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"\\Work done under support of contract N00014-85-K-0405

Theoretical studies have been done on crack tip stress and deformation fields based on
continuum plasticity for single crystals. Asymptotic analysis has been carried out for
ideally plastic single crystals for both stationary and moving cracks under anti-plane shear
and mode I plane strain conditions. They show that in the near tip region the plastic flow is
confined primarily to planes along which both the stresses and the displacements are
discontinuous for stationary cracks, or the velocity is discontinuous for quasi-statically
growing cracks. These planes may be parallel or perpendicular to the traces of the slip
planes which are locally stressed to yield levels and provide the plastic straining. The
inclusion of strain hardening, as studied so far based on power hardening with resultant
HRR fields, removes these discontinuities in the case of the stationary crack, although
small angular ranges of very rapid stress variation result instead when there is only
moderate strain hardening. In the ideally plastic limit however, these HRR fields yield a
continuous displacement field, while resulting in the correct stress discontinuities. Thus, it
is conjectured that the domain of validity of the HRR field must shrink as the ideally plastic
limit is approached. Furthermore, this domain is expected to be confined to only the part of
the plastic zone immediately adjacent to the crack tip. Studies.are now underway to check
these conjectures. re J o C ra e K r)_C_ L' n C$ C-~+~n)eh4

Full elastic-plastic solutions have been developed, using the finite-element method, for
stationary and quasi-statically growing cracks in ideally plastic crystals under mode I plane
strain conditions. These have been done for the small-scale-yielding problem and, also, for
bend specimen geometries intended to simulate those used in our experiments. The elastic-
ideally plastic finite-element solutions have nicely verified the discontinuous field predicted
by the asymptotic analysis. They also suggest that these discontinuities are not restricted to
the near tip region but exist, within a more diffuse plastic region, at distances of order of
half the plastic zone size away from the tip.

The finite-element code for strain hardening material has also been formulated. The
first runs, under preparation now, are designed to initially examine the region of validity of
HRR fields as well as the effects of hardening on the flow pattern in the plastic region.

Furthermore, an asymptotic analysis has been carried out of the stress state near the tip
of a rapidly moving crack in ductile crystals showing a strong viscoplastic effect, such that
the Hart-Freund-Hutchinson conditions are met, under which an inverse square root type
stress singularity is retained at the crack tip. We are attempting to evaluate the variation of
energy release rate at the crack tip in the high strain rate regime. The goal of this work is to
examine how high strain rates effect ductile to brittle responses of single crystals and of
interfaces between crystals. At this stage, we are still in the process of accumulating
experimental data to analyze our results.

In the experimental work precisely oriented single crystals of copper and iron-3%
silicon have been grown and mechanically tested in the four-point bending configuration.
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Sharp cracks have been introduced in the specimens by first spark cutting and then fatigue
cracking. Optical miore interferometry techniques have been used to measure the in-plane
deformations at the specimen surfaces. The results of this work support the predicted
theoretical fields but, together with the observed slip disruptions on well-polished specimen
surfaces, suggest that the strongest features seen on the surfaces are governed by the local
plane stress conditions. They involve zones of intense shearing that displace material
points, relatively, in a direction perpendicular to the surface, and cannot result from plane
flow. The surface distruptions do not necessarily predict the behavior of the interior of the
specimen, but it is expected that the in-plane displacements at the surface will be closer to
the behavior in the interior.

In addition fracture processes have been studied for copper bicrystals. The emphasis
there has been on the transition from ductile response to brittle interfacial cleavage and the
effect of grain boundary segregation, mainly of bismuth, and of sulphur too, in such
crystals. The different fracture behaviors of these bicrystals has, to some extent, been
explained in terms of their different grain boundary structures and the orientations of
potentially relaxing slip planes. Such explanation has been based on comparison of the
theoretically predicted value of the crack tip energy release rate, G, for dislocation
emission from the crack tip against that for cleavage decohesion of the grain boundary.
This approach, while very useful, does not account for the strong influence on crack tip
response of the character of the surrounding plastic flow due to pre-existing dislocations,
or dislocation sources, near the crack tip. Also, the experimental evidence suggests that the
fracture surface may not precisely coincide, microscopically, with the grain boundary.

The copper bicrystals grown and examined in fracture tests, listed in order from highest
to lowest ductility, are: a sigma 11 symmetrically tilted about the [110] direction with (1 -1
3) boundary plane, a sigma 9 symmetrically tilted about the [1101 direction with (2 -2 1)
boundary plane, a randomly oriented high angle boundary, and a sigma 5 symmetrically
tilted about the [100] direction with (0 3 1) boundary plane. Embrittlement was induced by
alloying with bismuth, which segregates to the grain boundary. The sigma 11 case is more
resistent to impurity segregation than the sigma 9, and the random and the sigma 5 appear
to be highly susceptible to segregation embrittlement. The ductility of the interfacial crack
depends on the cracking direction. For example, the sigma 9 bicrystal appears to be fully
ductile when the cracking direction is [-1 1 4], but fails in a brittle manner when the
cracking direction is reversed to [1 -1 -4]. (Such striking differences, depending on the
attempted cracking direction, were predicted from our modeling of dislocation nucleation.)
These directional studies were done for what was thought to be pure copper, although
sulphur segregation was found on the boundary plane.

Much work was also done on developing and applying three dimensional weight .
function theory in elastic crack analysis. This has enabled studies of crack front shapes that
are perturbed from simple reference geometries (straight line or circle), of nonuniform
crack growth through a regions of locally variable fracture resistance, and of crack tip'.
ineractions with local heterogeneities, such as nearby transformed zones and dislocation
loops emerging from a crack tip along a slip plane. The improved modeling of dislocation y Codes
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loop nucleation from a crack tip, on the basis of weight function theory, has enabled us to
resolve some long-standing uncertainties (on how to treat dislocation self energy) in that
situation, and the results have been incorporated into studies by our group and others on
the problem of ductile versus brittle response.

The weight function work in three-dimensional elasticity has led to results for the stress
field and interaction energy for shear dislocation loops of arbitrary Burgers vector on a
plane containing the crack tip, and oriented at an arbitrary angle with the crack plane.
Those results have found immediate application elsewhere in our own work, in evaluating
Rice-Thomson formulations of brittle versus ductile response. They have also been used
by D. Clarke of IBM in interpreting his experiments on nucleation of dislocation loops
from crack tips in silicon.

In addition, new elastic Green's function solutions have been derived for point loads
near circular connections between half spaces. Results for cracks with fronts perturbed
from the circular shape have now been derived for general shear and/or tensile loading of
planar internal cracks and of cracks exterior to a connection between half spaces. The
weight function work had partial support from USGS for its potential application to shear
faults and, except for that type of application, further work on the topic (e. g., crack front
trapping by tough obstacles) has been shifted to the UCSB/URI.

The subsequent section Publicgons summarizes by title the various manuscripts which
have reported progress in the studies outlined above.

Publications (supported by ONR contract N00014-85-K-0405, from
inception of project, 6/1/85, to end of contract, 11/30/89)

P. M. Anderson and J. R. Rice, "The Stress Field and Energy of a Three-Dimensional
Dislocation Loop at a Crack Tip"; Journal of the Mechanics and Physics of Solids, 35,
1987, pp. 743-769. ONR, NSF/MRL supported.

H. Gao, "Mismatched Elastic Connections", International Journal of Fracture, in press,
1990. ONR supported.

H. Gao, "Nearly circular shear mode cracks"; International Journal of Solids and
Structures, 24, 1988, pp. 177-193. ONR, USGS supported.

H. Gao, "Linear perturbation analysis of a shear loaded asperity", Journal of

Geophysical Research, 94, 1989, pp. 10259-10266. ONR, USGS supported.

H. Gao, "Weight Functions for External Circular Cracks"; International Journal of
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Solids and Structures, 25, 1989, pp. 107-127. ONR supported.

H. Gao, "Application of 3D Weight Function - I. Formulation of Crack Interaction
with Transformation Strain and Dislocations"; Journal of the Mechanics and Physics of
Solids, 37, 1989, pp. 133-153 ONR, UCSB/URI supported.

H. Gao and J. R. Rice, "Application of 3D weight Functions - II. The Stress Field and
Energy of a Shear Dislocation Loop at a Crack Tip"; Journal of the Mechanics and Physics
of Solids, 37, 1989, pp. 155-174 ONR, UCSB/URI supported.

H. Gao and J. R. Rice, "Nearly Circular Connections of Elastic Half Spaces"; Journal
of Applied Mechanics, 54, 1987, pp. 627-634. ONR supported.

H. Gao and J. R. Rice, "Shear Stress Intensity Factors for a Planar Crack with Slightly
Curved Front"; Journal of Applied Mechanics, 53, 1986, pp. 774-778. ONR supported.

H. Gao and J. R. Rice, "Somewhat Circular Tensile Cracks"; International Journal of
Fracture, 33, 1987, 155-174. ONR supported.

R. Hill and J. R. Rice, "Discussion of 'A Rate-Independent Constitutive Theory for
Finite Inelastic Deformation' by M. M. Carroll"; Journal of Applied Mechanics, 54, 1987,
pp. 745-747. ONR supported.

R. Nikolic and J. R. Rice, "Dynamic Growth of Anti-Plane Shear Cracks in Ideally
Plastic Crystals"; Mechanics of Materials, 7, 1988, pp. 163-173. ONR supported.

J. R. Rice, "Tensile Crack Tip Fields in Elastic-Ideally Plastic Crystals"; Mechanics of
Materials, 6, 1987, pp. 317-335. ONR, NSF/MRL supported.

J. R. Rice, "Two General Integrals of Singular Crack Tip Deformation Fields"; Journal
of Elasticity, 20, 1988, pp. 131-142. ONR supported.

J. R. Rice, "Weight Function Theory for Three-Dimensional Elastic Crack Analysis";
in Fracture Mechanics: Perspectives and Directions (Twentieth Symposium), ASTM,
Philadelphia, 1989, pp. 29-57 ONR, UCSB/URI supported.

J. R. Rice, D. E. Hawk and R. J. Asaro, "Crack Tip Fields in Ductile Crystals";
International Journal of Fracture, 42, 1990, pp. 301-321 ONR supported.

J. R. Rice and M. Saeedvafa, "Crack Tip Singular Fields in Ductile Crystals with
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Taylor Power-Law Hardening, I: Anti-Plane Shear"; Journal of the Mechanics and Physics
of Solids, 36, 1988, pp. 189-214. ONR supported.

M. Saeedvafa and J. R. Rice , "Crack Tip Singular Fields in Ductile Crystals with
Taylor Power-Law Hardening, II: Plane Strain"; Journal of the Mechanics and Physics of
Solids, 37, pp. 673-691, 1989 ONR supported.

J. - S. Wang and P. M. Anderson, "Fracture Behavior Embrittled fcc Metal Bicrystals
and Its Misorientation Dependence"; Acta Metallurgica, in press ONR, NSF/MRL
supported.

Ph. D. theses completed:

Peter M. Anderson, "Ductile and Brittle Crack Tip Response", September 1986. ONR,
NSF/MRL supported.

Huajian Gao, "Applications of 3-D Weight Function Theory in Elastic Crack Analysis",
April 1988. ONR, UCSB/URI, USGS supported.

Ruzica Nikolic, "Experimental Study of Crack Tip Processes and Plastic Flow in
Ductile Crystals", January 1989. ONR, NSF/MRL supported

codes:

ONR denotes support by contract N00014-85-K-0405, from the ONR Mechanics Division,
for "Studies on crack mechanics"

NSF/MRL denotes additional support from the NSF Materials Research Lab at Harvard,
NSF grant DMR-86-14003, for studies of crystal plasticity at crack tips and grain
interface embrittlement in high strength steels

UCSB/URI denotes additional support from the University of California at Santa Barbara,
Subcontract VB38639-0 from Defence Advanced Research Projects Agency through
Office of Naval Research contract N00014-86-K-0753, for its DARPA/ONR funded
University Research Initiative project on "Processing and mechanical properties of
high-performance composites"

USGS denotes additional support from a U. S. Geological Survey grant 14-08-0001-
G1367 on "Stressing, seismicity and rupture of slip-deficient fault zones"
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Personnel supported by contract:

Dr. Jian-Sheng Wang, Research Associate in Materials Science (Currently on leave at Max
Planck Institute, Dusseldorf; returning to position at Harvard in July 1990)

Dr. Donald E. Hawk, Postdoctoral Fellow (Currently at AT&T Bell Uboratories,

Allentown, PA)
Dr. Lev Truskinovsky, Postdoctoral Fellow (Taking position as Assistant Professor,

Department of Aerospace Engineering and Mechanics, University of Minnesota,
Minneapolis, MN)

Dr. Peter M. Anderson, Graduate Student Research Assistant (Currently Assistant
Professor, Dept. of Materials Science and Engineering, Ohio State University,
Columbus, OH)

Dr. Huajian Gao, Graduate Student Research Assistant (Currently Assistant Professor,
Division of Applied Mechanics, Stanford University, Stanford, CA)

Dr. Ruzica R. Nikolic, Graduate Student Research Assistant (Currently Faculty Member,
Department of Mechanical Engineering, Technical University of Kragujevac,
Yugoslavia)

Ms. Maryam Saeedvafa, Graduate Student Research Assistant

First pages (including abstracts) of published work:

First pages of publications, including title lines, abstracts in most cases, and portions of the
introductory section have been copied onto the following pages.
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THE STRESS FIELD AND ENERGY OF A
THREE-DIMENSIONAL DISLOCATION LOOP

AT A CRACK TIP

PETER M. ANDERSON* and JAMES R. RICE

Division of Applied Sciences. Har ard University, Cambridge. MA 02138. U .S.A

(Recere'd 16 February 1987)

ABSTRACT

Twga SELF STRESS field and self energ. are estimated for a planar 3D dislocation loop emanating from a half-
plane crack tip. While the problem is of greatest interest for analysis of shear loops nucleating from the
crack tip in the concentrated stress field there due to applied loadings. it is addressed here in the interest
of tractabilitN for 3D prismatic loops lying in the same plane as the crack. Exact elastic calculations for
that case are based on recent developments of 3D crack weight function theor% and specific results are
given for induced stress fields, intensity factors and energy of semicircular and rectangular prismatic
dislocation loops. Also, self stresses and energy expressions are derived for the 2D case of a line dislocation
lying parallel to the crack for arbitrary Burgers vector type and general orientation of the dislocated plane
relative to the crack plane, and those results are used together with the 3D prismatic loop results to estimate
approximately the self energy for 3D shear dislocation loops emanating from the tip on planes inclined to
the crack plane. Energy results are given in terms of a correction factor m to the usual estimate of energy
for an emergent crack tip loop as half the energy of a full loop (identified as the emergent loop and its
image relative to the crack tip) in an uncracked solid. That is, if the energy of a full circular loop of radius
r in an uncracked solid is 27rrA 0 In (Sr e2ro). with ro = core cut-off and A0 = energy factor, then the energ,
of a semicircular loop of radius r emerging from the crack tip is shown to take the form nrA0 In
(8mre'ro) and the constant m is calculated here as 2.2 for a prismatic loop ahead of a crack and estimated
approximately to range from about 1.2 to 1.9 for representative shear loops inclined to the crack plane.
The self energy exceeds the half-full-loop value, corresponding to n = I, and it is observed that this effect
increases by ,/m the predicted loads to nucleate a dislocation loop of the assumed shape from a crack tip.

1. INTRODUCTION

WE PRESENT here calculations of the stress field and self energy for a dislocation loop
emerging from a crack tip. The problem is of interest mainly for shear dislocations,
in estimating when they may be nucleated from the tip by the concentration of an
applied stress field there, and arises also in the study of whether a solid may be
regarded as intrinsically cleavable (e.g., RICE and THOMSON, 1974: MASON. 1979;
OHR, 1985; LrN and THOMSON. 1986; ANDERSON, 1986; ANDERSON. and RICE, 1986).
However an exact calculation, within continuum elastic dislocation theory, of the
stress field and self energy of a 3D loop at a crack tip has not previously appeared.

"Current address: Engineering Department. Trumpington St.. Cambridge Universit,, Cambridge
CB2 IPZ. U.K.
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NEARLY CIRCULAR SHEAR MODE CRACKS

HUAJIAN- GAO
Diision of Applied Sciences. Harvard University, Cambridge, MA 02138, U.S.A.

(Receired 24 March 1987, in revised form 10 July 1987)

Abstrac-In this paper we study the elasticity problems of a planar crack, lying in an infinite three-
dimensional solid, the front of which differs only slightly from a circle. The crack system is subjected
to loadings that induce shear mode stress intensity factors at the crack front. Quantities such as
relatie crack surface displacement, in-plane shear mode intensity factor K: and anti-plane shear
mode intensity factor K, arc deried in detail. The method used is based on a perturbation technique
developed by Rice (J. Appl. Mech. 52, 571-579 (1985)) of calculating the first-order variation of
the elastic field of a crack when its front is perturbed from some regular reference geometry. The
configurational stability problems of harmonic wave form perturbations of the front of a circular
crack under axisymmetric shear loading are studied using the derived formulae. The shape that a
planar crack under remote uniform shear loading would take so that the energy release rate
distributes uniformly along the crack front is discussed by calculating proper perturbations on a
circular crack that meets the above requirement.

INTRODUCTION

For a circular planar crack in an infinite three-dimensional solid, solutions for the stress
intensity factors induced along the crack front by various load systems exist in the literature
(Tada et al., 1973, Kassir and Sih, 1975; Bueckner, 1977, 1987). Specifically, the solutions
for the intensity factor distribution along the circular crack front induced by point force
pairs at an arbitrary location on the crack faces, which corresponds to the three-dimensional
crack face weight functions of Bueckner (1972) and Rice (1972), generalizing Bueckner's
(1970) two-dimensional concepts, are of interest. These solutions were completely derived
by Bueckner (1987) for arbitrary point force pairs acting on the crack faces that induce
general mixed mode stressing along the crack front, although the solution for a "wedging"
force pair that induces mode I tension along the crack front was presented earlier by several
authors (Tada et al., 1973; Cherepanov, 1979; Bueckner, 1977). Hence by integration of
the crack face weight functions we are able to calculate the intensity factors under any load
systems for a perfectly circular crack. These solutions, in the limit when the radius of the
circular crack approaches infinity, should reduce to the corresponding formulae for a half-
plane crack. Solutions for a half-plane crack have been derived by many authors and can
be found in Tada et al. (1973).

Rice (1985a) developed a method of using the crack face weight function solutions to
solve for the elastic field of a crack with a front close to some reference geometry, to first-
order accuracy in the deviation of the actual crack from that reference shape. Using that
method one can carry out the calculations of the variation of various quantities such as
relative crack surface displacements and stress intensity factor distributions when the crack

front is perturbed from the reference front to the actual front, if the crack face weight
functions for a crack of the reference shape are known in advance.

Rice (1985a) also studied a half-plane tensile crack with a near straight front. In that
paper he derived in detail the formulae for the variation in crack opening displacement and
stress intensity factors to first-order accuracy in the deviation of the actual crack front from
a reference straight line. The shear mode intensity factors for a half-plane crack with a
slightly curved crack front were derived by Gao and Rice (1986) using the perturbation
method. Gao and Rice (1987) further studied the elasticity problems of somewhat circular
tensile cracks. In that paper a full solution, accurate to first order in the deviation of the
actual crack front from a circle, is derived for the stress intensity factor distributions and
the crack opening displacement. One could verify that those perturbation formulae, in
the limit when the radius of the reference crack approaches infinity, also reduce to the
corresponding results given by Rice (1985a) for a half-plane crack. Comparison between

177 9
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Linear Perturbation Analysis of a Shear-Loaded Asperity

HUAJIAN GAO

Division of Applied Mechanics. Stanford Unh'ersit. Stanford. California

The elastic problem of a shear-loaded asperity on an infinite fault plane is studied based on a linear

perturbation approach developed by Rice (1985). The fault plane is broken everywhere except at an
asperity whose shape differs modestly from a circle. The stress concentration along the bounding edge
of the asperity due to remotely applied displacements and/or forces is analyzed in terms of in-plane
shear mode stress intensity factor K, and antiplane shear intensity factor K,. The asperity configura-
tion corresponds to an external crack which is of importance in understanding the general shear mode
fracture of elastic connections. Solutions by Fourier series are developed for asperities subjected to
remotely applied displacements and forces. Assuming the fracture process on the fault plane is
governed by the intensity of maximum shear stress concentration, we use the perturbation results to
study the configurational stability of a circular asperity. It is found that the circular shape is
configurationally stable when rigid rotations are fully suppressed at remote field; and the crack front
is thus expected to remain circular during quasi-static growth.

INTRODUCTION located at the center of the reference circular asperity. In the

In studying the fracture processes at a tectonic fault that fault plane y = 0, one has Cartesian coordinates x, z and
leads to an earthquake, the fault is often considered to polar coordinates r, 0 with 0 being zero along the positive x

consist of separated asperities that hold two rough surfaces axis and increasing to 90 along the positive z axis.
together. The concept of visualizing an earthquake as the The shear mode stress intensity factors K. (a = 2, 3
shear rupture of these asperities has been termed the "as- corresponds to in-plane shear mode 2 and antiplane shear
perity model" in the literature [e.g., Madariaga, 1979; Lay mode 3, respectively) are used to describe the stress con-
et al., 1982; Das and Kostrov, 1983]. centration at the crack edges. By definition, K,/(21re) - is

The capability of a material to resist fracture is usually the asymptotic form of the relevant singular shear stress
assumed a material property, referred to as the fracture component for mode a at small distance E ahead of the crack
toughness, which characterizes the bonding strength along tip. The following asymptotic formulae relates the stress
the prospective fracture plane. In general, the toughness intensity factors and the relative crack surface displace-
value varies at different regions along a fault. Such a ments (see, e.g., Rice (19681)
heterogeneous nature of fracture resistance results in irreg- 80 - V2) 

l\ t/2

ular, complicated shapes of asperities, which poses diffi- Au (E1 K,
culties in the theoretical study. The lack of an efficient tool in (I)
analyzing this geometrical complication partially justifies the +- +P) K3& ^
development of a simple linear perturbation analysis to A ( E k2sr
calculate the elastic field of an asperity whose shape does not where n and I are the normal and tangential directions along
differ much from some regular geometries such as a circle, the actual crack front with lying in the crack plane and pis

Rice 11985] formulated a perturbation approach of solving the distance as measured from the crack front in the negative
for the elastic field of a crack with a front close to some normal direction. Equation (1) is understood to be a geneal
reference geometry, to the first-order accuracy in the devi- asymptotic relation in the vicinity of a crack front. Thus one
ation of the actual crack from that reference shape. The anyetot re s intenity facrs froth nepertrbaion pprachhas been applied to study slightly can extract the stress intensity factors from the near-tip
perturbation approach ha enapidt td lgty behavior of either the crack tip singular stresses (by defini-
curved half plane cracks and nearly circular internal cracks tion) or the relative crack surface displacements (by equa-
[Gae and Rice, 1986, 1987a; Gao, 19881. The tensile-loaded tion).
nearly circular connections were studied by Gao and Rice Tion te perturbation formulation are
[1987b]. Here the perturbation analysis is further extended the key funtions insRiced ithbthe ferenceionae
to shear-loaded asperities, which are of interest to earth- the "weight functions" associated with the reference crack.J quke auling tudes.The wetght functton concepts are due to Bueckner [1970.

quake faultingrt u ai c1973] and Rice 11972] and have been widely used for elastic
The asperity configuration corresponds to an external crack analysis. For example, the weight functions h.,(9';r

crack with a nea.. y circular crack front (Figure I). If a c icul ar a pe , th wius f inedio s h e
circular asperity is taken as the reference, we may study the a) for a circular asperity with radius a are defined as the
actual nearly circular asperity using the perturbation mode a stress intensity factor induced at the crack front
method. For convenience, two coordinate systems, Carte- position 9' by a unit point force inj (j = x, y. z or r. y. 0)
sian x, y. z and cylindrical r, y, 0, are adopted to describe the direction at spatial position r. The closed form solutions for
crack geometry. The y axis is perpendicular to the crack h,, for a circular asperity have been fully derived by Gan
plane, or the fault plane. The origin of the coordinates is [1989],

The work presented here is restricted to the static analyses
Copyright 199 by the American Geophysical Union. of a single shear-loaded asperity on an infinite fault plane.

Paper number 89JB00777. The stress intensity factors at the bounding edge of the
0148-0227/89/89JB-00777S05.00 asperity are calculated to the first-order accuracy in the
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WEIGHT FUNCTIONS FOR EXTERNAL CIRCULAR
CRACKS

HUAJIAN GAOt

Division of Applied Sciences, Harvard University, Cambridge, MA 02138, U.S.A.

(Receimed2l Augaust 1987; in revised form 30 June 1988)

Abstract-In this paper the three-dimensional (3D) weight functions are derived for external circular
cracks. The solution method used is similar to that developed by Bueckner (Int. J. Solids Structures
23, 57-93 (1987)) for internal circular cracks lying in infinite elastic solids. A Papkovitch-Neuber
potential is used to represent the tensile mode weight function field. This potential, derived from
some known solutions to a mixed boundary value potential problem by Galin (Contact Problems
in the Theor) of Elasticity. School of Physical Sciences and Applied Mathematics, North Carolina
State College (1953)), also uniquely determines the shear mode weight function fields. The results
for internal circular cracks by Bueckner are presented for comparison and for completeness. For
external circular cracks, different forms of the weight functions exist corresponding to different
displacement boundary conditions at infinity. The Neuber fields, denoting the elastic fields of an
external circular crack due to remote forces and/or moments, are used to determine the weight
functions under various boundary conditions. The crack face weight functions, defined as the
intensity factors induced by a pair of equal, oppositely sensed unit point forces acting on the upper
and lower crack faces, are presented in closed formulae. In the Appendices the present results are
checked against some existing solutions, e.g. intensity factor solutions due to the point forces acting
along the central axis normal to the crack plane.

INTRODUCTION

The concept of "weight functions" was first introduced by Bueckner (1970) for two-
dimensional (2D) elastic crack analysis. In Bueckner's work, the weight functions constitute
the displacement field of a special elastic field which he referred to as a "fundamental field".
A fundamental field satisfies the Navier displacement equations, equilibrates zero body
forces and surface tractions. The displacements of that field are of inverse square root
singularity in distance from a crack tip, in contrast to the normal square root dependence
of regular displacement fields. Applying Betti's theorem of reciprocity to the fundamental
field and the regular elastic field of a crack, Bueckner showed that the weighted average of
applied forces with the weight functions gives the crack tip stress intensity factors. This
gives a primitive interpretation of the weight functions as the point force solutions for the
stress intensity factors. Shortly after Bueckner's work, Rice (1972) developed his weight
function concepts in a different way, showing that 2D weight functions could be determined
by differentiating the elastic displacement field with respect to crack length; hence the
knowledge of a 2D elastic crack solution for any one loading allows the crack solution to
be determined for the same body under any other loading systems. Following these works
there has been a vast literature on application of weight functions on 2D crack analysis.

The three-dimensional (3D) theory of weight functions, extending Bueckner's 2D
concepts, was developed independently by Rice (1972), based on displacement field vari-

ations associated to first order with an arbitrary variation in position of the crack front,
and by Bueckner (1973), based on a 3D analog of fundamental fields that equilibrate null
forces with arbitrary distributions of strength of a normally inadmissible singularity along
the crack front. The 3D weight functions not only give stress intensity factors along a crack
front for arbitrary body force and surface force distributions, but also determine the first-
order variation in the displacement field associated with an arbitrary change in crack front
position (Rice, 1985a). The latter property further allows the complete elastic field of a
cracked body to be determined by integration over a crack size variable from an uncracked
state just before the introduction of the crack, to the actual cracked state.

Rice (1985a) further developed a linear perturbation approach that determines the
first-order variation of the elastic field for a crack being slightly perturbed from some simple

t Current address: Division of Applied Mechanics, Stanford University, Stanford, CA 94305, U.S.A.
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APPLICATION OF 3-D WEIGHT FUNCTIONS-I.
FORMULATIONS OF CRACK INTERACTIONS WITH
TRANSFORMATION STRAINS AND DISLOCATIONS

HUAJIAN GAOt

Division of Applied Sciences, Harvard University, Cambridge, MA 02138, U.S.A.

(Receired 26 February 1988)

ABSTRACT

IN TRnS PAPER we formulate the three-dimensional elastic problem of a half" plane crack interacting with
zones of transformation strain and dislocations. The stress intensity factors induced at the crack tip are

discussed. Te analysis is based on RicE's (Int. J. Solids Slruci. 21, 781, 1985b) development, using three-
dimensional "weight function" theory, of elastic crack tip interactions with internal stress sources and on
BUECKN R'S (Int. J. Solids Struct. 23, 57, 1987) solution for the complete set of weight functions for a half
plane crack. The formulae for the shear mode weight functions by Bueckner are simplified significantly.
Explicit formulae are given for the intensity factors induced by arbitrarily distributed 3-D transformation
strains, which reduce to the solutions known in the literature for 2-D transformation strains. Results are
also specified to calculate the intensity factor distribution due to rectangular and semicircular crack-tip
dislocation loops, and compared to those previously estimated by ANDERSON and RicE (J. Mech. Phys.
Solids 35, 743, 1987). The three-dimensional results are novel and in part If of this series (GAo and RicE,
J. Mech. Phys. Solids 37, 155, 1989) we use the formulations presented here to calculate the self energy of
a 3-D shear dislocation loop emerging from the crack tip.

INTRODUCTION

TmE ELASTIC interaction between a crack tip and sources of internal stress such as
transformation strains and dislocations is of interest in understanding the phenom-
enon of transformation toughening of materials, such as the toughening of ceramics
due to martensitic type transformations of second phase particles (e.g. zirconia, ZrO2 )
triggered by the elevated stress field at a crack tip, and also in estimating when
dislocation loops may be nucleated from the tip by the stress concentration there.
The latter problem arises also in the study of whether a solid may be regarded as
intrinsically cleavable (e.g. RICE and THOMSON, 1974; MASON, 1979; Omit, 1985;
LlN and THOMSON, 1986; ANDERSON, 1986; ANDERSON and RICE, 1986, 1987).
Transformation toughening phenomena have been studied by various ceramists (e.g.
PORTER and HEUfER, 1977; EVANS and HEUER, 1980) and modeled as the problem
of a 2-D crack system subjected to a zone of dilatant phase transformations (e.g.
McMEEK NG and EVANS, 1982; BUDIANSKY et al., 1983; ROSE, 1986), the shear,
shape and orientation effects of the second phase particles being further accounted
for in LAMBROPOULOS (1986). The basic approach in quantitative treatments of this
phenomenon is to calculate the reduction of crack tip stress intensity factor by the

t Current address: Division of Applied Mechanics. Stanford University. Stanford, CA 94305. U.S.A.

133

12



J. ffech. Phis. Soi d
t Vol. 37, No. 2, pp. 155-174, 1989. 0022-.96/89S3.00+ 0.00

Pnnted in Groat Britain. ,' 1989 Pcrgamon Press pic

APPLICATION OF 3-D WEIGHT FUNCTIONS-Il.
THE STRESS FIELD AND ENERGY OF A SHEAR

DISLOCATION LOOP AT A CRACK TIP

HUAJIAN GAOt and JAMES R. RICE

Division of Applied Sciences, Harvard University, Cambridge, MA 02138, U.S.A.

(Receied 26 February 1988)

ABSTRACT

THE GENERAL weight function expressions given in GAO (J. Mech. Phys. Solids 37, 133, 1989). referred to
here as part 1, for combined-mode crack-dislocation interaction problems in the three-dimensional regime
are applied to solve for the stress field and energy of a shear dislocation loop emerging from the lip of a
half-plane crack. The results are compared to the previously proposed approximate estimates for shear
loops by ANDERSON and RicE (J. Mech. Phys. Solids 35, 743, 1987), who solved exactly for prismatic
opening dislocation loops that are co-planar with the crack and also for the analogous 2-D cases of general
crack tip-parallel line dislocations. The energy results are presented in terms of a correction factor m,
following Anderson and Rice, to the usual estimate of energy for an emergent crack tip loop as half the
energy of a full loop (identified as the emergent loop and its image relative to the crack front) in an
uncracked solid. For a full circular shear loop the energy is U-- [(2-v)ub2r/4(l - v)] In (8r/e'ro), where
ro denotes the core cut-off parameter and iu, v are the shear modulus and Poisson ratio. Thus for a
semicircular loop emerging from the crack tip, the energy is expressed as U = 1(2-v) pb2r/8(l -v)) In
(8mr/e2r0), where the constant m depends on the orientation angle 0, of the Burgers vector relative to a
line normal to the crack tip and the inclination angle 40 of the dislocated plane relative to the crack plane.
The m factors are calculated at selected angles 40 for rectangular and semicircular loops. This involves
multiple numerical integrations based on the weight functions of part I, first to obtain the stress field and
then to integrate it over the dislocated area to get the energy, and requires a large amount of computing
CPU time. An approximate formula for m is proposed for general inclined dislocation loops, based on
known 2-D results for m factors for arbitrary angles 4, calculated by AN oON and RicE (1987) and the
3-D m(4, = 0) results given here for shear dislocation loops in the crack plane. It compares well to the
exact results.

INTRODUCTION

IN PART I (GAO, 1989) we have presented some explicit formulae for calculation of
stress intensity factors induced by interaction of transformation strains and dis-
locations with crack tips. The calculation is based on the three-dimensional weight
function solutions by BUECKNER (1987) while the formulation of the problem is based
on the analysis of a crack tip interacting with sources of internal stress of RiCE (1985)
and ANDERSON and RCE (1987).

It remains an interesting topic to study the ductile vs brittle response to cracks in
various materials, and this partly includes considerations of whether a solid is intrin-
sically cleavable. RICE and THOMSON (1974) have proposed that such intrinsic cleav-
ability is determined by the competition between cleavage decohesion and crack

t Current address: Division of Applied Mechanics, Stanford University, Stanford, CA 94305. U.S.A.
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Reprinted from December 1986, Vol. 108, Journal of Applied Mechanics

Shear Stress Intensity Factors for
a Planar Crack With Slightly
Curved Front
Recent work (Rice, 1985a) has presented the calculations of thefirst order variation

Huajian Gad in an elastic displacement field associated with arbitrary incremental planar advance
James R. Rice of the location of the front of a half-plane crack in a loaded elastic full space. That

work also indicated the relation of such calculations to a three-dimensional weight

Division of Applied Sciences, function theory for crack analysis and derived an expression for the distribution of
Harvard University, the tensile mode stress intensity factor along a slightly curved crack front, to first

Cambridge, Mass. 02138 order accuracy in the deviation of the crack front location from a reference straight
line. Here we extend the results on stress intensity factors to the shear modes, solving
io similar first order accuracy for the in-plane (Mode 2) and antiplane (Mode 3)
shear stress intensity factors along a slightly curved crack front. Implications of
results for the configurational stability of a straight crack front are discussed. It is
also shown that the concept of line tension, while qualitatively useful in characteriz-
ing the crack extension force (energy release rate) distribution exerted on a tough
heterogeneity along a fracture path as the crack front begins to curve around it, does
not agree with the exact first order effect that is derived here.

Introduction

For a half-plane crack lying in an infinite space, the stress Here we carry through details of the slightly curved crack
intensity factors due to point force pairs acting on the crack front analysis for general shear loading, deriving the
surface have been derived by many authors (Uflyand, 1965; analogous expressions for the inplane (Mode 2) and antiplane
Sih and Liebowitz, 1968; Kassir and Sih, 1973; Bueckner, (Mode 3) stress intensity factors, K2 and K 3, along a
1977; Meade and Keer, 1984a; etc) in the case when the crack nonstraight crack front.
front lies along a straight line. Hence, by integration, the solu-
tion due to arbitrary loading on the crack surface can be Crack Surface Displacement
found. We now present the basic equation for crack surface

Rice (1985a) showed how the knowledge of such solutions displacements associated with incremental crack growth,
enables one to calculate the changes in crack surface displace- following Rice (1985a).
ment distribution, exact to the first order in the deviation of An infinite, homogeneous, isotropic elastic solid contains a
the crack front position from a reference straight line, when half-plane crack with a straight crack front and is subjected to
the crack front position is altered slightly to lie along a general an "original" load system, consisting of some fixed forces
curved arc in the same plane as that of the crack. He gave full and/or imposed boundary displacements, that induces mixed
details for the case of tensile (Mode 1) loading and derived an modes with distributions A. (z') of stress intensity factors
expression for the stress intensity factor K, along such a along the crack front. Here t = 1, 2, 3 and z' denotes the
nonstraight crack front (again, exact to the first order). The location along the crack front. A Cartesian x, y, z coordinate
latter work was motivated by the interesting approach to the system is attached such that the crack plane lies on y = 0 and
wavy crack front problem based on asymptotic expansions by the z axis lies along the crack front (Fig. 1).
Meade and Keer (1984b), although it turned out that their Now imagine that the original loading is supplemented by a
results required correction, set of concentrated force pairs *,Pj, j = x, y, z, acting at x,

0*, z and x, 0-, z resulting in opening, inplane shear and an-
tiplane shear relative displacements of the crack surface. Let

Contributed by the Applied Mechanics Division for presentation at the Au, (x, z)be the relative displacements of crack surfaces at the
Winter Annual Meeting. Anaheim, CA, December 7-12, 1986. of The American
Society of Mecain Engines. load location. (These are unbounded for point forces; see Rice

Discusalm on this paper dould be addressed to the Editorial Deparment. (1985a) for a refinement of the argument by distributing the
ASME, United Engineering Center. 345 East 47th Street. New York, N.Y. forces over finite discs whose radius is later allowed to ap-
10017. and will be saoepted until two months after final publication of the paper proach zero.) Suppose that under the combined load system
itself in the JovusAu. or A,wsv Maczuncs. Manuscript received by ASME
Applied Mechanics Division, Sepember 20. l1915 final revision. April J4, 1986, described, the crack front is advanced normal to itself by some
Paper No. O6-WA/APM-43. infinicesimal variable distance 6a(z'), where z' is the location
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Nearly Circular Connections of
Elastic Half Spaces
In this paper we solve the elasticity problem of two elastic half spaces that are joined
together over a region that does not differ much from a circle, i.e., the problem of

Huajian Gao an external planar crack leaving a nearly circular uncracked connection. The methodwe use is based on the perturbation technique developed by Rice (1985) for solving
the elastic field of a crack whose front deviates slightly from some referenceJames R. Rice geometry. Quantities such as crack opening displacement and stress intensity factor
are derived in detail to the first order of accuracy in the deviation of the shape of the
connection from a circle. In addition, some results such as the crack face weight

Division of Applied Sciences, functions and Green 's functions for a perfectly circular connection are also dis-Harvard University,
Cambridge, MA 02138 cussed under various boundary conditions at infinity. The formulae derived are usedto study the configurational stability problem for quasistatic growth of an external

circular crack. The results, derived when the crack front is perturbed from circular
in a harmonic wave form and is subjected to axisymmetric loading, suggest that a
perturbation of wavenumber higher than one is configurationally stable under all
boundary conditions at infinity. The perturbation with wavenumber equal to one,
which corresponds to a translational shift of the geometric center of the circular con-
nection, turns out to be configurationally stable kf any rotation in the remote field is
suppressed and configurationally unstable if there is no such restraint.

Introduction

Rice (1985) developed amethod of solving the elasticity pro- derived by Stallybrass (1981) for an external circular crack,
blem of a planar crack whose front differs slightly in location i.e., a circular connection between elastic half-spaces under a
from that of some reference geometry. It has been applied to traction free boundary condition at infinity. Following
cases such as semi-infinite planar cracks with slightly Stallybrass's work we are also able to clarify ambiguities in
nonstraight fronts (Rice, 1985; Gao and Rice, 1986) and inter- some previously proposed solutions in the literature (e.g.,
nal somewhat .ircular cracks (Gao and Rice, 1987). The latter Kassir and Sih, 1975; Tada et al,, 1973).
work (Gao and Rice, 1987) has shown that the perturbation In this paper we therefore solve for the crack opening
method is not only convenient but also remarkably accurate in displacement and tensile mode stress intensity factor for a
determining crack opening displacement and stress intensity slightly noncircular connection. The notation 6 (F) is used in
factors for crack configurations that differ moderately from a what follows to denote the variation in some field variable F
circular reference geometry. The internal circular crack pro- from its form for the reference circular crack to that for the
blem was addressed much earlier in a perturbation sense by perturbed crack shape.
Panasyuk (1962), and Gao and Rice (1987) compare their ap- Consider two isotropic, homogeneous three-dimensional
proach to his. Rice's perturbation method can be carried out elastic semi-infinite solids joined over some slightly noncir-
immediately for a tensile crack if the solution for the stress in- cular connection of bounding contour c. A Cartesian coot-
tensity factor distribution is known along the reference crack dinate system x, y, z is attached so that the joining planes lie
front due to a pair of concentrated wedging forces acting to on y = 0 and the origin of the coordinate system is assumed to
open the crack at an arbitrary location on its surfaces. Such a coincide with the center of some convenient reference circle.
point force solution, sometimes called the crack face weight This configuration forms an external crack with its front c
function after Bueckner (1970, 1973) and Rice (1972), was described by some function a(s) where a(s) is the distance

from the origin of the coordinate system to the position s
along the crack front; a(s) is nearly constant, and is constant
on the reference circle. The crack system is subjected to some
distribution of fixed forces that induce "Mode I" tenstonContributed by the Applied Mechanics Division for presentation at the along the crack front. We may note that in this case when the

Winter Ann"a Meeting, Boston, MA, December 13-IS. 1987, of the American crack grows into the connecting ligament, a(s) decreases.
Society of Mechanical Engineers.

Ditcusion on this paper should be addressed to the Editorial Department, Therefore, we represent the crack growth from the reference
ASME. United Engineering Center, 345 Eat 47th Street, New York, N.Y. circular shape to the actual shape by -6a(s). In this cir-
10017. and will be accepted until two months after final publication of the paper cumstance it can be shown, following Rice (1985), that the
itself in the Jouujwt ot Apmu!, Mfcfswc. Manuscript received by ASME
Applied Mechanics Division, March 6. 1917. variation in opening displacement Au (x,z) between upper and

Paper No. 87-WA/APM-14. Isder crack surfaces at location x, z, when the crack front is
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Somewhat circular tensile cracks

HUAJIAN GAO and JAMES R. RICE
Division of Applied Sciences, Harvard University, Cambridge, MA 02138, USA

Received 16 May 1986; accepted in revised form 28 December 1986

Abstract

In this paper we apply the method developed by Rice Ill, of solving for the elastic field of a crack with a front
perturbed from some reference shape. to solve the elasticity problems of somewhat circular planar tensile cracks under
arbitrary load distributions. The method is based on a known solution for the stress intensity factor along a circular
crack due to a pair of wedge-opening point forces on its surfaces. A full solution, accurate to first order in the deviation
from a circular shape, is derived for the stress intensity factor and the crack opening displacement distributions. The
results of a perturbation in a harmonic wave form suggest that a circular crack, under axially symmetric loading, can be
configurationally unstable (not grow as a circle> for loadings that increase in intensity with distance from the center.
Circular cracks with harmonic shape perturbations are found to have the same form of variation of the stress intensity
factor with arc length along the crack edge (to first order accuracy) as found in previous work for a halt plane crack. As
a test case for the perturbation solution, an elliptical planar tensile crack under uniform tension is viewed as being
perturbed from a circular crack. Results derived from the perturbation formulae through numerical evaluation are
compared with the exact solutions existing in the literature. The perturbation results show a very good match with the
exact solutions even when the semi-axis lengths of the elliptical crack differ by a factor of two (and by as much as a
factor of three when special choices of the reference circular crack location are made). This suggests that the
perturbation procedure presented here, while theoretically exact only to first order, can be used to produce acceptable
results for some planar cracks whose shapes deviate appreciably from a circle.

1. Introduction

We study in this paper planar tensile cracks whose tips lie along arcs that are slightly distorted
from circles. Of particular interest is how the distributions of the stress intensity factor and the
crack face opening displacement change to the first order of accuracy when the front of an
arbitrarily loaded crack is perturbed from a circular shape. A full solution for these quantities is
given in detail.

The method that we use, developed by Rice [1] to solve for the elastic field of a crack with a
front perturbed from some reference geometry, can be carried out at once if a certain solution
is known for a crack of that reference geometry. For tensile cracks this is the solution for the
stress intensity factor distribution along the reference crack front due to a pair of wedging
forces acting to open it at an arbitrary location on its surfaces. Fortunately, the requisite point
force solution can be developed from the work of Galin [2) for an internal circular crack in an
infinite body. It is given by Tada et al. (31 and Cherepanov (41.

Rice [11 applied his method to the half-plane crack in an infinite body. Using the point force
solution for that case he calculated the crack surface displacement distribution, exact to first
order in the perturbation of the crack front location from a reference straight line (he also gave
a direct ab initio first order solution for the elastic field of the perturbed crack). He further
derived an expression for the stress intensity factor K along such a non-straight crack front
(again exact to first order) and this led to a discussion of the wavy crack front problem,
motivated by the study of the same problem by Meade and Keer [5].

Our work here is based on the following result. Consider that an infinite three dimensional
elastic solid contains a planar crack with smooth bounding contour c along the crack front. We
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A Rlte-Independemt Constitutive Theory If H.R did not see the necessity to state any more explicitly
for Finite Inelastic Deformations that they had "... derived the normality conditions as a con-

sequence of the Il'yushin postulate," such would presumably
be because they had stated explicitly at the outset of their

R. HlMs and J. R. Rice.6  Hi (1963) showed that the subsection 3.2 that Hill (1968) had already established that
48y_ _ M.connection, and thus they would reasonably think a concisely
"y M. .Car and pubshed in theMarch, t97. Issue of ASME Jost. outlined derivation to be sufficient.

oot of Ap,=a M-cAmCS. Vol. S4. Heo 1. pp. 1S-21. The local inequality (24) of H.R just discussed, related to (1)
Ptoteaar 4-mrkus). DeMpAflom o Aed Mathernati and T ACIJ above, reads

PhJic. Utmiv *y of Cambidge, Cambide. Ca39EW Engtand.
Professor. Diviuion of Applied Scienom Harvard University, Cambridge. 6(dP*) ma'*(S. + &S,K,.dK) - d't(S. ,K, dK)< 0 (2)

MA 02138. Fulow ASML_
where &S denotes any infinitesimal stress change directed into
the elastic domain from the point S. on the yield surface in

ll'yushin (1961) inequality, whene interpreted at finite strain as stress space from which the plastic deformation associated
the postulate that nonnegative stress working is done in any with dK commences. The inequality is local in the sense that
strain cycle, leads to "normality" in work-conjugate stress (2) is the form of (I) when we identify AS as S, -S. and write
and strain variables for rate-insensitive elastic-plastic solids. (I) for stresses S. within the elastic domain arbitrarily close to
That is, the plastic part of a general strain increment (which S.. Inequality (2) implies normality because the plastic part
can be interpreted as the residual strain increment after an im-
agined elastic unloading to the same stress as at the start of 4PE aE(S.,K, + dK) - E(S.. K,)
that increment) then has direction normal to the yield surface of the overall strain increment during which dK accumulates
in stress space when that surface is smooth, and direction satisfies dPE - *(dl& (S,K*,dK)]/oS at S-S., so that ine-
within the cone of limiting nornsw at a vertex. Similarly, an quality (2) is equivalently written as
analogously defined plastic part of a stress increment is nor-
mal to the yield surface in strain space. The paper under 6aSdfE<0. (3)
discussion by Carroll (1987) notes the discovery of such a The latter inequality, corresponding to H-R inequality (22),
result by Naghdi and Trapp (1975) based on their "work implies normality of 'E to the yield surface in S space.
assumption," which is apparently the same as the ll'yushin H-R also addressed the conjugate formulation in terms of a
(1961) postulate. yield surface in strain space. In terms of cPS = S(Es, K. +

Neither Carroll nor the varions papers by Naghdi and dK) - S(E.,K.), they showed that the conjugate inequality
coworkers that he cites mention the paper by Hill (1968). Car- 6E'iPS>0 followed from (3) where 6E points into the elastic
roll does. however, discuss a paper by Hill and Rice (1973). He domain from E.. This implies normality of dS to the yield
states: "Hill and Rice (1973) discussed some implications of surface in E space.
il'yushin's postulate .. . and they also discussed normality Inequalities (2) and (3) are bilinear forms in 6S and dK; the
conditions ... Their discussion has apparently created a two sets of infinitesimals consisting of 6S,6E (strain related
mistaken impression that they have derived the normality con- elastically to 6S) and of dK. dPE. dPS are independent of one
ditions as a consequence of the fl'yushin postulate . - . another within the constraints of their definitions. Carroll
although this claim is not made in the paper by Hill and Rice obscures this issue in a recapitulation of H-R which uses the
(1973)." Then in the following discussion he asserts: "The same presymbol A for the various infinitesimals, as AE for 6E
analysis of Hill and Rice, which treats only the first order con- and AK for dK. He then tacitly assumes that AE( = 6E) and
tribution to the external work in the cycle of deformation... APE (-&E) are of the same order. In that circumstance he
does not provide a proof of the normality condition." observes that since the result of the ll'yushin work integral

It is difficult to understand these contentions. Hill and Rice coincides with the left side of inequality (I), apart from sign.
(abbreviated H-R) showed in subsection 3.2 of their paper that only to first order in AK(- K), that particular contribution to
the Il'yushin inequality, when applied to strain cycles with in- the work integral is therefore of order AEAK in the case he
finitesimal plastic strain accumulation (corresonding, e.g., to considers, and therefore is of the same order as terms of order
change dK in Carroll's tensor parameter K characterizing (AK)2 already neglected in evaluating the work integral. His
plastic state) implies the inequality statements in this regard are correct but not relevant to the

I[P s,, m'*(S..K*,d)-'t(s..gdK)<0 (I) H-R presentation.
Rather, in that presentation it is evident that inequality (1) is

with dP(SK*,dK) se *(SK. + dK) - *(SKK). This is one of a valid consequence of the Il'yushin work inequality only to
the H-R inequalities (27), changed to Carroll's notation and first order in dK, where dK can he arbitrarily small, the con-
special form of representing the plastic state; ' is the corn- text evidently being that the order of dK must be negligible
plementary energy, a function of stress S and K (which compared to that of the difference S.-S. (i.e., d'EI
changes only during plastic response) such that strain < < IE,- E I to use analogous quantities, where we define
E-8*(SK)/oS; the Il'yushin strain cycle begins at state IE I - (EE,,E)°"). Inequality (2). which has equivalent form as
E,,S,, K, within the elastic domain and plastic deformation inequality (3), is thus a valid consequence to first order in
associated with dK commences at state E.,S.,K, on the yield 6S-S.-S. for arbitrarily small 6S provided that one
surface (and K. - K.). remembers that, for any given &S, the order of dK is to be

H-R identified inequality (1) above as a "global" form of taken arbitrarily small by comparison. That is, the order of
one of their inequalities (24). where the H-R inequalities (24) dPE in (3) must always be regarded as being arbitrarily small
are local in a sense explained shortly. The latter inequalities by comparison that of IS; IW'E I < < lIE I, where 6E is the
had been shown in the immediately preceding subsection of strain associated elastically with &S. This wide disparity of the
their paper to be inequalities that ensure normality. It was order of the terms in (3) is of no consequence since, for infer-
taken as evident that since the ll'yushin work assumption im- ring normality, one cares only about the directions and not the
plied certain global inequalities, it also implied the local forms magnitude of dPE and &S. Carroll's unhappiness with the H-R
of the same inequalities, and since the local forms implied nor- presentation is self-generated by his choice of notations AK
mality, this proved that the D'yushin inequality implied for d4 and AS for &S which is inconsistent with the in-
normality, dependence of these quantities and converts the bilinear form

(3) to a quadratic form.
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DYNAMIC GROWTH OF ANTI-PLANE SHEAR CRACKS IN IDEALLY PLASTIC CRYSTALS

Ruzica R. NIKOLIC and James R. RICE
Dicision of Applied Sciences, Harvard University. Cambridge, MA 02138, U.S.A.

R eIvecs 8 July 1988

A near-tip asymptotic analysis is given for the stress and deformation field near the tip of crack propagating dynamically
under anti-plane shear in an ideally plastic single crystal. A particular class of orientations of the crack relative to the crystal is
considered so that the yield locus is of simple diamond shape (relative to directions along and perpendicular to the crack) in
the plane of the anti-plane shear stresses. The near-tip solution is shown to consist of sectors which carry constant stresses, at
yield levels, corresponding to adjacent vertices on the diamond-shaped yield locus, and which are joined along an
elastic-plastic shock discontinuity. All plastic flow in the near-tip region occurs in the shock. Plastic strains and particle
velocity are finite at the crack tip. The plastic strain is proportional to the elastic strain at onset of yielding and is inversely
proportional to the elastic Mach number associated with the speed of crack growth.

1. lntroducton the Mode III dynamic solution, unlike the quasi-
static one for a growing crack, predicts no elastic

Dynamic crack growth in ideally plastic single unloading sectors and the entire field around the
crystals is analyzed here for geometries and orien- crack tip is plastic. The shear strain has a logarith-
tations such that two-dimensional states of anti- mic singularity. The solutions considered here are
plane shear constitute a possible deformation field. different because we consider the behavior of single
The analysis is asymptotic; the limit r - 0 is crystals, not the isotropic material.
considered where r is distance from the moving For the stationary crack cases in crystals the
crack tip. Cases of stationary and quasistatically platic zone at a crack tip collapses into discrete
growing anti-plane cracks for different orienta- planes of displacement and stress discontinuity
tions in f.c.c. and b.c.c. crystals were solved by emanating from the tip. For the quasistatically
Rice and Nikolic (1985). Here inertia effects are growing crack these same planes also constitute
taken into acount for the growing crack. The collapsed plastic zones in which velocity and plas-
material yields according to the attainment of a tic strain discontinuities occur but across which
critical value for the resolved shear stress on one the stresses and anti-plane displacement are fully
or more different slip systems in a crystal. Since continuous. For the dynamic growth case consid-
for a perfectly plastic material the shear wave ered in the present work the configuration of the
velocity for an appropriate direction of straining is stress field around the crack tip is expected to be
zero, the crack growth is supersonic even at small quite different. We considered different types of
speeds. Thus. the inertia terms in the basic equa- near-tip solutions to the equations governing dy-
tions may have a significant effect on the nature namic growth of a crack in anti-plane shear, like
of near tip fields. It may also be expected that the elastic and plastic sectors, both of constant and
quasistatic solution includes features that will not variable stresses. We conclude that the whole
be present in dynamic results. For Mode III crack near-tip field around the crack tip is plastic (or is
growth in iiotropic ideally plastic solids, this was at least stressed to a level meeting the yield condi-
shown by Slepyan (1976) and confirmed by tion). For the range of the coordinate angle 0 of 0
Achenbach and Dunayevsky (1981), and Freund to 1800 the solution consists of two plastic sectors
an Douglas (1982). These authors discovered that of constant stresses with the boundary between

017-663/8/S3.50 0 198& Elsevier Science Publishers B.V. (North-Holland)
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Crack tip stress and deformation fields are analyzed for tensile-loaded ideally plastic crystals. The specific cases of (0 1 0)
cracks growing in the 1 0 1] direction, and (1 0 1) cracks in the 10, 1, 0 direction, are considered for both fcc and bcc crystals
which flow according to the critical resolved shear stress criterion. Stationary and quasistatically growing crack fields are
considered. The analysis is asymptotic in character; complete elastic-plastic solutions have not been determined. The near-tip
stress state is shown to be locally constant within angular sectors that are stressed to yield levels at a stationary crack tip, and
to change discontinuously from sector to sector. Near tip deformations are not uniquely determined but fields involving shear
displacement discontinuities at sector boundaries are required by the derived stress state. For the growing crack both stress
and displacement must be fully continuous near the tip. An asymptotic solution is given that involves angular sectors at the tip
that elastically unload from, and then reload to, a plastic state. The associated near-tip velocity field then has discontinuities
of slip type at borders of the elastic sectors. The rays, emanating from the crack tip, on which discontinuities occur in the two
types of solutions are found to lie either parallel or perpendicular to the family of slip plane traces that are stressed to yield
levels by the local stresses. In the latter cas the mode of concentrated shear along a ray of discontinuity is of kink type. Some
consequences of this are discussed in terms of the dislocation generation and motion necessary to allow the flow predicted
macroscopic ly.

lntrductkm also happens to provide the solution for a second
orientation considered, which still has the crack

An asymptotic analysis of the crack tip stress tip along the (1 0 11 face diagonal but which has
and deformation field is presented for plane-strain the crack plane as the (1 0 1) plane so that [0 1 0]
tensile cracks in elastic-ideally plastic single is the direction of crack growth. Thus the second
crystals. Such crystals are assumed to have a orientation has the crack line rotated 90 *anti -

limited set of possible slip systems and to have a clockwise from what is pictured in Figs. 1(b) and
critical resolved shear stress for plastic flow to 2(b). These two crack orientations are often, but
occur on each. Here attention is limited to two not universally, encountered in experimental stud-
specific crack orientations in face centered and ies of cracking, whether by rapid cleavage, fatigue
body centered cubic crystals, although the analysis or chemically assisted crack growth, in ductile fcc
techniques are applicable to other orientations and bcc metals (Tetelman and Robertson, 1963;
too. Tetelman and Johnston, 1965; Neumann, 1974a,

One orientation considered is such that the b; Garrett and Knott, 1975; Hecker et al., 1978;
crack plane is (0 1 0), i.e., parallel to a face of the Rieux et al., 1979; Neumann et al., 1979; Vehoff
reference cubic cell, and the crack tip lies along and Neumann, 1979, 1980; Lynch, 1983, 1985;
the face diagonal direction [1 0 l1; the crack grows Sieradzki et al., 1984; Sieradzki and Newman,
along the perpendicular face diagonal, [1 0 1]. See 1985; Pugh, 1985; Wang, 1987).
Fig. 1 for the fcc case and Fig. 2 for bcc. The Figures 1 and 2 also show the slip systems
analysis in all but the second to last section of the which are assumed to be active in relaxing the
paper is discussed relative to that orientation. It crack tip stress concentration.

0167-4636/87/$3.50 0 1987, Elsevier Science Publishers B.V. (North-Holland)
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Abstract. The Eshelby tensor E has vanishing divergence in a homogeneous elastic material,
whereas the invariance of the crack tip J integral suggests, in accord with known solutions,
that the product rE will have a finite limit at the tip. Here r is distance from the tip. These
considerations are shown to lead to two general integrals of the equations governing singular
crack tip deformation fields. Some of their consequences are discussed for analysis of crack
tip fields in linear and nonlinear materials.

Introduction

Consider a homogeneous elastic solid, linear or nonlinear, containing a
planar crack on x2 = 0, x1 < 0 (Figure 1). The solid is loaded such that the
near tip field is two-dimensional in the x,, x2 plane, thus consisting of some
combination of in-plane and anti-plane deformation with stresses ao =
aj(x, x 2 ) and displacements uk = uk(xi, x 2 ). Here Latin indices i, j, k....
range over 1, 2, 3, whereas Greek indices a, fP, y, .... range over 1, 2 only.
The analysis which follows applies also to elastic-plastic solids treated within
the approximation of the "deformation", or "total strain", formulation.

The governing equations are the three equilibrium conditions (in the
absence of body forces)

U~j a = 0 (I)

(f, = af/x.) and the stress-displacement gradient relations

a,j = a W/u~j., (2)

where W is the stress work (or strain energy) density, and is a function of
displacement gradients that is properly invariant to rigid rotations. Further,
a consequence of these equations is that the integrals

J. n, = 0 (3)
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ABSTRACT: Recent developments in elastic crack analysis are discussed based on extensions
and applications of weight function theory in the three-dimensional regime. It is shown that
the weight function, which gives the stress intensity factor distribution along the crack front
for arbitrary distributions of applied force, has a complementary interpretation: It characterizes
the variation in displacement field throughout the body associated, to first order, with a
variation in crack-front position. These properties, together with the fact that weight functions
have now been determined for certain three-dimensional crack geometries, have allowed some
new types of investigation. They include study of the three-dimensional elastic interactions
between cracks and nearby or emergent dislocation loops. as are important in some approaches
to understanding brittle versus ductile response of crystals, and also the interactions between
cracks and inclusions which are of interest for transformation toughening. The new devel-
opments further allow determination of stress-intensity factors and crack-face displacements
for cracks whose fronts are slightly perturbed from some reference geometry (for example.
from a straight or circular shape), and those solutions allow study of crack trapping in growth
through a medium of locally nonuniform fracture toughness. Finally, the configurational sta-
bility of cracking processes can be addressed: For example, when will an initially circular crack.
under axisymmetric loading, remain circular during growth?

KEY WORDS: fracture mechanics, elasticity theory. weight functions, stress intensity factors.
dislocation emission, crack-defect interactions, configurational stability, crack trapping

Bueckner introduced the concept of "weight functions" for two-dimensional elastic crack
analysis in 1970 11]. His weight functions satisfy the equations of linear elastic displacement
fields, but they equilibrate zero body and surface forces and have a stronger singularity at
the crack tip than would be admissible for an actual displacement field. The worklike product
of an arbitrary set of applied forces with the weight function gives the crack-tip stress
intensity factor induced by those forces. Bueckner's contribution led to what is now a vast

literature on two-dimensional elastic crack analysis. One of the earliest works of that lit-
erature was a 1972 paper by the writer 121 which showed that weight functions could be
determined by differentiating known elastic displacement field solutions with respect to
crack length. It was also shown (21 that knowledge of a two-dimensional elastic crack solution.
as a function of crack length, for any one loading enables one to determine directly the
effect of the crack on the elastic solution for the same body under any other loading system.

The subject here is three-dimensional weight-function theory. Foundations of the three-
dimensional theory were given independently by the writer, in the Appendix of Ref 2. based

I Professor, Division of Applied Sciences and Department of Earth and Planetary Sciences. Harvard
University, Cambridge, MA 02138.
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Crack tip fields in ductile crystals
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Abtiract. Results on the as'.mptotic anal'.sis of crack tip fields in elastIic-plastic sing~le crystal' aire presented andI sonme preliminar. results of finite element solutions for cracked solids of this tIp Nare s;umrnar.cd In the case,
studied. in~oI~ing plane strin tensile and antii-plane shear cracks in ideall\. plastic fcc and bc crta. anaihicd
-Aithin consentionil small displacement gradient iumptions. the a'\mptotic anail\ e, rceeil stiking dis,:ontinkiOU.
field, at the crack tip.

For the stationar\ crack the sires State is found ito he tocall'. uniform in each of a famil\ of ingulir sectors at1
the crack tip. but tojump dsconinuousl'. at sector boundaries. %khich are also the surfaces of sheir di'continuite,
in the diiplacement field. For the quisi-staticall% gro'.'.ing crack the stress staie is full\ continuous fromn one
near-tip atngular sector to the net. hilt n.~m some of the sectors in\ ol'.c el.i'tic unloaiding from, and reloading to.
a \yieldedl state, and shear discontinuities of the '.elocit\ field de'.elop at sector boundaries In an anti-plane ca-.e
studied. inclusion of inertial terms for (d'naniicalI' I gro'.sini! cracks restoreu a discontinuoLIS stress. field at the tip
%hich moses through the material as an elastic-plastic shock \ka~e. For high syrnmetr\ crack orientations relati'.e
to the crystal. the discontinuity surfaces are sometimes coincident \%ith the actise crystal slip planes. but a often
lit perpendicular to the family of actise slip planes so that the discontinuities correspond to a kinking miode of'
shear.

The finite element studies so far attempted, simulating the ideally plastic material model in a small displaicetrent
gradient t~ pe program. appear to be consistent %th the as> mptotic anal> ses. Small scale ielding solutions confirm
the expected discontinui ties. % ithin limits of mesh resolution. of displacement for a stationar% crack and of '.elocit.
for quasi-static growth. Further, the discontinuities apparentl% extend %ell into the near-tip plastic zone. A finite
element formulation suitable for arbitrar% deformation has been used to solse for the plane strain tension of a
Ta'. br-hardening crystal panel containing, a center crack wkith an initially rounded tip. This sho'.'s effects due to
lattice rotation. Ahich distinguishes the regular \ersus kinking shear modes of crack tip relax~ation. and holds
promise for exploring the mechanics of crack opening at the tip.

1. Introduction

This paper summarizes recent analytical and numerical in\ esti at ions into the nature of the
near-crack-tip stress and deformation fields in ductile single crystals. Ductile cry stals deform
plastically by the motion of dislocations on a limited set of slip systems. A continuum
representation of this plastic deformation consistent with the Schmid rule. iiihich states that
flow on a system is activated when the shear stress resol'ed on that system reaches a critical
value, is used in the analyses to be presented. This formulation leads to a yield surface in
stress space consisting of planar facets joined at vertices and to an -associated" plastic

straining relation.
General methods of constructing asymptotic near-tip fields for such cr~stals. %%Ith either

stationary or quasi-statically growing cracks. have been obtained in the ideall\ plastic case
for both anti-plane strain (mode 1ll: [11) and tensile plane strain (mode 1: (21) cracks. The
results. as illustrated for common crack orientations in fcc and bcc cr~stals. lead to
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CRACK TIP SINGULAR FIELDS IN DUCTILE CRYSTALS
WITH TAYLOR POWER-LAW HARDENING.

I: ANTI-PLANE SHEAR

JAMES R. RICE and MARYAM SAEEDVAFA

Division of Applied Sciences. Harvard Unix ersit), Cambridge. Massachusetts 02138. U.S.A.

(Receit ed 2 June 1987)

ABSTRACT

ASYMPTOTIC singular solutions of the HR R type are presented for anti-plane shear cracks in ductile crystals.
These are assumed to undergo Taylor hardening with a po er-law relation betleen stress and strain at
sufficientl large strain. Results are given for several crack orientations in fcc and bcc crystals. The near-
tip region divides into angular sectors which are the maps of successive flat segments and vertices on the
yield locus. Analysis is simplified b, use of new general integrals of crack tip singular fields of the HRR
type. It is conjectured that the single crystal HRR fields are dominant only over part of the plastic region
immediately adjacent to the crack tip. even at small scale yielding, and that their domain of validity
vanishes as the perfectly plastic limit is approached. This follows from the fact that while in the perfectl)
plastic limit the HRR stress states approach the correct discontinuous distributions of the complete elastic-
ideally plastic solutions for crystals (RICE and NIKOLtC. J. Mech Phys. Solids 33, 595 (1985)). the HRR
displacement fields in that limit remain continuous. Instead. the complete elastic-ideally plastic solutions
have discontinuous displacements along planar plastic regions emanating from the tip in otherwise elas-
tically stressed material. The approach of the H RR stress fields to their discontinuous liuting distributions
is illustrated in graphical plots of results. A case examined here of a fcc cr)stal wlith a crack along a slip
plane is shown to lead to a discontinuous near-tip stress state even in the hardening regime.

Through another limiting process, the asymptotic solution for the near-tip field for an isotropic material
is also derived from the present single crystal framework.

INTRODUCTION

THE PRESENT article analyzes singular near-tip stress and deformation fields for
stationary anti-plane shear (mode III) loaded cracks in strain hardening ductile
crystals. It is assumed that the crystals deform by shear on a set of allowable slip
systems according to the Schmid rule. That is, plastic flow occurs on a given system
once the resolved shear stress on that system reaches a critical value, in addition, the
critical shear strengths are assumed to obey Taylor hardening (all systems harden
equally) with a power-law relation between stress and strain at sufficiently large strain.
Thus, the yield surfaces in stress space, being the inner envelope of the planar yield
surfaces for individual slip systems, reduce to self-similar polygons in the two-dimen-
sional anti-plane shear stress plane. The yield surface is a fixed polygon in the space
of the ratio of the stresses to the critical shear strength.

In the near-tip field. it is anticipated that the elastic strains are relatively small and
ignorable. Hence the entire strain vector can be identified with the plastic strains.
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CRACK TIP SINGULAR FIELDS IN DUCTILE CRYSTALS
WITH TAYLOR POWER-LAW HARDENING.

11: PLANE STRAIN

MARYAM SAEEDVAFA and JAMES R. RICE

Division of Applied Sciences. Harvard Uninersit . Cambridge. MA 0213S. U.S.A.

(R'ci 'd 2.4iu tio 1988)

ABSTRACT

A'N ASYMPTOTIC singular solution of the HRR type is presented for mode I tensile cracks in ductile single
crystals. These are assumed to undergo Taylor hardening with a power-law relation betveen stress and
strain at sufficientl) large strain. Results are given for a crack on the (010) plane %ith its tip along the
[1OT] direction, and for a crack on the (101) plane with its tip along the same [10'] direction in a fcc
cr.stal. The yield surfaces for both of these orientations are identical and thus, for the "'small strain"
formulation, the same macroscopic solution applies to both. The near-tip region is divided into angular
sectors which are maps of successive flat segments and vertices of the yield surface. While the solution here
involves 14 different sectors referring to stress states corresponding to flat and vertex segments of the yield
locus. RICE's (Mech. Maier. 6, 714, 1987) asymptotic solution for the elastic-ideally plastic crystals involved
only 7 sectors which mapped into the vertex points of the yield surface. The perfectly plastic limit of the
HRR fields here reduce to 7 stress states of RIcE (1987). In this limit, the HRR displacement fields remain
continuous resulting in a discontinuous yet bounded and nonzero strain field. In contrast, the elastic-
ideall% plastic solutions have discontinuous shear displacements across sector boundaries. Furthermore
the contours of constant effective strain here have various peaks and troughs at sector boundaries and lean
backward relative to the direction of crack growth. Conversely, in the recent finite element solutions for
elastic-ideally plastic single crystals by Hawk (preliminar, summary of results is included in RICE el al..
Int. J. Fracture. in press, 1989). the plastic zones lean forward and the strain field is consistent Awith a Dirac
singular form similar to RtcEs (1987). Thus it is conjectured that, similar to the anti-plane shear case of
RICE and SAEEDAFA (J. Mech. Phys. Solidv 36, 189. 1988). the single crystal HRR fields are dominant
only over part of the plastic region immediately adjacent to the crack tip, and that their domain of validit)
,anishes as the perfectl) plastic limit is approached.

INTRODUCTION

RICE (1987) presented an asymptotic solution for the stress and deformation field very
near the tip of a mode I crack in an ideally plastic ductile crystal. Two specific
orientations, a crack on the (010) cube face with its tip along the [10 ] face diagonal
and a crack on the (101) plane with its tip along the same diagonal, were considered
in fec and bcc crystals for both stationary and quasi-statically growing cracks. In the
case of stationary cracks, the stress field was found to be piecewise constant in angular
sectors mapping into vertex points of the yield surface and changed discontinuously
between sectors. The displacement and strain fields were not full) determined.
although it was shown that there must be a shear displacement discontinuity across
the sector boundaries for elastic-plastic crystals. The full solution could only be
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