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SOME RECENT CONTRIBUTIONS TO
MECHANICAL SIGNATURE ANALYSIS

R. L Eshlemn
Vibration Institute

ClIarendon Hills, 11, 60514

Mechanical signature analysis is used to perform machine
diagnostics, determine mechanical condition, verify per-
formance, and identify system parameters through the use

of measured vibration signals. Some of the significant
recent contributions in the per-formance of mechanical sig-
nature analvsis related to increased capabilities in machirnc
diagnostics anid pEirarnleter identification involve dual
channel analy zers. Advances in expert systems involveC
increased mach ine know ledge and new computer hardware
and software. These areas will be discussed along with
heir implications to the more efficient performance of

mechanical signature analysis.

INT HODUC I ION

Mtechan icalI signature analy~sis requires a combination of data processin;
Mt meami~iired v ibrath i signals, know ledge of equi pment , anid cause and effect
anialysis . Signature anal ysis is used to perform diagnosis of machine faults,
ostat)ihish machine? condition, v.erify performance, and identify system parameters.
hmF odai 'cclaical signature anal ysis relies heavily on digitized data and the
loast 01 ir ier T ransform (Ff T) spectrum analy~si s for data processing. Somie sig-

nif miat m~t r i hti lims in mechanical signature analyvsi s result from ext ensi on of
1u 1 F i~tilit ies' of mic raproci--ars . Others result f rom increased lknow ledge

r)()t 1(4) oitat ion of the cause and effect oehqi\ ior of mechanical equipment --

ii .i n P, v hat % lb ration signatlure o~r spec trum will 'u1tf rain a g]l ie

ii i T f ta ut I torT coridi t i on.

f .1> paper wvill deal with the increased instriiieiitat i and data processing
hWi lit ies o\~ ailtable ti engineers to do imachuine diagnostics, modal test ing tech-

ni1IFJues tor rotating) 111a iierv, machines, and the de\ clopment of e\Fmrt s\ stems

lJnriiug t he past f iv e (irn, \oast ii ncrease 1win beVU ien mad e in t he capa Lil-
iten if iiistriimitii u 5sd for tmio(himii sigmiiure aiial~sis. This resuilt-s
frmu the c utinidio'.otui)uiiieit o)f iu ismrocossors. F or tis reas~on, the drift
toi digjit~il frorii inriloqm jiiutluiwlietititohm target' huas been cmamkleted . Some a n. -

, usj csps, filtter>, and imtoutrtors reimain anialog, liowe'.or. thecir iiUM-

nor's decrease Po\' '. er. Wam d i~j-W I a' nd processing tiardware, thc'. loss
pitfalls N(Ao di oit aIFurse> i ias 'mur %e'.msat ili ty in storing mid 1( imaiin tat inqm

( it I.



Even though the Fast Fourier Transform (FFT) has been highly developed,
the pitfalls of aliasing and windowing still remain. The limitation of sampling
time in tracking rapid events often prevents the use of batch processing irstru-
ments like the FFT. Aliasing causes the identification of false frequency compo-
nents of the signal due to too few samples per period of the event. he
Nyquist sampling rate [1] defines the minimum sampling rare at more than twice
the highest frequency of interest. Thus a low pass filter must be used that
restricts the frequency content of the input signal. Perhaps the worst pitfall
of the FFT process is windowing. By its very nature the FFT process works
under the assumption that a periodic signal exists. While the signal may be
periodic, the samnling cannot be synchronized with the basic signal; therefore,
a window function is imposed on the block of digital data to force its values
to zero on both ends. This process induces errors in frequency and amplitude.
The finai problem involves trie very nature of the FFT process which is a block
processing technique. This means that, depending on the frequency range se-
lected, a fixed amount of time is required for data acquisition no matter how
high the sampling rate. Even though the data processing may be very fast,
the limitation of data acquisitiUn Lime will always exist because the event must
happen in its periodic form before data acquisition ends and data processing
begins. Thus if one is trying to track a rapidly occurring event, data acquisi-
tion time limitations will not permit the acquisition of enough points for an ac-
ceptable Bode plot (amplitude and phase versus frequency). Overlap processing
(use of some data from the previous block) can reduce the problem to some
extent.

The principal advances in FFT analyzers have been in their portability
and sampling rate. The very small data collectors (less than 10 lbs.) have
400 lir'- analysis which gives acceptable resolution for almost any application.
Lab analyzers have up to 800 lines of resolution. However, the data collector
analyzers do not yet have the full features of the larger dedicated analyzers,
such as zoom for intricate resolution and time domain. Data collectors will al-
ways suffer a display problem in the field because of their size. It is inter-
esting to note that full featured dual channel analyzers with adequate data dis-
plays that are in the 30-lb. range exist today. These analyzers are not as
portable as the data collector yet offer full dual channel capabilities for modal
testing and machine -Jiagnosis. Full dual channel analysis and modal testing
software can be used in a 386 type portable computer that weighs less than
20 lbs.

The dual channel analyzer has increased the power of machine diagnostics
with the use of the basic FFT dual channel functions -- transfer function, phase,
and coherence. In addition, events at two locations can be compared in time,
Figure 1 , and frequency, Figure 2, domains. The transfer function, which pro-
vides the relationship between two measured signals as a function j)f frequenc\
is obtained by dividing the signal of Channel B by the signal of Channel A.
Similarly, the phase function yields the phase relationship between Channels B
and A as a function of frequency. Figure 3 shows the transfer function (\ibra-
tion velocity/force) and phase from an impact test on a calender. Ihe coherence
function, Figure 4, pro' ides a measure of the cause and effect relationship be-
tween Channels B and A as a function of frequency. If the signal measured in
Channel B is entirely caused by the stimulus (hammer) of Channel A, then the
coherence is one. If a lesser percentage of the activity at Channel R is catiseJ
by the stimulus at Channel A, then a coherence relating to thle per(entcige of
the effect between 0 and 1 will be obtained. The transfer function, phase,
and coherence can be used for more in-depth analysis of two simultnuOsl\
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occurring events in a machine. The coherence helps to determine sources of
measured vibration when frequencies are similar. For example, if a frequency
of 60 Hz were causing a problem at some location in a machine, and two possible
origins were 2x from an 1800 ;RPM machine and 1X from a 3600 RPM machine, the
coherence between each of the two machines and the problem machine would de-
termine what portion of the vibration was originating at each source. The phase
measurement permits establishment of phase relationships between measured
points.

Real and imaginary values of the mode shape obtained from the transfer
function and phase at selected positions on the machine provide the analysts
more powerful tools. Damping can be obtained from the real plot and normalized
imaginary values plotted at selected positions provide the mode shape of the
rotor or structure. Thus, the dual channel analyzer provides data processing
capability, when used along with machine or structural knowledge, that will
yield much more complete machine diagnostics. The latter modal data can be
used for design fault correction.

PARAMETER IDENTIFICATION

The dynamic characteristics of a machine or structure must be known be-
fore a vibration problem can be identified or corrected. These dynamic charac-
teristics, or parameters, include natural frequencies, mode shapes, damping,
and such modal properties as stiffness arid mass. Parameters are quantified
by exciting a machine using a hammer, shaker, or motion of the machine itself.
(The magnitude of this stimulus may be known or unknown.) Response is mea-
sured with accelerometers, velocity transducers, or proximity probes. Oscillo-
scopes, tracking filters, swept-filter analyzers and FFT spectrum analyzers are
then used to analyze the data.

Both forces and responses are measured to obtain cause and effect relation-
ships with dual channel analysis. To date, the process of parameter identifica-
tion which uses classical modal testing has been performed on stationary struc-
tures. Recent advances in modal testing of rotating machines have caused the
generalization of modal testing techniques. However, this technology is not fully
developed as in the case of modal testing of stationary structures. Significant
advances in modal testing of rotating machines will be reviewed.

Natural Frequencies

Natural frequencies, which are u.,ique to a machine or structural design,
are important because they are excited by impact mechanisms and vibratory
forces. The phenomenon is known as resonance. Natural frequencies are ob-
tained experimentally from impact tests with hammers, variable-frequency
shakers, or tests in which the speed of the machine is varied.

The natural frequencies of a machine can change with machine speed be-
cause they are influenced by stiffness and mass. In machines with self-acting
fluid-film bearings, bearing stiffness is a function of machine speed. The nat-
ural frequencies of machines with large overhung disks and wheels are speed
dependent because the gyroscopic moments vary with speed.

Natural frequencies of machines are typically determined by measuring
vibration levels during start-up and coast down. However, these natural

7



frequencies must be associated with the speeds at which they occur. I ess com-
monly used are impact and shaker tests. The hammer or shaker is applied to
the housing of a bearing or to the machine to vibrate the rotor at various fre-
quencies. In this case the natural frequency is excited at operating speed. If
a nonoperating rotor is bumped, the natural frequency is that of the rotor rest-
ing in its bearings. The natural frequency of a rotor mounted in rolling element
bearings is close to that obtained at the operating speed. But data obtained
when the rotor is resting in its bearings as well as information obtained from
rotors bumped in a sling in the free-free mode (horizontally) -- although not
indicative of any parameter at operating speed -- are valuable for modeling
the rotor and its support bearings.

Damping

Damping is important in assessing the sensitivity of system response to
such forcing functions as mass unbalance, misalignment, and thermal distortion.
Information about damping will reveal potential problems of a machine passing
through or dwelling on a critical speed. Operating a machine with significant
damping at a critical speed is not necessarily harmful; on the other hand, low
damping can sometimes mean disaster. Evaluation of sensitive machines -- that
is, those subject to mass unbalance from the process and those operating close
to a critical speed -- requires data on damping. Damping of fluid film bearings
varies with machine speed and thus must be obtained at the machine's operating
speed or speeds.

Damping for a single mode can be measured in the domains of time, fre-
quency, or phase [2]. Modal testing is used to evaluate multi-mcde damping.
Again, due to the variation of damping with machine speed, classical modal test
techniques cannot be used.

Modal Testing Techniques

Modal testing techniques [3] are widely used for structural studies, but
various problems must be overcome before they can be applied to rotating ma-
chinery. First, the rotor is not easily accessible for taking the many measure-
ment points required to describe its mode shapes. In addition, the applied
vibratory force, if obtained from the machine, is difficult to quantify. Mea-
surements must be taken at speed because the dynamic properties of the rotor
depend on speed. Responses from the excitation and dynamic properties are
obtained and must be separated to effect a meaningful modal test. Extended
and generalized testing techniques [4,5,6] are being developed to overcome these
problems.

Modal testing of rotating machines and the foundationis and piping associated
with them has been motivated by several factors. Such test data as natural
frequencies and mode shapes allow validation of computer models. Measured
damping data are important because theoretical values are uncertain. In addi-
tion, modal test data are used experimentally to formulate models of components
that can be incorporated into the machine assembly by substructuring processes.
The data can also be used with a modal model to determine dynamic forces that
cannot be measured directly. Finally, modFl data are valuable for in-depth
diagnosis of rotating machinery. The computer model, in combination with modal
test data, allow the analyst to evaluate such components of design as critical
speeds, resonances, damping, and modes as well as machine condition; e.g.,
excessive forces caused by mass unbalance, misalignment, bearing wear, and



looseness.

Frequency Response Function (FRF) Measurement. Modal parameters of rotating
machinery are determined from a measured set of frequency response functions
(FRFs) for which force, amplitude, and phase are required. The coherence
function is examined to establish the validity of the data. However, more ex-
tensive testing is required because of the nonsymmetric properties of the ma-
chine.

Several experimental methods [4,5,61 have been developed for acquiring
the data necessary to formulate FRFs. A force from a hammer or shaker can
be applied or mass unbalance can be calibrated. In the latter case response
on the rotor is measured with a proximity probe to obtain displacement; an ac-
celerometer is mounted on the structure. When mass unbalance is used, a col-
umn of the matrix H, Table 1, is measured. The background response of the
rotating machine must be eliminated. Unfortunately FRF's from both the columns
and rows must be measured because they are different whereas in stationary
structures, reciprocity applies and only a column or row must be measured de-
pending solely on convenience. Usually coliumns are obtained with shakers (the
shaker i7 fixed and the transducer moved) and rows with hammers (transducer
fixed and hammer moved). Artificial excitation using swept sine forces from
a shaker is time cnns(iring but accurate because only one frequency is excited
at a time. However, impact and random forces that simultaneously excite many
modes are more often used today in structural modal testing. FRFs vary with
rotor speed and are computed directly from the ratio of Fourier transforms of
the measured output (response) and input (force) signals. In impact tests the
frequency content and amplitude of the force signal are influenced by hammer
mass, flexibility of the impact cap, and impact velocity. A long impulse yields
low energy and a wide frequency ranqe. A long impulse is required to excite
low frequencies.

Table 1. Matrix of frequency response functions (after Nordmann [51)

H11 H12 " Hit HN

H21

HAT

Hkj Hk2 HO Z = I
K j ( 1 - )

HNI HNIN

S I~ tSj 44)

The six FRFs are given in Table 2. The standard FRF is typically re-
sponse divided by force. Arguments thave been made (61 for using the inverse
FRFs. Dynamic stiffness, mechanical impedance, or apparent mass are used for
such discrete parameter identification in rotating machines as bearing stiffness
and damping.

(3



Table 2. Frequ(ency Response Functions (FRFs)

Response f requency Response Functions
Parameter Response/Force Force/Response

Displacement Receptance Dynamic Stiffness
Dynamic I lexibility

Velocity Mobility Mechanical Impedance

Acceleration Inertance Apparent Mass
Accelerance

Graphical displays of FRF data are complex; they are represented by three
quantities that include frequency and two parts of a complex function. The three
common displays are the bode plot (FRF magnitude and phase vs frequency (Fig-
ure 3); real and imaginary parts of the FRF; and the Nyquist plot, Figure 5,
(real vs imaginary plot), which does not explicitly contain frequency information.

Imaginary

t-

.-- Real

I iquro 5. Nyquist plot -- real vs imaginary FRF
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Data Analysis. The procedures of experimental modal analysis are applied to
modal test data to identify the parameters of a theoretical model that will sim-
ulate the behavior of the machine. The data must be matched or curve-fitted
to a modal equation (single-degree-of-freedom) such as the modal response of
,i machine.

N

Y M * Aj (
2=1 X(2')

where: Y (W)= measured modal values at various frequencies

Aj, Xj = modal parameters that are related to the properties of the
machine

The nature of the data dictates which of several procedures will be used to
extract the modal parameters. The most widely used approach is the single-de-
gree-of-freedom curve-fit. In systems with well-spaced modes, acceptable values
for the parameters can be found by using test data around the natural frequency.
The single-degree-of-freedom constants plus an offset term, which accounts for
the contributions at other modes, can be used effectively.

The Nyquist plot generated from modal data for a single mode is given
in Figure 5. The process is repeated for each mode until the complete frequency
range is covered. A theoretical regeneration can then be performed to establish
the entire mobility curve; circle-fit data are used. Modes that are very close
to other modes -- identifiable on the Nyquist plot by lack of a circular config-
uration -- indicate that more complex processes are occurring; a so-called multi-
ple-degree-of-freedom curve-fit must then be used that simultaneously includes
the effects of many modes. The type of damping and slightly nonlinear behavior
must be considered in the curve-fitting process.

Rotor Dynamic Considerations. The dynamic response of a rotor/bearing system
is calculated from the equations of motion:

Mq + Cq + Kq = F(t) (2)

where: M = mass or M matrix
C = damping or C matrix
K = stiffness or K matrix
q = displacement vector
F = force vector

The matrices C and K. which contain the stiffneqq and damprn terns from thr)
bearings as well as gyroscopic effects, are nonsymmetric and depend on the run-
ning speed of the rotor. These properties account for the difficulties of car-
rying out modal testing on rotating machines. In structural modal testing the
C and K matrices are symmetrical and are not speed dependent.

The eigenvalues (natural frequencies and damping) and eigenvectors (mode
shapes) are obtained from the homogeneous equations of motion, F = 0. Rotors,
unlike other structures, do not have a constant mode shape; rather, the constants
and phases vary from point to point on the rotor. The normal modes of noncon-
servative systems represent time-dependent curves in space; the plane motion
of the rotor is an elliptical orbit. In fact, two sets of eigenvectors are ob-
tained for each eigenvalue -- the conventional right-hand eigenvector is obtained
in modal analysis and the left-hand eigenvector is obtained from the transpose
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of M, C, and K.

The frequency response function (FRF) HkZ(Q) is speed (frequency) depend-
ent whether calculated or measured. Complex FRF can be expressed in terms
of the eigenvalues and the corresponding eigenvectors. For a rotor that is mod-
eled or tested for N degrees of freedom, NxN FRF exist and can be assembled
in a matrix H(Q) shown in Table 1. Each row contains all left-hand eigenvec-
tors, and ec-h column contains all right-hand eigenvectors. One row and one
column of the frequency response matrix H must be measured in order to identify
the modal eigenvalues and right and left eigenvectors of a rotor, Figure 6.

FORCE DISPLACEMENT FORCE DISPLACEMENT
TRANSDUCER PICK UP TRANSDUCER PICK UP

rMEAUSUREMENT OF A COLUMN] [MEAUSUREMENT OF A R0W]

EXCITATION AT LOCATION I . EXCITATION AT ALL LOCATIONS,

MEASUREMENT OF DISPLAEMENT MEASURENT OF DISPLACEMENT
AT ALL OTHER LOCATIONS AT LOCATION k

Figure 6. Measurement of frequency response functions in
rotating machines (after Nordmann [5])

Modal Testing Procedures. Nordmann [5] has published a procedure for identify-
ing modal parameters of rotors that utilizes analytical functions fitted to mea-
sured data. FRFs are measured at various speeds between excitation points, Z,
and measurement points, k. Analytical FRFs, which depend on eigenvalues and
right- and left-hand eigenvectors, are fitted to the measured data by varying
modal parameters. The parameters that allow a fit of the measured data to the
analytical functions represent the dynamic Lharacteristics of the rotor/bearing
system.

The modal parameter estimation procedure selected depends on the degree
of modal coupling in the rotor system. According to the theory of modal anal-
ysis the total frequency response at a measurement point consists of the weighted
sum of the contributions of all modes of the system. The contribution of a par-
ticular mode is usually greatest close to a natural frequency. When modal cou-
pling is light and cross modal coulling is minimal, the single-degree-of-freedom
model provides a good approximation of modal parameters of the system for that
natural mode. Thus, if the modes of a system are well separated, data analysis
-- bode, Nyquist, real, and imaginary plots -- can be used to determine modal
parameters directly from nAtural frequencies and amplitu_ , 'tu:.-.ce. hen
heavy modal damping is present -- as is sometimes the case when journal bear-
ings support a rotor -- a multi-degree-of-freedom curve-fitting technique must be
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used based on an error function which contains real and imaginary components
of the FRFs. Test data are curve-fit to the analytical expression to obtain
modal parameters. A least squares procedure for minimizing the error function E
is commonly used to extract modal parameters. The error function is differenti-
ated with respect to each unknown and set equal to zero; the urkuovvns of the
resulting set of equations are the modal parameters. The equations are nonlinear
in the eigenvalue parts and must be solved by an iterative procedure. Analyt-
ical and experimental FRFs obtained by Nordmann [5] are shown in Figure 7.

MEASURE]3
FREOLICY
RESPONSE

20 iS O5 . 165 50

ANALYTIrAL
FREEUEtCY
RESPON SE

37w~

33

FREQUENCY J~z)

Figure 7. Comparison of measured and calculated frequency response
for a rotating machine (after Nordmann [5])

The methods for extracting modal parameters from experimental data de-
scribed above deal exclusively with compliance functions. Bently et al. [6]
suggest that the dynamic stiffness functions (the inverse of compliance) are more
useful in that direct numerical values of such specific physical properties of
the systems as discrete mass, stiffness, or damping can be calculated. The
method would be advantageous for direct experimental characterization of mechan-
ical components; e.g., bearings, dampers, pedestals, rotors. This method can
also be used to develop modal models.

The test setup for determining the dynamic stiffness of a rotor uses mass
unbalance as the rotating excitation force. Flexural vibrations of the shaft are
measured in two lateral directions with two noncontacting shaft displacement
probes mounted orthogonally. A third displacement probe used as the key phasor
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relates tnf- phase angle between the rotating force (mass unbalance) and the vi-
bration response. A known mass unbalance is used in this instance to identify
parameters of the system. (The same setup is typically used to balance a rotor
with unknown mass distribution.)

The parameters of a rotor that is straight and well balanced could be
characterized by introducing a known mass unbalance at a known location on the
rotor and then varying rotor speed from zero to the desired value. Unfortu-
nately, the rotor also responds to forces other than the known mass unbalance.
Therefore, calibration tests and subtraction of the residual response are neces-
sary. It has been suggested that vectorial subtraction of start-up and coast-down
test data over the speed range of the test will eliminate unwanted residual re-
sponse. The known mass unbalance in the experimental setup is 1800 out of
phase for the two tests.

The data from the once-per-revolution excitation in the test setup are re-
stricted to that frequency. For example, the properties of fluid-film bearings
are frequency dependent. But data of the excitation from mass unbalance are
within the freoaincy range of the highest test speed of the rotor. At a minimum
the speed range of the rotor should include at least one critical speed.

Figure 8 shows plots of direct, KD, and quadrature KQ, dynamic stiffness
vs speed squared and speed, respectively. The results were obtained from test
data and the following relationships:

K = force amplitude x cos (phase)/response amplitude

K = force amplitude x sine (phase)/response amplitude

37 ---

S-37

-76 
2 .7 k

7S

a 1 2 3 4

SPEED, 1PH x 1000

Fiqure 8. Rotor dynamic stiffness versus rotational speed squared
and quadrature dynamic stiffness versus rotational
speed (after Bently et al. [6])
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The mass in each direction is calculated from the slope of the KD vs speed
squared curve; stiffness KV is derived from the intercept of the graph with
the vertical axis. Damping is derived from the slope of the curve of KQ vs
speed. Results are excellent using this approach for near-symmetric rotors.
Procedures are also given for excitation of rotors at nonsynchronous frequencies
using free spinners on the rotor.

EXPERT SYSTEMS

The evolution of the digital computer has fostered the concept of artificial
intelligence (AI). It is a technical area where millions of dollars are annually
spent on research. The idea of emulating the function of the human brain for
logic and reasoning is very attractive for machine diagnostics. A! follows the
very successful application of the digital computer to numerical analysis of engi-
neering problems where routine computation procedures are performed at a rapid
rate.

Today there is considerable effort to apply Al to expert systems that will
perform mechanical signature analysis. And, in fat, some limited success has
been achieved on specific types of equipment. The motivation for the expert
system is to use less skilled and experienced engineers and technicians to diag-
nose problems in rotating machinery. This diagnostic process requires residual
knowledge and experience, an ability to perform deductive reasoning, and logical
elimination and acceptance of facts. Even for a computer it is not an easy task
because common sense is not easy to emulate.

Expert systems [7,8] for mechanical signature analysis use a knowledge
base and inference procedures that would normally involve human expertise. The
knowledge base is built up by an expert in the field in a narrow area such as
motors or pumps and takes the form of heuristic rules and observed facts. In-
ference, performed by an AI shell, is the logical process that combines rules
and facts to produce new facts. The idea is to emulate the process of problem
solving on a computer -- a process common to detectives, mechanics, technicians,
and engineers. It is fortunate that in mechanical signature analysis hard data
involving narrow problem definition are encountered. This faciL makes the appli-
cation of the Al technology to these expert systems more feasible.

The two common approaches to expert systems, forward and backward
chaining, both use a deductive form of inference. Forward chaining methods
move through a rule base deducting all possible facts. This type of reasoning
works from a given rule, "IF a THEN b" and the fact "a", it will conclude "b"
and add it to a list of known facts. This type expert system is useful in real
time control applications where all implications of each new piece of data must
be investigated. The "backward chaining" inference method works best in this
application because it is goal directed and therefore is directed at facts related
to a single specific goal. It starts with a goal to be proven (the machine prob-
lem) and works backwards to resolve it. The backward chaining expert system
airects the user session (technician interface with the computer) by asking very
specific questions such as, "Does t, ._ frequency of the principal component of
vibration vary with machine speed?" Facts not related to a current specific
goal are not normally accepted. If a narrow focus is provided along with the
goal-directed approach, expert systems that operate efficiently are easy to write
and understand.
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The key components and interfaces of a typical backward chaining expert
system are given in Figure 9. It shows how the user interacts with the infer-
ence engine of the expert system. It is an active relationship where the expert
system can ask the user questions related to the goal of 3olving a problem. A
key part of the system is the knowledge base which contains the rules for solu-
tion of problems. Desirable expert system characteristics have been defined
by Corley and Darby [7].

Good User Interface (menu driven)

Certainty Values for Rules

Ability to Handle "Unknown" and Uncertainties

Ability to Re-enter and Save Facts

Multiple Conclusions Ranked by Probability

Ability to Explore Reasoning

Graphics

User Written Functions

Inexpensive

EXPERT USER
KNOWLEDGE ENGINEER

EXPERT SYSTEM

KNOWLEDGE BASE
, SUU I INFERENCE

I.___________ENGINE

CONTEXT . .o.m.U

?*C?¢SO~uCLUtgam )

FACTI

OI ftWS IYVIM

GOALS

wig eLIa

Figure 9. Schematic drawing of an expert system (after Corley and Darby [7])

16



It is obvious that the expert system is only a~s good as its- knowledge
base. In machines, like electric motors, substantial knowledge is available on
the cause and effect nature of machine faults 3nd related , ibrat ion signatures.
The inference engine is a "canned" expert systemn program, severail of which are
available. Corley anid Darby [7], who had a very broad knowledge base of ()ver
100 rules ori motors, report that thcir system is 90% effective. At this time,
the svstem continues to he expanded to compressors, turbines, gears, and seals.
Other expert systems have been reported by General Miotors and Radian [3], a
Hartford Insurance research group. The success of these expert systemrs has
not been reported.

CONC(LU SION S

It coo) be concluded that the recent advances in mechanical signature anal-
vsis relate directly to the de\velopment of faist microprocessors that can- deal
with large volumes of digitized data ini an efficient mranner. The dual chanriel
FF1 which is based in a microprocessor pray ides Support for more detailed ma-
chine diagnostics and modal testing wvith increased capabiiies. In addition, the
microprocessor coupied with large volume storage de\ ices pro\ ide the hardware
to implement the expert systemT software(. While progress in mechanical signature
analysis is strongly aided by computer. orienited products, one musJ-,t niot forget
the cont ribut ions being made by eri~ieers w F ro seek anid find the b--asic cause
and effect knowledge so necessairy to make the computer systeus %(ork (--n real
world problems.
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HIGH FREQUENCY VIBRATION ANALYSIS FOR
ROTATING EQUIPMENT AND PIPING SYSTEMS

Robert M. Jones
Nuclear Power Group

Sequoyah Nuclear Plant
Tennessee Valley Authority

Soddy-Daisy, TN 37379

The advent of portable computer controlled vibration data
collectors and spectrum analyzers has moved the ability
to do routine and special high frequency vibration
analysis from the laboratory to the working environment
of an operating power plant. This paper will describe
some of the uses of these techniques in evaluating the

mechanical condition of rotating equipment and piping
systems.

Restarting the reactor after a long plant shutdown necessitates holding at
an intermediate power level for an extended period of time and the secondary
side of the steam generators are supplied by motor driven pumps. Plant
operating temperature constraints dictate the pumps operate at a reduced
flow. Operation of centrifugal pumps at reduced flow creates high "G"
loading at both the inboard and outboard pump bearings. (Fig 1)

2P-q R x FLED PUMP :'OPRRO BE(R: G
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Fig. 1 2A-A Aux feed pump inboard bearing
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By being able to provide daily monitoring of these high frequency vibrations
the decision can be made to continue pump operation until it is determined
that additional bearing degradation could cause damage to thM pump. The
economics of the situation are that if the bearings are changed too soon,
then the plant startup would be delayed 12 to 15 hours, the time required
for replacement. At $960,000 per day revenue, this would cost from $480,000
to $600,000. If the plant startup would be attained prior to a required
bearing replacement, then the turbine driven feedwater pumps would be in
service and the motor driven auxiliary pump could be repaired while it is
off line with no operational delay.

After two weeks of reduced flow operation, computer generated trends of
critical frequency amplitudes, predicted that about two weeks of useful
bearings life remained before the onset of possible pump shaft damage.
(Fig. 2,3)
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Fig. 2 Trend frequency: 175500 CPH
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Fig. 3 Trend frequency: 207750 CPM
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Shortly after this estimate was given the startup was aborted for other
causes and the bearings were changed during the ensuing outage. Our
spectrum analysis indicated no visible damage had occurred and bearing
inspection verified the analysis. (Fig. 4)
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Fig. 4 2A-A Aux feed pump outboard bearing

However, as we pointed out to the maintenance personnel, our instruments
were indicating that minute damage was occuring and the life of the bearing
was limited if pump operation had continued under the imposed abnormal
conditions.

When there are numerous pieces of equipment, all made by the same
manufacturer, comparison analysis can make the job easier. With the
portable analyzer, we did a frequency spectrum survey of each of the
Chemical Lab Hood Fans motor and fan bearings. It quickly becomes apparent
which bearing is bad when you look at a series of spectrums as in
Fig. 5 a, b , and c.
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Fig. 5a Chem lab hood fan "A"
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Fig. 5b Chem lab hood fan "B"
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When the pillow block bearing was disassembled, the inner race and balls
were found to be pitted and cracked. By being able to do the repair on a
routine basis, and before any fan or shaft damage occurred, the total
maintenance cost was reduced. (Fig. 6)
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Fig. 6 Chem lab exhaust "C"

Another use of high frequency spectrum analysis occurred after the overhaul
and rebuild of a pump speed increaser. The 1800 RPM motor input is
increased to 4800 RPM to drive a charging pump required by safety
regulations. This speed increase is obtained through a 2.66:1 ratio helical
gear drive. The overhaul had been instigated when a low frequency spectrum
analysis indicated a rub was occuring in the high speed shaft sleeve
bearing. Disassembly revealed a worn and nicked babbit lining which was
replaced.

On restart, an initial spe.trum revealed high "G's- around 4,000 Hertz.
(Fig. 7)
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Fig. 7 IB-B Centrifugal charge gear box high speed shaft

23



Computation of the gear mesh frequency, (1800 RPM X 131 gear teeth = 235,800
CPM which is 3930 Hertz), showed we had another problem. After an
inspection and review of the previous overhaul, it was found the motor had
not been properly aligned. Motor realignment of .004" was accomplished and
the subsequent spectrum showed no gear mesh problems. The significance of
this example is that if the gear set had been operated and damaged, delivery
time on a replacement set is 26 weeks and the other available spare set had
just recently been installed on another pump. The accountants could
probable come up with a dollar cost if the pump had to be fixed on an
emergency order, and it certainly would be in the thousands of dollars.

Because of the ease of operation of the portable units, we check on a
routine basis the bearing spectrums and gear mesh frequencies of all our
safety related pumps and motors. Prior to the advent of the portable units,
a bearing frequency spectrum could be collected but it was necessary to
carry a "portable" 30 pound analyzer, a plotter, paper, and an extension
cord into a controlled radiological zone which means everything was wrapped
and taped. Not many spectrums were taken on a routine basis, usually only
when some other indication showed there might be a problem Now we find
problems much earlier which allows the solution to be accomplished on a
scheduled basis rather than an emergency. Also, necessary repairs can be
made before any extensive equipment damage has occurred which tends to lower
the overall maintenance costs.

In addition to the high frequency spectrum analysis done on rotating
equipment, piping system components are also examined with portable battery
powered equipment. The Nuclear Regulatory Commission (NRC) requires that
certain safety valves be stroked on a scheduled basis. On most valves this
stroking can be observed by watching the movement of the valve stem. There
are some cases however where the entire valve is encased in metal shielding
and the valve stem is not visible. Our solution is to place a high
frequency acoustical sensor on the valve body. With the valve in the closed
position, a spectrum is taken. (Fig. 8)
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The valve is then stroked to the open position and another spectrum taken,
showing that there is flow in the valve. (Fig.9)
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Fig. 9 Valve leak rate test

Then the final step is to take another spectrum after the valve is retuckked
to the closed position showing the trace has returned to the orginal level.
(Fig. 8)

The NRC has accepted this method of proving the valve stroke which changes a
difficult problem to a very simple solution.

Valves in a power plant range in size from 1/4 inch to 36 inches and
larger. And if any valves leak they can cause problems no matter what their
size. A series of 24 one-inch test valves recently proved this point. An
Engineered Safety Feature (ESF) system has accumulators which are kept
filled with 10,000 gallons each of borated water at 400 psig. If there is a
Loss of Coolant Accident (LOCA) these accumulator's contents would be dumped
into the reactor vessel for cooling and to reduce reactivity of the
reactor. However, during normal plant operations with the reactor pressure
at 2235 psig, if these test valves leak, the borated water in the
accumulators will be diluted with reactor system water. This is not an
acceptable condition for operation and any leaking test valves must be
corrected. Prior to the reactor being brought critical, the system was
tested and found to be leaking into an accumulator. The question was, which
of the 24 valves was leaking? The unit could not be brought critical until
the leaking valves were found and fixed and each days delay was another
$960,000 cost of lost revenue.

Using another portable high frequency analog analyzer each valve was
examined and the leaking valves identified. The process is rather simple
and straight forward. An accoustical accelerometer is placed on the valve
and a reading taken with no pressure on the upstream side of the valve.
Next, pressure is returned to the upstream side of the valve and another
reading taken. The readings are in "dB" and if the reading has increased 5
dB after the pressure was returned, then the valve is probably leaking. In
our case we identified 7 valves as possible leakers. When these 7 valves
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were disassembled for repair all had physical evidence of leakage. The
"proof of the pudding" was when the system was retested after valve repairs,
the level in the accumulators did not increase. Although it is a simple
application, the cost saving can be impressive. The processed water in each
accumulator cost approximately $2 per gallon or $20,000 and there are 4
accumulators. If the dilution of the borated water is excessive, the tank
must be drained and refilled within a time constraint of 2 hours. If 2
hours is exceeded, the unit has to be shut down and the $960,000 per day of
lost revenue again is a factor. This does not even consider the lab cost of
water testing and associated costs. Clearly the cost effectiveness of high
frequency analysis of valves is apparent.

The final items that need to be covered are what is high frequency analysis
and what does it cost? For purposes of reference, our portable spectrum
analyzers function up to 10,000 Hz. This is adequate for bearing and gear
analysis and we are currently working with the manufacture to develop the
techniques for use of this equipment to identify flow. The portable valve
leak testers operate to 100,000 Hz and are adequate for liquid or gas valve
testing. The portable spectrum analyzers cost $7,000 plus software and
computer. The valve leak testers cost $800 and accelerometers are $350.
Finally, the beauty of high frequency analysis is that it is non-intrusive
and can be conducted during normal operations without any disruption to the
system process or any additional manpower for support.
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DIAGNOSING PROBLEMS IN MODERN
2-POLE INDUCTION MOTORS

R. M. Kolodziej
Sr. Devlopment Engineer

COOPER INDUSTRIES - TURBOCOMPRESSOR DIV.
3101 Broadway

Buffalo, NY 14225

With the advancements of CAD/CAM systems, better
materials and technology in general, motor ranu-
facturers are able to pack more horsepower in a
smaller and lighter frame. From an economical point
of view, this philosophy may be rather attractive.
Unfortunately, action/reaction theory indicates
an amplification in vibration problems.

In the past, motor manufacturers and motor users
typically used velocity transducers to measure
structure vibration and C-T's to measure stator
currents. This basic method worked rather
well where the rotors were massive and the
structures were stiff. Currently, motor designs are
changing, the rotors are lighter and thinner and,
the structures are less stiff. I have found that
"the tail is wagging the dog", and identifying a pro-
blem may be very difficult. For this reason a collage of
vibration and electrical measurements have been
collected, to determine what data is the most relevant
and practical in evaluating a motor/base problem.

INTRODUCTION

The objective of this paper is to present electrical and structural
vibration readings on 2-pole induction motors, and display the data in
various conventions. The writer proves that if the same data is
reviewed in the time domain, frequency domain, Nyquist form and orbit
form, it will become apparent there is not one "best" method of
presentation. To get a good "gut" feeling of how the modern motor is
truly operating, you will not only have to select the most relevant
data acquisition method, but also the best method or methods for data
reduction.

Because of the two topics, structure and motor vibration, this paper
will be presented in two parts.
PrqT 1: Structural Resonance Change Due to Rotor Lift
PX1T 2: Comparison Of Electrical/Mechanical Vibration Readings On A

Motor With An Open Rotor Bar (bad motor) Vs. Brazed Repaired
Rotor Bar (good motor)
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PART 1: Structural Resonance Change Due To Rotor Lift

It is totally accepted that all motors vibrate to some degree. The
problem is, the same motor, will show a considerable vibration dif-
ference between the manufacturers test floor versus fully loaded on a
fabricated base. Because of this, it is difficult to develop field
operation vibration standards. But with the development of structural
stiffness plots one will get a good idea of what to expect.

Initially point impedance transmissibility plots should be developed
on the motor structure unit, fig 1. They should be created with the
stimulus in the horizontal, vertical and axial direction at the motor
centerline. Response data should be collected at the same points. A
sledge hammer or ram instrumented with a load cell (mv/lb) should be
used to supply the force. Simultaneously the response data should be
collected with velocity (mv/in/sec) or acceleration transducers (mv/g).
The data should be reduced and displayed in compliance (in/lb) form.
At this point, knowing rotor balance tolerance and speed you can
calculate how much bearing housing synchronous vibration will be
created by rotor mass unbalance. Because the structural stiffness will
probably be different in the horizontal and vertical direction the
synchronous movement will also be different. This will create an
elliptical orbit when running.

1 cherence

300300 phae-deg.

4, comlirce

xl 0 (x1 c- 6  4 0- 6  in/lb
0 1

2.5 3 x
vi- 5x1C( 4  32xyi0_4  .Sl -responce

0 disp-in.

10 stimulus
f or ce-ibr.

0 0 82 HZ 250

Fig 1: Point MZ Motor/Base Compliance Plots

Because all motors will generate a lx and 2x synchronous speed
excitor the relationship to resonant frequency should be known and
avoided. A bearing housing vibration can go beyond 1. mil if
motor/base structural resonances are sympathetic with rotor mass
unbalance. This is true, even though the rotor is balanced within
specification.
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Example: Rotor Weight (W): 1000 lbs

Speed (N) : 3600 rpm

Permissible Unbalance U : oz.-in.

Balance Tolerance

U = .25W N < 150 rpm

U = 5630 W 150 < N < 1000 rpm
N
2

U = 4W N > 1000 rpm
N

U = 4. x 1000 = 1.11 oz-in
3600

F = mr w2 =(1.11 ozx 1 in x (2r660) 2 = 25.5# (12.75#/brg.)
(16.X 386X

D =(Kn)x F = Expected Synchronous Bearing Deflection Due to
Mass Unbalance

K60: (160,000 #/in.) x F# = .16 mils Pk - Off Resonance

K82: (24,500 #/ini x F# = 1.00 mils Pk - On Resonance

NOTE: Stiffness Values (K60. K82) from fig. 1.

Once the structural resonances are determined the forcing functions
are compared, looking for a possible match (and problem). Even
though structural resonances are removed from running speed, other
excitors such as misalignment (2x) could excite a structural mode.

Structural resonance can be excited by:

A) Unbalance - Synchronous speed
B) Misalignment - 2x synchronous speed
C) Rubs - Axially and with seals
D) Oil Whirl - 40-50% synchronous speed
F) Fan - Blade number x synchronous speed
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It should be obvious at this time that a motor connected to a steel
fabricated structure will have many resonant frequencies, along
with many exciting frequencies. Consequently, matching up two or
more of these frequencies is a good probability and practically
unavoidable. This situation does not mean failure is eminent and,
if the overall vibration is acceptable, you may not have a problem
at all. However, it would be wise to collect trend data assuring
a situation isn't turning into a problem.

A resonant condition can normally be identified by taking shutdown
data. If the exponent is 5 or greater, and the phase changes
between structure and rotor key, you are probably at or near
resonance.

The bearing housing displacement in an off-resonance condition is
proportional to force, fig. 2.

The bearing housing displacement in a resonance condition is
proportional to force x amplification factor, fig 3.

,# 'p- -__ _ ,, - -__ _
10 1 0

DISP z Disp.

-= mrw2  Y=F =mrW
2 Q

I I Normally n > 5
1 :i

X SPEED i X SPEED
Fig. 2: Bearing Displacement Fig. 3: Bearing Displacement

-Off Resonance -On Resonance

If it is found that the motor/base structural resonance is a problem,
the following "shoot from the hip" approach can be tried.
A) Increase motor foot clamping area
B) Gusset motor foot to pedestal
C) Increase bearing stiffness

Don't be discouraged if the initial attempt does not help. Moving a
low frequency structural mode is very difficult. A stiffening
modification other than at a section of minimum stiffness will result
in a minimal change in resonance frequency. If this is the case, a
full structural modal analysis should be performed, determining modal
shape and location of stiffening or weakening needed.

Theory and techniques of structural modal analysis tests is a topic
all in itself and will not be discussed at this time.
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Rotor Position Within Bearing (Lift) and its Effect on Resonance:

In the past motor-base structural resonances were usually handled
as just mentioned. Unfortunately, with modern motors a new variable,
rotor lift, (caused by radial magnetic pull and lighter loaded
bearings), has to be addressed. Because the rotors are lighter and
the length to diameter ratio is higher an unsymeterical magnetic field
will reposition the rotor anywhere within the bearing journals.
Consequently, when this happens the bearing stiffness and damping
characteristics will change, moving the nonrunning resonance.

EXAMPLE: If the rotor is lifted (during running) bearing stiffness

will decrease, lowering (at rest) structural resonance, fig 4.

300 phaseU 1 !ED_-deg.0
0 ^ - liance

4 ?4 hz In/lb

0
-AT REST

300 phase-deg.

,4 8 hzcomplilance
X0 4  in/lb

25

Fig. 4: Effect of Structural Resonance Change Due to Rotor Lift

Exactly, how much of an effective resonance change there will be
between running and non-running condition depends upon two factors
which are functions of each other:

1) How much and in what direction is the magnetic pulling force
(action), equation 1.

P = Bq 2 x L x D x e (1)
46. Ag

P = Radial Pull - lbs
Bg = Flux Density - K-Lines/in'
L = Rotor Length - in.
D = Rotor Diameter - in.
Ag = Average Air Gap - in.
e = Air Gap Eccentricity - in

NOTE: a) Direction of pull will be toward minimum air gap.
b) Older motors had a flux density around

30.K-lines/inz.

Some modern motors are now passing 40.K-lines/in2 .
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EXAMPLE:

a) Radial Pull:

P= (Bg.K-Line x (17 in x 10 in x .010 in
in 46. x .100 in

Bg = (30, 35, 40)Flux
Density K-lines/in2

L = 17. in
D = 10. in.

Ag = .100 in
e = .010 in.

Bq 30. 35. 40.
P# 332. 452. 591

b) Rotor Weight: density of steel = .284 lb/in-cu.

W = r D2 x L x .284 lb/in3
4

= v 10.1 x 17. x .283
4

W = 377. lbs

Thus, this rotor can be lifted if flux density goes higher than
30.K-lines/in{ and minimum air gap is on top, fig 5.

NORMAL LIFTED

Fig. 5: Rotor Position Within Journal Bearing at Full Speed-
Normal vs Lifted:

NOTE: There is as much of a chance for a rotor to be lifted
as pulled down.
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2) Type of bearing used to counteract rotor action (reaction).

At one time the partial arc journal bearing was the motor
industry standard. It was self lubricated, inexpensive and in general
worked rather well. Unfortunately because of the lighter rotors the
bearings are lighter loaded and run higher in the bearing. Normally
journal bearings are designed around a dimentionless quantity called
the eccentrically ratio e, equation 2. This value is a function of
load number NL, equation 3. The experimentally determined relationship
between eccentricity ratio and load number is shown in fig. 6.

Eccentricity Ratio (e)

e = 1 -(2ho) (2)
\D-dl

Bearing Load Number (N1 )

NI= (60P).l. () (3

(Journal/ 1.
Bearing
Touch ing)

P~pressure on projected area, P/
u=v1scosity reyns,lb-sec/in

2

(e) /n=speel,rpm
0 Cd=d iametra] c] earerce,D-d

L=bearinr lergth,in

.2
lOAD NUMDha (i 1l

(In Center)

20 40 k 80 100 120 140
Fig 6: Journal Bearing Eccentricity Ratio vs Load Number

When this lifted condition happens with lightly loaded bearings and
magnetic lift, a negative spring effect along with decrease in damping
will be characteristic, fig 7. Consequently, the motor/base structural
resonances will be constantly changing. In addition, the ability to
dampen out normal mechanical or electrical vibrations would be greatly
reduced. In an attempt to handle the lift problem some users have
direct coupled the motor to an offset load adding mass to the rotor
holding it down. knother trick is to intentionally offset the air gap,
5% tight at the bottom, hoping that the rotor will be pulled into the
bearing. Both ot these band aid solutions have made field units
runable, but other problems such as high shaft currents and high
modulating beat frequency will probably result. Thus, be aware of
possible consequences when forcing a motor rotor off its normal running
position.
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/ FULL VOLTAGE LIFTED CUT POWER

// / I

Fig. 7: Rotor Position and Bearing Pressure Distribution of Partial
Arc Bearing - Full Voltage (Lifted) vs Cut Power.

PART 2: Comparison Of Electrical/Mechanical Vibration Readings On a
Motor With An Open Rotor Bar (bad motor) Vs. Brazed Repaired
Rotor Bar (good motor)

The intent of this measurment comparison, fig.8, is to display the
effect, one open 1 r has on various vibration measurements. In this
case the problem is specific and easy to fix. The motor has an
unsymmetrical magnetic field created by one open rotor bar. On a new
motor this condition of a clean cut rotor bar joint is unlikely.
However, you will find high resistant joints, blow holes, loose
laminations, and other forms of discontinuities. These discontinuities
will also create an unsymmetrical magnetic field causing vibrations
similar to that of the clean cut open bar. As mentioned earlier all
motors are going to display all of the following characteristics to
some degree. This example allows the motor user to compare vibration
data exhibited by a particular motor to one with a known open bar
defect.

Volts: 2300 Rotor Wgt : 560 Motor Bearings
Amps : 108 Rotor Slots : 45 Drive - 120* Partial

Arc
Hp : 500 Stator Slots: 54 (Noninsulated)
Speed: 3600 Non-Drive - 120*

Partial
Arc (Insulated)

C fl V p&1 ii, i5i C

Aa

c 4 rt ,r C - -1 LOA

Viewe; frr iver

Fig. 8: Vibration Measurement Locations and Cen-ral Parameters.
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MOTOR SHAFT DISPLACMENT : unfiltered, coupling end, motor cold, from
rest to unloaded to loaded

Bad Rotor-A Good Rotor-B
(I rotor bar open) (rotor bar brazed closed)

2 IAt Rest

2=Unl oaded
3=Loaded

1.M s. s D i v.

Fig.9a:Orbi t-A Fig.9b:Orbi t-B

Ver t ical

(Unloaded)

Horizontal

Fig.10a:Time-A (10.ms/Di v.) Fig.10b:Time-B

Observations:
9a - Rotor l ifted 2.5 mils tIp and 1.5 mils to the right. When unloaded
(2), there is a modulating elliptical orbit, reversing direction at
slip frequency beat. When loaded (3), the orbit continues to modulate
but in linear form. This measured lift is more than three times that of
the calculated oil wedge.
9b - Unloaded (2), rotor lifted 2. mils from rest. When loaded (3), the
rotor lifted up an additional 1. mi l and moved to the right .5 milis.
Regardless if loaded or unloaded the orbits are circular and c.c.w. in
direction (same as shaft rotation). The slip frequer:, beat was
mi n imal .
I0a/b - Same unloaded signal viewed in the time domain.

In general unstable modulating orbits are caused b" more than one
frequency (force) present wi thin the bandwidth of data reduction.
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MOTOR SHAFT DISPLACMENT A.C. coupled, filtered I/rev. (2. HZ. BW),
motor cold, unloaded to loaded

Bad Rotor-A Good Rotor-B
(I rotor bar open) (rotor bar brazed closed)

Un loaded

2.Mils/Div

Ver t ical

Hor izontal

Fig.lla:Shaft-A Orbit/Time Fig.Ilb:Shaft-B Orbit/Time
Loaded

2.M I1s/Div.

V~.er ti cal

Horizontal

Fig.12a:Shaft-A Or-bit/Time Fig.12b:Shaft-B Orbit/Time

Observat ions:
lla/12a - The modulatirg filtered signal indicates that there are
electrical and or mechanical forces within the 2. HZ. B61 of the I/rev.
frequency. Along with modulating amplitudes there is an aprox. 40 deg.
phase change between the loaded and unloaded condition, indicating
effective balancing will be very difficult.
llb/12b - Between the loaded and unloaded condition the orbits are
foward and circular with a stable phase. This indicates. the major
excitation force is rotor mass unbalance, thus balancing would be
e f fec t i v e.
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MOTOR SHAFT DISPLACMENT unf i1 tered, coupl ing end, motor hot, from
loaded to unloaded to rest

Bad Rotor-A Good Rotor-B
(1 rotor bar open) (rotor bar brazed closed.)

1f=t Rest
2Ur loaded
3Loaded

2.-l i 1 s/Eiv

Fig.13a:Orbi t-A Fig.131:Orbit-B

Ier t i cal

C
(Unl oaded)

Horizont al

Fig.4;k:Time-A (1O.ms/Div.) F i .14-:Time-E'

Observations:
13a - Once the rotor reached ful 1 temperature (hot" , the rotor
repositioned itself toward the left side of the bear ing. Both in the
loaded and unloaded condition the orbit modulated in a foward and
reverse pattern, varing only by rate. The bearing dosen't appear to
have a stable oil wedge.
14a - Compared to cold motor measurments (f i c. 10a) a 2>: runnirg speed
component is now present.
13b - Simi 1 ar to cold motor. measurments (fig. 5a and 1Oa's the orbi t
direction, phase and load to unload posi tion are comparable. The onl:.
difference is that the shaft posit ion I ifted another .5 mi ls and mo ved
further to the right 2.mi ls.
There i s probab 1 x not an e:act cau.=e tor rctc'r r.epo.=.i t i cn t e t..Jee n 1 c,-ad
and unload. It is probably a combination of thermal effect-. in the
rotor and structure along with a change in oil .., scosity and megnetic
pul . The rotor is Just as 1 ikl y to be raised as lowered.
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MOTOR SHAFT DI SPLACrMENT A.C. coup ed, f i tered 1/..-"rev. (2. HZ . EBJ)
motor hot, unloaded to loaded

Bad Rotor-A Good Rotor-B
(1 rotor bar open) (rotor bar. brazed closed)

U1 l oaded

2. M i 1 s_..-D i v.

Ver t i cal

Hcor izontal

F c. 15a:Shaft-A Orbi t/.-Time Fi g. 5b:Shaft-B Or bi t.T i me
L oad ed

2 . .. i 1 -D i

V e r- t ica l

Hori z on t a I

F g~ 1a. Shahf t-A Crb i t..T i me F .1 6b: Shaf t-B Orb i tT i me

b ser.vat i o ns :

j5a'16a - In additio n to the beat ing a.t sl I p fr equenc. the filtered

1. . e,' . or b i t i s. now , c 1 ose t,, I ine ar i n the un 1 oaded c ond i t i on and

r ever s.es di r ec t i on i n the 1 oaded c ond i t i on at sl i p frequenc >' rate
1 5L.." 6b -The orbit and time domain si qnal is stable and similar
F.1ardls-s, of being lcaded, unlc._a.ded, hot or col d.
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NYQUIST DIAGRAM: A.C. coupl ed, filtered 1/rev. (2.HZ. Bt) , hor i zor t7,1
and vertical displ acment coup] ing end, motor hot,
loaded to unloaded

Bad Rotor-A Good Rotor-B
(1 rotor bar open) (rotor bar brazed clcsed)

Ful 

...Scale --

Fig.I7ad:Shdft- ANyquicst FiQ V'L oIhtft-B Nyquist

Observat o.s:
17a -Horizontal displacmert probe had phase excursions greater. than 90
deg. and beating at slip frequency. Dicspl.;rment amplitude remained
constant, 4. miIs loaded ard 2.5 mi1s unIoaded. The vertical

displacment also beated at slip frequency ith full 360 deg. phase
change. The amplitude changed from 0 to 3. mils.

17b - Both horizontal and vertical displacment remained constant in
phase and amplitude durin load and unload. Because the horizontal and
vertical signals are in the same quadrant a circular orbit is
indicated.
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IOTOR SHAFT tIBRATION - FFT: coupling end, hor izontal and vertical,
1oade d and n'i r 1 oade d, mtor hio t

Bad R otcr- c- Good Rotor.-B
1I rotor bar open) (rotor bar brazed closed)

I . Loaded

L LJ i~ ... <!7:r:'.. 'r i---- - - - -

77 I 1 ! rtr,

,.ji'1 a a Wa IW Ik l InAWA n l, o zon t l -.- . . . .. . ....... ....
Ai T .. .. h... .. IJ.. - r... r-a l[ I ... IIi'...1.....! ] T 7 I T

-- '-'- ' i" F" No z'Ircade l "- ! I •-r 1 /
T- 7 -- ----------- -- - --

. .. . . . . .. .. .. . . . . . . . . . .. I. . . . . , . . . . . . . . _ I . .
__ - - o r i z o rt a 1

i 'I, 2.ri i'. I ,--
L2i Mi Il s i -

0 HZ 350 0 HZ 350
Fig.18a:Shaft-A FFT Fig.18b:Shaft-B FFTi~~. r " ... . . .. "... . . . . .

..,ZOOM AT

- :-: -'1Loadedl -Ver tical ,.

7 -1-7 jL

.0 . .. . .. .H Z., .. . .. ... .i ~~~~~~Unloaded , :/: : :!

.... , .5. ..... : ...... .i_ I-orizon ta l i " '

2.MIls/DIv.
60 +.-2.HZ 60 /-2.HZ

fig.19a:Shaft-A FFT Zoom Fig.19b:Shaft--B FFT Zoom

Observations:
18a - Modulating 60 HZ and harmonic components with 2 HZ BW.
19a - Zoom FFT of 60 HZ shows 2x slip frequency components are creating
beat frequency.
1Sa - Stable 60 HZ component
19b - Zoom FFT of 60 HZ shows no side bands, thus no beating is
present.
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MOTOR SHAFT CURRENT - TIME: shaft to shaft measurmer t, loaded to
unloaded, F ondr ive beari rig- i r.ul ated,
motor hot

Bad Rotor-A Good Rotor-B
(1 rotor bar open) (rotor bar- brazed closed)

V~f~ I IP /P/D i. V

0 KHZ . 0 KHZ .5
fig.20a:Shaft-A Shaft Current +iQ.20b:Shaft-B Current

Observat iorns:
20a - Overall pk to pk vol tage i nc reased w ith l oad. Component s of sl ot
frequency and 360 HZ modulated at sl ip frequency.
20b - Silct frequency componenits are presernt but stable vihen 1lcaded.
When unloaded voltage decreases at all -frequencies..

Because shaft currernts are created b:/, urisy11me tr ical rotor flux the
data shows that the open rotor bar al onQ k.,,i th l oad w i I I crea te th is
discontirui ty.

LINE CURRENT - 60 HZ ZOOM FFT: C.T. measurment, loaded, motor- hcit

Bad Rotor-A Good Rotc'r-B
(I rotor bar open) ZO0OM (ro.t c-r bazkr. b raz ed clIo se d'

AT
60 HZ

60 H2 100 6H
FZ. CU,'9PFNT- FL -CJUI'_

Full

1Z x ./Load
Cur rent 

0
60 HZ -2. HZ 60 HZ 2. HZ-

Fig. 21 a;Shaf t-A Linre Currernt FI21L:3at-;Lire CLurrer t

Observations:
21a - Direct CT. measurmert cf line current showed mrodul: tiic s-ide
bands at 2 x sl ip frequency. The amplIi tude of these _ i deb.and-S decrr eased
with load.
21b - Minimal detecticor of 2 x sideband slip frequerc.,.
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BEARING HOUSING AC:CELERATI ON - FFT: lo:ade'd, motor hot

Bad Rotor-A Good Rotor-C
(1 rotor Lbar open) (rotor bar brazeso slncpd)

~~1~ I Nordr i e

.. ... Axi> a1 . . .

.. .. 'erti1calI
Hor i zon tali7 7 H r K

ltEnd ~ ~

j~w...................
~ K I..'Hor i z or ta 1

--- -- - - -

0 3.KHZ L0 3.KHZ
Fi g.22a:Shaft-A Fig.22b:Shaft-B

Obse rvat icrs:
22a - Large mcdulat inrg h armon~i cs of 60Hz
22b - Stable slot frequency 2630 HZ (45 x rps) with 120 Hz. sidebards

TABLE 1: Compar ison o'f spec i fic test vs. cost/t ime/relIevercy

Fig. Title Cost Time Releverit
(relIat ive )

Lo Mod Hi Lo Mod Hi Lo Mod Hi

'9a/b Motor Shaft Disp .- Orbi t-urfl1t . x x

10Ca/b Mcotor Shaft Di sp .- T ime-urf 1t . x x

h1a/b Motor Shaft Disp.-Orbi t/Time-f1 t. x x

1 7a./b Mctor Shaft D isp. -Nyqu i t x x

18:a/b Motor S;haft1 Di 5p .- FFT x x x

1 ?a/b Mo tor Sh af t Disp .-FFTW2OOM ) x x x

20a;/b Sh-aft Crrenrt -Ti me-urfi1t . Xx x

21 a/b Linre Currernt -FFT(ZOOM)1 X x

22a..b Bea~rin A c ccl1. -FFT x x x
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CONCLUSION:

As mentioned earlier the intent of this paper is to give the motof user
an idea of how his structure responds to rotor vibration at rest and
at full speed. In addition measurements of the effective change in the
rotors position and dynamics (forcing function) between hot, cold,
loaded and unioad coiAdicions. nlis Lype data will give yuU a be1lul
mark as to how the unit is currently operating and will give you a
warning if future vibration data changes.

The broken roucr bar example created an unsymmetrical rotating flux
which could have been caused by other mechanical discontinuities.
In general, regardless which method of data collection or reduction is
used an unsymmetrical magnetic field creates a 1/rev, and 2/rev. signal
with 2x slip frequency side bands. It , aide worth noting that an
initial indication that you may have a problem with your 2-pole
induction motor is that there will be a obvious audiole growling beat
at slip
frequency.
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ABSOLUTE BALL BEARING WEAR MEASUREMENTS
FROM SSME TURBOPUMP DYNAMIC SIGNALS

M. J. Hine, Ph.D.

Rockwel Intcrnationa/Rocketdvne Division
6633 Canoga Avenue

Canoga Park, CA 91303

This paper describes how absolute bearing ball wear is measured
in an operating turbopump from heavily loaded ball bearing
vibration signatures. This technique was developed during
testing of the high pressure oxidizer turbopump of the Space
Shuttle Main Engine (SSME). A linear correlation was estab-
lished between the cage frequency harmonic amplitudes on
internal strain gages and the measured ball wear after pump
disassembly. The dominant cage harmonics in the vibration
spectra wece shown Lo correspond to those of a Fourier series
representation of the circumferential ball diameter variation
or wear pattern. Strain gages and accelerometers on the
external pump casing also show similar wear -ymptoms. These
external measurements allow convenient wear monitoring for
preflight testing of the SSME.

INTRODUCTION

The bearing wear measurements described herein resulted from the develop-
ment testing of an uprated High Pressure Oxidizer Turbopump (HPOTP) for the Space
Shuttle Main Engine (SSME). A cross section of this pump is shown in Fig. 1. The
pump shaft rotates at up to 30,000 rpm and is carried by two sets of axially pre-
loaded duplex ball bearings. Each of the original pump end bearings (1 and 2) had
thirteen 11.1 mm diameter balls running on a 65 mm pitch diameter. Later designs
had the number of balls reduced to 12 to accommodate oval-shaped ball cage pockets
for increased relative ball motions. The turbine end bearings (3 and 4) also carry
the transient axial shaft loads and have thirteen 12.7 mm balls running on an 80 nun
pitch diameter. The bearings are run without lubrication and are cooled by a
through flow of liquid oxygen.

For development testing, strain gages were attached to the pump end bearing
carrier (isolator), to measure radial loads carried jointly by Bearings 1 and 2.
Strain gages were also attached to the turbine bearing carrier (cartridge) for
measuring axial loads at Bearings 3 and 4. The vibration signatures of these
strain gages were found to contain dynamic behavior due to bearing ball wear. A
typical isolator strain gage amplitude versus frequency spectrum is shown in
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Inlet

Purr,-Housing

Cartridge Ring seals seal
-Turbine wheels

Wear ring seals Balance piston Impeller Turbine end
Puped!n&.icer bearings ARotor

Fig. 1. Half Cross Section of High Pressure Oxidizer Turbopump

Fig. 2A. Some pumps would eventually show a spectrum as in Fig. 2B, where the
harmonies of the ball cage frequency are apparent. The harmonics of ball cage
frequency are generated by the different ball diameters within a bearing ball
train as described by Sunnersj6 [1].

Distinc~ive freque~ncy modulation of the pump speed harmonics by the ball cage
harmonics was also observed, as shown in Fig. 2C. This phenomenon has not been

0.01M (A ST +123 ec

1 .0: :: : : .: : : ::I. , : 1.I. .1 --I...I.II -I...... ; .... .....I. ........... .........2.........
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investigated but is thought to be due to inner raceway circumferential surface
waviness interacting with the ball diameter variations.

VIBRATIONS DUE TO BALL WEAR VARIATIONS IN A BALL SET

The vibrations generated by geometric imperfections in lightly loaded roller
bearings are well described by Sunnersj6 [1] who demonstrated under laboratory
conditions how the circumferential roller diameter variation in a roller set gen-
erates cage frequency harmonics. Similar arguments will be shown to describe the
vibrations generated by heavily loaded and worn ball bearings in an extremely
severe operating environment within a real turbopump.

The ball bearings of the HPOTP are heavily loaded radially with measured
radial loads during flight simulated operations of 2 to 12 kN shared between Pump
End Bearings 1 and 2. The results presented herein are therefore valid for a
large load range.

Consider the crude representation of a radially loaded ball bearing in Fig.
3, where the only geometric error is the circumferential variation in ball diam-
eter. The outer race is rolled into a straight line for clarity. The radial
positiun ot the inner race and iupported shaft center, relative to the outer race
center at the time when a ball is under the radial load action line, will be

determined by the diameter of that ball. During one revolution of the 13 ball
train set shown, the position of the shaft center will be known at 13 instants, if
the ball diameters are known. All-bough the shaft position is not known between
balls, it may reasonably be represented by a smooth line through the 13 known
diameters. The amplitude of the shaft motion y, would then be due to the differ-
ences in ball diameters. Since the balls are manufactured to the same diameter,
with a small tolerance, the ball diameter variation measured after a period of
service will be due to wear. The shaft motion y is therefore proportional to the
ball wear differences.

Period of ball diameter
variation

nner race
OD

Shaft
center

Cage
-__ -- - - - speed

1 2 3 4 5 6 7 8 9 10 11 12 13

y amplitude of shaft vibration a ball wear Outer raceway
(stationary)

Fig. 3. Schematic of Ball Train Asymmetry
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Consider the measured diametral ball wear variation versus ball sequence num-
ber shown in Fig. 4 for an HPOTP No. 2 bearing, after 1310 sec of operation. This
ball wear variation may be represented by a Fourier series, since the ball wear
variation is periodic over the ball train circumferential length.

The harmonic amplitudes of this series are shown in Fig. 5. Since the ball
diameter sequence runs under the inner and outer race load line at the cage periph-
eral peed, the radial shaft center displacement will then be represented by the
same Fourier series with the cage speed as the fundamental frequency.
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in 0 1 1 1 1 1 1 1 1 1 1 1 1M 0- [1 i- 1i

0 2 4 6 8 10 12 0 1 2 3 4 5 6
Ball Sequence Number Coefficient

Fig. 4. Six-Term Fourier Fit Fig. 5. Fourier Coefficient
to Data (HPOTP 2606R1 Amplitudes (HPOTP
Bearing 2) 2606R1)

Neglecting phase, the radial shaft displacement may be written as:

y(t) - a1 cos (Wct) + a2 cos (20ct) +. ...... !a n cos (nt)

where an - the nth Fourier coefficient, t - time, and Wc - angular speed The
amplitude y is proportional to the amplitude of the circumferential ball diameter
variation, or ball wear.

The individual Fourier coefficients, or displacement amplitudes, may be
studied separately and superimposed since a linear model has been assumed. For a
rigid shaft the force F(t) exerted on the outer race due to the shaft radial accel-
eration at a cage speed Wc is approximated by:

F(t) x c2 E a n2 cos (nw t)
n-I c

This force produces vibrations of the bearing support at frequencies nuc,
where n - 1, 2, 3 ........ the amplitudes of which depend on the dynamic p:oper-
ties of the bearing support, and the harmonic amplitudes an caused by the ball
wear variation. Thus the vibration signature of the bearing support -ontains
information on the wear induced diameter differences and their relative phasing
within a ball train.

48



Vibration amplitudes measured in the bearing support should be proportional
to the dynamic force applied to the bearing by the ball diameter difference. This
force is, in turn, proportional to the displacement amplitude of the ball diameter
differences as shown in the above equation. Thus, measured vibration amplitudes in
the bearing support should be directly proportional to the magnitude of the ball
diameter differenc-s or the sum of the components of the ball diameter differences.

The following are apparent from the above formulae:

1. The relative amplitudes of the cage harmonics identify a particular ball
wear pattern :i the ball train. For example, if the second cage harmonic
dominates the vibration spectrum, then the second Fourier coefficient
amplitude should dominate the circumferential ball diameter or ball wear
pattern.

2. The sum of the cage harmonic amplitudes in the vibration signature are
proportional to the magnitude of the ball diameteL or wear differences
within a ball set.

3. If at least one ball remains close tn its original size, then the sum of
the cage harmonic amplitudes is proportional to the absolute ball wear
differences.

HARMONIC CORRELATION

To verify the above theory, the isolator vibration strain spectra taken just
before a pump was withdrawn from testing for disassembly were compared to the
Fourier series curve fits to the measured ball wear sequences. For the pumps
observed, the isolator strain gage signal spectrum is typified by that of Fig. 2C,
for the pump whose wear pattern is shown in Fig. 4. Here it is noted that the
first cage harmonic dominates the vibration spectrum as it does the wear pattern.
For this pump, the relative cage harmonic amplitudes found in the vibration
spectra and expected from the wear pattern agree well, as shown in Table 1.

Table 1. HPOTP 2606R1 Relative Cage Harmonic Amplitudes
(Normalized to First Harmonic)

Cage Spectrum Expected Amplitude
Harmonic Amplitude from Wear Measurements

1 1.0 1.0

2 0.33 0.29

3 0.17 0.16

4 0,067 0.080

Good agreement was shown between the measured and expected dominant cage
harmonics for 13 pumps as shown in Table 2. Some disagreement between theoretical
and measured dominant cage harmonics must be expected as in Table 2 due to phys-
ical limitations. For instance, a major limitation in the vibration measurements
is that the strain gages react the forces from two identical bearings in one common
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Table 2. Correlation of Observed and Expected
Dominant Ball Cage Harmonic

Dominant Harmonic
In Strain Gages Expected from Gage

Pump at Test End Wear Pattern Position

2606R3 1 No Wear Isolator
9708 1 No Wear Isolator
2409 1 2 Isolator
2409R1 1 1 Isolator
2606R1 1 1 Isolator

9605 1 1 Cartridge
0307R2 2 2 Isolator
9505 2 No Wear Isolator
9505R2 1 1 Cartridge
9505R2 2 2 Isolator

9808R1 1 No Wear Isolator
4204R1 1 3 Isolator
4104R1 1 1 Isolator
2116 2 1 Isolator
4204R2 1 1 Isolator

bearing tarrier. Radial motion of the carrier expected from wear in one bearing
could therefore be masked by the adjacent unworn bearing sharing an unknown por-
tion of the radial load. This may account for no observations of cage frequencies
higher than the fifth in vibration
spectra. In all the pumps tested, 20
only one bearing was worn, namely
the No. 2 bearing. Fourier coeffi-
cients of a pump not showing agree-
ment are shown in Fig. 6 and 7,
with the corresponding vibration W
spectrum in Fig. 8. E

Although the fourth cage har- 2 10-

monic was expected to dominate the
M 0vibration spectra, the second does.

In this case, the first and second _
cage harmonics also appear equal -
from the wear measurements but dif-
fer considerably in the vibration
spectra. Structural attentuation 0 I

of the vibration signal is probable 0 2 4 6 8 10 12

in this case. All the discrepant Ball Sequence Number
pumps showed dominant wear-expected
harmonics greater than or equal to Fig. 6. Six-Term Fourier Fi- to Data
the fourth. (HPOTP 2116 Bearing 2)

It can be seen from Table 2 that one pump had ball wear at both a pump and
turbine end bearing simultaneously. This was recognized from the bearing vibra-
tion spectra before pump disassembly, as shown in Fig. 9. This shows the vibra-
tion spectra of two strain gages on the isolator and cartridge. Figure 9A shows
the Pump End Bearing No. 2 signature with two frequencies at the expected second
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cage harmonic. This is due to the higher Bearing 4 cage harmonic feeding through
the rotor structure to the isolator strain gages. This frequency difference is
due to the different geometries of the pump and turbine end bearing sets. If they
were similar, the source of the cage frequency would be difficult to establish.
Figure 9B shows the higher Bearing 4 second cage harmonic from a turbine bearing
cartridge strain gage.

Although the particular bearing having ball wear cannot be identified, the
combination of pump isolator and bearing cartridge strain gages can identify the
duplex set having wear symptoms.

WEAR CORRELATION

The measured ball wear for different pumps was compared with the cage har-
monic amplitudes observed in the vibration spectra from a particular isolator
strain gage location. Using regression techniques, a linear correlation was found
to exist between the minimum, maximum, or average measured ball wear and the sum
of the first three cage harmonics or 60
either of the first three cage harmon- +2a
ics. This is shown in Fig. 10 for the .+average ball wear in a bearing set, 50: +

together with the one and two standard 'M
deviation limits. Fifteen pumps are 40 "
included in this analysis. The degrees -

of correlation found are shown in
Table 3. 30-

The correlation between average .R 20 -

ball wear and cage harmonic sum is .
expected because, theoretically, the
measured vibration amplitudes should 10

be directly proportional to the mag- . "
nitude of the ball diameter differ- 0 A . . . ,
ences at the cage harmonic frequen- 0 1 2 3 4 5 6
cies. Since the measured vibration Sum Max 1, 2, 3 Cage Harmonic Amplitudes
amplitudes are time-averaged rms (mV at Strain Gage)
values, similar time-averaged values Fig. 10. HPOTP Average No. 2
must be used for the magnitude ot the Bearing Ball Wear

Table 3. Ball Wear vs Cage Harmonic Correlation Coefficients

Ball Cage Ball Wear Measurement
Harmonic Average Minimum Maximum

1 0.90 0.92 0.79

2 0.89 0.86 0.87

3 0.82 0.83 0.78

Sum 1, 2, 3 0.92 0.91 0.86

52



ball diameter differences for the correlation. The average ball wear was thus used
as a measure of ball wear since it approximates the rms value of ball wear within
10% for the pumps tested. If the rms ball wear is used, the correlation between
the sum of the first three cage harmonics and ball wear is 0.91, little different
from the 0.92 shown for the average ball wear correlation in Table 2. The strong
correlation between the individual vibration harmonics and average ball wear prob-
ably implies that the ball wear initially grows in a set pattern, such that the
average and each harmonic grow at relatively fixed proportions to one another.
This may be observed later in the discussion of time variations in cage harmonics.
A correlation should also be expected between the individual cage harmonics of
wear and vibration. For the first and second cage harmonics, correlation coeffi-
cients of 0.70 and 0.69 were found. The third harmot.ic had a much lower correla-
tion coefficient.

The correlation coefficients found are relatively high and verify the validity
of the correlations found. All the correlations shown have a Student's t signif-
icance level of >0.1%, meaning that here is less than z. 0.1% change of these
correlations occurring by chance.

With ball wear charts, such as Fig. 10, actual ball wear can be determined

during pump operation. The maximum strain gage amplitude observed during a test
for the cage l,..ronic sum i& jse for wear predictions. The apparent zero wear
data points occurring in Fig. 10 for small cage amplitudes, occur because ball
wear was only measured within 0.00254 mm. They, in fact, represent small amounts
of ball wear. The large standard deviations are expected since the theory assumes

that at least one ball has no wear. Charts such as these continue to be used
successfully to predict ball wear in development testing.

EXTERNAL CAGE FREQUENCY OBSERVATIONS

The cage frequency vibrations will increase as wear progresses to such a level
that they are detectable on the external surfaces of the pump casing. This is
shown in Fig. 11 for a strain gage and accelerometer. These spectra are for the
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B2 = 2nd ball cage harmonic from turbine bearing

Fig. 11. Simultaneous External Spectra
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same pump and time interval depicted in Fig. 9. On average, the internal strain
gages precede the external strain gages by 1000 sec in indicating ball wear symp-
toms. The external strain gages precede the accelerometers by 2000 sec in indicat-
ing ball wear symptoms. These external strain gages are easier to apply than the
internal ones with their cables penetrating the pump casing. Because of this,
they are being used to screen pumps in preflight testing for ball wear symptoms.
The current technology would also allow ball wear detection during SSME flights.

TIME VARIATIONS IN CAGE HARMONICS

The behavior of the different cage haLmonics with time is of importance.
Figure 12 shows time histories of the first three cage harmonics for a pump that
had severe bearing wear. Figure 13 shows the corresponding sum of the cage har-
monic amplitudes versus time. The amplitude drop after the first peak would sug-
gest negative ball wear, which is obviously impossible. Since cage amplitudes are
proportional to the relative ball wear, the amplitude drop is only indicative of a
diminishing relative ball wear pattern. The absolute ball wear is, of course,
continuing to increase with time. In other words, the amplitude peak suggests
that the largest ball has started to wear more to catch up with the wear of the
other balls, at the first amplitude peak, 0.076 mm of average ball wear was
indicated from Fig. 10. Figure 12 clearly shows that the ball wear pattern is
conatantly changing in time. The pump depicted ended up with an average Bearing 2
ball wear of 0.79 mm with a maximum of 0.86 mm wear, on a bearing endurance test.

(A) 1st cage harmonic
4-

3-
2 o oo

1

(B) 2nd cage harmonic
4.

I; ....

.a 0 --------
E (C) 3rd cage harmonic

4-

3 --

2-
ou

Elapsed Test Time (1 sec)

Fig. 12. Cage Harmonic Amplitudes vs Time

54



11
U

10 0 Sum 1st, 2nd, 3rd

9- ,' ii ]

8-
0g l

Cuu)tv (Is Tim ( sec)

5 - 'Lao l W'~ 11I

soolt tri Ga

3
2

1

0
0 2000 4000 6000

Cumulative Test Time (sec)

Fig. 13. HPOTP 0307 Ball Cage Harmonics
(Isolator Strain Gage)

CONCLUSION

It has been shown that with little error, the absolute bearing ball wear in
an operating turbopump can be measured from ball cage frequency harmonic ampli-
tudes detected in the pump vibraticn signatures. This conclusion is valid provided
at least one ball remains unworn or nearly so. The dominant cage harmonics in the
vibration signatures have been shown to correspond to those expected from the
measured circumferential ball wear pattern in a bearing ball set. In general,
increasing cage harmonic amplitudes in a turbopump vibration signature are indica-
tive of increasing bearing wear. Changes in th. g harmonic amplitudes are
indicative of increased ball wear.
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SPECTRAL NORMALIZING

Mr. Bertel Lundgaard
Mr. S. Baker Stocking

DLI Engineering Corporation
253 Winsow Way West

Bainbridge Island, WA 98110

In machinery vibration analysis and fault diagnosis,
spectral plots of data which have been normalized to
orders of the rotational rate offer significant
advantages over traditional fixed frequency spectra,
particularly for the development of diagnostic computer
software. This paper explains the concept of order
normalization, discusses the advantages for both human
and computer analysis, and finally, describes several
methods used to produce normalized spectra.

INTRODUCTION

A vibration spectrum is usually plotted or displayed with frequency as the
abscissa and amplitude as the ordinate. Common dimensions for frequency are Hz
(cycles per second) and CPM (cycles per minute). This paper will discuss the
virtues of a different spectrum presentation; the normalized (or order
normalized) spectrum. A spectrum is normalized by dividing all frequencies by
the frequency of a machine order, usually the first. The order normalized
spectrum is then plotted as orders versus frequency. For example, if an
electric motor runs at 1760 RPM, its first, fundamental, order is 29.33 Hz, its
second order is 58.66 Hz and so on. The order normalized spectrum 'will have 1
and 2 substituted for 29.33 and 58.66. Figure 1 shows a set of order
normalized low range spectra from the turbine end of a lube oil pump, as
printed by portahle field equipment. The superimposed average spectra also
shown will be discussed on page 4. Note that the speed of the machine
decreased slightly between measurements without affecting peak alignment.

ADVANTAGES OF NORUALIZING

The major factor contributing to the value of normalizing is that it
reduces the number of variables in a typical spectrum from two to one. While
the ordinate showing the vibration amplitudes will continue to be variable, the
abscissa, when expressed as orders, does not vary with machine speed.

The norm'.lizing technique is particularly valuable when vibration analysis
is used to detect faults in rotating or reciprocating machinery. In the case
of a single shaft machine, major exciting components will generate integer
order peaks in the spectrum. If the system contains a speed changer, the order
of the secondary shaft will correspond to the gear ratio.
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The following advantages of normalizing will be discussed in some detail:

o Diagnostic guidelines are almost always given in terms of "orders"

rather than "frequency".

o Once the order being excited by a machine component has been
established, it will remain constant regardless of machine speed.

o Significant peaks in normalized spectra from identical machines will
line up exactly, permitting superimposition of spectra and
mathematical manipulation of vibration amplitudes.

o Order normalizing Dermits the creation of reference spectra of
typical good machines. This facilitates diagnosis through the
amplitude deviation generated by faulty machine components.

o Tabulation of spectral peaks excited by machine components will
correspond to peaks plotted on a graph and will not change with
machine speed.

o The design of expert systems is simplified.

When an engineer takes the first halting steps toward learning to use the
vibration analysis as a tool to diagnose machine problems, he is immediately
made aware of the concept of rotational orders. Imbalance generates a first
order ppak; misalignment generates a second order peak, while an outer race
fault in a given ball bearing will generate a peak whose order may be
calculated from the bearing geometry. When a spectrum is plotted as frequency
in Hz versus amplitude, the order can easily be found by calculating

ORDER = f/N (1)

where f is frequency in CPM and N is machine RPM.

Note that for non-normalized spectra, this calculation must be repeated
each time it is desired to find the order of a vibration peak.

The deviation concept is important in vibration analysis. The absolute
amplitude of a vibration peak is usually less important than its deviation from
some norm, such as a new machine baseline spectrum or the spectrum from the
previous survey on the same machine. With normalizing, the current spectrum
may be superimposed on the reference spectrum, arid significant peaks will line
up exactly. Other mathematical manipulations may be easily performed; spectral
amplitudes may be subtracted or divided and the difference or ratio plotted, or
spectra from a number of surveys on identical machines may be averaged.
Averaging is a particularly powerful to , since it generates a high confidence
reference spectrum from which deviations may be evaluated.
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Figure 2 shows in detail the average spectrum, from a 34 machine sample,
used at the top of Figure 1. The lower, heavier line is the statistical
average of the amplitudes, while the upper, lighter, line shows a plot of the
average plus one standard deviation. Since only healthy machines were included
in the sample, the "plus one standard deviation" lire has proved to be a
valuable quality control tool; the spectrum of overhauled machines must fall
below that line, as is essentially the case in Figure 1.

Order normalizing further simplifies the diagnostic work, since it permits
tabulation of exciting frequencies in terms of orders and the tabulated orders
can be pre-programmed to be labelled on the graph. Tables of exciting orders
are shown on Figure 4 and the graph annotation is shown on Figure 2.

A current trend in diagnostic vibration analysis is toward the use of
computer programs to perform part or all of the diagnostic work, so called
"expert systems". These systems may be divided into two main categories:
screening systems, which distinguish good machines from machines needing
attention, but leave the definition of the problem to the engineer, and true
diagnostic systems. which give specific repair recommendations. The success of
an expert diagnostic system depends on two major sources of information: the
availability of a "good machine' reference spectrum and the ability of the
computer program to identify spectral peaks. It appears obvious that for
variable speed machines ana for complex machines with many exciting components,
the success of a diagnostic system is dubious without the support of normalized

The use of normalized spectra is not widespread in vibration analysis.
That is due to the difficulty and cost in accurate tracking of machine speed.
The following sections of this paper will address those difficulties.
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"AIRCRAFT CARRIER MACHINERY VIBRATION TEST & ANALYSIS GUIDE" PEPA (CV) PUB 1861-207
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"AIRCRAFT CARRIER MACHINERY VIBRATION TEST & ANALYSIS GUIDE" PERA (CV) PUs 1861.207
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METHODS OF SPECTRAL ORDER NORMALIZING

HARDWARE NORMALIZING USING A TACHOMETER SIGNAL

Spectral order-normalizing in digital FFT systems is most commonly
performed during the very first step of digital data acquisition, the sampling
of analog data by the analog to digital converter. The desired normalizing is
simply a result of an appropriate adjustment of the sampling rate

These systems take advantage of the fact that the frequency range of the
desired spectrum is always directly proportional to the san.pling rate. Thus if
the sampling rate is adjusted to cause the effective frequency range to be an
exact multiple (call it N) of the tachometer rate, the resulting spectrum will
have as its full scale frequency a value exactly equal to N orders of the
fundamental represented by the tachometer signal, regardless of machine speed.
The tru- frequency becomes a function of the tachometer reading, not the
sampling rate.

The actual sampling frequency will always be something greater than twice
the desired full scale frequency, in order to avoid aliasing; this multiplier
may vary among analyzers, but is a constant for a given device. Likewise, the
tachometer signal may actually be some multiple of the fundamental rotational
frequency. As long _s these factors become part of the equation, a suitable
arithmetic relationship can be established between tach signal and sampling
rate to cause any desired multiple ("Nth" order) of the rotational rate to
becomr the full scale frequency of the final spectrum (i.e., making it an "N
order" spectrum). The only limits Pre those imposed by the frequency
limitations of the sampling and (anti-alias) filtering hardware.

In the ideal world, this method is the best choice; the results should
always be accurate. The rotational rate is not in question unless the
tachomete7 signal is poor, and the spectrum is the simple result of a direct
Fourier transform on the time domain data samples, with no alteration of the
daa eith'er before or after the transform.

HIARD 'APRE NORMALIZING WITHOUT A TACHOMETER SIGNAL

Ir. ,ue real world, a achometer signal is often a luxury. A channel must
Le proviced for it by the analyzer, and considerable extra hardware and setup
lime nay b reui : red to .rovide the signal itself.

'n DLI sel out in tle late seventies to automate the processing of large
quant iis & raiog machinery vibration data recorded aboard aircraft
vnyr.prs, one gial was The ability to order normalize most of the data without
a nacorrompip : signal. Tis called for a means of identifying, and isolating by
mean.. of a !racking fiIt r, a suitable signal within the vibration data itself
np)T wurrh the samp, ling rat e could L based. All the aral>g tape records were
wA-, rd via tr'iaxial ar -,ernmeters, sing eithehr a 4 channel or a 7 channel
FM io', repc rdp:. ' hus . thn tapes had eitlhe. 3 or 6 channel. of simultaneously
- r-rQ vibratiron data, with a spare -Kariei r'"uerved for the tachopeter

aww A~ro~ne eh'-d
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In this envircnment the chances of finding and filtering a suitable stable
signal were high, since each tape record offered either 3 or 6 different data
channels as candidates to prcvide that signal. During the recording of the
data aboard ship, the operator would observe the data on a real time analyzer
during, and sometimes after, its recording. From this observation he was
required to determine the machine speed and then locate and identify a spectral
"peak" that represented a suitable tracking frequency on a specific data
channel.

This information became part of the logged dat.a used by the in house
computer driven spectrum analyzer to process the data after the survey. For
every tape record, the tracking filter was switched to the specified channel
and centered on the frequency represented by the operator's RPM entry (and
order, if the frequency to be tracked represented something other than the
fundamental). In this manner the actual machine speed could be calculated and
the sampling rate of the analyzer established accordingly. All 6 (or 3) ciata
channels from one tape record would then be processed using this same time
domain "driver' for the sampling rate base. By making two runs through eact,
tape record and applying different multipliers to this base rate, both low
range spectra (typically 10 orders) and high range spectra (up to 200 orders)
were produced for each channel.

NEW SURVEY METHODS AND EFFECT ON APPROACH TO NORMALIZING

The hardware normalizing approaches just discussed are best suited to
situations in which the process may be repeated if the results are not correct.
The two methods we have presented both make their adjustments in the time
domain--quite literally by playing with the clock, warping the sampling timer
by a factor proportional to the speed of the machIne. The first product in t!e
frequency domain is the finished product--a spectrum of orders, normalized,
perhaps incorrectly, to some appointed first order frequency. Correction, if
neeoed, requires either the ability to return to the machine, or to tapes of
analog data recorded from it. Current vibration survey methods often preclude,
or at least discourage, either possibility.

The instrumentation market has changed significantly in the past few years
with the introduction of highly portable, relatively low cost spectrum
analyzers, easily interfaced with equally portable yet powerful new computers.
These relatively new arrivals have tantalized both vibration engineers and
their customers with the promise of nearly immediate results from a field
vibration survey. Carrying tape recorded analog data home to a minicomputer-
based spectrum analyzer for processing may already be an obsolete, albeit
convenient, engineering luxury. The availability of spectral transforms in the
field has presented new opportunities to obtain normalized spectra quickly, but
not without associated difficulties.
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SOFTWARE ORDER NORMALIZING IN THE FREQUENCY DOMAIN

DLI has recently been using such portable analyzers and computers to
perform very large surveys of the type previously done with analog tape
recorders and in-house processing. The data acquisition and FFT's a-e all done
at high resolution using fixed frequency ranges carefully chosen from a very
wide range of options. Order normalizing is performed (minutes to hours) later
on the portable computer entirely by software, and strictly in the frequency
domain. This software synthesizes new, normalized spectra (usually 500-line),
using as input the oversized (800-line) fixed frequency spectra uploaded from
the portable analyzers.

The decision not to attempt hardware normalizing at the time of the actual
data acquisition has virtually guaranteed that the original spectra will be
valid. Consequently, if the results of software normalizing are obviously
incorrect, the fixed frequency originals may be sent back to the software for
correction, repeatedly if desired.

CONCEPTUAL APPROACH AND EFFECT ON DATA ACQUISITION REQUIREMENTS

Creation of an order normalized spectrum from i fixed frenuency spectrum
first calls for identification of one or more specific peaks in the latter by
defining the ratio of its frequency to that of the machine speed, the
fundamental rotational frequency; once this has beeih done, every remaining peak
in the spectrum can be described in terms of its own ratio, i.e. as an "x"th
(integer or fractional) order peak.

The frequency domain normalizing process can thus be seen as an effort to
identify that location in the fixed frequency spectral array--the "bin number"
(most likely a real number representing a point somewhere between two
bins)--which represents the full scale order of the desired normalized
spectrum. Data from the fixed frequency spectrum up through that specified bin
number only, can then be converted into a standard 400 (or 500) line order
normalized spectrum. In this final product. the first order in a 10 order
spectrum, as an example, will always be found in the 40th (or 50th) "bin" or
spectral array element.

In order to maintain the level of resolution achieved by the hardware
normalizing process, the software version needs input data fixed frequency
spectra covering the frequency range of interent--of a resolution greater than
or equal to that of the standard end product. In the aircraft carrier
machinery vibration program the standard spectral size, since computerization
began 10 years ago, has been 500 lines. Even if the normalized spectrum were
to be only 400 lines, an input spectrum larger than 400 lines (a common
standard) would normally be needed to maintain full 400 line resolution. This
is because even a large choice of fixed frequency analysis ranges would be
uirlikely to provide placement of the desired full scale order close enough to
bin r~umber 400 t~o make the difference negligible. If the full scale frequency
fell much below bin 400, resolution would suffer; if above bin 400, the high
end d ata simply would not, appPar.
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Hence the input spectra for DLI's software normalizing program needed to be
greater than the 400 lines output by the most standard portable analyzers. The
next step up for a standard FFT is 800 linesIand this has become the standard
input spectrum size for software normalizing

The 300-bin surplus has provided a distinct advantage wher working with
turbine driven machinery whose test speeds may vary substantially from the
nominal or. ideal test RPM. In fact, data acquisition sampling rates are chosen
to place the expected full scale frequency (full scale orders times nominal
test RPM) as close to bin number 650 as possible, to allow a -/- 23% (150/650
optimal) variability in machine speed, without loss of resolution or high end
data in the 500-line end product. In practice, a limited number of analysis
ranges, i.e. sampling rates, are available This means that most of the fixed
frequency spectra will display the frequency corresponding to the desired full
scale order in a spectral bin numbered somewhat lower or higher than the
optimal value of 650. Again, the extra 300 bins allow a margin of safety for
this limitation.

1. Standard FFT operations yield spectra of resolutions that are
powers of two. Standard vibration spectra typically truncate
the high end to avoid roll-off from the anti--aliasing filters
used in data sampling. For example, Watc.hman 400-line spectra
are the product of 512-point FFT's. PERA(CV)'s 500-line
spectra produced from analog tape data by DLITs AVDP system
are actually from 1024-point FFT's.
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SOFTWARE NORMALIZING METHOD

The two main steps in software normalizing are:

1. Determining the machine speed at the time of data acquisition,
and thereby calculating the effective "full scale bin number"
in the fixed irequency spectrum.

2. Synthesis of the normalized spectrum using the results of
Step 1.

MACHINE SPEED DETERMINATION

The first step above represents the major portion of the work, and the
major challenge. DLI's approach breaks down this process of machine speed
determination into several sub-processes:

a. Gathering maximum available reference data.

b. Reducing amount of information to minimum needed for
processing.

c. Trial order calculations, testing for pattern matches with
reference data.

d. Assessment of trials and decision for each single spectrum.

e. Review of results after first pass on whole machine.

f. "Auto-correction" of selected spectra, if required.

During a run of the normalizing program, the synthesis of normalized
spectra (which we are calling the second major step) actually occurs after
each of the two sub-processes labelled d and f above. An additional step is
available to the user as needed; he or she may. on an individual spectrum
basis, specify by keyboard entry the RPM to be used as first order for the
re synthesis of spectra not correctly normalized during the automated run.
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MACHINE SPEED DETERMINATION (cont'd)

Let's look at each of these subprocesses in more detail:

a. Gathering maximum available reference data.

The reference data employed by DLI's order normalizing software consists of
the nominal machine speed for vibration testing, the maximum anticipated
deviation from that nominal test speed, and a list of orders at which peaks may
be expected to be seen. Of these, only the nominal test speed is required; all
the rest will take on default values if no more specific information is
available.

Separate default values for machine speed deviation, also known as an "RPM
search window", exist for motor driven and turbine driven machinery. These
global defaults may be altered by the user at run time. The user may also
create, edit or add to an optional list of RPM search window values for
specific machine types. Consultation of this list, normally enabled, may be
disabled by the operator when starting up the program.

The list of orders at which peaks might be expected currently comes from
two sources: averaged spectra (if they exist) for the particular machine type,
and screening criteria test orders (orders at which the diagnostic/ screening
program checks vibration levels). The averaged spectra, it should be noted,
provide separate data for each analysis range at each transducer.

Many machines typically have clean spectra with strong harmonics of the
fundamental; for these the first few integer orders would suffice as reference
data. A number of others, however, have notoriously noisy signatures with weak
showings of first order peaks and their harmonics. Normalization of data from
such machines is greatly assisted by having information about specific peaks
seen in past examples from the real world. Both screening criteria and average
spectra provide this information.

The heart of DLI's software normalizing technique lies in the next two
steps, b and c. The first provides the data to be tested by the second.

b. Reducing amount of information to minimum needed for processing.

Rather than looking at an entire array of spectral data, we extract only
that information we expect. to need for normalizing, namely the location of
significant peaks. This extraction process, which we have nicknamed "feature
filtering", is applied to average spectra in advance, and to current spectra as
they are encountered. It is a process which could be greatly sophisticated to
better warrant its nickname. For the purpose of normalizing, however, the
current version seems to be providing us with all the information we need.

69



Amplitudes are essentially ignored. The filtering process simply provides
a list of orders (in the case of average spectra) or "pseudo-orders" (in the
case of current data) at which spectral peaks have been found. There are
strict definitions of what qualifies as a peak, and several different
thresholds determining when we have collected enough of them; the maximum is
currently 16 peaks per spectrum. These definitions and thresholds are under
the control of a number of parameters which DLI continues to tune, both in
testing and in field use of the prototype software.

c. Trial order calculations, testing for pattern matches with reference data.

The actual process of determining machine speed we call 'order alignment'.
The word "pseudo-orders" just mentioned provides a good key to understanding
the process. Our reference array may contain up to 24 actual orders that
either have been seen or might be expected in spectra similar to the one we
want to normalize; sixteen may actually have been extracted from an average
spectrum.

Our current data array contains up to sixteen "pseudo-orders". These are
real numbers, each representing the location of a peak found in the current
data in the form of the order value it would have if the full scale order were
located at a pre-assigned bin number. They have been calculated during the
"feature filtering" process by choosing a bin number in the fixed frequency
spectrum where the desired full scale order would be expected to be found if
the machine were running exactly at its nominal RPM.

Accordingly we call this bin number, our first attempt at locating the full
scale order, the "nominal full scale bin number". There should be a bin
number close to this one, if the vibration testing has been done in accordance
with standards, which contains the actual Nth order vibration amplitude for our
N-order spectrum. It is even more likely that the true spectral peak has its
energy divided between two adjacent bins of the fixed-frequency spectrum.

The machine speed searching algorithm then becomes quite simply a series of
re-calculations of pseudo-order values, using a changing "test full scale bin
number" which is incremented over the range within which we have decided the
real one must fall. This range is defined by the [nominal full scale bin
number-, plus or minus 'itself times the RPM deviation factor allowed for this
machine type!. During this looping process, we keep track of the number of
pseudo-orders that come out very close to our real reference orders for each
value of the "test full sc-le bin number". As one might surmise, "very close"
indicates the existence of another adjustable parameter. If the difference
between a calculated pseudo-order and any one of the reference orders is small
enough we call it a "hit", and record the actual deviation. We keep running
totals of these hits, and totals of both relative (sign-sensitive) and absolute
(sign-insensitive) deviations for each trial.
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d. Assessment of trials and decision for each single spectrum.

The trial process usually results in a small group of "finalists"--those
test runs with the greatest number of hits. The final RPM determination is
then accomplished by identifying the trial with the smallest total absolute
deviations. The final full scale bin number (a real number which we call the
"fractional full scale bin number", or FFSB) is calculated by adjusting the
test full scale bin number from the winning trial by a factor proportional to
the total relative deviations. We call this a "virtual bin" due to its
likelihood of falling between two integer bin numbers.

The machine speed is then simply that, frequency represented in our original
fixed frequency spectrum by the vir td' bi

VIRTBIN = (l/N)>FFSB (2)

where N is our dtsired full scale order number.

If we have been successful in recordina a minimum number of "hits", a
normal run of the normalizing program will, at this point, synthesize a
500-line normalized spectrum from bins I through FFSB of the original fixed
frequency spectrum. This process, which will be discussed later in more
detail, essentially involves the mapping of 500 "virtual bins" over the top of
our chosen portion of the original fixed frequency spectrum.

e. Review of results after first pass on whole machine.

When the normalizing program has finished attempting to normalize all of
the spectra from a single machine, it commences a review and evaluation
process. Some spectra may not have been norma ized at all; others may be
declared to be incorrect on the La.,is of the standard deviation of the RPL.'
calculations. The program creates a list of these spectra and the machine
speed to which they should be normalized.

f. "Auto--correction" of selected spectra, if rquired.

If the current machine has any listed spectra requiring correction. that
list is sent directly to the spectral synthesis part of the program for the
creation of new 500 line normalized spectra. This functitn, which we have
called "forced" re-normalizing due to the overruling of the RPM determination
part of the program, is also available as a separate menu option allowing the
user to make corrections via keyboard entries.
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SYNTHESIS OF NORMALIZED SPECTRA

The actual synthesis of 500-line normalized spectra from the designated
portion of the fixed frequency spectra is accomplished by one of two methods,
depending upon whether we are expanding or contracting the spectrum. We use
the term "contracting" for those cases where the input spectrum has more bins
than the output spectrum, the preferred situation. In the inverse case, that of
"expansion", we create a spectrum with more bins than we start with, giving the
appearance of added resolution.

The methods used were chosen from several options explored and tested by
DLI; although among the least complex, they were found to be the most
"empirically effective". The accuracy of the methods may be open to some
debate. DLI has found them to be effective within the anticipated range of
error of the initiai measurements (4/- approximately 2 VdB). This evaluation
is based on comparisons of results with the results of hardware normalizing of
the same tape-recorded analog vibration data from a small but varied sample of
machinery. At the time of the writing of this paper, DLI is initiating some
work to refine this portion of the normalizing software.

The general approach for both methods can be understood by visualizing the
desired output spectrum as a series of adjacent bands, not spectral lines, laid
like a template over the chosen portion of the input spectrum. We are
interested in the contents of each of these bands or "virtual bins", which in
all normal cases will ue either 0, 1, or 2 of the spectral 1  1: es from the input
spectrum. Except when the desired output spec' u. calls for frequencies higher
than the range of the input spectrum (which occasionally happens), the zero
condition will only be found in cases where we are expanding the spectrum--
synthesizing more bins that we have in our input spectral-segment.

To explain the method used to contract a spectrum, let's take for our
example the first 650 lines or bins of a fixed frequency 800-line spectrum.
Now, measuring from the two end points of the horizontal (frequency) axis, we
re divide the space into 500 equal-sized virtual bands; this could be
visualized as drawing 499.vertical dotted lines to separate the bands. All
those virtual bands containing only one input bin result in a corresponding
output bin equal in amplitude to the input bin. For the rest, which contain
two or more Input bins, the value of the output bin is calculated as the root
mean square (via linear velocity units) of all fixed frequency peaks found
within the virtual band.

The only additional adjustment we have made to date is to define a window
with rather steep "skirts" for each of these virtual bins, designed to
attenuate slightly any fixed frequency spectral lines lying very close to the
edge cf a virtual band. The use of windowing is to be explored further in the
re1inement work currently underway.

In expanding a spectrum. we are faced with two types of virtual bands:
t.!)"h(, cntaining one bin from the input spectrum and those containing none. As
in tfv case of cont.rac ic 10.- those, cona iTni eg on ' i nprot bin result in a direct,
po i ng cf the input bin ampl-tude to the corresponding output bin. The
"ecnWvl virtual bands are giveri values determined by a simple interpolation
pr ;c es u i rig tdhr rnarest reighbri rg inoput bins on ci then side.
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SUMMARY AND CONCLUSION

In the analysis of machinery vibration spectra for fault diagnosis, precise
identification of spectral peaks as a function of rotational rate is essential.
As long as machine speed can vary even slightly from one measurement to the
next, the exact location in a fixed frequency spectrum of a peak associated
with a particular machine component cannot be predicted iri advance. The purpose
of using order normalized spectra is to ensure that ea-:h spectra, peak with a
fixed relationship to the machine speed will be found in one well definec
location on any plot of the same scale. One of the greatest benefits of the
technique is the ability to average like spectra from healthy machines of a
given type for use as a baseline in vibration diagnostics.

The success of spectral averaging and direct peak-to-peak comparison of
normalized spectra (both with one another and with their averaged counterparts)
is completely dependent upon the accuracy of the chosen normalizing process.
The only techniques that can virtually guarantee accurate normalizing are those
which use a tachometer signal; the classic example works in the time domain,
using the tach signal to drive the sampling rate of the A/D converter at the
time of data acquistion. Because a tachometer signal is often impractical,
methods of normalizing without it have received considerable attention.

The availability of highly portable real time analyzers and computers has
encouraged the development of techniques for obtaining nearly immediate
diagnostic results during vibration surveys of large numbers of machines. For
this application, a software technique has been developed for normalizing fixed
frequency spectra. Although the success rate of the software is continually
being improved, its effectiveness depends upon the inclusion of methods for
verifying the accuracy of the normalizing process and correcting the results
when needed. This effort to produce normalized spectra in the field appears to
be opening a gate to successful onboard automated diagnostics in at least one
major Navy machinery vibration program.
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ABSTRACT

A kinematical model is presented for n degree of freedom manipulator sys-
tems with link lengths that vary with the translation of the link joints. A
critical step in the development is the formulation of modified Eulerian
angles, allowing finite rotations to be treated vectorially. Also using the
modified Eulerian angle method the kinematics of a system can be solved by
multiplying fewer transformation matrices than is required by existing
methods, thus reducing the computation time in controlling the motion of a
robotic system. The inverse kinematics problem is solved by minimizing an
objective function that quantifies the joint displacements. A 12 degree of
freedom redundant system is presented as an illustrative problem.

INTRODUCTION

Many robotic systems have arms that are free to translation as the link joints are dis-
placed (see Figure 1). In this paper we present an approach in the kinematical modeling
of such robotic systems and the solution to the inverse kinematic problem. In doing so
we address the problem of how to provide more than one rotational degree of freedom
to an arm while maintaining the mathematical property of the the commutativity of
tinite rotational motions.
A method developed by Denavit and Hartenberg I1] is most widely used in the
kinematical modeling of robotic systems. Similar methods were developed by Whit-
i1cy and loinski 121 and Stone (31. In each of the models 11-31 the auLthor prescribes
olne degree of frcedonl to each kinematic link, either rotary or translatory. As a con e-
quence, in subsequent computations, it is required that one multiply n traiisformation
riatriccs to solve the kinematics of an n degree of freedom system.
\Vithotnt loss of generality, we orient each set of moving coordinates such that one ixis
is aligned along successive link joins (see Figure 2). tHence, each kinematical link may
be described by Iur independent parameters. Each parameter represents a deg,ee of
freedom when it is a variable. I'hus each link may have a maximum of four degrees of
freecdhn, three rotational and one translational. If a parameter defining such a motion



is a constant, then the associated degree of freedom is constrained. Thus, an n degree
of freedom system can be defined by a maximum of 4n and minimum of n parameters.
Since each kinematical link is described by four parameters, it follows that for every
four parameters we need one transformation matrix. Therefore, for an n degree of free-
dom system we may need as few as n/4 transformation matrices. This compares quite
well to the n matrices required using existing methods. It follows that the foregoing
will result in a significant reduction in computation time.

KINEMATIC MODEL

The procedure presented here is valid for both nonredundant and redundant n degree of
freedom manipulator systems. Modified precession, nutation and spin angles of each
link are used as independent joint angles. A position vector relative to a fixed inertial
frame, locates the position of the system's end-effector. This position vector, along
with the Modified Eulerian angles of the final link with respect to the inertial reference
frame, are the only geometric constraints required to fully determine the orientation and
dynamic path of each point in the system. Intermediate geometric constraints can also
be accounted for in the inverse kinematic problem by defining the upper and lower
bounds of the variableq.
Each link is defined by four independent parameters, the link length Li and the modified
Eulerian angles 0i, 0i, and W,. The link length Li is measured from ith joint to (i+l)th
joint relative to the ith reference frame fixed with the ith link. The other three indepen-
dent parameters are 0e, 0i and W, ( nutation, precession and spin angles ) of the i th
reference frame with respect to the (i-1)th reference frame, each of which are fixed to
the respective links. At 0,=0i='v=0 the ith reference frame coincides with the (Q-1)th
reference frame. The axis zi is always along the vector Li.
Mathematically, the unit vector F corresponding to the ith referenlce frame may be
related to that of the (i-1)th reference frame by

F = Ti- 1  (1)

where the elements of the transformation matrix T, are found to be

Ti (1,1) = Cos Oi Cos 0i Cos (0i -Wi) + Sin Oi Sin (0i -W, )

Tj (1,2) = Cos Oi Sin Oi Cos (0i -yi) - Cos Oi Sin (0, -W,)

Ti (1,3) = - Sin 0, Cos (0, -Wi )

Ti (2,1) = Cos Oi Cos 4, Sin (0i -ti ) - Sin 0, Cos (0i - t)

7 (2,2) = Cos 0, Sin 0, Sin ( i -Wi ) + CosOi Cos (0i -W)
Tj (2,3) = - Sin 0, Sin (0i -V, )

T, (3,1) = Sin O, Cos Oi

Ti (3,2) = Sin O Sin 4i

T, (3,3) = Cos 0,
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Incorporating the chain rule one may express the vector F in terms of the vector JO with
respect to thefixed inertial reference frame XYZ shown in Figure 1.a, as follows

7,H = rj -o
j=/.1

Using the orthogonality of the transformation matrices T,, we have

eO flTT- (2)
)=l i

Defining the matrix

Ai T =TITT Ti-T (3)
j=l.i

the position of the ith joint with respect to the fixed inertial frame XYZ may now be
written as

I

[Xi Yi ZijI = YAj [0 0 LjIT
j=1

Therefore, we may write
A

Xi - IXLjA,(1,3) (4)
j-1
i

Yi - ELAj(2,3) (5)
j=1

Zi - lLA(3,3) (6)
j=1

Now the orientation of the ith link can be defined by the nutation 0,, precession 0, and
spin x angles of the ith reference frame with respect to the fixed inertial reference
frame XYZ. Doing this we obtain

Oi = Arctan -(A (1,3) 2+Ai (2,3) 2), 2/Ai (3,3)] (7)

y- Arctan [A(3,2)/Ai (3, 1)] Arclan [AA (2,3)/A, (1,3)] (8)
0, A rctan [A (32)A 3,)1(9)

If 0, = 0 or it, then equation (9) degenerates and the foregoing reduces to

0, 0,7z (7.a)
Wl, :Arctan [A, (1,2)/A, (1,1)] M8a)

Equations ( 7, ", 9 ) are what wc term the modified Eulerian angles.
Using subscripts 1 and 2 for the initial and final positions and orientation of the end-
effector, we relate the motion of the ith link from its starting position to a desired loca-
tion by noting the required changes q, .n its independent parameters. They are given
by,

0,, = 0,q1 + q -+! , ,2= + q 4(,-1)+2,W, 2 = w,1 + q4( -1 ,3 2 =L 1 f q4 ,-). (10

For a system with n degrees of freedom the inverse kinematics problem now reduces to
finding the q, (i = 1,2....n ), subject to the constraints imposed on the system. Typically
the constraints involve the position and orientation of the system's cnd-effector ( goal
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state). They are

X"n - 'iL, 2AI 2 0,3) 11 II(q 1 ,q 2-.,q)0-n(12)
,=1

y" ,2-  , , (2 .,.'"I ' "3") 0 t (7 , ' .. ,) (12)
]=I

,n

Z,,, - L12A,2(3,3) =I (l q ... q, =0 (13)

0,,2 - Arctan (A 2(1,3)2+A, 2 (2,3)2) 1 2 /A, (3,3)] = 4(ql,q..q ) = 0 (14)

~iM2 -Ara M2 +3)AI ) Arctan rAA,,22,3YAm21],3)] = 15(q I,q 2 .-q ) 0 (15)

Y,2 - Arctan r4i 2(3,2)/A,2(3.1)] = 116 (qI,q2. q,,) = 0 (16)

where rz is the number of links present in the system. Also setting the upper and lower
bounds for the link lengths L, 's, we establish the intermediate constraints as

Lin <L < L,m,= , i =1,2 ...... m

For nonredundant systems, the six nonlinear algebraic equations (11) through (16) can
he solved for the six unknown parameters.

For redundant systems the number of degrees of freedom n is greater th.a the number
of constraints to be maintained and the uniqueness of solution becomes a problem. We
address this problem by optimizing a known objective function g (ql,q 2 , ',q,) subject
to the constraints (11) through (16). In what follows, as an objective function we chose
the weighted sun of all the joint displacements and me change in the joint variables.
That is.

f (q1 4,q2, ,q)= YwASi + V, qi (17)
ili=i

where
w,- weighting factor for the ith joint displacement As, with respect to the fixed
inertial fra-e,

anr)
v,w= w. Thting factor for the change in the ith joint variahles.

The joint displacements AS, are obtained fiom the kineniatics of each manipulator link
as a tI0Icnon of the q, 's. Using subscripts 1 and 2 for the initial and goal states respec-
tively, in equations (4) through (6), we may write

herz ( ire,
]12

S \,- ,, " - Y, ) 2  (,, , ' (18)

1 2 ,
I A , .3)

- j

,: € (



The weighting factors w, and v, are furnished as necessary. Therefore, for a redundant
system the inverse kinematics problem reduces to the minimization of equation (17)
subject to the constraint conditions (11) through (16).

NU.MER!CA! TECIINIQUE

In general, to obtain a unique solution for a redundant system one must use an optimi-
zation technique. In this paper, as an optimization procedure we chose to minimize the
weighted sum of the joint displacements and absolute changes in joint variables
between the state at t=t, arid 1=12. To accomplish this we modified a nonlinear pro-
gramming algorithm by LaFrance, et al 141. LaFrance's algorithm utilizes a generalized
reduced gradient concept (Abadie and Carpenter 151) to handle constraints. It also incor-
porates the unconstrained optimization method of Davidon, et al (presented in 161). Our
new algorithm can handle constraints in both equality and inequality forms. We have
also set upper and lower bounds on some of the variables, thus accounting fir inter-
mediate geometric constraints,
In using the algorithm the general strategy is to divide the variables into independent
and dependent sets. The unconstrained optimization method is applied to the indepen-
dent variable set and the dependent variable set is adjusted in order to maintain feasibil-
ity of the constraints. The starting point for the computations is simply

q, =0 i=1,2 ...... n (19)

In general, this violates the constraint conditions, rendering the starting point infeasible.
To remedy this, we require that additional slack variables q,,,, j=1,2 ...... 6 be subtracted
from the equality constraints to reduce them to zero. That is, equations (1) through
(16) reduce to

//I(q 1 q2 ...... q. ) - q,, 0 (20)

112(q 1,q2 ...... q ) - q 02 () (21)

13(q1,.q2.. q,) - q,+3 ( 0 (22)

Jq ,q 2 ... q )- q4--0 (21)
115(q ,q2 ...... q. ) - q,+ - 0 (24)

l A(q q2. .q,)- q, +) - 0 (25)

The objective function f(a) can now bxe changed by adding a penaity function to It.

This gives

F(q 1 ,q 2 ...... q -f (q,q2 ...... q,)-+ IO'lY q,/1 2 (26,
/-I

The starting point for computations ,:9.w becnmles

q, (, - 1,2 ...... n (27 )
q, ., II,( q;:,q , .q, ,t ,2. .n

('omputatiomally, the algrithin searches f(tr he zero of the objective futhitlu with
resnect to the ird:endent variables. The search directiMn Ps tO )r d 1y U!sirIg the
downhill criterii folifnd in 101 "T hen a line search is perfirmed in le d(mlhill



direction to find the absolute minimum of the objective function. Finally the additional
slack variables reduce to zero, thus providing the minimization of the original objective
function f (q) in equation (17) and satisfying the constraint conditions (I I ) through (16).

The algorithm was used to solve a variety of problems with a focus directed toward the
accuracy of the solution when considering motions that swept through all the octants of
three dimensional space. In particular we used the algorithm to solve the kinematics of
the following systems.

(a) A two link, 5 degree of freedom system with the three constraint conditions
(11), (12) and (13). Here the parameters 01,01,' !,02 and 02 are variables and the
parameters Y2, L1 and L 2 are constants.
(b) A three link, 9 degree of freedom system with the six constraint conditions
(11) through (16). Here the parameters 0 1, 01, Wi, 02, 2 YV2, 03, 03 and W3 are variables
and the parameters L 1, L2 and L3 are constants.
(c) A three link 12 degree of freedom system with the six constraint conditions
(11) through (16). Here all the parametcrs 0, O, , 02, %2, N2,,03, 03, 3, L1 ,L 2 and L 3
are variables. The motions are due to translation as well as rotation of the joints.

We experimented with several objective functions by changing the weighting factors w,
and v,. Given an initial state, solutions were obtained to achieve a prescribed final posi-
tion and orientation of the end-effector. In all cases the closure error was less than
0.001%.

,or brevity, in this paper we shall present the results obtained when studying the sys-
t,:m consisting of 3 links and 12 degiees of freedom. The initial configuration we con-
sidered was given by 01=ir/3., 01=7t/4., yl=-ir/3., 02=-rr/6., 02=-rc/7., W.2=ir/4., 03=rC/9., P3=n/8.,

Y3=-rt/4., L 1=I.5, L=2.4 and L3-=1.0. The variable bounds were 1.0< L1 <2.0, 2.0< L 2< 3.0
and 0.8 < L 3 < 1.2. The position and orientation of the system's end-effector at several
goal states is tabulated in Table I. In all, ten positions along its trajectory are presented.
Computationally, the algor&ihm proceeds stepwise, computing the necessary changes in
the joint angles to achieve each succeeding goal state. The goal states for the end-
effector of the twelve degrees of freedom system are shown in Table I. In Table II we
show the associated joint variables at each of the goal states. Figure 3 is a visual
representation of the trajectory of the system.



Current state of the end-effector at the start

Instant X Y Z Nutarion Precession Spin ' Error

2.4179 3.9106 1.0145 -84 4422 -b7.7061 -121.139/

Subsequent goal state of the end-effector

1 2.1058 3 4,052 0.7581 -77.1758 -60.7052 -1 14 .4044 0.C002

2 1 .7201 2.7649 A .779 -71 1073 -55. 142e. -109.3e,60 0.0000

3 1.3 114 2.08(7 0.2083 -65.9895 -50.7198 -105.6188 0.0000

4 0.9243 1 (4 476 -0. 0274( -61 .4820 -47 .0296 -102.7460 0.0000

5 0.5857 0.9015 -0.2224 -57.1848 -43.5919 -100.1677 0.0000

6 0.3021 0.4558 -0.3844 -52.6773 -39.9018 -97.2949 0.0003

7 0.0655 0.0931 -0.D284 -47.5591 -35.4794 -93.5674 0.0000

8 -0.1403 -0.2162 -0.6725 -41.(905 -29.9160 -88.5092 0.0000

9 -0.3338 -0.5048 -0.8351 -34,2240 -22.9151 -81 .7739 0.0000

10 -0.5338 - .8048 -1.0351 -25.6296 -14.3208 -73.1796 0.0001

Table I

Joint variables at the start

0 , 0 1 Y 1 0 2 2 12 0 3 01 3 WLJ 3 L 3

60.00 45.00 -60.00 -30 00 2 .71 45.00 20.00 22 50 -45.00 1.50 2.4q0 1.00

Required joint variable to achieve the subsequent goal states

54.68 39. 9 -63.88 -39.65 -28.03 46. 2( 23.56 29.65 -50.28 1.27 2.23 0.86

42.82 22.43 -68 58 -65.23 -31.79 (43 .8 C 9 29. 43 -52.48 1 .00 2.00 0.80

28.51 -46.98 -75 15 -115.99 -39.76 - 3.44 18.29 -48 64 1.1? 2.00 0 t0

48.74 -74.49 -75 .43 -149.15 -4.17 33.70 27.67 7.51 -53.83 1.44 2.00 0 82

58.70 -8 .11 -72 43 -167.82 -45.73 54.29 31 !0 7 01 -52 87 1.82 2 00 0.82

.28 59 -100 . 1 -40 F7 -176 13 -48.65 68.20 8" , 56 53 -6, 71 2 00 2.00 0 8U

:49 ?. 10 . -55 06 -157 96 -49.76 7 571 124
* 

" . ,8 85 -74 12 2 00 2 00 1. 14

150. 81 -10 51 - f 60 -148 77 -51 25 77 59 lo l 0 13 ? -75 66 2,00 2 0 1 20

.52.94 -104 A -
,  

" 0 -1.2 1 39 53 5?0 80 99 1 2P .2 e, -7'. 12 2 00 2 CO 1 20

56 . G9 -110 5 - .7 5 -15, "I -66 25 87 21 1 7 ," 5" -6b 90 2 00 2 00 1 20

II
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Figure 3. Six Positions of a Three Bar Linkage System.

CONCLUDING REMARK

In this paper we have developed a general formulation for the kinematics of an n

decree of frecdom flexible length redundant robotic arm system. Bv proper
identification of the system parameters one can reduce the complexity of botl the tor-
ward and inverse kinematical problem significantly. It is computationally, faster than
existing algorithms, and possibly more accurate. Our algorithm should also prove effec-
tive in designing systems that require optimization of given kinematical goals.
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OPTIMIZATION OF A FIVE-PARAMETER
NONLINEAR SHOCK MOUNT

Nicolas A. Roy and Vernon H. Neubert
The Pennsylvania State University

Department of Engineering Science and Mechanics
227 Hammond Building

University Park, PA 16802

The design parameters of a nonlinear mechanical shock
absorber or shock mount are optimized to minimize the peak
absolute transmitted acceleration, while keeping the
relative displacement within set bounds, during a
prescribed transient base shock. The shock absorber is
located between a rigid mass and a moving support. The
mass simulates equipment which is to be protected from
severe accelerations of the support. The absorber consists
of a linear spring and dashpot, along with two plastically
deforming snubbers which prevent large relative
displacements between the mass and the support. The
snubber design parameters consist of an elastic stiffness,
yield force, and plastic stiffness in addition to an
unloading stiffness which is not necessarily equal to the
elastic stiffness.

After a preliminary examination of a simple linear
shock absorber without snubbers, two analyses are performed
using the nonlinear absorber. First the base shock is
applied directly to the support of the absorber; second,
the absorber is placed on an intervening elastic structure,
represented by a spring-mass system, and thR shock is
applied to the base of the structure. In order to perform
the numerical optimization, a modification of Rosen's
Projected Gradient Method is implemented. The efficiency
of the algorithm is demonstrated by a direct comparison
with other methods.

List of Symbols

a = initial gap between snubber and mass
f(b) = amax = cost function = maximum absolute acceleration of mass
L = vector if design parameters
c = viscous damping constant of dashpot
d = constraint = (xr)max
fn = "k/m)/2v = undamped frequency of mass on sound mount
g = acceleration due to gravity
k - stiffness of spring for sound mount
ke = initial elastic stiffness of snubber
kp = plastic stiffness of snubber
ku = unloading stiffness of snubber
m = mass of rigid body
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Background

Shock absorbers are used to protect equipment from eevere dynamic loads. A

shock absorber may be located on the bumper of a car, to reduce the acceleration
levels of the car during a front-end crash. In a shock problem where the

excitation is a severe motion of the base which supports some sensitive equipment

or personnel to be protected, then the shock absorber is placed between the base
and the sensitive equipment and the shock absorber then is usually called a shock
mount. Thus a shock mount is a particular form of shock absorber, and both terms
are used herein. Often, the design of a particular absorber is attained by

achieving a desired performance goal, which may be to minimize the maximum
transmitted force or acceleration. In many circumstances, certain constraints
might be imposed, such as weight or displacement constraints. In the present

problem, the transmitted acceleration decreases as the relative displacement
increases. Since it is desirable to keep both smll, a trade-off is usually

required uetween maximum relative displacemen, and maximum transmitted

acceleration.

One of the earliest analyses involving the design optimization of a simple

shock absorber was by Schmit and Fox [!] in 19 6 4 . They examined the response of
linear mass-spring-dashpot oscillator subjected to a base acceleration in the form

of a rectangular shock pulse. If the mass is designated by m, the problem is to

determine the spring stiffness k and the dashpot damping value c such that optimal

performance is achieved. Two optimization programs were considered. The first was
to minimize the peak absolute acceleration of the mass with a constraint that the

relative displacement between the mass and support does not achieve a certain

specified value or "rattle space". The second is to minimize the relative
displacement with a constraint that the maximum acceleration of the mass is not to

exceed a known "fragility level".

By dividing the equation of motion by m, the value of the mass, the system is
completely defined onre values for k/m, c/m and the input base shock are known.

Since the applied base acceleration is of a simple form, the equation of motion can

be solved analytically, and most of the numerical analysis pertains to the

optimization process. Schmit and Fox used a steepest descent-alternate step method.
The direction of steepest descent is simply the opposite of the gradient of the

objective function which is to be minimized. This vector is computed rumerically

by a first order finite difference representation. The alternate st-, is by a

first order finite difference representation. The alternate step is taken when a

move in the direction of steepest descent violates the constraint, the alternate

step being taKen in a direction tanget to the surface defined by the objective

function in hopes of reaching an unconstrained point.

Bryson and Denham [2] developed a steepest-ascent nunerical procedure for

optimal programs with terminal constraints. A program consisting of a nonlinear
objective function and a set of nonlinear equality constraints is considered

initially, where the variables are divided among state variables and control

variables. A vector of algebraic, or state, equations relate the state and control

variables. By taking first order perturbations of both the state and control

variables and solving a set of linear equations for adjoint variables (Lagrange

nultipliers), a direction of steepest ascent in the control space can be determined.
Next they consider a program where the state and control variables are related by a

set of differential rather than algebraic equations. The objective function alo,,

with the equality constraint functions are now functions of the terminal point.
The adjoint variables are obtained by integrating a set of differential equations
with boundary conditions given at the terminus. As the gradient approaches zero,

the optimal solution is obtained. An advantage of this procedure is that the
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gradients can be expressed analytically by a set of equations involving the adjoint
variables. Thus the only approximation to the gradient is from the manner in which
these equations are solved numerically. Examples are presented for minimum
time-to-climb and maximum altitude paths for a supersonic interceptor and
maximum-range paths for an orbitai glider.

Sevin and Pilkey [3] described both an Indirect Method of Synthesis and a
Direct Method. The direct method is basically the conventional approach of
defining an explicitly objective function (perhaps peak acceleration) along with
constraints, shock input, and initial design vector. A numerical algorithm is then
implemented to proceed step-by-step toward the optimal solution, which works fairly
well for systems with few degrees of freedom. The Indirect Method consists of two

separate phases: Time Optimal Synthesis and System Identification. For a shock
isolator consisting of a given number of degrees of freedom, the Time Optimal
Synthesis is concerned only with determining the optimal forces acting on cach mass.

These force-time histories are obtained by breaking up the optimization problem

into a set of n time intervals. Once the optimal isolator forces are calculated,
the System Identification phase is used to come up with values for the springs and

dashpots which will produce forces similar to the optimai ones, using a
least-square algorithm. The Indirect Synthesis approach has the advantage that the

system dynamics need be solved only once. Also, nonlinearity of the objective and
constraint functions poses no problem since a "time grid" is placed over the

system, thus converting it to a linear program. One concern is that time
discretization of a large system with many constraints may yield a program which,

although linear, is difficult to solve.
Karnopp and Trikha [4] consider shock isolation of a single mass from a rigid

base given an initial vel city, which is equivalent to an acceleration impulse.
They consider first an objective function which combines both peak transmitted
force and the maximum relative displacement between the mass and base, with a
weighting function in front of the displacement term. The resulting optimal time

histories for the transmitted force and relative displacement are shown to be not

unique. A disadvantage of the formilation is that the objective function is

concerned only with the peak value occurring occurring during the transients, which
typically occur early in the transient, and thus leave a large part of the time
history undetermined. In order to incorporate a requirement that the motion die
down quickly, the objective function is reformulated such that the peak terms are
replaced by terms representing the area under the square of the force and

displacement curves. For this specific quadratic form tire resulting optimal
feedback force can be determined exactly by use of a passive linear spring and

dashpot.

Bartel and Krauter [5] considered a design problem of a shock absorber system
which is to minimize the transmitted force resulting from the impact of a mass

sliding into a linear spring and dashpot affixed to a second 4ass, hich is
grounded to a wall by second linear spring. This model is to rerresent a lov speed
collision between a fixed and movirg automobile. Reclative displacement constraints
are imposed on both springs. A constrained steepest descent approach with state
equations is used to obtain the optimal design variable:s.

An optimal shock absorber design in terms of the number of design elernents is
examined by Wilmert and Fox [6]. They analyze i-olation of' a mass in a ;ingie-
direction from a shock pulse of finite duration, with the goal minnizing the peak
acceleration of the mass while satisfying a relative disrplacemnt eriterio.
Addinu -in additional degree of fredom will always results in either no oh~inze, or
an improvement in the optimal solution. Rhather than solve the
tvc)-degree-of-freedom system, they used a simpler approximation .ipproaco wei en
hold,s fixed the optimal peak acceleration of' the one-degr; -of-frediw sysf,,. yet
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incorporates quadratic terms describing the relative displacmeents of the
two-degree-of-freedom system. Upon solving this "displacement violation function,"
one can obtain an estimate of the improvement or decrease in peak acceleration by

the additional degree of freedom, and then converge on the exact improvement. If
the improvement is desirable, then the process can be repeated starting from the
optimal two-degree-of-freedom system.

A shock absorber design with nonlinear stiffness and ddmping is considered by
Afimiwaia and Mayne [7]. The usudl goals are considered and then an additional

constraint is applied !imiting the rebound displacement ragnitude to no greater

than 25 percent of the peak displacement. To solve the first problem, an exterior
penalty function method is implemented using Powell's conjugate direction method
with a quadratic one-dimensional search technique. The second problem is solved
using the Method of Feasible Directions. The authors also use the method of Sevin
and Pilkey [3] and the optimal stiffness and damping values determined to
approximate the ideal force history in a root-mean-square sense.

Hsiao, Haug, and Arora [8] develop and apply a state space method and
reformulate the problem such that the max-value functions are replaced by
equivalent integral constraints. With the program now in integral form, first
order variations of thu constraints can be readily performed with respect to the

state and design variables. With the introduction of adjoint variables, the
dependence of the state variables can be eliminated. The effectiveness is
demonstrated by optimizing a simple shock absorber with nonlinear stiffness and
damping values. A time-saving of a factor of 10 is achieved when the method is

compared to the traditional nonlinear programming techniques which involve placing

a time grid over the interval.
Kasraie and Neubert [9,10] used the method of [8] to determine the op mum

design for a nonlinear shock mount. The system consists of a mass supported from a
base with a linear spring and dashpo; plus a nonlinear snubber. The snubber is

allowed to deform plastically, thus requiring the addition of t~o design variables
pertaining to its elastic and plastic stiffness. Results s-'w that the method is
more efficient than the Steepest-Descent Alternate Step Method of Schmit and Fox
[1]. A dizadvantage of converting the max-value functions to integral form is that
an additional "dummy" design variable is introduced along with a second nonlinear
constraint.

Modified Steepest Descent Optimization Algorithm

The optimization algorithm developed in the present study is a modified
steepest descent algorithm modeled after Rosen's Gradient Projection Method
discussed by Bazaraa [12]. ihe optimal solution is approached by moving along the
direction of steepes' descent when such a move does not violate any of the
constraints. Otherwise, a new direction is calculated by projecting the negative
of the gradient of the objective function onto a hyperplane defined by the
gradients of the first oruer approximation, moves in this direction will not
violate feasibility nor cause and increase in the objective function.

Since the algorithm is to be aDplied to a program which has a nonlinear
constrcint, modifications must be introduced, since moves along the nonlinear
boundary will eventually leave the boundary be entering into the interior of the
iniCeasible region. If a move is made into the infeasible region, then a correction
step !ust be executed in order to return to the boundary.

Thus twe modifications were made to Rosen's Mthod. The first involves
sorrching aiDn,, curved constraint boundaries rather than straight boundaries. The
seci)nd c)ncerns th- equence of steps used in a unidirectional search. These
nsd if i at.ors ;ire described in detail in Ref. [15] an( summarized here.
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The goal for the optimization problem is to determine values of the design
variables such that the resulting peak acceleration is minimized in addition to
satisfying a maximum relative displacement constraint. With d defined as the
maximum allowable relative displacement, the mathematical statement of the
optimization problem is:

minimize max I'"'(b,t) I
t

such that: max xr(b,t) < d (1)

b 0

where: b = vector of design variables

If we now define the functions:

f(b) - max ';(b,t) amax (2)
t

g(b) = max ( kr(b,t)J-d) (3)

then the program of Equation (5) can be written in standard form as:

min f(b)

such that g(b) - 0 (4)

with -b a 0

The details of the solution to this problem are given in [15], but the overall

steps to the solution are as follows:

1) Start with an i tial design vector b.

2) Compute a st direction, s,

-Vf, (for an interior point)

where s = 1 (5)

-P Vf+(A/2R)Vg (for a point on a constraint boundary)

k = step size
P = the projection matrix

R = the radius of curvature of g at b
3) Perform a unidirectional search

min f(b + s)

X* optimal solution
4) Update design vector

b *-b + X

5) If b is infeasible, move in the direction -Vg to the boundary of
the feasible region.

6) If b is optimal, STOP. Otherwise go to step 2.

The two modifications are imbedded in this standard algorithm in step 3 where

a unidirectional search is performed. First the step is described before

addressing the modifications.

A unidirectional, untvarlate, or line search Is an optimization program

embedded in the main algorithm. Its purpose is to find a minimum value of the
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objective function by starting from a given point and searching along a fixed
direction. The quantity A, which scales the magnitude of the search direction, is
the only variable in the problem. The variable A is optimal when f(b+As) is
minimum for fixed values of b and s.

There are two basic components of a unidirectional search: determining an
interval of uncertainty, and searching within this interval for the optimal value
of A, with as few function calculations as possible. The search algorithm used in
the present analysis is a Golden Section Search. It is simple to progr nd very
efficient. The first modification is to occasionally omit the Gol Section
Search after determining the uncertainty interval. If the present design . jctor is
not yet close to the optimal solution, then there is no reason to "home in" on A*
since the next iteration will promptly take us away from this point in the design
space. Therefore, rather than computing A*, one can use A1 and save a lot of
computation time. To determine what is "close" and what is nat, is based on the
number of accelerated steps required to initially determine the uncertainty
interval. If the interval is located after only two steps, then this is considered
close and the search is performed. If more than two steps are used, the search is
omitted. Obviously, this decision is sensitive to the -hoice of initial step size.
It the initial step size is too small, then t. search will be performed
unneessarily too often. The idea is to choose the initial step size as large as
possible without encountering numerical difficulties associated with taking large
st.ps in the infeasible region.

The second modification made to the unidirectional search involves the case
when the nonlinear constraint is active. Normally, a search would be along a
direction tangent to the surfaces of the active constraints. However, for convex
constraints (those whose boundaries bulge out from the feasible region), any step
in this tangent direction will enter the feasible region. Thus a modification is
made which makes an attempt to maintain closeness to the boundary while performing
the unidirectional search. This is auconplished by pcriorming a "curve" search
rather than a line search. At the starting point on the boundary, a small step is
made. if this step leaves the boundary, then a corresponaing small correction step
is made. With these two step izes, the curvature of the boundary at the starting
point can be determined. The unidirectional search now proceeds ai usual except
that finding both the uncertainty interval and A* is done along a curve rather than
a straight line. This does not guarantee staying on the boundary because the
curvature coulu very well change. However, it has been found that, if there are no
drastic changes in the curvature of the active constraint, using a curve search
will always result in smaller corrective steps out o,' the infeasible region, if not
eliminating them completely.

Introductory Example, Linear Shock Absorber without " nubbers

In the present study a special case was done initially for the system of
Fig. I which has a linear spring and dashpot and no snubbers. The base motion
input acceleration was taken as a box-car shaped pulse of very short duration,
resulting in an initial relative velocity V with only the free vibration period
considered. The equation of motion is, with x(t) the absolute displacement and xb
the iniput base motion,

m k(x-xb) 0 0. (6)

Letting the relativ, displacement xr x-x b and dividing by m, the equation is

xr + (c/mi xr + k/m xr = -xb (7)
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Now if it is assumed that the period of excitation is over and the Lase

acceleration xb = 0, the equation of motion of free vibration is

,Xr + (c/m) r + k/m xr = 0.

Tiis simple equation is solved subject to the initial conditions

xr(O' = 0 and Xr(O) -V.

Further, define w2 = k/m and the damping ratio c/(2m,)n).
n

k 
M 

cM

Figure 1 Linear Shock Absorber

The reason for presenting this simple case is to emphasize the fact that the

damping may be helpful or detrimental with regard to its effect on the transmitted

acceleration. In Figs. 2(a) and 2(b) curves are presented for xrwn/V and "r/wnV

versus n' for various r,. Note that if ;b = 0 then the relative acceleration of

the mass equals its absolute acceleration, that is 'xr =-'; when X1b=O. The curves
show that the character of the 'r(t) curve changes as r increases, the peak value

gradually shifting to earlier times, because the dashpot acts as a force

transmitter as well as an energy dissipator.

For this simple exampile, the following summary stItements are madc:

1. (Xr~max decreases monotonically as , increases, given V and wn.

?- (r)max has a global minimum at '=0.265, given V and 'n

3. (Xr~2ax is proportional to V/wn, given

4. C'r)max is proportional to VwI n, given 2.

Specific Example of Optimization Process for Two Paramutors

The system withuut the snubber involves only two parslmeters -Md tne sIesi ml

space may be displayed graphically, so we return to that examplMe. Inc des i 4n

varianlen are k/m anI c/m so the vector b is

b Lk/m c/mi

4i th the value1s - 15; in/see and d - ?.,'5 inches, th,' initia "

design variaLl: ire

el( ) = . see -1  k/m(0 )  E40.0 sw -

9)'



9. 

--- --

I, --- -- --

944

.... ... ... ...... r I I - - -r T



A plot of the path of optimization in the design space appear in Fig. 3. The
dotted lines represent curves of constant f or peak acceleration divided by initial
velocity. The solid curve represents the relative displacement constraint divided
by V. The feasible region is the area above and to the right of the displacement
constraint. The optimal solution can be immediately identified ac the point of
tangency between the smallest objective function contour and the feasible region,
but the goal is to use the algorithm to find this point in a computer run.

From the initial gucss, the algorithm first performs an unconstrained steepest
descent search in the direction -Af(k/m( 0 ), c/m(0)). For this particular
unidirectional search, after finding the interval of uncertainty, the optimal step
size, A is set to A1 . That is, no Golden section Search is performed because of
being too far from the optimal solution. Note that the first line search is in a
direction perpendicular to the acceleration contour, but the angle is distorted

_-../V - 70 s-I------ 
-------

6a 60 0s
- 1 

.. .. -_ -

5. -

b,, 16,

20 b 32.

LOGO 2999 3909 499 Saga 6999 7909

b1 - k/m

Figure 3 Optimization Path in C/m - k/m Design Space

because of the graphical scales used. The first line search crosses a local
minimum and the search direction is changed. As can be seen in the figure, the
spcond line search reaches Lihe boundary defined by the relative di spianrmnt
constraint. Once on the boundary, a single search including the Golden Section
Search is performed to converge to the optimal solution. Thus in only three
uni-directional searches, the optimal solution is obtained with the optimal values

being:

f(k/m*, c/m*) = 5200.0 in/sec
2

with k/m* = 1640.0 sec-2

c/m* = 32.7 sec -1
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which correspond to:

Wn = 40.5 rad/sec and C 0.404.

Because of its relatively simple form, the exact solution can be written in terms

of V and d as:

,C)= 0.6005 V2 /d

n

where: w 0.6005 V/d 4nd ¢ = 0.4040
n

which compare exactly with those obtained from the modified constrained steepest

descent method.
This concludes the simple example, dnd the general problem of the absorber

with snubbers will now be discussed.

General Shock Absorber System Description and Problem Approach

For the general situation with the nonlinear snubbers, two system were dealt

with. The first is shown in Fig. 4(a), consisting of a single-degree-of-freedom
with a mass m supported from a rigid base with the linear spring of stiffness k and

viscous dashpot with damping constant c. In the practical system, these elements
would operate as antivibration, or sound, mounts for the day-to-day excitations
which exist. In order to limit the relative displacement during a severe base

motion, which occurs infrequently, the nonlinear snubbers are provided above and

below the mass, with initial clearance "a" between the snubbers and the mass. The

assumed load-displacement relationship for the snubber is shown in Fig. 4(b). The

essential parameters are the initial clearance a, the yield force Fy and the

stiffnesse; ke,kp and ku which are, respectively, the elastic. the plastic, and the

unloading stiffnesses of the snubber. The curve is typical of some practical

annealed, side-loaded tubes as reported by Neubert [16] where the unloading

stiffness ku is not necessarily equal to the loading stiffness ke. Since the

snubbers are not attached, each snubber acts in compression only. Thus after the

load reaches zero during unloading the mass moves in the space between snubbers,

supported only by the linear spring and dashpot, until .he mass agair. i...pact .ne

of the snubbers. Because of permanent set of an impacted snubber, the clearance

"a" and the yield force are both increased on each impact unless the snubber
happens to stay in the elastic range during a particular impact. The logic itself

becomes quite involved. It is especially important to locate the corners on the

load deflection curve accurately, and the times that they occur.

The second system is the same, but mounted on another mass-spring-dahspot
system, as shown in Figure 5, where the mass, spring and dashpot constants are

designated capital M,K and C. This additional system might be a simple

representation of some intervening support, such as a floor or a deck. The base
excitation is Xs(t) located as shown.

The base excitation is taken as that of [9,10], namely a triangular velocity

versus time curve as shown in the inset of Figure 6. The peak input vplocity is
-120 in/s and occurs at t = 0.00075 seconds; the zero occurs at t = 0.050s. Thus

the acceleration consists of the shaded area in Fig. 6; an initial narrow boxcar of
-414g and 0.00075s duration, followed by a positive boxcar of 6.3g, terminated at t

= 0.050s.
In the present work, the math program is kept in its original form, and

questions associated with increased dimensionality and a second nonlinear
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constraint are avoided. However, the ability to compute the adjoint variables is

lost. To compensate, these gradients are computed numerically using a second order

forward difference scheme. With these gradients, a nonlinear gradient algorithm

can be implemented.

The modified constrained steepest descent algorithm described above is used to

solve the problem. Modifications include performing curve searches rather than
line searches on an active nonlinear constraint. This reduces the risk of taking

large stepc into the infeasible region. Rather than solve the equations of motion
numerically by means of an integrator such as Runge-Kutta or Wilson-O, an "exact"

solution based on a linear interpolation of the base acceleration. Since the input

acceleration is made up of straight lines, the solution is exact. In addition, if

the time step is constant, a large time savings can be achieved by not having to
recalculate certain coefficients at each time interval. The detail, of this

solution procedure are given in Ref. [5] for the three possible situations for

damping levels: under-damped, overdamped, and critically damped. Qrig [11] had
given the solution for underdamping.

ke. kP. ku

M

K C

I t .-x M

Figure 5 Nonlinear Shock Absorber Mounted on an Elastic Support

Analysis of Shock Absorber with Elastic Snubber

The effect of the various snubber gaps on the peak acceleration using elastic

snubbers is shown in Fig. 7 by the use of a surface plet. The peak acceleration in
g's is plotted as a function of the top and bottom snubber gaps. As expected, and

as had been shown by Neubert [161, the large the snubber gap, the greater the

acceleration. This can be reasoned as follows. For a larger gap, the distance

between the snubber end and the constraint boundary is less, so the snubber must
operate in a shorter distance and the optimal stiffness of the snubber must be
greater, resulting in a greater transmitted acceleration.

Optimization of the Parameters of the Nonlinear Shock Absorber

In the optimization of the nonlinear shock mount, it is assumed that, for a

given optimization run, the sound mount stiffness k, the dashpot constant c, the

top and bottom gaps at dnd db, and the maximum allowed relative displacement d, are
spccific< 'Ic.'o thc stiabber gaps are taken equal, so at = ab = a.
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Inspecting Fig. 4, we see that the motion of the system can be specified
within four regions: first where the relative displacement is less than the size of

both gaps, with only the sound mount acting. The equation of motion is

Xr + [c/m] Xr + [k/mi xr = -b (10)

When the relative displacement exceeds the gap, contact will occur between one
snubber and mass. The snubber will initially deform elastically. The resulting
equation of motion is

Xr + [c/mi Cr + [(k+ke)/m] Xr = -Xb + [ke/mia (11)

The third region occurs during plastic deformation of the snubber. Assuming
that the plastic stiffness varies linearly, the equation is

Xr + [c/m] Xr + [(k+kp)/m] xr = -b -Fy/m + [kp/m] a (12)

with Xy - Fy/ke + a

Plastic deformation of the snubber continues until the relative velocity

becomes zero. At this point, the fourth region occurs as the snubber unloads with
a linear stiffness ku. The equation of motion corresponding can be used to

describe the system during unloading by making four changes, which correspond to a
shift in original on the load-deformation curve. The symbol "A" indicates the
updated value.

A

Fy + Fy + kp(Xr-Xy) at xr = 0

Xy + xr (13)

a + XrFy/ku

ke + ku

Kasraie and Neubert [101 performed an optimization on a similar shock absorber
system except that, rather than having top and bottom snubbers with gaps, they used

a single snubber which was attached to the mass at all times. The relative

displacement at which yielding initially occurs was fixed, and was not a design
variable. Another slight difference from the present solution is that the static
force img was kept as part of the load. In addition, the unloading stiffness ku was
assumed to be the same as the elastic stiffness ke, which resulted in unrealistic

load-deflection curves when the optimum kp was found to be greater than ke as shown
in Fig. 8.

Cases 1-5 in Table 1 are reported in reference [10i and should have yielded

identical optimal solutions, because only the mass m was varied. The variation in
ke/m is primarily due to the fact that ke has little effect on the maximum

acceleration. Case 6 in Table 1 was done with the present program, and the optimal
solutions agree quite well with those in [101.

The cases for the present nonlinear absorber are given in Table 2. Case 7 is
an entirely elastic case, with dmax specified as 1.51n and each gap set at 0.5 in.

The Cases 8-10 involve three combinations of the initial gap, using either 0.5 in
or 1.0 in and the maximum relative displacement d = 1.0 or 1.5 in. The Cases 11

and 12 are the same as Case 8 except the damping value c is increased to 0.10 for
Case 11 and the sound mount frequency is increased to fn - 15.0Hz for Case 12.
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The resulting optimal designs for Case 7-12 are summarized in Table 3. For
Case 7, since the three stiffnesses were constrained to be equal, the values

of k*/m, k*, and k*/m, and k*/m are identical. The constraint dmax is active
e pu u

and the optimum solution for amax occurs on the constraint boundary, but of course

snubber Force

m x(t)

ke~k p ke

0.3 in x(t) - xb  (t)

Figure 8 Shock Absorber Model used by Kasraie and Neubert

Table 1 Comparison of Optimal Solutions with Kasraie's Model

Case mg c /m ke/m kp/m dmax amax

No. (Ib) (1/sec) (1/secz) (1/secz) (in) (g)

1 100.0 15.59 635.7 732.6 2.000 4.461

2 200.0 16.13 431.4 750.8 2.000 4.456

3 300.0 16.31 359.6 757.8 2.000 4.454

4 1,000.0 16.56 262.5 767.4 2.000 4.450

5 10,000.0 16.66 225.7 770.7 2.000 4.470

6 - 15.70 343.7 723.0 2.000 4.186

the two occur for the same set of design parameters, but not at the same instant of

time during the timewise solution of the differential equations. The value of amax
- 42.10g Is the smal1est that can be obtained with linear shook absorbers, with the
fixed parameters as specified in Table 2.
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Table 2 Design Cases for Nonlinear Shock Absorber System

Case Sound Mount d Gap Snubber

No. fn (Hz) C (in) (in) Restrictions

7 8.0 0.05 1.5 0.5 ke = kp = ku

8 8.0 0.05 1.5 0.5 none

9 8.0 0.05 1.5 1.0 none

10 8.0 0.05 1.0 0.5 none

11 8.0 0.10 1.5 0.5 none

12 15.0 0.05 1.0 0.5 none

Table 3 Optimal Design for Nonlinear Shock Absorber System

Case Fy/m ke/m kp/m ku/m dmax amax

No. (g) (g/in) (g/in) (g/in) (in) (g)

7 - 32.24 32.24 32.24 1.5000 42.10

8 8.70 0. w 1.5000 18.61

9 23.21 0. w 1.5000 33.20

10 21.26 0. w 1.0000 27.91

11 5.44 0. w 1.5000 15.57

12 9.82 0. c 1.0000 32.96
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For Cases 8-12 the optimal values of ke and k. are both infinity and the
optimal value of kp was detemined to be zero. The snubber is rigid-perfectly
plastic. This was ntuitively expected, but did not occur in Kasraie's work
because he used a prescribed value for the yield displacement rather than
considering a design variable. The only positive finite design variable is Fy/:T.

As expected, an increase in gap size (Cases 8 and 9), results in a larger peak
acceleration. An increase in peak acceleration also occurs when the allowed
maximum relative displacement is reduced (Cases 8 and 10). These higher
accelerations are a direct result of the increased yield force. The effect of an

increase in damping is Illustrated by Case 11 . By increasing the sound mount
damping ratio from 5% to 10%, the peak acceleration is decreased by over 16%. This
agrees wioh the trend for the lineai shock absorber where the optimum value of
damping was 40% of critical damping. Finally, comparing Cases 10 and 12, an
increase in the undamped naturai frequency of the sound mount increases the
stiffness and results in increased peak acceleration.

The time histories and the snubber force-displacement curves for Cases 7 and 9
are shown in Figures 9 and 10. For both cases the maximum relative displacement
occurs at thp second peak, which is tKh first negative peak. The absolute
acceleration, x versus time, is not a smooth curve because of impacts on the

snubbers. The acceleration is low when the mass is in the gap between snubbers,
and then is discontinuous each time a snubber is impacted. The snubber
force-displacement curves confirm that the snubber force is zero when the mass is
in the gap between 3nubbers. The perfectly plastic force-displacement curve for
Case 9 is apparent ard the fact that one snubber is impacted twice can be seen as a

cycle of unloading and reloading of that snubber. The snubber impacts can be seen
clearly on the acceleration-time curves for Case 9 and it can be seen that the last
impact is of shortest duration.

Absorber Mounted on a Support

In the solutions discussed thus far, the shock input was applied directly to
the base of the absorber. In many situations there may be an intervening structure
which possesses stiffness, mass, and damping. A simple one-directional model is
shown in Fig. 5. The intervening structure is represented by the rigid mass M,

dashpot C, and spring K. The mass M is shown as a rigid box, with absolute
displacement xb(t), supporting the mass m which s to be protected by the sound
mount and snubbers. The shock input is applied as xs(t). T'o situations were

compared:

(1) absorber and support uncoupled as in Fig. 11.

(2) absorber and support coupled as in Fig. 5 and

The uncoupled situation was considered because it arises in practise, where
the support motions are know before the equipment and shock mount are installed.
The procedures for applying inputs were, for the two situations, as follows.

(1 ) uncoupled system: apply the i np ut as X (t) to the
one-degree--of-freedcn system consisting of M, K and C, and solve for
the response xb(t). Then use ;b(t) as the input to the shock absorber
base,

(2) coupled system: apply the input as "xs(t) and ,olve for the response of
the coupled two-degree-of-freedom system.
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Figure 11 Uncoupled Support and Shock Absorber

Uncoupled Support and Shock Absorber

For the uncoupled support, values of K/M and C/M must be specified in order to
compute the support motion due to the input xs(t). Both a 10 Hz and a 20 Hz
support natural frequency are considered in this analysis, with damping set at 5%
of critical. The cases considered are listed in Table 4 as Cases 13-18. For all
cases the sound mount natural frequency was 8 Hz and the damping ration 0.05. The
support natural frequency was 10.0 Hz for Cases 13-15 and 20.0 Hz for Cases 16-18.
The snubber stiffnesses were restricted so they were elastic in Cases 13 and 16.
For 14 and 17 the unloading stiffness was set equal to the elastic stiffness. For
15 and 18 there were no restrictions on the snubber stiffnesses.

The base acceleration input to the shock absorber when the 10 Hz support was
used is shown in Fig. 12. Because the duration of the shock input is only 0.05
seconds, the motion is a damped sinusoid after that time. Notice that the peak
acceleration is 20 g's compared to 414 g's for the shock input.

The optimal design for the linear shock absorber (Case 13) represents a
solution in which the displacement constraint is not active, that is, dmax<d, as
shown in Table 5. The optimal solution lies within the interior of the feasible
region. By comparison, the optimal design when the shock was applied directly to
the absorber always resulted in an active constraint, dmax - d. This is explained
by examining the time history responses in Fig. 13. The relative displacement
curve contains a 10 Hz component from the applied acceleration as well as an 8 Hz
component due to the natural frequency of the sound mount. When the relative
displacement exceeds 0.5 inches, the effective shock absorber stiffness becomes
k+ke resulting in a frequency component of approximately 30 Hz. As the value of

the snubber stiffness changes, these three frequency components will combine to
produce a different value for the peak relative displacement. Thus a decrease in
snubber stiffness might produce a decrease rather than an expected increase in peak
t latLve displacement simply because the frequency components happen to combine

favoraoiy.
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Figure 12 Acceleration Response Xb(t) of a 10 Hz Support

Case 14 allows plastic deformation on the snubber while restricting the

unloading stiffness to be equal to the elastic stiffness. This results in a

decrease of peak acceleration from 63.8 to 44.79 g's. The optimal plastic

stiffness of the snubber is zero although the optimal elastic stiffness is not

zero, as was the case for the unsupported absorber system.

With no restrictions on the sonubber design variables (Case 15), the peak

acceleration drops to 34.3 g's, and the relative displacement constraint is
inactive. The elastic stiffness goes to infinity while the unloading stiffness is

finite. The associated time histories and the snubber load-deformation curves are

shown in Fig. 14. This solution might be physically unreasonable since it

represents an increase in the snubber length after compressive plastic deformation.

The optimal solutions for cases involving the 10 Hz support, cases 16-18, show

similar trends. As restrictions are lifted on the snubber parameters, the optimal

acceleration decreases. The magnitude of the acceleration values are greater due

to the increase in the natural frequency of the support. For cases 15 and 18,

which have no restrictions on the snubber design, the displacement constraint is

not active.

r'0 ,pled Rpnprrt and Shock Absorber

For the coupled supported and absorber system, the input is applied as xs(t)
and the responses xb(t) and x(t) are calculated directly. This involves a

different set of differential equations for the two-mass system. To aid in writing

the equations of motion, the relative displacements are defined as

w1 (t) = xt)(t) - Xs(t) w2(t) = x(t) - xs(t).

The resulting equations of motion for each of the three regions for the snubber are

3hOWrl in Figure 1l.
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Table 4 Design Cases for Uncoupled Support and Absorber
System

C.dae Support Sound Mount d Gap Snubber

No. fn (Hz) C fn (Hz) € (in) (in) Restrictions

13 10.0 0.05 8.0 0.05 1.5 0.5 ke - kP w ku

14 10.0 0.05 8.0 0.05 1.5 0.5 ku - ke

15 10.0 0.05 8.0 0.05 1.5 0.5 none

16 20.0 0.05 8.0 0.05 1.5 0.5 ke = kp = ku

17 20.0 0.05 8.0 0.05 1.5 0.5 ku = ke

18 20.0 0.05 8.0 0.05 1.5 0.5 none

Table 5 Optimal Design for Uncoupled Support and

Absorber System

Case FY/m k;/m kp/m ku/m dmax amax

No. (g) (g/in) (g/in) (g/in) (in) (g)

13 - 102.39 102.39 102.39 1.056 63.80

14 34.82 82.27 0. 82.27 1.500 44.79

15 25.96 c 0. 39.00 1.265 34.30

16 - 160.02 160.02 160.02 1.500 170.05

17 102.15 232.60 0. 232.60 1.500 112.34

18 76.40 0 0. 105.41 1.496 86.45
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Figure 15 Equations of Motion for Coupled Support and Shock Absorber

To have the same variables Fy/m, ke/m, kp/m and ku/m, we divide the equations
by m and M, which produces a new term M/m. The ratios k/m and c/m and K/M and C/M
are used to define the natural frequencies and damping ratios for the sound mount
and the support, respectively.

The design cases for the coupled system ire listed in Table 6. The uncoupled
support and shock absorber natural frequencies of 10 and 8 Hz respectively are
identical with the values used in Case 13, 14 and 15 for the uncoupled system. For
Cases 19-21 the ratio M/m = 10 and for Cases 22-24 the M/m = 5.

The only change to the analytical procedure is with respect to solving the
differential equations of motion. Instead of using an exact method as before, the
equations are solved accurately using a numerical approach. Since only the maximum
values are used in the optimization procedure, that procedure is unchanged.

Comparing the optimum designs in Table 7 for Cases 19-21 with those for Cases
13-15 listed in Table 5 shows fairly good agreement. For the linear snubber of
Case 19, the optimal solution is in the interior of the feasible region, with dmax
- 1.154 inches. Trends for Case 20 are similar to those for Case 14, that is, the
optimal plastic stiffness is zero and the elastic stiffness is finite and slightly
less than that obtained for the uncoupled system. With no design parameter
restrictions on the snubber, the optimal plastic stiffness becomes infinite while
the unloading stiffness remains finite.

When the mass ratio is reduced to M/m = 5, the coupling effect becomes more
important and the agreement between Cases 22-24 and 13-15 becomes eotdr. Although
certain trends remain, large discrepancies between optimal design values occur.
For example, the lincar elastic snubber of Case 22 has an optimal stiffness which
is just 17% of the stiffness of the uncoupled case. The corresponding peak
acceleration is 27.6 g's compared to 63.8 g's. The comparison between the
two-degree-of-freedom model and the uncoupled model improves for Case 23 and 24,
although the peak acceleration values are approximately 50% lower.

Graphs of optimum shock absorber response are shown in Figs. 16 and 17 for
Cases 19 and 21. For the elastic snubber, Fig. 16, the acceleration time curves
show that there are sometimes two successive impacts on one snubber which can be
related to the relative displacement peaks. For Case 21, with no restrictions on
snubber stiffnesses, the load-displacement curve for the snubber shows the infinite
ku and finite ke.

The snubbers are elastic for Case 22. The acceleration xb(t) is included in
Fig. 18 to show how the acceleration at the base of the snubber is modified by the
coupling. This should be compared to xb(t) in Fig. 12 for the uncoupled systems.
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Table 6 Design Cases for Coupled Support and Absorber System

Case M/m Support Sound Mount d Gap Snubber

No. fn (Hz) f fn (Hz) C (in) (in) Restrictions

19 10 10.0 0.05 8.0 0.05 1.5 0.5 ke = kp = ku

20 10 10.0 0.05 8.0 0.05 1.5 0.5 ku = ke

21 10 10.0 0.05 8.0 0.05 1.5 0.5 none

22 5 10.0 0.05 8.0 0.05 1.5 0.5 ke = kp = ku

23 5 10.0 0.05 8.0 0.05 1.5 0.5 ku = ke

24 5 10.0 0.05 8.0 0.05 1.5 0.5 none

Table 7 Optimal Design for Coupled SUpport and Absorber System

Case Fy/m ke/m kp/m ku/m dmax amax

No. (g) (g/in) (g/in) (g/in) (in) (g)

19 - 68.90 68.90 68.90 1.154 52.57

20 27.48 72.06 0. 72.06 1.500 37.43

21 19.47 0o 0. 24.12 1.500 29.34

22 - 17.75 17.75 17.75 1.500 27.60

23 10.90 83.10 0. 83.10 1.500 20.82

24 8.96 0c 0. 13.78 1.500 18.84
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Figure 18 Acceleration Response of Support for Case No. 22

Examination of Fig. 18 shows a support acceleration response which is quite
different timewise from the support acceleration response from the uncoupled system
of Fig. 12. This accounts for the differences in optimal designs when the mass
ratio is reduced to M/m=5.

Comparison of Algorithms

The modified constrained steepest descent algorithm relies on knowing the
gradients of the objective and constraint functions. For the particular
application of the nonlinear shock absorber, these gradients must be calculated
numerically by a forward difference technique and objective function must be
computed a number of times. This involves solving the equations of motion and
picking off the maximum acceleration and relative displacement values. It might be
argued that a more efficient approach would be to chose an algorithm which does not
require knowledge of the gradients. Therefore two of these "direct" methods were
chosen to compare to the modified constrained steepest descent algorithm.

One of the methods chosen was the Simplex Method developed byNelder and Mead
[13]. This method is not to be confused with the Simplex Method asociated with
linear programming. The method operates by defining a geometric figure within the
design space consisting of n + 1 vertices, where n is the dimension of the space.
By successive moves of these vertices depending upon the value of the objective
function at the vertices, the optimal design point is approached. The method is
quite stable and very simple to program. Although the method works best for
unconstrained minimization, only a slight modification is required to adjust it to
a program with constraints.

The second algorithi:. chosen was the Hooke-Jeeves Method described in detail by
Rao [14]. This method is based on a combination of exploratory as well as pattern
search moves. It is very easy to implement for unconstrained problems. To use the
method of Hooke-Jeeves on a constrained optimization problem, one must first
convert the math program to an unconstrained form. For this comparison, the
conversion was accomplished by using an exterior penalty function. That is, tne
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constraint function is added to the objective function forming an unconstrained

program of the form:

min F(b) = f(b) + r[max(O..g(b)]
2

where r is the penalty coefficient. As r approaches infinity, the solution become

optimal to the original program from the infeasible direction.

These two method were compared to the modified constrained steepest descent
algorithm by running four different test cases involving the optimalization of a
linear oscillator. Two different initial designs and forcing functions were
considered in finding the optimal stiffness and damping values to minimize the peak

acceleration of the mass subject to a relative displacement constraint. Care was

taken to insure that initial step sizes and convergence criteria were equivalent

between the methods.

Table 8 lists the results of the comparison between the modified constrained
steepest descent, the Simplex, and the Hooke-Jeeves method, total number of

function evaluations as well as CPU seconds on a VAX 11/730 are shown. The results

show that the modified constrained steepest descent algorithm performs well and is

on the order of 2 to 3 times faster than the other algorithms.

Table 8 Comparison of Optimization Algorithms

Test No. of Function Evaluations CPU seconds

Case MCSD SIMPLEX H-J MCSD SIMPLEX H-2I
45 142 199 23.7 46.3 60.3

2 65 137 198 36.7 44.9 60.6

3 64 145 254 32.4 43.7 69.6

4 44 166 268 30.0 48.8 73.0

Conclusions

1. The modifed gradient projection method developed herein is more efficient

than the Simplex and Hooke-Jeeves Methods.

2. The use of curve searches rather than straight line searches on the
nonlinear constraint boundary improves the efficiency.

3. The optimization of k/m and c/m for the simple linear absorber provides an

opportunity to see the optimization process in two dimensions. The results have

not been presented previously in this form.
4. For the nonlinear shock snubber, the optimum elastic stiffness ke was

found to be infinity and the optimum plastic stiffness kp was zero. The optimum
unloading stiffness ku in general is not equal to the optimum elastic stiffness ke.
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ACTIVE DAMPING DESIGN OF FLEXIBLE STRUCTURES
BASED ON NON COLLOCATED SENSOR-ACTUATOR

VELOCITY FEEDBACK

Q. Zhang, S. Shelley, X. N. Lou, and R. J. Allemang

Structural Dynamics Research Laboratory
Department of Mechanical and Industrial Engineering

University of Cincinnati
Cincinnati, OH 45221

The active damping design technique based on single input velocity
feedback is presented in this paper. The necessary and sufficient
stability conditions for SISO and SIMO velocity feedback is first
stated and mathematically proved. Based on these stability
conditions, two active damping design algorithms, 1) Constrained
Least Squares Feedback Gain Computation, and 2) Optimal Feedback
Gain Computation With Flexible Damping Factors, are proposed.
The first algorithm is a straightforward way to find the feedback
vector for the given damping factors and the modal frequencies. The
second algorithm is based on optimization process using the flexibility
in chosing the desired damping factors. The problem of locating the
actuator and sensors is also discussed in this paper. The stability
theory and active damping design technique arc verified by an
experimental example.

I INTRODUCTION

Vibration cancellation in flexible structures is always a challenging subject for mechanical and
control engineers. During the last decade, active control has become widely accepted by structural
system designer as an alternative to traditional passive damping, and as an effi.,ent tool to
suppress undesired vibration and to maintain the stability of systems.

Among many different strategies of active damping design for flexible structures, pole placement is
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one of the most commonly used methods. A review of the previous work on pole placement can
make a long list 1-12. For the early work in this field, the primary interest is to find the necessary
and sufficient conditions for the existence of the feedback matrix which yields a set of given
eigenvalues. Recently the flexibility in chosing the eigenvectors of the closed-loop system is used
to increase the robustness of the control system to model uncertainty, and pole placement is also
combined with other control algorithms such as LQR. It is important to note that for output
feedback, pole placement methods can not guarantee overall stability of the control system.

Another commonly used method for active damping is velocity feedback with positive definite
feedback gain matrix. The principle of velocity feedback is to absorb energy from the structure like
viscous damper, so the stability of the control system is automatically guaranteed. Note such a
stable velocity feedback implies the velocity sensors are collocated with the actuators. However, in
many practical cases, the actuators can be mounted only in certain specified locations. The
sensor-actuator collocation requirement hence will be a severe constraint for some applications. It
is well known that the positive definite velocity feedback matrix is the sufficient condition for
stability, but not "necessary". Thus a stable velocity feedback control system with non colbcated
sensors and actuators may exist.

In this paper, the necessary and sufficient stability condition for the single input multiple outputs
velocity feedback is given. Based on this stability condition, several active damping design
algorithms, which can guarantee the overall stability of the control system but without the sensor-
actuator collocation requirement, are proposed. The stability theory and the active damping design
algorithms are illustrated by a simple experimental example.

2. PROBLEM STATEMENT

A linear time invariant structural system with output feedback control can be described by

following equations

{ji(t)} = [A ]{x (t)} + [B ]{u (t)}

{y(t)} = [D ]{x(t)} (1)

{u(t)} = [F]{y(t)}

where {x}, {y}, and {u} are the state, output, and control vectors, [A], [B], [D], and [F] are the
constant matrices of appropriate dimensions.

The problem to be resolved in this paper is to add viscous damping to an undamped structural
system by feeding back velocity. This problem can be stated in a more straightforward way than
equation (1)
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[MI{i(t)} + [K]{z(t)} = {u(t)} (2)

{u (t)} = -[C]{i(t)}

where {i(t)}, {i(t)}, and {z(t)} ER N are the acceleration, velocity, and displacement vectors,
and [M], [K], and [C] E RN, are the mass, stiffness and feedback matrices respectively.

This paper is restricted to single input control configuration, so the feedback matrix [C] can be
written as

[C]I = {e;}{c}T (3)

where {ei} is the ith column of the identity matrix, and {c} is the vector containing feedback
gains. Note that only n (n < N) elements of {c} are non zero, which correspond to the sensors
involved in the control system.

For the purpose of the analysis, we also introduce the modal model of the undamped system
[ ], [A] E R NN and that of the closed-loop system: [D], [A] C CNN defined from equations

[K - AM] { } 0, {}T[M]{} -- 6,j (4)

with [ 1 [A=diag{W}

[M+ ,C + K] { 0}=o (5)

with [] I [A]=diag{A A I

where 6,, is the Kronecker-delta: 6ii = {' for i = J0 for i #: j"

Since modal vectors span the N-dimensional space, the vector {et} can be written as a linear
combination of the eigenvectors of the undamped system

{ } [ ]qt}(6)

For structural systems, [M] is a positive definite matrix and [K] is a positive or semi-positive
definite matrix. If the feedback matrix [C] is also positive definite, the system (2) is a stable system.
If [C] is not positive definite, the system (2) may be stable or unstable, because a positive definite
velocity feedback matrix is a sufficient, but not necessary condition for stabile damped system. In
this paper, the necessary and sufficient stability condition for single input velocity feedback will be
proved.

For stable control operation, the eigenvalues of the closed-loop system must be in the left half
complex plane. This well known result will be the guide line for deriving the stability condition for
velocity feedback.
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3 STABILITY CONDITION

3.1 SISO Velocity Feedback

We begin by considering single input single output (SISO) velocity feedback, for which the
feedback matrix has the form

[C] -c{e}.{ej}T (7)

where "i" and "j" indicate respectively the locations of the actuator and the sensor.

The necessary and sufficient stability condition for SISO velocity feedback can be stated then as
follows

Theorem 1
The undamped real positivc linear system (1) is stabilizable by a SISO velocity
feedback, if and only if for all the modes / = 1,... , N

N C.Ak'jk >0

k=1 A2

with A = (C2 + -W J) + (2a,1)2--I -I + ~)

where c is the feedback gain. . and Oj are the ith and jth elements of the kth
eigenvector of the undamped system, and the "j" and "i" indicate the locations of the
sensor and the actuator respectively.

Theorem 1 can be proved by algebraical manipulations of Equations (4) to (7).

Substituting (6) and (7) into (5) and premultiplying by [@4 ]T yields
[A2+ c{ee} +0f2]{q 1} 0 , with 02 -diag{w} (9)

Premultipling (9) again by a row vector {eTj}, it can be arranged as

(1 + Ac{e Tj }[A2I + 2f =DT ej})e-{qj} = 0 (10)

(10) is a scaler function of A1. Assume {e }- qj} is different from zero, the first term of the left
hand side of (10) must be zero

1 + )c{e,}[AI + ei} = 0
or

or N 4 k4>,k(11)-1 Ai Ak o
2, 20

k=I Al + Wk
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Considering

1 1 a' "  + 2j'a +
~2 +W2 2.r _ '2A1 Wk i - 1  2jorj~j + w' - ( + - W2) 2 + (2ajwj) 2

Equation (11) can be written as

4kok('a, +jc$,)(a2 "2 + 2jat + WI)
=C(2 -'2 22 (2-1=kl (a, - w, + wk + (2atwt) 2  12

Writing separately the real part and the imaginary part of (12), it results in the following two
equalities

N __cii~k ( - w"2. .2t) t(13)

NV C4ikoyk (2 J2 2

0 =j( - k -a (14)

k=1 A21

kkl

N' c Ak jk _ 2 _( -U-= " Et-" I I )Ma (14)
k----1 A 2

From the first equality (13), it can be derived

k" 1- .2 )(w + a ) (15)
k I Al k=1 AU/

Substituting (15) into the second equality (14) yields

NV C Ak ok)4 o a1= 2( E )('2 aa

k=1 L

or

1 = 20 ($' + a')a (16)

Obviously, at is positive, if and only if (31 is positive.

Theorem 1 is valid for both collocated or non collocated sensor-actuator velocity feedback. In the

collocated sensor-actuator case (j=i), the stability indicator fl, becomes

N c?

k=1 A V

,3t is positive for any positive feedback gain c and the control system is stable. This well known
result is verified by Theorem 1.
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Theorem 1 can easily be extended to single input multiple output velocity feedback.

3.2 SIMO velocity feedback

For single input multiple outputs (SIMO) velocity feedback, the feedback matrix has the general
form

[C] ={ei}-Hc}
T

and the necessary and sufficient stability condition becomes

Theorem 2
The undamped real positive linear system (1) is stabilizable by a SIMO velocity
feedback, if and only if for all the modes 1 = 1,..., N

N (C1j k -+C2 42k + ... C , Ojnk) (ik > 0 (17)
~ = I kk=l1~k

with A2 = (a2 + W2 .) 2 +

where c1 ,..., c,, are the feedback gains. 0j1k ,... are the jith, ... , jnth
elements of the kth eigenvector of the undamped system, and the "jl" to "jn" indicate
the locations of the sensors.

The proof of Theorem 2 proceeds in the same manner as that of Theorem 1 with
(cl{ei, } +c 2{e 2'} + +c,, +c{e }) replacing c{eli in Equations (9) to (11).

As the stability condition stated in Theorem 2 is the necessary and sufficient condition, for a given
feedback gain vector {c}, the stability of the control can be determined. On other hand, if the gain
vector {c} is calculated based on Equation (17), the stability of the control system will be strictly
guaranteed.

For SIMO velocity feedback, Equation (16) becomes

NV IAk(C 1 O Ik + C 2 0j2k + + .n . +C,ky,)4k
1=12( EA 2  (18)

k18 ) is one of the fundamental equations for active damping design. If it is satisfied, the stability
condition will also be satisfied.
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4 ACTIVE DAMPING DESIGN

The previous analysis gives the necessary and sufficient stability conditions for SISO and SIMO
velocity feedback. Based on these conditions, two active damping design algorithms are developed
in this section

1. Constrained Least Squares Feedback Gain Computation

2. Optimal Feedback Gain Computation With Flexible Damping Factors

The goal of these algorithms is to find the feedback gain vector {c} to achieve the given damping
factors as close as possible without destabilizing the system.

4.1 Constrained Least Squares Feedback Gain Computation

Assume that n sensors are involved in the control system and that without loss of generality the
first n elements of {c} are non zero. For simplying the presentation, we redefine {c} as a n-
dimensional vector containing non zero feedback gains. Equation (18) can be rewritten in the
form of the dot product of two vectors

1 N 4 ik ,
E -( E -' )c,={p}T{c} , I=I,...,N (19)2( )'+ a')al 1  k=

where {Pt} e Rn is a known vector whose general element p is A--2 and {c}ERn is the

k= k1
feedback gain vector to be determined.

Assemblying all N equations, we obtain a linear matrix equation form

{e} = [P]{c} (20)

where {e} ERN is a known vector whose general element el is 1 , and [P] is a N x n

known matrix whose Ith row is {p1}T defined in Equation (19).

Three different configurations about "n" are treated as follows.

4.1.1 n > N Equation (20) is under determined, and the solution vector {c} is not unique.
Regard'ng the physical limitations of the controller, it is always desirable to have a minimized
feedback gain configuration. Hence we choose the solution vector {c} with minimum norm. This
minimum norm solution is defined as
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{c} = [P]t{e} with [p]t = [p]T ([p][p]T).1 (21)

4.1.2 n = N In this case, if the matrix [P] is singular, and (20) remains under determined. A
singular value decomposition of [P] gives

[P"]= [U1 U21 0 j 11P2

where the diagonal matrix El contains non zero singular values of [P], [U1 ] and [V1 ] contain
respectively the corresponding columns of the orthogonal matrices [U] and [V].

The minimum norm solution of {c} is then defined as

{c} = [Vi][l]I'X[U]T {e} (22)

If [P] is a regular matrix, there is the unique solution

{c} = [P1'{e} (23)

4.1.3 n < N In the real world, flexible structures are mostly high-order linear dynamical
systems, but the number of sensors is quite small due to physical limitations on the controller and
other practical considerations. This is the case most often encountered in practical applications. In
this case, Equation (20) is over determined and a least squares solution is appropriate. A
standard least squares procedure can be used to find {c} by minimizing : J = II [P]{c} - {e} I It must
be noted that the least squares solution is an approximate solution. Although this is the "best"
solution in a least squares error sense, it may violate the stability condition, especially in the case
where n << N. Due to these stability considerations, Least Distance Programming (LDP)13 is
suggested as a solution technique. LDP is in general used to find the solution of an over
determined linear system by minimizing II x II subject to [P]{x} > {h}. For the present problem,
the stability condition (17) is directly usd to establish a system of linear inequality equations
matching the LDP form. (17) can be written as

{pt}T{c}>h, , I=1, ... , N (24)

where h, is a positive real number chosen by the designer. It represents the stable design margin.

Assembling all N equations, we obtain the matrix inequality form required by LDP
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[P]{c} >{h} (25)

The detailed description of LDP and a Fortran routine can be found in Reference [13].

Several comments are in order for the case n < N

1. Although the given damping factors a, are involved in the computation of {c} (see
Equations (17), (20), and (24)), the expected control performance may not be achieved by a
such feedback gain vertor, for _nither the objective f,!nction (Min c nor the constraint
functions ([P]{c} > {h}) include explicitly the control performance.

2. The previous analysis does not give the existence condition of the feedback gain vector {c} to
satisfy the stability condition stated by Theorem 2 for the case n < N, (In the case n > N,
Equation (20) has an exact solution. This implies stability condition (17) is satisfied.) but
LDP can automatically examine whether such a feedback gain vector exists by checking the
constraints : {pt}T{c} - h, . If LDP proceeds without violation of the constraints until the
solution {c} is achieved, this solution will be an optimal and stable feedback gain vector. In
addition, for most practical cases, only a limited number of modes respond to the inputs of
the system and the other modes are not excited. If it can be predicted which modes will not
be excited, the corresponding constraints can be eliminated from LDP. If the number of
excited modes is close to number of sensors, it is more likely the optimal and stable feedback
gain vector can be achieved.

3. When the undamped system has N distinct eigenvalues, the controllability for proposed
control law can be examined in a straightforward way. In fact, it can be easily proved that if

, = 0, the kth mode is uncontrollable.

42 Actuator and Sensor Location

The selection of the position of the actuator and the sensors is important for the controller design.
In the previous analysis, it is assumed that the locations of the actuator "i" and the sensors "j1" to
"jn" are -are randomly chosen. As, in practice, the control system designers have some freedom to
choose the locations of the actuator and, in particular of the sensors, some guide lines will be
given for locating the actuator and sensors.

According to the comment 3 above, the controllability of the kth mode depends on the modal
coefficient t.k,, which correspond to the location of the actuator. Hence the controllability can be
improved by moving the actuator. In particular, when the modes having the must important
contribution to the response of the system can be predicted, the actuator's location "i" must be
carefully selected, if it is possible, such that the corresponding modal coefficients 'k are not zero.

TIe selection of the sensors' location can not influence the controllability of the actual problem,
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but it may influence the achievability of the desired damping factors. If the vector {e} is in the
subspace spanned by the columns of the matrix [P] (See Equation (20)), the desired damping
factors can be exactly achieved. Note that each column of [P] is related to a sensor position.
Assuming N positions on the structure are available for mounting the sensors, a square matrix of
order N [PN] is formed in the same manner as [P] with N replacing n in Equation (19). For a set
of given damping factors and a fixed number of sensors n, n columns of the matrix [PN] are
selected to constitute a basis of n-dimensional subspace [P] such that the error, {,} = {e} - [P]{c}
in approximating {e} in this subspace, is minimal. This subspace is called the best approximating
subspace for {e}. Hence thc sensors' locations related to this subspace can be considered as the
"best" locations in the sense of achieving the desired damping factors.

,,pr-3,- arc propcscd as fol ,ws to ccnstitute the best approximat ,g sutspaCe

1. Growing Dimension Subspace Construction

2. Global Orthogonal Basis Projection

4.2.1 Growing Dimension Subspace Construction

This approach starts by constructing the 1-dimensional best approximating subspace {py1} such
that II;llc,I<11l where

{jl} ={e} - {pyl}cy,

{r}={e}--Pr}c7 , r<N and r#jl

Then the 2-dimensional best approximating subspace is formed by searching for the second basis
vector {P, 2} among the rest N - 1 columns of [PN] such that IIj21 < ItI fl I where

{(j2} ={e} -{pl}c; 1 -{p; 2}c; 2

fr,} ={f el- pylJc-{pr}C, r<N and r#j1, j2

This process is repeated until the n-dimensional best approximating subspace is found.

4.2.2 Global Orthogonal Basis Projection

The singular value decomposition can be used to create a N-dimensional orthogonal basis
[U] E Re " where

[pN = [U][El[ V]
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The coordinates of each column of [PN], {p,} in this orthogonal basis form a vector {b,}.

Obviously,

{b,} = [E{v.}

where {v,} is the rth column of [V]T.

By projecting the vector {e} onto the orthogonal basis, its coordinates vector {g} is defined as

{g} = [U]T {e}

According to the n largest elements of {g}, a n-dimensional orthogonal subspace can be found. By
examining the projection of each column of [PN] in this n-dimensional orthogonal subspace, the
n columns of [PN], which have the n largest elements corresponding to the n-dimensional
subspace, are then selected. The n columns of [PN] thus selected constitute the best
approximating subspace for {e}.

4.3 Optimal Feedback Gain Computation With Flexible Damping Factors

For vibration suppression in flexible structures, the control system is generally required to provide
specified damping for certain modes of interest and need only maintain the stability of the other
modes of the system. In fact, most damping factors a, and the modal frequencies ZI used for
feedback gain computation by the algorithms presented in 4.1 are randomly chosen. The "optimal
solution" for a given set of a, and &, may not be optimal for another set of given a, and Wti. In this
section, an optimal procedure is developed by taking advantage of the flexibility in chosing non
specified damping factors and modal frequencies of the closed-loop system. In this optimal
process, the optimal variables are the feedback gains c1 , j = 1, ... , n, the non specified
damping factors a, , I = N, + 1, ... , N and non specified modal frequencies

, , I = N, + 1, ... ,N. Denote the number of specified damping factors and modal frequencies
by N, , and assume they are arranged as 1 to N, . The objective function is

N.
Mn J 2 "k{ C}) + W C1f C1

k=1

subject to constraints

hj <{pj}T{c} , j=1 ,... , N

oJ <i~wu ,j=N,+I ,... , N

), < <c W, j= l ,... , n
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The subscript "I" denotes lower bound and the subscript "u" denotes upper bound in the
constraint functions above. These constraints represent the stability condition for all modes and
the physical limitations on the controller. As the velocity feedback has a weak influence on modal
frequencies, the lower and upper bounds of wj are set close to the corresponding undamped

modal frequency wi. Note that for proportional damping zase, j. = a. However, for the
present problem the damping provided by the control force is not proportional to the mass matrix
nor to the stiffness matrix, so vj is not fixed by aj, and it can be chosen as a variable in the
optimal process.

After resolving this optimal problem, we obtain not only the optimal feedback gains, but also a set
of "optimal" ot and C3t. As this method does not need to specify all the damping factors and the
modal frequencies of the the closed-loop system, the techniques described in section 4.2 can not
be used to select the "optimal" sensors' locations before the optimization procedure, so the
sensors' locations are "randomly" selected in this optimization process. However, after obtaining
the "optimal" o and &t, we can verify if the locations of the sensors are correctly selected. If it is
necessary, the sensors' locations can be changed and the optimization process repeated.

5 ILLUSTRATIVE EXAMPLE

The stability condition for single input velocity feedback described above is demonstrated by a
simple experimental example. The test structure is a light steel beam mounted, at the middle, on
an electrodynamic shaker, as shown in Fig. 1. Considering the armature axial suspension stiffness
and the damping due to Back-EMF (Electro-Motive Force) of the shaker coil, the shaker
dynamics is modeled as a flexible support with viscous damping. A velocity feedback control loop
is designed based on the necessary and sufficient condition (Theorem 2) to stabilize the vibration
of the test structure due to the given initial conditions. For this experimental study, the initial
condition is an initial displacement of one free end of the beam (Point A). Fig. 2-a is time
response measured at point A. The decay of the amplitude is basically due to the damping
provided by the shaker dynamics. Fig. 2-b is the spectrum of the time response of Fig. 1-a. There
are three peaks in the spectrum. The biggest peak is at 6.5 Hz and two others at 60 Hz and 76 Hz
respectively. The first peak corresponds to the fundamental resonant frequency of the system. The
second peak (at 60 Hz) is due to 60 cycle noise in the electrical circuit and the third one may
correspond to one of the higher modes of the system. As the last peaks are much smaller than the
first one (-20 db), It can be concluded that only one mode responds to the given initial condition.
For this particular case, the stability condition (see Equation (17)) can be simplified as

(r ;1I + . . . 00i 0
A210

Three different control configurations are discussed as follows.
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Figure 1. Test Structure

CASE 1 Sensor Mounted at Point A

The control loop scheme, as shown in Fig. 3, consists of

* An accelerometer mounted at Point A

- An analog integrator for integrating the acceleration from the sensor in order to provide
velocity required by the control algorithm

e An amplifier with adjustable gain to set the feedback gain

* An electrodynamic shaker as an actuator.

The viscous damping due to the shaker back-EMF can be considered as an equivalent collocated
sensor-actuator velocity feedback loop. The necessary and sufficient stability condition for this
control configuration thus is

C4lA1ol- + 0' Co 140 1 >0
A?1

where OA I and 0'o 1 are the modal coefficients of the first mode at the points A and 0. c is the
feedback gain of the control loop and co is the equivalent damping factor (real positive) of the
shaker.

According to the stability condition, if cOk I has the same sign as 0o 1, the control system will be
stable. Based on the mode shape of the first mode obtained by a finite element model, as shown in
Fig. 4, OA1 and kO 1 are both negative (or both positive, as the signs of eigenvectors are
undetermined), so a positive feedback gain "c" is needed to guarantee the stability of the control
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system. The time response at the point A and its spectrum are shown in Fig. 5. The first mode is
significantly damped (-15 db) by applying the control force.

CASE 2 Sensor Mounted at Point B

The accelerometer is moved to point B and mounted on the other side of the beam, so the analog
signal provided by the sensor is ":i This is equivalent to setting a negative feedback gain in the
control loop, and if this gain is big enough such that c0B 1 ,o 1 > co0 0 10o 1, the control system
will become unstable. An unstable case is shown in Fig 8, where the first mode is destabilized.

CASE 3 Sensor Mounted at Point A and Point B

Without removing the accelerometer at point B, another accelerometer was added at point A, but
mounted on the other side of the beam in order to provide a "positive" acceleration. The control
scheme is shown in Fig. 7. The stability condition, in this case, can be written as

c(i A2o1" Io )+cc
A1

Since A1 and 4 B1 have the same sign as 0o1 and I OA1 I > I O4 B1 the stability condition is
satisfied. Fig. 9 shows the time response and its spectrum.

These three different control configurations implemented on the simple test structure present
stable and unstable control cases. All the experimental results verify the stability condition
presented in this paper.

It is interesting to note that analysts often worry about the stability and controllability of the
higher modes when the control system is designed. However, in most practical cases, only few
modes respond to the excitation or the inputs of the system, as shown by this simple experimental
example. Thus it is very important to predict which modes will be excited by the input of the
system for a given practical problem.

6 CONCLUDING REMARKS

The basic contribution of this paper is to give the necessary and sufficient stability condition for
single input velocity feedback. This theory is based on the modal description of an undamped
linear system. For a given feedback gain vector, it determines the stability of each mode, which is
adequate for practical active damping design.

The e-xistence condition of the feedback gain vector is not given in this paper for the case n < N.
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However, it is shown that in practice, if the number of sensors is greater than the number of
excited modes, such a gain vector can always be found to achieve the given damping factors and
guarantee the stability of the control system.

Two active damping design algorithms, Constrained Least Squares Feedback Gain Computation
and Optimal Feedback Gain Computation with Flexible Damping Factors, are described in
Section 4. The first algorithm represents a direct way to find the feedback gains for the given
damping factors and the modal frequencies. The second algorithm is based on an optimization
process using the flexibility in chosing the damping factors and modal frequencies of the closed
loop system. The objective of the optimization process is to minimize the control effort (the norm
of the feedback gain vector) and to achieve designed damping factors as closely as possible. It must
be noted that this is a "near optimal" solution, since the optimization package used actually can
only give a local optimal solution, which depends on the given initial conditions.

The discussion in Section 4.2 gives an insight into the problem of locating the actuator and
sensors. In general, a suitable location of the actuator can improve the mode controllability, and
the locations of the sensors have the influence on the achievability of the given damping factors.
Two approaches are proposed to systematically select the sensors' locations.
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RELATING MATERIAL PROPERTIES AND WAVE EFFECTS
IN VIBRATION ISOLATORS

M. C. Reid, S. 0. Oyadiji, and G. R. Tomlinson
Department of Mechanical Engineering

Heriot-Watt University
Edinburgh, Scotland

Wave effects occurring in vibration isolators are
predicted using the Love theory. It is shown that

reliable complex modulus data for the viscoelastic

material is required if the wave frequency predictions

are to be accurate. A novel technique Is described
which allows the prediction of the loss factor

directly from measurement of the magnitude of the

complex dynamic stiffness. For a theoretical isolator
model a sensitivity analysis is described, which

employs the loss factor predictions to show how

variations in the dynamic stiffness and damping relate

to the dynamic characteristics of the isolator.

INTRODUCTION

The existence of shear and compressional waves in vibration isolators

does not usually pose any serious problems with regard to the structure-borne
sound transmission paths. However, in situations where the mass to be
supported is large, the appropriate isolators can exhibit significant wave

effects at fi-equencies below 300Hz [1].
Theoretical analysis of these wave effects has to date been restricted to

applications of the classical theories for waves occuring in long rods. These

theories have been used to predict transmissibility functions for reinforced
vlscoelastlc pipes which show excellent correlation with experimentally

obtained responses [2]. The basis for these predictions was the availability

of accurate complex modulus data for the pipes, covering a wide frequency
range.

The measurement of viscoelastic material properties can be achieved using

a number of methods, the non-resonance dynamic stiffness technique being

favoured In this case to generate modulus data over a limited frequency range,
at a number of temperatures. By applying the method of reduced variables the

data can be extended to cover a number of frequency decades, for a specified
reference temperature.

In conjunction with this, and to overcome the problem of scatter which
often affects measurements of loss factor, a technique has been developed to
predict the loss factor curve directly from the measured dynamic stiffness [3,

4]. This method has successfully been applied to numerous sets of

experimental data.
This paper will describe this techniqlie for determining the loss factor

and will apply it to determine the complex moduli to allow the dynamic

characteristics of both a viscoelastic pipe and large vibration isolator to be
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predicted. The quality assurance procedures employed by isolator

manufacturers will obviously influence the dynamic properties of a particular

isolator selected from a batch. The variations in isolator performance

resulting from typical variations in the dynamic material properties are also

investigated, in terms of a theoretical isolator model.

THEORETICAL ANALYSIS OF COMPRESSIONAL WAVES

For simple prisma-tic elements, the classical rod theories have been applied to

predict wave effects [5]. In the first instance the Long-rod theory was used

[61 but where it became necessary to account for radial effects, as in the

case of vibration isolators, the Love theory was used [7].

For the viscoelastic element shown in Fig., expressions can be developed

using the Love theory for both the point inertance and force transmissibility;

End Mass M

FF
2

Xl x2 =0

Figure 1: Axial vibration of viscoelastic element

- M sin(N L)
x m

IN 1
F (N L)[cos(N L) - T(N L)sin(N L)]

F 1
FT Z (2)

F cos(N L) - x(N L)sin(N L)
1

where the governing dimensionless parameter N L is given by

* (n L)
N L = 2 n 2 2k 2] (3)

(1 - n v~k1/

and the complex wave number n is given by

n = (4)
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In equations (1) and (2), 1 is the mass loading ratio M1/M M For a list of

other symbols refer to the Appendix. If the output end was free rather than

blocked, i.e. F = 0, then the corresponding expression for the acceleration

transmissibility x /x would be Identical to equation (2) except that T =2 1

M 2/M , with M2 being the mass loading of the output end.

In the case of a vibration isolator, the Love theory is being used in a

situation where the dimensions of the viscoelastic element are far removed
from those of a long rod. It has been found that the predictions are

Influenced by the ratio of the isolator length to the cross section radius of

gyration, L/k. Experience with the analysis of wave effects in Isolators
where L/k is small has indicated that the transmissibility and inertance

estimates are comparable with experimental data In terms of frequency but that

the predicted amplitudes are significantly in error.
For prismatic elements it is possible to quantify the magnitude of these

amplitude errors. For a particular set of viscoelastic material properties
and mass loading ratio, Love theory analyses can be conducted for various L/k
ratios ranging from a thin rod to a squat isolator. In each case the
predicted amplitudes at the wave frequencies would oe recorded. As the mass
loading in constant, the frequency separation between the waves and the
mass/spring resonance will also be constant. Thus, in terms of
transmissibility, the vibration amplitudes at the wave frequencies should also
be Invariant.

As an example, for the parameters listed below, transmissibility
estimates were calculated for values of L/k in the range 1 to 10. The
variation in the predicted amplitudes at the first two wave frequencies are
shown In Fig.2.

2 3
E 7.0E6(1 + 0.07J) N/m. p = 1000 kg/ = 4

0

mFirst wave

-4

- 8

E

' -12

U u Second wave

-, 16
L

-20
1 2 3 4 5 6 7 8 9 10

L/k ratio
Figure 2: Variation in predicted amplitudes at wave frequencies using the

Love theory

From Fig. 2 It can be clearly seen that for both waves the predicted
amplitudes drop sharply as L/k becomes small. In the case of the first wave,
significant errors occur for L/k < 5, such tiat. at L/k = 2 the error Is 4 dB.
At the second wave the errors are signlificant for L/k < 8 an~d in some
situations the Love theory does not predict the second wave as the denominator
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of equation (2) tends to zero. However, this calculation demonstrates that

when using the Love theory to predict wave effects for isolators, the

amplitude errors due to small L/k ratios can be quantified.

In order that the frequency predictions are accurate, it is imoerative

that the complex modulus for the material is known over a wide frequency

range. In many cases the analysis is conducted assuming E invariant with
frequency and this results in significant errors in terms of both frequency
and amplitude (as the ratio of the wave frequency to mass/spring frequency is

incorrect) of the predicted wave effects.

For example,, the viscoelastic pipe and vibration isolator shown in Fig.3
have been analysed using the Love theory with constant E values. The
predicted dynamic behaviour of these elements is compared to experimental data
in Figs.4 and 5 and clearly the errors in the prediction of the wave
frequencies are significant, as high as 15%. This emphasises the need to

measure reliable complex modulus data.

d =12. 7 mm

d 36. 6mi
Top mass - Lower mass

S0.635 5 kg

590 "III Mount mass 5.8 kg

V YZ .~ 0.084 ± 0m

Figure 3: Viscoelastic components for analysis

(M) Reinforced pipe (ii) Isolator
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MEASUREMENT OF DYNAMIC MODULUS

The test method chosen in this case to generate the basic dynamic
stiffness data is a non-resonance techniqe, as shown In Fig.6. In this
method it is assumed that the frequency range of excitation is well below any
resonances associated with the material sample or the test rig. The output
end of the sample is rigidly mounted, with a harmonic excitation si :.cJ
applied at the unconstrained end. The ratio of the,output force to the input
displacement gives the complex dynamic stiffness, K

Force Transducer

L Test Sample

Accelerometer

Input Force

Figure 6: Measurement of dynamic stiffness using non-resonance technique

The dynamic stiffness can then be related to E by
0

* KL
E = - ( 5 )

where C characterizes the shape of the test sample cross-section.
The above test is conducted over a fixed frequency range (say 20 to 80Hz)

and repeated at a number of different temperatures. The method of reduced
variables is then employed to generate a material master curve for theS

magnitude of E over a wide frequency range [8]. A polynomial equation is
then fitted to the master curve to provide a compact representation of t'-

modulus data. An Ideallsed curve for a viscoelastic material is shown in
Fig.7 which indicates three distinct regions; rubbery, transition and glassy.
This modulus data is then used to predict the loss factor behaviour.

i I Glassy

0

Rubbery
I I

Frequency (Log scale)

Figure 7: Complex modulus of Ideal viscoelastic material
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PREDICTION OF LOSS FACTOR

It has often been found that experimental measurements of loss factor are
subject to large uncertainties, resulting mainly from the dlfficulties of

measuring very small phase differences. In order to overcome this problem a

technique first postulated by Vinh [9] was developed to relate the magnitude
of the complex modulus to the loss factor [3,4]. This method utilises the

fact that the real and imaginary parts (i.e. magnitude and phase) of the
response of an analytic system are uniquely related and hence knowing the real
part, the imaginary part can be determined [10]. The method is briefly
described below.

The frequency response of a system F (Ju) due to an impulse is given by

F (Ju) = A1J e-J(tf(t)dt (6)
0

where f(t) Is the system Impulse response. As F (Ju) will be a continuous
function it can also be expressed In terms of the zeroes and poles (z. and q.)

as the ratio of two polynomials.

an
F (ju) A 2 (zI + J) (7)

2
i1

m

Z (q + J )
1-1

Where F (Ju) is a function such as the modulus of a viscoelastic
material, m and n are equal positive integers and the zeroes and poles form an

alternating series of increasing magnitude [11],

Z< q < z2 < q 2 < ..... < zn < qn  (8)

Equation (7) can be converted to logarithmic form, resulting In

expressions for the modulus and loss angle of F (Jw) in terms of the zeroes
and poles,

F = IF (ju)I : log 2og ( 2 + logA 2  (9)

nn
8 = Z arctan arctan (10)

Thus In order to determine the loss angle (and hence the lossfactor as

= tan 5) it Is necessary to estabIsh the zeroes and poles of F (ju) from
the modulus data. This is achieved via a graphical representation of the
modulus.
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If one considers the following function,

1 + JTIu
B (Jo) - (11)

1 + JT 2u

then in terms of logarithmic coordinates the modulus is given by

8 = loglB (JW)I = log I + - log 1 + (12)

and this can graphically be approximated by two horizontal lines, joined by a
1 1

line of gradient 1, intersecting at W - and w -1 , i.e. intersecting atT T* 1 2
the zero and pole ot B (ju).

Returning to F (Jw) and applying the same concept it can be seen that if
one were to calculate logIF (J )l and approximate it by a series of
alternatin% horizontal lines and lines of gradient 1, then the zeroes and
poles of F (jw) would be given by the frequencies of the points where these
lines intersect. Having determined the zeroes and poles, equation (10) can be
applied to calculate the loss factor.

As the experimental modulus data will probably cover a frequency range
which does not include the low and high frequency horizontal asymptotes,
which occur for the modulus of a viscoelastic material as shown in Fig.7,
errors will occur in the calculated loss factor. However, if the loss factor
is calculated over a frequency range which has lower and upper bounds at least
one decade above and below those of the measured data, the maximum error in
the loss factor will be 10%.

In order to validate this technique, numerous sets of published modulus
data were analysed with the predicted loss factor being compared to the
published values [12]. The results indicated excellent correlation for a wide
range of viscoelastic materials as shown in Figs. 8 and 9 for perspex and

poly-iso-butylene.
At present, in order to approximate the modulus curve, many zeroes and

poles may have to be calculated, resulting in a time-consuming computation.
It may be possible to develop a suitable expression for the modulus curve in
terms of fractional derivatives such that the number of steps required for the
modulus approximation may be drastically reduced [13, 14] This possibility
is currently being investigated.
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THEORETICAL PREDICTIONS USING VARIABLE MODULI

For the reinforced pipe shown in Fig.3, tests were conducted to measure

the dynamic stiffness and hence to determine the modulus master curve [8].
The loss factor was tnen predicted As shown in Fig. 10. The axial dynamic
stiffness characteristics of the isolator have not yet been measired.
However, shear modulus data for a similar type of compound was available. In

order to demonstrate the effect of analysing the isolator using a variable
modulus, the shear data was factored assuming E = 3G and the loss factor
predicted. The resulting modulus curves are shown in Fig. 11, where it can be

seen that the loss factor is predicted over two frequency decades less than
the measured modulus data.

Love theory predictions of the dynamic behaviour of both components were
obtained using the generated material properties and are compared to
experimental results in Figs. 12 and 13. It is clear that the frequencies of
the predicted wave effects are now comparable with those obtained from
experimental tests on the components. For the reinforced pipe the analysis
has accurately predicted the amplitudes at the wave frequencies, whereas for
the isolator these are in error. This Is attributable to the Love theory
errors discussed previously and to the material properties being inaccurate.

E

Hoduius 4aster Curve

0

IE7

iO - 7E6 0.1 110 _00 1000 5000

Loss Factor Master Curve

0 0.1-

U

Frequency (Hz)

- S 1O
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Z 0"1 ,O

O  
,O1 10Z ,03 104 ,O5 ,

6

Frequency (HZ)

Figure 10 Figure 11
Complex modulus master curves for Complex modulus master curves for
the reinforced pipe the isolator
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EFFECT OF MATERIAL PROPERTY VARIATION ON ISOLATOR PERFORMANCE

In order to assess how variations in the material properties of a
particular isolator, resulting from variations in the composition of the
viscoelastic material which will be controlled by the quality assurance system
operated by the manufacturer, might effect the dynamic performance of the
isolator a theoretical analysis was conducted on the isolator shown in Fig. 14.
The output end is assumed rigidly blocked, the L/k ratio is 2.4 and y 1.6.

Top mass 5.0 kg

/ Mount mass 3.3 kg

150 mm

/ j15m

/ /

175 tur

Figure 14: Theoretical isolator fror sensitivity analysis
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A complex modulus function similar to that obtained for the large

isolator in Fig.3 was generated to represent the properties of the isolator.

The resulting modulus master curves and the corresponding Love theory

prediction of force transmissibility are shown in Figs. 15 and 16 respectively.

The transmissibility curve clearly indicates a mass/spring resonance at 52 Hz

with wave effects at 213 and 336 Hz.

Modulus Master Curve

IE7 1
2.

....................... .. ... .... .. . .. .. .

6 E6 ... .._ . _.................... .

0.1 1 10 100 1000 5000 3.5

Loss Factor Master Curve 0

-28.3 ' ' '
______________________0100 200 300 400

0.10 0 1000 5000

Frequency (Hz) Frequency (Hz)

Figure 15 Figure 16

Assumed complex modulus master curves Force transmissibility prediction for

isolator using the Love theory

Manufacturers have stated that between different batches of a particular

Isolator the stiffness variation, ana hence the modulus variation, may be of

the order of ±10%. For the modulus curve in Fig. 15 the reference value was

taken to be the modulus value at 100 Hz. The dotted lines indicate 10% of

this reference value being added to and subtracted from the original modulus

curve. Within the resulting envelope different types of modulus variation

were investigated;

(1) It was assumed that the modulus cur-ve moved to the upper dotted line on

Fig. 15 i.e. that the modulus was increased by a constant value. As the

shape of the modulus curve was unchanged, the predicted loss factor curve

was also unchanged, in terms of shape and magnitude. Likewise when it

was assumed that the modulus curve was decreased by a constant value,

i.e. moving to the lower dotted line on Fig. 15, the loss factor curve was
again unchanged.

Thus, modulus curves which are of the samc shape share the same loss

factor curve. The predicted transmissibility functions for these two

cases are shown in Figs. 17 and 18, Comparing these to Fig.16 it can be

seen that the frequencies of the predicted wave effects have changed

significantly. These frequency changes were approximately proportional

to the square of the change in modulus, as would be expected. However,
as the loss factor curve was unchanged and as the ratios between the wave

frequencies and mass/spring frequency was maintained, the amplitudes of

the wave resonances were also unchanged.
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Figure 17 Figure 18
Force transmissibility prediction for Force transmissibility prediction for
the isolator using the master curves the isolator using the master curves
for the modulus increased by 10% for the modulus decreased by 10%

(2) Changes to the shape of the modulus curve were investigated. The
reference modulus value at 100 Hz was held constant. In the first
instance the modulus value at 0.1 Hz was increased by 10% with the value
at 10 4Hz being decreased by 10%. This was then repeated with the modulus
variations reversed i.e. the value at 0.1 Hz was decreased by 10% and the
value at 10 Hz was increased by 10%. The loss factor curves . ,
predicted in each case as shown in Figs. 19 and 20 respectively.
In the first case, the slope of the modulus curve has been reduced
resulting in a decrease in the predicted loss factor values whereas in
the second situation the slope is increased, in general increasing the
damping levels.

For both these situations, predictions of the force transmissibility were
made and these are shown in Figs.21 and 22. Compared to the initial
prediction in Fig. 16, the resonance frequencies have varied by only ±2 Hz
whereas the amplitudes have changed dramatically by up to 5dB. Obviously
different results would have been obtained by fixing a different
reference point on the original modulus curve, but this is only an
illustration of the variations in dynamic performance of the isolator
which might occur.
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CONCLUSIONS

It has been shown that the Love theory can be applied to predict
compressional wave effects in vibration isolators. In terms of
transmissibility functions, any amplitude errors resulting from the small L/k
ratios of the isolators can be quantified. However, the most important factor
with regard to the prediction of both frequencies and amplitudes is the
availability of reliable complex modulus data.

A method has been described which allows one to predict damping data for
a viscoelastic component or material directly from a measured modulus master
curve, avoiding 'the problems associated with phase measurement. This
technique has been successfully applied to predict damping curves for a wide
range of viscelastic materials.

The variations in isolator dynamic performance which might result from
variations in material properties have been discussed. From a sensitivity
analysis conducted for a theoretical isolator it has been shown that the
complex modulus variations can significantly affect both frequencies and
amplitudes of the predicted wave effects. This emphasises the need for
stricter quality assurance techniques to be employed by isolator
manufacturers.
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APPENDIX - LIST OF SYMBOLS

A,A arbitrary constants
12

B arbitrary complex function
C cross-section shape factor

*

E complex dynamic modulus

F frequency response function
F,F forces

K complex dynamic stiffness
L length of viscoelastic element
M mass of viscoelastic element

m
M ,M end masses

T T time constants1'2

e exponential constant
f frequency

(_1)1/2
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k radius of gyration

n complex wave number
qI pole of function

t time
x 1,x2  displacements

z. zero of function

Qradian frequency
6loss angle

mass ratio
p mass density

loss factor
V poisson ratio
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COMPENSATION FOR ACTUATOR DYNAMIC EFFECTS
USING MODEL FOLLOWING ADAPTIVE CONTROL

Q. Zhang, S. Shelley, and D. L. Brown
Structural Dynamics Research Laboratory

G. L. Slater
Department of Aerospace Engineering and Engineering Mechanics

University of Cincinnati
Cincinnati, OH 45221

This paper focuses on using force feedback to compensation for loss in
amplitude and phase shift of the force applied to a structure by an
electrodynamic shaker. A mathematical model of an electrodynamic
shaker is given and two compensators are described. The first
compensator uses direct force deviation feedback. This compensator is
easy to implement, but its application is restricted to a low frequency
bandwidth. The second compensator is based on model reference adaptive
control theory. It assumes the shaker-amplifier system is a non-linear, time
varying system, and for compensator design only knowledge of the
boundary values of the shaker parameters is required. Numerical and
experimental results are shown to valid of the proposed methods.

1 INTRODUCTION

The force applied to a structure by an actuator system may deviate significantly from the desired
force due to actuator dynamics and structure-actuator interaction. This is sometimes a concern in
modal analysis and is always of importance in active vibration control, particularly when dealing
with flexible structures. Therefore the actuator dynamics problem has increasingly drawn the
attention of mechanical and control engineers.

Some analytical and experimental studies have been done for modeling and understanding
actuator dynamics and structure-actuator interaction. Inman et al. modeled an
electromechanical actuator as a second order linear system and pointed out that the actuator
dynamics become important if the first natural frequency of the structur, falls below the break
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frequency of the actuator. Olsen 2 investigated experimentally the dynamics of electrodynamic
shakers and discussed the influence on the quality of the resulting frequency response
measurements in modal analysis. Juang et al.3 presented the results of a successful slewing control
of a solar panel based on a combined actuator-structure model. However, in the case where no
information on the structure is available before the structure is excited by the actuator, it is
impossible to either study analy;.ically the interaction between the actuator and the structure or
build up a combined model. The purpose of the present paper is to design a simple control loop to
compensate for actuator dynamics such that the force applied to the structure is equal (or close)
to the desired force.

The actuator system studied in this paper is a voltage amplifyer - electrodynamic shaker system
which is commonly used in modal analysis and other vibration tests. The results obtained for the
electrodynamic shaker can easily be extended to other type of actuator systems. The shaker
dynamics compensator is designed by using the following two control strategies : 1) Direct Force
Deviation Feedback (DFDF); 2) Model Reference Adaptive Control(MRAC).

For the first algorithm, the difference between the desired force and the force measured by a load
cell on the structure is directly fed back to the input of the actuator. It is assumed the inductance
of the electrical circuit of the actuator is neglectable. This assumption is valid for a sufficiently low
frequency range. The analysis shows that the corruption of the available force of the shaker due
to the interaction with the structure can be significantly reduced by using DFDF. The stability
criterion and the limitation of this method are also discussed in this paper. Considering the
modeling uncertainty of the actuator system and its parameter variation due to temperature
change and other exterior disturbances, the second compensator : adaptive compensator based on
Lyapounov's stability theorem is proposed. Assume the desired frce is represented by a first
order linear time invariant differential equation. The control loop parameters are chosen such that
the "error model", whose variable is the deviation of the available force of the shaker from the
desired force, is asymptotically stable. This implies that the force applied to the structure follows
the desired force. The advantage of this method is that it only requires knowledge of the lower
and higher boundaries of the characteristics of the actuator system and it disregards the
nonlinearity of the interaction between the structure and the actuator.

The proposed methods are appled to an electrodynamic exciter : MB Modal 50 combined with a
light cantilever beam. The simulation and experimental results will be presented to demonstrate
and compare the effectiveness of these two compensators.

2 MATHEMATICAL MODEL OF ELECTRODYNAMIC SHAKER

For the purpose of analysis, the electrodynamic shaker is represented by electrical components
and mechanical components. The circuit of the electrical components, which consist of a voltage
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amplifyer and the coil of the shaker, is shown in Fig.1. By using Kirchoff's loop law, the relation

between the input voltage va and the current ia is established

va =R ia + La di (1)

where Ra is the sum of internal resistance of the amplifyer and that of the shaker coil, La is the
inductance, /3a is the back-EMF (electro-motive-force) constant, and ., is the velocity of
motion of the armature.

It is well known by Faraday's law that the terminal voltage of a circuit v is equal to the time

derivative of the flux linkage -D v = - . -1 is a function of the current 'T' in the circuit and

the displacement of the mechanical movable part in the circuit "x". Thus the terminal voltage of
the circuit can be written as 4

&*di a1Ddx
ai dt & dt

If we restrict the model to be an electrically linear system whose flux linkagc is a linear function of
'T' and 'Y', the partial derivative and become constants, i.e. the inductance La and

the back-EMF 13a in Equation (1).

The force generated by the shaker, fa is proportional to the current in the shaker circuit, ia

fa = ia (2)

and it can be related to input voltage va by combining (1) and (2)

Ra La. (
va =afa + a fa + Oaa (3)

If the inductance of the shaker circuit La is neglectable, i.e., the shaker works in the low
frequency range, the force fa is a linear function of the input voltage va . Otherwise fa is the
solution of the first order linear differential equation (3). It will be convenient to write Equation
(3) in a standard state equation form

f La + 0 . (4)
fa a Va - aXaLa L, La

The mechanical component of the shaker can be modeled ai a single degree of freedom dynamic
system (as shown in Fig. 2) having the equation of motion
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fa - = ma X-a + Ca a + ka Xa (5)

where ma is the shaker armature mass, ka and Ca are respectively the equivalent stiffness and
viscous damping constants of the shaker suspension. -a , xa , and Xa are respectively the
acceleration, velocity and displacement measured at the driven point on the structure. f, is the
available force for the structure. Differentiating both side of (5)

f = fa " (maa+ Ca -a + ka a) (6)

and substituting (4) into (6) yields

Ra_.. . 4(7
"La- fa + va "{ ma Xa +Ca Xa +( ka + a )a}(7)

Equation (7) involves both f, and fa . In order to unify the variable we replace fa by Equation
(5). Equation (7) can be then written as

fj =-ga f, + ba Va -a (8)
Ra a

with ga - La ba = La
aa La

a= ra ' +(g Ma + Ca) ;a +(ga Ca + ka + ba 3) 'a + g, ka Xa

"a" represents the shaker-structure interaction. Equation (8) is the fundamental equation which
relates the force applied to the structure f and the input voltage of the shaker va . Fig. 3
illustrates Equation (8). From this scheme, it is obvious that the shaker-structure combined system
is a closed-loop system, where the outputs of the structure at the driven point are fed back into
the input of the shaker. This causes the resulting loss in force capability of the shaker and the
phase shift (especially at the resonant frequencies of the structure), which is undesirable for both
vibration tests and active control. In the rest of the paper, we are interested in finding control
algorithms to compensate for the force loss and phase shift due to the shaker-structure interaction
represented by term "a" in Equation (8).

3 DIRECT FORCE DEVIATION FEEDBACK

An explicit way to eliminate "-a" from Equation (8) is to create a control force equal to "-,-a". This
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requires first an accurate estimate of both the mechanical and electrical characteristics of the

shaker and second the capability to measure Xa , Xa ,, a , and i . In the real world, these
requirements can not be easily full filled. For this reason, compensators based on feeding back the
force deviation are investigated.

In this section, we restrict the model to the case where the shaker works in the low frequency
range, thus the inductance in the coil circuit is neglectable. From (3) and (5), the available force
for the structure fa can then be written as a linear function of the input voltage Va

- va a (9 )

where a= m.x +(c a + - )a + kaX

Denote the nominal input by , which may be the active control signal or some particular
function such as a harmonic function for step-sine excitation modal testing, and the desired force
by f

- (10)Ra

If v, is replaced by i in Equation (9), the deviation between the desired force f and the
available force for the structure f, is a . In order to compensate for the term a , we propose a
closed-loop control scheme as shown in Fig. 4. In this loop, Equation (10) represents a reference
model, and the input of the controlled plant (shaker) va is the sum of the nominal input C and
the deviation between f and f8

va = i -(f0 - f) (11)

where 0 is a real positive number. Substituting (9) and (10) into (11) yields

va =a (12)
1 +0 a

Ra

The force fs is then related to the nominal input by the equation below

Ra 1+0 a

Ra

a f-Oaa (13)Ra 1 +0a
R,,



The multiplying factor of a^ 01 = 1 is always less than 1, and if the feedback gain 0 is big
1+0 o

R,

enough, the force applied to the structure f, will be in the infinitely small neighborhood of the
desired force f. This is a simple control loop in which the only parameter to be determined is the
feedback gain 0. To achieve an optimal control performance, the feedback gain 0 must be as large
as possible. However, its selection must be subject to the stability criterion.

Since Equation (9) is a simplified model, for stability analysis Equation (8) must be used.
Substituting (11) into (8), the transfer function between f, and i ( f6 -T(s) i ) can be written
as

(C +1) b,
R,

T(s) =(14)
S + g, + Oba + D(s)

D (s)

where a =G(s)x,(s) , j(s)=s 3ma +s 2 (ga ma + ca)+s(ga Ca + + 3.a ba)+ga k

and Xa(S) N(s) fe(s)
D(s)

N(s) = (S -z 1 ) . S -(sz) is the transfer function of the structure at the driven point.
D(s) (s -A,) ... (s-A .)
z ... zm and A, ... A, are respectively the zeros and the poles of the structure. Assuming the
structure is a dissipative system, the poles A, ... A do niot lie in the right-half complex plane.

For stable operation of the control system of Fig. 4, all roots of the characteristic equation

(s + g, +0ba )D(s)+G(s)N(s)=O (15)

5must be negative real numbers or complex numbers with negative real parts

DFDF is very easy to implement. Only two parameters of the shaker-amplifyer system, R,, and ct
need to be estimated, and the the force applied to the structure f, need to be measured.
However, it must be noted that this method restricts itself to a low frequency bandwidth, and in
addition, it can not compensate for the phase shift caused by the system itself.(The coefficient a is
in general a complex number.) In the next section, a more sophisticated control algorithm is
proposed for the general case.
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4 MODEL REFERENCE ADAPTIVE COMPENSATOR

In the previous analysis, it is assumed the shaker-ampiifyer system is a perfect linear system and its
parameters being accurately estimated. However, in the real world, these assumptions are nct
strictly valid. In addition, the characteristics of the electrical components, generally, are time
varying subject to environment changes such as temperature humidity ai d other exterior
disturbances. Considering these practical factors, a robust control algorithm is needed to
accommodate the modeling uncertainty of the system and exterior disturbances. In this section,
we extend and apply the model following control scheme proposed by Ambrosino 6 to the present
problem. The advantage of this control algorithm is that it can deal with nonlinear time varying
plants.

Assume the desired force f is described by a linear, time invariant, first order differential
equation

.A

f = -g f + b (16)

where i is the nominal input to the shaker. g and b are real positive constants. They may be equal
to estimated values of g, and b, , or assigned by the control designer subject to the given
problem and/or other practical considerations.

(16) along with (8) form an "error equation"
A

f, -f= ---g, f, +gf + b, Va -b a

or

=-g e + w (17)

where e = f, - .f is the state variable of the error equation, and
w=(g-g)af + b, v, -bi -a

A control scheme is proposed, as shown in Fig. 5, such as the "error equation" (17) is
asymptotically stable. In this scheme, the input voltage to the shaker va is

;'' =K f 3- K, -h 1(e, f, )-h 2 (e , )-h 3(e) (18)
with

hl =hf f (19)
Wii+6

h12 =h, (20)

h3=h (21)
+h6



u=pe , -2gp=-q (22)

where Kf and K, are real constants, hf, h, and ho are feedback gains which will be discussed
iater. p and q are real positive numbers.

It can be proved that if the feedback gains satisfy the following conditions

h > -g -(1+ (23)

- b

ho > 1a- (l+ -) (25)F1K -f+-

the T-neighborhood S., = { e : < -y } is asymptotically attractive everywhere.

Let a real positive function

V(e) = e'p (26)

be take as Lyapunov function. Along with Equation (17), the time derivative of the Lyapunov
function is

V (e)= 2ep = 2e(-ge + w)p = -e 2q + 2uw (27)

If (23) to (25) are satisfied, it results in

uw=u{(g- ga)f+ b,(Kif, +K - u u h u )-bv -a}< (28)+ -h,-hl , - , ) -- l b- al ,0 (28

for anyl uI>"-

V(e) is positive and its time derivative V(e) is negative. According to the theorem of Lyapunov,
Equation (16) is asymptotically stable. In consequence, the deviation between the desired force f
and the available force for the structure f, will be bounded in the '--ncighborhood.

REMARKS

1. The key to this control scheme is to find feedback gains h1 , h, , and ho satisfying (23) to
(25). Note that Equations (23) to (25) are inequality equations, so they will be tolerant of
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the estimation errors of the characteristics of the shaker. In fact, the present control law
remains valid, even if g ard b, are bounded linear or non-linear funct-:ns of time or
other physical variables with known (or estimated) lower and upper boundaries. In this case,
the "dangerous" (lower or upper) boundary values of g, and b, are used to determine
h , h,, and h 0 in Equations (23) to (25).

2. An appropriate choice of constants K! and K, in Equation (i8) can reduce the magnitude
of the feedback gains. A natural way to choose these constants is Kf equal (or close) to

g, - g and K, equal (or close) to
b '

3. If 6 = 0 in (19) to (21), the control system becomes a variable structure system,
discontinuous on the line u = 0. Ambrosino discussed the disadvantages of the
discontinuous control law (6 = 0) by comparing with the continuous control law (6#0). An
illustrative example for a pendulum tracking control showed the discontinuous control law
causing undesired chattering of the control signal. By our experience, this chattering can
very easily destabilize the control system in practical implementation due to unmodeled
higher modes of the shaker and hardware limitations of the control loop. It is advisable to
take b equal to (0.4 - 0.6)p ( u =pe Equation (22)).

5 NUMERICAL AND EXPERIMENTAL VALIDATION

The proposed methods are applied to compensate for the dynamic effects of an electrodynamic
shaker which is used to excite a flexible structure. The numerical and experimental process is
described as follows.

5.1 ACTUATOR The actuator studied is an electrodynamic exciter type : MB Modal 50, which
can provide 50 lb. peak dynamic force with 1" stroke. Mechanical parameters specified by the
manufacturer are : armature mass < 0.4 lb. and armature axial suspension stiffness < 15 lb/in. All
parameters of the shaker-amplifyer system required by this study are experimentally determined.
This parameters are listed in Table 1.
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TABLE 1. Characteristics of Electrodyoamic Exciter

Electrodynamic Exciter: MB Modal 50

Measaired Values
Characteristics

English Units Metric Units

Armature mass (m,) 0.54 lb 0.24 kg
Armature axial suspension stiffness (ks) 12.9 lb/in 2235 N/m
Armature axial suspension damping (c.) 0.035 lb/in/sec 6.1 N/rn/sec
Resistance of Amplifyer and Shaker (R0 ) 2 n 2 fl

Inductance of Shaker coil (La) 0.00183 H 0.00183 H
Back-EMF constant (J3) 0-52 volt/in/sec 20.5 volt/rn/sec

Current-force coefficient (a) 4.25 lb/amp 18.87 N/amp

In addition, the frequency response function between the force input to the armature and
armature response (for "zero output impedance"), as shown in Fig. 6, provides a very useful value :
the fundamental resonant frequency of the shaker which is around 15 Hz. This value is very
important to understand the shaker-structure interaction.

5.2 STRUCTURE The structure to which the shaker is attached is a cantilever beam. The
geometrical and physical parameters of this structure can be found in Table 2.

TABLE 2. Parameters of Cantilever Beam

Cantilever Steel Beam

Measured Values
Characteristics

English Units Metric Units

Length 42.6 in 1.08 m
Width 2.75 in 70 mm

Thickness 0.125 in 3.2 mm
Module of elasticity 0.303x10 8 lb/in2  2.08x1Ol"N/m

Unit weight 0.282 lb/ in 3  7800 kg/rn 3

Poisson's ratio 0.3 0.3
Uniformly distributed lumped masses 6x0.069 lb 6x0.0315 kg

The first four modes of the beam were experimentally identified. Both frequencies and mode
shapes match those calcukited from a Finite Element Model with 12 elements. Since this structure



is to be used for the active vibration control research, there are 6 sensors uniformly distributed on
the beam. The mass of the sensors is taken into account in the FEM. The shaker is connected with
the beam at point 6 (see Fig. 7).

5.3 N-JJMERICAL SIMULATION SYSTEM A numerical simulation system is built up for the

purpose of

* Investigation of the actuator-structure interaction

• Validation of the measured physical parameters of the shaker

* Prediction of the performance of the controller design.
This numerical simulation system consists of an actuator-structure combined model

C+C" M + m" [ [K-ka 0 a 1 0
+ m" 0 0 0 M+ ma 0 +
0 0 La di 0 )La Ra J Va

dt -I,

where [M], [C], and [K] are the mass matrix, damping matrix, and stiffness matrix of the structure
respectively.

The first five eigenvalues of the structure alone and those of the actuator-structure combined
system are listed in Table 3.

TABLE 3. Eigcnvalues of Structure and Actuator-Structure Combined System

Structure Actuator-Structure System

Damping Freq. Damping Freq.

0.0% 2.13 Hz -31.38% 5.08 Hz
0.0% 13.30 Hz -23.87 0.0

-165.14 0.0
0.0% 37.17 Hz -0.09% 37.13 Hz
0.0% 72.67 Hz -10.08% 63.27 Hz
0.0% 119.66 Hz -0.04% 119.58 Hz

Note that the fundamental resonant frequency of the shaker (15 Hz) is close to the natural
frequency of the second mode of the structure. Coincidently, the second eigenvalue of the
actuator-structure combined system becomes a negative real number (its complex conjugate too).
Through a series of tests by changing the connection point of the shaker with the structure, it has
been observed that the perturbation due to the presence of the shaker on the second mode is
always much larger than the perturbation on the other modes, and the further the modes from the
resonant frequency of the shaker, the smaller the effect of the shaker dynamics on them.
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In order to verify the measured physical parameters of the shaker, we simulate the force f,
generated by a sinusoidal input at 5 Hz and compare it with the force measured by a load cell
mounted on the structure. Fig. 8 (a) and (b) illustrate the simulated and measured forces. The
desired force, which is proportional to the input signal v. , is drawn in these figures as a reference.
The phase shift and loss in amplitude of the measured force f, with respect to the desired force
match the simulation results quite well. In this way, the measured physical parameters of the
shaker are verified.

5.4 EXPERIMENTAL SETUP The experimental set up is shown in Fig. 9. First the analog
signals from the signal generator G and the load cell L enter the control bloc C. After on line
computation in the control bloc, the resulting signal va is then sent out to the voltage amplifyer
A. The control bloc consists of an EAI-1000 analog computer containing integrators, summers,
multipliers and analog switches, which enables the realization of the control laws described in
Section 3 and Section 4. The only sensor involved in this control loop is a !oad cell type PCB
Model 208A02 with sensitivity 55 mv/lb.

5.5 DISCUSSION OF RESULTS The numerical simulation results and the experimental
results are shown in Fig. 9 and in Fig. 10 respectively. It is understandable that the numerical
results are very good, since the simulation operates on an exact mathematical model. The analysis
in Section 4 reveals for MRAC the deviation between f, and f, will be kept in the -r
neighborhood. If I u I < -", the stability condition may be violated and I u I will increases until I u
This phenomenon can be observed clearly in Fig. 9-b.

In the previous analysis, the phase shift caused by the shaker system itself is not taken into
account. However, for the experimental implementation the phase shift due to the filter, analog
computer, and amplifier (the phase lag due to amplifier implies that a is a complex number) will
influence the control performance. Fig. 10 shows that the loss of the force f, in amplitude is
almost fully compensated, but the phase shift is only partially compensated.

6 CONCLUDING REMARKS

The mathematical model of an electrodynamic shaker is given in this paper. The force applied to
the structure is related to the input voltage of the power amplifier by a first order differential
equation, which reveals also the shaker-structure interaction. It must be noted that this model is
based on the assumption of the flux linkage 1 being a linear function of the current "i" and the
position of the armature "x", which leads to La and 13a constant. However, the experimental
study 7 shows that both La and 0, are not constant : La varys with the frequency of the input
signal and 3a is in function of the position of the armature. The advantage of the proposed
compensation methods is their robustness to the variation of the shaker parameters.
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The first compensator restricts itself to a low frequency bandwidth, so the inductance of the coil
L, is negligible. Effects due to back-EMF of shaker dynamics are accounted by the variable a.
thus the force deviation feedback deals with the error in global manner rather than handling each
shaker parameter separately.

The second compensator only requires the boundary values of g, and b, and it disregards
whether shaker parameters are linear or non-linear functions of time or other physical variables.

The proposed methods are verified numerically and experimentally.

Further research on will be oriented in the following directions

* Compensating for the phase shift due to the shaker-amplifier-compensator system itself

* Updating the proposed compensation algorithms to other types of actuator system.

REFERENCES

[1] D. J. Inman , R. W. Mayne and D. C. Zimmerman , "Comments on electromechanical
actuators for controlling flexible structures" , Proc. of 5th AFOSR Forum on Space
Structures, Aug. 1987, Monterey CA

[2] N. L. Olsen , "Using and understanding electrodynamic shakers in modal applications",
Proc. of 4th IMAC, Los Angeles, CA, pp. 1160-1167, 1986

[3] J. N. Juang, L. G. Horta, H. H. Robertshaw, "A slewing control experiment for flexible
structures", J. Guidance Control & Dynamics, Vol.9, No.5, pp. 599-607, 1986

[4] H. H. Woodson and J. R. Melcher , "Electromechanical dynamics Part I : Discrete
System", John Wiley & Sons Inc., New York, 1968

[5] H. L. Harrison and J. G. Bollinger , "Introduction to automatic control", International
Textbook Company, New York, 1969

[6] G. Ambrosino , G. Celentano and F. Garofalo , "Robust model tracking control for a
class of nonlinear plants", IEEE Trans. Auto. Contr., AC-30 pp 275-279, 1985

[7] S. Shelley, Q. Zhang, X. N. Luo, R. J. Allemang and D. L. Brown, "Experimental study
of compensation for shaker dynamic effects", Proc. of 13th Int. Scninar on Modal Analysis,
Belgium, Sep. 1988



V, Back-EMF

Figure 1. Electronical Component Circuit of Shaker

k,VI/,

Shaker Ma Structure

CFu T

Figure 2. Mechanical Model of Shaker



V + x.S aker-Am'11plifer Structure

a

Figure 3. Bloc-Diagram of Equation (8)

j Shaker-Amplifer

Figure 4. Bloc-diagram of Direct Force Deviation Feedback

171



f

K. V" Shaker-Amplifer

Figure 5. Bloc-Diagram of Model Reference Adaptive Compensator

.,. "11; ): ?O. . ;'
IRAAS A: t0

20.00(Q

MAG

00
0.0 Hz 100.00

Figure 6. FRE Between Force Input And Response Of Arrnatur"C



2 4 6 8 10 12

Figure 7. Actuator-Structure Combined System

G

Figure 8. Experiment Setup Scheme



SETUP GRP TINE LONR VW 4008 CH A8 FR 400HZ
03: 07: 19 TIME B INP OG X5 WTG H A .5V B .5V

* , ,

0 N(RN LNXS ASE T .976a SEC 1.0000

.77344 SEC B: .0840 V XPRO SUM N 0

a) Experimental Result

SIMULATION RESULTS

0.4e

e

S

0 .2 _

. .7 E B : ., V1 -- , SU N

eSp
-8.40

Time (Sec.)

Figure 9. Force Applied To The Structure & Desired Force

"Dashed line" : Force Applied lo The Structure
"Solid line" Desired Force

1 f;'.



SIMULATION RESULTS

9.48

p
0 e

n
_-20

S

e
-6.49

9098 920 8.40 090 9.9 .0

Time (Sec.)

a) Result Of DFDF

SIMULATION RESULTS

0.49
R
e

p2

S

BinI 1 11 1
0.092 .096 .019

Tne(e.

(SiulTim RSt)

"Dashed line" :Force Applied To Thec Strtu~re
"Solid line" :Desired Force



SETUP GRP TIME LOWR VW 4008 CH AB FR 400HZ
O: 7:02 TIME E! INP DG X5 _ TG H A .5V B .5V

.2 I

p p

0 NORMH INX11 BASE T .976m SEC 1.0000
.7345 SC e: .0045 v xeno SUN K 0

a) Result Of DFDF

SETUP GRP TIME LOWI VW 400B CH AB FR 400HZ

01: 12- 3;2 TIME B INP DG X5 WTG H A .JV B .5V

.2 L

0 NOR pX BAS T .96 ECP 0

"Sli line :, T sr oc

*, p

-.2 __ __

0 OR NIl BASE T .976m SEC 1.0000
I.3 7 SEC B: .04 V XPO SU N (0

a) Result Of DFAF

01: r 12. TIMcE BA pidT The Str c ture ih A penVB tio

V---------------------------------------

p p ,



DAMPING AND VIBRATION CONTROL OF
UNIDIRECTIONAL COMPOSITE BEAMS USING AI)D-ON

VISCOELASTIC MATERIALS'
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In this paper a methodology for vibration
control of composite beams is introduced. A
constrained viscoelastic layer treatment is applied
to the surface of the beam. Analytical lesults of
structural damping, frequencies of vibration, and
maximum displacement are obtained by using a finite
element numerical program. Some analytical results
are also compared with experimental data which are
obtained by using the Fast Fourier Transform based
impulse technique. Numerical results of structural
damping and displacemen, ratios are plotted as
functions of the length of the viscoelastic material
and some other geometrical parameters.

introduction

Most composite structural elements are used in severe
dynamic environments which may produce a considerable amount of
displacement, thus, vibration control to reduce resonance
displacement and noise level is extremely necessary. Excessive
displacements cannot be controlled by simply increasing the
stiffnmss of the structural elements, since increasing the stiffness
is equivalent to increasing the natural frequencies of free
vibration, excessive displacements are still possible at resonance.

To the authors' knowledge, one of the best ways in vibration
control I s to introduce additional damping to the composite
structural elements. With sufficient dampijng in the structure,
excessive displ acements will be drastically reduced at resonance.
H{owever, uu o w, most of the vibration control reseirch has been

] This work i; sponsored by the Army Research Office,
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limited to metal structures only.

The objective of this paper is to develop some methodologies
in vibration control and to improve the performance of composite
structural elements under dynamic load environments.

The method under consideration is using add-on viscoelastic
material on the surface of the beam to increase the structural
damping (loss factor). This rethod has been used extensively for
metallic structural elements by Nashif, Jones and Henderson [1]. In
the beginning, we limit our attention to vibration control of
unidirectional composite beams only.

It is generally well-known that viscoelastic materials will
dissipate considerable energy through shear deformation. In order
to utilize this phenomenon, the viscoelastic material is constrained
with a constraining layer with rigidity comparable to that of the
composite beam. The viscoelastic material will be forced to deform
in shear due to the high mismatch in rigidities between the
constraining layer, viscoelastic material and the composite beam
structure. In order to reduce the total weight of the structure we
try to use discontinuous add-on material as shown in Fig. 1. Since
the beam thickness is discontinuous, it is convenient to use a
finite element method as our analytical tool. This method will
generate numerical values of material damping, natural frequencies,
and displacements at some critical points. In future applications,
this method will also be able to accommodate continuous variation of
cross-section and pre-stress due to centrifugal forces, and initial
twisting, such as in helicopter blades. Development of the finite
element program will be discussed in detail in the next section.

Uetcl Constrainlng Layer Damping Laycr

i-I-- __E1F -]7
Structure

Figure - 1 CONSTRAINED LAYER DAMPING TREATMENT

This research is also carried out experimentally. A brief
description of the experimental set-up and experimental proceaures
are presented in this subsequent section. Some numerical results
are compared with experimental data. Reasonable agreement between
analytical and experimental results are observed.

Finite Element Analysis

The finite element method was used to evaluate damping in
the structure for different lengths of treatment of the constrained
viscoelastic layer. Figure 2 shows the arrangement used for



modeling of the three layer sandwich. The base structure and the
constraining layer were modeled using a specially developed three-
node, seven-degree-of-freedom, offset beam element. A key feature
of this element is its ability to account for coupling between
stretching and bending deformations. This allows for the beam nodes
to be offset to one surface of the beam, coincident with the nodes
of the adjoining element. The viscoelastic core is modeled using
rectangular plane stress elements with two translational degrees of
freedom per node.

1 Sin(wt)

1W

Figure - 2 TYPICAL FINITE ELEMENT MESH

Offset Beam Element

The element matrix for the offset beam element shown in Fig.
3 is formulated as follows. The different displacement components
are given by,

u(x,y) = u (x) + (z - h)O(x)

w(x,y) = w(x)()

O(x,y) = O(x)

u and 0 are defined using linear interpolation functions.

U (x ) = (l X/ L ) X/ I ] [ue u " T (
e(x) = (1-x/L.) (2a)

where, u.', u,,, 011 and are corresponding nodal displacements.
w is defined using quadratic interpolation functions.
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where w' , w' and w3 are nodal displacements.

Strains are derived from the displacement using the

kinematic strain-displacement relations of linear elasticity.

S = au. + 1
ax ax ax

au aw aw (3)
Yzx =- + -" = + 8w

az ax ax

The strain energy density for the system is given by

1 C1 k2 1 2U° - 2 C X 2 C5 5 7xz (4)

C31  and C55  are constants from the constitutive
equations. The total strain energy for the system is given by

Le h /2

J Udv = b *f /2~d (5)V 0 -h/2

Using equations (2), (3), (4) and (5), the strain energy of

the system is reduced to,

U = {de )T [K.] (d. )

where,

(d,) = vector of elemental D.O.F.

[Ke ] = element stiffness matrix

The calculations involved are lengthy, but straight forward
and are not presented here. The distribilted mass matrix is
evaluated similarly from the kinetic energy of the system.
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Figure 3 OFFSET BEAM ELEMENT

Modeling and Solution Technique

As mentioned before the base structure was modeled using the
three-node shear-deformable beam element. Typically, ten elements
are used to model the beam. Very large aspect ratios are common for
elements used to model the viscoelastic core. Values as high as
5000 to 1 have been used successfully [2], and are sometimes even
necessary, since the viscoelastic core is only two mils thick.
Aspect ratios up to 200 to 1 were used in the present study. To
validate this formulation, several calculations were made to
determine natural frequencies and tip displacement of simple
systems, closed form solutions to which are easily derived.

The loss factor was evaluated using the direct frequency
response technique. In this method, a forced vibration at a known
frequency is considered. System displacements are obtained by
solving a system of complex-valued linear equations. The frequency
response spectrum is obtained by plotting amplitudes over a range of
frequencies. The loss factor, a measure of damping, is obtained as
shown in Fig. 4. This technique, though not the most efficienL, was
used for two reasons, simplicity and the relative small size of the
problem in question.

The modeling method used is reasonably efficient. A three
layer structure is modeled using only two layers of nodes. This
technique can be easily extended to two-dimensional problems.



However, alternative methods for determining system loss factor will
have to be used as the problem size increases.
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Figure - 4 TYPICAL REAL PART OF THE

TRANSFER FUNCTION

Experimental investigation

In this investigation, the impulse technique was used for
measurement of material damping. A schematic drawing of the
experimental set-up is presented in Fig. 5. A detailed description
of this technique can be found in Ref. [3]. We have used this
technique to measure material damping of various composite materials
with great success.

1 3
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3M ISD-10 (ST-2052X visco-elastic material)

p E Poisson's G 7
g/CM3 GPa ratio GPa

1.10 0.03 0.50 0.01 1

Soft Aluminum (constraining layer)

p E Poisson's G 7
g/cm3 GPa ratio GPa

2.75 52 0.32 19.7 0.28

Two important quantities, structural damping and the maximum
tip deflection with and without add-on visco-elastic tape are
evaluated numerically using the finite element program discussed
previously. The important parameters which will affect the
structural damping and the maximum deflection are the location and
length of the add-on material, the condition whether the add-on
material is fixed to the fixed end of the composite beam or not, and
the ratio between the frequency of the forced vibration to one of
the natural frequencies of free vibration. In addition to the above
parameters the loss factor of the soft aluminum (constraining layer)
may also play an important role to affect the structural damping and
the tip deflection of the composite beam. Since there are so many
parameters to be considered, we cannot include all the effects in
this paper. In this paper we limit attention to vibration in the
neighborhood of the fundamental frequency of the system. Results
corresponding to higher frequencies will be published in separate
papers. Also, the data corresponding to zero loss factor of the
constraining layer (7 aluminum =0) is called data set one, and
corresponding to T7 aluminum =0.28 as data set two. Data set one
represents the case of a stiff but elastic constraining layer with
no damping and data set two represents a stiff and high damping
material such as soft aluminum. In order to see the effects of the
loss factor of the base structure (composite beam) we evaluate the
damping and tip displacement ratio as a function of a/L
(q aluminum=0.28) using n composite as a parameter. This is
designated as data set three.

Figure 6 shows the real and imaginary parts of the tip
deflection as a function of the frequency of the forced vibration
with four lengths of the viscoelastic material and the corresponding
structural loss factor evaluated from the finite element program.
The amplitude of the tip deflection is also obtained from the
response of the real and imaginary parts. At resonance the tip
deflection is about seventy times the amplitude of the forcing
function when b/L=0.l (b=length of the viscoelastic tape) at
frequency 1020 rad/se - to forty-five times the amplitude of the
forcing functions when b/L=0.4 at frequency 1100 rad/sec. The value
of the fundamental frequency of the system changes slightly because
of the influence of the length of the viscoelastic tape. In order
to see the e acts of the length of the viscoelastic material to the
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loss factor of the taped and untaped beam we plot the loss factor
ratio as a function of the nondimensional tape length in Fig. 7 for
two different locations of the tape; one starts from the fixed end
of the beam and another starts from 0.1L (L=length of the beam) from
the fixed end. It is observed that the loss factor ratio increases
as b/L increases and at b/L=0.4 the maximum value is reached. The
maximum ratio is about 11 for a/L=0 and 7.5 for a/L=0.1. After the
peak value is reached, the loss factor ratio suffers a small drop
and then maintains this value up to b/L=1.0 for the case a/L=0, and
up to b/L=0.9 for the case a/L=0.1. Similar observation is also
true for a similar plot of data set two (i.e. n aluminum=0.28) as
shown in Fig. 8. The maximum loss factor ratio is 19 for a/L=0 and
about 12 for a/L=0.1. The existence of an optimized length of the
visco-elastic material at which the structural damping is maximum is
significant. This phenomenon was also observed by Plunckett and Lee
[4], for metallic materials. This result confirms our previous
assumption that the primary mechanism for introducing damping
through the viscoelastic material is through shear deformation of
the material. At the optimized length the shear deformation reaches
a maximum value. For lengths greater than the optimized value (say
close to the beam length) the deformation of the viscoelastic
material is controlled by extensional deformation of the surface of
the beam.

l 8(,
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Figure 9 shows the variation of loss factor ratio with the 
tape

length for data set 3. This helps to examine the influence of the

loss factors of the base structure on system damping. Comparisons

between figures 8 and 9 reveal that percentage increase in loss

factor is greater for the base structu-, with lower loss modulus.

System damping, however, is greater for data set 3. Experimental

calculations for loss factor were made only for data set 3, and are

plotted in Fig. 9 along with the analytical curve. Reasonable

agreement between analytical and experimental data was observed.

The trend observed from the analytical calculations was reproduced

by experimental measurements.
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In Fig. 10 we plot the ratio of the amplitude ot the tip
deflection ratio with and without the ,,iscoelastic tape for the case
a/L=O and a/L=0.l for data set one. In Figures 11 and 12 a similar
plot is presented for data set two and data set 3. We observed that
tip deflection at resonance is reduced more than 35% for the case of
a/L=O and q aluminum=0.28 and for a/L=O composite=0.0075, and is
reduced to 95% for the case of a/L=O and r aluminum=0.
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In Fig. 13 we plot the loss factor ratio as a function of b/L
corresponding to two cases: In one case the viscoelastic tape is
fixed at the fixed end of the beam and in the other case it is free
at the fixed end the beam. We find out from Fig.13 that the loss
factor for the case of free at the fixed end is slightly higher.
The greatest difference between these two cases is at the optimized
length of the viscoelastic material b/L=0.4. In Fig. 14 a similar
plot for the amplitude ratio as a function of b/L is presented.
Again, the amplitude ratio for the case of free viscoelastic tape at
the fixed end of the beam is slightly smaller than the corresponding
case of fixed viscoelastic tape at the fixed end of the beam.
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Concluding Remarks

Based upon the numerical results we have found that for glass-
epoxy unidirectional composite beams there exists an optimized
length of the add-on viscoelastic material at which the structural
damping becomes a maximum. By using commercially available
viscoelastic material (3M ISD-110 SJ-2052X tape) with soft aluminum
constraining layer [5] the structural damping is increased from 2 to
20 times and the maximum tip deflection can be reduced to about 40%-
90% of the value for the composite beam without add-on viscoelastic
tape.
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In conclusion, the methodology of using add-on viscoelastic
tape with a constraining layer to composite structural element seems
very useful in vibration control under dynamic load environments.
It is very useful to helicopter rotor blades design. Further
research for other composite materials such as graphite epoxy,
boron-epoxy, etc., should be done. Also, the effects of the initial
stress due to centrifugal forces should be taken into consideration
in the future research.
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This paper describes an experimental study of
load-deflection (or natural frequency-load) characteristics and
creep characteristics of cylindrical rubber components. An
accelerated test procedure was developed for comparative
creep evaluation.

INTRODUCTION

Rubber compone.its loaded in compression play an important role in design of
vibration/shock/noise control, as well as power transmission components. This is
due to much higher effective elastic modul-is and a!!crable stresses in compressed
rubber parts as compared with parts loaded in shear. Accordingly, vibration
isolators, couplings, etc.. using rubber in compression can be made smaller and
lighter 11,21. In order to achieve reliable performance characteristic of the
compressed parts, rubber elements are bonded between metal plates. Bonding is
associated with high processing costs, stress concentration is usually induced in
bonded rubber-metal connections under compression 13). As a result, much smaller
relative deformation is allowed for bonded rubber elements loaded in compression
(usually 10-20%) as compared with rubber in shear devices (50-100%). As a
result, axial dimensions of rubber parts loaded in compression are significantly
larger than those of rubber-in-shear parts for required rated axial deflection in
the payload direction. Both loaded (bonded) and free surface areas of the bonded
components are constant during loading process, thus resulting In the constant
shape factor and largely linear load-deflection characteristic. However, a hardening
nonlinear characteristic is more beneficial for vibration control devices [1,21.

Rubber blocks without bonding would introduce slippage in the rubber-metal
interface. It causes accelerated wear as well as indeterminacy of load-deflection
characteristics due to unstable and unpredictable friction characteristics at the
Interface 141. In cases where unbonded rubber hlocks are compressed (such as
spider couplings) onset of slippage is considered as an indication of overloading
151.

One way of avoiding these problems is to use unbonded rubber elements with
curvilinear surfaces, whose contact area with flat or shallcw curved loading plates
would be gradually increasing with the increasing compression force, thus
eliminating or alleviating friction-related effects, as well as reducing stress
concentration. Intuitively, the best shapes for such elements are classical
streamlined bodies such as spheres, toruses, ellipsoids, and cylindrical cords. The
concept of using such rubber elements for vibration control devices has a long
history. Use of a car suspension with spherical rubber elements was proposed in
1872 161.
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Test results in 171 showed excellent fatigue resistance of spherical rubber
parts, even at cyclical compression with the relative deformation alternating
between c.,n.=0 and c,.,=0.SD (D is diameter of the sphere). Intuitively, this is
due to reduced stress concentrations in streamlined components. One can make an
a priori tonclusion that such cumponeitt would demonstrate also a superior creep
behavior. Sometimes, creep phenomenon is called "static fatigue". In addition to
the advantageous stress distribution, streamlined rubber elements are character-
ized by continuously changing shape factor with changing load and, thus, by a
desirable hardening nonlinearity 1101.

This paper will describe some results of experimental study of load-deflection
and creep characteristics of cylindrical rubber components.

COMPARATIVE STUDY OF CREEP AS INFLUENCED BY PART SHAPE

Creep can be of critical importance for vibration control devices. Creep
differential between individual vibration isolators causes loss of leveling and
distortions in machine frames. Creep in vehicle engine mounts, which is naturally
enhanced by elevated temperatures in engine compartments and large initial
deflections of the mounts, calls for larger clearances between the units in the
engine compartments. Creep in power transmission couplings could lead to
increasing clearances.

Studies of creep phenomena in rubber are not as extensive as for metals, partly
due to a very long time required for conventional creep testing procedures and a
need for multiple test rigs in order to simultaneously conduct protracted tests of
several samples. Due to Insufficient available data on creep properties as well as
poor communication between mechanical engineers and rubber technologists, there
is a widespread belief that a positive correlation exists between relative eiiergy
dissipation in a particular rubber blend and its rate of creep. This notion
precludes the use of high-damping rubber blends for machinery and engine
raounts due to, in part, their allegedly high rates of creep. However, a feasibility
of selecting rubber compounds combining high damping and low creep has been
demonstrated 11,81.

Creep rate is determined not only by material properties, but also by
maximum stresses as well as by the spacial stress distribution in the loaded
component. Accordingly, it is reasonable to expect that the creep rate can be
modified by judicious shape changes of the element. This issue is addressed below.
To exclude influence of compounding/vulcanization, test samples were fabricated
from the same rubber stock for a given test group. These samples were tested
under various loads and deformations to study influence of part shape. Standard
creep tests require a long time(10 3 - 104 min., i.e., 17 h - 7 days). Such prolonged
individual tests preclude use of state-of-the-art servo-hydraulic test systems for
creep evaluation due to cost considerations. To improve feasibility of creep studies,
an accelerated creep testing technique has been developed.

It is generally agreed that creep in rubber elements Is a combination of
primary (or physical) creep and secondary (or chemical) creep 181. Primary creep,
which dominates at short duration tests, is related to the displacement or slippage
of cross links in rubber under loading. Secondary creep dominates at prolonged
tests and is mainly associated with chemical degradation of the rubber due to
attack by atmospheric constituents such as oxygen and ozone. Overall creep
intensity can be characterized by the percentage relative creep.

Yt-Yi
C 6 - X 100% (1)

y1
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where yt is deformation of the sample after t minutes of lcading; and yi is its
deformation of the sample after 1 minute of loading. The deformation yi,
practically, fully recovers upon removal of the initial load.

The primary creep rate usually slows with time, with the creep deformation
being approximately proportional to the logarithm of time. Thus its magnitude can
be expressed per a decade of time, by dividing (1) by log t (min.). Beginning as a
straight line, the creep plot then passes through a transition region (at 103 or 104

min.) due to the effect of the secondary creep.
In this report, the primary creep which Is more dependent on stresses and

strains in rubber elements is studied for a comparative evaluation of how creep
rate is influenced by the shape of rubber parts.

An accelerated creep testing procedure was first described In [9]. It was
shown that a cyclical loading of a rubber specimen (application and removal of
deadweights with a 20 sec period) creates continuous increase in deformation. A
"creep rate per decade of cycles" characteristic was introduced, and has shown a
rernarkable correlation with the standard "creep rate per decade of time" while
being numerically higher about 8 times for the employed loading sequences. In our
work, cyclic creep tests were performed using two different sinusoidal loading
waveforms (double amplitude sinusoidal waves and single amplitude, or haver sin-.
sinusoidal waves), for which percentage relative creep deformation is defined,
respectively, as

C~d- y x 100% ; Co,=- X 100% (2)Yo yl

where yi, yn is deformation after the first, n-th cycle; yo is initial static
deformation.
Dividing Ccd and Ces by log n results in cyclic creep rates per decade for the
respective waveforms.

GEOMETRY OF TEST SPECIMEN'S AND TEST PROCEDURE.

The test specimens were solid cylinders (durometer 60 Shore A) madc from
neoprene rubber. To assure consistency of rubber parameters, the cylinders were
fabricated by a precision cutting of a required length from a long extruded
cylindrical cord. Three samples were tested for each test condition. All the tested
specimens were not subjected to loading before the actual test. The tests were
performed on Instron servo-hydraulic testing machines (models 1350 and 1331).
Nicolet digital oscilloscope (model 4094) was used for recording and storing output
signals and also for monitoring feedback signals generated by load and stroke
controllers of the testing machines. Stored output waveforms in Nicolet digital
oscilloscope were transferred Into PC via RS 232 interface and Waveform BASIC
developed by Blue Feather Software Co. (Figure 1). Ambient temperature and
relative humidity were in the general range of 700F - 85OF and 40% - 70%,
respectively.

Load-deflection Characteristics. Each cylindrical specimen was gradually
deformed in the radial direction at 0.4 inch, mrin. (ISO standard speed) without
interruption up to 55% relative deflection. The compresl,,ioi was repeated for three
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Several surface conditions had been tested: (a) Petroleum-jelly on polished flat
metal platens to eliminate friction; (b) Sahdpaper (grit 400) attached to the
platens to resist lateral slippage; (c) Polished flat metal platens without sandpaper
or lubrication; (d) Specimens were embedded in flexible silicon foam molded
around them.

As shown in [11, the "constant natural frequency" characteristic is of special
importance for vibration isolators. Accordingly, instead of load-deflection
characteristics, load-natural frequency characteristics, were studied. Natural
frequency was calculated as r, - / 2nqFg/P where Kz = JP/,Ax is vertical stiffness; g
is acceleration of gravity; and P is applied load, considered as a weight load.

Rubber elements, radially compressed between the platens with restriction on
sliding (with sandpaper) have the highest stiffness, and those embedded in foam -
the lowest stiffness. It is clearly indicated in Figure 2. For the "constant natural
frequency" range, which is defined as loaded range in which fz variation is within
± 5%, fz=9.3; 9.1; 8.7; 8.3 Hz for surface with sandpaper; cleaned without
lubrication; lubricated; for samples embedded in foam, respectively.

Static creep test. To establish reference database for accelerated creep
tests, static (constant load) tests were performed for several specimens using "load
control" mode at 15% and 30% deformations. The specimen deflection was
automatically sampled every minute for the first decade of time (1 - 10 min.) and
every 10 min. for the second decade of time (10 - 100 min.) using programmed
computer data acquisition system. Figure 3 compares static creep data for samples
d=1.0", L/d=l.0" for deformations 15, 30, and 45% for axial and radial loading.

Cyclic creep test. Cyclic creep tests were performed using the same static
load levels as before (corresponding to 15% and 30% deflections). The specified
initial static load was applied quickly in case of double amplitude sine waveform
test and then the cyclic test was Initiated (see Figure 4a). The initial preload is
not necessary for a haver sine waveform, Figure 4b. Peak values of deflection
were sampled every cycle for the first decade (1 - 10 cycle) and every 10 cycles
for the second decade (10 - 100 cycle) using the data acquisition system. Due to
specifics of the LVDT sensors of the testing machines, it was difficult to obtain

Sa,_ a rcadir.b of thc .... cfecrr..at!cns. Thus, only the maximum
peak values of deflection had been monitored. Due to nonlinearity of samples,
significant nonlinear distortions of the load feedback signal were even at 0.1 Hz
observed on the model 1350.

Accordingly, both amplitudes and frequencies had been limited. During this
study, since only basic creep characteristics as influenced by shapes of rubber
components were studied, the test ltngth was ,1-_a!',, ,- d o 100 cycles (two
decades). Figure 5 shows cyclic creep rate of cylindrical specimens d=l.0", Lid=l
for 30% of radial and axial compression 0.1 Hz and 0.4 Hz tested with haver sine
waveforms.

DISCUSSION

Nonlinearity of load-deflection characteristics of cylindrical rubber elements
results in their load-natural frequency characteristics having wide "constant
natural frequency" segments with ratio of maximum and minimum loads for these
segments Pmax : Pmin. = 4:1 - 10:1. This Is a very beneficial feature for vibration
control applications. Use of the elements embedded in foam allows to achieve the
lowest natural frequencies together with high consistency of the characteristics.
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It can be seen from Figures 3, 5 that both static and cyclic creep at the
same relative compression is 30-40% less for specimens loaded in the radial
direction with absolute values being lower for static tests. For the same other
conditions, creep values are increasing with increasing frequency; this effect is
more pronounced for axial loading (Figure 5). Another interesting effect is
reduction in relative creep with increasing relative compression as can be seen in
Figure 3. Use of the developed accelerated creep testing technique allowed to
perform a two decade test at 0.1Hz in less than 20 min. thus allowing to use
state-of-the-art test systems.
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Figure 3. Static creep rate of specimens d=l.0", L/d=1.0 at 15, 30 and 45%
deformations for axial (solid lines) and radial (broken lines) compression
(platens with sandpaper).
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ENVELOPE MODELS FOR FINDING THE RESPONSE
OF STRUCTURES IN BLAST WAVES

Stuart J. C. Dyne and Joseph K. Hammond
Institute of Sound and Vibration Research

University of Southampton
Southampton, England

Many techniques exist for the prediction of
response time histories for structures subject to
convecting pressure fields. Often the full detail
of these time histories is not required and
approximate methods that yield their main features
of interest are sought. Indeed it is usually
possible to predict only the main features with
confidence since experimental results inevitably
deviate from precise theoretical expectations. One
aspect of a response curve is its envelope - a
concept which is useful as a measure of peak
values and decay rates and which finds application
in damage assessment criteria. This paper presents
an economical method for the prediction of an
upper bound for the envelope of the response curve
of a structure subject to a distributed loading
and hence an upper bound for the structural
response.

INTRODUCTION

Detailed models of structural systems are often inappropriate:
Model parameters such as elasticity modulii or structural dimensions
may not be known with precision and material assumptions such as
isotropic properties or frictionless couplings may be invalid.
Nominally identical physical structures inevitably exhibit subtly
different characteristics and the same structure produces different
results as its environment changes or as it ages. Further, there may be
a requirement for only limited information from response curves such as
peak response levels in a given frequency band or vibration decay
rates.

Davies [1] has shown how an envelope/Hilbert transform technique
could be used to find an upper bound for the envelope of the response
of a general linear bandlimited single input system. The key results of
this analysis are given below together with an example. The system
response envelope satisfies an inequality involving the envelopes of
the input and the system impulse response and hence produces an upper
bound for the system response. This technique is extended to consider
systems with distributed loading which cannot be reduced to single
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input systems, and is used predict the response of simple structures to
convecting pressure waves.

SINGLE INPUT SYSTEMS

A useful definition of the envelope of a signal is given by
Dugundji [2] and follows from the theory of analytic functions: For a
given time history x(t), the analytic function evaluated on the real
axis of which x(t) is the real part is denoted ax(t) and is formed from

x(t) and its Hilbert transform x(t). That is

TX (t) = x (t) + jx (t)(i

where j is the root of -1 and where the Hilbert transform is defined as

x(t) = X(t) *" I (2)
it

where * denotes time domain convolution. Now the analytic function
ux(t) may also be expressed in modulus/phase form as

ax(t) = Ax(t)ejx(t) (3)

where, from equation (1), the real functions Ax(t) and Ox(t) are

Ax(t) = -x 2 (t) + x2 (t) (4)

and

Ox(t) = tan' xt) (5)

Ax(t) is defined as the envelope of x(t) and Ox(t) is defined as
the phase of x(t). It should be noted that the Hilbert transform
defined in equation (2) is acausal - the function xQ(t) may be non-zero
prior to the first non-zero portion of x(t). As a consequence, the
envelope is generally also acausal and this will be a feature of some
of the figures below. While the topic receives no further treatment
here, it is worth noting that the instantaneous frequency of a signal
may be obtained by differentiating the expression for phase (equation
(5)) with respect to t.

Approximations to the Hilbert transform in discrete form [3] exist
and form the basis of algorithms to calculate envelopes numerically for
sampled data. One such algorithm has been employed to compute the
envelope of the signal shown in Figure 1. We note that the envelope
always exceeds the signal values and follows the signal amplitude as
anticipated. In this particular case there is a ripple effect in the
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envelope which is due to the finite length (128 points) ot the Hilbert
transform filter and the sine wave frequency/data sample rate ratio.

decaying sine curve

Figure 1: Exponentially decaying sine curve and envelope.

Consider now the general bandlimited time invarient system
sketched schematically in Figure 2. The system response y(t) to an
input x(t) is given by the convolution of the input and the system
impulse response function h(t) [4 etc.]. That is

00

y(t) = f x( )h(t-Z)dZ (6)

with dummy variable t, or, more consisely,

y(t) = x(t)*h(t) (7

input impulse response response

x (t) y (t)

Figure 2: Linear single input system.

it can be shown [1 and 5] that the envelopes of the input Ax(t)
and output AY(t) are related by an inequality:

AY(t) 7AN (t) *Ah(t) (8)

The convolution on the right hand side thus provides an upper
bound for the envelope of the response of the system; hence an upper
b-und for th, response of a system can be predicted from a knowledie o:
only the env,-lope of the input and the envelope of the impulse response,

u' 'c on. The example below illustrates these ideas.



SINGLE INPUT SYSTEM EXAMPLE

forceI acceleromete r

IIcantilever

payloadI

Figure 3: Cantilever beam with attached payload
subject to impact force input.

We show an application of inequality (8) to produce an upper bound
for the tip response of a cantilever beam with attached payload and
subject to a hammer blow (Figure 3).

The beam response is recorded using an accelerometer mounted on
the free end of the cantilever. The force input is recorded using a
force transducer attached to the impact device. A Fourier approach is
then used to find the impulse response function h(t), of the beam. The
experiment is repeated giving a new response function y(t), for which
an upper bound is to be found using only a recording of the new force
input x(t) and h(t). The envelopes of x(t) and h(t) are calculated
applying the analysis above and from these the convolution on the right
hand side of inequality (8) is found. This is shown in Figure 4 as the
upper bound for A,(t) together with the envelope Ay(t) obtained
directly from y(t). It can be seen that the upper bound always exceeds
the response envelope.

upper bound
response envelope

0
-,I

0
-4

CD
0 time (ms) 10

Figure 4: Cantilever tip acceleration envelope and upper bound.

Thus we have been able to predict an upper bound for the response
of a structure with a single input using only the envelope of the
system input and the envelope of the impulse response of the system.
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DISTRIBUTED INPUT SYSTEMS

It is a simple matter to extend the analysis above for systems
with multiple discrete inputs. Linearity has been assumed and so
superposition may be applied to combine the effects of each input. Ncte
however that the phase information is not retained in the signal to
envelope transformation so that whereas the sum of two signals of near
equal amplitude but opposite phase (from two sources say) results in a
small signal, the addition of their envelopes produces a yet larger
envelope.

A blast environment however is still more complicated. The irnput
(blast wave) to the distributed system (structure) is rontninous and
may vary over one or more spatial variables in addition to time
dependence. The pressure on a plate mounted in a shock tube for example
may vary with location on the plate (specified by two position vectors)
and time. The envelope analysis above may be extended to consider
distributed loading although linearity must again be assumed.

response:

x (t, s)

;7 system : h (t, r, s)

Figure 5: Distributed system.

Consider the general distributed system sketched schematically in
Figure 5. The response at a point with position vector r is denoted
y(t,r) when the system is subject to input x(t,s) over the domain of
points with position vector s. The transfer function relating the
output to the input is denoted h(t,.r,s). Thus

y(tr) = f x(t,s) *h(t,r,s) ds (9)
S

where S denotes the range for s and the * again denotes convolution in
the time domain. The Hilbert transform of this equation is taken to
qive

y:r J. x(t,S) *h(t,r,s)Js (IC)

211



Equations (9) and (10) are combined to give

y(tr) + jy(tr) = J (x (t,s) + jx (t,S) ) *h(t,r,s)ds (11)
S

This can be t.:ressed more consisely using the notation of equation (1)

Uy (tr) = f ax(t,s) *h(t,r,s) ds (12)
S

It can be shown [6] that the Hilbert transform of an already
transformed signal restores the original signal but with a change of
sign. The transform of equation (12) therefore yields

Y(t,r) - jy(t,r) = J ax(t,s) *R (t,r,s)ds (13)
S

Multiplying this by j and adding to equation (11) gives

2ay(t,r) = [ c x(t,s) *Uh(t,r, s) ds (14)
S

From the theory of complex variables [9] it can be shown that

b b

f f(z)dz .5 f If(z)dzl (15)
a 1

Thus

21ay(t,r) f I a Iax(t,s)*Ch(t,r,s) Ids (16)
S

Thi.s may be expanded by expressing each analytic function in
modulus/phase form as in equation (3). Hence

2 1 AY(t,r) eJy(tr) I f J I Ax(t,s) eJx(tS)*Ah(t,r,s) e j P h(trS) Ids
S

(17)
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Eliminating the phase components of each function

Ay(t,r) 2 Ax(t,s) *Ah(t,r,s) ds (18)
S

That is, the response envelope Ay(t,r) is bounded by a function
obtained from the envelope of the input Ax(t,s) and the envelope of the
impulse response function Ah(t,r,s) integrated over the domain of
influence of the input. Again, an example provides clarification of the
final result.

DISTRIBUTED SYSTEM EXAMPLE

convecting pressure field

can -lever

baffle transducer " pressure
z <transducer

Figure 6: Schematic cantilever subject to grazing
incidence blast wave.

We show how the result above may be used to provide an upper bound
for the peak displacement response at the tip of a uniform cantilever
subject to a convecting pressure field at grazing incidence. The
geometry of the simulation is illustrated in Figure 6. A cantilever
beam of rigidity modulus El, damping coefficient y, mass m, and length
1 is subject to the pressure field specified by the time history p(t)
shown in Figure 7 on its upper surface. We assume that a baffle
protects the lower surface from the blast wave which convects across
the upper surface without changing shape. The given pressure field was
recorded in a shock tube travelling at Mach 2.4.

We first identify the co-ordinates for the beam system with those
of relation (18). We wish to find the response only at one location -
the cantilever tip - and so eliminating the response position vector r,
equation (18) reduces to

Ay(t ) 4 f Ax (t, s) *Ah (t, s) ds (19)

S

In our example the spatial dependence of the input and impulse
response refers only to thc distancc from the cantilever root, reduciiQ
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the vectLr s to the scalar distance z, the domain of influence of the
input x(t,z) being the beam length. That is

1

Ay(t) f ± Ax(tz)*Ah(tz)dz 20)
0

(I)

0 time (ms) 6

Figure 7: Recorded pressure time history.

The system input, or pressure distribution deduced from our
recorded time history p(t), travels along the beam at a constant
velocity c and may therefore be expressed in the form

x(t,z) = p(t-z/c) (21)

An Euler-Bernoulli beam model [7] may be assumed with governing
equation

idz2 + I9t x(t-z/c) (22)

For this problem modal methods may be employed both to determine
the tip response y(t) in discrete form and the impulse response h(t,z)
explicitly. The envelope Ah(t,z) can then be found using the Hilbert
transform algorithms mentioned above. The time convolution in
inequality (20) can then be performed using Fourier methods and the
integration along the beam length can be achieved using a trapezoidal
integration algorithm, giving an upper bound for the response envelope
Ay(t). Figure 8 shows the envelope of the simulation displacement
response together with the upper bound from the right hand side of
inequality (20).

For this simulation the upper bound (which is again acausal) has a
maximlm which exceeds the peak response level by a factor of 1.6. This
factor is attributable to the coarseness of inequality (15) which is
itself due to the phase component of the integrand before the modulus
is taken. For our application the integrand comprises the convolution
of the input and impulse response analytic functions and so it is the
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phase components of these functions, or the bandwidth under
consideration, which governs the coarseness of the upper bound.

=upper bound

envelope

-100 time (ms) 20 Fg r

8: Blast excited cantilever Lip dispidczmient envelope and
upper bound.

CONCLUSIONS

The method presented can be applied to any linear system with
distributed loading where the convolution and integration in the
envelope relation (inequality (18)) can be performed. The coarseness of1
the upper bound generated is due to the bandwidth of the system and
excitation, and the upper bound will approach the actual envelope as
the bandwidth is reduced. The system impulse response function may not
be available in analytical form as in the example above and may need to
be determined experimentally. In this context we note from experimental
observations that whilst detailed response curves show large variations
as a force input location traverses the surface of a structure, the
envelopes of these response curves show less variation and so impulse
response envelopes across the input domain may be deduced by
interpoloation of a limited number of impulse response fun-ctions. These
envelopes may then be combined with the envelope of a measured cr
predicted input to produce an upper bound for the envelope of the
response of the system.
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DYNAMIC NONLINEAR FRAME ANALYSIS
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This paper documents the formulation and computer implementation for dynamic
analysis of nonlinear two-dimensional frames subjected to blast-induced pressure
loading and ground shock motions. The theories, methodologies, and equations
implemented in the computer code STABLE (jtructure Analysis for alast Loading

Effects) are described. The computer program includes numerous facilities to allow
a generally complete description of the structure, its support and loading
environment, element and structure response, and considerable flexibility in
selection of printed and plotted results.

INTRODUCTION

The analysis of structures subjected to blast pressure loading and ground shock
displacements and velocities is not easily accomplished by most available computer
codes. A computer program has been developed, STABLE (Structure Analysis for 1last
Loading Effects), which represents a significant enhancement of a previous program,

DYNfA [1] . Numerous enhancements to the existing code were added to allow better
and more complete description of the structure, its support and loading environment,
element and structure response, and more flexibility in printed and plotted results.
In addition t added capability of the code, the general approach and methods of
equation solution were completely rewritten to increase the compuLational efficiency
of the program. As a result of these significant modifications, very little of the
original DYNFA computer code remains in STABLE. The computer implementation, input
guide, and supporting information are presented in a Documentation Report [2]. A
companion Validation Report [3) documents 12 problems used to demonstrate and
validate the capabilities of STABLE.

FORMULATION

The computer program STABLE retains the previous capabilities of DYNFA [1) and
adds several capabilities which improve its usefulness for dynamic nonlinear
analysis of frames subject to blast loading effects. These added capabilities are
described below in terms of general capabilities, element description, support
conditions, and blast loading.

General Capabilities

The general approach in STABLE is based on the direct stiffness method and
utilizes direct integration of the equations of motion assuming linear acceleration
over any time step. "'he input and output units of the program are pound, inch,
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milliseond, and angular degrees. Enhancements to other general capabilities are
described in the following paragraphs.

Initial Conditions_ The computer code is capable of determining the initial
conditions for the dynamic analysis by static anilysis of the structure for the
input static loads. This analysis is a linear analysis of the structure for the
applied static loads. The computed displacements from the static analysis are taken
as the initial displacements in the incremental dynamic solution.

Structure Mass. Structure mass may be described in the model by input of discrete
nodal weights in either or both translational degrees of freedom (DOF) at any node.
These discrete weights are internally converted to mass by dividing by the
acceleration of gravity. In addition to input of discrete nodal masses, the code
allows the option of computing nodal masses automatically from the input gravity
loads. For input concentrated loads, the translational masses are computed as:

mi = Fi/g ()

where:
= Translational mass at node "i."i

F i = Concentrated load input at node "i."

g = Acceleration due to gravity.

For uniform load wi on an element with nodes "j" and "k" and length "L," the
nodal masses are computed similarly and distributed to the nodes by tributary
length, i.e.:

mj = mk = wiL/(2g) (2)

where the load direction (X or Y) of the input load indicates to which DOF the
generated masses correspond.

In addition to specification of translational masses, the program allows input
of nodal mass moments of inertia (rotary mass) in a manner similar to the lumped
nodal translational masses. The rotary mass is input and added directly to the
total diagonal mass matrix.

Secondary Bending (P-delta) Effects- Second-order effects of axial load, commonly
called P-delta effects, are approximated in the solution by inclusion of a pair of
equivalent shears at both ends of the element. This procedure is illustrated in
Figure 1. As shown in the figure, the second-order moment caused by axial load in
the deflected element is:

M = P • A (3)

This second-order moment is modeled by inclu3ion of the shown equivalent shear pair
which creates the couple:

Me = Ve - L (4)

Equivalence of the moments leads to the magnitude of the equivalent shear:

Ve = P * A/L (5)

The equivalent shears are computed and added to the dynamic loads at each time step.
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Figure 1. Model of P-delta effects ir STABLE.

Equilibrium Correction. The step-by-step time integration of the equations of

motion introduces some error at each time step. This error is introduced by the
assumption of linear acceleration over each time step, coupled with nonlinear
behavior of elements and supports. To efficiently minimize this effect, the code
utilizes a noniterative approach recommended by Wilson [4] and Bryant [5]. This
procedure involves calculation of the load imbalance at the end of any time step
directly from the equation of motion. The equation of motion at time "t" is
expressed as:

My + Cy + Ky = P(t) + e(t) (6)

where:
M = Structare mass matrix.

C = StructLre damping matrix.
K = Structure stiffess matrix.
P(t) = Applied loading vector.
e(t) -7 Load imbalance vector.

Note: y , y , and y are the acceleration, velocity, and displacement vectors
respectively, at time "t".

The load imbalance, e(t) , is computed directly from Equation 6, i.e.:

e(t) =My + Cy + Ky - P(t) (7)

The load imbalance is computed and applied n the opposite direction with other
applied loads at the following time step. This procedure was previously
demonstrated to work well for highly nonlinear problems [5].
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Element Description

Material Models. Beam elements in the model are one-dimensional and prismatic, with
constant cross-sectional area, moment of inertia, and plastic moment capacity.
Element properties may be modeled in one of three ways in the program. A general
element model permits general input of elastic properties, plastic moment capacity,
and compressive and tensile axial load capacities. Steel shapes described in the
AISC Manual of Steel Construction [6] may be specified in the input, with the
appropriate elastic and plastic properties automatically computed. Structural
shapes, including "W", "M", 'S", "HP", structural tees cut from "W", "M", "S", "HP"
shapes, double angles, pipe, and tubing, may be simply selected by section name in
the input. In each element model, the material is assumed to behave in a bilinear,
elasto-plastic manner, as illustrated in Figure 2. As shown in this figure,
unloading and reloading follows the original elastic stiffness between positive and
negative plastic levels.

MJ

A A unloading

(symmetric) l ' reloading

Figure 2. Elasto-plastic behavior of steel material models.

A reinforced concrete element model may be specified in the input which permits a
moment-rotation curve illustrated in Figure 3.

M

M I

M2-A
M 3 - -

(symmetric) / 
0 

3 04 0

Figure 3. Moment-rotation curve for STABLE reinforced concrete model.

In this model, the moment-rotation response permits reduction in moment
capacity, corresponding to two levels of cracking, above user-defined levels of
rotation. In the concrete model, the behavior is also elasto-plastic, with reduced
plastic levels beyond the limiting rotations. For any loading cycle in which a
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limiting rotation is exceeded, a compensating moment, Mc , is applied to reduce the
internal moment to the reduced capacity. Until unloading, this compensating moment
is determined as the difference between capacity and computed internal moment.
After unloading commences, the capacity is permanently reduced to the proper level
and the compensating moment vanishes. Beyond an input level of maximum rotation,
84, a warning is issued but the solution continues.

Axial Load and Bending Interaction. As part of the model of nonlinear member
response, members in compression are checked for Euler-type, in-plane member
bucklinq. Axial capacities are input for the general and concrete models, and
unbraced lengths are input for the steel shape element model. If a member is
determined to have buckled, the element stiffness is considered nil until it
unloads. The interaction of bending and axial load is considered utilizing the
equation previously implemented by Stea et al. [11, i.e. yielding or buckling is
assumed to have occurred when:

IP/Pci + IM/Mml > 1 (8)

where:

P = internal axial load.
M = internal bending moment.
PC = Axial load capacity (yield or buckling).
Mm = Moment capacity.

Capacities Pc and Mm are computed automatically for properties in the AISC
structural steel shape library.

Member End Conditions. A basic assumption in the formulation is that structural
continuity exists at all nodal points in the model, except at support nodes.
Provision is made, however, to model nonrigid structural connections by allowing
pins to be placed at either end of an element. This provision permits modeling of
elements as pinned at one end and continuous at the other as well as the standard
conditions of continuous at both ends or continuous at one end and free at the
other. Pins are introduced in the solution at the element level by formation of the
element stiffness for a fixed-pinned element.

Support Conditions

Support conditions for the frame analysis include structural restraints, such as
fixed or spring-supported DOF, and damping restraints, such as viscous or Coulomb
dampers.

Structural restraint, such as foundation connections, may be modeled by
specifying any combination of fixed or free DOF at support nodes. Of the three DOF
at a support node (two translational and one rotational), any one, two, or all three
may be declared either fixed or free. "ixed DOF are deleted from the equations of
motion before the solution commences.

General Nonlinear Spring. A more general representation of structural restraint may
be modeled in the analysis using general nonlinear elastic springs at any DOF in the
model. These springs may be specified by an input piecewise linear force-
displacement relation, as illustrated in Figure 4. The input springs are defined by
force and displacement pairs and may be applied to any translational or rotational
DOF. At each time step, the code checks the computed displacement component at the
specified spring support to determine the appropriate tangent stiffness and
intercept force. This spring stiffness is added to the conventional stiffness
matrix for this time step. This spring is nonlinear, but elastic, i.e. unloading
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and reloading occur along the original input curve. Linear support restraints may
be modeled by specifying a single branch curve (two force-displacement pairs) in the
general spring table.

As FS

Figure 4. General nonlinear support restraint spring.

One-Way Soil Spring, A more specialized form of structural restraint is available
using the elasto-plastic, one-way soil spring depicted in Figure 5. This spring may
be applicable for foundation restraint where resistance occurs only in one
direction. The restraint responds as elasto-plastic in the compression range, but
allows no restraint for tension. At each time step, the code performs a check
similar to the general spring and adjusts the stiffness and load accordingly.

F

s

AsF

(compression) As

Figure 5. Elasto-plastic one-way soil support spring.

Viscous Damping. Velocity-dependent damping restraint may be modeled by specifying
a viscous damper at any DOF in the model. At each time step, the opposing damping
force at this DOF, Fv , is computed as:

Fv = -Cv * (velocity) (9)

where Cv is the viscous damping constant. As evident from Equation 9, the computed

damping force opposes the direction of velocity, and is added to the dynamic load
vector.
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Coulomb Damping. Support damping restraint may also be modeled with an axial

Coulomb damper at any DOF. At each time step, the opposing damping force at this
DOF, Fc, is computed as:

Fc = -Cc • Fa • (sign of velocity) (10)

where:
Cc = Coulomb damping constant.

Fa = Element axial force.

The computed damping force, Fc, opposes the direction of velocity, end is added to

the dynamic load vector.

Dynamic Loading

Blast Pressure Loading. Blast loading on a frame may be modeled in STABLE by
specification of pressure versus time waveforms and tributary areas at any DOF.
Piecewise linear pressure-time waveforms (histories) are specified independent of

specific nodal DOF and are defined by pairs of pressure and time values. Loading
may be applied to individual DOF by specification of pressure-catching areas,
pressure waveform number, and arrival time of the pressure pulse. The effects of
multiple blast loadings at a DOF are accumulated by algebraic summation of the
individual loading components.

Ground Shock Displacement. Ground motions due to blast (or other source) may be

specified by user-defined piecewise linear ground shock displacement-time waveforms.
The support motions are integrated in the general equations of motion by typical
transformation to equivalent applied loading. This transformation is simply
demonstrated by review of equations of motion for a system with support motion:

My + C{y - ys) + K{y - ys} = P(t) (11)

where:

Ys = Support velocities = Ys(t).

Ys = Support displacements = ys(t).

The equation of motion can be rewritten as:

My + Cy + Ky = P(t) + Cys + Kys  (12)

therefore, the standard solution for forced vibration is applicable by computing the
equivalent forcing function on the right side of equation 12.

For the case where displacement ys(t) is specified, ys(t) is evaluated by numerical

differentiation of ys(t), i.e.:

ys(t) = d(ys(t))/dt (13)

For a piecewise linear support displacement function, the numerical
differentiation is accomplished as illustrated in Figure 6a. Over any linear region
of Ys(t), the velocity is constant and equal to the slope over that region, i.e.:

Ys(t) = (Ysk - Ys j)/(tk - tj) , tj S t < tk (14)
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where Ysk and Ysj are support displacements at times tk and tj, respectively. The
resulting velocity function is a summation of step functions, as illustrated in
Figure 6b.

Y s(t) Y S(t)

S' d S

Ysk .......... . dYs(t)

Ysj dt

i=I i
I

t tk t kt

a. Support motion displacement function b. Derived support motion velocity function.

Figure 6. Numerical differentiation of support motion displacements.

Ground Shock Velocities. Support velocity waveforms are input to the analysis in
the same manner as support displacements, i.e. by ordered pairs of support
velocities and times. The incorporation of support velocities in the solution
utilizes a transformation to support displacement, i.e. the input support velocities
are numerically integrated to compute support displacement waveforms:

Ys*(t) = I Ys(t)dt (15)

This numerical integration of ys(t) is illustrated in Figure 7. Support
displacement, ys* , is evaluated at every time step using the trapezoidal rule. As

shown in the figure, for an increment of time At, the incremental displacement Ay*
is the area under ys(t) from time t to At , i.e.:

AY*t+At 0.5(y t + yt+At)At (16)

and thus:

y *t+At = yt + AY*t+At (17)

The resulting support displacement function is piecewise quadratic over each
linear region of support velocity. The solution utilizes the input support velocity
and derived ys*(t) in Equation 12. Note from Equation 12 that support displacements
or velocities may be applied in conjunction with pressure loadings.
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Ys(t)

t t+At t

Figure 7. Numerical integration of support motion velocities.

COMPUTER IMPLEMENTATION

Hardware and Software Requirements

The computer program is written in 1977 ANSI Standard FORTRAN, and has been
implemented on a VAX minicomputer and IBM PC-AT and Macintosh personal computers.
The code is written using only standard FORTRAN, permitting simple implementation on
most computers. Input and output are accomplished through standard file operations.
Plot calls are implemented by the use of the Graphics Compatibility System (GCS)
available throughout the US Army Corps of Engineers [7]. Therefore, plotted output
is available on a variety of graphic devices including all graphic terminals and
plotters supported by GCS.

Program Flow and Description

The program is implemented in modular subroutine form, with each routine
generally performing a single defined task or step in the solution. The source
listing of each routine, major variable names and information regarding required
array dimensions are presented in the Documentation Report [2) . Each routine is
well documented internally by comment cards for each calculation, loop, or function.
In addition to internal documentation, the data is examined for possible errors
which are reported during the input stage.

Printed Output

Printed output for STABLE includes four general types of output. The first
output from any problem is a card image listing, or echo print, of the input data.
It is in this table that detectable errors are also reported to assist in debugging
the input data file. Following the echo print of the data, the problem data is
printed in structured tables with appropriate headings to confirm validity of the
input. Results of the analysis are presented in two forms - tables of specific
results for each time step and maximum and minimum results over the range of the
analysis. Numerical results may be selectively output as time histories of nodal
response, element forces, or support reactions. Peak response tables are also
selectable for nodal response, element forces, or support reactions. In each case,
the user specifies the node, element, or support number for which output is desired.
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Plotted Output

Plotted output for STABLE includes four general types of plots, two of which are
useful in verifying input data and two which graphically display selected results.
First, the overall frame layout with all nodes, elements, and supports shown can be
plotted in a configuration geometry plot. This plot is useful in verifying accuracy
of the input frame data and integrity of the model. Second, the user can choose to
plot any input pressure or ground shock motion time history (waveform) . At any
times selected by the user, the deflected shape of the frame can be plotted to
indicate overall frame behavior. Finally, time histories of nodal response, element
forces, and support reactions may be selectively plotted in the same manner as for
printed output. The selected output for plotting does not, however, have to be the
same as for the printed output.

ILLUSTRATIVE EXAMPLES

Two example problems are presented here to illustrate a few of the capabilities
of the STABLE computer code and compare the results with accepted solutions. These
examples are but two of the twelve validation problems presented in the STABLE
Validation Report [3].

Two-bay Frame with Blast Loading and Linear and Nonlinear Support Springs

This structure is a single-story, two-bay frame with linear and nonlinear
support, subject to a suddenly applied constant lateral load. The STABLE structure
model is shown in Figure 8 with the springs and loading indicated in Figure 9.

7l / eleent nubers,

masses
2 14 6

F(t)

120"

support springs

120" 120"
= -I

Figure 8. STABLE model including nonlinear support springs

For comparative purposes, the structure was also analyzed using ADINA [8]. In
both models the beam and column elements were considered as linear elastic beam
elements. In the ADINA model the support springs were modeled as linear and
nonlinear truss elements with specified stress-strain curves to provide the behavior
depicted in Figure 9.
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a. Soil spring resistance. b. Dynamic loading.

Figure 9. Spring resistance and dynamic loading.

The results of the analyses are compared in Figure 10, which plots the computed
lateral displacements at nodes 1, 2, and 3. As seen in this comparison, the results
from STABLE are almost identical to those from ADINA. It should be noted that the
ADINA analysis was conducted using full Newton iteration with line search (iterative
equilibrium correction) to achieve satisfactory results. Without equilibriu"'
correction, the ADINA results were not satisfactory.

2.5-

-- STABLE
2.0- ........ ADINA

a)
CO
CL 1.0-

0.5-

~node 

0.0- I

0.0 0.5 1.0 1.5 2.0 2.5 3.0

time, sec
Fiqure 10. Lateral displacements of frame with nonlinear springs

Two-story Frame with Sinusoidal Support Motions

This problem was presented by Biggs [9] to illustrate support motion analysis.
The structure, depicted in Figure 11, is a one-bay, two-story frame composed of two
different column sizes and two different beam sizes. Mass is lumped at the two
floor levels. The ground motion is assumed to be sinusoidal with an amplitude of
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0.5 in. and a period of 500 msec. Biggs solved this problem as a two DOF system
assuming rigid girders. The structure was analyzed by assigning large moments of
inertia to the girders and applying ground motions at the base of both columns.

M2 = 0.177 kip-sec2 An
11= 4000 2

12', I = 240
M .0.294 kip-sec 12, 1Lateral sinusoidal support

3 4 motions with amplitude of 0.5'

1=5000 and period of 0.5 sec.

15'. 1 =450
Y s = 0.5" sin (471t)

5 Y6,-. Ys =--- YS

50'

Figure 11. Frame with support motion.

The results of the STABLE analysis are compared with Biggs' results in Figure
12 which plots the lateral displacements at the two levels for elastic response. As
seen in this plot, the STABLE results compare favorably with Biggs' two DOF model.

1.0-

. Biggs (1964) ,

. 8- STABLE ",,/

0.8

Ec,

0. node3

nodal

0.2-

0.0-
0 50 100 150 200 250 300

time, msec

Figure 12. Lateral displacements of frame with support motion.

CONCLUSIONS

The computer code developed for dynamic analysis of nonlinear two-dimensional frames
subjected to blast pressure loading and ground shock motions, STABLE represents the
current state-of-practice for a,,al..is of blast-loaded frame structures. The code
has been validated by application to twelve problems which exercise most of its
capabilities [3]. Several enhancements to the existing code are envisioned which
would improve i+s usefulness These enhancements to the computer program generally
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include impruvements in representation of the structure, loading and support
conditions, and improvements in actual application of the program (ease of use).
Pre- and post-processing modules are envisioned tc simplify input data preparation
and output results extraction.
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BEHAVIOR OF A REINFORCED CONCRETE BLAST
SHELTER IN AN OVERLOAD ENVIRONMENT

T. R. Slawson and J. L. Davis
Structures Laboratory

U.S. Army Engineer Waterwa, s Experiment Station
Vicksburg, MS 39180-0631

The ultimate capacities of most structures are noL
well defined due to the limitations of existing
computational procedures and the lack of data on

large deformation response. To better understand the
large deformation behavior of a shallow-buried,
reinforced concrete structure, a dynamic test was
conducted in a blast environment designed to severely
damage the structure.

This paper summarizes the test results and
presents data analyses.

INTRODUCTION

An extensive program to develop a... experimentally evaluate a family of blast
sheltcrs was conducted for tbP Federal Emergency Management Agency (FEMA). One
design investigated was a 100-man reinforced concrete shelter as shown in Figure
1. The design specifications require the shelter to resist the airblast and

radiation effects of a 1-Mt nuclear surface detonation at the 50-psi peak
overpressure level. The airblast loading from this threat can be represented as
an initial peak overpressure with an exponential decay and a long positive phase
duration. Soil covered shelters were determined to be the most cost effective
designs to provide adequate radiation and blast protection. The original desitn
was based on conventional design guides Liat ne,- . .il .... ture interaction
effects on the behavior of shallow-buried structures.

The design of the 100-man blast shelter has evolved from the original overlr
conservative design to its present form based on experimental and analytical
investigations performed by the US Army Engineer Waterways Experiment Station
(WES) and the US Army Engineer Division, Huntsville (HND). Reductions in
construction costs as the result of labor and material savings and less strinTent
backfill specifications were made without adversely affecting the structural
performance. Design modifications were validated using small-scale static and
dynamic tests during the design process. The constructibility and overall
performance of the design were also investigated by the construction of several
prototype shelters. The resulting structural design consists of a three bay

reinforced concrete shelter with one-way roof and floor slab construction. The
span-to-thickness (L/t) ratio of the roof slab was 12.8, and principal steel
reinforcement ratios were 0.01 and 0.0034 in the tension and compression zones;,
respectively. The structure was buried to a depth equal to 36 percent of the
clear span (4-ft) in compacted sand backfill. Roof principal reinforcement hd I
mean yield strength in tension of 61.6 ksi, and the mean compressive strength of
the roof concrete was 3300-psi. More complete details of the shelter and its
construction are given by Woodson and Slawson [1] and Slawson [2].
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A prototype demonstration test of the shelter was conducted in a high
explosive (HE) simulation (1]. The shelter survived at the predicted 75-psi pe,,'K
overpressure level (measured pressures were approximately 60-psi) with minor
damage (1/8-inch permanent midspan roof deformation).

The results of the scale model testing (3,4] indicate that the shelter will
withstand up to 160-psi peak overpressure from a 1-Mt detonation under ideal
backfill conditions. However, this large factor of safety (160/50) is required
to account for uncertainties in typical site conditions and backfill placement
control. A retest of the shelter at a severe damage level was required to
investigate the shelter's large deformation behavior. Also, since the function
of a blast shelter is to ensure the survival of its occupants, the in-structure
shock environment during this overload test is of utmost importance.

This paper describes the retest of the prototype shelter using the HEST to
evaluate the shelter's large deformation behavior and to investigate equipment

and occupant survivability.

TEST PROCEDURE

The HEST was originally developed by the Air Force Weapons Laboratory 15] to
reproduce the peak overpressure, the rate of pressure decay, and duration of a
given nuclear yield at a given peak overpressure or range. Two types of HEST
configurations have been used by WES for nuclear weapon simulators during the
last ten years: the Foam and Air HEST's. Use of a Foam HEST in a series of tests
at WES is discussed by Kiger [6]. The HEST discussed herein is more specifically
described as an Air HEST since the charge cavity volume is predominantly air
rather than the low density plastic foam used in the Foam HEST tests. The Air
HEST construction sequence consists of (a) constructing a framing support system
on the ground surface above the test bed, (b) uniformly distributing high
explosives throughout the charge cavity, (c) covering the charge cavity with

plywood, (d) covering the charge cavity with soil overburden to momentarily
confine the blast pressure, and (e) detonating the high explosive. The
detonation of the higi explosive generates a blast pressure within the charge
cavity that decays as the volume of the charge cavity expands. The rate of
pressure decay determines the simulated nuclear yield for the given peak
overpressure. In addition, blast wave reflections from the cavity bcundaries and
thermodynamic effects play important roles in the shape of the blast pressure-

time history generated during a HEST test. The test configuration is shown in
Figure 2, and the charge cavity under construction is shown in Figure 3.

Recorded electronic data include: (1) airblast pressure at the ground
surface; (2) roof and wall interface pressure; (3) soil stress; (4) free-field,
structure and mannequin accelerations; and (5) structure deflections.

In addition to the recorded electronic data, the responses of the mannequins
(Figure 4) were monitored by high-speed photography, and the survivability of

equipment was investigated by the inclusion of a generator, an air circulation
system, and lighting in the shelter.

TEST RESULTS

Structural damage during the HEST retest of the shelter was significant as
shown in Fiire 5. The maximum permanent roof deflection was appioximately 17
inches for bay 1, 8 inches for bay 2, and 13 inches for bay 3. The exterior ba.s
(1 and 3) rce ived miore damage than the interior bay as expected. The roof
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Figure 2. HEST test configuration.

234



A

Figure 3.Construction of the HEST charge cavity.

gilre n-eY riur vi ' w )f th, shclt'ar -huwi ng the mnannequi ns



response mode for each bay was a combination of shear and flexure. No roof steel
appeared to be broken in the exposed areas.

The shear deformations at the roof slab-to-wall connections were surprisingly
large, ranging from 44 to 62 percent of the total deformation of the roof spans.
This resulted in the failure of the roof decking-to-wall connection. The decking
was used as forms to support the shelter roof during casting and to protect
shelter occupants from falling concrete. Some crushed concrete was allowed to
fall to the shelter floor near the walls and at the entryway due to this failure.

The walls and floor slabs survived with only minor cracking. The entryway
was severely damaged during this test, as shown in Figure 6. However, the test
configuration did not load the entryway in the same manner as the HE test [1].
The tops of the entryway shafts were covered with steel plates to support the
soil overburden covering the HEST cavity. The HEST cavity did not cover the
entryway openings but did extend to the edge of the entryway. Therefore, only
the sides of the entryway closest to the shelter were loaded. In an HE event,
all sides and the interior of the entryway would be loaded. The entryway was
still usable after the test except that it was filled with debris (soil
overburden) from the HEST cavity. The HEST test did not retest the blast door.

All mechanical equipment (generator, air intake, and exhaust fans) and
related hardware (air ductwork, valves) survived the test in operable condition.
Roof-mounted electrical conduits and fluorescent light fixtures failed during the
test as the result of excessive roof deflection (Figure 7).

The final positions of the mannequins were essentially unchanged from
pretest locations as shown in Figure 7.

GROUND SURFACE AND ROOF LOADING

The airblast overpressure-time history was recorded at eight locations during
the test. To describe the ground surface loading the airblast data were fit
using exponential functions with polynomial coefficients of the following form:

2 3
p = e(a + bt + ct + dt ) (1)

where:
p = blast pressure, psi
t = time, msec

a,b,c,d = fit parameters

The fits were performed using the principle of least squares on an average of all
the data records. The best-fit peak overpressure determined by this method was
226 psi. Since the HEST test was designed to simulate a 160-psi peak
overpressure from the design threat, another fit was performed with the peak
overpressure fixed at 160 psi. These fits are summarized in Table 1, and
comparisons of the fits with data are presented in Figure 8.

Table 1. Fit parameters for the airblast data.

CURVE a b c d

BEST FIT 5.42 -0.0470 0.00054 -0.00000221
BEST 160-psi 5.08 -0.0136 0 0

FIT
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Figure 5. Overview of the shelter after the test.

Figujre 6. Exterior view of gtriucture showing damage to entryway.
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Figure 7. Interior view of bay 1 showing roof damage and mannequins.
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Figure 8. Comparison of airblast data with exponential pressure fits.

238



The static and dynamic tests performed at WES in support of this blast
shelter program have clearly demonstrated the load mitigating effects of soil
arching on the roof loading distribution. Soil arching acts to transfer load
from the midspan of the roof as it deforms to the roof supports reducing the
induced bending moments in the roof for a given total load. The effective roof
loading was reduced from its original uniform distribution to parabolic
distributions at later times as shown in Figure 9.

- TIME - 0 SEC
.... TIME - I MSEC
.... TIME - 5 MSEC

_' TIME - 10 NSEC
-- -- TIME - 40 SEC

4 00" /

w . -

LI-
200 - " •

0 10 20 30 40 50 60 70

DISTANCE FROM CENTER LINE OF ROOF SLAB. IN.

Figure 9. Roof loading distributions at selected times.

IN-STRUCTURE SHOCK AND SURVIVABILITY

In-structure shock is typically represented in terms of shock spectra. Shock
spectra are plots of the maximum responses, usually of relative displacement,

pseudovelocity, and/or acceleration of all possible linear oscillators with a
specified amount of damping to a given input base acceleration-time history.
Vertical shock spectra were calculated using the recovered floor acceleration
data as input to a computer program developed at WES. The shock spectra were
generated for damping ratios of 0, 5, and 10 percent of critical damping. Figure
10 compares the experimentally determined vertical shock spectra (smoothed bv
hand with damping of 10 percent) for the shelter floor with fragility curves for
typical floor-mounted equipment [7]. Based on the comparison of the shock
spectra and fragility curves, generators and communication equipment should be
shock isolated to ensure their survivability. However, the diesel generator
(mounted on top of its fuel tank) in the shelter was undamaged during the test.
The test results indicate that the generator will survive the design overpressurc
of 50 psi and has survived one overload test of 160 psi.

Crawford, et al, [83 presents a summary of human shock tolerance and
recommends a design maximum acceleration of 10 g for a standing man at or below
the frequency of 10 Hz (resonant frequency). The experimental shock spectra slou.
that a man in the standing position (most vulnerable) would not suffer
compressive fractures; however, impact injuries can occur at much lower shock
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levels as a result of loss of balance and falling. The high-speed movies of the

mannequin motion showed that impact injury was not probable. Plots of mannequin
movement are presented in Figure 11.

RELATVE MANNEQUIN MOTION

rTflNO POSITION

04

02

6 I NING POSI ION

,o L,

200 , 0.. 0

Figure 11. Plots of mannequin relative (to the floor) vertical
displacement.

CONCLUSIONS AND RECOMMENDATIONS

The HEST test of the prototype Keyworker blast shelter demonstrated that the
shelter has reserve capacity to resist overloads of up to three times the design
peak overpressure of 50 psi without catastrophic failure. The series of tests

performed on this shelter design indicates that it has adequate reserve capacity
to resist the design load under less than ideal backfill conditions.

Even though the shear response of the roof slab was significant, the failure

mode was very ductile. The roof decking prevented most of the crushed concrete

from falling to the floor except near the walls and doorway. Use of the roof
decking adequately protects the shelter occupants from projectile injuries caused
by spalled concrete when the roof is significantly damaged. The connection of
the roof decking and embedded angle to the exterior shelter walls needs revision
to prevent the embedded angle from pulling out at large roof deformations.

However, this detail is adequate for the minor damage incurred at the design
overpressure level.

The entryway design proved adequate at the design overpressure but was

severely damaged during the HEST test. Since this test did not realistically
retest the entryway, no design modifications are suggested.

The mechanical equipment and their mounting details were adequate for the
design loading and for the overload environment. During the HEST test, the

lighting fixtures were detached from the roof slab, and the exhaust stack
connection to the roof slab was damaged (but not failed). These details were
adequate at small roof deformations, but thp lighting fixturcs should be hard I> /

to withstand large roof deformations for a balanced shelter design. Some shocl/1
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isolation may be required for communication equipment, but this was not

investigated by the test. Occupant survivability is probable even at the 160-psi

level.
The results of this test and the scale model test programs conuucted by WES

validate the 100-man Keyworker blast shelter design. The minor revisions
suggested make the shelter perform better at large defGrmations resulting from

overload conditions. The experimental and analytical programs conducted by WES

have resulted in a balanced chelter design thta can bp ,,ed wilb'rm,t n rp'

for site-specific conditions in most cases. In addition, the data base for the

response of shallow buried structures was significantly expanded.
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identified with the entryway-to-shelter connection. Design changes were
proposed based on the test results and consultation with Messrs. Conrad
Chester and Greg Zimmerman of the Oak Ridge National Laboratory. Primary
modifications of the shelter design consisted of: replacing the stiffened
endwalls with lighter-weight unstiffened plates, connecting the entryway to an
endwall rather than to the main section of the shelter, and the inclusion of

an emergency exit.
The -t' dy invs-gated the respon;e of the mrdified 18-man blast shelter

in an overload (relative to the design loading) environment. This paper
discusses the dynamic test and the shock environment within the shelter. A
more detailed description of the test procedure and results is presented by
Holmes, Slawson, and Harris [2].

TEST DESCPIPTION AND RESULTS

The 18-man blast shelter, shown in Figure 1, was tested in the Defense
Nuclear Agency (DNA) sponsored 33.5-TJ (8-kt) High Explosive Event, MISTY
PICTURE. The shelter was located 150 m (490 ft.) from the high explosive
charge at the predicted 1.4-MPa (200-psi) peak overpressure level. The high
explosive charge consisted of approximately 4250 Mg (4,665 LOtis) of -LL
Ammonium Nitrate and Fuel Oil (ANFO) mixture contained in a 26.8-m (88-ft.)
diameLe. hemispherical fiberglas shell. The test bed, shown in Figure 2, was
approximately 15.2 m (50 ft.) long, 11 m (36 ft.) wide, and 4.3 m (14 ft.)
deep. The backfill material used during this test was a locally available
material referred to as blow sand. A 0-11-m (1-ft.) layer of blow sand was
placed in the test bed prior to placement of the mai- section of the shelter.
Based on experience and the backfill densities obtained using biow sand durinu
similar tests at the WSMR, the backfill was placed in the test h I in
compacted layers approximately 10.2 cm (4 in.) thick.

The shelter and the free field were instrumented with a total of 18
channels to monitor structural and ground motions and airblast overpressures.
Fifteen Endevco accelerometers were used to monitor the structural and free
field accelerations. Thirteen accelerometers were installed at mid-length of
the shelter along the interior surface to measure structural accelerations.
Two accelerometers were located in the free field to measure vertical and
horizontal acceleration. The surface of the test bed was leveled, and three
Kulite Model XT-190 airblast pressure gages were installed to monitor the
airblast overpressure. These gages were positioned along the center line of
th-e shelter at the ground surface as shown in Figure 3.

Figure 4 is a posttest view of the 18-man shelter. The damage sustained
by the main section of the shelter, the entrvway, and the ventilation system
was minor. Figure 5 shows that the predominant structural response and rigid-
body motion occurred during the first 75-msec after the blast wave arrived at
the shelter. Overall, the permanent structural deformations were small and

major structural components remained structurally sound. The failure of the
emergency exit cover plate, Figure 6, was the only failure of the test. The
bolts used to connect the emerrency exit cover plate to the shelter were spot
welded to the inside surface ot the shelter. Three of the fifteen bolts
failed in shear during the backfilling operation. During the test, three

bolts pulled through the cover plate and nine bolts failed in shear.
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DATA ANALYSIS

Estimates of the surface-burst nuclear weapon yield and overpressure
which best correspond to the airblast data records are required to define
the loading function at the ground surface. Weapon simulations were
determined by fitting, in a least squared sense, 50 msec of airblast impulse
data to nuclear weapon impulse-time curves as defined by Speicher and Brode

[3]. The airblast records were fit individually and collectively using the
procedure developed by Mlakar and Walker [4] and modified by Mr. James Baylot
of WES. The peak overpressure for the average 33.5-TJ (8-kt) yield weapon fit
airblast record was 1.0 MPa (148 psi), and the average best fit was a 10.0 TJ
(2.4 kt) weapon yield at a peak overpressure of 1.4 MPa (198 psi).

IN-STRUCTURE SHOCK

In-structure shock is typically represented in term: of -hock spectra.
Shock spectra are plots of maximum responses (usually of relative
displacement, pseudo-velocity and/or absolute acceleration) of all possible
linear oscillators with a specified amount of damping to a given input base
acceleration-time history. Shock spectra were generated using acceleration
data obtained during the dynamic test as input data for a computer code
developed at WES. The shock spectra were constructed using damping values of
0, 5, and 10 percent of critical damping. The shock spectra developed from
the data of accelerometers A5 and A7 are shown in Figures 7 and 8. Figure 9
compares the experimentally determined vertical shock spectra (smoothed by
hand and using a damping ratio of 10 percent of critical) for the shelter
floor with the fragility curve for typical floor-mounted equipment found in
Reference 5. Floor-mounted equipment includes items such as generators and
communication devices. This comparison indicates that typical floor mounted
equipment would not have survived at the overpressure level of this test. The
experimental shock spectra were generated from data recovered from gages
located on the shelter and not attached to any floor surface. Typical
equipment would be mounted to a plywood floor in an actual shelter. The floor
tends to reduce the amplitudes observed in the shock spectra and increases the
chances of survival of equipment and occupants.

Based on the results found in References 1, 6, and 7 of similar
experiments with the equipment installed, the fragility curves for typical
floor-mounted equipment [5) are design conservative (ie, the equipment
survived at shock levels exceeding their fragility curves). Figure 9
indicates that any floor-mounted equipment should be shock isolated to ensure

survivability.
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OCCUPANT SURVIVABILITY

Crawford [8] discusses human shock tolerance. The effects of shock on
personnel inside the shelter depend on the position of the individual and the
magnitude, duration, frequency, and direction of the motion. It is
recommended that a maximum design acceleration of 10 g's at frequencies at or
below a man's resonant frequency in the standing position (10 Hz) be used.
Figure 7 shows that the floor acceleration measured on the inside bottom
shelter surface was at or slightly less than 10 g's at a frequency of 10 Hz.
Also, the use of a plywood floor will decrease the effective shock amplitudes
received by the occupants. Since human shock tolerance is higher in the
seated and .upine positions than in the standing position, the probability of

injury decreases for these positions.
Impact injuries occur at much lower accelerations than compressive bone

fractures. Generally, impact injuries may occur at acceleration of 0.5 to
1 g for an unrestrained man in the standing or seated positions. These
injuries are the results of one falling and hitting the floor or other
objects. Impact injuries may be reduced by the use of padded surfaces and/of
restraints to prevent movement. No simulated occupants were used during this
test; however, the results presented by Slawson [7] of tests conducted under
similar conditions show relatively small occupant motions that did not result
in the occupants falling down or falling off of bunks.

STRUCTURAL RESPONSE

The failure of the emergency exit cover plate allowed blast pressure to
fill The shelter. Since internal pressure reduces the effective external
structural loading, it was necessary to determine if enough pressure entered
the shelter to affect its structural response. The Chamber computer program
[9) was used to perform these calculations. The maginitude and the rate-of-
fill of the entering pressure were considered in the analysis. Although the
shelter filled with pressure at a fast enough rate to affect the shelter's
structural response, the magnitude of the fill-pressure waL, relatively low in
comp arison wiLh uhe overpressures measured at the ground surface. Therefore,
the pressure inside the shelter did not significantly affect the structural
response of the shelter. From a structural response point of view, it is
concluded that the failure of the emergency exit did not adversely affect the
results of the test.

CONCLUSIONS AND RECOMMENDATIONS

The 18-man blast shelter test in the MISTY PICTURE Event was a partially
successful validation of the modified structural design. Although the
entryway ( with blast closure), the ventilation system, and the modified
endwalls were damaged during the test, their designs proved to be adequate.
The failure of the emergency exit cover plate was the only structural failure.
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In-structure shock levels were survivable by equipment and personnel.
Shock isolation of shelter equipment is suggested to ensure equipment
survivability. Padding of sharp corners, possible impact surfaces and/or
restraint of shelter occupants is recommended as a precautionary measure to
prevent impact injuries.

The modifications to the structural design investigated in this test
should be incorporated in the final shelter design except for the emergency
exit cover plate detail. The connection of this plate to the shelter barrel
should be modified to prevent shearing of the bolts.
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BLAST INDUCED LIQUEFACTION
FIELD EXPLOSIVE TESTS

H. A. Hassen and W. A. Charlie
Department of Civil Engineering

Colorado State University
Fort Collins, CO 80523

Abstract

This paper discusses liquefaction of water saturated sands under planar
blast waves and describes our experimental field testing program that we
conducted at the Liquefaction Field Testing Site at Colorado State University.
The facility is capable of testing soil sample tens of tons in size and uses
actual explosives to produce ground strains to any level desired. Reported here
are the results from a series of tests that were performed on a subangular
riverbed sand by subjecting it to planar compressive stress waves generated from
a grid formed from detonating cords. The response of the saturated soil during".iu 'a 1 Lw= , assuge of the stress wave was ,eccrded and some results are
presented and discussed.

INTRODUCTION

Loose cohesionless soils tend to decrease in volume and may suffer severe loss of

shear strength when subjected to dynamic or monotonic static loadings. This phenomenor

is termed soil liquefaction and is associated primarily with saturated cohesionless

soils. Liquefaction can be triggered by a large number of inputs; natural or

artificial. Liquefaction induced by shock waves and the resulting rapid and large

release of energy is potentially a more serious threat than that caused by other

inputs. Shock waves generated by explosions or by blast loads lie in this category.

Regardless of the causing mechanism, effects that occur during and after liquefaction

are similar and can be catastrophic. These effects may take many forms. Flow failures

of natural slopes or earthdams, tipping of buildings and collapse of bridges are some

="~~~~~~~~~~ Y)ii IlI HIlI~~ lII



disastrous effects. Liquefaction can also produce sinking or flooding or tilting of

military structures above or under ground. An explosion, detonated above or in

satuiated sandy soils usually results in a damage disproportionate to the energy

released. These effects clearly indicate that the potential for liquefaction whether

by explosions or by other inputs, poses serious questions to the design civil and

military engineers. The vast and serious damage caused the liquefaction during the

Niigata and Alaska earthquakes in 1964, initiated a considerable amount of research

on earthquake-induced liquefaction. Now the related parameters are known and

determined and the causing mechanism is well understood. In the caso of expiosive

induced liquefaction, however, similar efforts have only recently started

(International Workshop on Blast-Induced Liquefaction, 1978; Blouin and Shinn, 1983).

More research is still needed to understand the mechanism causing it and to develop

the technology necessary for designing engineering structures and for mitigating

potential hazards.

Our paper reviews shock-induced soil liquefaction and describes an experimental

testing program that we are conducting at the Liquefaction Testing Site at Colorado

State University under a grant from the Air Force Office of Scientific Research

(AFOSR). Laboratory and field testing and theoretical investigations are being

conducted under this research program. A theoretical finite element model that treats

saturated sands as a coupled two-phase system is currently being developed, and the

laboratory testing phase has been completed (Charlie, et al. 1987a). As part of the

field testing program saturated sand response to planar shock waves was tested. Some

results are reported here. These tests were carried out to simulate loading of

saturated soil elements near the explosive . Intense compressive loadings having less

than a millisecond rise times occur in this region, (Figure 1).
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SHOCK-INDUCED LIQUEFACTION

Liquefaction, as the term will be used in our paper, describes a state of saturated

sands in which the shear strength of the soil is greatly reduced. Physically, this

can be viewed as the loss of grain to grain contact between the sand grains. The

material thus acquires the properties and behaves like a dense fluid or mixture of

water and sand grains. When a saturated sand is subjected to compression from a shock

loading, most of the external volumetric stress is carried by the water phase because

its stiffness is much higher than that of the skeleton phase. Upon unloading, the

removal of this volumetric stress is accompanied by an elastic stress relief of the

induced porewater pressure. If the loading strains were large enough to plastically

compress the soil skeleton, residual porewater pressures greater than the hydrostatic

value will be induced. Large compressive stresses can produce a pore pressure rise

upon unloading equal to the initial effective stYtss carried by the soil skelton

resulting in a state of complete liquefaction.

The tendency for a saturated sand deposit to liquefy under shock loading is

dependent on many parameters that can be grouped into: 1) soil media related

parameters and 2) explosives related parameters. However, here only a summary of the

explosive related parameters will be given. Soil media related parameters have been

given in detail by others (Rischbieter, 1977; Hassen, 1988).

" Magnitude of applied stresses. Larger stress intensities are needed to trigger
liquefaction with increasing effective soil stresses. Also, a series of small
delayed explosions have proven to be more effective than single large ones.
(Damitio, 1978; Ivanov, 1967).

" Depth of burial. A contained explosion creates a larger zone of liquefaction
than does a surface explosion.

" Charge weight, Ground strains decrease and Qround shock frequencies increase
with decreasing charge weight.

* Charg_ .Shape. Spherical charges, for example, can cause more liquefaction
than a planar one of similar mass because the soil will be strained both
radially and in the tangential direction.



Stress waves are usually attenuated as they travel away from the detonation point.

This geometrical attenuation is a function of the charge shape. Planar stress waves

are not subjected to geometrical attenuation but are material damped. The amount of

attenuation generally changes with increasing distance from the charge point.

FIELD EXPERIMENTAL FACILITIES

Large scale field tests and actual explosives have been suggested by many

researchers as the best way of modeling free field conditions in a sizeable volume of

sand (Blouin and Shinn, 1983; Ivanou, 1967; Veyera, 1985). We conducted a series of

six planar field tests on very large samples of placed Poudre Valley sand. Our tests

were designed to evaluate explosive induced pore water pressure increases and

liquefaction of water saturated cohesionless soil subjected to explosive induced planar

compressive stress waves, having submillisecond rise time to peak. These tests were

performed at the explosive test site located at the Colorado State University

Engineering Research Center. As shown in Figure 2, the test facility is located below

the regional groundwater teble. Locating the sample below the water table minimized

potential stress wave reflections from the sample's boundaries. We instrumented the

sand at three different levels with porewater pressure transducers, accelerometers and

stress gages to record the transient pore pressure, acceleration and total stress

response respectively as a function of distance and charge intensity. Piezometers were

utilized to obtain late time or residual porewater pressure reponse, digital transient

data recorders were utilized to record the response of the embedded instruments and

strain gages were used to determine the charges in soil density. Full account of this

state-of-the-art instrumentation program is given in Charlie, et al. 1987b.

SANeD USED AND TEST PRu ,EDURES:

Our tests were conducted on Poudre Valley sand, a sand commercially produced by

crushing gravel obtained from the Poudre River in Northern Colorado. This sand has

an angular grain shape, a mean grain size of 0.52 mm, a specific gravity of 2.68 and



a USCS classification of SP. The gradation curve of this sand is given in Figure 3.

The sample size was 4.4 m in diameter by 1.7m high. The soil volume was 26 m3 and

the dry mass of thesample was approximately 45,000 kg. Once the sand was placed and

saturated, 1.8m of water was added above the top of the samples and explosives were

detonated in th2 water 1.2m above sand. After each shot, the settlement of the sample

was measured and checked against that recorded by the strain gages. After the tests

were completed, the water was pumped out and the final location of the gages were

recorded. The explosives were obtained from Buckley Power Company of Englewood,

Colorado. Detonating cord (Prima Cord manufactured by the Ensign-Bickford Company)

was woven in to a grid to produce the required planar stress wave.

RESULTS

Tests were performed on the saturated Poudre Valley sand that was placad at average

relative density of about 90 percent. To produce a planar compressive stress wave,

a 7m diameter grid of the detonating cord was placed in the water 1.2m above the sand's

surface. Because of the burn speed of detonating cord is approximately 6,700 m/sec,

the center of the grid was lifted about 65cm to ensure a true planar wave. The grid

was centered detonated with an instantaneous electric blasting cap. GtId spacings

used were 0.3m or O.6m, depending on the detonating cord explosive rating and explosive

density required to produce the required peak stresses. Total explosive mass for the

six gr .,s detonated ranged from 0.531 to 2.55 kg giving a charge intensity , Wi,

rangiing from 0.15 to 0.73 gm/m2 . Table 1 shows the measured porewater pressure ratios

"or all tests. The best fit equations for the measured peak porewater pressure u~k and

the pore pressure ratio , PPR, respectively as a function of scaled distance,(R/Wi)

are:

= 30073 R Eq. 1

PPR = 1.1 K Eq. 2



where upk is in kPa, PPR ranges from 0 to 1, R is distance from charge in m and wi the

charge intensity in gm/m2. A porewater pressure ratio of 0 indicates no residual

increase in porewater pressure and a PPR of I indicates liquefaction.

Combining Equations 1 and 2 and solving for peak strain, cpk, from

(VP)Pk
E (k = V 

Eq. 3

where VP is the particle velocity in m/sec and Vc is the compressive stress wave

propogation velocity through the saturated sand in m/sec., the porewater pressure

ratio can be presented in terms of peak strain as given in Figure 4. The best fit

equation for this is

PPR = 1.48 (Epk) 0 2" Eq. 4

The above equations can be used to estimate the tr'df ,itt porewater pressure and

porewater pressure ratio as a function of charge intensity.

CONCLUSIONS

Our new field explosive testing facility can be used to test near surface saturated

soils under I-D compressive blast loadings. The test conditions created allow for use

of very large soil samples to eliminate boundary problems commonly associated with

laboratory and small scale field testing. This technique also has the advantage of

being capable of using actual explosives to produce high stresses to any desired level.

Experimental results have shown that it is possible to induce liquefaction in saturated

sand under one dimensional compressive explosive loadings. An empirical relaticnship

between the porewater pressure ratio (PPR) and the scaled distance was found. However.

because of the small number of tests carried, its use should be limited to range of

stress used in the experiment.
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Table 1. Residual Pare Pressure and Charge
Intensities for Planar Stress Waves
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.3 gin
i30x3P cm grid)

Charge Locatioi Ir water 1.22 m above tank and 0.61 m Delow eater surface.
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distance. R. from the cnarge grid of 2.89 mi. The rise of water redaired for
PPR 1 is 1.6 in.
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WAVE COUPLING AND RESONANCE IN GUN TUBES

T. E. Simkins
U.S. Army Armament Research, Development, and Engineering Center

Close Combat Armaments Center
Benet Laboratories

Watervliet, NY 12189-4050

Uncommonly large dynamic strains observed during the firing
of a 120-mm gun tube have been found to be due to a projec-
tile velocity which causes resonant type behavior of a par-
ticular axisymmetric wave. The theory explaining this
phenomenon is reviewed and extended to show the potential
for excitation of non-axially symmetric waves through
coupling when the tube has an eccentric bore. These non-
axially symmetric waves, one of which resonates at a projec-
tile velocity extremely close to that which causes
axisymmetric resonance, cause a beamlike motion of the gun
tube which can affect accuracy at the target.

INTRODUCTION

The work presented herein was motivated by a collection of unusual strain data
acquired during a series of test firings of a 120-mm gun tube during the latter part
of 1985. During these tests, circumferential strains exceeding three times those
predicted by the customary Lame [1] were recorded from the outer surface of this
tube a few feet from the muzzle. Subsequent inspection of the strain data showed
that these strains increased dramatically with projectile velocity and possessed an
oscillatory waveform with a frequency approaching 15 kHz.

It was soon discovered that the extremely large strains were caused by a pro-
jectile velocity which was very close to critical. The existence of such a critical
velocity had been predicted in the literature at least thirty years ago [2-4], but
to the best of our knowledge, no observations such as these have been reported in
the literature. In the following, the essence of the 'critical velocity' theory of
axisymmetric vibrations of a circular cylinder is reviewed and the theory is
extended to include the case of non-axially symmetric vibrations which can be
excited through coupling.

CRITICAL VELOCITY THEORY

This theory predicts a limit as to how fast the tube deformation--in the imme-
diate vicinity of the projectile--can be made to travel before some sort of wave
develops. An exaggerated view of this deformation when the projectile velocity is
low is shown in Fig. 1. Under these 'quasi-static' conditions, the deviation from
the Lame-predicted deformation is less than 3 percent. However, as the projectile
velocity approaches a certain critical value, the tube deformation in the neighbor-
hood of the base of the projectile--that is, at the front of the moving pressure--
grows dramatically. As with classical resonance, the deformation is theoretically
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unbounded when the critical velocity is reached unless damping is present.

LAME' DEFORMATION 
14R

- UNDEFORMED

R

PRESSURE

DEFORMATION OF BORE SURFACE
(STATIC)
Fig. 1

The simplest equation containing the essential physics of the situation is [2)

34W Eh a2
D + E w + m atx ; Q(1-H(x-vt)) (1)

where Q is a constant and represents the magnitude of the pressure which is assumed
to be moving at constant velocity v. H is the heaviside step function:

H(x-vt) = 0 x < vt
= 1 x > vt

In this equation, w is the radial displacement of a point on the median surface of a
cylindrical shell located at a distance x along, and R from, the central axis; h is
the shell thickness and is assumed to be small compared to R; m = ph where p is the
mass density of the shell material; D = Eh/12(1-0 2 ); E is Young's modulus of elas-
ticity; v is Poisson's ratio; and v is the velocity of the moving pressure, assumed
to be finite and constant.

Conventionally, steady-state solutions to Eq. (1) are sought under the con-
ditions that the displacement remain bounded at x = ± m and that the stresses and
displacements be continuous at the location of the pressure front x = vt. Usually,
a change of variable from x to is made where = x-vt. Then the moving pressure
front (the projectile) is always at = 0 and the partial differential equation (Eq.
(1)) becomes an ordinary differential equation which is easily solved. In par-
ticular, these solutions have the form w = Ae±ikt and are steady when seen by an
observer moving with the pressure front at = 0. k is the wave number and, in
general, is complex. Only when k is real does the assumed form of the solution
represent a wave. To find what waves can exist naturally in the cylinder, one sets
Q = 0, and substitutes the assumed solution into Eq. (1). It is seen that real
waves are possible for those values of k which are the real roots of the equation
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v(k) = k/ R (1+y (2)

SEh

where y4  and v is the phase velocity (real). A plot of these wave numbersR2D

versus phase velocity is called a dispersion curve and is shown in Fig. 2 (Cc =
VE/p). This plot shows that waves with low wave number (long waves) travel with
phase velocities which decrease with wave number, while those with high wave number
(short waves) have phase velocities which increase with wave number. This happens
because of two competing restoring forces in Eq. (1). The tube can deform as a
cylindrical membrane in which case the second term of Eq. (1) dominates the behav-
ior, or the tube wall can undergo axisymmetric flexure in which case the first term
dominates. The fact that these two restoring forces compete to prod,!ce a minimum in
the dispersion curve of Fig. 2 is the important part of the critical velocity
theory.

-group

1.0 - phase v geociy

V/C Cvelocity velocity
- - - - -- -- - - -- -- - - - - - - -

0 1 T I I Il 2 3 45
k

Fig. 2 Phase and group velocities--thin shell theory.

For the purpose of discussion, it can be considered axiomatic that if waves are
generated by a moving axisymmetric pressure Q, the phase velocity of these waves
will be the velocity of this moving pressure. That is, the load must be in phase
with the wave(s) it creates. With this in mind, Fig. 2 shows that such waves are
possible provided the load velocity equals or exceeds the minimum possible value.
Let us assume for the moment that the load velocity (the projectile velocity)
somewhat exceeds this minimum. According to Fig. 2, there are two waves with this
phase velocity. Now, physically we know that the energy contained in these two
waves must radiate away, not toward, the source of the disturbance, namely the
moving pressure front. Further, it is known that energy travels not at the phase
velocity, but at another velocity called the 'group velocity,' related to the phase
velocity as follows:
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dv(k)
Vg(k) = k dk + v(k) (3)

where v(k) is the phase velocity (dispersion curve) from Fig. 2. A p1uL of group
velocity versus wave number is also shown in Fig. 2 and provides a criterion for
deciding whether a given wave belongs in the region t > 0 or t < 0. For example,
the wave corresponding to the point p has a group velocity which is smaller than its
phase velocity. Since the wave energy must flow away, not toward, the pressure
front at t = 0, this wave belongs in the region t < 0 only, i.e., it is a 'trailing
wave.' Conversely, the wave corresponding to the point q is a 'head wave,' belonging
to the region t > 0. Assigning the two waves to their appropriate regions results
in the following solution for the midwall displacement w(x,t) when the load velocity
v is greater than the minimum phase velocity of Fig. 2

w = (1 b2 - -cos at + 1 ; 0
- b ? -a 2  (4 )

w (2) -a 2

=---------cos bb a ?

where

a,b A = r1 /R22 2 2 EhD

and C = QR2/Eh approximates the Lame displacement. Note that for A >> 1, the solu-
tion for x 4 vt approaches 2C, twice the Lame displacement.

It can easily be seen from Eq. (3) that should dv/dk ever vanish, the group
velocity and the phase velocity would be equal and energy could not radiate away
from the pressure front, but would continually build the deformation in the neigh-
borhood of the front as time progressed, i.e., resonance would result. Thus, the
minimum phase velocity of Fig. 2 is indeed a 'critical velocity' and it is the near
attainment of this velocity which caused the high strains in the 120-mm gun tube.

Finally, if the velocity of the moving pressure is less than the minimum
possible for wave formation, the wave number k is complex and the solution to Eq.
(1) has the form of a damped harmonic

w(1) ed d? - cs
=- (-cos ct + sin c) + 1 0C 2 2cd

w (2) e-d ( d - c

C 2 -_ (cos c2 + 2c sin c&) 0 (5)

where

c = A +1 and d = V / ...
2 2
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A REFINED MODEL FOR THE 120-MM GUN TUBE

From the standpoint of gun tube design, it is important to be able to predict
critical velocities as accurately as possible and to be able to predict the steady-
qtate deformation at any velocity of the pressure front. Thus, it is necessary to
use a model which is not restricted to cylinders with thin walls. Equations of
motion for thick-walled cylinders have been derived by Mirsky and Herrmann [5] and
are considerably more complicated than Eq. (1). They are used to obtain the results
which follow in much the same way as discussed previously. These equations and the
details leading to their solution have been reported by the author [6].

Although transient effects, boundary reflections, non-uniformity of wall
thickness, and variable pressure (projectile) velocity are ignored, steady-state
calculations for thick-walled cylinders nevertheless produce results in remarkable
agreement with measured values when the projectile velocity is close to critical.
(The assumption of constant projectile velocity is justified in the forward regions
of many gun tubes where the projectile velocity/travel curve is relatively flat.)
Figures 3 and 4 compare predicted and measured values of circumferential strain.
Figure 3 shows the tube deformation in the neighborhood of the projectile and Fig. 4
shows the maximum strain as a function of projectile velocity. The strains have
been normalized with respect to the static values predicted by the Lam6 formula.
The disagreement between the measured and predicted strains at low velocities is
thought to be due to the non-uniform outside dimensions of the real tube as opposed
to the uniform length assumed in the model.

-- -- -measured

-% 2 predicted
CC

oo

c2 -

-2

I I I I I

-I -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1

time from projectile passage - msec

Fig. 3 Comparison of measured and predicted circumferential strains

located at the pressure front.



4 ll

L) 3

0.0

-- A

0
0.4 0.5 0.6 07 01 1.1 1.2

V/Vcr

Fig. 4 Comparison of measured and predicted strains located at

the pressure front.

AXISYMMETRIC AND NON-AXIALLY SYMMETRIC WAVE COUPLING

Mirsky and Herrmann [7] have also derived a set of five equations governing

both axisymmetric and non-axially symmetric motions of a uniform hollow cylinder.

Gazis [8] has gone a step further, accomplishing the same using the more accurate

three-dimensional equations of elasticity. These investigators have computed the

dispersion curves for several of these modes. Viewed in the context of critical

velocity theory, it is interesting that the dispersion curves of the first non-

axially symmetric mode and the previously considered axisymmetric mode have minimum

values in close proximity to one another. This is shown in Figure 5. Both curves

were constructed using the equations of Mirsky and Herrmann. The ordinate values

have been normalized with respect to the velocity of shear waves in the material, Cs
= -G/p, where G is the shear modulus of the material. The abscissa is the non-

dimensional wave number h/L, where L is the wave length. The non-axially symmetric

mode referred to in the figure corresponds to a beamlike deformation of the axis of

the cylinder. Since the moving pressure is perfectly axisymmetric, the only means

for exciting real waves of this type, in particular the resonance indicated by the

minimum, is by some sort of coupling whereby eneray can be exchanged between the

a)tisymmetric and non-axially symmetric modes.
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Fig. 5 Uncoupled dispersion curves (c = O)--Mirsky and Herrmann,
thick-wall shell theory.

One source of modal coupling which is of importance in gun tube design is the
non-uniformity of the thickness of the tube wall. Intuitively, it is clear that
when a tube having an eccentric wall thickness is dynamically pressurized, the bore

centerline tends to move as well as the tube wall. In effect, the eccentricity of
the wall thickness rreates a n& : r-'al bmmetr;c Vdll stiffness and inertia. A
good indication of what may be expected has been obtained by neglecting the asym-
metric stiffness and including only the eccentric inertia coupling. This is the
work reported herein.

Basically, it is assumed that we are dealing with a cylinder which has a

sinusoidal distribution of mass around its circumference and that this distribution

is uniform along the direction of the bore axis. Thus

p = Po(1 + e cos 6) (6)

represents the mass distribution of the cylinder with c serving as the eccentricity
parameter. po is the mass density of the material. The coupling effect sought does

not require the use of sophisticated thick-wall cylinder equations such as those
used by Mirsky and Herrmann or those employed by Gazis, and considering the idealism
reflected in neglecting asymmetric stiffness effects and the assumed mass distribu-
tion of Eq. (6) above, the use of such equations is not required. However, the
essential character of the dispersion curves--especially near the dual minimums and
throughout the long wave regions--must be contained in whatever equations are
chosen. It is surprising that the Donnell-Mushtari equations [9] do not suffice for

this purpose, failing to provide a dispersion curve for the beamlike vibration which
passes through the origin. Consequently, the equations of Flugge were chosen.
Though more complicated than those of Donnell-Mushtari, these equations provide the
necessary features in the dispersion curves and are considerably simpler than those
of Mirsky and Herrmann.

The Flugge equations of motion are as follows [9]:
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2-+ (l-v) (+v) a2 a
as+ 2 5i 2 asao as_

- p -I- t

2 asae 2 as e 562 ao

P E 5t2

a. a+kV 4+p (1-0Z)R 2 a2

as a8 E atz

(1-3_ +, a -v) a30 --- --+-- 0

2 ae2 as3 2 asae2

k03(1-v) V (3-v) (13 _
k 0 2 asi 2 asae V v 0

a3 l:' .~-a a2

as- as58 - 2 as2ae 1 + 2 ao+w Q

(7)

where k = h2/12R 2 , s = x/R, and 0 is measured tangentially. u, v, and w are the
displacement components in the x, 0, and R directions, respectively. Q =

pR2(1-v2)/Eh is the applied load due to the pressure p.
Solutions to Eq. (7) are assumed in the form of a linear superposition of axi-

symmetric motion (uo,wo) and motion from the first non-axially symmetric mode
(ul,vl,wl). (vo can be omitted because it produces an equation for torsional motion
which is uncoupled from the non-axially symmetric variables.) Thus,

u(s,6,t) = Uo(X,t) + u1(x,t)cos 0
v(s,O,t) = v1 (x,t)sin 0
w(s,0,t) = Wo(X,t) + w1 (x,t)cos 0 (8)

Equations (8) can be considered as approximation functions for use with the

Galerkin method [10]. The variations 6u = 6uo + 6uI cos 0, 5v = bvI sin 6, and 6w =

6wo + 6w, cos 0 multiply the first, second, and thi.-d of Eqs. (8), respectively.

2 79



The resulting expressions and Eq. (6) for p(6) are substituted in Eq. (7) followed
by an integration between the limits e = 0 and 2n. This results in the five
equations:

83Wo 0 a0 C a2ul a2uo a2uo
sk 5 3 - + as 2 t2  at 2  + as2 = 0

a wl awl k awl 1 a\l a2Ul + VUl

k + s k + ... as2as as as 2 as at2

(i-u) (1-L') a2Uo
-k il2 Ul 2 uI - C t2 = 0

k a2w 1  a2vl 3k(1-v) a2V 1  (1-) a2vl (V+l ) au l
2 (3-v)+ 2 ati---- as- - + 2 s Vl 2 as 0

C a 2w, a 2w0  a4w 0  a 3 U0  auo2 + at + k _S_ + kw° + wO - k -;- + V 5-- Q

a2w° a4W k a2W, a2w° k 13-v) a2vl
at + k as4  aS t2 2 as2 + Vl

ka3u au k1ij aul (9)kS3  + U as 2 as 0

Steady-state solutions to Eqs. (9) can be obtained in exactly the same way as the
se+-dy-state solution to Eq. (1). Under the substitution = - - VT (where T =
[E/poR2(l-p2)] t), Eqs. (9) become five ordinary differential ' quatiorns vith as
the independent variable.

I CV
2  

If i
-kw0  + Vw° - ___ Ul + (1-v2)u, = 0

III I I II II I

-2kw I  + [v(k+2) - k]4 1 (l+v)v 1 + 2(1-v 2 )ul - 2Cv2u o

+ [(k+1)(v-1)]u1 = 0

t II

k(3-v)w I  - 2w, - [2v 2 
+ (3k+1)--l)]vI  - 2v, - (1+)u I  = 0

IV 11 Till II III

t W1  + kw + v2w° + (k+l)w° - u° + Vu : Q

,I k
k
k (v-i) + V]u 1  = 0 (10)

The complementary solutions of Eqs. (10) are obtained by substituting solutions of

the form Ae- ia for each of the variables uo , ul, v1 , we, and w I , where Aj is a
different arbitray constant -n each substitution ard a is 'he wave rumber. The

result is a set of five linear equations which only have nun-trivial solutions if
the determinant of the coefficients of the Aj vanishes, i.e.,



a2(v2-1) a2cv 0 -ia(u+a 2k) 0

a 2cv 2  a 2 (v2 -1) + V (k+l) ( ia -ia(-- +v+a 2k2 2 (+.)2

1 (K+l) 
-2I

ia a 2  a 2 k
0 (1+V) 2- [2v 2+v(3k+1) 0 2(-3) - 1

-3k-1]-I

a2cv2

-ia(v+a
2k) 0 0 -a 2 (v2 -a 2k) 2

+k+l

k) a2k
0 2a k a)-k (3-V)+l -a2 Cv 2  -a2 (v2-a2k-2k)

+1

(11)

Setting this determinant to zero results in the dispersion relation. The first two
branches are shown in Fig. 6 for the value c = 0.1. The similarity to those of
Mirsky and Herrmann (Fig. 5) is evident.

1.5
eps : ,1

10--azisymmetrlc

0.50. - non-azisymmetrlc

1 I I I

0. 0.1 h/L 0.2 0.3

Fig. 6

The dispersion curves of Fig. 6 represent the natural (unforced) waves of the
cylinder which are the complimentary solutions to Eq. (10). As was the case in
dealing with Eq. (1), the stresses Pnd displacements are required to be continuous



at the location of the pressure front. In terms of the variables defined in Eqs.
(8., the following quantities must be continuous at 0 [11]:

R' (", + Vl) + vi u ,

L.(w +v ) + u!I w,

wo U0

(-.; )U1  + (v 2)V" + Vl -V4i

W - Uo

and v1 , w o , w1 , wo , w,

The continuity relations plus the boundedness criteria at infinity and/or the

grop velocity argument are sufficient to uniquely determine the displacements once
the particular solutions have been determined. The particular solutions
corresponding to the load terms on the right-hand side of Eqs. (9) may be found by
eliminating all but one of the dependent variables through the use of Cramer's rule
and the commotativity of tne differential operators [12]. This procedure is much

simpler than inverting Fourier transforms--a common solution technique used in con-
nection with these problems (cf. [3]).

From the previous discussion in connection with Eq. (1), several load veloci-
ties are of interest. For example, from the dispersion curves of Fig. 6, it is

clear that a real wave will be excited regardless of how small the projectile veloc-
ity might be. As a typical value, v = 0.382 Cs has been chosen and the correspond-
ing mid-wall radial displacement at the top of the cylinder (0 = 0) is shown in

Fig. 7 using the value c = 0.1 (10 percent mass eccentricity). The ordinate in
Figs. 7 through 10 is the ratin of the dynamic displacement in the radial direction

(w) to the static axisymmetric radial displacement as approximated by the particular
solution for w o .

1.4

o .6
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Fig. 7 Radial displacement from coupled Flugge equations, v/C s = 0.382, 01



This radial displacement is essentially quasi-static except for the existence
of a wave which, from the group velocity argument, exists in front of the pressure
only. The presence of any 'head wave' will be felt at the gun muzzle prior to the
arrival of the projectile and therefore constitutes a possible cause of round inac-
curacy at the target.

Another load velocity of interest is v = 0.515 Cs which is just below the
lowest critical value. Again, c = 0.1 and the radial displacement at the top of the
cylinder is shown in Fig. 8a. The head wave of Fig. 7 is evident. The axisymmetric
portion of this displacement is shown in Fig. 8b, so that the difference betweon the
two figures is the contribution of the beamlike motion at this velocity and is
substantial.
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Fig. 8a Radial displacement, 0 0, v/Cs = 0.515, c 0.].
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Fig. 8o Non-axia]2y symmetric (beamlike) component of Fig. 8a.



The presence of a maximum value in the long wavelength region of the lower
dispersion curve is also catse for interest. It is known, however, that the disper-
sion curve for the next non-axially symmetric mode (in which the tube distorts more
or less into an elliptical shape) passes through this region and has a minimum value
there. This mode is not included in the present analysis and therefore the model is
considered to be inaccurate in this region.

Probably the most interesting load velocity is that which falls between the
minimums (vcrl,vcr2) of the two curves of Fig. 6. For a load velocity exactly
halfway between these minimums, i.e.,

Vcrl + vcr2
2

Fig. 9 shows that the axisymmetric and beamlike motions are nearly equal in magni-
tude for values of c as small as 0.01. This is apparently due to the fact that the
minimums (critical velocities) of the two branches of Fig. 6 approach each other as
c diminishes. Consequently, a load velocity halfway between them is closer to both
critical values when c is smaller. This is shown in Fig. 10--a blowup of Fig. 6 in
the vicinity of the minimums in the neighborhood of the critical velocities for two
values of c. From one point of view, the non-axially symmetric wave acts as a
vibration absorber for the axisymmetric motion. This is not likely to reduce the
maximum stress in the cylinder however, since the wall will then be subjected to
biaxial stresses of comparable magnitudes.
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Fig. 9a Axisymmetric component of radial displacement, 0 0,
vcrl + Vcr2

v = --- -= 0.541, c = 0.01.
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THE BLAST FIELD PRODUCED BY A CANNON
HAVING A PERFORATED MUZZLE BRAKE

G. C. Carofano
U.S. Army Armament Research, Development, and Engineering Center

Close Combat Armaments Center
Benet Laboratories

Watervliet, NY 12189-4050

In a study of perforated muzzle brakes, Nagamatsu, Choi,
Duffy, and Carofano calculated the three-dimensional steady
flow through one vent hole and used the results to predict
overall brake performance. In the present study, the analy-
sis is extended to the calculation of the blast field. The
results compare favorably with previously unpublished
shadowgraphs obtained by Dillon in his experimental program.

INTRODUCTION

A perforated muzzle brake consists simply of a set of vents drilled through the
wall of a cannon near the muzzle (see Fig. 1). Compared with conventional baffle
brakes, they are lighter and simpler to manufacture and, as shown in a series of
reports by Dillon and Nagamatsu [1-5], they can be designed to provide significant
levals cf recoil reduction. Also, because the vented area can be located sym-
metrically around the tube, a more favorable flow environment is provided for finned
projectiles. Asymmetrical venting can lead to bending and even breakage of the
fins.

Fig. I Schematic drawing of a perforated muzzle brake.

Nagamatsu, Duffy, Choi, and Carofano [6] calculated the steady three-
dimensional flow through a singl vent in the wall of a shock tube. The predicted
pressure distribution on the vent wall compared favorably with the experimental
neasurements of Nagamatsu, Duffy, and Choi [7]. It was also shown that these
results could be combined with a one-dimensional model of the transient flow in a
cannon to predict the impulse reduction produced by a perforated muzzle brake. The
predictions agreed well with the experimental measurements of Dillon [1] for a 20-mm
cannon. A more comprehensive comparison of the theory with these experiments,
including a discussion of brake efficiency and scaling, was made by Carofano [8].
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The transient development of the three-dimensional flow through a conventional
baffle brake is discussed by Wang, Widhopf, and Chen [9].

In the present study, the analysis is extended to the calculation of the blast
field. The complex transient three-dimensional problem is reduced to - one-
dimensional flow inside the tube coupled to an axisymmetric model outside. The
three-dimensional character of the flow through the tube wall is retained, however,
by treating it as quasi-steady. The results are compared with previously
unpublished shadowgraphs obtained by Dillon in his experimental program.

THE VENT FLOW FIELD

When the propellant gas expands through the brake, an asymmetric pressure
distribution develops in each hole with the highest pressures acting on the
downstream surface. The vector and pressure contour plots of Figs. 2 and 3 show
typical flow patterns in the symmetry plane of one hole ard the portion of the tube
associated with it. The flow variables in the tube are uniform across the entrance
plane. The solid !rn:s in the vector plot indicate where the local Mach number is
unity.

In Fig. 2, the flow enters at Mach one and accelprates to supersonic velocities
as a portion of the gas expands and turns into the ho e. The shock at the
downstream lip of the hole turns the expanded flow parallel to the solid surfaces
and reduces the velocities to subsonic levels. The pressure on the lip is nearly
t~ice the static pressure of the incoming stream. The flow accelerates away from
this region and leaves the tube and hole at supersonic velocities. There is a large
subsonic region in the upstream portion of the hole. A more complete description of
the flow and a comparison with shock tube data are given in [6].

To calculate the blast field, the flow through each vent is required at each
instant of time during tube blowdown. Because the flow is three-dimensional, it is
not practical to obtain the complete solution with a transient calculation.
Fortunately, the flow contains many features which permit a vigorous simplification
of the problem.

First, because of the large volume of the gun tube, the blowdown process takes
on the order of tens of milliseconds, while the three-dimension3l calculations indi-
cate that the flow in a hole is established in a fraction of a millisecond.
Therefore, the latter can be treated as quasi-steady and only the flow inside and
outside of the tube must be considered as time-dependent.

Secondly, in the applications of interest, the flow is either sonic or super-
sonic as it enters the brake and, due to the venting, expands to higher Mach numbers
as it travels downstream. Also, because of the high tube pressures, the qas exits
each hole at near sonic or supersonic velocities over most of the exit p.-ne area
(see Figs. 2 and 3). Experience has shown that the flow is rather insensitive to
the outflow boundary condition over the remaining subsonic portion. Thus, the flow
at a particular hole location is not influenced by events occurring farther
downstream or outside of the tube. It depends solely on the conditions in the tube
upstream of the hole.
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Fig. 3 Velocity vector and pressure contour plots for a vent flow with a
Mach number of two at the entrance plane.

The Euler equations may be written in conservative form as

+Q aF 3 G +aH (1
at +ax + ay az 0

where

p ~ m [n

m m2/P+P nm/p Im/p

Q * n ,F Imn/p a 3 n2/p+P , H= in/p

I mi/p ni/p i2/p+P

E_ -(E+P)m/p_ (E+P)n/p_ L(E+P)i/p_

p is the density; m = pu, n = pv, and I = pw are the momentum components in the x,
y, and z directions, respectively; u, v, and w are the corresponding velocity com-
ponents. P is the pressure and E is the total energy per unit volume defined as

E = pe + (M2+n2+'.2 )/2p (2)
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where e is the specific internal energy. Beth the propellant gas and the air are
taken to be perfect gases, so the pressure is related to the state variables p and e
by the expression

P = (y-1)pe (3)

where y is the specific heat ratio.
Consider the result of nondimensionalizing the Euler equations in the following

way:

P' = P/P 2  , m' = m/V'P2 p2  , n' = n/VP2p 2  , ' =I/VP2P2

P' = P/P2 , E' = E/P 2  , e' = eP2 /P2  , c' = cP2/P

x' = x/D , y' = y/D , z' = z/D , t' = tV'P2/p2/D

where P2 and P2 are the density and pressure of the uniform flow at the upstream
plane of the tube and 0 is the vent diameter. The form of the Euler and state
equations remains unchanged, while the inflow boundary conditions become

PI = 1 (4)

m' = YYM 2  (5)

n' V = 0 (6)

E' = 1/(y-1) + yM2/2 (7)

Since the flow depends only on the inflow boundary conditions, which are
completely described by the upstream Mach number, M2 , the specific heat ratio, Y,
and the hole geometry, one solution with these parameters specified is valid for all
upstream pressures and densities. This observation is central to the success of the
analysis because, while a wide range of physical states are encountered during
blowdown only a few three-dimensional solutions are required to describe them.

Data from the three-dimensional solution are used to obta;#-, aZItaye vaues of
the density, PH, pressur PH, the mass flux, PHVH, and the axial component of the
radial momentum flux, .. HUH, in the exit plane of the vent using the following
expressions:

PH - (1/AH) fAH p'dA (8)

= eAH) fAH P'dA (9)

PHvH = (1/AH) fAH p'v'dA (10)

PHvHuH = (1/AH) fAHP'v'u'dA (11)

where u is the velocity component parallel to the tube axis and v is the component
parallel to the vent axis. The integration is carried out over the vent exit area,
AH. The fluxes are calculated rather than the velocities because they are used
directly to compute the local vent rate in the interior solution and the weapon
impulse [8]. The averages are dimensionless and are functions of the parameters
that appear in the three-dimensional solution. Their use will be described below.
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The gas v'nting through the brake will either be the air ahead of the
projectile--the precursor flow--or propellant gas. Experience has shown that the
three-dimensional solutions are not particularly sensitive to the value of Y, there-
fore the numerical results obtained in [8j for y = 1.22 were used in this study.
The interior and exterior flows are computed using the appropriate specific heat
ratios, however.

The averaged functions are shown in Fig. 4. The hole geometry is characterized
by the ratio of its height, LH, to its diameter, DH . The height is equal to the
tube wall thickness. Note that the momentum flux is negative for both vent heights,
especially the shorter one. This is consistent with the velocity vector plots of
Figs. 2 and 3--the flow leaving the shorter vent is, on balance, direct ore
upstream.

0-0

LH/------ LH/OH= 1

T L2 ' LH/H=
T - LH/DLH1/DH=0

0100 a_0

.01.00 1.5) 2.00 1. 0 D
MACH NUMBER MACH NUMBER

o LH/DH=I 0 LH/DH=2

_T LH/OH=2

0 >1

ci - LH/OH= I

0100 1.50 2.00 1.00 1.50 2.00

MACH NUMBER MRCH NUMBER

Fig.4 The averaged functions computed from the three-dimensional solutions.



THE INTERIOR FLOW FIELD

The flow inside the tube is calculated using the one-dimensional Euler

equations with a source term included to represent the venting at the tube wall.

ap am 1 dm
-- + -- = - -- (12)

at ax A dx

am a(m2/p+P) m dm-- - ----- ----..--.- (13 )

at ax pA dx

8E a(m(E+P)/p) (E+P) dm
-- +- -------------- = (14)
at ax pA dx

The vent term (1/A)dm/dx represents the mass of fluid per unit time per unit volume

leaving the tube at x. A is the bore area. The fluid is assumed to leave at the

local velocity u in the momentum equation and with the local enthalpy per unit mass

(E+P)/p in the energy equation (see [10] for the derivation of these equations).

The theory will be compared with an experimental brake having holes of a single

diameter and a uniform spacing, SH, along the tube. The vent area per unit length

is RNCDH 2/4SH where NC is the number of holes per row (rows run around the circum-

ference of the tube). The vent term can then be written in dimensional form as

(1/A)dm/dx = -PHvHV (NC/SH)(DH/DB)2  (15)

where DB is the tube diameter. P and p are the local values of pressure and density

in the one-dimensional solution; they appear since these quantities were used to

nondimensionalize the product PHVH in the three-dimensional solutior. The latter is

also a function of the local Mach number.

THE EXTERIOR SOLUTION

The flow outside of the tube is treated as axisymmetric. The large number of

vents typical of such brakes and their symmetrical placement around the tube makes

this feasible. The Euler equations take the following form:

at+ + y +  = 0 (16)
at ax ay

where

p M nI

m m2/p+P nm/p m/P

Q= n , F mn/p G = n2/p+P W =p

E (E+P)m/p (E+P)n/p (E+P)/p

_S. _Sm/p _Sn/p _S/P
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Since two gases are present, the state variables must be evaluated for a mix-
ture. The details are fully explained in [11]. The last equation in this set is a
species equation where S represents the mass concentration of the air at a par-
ticular location.

At the muzzle, the one-dimensional equations are solved simultaneously with the
axisymmetric equations downstream. The remainder of the tube is a solid boundary
except for the vented region. Since the area of each vent represents only a portion
of the local tube area, the averaged variables at the vent exit have to be adjusted

to provide an appropriate boundary condition for the axisymmetric equations.
The sketch in Fig. 5 represents a cross section through the vented region of

the tube along a plane parallel to the tube axis. Three rows of holes are shown.
The center row has an annular control volume drawn above it which extends completely
around the circumference of the tube. The width of the control volume is the hole
spacing, SH , and its height is 6. If 6 is allowed to approach zero, th.en the only
relevant flux vector in Eq. (16) is G(Q). The flow adiusts instantaneously from the

smaller vent exit area, AH, to the larger tube surface area AS = (DB + 2LH)SH/NC.
Writing this balance out gives

PHVHAH = PSvSAS (17)

Pa(AS-AH) + (PHvH* + PH)AH = (pSVS + Ps)As (18)

PHVHUHAH = psvsusAs (19)

(EH + PH)VHAH = (ES + PS)VSAs (20)

The species equation is not written out since the vented gas will either be air with
SS = PS or propellant gas with SS = 0.

EflIFI

09/2.

Fig. 5 Control volume used to construct the boundary conditions along the
vented portion of the tube.

The first term on the left-hand side of the axial momentum equation represents

some average pressure, Pa, acting on the area difference (AS - AH). Since this
pressure is not known, it will be assumed that the gas undergoes an isentropic
expansion so that this equation can be replaced with the expression

PS/PH - (PS/PH)Y (21)
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where y is appropriate to the gas being vented. With a little algebra, the
following results are obtained:

1 IT+--'
AH 2 + (y-1)MH' 2 (y-1)14S = KH A[2 : ](22)

AS 2

MHAH 2/(y+1)
PS = PH [A iS1 (23)

vS = vH(PHAH/PSAS), US a uH  (24)

where M = u/VrVP/p. After determining MS by iteration, the conserved variables in
the Euler equations can be formed. The quantities at the vent exit are related to
the interior flow through the averaged functions given above. Because the vent exit
flow is supersonic, the exterior boundary condition is completely determined by the
local conditions in the tube.

Harten's Total Variation Diminishing scheme [12] was used in conjunction with a
time-splitting algorithm to solve the Euler equations. A more thorough description
of the numerical methods is given in [6] and [11].

THE STARTING SOLUTION

The first two configurations of [1] will be analyzed: the bare muzzle case and
brake #1. This brake has 16 rows of holes arranged in a staggered pattern with
every other row of 12 holes rotated 15 degrees with respect to the adjacent rows.
The holes are drilled perpendicular to the tube axis. The brake adds 11.84 cm to
the length of the cannon. A more complete description of the experimental setup,
including photographs of the brakes, is given in [1]. The data in Table 1 are also
taken from that source.

Table 1 Initial Data for 20-mm Cannon

Pm= 287.0 atm U = 41.7 cm3  Yp 
= 1.25

Vm = 1045.0 m/sec C = 0.0389 kg Mp = 22.8
TL = 143.0 cm W = 0.098 kg DH = 0.0579 cm
Lp = 7.5 cm Ya = 1.40 SH = 0.0866 cm

DB = 2.00 cm Ma = 29.0 LH = 0.0709 cm

Pm and Vm are the measured projectile base pressure and velocity, respectively, at
the muzzle exit plane. TL is the projectile travel length, Lp is the projectile
length, DB is the bore diameter, U is the chamber volume, C is the charge mass, and
W is the projectile mass. I is the spocific heat ratio and M is the molecular
weight of the gases; the subscripts "a" and "p" refer to the air and propellant gas,
respectively.

The starting configurations are shown schematically in Fig. 6. The overall
length of 156.3 cm in the bare muzzle case includes a uniform extension of the
barrel to account for the chamber volume. The projectile velocity is kept constant
throughout the calculation.
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Fig. 6 The starting configurations with and without the brake.
All dimensions are in centimeters.

Initially, the projectile nose is 21.8 cm from the muzzle with the precursor
shock at the muzzle exit plane. This distance places the precursor shock at the
correct position in the first shadowgraph to be presented below. The state of the
air ahead of the projectile corresponds to a shock Mach number btased on the ratio of
the projectile velocity to the acoustic speed in the stagnant environment. This
method of introducing the precursor flow into the calculation underestimates the
mass of air expelled from the weapon which is (TL-Lp)A Pe. Pe is the density of the
environment. In the computation, the 21.8-cm air column has a density of 4.52 Pe.
Taking the ratio of the two masses shows that 38 percent more air is expelled by the
weapon. The deficiency could be corrected by using a projeccile iravei-time curve
from an internal ballistics code to generate the precursor flow from shot start but
the computation time would also increase significantly. The effect of the precursor
flow on the blast field will be explored below. Identical starting conditions were
used when the brake was added, as indicated in Fig. 6.

The calculation proceeds until the projectile base reaches the position of the
bare muzzle exit plane. At this instant, the state of the propellant gas behind the
projectile is computed from the information in Table 1. The distributions of
pressure, density, and velocity are based on the Pidduck-Kent limiting solution [13]
specialized to a perfect gas. These are given by

1_ C (- C i/(yl -1 (25)
2Y W 2y W 0

Xs = (TL + U/A) (26)
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X = x/Xs (27)

P = Pm [-:-S-(- (28)

C _2 Q W -(29)
U (Yv-1 i i

U = XVm (30)

0 is obtained by solving Eq. (25) by iteration. Xs is the projectile base position
which includes the uniform chamber volume extension. It remains unchanged when the
brake is added.

RESULTS

A set of five shadowgraphs was obtained for each of the brakes tested by Dillon
[1], but they were not included in that report. Some of these shadowgraphs 3re pre-
sented here--the complete sets are included in (14].

The density contour plot in Fig. 7 shows the precursor flow just after the pro-
jectile clears the muzzle. As noted earlier, the starting configuration was chosen
so that the intersection of the precursor shock with the tube axis would closely
match that in this shadowgraph. In all of the contour plots to be presented, the
data were dumped at the instant the projectile reached its position in the
corresponding shadowgraph. Thus, what is being compared between a contour plot-
shadowgraph pair is the structure of the remainder of the flow field. The computed
shock shape and plume size compare reasonably well with the experiment in Fig. 7.

The shadowgraph in Fig. 8 shows that the blast wave does not have the smooth
appearance of the precursor shock. The pressure contour plot in the figure also has
this feature. It is due to the nonuniform environment generated by the precursor
flow. This can be demonstrated by starting the calculation with the projectile nose
just upstream of the muzzle, thereby eliminating the precursor flow. The smooth
blast wave and simpler plume structure of Fig. 9 result. Including the precursor
flow increases the computation time by 60 percent, but it appears to be necessary.

The flow field development with the brake in place is depicted in Figs. 10
through 12. In the density plot of Fig. 10, the expansion of the precursor flow in
the tube due to the venting through the brake is evident. It 4nes not appear in
Figs. 11 and 12 because the contour levels were chosen to emp .ilzc the structure of
the exterior flow.

Except for the region where the blast wave intersects the tuue wall, the
geometries of the precursor and main shocks show good agreement with those in the
shadowgraphs. The weak shocks resulting from the interaction of the brake-driven
and muzzle-driven portions of the flow are also captured nicely. Unfortunately, the
dense propellant gas conceals the rich structure of the plumes in the shadowgraphs.
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Fig. 7 Density contour plot and shadowgraph for the bare muzzle case,
t = 0.290 msec.
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Fig. 8 Pressure contour plot and shadowgraph for the bare muzzle case,

t = 0.497.
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Fig. 9 Pressure contour plot for the bare muzzle case
with precursor flow eliminated.

Fig. 10 Density contour plot and shadowgraph for the brake case,
t = 0.213 msec.
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Fig. 11 Pressure contour plot and shadowgraph for the brake case,
t = 0.423 msec.
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Fig. 12 Pressure contour plot and shadowgraph for the brake case,

t = 0.546 msec.
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Perhaps the most intriguing feature in the figures is that the primary thrust
of the brake flow is directed considerably rearward even though the holes are
drilled perpendicular to the tube axis. This is the result of the expansion of the
propellant gas remaining in the tube as it passes the vented region. The pressure
drop along the tube axis, shown in Fig. 13, is considerable. Also shown in this
figure is the pressure distribution along the outside surface of the tube, that is,
the boundary condition PS in Eq. (21). PS depends directly on the tube pressure, so
its variation with distance is geometrically similar to that in the tube. It is
well above atmospheric pressure at the upstream end of the brake, but only slightly
above it at the downstream end. Relative to the pressure level between the plume
boundary and the main blast wave, the gas at the upstream end of the brake is
underexpanded, while that at the downstream is overexpanded.

8

8

8

.-00 .b00 .00 k.00 A.00 .00) A.00 36.00 46.00 -. 00
DISTANCE (CM) DISTANCE (CM)

Fig. 13 Pressure distribution on the tube axis t'-rough the vented region (left)
and outside of the brake (right), t = 0.546 msec.

The velocity plot in Fig. 14 shows the motion of the propellant gas within the
plume. Every fourth vector is plotted to render some clarity to the figure. The
plume boundaries are indicated by the solid lines which are actually a plot of the
mass fraction of air with contour levels spaced closely around 0.5. They also
appear in the pressure plots.
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Fig. 14 Velocity vector plot for the brake case, t = 0.546 msec.

The vectors indicate that the gas leaves the brake with a slight upstream bias
over most of its length. At the upstream e d, the underexpanded flow is gradually
turned nearly perpendicular to the tube by a weak compression shock. At the
downstream end, the overexpanded flow is turned immediately upstream by a
compression shock. The shock system which terminates the supersonic flow in the
plume also turns the flow upstream. It then undergoes an expansion near the top of
the plume where the flow is turned nearly parallel to the tube axis. This expansion
is terminated by another shock and the flow then circulates around a large vortex on
the left side of the plume. Note the absence of a vortex on the right side.

To determine the influence of the muzzle flow on the shape of the brake plume,
the calculation was repeated with the muzzle moved farther downstream. The pressure
plot in Fig. 15 shows that the brake plume develops essentially as before.

Removing the precursor flow by placing the projectile nose just upstream of the

brake at the start of the calculation produced the result in Fig. 16. The plume
shape is modified only slightly. It is interesting, however, that now the upstream
portion of the blast wave more closely resembles the shadowgraph. This suggests

that it may be important to include the full development of the precursor flow from
shot start to obtain proper results in this region. It should also be mentioned
that failure to include the 45-degree ramp on the tube exterior just upstream of the
experimental brake (see shadowgraph in Fig. 10) might contribute to the poor
agreement, although the corresponding step in the bare muzzle case (see Fig. 7) does
not seem to influence either the precursor or the main shock development there.

CONCLUSIONS

In general, the predicted results compare favorably with the shadowgraphs. The
coupling of the interior and exterior flows using a control volume model to make the

transition appears to be practical. Perhaps more attention should be paid to the
development of the precursor flow.
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Fig. 15 Pressure contour plot for the brake case with muzzle flow removed,
t = 0.546 msec.

Fig. 16 Pressure contour plot for the brake case with muzzle and precursor
flows removed, t = 0.546 msec.
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LAGRANGIAN MODELLING OF BLUNT
PROJECTILE IMPACTS AGAINST THICK PLATES

J. C. Schulz and 0. E. R. Heimdahl
Research Department
Naval Weapons Center

China Lake, CA 93555

A techiq~ue for Lagrangian modelling of blunt projectile impacts
aist thick plates is presentedl. This tcchiniquc involves inclusio

in the model of a conical cap of target material ahlead of the p~rojec-
t I(e and spatdfroml thec remalindler of the L.r get ',y an &'roding
interface. This teclhique ensures that erosion will occur, not at the
interface b~etweeni the p~rojectile and the target, but at the interface
b~etweenl the cap and the remainder of the target. Comparison w'ith
gun firing results indicates that inclusion of a cap reduices the effec-
tive-( drag onl the projectile andl lead1s to results that are in significantly
b~et ter agreemnt wvith experiment.

INTRODUCTION

Hi st or cally, Lagrangin codes have hiad limited success modelling projectile Impacts agalinst
thick plate targets where significant p~enetrationl occurs. This is becaume material fracture and
conuIlmlnimlt oll. which are essential parts of the penetration process. are dlifficult to modlel with such1
codles. Also, thle ext remue element (distortions associatedl with pen~tetra~tioni cin leadl to soluition
stopp~agc.

Recimtvhowever, thme so-calledl "eroding interface- has been developed [1], wNhich leads
to ilmmjprovedl resuit~s InI this situia tion. Wit Ii anl eroding interface, elemients along thle interface
1bo und~ary are allowed to fail as their effective st rains exceedl a critical value. The voliie(tr nc

fleect of faled elemienits are elimiinated froin the solution andl the interface is rleielto Include
onily xoii-er hled imaterial. The masses of failed elements are ret ained1 as polit miasses which are
colm:st ra itmed to lie out side t he eroded liltecrface.

Ero dinmg Interfaces are applicab le to problems where inat erial erosion is thle primary nio d e of

Ipelet rat ion. This reqjurcminemt is ap~proximately sat ifleo iii the case of a po()inted( or rooml-fro)mt ed
)ro(,et Ie whecre erodled umaterial cain flo)w aromiil thle s;*Ie of the projectile and e'scape to the rear.

It Is not sat istied, however, for ai 1 limt -fromit ed project ile where a cap of im-eongma terial

frmi III thle St agna tion Zonme ahecad of the projectile. Tisl' Cap chlaniges thle effective uiosesijai of
time projecti he amnd forces crosi im to occur 1bet ween It a nd thle remnaind~er of the target. Ali omo ii nA rV
elm fi ig i mitcerface bet weemi p)roject ile and1( target does tiot reproduce t his lwl m N-0.
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In oi paper a new technique for modelling penetration of blunt projectiles is examined,
which takes into account experimental observations regarding the formation of stagnation caps
of target material on the fronts of blunt projectiles during penei'ation. The technique involves
inclusion in the finite element model of a conical cap of target material ahead of the projectile with
an eroding interface between the surface of the cap and the remainder of the target. This new
technique has been used to model impacts of small steel cylinders against concrete slab targets,
for which gun-firing data is available. The inclusion of a cap reduces the effective drag of the
target and leads to results that are in significantly better agreement with experiment.

STAGNATION CAP FORMATION

Experimental evidence for the formation of stagnation caps during blunt projectile pene-
trations, since it forms the basis for the modelling technique, will be briefly reviewed in this
sectior..

Although the notion that caps of target material might form in the stagnation zones ahead
of penetrating projectiles was put forth by Newton in his Principia, it was many years before
such caps were actually reported experimentally. Apparently, this was first done by Allen, et
al [2], for penetrations into sand. The existence of roughly conical caps ahead of steel cylinders
impacting aluminum plates was described by Backman [3]. Winter [4] has observed stagnation
caps resulting from penetrations into titanium and polymethylmethacryl ate.

The most extensive study of stagnation cap formation is that of Backman, et al [5]. They
fired small-diameter steel cylinders into plaster of Paris and simulated concrete targets, which
were fabricated with different-colored layers. The targets were cross-sectioned after test to reveal
the projectile penetration paths and the stagnation caps ahead of the projectiles. A typical
cap formed on a steel cylinder during penetration into simulated concrete is shown in Figure
1. Detailed examination of the layers indicated that the caps formed almost immediately and
remained essentially intact, causing the projectiles to become effectively conically-fronted for the
duration of the impact event.

€" . • 6~ 6 " / "

6 , . ..-

* . ...

4 & I

Figure 1. Stagnation cap ahead of steel cylinder penetrating sim-

ulated concrete.
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MODELLING TECHNIQUE

The basic idea behind the modelling technique described in this paper is to artificially create a
stagnation cap of target material ahead of the projectile at the solution start. This is accomplished
by modelling the target in two parts, a cone of matcrial ahead of the projectile and the remainder
of the target, with an eroding interface between them. The projectile impacts the base of the
cone and propels it into the remainder of the target.

The main approximations in this technique involve the "pre-shearing-out" of the cone and
the choice of a suitable cone angle. If the strength of the target material is relatively low, the
work required to form the cone should be small. The experiments in [5] indicate that a cone angle
of 45 degrees is reasonable for impacts into concrete-like materials. This value was used for all
computations in this paper.

A related modelling technique involving use of a cap of target material ahead of an impacting
projectile is described in [6]. In that case, however, the remainder of the target was not modelled
and no eroding interface was used. Instead, an approximate pressure loading to represent effect
of the remainder of the target was applied to the surface of the cap.

To test the feasibility of the present technique, the normal incidence impact of a steel cylinder
against a concrete slab was modelled. The projectile diameter was 10 inches, the projectile length
was 15 inches and the slab thickness was 10 inches. The impact speed was 1000 feet per second.
The EPIC-2 code [7] was used. Models not including and including a target cap were constructed.
Material properties for the steel and concrete were taken from the EPIC-2 library. A critical
erosion strain of 1.5 was used. Deformed structure plots without and with a target cap are shown
in Figures 2 and 3. The residual speeds of the projectile were 671 and 741 feet per second,
respectively. Inclusion of a cap increased the residual speed by about 10 percent.

For both models, a large "bubble" of low density target material formed behind the target
so that the projectile never broke through the rear surface. Physically, one would expect a cloud
of highly comminuted rubble rather than this cohesive bubble. This bubble can be eliminated by
introducing a critical volumetric strain into the erosion algorithm in addition to the usual critical
erosion strain.

Deformed structure plots for computer runs for models not including and including a target
cap, and with a critical volumetric strain of 1.0, are shown in Figures 4 and 5. The residual speeds
of the projectile were 689 and 750 feet per second. In both cases, a cloud of point masses has been
produced and the projectile has broken out at the rear of the target. It should be emphasized
that volumetric erosion has little physical justification and is included for cosmetic purposes only.
It results in slightly higher residual speeds (less than 3 percent).

COMPARISON WITH EXPERIMENT

Experimental firings of small, blunt-nosed cylindrical steel projectiles against simulated re-
inforced concrete slabs are described in [8]. The projectiles were 0.5 inch in diameter and had an
internal cavity filled with plasticine. Weight of projectile and filler was about 26.4 grams. Slab
targets consisting of simulated concrete (concrete patching compound) reinforced with layers of
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1200 1600 2000

Figure 2. Steel cylinder impacting concrete slab, no target cap, erosion
strain 1.5.

0 Ps 100 800

1200 1600 2000

Figure 3. Steel cylinder impacting concrete slab, target cap, erosion strain
= 1.5.
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0 Ps 100 800

1200 1600 2000

Figure 4. Steel cylinder impacting concrete slab, no target cap, erosion
strain = 1.5, volumetric strain = 1.0.

0 Ps 400 800

1200 1600 2000

Figure 5. Steel cylinder impacting concrete slab, target cap, erosion strain
= 1.5, volumetric strain = 1.0.
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hardware cloth were constructed in four thicknesses (0.5, 1.0, 2.5 and 5.0 inches). Firings were
made at normal incidence at an impact speed of 1800 feet per second.

Computer code modelling runs without and with target caps were made for these conditions.
A solid steel projectile with length adjusted so as to give the same mass as a filled projectile
was modelled. Critical values of 1.0 for both the critical erosion and volumetric strains were
used. (The lower erosion strain value produced better agreement with test results.) The EPIC-2
material model for concrete was modified to account for the lower compressive strength and lower
density of the concrete patching compound.

Deformed structure plots for computer runs without and with caps against the four slab
thicknesses are given in Figures 6-13. Residual speeds or penetration depths are summarized in
Table 1. It is apparent that the presence of a target cap significantly reduces the effective drag of
the target material and leads to results that are in considerably better agreement with gun firing
results.

Table 1. Comparison of computer results with experiment.

Slab thickness, in. 0.5 1.0 2.5 5.0

Residual speed, ft/s
(gun firing results) 1615 1420 1020 155

Residual speed, ft/s
(model without cap) 1515 1268 482 -

Residual speed, ft/s
(model with cap) 1585 1397 881

Penetration depth, in.
(model without cap) - - - 2.53

Penetration depth, in.
(model with cap) - 3.85

CONCLUSION

A technique for Lagrangian modelling of blunt projectile impacts against thick plates has
been described. This technique involves inclusion in the model of a conical cap of target material
ahead of the projectile and separated from the remainder of the target bv an eroding interface. In
addition to forcing creation of a stagnation cap, this procedure ensures that erosion will occur, not
at the interface between the projectile and the target, but at the interface between the stagnation
cap and the remainder of target. The following closing comments can be made regarding this
technique:

1. Inclusion of the cap significantly reduces drag on the projectile and produces results that
are in better agreement with experiment. Its use where stagnation caps are known to occur
appears warranted.

2. Volumetric erosion was introduced to eliminate the low-density bubble of target material
formed at the rear of the target. It would be desirable to incorporate a more physically
justifiable failure mechanism for this purpose.
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0 P 1 20

30 40 50

Figure 6. Steel cylinder impacting 0.5 inch simulated concrete slab, no tar-
get cap.

0 Ps 10 120

30 40 50

Figure 7. Steel cylinder impacting 0.5 inch simulated concrete slab, target
cap.
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60 80 1 00

Figure 8. Steel cylinder impacting 1.0 inch simulated concrete slab, no tar-
get cap.

0 s20 40

60 80 100

Figure 9. Steel cylinder impacting 1.0 inch simulated concrete slab, target
cap.
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Figure 10. Steel cylinder impacting 2.5 inch simulated concrete slab, no tar-
get cap.

0 s0 s 1 00

150 200 2 5 E

Figure 11. Steel cylinder impacting 2.5 inch sinmulated concrete slab, target
cap.
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Figure 12. Steel cylinder impacting 5.0 inch simulated concrete slab, no tar-
get cap.

Figure 13. St eel cylinuder impilact ing ;5.0 Inclh sitmulat edl shlhre e51. tlarget
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3. The effect of cone angle on penetration should be exanilnii(l. It appears likely that this effect
may 1)(, small over a reasonable range of cone angles, but this has not been (leterliinl(l.

4. The results in [5] show that stagnation caps also form (limig ol)li(que incidence ilp)acts. It
should be possible to extend this technique to such iml)acts utibzing a di.stoitd cone as
(lescril)(d in [6]. Inl this case, a line of contact would sweep across the base of the dist()rte(l
cone as the projectile moved forward into the target. Some difficulty generating this contact

might be expected.
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ANALYTICAL ESTIMATE OF ARTILLERY PROJECTILE
BALLOTING LOAD BASED UPON CORRELATION

WITH STRAIN GAGE TEST DATA

Mr. Al Meyer
Motorola, Inc.

Government Electronics Group
8220 E. Roosevelt St. (MID-R4246)

Scottsdale, AZ 85252

The internal ballistic environment experienced by artillery
projectiles due to ballotting (i.e. impact between the projectile and
the gun tube) is investigated in this paper. An analysis has been
performed to estimate the ballotting load by correlating with strain
gage data obtained during test firings of 155 mm projectiles at
Yuma Proving Ground. It involved the use of modal synthesis and
included the inertial effects of spin velocity, rate of change of spin
and setback acceleration of the projectile.

Introduction

The internal and external ballistic environments to which artillery projectiles are subjected,
are severe and therefore of great concern in fuze design. One specific phenomenon, balloting,
is addressed in this paper. Balloting, which occurs often, is the impact between the bourrelet of
the projectile and the gun tube. This lateral loading applied to the projectile can cause
component failures which can result in failure of the entire system. This paper describes an
analytical method which has been developed to estimate the magnitude and duration of this
loading and the resulting acceleration levels produced in the projectile by correlating the
results of the analysis with test data from two firings.

This method was applied during the development of an artillery projectile for the 155 mm
gun as part of a test program to observe the effects of wear on the inter'sr ballistics of a gu:',
tube at various stages of its life. This testing was conducted at Yuma Proving Ground by
Hlarry Diamond Laboratories in the early eighties. The test data that is referenced hrein,
specifically strain-time history data, was obtained using an FM-FM telemetry system designed
by flarry Diamond Laboratories. An instrumented beam sensor, located along the tlight LxIs
within the telemetry package as shown in Figure 1,
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Figure 1. 155mm Projectile with Beam Sensor

was used to sense transverse loads produced inbore by excessive balloting loads. Measurements
were taken for gun tubes at various stages of life. The wear on the end-life gun tube analyzed
was considered atypical and characterized by severe local asymmetric erosion observed near the
cannon breach. This contributed to excessive asymmetric gas blow-by past the obturating and
rotating band, thereby, increasing the possibility of balloting. Consequently, the end-life case
analyzed demonstrated higher than anticipated balloting loads.

Approach

The method of modal analysis was applied in this analysis. It involved the generation of
two mathematical models. The first model generated was a lateral model of the entire
projectile. It was modeled as a beam structure grounded by a linear spring located at the
position of the rotating band of the projectile. The second model was a beam model of the
beam sensor. The purpose of the projectile model was initially to produce a linear (transverse)
and a rotational acceleration time history at a location in the projectile model corresponding to
the position of the beam sensor for an assumed balloting load. These acceleration ime
histories were then applied as groand acceleration excitations to the beam sensor model to
deterimine the strain tirve history of the beam for comparison with test data. If the
comparison with test data was good, the estimate of the balloting load was assumed to be
\ Jid. Once this correlation was achieved, the lateral acceleration response of the projc('1ile :1t
;any position de fined by the mnodel coi id be calculated as well as the shear ai,,. bend ing

moniel t responses as a resuIlIt of the balloting load assumed.



Analytical Method

A gun launch imposes several varied acceleration loadings on the projectile and its cargo.
These loadings which inJude setback and angular accelerations, affect the response of the
projectile. The setback acceleration applies a compressive load to the projectile and a tensile
load to the beam sensor, consequently, it lowers the resonant frequencies of the projectile and
increases the the resonant frequencies of the beam sensor. The spin of the projectile also has an
effect on the resonant frequencies of the projectile and the beam sensor. These effects as well
an those of angular acceleration and Coriolis acceleration have been included in this analysis.

It was determined for the case of the projectile model that only spinning had a noticeable
effect on the modal properties. The variation of the modal properties with spin rate however
was not large, consequently it was not considered necessary to allow these properties to vary in
the analysis. Therefore, in this analysis it was assumed that balloting occurred when the
projectile had a spin rate of 12,000 RPM and the modal properties of the projectile at that
spin rate were used to determine its response to the balloting load. The mode shapes and
corresponding resonances of the projectile model are displayed in Figure 2. The resonant
frequencies and

MODE X 1  MODE SHAPE. X n (Z) j FREQUENCY

1 1 971

x 
z

2

I ~Z 39

3 g3

z--/ 6 1434

W 3082

X5
X '/ 6043

zt t t I
ROTATING BOURRELET BEAM PROJECTILE
BAND SENSOR TIP

BASE
74341 3

Figure 2. 15inmm Projectile Mode Shapes and Frequencies
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other modal properties of the projectile model are given in Table 1. These results were
determined using an in-house computer code which utilizes the transfer matrix technique
(References 1 and 2).

Table 1

Modal Properties of 749 Projectile Assuming Setback Acceleration ig zero g's &
Spin Rate is 12,000 RPM (Rotating Band Spring Rate is 1 x 10 # in.)

fn mn Zimp Zbeam Pbeam Zcg

Mode (hz) (#-in-sec ) (in) (in) (rad) (in)
1 9.7082 .031407 .3909 .7357 -. 03338 .2071

2 396.97 .13348 -.2286 .4360 -. 07015 -. 5490

3 1434.1 .004495 -. 1329 .2110 -.08702 -.07445

4 3082.4 .003296 .02769 -.07927 -.09058 .08067

5 6043.3 .003058 .1370 -.1949 -.02582 -.03685

Z. - modal deflection at bourreletimp

Z beam = modal deflection at base of beam sensor

Zcg = modal deflection at projectile center of gravity

3beam = modal slope at base of beam sensor

The mode shapes and resonant frequencies of the bam sensor were determined using the
same in-house computer code. The beam sensor and its resonant frequencies and mode shapes
are shown in Figure 3 for the case in which the setback acceleration and spin rate were set
equal to zero.
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a) BEAM SENSOR MODEL - "- 0 200

0.275

S-,3500-

b) MODE SHAPES AND FREQUENCIES

MODE MODE SHAPES, X n (Z)

* FREQUENCY (Hz)

1 I- 408 2

2 3227

* 0 0 RPM
g =0 g's 74341-I

Figure 3. Beam Sensor Model Geometry and Mode Shapes

Table 2 shows the effect of setback acceleration on the modal properties of the first two modes
of the beam sensor. As shown in this table, only the resonant frequencies vary significantly as
a function of setback acceleration. Therefore only the resonant frequency data in this table is
used by the computer code to updatc, using linear interpolation, its value in the analysis as a
function of the current setback acceleration.
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Table 2

Beam Sensor Modal Properties for Various Setback Acceleration Levels

m In I

n n nzx nx

Accel. fn x10- 4  x10- 6  x10- 3  x10- 4  En

Mode (g's) (Hz) (#in-sec ) (#in-sec ) (in#sece) (#sec 2 )

1 0 408.2 .8059 1.787 .2952 .9855 -.02413

100 408.6 .8059 1.787 .2992 .9856 -.02413

4000 425.9 .8065 1.781 .2994 .9862 -. 02402

8000 443.0 .8070 1.774 .2995 .9869 -.02391

12000 459.4 .8076 1.768 .2996 .9876 -. 02380

16000 475.3 .8081 1.762 .2997 .9882 -. 02371

2 0 3227. 2.699 117.3 -.09514 -.9078 -.06403

100 3228. 2.698 117.3 -.09513 -.9077 .06403

4000 3246 2.688 117.1 -.09455 -.9047 -.06403

8000 3265 2.678 117.0 -.09398 -.9017 -.06401

12000 3284 2.668 116.9 -.09342 -.8988 -.06399

16000 3302 2.659 116.7 -. 09287 -. 8959 -. 06397

*modal strain 1 inch from base

The effect on the response of the beam sensor of other acceleration loads is accounted for in
the modal equations of motion. The other acceleration loads acting on the beam sensor during
launch are due to spin rate, rate of change of spin rate and Coriolis acceleration. The beam
sensor model deflected in the z direction of the rotating coordinate system with the inertial
loads applied as a result of these accelerations is shown in Figure 4.
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Figure 4. Beam Sensor Analytical Model

The inertial loads on an elemental mass and rotary inertia are;

I I

F. =-- fAxdm = f(xf,2 + 2fl" + yt)dm (1)

o o

I 1

F, =- fAcdm = f(yfl' - 2fl - xoc)dm (2)

0 0
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M.= fl d(IP - Id) (3)
0

my fI3d(Ip - Id) (4)

0

The beam sensor disk shown in Figure 4, has a polar mass moment of inertia I, that is
approximately twice the diametral mass moment of inertia Id, therefore, the difference between
the polar and diametral mass moments of inertia shown in equations 3 and 4 will be
represented simply by I the diametral mass moment of inertia. The elastic motions of the
beam sensor, namely, z, y, 3. and p, are functions of both position z along the beam sensor
and time t. They can be represented as the sum of the modal responses of the beam sensor,
therefore,

x(s,t) = 7,x.(-)q..(t) (5)
n

y(s,t) = 7yn(z)qn,(t) (6)

n

P3.(z,t) = - Z3nx(z)q n(t) (7)
n

M(0,t) = IJnYz)qn.(t )  (8)

where,

" X. and y, are the modal deflections of the beam sensor in the x and y directions
respectively, corresponding to mode n

" P.. and 3, are the modal slopes of the beam sensor, positive about the x and y
directions respectively, corresponding to mode n

• q., and q., are the generalized coordinate responses of mode n in the x and y directions
respectively
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Substituting these in the inertial loading equations (5) through (8) yields,

I

F. = f(f2 EXnqnx + 2fEy,,4nY + aEyq ny)dm (9)

o n n n

(

(12

F Y = f(12 EYnq.,, -- flEx,,4n. -- CLIxnq x)dm (10)

on

1 1

M. = + 2 fExPqnYdI m(14)

o n

I

my = fl , Pfnyq nxdI (12)

The generalized for for a particular mode m developed as a result of these inertial loadings
is therefore,

Qm = Fxm + MlmY + (13)

Qxm f= f(a 12X.X mqnx + 2fEYnXm~lny + CLEYnX mq.y)dm _- fj2.f p13.y:q ndI (1)

o n n n o n

The integrals for ,n f m m are zero due to orthogonality of the mode shapes hence,

Q.. = f12 (mn -- n)q nx + 2nnnny + Crnnq ny(5

Similarly,

Qym = fl 2 (mn - In)qn, - 2flmnqn - amnqnx (16)

where,
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I I I

mn fx dm = fy 2 dm fxnyndm

0 0 0

1 1

0 0

The equation of motion of mode n for a non-spinning beam sensor in the x or y directions is,

(mn + + 2 ntn(mn + Inqn + (n + nnn = Qn(17)

Substituting equations 15 and 16 for the generalized forces Q,. in equation 17 yields in matrix
form,

mo+In 01qn. 2 ,(m+Tn)Wn -,2f1m, 1n.

W2 2 2 q
LXm. 2m _I)~- (m-In) 2 n1 [Q. J

At this point the loads produced by the projectile accelerations at the base of the beam
sensor resulting from the balloting load defined earlier can be introduced. Figure 5 shows a
sketch of the beam sensor and the ground acceleration inputs " and , applied at an angle -

relative to the rotating coordinate system z, y.
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Figure 5. Ground Acceleration 3ding at Base at Beam Sensor

The generalized force induced by these ground accelerations to the beam sensor are,

I I I

nx=-U9coS('Y)fXndm - V5 cos(-y)fzx~dm - Vgcos(-y)fp.,d1
0 0 0

or,

Q.. - fn + Vg('nsx - &n,)) eos(y) (9
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Similarly,

n=- (UiO-ny + Ig - &)) sin(y) (20)

where,

I I

ax = fxndm -n = fyndm
o 

Onx = f P0 dl &n, = f 3Pdl
o 1

InSX = fzxdm Inzy = fzyndrn
0 0

The modal equations of motion of the beam sensor are given in matrix form by equation
18. They include the generalized forces Q due to the ground acceleration excitations defined in
equations 19 and 20. These equations were programmed to predict the bending strain time
histories of each of the strain gage sets on the beam sensor by summing the modal strains. As
indicated by these equations, each non-spinning mode of the beam sensor produces two
equations of motion, one for each of the direction z and y, which are coupled by Coriolis
acceleration in the damping matrix and angular acceleration in the stiffness matrix. The spin
rate, angular acceleration and setback acceleration acting on the beam sensor during gun
launch are all functions of time in the analysis. In addition, the resonant frequencies of the
beam sensor modes are a function of the setback acceleration. Tables defining each of these
variations are input to the computer code so that the proper value of each of them can be used
for a gun launch simulation.

Correlation of Test Data with Analysis

An estimate of the magnitude and duration of the balloting load using the above analytical
procedure was performed for two firings of the 155 mm parachute recovery projectile. In one
firing, flight 309, occurring on June 25, 1982 the gun tube was at mid-life. The other firing,
flight 405, was made on August 4, 1982. The condition of the gun tube was considered at
end-life for this firing.
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A sketch of the beam sensor and some of its pertinent properties are shown in Figure 6. As
indicated in this figure, the beam has a square cross-section with two sets of strain gages
mounted to it to obtain strain response data in the two directions corresponding to the
rotating x and y axes discussed earlier.
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74341-4

Figure 6. Beam Sensor Guage Locations
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Along the axial direction, the gages are positioned at 0.5 and 1.0 inches from the base of the
beam which is cantilevered from forward housing (Figure 1). This structure was analyzed and
found to be stiff relative to the beam sensor, therefore, the beam sensor was considered to be
rigidly mounted at its base.

The predicted time histores of the linear and angular ground accelerations acting at thle
base of the beam sensor for flights 309 and 405 are shown in Figures 7(a) and 7(b) respectively.
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The actual and predicted strain response of the beam sensor at the 1.0 inch position during the
flight 309 firing (mid-life gun tube) is shown in Figure 8.

1500 - W___ /N SF301 6/25/82 
-

Nrldicted a. I inch

-1500'A lea \datic

tie milseod

Fi ur 8 - Mea ure & rd c eSri s_ _ed et B l ot

milscodth et aaissmwhtfati tsrsose. Th_ auefohisnnon

The-balloin le ured t nch m reque t

t,;me m ]I{seconds

Figure 8 - Measured & Preaicted Strain vs i e due to Balnotting

A comparison of the actual and predicted strain time histories shows fairly good correlation.
The response frequencies are very close. At approximately 3 8 to 4.8 and 6.2 to 7.2
milliseconds, the test data is somewhat 40at in its response. The cause for this is unknown.
The balloting load applied to the projectile model required to obtain the correlation shown in
Figure 8 was a half sine pulse having a magnitude of 12,900 pounds and a duration of 1.7
milliseconds. Since correlation with the strain gage test data was acceptable, the predicted
acceleration responses from the projectile model are considered valid. The maximum predicted
acceleration response at the tip of the projectile due to this balloting load was 547 g's.

In the second flight analyzed (flight 405), an end-life g"n tube was used. For this case, the
predicted balloting load was far more severe. The predicted balloting load required to obtain
the correlation shown in Figure 9 was a half sine pulse with a magnitude of 45,OOG pounds and

a duration of 1.2 milliseconds.
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Figure 9 - Measured & Predicted Strain vs Time due to Balloting

As in flight 309 the comparison of the frequency conuent of the actual and predicted strain
time histories is good. The magnitude of the strain levels and the phasing of the actual and
predicted strain responses are also fairly close. As in the previous case, since the correlation
with the strain test data was good the predicted acceleration responses from the projectile are
considered to be valid. The maximum predicted acceleration response at the tip of the
projectile for this flight was 2,662 g's which is far greater than the previous case due to the
greater balloting load.

Table 3 shows a summary of the maximum acceleration responses of the projectile based on
the predicted balloting loads for the two flights studied.

Table 3

Calculated Response Summary

Balloting Load Acceleration Response
Test Magnitude Duration at Tip at CG

(#_)_ (msec) (g's) (g's)

mid-life 12,900 1.7 547 101
(309)

end-life 45,000 1.2 2,662 311
(405)
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As indicated, the maximum accelerations of the projectile during the firing with the end-life
gun tube (flight 405) was 2,662 g's at the tip and 311 g's at the cg. These same accelerations
on the projectile when using the mid-life gun tube (flight 309) were 547 g's at the tip and 101
g's at the cg. The levels of acceleration occurring in the projectile for the firing using the
mid-life gun tube were in the order of 20 to 30 percent of those using the end-life gun tube.

Summary

Telemetered strain data taken during the firing of an 155 mm test projectile on two
occasions has been compared with analytically predicted strain data. The data was taken from
a beam sensor designed to sense lateral loads due to balloting. The purpose for the comparison
was to achieve correlation with this data and therefore conclude that the balloting load used in
the analytical model was close to the actual load occurring during gun launch. Comparisons
showed fairly good correlation for the two firings analyzed, one using a mid-life gun tube and
the other using an end-life gun tube. The magnitude of the balloting loads for these two cases
were 12,900 pounds and 45,000 pounds respectively. The pulse shape assumed in both cases
was a half sine wave. For the mid-life and end-life gun tubes the simulated balloting pulse
durations used in the analyses were 1.7 and 1.2 milliseconds respectively. The accelerations
predicted at the tip of the projectile for the end-life gun tube simulation was 2,262 g's,
approximately five times the predicted results for the mid-life gun tube result.
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List of Symbols

aangular acceleration of projectile about longitudinal axis (rad/sec**2)

13 slope of projectile due to bending (rad)

rotational ground acceleration at base of beam sensor (rad/sec**2)

modal strain (rd)

Wn resonant frequency of mode n (Hz)

iangular velocity of projectile about longitudinal axis (rad/sec)

or Z modal participation factor in x direction (lbf-sec**2)

Un modal participation factor in y direction (lbf-sec**2)

I.* rotational modal participation factor in x direction (lbf-in-sec**2)

lnay rotational modal participation factor in y direction (lbf-in-sec**2)

A. acceleration along z axis of rotating system (in/sec**2)

AV acceleration along y axis of rotating system (in/sec**2)

F. inertial force in x direction of rotating system (lbf)

FY inertial force in y direction of rotating system (lbf)

M inertial moment about z direction of rotating system (in-lbf)

My inertial moment about y direction of rotating system (in-lbf)

I, polar moment of inertia of beam sensor disk (lbf-in-sec**2)
Id  diametral moment of inertia of beam sensor disk (Ibf-in-sec**2)

Mn generalized mass due to linear displacement of mass (lbf-in-sec**2)

I. generalized mass due to bending rotation of rotary inertia (lbf-in-sec**2)

q, generalized coordinate response of mode n (nd)

Ug linear ground acceleration at base of beam sensor (in/sec**2)

X displacement along z axis of rotating system (inches)

Y displacement along y axis of rotating system (inches)

z displacement along z axis of rotating system (inches)

g . modal deflection at bourrelet (inches)

Zbe., modal deflection at beam sensor location (inches)

Zg modal deflection at projectile cg location (inches)
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