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Systems of fractional order differential
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equations are

constructed to solve for <viscoelastically damped structural
motion. To reduce computational effort the equations of motion
are cast as an initial value problem where the history dependence
events only from the recent past.

linear differential

equations arise. These parallels plus the well-posed nature of

the fractional order differential equations leads one to view the

fractional order initial wvalue problem as

an extension of the

theory of ordinary, linear differential equations with constant
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Introduction

This work focuses on constructing and solving the initial
value problem for systems of fractional order differential
equations. These equations arise when fractional order
derivatives are used to describe the linear viscoelastic behavior
of elastomeric materials in the equations of motion of damped
structures (1)(3)(5). The fractional order derivative is
particularly well suited to describe the frequency dependent
stiffness observed in many viscoelastic materials (2)(6)
(7)(8)(9)(20). These <viscoelastic stress-strain constitutive
relationships are constructed by replacing the ordinary
derivatives appearing in the classical linear viscoelastic model
(11) with fractional order derivatives (6)(8)(14)(15)(18).

Because of their ability to describe weak frequency
dependence, significantly fewer fractional derivative terms are
needed to relate time-dependent stress and strain fields.
Typically models with four or five parameters effectively describe
the material stiffness over five or more decades of frequency.
The small number of parameters makes least squares fitting of the
data attractive and several materials have been modeled
(3)(4)(6)(20). These constitutive models are empirical, but their
general mathematical form is suggested by approximate molecular
theories that relate microstructure to macro viscoelastic
stiffness properties (4).

More important to the engineer, these models can be
straightforwardly incorporated into continuum and finite element
tormulations for the analysis of structures containing in

principle and wunlimited number of linear elastic and linear




viscoelastic materials (1). These formulations lead to c¢losed
form, real, continuous and causal solutions wusing Laplace
transforms or Green's function solutions and convolution (1)(3).
The fractional calculus model that produces these solutions, like
most viscoelastic models, is a hereditary operator that reguires a
complete displacement or strain history to prcfuce precise
results. Present solution techniques are predicated on a total
history (1)(3)(5).

Fortunately, the fractional calculus model is also a fading
memory operator where events in the distant past have less effect
on the present and future states than do comparable events in the
recent past. This feature raises the possibility of ignoring
events in the distant past and generating approximate structural
responses based the recent past (a few characteristic times back
in history), the present state and future loadings. When the
effects of the recent past are cast as pseudo forcing functions
superimposed on the future loads, one has constructed an initial
value problem where the structural response is uniquely dependent
on the present state and future loads. Solving the initial wvalue
problem, instead of calculating the response based on a complete
displacement history, clearly reduces the effort required to
produce solutions and obviates the need to begin the analysis in
the distant past at which time the viscoelastic materials were in
a virgin, quiescent state.

The initial wvalue problem is posed as a system of
integro-differential equations, which upon close examination may
be viewed as differential equations generalized to fractional

order. These equations are referred to as fractional order




differential equations with some justification because of their
similarity with ordinary differential equations with constant
coefficients. For instance, it is shown that a system of m
fractional order differential equations produces m eigenfunctions
needing m initial conditions for a wunique solution. These
eigenfunctions will be cast in terms of Mittag-Leffler functions
(16), long viewed by some as generalized exponential functions
(12:280)(15:260)(18:44) . The total solution for a fractional
order differential equation 1is seen to be composed of a
generalized homogeneous solution uniquely dependent on the initial
value and a generalized particular solution uniquely dependent on
the forcing function.

Setting the fractional order to integer wvalues produces
ordinary differential equations with <constant coefficients
(13:527) and the generalized solutions become the traditional
solutions to systems of ordinary differential equations. In
addition it 1s shown that the fractional order differential
equations produce non-singular Green’'s functions which insure
continuous dependence on the data which, when coupled with
existence and wuniqueness considerations, lead to well-posed
problems. The preponderence of the strong parallels between
fractional order differential equations and ordinary differential
equations lends credence to the view that this practical tool for
the engineer is in fact a generalization to fractional order of
the theory of ordinary, linear, differential equations with

constant coefficients.




Constructing the Fractional Order Differential Equations of Motion

Differential equations of fractional order arise in solid
mechanics when rational fractional order derivatives are emploved
to describe the viscoelastic phenomenon. This approach produces
fractional order differential equations of motion where the
elastic constants are replaced by fractional derivative operators
intended to describe the time-dependent viscoelastic stress-strain
moduli. The extended Riemann Liouville fractional derivative
(17:50)(19:19) is a linear operator and is defined as

u(t)

dr 0 <a=x<l (1)
o I(l-a)(t-m)¢

D% lue)] = 2 J'

This operator 1is wused to construct viscoelastic stress-strain

constitutive relationships of the form

N a N a
o(t,x. ) + 2 b u(t)(o(c,xi)} = E e(t X, ) + E E D(t)[e(t,xi)] (2)
p= pP=
shown There for uniaxial deformation. This constitutive

relationship may be viewed as a generalization to fractional order
(1:17) of the <classical wviscoelastic model (11:14) where
derivatives of integer order are used to relate empirically
time-dependent stress ani strain fields.

This fractional derivative constitutive relationship has been
successfully incorporated into the -equations of motion for

continuum and finite element formulations producing real,

This definition is usually presented with o restricted to less
than one. However, Glttinger (13:527) has proven that the weak
limit of the kernel as a tends to one is the Dirac delta function,
in which case the definition produces a first derivative.




continuous and causal solutions for forced structural response.
The solution method for the resulting equations of motion is based
on decomposing them into systems of decoupled linear, fractional
order differential equations (3)(5).

The overall approach may be demonstrated by constructing the
equation for forced motion of a simple spring-mass harmonic
oscillator and generalizing the vresult for multiple degree of

freedom structures having viscoelastic components.

F(t) — Mu(t) = ku(t) (3)

Modeling the spring as a massless bar (with elastic modulus E,

cross-sectional area A and length L) yields

o(t) = F(t) — Mu(t) = Eu(t) = Ee(t) (4)
A L

This may be viewed as an elastic stress-strain relationship where
the inertially induced stress 1is described using D'Alembert’s
principle. The massless rod is now taken to be visconelastic and
modeled using eqn 2, where the elastic terms and the first

fractional derivative terms acting on stress and strain are

retained.
(1 + bD%)o(t) = (E, + E;DM)e(t) (5)
The resulting equation of motion in operator form is
a [F(t) — M D2u(t) a, Ju(t)
(1 + bD )[ A ]=(EO+E1D )[ T } (6)

Using the composition property (17:30) of the fractional

derivative operator,




r
Dal-D7 [u(t)] ] - D"”[u(t)], (7)
the equation of motion takes the form

bMp2 Pu(e) + Mp2u(e) + k,D%u(e) + k u(t) = bDTF(t) + F(t). (8)

Here the equations of motion have been expanded to describe
the behavior of systems with several degrees of freedom. The
double and single underlined wvariables are square and column
matrices, respectively, of order equal to the number of physical
degrees of freedom, N. Identifying the largest factor B, of
the form 1/n, common to all the fractional orders of
differentiation2 in eqn 8 and again applying the composition

property, this equation of motion becomes

m w

(bg(nﬁ) +nohHY kg 0hH s go] u(e) - (1 + b(Dﬂ)q]E(t) (9)

where m, w and q are integers and (DB)m is the B order derivative
taken m times. The orders of the corresponding differential
operators in eqns 8 and 9 are also equal.

pm = 2 + a

Bu = 2 (10)
Bqg = a
B = 1l/n

The most general form of these equations of motion is

This restriction on B is tied to solving the initial wvalue
problem. When solving for the motion starting with zero
displacement and velocity, this restriction is not needed and §S
may be taken to be the largest rational factor common to all
orders of differentiation.
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e, 0P ue) - A+ bHHE®) = £(0). (11)

p=0

Here the gp are real, although many may be zero, and 2*(t) is the
result of the viscoelastic stress operator acting on the applied
forces, E(t), as shown in eqn 9.

Eqn 11 poses the system as N equations of order fAm that can
be alternatively posed as m-M equations of order §S. In matrix

form the m-N equations of B order are

{ 2. CORRTE
: A
ﬁ .
P 1 0Py2uco) f
R RGeS
",8,8,] u(e) (12)
- R et o
-A ; : E .
¥ 2 ohiue T g
I A R SR o
L0 - 0 u(e) f ()

where the lowest equation is seen to be eqn 11. The matrix [A] is
chosen such that both square matrices of order m:N become
symmetric and the top (m-1)-N equations are satisfied identically.
This is accomplished by constructing A such that all matrices, [«
lying on any given diagonal running from lower left to upper right
in the first matrix of eqn 12, are eqgual. This form of the
equations of motion will be referred to as the expanded equations

of motion.

For example, if a is one half in eqn 8, then S is one half

10




making m=5 in eqn 9, and the expanded equations of motion become

[0 0 0 gnr] () ue)
0 0 obd M| | un)
o' 0 g w0 {0} H
ob ¥ 0 0| |
Bt 00k u(e)
- (13)
[0 o oo 0] ue 0
I R  [ESNE 0
oo g g el ump -t - {w)
e M 00 00 M ) (e 0
E 8 2 8 0k ult) (1+bD"/ 2y F(t)

Both the general form, (eqn 12), and the example in eqn 13
are now posed in terms of two real, square, symmetric matrices for

which an orthonormal transformation exists

Bym-1, ) )
(D7) Yy ym_N(t)
0®)2u(e) + - [ ® ] J v3(e) | (14)
(0f) u(e) ¥ (®)

u(t) ¥, (0)

that leads to a system of m-N uncoupled differential equa*ions of

order S.

[dfo} oo} - [ o) - o} oo

Moreover, one can see that this process is analogous to
posing systems of higher oider coupled ordinary differential
equations with constant coefficients as a collection of first
order differential equations, the difference being that fractional

order differential equations result here.

11
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At this point one might ask why we have resorted to this

formalism. In general, the stiffness matrices k. and k ~are

1
distinctly different matrices when two or more materials are
present in the structure and at least one is viscoelastic.
Constructing an orthonormal transformation that decouples a system
with more than two (in this case two stiffness and one mass)

symmetric matrices 1is generally not possible. Consequently,

casting this system of equations in terms of two symmetric

matrices, egn 12, becomes necessary to construct manageable
decoupled equations through an orthonormal transformation.

The major drawback of having to rely on the formalisms of
eqns 12 and 14 1is that they require the manipulation of large,
usually sparsely populated, matrices. Numerical methods, that
capitalize on the repetitive structure of eqn 12 and the less
obvious repetitive structure of egn 14 to increase efficiency,
have been applied to extract eigenvalues and eigenvectors for a 65
degree of freedom system with only modest computational effort
(5:923). When using fractional derivative models to determine the
response of structures containing viscoelastic components, the
formalism of eqn 12 is necessary, if decoupled equations of motion
are required for modal analyses. In any event. the fractional
order basis equations shown in eqn 15 are the progenitor of the

initial value problem.

12




Constructing the Initial Value Problem

The decoupled fractional order equations of motion or basis

equations, (eqn 15) individually take the form

P+ Pyye) = £() B = 1/n (16)

where the subscripts have been dropped to simplify notation.
Green's function solutions for these equations are relatively
straightforward and the resulting expressions for the forced
response of the structure can be shown to be real, continuous and
causal (1:73) These solutions to eqn 16 may be viewed as
particular solutions of the fractional order differential equation
of motion.

It is curious to note that the only homogeneous solution to

eqn 16 is the trivial solution. This appeais to be consistent
with a strict interpretation of eqn 2, the generalized
viscoelastic constitutive model. Irherent to the model is the

implication that the relationship between stress and strain at
any given time should be a function of the complete stress and
strain histories. In other words, at time zero the viscoelastic
material should be in its wvirgin, undeformed state where
structural motion is commencing from a quiescent state.
Attempting to impose non-trivial initial conditions implies the
existence of previous motion that 1is inconsistent with the
viscoelastic model and, therefore, homogeneous solutions are not
needed.

In practice one usually does not have, cannot calculate or
should not calculate a complete time history of structural motion

to conform with this restriction. For example consider the case

13




of a wviscoelastically damped structure subjected to several
episodic loadings, where time intervals between episodes do not
allow the structure to assume an essentially undeformed, quiescent
state. As a practical matter, one would like to be able to
determine the structure's response for one loading episode where
its initial displacements and velocities are significant and
known, and a "recent" history of structural motion is available.
lo produce equations of motion which satisfy this need, egn
16 will be posed in terms of a shifted time scale, E, shown in
Figure 1.
1 d [Z yir—e,) s

T e

y(t-t ) = f(t-t ) (17)
4t o (T-r)P © °

Here s is the time of the onset of the loading history for which
the response is needed. Time zero on the t timescale is taken to
be several characteristic times, a =, preceding the beginning of
this load. This preceding time interval is not restricted to
being load free and in general may have loading present right up
to the start of the loading history of interest. The loads prior
to to are f (E-to) and the corresponding response is ;(E-to).

The equation of motion resulting from T(E-to) is

Dﬁ§(E—to) + aﬁ§(E—co> = ?(E—co) (18)

The loads for the episode of interest (t = to) are ?(E-to) and

the equation for the corresponding response y(t-t ) is

D5§(E-co) + aﬂ§(E-to) - ?(E-to> (19)

The total response for t = t, is ; + y and the general

1¢




expression for the response ic

=, ~, _ -
e Ty ma aﬁ[§<r> + Y(r)]
r(1-p) 0 u
(20)
- F(o) + g(v)
where r = E—to, u = t-7. Here g(r) is a pseudo forcing function

that produces the residual response of the structure due to the

prior application of %(t-to)'

r+t
=7 y(-t )
~ - 1 y (r-u) 0 21
B () (1B J F TP b
[0

Expressing eqn 20 in terms of the t time scale in Figure 1, where

zero time 1is now the onset of the loading episode of interest,

yields

1 h y (t-7) B o= - _
T (1-3) JO 76 dr + a"y(t) = I(t) + g(t) g(t).

(22)

Note that here the order of differentiation and integration
in the fractional derivative operator is the opposite of egn 1.
This reversal of operations occurred when Leibnitz’s rule was used
to differentiate the integral in eqn 17, producing eqns 20 and 21.
This change will prove crucial to solving the initial wvalue
problem, because in contrast with eqn 16, eqn 22 possesses both a
particular solution, uniquely dependent on the forcing function,
and a homogeneous solution, uniquely dependent on the initial

value, y(0).

Before presenting these solutions it is important to address

15




(o)

p3 to ~
u(t)
o
t=0 _
g(t)
f(o) :
u(t) u(t)

i
(@

!

Figure 1 - Time Scales for the Loads and

Responses of the Initial Value Problem.
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the relationship between the operator appearing in eqn 22 and the
original definition shown in egn 1. Using Leibnitz's rule to

differentiate the integral in egn 1 yields

1 —g '[t u(t-7) dr = 1 &)4 J‘t‘ u’ (t-T) dr (23)
I'(l-a) dt i r'(l-a) & o i
or in operator form
a u(O)t-a ‘o
D [U(t)] = F—(—m + D [U(t):] (2‘4)

o, s ‘o, e
where D is the definition and D is the modified operator

appearing in eqn 22. In fact BQ is the Riemann-Liouville
fractional integral of order l-a of the first derivative of the
function or effectively an order -a integal of a function.3 In
effect the operator D% treats u(t) as though it 1is =zero for
negative time and is "turned on"” by a step function at time zero.
The singular term appearing in eqns 23 and 24 is the o order time
derivative of a step function with magnitude u(0). Conversely,
the Ba operator treats u(t) as though its value for t = O+ is an
analytic continuation of its non-zero value at t = 0 . The
existence of an analytic continuation of u(t) into positive from
negative time means its first derivative is bounded at time zcro.
As shown in Appendix €, a bounded first derivative at t = 0
restricts the initial wvalues of the modified fractional

derivatives of positive, rational order less than one to zero.

This result will prove crucial to the solution of the initial

3 The relationship between the operators (eqn 24) is developed
more formally by Oldham. (17:50)

17




value problem.

Posing equation 22 in terms of the modified fractional

derivative operator, Dﬁ,
0f + o) i g(t) - 2
y(t) = £(t) + g(t) = g(t) (25)
produces the modified basis equations. Note the similar

appearance of egqns 16 and 25. Recall that eqn 16 is based on the
t time scale and has a trivial homogeneous solution. On the other
hand, eqn 25 is based on the t time scale, possesses a non-trivial
homogeneous solution and accounts for the effects of previous
motion through the 1initial wvalue, y(0), and pseudo forcing

function, g(t).

18




Solving the Injitial Value Problem

The eventual goal is to use the solutions of the modified
basis equations, eqn 25, to construct solutions to the original
structural equations of motion for non-trivial initial
displacements and velocities, where the relaxation effects induced
by previous motion are accounted for by the pseudo-forcing
functions, as in egn 20. The overall homogeneous solution will be
a superposition of the homogeneous solutions for the modified
basis equations and will be shown to satisfy the initial
conditions. The overall particular solution will be constructed
from the particular solutions to the modified basis equations,
derived wusing Green's functions. Superimposing the overall
homogeneous and particular solutions produces the total solution
to the initial value problem for structural motion.

The overall homogeneous solution is constructed by first
solving eqn 25 for all the homogeneous solutions to the modified
basis equations. These solutions take the form

(- (at)PHP

, T(1+pA) (26)

v, (€)= yh(O)pg

which is a special case of the beta order Mittag-Leffler function

defined as (16.102)
0 (x)p
E (x) = —
ﬁ(k) p;o T (1+pB) (27

In Mittag-Leffler notation the homogeneous solution is

¥, (€)= ¥, €0) Eﬂ[-<ac)ﬂ], (28)

19




where this special form of the Mittag-Leffler function has the

property

BBEﬁ[—(at)ﬁ] = —aﬂEﬂ[—(at)ﬁ]. (29)

Including the particular solution, the total solution to each of

the modified basis equation is

t

y(t) =y, (0) EB[-(at)ﬂ] + JO Dl-ﬁ[Eﬁ[-(aT)ﬁ]]g(t-r)dr (30)
which can be determined wusing Laplace transforms or other
traditional solution techniques for integral-differential
equations. The kernel in the convolution integral of egn 29 is
the wunit impulse solution (Green's function) for the modified
basis equations, and is singular. Note that Eﬂ(O) is not zero and
that the singular behavior of the kernel can be determined through
a straightforward application of eqn 1.

It is the singular nature of fractional order derivatives of
Eﬁ(-(at)ﬁ) that is useful in resolving an apparent paradox in the
overall initial value problem. Recall that there are m-N (egn
25) modified basis equations needed to characterize the structure,
where the solution for each modified basis equation has a
homogereous solution containing a different initial wvalue. For
example in the single degree of freedom problem, N=1, we have only
two 1initial conditions, displacement and velocity. It would
appear as though we have insufficient information to combine m
homogeneous solutions to the m modified basis equations in a

unique overall homogeneous solution.

This paradox becomes more apparent when eqn 14 is used to

20




solve for the m-N initial wvalues of the homogenecus basis
functions in terms of the structure's initial displacements gh(t)

and their derivatives evaluated at time zero.

)"y (v Yo (®)
£ 0Py (o) - e 1 y,(0 (31)
(Dﬂ)lgh(t> ¥, (E)
u (6) y, ()
t=0 t=0

The paradox is that at this point only Eh(O) and Dlgh(O) can be
specified, while the remaining elements in the state vector on the
left of eqn 31 are undetermined.

It is curious that the initial value problem should also call
for the 1initial values of accelerations and higher order
derivatives as well. Note that the order of the differential
equations of motion (eqn 8) is order 2+a or equivalently pAm and
that the state vector in eqn 31 calls for the initial values of
derivatives up through 24a-8 or equivalently B(m-1). In other
words, when posing N, Bm order differential equations as a system
of m-N differential equations of order B the corresponding initial
value problem calls for all the initial values of the pS order
derivatives of the displacement vector, Eh(t): p=0,1,2,---, m-1.
These requirements appear to be analogous to the traditional
initial wvalue problem for ordinary differential equations, but
also leaves one with the requirement for yet more initial
conditions.

It is proven in Appendix C that all of the non-integer

derivatives of gh(t) of order less than two appearing in the state

21




vector have zero initial value. The initial wvalues for
acceleration and the accompanying higher order derivations
appearing in the state vector can be determined by returning to
the original equation of motion, equ 8, and using successive
applications, of egn 24 to determine the singular terms in the
equation of motion. The resulting equation of motion for the

response to turning off the previous forcing function is

a)e™® m2n-1 _-2p (AR
- Ty T b.’iﬂgl Ta-gg D ue)
~ . E(O_)t-u )
I
b Taey YW

The fractional derivatives 1in this equation of motion are
evaluated for t<0 or equivalently E<to as shown in Appendix A.
g(t) are the pseudo forces needed to produce the residual motion
associated with the previous loading history, already accounted
for in the modified basis equations. The singular forcing
function is the result of the a order derivative of the step
funtion turning off F(t). The remaining singular behavior is the
result of repeatedly applying eqn 24 to separate out the singular
behavior of the fractional derivatives of acceleration.

The corresponding equation of motion for the response to

the new loads is

22




aohHe™® m-2n-1 -gp L (DTEDA
bt T(l-a)y * bgfgl _F?TTIB)D u(0 )
= . -a (33)
~ - g(O Yt o
+ (1 + bDQ)Q u(t) + El ebry) + (}=<o N L‘lD VE (o)
ACI

ro =
= eyt (L + BDOFE)

where the singular forcing function results from again using eqgn
24 to express the effects of the step function turning cn %(t).
The remaining singular behavior ir also the vesult of using egn 24
to separate out the singular behavior of the fractional
derivatives of acceleration. Again the tilde and double tilde
notation identify motion due to previous forces, ?(t), and present
forces, f(t), respectfully, as in eqns 18 and 19.

Equating the coefficients of the strongest singularities
(order a) in eqns 32 and 33 yields two equations needed to

establish the initial conditions on acceleration.

- bM u(07) ~ k,u(0") = - bF(0") (34)

M G(07) + k; U(07) = bE(0") (25)

Adding these two equations produces the relationship needed to
establish changes in the initial conditions due to stopping and

starting of the lecad histories.

Ml G’y - §<0'>] + b'lgl[ H0%) - G| = B0ty - Feo (36)

Since this relationship is based on step loading, which is

23




incapable of instantaneously changing the displacement or velocity

. - +
time history between time 0 and O , one can concluce that

o
—~
o
~
1

u(0) (37)

S(07) = Q0N (38)

and eqn 36 can now be re-expressed as

0"y — 07y = Fohy - E(o'>] (39)

Thus we see that the change in the initial accelerations is
proportional to any instantaneous changes (steps) in the
magnitudes of the applied loads at t = 0.

To determine the initial accelerations at time 0% one needs
to determine the accelerations at time 0 and then add to them the
additional component of acceleration from the change in load
histories. Should there be a continuous transition from one load
history to the other, then

(0 ) (40)

lexn
—~
(@]
~
]
[foq4]

and the accelerations at time 0 are the accelerations used in the
initial wvalue problem. Satisfying the initial conditions on
acceleration in this manner effectively removes the a order
singular terms on both sides of eqns 32 and 33.

The remaining singular terms in these equations do not have
corresponding terms on the force side of the equation. To
preserve the equalitv one must conclude that the coefficients of
these singular terms are zero. Note that setting these

coefficients to zero, in effect generates the remaining initial
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conditions needed in eqn 31. From egn 32
(mj2n-2)B
D [G(o')] -0 £=1,2,3,---,m-2n-1 (41)

and from egn 33

(m-2n-12)
D [E(O+)] =0 £ =1,2,3,--- ,m-2n-1. (42)
Proof 1is given in Appendix C. Hence, one can see that the

initial wvalues of the fractional derivatives of displacement
greater than second order and less than order fm must be zero to
preserve the equation of motion.

Adding the two equations of motion and recalling that

u(e) +u(e) = u(e) t20 (43)
yields
M(L = 5D™)A(E) + (ke +kDu(e) = (14bD%) (o) + G(o) (44)

which is identical to eqn 8 except for one very important detail:
the fractional derivative operator has changed from the original
definition, eqn 1, to the modified definition eqn 24. Recall that
the modified basis functions use this modified definition as well.
In fact the entire initial value problem (constituted by egns 44,
12, 25, and 31) and its solutions (egn 30) can be cast in terms of
the modified definition of fractional differenciation. Using the

composition property, for the modified operator,

A

D%10” [uce) 1 1-0% " tuce) ], (45)
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which only applies when the initial wvalues of the fractional
derivatives of the displacements are zero, one can

straightforwardly demonstrate that eqn 44 leads to a corresponding

B

~

operator is replaced by DB. Similarly,

B

form of eqn 12 where the D

B

as well. Also

the D7operators in eqn 31 can be replaced by D

noting that the particular solution in the initial value problem

is in effect an excitation from a quiescent state, one can
demonstrate that the first m-1 terms in the series expansion of
the kernel in eqn 30 add out when the modal solutions are combined
to construct the particular solution. The resulting expression
for that part of the modal solutions which describe the system

response is given below.

’)
() = y.(0) E_|-(a.t
YJ( ) }J( ) B( (aJ )
t (46)
S R
+ -a’;] D E |-(a.t .(t-7)d
Jé aJ) s (aJ ) gJ( 7)dr
Proof is given in Appendix D. The modified equality symbol

indicates that this expression is true only in the context of the
total system response.

At this point one might be tempted to assert that the
original definition of fractional order differentiation, eqn 1, is
somehow inappropriate for the initial value problem. Not true.
Recall that the initial value problem has insufficient numbers of
physically motivated initial values to determine uniquely the

overall homogeneous solution as a superposition of solutions to

the modified basis equations. The additional auxiliary initial
conditions, developed in Appendix C by suppressing singular
26




behavior at time zero, provided precisely the number of needed
initial conditions for a unique solution. In fact the original
definition generated this singular behavior without which the
initial value problem would flounder for 1lack of initial
information.

To test the vrobustness of this generalized initial value
problem, one needs to ascertain its ability to generate the
structural response to impulsive 1loading. The method entails
solving the initial wvalue problem for a step response (using
initial accelerations, egqn 39) from a quiescent state and noting
that the impulse response is the first derivative of the step
response. The structural response for a unit impulse load at the

th .
z degree of freedom of the structure is

m-N

_ . N9y, .B\2ntq-17-1-a [_ ﬂ]’ T
ug(©) jzl 815 (L4b(-a %) (-a) D [Eﬁ (a;t) ngjg
m-N
2n+q-1,T
b . .2 - 47
+ jzl 812, 81zt (47)

. th
where z is an N order column vector of =zeroes except the =z

element, which 1is one. Again the solution is seen to be
continuous and is expressed in terms of the modified operator and
the Mittag-Leffler function. Derivation of this expression is
given in Appendix E.

There are several similarities between the initial wvalue
problem posed here and the classical initial value problem. First
the equations of motion are seen to have both homogeneous and
particular solutions which are uniquely dependent on the initial

values and the forcing functions respectively. In addition
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initial values for all rational order derivatives, up to but not

including the highest order in the equation of motion, are needed
to determine a unique solution. Also, the impulse response is
seen to be a homogeneous solution with special initial conditions.

These similarities suggest that other parallels do exist.
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Broader Issues in the Generalized Initial Value Problem

The successful construction of the solution to the rational
order initial value problem yields some insights into the nature
of the underlying mathematics. One of the more unusual results is
¢he number of initial conditions needed to construct a unigue
solution. It appears that a m/n order equation needs m initial
conditions: one condition for the function and a condition for
each of the p/n order derivatives p = 1,2,3, - -m-1. As shown in
Appendix C the physically motivated 1initial conditions — initial
displacement, velocity and acceleration -~ are complemented by
precisely the needed number of auxiliary initial conditions.
These auxiliary initial conditions are the result of strictly
mathematical considerations.

Moreover, how does posing the m/n order equation as a 2m/2n
order equation change the nature of the solution for which 2m
initial conditions now appear to be needed? 1In fact the solutions
in both cases are identical from which one infers that the basis
functions of the two solutions are inter-related? This means that

the 1/m order and 1/2m order Mittag-Leffler functions, eqns 28 and

30, are related. These relationships among the rational order
Mittag-Leffler functions will be shown later. Choosing to solve
the equation as a 2m/2n system vVersus a m/n system leads to

higher order matrix equations and simultaneocusly provides m more

auxiliary conditions ensuring a unique solution. The

4 One needs to establish that different but apparently

equivalent forms of the equations of motion produce identical
solutions. This is similar to posing N second order equations as
2N first order equations where both sets of equations yield the
same solution.
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requirements for the physically motivated 1initial conditions
remain unchanged.
Assume that the largest common factor for the fractional

orders is 1/n where the modified basis equations take the form

A

(Dl/n 1/n

+ a, r.(t) = g.(t), j=1,2,3,---,m (48)
aJ ))J( gJ

but one chooses to solve the problem with a basis fraction

of 1/2n.

"1/2n 1/2n
+ a

; = =1,2,3,---,2 49
(D ))p(t) gp(t> p 2,3, , 2m (49)

. . . . C s 1/
For each basis equation in eqn 48 with characteristic value aj ",

there are two corresponding equations in eqn 49 with roots of

1/n . 1/2n
*V-a, , or #ia, "’
J J

of eqn 49, in the form of eqn 30, are

The solutions to these two equations

N s 1/2n
yp(u) yp(O) El/Zn[ 1(ajt) ]

t
1-1/2 . 1/2
+ J pt-t/ “[EI/Zn [-l(ajr) / n]]gp(t-r)df (50)

(o]

and

. _ . 1/2n
Yo41(t) = Y5y (0 El/2n[+l(ajt) ]

t
1/2n
1-1/2n . ..
+ J D [El/zn[+1(aj7) ]]gp+l(L-T)dr

o
(51)

Solving the problem with a basis fraction of 1i/2n instead of 1/n

produces m additional auxiliary initial conditions of the form
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oP/%2 40y = 0 p odd and 0 < p < 2m (52)

The solutions to eqn 48 also satisfy these initial conditions. In
Appendix C it is shown that if u(0) exists, then the initial value
of any rational order derivative less than one 1s zero, while u(0)
may be independently specified.

The solutions given in eqns 50 and 51 for egn 49 when
combined should produce a corresponding solution to eqn 48, which
again based on egn 30, takes the form

. t = y. O E - a.t‘

1/n

t
1-1/n 1l/n
+ J D [El/n[-(ajf) ]]gj(t—f)df (53)

[¢)

However, the solutions in eqns 50 and 51 are not combined
arbitrarily. The solutions are combined in a manner consistent
with solving eqn 48 as a system of twice as many equations of half
the order of differentiation. As such. the 1loads gp(t) may be
viewed as modal loads generated by gj(t), and applying the

following conditions
yj(o) = yp(O) + yp+1(0) (54)

o
pl- 2“>'j<0> -0 (55)

the resulting expression for yj(t) is
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. 1/2n » 1/2n
yj<c>=yj<0>[‘31/2n[l(ajt) [V R ]}

2 (56)

(_ 2n . 1/2n)|g.(t-71)
¢ E 1(a.1)1/ ]~E L-l(a.T) ] j
+ /{ D1—1/2nl: 1/2n ] 1/21’1 ] _aT/-271_ dr

21 J

0

where the integral terms are expressed in terms of eqn 30.
However, defining the functions in the brackets as generalized

cosine and sine functions

. 1/2n . l/Zn!
E1/2n£+1(ajc) } + El/zn(-l(ajt) B (57)

fi

cosl/zn(ajt)

1/2n] _ i 1/2n
J E 1(ajt) J (58)

El/2n[+i(ajt) 1/2n[

i

51n1/2n(ajt) o

greatly simplifies the notation and eqn 56 oecomes

t
pl-1/2n_ -1/2n_.

yj(t) = yj(O) cosl/2n(ajt) +J 3 31n1/2n(aj1) gj(t-T)dT.

o
(59)

The definitions for the generalized sine and cosine functions

produce a class of functions having the properties

“1/2n . B 1/2n

D 51n1/2n(ajt) = aj Cosl/2n(ajt) (60)

“1/2n B 1/2n .

D cosl/zn(ajt) = —aj 51nl/2n(ajt) (61)
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More general properties of the fractional order sine and cosine
functions and their hyperbolic counterparts are given in Appendix
F. The appearance of generalized sine and cosine functions can be
explained by observing that egn 48 could have been equivalently
posed as a generalized second order differential equation of basis

1/2n.

(b2/2m , , 2/2n

a

. = g. , 62
)yJ(t) gJ(t) (62)

To complete the development of the relationship between the
basis 1/n and 1/2n functions, the composition property, eqn 7, is

applied to the derivative operator in the integrand of eqn 59

pl - l/2n[ ] _pl-lmn+ 1/2n[ ] (63)

and noting that

1/2n .

si 1/2n
" /20

(a.t) = a. co
j )

D 3 $1/2n

(ajt) (64)

eqn 59 now becomes

t 1-1/n
yj(t) = yj(o)cosl/Zn(ajt) + IOD [cosl/zn(ajr)}g(t—r)dr (65)

Comparing this solution to the solution of eqn 48 given in eqn

53, one concludes that
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[-(ajt)l/n)= cosl/n(ajt)

El/n
: 1/2n . 1/2n
El/2n£l(ajt) J+El/2nl'l(ajt) ] (66)
2
or
l/n) _ . 1/2n y 1/2n
2E1/n[(‘ajt) ] = El/zn(l(ajt) ] + El/2n[ l(ajt) }(67)
For a;/n negative the relationship becomes
1/n 1/2n 1/2n
2E1/n[(ajt) } - El/zn[(ajt’ ] + El/zn[-(ajt) J
= 2 coshl/zn(ajt)

(68)

These relationships can be straightforwardly verified by expanding
the Mittag-Leffler functions in terms of their series definition,
eqn 26, and adding terms of equal powers. The more general
relationship, also verified in the same manner, takes the form

E [i(at)m/n] -

p
n/n Y E {(il)ﬁ/p(at)m/pn (69)

1
Py m/p

where (—1)§/p are the p different 1/pth roots of minus one. This
relationship allows one to demonstrate the equivalence of
solutions, u(t), when determined in terms of different basis
fractions.

One now concludes that regardless of the <choice of
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appropriate basis fraction, B, and the representation of the
solution, the uniqueness of the solution may be demonstrated using
eqn 69. One also concludes that a change in the basis fraction
adjusts the number of auxiliary initial conditions to preserve the
uniqueness of the solution, leaving the role of physically
motivated initial conditions unaltered. Moreover, the
relationships among different order basis function leads to
generalized definitions of sine, cosine and the hyperbolic
functions (Appendix F). The observation that these generalized
functions degenerate into the definitions for the normal sine,
cosine, etc., when fractions are set to one, coupled with the
observation that eqn 53 becomes the general solution to a first
order equation, egn 62, when n is set to one, lends credence to
the view that these fractional order differential equations and
their solutions are legitimate generalizations of their integer
order counterparts. Furthermore, this solution technique may be
viewed as a legitimate generalization of the 1initial wvalue
problem.

Yet another similarity with ordinary differential equations
arises when one examines the nature of homogeneous solutions for a
fractional order differential equation having repeated roots in
its characteristic equation. Posing the differential equation as
a system of B order modified basis equations in Jordan form
(10:35), the two basis equations containing the same root take

the form
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Py 4 a? y. =0 (70)

nBy b - 71
D >j+l + aj yj+1 + yj 0 (71)

Solving for yj (eqn 28) and using yj as a forcing furction to

determine yj+1 (eqn 30) yields
B 1 1B [, B
yj+1(t) = yj+1(0) Eﬁ(—(ajt) ] + yj(O) gt D [Eﬁ[ (ajt) ]] (72)

W.en f is one this solution becomes the solution to a second order

differential equation with repeated characteristic values.
-a.t -a.t
yj+1(t) = yj+1(0) e j +t yj(O) e j (73)

When the root is repeated more than once, yj+1(t) is used to find

yj+2(t) and so on until the solution is complete.
Dy, 0y + 2Py, () +y. . =0 (74)
j+2 j 7j+2 j+1

The general form of the homogeneous solution for m repeated roots

is

y (t) = yj(O) Eﬂ[~(ajt)ﬂ]

j+m-1
m-1 k-1
-1 1-
+ Y . k_1(0)[11 [(ﬂp) D ﬁ}] E [~(a.t)ﬁ] (75)
k=2 It p=1 L
which for f = 1 becomes the solution for an ordinary differential

equation having constant coefficients with m repeated roots in its
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characteristic equation.

When one is confronted with all of the similarities between
fractional order and ordinary differential equations, it seems
appropriate to examine the fractional order initial value problem
as a well posed problem. The existence of solutions has been
established. The wuniqueness of solutions «can be readily
established by limiting the class of loads and responses to those
having Laplace transforms. One can expand this class of functions
to include those loads that produce unique responses through the
use of the Green’'s functions, eqn 46 and 47, and convolution.
Continuous dependence on the data can be established using eqns
28, 31, 46, and 47 and noting that the Green's functions are
non-singular. In effect the fractional order differential
equations exhibit precisely those characteristics expected from
ordinary differential equations.

One might ask why not use Laplace transforms to solve the
problem and dispense with the formalism constructed here. First,
one 1s not now restricted to those loading and displacement
histories having Laplace transforms, although in practice most
loadings and responses of engineering interest do have Laplace
transforms. In principle it is possible to formulate the initial
value problem with Laplace transforms using delays to stop and
start loading histories, but several key features of the initial
value problem are missed. The transition to the modified operator
and the rationale for the formulation of the auxiliary initiai
conditions can be completely overlooked. Even if the modified
operator were discovered using Laplace transforms, the initial

values of the fractional derivatives do not appear in the

37




formulation, because transform theory has correctlv set them to
zero. The fact that they do not appear obscures their existence
and the existence of the auxiliary conditions needed for a unique
solution. As a direct consequence, the non-singular nature of the
Green's function solutions is missed as well. Also missed are the
generalized nature of the basis functions being special
Mittag-Lefflier functions, the inter-relationships among the
different sets of basis functions and the definitions of the
generalized sine, «cosine, etc., functions spawned by these
inter-relationships.

In essence, Laplace transforms by themselves do not readily
reveal the structure of the initial value problem, and the needed
auxiliary initial conditions for a wunique solution are not
produced, except possibly in retrospect. As a result the major
features of this generalized initial value problem can be missed,
and one is never justified in claiming that the class of
differ-integral equations solved here are in fact generalized

diffevential equations.




Conclusions

The most encompassing conclusion 1is that the <class of
differ-integral equations, represented by eqn 8, may be viewed as
a generalization of ordinary differential equations with constant

coefficients. When an equation of motion is posed in terms of m

differential equations of fractional order B, m sets of initial
conditions are needed to determine a unique solution. Careful
examination of the singular behavior generated by fractional
differentiation leads to auxiliary initial conditions that
supplement the physically motivated initial conditions producing a
total of m sets of initial conditions and a unique solution. The
resulting fractional order differential equations are posed in
terms of a modified definition of fractional differentiation,
which appears to act on the solutions as though they were
analytically continued from negative time into positive time.
This 1is precisely the mathematical property needed for a
generalized initial value problem.

Several other key features of the mathematical development
ler.l credence to the claim that the mathematics herein embodies a
generalization of ordinary differential equations. In every
instance, setting the basis fraction to one transforms the
solutions into the traditional solutions associated with ordinary
differential equations. In addition the solutions to the modified
basis equations are posed in terms of Mittag-Leffler functions,
long viewed as the fractional order generalization of the
exponential function. The general form of the basis solutions
contains a portion dependent on the 1initial condition and a

portion dependent the forcing function, clearly identifiable as a
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generalized homogeneous solution and a generalized particular
solution, respectively. The form of the homogeneous basis
solution for the case of repeated charactevistic roots is strongly
reminiscent of its integer order counterpart, and the two
expressions are identical when the basis fraction is one. The
generalized sine and cosine functions along with the geneiralized
hyperbolic functions are also very similar to the traditional
functions. These similarities lead to generalized identities that
also become traditional trigonometric identities when the basis
fraction is one. In addition to all these similarities with
ordinary differential equations, the observation that the
fractional order initial wvalue problem appears to be a well-posed
problem makes the case.

This evidence 1leads one to conclude that the strong
similarities between the generalized initial value problem and the
traditional initial value problem are not coincidence, and that
this generalized 1initial value problem may be viewed as a
legitimate extension of the theory for ordinary linear

differential equations with constant coefficients.
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APPENDIX A - Differentiating When Time is Negative

setting up the initial value problem one needs

initial conditions.

This section presents the technique needed
fractional differentiation over the time interval prior to the
initial time of the initial wvalue problem. In the process
to examine
mathematical behavior of the system just prior to and just after

the initial time (t = 0) to determine the nature of additional

Unfortunately, the definition of fractional

differentiation, eqn 1, becomes ambiguous when the lower limit of

integration is taken as a negative value.

a 1 4 f oy
D% [y(t)] = [

I'(l—a) dt J (t—u)a

For t less than zero and greater than Tt the kernel

integral becomes a complex, multivalued relationship.

definition of fractional differentiation given in eqn 1 does not

readily allow one to specify time zero strictly as a matter of

convenience. It appears that this definition

of fractional

differentiation insists that time zero be chosen at times prior to

any non-zero values of y(t) for the definition to produce at

unique result.

One would like to have the latitude of choosing time zero to

coincide with the initial time of the initial value problem.

circumvent the ambiguity raised in eqn A-1, one may employ the two

time scales shown in figure 1 on page 15: the t scale to set up

the overall problem and the t scale to accommodate the

value problem. The first time scale, t, takes zero to he
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the interval to) in terms of t produces the equation for prior

motion

a. —- .~ a. ~  ~
§ (14bD7) u (t — to) + (50 + 51 D7) u (t to)
(A-5)
(o3 — - —
= (1+bD )(E(t - to) - U(t -~ to)E(t - tO)J
Using eqn A-4 to construct these derivatives, then applying

Leibnitz’s rule for differentiating the integrals to separate out

the singular behavior and substituting t for t - s produces egn
32. Those terms resulting from this process not specifically
identified in egn 32 constitute §(t), the pseudo forcing

functions, which produces the residual motion, E,(t > 0) due to
previous loading (t < 0) of the structure. This residual motion
is superimposed on the response of the structure, §(t), to present
loading, f(t), to produce the total response of the structure for

t > 0.
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onset of any recent history of motion for the structure and the
second scale, t, takes zero to be the later time about which one
wants to delineate previous and present loading histories. This
later time, t, is the time scale of the initial value problem
where the initial time is t = 0. The only difference in the time
scales is the shift factor to, the time interval of the recent
history of motion. Hence the relationship between the two time

scales is

t=¢t -t (A-2)

Posing egn A-1 in terms of this time shift yields

a [ =~ 1 d 7% y(u)
D [y(t-to)] = m TJ' —_—

dt e (E-ot-we® (4-3)
0 (o]

and with the change of variable u = Tt this relationshop becomes

t y(r-t )
D% [y(’t’-t )] -1 4 [ oy (A-4)
° Fl-a) % Jo (t-1)°

which appears in eqn 17, with a set equal to 8.

The shift of t in the time scale restores the single valued

o
; - . 5

property of the fractional derivatives operator. More
importantly eqn A-4 allows one to evaluate the behavior of
fractional derivatives in the equation of motion, eqn 7, prior to
the initial time of the initial wvalue problem which occurs

for t = t Posing the equation of motion for prior loading (over

Note that replacing t with t and setting to = 0 produces the

original definition, egqn 1.

£~
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APPENDIX B - The Structure of the Eigenvector
This section establishes the systematic structure of the
eigenvectors (the columns of the orthonormal transformation matrix
in eqn 14) associated with the expanded equations of motion, egn
- .th .
12. In particular one demonstrates that the j— eigenvector eqn

12 has the following structure

6 6. (-aP)™?
—mj S5 TN
_aPy?
Fa— —al ¢1J( aj) | (B-1)
J 1
¢, ,,(-a))
-1 213

. . .th . . .
where ¢1_ is the corresponding j~— eigenvector associated with the

homogeneous form of eqn 11 and -a@ is the eigenvalue associated
3
with both egns 11 and 12. Staied more succinctly, one will prove
that
Byp-1
.= ¢..(-a =1,2,3,...,m B-2
b5 = 81504 P (B-2)

given the homogeneous form of eqn 12 shown below.

[0 1(s 07 (6 0
A {g. b+ A o e b=d 0t (B3

--33 .: —3J —

. ‘0 0

............. =23 S =T -

—_c:3 22 =14 \’élj L .2 ’ 2 gEgoJ élj ..(_).

To begin the proof one focuses on the upper m-1 sets of

matrix equations in eqn B-3 and observes that they may be
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re-expressed as

j‘im-ll J —mj 9—

—aﬁ) A . - A b =4 T % (B-4)
J 0
—2j ?-33 —
0
=13 é2\] -

or

Ve . (-aP) - ¢ 0
-m J J m3
4 L= L
A ¢, -y — 4 0 (B-2)
Ay _
¢,y 25 9

The absolute value of the determinant of [A], indicated by det[A],

can be expressed as

detiA] = b™ I(det g)m'l (B-6)

where M is the system’s mass matrix. Since the mass matrix is
positive definite, then the determinant of [A] is always non-zero
and [A] is not singular. Hence the only solution to egn B-5 is

the trivial solution, and as a result

B
92j = flj('aj)
B

_ N
$nj = Sm-1 50085

from which one concludes

- gl.<-a§)P‘l p=1.2,3,.. ..m (B-2)

J
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APPENDIX C - Deriving the Auxiliary Initial Conditions

This section establishes the sources of the auxiliary initial
conditions. These auxiliary conditions are needed to determine a
unique solution for the initial value problem when the equations
of motion are posed as a system of B order differential equations.

The auxiliary conditions have two sources. The first is egn
33, the equation of motion, where certain singular terms appear on
the response side of the equation without corresponding singular
terms appearing in the applied forces. The equation of motion is
preserved by setting the coefficients of these singular terms to
zero. These coefficients are the initial values of the fractional
derivatives of order greater than 2 and less that 2 + a of the
structural displacement histories. The source of the remaining
auxilary conditions, those derivatives of order between one and
two and between zero and one, is the following theorem. Given a
set of functions, u(t), which are a linear combination of Mittag-
Leffler functions as in eqn 31 where u(t) have bounded first
derivatives at t = 0, then all fractional derivatives of these
functions of rational order less than one have initial wvalues of
zero at t = 0.

The proof starts with eqn 32.

m-N
w (€)= jzl 815 Y5O (32)

o

where ¢ .are the eigenvectors associated with eqn 11 and yj(t)
are Mittag-Leffler homogeneous solutions for the modified basis
equations shown in eqn 28. Identifying these homogeneous solutions

appearing in eqn 31 with the subscript j produces
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yj(t) = yj(O) Eﬂ[—(ajt)ﬂ] (C-1)

and using eqn 27 to express these functions in series form

produces

p
—<ajt>5! (c-2)

0 T (1l+pB)

He~18

B
E [—(a,t) ] =
B J o

Substituting egn C-2 into egn C-1 and then substituting the

resulting equation for yj(t) in eqn 32 yields

8 P
m-N © —(a.t)
w (t) = jzl 315 Y50 pEO NEETY (c-3)

Taking the first time derivative of this expression results in

. miN E (—a?)p pp PP
u(e) = b, . ¥.(0) (C-4)
5o1 M T 0 [ (1+pp)

where the derivatives of the constant terms in the infinite series
(p=0) are now zero. Because one of the two summations has a
finite number of terms, the order of summation may be interchanged

without loss of generality. Also noting that

e 1 )
T(1+pF) = T(ph) (€-3)
the expression for the derviative éh(t) becomes
© ps-1 m-N
: t Bp
t) = —_— . (—a", . (0 C-6
u (€) pgl YD j§1 $15(a)" v (0 (C-6)

Recall that Q(O) is assumed bounded and at worst has a step
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discontinuity at t = 0, and that B8 is of the form 1/n. Therefore,
the first n-1 terms of the infinite series must be zero because
they are singular and unbounded at t=0. Setting the coefficients

of the first n-1 terms equal zero yields
8 )
) 813 ~ay) yj(O) =0 p=12,3,-",n-1 (C-7)

Applying the results of Appendix B

g k1
bis = b15(-a)) k =1,2,3,---,m (B-2)

to equation C-7, while noting the m > 2n, results in

L $y5¥5(0 =0 p=123,-,n1 (c-8)

o .th .
Examining the structure of the j— eigenvector for eqns 12,

¢., shown in equations B-1, and using egqn 31 one concludes that

N

yj(O) P 1,2,3,--- ,n-1 (C-9)

m-
0) =
4 (0 jz épj

and with eqn C-8, one can further conclude that

D*" w (0) = 0 p=1,2,3,--,n-1 (C-10)

Because n has not been specified, in principle any n could
bechosen. One can conclude that p/n can take on any rational
value between zero and one and the proof of the theorem is

complete.

48




However, the theorem need now be applied to determine the
initial values of the derivatives of Eh(t)]wo of rational order
between one and two. The most intense forces applied to the
structure in the initial value problem are the step functions
turning off and turning on the loading histories at time zero. A
step load is incapable of instantaneously changing the system's
kinetic energy and one concludes that the resulting velocity
histories are continuous functions for all time. Step loading is
also incapable of producing unbounded accelerations, therefore the
first derivative of velocity is bounded and piecewise continuous.
From this, one can conclude that the velocities Xh(t) have bounded
derivatives, gh(t), and the above theorem applies to the initial
values for the fractional derivatives of rational order between

zero and one of the velocities. The result is

D*" v, (0) = 0 p=1,2,3,,n1 (C-11)

Expressed in term of the displacements, these conditions are

Dphﬂlgh(o) -0 p=1,2,3,-,n-1 (C-12)

and are seen to be the initial values of the derivatives of
rational order between one and two of the displacements.

Given that the 1initial displacements and the 1initial
velocities are known, coupled with the auxiliary conditions given
in eqn C-10 and C-12, the only remaining initial conditions needed
in egqn 31 are the initial accelerations and the initial values for
the fractional derivatives of Eh(t) of rational order between 2

and 2+a. These conditions are determined by examining the
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singular behavior in the equation of motion for previous loading,
egqn 32, and the equation of motion for present loading, eqn 33.
The singular behavior in these equations of motion is
generated by the a order derivatives of the step functions turning
off and turning on the previous and present loading histories and
by the 2+a order derivatives of the respective resulting
dispacement histories. The singular behavior of the forcing
function and the a order derivative of the displacements in the
equation of motion for present loading, eqn 33, is derived using
eqn 23. Calculating the 2+4a derivative of the displacements is

relatively straightforward

8

~ ' t2+p5 m-N s p+2n
= 0 0)- ——— .(-a’; . C-13
S R S on T(3+pB) jzl iélJ( aJ) yJ(O) ( )

The displacements, shown here with the initial displacements and
velocities specified and the auxiliary conditions of eqn C-10 and
C-12 applied, are first differentiated twice and then successive 8
order derivatives are taken to produce the 2+a order derivative.

The result is

© tpﬁ-a m-N pP+2n

p**® G () = (-a
P

Lt B i ]
2o T(1+pf-a) jz élj J-) }j<0> (C-14)

1

and recalling the f = 1/n and from eqn 10 that a = fg, this

expression becomes

m-N 8 p+2n
¢, .(-a’ (0 C-15
321 4152 v;(0) (C-15)

(p-q)8
) £t
p=0 L(l-(p-q)8)
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Separating out the singular terms yields

S q-1 . (p-0)8 m-N 3 p+2n . 16)
u = — . (-a’; ;. C-
D% & (©) pzo S ECI) jzl ¢35 y;(0) (
@ t(p-q)ﬂ m-N p+2n

—— .(-a, 7. (0
LT R k) 4yey @

For p = O the order of the singular term is a and the coefficient

of this singular term

m-N s 2n L .
jzl g5(-al) ¥ (0) = F (0D (c-17)
appears in eqn 44 as the initial value of the acceleration due to
the present loading.6 Recall that eqn 35 resulted from setting
equal the coefficients of the a order singular terms on both sides
of eqn 33.

The remaining singular terms in eqn C€-16 do not have
corresponding singular terms in the forces. To preserve the

equality of eqn 33 one must conclude that the ccefficients of

these singular terms are zero. Setting these coefficients to zero

yields

m-N s p+2n 4

Lo#p5(-a)  y;(00) =0 p=1,23_ -1 (C-18)
j=1

Again, using the results of Appendix B, eqn B-2, eqn C-18 becomes

6 This result can be confirmed by differentiating C-13 twice and

setting t = 0.
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miN %y yj(0+) -0 2 = 2n+1,2042,2043, - ,m-1  (C-19)
j=1

This equation sets the 1initial values of the fractional
derivatives of the displacements of rational order between 2 and

2 + a to zero.

Applying the process that led to eqns C-14 through C-19 to
the equation of motion for previous loading, egqn 32, and equating
the o order singular terms leads to eqn 34. The methods used to
determine the fractional derivatives at time 0 are presented in
Appendix A. Combining eqns 34 and 35 produces the initial
condition on acceleration, eqn 39, and with the initial values of
displacements ’gnd velocities completes the needed physically
motivated initial conditions. These conditions coupled with the
auxiliary initial conditions established in eqns C-10, C-12 and
C-19 constitute the complete set of initial conditions needed to

determine a unique solution for the initial value problem.
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APPENDIX D - The Basis Green's Function

The overall particular solution (forced response) for the
equations of motion, eqn 8, can be constructed from the solutions
of the modified basis equations appearing in eqn 30. The overall
solution is a linear combination of the modified basis particular
solutions prescribed by the orthonormal transformation for the
equations of motion. These linear relationships are, of course,

the analogue of eqn 31 applied to the particular solutions.

CENRRE "oy
] <D‘3>23p<t> - | 3 { v, (o (D-1)
)t (o) y ()
-P p2
gp(t) ypl(t)

Although one need only employ the lowest set of matrix equations
to determine the particular response, this relationship is useful
in demonstrating that the overall particular solution does not
contain the response generated by the singular terms in the kernel
appearing in eqn 30. The kernel is of the form

By A-1 _4p-1

( ﬁ © (-aj) ‘ ‘

pl P g

These kernels are the particular solutions when the forcing
functions, gj(t), are unit impulse functions.

To examine the behavior of the impulse response, one
calculates first the response to a unit step load and then takes
the first derivative of the step response to produce the impulse

.th . . .
response. The response of the j= modified basis equation for a
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unit step applied at the zg—‘l degree of freedom is

t
yp.(t) =J Dl_ﬁ Eﬂ[-(ajt)ﬂ] gjz(t-r) dr (D-3)
jz 0
where
£) = 47, z U(E) (D-4)
85f f15 =

T . .th . -
Here ¢1j is the transpose of the j= eigenvector of egn 11, z is a
. th . . .
column matrix of zero elements except the z7— which is one and
U(t) is the unit step function. Substituting eqn D-4 into egn

D-3 and evaluating the integral produces the step response,

Vs (t).
jz
_ 1P ] Bl 4T ]
v, @ = g 0yof)] 4 2 (-3
jz
Iﬂ is the fractional integral of order B and is defined as

t

_ 1 y(t - 1) )

?

The B order integral of the B order Mittag-Leffler function

appearing in equation D-5 can be shown to be

(2500507 y

Using eqns D-5 and D-7 and summing all the step responses of

(_a?)l-lcﬂﬁ
T+ I8 (D-7)

to-18

1
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the basis functions using the lowest set of matrix equations in

D-1 produces the structure’s step response.

m-N T © (-a?)i-ltgﬂ
u (t) = Y ¢, dy. 2 SN R (D-8)
=S, =1 1j -1j =1 T(1l + 28)

However, noting that all the basis step responses, eqn D-5, are
zero at t = 0 (see eqn D-7), one can conclude from eqn D-1 that

all of the fractional derivatives

Dﬁkgs(t)1 -0 k=0,1,2,3, - ,m-1 (D-9)
z t=0

of the step response are zero at t = 0 as well. 1In other words,

if all the step responses are zero at t = 0, then all of the

elements in the right column vector of eqn D-1 are zero for t = 0
and eqn D-9 follows.
It follows from applying eqn D-9 to eqn D-8 that the first

m-1 terms in the time series representation of u, (t), egn D-8,
z

must also be zero. The resulting expression for the step response

is
m-N T o (_a?)f-thﬂ
usz(t) ) jzl élJ élj 2§m T T(1I+28) (D-10)
or
m-N T o (_a§)2n+q+£-1 t/9(2n+q+£)
L_lsz(t) ) jgl 215 %15 2 IZO T(1+8(2n+q+ 1)) (D-11)

Taking the first derivative of ug produces the impulse response,
z
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u (t). Recall that 8 = 1/n.
z

N (_a@>2n+q+2-1 t1+a+£5

T (e o]
u. (£) = ) 4. .z ) (D-12)
=6, 551 =1j *1j 20 L (2+a+4pB)

y)

However, the overall impulse response may also be expressed as a
linear combination of the effective impulse responses associated

with each mode as shown below.

m-N

g (€ - jél 213 75,4 (0) (D-13)

Using eqns D-12 and D-13 one can determine the expression for the
effective impulse response associated with each mode, and it is

seen to be

(_aﬂ 2 t1+a+£ﬂ

© )
- . B.2n+q-1 J T A
yajz(t) (-ap) EEO T(orarif) ~ %15 2 (D-14)

Given the effective modal impulse response one can now work
back to determine the new form for the kernel of the convolution
integral in the particular solution. The new kernel is

(-a@)f—l tﬂﬁ—l

r(Lp)

18

__Bm-1 "-l-a ) B _
(-aH™ " D [Eﬂ[ (a,0) ]] (D-15)

The first term in the kernel is order l+a. The earlier expression
for the kernel, eqn D-2, shows a first term of order A-1. The

difference in these expressions is based on the observation that
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eqn D-9 demonstrates that the first m-1 terms of the basis step
responses sum to zero when constructing the overall step response
using eqn D-1. Consequently, the first m-1 terms of the basis
impulse responses sum to zero when constructing the overall
impulse response. Without loss of generality these m-1 terms may
be left out of the kernel when calculating the overall particular
solution for any loading history. The general form of the overall

particular solution is given in egn 46.
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APPENDIX E - The Response to Impulsive Loading

In Appendix D the impulse response or Green's function was
based on gj(t), eqn 22, being impulsive where gj(t) is a
combination of the pseudo forces and the stress operator from the
viscoelastic model acting on the applied forces. This appendix
presents the general form of the response of the structure to an
impulsive force. The derivation is based on the step response for
which the foundation has been laid in egns 32 through 44 and
Appendices A, B, and C. Paralleling Appendix D, the determination
of the impulse response rests on the observation that in all
linear systems the first derivative of the step response 1is the
impulse response.

The derivation of the step response is based on solving egn
44 . Note that for step loading with no previous motion, G(t) and
SQE(C) are zero in eqn 44. Casting the resulting equation of
motion in expanded format, eqn 12, allows one to solve for the

step response by specifying the initial accelerations in the state

vector. The expressions for the initial accelerations based on
eqn 39 is

= 4+ -1z, +

a0y - M FN (E-1)

where the tildes will be dropped because there is no longer a need
to distinguish between previous and present loading and responses.

The remaining force vector in eqn 44, f(t), is taken to be a
unit step load applied at the z‘gh degree of the freedom. This

th
z

load vector z is all zeros except for the element, which is

one. The resulting expression for the initial accelerations is
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40"y = g'lg (E-2)

Note that the step force generates both homogeneous and a
particular parts in the response. The homogeneous part arises
from the initial accelerations and the particular part arises from
the force term i(t)in the equation of motion. For simplicity, the
particular part of the step response will not be introduced until
after the homogeneous solution is determined. The particular
solution and its derivatives of order up to and including 2+a-8
are 1initially zero and have no effect on the form of the
homogeneous part.

Based on eqn 31 the 1initial wvalues of the homogeneous

parts of the basis functions should satisfy

0 \
: Y. (0
9 .
M-lz '
i ==t - [ 1 y5(0) b (E-3)
0
- ¥,(0)
L0 719

Here g-lz is the prescribed initial accelerations and is the
on + 155 column vector from the bottom of the array. To
determine the homogeneous part one needs to solve for
yj(O), j=1,2,3,--+, m-N. The orthonormal transformation matrix

for the expanded equations of motion, eqn 12, has the property
T . \
M = I
el 0] [e]- [ (e

59




*
where [M ] is the pseudo mass matrix associated with the expanded
equations of motion, eqn 12. Hence premultiplying both sides of

To* . . -
equation E-3 by [®]°[M ], which is [¢]1, produces

0
E ym-N(O)
0 .
* Mz '
[] M J PO y4(0) ¢ (E-5)
9 yl(O)

*

Due to the systematic structure of [M ] and the eigenvectors

associated with the expanded equations of motion shown in Appendix
. -1 . st

B, and the location of M "z in the array (the 2n+l column

vector); it follows that E-5 reduces to

T
Sqm-N 2 Y. n (0
= :
b | éq3 z < = 1 ¥3(0) ¢ (E-6)
T
g2 Z ¥,(0)
$q1 2 | Y19
from which one concludes
v.(0) =b 6% 2z i =1,2,3,- - .mN (E-7)
J' _qJ o J y ’ ) )

where q is defined in eqn 10. Using eqn B-2, this expression for

the initial values of the basis functions becomes

¥;(0) = b g{j (-a?)q-l z j=1,2,3,--,mN (E-8)

The initial wvalues, yj(O), are now uniquely determined;
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however, certain conditions resulting from eqn E-8 will be useful
in simplifying the expressions for the homogeneous part. Using

eqn E-8 to substitute for the initial values in eqn E-3 yields

B q-1
( -
. . _l
%_IZ @ (—a?)q T
4 = - = < b ¢ . Z (E"g)
- £15 2
. _Bya-1
° \ (-ap)
and as a result one sees that
m-N 8.q-1
T o6 . (- =0 p=1,2,3,--,m-1 pw2n+1 (E-10)
1=1 —PJ J -
J
and again using eqn B-2, eqn E-10 becomes
m-N B p+q-2
T o4, (-atH)PTT 4 o p=1,2,3,---,m-1 p=2n+1 (E-11)

These conditions will be applied to the homogeneous part of the
response.
Based on eqn 31, the homogeneous part of the step response is
m-N

u(t) =}
j-_—

B

815 ¥5(0) Egl-(a,0F) - (E-12)

1
Using eqn E-8 to insert the initial wvalues and presenting the
Mittag-Leffler functions in terms of their series representations

produces the homogeneous part of the step response, Eh(t)'

m-N ©

f.q-1 T
u(t) = ) ¢.. b (-a7) ..z )
* je1 1 J Rt e

_B\E B
( aj) t

r(l + 18) (E-13)
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Interchanging the order of summation and re-arranging terms

results in

© 28 m-N
t B.l+q-1 T
u(t) = ¥ == oy bd.. (-a)) ¢, z . (E-14)
=h, =0 (1l + £8) j=1 1j i 1j
This form of the response allows one to apply, in a

straightforward manner, the conditions given in eqn E-11, which
removes several of the lower order terms in the time series. The

resulting form of the homogeneous part of the step response is

t B.2n+q-1,T
th(t) T jzl b flj (-a 3) ¢13 z
(E-15)
© 18 m-N
t B, £+q- 1 T
+ ) —=mao5a L b oéy. (- 3 )
P O CEZ TR N S %15 2

Having applied all the initial conditions and constructed the
homogeneous part of step response, one takes the first derivative

of eqn E-15. Recall that (2n+q)f is equal to 2+eo.

m:N
Q) = T b (eI o
z j=1 ] J j (E-16)
w (n+q+28)8 B2
. mzN -y GBy2me2acl T ¢ (-ay)
j=1 3 =13 = 420 T(1+n+q+d)

Using more compact notation eqn E-16 becomes

m-N
. T B.2n+q-1
Eh(t) = z b ?'1_] 21_] E {(.a_]) t

z j=1 (E-17)
N (_a?)2n+2q~16-1-a{Eﬂ{_(ajt)ﬁ]]}
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This equation is the expression for the part of the impulse
response dependent on the initially induced velocities (or
momentum) . Recall however, that particular part of the step

response, based on eqns 46 and D-4,

meN ~
u (0 - Z ¢ ¢); 2 <-a‘§>”"1 p 2@ [Eﬁ<—<ajc>ﬂ>] (E-18)

Z

is not yet included. Taking its first derivative
meN A
B.m-1 "-1l-a [ /3]
u (t) = -a’, D E (-(a.t E-19
z()Jstlele_(J) (200 (E-19)

and combining it with eqn E-17 yields eqn 47.

63




—

. APPENDIX F - A Class of Generalized Functions

Oldham and Spanier (17:122) present the one-half order
analogue of the exponential function. This function is predicated
on the definition of fractional differentiation given in eqn 1,
and the function exhibits singular behavior at t = 0. Note that
the formulation of the fractional order initial value problem led
to the exclusive adoption of the modified definition of fractional

~

order differentiation, D[y(t))]) defined in eqn 23. As a result

one is motivated to construct a set of generalized functions based
on the modified definition of fractional order differentiation.
As expected the singular behavior does not appear 1in the
derivatives of the modified analogues. The absences of the
singular behavior lead to a modified set of generalized functions
having properties remarkably similar to their common counterparts.
Moreover, this set of modified functions 1is precisely those
functions found in the solutions to the modified basis equations
which are the foundation of the fractional order initial wvalue
problem.

This «class of functions 1is built around the special

Mittag-Leffler function

EB[-(at)ﬁ] = 2 ('(at)ﬁ)p (F-1)
p=0 IF'(1l+pB)
and the modified definition of fractional differentiation.
t
"B _ 1 J u (t-7) )
D" {u(t)] FI-B) . 15 dr 0<pB<1 (F-2)

The special Mittag-Leffler function has the property
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o) - (e oo

which is of course analogous to

-at o et (F-4)

Q,Q-
o

ct

In fact eqn F-3 becomes eqn F-4 when B is set to omne.(13:527)
Consequently, for our purposes the special Mittag-Leffler
function, eqn F-1, is taken to be the generalized fractional order

exponential function. The property given in F-3 may be proven by

taking the B order derivative, eqn F-2, of each term in the series
appearing in eqgn F-1,

Having established che fractional order exponential function,
the definitions of the fractional order sine and cosine functions

take the form

] E i(at)[).l - E ——i(at)ﬁ]

sinﬁ[(at) ] = b 57 B ! (F-5)
8 E -i(ac)ﬂ] + E -—i(at)ﬁ]

cosﬂ[(at) ] = 2 5 £ (F-6)

These two functions have derivatives very similar to the regular

sine and cosine functions

A r

Dﬁ sinﬂ[(at)ﬂ]] = aﬂcosﬂ[(at)ﬁ] (F-7)

L

o>
Ro)

"cosﬂ[(at)ﬂ]] = -aﬂsinﬂ[(atﬁ)] (F-8)
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Note that setting f to one in the above four equations yields the
exponential representation of the normal sine and cosine functions
as well as the properties of their derivatives. Using egns F-S

and F-6 one can straightforwardly demonstrate that

Eﬁ{ti(at)ﬁ] = cosﬂ((at)ﬂ} + i sinﬁ[(at)ﬂ] (F-9)

which is the generalized form of Euler’s formula. This

relationship also leads to

. . 2 . 2
Eﬁ[l(at)ﬂ] . Eﬁ[-l(a‘)ﬂ] = cosﬂ[(at)ﬂ] + 51nﬁ[(at)ﬂ] (F-10)
which for B set to one produces

1 = cosz(at) + sinz(at) (F-11)

The definitions for the fractional order hyperbolic sine and

cesine functions are

s Eﬁ[(at)ﬁ) - E [—(at)ﬁl
sinhﬁ[(at) ] = - B (F-12)

N
coshﬂ[(at) ] = g 5 A (F-13)

where their derivatives are seen to be

Bﬂ[sinh [(at)ﬁJ] = aﬁcosh [(at)ﬁ] (F-14)
B B
Bﬂ[cosh [(at)ﬁ}] = aﬁsinh [(at)ﬁ] (F-15)
B B
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These functions also satisfy

Eﬁ[i(at)ﬁ] = coshﬂ[(at)ﬂ] + sinhﬂ[(at)ﬁ) (F-16)
and

N a8l 2 B]_.2[ B] i
Eﬁ[(au) ] Eﬁ[ (at) ] coshﬁ[(at) sxnhﬁ (at) (F-17)

All of these definitions and relationships for the generalized
hyperbolic functions are seen to reduce to traditional definitions
and relationships when B8 is one.

The remarkable simiIlarity between the behavior of these
generalized functions and their ordinary counterparts, not
exhibited by Oldham’s generalized functions, is directly
attributable to the absence of the singular behavior in Oldham’s

functions.

67




Bibliography

1. R. L. Bagley, Applications of Generalized Derivatives to
Viscoelasticity, PhD Dissertation, Air Force Institute of

Technology, also published by the Air Force Materials Laboratory,

AFML-TR=79-4103, (1979).

2. R. L. Bagley and P. J. Torvik, "A Generalized Derivative Model

for an Elastomer Damper," Shock and Vibration Bulletin, No 49,

Part 2 (1979), pp 135-143.

3. R. L. Bagley and P. J. Torvik, "Fractional Calculus - A
Different Approach to the Analysis of Viscoelastically Damped

Structures,” AIAA Journal, Vol 21, No 5 (1983), pp 741-748.

4. R. L. Bagley and P. J. Torvik, "A Theoretical Basis for the
Application of Fractional Calculus to Viscoelasticity," Journal of

Rheology, Vol 27, No 3 (1983), pp 201-210.

5. R. L. Bagley and P. J. Torvik, "Fractional Calculus in the
Transient Analysis of Viscoelastically Damped Structures," AIAA

Journal, Vol 23, No 6 (1985), pp 918-925.

6. R. L. Bagley and P. J. Torvik, "On the Fractional Calculus

Model of Viscoelastic Behavior," Journal of Rheology, Vol 30, No 1

(1986), pp 133-155.

68




-
/

M. Caputo, "Vibration of an Infinite Plate with 2z Trequency

Independent Q," Journal of the Acoustical Society of America, Vol

60 (1976), pp 634-637.

8. M. Caputo, Elastica e Dissipozionr, Zanichelli, Bologna
(1969).
9. M. Caputo, "Linear Models of Dissipation Whose Q is Almost

Frequency Independent," Ann. Geofisica, Vol 19, No 4 (1986), pp

383-393.

10. C. T. Chen, Introduction to Linear Svstem Theory, Holt,

Rinehart and Winston, New York, (1970).

11. R. M. Christensen, Theorvy of Viscoelasticity: An

Introductisu, Academic Press, New York, (1971).

12. H. T. Davis, The Theory of Linear Operators, The Principia

Press (1936).

13. W. Guttinger, "Generalized Functions and Dispersion Relations

in Physics," Fortschritte der Physik, Vol 14 (1966), pp 483-602.

14. R. C. Koeller, "Application of Fractional Calculus to the

Theory of Viscoelasticity," Journal of Applied Mechanics, Vol 51

(1984), pp 299-307.

69




|

15. R. C. Koeller, "Polynomial Operators, Stieltjes Convolution

and  Fractional Calculus in  BHereditary Mechanics," Acta

Mechanica, Vol 58 (1986), pp 251-264.

16. G. Mittag-Leffler, "Sur La Representation Analvtique D'une

Branch Uniforme D'une Function Monagine," Acta Mathematica, Vol 29

(1905), pg 101.

17. K. B. Oldham and J. Spanier, The Fractional Calculus,

Academic Press, Orlando, (1974).

18. Y. N. Rabotnov, "Elements of Hereditary Solid Mechanics,” Mir

Publishers, Moscow (1980), pp 44-47.

19. B. Ross, "A Brief History and Exposition of the Fundamental
Theory of Fractional Calculus," Fractional Calculus and Its
Applications, Lecture Notes in Mathematics, Vol 457,

Springer-Verlag, Berlin (1975), pp 1-36.

20. P. 7. Torvik and R. L. Bagley, "On the Appearance of the
Fractional Derivative in the Behavior of Real Materials," Journal

of Applied Mechanics, Vol 51, (1984) pp 294-298.

70




