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ABSTRACT

A near-field technique which can be used to evaluate the far-field nulling char-
acteristics of an adaptive phased array is investigated. The method of moments is
used to analyze the performance of a side-lobe canceller adaptive phased array an-
tenna operating in the presence of near-field interference. Bandwidth, polarization,
mutual coupling, and finite array edge effects are taken into account. Phased array
near-field focusing is used to produce an equivalent far-field antenna pattern at a
range distance of one to two aperture diameters from the adaptive antenna under
test. It is shown that the near-field adaptive nulling performance, with sources
located on a test plane at one- to two-aperture-diameters range, is equivalent to
conventional far-field adaptive nulling. The antenna analyzed is a planar array of
monopole elements having multiple auxiliary channels. The interferer is assumed
to be a band-limited noise source radiating from a dipole antenna. The adaptive
nulling characteristics studied in detail are the array radiation patterns, adaptive
cancellation, covariance matrix eigenvalues (degrees of freedom), and adaptive array
weights.
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1. INTRODUCTION

Phased array antennas having adaptive nulling capability are often desirable for radar or
communications applications. The adaptive nulling performance of these antennas is principally
tested using conventional far-field antenna ranges with far-field (or plane wave) interferers. For
electrically large antennas at microwave frequencies, this can lead to significant far-field range
distances which require that testing be made outdoors. Multiple, widely separated interferers make
the far-field range design more difficult. Near-field testing, suitable for indoor measurements is
desirable (as has been demonstrated in the case of near-field scanning [1]) for far-field pattern
measurements and compact range reflector techniques [2] for far-field radiation pattern and radar
cross-section measurements. In both the near-field scanning and compact range methods, the goal
is to evaluate the plane wave response of a test article.

If the requirement for plane wave test conditions is removed and spherical wave incidence
is allowed (as will be shown theoretically) for a focused phased array adaptive antenna, near-
field testing with an interferer at one- to two- aperture-diameters range is possible. The contrast
between plane wave and spherical wave incidence is depicted in Figure 1-1. The amount of wavefront
dispersion observed by the array is a function of the bandwidth, array length, and angle of incidence.
Interference wavefront dispersion is an effect which can limit the depth of null (or cancellation)
achieved by an adaptive antenna [3].

FAR-FIELD NEAR-FIELD
SOURCE SOURCE
& PLANE SPHERICAL
WAVE WAVE
ADAPTIVE

ARRAY APERTURE

/

/’: 8 ;/

Figure 1-1. Contrast between plane wave incidence (far-field source) and spherical
wave incidence (near-field source) for an adaptive array aperture.



A precise dispersion model is essentially the characteristics of the interference covariance matrix
- namely its eigenvalues or degrees of freedom [3,4]. The covariance matrix contains all wavefront
dispersion presented to the adaptive channels. The interference covariance matrix eigenvalues can
be used to quantify and to compare the dispersion present for plane wave and spherical wave in-
cidence. For near-field (NF) adaptive nulling to be equivalent to far-field (FF) adaptive nulling, it
is assumed that the NF/FF interference covariance matrix eigenvalues must be equivalent. Addi-
tionally, it is assumed that the NF/FF adaptive array weights, cancellation of interference power,
and radiation patterns must also be equivalent.

Investigations of NF /FF adaptive nulling for focused linear arrays of isotropic receive elements
have been performed [5-9]. Near-field adaptive nulling results for a single interferer at a range of
1.7 L for side-lobe canceller [5,6] and fully adaptive [5,7] arrays have been presented. The effects of
nulling bandwidth were taken into account. Comparisons with far-field adaptive nulling indicated
an excellent NF/FF equivalence. A detailed analysis of near-field nulling for a fully adaptive
array with single and multiple interferers, in the range of one to two aperture diameters, has been
made [8]. Application of this near-field technique to testing main beam clutter cancellation is also
documented [9]. Having shown the usefulness of focused near-field nulling under the conditions of
isotropic receive antennas and isotropic interference, it is now appropriate to cousider the effects of
polarization and mutual coupling. References 5 to 9 assumed that all sources are constrained to be
located at a constant range with respect to the phase center of the antenua under test. The present
report seeks to have compatibility with planar near-field scanner hardware. Thus, all sources are
assumed to be located on a test plane.

A theory for analyzing and comparing both near- and far-field adaptive nulling, including
mutual coupling effects, is presented in Chapter 2. Near-field focusing and the near-field nulling
concept are described first. General adaptive nulling concepts are then addressed. A method-of-
moments formulation for the voltages received by the array elements is then given. The appendix
contains a derivation of the array received voltage matrix. Computation of the interference covari-
ance matrix and array radiation patterns is described. Chapter 3 presents results which show that
an adaptive array responds in the same manner to near-field as it does to far-field sources.



2. THEORY

2.1 FOCUSED NEAR-FIELD NULLING CONCEPT

In the near-field nulling technique described here, it is assumed that the quiescent near-field
radiation pattern of the array should have the same characteristics as the quiescent far-field radia-
tion pattern of the array. This means typically that a main beam and side lobes should be formed.
To produce an array near-field pattern which is approximately equal to that of the far-field, phase
focusing can be used [10]. Consider Figure 2-1 which shows a CW calibration source located at a
desired focal point of the array. The array can maximize the signal received from the calibration
source by adjusting its phase shifters such that the spherical wavefront phase variation is removed.
One way to do this is to choose a reference path length as the distance from the focal point to
the center of the array. This distance is denoted rr, and the distance from the focal point to the
nth array element is denoted r,f . The voltage received at the nth array element relative to its
center element is computed here using the method of moments. To maximize the received voltage
at the array output, it is necessary to apply the phase conjugate of the incident wavefront at the
array elements. The resulting radiation pattern on the test plane z = zp looks similar to a far-field
pattern. A main beam will be pointed at the array focal point. Sidelobes will exist at angles away
from the main beam. Interferers can then be placed on near-field sidelobes in the test (or focal)
plane, as depicted in Figure 2-1.

2.2 ADAPTIVE ARRAY CONCEPTS

Consider the array and interferer geometry as shown in Figure 2-1. In general, the array will
contain a total of N elements, with only N, elements used to form the receive main channel. This
is often the case with arrays having a guard band of passively terminated elements, which is used
to provide impedance matching to the active elements and/or isolation from ground plane edges.
The output from each of the N, array elements is summed in the power combiner to form the main
channel. Let a wavefront (either planar or spherical) due to the ith interference source, be impressed
across the array, which results in a set of array element received voltages denoted v}, v%, cee vjv.
The number of adaptive channels is denoted M. For a sidelobe canceller M = 1 + Nayx where
Naux is the number of auxiliary channels. The main and auxiliary channel voltages are selected
from among the above set of array received voltages. In this report, ideal weights are assumed with
w = (wy,ws, -, wp)? denoting the adaptive channel weight vector and W = (W, Wo,---, Wy i
denoting the sidelobe canceller array element weight vector, as shown in Figure 2-1. (Superscript
T means transpose.) The fundamental quantities required to fully characterize the incident field
for adaptive nulling purposes are the adaptive channel cross correlations.

The cross correlation R:, of the received voltages in the mth and nth adaptive channels, due
to the ith source, is given by

Rpn = E(vmvy;) (2.1)



NEAR-FIELD TEST PLANE z =z

S e e e T e G S s ESSES R SSS S s d
~” CW CALIBRATION SOURCE =
7 e e
INTERFERERS 7
7 /
7 FOCAL ¥y o
P POINT W //
______________________ o
_ FOCUSED
ARRAY
PATTERN

ARRAY PLANE z=0

\%

W nth PLANAR
V ELEMENT °*° ARRAY

E%NM@ Iﬂ@

MAIN ' CHANNELS
CHANNEL
ADAPTIVE -
cee WM
WEIGHTS

OUTPUT

Figure 2-1. Adaptive phased array antenna near-field focusing concept.
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where * means complex conjugate and E(-) means mathematical expectation. Since v, and v,
represent voltages of the same waveform, but at different times, Ri , is also referred to as an
autocorrelation function. Note: For convenience, in Equation (2.1) the superscript 7 in v, and in
vy, has been omitted.

In the frequency domain, assuming the interference has a band-limited white noise power
spectral density, Equation (2.1) can be expressed as the frequency average

i 1 fa

mn = _B' o vm(f)v:l(f) df (22)

where B = f; — f; is the nulling bandwidth and f, is the center frequency. It should be noted that
vm(f) takes into account the wavefront shape which can be spherical or planar.

Let the channel or interference covariance matrix be denoted R. If there are J uncorrelated
broadband interference sources, then the J-source covariance matrix is the sum of the covariance
matrices for the individual sources, that is,

J
R=Y R +1I (2.3)

1=1

where R; is the covariance matrix of the ith source, I is the identity matrix which is used to
represent the thermal noise level of the receiver.

Prior to generating an adaptive null, the adaptive channel weight vector, w, is chosen to
synthesize a desired quiescent radiation pattern. When interference is present, the optimum set of
weights, denoted w,, to form an adaptive null is computed by [11]

w, = R 1w, (2.4)
where ~! means inverse and w, is the quiescent weight vector. For a side-lobe canceller, the
quiescent weight vector is chosen to be wy, = (1,0,0,--- ,0)T, that is, the main channel weight is
unity and the auxiliary channel weights are zero.

The output power at the adaptive array summing junction is given by
p=w Rw (2.5)

where | means complex conjugate transpose. The interference-plus-noise-to-noise ratio, denoted
INR, is computed as the ratio of the output power [defined in Equation (2.5)] with the interferer
present to the output power with only receiver noise present, that is,

w! Rw

INR = =
wlw

(2.6)

The adaptive array cancellation ratio, denoted C, is defined here as the ratio of interference output
power after adaption to the interference output power before adaption, that is,



Da
C=—. 2.7
Pq (2.7)

Substituting Equation (2.5) in (2.7) yields

w, Rw,

C= (2.8)

wg' Rw,

Next, the covariance matrix defined by the elements in Equation (2.2) is Hermitian (that is,
R = R') which, by the spectral theorem, can be decomposed in eigenspace as [12]

M
R= Z )\keke}c (2'9)
k=1

where Ar,k = 1,2,---, M are the eigenvalues of R, and e;,k = 1,2,---, M are the associated
eigenvectors of R. The interference covariance matrix eigenvalues (A;, A2, -+, Ap) are a convenient
quantitative measure of the utilization of the adaptive array degrees of freedom.

2.3 MOMENT METHOD FORMULATION

This section considers using the method of moments [13] to compute the array element received
voltages in Equation (2.2) due to near- or far-field sources. The far-field formulation given here
is analogous to that which has been developed by Gupta [14]. Referring to Figure 2 2, assunie
that each element is terminated in the load impedance Zp which is known. Let v;$ represent
the open-circuit voltage in the nth array element due to the jth source. Here, the ]th source can
denote either the CW calibrator or one of the broadband noise interferers. Next, let Z°¢ be the
open-circuit mutual impedance matrix for the N-element array. It is shown in Appendix A that
the array received voltage matrix, denoted v}®¢, due to the jth source, can be expressed as

v‘Ij‘eC = ZL [Zo.c. o ZLI]—I v;?.c.‘ (210)
In Equation (2.10), the nth element of v is computed, for near-field sources, using the relation

RS = =1i;25. (2.11)
where i; is the terminal current for the jth source and Z'; is the open-circuit mutual impedance
between the jth source and the nth array element. The moment method expansion and testing
functions are assumed to be piecewise sinusoidal, which is appropriate to thin cylindrical-wire
monopole/dipole antennas. The above open-circuit mutual impedances are computed based on
subroutines from a well-known moment method computer code [15]. In evaluating Zy 5 for the jth
interferer, double precision computations were required. For far-field sources, v;$ is evaluated by
assuming plane wave incidence.
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Figure 2-2. Circuit model for receive array with near-field source.

As mentioned earlier, the array is calibrated (phased focused) initially using a CW radiating

dipole. To accomplish this numerically, having computed v, the receive array weight vector

W will have its phase commands set equal to the conjugate of the corresponding phases in vy .
Receive antenna radiation patterns are obtained by scanning (moving) a dipole with half-length [
in either the far- or near-field and computing the antenna response. Far-field received patterns are
computed using a é-polarized dipole source at infinity which generates plane wave illumination of the
array. Principal plane near-field radiation pattern cuts (versus angle) are obtained by computing
the near field on the line (z,y = 0,z = zr) and using the relation 8(z) = tan~!(z/zr). The
near-field source is a one-half wavelength dipole which is Z-polarized. Let the voltage received
by the array, due to the z-directed near-field dipole, be denoted vY¥ (). Let pg(d) denote the
6 component of the dipole probe pattern. Then the probe-compensated array near-field recetved

pattern is expressed as



'UNF(H)

I

NF _
= po(0)

(2.12)

where

Po(6) = cos(8l six;(b)?s)e— cos(ﬂl). (2.13)

Equation (2.12) is correct provided that the radial component of the electric field is zero. For the
test distances involved in this report, the radial component FE., is typically -30 dB below the FEjy
component, according to theoretical calculations. Thus, for all practical purposes the equality in
Equation (2.12) is valid. (Further discussion of the near-field radial component is deferred to a
future report.) Let fnhax denote the maximum angle of interest for the antenna radiation pattern.
The required near-field scan length for pattern coverage of £60,ax is given in terms of the F/L ratio
as

Di= 2L(%) tan fmax- (2.14)

As an example, Figure 2-3(a,b) depicts the required scan lengths for 60°and 120° field-of-view
coverage using F/L ratios of 1, 1.5, and 2 L. It is clear that to reduce the scan length (or source
deployment length) it is desirable to keep the F/L ratio as small as possible.

The array received voltage matrix for the jth interferer (denoted v}®¢) is computed at K

frequencies across the nulling bandwidth. Thus, v;*¢(f1),v*(f2), -, v;*“(fk) are needed. In
this report, the impedance matrix is computed at K frequencies and is inverted K times. The
interference covariance matrix elements are computed by evaluating Equation (2.2) numerically,
using Simpson’s rule of numerical integration. For multiple interferers, the covariance matrix is
evaluated using Equation (2.3). Adaptive array radiation patterns are computed by superimposing

the quiescent radiation pattern with the weighted sum of auxiliary channel received voltages.
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3. RESULTS

3.1 FOCUSED ARRAY QUIESCENT CONDITIONS

Consider a planar array of thin resonant monopoles having element length 0.275 A with wire
radius 0.007 A and 0.473 A element spacing at center frequency 1.3 GHz. Such an array is useful
for wide-angle scanning [16-18]. In standard spherical coordinates the principal polarization of a
monopole array (z-directed elements) is the Fy component (or vertical polarization). The array
is assumed to have 180 elements in a square lattice with 5 rows and 36 columns, and the array
operates over an infinite ground plane as depicted in Figure 3-1. One current expansion function
per array element is used, and so there are 180 unknowns in Equation (2.10). Assume that 32 of

DIPOLE
SOURCE
(x,y,2)

Figure 3-1. Planar array of monopoles with dipole source.

the elements in the center row are used to form the main channel output for a sidelobe canceller,
that is, N; = 32. The surrounding elements are effectively passively terminated (load impedance
Z1, = 50  resistive) to guard the center elements from finite array edge effects. (Note: Auxiliary
elements for the sidelobe canceller auxiliary channels will be selected from this guard band.) The
active receive array length for this case is 11.11 ft (3.39 m). Referring to Figure 2-1, let zp = F be
the focal distance. Focal lengths of 1, 1.5, and 2 L will be examined. The near-field desired field
of view is assumed to be 120° as was shown in Figure 2-3(b). A scan angle of 30° from broadside
and a Chebyshev illumination which generates —40 dB uniform far-field sidelobes are assumed. A
40-ft near-field scan length was used at F//L = 1 which provided a £60° field of view.

11



The monopole array near-field focused/near-field observation quiescent patterns are shown in
Figure 3-2. Figure 3-2(a) shows the near-field result (dashed curve) obtained at F/L = 1. Included
in this figure is the conventional far-field pattern (solid curve) observed at infinite range under the
condition of focusing at infinite range. Figures 3-2(b) and (c) give the corresponding results at
F/L = 1.5 and F/L = 2, respectively. The half-power beam width is observed to be 5.5°. For
F/L =1, considerable degradation of the near-field main beam shape occurs below the half-power
points. It can be noted that the near-field side-lobe envelope behaves much like that of the far-field
side-lobe envelope, except in the vicinity of the main beam. Also, the near- and far-field nulls are
not aligned. In particular, due to the finite range, the monopole element broadside null has filled
in. As the near-field distance increases from L to 2 L, it is observed that the near-field pattern
behaves more like that of the far-field pattern.

3.2 SIDE-LOBE CANCELLER ADAPTIVE ARRAY BEHAVIOR

In this section the adaptive nulling characteristics of a sidelobe canceller adaptive array are
investigated. It is assumed that there are three auxiliary channels (Naux = 3), so the covariance
matrix size is 4 X 4 in this case, and there are four eigenvalues or degrees of freedom. The auxiliary
element positions are designated by (row, column) and were chosen to be (1, 1), (5, 9), and (3, 36).
Notice that the degrees of freedom lave been allocated in two dimensions. The array quiescent
conditions are the same as those described in Section 3.1. The quiescent radiation patterns were
shown in Figure 3-2. Near-field ranges of F//L =1, 1.5, and 2 are examined. In all near-field
examples, the interference source range and focal range are equal. For the example array size, the
actual near-field test distances are 3.39 m (F/L = 1), 5.08 m (F/L = 1.5), and 6.77 m (F/L = 2).
The far-field test distance is assumed to be at range F/L = oo. A range of nulling bandwidths
will be considered: B = 1 MHz (narrowband, BLcosf/c = 0.01) to B = 100 MHz (wideband,
BLcosf/c = 1). Nonstressing and stressing interference scenarios will be examined. Nonstressing
interference is defined as where the adaptive array degrees of freedom are sufficient to cancel the
interference down to the noise level of the receiver. Stressing interference refers to the situation
where the adaptive array degrees of freedom are insufficient for the adaptive output to reach the
receiver noise floor.

3.2.1 Nonstressing Interference: One Source

Consider the case of one interference source (J = 1). Let an interferer, with power 50 dB above
receiver noise at the array output, be located at & = 42° both for finite and infinite range focused
arrays. The covariance matrix elements defined in Equation (2.2) are evaluated using a 15-point
Simpson’s rule numerical integration.

For B = 1 MHz, the adaptive array radiation patterns at center frequency 1.3 GHz are shown
in Figure 3-3. Figure 3-3(a) is for a near-field distance of one aperture diameter (F/L = 1). Fig-
ures 3-3(b) and (c) are for near-field ranges of 1.5 and 2 L, respectively. For each case, the adaptive
cancellation ratio was computed to be 50 dB. The consumption of adaptive array degrees of freedom

12
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BEFORE ADAPTION
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Figure 3-2. Monopole array NF/FF radiation patterns (one interferer) before nulling:
(a) F/IL=1, (b) F/L =15, and (c) F/L = 2.
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RELATIVE AMPLITUDE (dB)

Figure 3-3. Monopole array NF/FF Radiation patterns after nulling: (a) F/L =1,
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is depicted in Figure 3-4. It is seen that two eigenvalues are significantly above the receiver noise
level. The remaining eigenvalues are at the receiver noise level (0 dB); thus, only two degrees of

T I

©
.g -—O-- F/L=1
2 80 =
- -O= =15
2 ;
3 | S oy T =2 -
8 »
= 60 = -
o A\
S "N ONE INTERFERER
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~ a0} _
w
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D
: = —
-d
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< 20 |- =
w
D A _|
-d
s
>
= o =Y
o
w ] ]
1 2 3 4

INDEX

Figure 3-4. Covariance matrix eigenvalues for one NF/FF interferer.

freedom are engaged. The near-field eigenvalues are in good agreement with the corresponding
far-field eigenvalues indicating that the degrees of freedom are consumed the same. The amplitude
of the adaptive array NF/FF weights (w,) is given in Figure 3-5 and good agreement is evident.
To show the behavior of a near-field null on the test plane, a two-dimensional contour radiation
pattern has been computed for the F/L = 2 case (zr = 6.77 m) and is given in Figure 3-6.

3.2.2 Stressing Interference: Two Sources

To demonstrate the validity of the NF/FF adaptive nulling equivalence for multiple sources,
consider the previous array (N, = 32) and the present case with two interferers (J = 2). Let the
interferers be equal in power, uncorrelated, and located at 6 = 42°,47°. (Note: The sources are

15
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Figure 3-6. Two-dimensional near-field radiation pattern after adaption.
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separated by approximately one half-power beamwidth.) The quiescent radiation patterns were
shown in Figure 3-2. The total amount of interference power before adaption is set to 50 dB above
noise at the array output.

For B = 1 MHz, the NF/FF adaptive radiation patterns (F/L = 2), at center frequency
1.3 GHz, are shown in Figure 3-7. It is observed that nulls are formed at the interferer positions.
To compare near- and far-field consumption of the adaptive array degrees of freedom as a function
of nulling bandwidth, the interference covariance matrix eigenvalues are presented in Figure 3-8
in the range (1 < F/L < 2). Notice that each of the near- and far-field eigenvalues are in good
agreement, that is, ANVF ~ AF ANF ~ AfF ... ANF = AFF. Similarly, Figure 3-9 presents the
adaptive cancellation as a function of nulling bandwidth. Complete cancellation, C = 50 dB,
is not achieved here for bandwidths greater than CW, because the interference is significantly
stressing the adaptive array degrees of freedom. This is observed in Figure 3-8 which shows that
for bandwidths greater than CW, all the covariance matrix eigenvalues are above receiver noise. At
two aperture diameters source distance, the NF cancellation is equal to the FF cancellation over
the entire bandwidth shown. The cancellation degrades by only about 3 dB, compared to the FF
result, when the sources are at one aperture diameter distance. In this situation, the equivalence
between near- and far-field sources is approximate. Finally, the adaptive array weights are shown
in Figure 3-10 for the wideband case (100 MHz). Although there are some differences (in particular
w3), the NF/FF weights are in good agreement.

From the above results, it is concluded that two near-field (or spherical wave) interferers,
arranged equivalently in terms of angle, are equivalent to two far-field (or plane wave) interferers.
A generalization of this statement would be that J near-field interferers are equivalent to J far-field
interferers. This observation is consistent with the results presented in Reference 8.

17



RELATIVE AMPLITUDE (dB)

Figure 3-7. Monopole array NF/FF radiation patterns (two interferers) after nulling:
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Figure 3-8. Covariance matrix eigenvalues for two NF/FF interferers versus nulling
bandwidth: (a) A;, A2 and (b} A3, A4.
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4. CONCLUSION

This report has discussed an approach to testing adaptive arrays in the near field. A theory
for analyzing the behavior of an adaptive array, including bandwidth, polarization, and mutual
coupling effects, in the presence of near-field interference has been developed. Near-field focusing
has been used to establish effectively a far-field pattern in the near zone. The near-field range
of interest here has been taken to be one to two aperture diameters of the antenna under test.
Equations for calculating the adaptive array covariance matrix and antenna radiation patterns, for
near-field (spherical wave) and far-field (plane wave) interference, were given. Numerical simula-
tions of a partially adaptive planar array indicate that the radiation patterns, adapted weights,
cancellation, and covariance matrix eigenvalues (degrees of freedom) are effectively the same for
near- and far-field interference. Both nonstressing (single source) and stressing (multiple source)
interference conditions have been analyzed. From the results shown, it can be inferred that J near-
field interferers in the presence of a near-field focused adaptive array are equivalent to J far-field
interferers in the presence of a far-field focused adaptive array. That is, a one-to-one correspon-
dence can be made between near- and far-field interferers. Thus, a phased array antenna adaptive
nulling system designed for far-field conditions can potentially be evaluated more conveniently using
near-field interference sources. The adaptive antenna under test and interference sources can all
be positioned within an anechoic chamber on the order of one to two times the antenna length.
Experimental verification of this technique is desirable.

In this report, all sources (calibration and interference) were assumed to lie on a common
test plane. This is not to restrict the technique but rather to have compatibility with planar
near-field scanner hardware. The array had monopole elements and the interferer antenna was
a one-half wavelength dipole. Not considered in this report are other, more conventional types
of array antenna elements (broadside radiators) such as dipoles. These are to be addressed in a
future report. Multiple phase centers, including mutual coupling effects with main beam clutter
and sidelobe interference, will also be investigated in a future report.
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APPENDIX A
DERIVATION OF ARRAY RECEIVED VOLTAGE MATRIX

The purpose of this appendix is to derive the expression for the array received voltage matrix
which was given in Chapter 2, Equation (2.10): vi*¢ = Z,[Z* + Z 1! v2¢. Consider Fig-
ure 2-2 which depicts the circuit model for a receive array and a source antenna Let vy’ be the
voltage received in the nth array element due to the jth source. The array elements are assumed
to be terminated in a load impedance denoted Z;, which in general is complex. The open-circuit
mutual impedance between the mth and nth array elements is denoted by Z7.<,. Similarly, the

open-circuit mutual impedance between the nth array element and the jth source is denoted Z2°%".

Now, 1,5,%2,4,"*,%nj, ", inN,; are the received terminal currents for the N array elements. The
received voltages are related to the terminal currents and load impedances using
W=7, n=1,2,N (A1)

Let i; be the terminal current of the jth source. The received voltages can be written as

rec _ ;TeC o.c rec 0.C. rec rec 0.

'Ul = zl,j Zl, le o O ln Z N+zJZIJ
T T rec ;.TrecC G ;T€C

vy = i 2R i eSS o DS kil (A.2)
rec = rec rec :T€C r7o.c. . rec 0.

vN,] = 1 Z '+zn,jZN,n+ Z N+zJZN]

In the above equation, the term i; 27 is the open-circuit voltage at the nth array element. Note:
The index j for the jth source should not be confused with the indices used for the array elements.

Now, define
v =14Za7, (A.3)

and using Equations (A.1) and (A.3) in Equation (A.2), rearrange the terms to yield

-85 = 521 +2L) +-- G ZIn 4+ DR
—v3% = AR spoew FURNZOE £ Zp) s +HiNGZa (A.4)
-G = iy ZRS e +i 5 Z 3% o +HNHZ%N + ZL)-

Equation (A.4) can be written in a more compact form as

_v?-C. = [ZO.C. + ZLI] i;ec (A5)
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where v2¢ is the open-circuit voltage matrix, Z°“ is the open-circuit mutual impedance matrix, I

J
denotes the identity matrix, and i;ec is the received terminal current matrix. From Equation (A.1)
it is clear that

pree
Tt = L, A6
Substituting Equation (A.6) in (A.5) and solving for v7* yields
v} = Z [2°% + 2007 vde (A.7)

which is the desired result.
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