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CHAPTER 1

INTRODUCTION

The work presented in this report is a study of stress
wave propagation in a bi-metallic, jointed, hollow cylinder
subjected to suddenly applied axial loads. This study
initiates basic research for evaluating structural
integrity of certain ballistic components subjected to
severe transient loads. The goal is to develop a technology
base of a class of ballistic components formed by joining
two cylindrical structures.

Time-varying loads are often classified either as
quasi-static or dynamic according to the time elapsed from
initiation of loading to attainment of peak load (rise
time). Under quasi-static loading, forces are applied
slowly relative to the time required for a stress wave to
traverse the structure. Typically, these loads reach their
peak monotonically in a few milliseconds or more. Dynamic
loads are applied more rapidly. Some early electromagnetic
gus, for example, impart a force on a projectile which
peaks in 35 microseconds.

One of the consequences of dynamic loading is the
generation of stress waves which can effect structural
integrity. In thread jointed structures, for example, joint
failures have been attributed to stress waves which have
been amplified locally by reflection at free surfaces or
material interfaces and have been disturbed by partial
interface gaps.

In this investigation, a finite element model of a 16-
inch long hollow cylinder made of half aluminum and half
steel, joined mid-length, is subjected to a 60,000 psi
stress pulse lasting 16 microseconds and stress wave
response is evaluated. The stress wave travels axially
from the aluminum base and is followed as it traverses the
structure. The effects of structural and material
discontinuities at the joint are evaluated.

In this report a review of the fundamental concepts of
stress wave propagation is provided in the appendix as
reference for the reader. The effect of stress waves
meeting a plane boundary between two semi-infinite half
spaces of dissimilar material as analytically determined by
Kolsky and enhanced by Rinehart and others, is presented.

1



Chapter 2 discusses the ANSYS finite element program
used to analyze the various model configurations. Criteria
are established which determine the element type and
dimensions, time step size, and type of analysis. A
substantial portion of the problem solving process consists
of determining modelling procedures which result in both
accurate and efficient computations. Pitfalls encox atered
by using simplified modelling techniques are discusscd.

In Chapter 3 the results of several analyses are
presented and used to discuss the effects of stress waves
on various structural configurations. Initially, very
simple geometries subjected to stress waves are evaluated
for the purpose of proving the finite element techniques.
Next, the proven techniques are used to study stress wave
propagation in increasingly complex geometries.

Chapter 4 provides a summary of the conclusions
resulting from this study.

2



CHAPTER 2

DYNAMIC FINITE ELEMENT APPROACH

The finite element analysis was performed using the
ANSYS finite element program on an Apollo mini-computer
network. The ANSYS finite element program is capable of
modelling a dynamic event such as that studied in the
present case. Swanson Analysis Systems, Inc., the owner of
the ANSYS code, has developed a set of empirically derived
requirements designed to assure an accurate modelling of
stress waves. Experience has shown that poor modelling
techniques result in false stress or strain predictions and
the analyst may either underestimate the stresses or be
overly conservative. Specifications relating to element
size, number bf elements, and the time step size are
provided based on benchmark tests on a bar with two-node
elements. Results of the finite element calculations were
compared with accepted analytical predictions.

The criteria for an acceptably accurate model requires
a maximum element size of L/20 and a maximum time step of
L/(60c) whereL is the length of the structure or stress-
pulse length, whichever is shorter, and c is the wave
speed. If more elements are used, and the integration time
step is made smaller, greater accuracy will result. There
is a practical limit to the accuracy attainable. Halving
the time step or element size will not necessarily double
the accuracy but it is certain to at least double the run
time. After a certain point, which depends on computer size
and speed, increases in accuracy will not be noticeable and
computer charges will escalate.

The ANSYS code provides two types of dynamic analyses.
The first is the reduced transient analysis in which
certain techniques are employed to reduce the number of
computations. The second is very general. In the reduced
analysis, the time step size is made constant. This saves
computations since the nodal velocity and acceleration at
each time depend only on the time step duration and not on
displacements at prior times. Also, the system degrees of
freedom are reduced by concentrating the mass at "master"
nodes (Guyan reduction). The penalty for this convenience
is some loss of possible mode shapes of structural
vibration since the number of mode shapes is directly
related to the number of degrees of freedom. Thus, some
loss of accuracy can be expected. However, for very
uncomplicated structures where the mass is uniformly
distributed and no discontinuites exist, the reduced
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analysis will proviae sufficient accuracy and convergence
will occur more quickly than by the non-reduced analysis.

The reduced analysis was first attempted for the
analysis of the joined cylinders in the interest of economy
of time and cost. The essential degrees of freedom, or
master nodes, to which mass points were assigned, were
identified by inspection. However, oscillatory motion
(200,000 Hertz) between master nodes was evident in the
displacement response. The addition of more master nodes
reduced this effect but the solutions accordingly took
longer to converge. Eventually, it was determined that the
number of master nodes required for acceptably small levels
of oscillation would exceed the allowable number specified
by the code. The full, non-reduced version which does not
use the matrix reduction technique was therefore adopted
for the analyses. It was subsequently found that the
difference between convergence times of the full and
reduced analyses was insignificant.

Having established the type of analysis, it is then
necessary to determine the type of element, maximum element
size and time step. A solid rod, for which the response
could be accurately predicted was chosen for this purpose.
After satisfactory results were obtained, more complex
geometries could then be analyzed with a high level of
confidence.

After appropriate values of element size and time step
were determined, many configurations of rods and hollow
cylinders were analyzed. The type of element employed is a
2-D quadrilateral isoparametric with parabolic displacement
shape capability on the sides. A model length of 16 inches
was chosen for all configurations. This length permits a
sufficient number of reflections to be seen without the
data exceeding the storage capacity of the computer. The
element size was determined to be 0.16 inch in the
direction of wave travel, and the time step was calculated
to be 0.25 microsecond.

The modelling techniques were further tested on
relatively simple discontinuities, such as a notch and a
plane interface between two metals. By examining the
effects of each dicontinuity separately, a model combining
all of them is more easily understood. The first several
sections of Chapter 3 discuss these discontinuity models.
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CHAPTER 3

EFFECT OF STRESS WAVES ON VARIOUS CONFIGURATIONS

In this chapter the propagation of stress waves in
several configurations of rods and hollow cylinders is
explored.

A finite element analysis of the stress and
displacement response of a straight solid rod with a
material discontinuity is first carried out and compared to
the well-known analytical solution.

A sequence of hollow cylinders is then analyzed,
increasing in complexity from a homogenous cylinder to a
bi-metallic cylinder with a step joint and gap elements. A
progression of analyses is necessary since radial vibration
modes, excited by the forcing function, interact with the
stress waves in the cylinder.

3.1 Stress Waves in a Bi-metallic Rod

The finite element grid of a one-inch diameter, by 16-
inch long bi-metallic rod made of aluminum and steel is
shown in Figure 3.1.1. A symmetric triangular transient
stress pulse with a 60,000 psi peak value and duration of
16 microseconds is applied to the base of the rod. The
pulse length, calculated by multiplying the wave speed
(200,000 inches per second) by the duration, is
approximately 3.2 inches. With this pulse length, a dynamic
event is established since it is much shorter than the
model length.

Using the analysis presented in the appendix, The
predicted stress level in the rod will increase by 146
dercent as the wave crosses the interface from the aluminum
into the steel. A compressive wave at 46 percent of the
stress level of the incident wave is reflected back.

Figure 3.1.2 illustrates the stress histories of four
elements at various distances along the rod. The red curve
is the stress history of element 20 near the bottom. The
green curve is for element 80 just below the interface. The
blue curve is for element 120 above of the interface and
the stress history of element 180, near the top, is
depicted by the magenta curve. Examination of the green and
blue curves (elements 80 and 120) show the expected

5
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Figure 3.1.1. Finite Element Grid of the Bi-metallic Bar
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increase in stress level across the boundary to be very
near the prediction of 146 percent. At 60 microseconds
element 80 experiences the reflected pulse at a stress
level of approximately 46 percent of the incident pulse; in
agreement with the prediction. Focusing attention on the
magenta curve, element 180, it can be seen that the
compression wave meets the free surface of the end of the
rod at about 90 microseconds and reflects as a tensile wave
of the same magnitude.

This examination of the response of the bi-metallic
rod shows that the wave speed and magnitude of the stress
waves are in close agreement with the predictions of the
analytical solutions.

3.2 Effect of Stress Wave Propagation on a Hollow
Homogenous Cylinder

The same stress pulse as was applied to the solid rod
was next applied to a hollow aluminum cylinder, shown in
Figure 3.2.1. Element response histories are shown in
Figure 3.2.2 where the red curve is the stress history of
element 40, which is near the base, and the blue curve is
element 160 near the top. The initial pass of the pulse
through elements 40 and 160 can be seen at approximately 20
and 70 microseconds respectively. The loss in amplitude is
attributed to the energy transfer to strain in the hoop
direction. This effect cannot be seen on the solid bar.

The stress pulse reflections from the top end of the
cylinder are obscured by the onset of radial vibration
which significantly interacts with the axial stress
patterns. The radial vibration is seen in Figure 3.2.3,
which shows a plot of the radial displacement of a corner
node of element 40. The frequency of this mode of vibration
can be determined by measuring the period. The period is
found to be 60 microseconds which gives a frequency of
16,666 Hertz.

A frequency spectrum plot of the motion of the node is
shown in Figure 3.2.4. The dominant mode of vibration is
very near that calculated above. Thus, it might be
concluded that the 16,666 Hertz mode is excited by the 16
microsecond pulse.

The effect of pulse duration on radial vibration
response is further explored in Figure 3.2.5 which
illustrates the radial motion of the same node as in Figure
3.2.3. Here the hollow cylinder is subjected to a 256
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Figure 3.2.1. Hollow Aluminum Cylinder
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microsecond duration pulse with a 60,000 psi peak value.
The frequency spectrum plot, shown in Figure 3.2.6, shows
that the prominent frequency is approximately 12,000 Hertz
which is much lower than that excited by the earlier 16
microsecond pulse.

A modal analysis using ANSYS was performed to further
explore the effects of radial vibrations. There are, of
course, many possible mode shapes associated with this
cylinder. Three of these mode shapes with frequencies near
16,000 Hertz are plotted in Figures 3.2.7 through 3.2.9. It
can be seen how the bending of the cylinder wall
contributes to the overall stress state.

The axial stress resulting from the applied pulse also
oscillates back and forth between the ends of the cylinder.
The pulse takes about 80 microseconds to travel the length
bf the cylinder so a complete cycle takes 160 microseconds.
Inverting this period yields a frequency of 6250 hertz. The
stress pulse, cycling back and forth between the ends of
the cylinder, passes through any given point on the
cylinder at regular intervals. Since that point on the
cylinder wall is also undergoing oscillatory radial motion
at a higher frequiency there is no regulaiity or uniformity
to the stress patterns.

Although the radial vibration phenomenon is only
explored for the homogenous cylinder, all of the hollow
cylinder configurations have similar vibration effects and
the axial stress patterns are likewise disturbed.

3.3 Effect of Applied Pulse Duration on a Hollow Cylinder

It is appropriate next to investigate the effect of
pulse duration on the stress response of a hollow cylinder
to demonstrate the difference between dynamic and quasi-
static loading which was mentioned in the introduction. If
the pulse becomes long relative to the length of the
structure, many of the reflections at interfaces or free
surfaces tend to fold over on themselves thereby reducing
the peak stresses. At a free surface, for example, the
incident compression wave can be partially or mostly
cancelled by the reflected tensile wave.

The hollow homogenous cylinder was subjected to pulse
loads of 16, 32, 64, and 256 microseconds duration. These
produced pulse lengths of 3.2, 6.4, 12.8. and 51.2 inches
respectively. Figures 3.3.1 through 3.3.4 depict the stress
response at points of the cylinder to these loads. As in
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Figure 3.2.7. Mode Shape at 15,712 Hertz.
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the previous cases, a symmetric, triangular pulse load with
a peak value of 60,000 psi is applied to the base of the
cylinder.

Figure 3.3.1 depicts the stress history responses of
element 30, near the base, and element 70, near the top of
the cylinder to an applied stress pulse of 16 microsecond
duration. The onset of vibration is evident immediately
after the stress wave passes each element. Several cycles
of axial travel occur during the analysis which covers 400
microseconds.

The stress response of the same two elements as above
(30 and 70) is shown in Figure 3.3.2 where the pulse
duration is increased to 32 microseconds. There is little
difference in either the peak stress or the excited mode of
vibration between the 16 and 32 microsecond duration
pulses. However, as Figure 3.3.3 illustrates, the effects
of the waves folding over on themselves is evident in the
stress response of the cylinder to a 64 microsecond
duration pulse. Finally, a 256 microsecond pulse is applied
to the cylinder and the same elements' stress histories are
plotted. Figure 3.3.4 shows that only the initial pass of
the stress wave is fully developed and that subsequent
passes of reflected waves are significantly attenuated.

It might be concluded from this exercise that as the
pulse length increases, the effects of stress waves such as
reflections and maximum stress, are less pronounced. In the
limit, a quasi-static loading case exists for slowly
applied loads.

3.4 Effect of Stress Wave Propagation on a Hollow
Homogenous Cylinder With a Mid-body Square Notch

Thus far, only cylinders with uniform geometries have
been examined. Before moving directly to a bi-metallic
hollow cylinder with a joint, it is useful to examine a
structure whose geometry is intermediate in difficulty
between the most simple and most complex cases. This will
aid in separating the effects of a notch from those of a
bi-metallic interface in the stress histories. Two models
are analyzed: a homogenous cylinder with the notch on the
inside surface and the other with a notch on the outside
surface.
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3.4.1 Notch on the Inside Surface

Figure 3.4.1 shows the finite element mesh for the
hollow cylinder and the location and size of the notch.
Also shown are the selected elements whose stress histories
will be plotted. The applied load is, again, a 16 micro-
second symmetric triangular pulse with a 60,000 psi peak.

When the wave meets the notch, one would expect a
partial reflection from the free surface opposite the notch
on the inner portion of the cylinder, while the rest of the
wave travels on. Figure 3.4.2 is a plot of the stress
histories of all the elements through the thickness at a
point near the base. The 60,000 psi incident wave passes at
20 microseconds. The wave's magnitude has reduced to about
53,000 psi due to energy transfer to the radial and hoop
direction vibration. Later, at 65 microseconds, the
expected reflection off the notch can be seen as a tensile
wave with a magnitude of about 26 percent of the incident
wave. Figure 3.4.3 is a plot of the stress histories of the
elements beside the notch through which the wave must
travel to reach the upper half. Their average stress is
approximately 80,000 psi. This is the portion of the stress
wave transmitted through the 46 percent reduced area. This
indicates that the amplitude of the transmitted stress wave
is not directly proportional to the ratio of connected area
to notched area, otherwise, the stress wave in the
connected region and the reflected stress pulse would have
magnitudes near 53,000 psi. This is due to stress
concentration effects in the region of reduced area. This
permits the transfer of a greater percentage of stress than
would be expected by merely partioning the wave according
to the ratio of connected area to notched area. By
examining the stress in the four elements just above the
notch, Figure 3.4.4, it can be seen how the wave begins to
spread out across the thickness after travelling through
the reduced area. The wave almost totally reforms before it
reaches the end of the cylinder, as shown in Figure 3.4.5,
which is a plot of the stress histories of the row of
elements four inches beyond the notch. The amplitude of the
wave at this point is approximately 41,000 psi, or 74
percent of the value of the initial incident wave before it
met the notch. The percentage of the energy traversing the
discontinuity is referred to as the stress transmission
ratio. Thus, 74 percent of the wave energy is transmitted
through 54 percent of the original cross sectional area of
the notch.

Conservation of energy can be demonstrated by adding
the peak value of the stress wave reflected from the notch
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to the peak value of the transmitted wave and comparing to
the incident wave's peak stress. Combining the magnitudes
of the reflected and transmitted stresses results in nearly
the magnitude of the incident wave.

3.4.2 Notch on the Ouside Surface

The effect of reversing the notch location to the
outside of the cylinder is next examined. The two stress
patterns through the thickness at the same location on the
cylinders with inside and outside notches are essentially
anti-symmetric as seen in Figure 3.4.6. However, Figure
3.4.7 indicates the stress level is slightly higher through
the reduced area on the outside-notched cylinder than on
the inside-notched cylinder. This is because the remaining
cross-sectional area of the outside-notched cylinder is
less than that of the inside-notched cylinder. A
calculation of the areas shows that the inside-notched
cylinder has 13 percent more connected area at the notch.
The stress histories of the elements well above the notch
(Figure 3.4.8) indicate an average stress level of 38,000
psi or about seven percent less than the inside-notched
cylinder. As found in tI- previous section, the transmitted
stress is not proportional to the remaining wall area.

A further investigation of the non-proportional
transmission effect was performed by analyzing an
homogenous cylinder with a larger inside notch, reducing
the connected region to 27 percent of the cylinder wall
thickness (the notch is now 3/8 inches deep on a 1/2 inch
wall). The results are illustrated in Figures 3.4.9 and
3.4.10. Figure 3.4.9 shows the incident wave has the same
magnitude as that of the two previous cases. The reflected
wave from the free surface is ytea-.L ii, ,,",jiiade - 26,000
psi (49 percent of the incident wave). The transmitted
stress is about 27,000 psi (51 percent of the incident
wave) as shown in Figure 3.4.10. Thus, even though the
connected cross-sectional area was reduced by 73 percent,
51 percent of the stress was transmitted.

Figure 3.4.11 depicts the transmitted stress relative
to notch size for the three notched cylinders. Two
additional data points were added based on the assumptions
that zero remaining connected area transmits no stress, and
100 percent stress is transmitted for a cylinder without a
notch. The remaining connected area, as a percentage of the
wall thickness, is plotted on the ordinate and the
transmitted stress as a percentage of the incident stress
is plotted on the abscissa.
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3.5 Effect of Stress Wave Propagation on a Bi-metallic
Hollow Cylinder With a Plane Joint

The propagation of a stress wave through a bi-
metallic cylinder with a plane joint is considered before
one with a step joint. The stress histories for the
elements shown in Figure 3.5.1 are plotted in Figure
3.5.2. These are very similar to the stress histories in
the bi-metallic rod in section 3.1 until the onset of
vibration after the initial pass of the stress pulse.
Careful comparison between Figures 3.1.2 and 3.5.2 reveal
a difference in the wave speed manifested by the arrival
time of the stress pulse in element 360 for the cylinder,
and element 180 in the rod, which are- the same axial
distance from the base. Hopkins and Cbou [3] provide some
relationships for wave speed vs geometry. Specifically, the
speed of a wave in a bar is slower than that of a sheet of
the same material. They do not provide the wave speed for a
hollow cylinder, but a hollow cylinder can be thought of as
being formed from a sheet wrapped around an axis and
thereby has a higher wave speed than a bar. The expressions
for wave speed in a bar and sheet are provided below:

bar: c = (E/p)"*5  (3.5.1)

sheet: c = [E/(l-v 2 )p"5 (3.5.2)

where E is the modulus, p is the density and v is Poisson's
ratio.

3.6 Effect of Stress Wave Propagation on a Bi-metallic
Cylinder With a Step Joint

Sections 3.1 through 3.5 have provided a foundation
for the focus of this investigation: a hollow bi-metallic
cylinder with a step joint. The individual effects of a
notch, bi-metallic interface, and shell type construction
are now combined into one model. The step-jointed bi-
metallic cylinder is first evaluated without any
displacement continuity across the vertical boundary of
this joint between the two cylinders. The pupose of this
analysis is to compare stress distributions in the coupled
and uncoupled interfaces. The finite element model of the
joint is depicted in Figure 3.6.1 where the blue represents
aluminum and the red is steel. Then, gap elements are
introduced and the two models are compared. In addition,
the effect of reversing the joint is evaluated. That is,
the male and female components will be interchanged, as
illustrated in Figure 3.6.2.
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Figure 3.6.1. Finite Element Model of the Step Joint
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Figure 3.6.2. Finite Element Model of the Reversed Step
Joint
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3.6.1. Step Joint Without Gap Elements

This model of a bi-metallic hollow cylinder is based
on the assumption that no continuity of displacements is
maintained between the two cylinders at the steps of the
joint (vertical interface where threads may be found). The
prirpose of this study is to establish a baseline for
assessing the contribution of gap elements to joint stress
behavior and displacements.

When the stress wave meets the joint shown in Figure
3.6.1, it is partitioned by the vertical interface. The
outer portion, which meets the steel flange, reflects some
of its energy and transmits the rest. Plane interface
theory, presented in the appendix, predicts 146 percent is
transmitted and 46 percent is reflected. The other portion
of the wave, partitioned toward the inside half of the
cylinder wall, travels up the aluminum flange for another
0.75 inch where it meets a free surface. The elapsed time
for this portion of the wave to travel the 0.75 inch,
reflect, and travel back 0.75 inch is about seven
microseconds. This gets up a rather complicated stress
pattern in that the reflected tensile wave is now seven
microseconds behind a reflected compression wave which is
also travelling back toward the base. Figure 3.6.3
illustrates this stress pattern by the stress histories of
a row of elements immediately below the joint. At 38
microseconds, the incident wave is seen. Then at 50
microseconds, the reflected tensile wave from the free
surface passes back through the elements which has been
partially cancelled by the reflected compression wave from
the plane portion of the interface where the aluminum meets
the steel. Since the inner portion of the cylinder wall is
in tension and the outer portion is in compression, some
bending is present. An examination of the stress histories
of the elements on either side of the vertical interface
(elements 116, 117, 124 and 125) between the flanges, shows
that the stress transmitted into the steel is greater than
the expected 146 percent increase. Figure 3.6.4 shows the
stress in the steel flange averages 100,000 psi in
compression, nearly twice the value of the incident wave.
This is due partly to the change of medium, from aluminum
to steel, and partly to the reduction of cross-sectional
area of the flange relative to the full wall. An
examination of the stresses in the elements further forward
(elements 122, 123, 130 and 131 in Figure 3.6.5) shows that
the average stress in the steel flange is now 112,000 psi.
It is presumed that the stress in the steel elements of
Figure 3.6.4 were partially cancelled by the returning
tensile wave in adjacent elements (superposition) below the
flange. The compressive stresses in the steel flange causes
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a barreling effect, as shown in Figure 3.6.6. At the same
time, stress gradients in the aluminum flange produce a
bending moment, causing it to bend inward toward the axis.
Thus, the displacements of the flanges will tend to
separate the vertical interface. This separation is
quantified in the rext section (3.6.2) where gap elements
are utilized.

Figure 3.6.7 depicts the stress histories of a row of
elements above the joint. Their average stress level is
near 60,000 psi or 113 percent of stress level of the
incident wave. Comparison of this transmission coefficient
to that for the plane-jointed bi-metallic cylinder, 146
percent, indicates that only 77 percent of the maximum
possible stress was transmitted through the step joint.
This is consistant with the transmission coefficient for
the notched homogeneous cylinder in Section 3.4 whose
remaining co-;:.zted area is equal to that of the step joint
model. Thus, even though the transmitted stress is higher
for the bi-metallic cylinder, the same percentage of
potential stress is transmitted.

3.6.2 Step Joint With Gap Elements

This joint model includes four gap elements at the
vertical interface parallel to the axis. Gap elements are
used to represent the joint threads since no thread
elements are available with the code. It is not practical
to model threads with existing elements since the time step
required to be compatible with the very small elements
necessary to detail a thread would be prohibitively small.
Use of gap elements in this region is intended to give
information about interface displacements during the
passing of a stress wave and the forces transmitted at that
time.

The gap element has a Young's modulus of ten million
psi in compression and zero in tension. When the interface
is in compression, any difference in axial motion between
the two nodes of the gap element would result in
transmitted force in that direction, similar to a threaded
connection. Due to the geometry of the threads it is not
possible for axial sliding to occur such as smooth,
surfaces would permit. Thus, during radial compression, any
shear force would be fully transmitted, The friction
coefficient is therefore specified as 1.0.

Figure 3.6.8 shows the stress histories of the row of

elements below the joint. The stress histories are very
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similar to those in Figure 3.6.3 indicating that the new
interface elements have little effect on the overall stress
state at this point. Figures 3.6.9 and 3.6.10 are the
stress histories of the rows of elements at the bottom and
top of the interface region, respectively. There is little
difference between these stress histories and those of the
same elements in the previous step joint model without gap
elements. Similarly, the stress histories of the row of
elements well above the joint, Figure 3.6.11, look much
like those in Figure 3.6.7 indicating identical
transmission coefficients.

Gap behavior is described by Figures 3.6.12 through
3.6.15 which show gap separation, axial sliding, normal
force and shear force; all plotted against time.

As Figure 3.6.12 illustrates, the gap is open for most
of the duration of the analysis. Closure is indicated by a
negative value for clearance. Figure 3.6.13 shows that
normal force is transmitted only during gap element
compression, indicating that the gap elements are
performing as specified. The normal force and the sliding
separation of paired nodes making up each gap element
(Figure 3.6.14) are the key factors which determine the
transmitted shear force shown in Figure 3.6.15. The total
shear force transmitted through the joint is determined by
adding all the nodal sliding force values. These forces are
given in pounds per radian, so it is necessary to multiply
by 2*pi to obtain the total force.

The sum of these shear forces is approximately 47,000
pounds. This force, acting on a shear surface which is 9.4
square inches in area, results in a shear stress of
approximately 5,000 psi on the interface. The stress in the
elements supporting the gap elements, 123 and 130 are only
slightly lower than those in the model with an open
interface which can be seen by comparing the element
stresses in Figures 3.6.5 with those in Figure 3.6.10. This
indicates that a small portion of the load is transmitted
by the vertical interface (threads in the physical model).

3.6.3 Reversed Step Joint

The effect of reversing the joint examined in section
3.6.2 is next considered. This involves interchanging the
male aluminum threads with steel female threads and
locating the notch on the outside.
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The response of the reversed step joint model follows
the behavior of the outside notched cylinder as far
transmission coefficient is concerned. This is because both
models have the same remaining cross-sectional area at the
discontinuity. Both models transmit the same percentage of
potential peak stress across the discontinuity.

Figure 3.6.16 shows a stress level of 53,000 psi in
each of the five elements through the wall of the cylinder
at a point below the joint. Figure 3.6.17, which are the
stress histories of four elements well above the joint,
indicate a peak transmitted stress of 54,000 psi, or 102
percent of the incident wave's peak stress. The model of
the bimetallic cylinder with a plane joint predicts a
maximum transmitted stress of 77,400 psi or 146 percent of
the incident wave. Thus, the transmission coefficient is
therefor 54,000/77,400 or approximately 70 percent,
analagous to the outside-notched cylinder with the same
remaining area at the discontinuity.

Finally, the stress patterns of the two step-jointed
models are anti-symmetric due to the reversal of the joint.
This phenomenon is also characteristic of the two notched
cylinder models.
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CHAPTER 4

CONCLUSIONS

The effect of a stress wave on a bi-metallic step
joint between two cylinders are the production of localized
elevated stresses through the wall thickness. These stress
patterns indicate a steep gradient through the thickness of
the aluminum flange producing a bending moment. Stresses in
the steel flange produce a barreling effect. The direction
of bending is such that the vertical interface tends to
separate, which could be related to certain observed
failures of cylindrical structures resulting from impact
loading.

The ANSYS finite element program can be used to study
stress wave propagation in complex structures. However
obtaining useful results requires the ability to recognize
and account for ceitain idiosyncratic aspects of the
program. A generous distribution of mass points is required
for structures with material and geometric discontinuities.
The abbreviated analysis, which converges orders of
magnitude more quickly, is accurate only for structures of
simple, uniform geometry.

This study introduces the concept of transmission
coefficient across material and geometric discontinuities
on a variety of hollow cylinders subjected to a transient
stress pulse. Hollow cylinders with only a material
discontinuity (interface between different materials)
exhibit a change in the peak value of the stress wave, as
it crosses the interface, which is related to the ratio of
material densities. The transmission coefficient for
cylinders with geometric discontinuities, such as the non-
closing notch, is not directly proportional to the
remaining connected cross-sectional area. For this type
discontinuity, it has been shown that the removal of 74
percent of the cross-sectional area by notching a hollow
cylinder, results in the attenuation of only 50 percent of
the maximum possible wave energy. This can be useful to the
design engineer who is tasked to design a joint capable of
supporting stress waves.

The attenuation of stress waves requires a sufficiently
large notch for the purpose of obtaining a low transmission
coefficient. However, the tradeoff is the elevated stresses
in the remaininq 'onnected region. In contrast, if the the
objective of th design is to reduce stresses in the
connected region, it can be made larger in cross-sectional
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area than the mating section, since the stresses in each
section are not distributed in proportion to area. For
example, to achieve nearly equal stresses in the material
on either side of the vertical interface, the distribution
of area might be two thirds for the connected region and
one third for the mating part, depending on material
properties.

Another notable phenomenon of hollow cylinders
subjected to a transient stress pulse is that they exhibit
different stress and displacement responses than do solid
bars. Some of the wave energy in a hollow cylinder is
transferred to initiate radial vibration, thus reducing the
peak stress of the wave. Solid bars do not vibrate radially
and therefore the peak stress of the wave is greater.
However, since solid bars obey plane strain relationships,
the wave speed is approximately five percent lower than in
a thin-walled cylinder, whose wave speed closely follows
that in a sheet which behaves in plane stress.
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APPENDIX

REVIE4 OF ELEMENTARY STRESS WAVE ANALYSIS

This section provides some background theory and
on stress waves which was used in Chapter 4. The
predicted response of the structure to stress waves
was compared to the following relationships.

Stress waves were initially studied in the nine-
teenth century by such investigators as Stokes,
Poisson, Kelvin and Rayleigh. Their theoretical studies
remained untested by measurement until the early nine-
teen hundreds when measurement techniques first
emerged. A renewed interest in the subject since
then has resulted in numerous papers, books and
articles from which most of the work in this section
is drawn.

Rigid body dynamics assumes that when a certain
point on a structure is acted upon by a force, the
entire body is set into motion at the same instant.
This type of analysis is sufficient for most cases of
stress analysis. However, when the applied load is
impulsive in nature and of duration smaller than the
time it takes an acoustic wave to traverse the
structure stress waves must be considered. The first
step taken to study stress waves through the bi-
metallic cylinder was to determine the wave velocity
through the materials. The literature states that the
wave velocity is dependent not only on density and
modulus but also on geometry and boundary conditions,
i.e. bar, plate, semi-infinite solid and lateral
constraints. Kolsky [I] develops an expression for
wave speed in a bar made of a linear, isotropic solid
in the following manner: Using Hooke's law for an
isotropic elastic solid the state of stress and
strain can be expressed by six relationships:

G x + 2 vE a ALy + 2vE oz = AL + 2 vE (Al)

yz yz zx zx xy xy

where 6 = E + E + F . The following differen-

tial equation represents the condition for dynamic
equilibrium in the x-direction.
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Expressing tne stresses in terms of strains
using equation (Al) gives:

2 o aOx

a2U_ ao + auA + XZ (A2)Pa2
at ax ay az

Substituting for axx, Gya, Uzz tze relationsnips

XA + 2vexx, V F and VC.z respectively from elas-

ticity gives:

2
p _ a (X6 + 2PE ) + _ (WE ) + -_ (WE ) (A3)at2 ax XX ay •z

then, p()• + 2v) V2 u (A4)
at2

n2 _ 2 a2 22 x2 + -- + (A5)rax2  ay 2  az 2

Similar expressions apply in a liKe manner to the
y- and z-iirections. Let cI = /(X + 2v)/p taen tais

differential e4uation nas rne general solution of:

u = f(x + C t) + F(x - Cit) (A6)

where tne first expression on tne rignt is a wave
travelling in tne positive x-direction and the other
expression is a wave travelling in the negative x-
direction. The functions f and F descriOe tne shape
of tne wave. At tnis point tae term 'particle
velocity" is introduced. It is assumed tnat when a
stress wave reacnes the region under consideration,
it sets all particles of matter in tne region into
motion in the direction of the wave. If attention is
focused on only one of the functions, F (tne result
of two bars colliding and only one bar is examined,
for example), the particle velocity u' is expressed
as:

U' -a - cF'(x - c t) (A7)at Cl 1

Then, following Tinoshenko [101, the kinetic energy
for an element dx dy dz in the x-direction can be
expressed as:
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-2pdxdydz (au/at)2 = 1 pdxdydz * c * (F'(x - c t))(AR)

The potential energy, or strain energy, are given by:

VU dxdydz = - c 1 (F'(x - cit)) dxdydz (A9)

where V0 is ýae straiti energy per unit volume and

the strain components are:

cx = au = F'(x - cit), cy = -z a J

Tae condition tnat c and e are zero implies
that these relationships aie devefoped for the case
of uniaxial strain, whereby lateral motion is
restricted such as for the interior of thicx solids
or an infinite medium. For the case of a bar or any
shape whose lateral surface is free, as long as each
slice of the cross-section benaves in simple tension,
and the axial strain is a function of x and t then

OX = SE (A10)ax (AO

and the equation of motion is:

2 u 2 a2U-u c2 (All)
t2 • 2

at 2 ax2

where c = (E--P) (A12)

For sections of solid that are are neither
thicK nor tnin tne speed of a stress wave snould oe
somewhere in between c and c, depending on the
location of the elemental section. The value of
cI is somewhat nigher than c and is computed from:

Z(1 - v) (A13)
(I + v)(1 - 2v)p"

It is difficult to judge whether a hollow
cylinder behaves in uniaxial stress or uniaxial
strain or somewhere in between. If the Poisson effect
is present, whereby negative axial stress causes
positive axial strain (lateral surfaces free to
expand) the wave speed would then be the acoustic
velocity.

Phe effect of a stress wave on a bi-metallic
cylinder with a plane joint is next examined. If
the interface between the two cylinders is subjected
to a stress wave, part of the stress would be
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transmitted through the joint and part would be
reflected back depending on the respective densities.
Rinehart [21 takes the particle velocity approach. A
stress wave passing through reference line A at time
t is depicted in Figure A.1. At time t + dt the wave
has moved to reference line B. During the time dt,
the stress has acted on the region between A and B
imparting the impulse a dt to the region. Since the
cross-sectional area and the density are assumed to
be constant in the direction of travel, application
of Newton's second law, namely impulse = change in
momentum, the following relationship applies:

a dt = PV× X = PVxC1It (AM4)

Dividing through by It and recognizing that c1 =
dx/dt (c is used instead of c because of constant
cross-seciion, e = E = 0) the relation:

y z
OX = PCiV× (A15)

When a wave meets a normal interface between two
materials, the particle velocities and the stress
on either side of the interface must be equal,
otherwise the law of conservation of momentum would
be violated and the joint would separate due to
momentum transfer. Also, displacement continuity
must exist. The joint in the present case is con-
sidered to be permanently bonded. Thus, the following
relationships apply for a wave meeting an interface
with normal incidence:

a + T (A16)

VI +VR =V r (A17)

where a is the stress, V is the particle velocity and
and the subscripts I, R, and T are the incident,
reflected, and transmitted values. Equation (A16)
obeys the fundamental law of hydrostatic pressures
and provided that only normal incidence is considered
it also holds for solids. Equation (A17) is from
continuity relationships. If (A15) is solved for
V and substituted into (A17) for each of the three
waves, this gives:

T (A18)
pCI pC I 'c•

where the primes indicate the second medium. solving
(A16) and (A18) simutaneously first for aT, then for
OR gives:
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rie= t time = t + dt

x

Figure A.1. Schematic Represenftation of a Stress Wave
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T = 2oa(Pc 1 /(p'C 1 + PC1 )) (A19)

and R a ((P'c - PC )/(p'c' + pc')) (A20)

The ratio of transmitted to reflected stress can then

be obtained by dividing (A19) by (A20) giving:

OT/OR = 2p'c•/(p'c• - PC1 ) (A21)

after having made suitable reductions. If the medium
is aluminum and medium' is steel then aT/CR is 3.17.
a is calculated to be +.46 times the incident wave

which means that a compression wave would reflect as
compression wave at 46 per cenL of the initial value.
The transmitted stress would show a gain in amplitude
of 46 per cent or a total of 1.46 times the incident
wave. If the two waves were added together, viz. 1.46
+ (-.46), the value of 1.0 would result, thus
demonstrating conservation of energy. The algebraic
sign indicates the direction of the wave, not the
magnitude sign.
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