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INCOMPLETE INTEGRALS OF CYLINDRICAL FUNCTIONS

PNINODUCTION

The class of cylindrical functions C includes Bessel functions of the first kind J, modified
Bessel functions I, Bessel functions of the second kind or Neumann functions Y (or N), Bessel func-
tions of imaginary argument or MacDonald functions K, and Bessel functions of the third kind that
include Hankel functions of the first and second kind, H(') and H 2 .

The general incomplete Lipschitz-Hankel integral of cylindrical functions C,(z) is defined as the
function of two complex variables:

Ce.(a, z): = 0 eattC(t)dt. (1)

Here the symbol e denotes the presence of the exponential function and a, v may be complex.
Analogously, we define integrals that contain the functions sin (at) and cos (at) in place of exp (at):

C5 .(a, z): = sin (at) tAC,(t)dt (2)

C,,(a, z): = Scos (at) rC,(t)dt. (3)

To assure convergence of Ce (a, z) and C,.. (a, z), it is necessary that Re (A + 1) > I Re P I when
C = K, Y, W) , H (2); Re (1 + # + v) > 0 when C = I, J. For convergence of C (a, z)
replace u by ; + 1 in the latter two inequalities. When i = a', we define, for example, C,.. = Ce
where for convergence Re u > -1/2 for all C.

Integrals of the type given by Eqs. (1) to (3) occur very often in applied mathematics. Agrest
and Maksimov [1] have found representations for C.(a, z), Z), and Co(a, z) using incomplete
cylindrical functions which are themselves expressed as integra , n this report which is an extension
and revision of previous work [21 we give representations for Ce, (a, z), C. ,(a, z), and Co. (a, z)
using only the Karnpd de Feriet double hypergeometric functions-F°2 [x, y ] and rI :%lx, y I.

PRELIMINARY RESULTS AND DEFINITIONS

To begin, we summarize some results that are found in Ref. 3, p. 85: Let a and b be arbitrary
constants,

F,(z): = al,(z) + be' TK,(z)

G,(z): = aJ,(z) + bY,(z)

_: _ a={ H G (:0= H G

Manuscript approved November 14, 1988.



Then

tz t'H,(t)dt e2 [(Up + p - l)zH,(z)s,_. . , (czz) + (20 - 1)czzH,_ 1(z)s. ,(cz)t , (4)

where the Lommel functions s,.,(p * , * -1, -3, -5, ... ) are given by

S,(z) =U + ) F 2 1; - + 3 i+ + 3 . -z' (5)
CU- ( + ()(pv+1) 2 2 ' 4

Now defining

r1:C , K r 1 : CK F: C I

we may deduce from Eqs. (4) and (5) the result

Sot l,(t) dt ZIA +I (Z) IF2  1. v + 3 + , + 1 2

0 - V,+ 1 {C( 2 2 4IL , I I. , 4 !. +
+ ?zC I(z)F2 1"'; + 3 J++ •2 (6)z+v+1 '+1 2 2 4jJ

We define the Kampl de Fdriet double hypergeometric functions L, M and Q and give associ-
ated generating relations [4, 5]:

-0 111

LItc, 0; -y, 6; x, y]: = FO ,6o - x,y I <0 , l00 Yl < C

MIt, 0; Y, 6; x, yI: l:o : xI <0o l <

Q ,0,-y;,,X;xy :1; x ,y IxI < O, lYl < 00

L ' : ; ;
, ---2:1; (a,,xy I l< o, y

LcIa, 0; y, 6; x, y] IF (7)~ x

; mO ('V)m( 6 )m m 1F2 [10; m + ', m + 6; y] (7)
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M[__, ; -, 6;x, tx] 3Fo[(3, -im, I - 6 - m".• t] (8)M~~ 3 ,c;, m=O (3)m( 6),m in!

00 (CO. (3), Xm

Q[a, /3, Y; 1u, v, X; x, y] = O - 1 [Y; M + A, M + V; Y (9)M=0 GL)rnP(X)M~ m! FI;m+x, +;y]

It is easy to see that the function L is a special case of Q:

Q[ci, X, 0; -y, 6, X. x, y] = L[oi, 0; -y, 6; x, v].

For brevity we define the parameter lists

AI(uP):= X+ v+ I UX- 1+ 1 I + P + I IX- v +3 I

2 2 2 2 '2

A2(L, + V ++1 1- +2 1" ;+ P+2 3Ix4- _+4 31
2 2 2 2 '2

B, +V+ 2  Ix-v+2 Ai+v+2 I-v+4 3
2 ' 2 2 ' 2 '2

= + , 1; "j + , - +

1 IX 1"3 3 32) U ., I 2
D 2 GL): = + ' 2 + - 2

1j, ) l+I+ v 2+X+ v 1;2+IX+v 3_+IX+_2 2 2 ' 2

l+ix+v 2+ix+v 1 3+~i+v 4 +ix+vi+E2(, v): = 2 ' 2 1 2 ' 2 +

1 3 5

F Iu): - + Ix, 1; 1 + At, - + ; H1(,u): =2 + A, 1, 1; 2 + Is, 3,

_ 1 3 5
F2(10: I" + , 1; 2 + A, 2- + A H2)= 2 + A, 1, 1; 3 + 3, i

| ! • • i ,



REPRESENTATIONS FOR Ce, (a, z). C, ,(a, z), C, (a, z)

Substituting the Maclaurin series for exp (at) in Eq. (1) and splitting into even and odd terms
we obtain on integrating term by term

t,,+ 2n FCI du + 2n Ctd (10)Ce.,(a, z) = t=O +  C,(t)dt + a i I
o (2n)! 0o (1 + 2n)! 0

Then using Eq. (6) and thc gencrating relation Eq. (9) we obtain after a tedious but straightforward
computation the result

Ce,(a,z)=z+ICi,(z)Q 1 a Lz z + az [ a 2z2  4]J

Q '4' 4 +2 B; 4

+ Z2"C'l(Z " v~l _-+l) Q  2; 4 '4

az 12Z Z

+az Q B2; (1
(+ v+ 2 )(,- P+2) --4 4

Since

C5, ,(a, z) = " .{C (ia, z) - Ce.,(-ia, z)

Co, (a, z) I "f C,.,(ia, z) + C,,. (-ia, z)

we may write

C (a,z)= az 2  + JIL (z)Q [B.; -a 2Z
2  Z2j

+ A + + 2 {JCv(z)Q BA; 4 , 4 )(2

. z ) z C( z ) Q 1; , a( 
1 2 )OT++2 If 4 4

+ 1?z- C,_ -I(z)Q [A2; •aZ Z (13)
A + P+1 4 ' 4

. .. . ... .... ... . . . .... . . . = . n u m i ~ n a l 4



Fort = P,, Eqs. (11) to (13) reduce to

C'e(a, z) = ZI + 'C ,(z) D ; 4 ' " Q B , A);  4 2 Z

(a 1 4 + a4z4

_-_ 2-1 L D2; + Q B2(A, A); !a _(14)
+nz+ '1-(z) 1 4 '4 4(1+ IL)4'4

C,(, z) = " az2 + fC (z)Q B4 ' 4

+ 17z C .. (z)Q B(JL.IL); -a 2Z2 (1
2(1+ a) B 4 ' 5)

- a 2z z2  71 - az C _ z) D 2 Z2 ( 6

Cc (a, z) z I +{'U(C,(z)L D i; 4 4 1+ 2 Ci. 1(z)L [D2 ; 4 4 }. (16)

Defining J +: = J, J-: = 1, it is interesting to note that we may also write [7]z ~o I : a+ ve I a Z Z
z 1+ az)=e -( E;!z 2 a 2z 2 1 Q E2; ,

Je*(a'z)= 2"(1+ +v) (l+) E,+; 4 ' 4 2 +t- 4 4

(17)

J (a, z) Z (z 2/2);Le FL; Z2 , a2Z2 az L F2; .!!, . (18)J0 (,z (1 + 21A)l"( + 15 L) 4 4 2(l + g ) 4 4

Here the Bessel functions J ' do not app.ar.

We remark that Eqs. (11) to (18) are valid for Ia I < oo, Iz < oo.

OTHER REPRESENTATIONS FOR Ce(a, z), Cs(a, z), Co(a, z)

In Eq. (4) s, . may be replaced by the Lommel function S,,, where, when either of the

numbers t L P is an odd positive integer,

__ ._'. + 1 -4
So '(z)' 3FO[1 2 2 ' (19)

... . - .maammmam oammmmmm imm mmm Im m m '-- -- 5



Defining

C =K

w,: = 12/r: C = H, Y

0: C = lJ

and replacing s., in Eq. (4) by S, ., given by Eq. (19) we obtain for nonnegative integers n the
result

t , + 2n + I C,(t)dt =wn 2V + 2n F(n + 1) r(v + n + 1)0

- + 2n 1 2(p + n) C,(z) 3Fo[l, -n, 1 - v - n;- ; 4/z 2]

+ 7zC, - 1(z) 3Fo[1, -n, -v - n;-; 4t/z 2] 1. (20)

Using Eqs. (6) and (20) together with Eq. (10) and noting the generating relations Eqs. (7) and
(8) we arrive at

Ce(a, z) = w2 r(I + a) a 2F, 1, 1 + A; 3-; a2 (21)

CZ a[ az2 l FZ o2Z2 21)
+zlC,,Z(z L [Djt); -L-z , - - 2Eatt M Gj(u); a , - 2

+ 7ZI 1 Z) L DAIL); -2 , -z t a M [G2(); a2Z t a 2 ]
z + C,_ Iz + 21L 4 4" 4

jai <1, Rest> -1/2.

Since this computation is straightforward, it is omitted.

In order to obtain formulas for the Ce(a, z), i.e. for ju = 0, from Eq. (21) we may readily

show that

Jira 6 M [a, 0; .-f, 6; x,y] M o~ [ce + 1, l; -y + 1, 2;x, y]
6-0

from which it follows that

a2Z2 2L2 22 22

lir 2t M G ,(,); a-- = - z M 2, 1; -- , 2; _,a2
-O 4 3 2 4

6I III



We also note that when A = 0 in Eq. (21),

2F, 1 1 .3 . 21 sin- a

so that also

2 F3 1[ 1; 3 -a2 ] = sinh -2

The result obtained from Eq. (21) for Ko(a, z) is given in 14].

On setting ju = v in the equations for C,,., and Cc, given in the previous section in terms of
Ce. we obtain on using Eq. (21)

C,(a, z) = w a 2A r(1 + 9) 2F, 1, 1 + 'i; -; - a2 (22)

- taz' 2ILCF,(z) M G; -a 2 ] + 17zCA - 1(z) M G2; -a , j,

taI < 1, Rep > -1.

For Cc(a, z) we obtain again the result given by Eq. (16).

It is shown in Ref. 5 that

M[a, 1; -y, 6; tx, t] = 1 + OF,[-; 6; x][2Fl[c, 1; y; t] - 11

2  W6 (b + 1 Q[1 + a, 1, 1; 2 + 6, 3, 1 + -y; tr, x]. (23)

This equation provides the corollary that M[a, 1; -y, 6; tx, t] converges on the unit circle It I 1 if
and only if 2F[ci, 1; '; t] does. We then deduce that Eqs. (21) and (22) are conditionally conver-
gent on Iat = 1, ±hta 2 * 1 provided that IRe; I < 1/2.

We may, however, use Eq. (23) to better advantage. We find

M [GI(v); 4 , 1 + r(u)J5 -! i(z){F 1  + v, 1; -2; ta2 - }
a2 (z2/4) 2  a2z2 z21
3 Q HI();4'

• I I I7



ro + P) I I2F I + I, 1; I I!

M G2(,); 4 'a2 = 1 + l 1 + )JTt(z) {2 F 1 l+ v, 1; -; :a2j -l

a2 (z 2/4) 2  a~z2  z2l

3(2 + i,) 
Q  H2(v); 4 ' 4

where we agree that J * J

Using these equations together with Eq. (21) and noting the Wronskian relations

K, + I(z)I,(z) + K,(z)I, + I(z) l/z

J, + I(z)Y,(z) - J,(z)Y, + I(z) 2/7rz

we deduce after some computation

Ce,(a, z) - o 2, r(1 + v)a (24)

jj" 2 + 3Z HI'; z-2 2 2 a
+, zC,(,) L DI(v); 4 + Q -4Ij(Z 1 4 4 244

I + a2 z2  a 3z 4

"2v LLD2 (,); Z2 + Q H2(P);'a - a1.+b1z + C -iz 2P 4 4 48(2 + v) 4 ' 4

And in the same way we obtained Eq. (22) we find from this result that

Cs,(a, z) = w 2' F(I + v)a

.!o2z4 a -2,2 z2 ]

-az'Cv(z) -- Q HI(v);, +,t

Foz , 1,
48(2 + P) 4 4

- flazI + "C7 1 (z) 48( + ) Q H2(v); -a'z: ' z4 (25)

INCOMPLETE WEBER INTEGRALS

The incomplete Weber integrals CQ(x, z) are defined for Re P > -1, 12X - arg x I < r/2,

z = oo exp iX as follows:

J,,,(x, z): o w(x, P; t) J,(t)dt

8



,(x, z): = z w(x, v; t) I,(t)dt

Y,.(x, z): = -z w(x, P; t) Y,(t)dt

Kw4(x, z): = 1z w(x, v; t) K,(t)dt

where the subscript w indicates the presence of the kernel defined by

w(x, P; t): = (tI/2x)' + 1 exp(x - t 214x).

It is shown in [1, p. 136] that Co(x, z) may be given in terms of Ce(a, z). Further, Cw,(x, z)
is completely determined by Cwo(x, z) when the index , is an integer via a recursion relation
[1, p. 123]. Hence, Cw(x, z) may be given in terms of Ceo(a z) or equivalently in terms of the
Kamp de Firiet functions L, M or L, Q. The interested reader can easily produce formulas for
C,,,.(x, z) in terms of these Kamp de F~riet functions. We remark only that the definition of
Ceo(a, z) given in [1, p. 1351 uses exp(-at) in place of exp(at) which is used in Eq. (1).

REDUCTION FORMULAS FOR L AND Q

Many special cases of Eqs. (11) to (18), (24) and (25) may be obtained in one form or another,
provided we know a reduction formula for either L or Q. We summarize a few known relevant
reduction formulas [4-8]:

L[,, 0; -y, 6; z, z] = jF2[x + 0; -Y, 6; z]

L [D; z2  sinh__..__ z
L 2;4' 4 = z

L [Dz 2 Z 2 ] = 2,u sinh z + cosh z
4' 4 1 +2/4 z 1+2A

Q [Bz. ..) Z . 1 .]= + /A 4 osh z - 1"(1 + i)lP(z)Q 2' ;4 '4 = 1 + 2,u Z2

zQ _2  L2  2 1 {2 cosh z + sinh z - Pr(l + A)!;_ I(Z)Q t/' ;4 '4 =1 + 2A1 [-11

Other properties and reduction formulas for L and Q re found in Refs. 4-8. In particular, reduction
formulas for Q[AI(A, i,); x, x, Q[A 2(A, v); x,x], Q[BI (A, ); x, xI and Q[B2(, v); x, x] are
derived in Ref. 8.

9



APPLICATIONS

Of interest in applications are the functions J*o(a, z), Jeo(a, z), Yeo(a, z), and Keo(a, z).
J, 0(a, z) and Yo(a, z) occur in problems in the theory of diffraction in optical apparatus [1, p. 2271.
The function 4 0(a, z) plays an important role in the study of oscillating wings in supersonic flow and
arises in the study of resonant absorption in media with finite dimensions [1, p. 195]. Ke0(a, z)
occurs when the statistical distribution of the maxima of a random function is applied to the amplitude
of a sine wave in order to calculate the distribution of its ordinate. This latter distribution is of
interest in the study of the scattered coherent reflected field from rough surfaces [9].

Incomplete Weber inteL.ais of order zero occur for example in the theory of exchange
processes, the analysis of drift carriers in semiconductors, and high temperature plasma physics. See
Ref. 1 for further details and other applications.

Since the functions Ceo(a, z) are of some importance, by using Eq. (14) and defining

LI(x, y): = L , 1; x, y = LDI(O); x, yI

Lo(x, y): L ,+1; _Ix y = L[D2(0); x, y12 2 ' -
QI(x, y): =Q 1 1, 1; 1,2, 2;xy Q[B(O,O);x,yj

Q0(x, y): = Q 1, 1, 1; 2,2, 2;x, y = QB 2(0, 0); x, y

we obtain
[L Iz2 L2 az I 2 Z2

Ke(a, z) = zKo(z) _ ] ' 4 + -. Q 1 [a " ]

+zKI(z) fL° Via2] + az Q0 [af2z2 j 1] j

a Z2 Z a [12,2 zYe°(a, z)' zY°(Z' L ') -2' = + __ Q,az _az -z21) ] 4

(L 1
+ 2Y (z) o " 4 + -' Q o .[' J4

10



''4 '4 2- 4 4

+ z2J(z)f 2]' 4 4'

+~az z10 (Z) fL [a~i - + a Q0 a z2]j

lIoja, z) = Zlo(Z) 1 -,4 + --2 Q 1 ' 4

( I Lza°za z2

-- 21~z 0 4 ' 4 +4" 4 4

The equations for H,'. and H,(2) are the same as those for Yo or J0 with Y or J replaced by H' ) or
H(2). Further, from Eq. (18) we have

1;2 2~z _Z2 1 ~ a 2Z2  Z21
Jo(a, z) = ze az  1--2-, 1; L 4, 1- -L 1 --2,-2; -, -

LL'2 2 4 4 212 2 4 4J

fL[ 1 3 a2z 2  2  azF[ 1 3 a2' 2  z2l]

l,(a, z) = ze a  1,;-; ,1; a ' I --- L 1, 1-2 2, 2; ! ' 4 I

(L 22' 4 2[ 2 2 4 4J

Here we have used the properties of L that

L[a, 0; -y, 6; x, y] = L[a, 0; 6, 7; x, y] = L[O, at; y, 6; y, x).

The latter results for Ceo(a, z) should prove useful in numerical computation of these functions. We

remark that other formulas for Ceo(a, z) may be obtained from Eqs. (21) and (24).

SUMMARY

Representations for incomplete Lipschitz-Hankel integrals of cylindrical functions using only the
Kampe de F6riet functions in two variables L, M, Q are given. In addition, several known relevant
reduction formulas for these functions are provided. Further, it is indicated that incomplete Weber
integrals of integer order may be expressed in terms of incomplete Lipschitz-Hankel integrals of order
zero. Hence incomplete Weber integrals of integer order may also be represented by the functions
L,M,Q.

V1
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