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Figure 36. Time history graph of angular momentum for several
points on the anisotropic BRL 3.2 liner.

83




original liner depicted in Figure 37. For points on the inside liner surface (those which end
up in the jet), momentum is acquired quite early in the collapse process, and changes little
thereatfter.

in order to determine the spin compensation frequency of the anisotropic BRL 81 mm
liner under study, other numerical simulations were performed in which initial charge spin
was placed on the liner (in a direction opposite the observed anisotropy induced spin). By
observing the angular velocity characteristics of the resultant jets, it was determined that
the spin compensation frequency for the charge under study is indeed the expected value
of 35 rps. A plot of the jet spin versus axial particle velocity is shown in Figure 38 for
both the unspun anisotropic charge originally simulated and the same charge rotated 35
rps. It is seen that at the spin compensation frequency, the angular velocity of the jet is
nearly negligible.

It was shown earlier from analytical considerations, if the 6 direction is a preferred
material direction (so called r-z anisotropy, since the anisotropy angle T lies in the r-z
plane), that induced jet rotation was not possible. However, it was shown, if the radial r
direction was a preferred material direction, that induced 6 motion was possible. As such,
a final axisymmetric simulation was performed of the collapsing liner with z-8 anisotropy.
The results indicate small, random, material rotations in and out of the r-z plane, but more
than an order of magnitude below the results of r-6 anisotropy discussed earlier. Though
there is indeed variation of properties in the r-8 plane with the case of z-6 anisotropy, a
transformation of the strengths into the laboratory r-z-8 coordinate system reveals that
strength extrema in the r-6 plane coincide exactly with r and 8 coordinate directions.
Under these conditions, there is no tendency for r-6 shear coupling, and thus any coupling
must be z-8 coupling. Apparently, the stresses tending to produce out of plane rotations
from z-0 coupling are not mutually constructive as in the case of r-6 anisotropy, and
compensation therefore does not result.

5. CONCLUSIONS AND RECOMMENDATIONS

This report has addressed several mechanisms by which rotation might be induced in
a jet of a stationary shaped charge which employs a shear-formed liner. In particular, two
modes of residual stress relief have been examined, along with elastic and plastic
mechanical anisotropy. Results indicate that plastic anisotropy is the only mechanism
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studied which is capable of producing jet rotation rates of the magnitude observed
experimentally in shear-formed shaped-charge liners. In support of the report, several
advances were made in related areas.

A computational anisotropic formulation was developed* which offers significant
benefits over previous anisotropic formulations, in terms of computational accuracy. The
computational formulation, being the first treatment of anisotropy from a deviator
stress/strain perspective, provides an enhanced understanding of the mechanics of
anisotropic deformation.

In a related effort, a means was developed to track the rotation of computational
elements out of the r-z plane. The formulation is instrumental in performing anisotropic
computational simulations in axisymmetry mode.

The analytical model developed to predict the spin compensation resulting from plastic
anisotropy was compared to computational results of anisotropic liner collapse. The 2-D
anisotropic plane stress and axisymmetric computational results match the analytical
predictions in both magnitude and character, thereby supporting the validity of the analytical
model of anisotropic spin compensation.

The plastic potential gradient of an anisotropic material was derived for a specific non-
preferred coordinate system, resulting from a single coordinate rotation. The resulting
plastic flow rule has been expressed in terms of the preferred coordinate system potential
gradient augmented by a deviation potential gradient. Though the potential is not derived
for arbitrary (three parameter) rotations from the preferred coordinate system, it nonetheless
provides a useful tool for examining the effect of coordinate system rotations on shear
coupling ratios.

Future examination of the report topic would be quite valuable from the perspective of
material characterization. As it was, anisotropic material parameters for shear-formed liners
were extrapolated from incomplete rotary forged tensile data. In the long term, the
acquisition of macroscopic mechanical properties (e.g., yield strengths) of liner material from
metallurgical considerations, though beyond the scope of the current research, would
provide the vital link which might allow one to choose the metal forming process necessary
to produce a liner of the proper anisotropic characteristics. Through this means, one
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should be able predict the spin compensation ability of the shaped-charge liner in advance
of manufacture. In the near term, the development of better methods to acquire the
necessary macroscopic mechanical properties of liner material would permit one to predict
spin compensation behavior of a liner without actually conducting a costly experimental
shaped-charge testing program.
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APPENDIX A:
DEVIATORIC CONSTITUTIVE RELATION
FOR ANISOTROPIC MATERIALS

The information presented in this appendix is a summary of that found in reference 44.
It is presented here to assist the reader in understanding the computational techniques
developed for use in the current research.

A.1 Introduction.

It is desired to improve upon the ability to describe the behavior of anisotropic media
subjected to large pressures, as is the case for hypervelocity impact. It is believed that
expressing the anisotropic constitutive relationship in a form that makes use of the
deviatoric stress and strain tensors provides for a better description of anisotropic materials
whose compressibility is permitted to vary with volumetric strain. The deviatoric stress
technique is used routinely in many impact codes for describing isotropic behavior**, and
is described in many books on elasticity and plasticity.“® Anisotropic schemes have also

been developed for various impact codes™*

which calculate a deviatoric stress. However,
the deviatoric stress is expressed in terms of a total strain and the bulk modulus. In a true
deviatoric formulation, deviatoric stress is expressed only in terms of deviatoric strain, and

compressibility affects only the equation of state, not the deviatoric stress/strain relation.

An anisotropic formulation is proposed which satisfies the condition of reducing to
Hooke's Law/Prandtl Reuss Flow Rule when employing the constraint of constant
compressibility and isotropy, but which conveniently allows for anisotropy and variable
compressibility. Additionally, the formulation is amenable for inclusion into existing impact
codes which presently use the deviatoric stress technique for isotropic materials. The
scheme also provides an improved technique for calculating hydrostatic pressure which is
less prone to error than existing techniques. Finally, it is hoped that the formulation
provides an enhanced physical interpretation on the behavior of anisotropic materials which
might otherwise be lacking.
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A.2 Background.

The constitutive relationship for any elastic material may be represented in contracted

form as
o =C. g (A-1)

where ¢, and g represent the six independent stress and strain components, and Cii is the
modulus matrix. The contracted form of the constitutive relation is used for the sake of
simplicity, but the tensorial components of the contracted form are defined as follows:

O, = (Gyy Oy Og3 Oy O3 Oyp)

& = (Eqy €y €33 €y 43 €;p)

In general, C; may be a function of o, ¢, €, etc. However, it is somewhat unwieidy as
such, and is sometimes considered to be constructed of constants, which produces the
familiar Hooke's Law. One reason why the deficiency of Hooke's Law becomes apparent
experimentally under large pressures is that the bulk modulus of the material is quite
different from the material’'s low stress value.

For isotropic materials, this problem has been computationally circumvented by the
introduction ot the deviatoric stress and strain tensors. These tensors differ from the
absolute stress/strain tensors in that the normal components of stress and strain are
decremented by the average of the normal stresses and strains respectively. In this way,
the deviatoric quantities represent deviation from a hydrostatic condition, while the
relationship existing between the average stress (negative of pressure) and average strain
(volumetric dilatation) is an equation of state. Since experimental evidence reveals that the
compressibility of many materials changes under large pressures, the deviatoric formulation
suggests that while the simplicity of Hooke's Law (constant coefficients) might possibly be
retained for computation of the deviatoric stresses and strains, a more accurate scalar
equation of state should simultaneously be employed to account for non-linear
compressibility effects.
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A.3 Elastic Deviatoric Anisotropy.

While the mathematics of the constant coefficient constitutive relationship for
anisotropic materials is well understood, the casting of these rules into a deviatoric format
is not nearly as straightforward as it is for isotropic materials. Difficulties arise because of
two primary differences in the behavior of anisotropic materials with respect to that of
isotropic materials:

a. under hydrostatic pressure, strain is not uniform in all three directions of the
material coordinates, and

b. except under restrictive modulus conditions, deviatoric strain will produce volumetric
dilatation (i.e., two different stress states with the same pressure will produce different
dilatations in the material).

Decomposition of the stress and strain tensors into their hydrostatic and deviatoric
components yields:
Si = O'i - Gi (A-2)

e =¢g-§¢ (A-3)

where G, are all equal to the components of hydrostatic stress (6 = (o, + 0, + 6,)/3) for
normal stress components and equal to zero for the shear stress components. The term E]
represents the normal strains due to hydrostatic stress. One may acquire upon substitution
into equation (A-1):

(s;+0;) = Cii (e, + E] ) (A-4)

where barred quantities represent conditions resulting from a hydrostatic pressure, s; and e
are the deviatoric stresses and strains respectively, and C; is the modulus matrix. Unlike
the isotropic materials in which a hydrostatic pressure produces a uniform dilatation in all
three coordinate directions, hydrostatic strain for an anisotropic material is non-uniform.
Therefore, if one defines the deviatoric components of stress and strain to be the total
stress/strain components decremented by an amount which would result from a hydrostatic
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stress state, one can conclude (per condition "a" above) that there is a unique hydrostatic
strain component associated with all three directions in the material coordinates (the
coordinate system which produces no shear coupling). Equation (A-4) may be decoupled
to give a hydrostatic equation

and a deviatoric relationship void of hydrostatic terms:
s, = Cj ¢ (A-6)

For the sake of clear visualization, the formulation will be described for transverse isotropy,
though extension to orthotropy is straightforward™. Figure A-1 depicts material elements
from an anisotropic body whose material (preferred) coordinate systems differ from the
laboratory frame of reference. The preferred coordinate system is the reference frame in
which the constitutive relation reduces to its most simple form. Figure A-2 shows
properties of the preferred transversely isotropic material frame. Mechanical properties are
invariant with respect to reference frame rotations that are confined to the plane of isotropy.
As such, a certain symmetry of mechanical properties exist in transversely isotropic
materials which are absent in orthotropic materials. The proposed model will be described
in the material (preferred) coordinate system. Solutions of problems in which the iaboratory
frame and the material frame do not coincide pose no problem if one first transforms stress
and strain to the material frame.

Under the influence of a purely hydrostatic stress state (and assuming the moduii to
be constant), there will be a constant ratio between the anisotropic (longitudinal) strain €,
and the transversely isotropic planar strain €, . Defining the ratio in terms of material
compliances S; (where S; = (C,)"):

g S,y + 25,

- (A-7)
& Sz + Sip + Sy,

K =

[ 3

it is seen that this parameter (K,) reduces to a value of unity for isotropy, where S,, will
equal S,,, and S,, will equal S,,.
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Figure A-1. Schematic depiction of general anisotropic body, where principal material

directions are not generally aligned with laboratory axes.
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Figure A-2. Transversely isotropic material properties are derivable from orthotropic
properties, when plane of material symmetry is assumed.
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Using the definition that deviatoric stress is that part of the stress tensor which
deviates from the hydrostatic stress condition, one can conclude that the deviatoric stress

has no hydrostatic component
S +S,+S,=0
One may substitute the deviatoric constitutive relation, equation (A-6), to acquire
Kie+e +e,=0

where K physically represents the ratio of longitudinal and transverse stress under
conditions of uniform strain (g, = €, = &;), and is given by

C,y + 2C,,

s 4
Cpp + Cyy + Cyy

(A-8)

(A-9)

(A-10)

As a result, the sum of the three normal deviatoric strain increments is not generally
zero, but rather equals a deviatoric dilatation (). The significance of this term is that a
state of stress whose average normal value is zero can produce volumetric change on an

element with respect to that element’s stress free volume.

If one wishes to convert a given elastic strain state (¢) into the elastic deviators (e),
elastic deviatoric dilatation (g), and the hydrostatic strain components (g), the following nine
equations given below may be used for a transversely isotropic material (whose plane of

isotropy is the 2-3 plane):

e =& - &
€ = & - &
€ =6 -&
e, = g

A9

(A-3a)

(A-3b)

(A-3c)

(A-3d)




e = & (A-3e)

€ = € (A-3f)
€, =€ +6+e, (Dilatation of Deviatoric Strain) (A-11)
g =K g (Non-uniform hydrostatic strain) (A-7)
Ky +€e+e,=0 (Assures that deviatoric stress has (A-9)

no hydrostatic component)

Finally, the use of the deviatoric constitutive relation, equation (A-6) hinged upon the
satisfaction of equation (A-5). Inverting equation (A-5) into compliance form and summing
the three equations for normal strain yields upon reduction:

G = K(g +¢,+¢;-6) (A-12)

where K is a true material property which will be called the effective bulk modulus of the
material (it equals the reciprocal of the sum of the nine normal compliance matrix
components), and (g, + €, + &) is the total volumetric dilatation of the material element.
This effective modulus, unlike the bulk modulus, is independent of deviatoric stress in
anisotropic materials. The bulk modulus reduces to the effective bulk modulus only when
the deviatoric dilatation € equals zero. This condition occurs under either of the following
conditions: the material is isotropic, or the loading is purely hydrostatic.

It was mentioned previously that the empirical relation between dilatation and pressure
is not a linear one. One advantage of the deviatoric formulation lies in the ability to
arbitrarily make the hydrostatic relation non-linear while retaining the linear simplicity of
Hooke's Law for the deviatoric portion of the constitutive relation. Though this ad hoc
procedure does not theoretically follow as an extension to Hooke’s Law, it does permit the
code user to more flexibly model the empirical behavior of the material.
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There are also codes employing the incremental strain approach wricr use 23
formulation employing deviatoric stress, though the formulation can not be termed
deviatoric. The form of the relation used by the HELP code® is

As = Cii Ag; - 3K (Ag, + Ag, + Agy) , ?:1,2,3 (A-13)
i Cij Aei i=4,5,6

where K is identified as the bulk modulus which presumably can be made dependent on
dilatation (and therefore hydrostatic stress). In this way, the formulation may also provide
the flexibility of a truly deviatoric formulation. However, equation (A-13) is not truly a
deviatoric relation, since the deviatoric stress increment is not related to deviatoric strain
increment, but rather is expressed in terms of the total strain increment. The system of
equations presently proposed, equations (A-6) and (A-12), are thus more attractive in a
theoretical sense. Similarly, it has already been pointed out that the bulk modulus (as
opposed to the effective bulk modulus derived in equation (A-12)) is functionally dependent
on deviatoric stress, and in this sense equation (A-13) will exhibit flawed behavior if the
deviatoric variation in bulk modulus is not modeled. Finally, the flexibility afforded in
equation (A-13) by allowing the bulk modulus to vary with hydrostatic stress has the
disturbing effect that the resulting sum of the normal stress deviators is not generally zero.
If this interpretation of the HELP® is correct, the use of the term stress deviators to
describe the left hand side of equation (A-13) is not even justified.

EPIC* use a form similar to equation (A-13) except that K is defined in such a way as
to force the sum of the normal stress deviators to zero. This ad hoc procedure will
coincidentally mimic the behavior of equation (A-6), though the formulation is in error during
the subsequent hydrostatic stress calculation by not accounting for the deviatorically
induced dilatation (e).

Additional advantages afforded by the proposed formulation when using a code which
employs an incremental strain approach, may be seen by comparing the proposed
algorithm specifics with that of the prior formulation used in HELP®*. The proposed
formulation takes strain increments, and decomposes them into hydrostatic and deviatoric
components. Equation (A-6) is used in an incremental way to update deviatoric stress. |f

Al




the hydrostatic strain increments are summed and remembered, equation (A-12) may be
used to evaluate the hydrostatic stress value directly. If the hydrostatic stress is a function
of volumetric dilatation only, then errors introduced into the calculation of hydrostatic stress
are machine precision dependent, but not algorithm dependent. That is to say, errors in
the calculation of hydrostatic pressure are insensitive to the size of the hydrostatic strain
increment.

On the other hand, an incremental stress formulation like that proposed for HELP®
experiences errors which are dependent on hydrostatic strain increment size (which is
proportional to the calculation timestep size), if variable compressibility is employed. For
example, use of equation (A-13) as described for materials with variable compressibility
requires that some sort of average compressibility be calculated for the time increment in
question. As shown in Figure A-3, the average bulk modulus depends not only on the
total element dilatation, but also on the size of the strain increment (since dilatation
changes with strain increment). Therefore, the accuracy of such a scheme is limited by
the integration step size regardless of machine precision. Presumably, this problem can be
avoided if one replaces the modulus dilatation product at the end of equation (A-13) with a
Ac term, where the Ac term is directly obtainable knowing the previous and present
cycles’ average stress.

However, many non-linear equations of state that are routinely employed in impact
codes like HELP® show a dependence of hydrostatic pressure on internal energy. Under
such conditions, this dependence of pressure on energy must effectively be reflected in
equation (A-13) for consistency to be maintained. However, since internal energy is
affected by the work done by the internal stresses (which include deviatoric stresses), a
coupling of internal energy, pressure, and deviatoric stresses exists. No simple means
exists to solve this set of equations simultaneously, and a lengthy iterative process
becomes necessary. No mention of such coupling and/or iteration was made®. Thus, it
can be seen that equation (A-13) suffers many drawbacks which make its use less
desirable than the proposed method given by equations (A-6) and (A-12) in which the
deviatoric relations are free of hydrostatic terms.
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Figure A-3. Error in computation of hydrostatic pressure is
introduced if tangent modulus is employed.
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In summary, the steps proposed for deducing elastic anisotropic deviators in equations
(A-6) and (A-12) follow closely those for isotropic materials in the following ways:

a. deviatoric stress is expressible totally in terms of deviatoric strain, and

b. pressure is expressible totally in terms of dilatations.

The differences from the isotropic formulation are:

a. the matrix relating deviatoric stress to deviatoric strain is not diagonal in the
anisotropic case, and

b. the total volumetric dilatation must be modified by the deviatorically induced
dilatation when calculating the pressure.

A.4 Plastic Deviatoric Anistropy.

The anisotropic equivalent to the Prandtl-Reuss flow rule of plasticity can be similarly
cast into a deviatoric form. Stress behavior of yielding material is governed primarily by
the nature of the yield surface, which defines the allowable stress states of the material
and subsequent plastic flow properties. In general, only a portion of a post-elastic strain
increment (Aei‘) contributes to changing the stress. That portion is designated the elastic
strain increment (Aej). The remaining portion of the strain increment is designated the
plastic strain increment (Aejp). This decomposition of the strain increment is governed by
two rules:

a. an infinitesimal plastic strain increment vector must be normal to the yield surface
at the stress state under consideration, and

b. a stress increment vector tending to go outside of the yield surface can at most
move tangentially to the yield surface at the stress state under consideration.

Because of the linearity of the equations governing the conversion from absolute
elastic strain (g) to deviatoric elastic strain (e, e, g), one is assured that by decomposing
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the elastic strain increment into any two arbitrary divisions, the sum of the two converted
strain divisions equals the conversion of the strain division sum. This rule becomes handy
for impact code implementation if the two strain divisions are taken as the total strain
increment and the negative of the plastic strain increment (the sum of which add up to the
elastic strain increment). In this way, the stress changes may be calculated on the
assumption that the total stress increment is elastic. If it can then be determined that yield
has been violated, a fictitious stress may be calculated from the plastic strain increment,
and subtracted from the stress state which is in violation of yield to give the true stress
state.

To see how this is employed in actuality, consider the deviatoric constitutive relation,
equation (A-6), in which the deviatoric stress increment is calculated via the product of the
modulus and elastic deviatoric strain increment. The linearity of the deviatoric conversion
equations implies, for plastic deformation, that:

As; = C; (de) - AeP) (A-14)

The deviatoric total strain increment (Aei‘) is calculated with the deviatoric conversion
equations, based on the total strain increment. The plastic deviatoric strain increment
(Ae) can be decomposed into its total plastic (A¢”) and hydrostatic plastic (ag")
components, respectively.

The total plastic strain component is necessarily normal to the yield surface, and is
given by: o
AeP = AN — (A-15)

aci
where f is the equation governing the yield surface, and A is a proportionality constant for
the yield surface normal (af/acj), which has been evaluated at the stress state in question.
If one assumes an anisotropic yield condition like Hill's® in which the yield criterion is
independent of the hydrostatic pressure, then the yield surface normal may be evaluated
with the use of the deviatoric stresses (e.g., of/as).
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Similarly, the hydrostatic plastic component represents the three components of plac.ic
deviatoric dilatation, and can be explicitly calculated knowing the elastic and plastic material
constants and the same proportionality constant AA required above.

As a side note, the usage "plastic dilatation” would seem to imply that plastic
incompressibility does not hold. This is, however, not the case. Recall that equations
(A-3), (A-7), (A-9), and (A-11) were proven valid only fcr elastic deform.tions. The concept
of plastic strain was introduced to represent the difference between the elastic and total
strain components. This term "plastic dilatation" in fact represents a portion of the total
dilatation to be subtracted off to yield the proper value of elastic deviatoric dilatation. The
plastic incompressibility relation:

AP + AP + AP = 0 (A-16)

is still assumed to hold throughout all calculations derived here. Thus, expressing the plastic
deviatoric dilatation term as

AEP = __ AA (A-17)

the deviatoric constitutive relation may be expressed, using equations (A-14), (A-15), and
(A-17) as

of deP
As, = C; ( Ae/ - (_ - 1 ] AA ] (A-18)
ds, dA
Notice that the only term in this relationship which differs from the isotropic case is the last
term involving (dEjp/dl). This term is zero for the isotropic case because of the fact that
there is no dilatation as a result of deviatoric stress. Similarly, this term can not generally
be zero for the anisotropic case because equation (A-18) is a deviatoric stress relationship.
The term (dEiP/dx) is precisely the magnitude required to force the deviator stress to remain
in the = plane (i.e., have no hydrostatic components).

The quantity AA may be evaluated by taking the scalar product of equation (A-18) with
(of/ds;). Because As, is tangential to the yield surface and (df/ds) is the yield surface
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normal, the scalar product is zero. Similarly the term (dépld)») is of a form identical to that
resulting from the purely hydrostatic stress state described in equation (A-7). Thus, the
quantity Cij(dEjP/dX) is parallel with the hydrostat vector. If one assumes an anisotropic yield
condition like Hill's® in which the yield criterion is independent of the hydrostatic

pressure, the scalar product of Cij(dEjP/dX) and (df/gs) is also zero. Thus the value for AL

may be calculated as: o

3,

of c of

ij —

gi_ os,

t
Cij Ae;

AL (A-19)

This expression for AA is of a form identical to that obtained for the isotropic case, and can
be used in equation (A-18) to calculate the elastic deviatoric stress increment.

Because of the curvature of the yield surface and the fact that AA was calculated for
the stress state existing at the beginning of the time cycle, the updated stress state
resulting from equation (A-18) may in fact still lie slightly outside the yield surface. What is
done at this point in both the existing models and the proposed one is to scale back all the
stress components uniformly until the yield surface is exactly reached. Though this
technique introduces some error on its own, it is believed that the error is not too great
since the components of the increment of stress scale back are nearly normal to the yield
surface in many cases. Also, ways have been devised by Vavrick and Johnson®' to
decrease the magnitude of this error. Their techniques employ subdivision of the time
cycle. However, some anisotropic formulations use a deviatoric stress formulation in which
elastic deviatoric stresses are defined in the following way*

As = [ CyAg - 3K (8, + Ae, + A¢y) . i=123 (A-13)
' C, A, , i=4,5,6

and additional error is introduced as a result. This occurs because the formutation in
equation (A-13) does not guarantee that the sum of the deviatoric stresses will equal zero
for an anisotropic material, and in fact they will generally not do so. As a result, any scale
back of the stresses employed to meet the yield criterion will include a hydrostatic
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component. Such hydrostatic scale back violates basic rules of yield surface normality in a
fundamental way. Furthermore, techniques proposed by Vavrick and Johnson which
decrease the error resulting from stress scale-back will not decrease the amount of
hydrostatic stress error introduced into the calculation as the result of using a formulation
like that of equation (A-13).

A5 Summary.

An anisotropic formulation has been proposed which satisfies the condition of reducing
to Hooke's Law/Prandtl Reuss Flow Rule when employing the constraint of constant
compressibility and isotropy, but which conveniently allows for anisotropic material
properties and variable compressibility.

The deviatoric stress technique which has been used routinely in the isotropic impact
codes for describing isotropic behavior has been effectively combined with the anisotropic
constitutive relations to produce a truly deviatoric anisotropic constitutive relation. In this
deviatoric formulation, deviatoric stress is expressed only in terms of deviatoric strain, and
compressibility does not influence the deviatoric relation.

Existing formulations suffer from drawbacks which have been eliminated in the present
formulation. Some of the drawbacks of previous formulations may be enumerated as
follows:

a. working with absolute stress and strain offers no simple way to perform calculations
involving variable compressibility,

b. calculating hydrostatic pressure increments (instead of complete hydrostatic
pressure) can introduce error associated with obtaining and averaging the tangent bulk
modulus over a strain increment (this problem compounded by the fact that Hugoniot data
is usually gathered in the form pressure versus dilatation, the slope of which is the tangent
bulk modulus), and

c. use of a “deviatoric" stress which includes a hydrostatic component will produce
error in the pressure calculation if stresses are scaled back to satisfy the yield condition.
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Additionally, the formulation can be simply coded into existing'impact codes which
presently use the deviatoric stress technique for isotropic materials. Finally, it is hoped that
the formulation provides an enhanced physical interpretation on the behavior of anisotropic

materials.
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APPENDIX B:

ANISOTROPY DIRECTION TRACKING FOR
AXISYMMETRIC SIMULATIONS

In order to model anisotropy for axisymmetric code simulations, one must have the
ability to accurately track eiement motion in the @ direction. In particular, one must
ascertain the orientation of anisotropy in the r-z plane, as well as the angle formed
between the principal direction of anisotropy and the r-z plane.

One of the first problems to be considered is the shape of a computational element
which has experienced motion in the 6 direction. The data available are the r, z, and 6
coordinates for the three nodes at the vertices of the element. A logical choice for an
interpolation function for the 8 position throughout the element, which is consistent with the
r and z interpolations is

6=ar+fz+y , (B-1)

where o, B, and y are constants chosen in such a way that 6, evaluated at each of the
nodal vertices, matches that node’s coordinate. One of the favorable results of choosing
an interpolation function like equation (B-1) is that the element, when plotted in a Cartesian
r, z, © space (Figure B-1) is still flat. However, interpolation function (B-1) suffers
drawbacks. In particular, the surface of the element in cylindrical r-z-0 space is curved in
such a way that the angle (¢) formed between the element surface at a point and the r-z
plane through that point varies for the ditferent points in the element. Figure B-2 depicts
this behavior schematically where, for simplicity of illustration, projection into the r-6 plane
has been performed. As such, the term ¢’ has been employed to represent the angle ¢ as
projected into the r-0 plane.

On the other hand, the curved element proposed is much more desirable than say, a
flat element in cylindrical r-z-0 space. Only when one admits the possibility of having a
curved element can one consider the more realistic situation of having a deformed element
curve around the axis of symmetry. As was noted however, in Figure B-2, the angle (¢)
formed between the deformed element and the r-z plane varies slightly at different points in
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Element in Cartesian
r-z-60 space

Element
Projection
in r-z plane

Figure B-1. Interpolation for 6 within a computational element
is flat in Cartesian r-z-6 space.
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O=dr+fBz+y
- d—Q=a= constant
dr
d6, d6, d@
dr, dr, dr
r_ r
=9,
6
10nq§r=rlg—
i dr
|46,
fane’ =t dg
2 2dr

Figure B-2. Schematic depiction of how interpolation function for 8 causes the angle

between r-z plane and computational element (¢") to vary throughout element,
as_viewed down the z axis in cylindrical r-z-8 space.
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the element. A reasonable average for this angle may be obtained by evaluating the angle
at the centroid of the element.

The actual situation of anisotropy modeling is further complicated by two issues:

a. there exists a particular line in the r-z plane, which represents the projection of the
principal direction of anisotropy onto the r-z plane; and

b. at time zero, when an element's geometry is undeformed, there may exist a
non-zero angle between the principal direction of anisotropy and the r-z plane.

The orientation of principal direction, as projected into the r-z plane (item 1 above), can be
easily tracked by integrating the element's r-z rotation rate. This rotation rate is readily
available from standard axisymmetric hydrocode computations. It was shown in Figure B-1
how a deformed element remains flat in the Cartesian r-z-6 space. For the anisotropic
problem at hand, one must be able to determine the angle (¢) formed between this
deformed element and the r-z plane, along a particular direction. In Figure B-3, this
direction is shown as a vector di which forms an angle & with respect to the r axis, and lies
in the r-z plane. To determine d6/dl, one employs directional derivatives d6/or and d8/0z so
that

do 00 Jr 80 o9z

= 4+ — — (B-2)
d or dl 9z Jdl

Recalling equation (B-1), and substituting into equation (B-2), it is seen that dé/dl may be
expressed as

de

5" acos 8+ Psind . (B3)

The parameters o and f are easily determinable from vector analysis. If the quantity
V,,xV,, takes on the value

A A A

Vi,xV,; = ai +bj +ck . (B-4)
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Figure B-3. Computational element viewed in Cartesian r-z-6 space, showing all quantities
needed to compute do/dl, and hence the angle between the r-z plane and
deformed element in cylindrical r-z-0 space (¢).
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then it can be shown that o = -a/c and B = -b/c. Thus, the angle (¢) formed between the
element and the r-z plane along the direction dl is given by

t _de B-5)
an¢ =r . .
¢ di (

This result is similar to that derived in Figure B-2, except that it accounts for arbitrary
directions of anisotropy, and does not assume that dI is aligned with the radial axis.

The final point to be considered is the situation where the principal direction of
anisotropy does not lie in the plane of the element (item 2 above). Even if the element
does not experience deformation in the © direction, it is clear that the out of plane angle ¢
may vary with r and z distortion. In particular, an element in the r-z plane stretched
infinitely large will have ¢ approach zero, while an element being compressed to
infinetesimal proportions will have ¢ approach n/2. The way that this situation may be
addressed computationally is to (within an element) augment the nodes 6 coordinates by a
ficticious amount only for the purposes of computing ¢. This ficticious augmentation will be
computed in such a fashion as to guarantee that the initial value ¢ takes on is the desired
initial value for ¢. In the absence of this augmentation, the initial value for ¢ would
otherwise be 22ro identically. These agumentation values are computed once at the
commencement of computation for each element, and are used throughout the numerical
computation.

it has thus been shown that the necessity of tracking anisotropy orientation in
axisymmetric elements may be accomplished in a straight forward manner. The tracking s
done on two parameters. First, the projection of anisotropy direction on the r-z plane is
tracked via r-z element rotation. Secondly, the angle (¢) formed between the principal
direction of anisotropy and the r-z plane is tracked. The employment of this type of
anisotropy tracking permits the effective modeling of anisotropic materials in axisymmetric
codes in such a way as to permit anisotropy induced accelerations in the 8 direction of the
cylindrical coordinate system.

B8




9

()

A()

&( )

LIST OF SYMBOLS
a primed variable is a quantity whose value is taken in an arbitrary laboratory
reference frame. The same quantities, when unprimed, are those taken in the

*material coordinate frame”, unless otherwise noted.

a superscript t denotes that a variable (e.g., strain) represents a total quantity,
which is composed of an elastic part and a plastic part.

a superscript p denotes that a variable (e.g., strain) represents a plastic quantity.

a dotted quantity represent time differentiation.
a upper case delta before a quantity signifies that the quantity is an increment.
a lower case delta before a quantity signifies that the quantity is an increment.

the matrix which, when multiplied by the contracted stress vector, produces the
yield surface normal in the material reference frame.

the matrix which, when muitiplied by the contracted stress vector, produces the
yield surface normal in the laboratory reference frame.

the difference between A, and A,.

major axis half-length of anisotropic yield ellipse, or alternately linear
acceleration.

liner half angle, or alternately an interpolation constant.
minor axis half-length of anisotropic yield ellipse.

an interpolation constant.
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modulus matrix (6x6) which relates stress increments do, to elastic strain
increments de;.

shaped charge diameter.

thickness of cone or liner element, or alternately the angle formed between the r
axis and the projection of a principal material direction onto the r-z plane.

mass of a liner element or jet segment.
Young's modulus in direction i.

deviatoric elastic strain components (6 independent). In this report, the term
“"deviatoric” will imply a deviation from the strain state resulting from a condition
of hydrostatic pressure. For anisotropic materials, strain is not uniform under
conditions of hydrostatic pressure (i.e. the three principal components of strain
are not identical). As a result, the normal deviatoric strain components are NOT
simply the difference between the total strain component and the average of the
normal strain components.

deviatoric dilatation (e,+e,+e,). Though dilatation is only a function of pressure
for isotropic materials, dilatation may vary in an anisotropic material just by
varying the deviatoric stress (without changing the pressure). Thus, this
dilatation associated with the deviatoric stress is is referred to as deviatoric
dilatation.

elastic strain components in contracted notation; indices 1 to 3 are normal
components, whereas 4 to 6 are the shear components 23, 13, and 12
respectively.

strain state resulting from hydrostatic pressure. For an isotropic material, the

three normal "hydrostatic" strains would be equal. This is not the case for
anisotropic material.
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(A normal strain in the thickness direction of a rotary forged tensile specimen.

£, normal strain across the width of a rotary forged tensile specimen.
F coefficient of Hill's yield criterion.
f the plastic potential (i.e., yield function) or alternately, the fraction of liner

element mass which ends up in a jet segment.
of/do, the vector normal to the yield surface given by the function f.

of/ds, is equivalent to dt/d; for a yield criterion like the Von Mises or Hill, where
yielding is not a function of hydrostatic pressure.

0] the angle formed between a distorted computational element and the r-z plane.

o' the angle formed between a distorted computational element and the r-z plane,
as seen viewing down the z axis.

G coefficient of Hill's yield criterion.
G; Shear modulus in i-j plane.
Vo
r the CCW angle of rotation about one of the laboratory axes, from the laboratory

coordinate system to the preferred material coordinate system.

Y an interpolation constant.

Yy component of engineering shear strain, equal to twice the tensorial component
&

H coefficient of Hill's yield criterion.
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polar moment of inertia.

a parameter which represents the ratio of longitudinal to transverse strain (in the
material reference frame) under conditions of hydrostatic pressure (o, = 6, = G,).

a parameter which represents the ratio of longitudinal to transverse stress (in the
material reference frame) under conditions of uniform strain (g, = €, = €,).

strength of a material in simple shear.

coefficient of Hill's yield criterion, or alternately the length of a shaped charge
cone.

length of anistropic yield ellipse along the 1 direction.
length of anistropic yield ellipse along the 2 direction.
length of anistropic yield ellipse along the 3 direction.

the vector in the direction of the projection of a principal material axis onto the
r-z plane.

a proportionality constant between the yield surface normal vector, and the total
plastic strain increment vector, which are parallel.

coefficient of Hill's yield criterion, or alternately the mass of a cylinder slice.

fractional mass of a cylinder slice, or alternately the cosine of an angle in
question.

coefficient of Hill's yield criterion.

the sine of an angle in question.
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outward normal vector to the anisotropic yield ellipse.
Poisson's ratio in i-j plane.

Signifies the order of magnitude of the quantity in parentheses.
angular momentum.

a term comprised of Hill's yield constants, equal to N-2H-G.

a term comprised of Hill’s yield constants, equal to N-2H-F.

a term comprised of Hill's yield constants, equal to M-L.

Initial radius of a liner element.

radial coordinate in cylindrical r-z-8 space, or alternately the so called "r-value™ of
anisotropic material.

radius of jet segment.

density.

deviatoric elastic stress components (6 independent). In this report, the term
“deviatoric” will imply a deviation from the stress state resulting from a condition
of hydrostatic pressure.

standard deviation.

stress components in contracted notation; indices 1 to 3 are normal components,
whereas 4 to 6 are the shear components 23, 13, and 12 respectively.
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average stress, by definition equal to the negative of the hydrostatic pressure.

normal hoop stress component.

torque.

The transformation matrix which converts stress and strain from one coordinate
system to another.

initial value of torque.

time, or alternately tensile specimen thickness.

original tensile specimen thickness.

shear stress component in the r-0 plane.

shear stress component in the z-8 plane.

axial jet particle velocity.

initial circumferential velocity component of a liner element.

the vector connecting node i of a computional element to node j of the same
element, where i, j, and k may take on the values 1, 2, and 3.

tensile specimen width.

original tensile specimen width.

shaped charge spin rate.
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angular velocity of liner element at initial radius R (prior to coliapse), as a result
of residual stress relief mode 2.

® angular velocity of a jet particle, or of the collapsing liner element which forms
the jet particle.

(I momentum averaged angular velocity through a certain percentage of a
collapsing anisotropic cylinder slice.

[\ angular velocity of the slug, which results from shaped-charge liner collapse.

AE length of a jet segment, originating from a liner element of length Az.

Yi23 normal flow stress in material directions 1, 2, and 3, respectively. For an
elastic-perfectly plastic material, it equals the yield strength.

Yise shear flow stress in the 23, 13, and 12 planes, respectively. For an
elastic-perfectly plastic material, it equals the yield strength.

Yekow normal flow stress for rotary forged tensile tab oriented 45 degrees from both
the circumferential and radial directions.

0 circumferential coordinate in cylindrical r-z-6 space.

z axial coordinate in cylindrical r-z-6 space.

Az axial length of a liner element.
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