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I. Introduction

The analytical dcwtiard continuation (ADC) is widely used in the solving of the geodetic
boundary value problem. One example is :he use of the ADC for the solving of Molodenskv's
problem (Moritz, 1980, Section 45). Recently, the airborne and satellite gradiometry have been
getting substantial improvement and they will supply a huge gravity gradient data for the
determination of the Earth's gravity field. To process such data the ADC method has to he ,,sed
and some eference surface, such as the sea level, the ellipsoid, ,iy be chosen. The topographic
effect is becoming an important problem in the use of the gradient data. This study is addressed on
the problem of the topographic effect on the using of the ADC method.

In Chapter 2 the classic topographic reductions - the Bouguer reduction and the Helmert
second condensation will be introduced into the airborne gradiometry. The reductions are studied
in the space domain and the frequency domain. The reduction in space domain is tedious but they

g v -a clear view or the physical meaning. In the frequency domain, this problem becomes much
easier to solve.

In Chapter 3 ihc topographic effect for the use of the analytical downward continuation
method is studied. The remove-restore of the mass above the ellipsoid is used. The goal of the
study is to find the topographic corrections, in another word, to find the difference between the
disturbing potential on the sea level and disturbing potential which is downward continued to the
sea level from ,h, outside of the earth.

In Chapter 4 we study the topographic effect on the solving of the Molodensky's problem. It
was proved that the ADC solution is equivalent to the Molodensky's solution (ibid, p. 388). In
this chapter we show that the topographic effect still exists in the solution of Molodensky's
problem by using the ADC method, even if this effect is very small. The topographic effect on the
determination of the coefficients of the spherical harmonics of the geopotenfial by using the ADC
method is also considered.

2. Topographic Correction on the (;ravity Gradient Data Measured by an

Airborne Gradiometer

2.1 Introduction

In this chapter we consider the topographic correction on the gravity gradient data measured
by an airborne gradiometer. We assume that the airborne flights are at a constant altitude above the
sea level. In comparison with the satellite gradiometry the airborne flights are much lower and can
sense much higher frequencies of the gravity field. It is well known that the gravity gradient
depends strongly on the roughness of the topography. Because the airborne gradiometer flies
close to the topography, we will try to eliminate the topography effect directly from the measured
gravity gradient data.

The topographic correction for airborne gravity and gradient data has been discussed
extensively in the literature; e.g., Chinnery (1961), Parker (1972), Dorman and Lewis (1974),
Hammer (1Q7Ai), Recently an algorithm was developed for eliminating the "topographic noise"
(Tziavos et al., 1988). The fast Fourier transformation was used and this algorithm is very
efficient to compute the topographic effect on the gravity and gradient data.

Now we want to make the statement "eliminating the effect of the topography" more clear.
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Tziavos et al., (188) developed an algorithm to compute the gradient of the attraction of the
topography. The topographic effect was considered as "topographic noise" (ibid) and subtracted
from the measured gradient data.

Actually the topographic effect is a part of the gravitational potential of the earth and cannot be
simply eliminated by subtracting its contribution from the measured gravity and gradient data.
Before we consider the effect of the earth's topography, we must ask ourselves, what is the goal
and what will be determined by using the gravity gradient data or the reduced data. This is very
important for the start of the topography reduction procedure.

If the contribution of the topography is subtracted from the gravity and gradient data, it means
the topography mass is removed, then the disturbing potential and its derivatives are harmonic
above the sea level and can be analytically downward continued to the sea level without any
theoretical difficulty. Obviously, the reduced gravity anomaly is the Bouguer anomaly and the
topography reduction is the Bouguer reduction.

In this chapter, we assume :hat ,he gcoid and the deflections of the vertical will be determined
in a mountain area by using the aerial gravity gradient data. The topographic effect will be
eliminated from such data. For this purpose arn instinctive action is to expand the Bouguer
reduction and the Helmert's second condensation into the airborne gradiometry.

2.2 Topographic Correction Studied in Space Domain

2.2.1 Bouguer Reduction

The Bouguer reduction in airborne gradiometry is to eliminate the "topographic noise" by
subtracting the contribution of the topography to the gravity and gradient data (e.g., Tziavos et al.,
1988). The airborne gradiometry is taken in a local area. For such area a plane approximation for
the computation is suitable 'Jekeli et al., 1985).

The geometry of the computation of the topographic effect in the airborne gravity gradioment
is illustrated in Fig. 1.

Fig. 1. Geometry of the Computation of the Topographic Correction
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We define the local coordinate system whose origin is located at sea level and the x axis points
to the north and y axis points to the east.

The potenfial of the mass above the sea level at the point Q is given by:

VQ=Gff, fo'2-d(

with

L= s 2 + z0 - z) (2-2)

where G is the gravitational constant and the density of the topography p (x, y, z) is a function of
the location of the current point, "r is a 2D plane which coincides with the local sea level and s2 =
(x-xQ) 2 + (y-yQ) 2. At first we assume that the density p is a constant. Notice that

2+ z o  2z o z - z (2-3)

then eq. (2-1) can be expanded by

VQ= Gp h dxdy +I Gp 2zf dzdxdy +

L' 2 3
3 ( Ifr (2zo z-z , .8 '# JJ )o

L (2-4)

where L' 2 s2 - , is the distance between the point Q and the current point on the sea level T.

The equation (2-4) gives the porentiai of the topotraph , at th point Q. Thp .,;c;,
contain the inverse of the power of L' higher than 5 are omitted. In the next discussion we
separate the topography into a Bouguer plate with thickness hp and a terrain undulation around the
point P.

The Bouguer plate generates a potential at the point Q:

V=Gp ff, foj -dxdy

lim 2tGphs-2iGp h-1h2
s--*, P 0 P 2P (2-5)

where V.. denotes the potential of the Bouguer plate. The first term in (2-5) becomes infinite when
s-*oo. This infinity is due to the plane approximation. In spherical approximation this term is a
constant (cf. Moritz, 1968). From (2-5) we can see that the potential of the Bouguer plate is a
function of the flight altitude, zo. Obviously, the potential of the Bouguer plate is not a regular



potential because it does not vanish at infinity. The terrain undulation has the contribution to the
geopotential at the point Q:

\Q = Gp ff -f. d I

h-hp 2zo z-z

Gp if , dxdy +1 iG i ,  - dxdy
L' (2-6)

where VT denotes the potential of the terrain undulation around th- point Q.

Now we consider the first and second derivatives of the potential of ,he topography,

The vertical derivative of tile potential of the topography is given by

V - Gp f f - dzdxdyaz0 , az°  zdd

=Vz+ V? (2-7)

with

V ff fhP a dzdxdo L f2-f

V, =Gp dzdxd vf hp P Z0  (2-9)

Obviously. V7 is the contribution of the Bouguer plate and V" is the contribution of the terrain
undulation. Notice that

f - dxdv= 2
7dO f

2xlim s-( 27tz - X)s- 2 ( 0 (2-10)

where oi > 0 is a parameter, then we obtain

' JGPL)fhuuy
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Cip j'K£ 11 j ]dxdy

-2 t GphP (2-11)

This is nothing else than the attraction of the Bouguer plate, where the computation point is not
only on the Bouguer plate but also at the flight altitude. Equation (2-11) means that the attraction
of a Bouguer plate is a constant on and above the Bouguer plate and it does not change with the
flight altitude ze.

The effect of the terrain undulation is given by

pf jl h

lip

GPz) h-hp dxdv - 5 Gp - dxdy
L it (2-12)

The attraction of the mass above the sea level at the point Q is then

I r 2z, h-h +( h 2-h-)" r G = xph p- Gpj f dxdv

(2-13

In a mountainous area the first term in (2-13) is the principal value and much bigger than the last
term in eq. (2-13)

In the same way we can get the horizontal derivatives of the potential of the topography. The
horizontal denvatives of the potential of the topography are

av f( h , I
V - - G p - - - d 7 d

P , a3xpL "Il f)• x (2-14;

VQ -Gpf f--dzdxdVL
ayp T 0 ayp ( -5(2-15)

We define the horizontal derivatives of the potential of the Bouguer plate as:

Jf J h, J ldzdxdv=jJ jhIx dzdxdv
xP " L'oL (2-16a)
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h d

._ L Izdxd rd=

It is eas, to prove that the Bougucr plate has no effect ot the horizontal derivatives:

Introduce the polar coordinatc svsiem:

X = X - Xp S COS 6

Y = yp fsln (2-

,o ththave

xfff ,, = dz Cos 0 de3 s Is2}

In the sx;'.x vax ve ha,.e

C If"::PY-P dzd dv =0

L (2-19)

"lrefore the horizontal dcrivativ'es of the potential of the topography are given by

=p h-h f -h2z 0 z-z 2

• J" j jy -ydxdv -Gp {y-y,) dzdxdy
g - L/ (2-21 t

Furherinre. we consider the second derivatives of the potential of the topographyv at the point ()
It is eas, to show that a Bouguer plate has no effect on the gravity gradient. As shown above, thc
horizontal derivatives of the potential of al Bouguer plate are zero. Therefore, the derivatives sut, :"

asV ". V ", V " , V 13, are equal to zero. The superscript B denots the effect of the Bouguer
plate.

it is also not difficult to prove the derivatives V7 is equal to zero:

2

v 13f fh - dzdxdy
V=2 L

t (I



ff Ih dd

a ( 27Gph) =O0
(2-22)

Based on the above discussion we can see that the Bouguer plate has no effect on the gradient
data. Therefore, it is not possible to recover the effect of the Bouguer -late on gravity and the
potential by processing the aerial gravity gradient data only.

By using eqs. (2-18) and (2-22) we have the second derivatives of the potential of the
topegraphy

2~V Q _ GO dz

V Gpff h- dxdy + 3 Gp h L5  dzdxdy

p (2-23)

2

V a V - 3Gp f (XXd~yYP dzdxdY ax ffyp P L 5
Ly (2-24)

2a vQ -f hj ff h (yy 2
V V 2a Gp f dxdy + 3 Gpff J dzdxdy

yp hP T L (2-25)

2

V -x z= = 3 Gpf Lf h XX.(O_ dd
ax f h

ho L (2-26)

Vy z -  VQ 3Gpff f( -d(z) dzdxdy

h(2-27)

2h 2
Vzz -Gp hdz +zv z f dd 3 f Gp dzdxdy 2

PT P T (2-29)
Between the six components Vxx, Vxy ..., there are five independent components. A strict

condition is

VXX + Vyy + Vz, = 0 (2-29)
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The derivation of the formulas are routine and tedious, but it helps us to understand better the
physical meaning of the reduction and helps us to figure out the role of the Bouguer plate and the
terrain undulation in the airborne gravity gradiometry.

Next we consider a more general case where the density of the topography is not a constant.
We separate the density function into a constant part and a variable part:

p xV, z) = p 0 + 8px,y,z (2-30)

where P0 is a constant and 8p is the variable part of the density of the topography which is
sometimes called the density anomaly (Forsberg, 1984). We assume that this density function is
known. For the constant densit,, p0 all formulas derived above remain valid. Therefore we need
only to consider the potential caused by the variable part of the density.

The potential caused by ,c density anomaly 6p is given by

AVQ = G h 8P dzdxdy
f 0 f C(2-31)

AVQ=G f h ( 1+ 2zz-2dzdxdyQL"f 2 L2
T L (2-32)

Define the new functions
h

5p f p (x, y, z)dz

0 (2-33)

5P4 f (2z(z- z 2 ) p(x, y, z dz
0 (2-34)

Then (2-32) can be written as

I IIAVQ= G 5p:, -+ --G bpN*
LL2"L(2-35)

where "'" denot,-s the convolution of two functions. Therefore the numerical evaluation of (2-35)
can be done b- using the efficient fast Fourier transformation. The first derivatives of the potential
AVQ are giv,.r, by:

aAVQ ( X-X+ 3f X-x,
A/ x Q = 2" 3-- 8PMix, y) dxdy + TG 5 8pNix, y) dxdv

x L(2-36)

L,



aAVQ Gf y-xd P~ J 6p (x, y) dxdvv - Q-Gf - - p ,x, y)dxdy+5-Gj ~ " - Nx5dd
yp L' - L (2-37)

A__ AVr of 6 xd 3  ff 6 PN
AVZ= =-Gz F dxdv-- -Gzo  v dxdy

P L L (2-38)

If the der.sity is not a constant, then the second derivatives of the Bouguer plate is no longer
equal to zero. Therefore we have:

2

ax ff
- -P G+l dxdy+

+V - Gx 6L +L5 '2 ff [' 3 '7+IGf 6PN[ - + 15 I dxdy (-9
2 L 'T (2-39)

2
AVxy AV_9= 3G (x-xp~y-y) p, dxdy += - 3G 8Mdd

15ff (x-Y d

T L (2-40)

5AVQ ff _ d[L+Y-YP2
AVyy G dxdy +

+-G ff9N --- + 15 dxdy
2 L"3  L"73

L (2-41)

2
2AVQ ff TdX-d

AV =xzffAQ=-3Gzo  ()dxdyx pyp -f T Q

15 -x-Zo 8p,, dxdy
L'7 (2-42)
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2oD AVQ (f vye
7z- a Q_ 3G 7, Y- pM dxdy-AV p p )

a,,.- Z0 fffYY

l- f 8pN dxdv

tL (2-43)

2
aAV frrz

AVzz - -Q - G - +3- P dxdy+

2 ti 2
2 ff L + L] (2-44)

The inverse of the higher powers of the distance L' appearing in the formulas means that the
derivatives, such as AV,,, AVYY .... depend strongly on the value of the innermost zone. The
effect of the remote zone is very small and vanishes very fast. In the numerical computation the
integration region can be taken small, but the data should be dense enough around the computation
point, in order to ensure the computation accuracy.

The higher power of the inverse of the distance L' are omitted in the above formulas. These
higher power terms contain very high frequencies of the potential. In the numerical computation
the omitted terms may not cause serious error in the results,

The formulas derived above are in convolution form and the efficient numerical computation
method - fast Fourier transformation can be used.

2.2.2 Helmert's Second Condensation

It is a well-known fact that the indirect effect of the Bouguer reduction on the geoid is very
large (Heiskanen and Moritz, 1967, p. 142) and it is not suitable for the determination of the geoid.

In this paragraph we introduce the Helmert's second condensation into airborne gradiometry
reduction. The Helmert's second condensation is to press the topographic mass onto the geoid, or,
in a good approximation, onto the sea level.

We assume the density is constant, so that the density of the condensed layer is ph.

The potential of the condensed layer at the point Q is given by (cf. Figure 1):

WQ=G Ph dxdy
L' (2-45)

First we consider the condensation of a Bouguer plate with thickness hp into a layer.



11

The density of the layer condensed from a Bouguer plate is p-hp and its potential at the point Q
is

WB=Gp - dxdy

2rphlim s - 2 nz h
=2Gp hp 4- 0 P (2-46)

Combining (2-5) and (2-46) we obtain the variation (change) of the potential of the Bouguer
plate due to Helmert's condensation:

B B B6 VQ= - VQ+ WQ

=-itGphp (2-47)

The variation of the potential 8V B is independent of the flight altitude and is a constant above
and on the Bouguer plate. Eq. (2-47) means that if a Bouguer plate is pressed into a laver, the

2potential will change at point Q a constant - nGph 2. This term is small. If we take p = 2.67
g/cm 3, hp = 1000 meters, the term - irGph2 causes a geoid undulation change of 5 cm.

Roughly speaking, the condensed Bouguer layer generates almost the same potential as the
Bouguer plate does. The difference irGph 2 is a small quantity and it can be neglected for the first
approximation. But if the geoid is needed to be precisely determined, this term is also important
and cannot be omitted.

Equation (2-45) can be written as

WQ= Gp f 1--' dxdy + GPff - dxdy

w B Gpff h-h dxdy
f T(2-48)

Combining eqs. (2-5), (2-6) and (2-46), (2-48) we get the change (at point Q) of the potential of
the topography after Helmert's condensation:

5VQ - VQ+ WQ

z0 (h-h')- 3_ 3h

-nGp h 2- Gp - dxdyP 2 'L '(2-49)

The last term in (2-49) is one order smaller than the first term and can be neglected except in some
extreme cases.
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Now let us consider the variation of the derivatives of the potential due to the Helmert s
second condensation.

The vt.rtical derivative of the potential of the condensed topography at point Q is

W = -W - Gpz 0 J f -xy
ZO (2-50)

We separate (2-50) into

W, WB + WT
z z. (2-51)

with

-= GpzOf hP1 dxdv
L ~(2-5?))

TI=_Gzf h -hP dxdy
W z G z O fL '3(2 

-5 3 )

Obviously (2-52) is the attraction of the condensed Bouguer plate and (2-53) is the attraction of the
condensed terrain variations with respect to the Bouguer plate.

Notice that

L dxdv 2fcdOf sds /

21

ZO (2-54)

we have

R
-z 2 itGp h (2-55)

Comparing (2-55) with (2-11l), we find that the condensed Bouguer plate layer generates the same
attraction as the Bouguer plate does.

Therefore the attraction of the condensed topography is given by combining (2-5 1), (2-53)
and (2-55):,

W 7 =-2rGph Gpzf h'h dxdy,(-6



13

and the difference in attraction between the actual potential and tne potential of the condensed
topography is

2f1 c h-hp
8Vz=.Vz +W 1 = 2 GPJJ " dxdy

L (2-57)

It is interesting to compare (2-57) with the result of Vanick and Kleusberg (1987, eq. (14)). They
are almost the same. The difference is just due to the location of the computation point. If the
computation point Q on the flight altitude is down to the point P on the topography, then eq. (2-57)
is reduced to the Vanic~k-Kleusberg result. If the computation point Q is down to the condensed
layer, 8V z is reduced to the classic terrain correction (cf. Wang and Rapp, 1989).

Because we have:

_-X_ dxys 2

ff Pdxdy= 2ncos 0 dO s ds
3 f 3/2 0,

(s  +z0/ (2-58)

f YYPdxdy= f2xsindf s2 ds 0,
L3 fi fo 2 23/2

0s)+z0) (2-59)

then we have the horizontal derivatives of the potential of the condensed topography can be written
as:

SW Q Gff h-hp {x-xr)dxdy
axp L (2-60)

Wy= aWQ G~ f h-hp
GpJJ hh (y-yddxdy

=Yp (2-6

Combining eqs. (2-20) and (2-21) with (2-60) and (2-61) we get the change (actual topography
minus condensed) of the horizontal derivatives:

8V x = - V, + WX =- Gpff
2 5 fx-f,)Ixdy (2-62)

7,o (h2_-f 

(2-63
3

8V y= - V y + W y= - T-G0pf hh(-ddd

(2-63)
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The variations are one order smaller than the horizontal derivatives of the potential of the
topography. It is easy to show that the condensed Bouguer plate has no effect on the gradient data.

From eqs. (2-58) and (2-59) we knw that the second derivatives of the potential of a

condensed Bouguer plate, such as W . W .... defined by

2

WB X= CG ff hPa _ I , xdyax 2 LP U(2-64a)

2

VB y= Gpff hp dxdy
a x p ay p L ' ( 2 -6 4 b )

are equal to zero.

BFor the component W, we have

2
Wzz=Gp t hP- -dxdy

Taz L

=-Gp h a fdf 2 z dxdy

Paz °

azo (2-65)

Here we need to point out that the elevation hp is considered as a constant in all integrals.
Obviouslv, hP is a function of the point P, therefore the order of the elevation hp with the partial
differential, such as it is in (2-64a) and (2-64b), cannot be changed. By way of exception the
vertical differential a/a)zo and a2 /a3 are changable with the hp because the elevation hp (Xp, yp) is

not a function of the flight altitude zo. The second derivatives of the potential of the condensed
topography are given by

2

WXX 2 WQ= - Gpff h-h 3 dxdy + 3Gpff h-h (x-x) 2 dxdy

ax L(2-66)

2

WX -x= y WQ=3Gpff hpx-x(y-ydxdyax ay P f (2-67)
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2
a~~~ c h- chh 2

Wyy- WQ=-Op f f, dxdy+3Gpff - (x-xh p  dxdy
YY 2' Ji *3 ' 5ayp L L (2-68)

2

wZ-- a WQ= - 3 Gp zo ff h-hp !-" dxdy
ax Pa z 0 (2-69)

0 ff Lhh
2

w,. =_ _w -3.p h-hd r~ f hh

zoff yyp) dxdy

aXz L (2-70)

az0  L(2-71)

By combining the above formulas (2-66) - (2-71) with the second derivatives of the potential of the
topography, eqs. (2-23) - (2-28), we obtain the change of the second derivatives of the potential
due to the topography condensation:

8Vx=-V +W 3H dff _dxdyfxd
xTxp x dxdy -! dx y -

T L L' (2-72)

6V, y=-V, +Wxy=- 1 pff L(2-)dxdy
T (2-73)

8V yy=-Vyy +Wy4Yf Gpf i dxdy -oGpf H dxdy
LU L (2-74)

2 28Vx= VX,+WX7==- 3G J'.f h -hp
8Vxz=-~ ~~ '5z W =-_5G X-Xpldxdy+

15 1-X )} ('h' d
15 (C x-xpE 2i, 2.2t 3 I 4

+-7 Gpj 0(z0 h 2-h2) - Zo (h'-h')+ -1h-h) dxdy
SL' (2-75)

2 2

8V V=-V +W 3 hff h -h (x-x dxdy +YZ VYZ Yz 2
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15 -'j rz'(h-hP z,(h'-h') + 1(h-h') dxdy
2 ~ L (2-76)

8V~~ ~ = V- 3Gpf JJ L3z,(h2-h2) +
Vzz- 7V - 5zL 5

+ (h3-h')] dxdy-8 AGpff *-jY4 z0(h2-h' ) -

- 8z2(h 3-h + 5z(h-h) - (h5-hp)] dxdy (2-77)

Wvith

El= f "(2z,, z) 'dz = (h 2-h 21 - I (h' h;)(278

The above formulas are complicated. But they can be written in the convolution form and the fast
computation method - fast Fourier transformation can be applied. Now w" consider the case in
which the density of the topography is not a constant.

Following eq. (2-30) we separate the density of the topography into a constant part and a
variaiable part. We consider only the effect of the variable density. Using Helmert's second
condensation we condense the topography whose density varies into the sea level with the surface
density 8PM, defined by eq. (2-33). Then the potential of this layer at point Q is

AWQ = G ff L'1 P dy (2-79)

Comparing (2-79) with (2-32) we find the change of the potential due to the condensation is

AVQ= - AVQ+ AWq

=G 'ff -3- dxdy

L (2-80)

where 8pM, 8PN where defined by (2-33) and (2-34). Here we need to point out that the attraction

of a Bouguer plate with a variable density is no longer a constant above the Bouguer plate and the
second derivatives of the Bouguer plate are no longer zero.

If the density anomaly 8p is a function of the variable x and y, only, then eqs. (2-33) and (2-
3-4) become:



17

8pM = h -p (x, y) (2-81)

8pN= h2 zo- - h2)p(x(22 y T (2-82)

Just as in the above derivations we give the corrections to the first and second derivatives of the
potential which were generated by the density anomaly 8 p:

3 ff x-x
8AVX-- VQ -- G 5p 8pN dxdy

3(2-83)

8AVy= AVQ=-TGf XYP8p ,dxdy
YP L (2-84)8A=- VGff fL

8Vz= a AV Q=G ff hz8px,y,z)dz3dxdy-az p - ' r

3 G -zf ~ i(z 2) j(Tz0 ) 6p dz dxdy-f°fJ 5; f (2zoz:) z
(2-85)

Similar to eqs. (2-72) - (2-77) we have

8AV=-3 Gj f pdxdy -L 8 pN dxdy
L T L (2-86)

AVXY -  15Gf 8PN (x-xpjfy-y dxdy

(2-87)

8 yy=3 5 15'

L"V =-G - dxdy - - G 8 pN dxdy

L (2-88)

8av, 3G f f h o
6AV= - 3Gf -- z p dz dxdy +

+TG (2zoz7f h )(z-z)Sp9dz dxdy
L (2-89)
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-AV 3G f V hz P dz dxdy +

=+cf X"~h(z z 1w)pdz dxdy

+ 15 G hff f (-zz2) Z0_ 5p dz dxdy

+.!#G ff ± h (_ 2 Zo z)5dz dxdy

L (2-91)

If the densitN anomaly is known everywhere, then we can compute the change of the potential
and its derivatives at the flight altitutde by using the formulas as derived above. For the airborne
gradiometry case, the second derivatives of the potential of the topography can be computed by
using the Bouguer reduction or the Helmert's second condensation and are added to the measured
gradient data to obtain terrain corrected gradients. By using the gradient data, the gravity
disturbance (anomalies) can be recovered. The disturbing potential on the ground then can be
determined by using the recovered gravity data. The bias problem - which occurs in the airborne
and satellite gradiometry, can be solved by combining other data.

2.2.3 Indirect Effect

Now we consider the indirect effect on the potential of the topography reduction to the geoid.

Basically, the topography reduction in this report is the same as the topography reduction in
any textbook. Therefore, the indirect effect is the same as it is described in (Fleiskanen and Moritz,
1967, p. 142, Wichiencharoen, 1982).

In the Bouguer reduction the mass above the sea level is removed and the indirect effect is
very large.

The indirect effect of lielmert's condensation is given by (Vanic~k and Kleusberg, 1987):
"'2

,1 h I -h ,2

6V =-1Gph2--GpJ -' dxdy
S 

(2-92)

where s = N(x-x +y-y) 2

the distance between computation point P and current point on the sea level.

Compare (2-92) with (2-49), we find that the change of the potential due to the Helmert's
condensation has the same magnitude order as the indirect effect. If the geoid is determined
precisely, the indirect effect must be cartfully considered.
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2.3 Topographic Correction Studied in the Frequency Domain

2.3.1 Bouguer Reduction

The derivation of the formulas for the Bouguer reduction and Helmert's second condensation
for airborne gradiometry in the space domain is time consuming. If the reductions are studied in
the frequency domain, the problem becomes easier.

We define the 2-D Fourier transformation and its inverse as follows:

G (uv) = F (f x, y)) = ff fix, V) e 2n J Lu + Y dxdy
~(2-93)

fix , v = F l {G u , vu f C u . v ie JtXU Y d ud v
(2-94)

where F and F-I denote the Founer transformation and its inverse and u, v are frequency variables.
This definition is a little different from its definition in most text books (e.g., Papoulis, 1968,
Bracewell, 1965), but it is more convenient for the numerical computation if the subroutines are
written for the discrete Fourier transfnrmation which is defined similarly as (2-93) and (2-94).

Applying 2-D Fourier transformation to eq. (2-1) we obtain the Fourier transform of the
potential VQ (cf. Parker, 1972):

-2o 1 0FVQ .G p~
ni (2-95)

here we assume p = p (x, y), is a function of the variables x, y, and the circular frequency
W)=(u2+v2)l/2; z0 is the flight altitude of the airborne above the sea level. If the density p is
assumed to be a constant it can be taken out from the Fourier transformation, and eq. (2-95) is
reduced to Parker's solution.

As it was shown (Parker, 1972) that the series convergent with a convergence rate better than
(hmax/zO) n , where hmax is the maximum cf the elevation of the topography- The physical meaning
of the series is very clear. Writing (2-95) in the form

F (VQ) = G 12 F (p e "2 e2' { zh )

2w

n

2 n' F p(h-z0J n! zonj
27ro n=(2-96)

and taking the first two terms, we get
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01 (2-97

Assuming that the density of the topography is constant, then eq. (2-97) is nothing other than the
Fourier transformation of the potential of a Bouguer plate with thickness h plus a correction due to
the variation of the heights. We show this in the following.

Taking the inverse Fourier transformation of eq. (2-97) it gives

F IFVQo}= G -- dxdy -tGp(2zoh-h2)

=Gp J f S P dxdy - G po(2,h - h + G f h-h ddy

=VO Gp h- dxdyf (2-98)

where s is the distance between the computation point and current point on the sea level.
Here we have used the relationship:

F ff 'dxdv -F Vf4 (0

and the density p is assunmed to he a constant.

Therefore the terms n>2 in eq. (2-96) represent the terrain effect. The terrain effect is smaller
than the effect of the Bouguer plate, but it is rough when the topography is rgged.

Above computations are referenced to the sea level. In order to speed the convergence of the
series (2-95), reference surfaces other than sea level can be chosen. One of the choices is the mean
elevation level, z = hm, so that eq. (2-95) becomes

n
>ih,4} I x 2toF V G e . . . (1))- F 1 h-hA 1)- - p

(2-99)

Becauie we have

F F I h rj

n n
F o) I- h n ( ](u, v)
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S co(- h n (LI, V e dudv

=0, n = 1, 2.... (2-10)

where we have used the property of the 8 - function

f f f(u, v) 8(u, v)dudv = f(0, O,(
' J (2-101)

then we can build up an artificial formula to replace eq. (2-98) if the density p is also a constant:

FIV, =Gpe 1 h+ nF h2-2hhrn+I Q c ( 0)

+ F{(h-h,4
2 1r 2 n = n ( 2 - 1 0 2 )

The function F {VQ c is not exactly the Fourier transformation of the potential of the topography
with a constant density. Based on (2-100), the Fourier transformation of (2-102) gives the same
potential VQ as the equation (2-99) does. If the density p is not a constant, then eq. (2-95) has to
be used. The advantage of eq. (2-102) is that the series in equation converges faster than the series
in eq. (2-94).

The parameter h-n in (2-102) is defined as the mean elevation in the area. Based on Parker
i 1972) the parameter hm = 1/2 (hmax - hrin), where hmax and hmin is the maximum and minimum
elevation in the area, can be the best choice for the convergence of the series in (2-102). But, if the
series converges very fast, the choice of hm as a mean elevation or the average value of the
difference between the maximum and minimum elevation should not play an important role.

In the similar 'Aay as Parker did (ibid) one can show that the convergence rate of the series in
(2-102) is better than the series

, zo._ h m]

where H = max ((hmax - hm), - (hmrin - hm)).

The vertical derivative of VQ is easy to get by spectral analysis. As in many text books (e.g..
Bracewell, 1965) the relationship between the differential operators and the spectra are given in the
following:

a =* j21Tu
ax
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zj2tv
d2v

z (2-103)

n

a lj{-IPjk' -'s 2n) Li 5 P
k s nax ay az,

wkhere n = k + s + p. k. s, p = 1, 2, 3...., and j is unit imaginary number.

The Fourier transformation of the attraction of the topography is given by

F %' 21twF (2-104)

Insert eq. (2-96) into eq. (2-104) and taking the first term:

FIVV =0 2itGF {ph \

O= -
(2-105)

The inverse Fourier transformation of (2-105) is

V 0 
- F' IIF WV)O=-2rGph

z- I Z0 ( 2-106)

It is nothing else but the attraction of a Bouguer plate with thickness h.

By using eq. (2-103) we get the Fourier transformation of the first derivatives of the potential
at the flight altitude:

F \ jcuF I] (2-107)

S = ,,(2-108)

, here F (VQ} is defined by eq. (2 99) or (2-102).

In the same way we obtain the Fourier t;ansformation of the second derivatives of the potential
at the flight altitude:

F (2 ' F Vo} (2-109)

F (V , (2n) uvF IVQi (2-110)
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F {v, = -(2,Tv) F ,2-l)

F,v ,,I = -j(21r) -ujFII QF xz4 -2 )u)F {VQ} (2-112)

F (Vyz =-j (2t)2 vwF {VQ) (2-1 13)

F iVzz= (2-114

Obviously we have

FV +FIV, + FIV,.I=O (2-115)

so that there are five independent second derivatives of the potential.

2.3.2 Helmert's Second Condensation

It is also easy to apply the Fourier transformation to the Helmert's second condensation.

Applying the Fourier transformation to eq. (2-45), we get

F{WQ = G e F{ph}

(2-116)

This is the Fourier transfomi of the potential generated by the condensed topography layer on the
sea level. Obviously, the Fourier transform of the change of the potential due to the Helmert's
second condensation is (cf. eqs. (2-49) and (2-95)):

F 6V}= F {-VQ+ WQ

'o, (2 ,n-- IP nj
nn='

21 f n(2-117

If we expand the exixpent in (2-117) in series, then we have

F{SV}tw n ' ( 2 r m n -2n°oz °)m  n)h"

(V) =G 2 1 ( ml n! F (ph

2.,w m=O n=2 (2-118)

The first term of the series in (2-118) is (m--O, n=2)

G 7t F (ph
2 1
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and its inverse Fourier transformation is

-G n ph
2

which is nothing else than the first term in eq. (2-49). Therefore we can expect that the terms
(n>3) in eq. (2-117) may be ignored in most computations. This agrees with our earlier study in
space domain.

If the topography is condensed on the sea level, then the first derivatives of the geopotential
changes at the flight altitude by

8V~ F "(j2itu F (8V)}

8V - F" j2rv F (8V}} (2-119)

5Vz =F' (-2tCo)F (W~))

where 8VX, 8Vy, 8V, are the change of the first derivatives of the geopotential, SV is given by eq.
(2-117). The effect of the Helmert's second condensation on the gravity gradient data is also easy
to get by

BV=x:F'-(2ruF (V)

VXYF'{ (2n.)2.uv F{V

5V - F" (2nu) F= tI (2-120)

3.1 Introductioni6VI

5V IL F 1 (ZItc,)2 F(6}

In comparison with eqs. (2-66) - (2-7 1), eq. (2-120) is simple and easy to use for the computation.

3. Effect or Topography on Determination or the Geoid by Using Analytical
Downward Continuation

3.1 Introduction

In the preceeding chapter we studied the effect of the topography on the airborne gradiometry;
some corrections are added to the aerial gradient data to eliminate the topographic effect. Now we
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consider the topography effect in satellite gradiometry. This situation is different from airborne

gradiometry because a satellite flies much higher and the high frequencies of the gravity field,
which mostly come from the terrain variation of the earth, become small or negligable at the
satellite flight altitude. In this chapter we want to find out a topography correction which is not
related to the flight altitude of an airborne or a satellite.

In processing the satellite gravity gradient data one can ignore the mass above the reference
surface (e.g., the ellipsoid) at first, the gravity disturbance is recovered on the reference surface by
using the analytical downward continuation. If such recovered gravity data are used to determine
the coefficients of the spherical harmonics of the earth's gravitational potential, no topographic
correction is needed. This is the same as the analytical downward continuation of the free-air
anomaly from the earth's surface to the ellipsoid for the determination of the coefficients of the
spherical hamion;cs ,xpansion. If these recovered data are used for determination of the geoid, the
topographic effect has to be considered. The question is what is the difference between the
analytically downward continued potential and the true one on the ellipsoid. In other words: What
is the difference between the geoid determined by analytically downward continuation and the true
one?

The following work is addressed on this aspect and we focus our attention on the topographic
correction to the geoid which is determined by using the analytical downward continuation which
is the method used in the processing of the aerial gravity gradient data.

3.2. Remove-Restore Technique - Its Physical Meaning and Mathematical Formulation

In the following we will find the topographic correction to the geopotential which is
determined by using the analytical downward continuation procedure. In order to do this, we
remove the mass above the reference surface first, then add it back. This technique is called
remove-restore technique. This technique is illustrated in the following.

Z Q TQ =VQ + STQ

Flight altitude

z°{ Topography

xs

, PO
W Y

8T Ellipsoid

Figure 2. Geometry of computation of the disturbing potential

The disturbing potential T at the flight altitude Q consists of the gravitational potential (V) of
the mass above the ellipsoid and the potential (8-T) caused by the density anomaly under the
ellipsoid.
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ZQ 
5TQ =TQ-V Q

Flight altitude

--- Tpography

x -

0
xx,' ' , -x -  Ellipsoid

Figure 3. Removal of the mass above the ellipsoid

The mass above the ellipsoid is removed. The residual disturbing potential 8TQ=TQ-VQ is
harmonic above the ellipsoid and can be analytically downward continued to the ellipsoid without
any theoretical problem. 8Tp0 is the downward continued residual potential on the ellipsoid.

Z Q Flight altitude

Topography

x

S

P0  T To = 5Tp0 
+ Vp0 y

d Ellipsoid

Figure 4. Restoration of the mass above the ellipsoid.

The mass above the ellipsoid is added back. The disturbing potential at point Po located on the
ellipsoid is Tp0 = 5Tpo + Vpo , where Vpo is the gravitational potential of the mass above the
ellipsoid at point PO.
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Now we assume that the disturbing potential TQ is analytically downward continued to the
ellipsoid: T = 8To + Vpo, where T and V are the downward continued potentials of the TQ.
VQ at the flight altitude, respectively.

Compare Ti' 0 with the disturbing potential Tp0 which is the original disturbing potential on the
ellipsoid, we get

85V =Tpoo - 'p, = 5TOO + VOO - 8Tp, - V°

=- V;, + VPo (3-1)

Obviously, 8V defined by (3-1) is the difference between the true gravitational potential of the
topographic mass at point P0 and an artificial potential VI*0 which is the gravitational potential of
the topographic mass at point Q (outside the Earth's surface) analytically downward continued to
point PO.

From the above short description of the remove-restore technique we can see, 5V is
independent of the flight altitude; therefore it is suitable for computation of the topographic effect
on the determination of the geoid by using analytical downward continuation. For instance, the
disturbing potential TQ can be computed by processing the satellite or the airborne gravity gradient
data analytically downward continued onto the ellipsoid. So the disturbing potential TPO can be
obtained by adding the 8V,and at the same time the geoid is also determined from Brun's equation.

We still call 5V the topographic correction because it comes from the earth's topography. If
the earth is exactly an ellipsoid which coincides with the reference ellipsoid, then 8V is equal to
zero.

Before we compute the topographic correction 8V, we first consider the correction of a
spherical Bouguer plate.

3.3 Effect of A Spherical Bouguer Plate on the Analytical Downward Continuation

We approximate the ellipsoid by a sphere with the radius R, the mean radius of the earth. A
spherical Bouguer plate has the boundaries r = R and r = R + hp, hp is the thickness of the
Bouguer plate.

The geopotential of the Bouguer plate, just like a point mass or a homogeneous sphere, is
given by

GMVQ= R+z0  (3-2)

where VQ is the geopotential of the Bouguer plate at the flight altitude and zij is the flight altitude
above the ellipsoid; G is the gravitational constant and M is the mass of the Bouguer plate which is
given by

4
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=4p R 2 h +Rh2 + - h 1 (3-3)

where we have assumed that the density of the Bouguer plate is a constant.

If we analytically downward continue the potential VQ from the flight altitude to the ellipsoid,
we obtain

-M =4nGp(Rhp +hp + 
( 34

~(3-4)

where V* is the downward continued potential on the ellipsoid at P0 .

At the same time, the gravitational potential of the Bouguer plate at point PO is given by

VP.= 2-tGp [JR+ hp)2 - R j

= 4itGpR hp + 2,-,Gph 2( P P (3-5)

The mean radius of the earth, R, is much larger than the thickness of the Bouguer plate. For
example, if we take the maximum thickness of the Bouguer plate as hmax = 10 km, then the ratio of
the thickness of the Bouguer plate and the mean radi,!s of the earth is

hp 10
hp< 10 - = 1.6 x 10 .3

R 6.4 x 103  (3-6)

Therefore the third term (2itGph2) in (3-5) is one thousand times smaller than the second one.
Comparing (3-4) with (3-5), we find the potential difference

6 V V + Vp =-2nGph (37)

The ternv oii the order of hpiR in 8V is neglected.

Therefore the analytically downward continued geopotential of a Bouguer plate from outside
onto the ellipsoid differs from the original geopotential by - -tGp h. This result has been known
from many previous publications (e.g., Wichiencharo n, 1982, p. 16. Table 1). Here1 5 , p.16, able1). erewe
emphasize the fact that the potential difference -2hGh p is due to the use of the analytical
downward continuation.

3.4 Topographic Effect on the Determination of to the Disturbing Potential on the Ellipsoid by
Using Analytical Downward Continuation

Now we consider the topographic effect on the disturbing potential which is analytically
downward continued from outside earth's surface onto the ellipsoid. The geometry of the
computation of the potential of the topography is drawn in Figure 5.
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Figure 5. Geometry of the Computation of the Potential of the Topography

The gravitational potential of the mass above the ellipsoid at the flight altitude is given by (cf.
Moritz, 1968):

VQ= GpR fffh d a
f0 L(P(3-8)

where the density p is assumed to be a constant, Lq) is the distance between the point Q and the

current point inside the topography; T is the unit sphere and R is the mean earth radius.

The potential VQ can be separated into

VQ= VI + V2  (3-9)

with

V, GpR ff f zdo(
0 (3-10)

V2 =GpR2ff f h dzdo
a h, L(P(3-11)

where V1 is the potential of the spherical Bouguer plate and V2 is the effect of the terrain around

point P. Without loss of accuracy (3-1I) can be approximated by a plane approximation

V2 =Gp f " dxdy
h (3-12)
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where T is the tangential plane of the ellipsoid at point PO, and

L 2 = S2 + (zo - z)2  (3-13)

where L and s were previously defined (p. 3). Now we analytically downward continue VQ to the
ellipsoid to get the potential difference 8V. Based on last section the potential difference of a
Bouguer plate is -2itGph 2 In the following we consider only the terrain effect V2.

We assume that the potential V2 is analytically downward continued to the ellipsoid by the
Taylor's series:

2 3
aV2 I 2a V 2  I 3a V 2

V2 = V 2 - Zo - + -Z() 2 6
zo aZo zo (3-14)

For this series we have

a I Z0-Z

L L (3-15)

2  1 1 +3 (z0-z) 2

2 L L+
kZo (3-16)

3

z0 L L(3-17)

where 0 (L-7) denotes the term contains L7 . Putting (3-15). (3-16), (3-17) and (3-12) into (3-14)
we get

S dz
V =p - ddyZ fL (3-18)

with

2 3 2 2
1 1 z0 -2zoz 3 -z 0 z+z 0 z

L + 2L 3  2 L (3-19)

Because we have always
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2 2 2 2z 0 z - z 2

S +z 0 > 2 z z-z , or -, <1
S + Z( (3-20)

one can write

1 +1 2z 0z-z 3 (2Zoz-z22

LL' 2 4 3 (-21)-- 4zz -z'.

L L' L' (3-22)

I- I r
L (3-23)

with

L + (3-24)

Insert (3-21), (3-22) and (3-23) into (3- 19), we obtain

and the potential V; is given by

V2 GpJ ~ dzdxdv + lGP J f ~ ~~ dzdxdy +

f 5

L

h I ) 2
+ g'G 'Z5 dzdxdy

K (3-26)

Here we need to point out that the quantity V2 has no physical meaning. If we say it has a
meaning, it means that it is a fictitious potential created by analytically downward continuing the
potential of the terrain from outside the earth onto the ellipsoid,

The potential of the topography at point PO is given by
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Sp 0 GpR ff fh dz do

(3-27)

where L0 is the distance between the point PO and the current point ins.'Je the topography.

The potential Vp, can be split into

Vp= VPO+ V (3-28)

with

V' ~=GpR2  fh d 

L (3-29)

V 3 = GpRJJf dzdo
L (3-30)

The potential VP, is the potential of the spherical Bouguer plate, but the computation point Po is
under the Bouguer plate on the ellipsoid. Therefore (3-29) is the same as eq. (3-5). For the

potential Vp0 we take the plane approximation:

V", = G p -dxdy
T h ,Jd ( 3 -3 1 )

with

S 2 = s2 + z2  (3-32)

We expand 3-31) into a series:

V , hf z 2 fZ 2"z:
P =G o  f dzdXd"'+ Gp , dzd~dv +

j -

+. -Gpffj~ ) ddd

L (3-33)

putting (3-33) and (3-26) together, we get

5V2=- V;+ V,
2 V 2 OV
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= 3-O z dxdv
3- Gp z( f hh0 dd

L "(3-34)

Completely we have the potential difference 8V is a sum of the 8V2 and a term -27tGph 2 which is
from the downward continuation of the potential through a Bouguer plate:

2 3 4ff h-hp dd
8V= -2TGph+ g- GpzOff ' xd

8V -Oh+rOz L"5 dd (3-35)

The potential difference 6V represented by (3-35) is a function of the flight altitude zo. This is in
contradiction with our earlier statement that the potential difference 6V is independent of flight
altitude zo. This contradiction comes from the approximation used in the derivation of 5V. In
frequence domain the problem can be studied without approximation, and we can get the 8V
independent of flight altitude as expected (cf. next section).

Equation (3-35) gives the potential difference in space domain approximately. For this
equation we have two more things to say:

1. The expression of 8V is an approximation, the integrals which contain terms higher than S-5
were omitted. The flight altitude is assumed above the topography. The above derivations are also
valid, if the computation point is chosen on the topography of the Earth. In this case, eq. (3-35)
becomes:

8V = -2rGph2 + I Gph h-hp dxdyp Jp (s2+hn'2 (3 3)

2. The last term in (3-36) is a very small quantity. A numerical test (Wang, 1989) showed that the
last term in (3-36) contributed to the geoid at the millimeter level in a rough mountain area so that it
can be neglected in most cases-

The change of the gcoid caused by 6V is thcn given by the Brun's fornula:

8N = 
-

7o (3-37)

where y0 is the normal gravity on the ellipsoid.

The first term in (3-36) is primary and its contribution to the geoid can reach 1-2 meters in
high mountains, therefore the topogniphic correction is significant and cannot be neglected.

Now we consider the effect of the topography to the deflections of the vertical.

It is well known that a Bouguer plate with constant density has no contribution to the
deflection of the vertical. Here an implicit assumption is made that the elevation hp is a constant.
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Therefore h, can be viewed as a constant in eq. (3-36) too. when the derivatives are applied. The,
corrections to the deflections of the vertical due to the 5V are given then

Yo axp

h'p f ( 1  (x - xp) dx dy
8 y~ ~,j J(s2+hfl2 (3)

Gp h - h6

h-1  ~ ,(y - yp) dx dy

3.5 Topographic Correction in the Frequency Domain

NOW w e rtUdV the topographic co~rrection studied in frequency domain.

The --eornetrv of the computation of the topographic correction is drawn in Figure 6.

A
GL___ Fr,t± czwitude

pF

Figure 6 Geometry of the compuitation of Topographic Correction



35

In the plane approximation the gravitati r it potential of the topography at points Q and PO is

given by:

V( =G ff Y) f,,y}h d",y
f f(3-40)

Vo G p {x, y) f - dxd)
0 (3-41)

IHere we have assumed the density of the topography is a function of the the horizontal variables x,

v, and the distances between the current point and the computation points Q and P0 are

L2  s2 + (zo - z)2

S2 + Z -

They were previously defined.

Applying 2.D Fourier transformation to 3-40), we get (cf. Schwarz et al., 1989):

Fi =VQ G 1 F ~p e eU2-t(WI

22w

zG e 22th F~pe(h P)

2-r() (342)

Analytical dc wnward continuing the V3tenil VQ onto the ellipsoid, then its Fourier transformation
i.: given by:

G I F p -e I
2xtca (3-43)

In the same manner we obtain the Fourier transformation of Vp.

lp ,) = - 1_ . F p c " -tj

2 i 1 (3-44)

Combine eqs, (3-4 31 and (3-14) we ect tfie ouner transfOrm of the potential difference 5V:

F 6V =F( Pit

__ Q PL.-
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= -G -- -F 2 h -7 oh -
2+

2 to (3-45)

Eq. (3-45) is independent of the altitude z0 as expected. Expanding (3-45) into a series, then we

get

n

F 8V -G 1 ~i) Fph [1 + (- i n

2n 2n

G _-_1 
2  7w 

)  F 'ph 2

- (2n -

n=1n

21 1 ,(,)2n f 2n,
-G F )h ;- G 2n=2 2n) ' F ph f (3-46)

The inverse Fourier transformatioi ci the first term of eq. (3-46)

- 27zG F {ph 2 ) (3-47)

is equal to -2-riph2 which is nothing other than the correction of a Bouguer plate (cf. eq. (3-7)).

Clearly the magnitude of the series in (3-46) depends very strongly on the roughness of the
.opography: if the topography is smooth, the series has little contribution to the change of the
potential ,V, if h = constant, the series in (3-46) has no contribution to 8V.

The iast sum in (3-46) supplies mostly very high frequencies in 8V, therefore it is not
important to 5V which is assumed that the very high frequencies have few contribution. This
agrees with our zar'ier study in space domain.

If we compute (3-46) and its inverse Fourier transformation, the discrete Fourier
trans formation has to be used. In this case the influence of aliasing and leakage becomes a very
serious problem, because both phenomenan have the most effect on high frequencies. If sucil
wrong high frequencies are amplified by wn , then results will not be reliable. Therefore the low
pass filters is needed for such computation.

The first derivatives of 8V is given by

8V =j2 F I {'uF(8V' }

6V, = j2nF '(vF8V)} (347)

8V =-2r: F oF I8v)
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where F (8V} is given by eq. (3-46).

In the above discussion we have not considered whether the analytical downward continuation
is convergent. We believe the above derivation is justified based on the assumption that the series
in eqs. (3-46) is at least numerical convergent. We cannot guarantee that the series in eq. (3-45) is
convergent. The terms (n >2) in the series may be very rough, but they could be very small after
some smoothing. Ignoring the terms (n_ 2) in eq. (3-45) may not cause serious error in the
computation.

In the next section we will study the convergence problem of the analytical downward
continuation under planar approximation.

3.6 Convergence Study of the Analytical Downward Continuation Under Planar Approximation

Even though the convergence problem of analytical downward continuing a harmonic function
into the mass does not have too much meaning on the practical point of view, it is still interesting to
know the mathematical property of the analytical downward continuation under planar
approximation.

Equation (3-46) is directly related to the convergence or divergence of the analytical
downward continuation of the geopotential inside the earth. If (3-46) is convergent, then the
analytical downward continuation is also convergent. Obviously the convergence problem
depends very strongly on the roughness of the topography. If h--O, then F (V)= 0; if h =
constant, then F- 1 (F{SVJ = - 2rGph2 , the topographic correction of a BouguLr plate with
thickness h. In both cases we do not have any divergence problem.

From eq. (3-45) we have

n (2n

F(Vl G~ ph~
,)- (n+lfn+2)...2n 

(3-48)

we assume that the Fourier transformation of ph 2n/n! exists, it means, the following condition
holds:

2n

ff £! dxdy = M, <
T t3-49)

From (3-49) one can get

2n+2 2n

ii ph dxdyh f J < dxdy
n+l (n+1)0 n+)

h,2,ax 
M

I

n+l (3-50)
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This means that the following inequality holds:

-n 1 h M ax'
- n+1 (3-51)

For the Fourier transformation of the quantity ph 2n/n! we have

f 2n uYvph 2n

F =p fj n! dxdy

2n
< - dxdy M

i dn d ! (3-52)

therefore for eq. (3-48) we have

IF(VH G (27rc)2
TEO2 n1 (n+ll(n+2) ... 2n ' '( -3

The convergence radius of the series in (3-53) is easy to get by using D'Alembert's criterion

i lim (n+ 1)(n + 2)...2n (2i7t) 2n+2 mn+1
4n-,t (n + 1) (n + 2)...(2n +2) (2 ) n

2 2

lmn ( 2 hr) max
n--,. 2n + 2 n t 1 (3-54)

Therefore the Fourier transformation of the potential difference potential 8V is convergent in the
frequency domain 0_<o<oo. Note that the infinitive point i is not included in the convergence
domain. In the same way we can show that the inverse Fourier transformation of eq. (3-46) is
cnnvergent. provided the infinite point oyo, is not included in F (6V}.

We assume the maximum frequency of the Fourier transformation of 8V is coo, where oo can
be an arbitrarily large number, but not equal to infinity. From eq. (3-46) we have

(V = F- F (v) I

G ff -j2,U+Y,'V) 2

2 (2n)



39

ff e i2n(XU+Yv)ph 2ndxdy dLdV

2n-1 2n
- ,2nt W.i',i... (2iw) f1 n

_2tG fdr iln n+1).n+2 .2n dy

,- ,2n--

5 7Gi 2nt (0) (2m03)n dco. Mn
n= J0f (n+ 1)(n+2) ... 2n

0 0

2n2n I

n=1 {n+l1l++2) .. 2n. 2n 
(5

Here we have used the polar coorcinates system in the frequence domain. The relationship
between the frequences variable u, v and the polar coordinates system is defined as:

u = 0,o cos a

v =co sin cx (3-55a)

The convergence radius of the series in (3-61) is given by

d= lrn (n + 1)(n + 2)...2n . 2n (2ntwo) 2 n 2 Mn+1
n, (n + l)(n + 2)...(2n + 1)(2n + 2) (2itw) 2 n  Mn

2
( 2 Tra h max

li 2 n+l
n , - (2n + 2) 

(3-56)

From eq. (3-56) we know that the series in (3-55) is convergent for all 0o0: 0-oO< o*.

From the above derivation we can say that the Fourier transformation of the 8V and the
potential difference 8V are convergent everywhere, except at the point 0=00. That means the
analytical downward continuation (ADC) of a harmonic function into the earth is also convergent,
except at the point wo=-o. This result is slightly a surprise, because the ADC may be assumed
(considered) as divergent (Sj6berg, 1977). We have shown that the analytical downward
continuation of the external potential into the earth is almost convergent everywhere! Here "almost
everywhere" means the infinite point w-=o is not included.

Indeed, the convergence of analytical downward continuing the geopotential outside the
earth's surface into the mass of the earth is a delicate problem. From eqs. (3-43) or (3-46) one can
see that the convergence problem depends on the roughness of the topography. Based on the
above derivation we know that the series in (3-46) is covnergent for all u: Ow<-o. At the infinite
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point o--, the convergence of (3-46) is not defined. Obviously, the series is convergent at the
infinite point o-=, only if

lir (2o)2n-2 F{ph2n}W --+- (3-57)

exists.

Note that the Laplace operator in spectral domain is corresponding to

a2 + 2

K-2 
(3-58)

the eq. (3-57) is equivalent to

lim 1(I~nA n- (ph 2n)},,-- '- (3-59)

where An-I = AAA...A (n - 1 times)..

Eq. (3-59) indicates that the function ph2 a must be an analytical function (an analytical function has
infinite derivatives). This is not the case for the real earth, because there are steep cliffs and
overhanging rocks on the earth's surface. In this meaning the ADC is devergent.

But one has to keep in mind that the real world can only be approximated by some
mathematical models. If the elevation h is approximated by an analytical surface, or, more
practical, be approximated by point or mean blocks values, whose Fourier transformation has finite
frequencies, then (3-46) is convergent. Let us now imagine in the future: during the developement
of the technology the topography of the earth is measured more and more in detail, we get more
and more elevation data which includes high and very high frequencies of the topography. But the
number of the data is always limited and its Fourier transformation has always finite frequencies.
In this case, eq. (3-46) is always convergent. Therefore we will sa : that the ADC is convergent
for all practical use.

The above conclusion is also important for geopotential modeling. If the ADC is convergent,
we can expand the spherical harmonics of the geopotential up to high and very high degree and
order without any theoretical problem. In practice the geopotential can be modeled with a finite
degree and order which correspond to a certain frequency to = toO, therefore the ADC can be
considered as convergent for modeling the spherical harmonic of the geopotential.
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4. Effect of the Topography on Solving Molodensky's Problem and the
Determination of the Coefficients of the Spherical Harmonics of the
Geopotential

In solving Molodensky's problem and the determination of the coefficients of the spherical
harmonics of the gravitational potential of the earth the analytical downward continuation (ADC) is
widely used. Moritz (1980, section 45) used ADC to continue the gravity anomaly to the point
level and the disturbing potential is determined by using the Stokes' integral. Rapp et al., (1986)
also used ADC to continue the gravity anomaly to the ellipsoid for the determination of the
coefficients of the spherical harmonics. It is always assumed that ADC is correct for the
determination of the disturbing potential on the earth's surface. The disturbing potential on the
earth's surface and outside the earth can also be represented by the spherical harmonic expansion
determined by using ADC of the gravity anomaly to the ellipsoid. In this chapter we will look at
this problem in more detail. We wish to answer the questions: Can the spherical harmonic
represent the disturbing potential on and outside the earth exactly? This problem is different from
the divergence or convergence of the spherical harmonics on the earth's surface. Based on the
derivation in chapter 3 we assume that an spherical harmonic expansion of the geopotential, such
as used by Rapp (1984, eq. (1)), be convergent on the earth's surface and even so on the ellipsoid.
This assumption may be argued. But we think it is reasonable for the practical use. The
convergence or divergence of the series is meaningless in practice because a small "grain of sand"
can make a series divergent (Moritz, 1980, p. 64), and the potential of a grain of sand is so small
that it can never be included in a gravity model related to the earth's gravity field. Now the
question is: does the expansion (ibid) represent the gravity field of the earth on and outside the
earth's surface well? This problem is important for today's gravitational modeling. Up to now we
have various geopotential models (e.g., GEMT1, OSU89, ...) generated by different groups and
by using different data sets. If the spherical harmonics defined by (Rapp, 1984, eq. (1))
represents the geopotential on and outside the earth's surface exactly, then the geopotential
modeling can be expanded into high and very high degree and order. An explicit example: if the
spherical harmonics is expanded in degree and order 10000, then the geopotential is modeled with
resolution 2 km. This model will represent a global uniform detailed gravity field. But if the
spherical harmonics (ibid) do not represent the geopotential on and outside the earth's surface well,
then such expansion is meaningless, because the high degree and order of the spherical harmonics
may be totally wrong.

In practice the high degree and order of the spherical harmonics are effected mostly by
different errors and are not as reliable as the lower degree and order. But if the expansion (ibid)
gives the geopotential on and outside the earth's surface as well as we wish, one can expect that the
more and more gravity data will be gathered with more and more better accuracy and data
coverage, during the development and improvement of the high technology and space technology,
and an expansion of spherical harmonics to high degree and order will approximate the
geopotenial on and outside the earth's surface to a great extent.

In the following we will study the effect of the topography on solving the Molodensky's
problem and determination of the coefficients of the spherical harmoncs of the earth's gravitational
potential. More exactly, to study the error of the analytical downward continuation for solving
Molodensky's problem and the determination of the coefficients of the spherical harmonics. A
similar study on "error of the analytical downward continuations" was given by Sjoberg (1977,
1980). The error was studied on a sphere earth and the spherical harmonics were used for the
study. Here we will study this problem for a flat earth. The planar approximation should not
cause serious problem for our study. Note that we use the term "effect of the topography" instead
the "error of the downward continuation", in the following.
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4.2 Analytical Downward Continuation for Solving Molodensky's Problem

AT)C was used for crilving the Molodensky's problem (Moritz, 1980 sertion 45). This
method corresponds to the analytical continuation of the externa! potential T into the earth's interior
(ibid, p. 378) on the point level.

Now let us look at this problem in more detail. This method is illustrated in Figure 6.

I EttMipso& t

Figure 7. Geometry of Solving Molodensky's Problem by Using Analytical Downward
Continuation

Gravity data are given on the earth's surface and then analytically downward to the point level.
The disturbing potential at the point P is then determined by using Stokes' integral. This method is
equivalent to the analytical downward continuation of the external potential down to the point level
so that the effect of the topography in this procedure can be obtained from the derivation in Chapter
3.

Based on the description in section 3.2, the difference between the disturbing potential
determined by using the ADC and the original one is given by

8VP = - V; + V, (4-1)

where V ° Vp are the potential determined by using ADC and the potential of the mass above the
point level respectively.

Comparing Figure 7 with Figure 6, we get the VP*, VP similar to eqs. (3-43) and (3-44):

F(VP G 2 Fp Ie-I
2nw (4-2)
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F{V 1=-Go1 F0t 1P)
2rrm(4.3)

with

J h-hp h>hp
0 hh p (4-4)

Combining (4-2) and (4-3) we obtain

F!5VP)=-G IF P e 2n"'+ -21ra)h 2 )\
2

2 i (2n}) F p (Ah) 2n

n=1 (4-5)

(4-5) shows the difference between the potential obtained by using ADC and the true one.
Obviously, (4-5) is the effect of the topography which is neglected in the solving of the
Molodensky's problem by using the ADC.

Theoretically, (4-5) plays a role of the convergence of the ADC of a harmonic function onto
the earth. It is clear that the convergence of the series in (4-5) depends on the roughness of the
topography. As is shown in section 3.5, one can show that the topographic correction 5V and its
Fourier transformation are convergent almost everywhere except at the infinite point of the circle
frequency w = -. Obviously, the 5Vp could be rough, but if some kinds of smoothing are taken.
(4-5) could be very small and be neglected. This is also the reason why we assume that the ADC
is always correct for the practical using. Approximately we take the first two terms in (4-5):

F 1 5V I 7GF p(2'f-G\ 2 F 3(A 4P1 -(4-6)

For point P on the topographic surface, the first term has no contribution to 8Vp. We have then

-1 3 ,/ I ' /
T F F Ip (,h) ((4-7)

This term should be very small after the srnoothing and can be omitted.

Therefore we can say The using of the ADC to solve the Molodensky's problem is
reasonable and correct. The topography effect 8Vp in this procedure represents very high
frequency in the disturbing potential and in practice it can be neglected.
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4.3 Analytical Downward Continuation for Determination of the Spherical Harmonics of the
Earth's Gravitational Potential

if wV. u,"i.aiiy downward Continue tne gravity anomaly to the ellipsoid and this reduced
gravity anomaly is used for the determination of a spherical harmonic function, we always assume
that this spherical harmonic function represents the disturbing potential on and outside the earth
very well. In the following we will show that this spherical harmonic function gives the disturbing
potential above and on the Briilouin sphere (Moritz, 1980, p. 431) exactly if this series is
convergent. There is an effect of the topography in the vicinity of the earth's surface (the space
between the topography surface and the Brillouin sphere) to the geopotential represented by this
spherical harmonic expansion. This means that a single spherical harmonic expression for the
representation of the disturbing potential outside the earth's surface is not enough. The attempt to
include the topographic effect in a series for the representation of the disturbing potential in the
whole space can be found in (Petrovskaya, 1976, 1977). This method seems not so promising for
the practical use.

Here we assume we have a spherical harmonic expansion determined by using ADC and we
intend to find the topographic effect near by the earth's surface.

In the first place we will show that if the analytical downward continuation of the spherical
harmonics to the ellipsoid exists (convergent), and if the point P is on the Brillouin sphere, then the
downwa, ccnitinued spherical harmonics represent the disturbing potential at point P exactly.

We denote the radius of the Brillouin sphere by RB, and the semimajor axis of the ellipsoid by
a. On the Brillouin sphere the spherical harmonic expansion of the disturbing potential is
convergent (no mass above the Brillouin sphere):

TB = R - ., (.!nm cos mx + Snm sin mX) nm(sin p)
n2m=O (4-8)

where TB is the disturbing potential on the Brillouin sphere, kM is the gravitational constant times
the earth's mass; Cnm and Snm are fully normalized potential coefficients. If we analytically
downward continue the TB to a sphere with radius a, then we have

T(r, (P, X) !k4 n s~~mo mi + msn mX){Rf+ n+ P'msnp

n=2 m=O

SMi (Cnmc~ Cos + Snmn sin mk). Pnmsin ~
n=2 m=O (4-9)

where

'nm ~ J!nm )( R 

On+1

Kn im / 1nma (4-10)
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It is difficult to say whether the series in (4-9) is divergent or covergent. If the series in (4-9) is
convergent, on the Brillouin sphere we have r=RB, and (4-9) returns to (4-8).

For the points above the Brillouin sphcrc we have th,. same conclusion.

Therefore, the spherical harnonic expansion determined by using the ADC method represents
the disturbing potential on and above the Brillouin sphere (the bounding sphere) exactly, provided
the downward continued potential is convergent. Even if the series in (4-9) is divergent, based on
the Runge's theorem, we can find a spherical harmonic expansion similar to (4-9) to approximate
the disturbing potential as well as we wish (cf. Moritz, 1980, p. 67).

Now we are going to find out the difference betwe'n the true gravitational potential at point P
and the gravitational potential represented by a sphericai harmonic expansion like eq. (4-9). If
point P is on the earth's surface, the point level separates the mass of the earth into two parts - one
is under the point level and one is above the point level. Based on the above discussion the
disturbing potential generated by the mass under the point level can be represented exactly at point
P by an expansion similar to (4-9) provided the downward continued potential is convergent. The
potential of the mass above the point level cannot be represented exactly by an expansion like (4-
9).

In urder to simplify this problem, we take the planar approximation. Obviously, the potential
of the mass above hc ,.,cit level continued downward to the ellipsoid is given by (cf. eq. (4-2)):

Ve* :FiJGe)h 2 F Ip (e21 01~h2n

2itw (4-Il )

where Ah is defined by eq. (4-4): V, denotes the potential on the ellipsoid.

L'pward continue the V: to the point level, we obtain

\' .F: " -1-F:

_,,o (4-12)

It is the ;ame as eq 4 2 1 At the same time the potential of the mass above the point level is given
by eq. (4-3). The difference hetween the V' and Vp is given by eq. (4-5). Therefore, the
disturbing potentiail on the point level (which is partly inside the earth) represented by a spherical
harmonics like eq. (4-9) differs the true disturbing potential by a quantity 6V which is given by eq.
14-5). Therefore the representation of the disturbing potential by an expansion of spherical
harmonics, which is determined by using the gravity anomalies downward continued from outside
Earth's surface or from Earth's surface to the ellipsoid, is just as good as solving the
Molodensky's problem by using the ADC procedure.

The effect of the topography on the computation of the geoid from a spherical harmonic
expansion, such as eq. (4-9), is referenced to Wang (1989).
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5. Conclusion

The earth'z mr"'e co .,,,,cd Suiface. It is not suitable for the computations of the
phvsica! geodesy. Therefore the different reference surfaces such as the sphere, the ellipsoid or the
point level have been used for solving the geodetic boundary value problem. It is clear, if such
reference surfaces are chosen, the analytical downward continuation has to be used and the effect
of the topography has to be considered. Up to date the airborne and satellite gradiometry have
been reaching great improvement and will supply a huge gravity gradient data for the geodetic
boundary value problem. To process such data the reference surface has to be chosen and the
ADC method has to bc used. Therefore the effect of the topography must be taken into
consideration.

In Chapter 2 the topographic correction to the airborne gravity gradient data was considered.
In this chapter the Helmert's second condensation was introduced into the airborne gradiometry.
This is much more complex than it is in the classical meaning because the gravity gradient has six
components, the computations of the topographic correction to it needs much more computation
effort. It was found that the Bouguer plate has no contribution to the gravity gradient. The
topographic correction is mostly due to the terrain of the earth.

In Chapter 3 we introduced the remove-restore technique. Our focus was still on how the
geoid inside the earth can be determined by using the method of the analytical downward
continuation. A simple way to do this is to obtain the disturbing potential at the flight altitude by
processing the aerial gradient data, and then downward continue it to the sea level. Obviously,
such potential is not the original one. Some correction has to be considered. By using the remove-
restore technique we found that the topographic correction consists mostly by a term -27rGph and
a terrain effect which can be very small after the smoothing. The first term is important for the
deter intion of he geoid in a mountain area and the terrain effect (eq. (3-34)) is very rough and
becomes small when some kind of smoothing are applied. Because the remove-restore technique
does not change the location of the mass of the topography, the indirect effect is equal to zero. In a
planar approximation the change of the potential 6V and its Fourier transformation was shown
convergent almost everywhere, except at the infinite point of the circle frequency c=oo. This
means that the ADC is also convergent almost everywhere. This is important for developing the
geopotential into harmonic series up to high or very high degree and order.

In Chapter 4 the topographic effect on the solution of Molodensky's problem by using the
ADC was considered. Theore6cally, the topographic effect still exists, even if the analytical
downward continuation solution is equivalent to the Molodensky's solution which is considered
theoretically perfect. Because the topographic effect (eq. (4-7)) can be very small after smoothing.
this effect can be neglected in the practical computations.

The same topographic effect exists also for the geopotential represented by a spherical
harmonic expansion. One should not be surprised about this because the ADC is used in the
solving of Molodensky's problem and the determination of the spherical harmonics. The
discussion in Chapter 4 shows that a simple spherical harmonic function, like eq. (4-9), cannu,
represent exactly the disturbing potential nearby the earth and on the earth's surface. By using the
ADC method we can obtain a spherical harmonic function, it represents exactly the disturbing
potential on and above the boundary sphere of the earth, provided such a spherical harmonics
exists (convergent); it represents practically well the disturbing potential nearby the earth and on the
earth's surface, even though the topographic effect (correction) exists.

In practice the spnerical harmonic expansion is taken to a finite degree and order and some
kind of smoothing are always involved in the practical computation. Therefore the topographic
effect can be very small, even though it looks very rough and unstable. Here we must not be
confused by the word "topographic effect". The topographic effect is defined as the difference of
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,he true geopotential on the point le, cl and the potential determined Iy using analytical downward
continuation. Because the difference is caused by the topography of the earth, we cAll this
diffe-,en4 topograph'ic effect icorrcction). 1his etfect, is totall', different from the c!assic
topography-reduction or the topographic correction to the spherical harmonic expansion of the
geopotential which has been done by Sj&berg (lqg8Y

Theoretically, the topographic effect is important, because it gives the idea of how good a
spherical harmonics represents the disturbing potential on and outside the earth. The equivalent
problem is how good can the disturbing potential on the earth's surface he determined by using the
ADC method.

Therc iN only one gravity field but it can only be approximated by using the numerically
computed different gravity models. Based on the results in Chapter 4 we should not worry about
the expanding of the spherical harmonics into a high degree and order, if the gravity data are dense
enough and accurate enough for the needs In such a case the spherical harmonic expansion of
high degree and order will represent the disturbing potential better than one in lower degree and
order. If the accuracy of the spherical harmonic representation is so high that the topographic
effect has to be taken into iccount, the topographic effect can be computed with a proper

-loothing.

Note that the analytically downward continuation of a spherical harmonics into the earth is
assumed. Theoretically it is difficult to prove this series convergent or divergent in a spherical case
even though it was shown in Chapter 3 that the ADC is convergent almost everywhere in a plane
approximation case. As Moritz (1980) pointed out, such a problem is meaningless in practice. We
can still believe that a spherical harmonic expansion, like eq. (4-9), can represent the gravity field
as well as we wish. The derivation in Chapter 3 helped us to heighten our confidence.
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