same as Fig. 1, except /e, = 5.0 and ok = 0.1.
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- 0.05

10 0

Figure S Magnitudes, from left to right, of the x- and y- directed components of ET when Ej is given by
Eq. (19). The parameters kqdy, = 2.0, €/gg = 5.0, Wi = 1.0 and ak = 0.1. The field maps are
drawn on the xz domain 0 < kx/dp, kz/dp < 10.0.

L=

10 0

Figure 6 Magnitudes of the various components of E when Ej is given by Eq. (21). From left to right in
each row: magnitudes of the x- and y- directed components. From top to bottom: LCP part of ET,
RCP part of ET, and E7 itself. The parameters kqody, = 2.0, &/€g = 5.0, wig = 1.0 and ak = 0.1.
The field maps are drawn on the xz domain 0 < kx/dp, kz/dp £100.
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therefare, that if ak << 1.0, then kg = ky_ = k and the effect of the chirality parameter a is slight on the
field ET as can be seen from comparing Fig. 3 with Fig. 2. But as ok increases, then kg and k_ differ
widely from k [9], and the interference of the LCP and the RCP parts of E is all too visible.

Some idea of this interference can be drawn from considering only specific values of x in Eq. (18)) or,
equivalently, by modifying the line source field Eg of Eq. (14) to

E = jreH (kir - rpl) &x) , (19)

where 8(¢) is the Dirac delta function. Shown in Fig. 5 are the magnitudes of the x- and the y- directed
componeats of ET, with &/g4 = 5.0 and ok = 0.1, there being no z-directed component of ET. If Eq. (19))is
used as the incident field, then, from the preceding theoretical analysis, it is easy to see that

El. = [2/k°(S + a.R)] cxp[j(kz—kodp)] {~i sin (kzaz) +jcos (kzaz)} , (20a)
provided ok < 1 and the approximations
kL =k([1+0ak] ; kR =k [1-ak] (20b,¢)

are valid. Fig. 5 vindicates Eq. (20a) very well and it also becomes easy to observe the mutual interference of
the LCP and the RCP parts of ET in deriving this equation.
Finally, in Fig. 6, the incident field is modified to

E, = jnH (kIr —rpl) dx-k/4) , (#29)

and ET is computed; €/eq = 5.0 and ak = 0.1. It turns out that P(ky/4) = Q(ko/4), while By (ko/4)/kp =
Br(ko/4)/kRr. Consequently, Ty (ko/4) = —ag Tr(ko/4). Hence, the RCP and the LCP parts of ET are
virtually identical in magnitude, their z-directed components are negligible, and their x- and y- directed
components have a cos(kyx/4) dependence on the x coordinate. When, the LCP and the RCP parts are added
up, the cartesian components of ET have well-defined extrema in the xz plane. In view of Figs. 5 and 6,
then, the variations of ET in Fig. 4 can be easily explained.

It should be noted that ET(x,y) in Figs. 1 - 4 tends to decay away as one goes farther from the source at
ry. This is natural since Ej, in the vicinity of the source, has reactive components with large magnitudes. As
one moves farther and farther away from the source, these reactive, near-zone field components tend to die
out. This behavior of Ej is replicated qualitatively by ET as well, a phenomenon which has been noted in
other electromagnetic scattering problems also [10].

In summary, it has been shown here that the fields refracted into a chiral half-space are markedly different
when ok is substantially different from zero, i.e., when ak is of the order of 0.1. A realistic source has been
used here, as apart from the usual analyses involving incident planewaves only [6]. Provided a PWS$S
decomposition [3] of the incident field is possible, this procedure can be extended to include sources of other
configurations and polarizations as well. Such an analysis would be of use to various researchers in the area
so that the effect of the near fields [10] of radiating sources may not be ignored.
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What happens to plane waves at the planar interfaces of
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The plane-wave reflection and transmission characteristics of bimaterial interfaces between chiral and chiral-
achiral interfaces have been extensively explored. We report on the curious characteristics of the interface formed
by two chiral half-spaces, one of which is the mirror image of the other; this is referred to as problem 1. It is shown
that these characteristics are related to the reflection of plane waves on the interface of a chiral half-space and a

perfectly conducting one, which constitutes problem 2.

INTRODUCTION

The lack of geometric symmetry between an object and its
mirror image is referred to as chirality,!? and the mirror
image of a chiral object cannot be made to coincide with the
object itself by any operation involving only rotations and/or
translations. The most commonly investigated chiral ob-
jects are the L- and the D-type stereoisomers, which are
familiar to organic chemists. The basis for the difference in
the physical properties of the mirror conjugates lies in the
handedness, or the chirality, possessed by their molecular
configurations. When an electromagnetic disturbance trav-
els through a medium consisting of chiral molecules, it is
forced to adapt to the handedness of the molecules. Inother
words, linearly polarized plane waves cannot be made to
propagate through such a medium, whereas left-circularly
polarized (LCP) and right-circularly polarized (RCP) plane
waves, traveling with different phase velocities, are perfectly
acceptable solutions of the vector wave equation for this
class of medium.

The usual constitutive equations D = ¢E and B = xH do
not hold for chiral media; instead, the equations!:?

D = ¢E + 8¢V X E, B=,H+8VXH (1)

are deemed applicable, with 8 being ‘he chirality parameter.
The regular time-harmonic Maxwell equations [exp(—jwt)]
are now utilized along with Eqs. (1), and, following Bohren,?
the electric and the magnetic fields are transformed into

E= QL + GRQR: H= Qn + GLQL, (2)

where the LCP and the RCP fields, Q, and Qg, respectively,
must satisfy the conditions '

(V2 + klz)QL =(,
VXQL=kQ, V-.Q =0,

vV X QR = —kZQR' v. Qn.’ 0. (3)

In these equations, ky = k/(1 — kB) and kg = k/(1 + kf), while

k= w(eu)12is a convenient abbreviation; ag = —j(u/e)'/2is an
impedance, and g = —j(¢/x)!/? is an admittance.

(Vz + kzz)QR = 0,

The plane-wave reflection and transmission characteris-
tics of bimaterial interfaces between chiral and chiral-
achiral interfaces have been extensively explored recently.+¢
Here we report on the curious characteristics of the interface
formed by two chiral half-spaces, one of which is the mirror
image of the other; this is referred to as problem 1. We show
that these characteristics are related to the reflection of
plane waves on the interface of a chiral half-space and a
perfectly conducting one; this constitutes problem 2.

PROBLEM 1

Let the space z < 0 be occupied by the chiral medium (e, 4,
8), while the half-space z = 0 is occupied by the mirror-
conjugate medium (¢, u, —B). Either a LCP or a RCP plane
wave is incident upon the interface z = 0 from the zone z < 0.
It is appropriate to express the fields in the zone z < 0 by the
fields

Q. =A,le, + j(—e,a; + e,x)/k Jexplj(xx + a;2)]
+ By le, + j(e,a; + e)/k,lexp[j(xx = a,2)],
250, (4a)
Qr = Agle, + jle,a; = e,x)/kyJexpli(xx + ayz)]
+ Bgle, — j(e,a, + e,x)/koJexp[i(kx — a,2)],
2<0. (4b)

In these equations, A, and A represent the incident plane
waves, while B, and By are the amplitudes of the reflected
ones; « is the horizontal wave number required by Snell’s
laws to satisfy the phase-matching condition on the inter-
facez = 0; ay = +(k(? — k?)V2 and ap = +(ky? — k2)V2; and e,
etc. are the unit Cartesian vectors.

The half-space z 2 0 is occupied by the mirror-conjugate
medium; this means that phase velocities of the LCP and the
RCP plane waves here are, respectively, those of the RCP
and the LCP plane waves in the medium of incidence. Con-
sequently, an acceptable representation of the fields in the
medium of transmission is given by

0740-3232/89/010023-04$02.00 4 © 1988 Optical Society of America
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Q. = C,‘[e'y + j(~e,a, + e,x)/kylexplilkx + ayz)],

220, (5a)
Qi = Cgle, + j(e,a; — e,x)/kyJexplj(xx + a;2)],
220, (5b)

with Cr, and Cr being the transmission coefficients.
The solution of the boundary-value problem is sought in
the convenient matrix forms

Bl _{Ru RipllAL , (6a)
Bri |Ra.  Rgr]lA4r

C, T,y Twrl|AL .
= s (6b)
[CR] [TRL TRR] [AR]

with the R’s constituting the reflection matrix and the T"s

-constituting the transmission matrix. The utilization of

Egs. (2), (4), and (5) in ensuring that there are no discontin-
uities in the tangential E fields and the tangential H fields
across the interface z = 0 yields

Ry, = —Rpp = (ayky — agky)/ (e ks + a5ky),
Ty = 20yky/(aiky + agky),
Trr = 2a5k,/(aky + agky),

Lakhtakia et al.

This curious result should be noted: If the incident plane
wave is LCP (RCP), then the reflected and the transmitted
waves are also LCP (RCP). There are no waves of the
opposite handedness generated at the planar boundaries
between mirror-conjugated chiral media. Thus, the ar-
rangement of problem 1 dcts somewhat like a beam splitter;
an incident LCP (RCP) plane wave is broken into two LCP
(RCP) plane waves, which leave the interface in opposite z
directions with different amplitudes and phase velocities.

PROBLEM 2

Let the medium in the zone z = 0 be perfectly conducting.
Then a solution of the form

Bl _fru  re][A )
Ba| {re  7er||4=

is to be sought. For this purpose, Eqs. (2) and (4) are
utilized to ensure the nulling of the tangential E field at the
impenetrable surface z = 0, and the result obtained is

re= =rrr = (e kg = agk)/(ayky + agky),

FpL= ZGLale/(alkz + azkl),

rLR= -%Razkl/(alkz + azkl). (9)
We observe, therefore, that when a LCP or a RCP plane

Rip=Rp =T g=Tg =0. 7N wave hits a perfectly conducting surface, the reflected field
— Q.
— Qs

LCP INCIDENCE

RCP INCIDENCE

Fig.1. Ilustration of the correspondence between problems 1 and 2 in accordance with Egs. (10). Problem 1 considers the interface of a chir:

- medium and a perfect conductor, while in problem 2 the two chiral media on either side of the interface are mirror conjugates, -
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— Q. —% Q:
LCP INCIDENCE
1 ' T 1 /r""
e u.B\ //' & a\ | & B
Perfect Conductor - I

\ / \:""“
-agr. a'u

a,

RCP INCIDENCE

1 R e 1 TRr Tie
> //’ _ ;u,\BQ / | ©mB
Perfect Conductor \ H, B | & W —p
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1ig.2. Tlustration of the imaging concept for problem 2 by using two speclahzations of problem 1. See Fig. 1 for the descriptions of problems

land 2.

consists of components of both circular polarization states.
However, when x = &y, thenrgr, = 0, r1; = =1, rip = —2ag,
and rpp = 1, which gives rise to the trivial case of no reflec-
tion for the grazing LCP incidence. Likewise, when « = k,
thenrig = 0,7gp = —1,rpy = 2¢, and rp. = 1.

DISCUSSION

The correspondence between the solutions [Egs. (7) and (9)]
of problems 1 and 2 should be noted. That is,

Rpp = rpp,
TRR = -rLR/aR. (10)

Ryy=ry,
Ty =ra/aL

For illustration, let us consider the case of LCP incidence.
In problems 1 and 2, rz;, is the amplitude of the reflected
LCP wave that travels with a phase velocity w/k;. In prob-
lem 2, rpy is the amplitude of the reflected RCP wave with a
phase velocity w/kg, but in problem 1, rg; /a; is the amplitude
of the transmitted LCP wave, which also travels with a
phase velocity w/k; because the medium of transmission is
the mirror conjugate of the medium of incidence and reflec-
tion. Analogous comments also apply to the case of RCP
plane-wave incidence, and both cases are schematically il-
lustrated in Fig. 1. It should be noted that Fermat's princi-
ple is equally well satisfied in problems 1 and 2 and in
identical fashion. - -
" The correspondences gwen in Eqs (10), coupled with the
complementary relations

rLL(_ﬁ) = rﬂR(ﬁ)’
rir(=6) = ag?rp.(8),

rm(-ﬁ) - rLL(ﬁ)p
ra(=B) = atr @) (1)

point to the imaging concept. Consider problem 2 again
with an incident LCP plane wave of unit amplitude. Rele-
vant to the zone z < 0, this problem is equivalent to the
superposition of two problems, each of which is a specializa-
tion of problem 1. These two problems are (i) a problem 1 in
which a LCP plane wave is incident upon the interface from
the zone 2z < 0 with unit amplitude and (ii) a problem 1 in
which a RCP plane wave is incident upon the interface from
the zone z 2 0 with an amplitude equal toar. The case of an
incident RCP plane wave in problem 2 can also be handled in
this way, and both cases are schematically illustrated in Fig.
2. However, as becomes clear from Fig. 2, the use of an
imaging theory for chiral media is complicated for scattering
problems in general: not only do the sources get imaged but
the medium does also.

The authors are also with the Center for the Engineering
of Electronic and Acoustic Materials, The Pennsylvania
State University, University Park, Pennsylvania,
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Green’s functions for propagation of sound in a simply - e 55
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Two approaches involving the spatial and temporal Fourier transforms have been used to
derive time- and space-dependent Green’s functions pertinent to the propagation of sound
waves in a fluid that is moving with a constant velocity v. The two approaches give rise to
differing interpretations of the observations made by a stationary observer vis-a-vis those made
by an observer moving with the fluid. The properties of the causal and the noncausal Green’s
functions are analyzed, and are shown to be equivalent.

PACS numbers: 43.20.Rz, 43.30.Es
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INTRODUCTION

- It is readily apparent that, at the point of observation,
the acoustic frequency spectrum of a radiating source is al-
tered by the flow of the fluid in which the source and the
observer are embedded; this phenomenon has been the sub-
ject of intense investigation.!™ In spite of the widespread
interest, particularly in the area of fluid mechanics,*7’ we
have not been able to come across a systematic derivation of
the pertinent Green’s function; although, it should be noted
that, for the corresponding problem in electromagnetic field
theory, Green’s functions are commonly available.®'°

Here, we will utilize spatial as well as temporal Fourier
transforms in order to derive two separate expressions for

the Green’s function pertinent to the radiation and propaga-

tion of sound waves in an ideal fluid flowing with a constant
velocity v. These two approaches involve interchanging the
order in which the spatial and the temporal transforms, and
correspond to Doppler shifts in either spatial or temporal
frequencies. Thus the two approaches give rise to.differing

interpretations of the observations made by a stationary ob-
server vis-d-vis those made by an observer moving with the

" fluid. It is shown that the causal Green's functions derived
from the two approaches are identical.

. PRELIMINARIES

As per Morse and Ingard,'! in a fluid moving with a
velocity v, the acoustic pressure p(r,t) satisfies the wave
equation

2

[V’ —c? (-887 + v-V) ]p(r,t) =0 (N
within a source-free region, ¢ being the speed of sound in the
medium at rest (i.e., when v = 0); this equation is valid in a
coordinate system that is moving with a velocity — v with
respect to a parallel coordinate frame affixed to the fluid.
The first coordinate system (x,3,2,¢) is called stationary,
while another coordinate system (x,y,2’,¢'), to be discussed
later, will be referred to as the auxiliary system; the velocity
v = pe, in the stationary system, e, being the unit vector.

1882 J. Acoust, Soc. Am. 85 (5), May 1989

0001-4966/089/051852-05%00.80

The corresponding Green’s function, therefore, must be the
solution of the inhomogeneous wave equation

2_.. -2 i . 2] P
[v ¢ (a:""v) gr) = —8(05(n),  (2)

&(+) being the Dirac delta function.

As Jackson'? has pointed out, (1) is not invariant under
Galilean transformations, and no kinematic transformation
of p(r,t) can eliminate the term v-V in (1). The solution of
(2) can, however, be very easily attempted if the term (9 /
dt + vV) can be simplified, and Fourier analysis comes in
very useful for that purpose. We define two sets of Fourier
transform pairs: one in the time <> temporal frequency do- .
mains specified by the twin sets of relations '

a(t) = (2m)~! J.- dw exp( — ivt)a(w), (3a)

a(w) = J.- dt exp(iwt)a(t), (3b)

 being the temporal frequency; and the second in the space
& spatial frequency domains given as'* ’

- " _
a(r) = (2m) = f f d’qexp(ig)alq),  (4a)

a(q)=f f d’r exp( — igr)a(r), (4b)

in which q s the (vector) three-dimensional spatial frequen-
cy variable. Armed with these two sets of Fourier transform
pairs, we can solve (2) via any one of the two approaches

possible.

il. DOPPLER SHIFT IN THE TEMPORAL FREQUENCY

The first approach involves taking the temporal Fourier
transform of (2), which yields the relation

(V=¥ —iw+vV)]g(ro) = =6(r), .  (5)
after using the integral representation of §(¢) given as
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OES (21r)"'f. dw exp( — iwt). (6)

Next, we employ the factorization**"?

g(r,@) = h(rw)expl — i(w/c)My’z], N

which is nothing but an expression of the Doppler shift in the
temporal frequency domain. In (7), the Mach number
M=u/c,and (1 — M?) = |; werestrict M < 1.

As a consequence of (7), (5) simplifies to

[V — (Me,*V)? + (yw/c)?|h(rw)

== §(r)expli(w/c)My'z]. 8)
Utilization of (4a) and (4b), along with the representation
8(r) = (217)‘3f ff d3qexp(iqr) 9

for the Dirac delta function §(r), in (8) then gives rise to the
algebraic relation

h(qo) = — (/) /{0* — (¢/7)?[qq — M*(e,q)?]).
(10)

As a first step towards obtaining k(r,z), we take the
inverse temporal Fourier transform of (10); the application
of (3a) to (10) yields®?

h(q,2) = (2m) " (c/7) [ sgn()]

X [q,q _ ‘Wz(e:,q)z]-llz
xsin{(et/v)J[aa—M*(e-@)7]}, (11)

whence, on taking the inverse spatial Fourier transform also,
we get ’

h(r,t) = (2m) ~*(c/y) [m sgn() 1 (Mir.t), (12)

in which the signum function sgn(£) = 2U(£) — 1, whereas
the  Heaviside  function Uf)=1VY6>0  and
U(¢) =0vE <0.

On expanding q in a cylindrical coordinate space
(95094:9:)» 4. = a°e,, the integral I(M;r,r) in (12) can be
given as

I(M;r,t) =f dg, exp(iq,z)J. dq, q,
- o 0
21 ~
x [eﬁ +()]
XSln Ct ’ qz ]

x dtp, exp(ig,pcos @, ). (13)

Theintegral on the azimuthal angle @, is easily implemented
via an integral representation of the cylindrical Bessel func-
tion Jo(£): ’
rl g
Jo(&) = (2m)~' | daexp(icosa); (14a)
(]
and the consequent integral on g, can be calculated through
Sonine’s discontinuous integral'®:
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f- dfffo(cf)sm(am) (;2 + bz)_l/z
o .
=COS(bm)(a2_cz

)~"*U@—c), c>0.

(14b)
As a result,
I(Mie,) = (2#)0(—— ) ( )f dq,
Xexplig,z)cos(y™'q,4), (15a)
1\/1
er(2-) B
¥ P t,/\2
X[&(z+&)+5(z—-{?-)], (15b)
14 14
on utilizing (6); in these equations,
1o = (et /7)? —p!, (16a)
p= +VE+y (16b)
Further simplification is afforded by the fact that
2|ald(f?—a®) =6(& +a) +6(&—a), (17

and that ¢t /y > p due to the Heaviside function; consequent-
ly,

I(Mir,e) = (472/7)U(ct /y — p)o(2 — v~ % d),

(18a)
and
h(r,e) = (c/4P7) [ sgn(2) 1 Ulct /¥ — p)
X8z —y~ %), (18b)
From (3) and (7), it is easy to see that
gnn) =h(rt+ Mc='pPr); (19)

" hence, a solution of (2),tobe subscnpted t for later use, is

given as
g (r,t) = (c/47) (7 sgn(t + Mc~'y’z) ]
X U [c(t + Mc='%2) /v —p]
X8(P — 2zvt — 2y~ 4?). (20)

To be noted is the fact that the inversion (13) of (12) had
not assumed causality; if causality is to be incorporatec
when the inverse temporal Fourier transform of (11) is tak-
en,'?!? then the signum function sgn(z + Mc™'9%z) in (20)
should be replaced by the 2U(¢ + Mc™'y’z). Here and here
after, the term causal should be interpreted as causal wirt
respect to time.

11l. DOPPLER SHIFT IN THE SPATIAL FREQUENCY

The second approach mirrors the first one in that the
order of taking the remporal and the spatial Fourier trans
forms is reversed. Thus, on using (4) and (9) in (2), w
obtain

d 2 :

[-ea—c(Z+ma) Jtan = —s0.
The introduction of the factorization

8(q,t) = flq,t)exp( — ie,*qut) (22
in (21) results in
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2
( —-qq—c? a%;)f(q,t) = -~ §(t)exp(ie,-qut).
. (23)
It should be noted that (22) tantamounts to a Doppler shift in
the spatial frequency domain.

The temporal Fourier transform of (23) gives rise to the
algebraic expression for f{q,@) given by

Aew) = — /(0 —qqc). (24)
As a first step towards deriving f(r,?), the inverse temporal
Fourier transform is taken; hence,"

Aqn) = 2m)~'Almsgn(#)1(ge) ~'sin(ger),  (25)
from where, on taking the inverse spatial Fourier transform
also, we get

Sir) = @) el sgn() W(M;r,2), (26)
in which the integral J(M;r,¢) is given by

J(Mir,t) = dg.exp(ig,z) f dg, q,(q; + ) ~'?
0

Xsin(ct,/;f, +4)
2r

X X dp, exp(ig,p cos @, ). (27)
The use of (14a), (14b) and (17) in (27) finally yields
J(Mir,t) = 42U(ct — p)b(F = At?), (28a)
whence
Sire) = (c¢/47%) [rsgn(2) 1 Ulct — p)o(F — 3t ).
(28b)

.Fihally, by applying (22) in (4), it can be shown that

g(r,t) = f{r — vt 1), ~ (29)

and the uSe of this relationship in (28b) gives the Green’s
function

8. (r,t) = (c/47%)

X [7sgn(8)1U(ct — p)86(F# — 2z2vt — Ay~ ?);
' (30)

~ the sﬁbscript ron g in (30) is for later use. Again, we note

that g, derived above is noncausal; for causality to be incor-
porated, sgn(¢) should be replaced by 2U(?).

* IV. DISCUSSION

The two Green’s functions derived above share one im-
portant feature, i.e., they possess the same singularities. The
singularities of both g, (r,?) and g, (r,t) are embedded in the
delta function that can be expanded as

8(P — 2zt ~ Fy~4?)
= V(z;«ﬁ!fz + ﬁvt + Sy~ )t
X [8(z+ y~VRT+ 2zvt + &y~ 1)
+8(z—y~ VR + 2zut + cfr"’t’) 1,

(31a)
where

C RimMWR 2, (31b)

. In this respect, therefore, there is nothing to distinguish
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between g,(r,2) and g, (r,2). In addition, it should be noted
that if v =0, then both g, and g, reduce to the familiar
expression

gl ("v’)|v-o =gr (l'-‘)l.-o
= (1/47°r) [ sgn(2) ) U(ct — p) _
X[8(t—re~") +8(e+rc™Y)], (32)

which too can be made causal if sgn(r) is replaced by 2U(¢)
and the second delta function is omitted. However, the
switching functions, i.e., the signum and the Heaviside func-
tions, included in (20) and (30) have different arguments.

The major reason for the difference between g, (r,?) and
8.(r,t) appears to be due to the specific factorizations (7)
and (22), respectively. As stated earlier, while (7) expresses
a Doppler shift for time-harmonic waves, (22) givesrisetoa
Doppler shift for space-harmonic fields. Howevet, it is easy
to show that

s =am= [

dw exp( — iwt)exp (:w_M_y‘_z)
c

X f f d3qexp(igr)h(qw) (33)

is a proper solution of (2) by substituting (33) in (2) and
noting that the differential operators of the left side of (2)
will act only on the exponential terms of (33). Moreover, it
is also possible to show similarly that

h(rt) = (2m)~* J‘. do exﬁ( — iwt)

X f H'd’qexpciq-r)h(q.w) (34a)

satisfies the differential equation

az r 2 az
|22 55 (£) 2] re = - s

(34b)

It should be noted that by using (19) in (2), it is observed
that

)+ ()

_(_7’_)’ (-‘%27)] hx,p2") = —8O08(0, (34c)

c

wheret’ =t + My’z/c,z =2, and it is assumed that the sta-
tionary and the auxiliary frames coincideatz = ¢’ = Q. Like-
wise, it can also be shown that

g (rt) = (27) “f J:f d’q exp(iqr)exp( — ig-vt)

X f " dw exp( — iot)flqw) (35)

is also a proper solution of (2) by substituting (35) in (2).In
addition,

ﬂr.t)=(21r)“f f -d’qexp(iq-r)
XJ. do exp( — int)(qo) (36a)
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satisfies the differential equation
(vz & 2 )fen = — s,

Again, itis to be noted that by substituting (29) in (2), and
assuming that the stationary and the auxiliary frames coin-
cideatz =2z =0, that

)+ (55)+ () - (e

- sy ’ N

[(53)+(55)+ G) - GG)bened
= —§(r)é(2), (36¢c)
where Z = z — vtand ¢’ = 1. Thus the proprieties of the two

(36b)

. procedures are in good standing.

The equivalence of g, (r,?) and g, (r,¢) is now demon-
strated. Using the relations (4b) and (7), it can be shown
that

8.(q) = h(q + 0¥ v/S ), (37a)
while, from (3b) and (22),
8. (q@) =flq.& — qv). (37v)

However, the right sides of (37a) and (37b) are identical as
can be seen by utilizing (10) and (24). Therefore, in the
temporal-spatial-frequency domain, g, (q,») and g, (q,w)
are identical, as should be expected.?® As a result of the
uniqueness theorem for the inverse Fourier transforms,?! it
follows that g, (r,#) = g, (r,?) except perhaps at their singu-
larities. It is obvious that everywhere except at their (com-
mon) singularities, g, (r,z) = g, (r,t) =0 as a consequence
of the delta functions in (20) and (30).

Finally, we show that the two causal/ Green’s functions
have identical values at their singularities. Analyzing, first,
for the causal g, (r,?), it should be noted that
r— 220t ~ Py =pt 4 P2 — (/7)1 + MP2/c)?

(38)
and p>0. Therefore, at the singularities p? + °2* = (¢/y)?
X (t + My?z/¢c)?; together with p>0, this implies that (¢/y)
X (t + My?z/c) >p. As aresult, atits singularities, the caus-
al g, (r,2) = c/2m. Next, for the causal g, (r,f) it should be
noted that

P =2t =y U2 =p* + (z—v1)? — ¢t
Therefore, at the singularities, p? + (z — vt)? =

(39)
At % togeth-

" er with p>0, this implies that c#>p. Consequently, at its sin-

gularities, the causal g, (r,!) =c/27. Hence, the causal
8. (r,2) and g, (r,?) are equal for all rand 70, Similar reason-
ing also gives the noncausal g,(r,f) =g, (r,t) =c/4mr at
their singularities, consequently, the noncausal g, (r,¢) and

. 8 (r¢) are also equal everywhere.

From the available literature, it is observed that
somr = (Ll (27572

chp[ - :(-‘f-) Mfz] (22 47 4 P2) "2
(40)

hasbeen commonly utilized for solving time-harmonic prob-
lems.*!>~'7 On the other hand, g, (r,¢) is in a form more
amenable to interpretation for time-dependent problems. In
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order to illustrate the utility of these Green’s functions, we
consider a source pressure which acts on a ring of radius a.

First, let the time-harmonic problem be consxdcred ie.,
the source pressure -

P:(rw) = (P/a)s(p — a)&(z)exP( — iwt), (41)

Pbeing some constant. The radiated pressure will be isotrop-
ic in the x-p plane; hence, in the x-z plane it will be given,
using (40) and (41), as

Peaa (X,02,0)

= (-‘%ry-)exp( - imt)exp[ - x(%) M)'zz] az' dgp,

xexp[i(yw/c)yx* + a7 — 2ax cos g5 + V2]
X (x* +a* = 2ax cos go + 7)1, x3ta. (42)

The evaluation of this integral must be done numerically;
however Fraunhoffer-type approximations'* can be made to
obtain the far-zone pressure quite easily. If
(x* + ¥*z%) /2« e, then the integrand can be simplified to

expli(ya/c) (£ + ¥2) 2] (2 + ¥2) 12
Xexp[ — i(yw/c)ax cos gy (x* + 22)~1/?].
In which case, (42) simplifies to

Prad (X,0,2,0) )
= (Py/2)exp( — iwt)exp[ — i(a/c) My*z]
X expli(yw/e) (2 + ¥2)*)(x* + y2)~ 112
Xbol(yo/c)ax(x + y22)~173], (43)
To illustrate the use of g, (r,t), we consider the same
ring source with an impulse excitation; i.e.
p2,(rt) = (P/a)s(p — a)é(z)8(1). (44)

In the equatorial plane z=0, the radiation is isotropic.
Hence, from the causal version of (30), the radiated prwsure
will be given by

Pread (x,0,0,t) = (’Pﬁy—) f d¢0
27 0

Xb(ct :ny’ + @* — 2ax cos @,)
X (X +a* —2axcos @,) =2, £50. (45)

Thus p,,(x,0,0,¢) exists only for ¥(x — a)<ct<y(x + a)
and has a magnitude of (Py?/2)/t during that interval. On
the other hand, along the z axis, the radiated pressure is

Praa (0,02,8) = Pey? §(ct + zMy*
—NTMY +r7 +ra).

It should be noted that the time of arrival at the origin from
(46) equals ¢ = (y/c)a; thus the radiated pulse arrives there
later in a moving fluid than in a stationary fluid. Also,
t=a/c is time of arrival at z=Ma, while t= (a/
¢)¥*(1 + M?) is the time of arrival at z= — Ma on the z
axis, which conclusions correspond, respectively, to the up-
stream and the downstream velocities of z-directed plane
waves derived by Ingard and Singhal for moving fluids.?°

(46)
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The derived Green’s functions can be used for the solution
of initial and boundary value problems, as well as for ob-
taining the electromagnetic fields radiated by electric and
magnetic sources.

Researchers have begun to focus attention on the electro-
magnetic theory of anisotropic media because of the recent
proliferation in the use of such materials for a variety of
applications. Post! laid the foundation of the constitutive
equations of a general, linear, bianisotropic, homogeneous
medium around a quarter of a century ago; and his work was
later extended by several workers (see, e.g., Refs. 2-8). In
that vein, the dyadic formalism promoted by Chen? in con-
nection with his work on the time-harmonic electric Green's
function!? for uniaxial dielectrics has recently been utilized
to compute the corresponding magnetic Green’s function
also!!; furthermore, time-dependent Green’s functions have
been derived for the same media.!?

Gyroelectromagnetic media have not been given much
attention. Ray optics of crystals such as calcite and rutile is
well known,!3 and some work on radiation due to Chow!4 is
also available. Some results can be obtained by appropriate
simplifications of the extant results pertaining to bianisotro-
pic media.>® In general, however, a systematic electrody-
namic theory of such media is not well-developed, particular-
ly with respect to the infinite medium Green’s functions. In
the sequel we have derived the time-harmonic as well as the
time-dependent Green'’s functions for a homogeneous, uni-
axial gyroelectromagnetic medium whose permeability ten-
sor is a scalar multiple of its permittivity tensor, and we have
explored the characteristics of the derived Green’s functions.
Following a proposal due to Rumsey!® for constructing artifi-
cial uniaxial gyromagnetic materials, it is conjectured that
materials of the type studied here can be constructed by
embedding parallel ferrite and dielectric fibers in some host
medium. Itistobe noted that while boldface English letters
represent vectors, the German letters denote tensors or dy-
ads; in addition, all vector operations have been ordered to
proceed from right to left.

Uniaxial gyroelectromagnetic media possess a single optic
axis for both their electric and magnetic properties; in addi-
tion, we assume that the permeability tensor is a scalar
multiple of the permittivity tensor. Thus, the appropriate
constitutive equations are given as

D=cua-E; B=puga-H, (1a,b)
in which the uniaxial tensor a is specified by®
a=a,A+(a;—a,lee, (2)

e being the unit vector parallel to the optic axis, and ¥, the
idempotent; a ,, ay, and q are scalar constitutive parameters
assumed constant; and o and g refer to free space. Substi-
tution into the time-dependent Maxwell’s equations yields
the field equations

(VXA -a""- (VXN -E + equoga - 1PE/3tY
= —p.qlod/ot) — V X (a7' - K), (3a)

(VXM -0 (VXN - H + equogqa - (*H/0tY
= —,0K/3t) + Y X (a~.d). (3b)

Likewise, substitution into the time-harmonic Maxwell’s
equations, with an exp{—iwt] dependence, gives rise to the
differential equations
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VXL -a ' (VXA -E-k%-E
= jwugqd =V X (a™'-K), (4a)

(VXA -a ' (VXN -H-k%-H
= jwe K+ VX (@!.J), (4b)

in which & = wy{eouog) has been used for convenience. It
should be noted that in Eqgs. (3a,b) and (4a,b), as well as
hereafter, J and K, respectively, denote the electric and the
magnetic source current densities.

The solutions of Egs. (3a,b) and (4a,b) are now sought in
the forms of the infinite-domain Green’s functions, begin-
ning with the time-harmonic solutions.

For the time-harmonic case, by direct substitution in Egs.
(4a,b) it can be easily verified that the solutions

E(rlo) = § f § d’r fiwnyg®,(Rlw) - I(r,lw)

~ 8, (Rlw) - fa~ - K(r,lw)i], (5a)
H(rlw) = f f f d°r,[iwee®.(Rlw) - K(r lw)
+8,.(Rlw) - fa~" - J(r Jw))] (5b)

hold, provided the Green’s functions 8. and B,, satisfy,
respectively, the equations

{(VX®.a"!- (VXA - k] - B,(Rlw) = AS(R), (6a)
(VXA a7l (VX A) - k%] B, (Rlw) = VX AS(R),  (6b)

d(-) being the Dirac delta function. It should be noted that
the appearance of R = r — r, in Egs. (6a,b) signifies the
spatial invariance of the uniaxial gyroelectromagnetic medi-
um considered here, with r, being the source point and r, the
field point.

To solve Eq. (6a), its 3-D spatial Fourier transform is
taken, as has been done elsewhere for uniaxial dielectrics.®-1!
It turns out that

8.l =@ [[[ dp explip RIW Gt )

- 3

in which the dyadic
BWplw) = —(p X M -a™'- (p X A) — k%, 8

and p is the 3-D spatial frequency vector. Using dyadic
algebra,® the inverse 8 !(plw) can be derived as

B, '(plw) = [a% aya™" - pp/k*/[p - a - p — k%02 ay). )

By substituting Eq. (9) into Eq. (7) and evaluating the result-
ing integral, the Green’s dyadic B.(Rlw) is calculated to be

B.(Rlw) = [a% aya™" + VV/RY explikR,]/4xR,, (10)
in which
R,= [ ¢R-a"'-R]. (§80)

Similarly, by taking the Fourier transform of Eq. (6b), it
can be shown that

Bp(Rlw) = (20)° ] ] f " dp explip - RI[T8; (pla) - ip X %],
) (12)
whence,
B, (Rlo) = [a% 6,07!] - V X U exp[ikR,}/4xR,

= g% aja~! X VlexplikR,]/4xR,}. (13)




From Egs. (10) and (13), it is quite clear that the uniaxial
gyroelectromagnetic media considered in this paper are sin-
gly refringent, as opposed to uniaxial dielectrics which are
birefringent. Additionally, all waves in these uniaxial gyro-
electromagnetic media are of the extraordinary type, where-
as both ordinary and extraordinary waves can propagate in
uniaxial dielectrics.®-12

Coordinate-free forms® of 8.(Rks) and B,(Rlw) can be
easily obtained from Eqs. (10) and (13), and are, respectively,
given as

9, (Rlw) = (a’ ay exp[ikR,]/4xR,)([1 — (kR,)™ + (ikR,)Fa™!
= [1-3(kR,)"! + 3(ikR,) Y

(@!-R)(@!-R)/[R-a - R]), (14a)
B,.(Rlw) = (k%" af exp[ikR,]/4xR,)
([(ikR)™2 = (kR,)""Ja™" X [a! - R]). (14b)

These forms may be of use when solving radiation and scat-
tering problems using numerical techniques which call for
the discretization of surfaces and/or volumes.

The reciprocal naturet of these uniaxial gyroelectromag-
netic media is reflected by the symmetry properties

8,(Rlw) = B,(-Rlw);  B,(Rlw) = -8, (-Rlw); * (15a,b)
in addition, the following transpose properties also hold:
[E,(le)]" = %C(le); (16a)

(B(Rlw) -a”Y]" = -8, (Rlw) -a7". (16b)

These relationships can be verified very easily from the
coordinate-free forms (14a,b). Furthermore, using Eq. (10)

it can be shown that ¥.(Rlw) and B,,(R|w) are connected
through the relationship

B, (Rlw) = a1 [V X B,(Rlw)] - 0 (17a)
and the combination of Egs. (6a) and (17a) gives
V X B,(Rlw) — k% - B,(Rlw) - a = as(R). (17b)

Correct to the order R_3, the near-zone approximations of
the Green’s dyadics can be obtainec from Eqgs. (14a,b) as
B.(Rlw) = (a% ay exp|ikR,]/4xR,) (ikR,)
X(@1!-3@!-R)a'-R)/[R-a"1.R]), (18a)
B, (Rlw) = 0. (18b)

The far-zone approximations, correct to order R:‘, are de-
rived from Eqs. (14a,b) as

8,(Rlw) = (a% a exp[ikR,)/4xR,)

X (@!'=(@!-Ri@!'-R)/[R-a"!-R]), (198)
8, (Rlw) = ~(k%a* of exp[ikR )/4xR,)
X (tkRe) '(a~! X [a™! - R]). (19b)

As a by-product of the foregoing analysis, the propagation
characteristics of plane waves in the uniaxial gyroelectro-
magnetic media considered here can be obtained. Consider

a plane wave traveling in the direction e, with the phase_

velocity w/p. The wavenumber p(e;) can be calculated from
the relation

ple,) = k'a%ay/la, (e, X e,) - (e, X &) +ayle,-e)]]. (20)

When e, is parallel to the optic axis, the associated E and H
fields are mutually orthogonal, and are orthogonal to e, as
well, and any polarization can be chosen subject to the re-
strictions imposed by the time-harmonic Maxwell’s equa-
tions. On the other hand, if e, is not collinear with e, two
well-defined polarizations are possible. Respectively, these
are given as

()E =e,Xe, H, = —{k?%a | /wpu,qp]E,;

(21a,b)
(i) E, = e, —ey(e,-e)(p/ka )% H, = —[wep*/k’a ]E,
(22a,b)

It should be noted that the first polarization, Egs. (21a,b), is
TE-to-e,; while the second one, Egs. (22a,b), is TH-to-e,; in
either case, the B and D fields are orthogonal to e,.

The solutions of Eqs. (3a,b) are also sought for in the forms

Exrlt) = £ £ d®, § dt[ueg®B,(RI7) - J(r jt,)

+ B,(Rlr) -0t - K(r,lt,)], (23a)
H(rlt) = f§§ d°, § dt,[-B,(RIr) -a” - J(xlt,)
+ 6B, (Rlr) - K(rle,)], (23b)

in which the use of + = ¢t — ¢, is in accordance with the
temporal invariance of the medium, with r > 0 demanded by
the consideration of causality? ¢ is the time associated with
the field point, while ¢, is associated with the source point.
By substituting Egs. (23a,b) into Egs. (3a,b), and then taking
the (causal) temporal Fourier transform of the resulting
equations, it can be shown that

B,(Rlr) = 27)7! ] e dw(iw) exp[—iwt]B,(Rlw), (24a)
ETTYN
-t+d
B,(RIr) = -2m)! I * dw exp{—iwt])B,,(Rlw). (24b)
—otld

Causality is obtained by invoking analytic continuation from
real to complex w by moving the integration path abcve the
real axis in the complex w plane; therefore, A > 0 in Eqgs.
(23a,b) s0 as to ensure avoiding the pole singularities.16:17
Finally, by using the unit step function u(t) defined as!®

u(e) = (%) + (1) ] " (dolo) sinut, t20
0

=0, t<0, (25)

as well as the Dirac delta function, the integrals involved on
the right-hand sides of Eqs. (23a,b) are evaluated out to yield

B,(Rlr) = (a® ay/dxR )N[~5'(r,) + (c/R,)5(r,)
= (c/R)%ulr)]a™t = [-&(r,) + 3(c /R, )é(r,)
= 3(c/R)ulr )@t - R)a™!-R)/[R-a~! - R]), (26)
B,(Rlr) = (a4 a}/xc RA(([5'(z,)
+ (c/R)5(r )]a™ X [a™! - R)), 27
in which §'(-) is the unit doublet impulse!?,
Ce = logeol ™72,

7. =1 —R/ec,, (28a,b)
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7, being the retarded time in the direction R/R. The time-
domain Green’s dyadics, Eqs. (26) and (27), once again show
that the media being considered here are singly refringent, as
opposed to uniaxial dielectric or uniaxial magnetic materials
which are birefringent.1?

The reciprocal nature of these uniaxial gyroelectromag-
netic media is reaffirmed by the symmetry properties

B,(Rlr) = B,(~Rir);  B,(Rlr) = ~B,(~Rlr); (29a,b)
and the following transpose properties also hold:

[B,(RIN]" = B,Rlr);  [By(Rlr) -a71]" = =By(RIr) -a7L,
(30a,b)

The wavehead is established by the condition r, = 0 and is
dependent on the direction relative to the optic axis; while at
large times such that r, > 0, the Green’s functions of Eqgs.
(26) and (27) can be reduced to

B, (Rl7) = (¢® aw/4xR ) /R)H=a"! + 3(a”!-R)
(@'-R)/[R-a¢"1-R]); r,>0, (31}

BRir) =0; 7,>0. (32)

In summary, time-harmonic and time-dependent dyadic
Green's functions have been derived for a lossless, uniaxial
gyroelectromagnetic medium whose permeability tensor is a
scalar multiple of its permittivity tensor, and their proper-
ties are investigated. The derived Green’s functions can be
used for the solution of initial and boundary value problems,
as well as for obtaining the electromagnetic fields radiated by
electric and magnetic sources.

This work was supported in part by the Ben Franklin
Partnership Program of the Commonwealth of Pennsylva-
nia. Additional support from the industrial sponsors of the
Center for the Engineering of Electronic and Acoustic Mate-
rials is also acknowledged.
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Abstract. The eigenmodes of a spherical resonator, with a perfectly conducting
wall and filled with a homogeneous isotropic chiral medium, have been identified
and studied. In particular, the roots of the dispersion equation have been given as
functions of B/a, where a is the cavity radius and 8 is the chirality parameter.

Application as a microwave circuit element is suggested.

1. Introduction and preliminaries

Though the phenomenon of chirality is known chiefly
at the molecular level, and therefore, at frequencies in
or above the ultraviolet range, it has been suggested
(Lakhtakia et al 1988) that particles endowed with chi-
rality can exist at even lower frequencies, say, in the
GHz range. This is because chirality, or handedness, is
a geometric property; for example, the electromagnetic
(em) response of a right-handed helix is different from
that of a left-handed one (Varadan et al 1988). Fur-
thermore, by embedding such chiral particles in a low-
loss dielectric medium, the resulting composite medium
too will possess handedness. With advances in polymer
science, it is becoming increasingly possible that such
artificial materials can be manufactured with ease, and
their properties tailored by aitering the sizes and con-
centration of the embedded chiral particles.

Significant advances have taken place recently in
the formulation of a frequency-domain electromagnetic
theory for chiral media; we have summarised these
elsewhere (Lakhtakia et a/ 1988). With these devel-
opments, it is time that aspects relating to the appli-
cation of chiral media for practical problems be
explored. To that end, we consider here the eigen-
modes of a perfectly conducting sphere filled with a
homogeneous, isotropic, chiral medium. Such an
arrangement constitutes a microwave resonator, an
important circuit element (Harrington 1964).

Consider a source-free region occupied by an iso-
tropic chiral medium in which the usual constitutive
relations D = ¢E and B = uH are not adequate because
of their incompatibility with the handedness of the
medium. Instead, the refations

D=¢E+BeV X E B=uH+Buv x H (1)

hold, and satisfy the requirements of time-reversal sym-

metry and reciprocity; here § is the chirality parameter
measured in units of length. Following Bohren (1974),
the EM field is transformed to

E=Q, +agr0: H=Q,+a 0, (2)

where the left- and the right-circularly polarised (Lcp
and Rcp) fields, @, and @,, respectively, must satisfy
the Helmholtz equations

(V2 +v1)Q, =0 (V*+yDQ.=0  (3)
along with the rotational conditions?
VX0, =y VX0:=-y:0.. (4

Needless to say, these fields are also divergence-free
i.e.

V'Q1=O V'Q2=0. (5)
In these equations, the two wavenumbers are given by

Y1 =k/(1 - kB) y: = k/(1 + kB) (6)
and
a = -i(e/w)?  ag=-iu/e)?. ()

An exp(—iwf) time dependence has been assumed
throughout this work, while kK = w(ug)'/? is simply a
short-hand notation.

2. Fields inside the spherical resonator

Consider now the spherical resonator r = a which is
bounded by perfectly conducting walls and is wholly
filled with a chiral medium. Using a representation
due to Bohren (1974) and justified by us elsewhere

t We are indebted to an anonymous referee for pointing out that
Q. and Q, are Beltrami fields (Caraman 1974).
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Figure 1. Roots (x = ka) of the dispersion equation

F(x; n) = 0 as functions of 8/a for n = 1. Computations for
figures 1—4 were performed on a MAC Il minicomputer
using Absoft MACFORTRAN/020.
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Figure 2. Roots (x = ka) of the dispersion equation
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(Lakhtakia er al 1987), the field inside the cavity can
be adequately expressed by

0\(n= 2 ALV
v=smn (8)
Q.= 2 B,RV(y,0.

y=smn
In these equations, the functions
LY (yr) =MP(y,0) + NP (v,7) (9a)
R (y2r) =MD (vor) = N (y2r) (9b)
are left- and right-circularly polarised, respectively.
~ The subscript » is a triple index—the index s can be
even or odd, the index n varies from 1 to «, and the

index m assumes values from 0 to n; the well known
vector spherical wavefunctions M{(or) and N{"(or)

2
J n=t
<
ERRR
'S
c 1
e
2
2 04
[=4
.2
n
&
a
&
-1
/a=0.04
-2 T T T N S S T
14 15 16 17 18 19 20 21

x=ka
Figure 3. Function F(x;n = 1) for /a=0 and B/a = 0.04,

have been defined by Morse and Feshbach (1953).
while A, and B, are the unknown expansion coef-
ficients.

The determination of the expansion coefficients can
be accomplished using the boundary conditions
e, X E = 0 on the surface r = a, where E can be syn-
thesised using (2) and (8), and e, is the unit radial
vector. On takmg the inner productt of E, with
(m'z¥(cos @) sinm'e) and that of E, with
(17 (cos @) cosm’) on r=a, and adding the two
results, it is easy to see that .

Aemajn(xl) + aRBtmnjn(xZ) =0. (10(1)
In these equations j,(or) is the spherical Bessel function
of order n, aT™(cos@)=  P7T(cos8)/sin8.
T (cos 8) = dP7(cos 8)/d 6, PT(cos 8) is the associ-
ated Legendre function of order n and degree m, and
x, = y,a for p =1, 2. Likewise, after taking the inner
product of Ey with (m'z7 (cos 8) cos m’ @) and that of
E, with (=77 (cos 8) sin m’@) on r = a, the equation

omn]n(xl) + aRBomn]n(XZ) - (IOb)
can be obtained. Furthermore, from the inner products
of E, with (77 (cos 8) cosm’p) and of —E, with
(m'z% (cos 8) sinm’@) on r = a, one can obtam

Aemnxzaw'l(xl) aRBzmnxlawn(XZ) =0 (IOC)
in which y,(§) = §j,(&) is the Riccatti-Bessel function
and 3y,(§) = dy,(&)/d&. Finally, adding the inner

product of E, with (77 (cos 8) sinm’'g) to that of E,
with (m'z} (cos ) cosm'gp) on r = a yields

Aomnxzawn(xl) aRBomnxlaw:c(xZ) =0. (IOd)
Is it obvious from (10) that azimuthal parity in terms
of the indices s and m is conserved for the present

problem, which contributes to the degeneracy of the
eigenvalues.

t The inner product of two functions f(8, @) and g(o @), as used
here, is defined as the mlegral

f dtpf d@sin 8 (0, p)g(8, @).
0 ]
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Dispersion function, Flx;n)

3/a=0.04
-2 T T T T T T
14 15 16 17 18 19 20 2

x=ka

Figure 4. Function F(x; n = 2) for B/a= 0 and B/a = 0.04.

The dispersion equation for the chiral-filled res-
onator is simply obtained by the simultaneous solution
of (10a)-(10d); consequently, each solution of the
equation

Flx;n) = yo(x1) 8y, (x2) + 09, (x1)ya(x2) =0
x=ka (11a)
adds yet another index g (for its gth zero), represented

jointly by x4, X1, and x,,,. Corresponding to this gth
solution of (11a), the ratio

_jn(xhq)/jn(xlnq)' (llb)

Thus, mode-ordering for the chiral-filled spherical
resonator requires four separate indices, of which s, m
and n are as before, and g denotes the gth zero of
(11a) for a given n. The eigenmodes of this cavity are

Asmnq/aRBsmnq =

E:mnq = _jn(xhq)LLl)(Ylnqr) +jn(xlnq)R(v”(Y2nqr)

(12)
aRHsmnq =jn(x2nq)L(ul)(YInqr) +jn(xlnq)R(vl)(72nqr)

(13)

and the field inside the chiral-filled resonator can be
expressed in terms of these modes:

E= E F:manJmnq H= 2 Fsmansmnq (14)

smnq smng
with the usual restriction that the m = 0, s = odd mode
is non-existent. In these equations x,,, = ¥,..a for p =
1, 2; and w,, = (epu)/?/k,, are the resonance fre-
quencies, wnth

Xag = (knga) ™' = Hxing + x359). (15)

The stored energy in a given eigenmode can be
computed in either of two ways (Lakhtakia et al 1988):
using the relation

WJMM = iRe(Eumlq ‘ D:mnq - Hsmnq * B:mnq (16a)

or equivalently through the expression

W.rmnq = iRe(e_ll).mmq ‘ D:mnq - u-lB:mnq ) B:‘mnq .

(16b)
In either case, it can be shown that
W ]n(xlnq)]n(Xan)“E(Ylanan/knq)
f d(pf d@sin 8
x J drrzLi,‘,Z,. (Ying?) * R (Y2097 (17a)
0

provided £, u and B are all assumed real. The angular
integrals can be evaluated analytically to yield

W:mnq = -jn(xlnq)jn(x'.’nq)4£()’lnq Yan/krzlq)
X [(2n + 1)(n = m)!] " [27(1 + 8,0)
X n(n + 1)(n + m)!}l,, (17b)

in which 4, is the Dirac delta, and the integral
Inq =f drrz{jn(YInqr)jn(Yblqr)
0

X [1=n(n+1)/YingV2ng"’]
- W’n(Yanf)awn(Ylnqr)/Yananq"Z} (17C)

may have to be evaluated numerically due to its signifi-
cant complexity.

It is well known that although LCP and RCP waves
can propagate independently in an unbounded chiral
region, at a bimaterial interface mode-conversion
occurs (Lakhtakia er al 1985). Therefore, pure LCP or
RCP modes cannot exist within a bound chiral volume,
as is also apparent from (12) and (13). Moreover, in
view of the definitions (6), the solutions x,, of (11a)
do not depend on the sign of the chirality parameter
B; if B changes its sign then x,,, and x,,, are simply
interchanged. In the sequel it is assumed that § is real
and positive.

3. Resuits and discussion

Returning to (11a), it is clear that with 8/a =0, i.e.,
when the medium is non-chiral, this equation reduces
to

Ya(x) 3y, (x) =0 x = ka (18a)

in which case the TE-to-r eigenvalues come from the
zeros of the equation (Harrington 1964)

Jalx)=0 x=ka (18b)

and yield the transverse electric modes with e, - E = 0.
On the other hand, the ™-to-r eigenvalues are the
solutions of the equation (Harrington 1964)

aY,.(x)=0 x=ka (18¢)

and give the transverse magnetic modes with e, - H =
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0. Furthermore, when xfB/a <1, then the Riccatti-
Bessel functions in (11a) can be expanded around x to
first order in x’8/a using a Taylor series expansion;
with this approximation (11a) consequently reduces to

Ya(X)3Y,(x) — (x*B/a)? dy,(x) 8y, (x) = 0.
(19a)

But
x29%y,(x) = [n(n + 1) — x*Jy,(x)
so that (19a) further simplifies to
Y.(x) 3w, ()1 —x*B*a2n(n + 1) + x*B%a"?) =0
x=ka (19b)

suggesting that the eigenvalues for x8/a <1 do not
appreciably differ from the case B/a =0. The third
factor on the right side of (196), however, suggests
additional roots (due to chirality) which will be signifi-
cant when xf8/a is larger.

The roots (x) of (11a) are plotted in figures 1 and
2 for n=1 and n = 2, respectively, as functions of the
parameter $/a, and these figures confirm the deduc-
tions of the previous paragraph. Only those roots have
been given for which both x,,, and x,,, are non-nega-
tive. There is considerable deviation from the achiral
values, however, when B/a becomes larger than about
1072, In fact, the roots are extremely crowded around
B/a= 107*2. In order to bring out this crowding
further, shown in figures 3 and 4, respectively, are the
plots of F(x; n) as functions of x for n=1 and n = 2;
the normalised chirality parameter §/a =0 and B/a =
0.04 in these two diagrams. The increase in the num-
bers of zeros of F(x;n) for B/a = 0.04 and should be
noted. As xf8/a—> 1, x; — = very rapidly; consequently
the cavity becomes electrically large for the LCP com-
ponents (and constant but small for the RcP
components), creating conditions thereby for the
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accommodation for an increasingly larger number of
eigenmodes.

It is well known that resonators find use as the
microwave analogues of LC circuits. For fixed n and
B = 0, the resonance frequencies are spaced far apart,
as is obvious also from figures 1 and 2; thus, non-chiral
resonators are essentially narrow-band. On the other
hand, when B/a is large in the present context, the
resonance frequencies are closely spaced. Therefore,
chiral resonators may be utilised for ‘wide-band’ pur-
poses, and, in particular, to replace the multicavity
staggered turning arrangements (Gewartowski and
Watson 1965) in klystron amplifiers.
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’ Abstract. Inahomogeneous isotropic chiral medium, the electromagnetic field
has to be described in terms of left-circularly and right-circularly polarized (LCP
and RCP) components, each of which has a different wavenumber associated with
it. In general, when a wave propagating in a homogeneous isotropic chiral
medium encounters a homogeneous isotropic chiral scatterer, both the scattered
and the internally induced fields contain LCP and RCP components regardless of
the state of polarization of the incident field. It is proved here that the scattered as
well as the internal fields have the same state of polarization as the incident field, if
the scatterer and the surrounding medium are impedance-matched; this conclu-
sion holds regardless of the two chiral parameters involved as well as the geometry
of the scatterer. Two examples are also given.

1. Introduction and preliminaries
Homogeneous isotropic chiral media are circularly birefringent [1,2]: the
electromagnetic field in such a medium has to be described in terms of left-circularly
and right-circularly polarized components, each of which has a different wave-
number associated with it. Either of the two components is capable of independent
. propagation in an unbounded homogeneous region. However, when either a left-
circularly polarized (LCP) or a right-circularly polarized (RCP) wave hits an
isotropic obstacle, then the scattered field is composed of both LCP and RCP
components; in addition, if any field can be induced inside the obstacle, it too is
composed of both components.

Chiral media can come in two forms, one being the mirror-conjugate of the other;
this is commonly exemplified by L-type and D-type enantiomorphs of many organic
molecules [3]. A homogeneous, isotropic, reciprocal chiral medium can be described
by the constitutive equations

D=¢[E+fVxE], B=p[H+pVxH], (1a,b)

in which ¢ and g have their usual meaning, while 8 is the chirality parameter. Two
media having the same ¢, u and |}, but with their chirality parameters differing in
sign, are mirror-conjugates of each other. In a recent paper [4], it was shown that
when a plane wave is scattered by the planar interface between two mirror-
conjugated chiral media, the reflected as well as the refracted plane waves are of the
same circular polarization state as the incident plane wave. This phenomenon will be
generalized here, and shown to exist at the interface of any two homogeneous
isotropic chiral media, provided that they are impedance-matched.

i . B 0950-0340/89 $3-00 © 1989 Taylor & Francis Ltd.
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- Following the pioneering work of Bohren [2], the electromagnetic field in a chiral
. medium is transformed by the prescription of a LCP field @, and a RCP field Q,,
defined as per the following relations:

E=Q,+a;Q;, H=4Q,+Q,, (2a,b)
with
1/2
—_i(#y =_1
ag = l(e) = aL. (3)

It should be noted that g has the units of an impedance and a, , that of an admittance.
In an unbounded chiral medium L.CP and RCP fields can exist independent of each
other, while linearly polarized fields are not allowed [5]. From the aforementioned
transformation, it follows that E=i(u/¢)!/*H for a LCP field, and E= —i(u/¢)!/*H for
a RCP field; consequently, the ratio (y/€)"/?> may be considered as the intrinsic wave
impedance of a chiral medium, just as in the case of achiral media [6].
Substitution of equations (2 a, b) into source-free Maxwell’s equations, with a
harmonic time-dependence exp [ —iwt], leads to the circulation equations

VxQ,=7,Q, VxQ;=-7,Q,, (4a,b)

both Q, and Q, are solenoidal. The wavenumbers corresponding to the LCP and the
RCP fields are given as

k k

?1=m, }’z'—’m. (5)

in which k=w(epu)'/? is simply a shorthand notation and does not represent any
- L : wavenumber except when f=0.

2. Analysis
In an unbounded source-free region occupied by an isotropic chiral medium, it

i can be shown that E and H satisfy the same homogeneous governing differential
equations,

VZE+2y,7,8V x E+y,7,E=0, V-E=0, (6)

V*H +2y,7,BV xH+7y,7,H=0, V-H=0. @)

For this isotropic chiral medium, the infinite medium Green function &(r, r,) satisfies
the dyadic inhomogeneous relation [5]

WV—VZS_YIY23_2Y1)’2W XS] : G(f, 'o)=38(r_ro)’ (8)
3 being the unit dyadic. Its solution is given by the decomposition

FF SRR B &(r, 1) =6,(r,r,) + &1, 1), Ya)
f
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}

Quantities of relevance to the scattering analysis.

with
k
®,(r, )= I+97VV+V x Blg(yy; e —r,)), 9b
i(r, o) 87"}’172[?1 "1 1g(71: | ) (C2)]
k -
G,(r,r,)= {723+77 'VV =V x Jg(yz; [r—r,), M)
81y,7,

while g(o; R)=exp [igR]/R is a scalar Green’s function.

Consider the region V', shown in the figure, which is occupied by a chiral
medium (¢, 4, B). The obstacle volume ¥V _ is occupied by another chiral medium
(¢, ¢, B"), no restriction being placed on the chirality parameters of either medium.
Let an electromagnetic field, {E®, H"°}, be incident on the obstacle, it being
understood that the source of the incident field lies outside the circumscribing sphere
of V_. As per Huygens’s principle and the extinction theorem [5, 7} applied to V., it
turns out that

—E" (N =(y,y:k"%) j j d?r, ®,(r,1,)* [iope, x H(r) +ke, x E.(r,)]
s

+(1172k7%) J J. d?r,G,(r,r,)  [iope, x H . (r,)~ke, X E.(r,)],
s
reV_, (10a)

—H"™ () =(y,7:~ %) I J d%r,6,(r,r,) - [ke, x H .(r,) —iwee, x E . (r,)]
s

‘(?l?Zk_ 1) J‘ L dz’oﬁz(’y ro) ° [k'n X H +(’o) + iwe'n X E+(|’°)],

reV_. (10%)

In these equations, e, is the unit outward normal to the bimaterial interface S; and
{E.,H.} denote the electromagnetic field on the exterior side of S. The Green
functions used above also refer to the medium in V.
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Equations (10 a, b) form the bedrock of the T-matrix method [7, 8). Once these
have been solved, the scattered field, {E*, H*}, can be easily determined via the
relations

B(r)=(y,7,k~ %) I J d?r,®,(r,r,) - [iope, x H . (r,) + ke, x E . (r,)]
s

+(Yl?2k-2) J‘ J' dzro(BZ(') ro) ° [iwﬂ.n xH +(ro)—k’n X E+('o)]n
S

reV,, ((la)
H*(") = (7,7, 3%) f J d’r,®,(r,r,) - (ke, x H  (r,)—iwee, x E, (r,)]
s

-(71)’2k—2) J‘ f ero 62('; ro) ° [ken X H+(ro)+ iween X E.,.(fo)],
S
reV,.. (11

Let the transformation (2 a, b) be applied to both the incident and the scattered
fields. As a consequence, equations (10a,b) and (114,b) can be respectively
rewritten in the forms

—QP M) =(172k7") J. J d’1, B, (r, 1) [, X E,(r,)—aze, x H,.(r,)], reV_,
s
(12a)

Qiznc(r)=(‘)’l?2k- l) J‘ J~ dzro (52(') ro) * [Qn X H +(ro)—aLen X E+('o)]’ 'EV-y
S
(12b)

Qslc(') =(y,7:k~ l) J J. dz’o G, (r, r,) (e, x E+(’o)"‘aken x H . ()], relV .,
S
(13a)

—Q‘?.c(r) =(71Y2k- l) I J. dzro 62(') ro) : [Qn xH +(ro)—aLen X E-O-(ro)]: I'EV+.
S
(13b)

The boundary conditions on the interface S are the continuity of the tangential
components of the E and H fields across S. Consequently, equations (12 a, b) and
(13 a, b) can be re-expressed to bring in the field, {E"™, H'™}, induced inside ¥ _. [5, 8]
as

- Qilnc(’) = (YI'ka_ l) J‘ J. dzro 61("1 l’o) " [.n X Eim(ro) - all.n X Him('o)]r fEV_ ’
S
(14a)

QY (N =(r1v2k™") f J' d?r, Gy (r, 1) - [0, x H'"(r,) —are, x E™(r,)],  reV_,
s
(14%)
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Q¥(N)=(7,7227") J' J. d?r, ®,(r,r,) " [@, X E™(r,) —age, x H™(r,)],  reV,,
s
(15a)

- lec(r) = (VIYZk— l) J. j dzro G2('t ro) ¢ [en X Him(ro) - aL‘n x Eim("o)]v fGV+ .
S
(15b)

But, Bohren's decomposition (2 a, b) also applies to the medium inside ¥ _, albeit
with the primed constitutive parameters. In strict analogy with expression (3), the

quantities
\1/2 1
aa=—i(’e‘—,) S— (16)

can also be defined. Consequently, the foregoing sets of integral equations are
transformed to

— QY (N =7,7:k'[1 +ag/ag] I I d?r, ©,(r, 1,)* (e, x QY"(r,)]
s

‘ +VIYZk- 1[a;l—ali.] J. ‘[ dz’oﬁl(r» |'o) : [‘n X oiZ‘“('o)], I‘EV_, (17 a)
S

Q'lc(r) = Y1y2k - l[l + all/a‘t] J‘ J‘S dzro (Sl(r: ro) - [en X Qilm('o)]

+YI‘y2k- l[a;t'-all] J' J dz’o(sl('r ro) * [en X Q‘Zm(r)]: I’EV.,., (17b)
S

- Q¥ (r)=7,7:k " {a.—ai] J' J.s d2r, ®,(r,r,) [, x QFY(r,)]

—yl)'Zk- 1[1 +all/al] J- J. dzro (52('7 ro) ‘ [en X Qizm("o)], PEV_,
)
(18 a)

O‘ZC(') =?l72k- 1[al. - aﬂ ,[ J dzro 62('» ro) * [en X Qilm(ro)]
S

7172k 7 {1 +ap/an] J‘ J‘s d’r By(r, 1) [0, x QT'(r)),  reV..
(18)

As was expected, equations (17 a, b) and (18 g, b) show that both the scattered and
the internally induced fields contain LCP and RCP components regardless of the
state of polarization of the incident field. It should be noted that in deriving
equations (17 a, b) and (18 a, b), the chiral parameters of either medium were not
explicitly used; nor do equations (2 g, b) need them. In fact, these equations are
applicable whether both, any one or neither of the two materials are chiral.

etk e A
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Q¥(R)=(y,72k" 1) J- J d?r, ®,(r,r,) [, x E™(r,) — aze, x HI™(r,)], rel,,
S
(15a)

- O'Zc(') = (YI}'Zk- l) J J. dzro (52('1 I'o) ‘ [en X Him(ro) —a,8, X Eim('o)]: re V+ .
S
(15b4)

But, Bohren’s decompeosition (2 a, b) also applies to the medium inside V _, albeit
with the primed constitutive parameters. In strict analogy with expression (3), the

quantities
r\ 1/2 1
aﬁ=—i(’8‘-,) S— (16)

can also be defined. Consequently, the foregoing sets of integral equations are
transformed to

— QN =7172k" ' [1 +ap/aR] J fs a1, 6, (r, 1) - (e, x QT(r,)]

47172k AR —ag) J‘ L A’ G, (r,r,) [, x Q(r))], reV_, (17a)

Q¥ (N =7y,7;k " '[1+ag/ap] f J. d?r, ®,(r, 1) " [, x QiM(r,)]
S

+ Yﬂ’zk_ l[a;l_ aR] f j d2r° (51(', ro) : (en x Qizm(")], fEV+ ’ (1 7b)
S

- Qiznc(r) =" sz- l[al. - au J. J.s dzro 62(’; ro) ‘ [‘n X Qilm(ro)]

"Yx?zk_ l[1 + a;lldR] J. J.S dz’o (52(', ro) * [en X Qizm(fo)], I’GV- ’
(184a)

QF(N)=y,y:%" ay~ai] f J; dr, ®y(r,r,) @, x Q(r,)]

~ 7172k [1+ag/ag] J L d’r, B, (r, 7o) " (6, x QF'(r)),  reV,.
(18b)

As was expected, equations (17 4, b) and (18 a, b) show that both the scattered and
the internally induced fields contain LCP and RCP components regardless of the
state of polarization of the incident field. It should be noted that in deriving
equations (17 a, b) and (18 g, b), the chiral parameters of either medium were not
explicitly used; nor do equations (2 a, ) need them. In fact, these equations are
applicable whether both, any one or neither of the two materials are chiral.
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One notable case stands out: let the scatterer be impedance-matched with the
surrounding medium; u'/¢'=pufe. In that case, equations (17a,4) and (18 4a,b)
simplify to
- QN =2y,y,k™" d’r, B, (r,r) [0, xQ(ry)], reV.,  (190)
s

J o

.

QY(N)=2y,7;k7" ] d?r, B,(r,r,) [, x Q(r,)),  reV,, (19%)
S

rr

Q7 (N =2y,7:k™" d?r, By(r,r.) [0 x QP(r)], eV,  (204)
J JS
rr

- Q¥(N=2y,7:k7" d’r, By(r,r,) [0, x QT'(r)],  reV,. (206)
S

o o

Equations (19 a, b) and (20 a, b) clearly show that the scattered as well as the internal
fields have the same state of polarization as the incident field, if the scatterer and the
surrounding medium are impedance-matched. This conclusion is not affected by the
value of the chirality parameter in either of the two media, and forms the major result
of this paper.

3. Scattering by planar interface

As an example of the analysis given above, let the reflection and refraction of
plane waves at bimaterial interfaces be considered. Let V', be the half space z<0;
and V_, the half space 2 20. The interface S is the plane 2=0.

In V., the unprimed constitutive parameters are used, and the incident fields can
be represented by [9]

Qf°(N=4,[e,+i(—a e, +xe,)fy]exp[i(kx+a,2)], reV,, (21a)

QFe(N=4,[e, +i(a,e,—xe,)/y;lexp [ilkx +a,2)], reV,, (215)
while the scattered (i.e. reflected) fields are given by

QY¥(r)=R[e, +i(x @, +xe,)/y,]exp [i(kx—a,2)], reV,, (224)

Q5 (r)=R,[e,—i(a,0, +x@,)[7;] exp [i(kx—ay2), reV,. (225)

The fields induced in V' _ (i.e. the refracted fields) are to be given as
QP'(r)=T\[e,+i(—ae . +xe) [y} exp [i(kx+a12)], reV_, (23a)
Q7' (r)=T;[e, +i(x;0,—Ke,)/y)expli(kx+a)z)], eV, (23%)

in which the primed constitutive parameters have been used. In these equations, x is
the (common) horizontal wavenumber required to satisfy Snell’s laws at the interface
S; e,, ...are the unit Cartesian vectors; while a; = +(y? —k?)"2, @, = + (y3 ~x?)12,
o= —(F—x?)"? and ay = +(y7 -«

The x-directed and y-directed components of the E and the H fields have
to be continuous across S; in addition, the two media are impedance-matched,
namely yu'/e’ =pufe. Use of these conditions leads to the solutions

T, =2y, [V1a, + 17,171 4,, R,=T -4, (24)
Ty=2y5a,[vs02+d37,] '4;,  Ry=Ty,-A4,. (25)
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This illustrates the observation that the incident, the reflected, and the refracted
plane waves are of the same circular-polarization state whenever the two chiral media
on either side of a planar interface are impedance-matched. Given that y'/¢' = ufe, it
should also be noted from equations (24) and (25) that T',/A4, = T,/ A, =1 for the case
of normal incidence (k=0); further, if §=0, then the case of normal incidence
trivially satisfies the Brewster condition {10].

4. Scattering by a sphere
The second, and the last, example involves the scattering characteristics of a
sphere. Let V/_ be a sphere of radius a. The incident field can be expanded as

QP(n=Y A[MYGn+NG,), (26 a)
Q“(n= 3} B,[MP(y,1)—N"(,n] (266)

The subscript v is a triple-index—the index s can be even or odd, the index n varies
from 1 to 0, and the index m assumes values from 0 to n; the well known vector
spherical wavefunctions, MY(or) and NY(gr, j=1, 3, have been defined by Morse
and Feshbach [11], while A, and B, are the expansion coefficients.

The scattered field is likewise expressed in terms of the vector wavefunctions as

Q¥ (=Y F,[MP (1, + NPy, 0], reV,, (27a)

Q5N =Y G,IMP(y,—-NP(y,0], reV,, (27b)
while the field induced inside V/_ has the representation

Q=Y C,IMPV¥ nN+NYyn], reV_, (28a)

Q' (=3 D,IM{(yn) ~ N (0], reV . (28)

After enforcing the continuity of the tangential components of the E and the H
fields across the sphere r =g, utilizing the orthogonalities of the spherical harmonics
[11], and recognizing that the two media are impedance-matched (i.e. u'/¢' = u/¢), one
obtains the following solution:

Fv =- Av[ewn(y 1 a)'//n()"x a) - 'pn(‘y 1 a)awn(yll a)] [aén(‘y 10){0“(7'1 a) - én(?l a)avln(}"l a)] -1 ’
(29 a)
Cv = Av(l ZT:)[aén()’la)Wn(v'. a) - én(YIa)awn(y’la)] -1 ’ (29 b)

Gv =- Bv[aWn(}'za)wu(YlZ“) - wn(}’za)a'//n()"za)][afn(')'za)'ﬁn()"za) - f..(?za)a'ﬁu(}"za)] -t ’
(30a)

Dv = Bv(i%)[afn()’za)'ﬁn(fza) - én(ha)a'pn()"za)] -t . (30 b)
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Influence of impedance mismatch

In these expressions Y,(x)=xj,(x) and & (x)=xh{!'(x) are the Riccati-Bessel
functions [12]; and 0y (x) =dy,(x)/dx, and so on. Again, the major result of this
paper has been exemplified by equations (29 a, b) and (304, b).
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ABSTRACT

We employ the multipie scattering formalism to obtain two independent expressions for the effective
permittivity < &> and permeability < 1 > of microwave composite ma:erials. These twc expressions cie
required, but not provided in the literature, in the investigation of ithe reflecticr and transmission
characteristics for a layer of microwave composite materials in response to incident riilimeter-waves «nd
microwaves. In order o creck the validity of the expressions, several cases involving lossyiloss'2ss matrix
and inclusion materials are discussed.

1. INTRODUCTION

It is well known that when waves propagate through a medium containing scauterers, the entrained
energy (intensity) is going to be either redistributed in various directions by scattering or abscrbed by
intrinsic absorption mechanisms. This suggests the well known idea that to achieve a high attenuation of the
incident wave energy, the geometry and material properties of the scatierers as well as physical mechanisms
for srattering and absorpticn should be carefully selected. The selection is not an easy task and it depends on
different applications, civilian as well as military censiderations and advancements in material technology.

In many applications involving microwaves, it is desirable to design materials that will have prescribed
reflection and transmission characteristics as a function of frequency (narrow or wide band) and at the same
time conform to restrictions on weight, structural properties, thickness, etc. Microwave composite materials
that contain a distribution of inclusions of specific concentration, distribution, geometry and material
properties can often achieve such goals. Since the actual response of microwave composite materials to the
incident wave of low to high gigahertz frequency is quite diverse, it becomes very expensive and time
consuming to actually prepare samples of such materials and test them cxperimentally. However, an optimal
design through theoretical analysis of such materials is relatively efficient and the parameters invulved are
tractable.

When particles are dispersed in a host medium to form a composite, depending on the volume fraction of
particles, single or multiple scattering dominates the scattered energy when waves are incident on them.
Multiple scattering effect cannot be ignored when the concentration of particles is considerable as in the case
of microwave composites. In this theoretical investigation, we employ the multipie scattering formalism,
which has been previously applied to get the effective propagation constant for the ferrite composites [1], to
obtain two independent expressions for the effective permittivity < € > and permeability < pu > of microwave
composite materials. These two expressions are required, but not provided in the literature, in the
investigation of the reflection and transmission characteristics for a layer of microwave composite materials
in response to incident millimeter-waves and microwaves. In order to check the validity of the expressions,
several cases involving lossy/lossless matrix and inclusion materials are discussed.

2. MULTIPLE SCATTERING FORMALISM

Consider the propagation of a plane harmonic electromagnetic wave in a medium referred to as the
matrix characterized by complex values of the dielectric function €3 = €9’ + j €7" and magnetic permeability
U2 =1y’ + j up". Embedded in the matrix is a random distribution of uniform size spherical scatterers whose
permittivity €7 =¢€;'+ j€;" and permeability pj =p1"+jp;" . The matrix of volume V contains N
scatterers such that N —> =, V — oo but ng (= N/V) the number density is finite.
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Let E, E9, E;® and E;S be respectively the total electromagnetic field, the incident wave field, the field
exciting the ith scatterer and the field scattered by the ith scatterer. All the fields have implicit exp(-iwt)
time dependence and satisfy vector Helmholtz equation. Let Re ¢, and Ou ¢;, denote the basis of orthogonal
functions which are eigenfunctions of the vector Helmholtz equation. The qualifiers Re and Ou denote
functions which are regular at the origin and outgoing at infinity {2]. Thus, we can write the following set
of self-consistent equations:

N s
E=E°+) E M
i=1
o i
- E'=Z a Re¢ (r-r) (2)
Ef=22n a;Retbn(r-ri) ; a<lr-ril<2a 3)
Eis=2nf:‘0u¢n(r—ri) ; Ir-rl>a 4)

where ap! and f,,! are unknown expansion coefficients and a,! are known incident field coefficients. We
observe in (3) and (4) that a is the radius of the sphere and that all expansions are with respect 1o a coordinate
origin located in a particular scatterer.

The T-matrix by definition simply relates the expansion coefficients of E;® and E;S provided the sum of
them is the total field. Thus [2],

£=X T a, )
n nn n
and the following addition theorem for the basis functions is invoked
Ou o, (r- rj) = Zn, onn, (r,- rj) Re d)n, (r-r) . 6)

Substituting (2) - (6) in (1), and using the orthogonality of the basis functions we obtain
| .
«=a+) Tor-ra . %)
jA

This is a set of coupled algebraic equations for the exciting field coefficients which can be iterated and leads
to a multiple scattering series.
For randomly distributed scatterers, an ensemble average can be performed on (7) leading to

<ozi>i =a+<g (r,- rj) T <°'j>ij>i 8)

where the angle brackets and their subscripts i and ij denote conditional averages. Equation (8) when iterated
is an infinite hierarchy and usually the hierarchy is truncated by use of the quasi-crystalline approximation
(QCA) [3]. The QCA states as

< or">ij =< ori>j . 9
Then, (8) simplifies to
< oci>i =d+< o(r, - rj) T <cri>j>i (10)
an integral equation for < a! >; which in principle can be solved. We observe that the ensemble average in
(10) only requires P(rjlri), the joint probability distribution function. In particular, the homogeneous

solution of (10) leads to a dispersion equation for the effective medium in the quasi-crystalline
approximation. Defining the spatial Fourier transform of < a! >; as

<a‘>i=je"“‘ X' (K) dK (11)
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and substituting in (10), we obtain for the homogeneous solution
. . IK‘(I‘ - r.) .
XK= J o(r,-r) T plrjr) x e XN (K) dr, . (12)
e
If the scatterers are identical

X' (K) =X (K)= X (K) (13)

and thus for a nontrivial solution to < ! >;, we require

N . iKe(r, - r)
II-ZJ'c(ri—rj)ﬁp(rjlri)e | =0 . (14)
j#

In (14), P(rjlri) is the joint probability distribution function and I is an identity matrix. For isotropic or
spherical statistics,

0; |ri—rj| <2a
P(rjh'i): (15)
g(lri—rjl)/V ; lri“'j|>23

where we have assumed that the scatterers are impenetrable with a minimum separation between the centers,
and in (15), 2a could be the diameter of the circumscribing sphere. For spherical scatterers, the joint
probability distribution depends only on the interparticle distance and not on the orientation of the vector
joining the centers; and the function g(I r; ~ i ) is called the radial distribution function.

3. DISPERSION EQUATION IN THE LONG WAVELENGTH LIMIT

The objective of the self-consistent muitiple scattering formalism derived for the problem is to obtain an
analytical expression for the dispersion equation (14) of a wave propagating in the random medium. By
solving the dispersion equation, we can obtain an effective propagation constant of the random medium.
However, this is a forbidden task and can only be done numerically when the size of the scatterers is large
compared with the incident wavelength.

Fortunately, for most microwave composite materials, the scatterers are much smaller than a millimeter
in size. Therefore, at frequencies in the gigahertz range, the wavelength in the matrix material is much larger
than the size a of particles and make the nondimensional frequency ka fall in the Rayleigh region . Thus, one
can solve the dispersion equation in the long wavelength regime and obtain a closed form solution.

Retaining only the dipole terms, we have the following dispersion equation [1]

T UHy,+H,/2)-1  3JH,T°/2
3JH, T2/2 T (H, + JH, /2) - 1

0 (16)

TH,=3jQ/X; +w
H, =3jQK/k)/X,
H,=3jQK/k) /X,
Q=c/(1-K/k)"]
T =Xy /)W, =) @y + )]
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T = (2X)/3) [, - &)/ (2, + €]

w=(1-0/(1+2%)
X,=Re (kza)
W=+
g =€+ je:
M=+l
g = e; + js;

k=o(e)"/c,

K = Effective propagation constant = @ (<p> <e>)!2 /¢_
¢, =Light speed in vacuum

¢ = Volume fraction of scatterers

The effective dielectric constant < € > and permeability < | > can be easily obtained from Eq. (16) due
o the fact that T! and T2 are uncoupled and the effective propagation constant K is polarization independent
in the Rayleigh region. This approach can aiso be applied to the study of electromagnetic scattering by a

periodic array of particles.
For randomly distributed lossy/lossless scatterers with a high concentration in a lossy/lossless matrix,
the effective permeability and permittivity are, respectively,
<>/ = { 1= [Bw - Er-cl(1+ ) B +iA)} /{1~ Bw + r-ci) /201 1)) (B + jA))
<e>/e,={1~[Bw-(cy-M1+Y)] (C+D)}/ { 1-[Bw+(c¥-cj)/ 21 -1} (C + D))
(17)
where,
A=2(By+A) B=2(Ay-B)
C=2(Cy-D) D=2Dy+C)
A= -p)@u +p)+ (@ =)0, + 1 )I/A
B=[(n, —1,)@1, +p )+ -1 ) @0 +p)l/A
C= [(t»:l -ez)(2£2 +£1)+ (x-:l - ez) (Ze2 + sl)] /A

D= [(el -ez)(Zts2 +£1)+ (xzl -52) (Ze2 + el)]/A
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A=Qu +p )P+ @+ )
A= (25'2 + e'l 2+ (21;2 + e:)2
Y= (X3 - 3%, X,)/ (06 - 3%, X0)
B=(X2-3X,X)/3
X; = Im (k,2)

4. RESULTS AND DISCUSSION

Different from various equations, which are quite popularly used, such as Maxwell-Garnett equation,
Clausius-Mosotti equation, and other equations like Lichtenecker logarithmic equation, our equations for
independent permittivity and permeability can be used in either purely scattering domain or absorption
domain. In other words, the matrix as well as the inclusion materials can both be lossy and lossiess or
combinations of the two. Furthermore, a rigorous multiple scattering theory has been employed in the
derivations accounted for high concentrations of the inclusion phase while none of the mentioned equations
has considered muitiple scattering.

In the following, we discuss some limiting cases when (17) is applied to compute the effective
properties of microwave composite materials. Because the effective permittivity and permeability bear the
same form. For simplicity, we use only the expressions for the effective permittivity. However, all the
following discussion are exactly those for the effective permeability when all the €'s are replaced by the p's
in the statements.

Case 1. Pure Scattering

If neither the scatterers nor the matrix material are lossy, i.e. £1" = €9" = 0, only scattering contributes
to the imaginary part of the effective dielectric constant < € >.

<e>/g,=(1+2¢T)/(1-cT)+j6Bwel’/(1-cT)’ (18)

where T = (g)'-€9') /(€)' +2 &' ). The effective dielectric constant < € > becomes €5' and €;',
respectively, when ¢ equals to 0 (no scatterer) and 1 ( matrix material totally occupied by scatterers).
Meanwhile, the imaginary part of < € > vanishes due to the disappearance of scatterers.

Case 2. Lossy scatterers in 3 ossless matrix

This is a common case happened in various problems, e.g. suspensions in fluids. For this case, £5" =0
but 4" is not. Equation (17) can be reduced to the form as follows

<e>/s'2={1+2(Bw+cj)(D—jC)}/[1+2[Bw—cj/Z](D—jC)] . (19)
Again, < £ > becomes g5’ when ¢ = 0, However, whenc = 1,
<e>/e'2=(1+2C+2jD)/(1—C—jD)=(e'l+je;)/e'2 . (20)

It is easy to see that the effective dielectric constant becomes that of the lossy scatterers.

Case 3. Lossless scatterers in a lossy matrix

Although this problem has seldom been considered for electromagnetic case , ¢.g. particles in a viscous
fluid, it is useful to check the validity of the formalism. For this case, €1" = 0 and €5" is finite. It is easy to
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show using (17),forc=0,<e>=¢y = &'+ jey" . Forc = 1, (17) reduces to
<e>/g =(1 +2C+2jD)/(1 —C—jD)=s; /(t»:'2 +je;) , [¥3))

which means the effective dielectric constant becomes that of the scatterers and is real.

Case 4. Lossy scatterers in a lossy matrix

For this case, the complete form of (17) must be considered. As for the relative contribution form
scattering and absorption towards < € >, one can easily show by using case 2 that

<e>/g =[( +2c¢0)(1-cC)=-2¢DH/[(1-c O} +ct DY

+j[3cD+6Pwe(C+D/{(1-cO+c’ DY . 22)

If £1" = 0 then D = 0, the above equation becomes that for case 1. Therefore, the scattering contribution to
the imaginary part of < & > has a B dependence. Because P is of the order of (k,a)3, which is much less than
one for the long wavelength limit, we know the scattering contribution is fairly smail when compared with
the absorption contribution which is frequency independent if €5 and & are also frequency independent. The
real part of the effective dielectric constant is less affected by the absorption due to the fact that €1" is, in
general, fairly small.
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ABSTRACT

Propgation of electromagnetic waves in a parallel-plate waveguide wholly filled wi-4 a chiral medium is
examined. The dispersion equation derived leads to two sets of modes. Propagation constants for the two sets
have been numerically obtained.

1. INTRODUCTION

Although the phenomenon of chirality is known chiefly at the molecular level, it has been suggesicd {1]
that particles endowed with chirality can exist at even lower frequencies, say, in the GHz range, This iz
because chirality, or handedness, is a geometric property: for example, the electromagnetic response of a
right-handed helix is different from that of a left-handed one {2]. Furthermore, by embedding such chiral
particles in a low-loss dielectric medium, that medium too will possess handedness. With advances in
polymer science, it is becoming increasingly possible that such artificial materials can be manufactured with
ease, and their properties tailored by altering the sizes and concentration of the embedded chiral particles,

Significant advances have taken place recently in the formulation of a frequency-domain electromagnetic
theory for chiral media, and these have been summarised by us elsewhere {1]. With these developments, it is
time that aspects relating to the application of chiral media for practical problems be explored. To that end,
we have already obtained the eigenmodes of a perfectly conducting sphere filled with a homogeneous,
isotropic, chiral medium [3]. In continuation of our aim, we study here the modes of a parallel-plate
waveguide filled with a chiral material. It is our conjecture that this geometry will be of use in the
development of integrated circuitry with chiral substrates.

Consider a source-free region occupied by an isotropic chiral medium in which the usual
constitutive relations D = ¢E and B = uH do not hold due to their incompatibility with the handecness of
the medium. Instead, the relations

D=¢E+PeVXE ; B=pH+BuVxH 1

hold, and satisfy the requirements of time-reversal symmetry and reciprocity. Following [4], the
electromagnetic field is ransformed to

E=Q+%Q, ; H=Q,+3Q , )

where the left- (LCP) and the right- (RCP) circularly polarized fields, Q1 and Q9, respectively, must satisfy
the Helmholtz equations

(V+41Q,=0 ; (V'+41Q,=0 , 3)
along with the rotational conditions
Vle=YlQ1 ) va2=—‘YzQ2 . (4)
Needless to say, these fields are also divergence-free, vide
VeQ,=0 ; V.Q,=0 . Q)
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In these equations, the two wavenumbers are given by

=k/{1-kB} ; p=k/{1+kB} , (6)

g =-iE'? 5 g=-igue)” . ™

An exp[—-iwt] time dependence has been assumed throughout this work, while k = w(pe} 122 j5 simply a
shorthand notation.

2. MODAL ANALYSIS

Consider the region bounded by the perfectly conducting plates z = +d, which is wholly filled with a
chiral medium. It is well-known that although LCP and RCP waves can propagate independently in an
unbounded chiral region, at a bimaterial interface mode-conversion occurs [4]. Therefore, pure LCP or RCP
modes cannot exist within a bounded chiral volume. Using a representation given by us earlier (5], the
electromagnetic field inside the parallel-plate waveguide can be adequately expressed by

Q= [A1+ 7;1 {-o e +xe, -iy, ey} explic, z]
+A1_7;1 {a, e +xe iy ey} exp[—ialz]] exp [ixx] , (8a)
Q= [A2+*{;l (-0, e +xe +iy, ey} explio,z]

+A,_ ‘YZI {oye, +xe, +iy, e } exp[-Ha, 7] exp liex] , (8b)

which satisfy the phase-matc:hmg2 condmons via the horizontal wavenumber x. In these equations,
o) = +*l(712 - x2) and ap = +V(p? - x 2), while A1+ and Ap4 are the unknown field coefficients.

The boundary conditions requue that the tangential components of the electric field be identically zero on
the surfaces z = +d. The use of (2) and (8) along with the boundary conditions leads to the dispersion equation

0= [{e,1]" + 0,5} (1 -expli2 (v, +v) dI} + {e)Y]' - 7'} (expli2y, d]} —expli2y, d1}] X

(o, 77 + 00"} {1-expli2 (4, +,)d1} - (0% -y, } {expli2y, 1} - expli2y, d]}].
©)

Since (9) contains two factors on its right hand side, it is clear that two kinds of modes can exist. The
dispersion equation for the first set of modes is given by

0=[{of; + oy} (1-expli2 (v, +¥) dI} + {¥; - 0%, } {expli2y, ]} - expli2y, dl}] .

(10a)

and for these modes it is easily seen that
AIA_=Ay A =1 (106)
A, /A, =sin(a,d)/sin(a,d) . (10c)

As a consequence the field components E, and Hy are even with respect to z, whereas the field components

Ey, Hy, E; and H; are odd with respect to 2.
&\ the other hand, the dispersion equation for the second set of modes is given by
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0= [{a,7]" + &'} (1 -expli2 (v, + %) dl} - (e,¥] - %] } {expli2y, ]} —expli2y, d]}]

(11a)

and for these modes it can be shown that
A TAL=A Ay =1, (11b)
R A, /A =cos(a,d)/cos(a,d) . (11c)

As a consequence the field components Ey and Hy are odd with respect to z, whereas the field components
Ey, Hy, E; and H are even with respect to z.

10.0
—_ beta/d = 10** (-8)
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~
1] L
=
2.0 » . . . »
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.—d - [} L [} a
Y] s .
0-0 r v fF ¥ " 9 LA S T g

Normalized Frequency (k*d)
Figure 1. Solutions xd of the dispersion equations (12c) and (13c) are virtually identical for B/d < 104,
They also correspond (almost exactly) to the TE- and TM- polarised fields when B/d = 0.

3. NUMERICAL RESULTS

With the developments of the previous section, the modal fields of the first set can be compactly set
down as

. -1 . .
Ql =exp[ncx]7l {-otl cos(alz) e +ncsm(alz) e+ 715"‘(“12) ey} . (12a)

a, Q, =explikx] v (~0t,008(0,2) €, + iksin(a,2) e, - Vsin(a,2) e, } sin(t,d) /sin(@,d)

(12b)
the horizontal wavenumber x can be determined for this set by solving the equation
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oY, /ey, + ta:i(ald) /[tan(a,d)=0 . (1)

In a similar vein, the modal fields of the second set can be written as

Q1 =explikx] *{II {—alsin(alz) e + xcos(alz) e - iylcos(alz) ey} , (13a)

3 Q, = explinx] y;l {-ioy,sin(a,2) e, + xcos(0,2) e, + iY,cos(at,2) ey} cos(a,d) / cos(a,d) ;

(13b)
the horizontal wavenumber x can be determined for this set by solving the equation

alyzl @y, + cot(ax,d) / cot(ex,d) =0 . (13c)

The solutions xd of the dispersion equations (12c) and (13c) were obtained numerically on a Macintosh
II minicomputer as functions of the normalized frequency kd < 10.0 for various values of B/d; while x <
min{yy,Y2), kB was kept less than 0.5 for Figs. 1-3, it is less than 0.99 for Figs. 4 and 5. Fig.1 shows the
calculations for B/d = 10-8. For B/d < 104, the roots for the two sets of modes did not appreciably differ
from each other; furthermore ayd and a)d were approximately equal to integral multiples of n/2. The effect
of chirality became numerically appreciable, however, at p/d = 10-3, although the differences between the
roots for the two sets are still small enough to be appreciaied on a graph.

Shown in Figs. 2 and 3 are the roots xd of the dispersion equations (12c) and (13c), respectively, for B/d
= 10-2. The root structures are now different for the two sets, and particularly so when kd is high. When B/d
increases even further, the differences are even more telling, as illustrated in Figs. 4 and 5. Thus it is only at
the higher frequencies, and for a higher degree of chirality as characterised by larger values of |B}, that the
effect of the chirality of the medium becomes significant.
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Figure 2. Solutions xd of the dispersion equation (12c) of the first set at B/d = 102 kB <0.5.
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Figure 3. Solutions xd of the dispersion equation (13c) of the second set at B/d = 10-2; kB < 0.5.
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Errata:
PROPAGATION IN A PARALLEL-PLATE WAVEGUIDE
WHOLLY FILLED WITH A CHIRAL MEDIUM

VUAY K. VARADAN, AKHLESH LAKHTAKIA and VASUNDARA V. VARADAN
Department of Engineering Science and Mechanics
and
Center for the Engineering of Electronic and Acoustic Materials
The Pennsylvania State University
University Park, PA 16802.

Equations (9), (10a), (11a) and (13a) of the subject paper [1] contained typographical errors. The correct
versions are as follows:

0= [{alyl" + o'} {1 -expli2(er + @ )1} + {e ¥ - o Y1} fexpli2er d]) — expliZo, d] }]x

[{(}t;{;1 + azy;l} {1- exp[iZ(al +a,)d]} - {alyzl - aZY;'} {cxp[iZald]} - cxp[i2a2d]}].

©
0= (o7 + 0%} {1~ expli2 (o+ a)dl} + (o] — 0%y} {explizer,d)} - explizar,dl}],
(102)

0=[{a% +o7;'} {1-expli2 o+ @)} ~ (oY, = o, } {expli2er,d]) - expli2e,d}],
(11a)

Q, =explixx] y; {-icr;sin(@,2) e, + Kcos(a,2) e, - iy, cos(@,z)e, ) (13a)

REFERENCE

1. VXK. Varadan, V.V. Varadan and A. Lakhtakia, 'Propagation in a parallel-plate waveguide whoily filled
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Scattering by Three-Dimensional Anisotropic Scatterers

VASUNDARA V. VARADAN, MEMBER, [EEE, AKHLESH LAKHTAKIA,
AND VIJAY K. VARADAN, MEMBER, IEEE

Abstract—The coupled dipole approximation method has been ex-
tended in order to compute the scattering characteristics of three-
dimensional, homogeneous, lossless, anisotropic objects. Numerical
results are given for uniaxial spheres made of titanium dioxide.

INTRODUCTION AND THEORY

The Mie formulation [1] of scattering by a homogeneous, isotropic
sphere has enjoyed an enormous amount of popularity ever since its
inception in 1909, but no formulation of comparable magnitude exists
for anisotropic spheres. Recently, Graglia and Uslenghi {2] have
formulated integral equations for scattering by anisotropic objects
using microscopic arguments; however, they have been successful in
the numerical implementation of their formulation only for two-
dimensional problems [3]. A method for the solution of electromag-
netic scattering by transversely isotropic cylinders due to Monzon
and Damaskos [4] should also be mentioned, as should Moon’s
formalism [5) for the scattering of elastic waves by uniaxial,
piezoelectric cylinders made of barium titanate.

The oscillations of a small gyrotropic sphere have been handled by
Walker [6] by considering quasistatic electric and magnetic modes.
For the electric modes the internal E-field was expressed as Vy,, and
for the magnetic modes the internal H-field was modeled as Vy,,.

Manuscript received March 4, 1988; revised August 12, {988.

The authors are with the Department of Engineering Science and
Mechanics and the Center for the Engineering of Electronic and Acoustic
Materials, Pennsylvania State University, University Park, PA 16802.

IEEE Log Number 8927252.

Walker's method was iteratively refined by Yan'-Shen [7], [8], but
remained valid for very small spheres. This work was extended by
Pistol’kors {9] who considered the self-oscillation modes with ao
azimuthal dependence of a small ferrite sphere. Further research
using similar approximations has also been reported in two papers by
Wolff [10], [11]. A more comprehensive approach [12], published in
Russian, on scattering by ferrite spheres appears to be flawed in its
selection of the basis functions for representing fields in the spherical
coordinate system.

A semimicroscopic approach (15], in which the scatterer is
modeted by mutually interacting point-polarizable groups, has gained
popularity in the last few years (e.g., [16], {17]). This technique,
dubbed the coupled dipole approximation procedure, has been
successfully applied to compute the scattering characteristics of
nonspherical, lossless dielectric objects. This procedure has also been
successful in predicting the Perrin matrix for scattering by bacteria
{18]. Here we report, for the first time, the application of this method
for the computation of the scattering by homogeneous, anisotropic
scatterers with a relative permittivity dyadic . Numerical results will
be presented for spheres made of titanium dioxide, which is an
uniaxial medium.

Detailed discussions of the presented method as applicable to
isotropic scatterers are available elsewhere [15]-[17]; therefore, here
we shall mention only its features arising due to the anisotropic
properties of the scatterer. The scatterer is modeled by a three-
dimensional array of point-polarizable groups arranged on a cartesian
lattice embedded in free space. Each one of these groups is
characterised by a polarizability tensor p, such that when an electric
field E hits it, the scattered field can be adequately expressed as being
due to an electric dipole moment p, with

p=p - E. 4y

It has been shown by Bedeaux and Mazur [19] that the polarizability
of a small volume v and dielectric dyadic (¢y¢) immersed in free space
is given by

p=3U€o[¢—g] . [¢+23]_l. )

For our purposes we set v = V/N, in which V is the volume of the
scatterer and NV is the total number of point-polarizable groups it has
been modeled by. It is to be emphasized that from a geometric
viewpoint, the polarizability p could be that of an equivoluminal
sphere. Still, for our purposes, each sphere is to be visualized solely
as a point-polarizable group located at the center of the sphere; hence,
any discussion of intersecting spheres is moot. It is hoped that with a
sufficiently large N, a convergent result would be obtained (as is the
case with the method of moments), and which would be checked with
experimental results for adequacy and accuracy.

It also needs be mentioned that the term [e — $]°[c + 23]~ " has
not been obtained through a simple-minded extension of the
Clausius-Mossotti relation for smail, isotropic, dielectric spheres
[20]. Instead, Bedeaux and Mazur [19] invoked a statistical theory for
the wave vector and the frequency-dependent dielectric tensor for
their treatment of a nonpolar fluid. Hence, their theory is not
restricted to small values of the polarizability per unit volume. The
only restriction here is that the medium not be lossy, for it is not clear
if a lossy spherical unit can be adequately represented by a complex
electric dipole.

The eclectric field, E, , exciting the mth spherical subunit is
composed of the incident field E, (r,,) as well as the scattered fields’
due to all the other subunits evaluated at r,,, the location of the mth

0018-926X/89/0600-0800$01.00 © 1989 IEEE
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subunit. Thus
En(tm)= 3  Qmn - Exai m=1,2,---, M, (32)
A=12, M
where
Q= 38— (1 = Sma)(k2/47€0 R un)
* exp [IKRmn){ &mnp * Cmnmn—=Hmep}. (3D)

In these equations, 5,,, is the Kronecker delta, k¥ = wvfeouo] is the
free-space wavenumber, Ry, = Iy — 0p, €mn = Ropn/Rpny 8mn =
3(kRmn)~% — 3i{kRma] ' — 1 and 3R, = gma — 2. Equation (4b)
can be so. for the exciting fields, whence the far-zone scattered
field due to the anisotropic scatterer can be easily derived as

Fu(r)= lim {kr exp [~ ikr]Ex(r)}

=(k¥/4re) Y, t/rip

m=12, M

- [I=r=*m] - Eoxm. 4

exp [—ikrm °

Equations (3) give the procedure its name. The exciting field is
determined at the location of each point-polarizable group via the
second term in (3b), which permits interactions between the groups.
These interactions are exact, given that the groups are dipolar.

NUMERICAL RESULTS AND DISCUSSION

Equations (3b) and (4) were programmed and solved, for a uniaxial
sphere, on a DEC VAX 11/730 minicomputer using single precision
complex arithmetic. Uniaxial dielectric media are characterized by an
anisotropic permittivity, with the relative permittivity stated in dyadic
notation as

e=€, J+(g—€,)ee, (5
where J is the unit dyadic and ¢ is the unit vector along the optic axis;
without loss of generality it can be assumed that ¢ = e,. We chose the
scatterer to be a sphere cf radius @ (i.e., V = 4xa%/3) made up of
titanium dioxide (¢, = 0.913, ¢y = 7.197) on which plane waves
are incident at a normalized frequency ka = 0.5. We compared the
scattering pattern F. for a dielectric sphere of relative permittivity
7.2 with rigorous calculations made using the Mie theory, and
observed agreement within 5 percent when 179 spherical subunits
were utilized; see Fig. 1. For the results presented in the sequel,
therefore, 179 spherical subunits were used to model the uniaxial
spheres.

Shown in Fig. 2 are computations made for the titanium dioxide
sphere when a plane wave, Ei,. = e, exp [ikz] is incident on it. The
scattering pattern in the x-z plane turns out be predominantly 6-
polarized, whereas in the y-z plane it is p-polarized. For comparison,
the data from Mie theory for isotropic spheres of relative permittivi-
ties 5.913 and 7.197 are also plotted. The depolarized scattered fields
(i.e., the o-polarized one in the x-z plane and the 6-polarized one in
the y-z plane), which are due to anisotropy of the scatterer, have not
been plotted since they are several orders of magnitude smaller for
the calculations pertaining Fig. 2.

In Fig. 3, the scattering pattern is plotted when the incident plane
wave is given by E,,. = e, exp [ikx]; the depolarized component of
the scattered field is o-polarized in the x-y plane, and 6-polarized in
the y-z plane. The scattering pattern in the x-z plane is still 6-
polarized; but, in the y-z plane, the predominant component of the
scattering pattern is aiso the 8-polarized one, not the p-polarized one.
This suggests the tremendous effect of the anisotropy when the
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Fig. 1. Comparison of the scattering patterns of an isotropic sphere, of
radius @ and relative permittivity 7.2, using Mie theory (———~) and the
present method ( ). The plane wave E,,. = e, exp [ikz] is incident with
ka = 0.5.
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Fig. 2. Scattering pattern of a TiO, sphere (——) of radius a on which a
planewave, E,, = e, exp [ikz] is incident with ka = 0.5. Top: e, F, in
the y-z plane. Bottom: e, F,. in the x-z plane. For comparison, Mie theory
calculations for isotropic spheres of relative permittivities 5.913 (— ¢ ~ <
~*)and 7.197 (- - - -) are also plotted.

incident electric vector is parailel to the optic ax's. This understand-
ing is further underscored in Fig. 4 where the scattering pattern is
plotted for the incident plane wave E, = e, exp [ikx]; the
depolarized component of the scattered field is 6-polarized in the x-z
plane, and g-polarized in the y-z plane. It should be noticed that the
depolarized component manifests itself significantly only in the y-z
plane, but its magnitude is small.

This coupled dipole approximation method is simple, and does not
require the solution of any integrodifferential equation. As is
apparent from (3), the presented method will work for any
constitutive dyadic ¢, provided it is lossless; furthermore, scatterers
of any shape can be accommodated. Thus, this procedure will work
well for any three-dimensional, lossless, anisotropic scatterer. With
increasing frequency, however, the number of spherical subunits
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required for a convergent solution increases, thereby straining the
memory resot.rces of any computer. On the other hand, for aspherical
objects, fewer spherical subunits will be needed, making this
procedure very attractive. The danger of having to invert extremely
large matrices can be surmounted by resorting to an order of
scattering procedure, in which the interactions are built in through a
Feynmann series, as has been done for isotropic particles by Singham
and Bohren {21]. In addition, scattering by inhomogeneous objects,
like coated spheres and spheroids, can also be handled as has been
done for the isotropic case [16]. It should also be noted that this
procedure works best when the internal field does not vary rapidly in
space.
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PRINCIPLES OF MICROWAVE INTERACTION
WITH POLYMERIC AND ORGANIC MATERIALS

VUAY K. VARADAN, VASUNDARA V. VARADAN AND AKHLESH LAKHTAKIA

Department of Engineering Science & Mechanics, and The Center for Engineering of Electronic
and Acoustic Materials, o
Pennsylvania State University, University Park, PA 16802.

ABSTRACT

Electromagnetic waves can discriminate between objects of different handedness due to their
transverse nature, which implies that the origin of chirality need not necessarily be molecular as
in the case of optically active media. Effectively chiral composites may, therefore, be constructed
by embedding chiral microstructures in non-chiral host media.

INTRODUCTION

Many organic molecules occur as stereoisomers in enantiomorphic pairs, i.e., one isomer is
the mirror image of the other one, but the two of them are not congruent with each other. The
basis for the difference in the physical properties of the mirror-conjugates lies in the handedness
or the chirality possessed by their molecular configurations. When an electromagnetic
disturbance travels through a medium consisting of chiral molecules, it is forced to adapt to the
handedness of the molecules. Electromagnetic (EM) waves can recognize the handedness of a
chiral object primarily due to their transverse nature, i.c., the applicable vector, infinite-medivm
Green's function contains the vector distance between the source and the field points. From s
microscopic, not molecular, point of vicw, therefore, it is possible that an effectively chiral
mt:mediummybeqomuumdbyembeddinzmmicchhﬂobjm.mof same
h 38, in a dielectric host. The microstructure size should be large enough that the EM
wave in the matrix can appreciate the handedness of the microstructure; at the same time, the
- microstructure size should be small enough so that the composite medium, consisting of achiral

phases, is effectively chiral. By varying the concentrations and the sizes of the chiral inclusions,
the properties of the composite medium may be altered to suit desired polarization characteristics.
It has beca observed by us that the introduction of chirality in an otherwise achiral, dielectric
scattering volume radically alters its scattering and absorption characteristics [1). Particularly
with the proliferation of research on novel polymers, it is possible that such materials can tum
out to be of considerable importance for many electromagnetic applications It has been
demoastrated [2,3] that it is possible to produce polymers which possess no true axisymmetric
centers, and helical strands -- either left- or right-handed -- can be produced.

WHAT 1S CHIRALITY?
In order 10 understand the characteristics of chiral media, one has to begin with the notions
of the intrinsic polarization and the intrinsic magnetization vectors. Free space is vacuum, i.c., it

does not contain any matter. The constitutive relations for the electromagnetic fields in free space
can be adequately expressed in the form ’

D.“OE; B =u°H. . (l)

Fields in material media induce bound charges t0o. Collectively, the constitutive equations in
material media have the form

MMI&WMV‘"‘.-‘“‘MMM




D=¢eyE+P; et B=uH+M, )

in which PP and M, respectively, are the polarization and the magnetization. The polarization P is
nothing but the average electric dipole moment per unit volume, while M is the average magnetic
dipole momeat per unit volume. . .
In non-magnetic diclectric media, a prominent contribution to P comes from the charge
ion in the atom, and is designated as electronic polarization. This is because an applied
electric field causes displacement of the electrons with respect to the atomic nucleus. Atomic or
ionic polarization may be caused by the displacement of atoms or ions in a molecule by electric
fields. Some media may also have permanent electric dipole moments because the centers of the
negative and the positive charges are not co-incident. Without an applied clectric field, these
t dipoles are randomly aligned, and their effect is nulled on the average; however, when
an electric field is applied, then these dipole moments line up to give rise to orientational
polarization. In linear media, these various conaibutions can be summed up as

P = x,8,E; D =¢g5[1+ ye]E=ecE (3)

%, being the electric susceptibility, and e the (real) dielectric constant.

Each of the three types of polarizations are frequency-dependent; however, as the frequency
.ncreases the polarization may not be able to follow the oscillations of the applied field.
Orientational polarization concems itself with the most massive entities; hence, it is the first to be
unable to reach its equilibrium value. The loss of orieatational polarization occurs at lower
frequencies for macromolecules and large-chain polymers, and it occurs at higher frequencies for
small molecules. As the fi uenc¥ increases even further, first the atomic, and thea the
electronic, polarizations also fall off. Typically, the times for orientational, atomic, and electronic
mms o mhmm equ&ﬁumlucs are 1075, 10-13 5 and 10715 3, respectively.

ighly elongated i molecules to give rise to anisotropic properties.

Electronic polarizability is due to the bou‘l‘:d electrons. Therefore, it increases when the
atomic radius also increases. This implies that polymers with delocalized electrons will have
larger electronic polarizations; for example, conducting polymers with electron-withdrawing
groups. On the other hand, polymers possessing highly asymmetric positive and negative charge
densities will havethlaerzhe‘:-iennﬁonﬂ gcolargulbﬂities. Too somfe pﬁtem. these considerations
permit one to tailor uency-dependent diclectric constants of polymers. :

Under the influence of the externally applied field, the polar molecules rotate towards an
‘equilibrium distribution. If the molecules are massive, or if the frequency is very high, the
rotatocy motion lags behind the applied field and ea:n’iliblinm is never attained. Thus, the
polarization is no longer in sync with the applied field, giving rise 10 a conduction current
density. This results in thermal dissipation of energy. Thus, ohmic losses in dielectric media give
rise to & conductivity &, which is incorporated in the time-harmonic constitutive equations by
" . making e complex, i.c. _ _

D = ¢E, g =eg(14+ 1] +jolw, @)

@ = 2xf being the circular frequency. It would also follow that conduction losses increase with
temperature, since the conduction charges have enhance mobilities at higher temperatures.
F more massive molecules are less able to follow the applied which means that
the ratio tand, = Im(e)/Re(e) is ienenlly higher for such substances, Unsaturated polymers will
also have higher tan§, because of the increased availability of electrons for conduction. It should
also be noted that while charge transport in metals takes place via electrons only, charge transport
in polymers may even involve ions.

There are microscopic currents due to electron spin and the motion of electrons around the
nucleus. These microscopic currents act as sources of macroscopic magnetic fields, thereby
endowing the electrons and the atoms with magnetic dipole moments; but these currents do not




produce macroscopic charge transport. In magnetic media, the effect of the magnetic dipole
moments cannot be ignored, giving rise to the magnetization M. Again, for linear media, it can
be stated that

M:zmp,oﬂ; B =po{l+ xmH = uH (5

L being the magnetic susceptibility, and y the (real) permeability. Magnetic ohmic losses can be
incorporated by making 1 complex in the same fashion as the electric ohmic losses.

Chirality was first observed as optical activity, which is the rotation of the plane of
polarization in certain linear isotropic media. Pasteur interpreted the observations of Biot and
Arago by imagining that the arrangement of atoms within an optically active material is
mirror-asymmetric [4). Phenomenological studies by Drude (5] indicated that the rotation of the
planc of polarization is predicted by Maxwell's equations provide P has an additional term
proportional to VxE. Further studies [6,7) have shown that even M must have a term
proportional to VxH. Thus, the constitutive equations for homogeneous chiral media have the
form

D =¢[E + BVXE]; B =u{H + aVxH], (6)

in which & and f are the chirality parameters. Since the curl is a pseudo-vector under a reflection
of the coordinate system, the murror-asymmetry of chiral media is immediately apparent in (6).
The nonlocal character of (6) needs to be noticed, because the polarization P (resp. magnetization
M) depends not only on E (resp. H) but also on the circulation of E (resp. H). In a
not-too-rigorous manner, onc may even observe that P (resp. M) has a component due to the
time-rate of change of H (resp. E), vide Faraday and Ampere-Maxwell laws. Reciprocity
demands that a = §, a constraint which is generally obeyed by optically active media (8].

Thus, optically active media (mostly organic materials) are naturally chiral, at optical
frequencies; interesting examples include the famous Watson-Crick double-helix representation
of the DNA molecule. But the underlying principle behind chirality is the mirror-asymmetry of
the constituent microstructure. Therefore, artificially chiral media can be constructed by
embedding chiral microstructures in non-chiral host media, such composites being effectively
chiral even at the sub-optical, and even in the high mm-wave, frequencies. The microstructure
size should be large enough compared to the wavelength in the matrix medium so that the spatial
variation of the EM ficld can sense its handedness; at the same time, it should be smali enough so
that, at least in some frequency range, the composite should appear to be effectively chiral.

In a non-chiral medium, the simplest EM waves that can propagate are lincarly-polarized
- plane waves. But in chiral media the simplest waves are cither left-circularly polarized, or they

. are right-circularly polarized, plane waves; it is important to note that the left- and the

right-handed waves travel with different phase velocities (7]. Furthermore, when a linearly
larized wave hits a chiral scatterer embedded in a non-chiral medium, the scattered field has
th LCP and RCP components. Now, let us envision the propagation of a plane wave in an
artificial chiral medium which contains 2 centain density o? chiral inclusions in a host phase.
Multiple scattering (9] between the chiral inclusions will create LCP and RCP fields. In the right
frequency range only LCP or RCP ficlds will be allowed to propagate in the forward direction,
thereby rendering the composite effectively chiral,

ANTI-REFLECTION COATINGS

There is considerable interest in developing low-weight coatings which will reduce
reflections from metallic surfaces. In view of our previous studies (1], it appeared that artificial
chiral media may be just the thing to fill the bill. To further investigate this premise, we
considered the planewave reflection characteristics of a chiral coating, of thickness d, on top of a
perfectly conducting plane. The chiral layer has a permittivity €, a permeability | = 1, as well




62

the chirality parameter 8, vide the constitutive relations [7)

D =¢[E + BVXE]; B =po(H + BVxH]. )}

The chiral dielectric medium is low-loss so that its relative pemmittivity &/€, is complex with
Im{ese,) << Refe/e,). The thickness d of the coating was assumed to be 2 mm for all of our
numerical studies, and the reflection coefficients, Ryg and Rp) [10], were computed,
respectively, for TE- and TM- polarized planewave incidence cases.

A design of a wideband anti-reflection chiral coating cannot afford to have both €/g, and B
independent of frequency. Once it became clear from numerical experimentation that (i) chiralit
is ineffective in the reduction of the reflection efficiency if e/e, is purely tpal. and (it) that either
or e/€, or both must be frequency dependent in order to obtain a wideband anti-reflection
coating, the design of such a coating became more of an optimization problem. Shown in Figs.
1 - 3 is a sample design with £/€, assunid to be constant, whereas B = B(f) assumed is shown in
Fig. 1. In Figs. 2 and 3, the enhancement of the absorption efficiency of over a 50-300 GHz
frequency range by incorporating this frequency dependent B = B(f) is illustrated, for the TE- and
TM- polarization incidence cases, respectively; 8, is the angle of incidence with respect to the
normal. The relative permittivity €/e, is set at 5.0 + i0.05 for all frequencies considered. It
should be noted from these two figures that whereas the design objective of achieving RT? and
RTM less than 20% for 50 S f < 300 GHz and 0° < 6, S 30° can be achieved using the B of Fig.
1, the reflection efficiencies hover around 92% if B were to be set equal to zero.

From our numerical studies, several conclusions can be drawn. Firstly, in reducing
reflection if a larger constant [} is used, then the values of e/g, tend to decrease over the entire
frequency band of interest, a goal which appears to be desirable for a material scientist.
However, this also tends to reduce the bandwidth over which the desired absorption efficiencies
can be achicved. Secondly, chirality in the absence of a lossy € is of no use whatsoever in
reducing reflected power density: conducting polymers constitute feasible matrix media.
Therefore, chirality serves only as an enhancement factor for absorption, but of itself it is not an
absorbing mechanism. Thirdly, and very importantly, both e/e, and B should be frequency

dependent. This last conclusion, however, was not verified here because of the complexities of
multivariate optimization problems.

EQUIVALENT DIPOLE MOMENTS OF HELICAL ENSEMBLES

Thus, the significance of chiral media cannot be denied. As has been mentioned earlier,
effectively chiral media can be constructed by embedding chiral microstructures in non-chiral
host media. Such microstructures may be macromolecular polymers with helical conformations
(2.3,11]. What is of interest for EM use is the optimization of the polymer's chirality: the
parameters governing the helix geometry must be examined for their effect on an incident EM
wave. We decided to model helical polymers by an arangement of spherical beads (in
themselves, large molecules for our purposes) suspended on a helical strand which is
indistinguishable from the surrounding space. Whereas the spheres are also sufficiently small to
be modeled as point electric dipoles, the overall size of the finite helical arrangement can be large

enough to be in the high-frequency regime. The helix on which the tiny spheres are located is
given, in a cantesian co-ordinate system, by the radius vector

v(€) = aluy cost + uy h sin| + uz P(E/2r); € g (-, o0}, (8)

where a is the radius and P is the pitch of the helix; the handedness parameter h = +1 if the helix
curls up in the +z direction according to the right-handed rule, and h = -1, if otherwise; and uy,
u,, and u, are the unit orthogonal vectors. Let the helix be finite in extent, having 2N+l
complete rotations, N being a positive integer or zero. On each of the 2N+ 1 rings of this finite
helix, there are 2M+1 spheres amranged over equal-AE segments, M. being a positive integer

greater than zero. Each of the spheres in this arrangement has a radius b which is small enough




Figure 1 The frequency protile
B = B(f) used for the results
shown in Figs. 2 and 3. The
parameter P carries the unit of
meter,

Figure 2 Reflection efficiency
Rrg plotted as a function of 6,
and frequency f for a 2 mm thick
anti-reflection coating. The
complex permittivity /€5 = 5.0 +
i0.05. In the upper figure the f
= B(f) of Fig. 1 is used while in
the lower figure B is set equal to
0.0 m.

Figure 3 Same as Fig. 2, but
Rrwm is plotted.
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that no two of them ever touch. The spheres possess a dielectric constant €, and if a field £,
illuminates the m"' sphere, an electric dipole moment {12]

Prn = & Emy = 41Egh3 (€ — €o)(E +260)°} Eny 9)

is induced on it, with & being the isotropic electric polarizability of the spheres.

The EM field incident on the helical ensemble, E;,,., can be any arbitrary field so long as its
source is not located anywhere inside or on the minimum sphere circumscribing the helix. But
the ficld E,, actually incident on the m™ sphere is not Ei(r) alone; it also consists of the ficlds
re-radiated by all of the other spheres as well [9,13]. With this reasoning, the system of 3Q
simultaneous equations,

Eq = Einc(rm) + ak2(4neg) 1 2 o[R! explikRmn) *
*{8mnPmn(Pmn*En) - (1/3)gmn - 2] ﬁ'a)]- (10)

must be solved, in order to obtain the various exciting fields E,. Here, R = Iy - ryl. Ny =
(Frm = FuVR e B * 3(KR )2 = 3j(kR )" - 1, while the wavenumber k = wV(e i1,). Once the
solution of (10) has been obtained, the total scatiered field for kr — == can be computed from

4neg Ege(r) = a k21! explikn} X, { expl-jkrmer/r] [Em = r(rEm)/r2] }. an

Multiple scattering between the spheres would ensure that E,, # E;,(r,). It is to be
expected that the exciting fields should reflect the chirality of the helical ensemble, because the
ensemble of unit vectors (ng,,} used in (10) is handed, even though the scalar distances (R}
do not depend on h. This, indeed turned out to be the case. From our computations a very
interesting conclusion can be drawn: Provided ki, Il u, or ki, Il u,, then (i) only u E,
changes sign with h when u,°E;,, = 0, and (ii) only u xEp, changes sign with h when u X Eo
: 0. $by£;neu'ies of similar natures are also present when ki, Il u,, but they are not so easily

escribable.

Since the source of E, is not concentrated at any given location, it can be conveniently
expressed as being due to a set of multipoles concentrated at the origin, The two lowest order
multipoles would be an electric dipole, pg,, and a magnetic dipole, Mgy Since the helical
easembles are much smaller than the ambient wavelength, it appears that optimally chiral helical
strands must have maximal values of Meq,.. The magnetic dipole moment can be calculated by
taking the projection of E,. on E, in the limit kr — ee as

oJ™ d0 5in8 gI2% dp Em(r) * Egy*(r) = of% d0 sin 02X dp Ec(r) * Epy*(r),  (12)
in which E,, is the electric ficld radiated by the equivalent magnetic dipole,
AtEm(®) =- K2 (otol 2 2 cxplie] (Pemeque). a3

Several studies were carried out for different planewave incidence conditions and the results of

these investigations are summarized now. From studying the magnitude of m, asafunctionof = =

the ratio &/P for several different incident plane waves, we observe that when a/P ~ 0.24, optimal < = =" - - *
chirality is achieved because M, is maximal. The computed optimal value of the ratio a/Pis, - - - =2
interestingly enough, not far from values reported for various helical polymers {14,15). Tt is~ == ve.ue3 <




important to realize that chirality will not be observed unless a/P # 0 or P/a # 0, because in these
two respective limits, the ensemble of scatterers is either linear or circular, and, thus, devoid of
handedness. On the other hand, the ratio a/P cannot be very large either, because polymers in the
helical configuration deviate only slightly from their linear counterparts [16]. Thus, that the
optimal value of &/P tumns out to be 0.24 is quite satisfactory.

Furthermore, it is obvious that by increasing @, m,,,, can also be enhanced: but the spheres
are small and a is only weakly dependent on €/€g. Even 50, it is recommended that a be as large
as possible. Next, it was also found that increasing the number of spheres per ring (i.c.,
increasing M) is also helpful in increasing chirality by enhancing the number of dipole-dipole
interaction paths. Short helices appeared to be, however, preferable to large ones; in other words
N should be as small as possible.

EXPERIMENTAL RESULTS

As part of our experimental effort to test the viability of chiral composites, we devised a
free-space measurcment method, using a diclectric-loaded hom antenna and the HP8510A
network analyzer to determine the reflection from an artificially chiral slab which is backed by a
metal plate. A 41.5 mm thick chiral slab was made of Eccogel 90, into which were put in a
certain number of miniature right-handed metallic springs; the metal content of the exposed area
due to the introduction of the springs was set at 3.2% v/v. The hom antenna was arranged so as
to simulate a linearly polarized planewave nomally incident on the slab. The full details of our
experimental efforts will appear elsewhere (17], but, for the purpose of illustration, shown in
Fig. 4 is the reflected power measured over the 14.5-17.5 GHz frequency range. As control, yet
another sample with 3.2% meuallic content, but with cach spring replaced by an equi-voluminal
steel sphere was used; the measurements with the control sample are also shown in Fig. 4.
Almost over the whole frequency range, it appears that the chiral sample reduces the reflected
power more than the control sample, thus illustrating the effect of chirality. It should be noted
that the chiral slab is solid, in contrast to the extant absorbing coatings which are largely porous
and brittle (e.g., the lining of anechoic chambers).
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Figure 4 Measured reflected power when a linearly polarized planewave is normallz' incident on
a chiral slab backed by a metal plate. The identifier 'rh’ denotes 3.2% v/v metallic content in
Eccogel 90 in the form of miniature right-handed metallic springs. The control sample haseach
spring replaced by a steel sphere ('ss’). ST TR R
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