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OPTICAL GUIDING BY PLASMA WAVES IN THE
PLASMA BEAT WAVE ACCELERATOR

I. Introduction

Recently much interest has arisen in plasma based accelerator schemes, such as the
plasma beat wave accelerator' (PBWA), for producing ultra-high energy electrons. This
has led to a renewed interest in the study of the propagation of intense radiation beams
through a plasma.’~" In the PBWA two colinear radiation beams of frequencies w;,w-
are incident on a uniform plasma. By appropriately choosing the difference in the laser
frequencies to be approximately the electron plasma frequency w,, Aw = w; — wy =
wp. where u,‘; /w? < < 1, it is possible for the radiation beat wave to resonantly drive
large amplitude electron plasma waves. In the ideal wave breaking limit.® the maximum
accelerating electric field is given by Eup = (mc/e)wp = /n eV/em where 1 is the plasma
density in cm™®. For example, n = 10'® cm~* gives E,, =~ 100 MeV/cm which implies

that an electron, under ideal conditions, may be accelerated to 1 Te\ in 100 meters.

To realize such an acceleration scheme i1t is necessary that the radiation beams prop-
agate at high intensity over distances large compared to the Rayleigh length g = wr?/2c,
where r, is the radiation spot size. In vacuum, radiation diffracts over distances on the
order of zg, which can be relatively short. Hence, in order to maintain high intensity

beams it is necessary to rely on focusing enhancement (optical guiding) from the plasma.

Previousiy, the effects of relativistic self—focusing2'3 on the radiation beamns in the
PBWA were examined.* Specifically, it was shown that relativistic effects may lead to
optical guiding of the radiation beams provide the power in one or both of the beams
approached or exceeded the critical power® P.. ~ 17(w/w,)? GW. The previous work,
however, neglected the effects of the resonantly driven plasina wave and, hence, the results
may only be applied to the leading edge of the radiation beams in which the plasma
wave is sufficiently small. For the regions of the radiation beams in which there exists a
sufficiently large plasma wave, the effects of this plasma wave on the diffractive properties
of the radiation beams cannot be neglected. It has bee . .erved in experiments (Joshi et
al.’) and in simulations (Mori et al.?) that the presenc. the resonantly driven plasma
wave can result in enhanced focusing of the radiation beams. This problem was also
addressed in the numerical work of Gibbon and Bell,” and their results wil be discussed

more fully in the following sections.

The present work concerns the effects of the resonantly driven plasma wave on the
diffractive properties of the radiation beams in the PRWA_ Specifically, a theoretical model

is developed which describes under what conditions the plasma wave may lead to enhanced
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focusing of the radiation beams in the PBWA. This model assumes that the power in
the radiation beams is sufficiently far below the critical power P,. so that the effects
of relativistic self-focusing may be neglected. It is shown below that a plasma wave of
sufficiently large amplitude (with phase velocity vps > ¢) will tend to break vp a radiation
beam into periodic axial “beamlet” sections (of period A,) in which sections of length
<. Ap/2 remain optically guided whereas the remainder of the radiation beam continually
diffracts. The optically guided beamlet sections occur at the minima in electron density
of the plasma wave. Provided the mismatch between the radiation beat frequency and the
ambient plasma frequency corresponds to an optimal choice, the plasma wave may lead to

focusing enhancement of the radiation beams in the PRWA.

II. Optical Guiding in an Externally Generated Plasma Wave

The physical mechanism for producing optical guiding using a plasma wave (with
tph = ¢) is similar to the mechanism for producing optical guiding using a density channel.
Heuristically, this may be understood by considering the index of refraction n of a radi-
ation beam in a plasma with spatial density variations. Refractive optical guiding is the
result of modifying the radial profile of the index of refraction n(r) such that it exhibits a
maximum on axis dn/0r < 0. Refractive guiding of a radiation beam along axis becomes
possible provided On/0r < 0. Neglecting the relativistic effects, the index of refraction for
a radiation beam of frequency w is given by n(r) = 1 — (wpo/w)*n(r)/(2ng), where wyq is
the electron plasma frequency in the ambient plasma density no and where (wyg/w)? <~ 1
has been assumed. Hence, an electron density profile n(r) which exhibits a minimum on
axis leads to dn/0r < 0. In such a way a density channel may be used to optically guide

a radiation beam.

In order to help determine how the plasma wave in the PBWA affects the optical
guiding of the radiation beams, it is instructive to consider a simpler model problem
which consists of a single radiation beam propagating in the presence of an externally
generated plasma wave. For simplicity, the density variation én of the plasma wave is
assumed to have a Caussian radial profile and a phase velocity equal to the speed of light.
n(r,z,t) = éng exp(—rz/rf,)sin kpo(z — ct), where r, represents the radius of the plasma
wave, kpo = wpo/c and dng - 0. Physically, the qualitative diffractive properties may be

understood by considering the index of refractiou, which for this case i< given by
n=1-— (w;O//sz) [1 + (éng/ng)exp (=77 /r;) sinkyo(z - cf)] ) (1)

Proviaed &ng 1s sufficiently large, one expects the radiation beam to be focused (& /0r - 0)




over regions where sink,o(z ~ ¢t} < 0 (which corresponds to decreases in the electron
density) and defocused (d1)/dr > 0) in regions where sin kpg(z ~ct) = 0 (which corresponds

to increases in the plasma density).

To determine how large éngy needs to be in order to achieve optical guiding in regions
where sinkpo(z — ct) < 0, an evolution equation for the spot size r,(z,?) of the radia-
tion beam must be derived. This is done by applying the source dependent expansion®
(SDE) to the reduced wave equation for the radiation field, a. was done previously for
the case of relativistic optical guiding.? For the present case, however. relativistic effects
are ignored and the perpendicular current appearing in the wave equation is given by
J: > —evg[ng + én(r,z,t)], where vq = ca is the nonrelativistic electron quiver velocity
in the normalized vector potential of tlie radiation field a. = €A, /(mc?). Introduc-
ing the independent variables ( = z — ¢ and 7 = t, and assuming that the radiation
field is adequately described by the lowest order Gaussian mode of the SDE expansion,

la.| = (agrqo/7s) exp(—7%/72), then the evolution equation for the radiation spot size is

0? 4c* o a0ng  sinkpe( |
—— 1 ((,7) = e TP eIy, :
gr2 0T = o PPy (14 2r2/72) -

The first term on the right of the above equation represents vacuum diffraction whereas

the second term represeuts the diffractive properties of the plasma wave.

The above equation indicates that optical guiding becomes possible. in regions cen-

tered around ( = —m/2 & 257 (where ; is an integer), provided

o (Ha)u;o (3)

i 3
g T

2
‘p

where € = 2r2 /77 and Ao = 2mc/wpo is the ambient plasma wavelength. Once the above
inequality 1s satisfied, focusing occurs in regions centered about ( = —7/2 & 257, This
focusing continues until the spot size r, decreases to the point where ¢ becomes sufficiently
large such that the above inequality is no longer satisfied, thus leading to diffraction. In
such a way the spot size r, (in regions centered about {( = —m/2 + 2;7) oscillates about
some matched beam radius and, hence, the radiation is guided. This matched beam radius

Tym 15 given locally by
am

1 -1
r2 (¢) = 27”,2J {kporp [(— sin kpnc“)ﬁnr,/ng]l“ - l} . (4

Notice in regions where sink,o( - 0, the radiation beam diftfracts at a rate greater than

vacuum Rayleigh diffraction. It should be pointed out that Eq. (3) also indicates the depth

3




required for a Gaussian density channel to provide optical guiding of a radiation beam.
Likewise. Eq. {4) gives the matched beam radius for a Gaussian density channel when

¢ = —-m/2

This model problem illustrates how a plasma wave of suthciently large amplitude (such
that &n/ny satisfies the above inequality) breaks up an initially uniform radiation beam
into “beamlets” centered about = — ¢t = —7/2 £ 257 which remain optically guided as
they propagate. In the limit (Sno/no)kgori/(l + €2)? > 1, the optically guided beamlets
occur in the regions sinkpg( < 0, whereas the regions sink,o( > 0 continually diffract.

This behavior 1s illustrated schematically in Fig. 1.

By performing appropriate averages in ( over a plasmc wavelength, it 1s possible
to define global properties of the radiation envelope. For example, performing 2 power
welghted average of r,(() over a plasma wavelength defines the eflective global spot size 7,
for the radiation beam. For the case illustrated in Fig. 1, the global spot size 7, remains
optically guided even though the actual beam envelope r, contains periodic regions of width
Ap/2 which continualiy diffract. Such global descriptions, which result fromn averaging over
a plasma wavelength, remove the beamlet structure of the radiation beam. This removal

of the beamlet structure through averaging is important in the following discussions.

ITI. Optical Guiding in a Resonantly Generated Plasma Wave

In an actual PBWA, optical guiding of the radiation beams is more complicated
since the plasma wave is directly produced by the radiation beams. Roughly speaking,
the density oscillation of the plasma wave in the PBWA is of the form én(r.(,7) =
én(r,C,7)sin(A¢+8), where A¢is the beat phase of the two radiation beams A¢ = 0, —a».
where &)+ = kj 22 — w2t is the phase of one of the beams (k is the wavenumber) and
where 6 is the shift in the phase of the plasma wave away from the radiation beat phase.
In the small amplitude limit, initially én ~ |a,|la2|( (where ( 1s a measure of the distance
from the head of the radiation beams) and 6 ~ 0. As the plasma wave amplitude grows.
however. relativistic effects associated with the axial motion of the plasma electrons cause
A to monotonically increase. Saturation occurs when § = 7/2, the point at which the
plasima wave is 90" out of phase with the radiation beat wave and is no longer resonantly
amplified. By introducing a small frequency mismatch!® Awy into the radiation beams
such that Aw = w,o + Awpg, the point at which § = 7/2 may be extended (to a point
further behind the head of the radiation beams) which results in a larger amplitude of the

. . t .
saturated plasma wave. An optimal choice!® of Awy = Awy” leads to the maximum value




for the plasma wave electric field at saturation, E. = E72%7. In fact, it is possible to show

using 1-D nonlinear fluid theory. that the plasma wave phase shift # becomes negative for

small negative values of Awg. In particular, when Awg = Awg”'. then initially E. — 0
and # = 0. As the plasma wave grows, # decreases to the point where § = - /2 at which
E. = E7%7 /2. Beyvond this point, § increases until saturaiion is reached where 4 = 72
and E. = E7:%%. This behavior is to be contrasted with the case Awo = 0, in which 6
increases monotonically from zero (E, = 0) to n/2 (E. = E, ).

This behavior may be understood more readily by considering the 1-D nonlinear, cold
fluid equations describing the evolution of the plasma wave én = énsin(Ao + ), where

A¢ = Akz + Awt and Aw = wpg + Awg. In the limits (Awg/wpo)? << 1, |ayf* << I and

lap® << 1, the normalized electric field amplitude E. = eE./(mcwpg) = én/ng and the
phase shift § of the plasma wave obey the evolution equations:!%!!
d . 1
EEZ = proalaz cos 8, (Ha)
d 1 ACU() 9 Y
—0 = -w (—+—E:) 5b
dt o PO wpo 327 %) (50)
along with the constant of motion
- 32 Awp - 16
Ef+~ DE:——angSingZO, (')C)
3 u.)p() 3

where the intial conditions are given by Ez = 0 and 8 = 0. Notice from Eq. (5a) that

saturation occurs when dE,/dt = 0 at § = =/2.

In the absence of a frequency mismatch, Awe = 0, 8 increases monotonically from 0 to
7/2, as indicated by Eq. (5b). Saturation occurs at § = 7/2 and Eq. (5¢) gives the value
of the saturated electric field as E,q¢ = (16a;a2/3)"/%. However, analysis!® of Eq. (5¢) for

# = m/2 indicates that the maximum saturation field occurs for the optimum frequency

mismatch Awd? = —(9a;a;/8)*3w,9/2 at which point ETr = 4(aya,/3)!/%. Also notice.
that when Awy = Awgm, Eq. {5b) indicates # initially decreases until it reaches —m /2. At
this minimum, § = —7/2, Eq. (5¢) gives E. = ET®*/2. The fact that 6 initially decreases
to the point 8 = —n/2, for the case where Awy = Awgpt. is important in the following
discussions.

Qualitatively. the diffractive properties of the radiation beams in the PBWA may be
examined by considering the effective index of refraction for each beam. This is done by a

method 1dentical to that used previously in the discussion of relativistic optical guiding.®




except that now the source current in the wave equation includes the density oscillations

of the plasma wave, J; = —eca (ng + én). The wave equation is given by
., 18° w, on
(V'——,, q)a_L: ’,’,Oal{l+——sm(A¢+ﬂ) , (6)
c? Ot? c? ng

where a; = a; + a». In short, the 1D limit of the Eq. (6) is taken assuming a ~ exp(.o)
and then Eq. (6) is divided by the phase factor exp(i¢) of either beam 1 or beam 2. The
effective index of refraction is then obtained by averaging over a period of the radiation
beat phase A¢. Neglecting relativistic effects, the effective index of refraction for each

beam is given by

2160 las
m = _:Egi_n_llif—l(sine—icose), (7a)
2wy 2ng ja,|

w? 61
n2:1——”~°m'—“i‘(sin6+icose). (7h)
2wy 21 |as|

In the above expressions, the first term on the right (the unity) represents vacuum diffrac-
tion whereas the terms proportional to |6n| represent the diffractive properties of the
plasma wave. The imaginary terms in the above expressions indicate power is being ex-
changed between the radiation beams and the plasma wave. (Notice that near 8 ~ 0. Eqs.
(7a) and (7b) indicaic power is being transferred out of the higher frequency field and into

the lower frequency field, as is the case for a Raman scattering process.)

First of all, notice that in deriving the above expressions for 7, 2, averages were taken
over a period of the beat phase. This effectively removes any information on the length scale
of the plasma wavelength and, hence, only the global properties of the radiation envelopes
are described by the above expressions. Any behavior occurring on the plasma wavelength
scale, such as the tendency for the radiation beams to break up into optically guided
beamlets, has been removed by such an averaging. Secondly, notice that the focusing effects
of the plasma wave on the global behavior of the radiation beams is strongly determined by
6, i.e., the shift in phase of the plasma wave away from the phase of the radiation beat wave.
For example, near saturation, § = 7 /2, the plasma wave tends to defocus the radiation
beams, assuming |én| ~ exp(—rz/r;“’,) and |a,|/laz] >~ 1. On the other hand, § = —=n /2
implies that the plasma wave leads to enhanced focusing of the radiation beams. (Recall
from the above discussion that § = —7/2 when E. = ET%% /2 for the case Awy = Awy?')
In general, both the amplitude [én] and phase shift 8 will be functions of radius r (for
example, plasma waves on axis may tend to saturate in a shorter distance than those at

the edge of the radiation beams) and determining the diffractive effects of the plasma

6




wave 1~ not so straightforward. The above model illustrates the importance of the global
behavior of the radiation envelopes on the phase shift 8, however. determination of the

guantitative behavior of the raciation envelopes requires more detailed calculations,

Numerical studies of the {oeusing effects of the plasima wave in the PBWA have been
performed by Gibbon and Bell.” In their analvsis relativistic focusing effects have been
neglected and anv enhancement in the diffractive properties of the radiation beams i~ due
solelv to the density response of the plasma wave. In determining the density response
of the plasma wave. however. the dvnamics of ~nergy exchange between the plasma wave
and the radiation beams. including cascading to modes of frequency w; - «y + [, {where
[ is an integer), are calculated self-consistently. To study the focusing properties of the
radiation beams, Gibbon and Bell derived envelope equations for each radiation mode of
frequency w;. In deriving these envelope equations, however, averages where taken over the
beat frequency Aw 2w, and, hence, any structure in the radiation envelopes occurring on
a length scale A, is effectively removed (as is discussed above). Gibbon and Bell found that
the focusing effects of the plasma wave on the radiation beam envelope depend strongly on
the initial frequency mismatch Awy between the radiation beat frequency and the ambient
plasma frequency. When Awy = 0. they found that resonant coupling to the plasma wave
caused the radiation beam envelope to diffract more rapidly than it would in varuum.
For small negative values of Awq (which corresponds to larger values for the saturation
amplitude of the plasma wave), however. thev found that resonant coupling to the plasma

wave may lead to enhanced focusing of the radiation beam envelop-.

This strong dependence of the focusing properties of the radiation on the frequency
mismatch Awg. as observed by Gibbon and Bell.” may be physically inderstood by con-
sidering the small scale structure of the radiation beam envelope. As discussed above. a
large amplitude plasma wave tends to break up the radiation beam into beamlets of length

A, 20 When Awy = 0, the plasma wave quickly reaches its saturation amplitude (a
relatively short distance behind the radiation beam head) and the plasma wave is then
9 out of phase with the radiation beat wave. At the saturation point where 8 - = 2
the plasma wave is phased such that 1t leads to enhanced diffraction of the radiation heat
wave. That is, the peaks of increased density in the plasma wave density variation coincide

with peaks of the radiation 1o, - as] envelope, thus causing the radiation ia; « a» envelope

peaks to diffract more rapidiv. This is illustrated schematically in Fig. 2.

For small negative values of Awqg, however, saturation o/ the plasma wave ix prolonged

to a poimnt further behind the radiation beam head and, intially, # decreases (hecomes

=1




negative . For the case Moy .Au.';.‘p!. then # 7 2 when [ F05 20 At the pomt
where A 7 2. the peaks of decreased density in the plasma wave density variation
coincide with the peaks of the radiation wa; - a>° envelope, thus cansing enhanced focusing
of the radiation ‘a; + a» envelope peaks. This is illustrated schematically 1n Fiz. 3. Hence,
appropr.ate choices for the frequency mismatch dwe may lead to optically guided healet
regions which correspond to the peaks of the radiation ja; ~ a» envelope. The envelope
equations used in the analysis of Gibbon and Bell,” however. are averaged over a plasma
period and, hence, only the global properties of the radiation envelope mayv be described.
Any small scale structure, such as the formation of beamlets of length - A, may not be

described by the model of Gibbon and Bell.

IV. Conclusions

The above analyvsis indicates that when the plasma wave 1 the PBWA grows 1o
a suthicientlv large amplitude such that '&nongt satisfies the inequality expressed i Eq.
31, the plasma wave leads to pertodic enhanced focusing of the radiation beams. In the
absence of relativistic focusing effects the plasma wave tends to break up the radiation
heams nto axial beamlets of length - A, 2 which remain optically guided. These optically
guided beamlets occur around the minima in the density oscillation of the plasma wave.
I'The sections of the radiations beams located in regions of increased density experience
enhanced diffraction.) For the case of no initial frequency mismatch, Awg = 00 the plasma
wave quickly saturates at which point the plasma wave 1s 90 out of phase (4 T 2
with the radiation beat wave. In this case the regions about the peaks of the radiation

.ay - aa, envelope experience enhanced diffraction. However. for an optimal choiee of initial

. int . .
frequency mismatch, Awg = Aw,” . then A hecomes negative as the plasma wave electric
field £ increases. When £. = E797 2  then # - 7 2. At this point the minima in

. 2 aat !

plasma wave density comneide with the maxira in the magmtude of the radiation \ay - as
envelope. Hence, when 8 = —7 /2 it 1s possible for the peaks< in the radiation way « a-
envelope to propagate as optically guided beamlets.  This is nuportant. since it s the
ponderomotive foree from the peaks in the envelope of the combined field ta; - 0217 which
drives the plasma wave. In such a way the resonantly generated plasma wave may lead
to enhanced focusing of the radiation beams. A more thoroueh analvas of the foensing
properties of the radiation in the PBWA reguires the development of 4 <ol consistent
model which imelndes the combined effects of relativistic optical curding alone with the
effecte of the reconantly generated plasma wave, This model mmst also he canable of

de<eribine the evolution of any tine <cale envetope stencture. snch as the formation of




-

racdhation beamlets of size - A, 2
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FIG. 1. Schematic illustrating the eflects of an externally generated plasima wave on an ini-
tially uniform radiation beam. Here the radiation beam is shown to form periodic beamlet
segiments. Radiation in the regions center about the peaks of decreased electron density are

optically guided, whereas radiation in the regions of increased density continually diffract.
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