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SUMMARY

Microcomputer-based aigorithms for lognormal distribution parameter
estimation are presented. A program diskette will be made available upon
request. For given data the parameters (three or two) are estimated (i) by means
of the moments, and (ii) by means of the maximum-likeiihood principle.
Maximum-likelihood estimation is done in two different ways: (i) by means of

. the derivative equations which result from the logarithmic tikelihood function,
and (ii) by means of direct optimization of the logarithmic likelihood function
itself. Moment estimates are used as starting values for the optimization

- process.
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. INTRODUCTION

The lognormal probability distribution class is defined by its probability density
function (PDF)

- [d(x—k) E;]ﬂ exp '(202)-1 [log (x-)\)-p]z K>

O,X<SA .

. T (x)

The distribution parameters are: shift A ¢ R, shape ¢ > 0, and scale yp € R. The
scaling property of p becomes evident under the transformation g =log ¥ , ¥ > 0, so

that log (x-A) - § = log [(x-A)¥~ 1.

The lognormal PDF (®*) is unimodal. It takes exactly one maximum in the internal

(A,») which is located at x = A + exp (u-02) (mode). It is of diffusion type, i.e., it is
generated by a one-dimensional parabolic differential equation of Fokker-Planck type.

Two algorithms for estimation of the three parameters of (*) relative to given
statistical data are presented which are based on the maximum-likelihood (ML)
principle. Both can be used for sample (raw) data as well as histogram (grouped) data.
One of them utilizes the three equations which are obtained by equating to zero the
three first partial derivatives of the associated logarithmic likelihood function (LLF).
Two of the parameters (shape and scale) can be eliminated so that only one equatior,
h(A) = 0, actually remains to be soived. The anaiytical background of this algorithm is
not new. The best account of it may be found in [1]. The numerical, microcomputer
oriented, algorithmic approach presented in this report is new, however, and highly
efficient.

The other algorithm is based on direct optimization of the LLF associated with the
PDF (*). It may be somewhat slower to execute than the cther one, but it has the
advantage of avoiding the problems created by muitiple roots of the equation h(A) = 0.
As a matter of fact, if the estimation problem has a solution at all, h(A) has at least
two distinct zeros.

in many practical situations, the shift parameter is known to have a specific value
»

A . In this situation the general three-parameter problem reduces to a two-parameter
one. It is easily solved by means of the ML derivative equations approach. The ML
optimization algorithm in the two-parameter case uses a LLF which, for programming
efficiency, is maintained as a function of three variables in an artificial way (see Sec.
. Vil.4).

Moment estimates of the parameters (two or three depending on whether the shift
parameter is known or not) are easily obtained. They are used as starting values for
the ML optimization algorithm.




Questions of hypothesis justification and goodness of fit are cut3ide the framework
of this report and, thus, are not addressed here.

A program diskette will be made available upon request.

Il. THE DIFFUSION CHARACTER OF THE LOGNORMAL DISTRIBUTION

It is well known [2], [3] that the function
-1 2
f(xt) = (/;r-b) exp - (b"x) , %X €R, (11.1)

with

[4]"? . =0

b=b(t) = 11.2)

_ 172
2«7:1(1—exp-2'ct)] . TZO

is the delta function initial condition (at x = 0, t = 0) solution of the autonomous
Fokker-Planck equation

[awzenl, [bwzad] -z, 0 - 0, xer, t>0,

AX) =x>0 (diffusion coefficient) , n.3
D(X) =~Tx (drift coefficient) .

The subscripts in (11.3) signify partial derivatives. For t = 0, (I11.3) reduces to the
standard heat equation.

with t in (I1.2) considered as a parameter the function (I1.1) becomes the normal
(Gauss) PDF with scale parameter b




The transformation x = log ¥~ !y generates from (11.1), after y has been replaced
by x , the function

-1
gix.t) = f (log 3] x.t) Igﬂ = (J; bx) exp -b™< log2 ¥ x (11.4)

with b = b(t) given by (11.2). (For details on this kind of PDF transformations the reader
is referred to [4,(5.6)].) For any fixed t > 0 and with b = /2 o, log ¥ = , this
function takes the form (*) with A = C. The shift parameter A in (*) is immaterial in
this context.

The same transformation applied to the differential equation (11.3) leads to the
autonomous Fokker-Planck equation

[~ (x)w(x,t)]xx - [o"(x)w(x.t)]x - w k1) =0,

An(x) = O<X2 , (”5)

D"(x) = [cx-‘c log v"x]x :

of which the function g(x,t) defired in (11.4) is a solution. As a matter of fact, the
function

v X, ty) = (f; t»()-l exp - b2 [log ¥ Ix-eTt log b’"g]z

with b = b(t) again defined by (I1.2), is the deita function initia’ condition (at x = y, t =
0) solution of (I1.5). Relative to applications, for example in nucleation evolution
processes [S, Secs. 5.3.1, 5.3.3], it is of interest to note that the scale parameter

p = log [?5(‘6'_]1.;) exp-'ct]

depends on time t unless the drift parameter T is zero.




I'l.  DATA SETS

In population estimation problems the parameter vector P = (A,0,i) of the
lognormal distribution class (*) is to be specified from a given set of N observations.
(In general terms, the observations represent not necessarily distinct i.i.d. sample
values of a random variable which is assumed to be distributed according to some PDF.)

It may be assumed that the given observations form a set of M < N distinct
elements xy < xp < .. < %M, located on a coordinate axis of x , each of absolute

M

frequency (integral multiplicity) f,, 2 1,N= & f_ > 1,
v=1

In histogram estimation problems, the parameter vector P = (A,0,u) of (¥) isto
be specified from a given set of absolute frequencies a3, 2 0 associated with adjacent
class intervals of the form [a+(v-1)Aa, a + vAa) (v=1, ... ,M),ae R, Aa> 0, of equal
lergth Aa, located on a coordinate axis of x . Actually, the vector P is to be
specified form the set {(xy, fa)} of the coordinate pairs (xy, fap) Wwith x, taken as
the midpoint of the class interval with number v, ie., xy = a+ (v-1/2)Aa. In this
sense the histogram estimation problem is a curve fitting problem.

There is a variant of the histogram estimation problem which is based on given
data sets {(xy, fap)) with arbitrarily spaced observations x| < xo < ... < Xp.

It is convenient to have a uniform notation to cover all of these estimation
problems. Therefore, it will be assumed that the given data are of the general form of

a set of ordered pairs ((xy, fap)) (v=1, .. M) with x| <x, < .. <xy,andM SN =
M

z rav. In population estimation problems M <N, f5, 2 1, whereas in histogram
v=1

estimation problems M <N, fa, 20 (v=2, ... ,M-1), Ta1 21, fagy21,and xp = a2+ (v-
1/2)Aa.

The shift parameter A , in either case, now is necessarily restricted to the half-
Interval A < xj.

For the anaiytical description of the estimaticn probliem it is also convenient to

introduce the relative frequencies f,, = N »

<
nMX
-
I

ay '’ 1

It may happenr that a value A" is known for the shift parameter, either from
physical or other evidence. This case, which reduces the three-parameter prcblem to a
two-parameter one with only ¢ and j unknown, is incorporated in the general
estumation algorithms.




IV.  THE MOMENTS

The first three population moments for the PDF(*) are given by

M, = fxf(x)dx = A+eMu!/?
A

My = T(X*W)z dx = elww-1) ,
A

00
3
Mg = I (x-MI) x)ax = e3“w3/2 ((;)*2)((;)-1)2 , W = exp o2 .
A
H2>O,M3>Osincew> 1.

The corresponding sample moments are, with the notation conventions introduced
in Section 111,

S N ) A

v=1

2000

m3
Also of interest are the moment coefficients of skewness,

32, = (w2 -1

O<3((D) = Mz 3

and

It shouid be observed that the number az may turn out to be nonpositive for a given
data set whereas oz , which has been derived from the theoretical moments, is




o

always positive. Therefore, if a3 s 0, moment estimation of the lognormai parameters
is impossible. The reader is . eferred to [1, Sec. S] for additional remarks.

Estimation of the three parameters A, ¢, and g for the PDF (*) can now be
accomplished as follows. Since «3 is independent of y and A , the equation az =
x3 , in which az is a known number, leads to the equation

plw) = wz(w~3) - (4*a§) =0 .

Application of Descartes’ Rule of Signs [6, Lemma 6.2] shows that p(w) has exactly one
simple positive zero wg which, obviously, is greater than unity. It provides the
moment estimate for the shape parameter < ,

o, = ('09 wo)l/z : av.n

The equation mp = Mz , then leads to

- J _ -1
o = % (logm2 log[wo(‘*’o )]} . (v.2)

Finally, the equation my = My gives

WM,

o] 1 oxpp

0

Thus, the vector of the parameters estimated by means of the moments is Py = (Ag,
o Ho)-

If the value A™ of the shift parameter A is already known, estimates oo and
Ho of O and u can be obtained from the first two moments. Elimination of
immediately leads to

2
=1 +m (m - 7\“)
0)0 2 1 .

With this value of wg the moment estimates for ¢ and p follow from (IV.1) and
(1V.2), respectively.




—

V. THE LOGARITHMIC LIKELIHOOD FUNCTION

In general terms, but on the basis of the notational conventions adopted in
Section 11I, the likelihood function of a random variable X for which there exists a

data set {(xy, T3p)) (v=1, ..., M) and which is assumed to be distributed according to a
PDF f(x:P), which depends on a parameter vector P = (X, py, P2 . ...). A = shift, is
defined by
* f Nf
M av M v
. L) = 1"[[f(><v->\;p1 pz)] = I_I[f(xv-}\;p1 pz)]
V=1 v=1

(see, e.g., {7, Sec. 12.5], [8, Sec. 5.4].) For the lognormal PDF class (*) with P = (A,0,))
and with the abbreviation

log (Xp = A) = pp(A) . A<xy ,

the function L(P) takes the particular form

v=1

L) = ) N2 gyp -N [logcx + E: fvpvo‘) . (262)_1 ifv(pv()\)-p)z _
y=1

The function

-1
$(P)=N"" log [(210”’ 2 L(P)]

SRURED TR O b Y (I
V=

v=i

is called the logarithmic likelihood function (LLF) of the lognormal distribution class
: ).

The problem now is to specify numerical values for the parameters A, ¢, and u
for which (*) approximates the given data optimally. The maximum-likelihood principle
asserts that the optimal parameter values, if they exist, are the coordinates of the
point P = (X, 8, i) in the open parameter space P : {A <xy, 0 >0, j € R} at which
the LLF ¢»(P) takes its global maximum. The openness of the space P is essential in
this context as will be seen in Section VI,
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VL. MAXIMUM-LIKELIHOOD PARAMETER ESTIMATION

The first approach is based on the derivative equations which result from (V.1).
A necessary condition on the parameters is that they satisfy the three partial
derivative equations 9¢/dA = 0 , 3¢/30 = 0, and 3$/3yu = 0. They are of the form

%% -‘grv ep-p +0 mrv(Pv 1) exp p, =0, (V1.1)
@.:-0_1+o"3if (P '}1)2=0 (v1.2)
ac p=1 4 v ' '
.&: -2 i - =

2-0? 2y, (p,-4) = 0. wi3)

Equations (V1.2) and (V1.3) can be written as

o? = ifp(?v(”-ﬂ)z , 1.4}
p=1

p=i%%m. (V15)

If the shift parameter A is known these two equations immediately represent
the solution of the ML parameter estimation problem on the basis of the derivative
equations. In this situation, equation (VI.1) becomes vacuous, and, for a given data set

{(xp, Tap)} and known A = A%, equation (IV.5) determines i , and (V1.4), with p =],
determines & [8, Sec. 5.2.2, Table S5.1].

If the shift parameter A is considered as unknown (and thus, together with o
and p , to be estimated from the given data), equaticns (VI.4) and (VI.5) must be
supplemented by equation (VI.1). However, by means of (V1.5) and (V1.4), u and © .
can be eliminated from (VI.1) so that only one equation in A remains. It is convenient
to perform this elimination in the LLF ¢(P) given in (V.1) directly. To simplify the
notation the following functions of A are introduced:




_ 2
AA) = =] 1,9, >0
CA) = 2 U pv(k) = )
p=1
EQ) = -CQA) = i fvexp-pv()\) >0,

p=1

FOO = - %A'O\) z ifv p, ) exp-p () .

p=1
Then (V1.4) takes the form
o2 = AN - CZ(\) > 0 .

Positivity of this expression follows from Tchebychef's inequality [3, Thm. 43].
Elimination of p and o (by means of the expressions given above) from ¢(A,o, )
results in the function

o() =-—;—[Iog(A_C2) +2C+ 1] .

For &(A\) to take a maximum, the derivative equation

o' = (A.CZ)-1 h(\) = 0

with

nA) = (A~C2-CE + F

must be satisfied. Therefore, since A - C2 > 0, the maximum-likelihood estimate A
for the shift parameter A must be a root of the equation

h(A) = (A-CZ-CE + F = 0. (V1.6)

The following should now be observed. Since C(A) ! - as AT x; = min {x),

since A(A)C™2(A)» 171> 1as A ®xy,andsince log [C(A)| increases more siowly
than |C(A)| , the rewritten version




—

- -;- [2 og [ + IOQ(A()\)C_Z()\)— 1) +2C- ‘]

for ®(A) shows that ®(A) T o« as A T xy. As aconsequence of this result it is seen
that the openness of the parameter space P: (A <x;, 0 >0, p € R} is essential for
the identification of the location of the global maximum of ¢(F) in the interior of P
(see the last paragraph of Section V). Another consequence is that, if &(}) takes a
maximum at all, it must, in the direction of decreasing A , take a minimum first.
Consequently, if the equation (V1.6) has a root at all, it has at least two. The correct
root relative to the estimation probiem is the second one in the direction of decreasing
N

If Ay is the correct root of (VI.6) the estimates p; and oy for p and ©
are obtained as

1/2
p,o=CO) o, = [A(x,)-cz(xp] .

respectively.

The second ML parameter estimation procedure for the lognormal distribution
class is based on direct optimization in the parameter space P of the LLF ¢>(P) given
in (V.1). In optimization procedures it is customary to minimize the objective function.
Therefore, instead of maximizing ¢(P), the function -¢(P) will be minimized. The
resulting coordinates of the minimum of -¢(P) will be denocted by Ay, 02, j2.

Since both ML parameter estimation algorithms are based on the LLF $(P) it is
obvious that the resulting parameter estimate vectors Py and P, should agree within

the tolerances associated with the different numerical procedures. Agreement of the
vectors P; and P, indicates successful execution of the ML estimation process.

In the numerical implementation of the optimization ML estimation approach the
moment estimation vector Py = (Aq, T, Hg) (see Section 1V) is used as the starting

vector for the iteration processes. If the value A" of A is known, the starting
vector is Pg = (A", gq, Ho).




VIl. USER'S GUIDE

This section provides information on some of the numerical aspects of the
estimation algorithms. Information about their use is given on the diskette.

1. Preparatjon of Data

According to Section Iil, the data input for the algorithms is a set {(xp} fap))

(v=1, ..., M) of coordinate pairs, ordered with respect to the abscissa values such that
X1 < %2 < ... < XM. Unless the data are supplied in this particular form, a subroutine

does the ordering and frequency determination for given popuiation data. For histogram
data, a subroutine calculates the xy’s for given a€ R and Aa> 0.

For computational reasons, it is convenient to translate the original X, values
along the coordinate axis of X

(a) 2Shift Parameter Unkpnown

The desired translation is accomplished by addition of -x| to each X, so
that the new x; = 0. The advantage of this operation is to have a universal upper

bound, namely O, for the unknown (transiated) shift parameter A . The shape and
scale parameters ¢ and p are not affected. The algorithms calculate the parameter
values A, 0, and y and return the true parameter values Aty = A + Xy, Oy and yy

relative to the original coordinate axis.
(b)  Shift Parameter Known

Let A* be the known value of the shift parameter A . The desired
translation is accomplished now by addition of -A™ to each xy. As before, o and y

are not affected. The algorithms calculate the values o and u with shift equal to
zero, and return the true values

A=A, oy and pi .
2. Moment Estimation

Moment estimation is straightforward according to the formulas given in
Section 1V, provided az > 0. In the three-parameter case, the equation p(w) = 0 is
solved to find its root wg > 1. This is done by means of root bracketing and a
modified version of Brent's method [10, Chap. 7.3].

3. Derivative Fquations ML Estimati

In the three-parameter case the equation h(\) = 0 (VI1.6) is solved. Bracketing
of the desired root Ay is achieved by calculation of h(\y) along the search sequence

Aps1 = (1618 (v =0, 1, ...), with Ag=-0.05, untii h changes from negative to
positive values at two successive points. Once A has been bracketed the modified
Brent's method is used to locate it.

I




.

With Ay calculated (or with A* known) the estimates py and o are
calculated from (V1.5) and (V1.4), respectively.

4. Optimization ML Estimati

Optimization of the LLF (V.1) is accomplished by means of Powell's method [10,
Chap. 10.5] in both the three- and two-parameter cases. The vector Pg = (Ag, T, Yg)
(or Pg = (A", 00, jp)) Of the moment estimates is used to start the minimization

routine on the function -¢(P). Once Powell’s tolerance has been achieved the algorithm
continues by minimizing the function

Y(P) = (exp 10) [—1 *exp-lO(#»(P)-d;(I-’))]

in which P is the final vector from Powell’s routine on - (P). Use of the "amplifier”
function Y(P) eliminates the effects of shallowness of -¢(P) rear its minimum and
increases the accuracy of the numerical values of the coordinates of the minimum of

-&(P).

If A is known to have the value A", the LLF ¢ reduces to a function of only
two variables. To avoid additional subroutines for this situation, ¢$(A™,o,u) is
maintained as a function of three variables, &, y, and A, by addition of the term
O-N")2.

S.  Ereguency Calculation

For histogram parameter estimation an auxiliary program is provided which
calculates two sets of expected absolute frequencies. One set zorresponds to the
moment parameter estimates, the other to the ML estimates. (It should be remembered
that, under successful execution of the two ML estimation algorithms, the derivative
equations and the optimization estimates agree.) In both calculations the logarithm of
the PDF(*) is used to obtain the relative frequencies at the points x, . They are

subsequently converted into absolute frequencies.

To provide a basis for goodness-of-fit statements, chi-square values for the
individual class intervals are also calculated.

12




VIIl.  EXAMPLES

To demonstrate the versatility of the algorithms presented in this report five
examples are offered. They contain population and histogram estimates with shift
parameter unknown or known. Accompanying tables are given in Section 1X.

Example 1

N = 87 observations of annual 24-hour maximum rainfalls (in points) at Sidney,
Australia, over the period 1859-1945 are given in Table 1.1 [11]. Moment and ML
parameter estimates for the three unknown parameters are given in Table 1.2. The
subscripts 0, 1, and 2 refer to moments, derivative equations, and optimization,
respectively.

Grouping into histogram absolute frequency data has been performed on the data
of Table 1.1 in five different ways, G, , as displayed in the second columns of Tables

1.4 Gy (v = 1, ..., S). The first column shows the class interval numbers v .
Table 1.3 contains the class interval data for the groupings Gy (v = 1, ..., S).

The resulting parameter estimates for the grouped histogram data are shown in
Tables 1.5 Gy (v =1, ..., 5).

The estimated parameter values are used to calculate the expected absolute
frequencies from the PDF(*). For the moment estimates they are given in the third
columns of Tables 1.4 Gy, and for the ML estimates in the fifth columns. Next to the
calculated frequencies in Tables 1.4 G, are shown the chi-square values. As
mentioned in the Introduction, no significance will be attached to them within the

framework of this report,
Example 2

N = 20 random observations generated from a lognormai population with A =
100, 0 = 0.4, and u = log SO [1, Sec. 10] are displayed in Table 2.1. The three
corresponding sets of estimated parameters are given in Table 2.2.

Since it is known how the data of Table 2.1 have been generated it is possible

to process them under the assumption that the value A = 100 for the shift parameter
is known. The resulting two-parameter estimates are shown in Table 2.3.

This example is on the diskette as RANDSAM.DAT.

Example 3

This example deals with a total of N = 37 observations of frost-days in Munich
in the months of April over the period 1930-1966 (12, Ex. 42, Table 31] which contain

M = 18 distinct ones. The observations together with their frequencies are given in
Table 3.1.

13
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The resulting parameter estimates are shown in Table 3.2.

Example 4

A total of N = 885 observations of rainfall totals (in inch) for sets of four
consecutive months at Camden Square, London, over the period 1870-~1943 [13, Ex.
7.511] have been grouped into M = 17 class intervals [a + (v-1) Aa, a + vAa) witha = 2,
Aa = 1. The data are given in Table 4.1.

The calculated parameter estimates are contained in Table 4.2.

The expected frequencies calculated from the parameters of Table 4.2 together
with the corresponding chi-square values are shown in Table 4.1

It is reasonable to assume in the present example that the probability of no
rainfall at the Camden Square location over the given period is zero. In other words, it
is reasonable to assume that the shift parameter A is known and that A = A" = 0.
The corresponding two-parameter estimates are given in Table 4.3.

Table 4.4 shows the expected frequencies for the two-parameter case.

This example is on the diskette as BROOKS.DAT.
Example 5

This example concerns weekly precipitation sums observations (in 1072 inch) at
Kwajalein, IS, for the summers 1949-1958 (14, p. 47, Ex. 1C]. The total number of
observations is N = 130. They have been grouped into M = 17 class intervals [a +
(v-1)Aa, a + vAa) with a =0, Aa = S0. Table 5.1 shows the given data. The estimated
parameter values are displayed in Table 5.2. The corresponding frequencies are given in
Table 5.1.

The estimates for ¢ and p under the assumption that the shift parameter is
zero are shown in Table 5.3. The expected frequencies in this case are displayed in
Table 5.4.

14
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TABLE 1.1. Annual Maximum Twenty-Four Hour Rainfalls (in Points)
at Signey, Australia, 1859-1945

370 762 662 190 375 393 395 381
565 618 445 403 324 288 890 392
389 281 489 763 569 204 425 648
433 645 485 468 283 275 836 566
295 434 330 310 236 487 273 605
381 423 441 637 157 477 364 363
362 571 177 475 788 441 652 337
325 342 316 653 488 414 418 374
258 188 484 459 489 239 391 302
780 322 380 335 263 216 339 579
239 333 154 1185 330 192 420

TABLE 1.2. Three-Parameter Estimates

LUG-NORMAL DISTHIBUTION CALCULATLONS
Uata file is HRAINAUS.UAT

Number ot parameters is 3

.M LJGJL*&)L L L c L*JL*J&&**JL** ’**it L.' 1}*,\**7L-N.JLJ J L LJL LJ‘.*‘ ‘&‘ ‘LJC k L
THE MOMENT ESTIMATES FOR THE LOG-NORMAL DlSTRIbUllUN
Lambda( @) = -.722546E+B82

Sigmal( @) = .344057E+B00

Mu( @) = .615229E+081

H 363556 3k S35 3E S0 38 36 30 2 3 28 36 38 31 38 48 28 40 35 20 3030 38 3 26 338 5130 3 48 5 35 34 20 30 8 3E 2 3 40 dE 41 2 4 3
THE DERIVATIVE ESTIMATES FOR THE LOG-NURMAL DILIsT
Lambda( 1) = -.394497E+001

Sigma( 1) = .400045E+0200

Mu( 1) = .598452+001

B R A R R R R R R R R L Rk Rt
THE PFPUWELL ESTIMATLS FUH THE LOG-NURMAL UIST
Lambda(2) = -.389397E+081

Sigma( 2) = 400101 E+000

Mu( 2) = .598437L +001

[RARZRER R AR IR S g S R AR R LS SR AR R TR G R R s A St R LR Rt R A R A R R SR TR R S CIE R R 4
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TABLE 1.3. Class Intervals and Numbers of Classes for Groupings G,,

(v=1, ... ,5)
Gl 62 63 64 GS
a 150 125 150 100 125
Aa 100 100 50 75 75
M 10 10 20 14 14

TABLE 1.4G). Grouped Frequency Data for Grouping Gj

LOG-NOHMAL DISTRIBUTIUN CALCULATI1ONS
Data file is 1lngdseti.dat

Momaent Estimate Max Likelihood Ekst
v f(abs) f(cal) X#%2 f(cal) b SR
1 11 10.64 .01 10.83 .V
2 23 21.05 .18 24 .62 I
3 23 20.97 .20 20 .95 . 2@
4q 10 i4.92 1.63 13.38 .85
5 18 8.88 .14 7.72 .68
6 a4 4.77 .12 4.30 .02
? 4 2.42 1.02 2.38 1.11
8 1 1.19 .03 1.32 .08
9 0 .58 .58 .75 .75
10 1 .28 1.87 .43 .77
Totals 87 85.71 86 .68
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TABLE 1.4G3. Grouped Frequency Data for Grouping Go

LOG-NORMAL ODISTRIBUTION CALCULATIONS
Data file is Ingdset2.dat

Moment Estimate Max Likelihood tst
v f( abs) f(cal) X##2 f(cal) X2
1 8 7.56 .03 7.18 .11
2 18 18.980 .04 20.67 .35
3 25 21.69 .50 22.23 .35
4 16 16.76 .03 16.@9 .00
5 7 10.41 1.11 9.70 .75
6 ? 5.68 .30 5.34 .81
? 3 2.88 .01 2.82 .01
8 2 1.39 .27 1.46 .20
9 *)] .66 .66 .75 .75
10 1 .31 1.58 .39 .97
Totals 87 86.23 86 .55

TABLE 1.4G3. Grouped Frequency Data for Grouping G3

LOG-NORMAL DIBTRIBUTION CALCULATIGNS
Data file i1s 1lngdset3.dat

Moment Estimate Max Likelihood kst
v f(abs) f(cal) X##2 f(cai) Xirdr
1 6 3.62 1.66 3.29 2.23
2 S ?7.13 .64 7.54 .85
3 8 10.00 .40 10.78 .72
4 18 11.33 1.19 11.94 .78
) 12 11.13 .87 11.36 .04
6 11 g9.92 .12 a.82 .14
7 10 8.25 .37 7.98 .51
8 )] 6.53 6.53 6.22 6.22
9 5 4.99 .08 4.21 .02
10 5) 3.70 .45 3.50 .64
11 3 2.70 .83 2.97 .07
12 1 1.94 .45 1.87 .40
13 3 1.38 1.91 1.35 2.01
14 1 .97 .00 .98 .00
15 1 .68 .15 .70 .13
16 4] .48 .48 .51 .51
17 (')} .33 .33 .37 .37
18 "] .23 .23 .26 .26
19 "] .16 .16 .19 .19
20 1 L1 6.97 .14 5.32
Totals 87 85.61 86 .08
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TABLE 1.4G4. Grouped Frequency Data for Grouping Gy

LOG-NORMAL DISTRIBUTION CALCULATIONS
Data file is 1lngdsetd.dat

Moment Estimate Max Likelihood Est
v f(abs) f(cal) X2 f(cal) X#ag
1 2 2.51 .10 1.88 .01
2 9 8.90 .08 9.19 .00
3 15 14,89 .00 156.85 .05
4 20 16.54 .72 17.03 .52
5 13 14 .42 .14 14.28 1
() 8 16.81 .73 190.41 .56
7 ? 7.34 .02 6.98 .00
8 6 4.66 .38 4.45% .54
9 3 2.84 .01 2.75 .82
10 2 1.68 .06 1.67 .06
11 1 .97 .49 1.00 .00
12 ] .56 .56 .60 .60
13 "] .32 .32 .36 .36
14 1 .18 3.74 .22 2 .84
lotals 87 86.6¢ 86 .65

TABLE 1.4Gs. Grouped Frequency Data for Grouping Gg

LUG-NOHMAL UISTRIBUTION CALCULATIONS
Data file is 1lngdset5.dat

Moment kstimate Max Likelihood tst
v f(abs) f(cal) X2 f(cal) X
1 6 4,37 &0 4.18 .79
2 8 12.35 1.93 12.53 1.64
3 20 16.99 .54 17.26 .44
4q 17 16. 31 .83 16.40 .02
S 16 12.83 .78 12.77 .82
6 4 8.97 2.76 8.47 2.68
7 6 5.84 .00 5.76 .01
8 4 3.64 .04 3.59 .05
9 3 2.2 .29 2.19 .30
10 1 1.32 .08 1. 31 .07
1" 1 .78 .06 .78 .06
12 4] .46 .46 .47 .47
13 (%} .27 .27 .28 .28
14 1 .16 4.43 A7 4.149
Totals a7 86.49 86 .56
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TABLE 1.5G}. Three-Parameter Estimates for Grouping Gj

LUCG-NORMAL DISTRIBUTIUN CALCULATIONS
Data file is LNGUSET1.DAT
Number of perameters is 3

******J&)?**i‘. -‘t* k)?) 1‘ 1.% ; Q.) L,tl?)t} DL l (-J A 4 2% LJ .' Pl o SR Ll e
THE MUMENT ESTIMATES FOR THE LOG-NORAMAL DISTRIBUTLOUN

Lambda( @) = -.83BY10E+002
Sigma( 0) = .342081E+000
Mu( V) = .618104E+001
S 36 48 2650 40 48 45 26 38 35 55 95 3 35 3830 25 30 38 30 38 3 45 30 45 38 4438 26 35 30 5 SE 4 SE 3 4R ST S SN b L AR E A ekt o

THE DERIVATIVE ESTIMAFES FOR iHE LUG-NORMAL uwlbl
Lambda( 1) = .7317227€E+002
Gigma( 1) = .505160E+000
Mu( 1) .574925E+001

Te 3r B db 3t 30 SE 2L 2 4r L AP SE 2B It S S QR U S S AE 2R 25 4r JE AL R A 2R S Jr e g dr e b S Y Ar e 2 e ar e Al

THE POWELL ESTIMATES FOR THE LOG-NORMAL DI
Lambda{2) = .731776E+402
Sigma( 2) = .505160E+000
Mu( 2) = .574925L +00 1

Aol R R RAR R R SR R R R R R R R R LR LR LR R AR R A R R R Rt IR L R ]

TABLE 1.5G3. Three-Parameter Estimates for Grouping Gj

LOG-NORMAL OISTRIBUTIUN CALCULATLONS
Date file is LNGDSETZ.DAT
Number ot parameters is 3

R L R R R L T Ry L R R AR RS PR

THE MOMENT tbrlMATts FOH THE LUG-NUHRMAL UlbTHIdHUI QLN

Lambda( Q) = ~.1223Y96E+003
Sigma( @)} = .317643EL+000
Mu( @) = .625996E+001
R R R O B L R L T T T T S T

FTHE DERIVATIVE ESTIMATES FOAR THE LOG-NJRMAL D[ﬁT
Lambda( 1) = . 141964E+002
Sigma( 1) = .398159L+0400
Mu( 1) .601291E+001

S0 A e 40 3t 4t 30 40 38 58 SE4E 4R 38 50 30 30 4F 58 S 48 37 45 4545 45 0 256 35 55 G 28 48 e 20 G0 b Sy LT e nbar et et bar
THE PUWELL ESTIMATES FUOR THE LOG-NURMAL ULlolT
Lambdal(2) = ~.141964E+902

Higmal 2) = .398159E+0UV

Mu( 2) = .601291E+001

R R R A R R R R R R R R R A R IR T I AR ARt PR St
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TABLE 1.5G3. Three-Parameter Estimates for Grouping Gj

LOG-NORMAL DISTHIBUTION CALCULATIONS
Datae file is LNGDSET3.DAT

Numbaer of paramaters is 3

2304058240 35 2045 A 240 30 3 38 36 20 20 35 35 20 35 30 26 28 2 36 38 P28 30 46 36 20 b 5204 23t 0 20 2 354 e S el 2000
THE MOMENT EGTIMATES FOR THE LOG-NURMAL DISTRIBUTION
Lambdal ©) = -.5749054E+002

Sigma(®@) = .357288E+000
Mul 8) = 611734 +001

4‘- L L -Y kJ LJ )t'\ n%é 3% LJL* ﬂ%‘.J -N.*J{.J !- J&-)"‘..;: :\.JL-'L-‘LJ Ce e k -';'\‘""'."::";- 4’:.-“--;:-

THt DtHlVATlVE ESTIMATES FOHR THL LA6G- NUdMAL Ui

Lambda( 1) = .188447E+Q02

bigmal 1) = .422920L+080

Mu( 1) = .592810E+001

35 55 5845 48 35 3F 40 55 3T 0 30 S8 20 35 32 36 S8 3 26 36 38 36 3 36 30 38 55 38 26 2 0 35 35 98 26 30 40 26 05 S0 3 o8 4 e e 4o 4 SR
THE POWELL ESTIMATES FOR THE LOG-NORMAL DIST
Lambda(2) = .158448E+802

Sigma( 2) = .422920E+000

Mu( 2) = .562810E+001

338 S0 56 45 46 S8 3 3 56 26 36 55 36 38 55 31 36 36 31 36 26 35 45 6 36 25 45 4 35 3 36 35 56 45 28 30 35 46 30 30 50 25 5E 40 303638 43848 5E

TABLE 1.5G4. Three-Parameter Estimates for Grouping G,

LOUG-NORMAL DISTRIHUTION CALLCULATI1UONS
Data file 1s LNGUSET4.DAT
Number of parameters is 3

B A e e R A R 1 R R LR AR SR LI R L s R IR T P g R R R LT

THE MOMENT ESTIMATES FOH THE LOG-NUAMAL UleHibUTIuN
Lambdea( @) ~-.184731E+803

Sigmal @) = .326079E+000

Mu( @) - .622973E+001

1835 3 35 30 28 20 35 38 0 45 30 48 20 42 0 20 2 25 25 S0 SE 40 4T 28 A0 20 338 A B 38 20 3 20 30 S0 S Ak e 4o 3 S Sr 9r 5 4T 4r 2k 4r 3 AF
THE DERIVATIVE ESTIMATES FOR THE LOG- NURMAL D1sST
Lambda( 1) = ~.265338E+092

Sigma( 1) = .382665E+000

Mul 1) = .605288L+001

B R R B O R S TR ST X T SURTE A S

THE POWLLL ESTIMATES FOH THE LUG-NUHBMAL 1iioT

Lampbda(2) = ~.265343E+00%2
Sigmal 2} = .382665L+000
Mu( 2) = .605209E+00 1
R Rt LR R S o o R R AR R PR LR R A ERT RS H 2 e R e T




TABLE 1.5G5. Three-Parameter Estimates for Grouping Gg

LOG-NURMAL UISTRIGUTION CALCULATIUNS
Data file i3 LNGDSETS.DAT

Number of parameters is 3
B 26030 S 20 20 S 20 r 264 S 48 SR ST 45 55 SR I I A0 e 4r S 3P 2 de 0 2 4 ke de de 2 ae s G b 4 4 3 G 4E de e 3
THE MOMENT ESIIMATES FOR THE LOG-NURMAL ULulRlBUIlUN
Lambda{ @) = -.436832t+002
Sigma(@) = .370006E+200
Mul B) = .B607871£+001
)t*i? k*)(.) )QJL L*) )‘MJ&)*JLJ&J(J} L{&)LJSJC (.)SJ JLJ(.-) : L)ﬁd'.)’ “rd' kol 4. l\"‘;‘-"al"."':t":x",:";:‘

THE DERIVATIVE ESTIMAIES FOR THE LOG- NORMAL UIbl

Lambda( 1) = -.246130+0802
Sigma( 1) = .384999E+000
Mu( 1) = .603142E+001
1626 56 40 20 4 20 3050 20 d 3828 36 o5 45 26 4530 25 51 36 S0 3 20 20 35 5 98 26 20 20 20 35 3 5 24 20 3 0% 4L S aF 20 4 4e e de

THE POWELL ESTIMATES FUH THE LOG-NORMAL DIST

Lembdal 2) = -.246162L+00Z
Sigma(2) = .3849897E+0@0
Mul 2) = .6803143L+DV 1
plR AR RER K EARIEIE R i SRR T R K B R e LK SRR A A R KR S A R A R R R L R R T
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TABLE 2.1. A Random Lognormal Sample

148 .290 184 .101 135.880 127.211
133.143 144 . 328 166.478% 137.338
132.971 155.680 174 .800 131.375
164.304 128.709 153.079 168.554
145.788 1565.369 201.415 157.238

TABLE 2.2. Three-Parameter Estimates

LOG-NOHMAL DISTHLIBUT1O0ON CALUULATIONS
Data file is HANDSAM.DAT
Number of parameters is 3

B R L R L R oL AN kY IR L PR R R L o L e TR 1Y R T LR LI LI (Y S
SRR AR it B EERRE LR R (R KN R R SR R L KR R

I HE MOMENT thlMATEb FOH THE LUG- NURMAL ULSTHRIBU LGN

Lambda( @) = L22727:+8802
bigma( V) = .241002E +008
Mu( @) = .434708L+001
53637 3% 50 25 40 35 3% 35 0 30 35 30 S0 3 30 30 3 0 484 S0 4T SR 30 R ST Se A e s ar A b ab B o dhaT i s o R

fTHE DERIVATIVE ESTIMATES FOR THE LOG-NURMAL ULST
Lambda( 1} 11772 1E+003
Sigma( 1) = .604313E+000

Mu( 1) = .337317E+001

B R R s R R R R R L g P e R ORI R L ML R LS
IHE POWELL ESTIMATES FUR THE LOG-NORMAL Dlsi
l.ambda(2) = .1177B4E+803

sigmal( 2) = .60589Y9E+000

Mu( 2) = .337039E+031

P AR R RIS LR R A R AR S A ARt Rt AR IR R PR R I R A R A R RIPKE AL AR S TR AENE X ERE RS S S e
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TABLE 2.3. Two-Parameter Estimates

LOG-NORMAL DISBTRIBUTION CALCULATIONSG
Data file is RANOSAM.DAT
Number of parameters 1is 2

- - B R R R LKA R X R R R R B PR R L R I R L O L P K I, LI MIPLIE L T I I R SRS S Y

THE MUMENT ESTIMATES FOR THE LOUG-NURMAL DISYHIBUTION

Lambdal( @) = . 100000 +063

Sigma(0Q) = .127181e+0800

Mul 8) = .561778EL+8061

2646 5 38 28 20 26 30 38 35 3E 20 30 3 S0 3H 30 36 3 20 20 28 0 S0 35 1 30 20 30 2 20 30 SH 2h 3 SE 3E 2R 2E 30 SR 2 b b b ab e 2 e St
THE DERIVATIVE ESTIMATES FUH THE LUb -NUKMAL D15
Lambdat 1) = .TO0VOBE+VBO3

Sigmal 1) = . 365203 +0B0

Mu( 1) = .385015E+881

Llr (. 1.) Vi‘) .‘ Se - )‘--. ﬁ L) ) ?_‘L) * L)'.."-.’-'.) )\-J *J )L)(..‘L 263 *-::..;‘L.;".:‘..“..‘.J'..':..::..;‘..'.' _;:4.;‘..;“. o

THE FOWELL ESTIMATES +0OH THE LOG-NORMAL D1ST

Lambda( 2) = . 100BDVE+DV3
Sigma(2) = .365203E+000
Mu( 2} = .389015E+901
3 35 7 5398 2 26 2636 35 48 3 56 90 48 35 26 35 26 36 95 35 38 3548 26 25 4 36 38 28 3 36 30 30 45 36 38 35 203 34 o 3 dEar SE AL 4E St e
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TABLE 3.1. Number of Frost-Days in the Months of April, 1930-1966
and Their Frequencies

1 2 2 2 2 2 2
3 3 3 a 4 4 a4
4 5 5 5 6 6 ?
8 8 8 8 9 9 9

10 10 12 17

TABLE 3.2, Three-Parameter Estimates

LUG-NORMAL DISTRIBUTION CALCULATIUNS
Data file is LNUDSET4.DAT

Number of parameters is 3

*.K.-} JL* L)L)LJL*&*,L)S**)L LJL G G L* QJ‘.** k *1L “':f L.'L \.J J '-:. k) 1. t’ NS nL)&’ s
THE MOMENT ESTIMATES FOR THE LOG-NORMAL DLSTRlbUTlDN
Lambda(@) = -.638374E+001

Gigmal( @) = .288B22E+0800

Mu( 8} = .244448E+001

B R b R T L T T T L L L s L R L L R R A P T LIS s L R R R
THE DEHIVATIVE EleMATES FOR THL LGCG~ NUHMAL DLbI
Lambda( 1) = -.3020885L+001

Sigmal 1) = .4@7262E+000

Mu( 1) = .2874936+00 1

o5 35330 0r 30 5E 45 51 3% 4035 3048 I8 30 55 SE 46 36 35 S8 5 SE R AR 28 230 30 50 S r 38 AR e A8 S8 IR b ar b ub ki
THE PUOWELL ESTIMATLYS FUR THE LUG-NUHMAL uUlsT
Lambda(2) = -.302085L+00

Sigmal( 2)J = .4@7262L+038

Mu( 2) = .287493E+0D1

e de 3t i gt o 23R 90 48 SE 3 25 BH A6 00 26 20 35 26 40 26 4E 20 30 2E P 20 8 220 040 dr dedb g d 40 8 Sr AT ae e T4 Grar 3
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TABLE 4.1. Rainfall Totals (in Inch) for Sets of Four Consecutive
Months, Camden Square, London, 1870-1943

LOG-NORMAL DISTRIBUTION CALCULATIONS
Data file is brooks.dat

Moment Estimate Max Likelihood Ekst
v f( abs) f(cal) X#3#2 f(cal) X

1 S 4.77 3.75 4.69 3.97

2 15 19.92 1.21 19.78 1.16

3 48 50.43 .12 5@0.35 11

4 81 89.11 .74 89.19 .75

5 142 1208.66 3.727 120.85 3.70

6 125 133.54 .55 133.73 .57

7 129 126.52 .05 126.63 .04

8 109 106. 15 .28 186 .16 .08

9 76 80@.89 .30 86w .84 .29

10 56 57.07 .02 57.01 .02
11 36 37.86 .09 37.80 . P9
12 22 23.88 .15 23.84 .14
13 13 14.46 .15 14 .44 .14
14 12 8.47 1.47 8.46 1.48
15 5 4.83 .01 4.83 .01
16 4 2.69 .63 2.69 .63
17 3 1.48 1.57 1.48 1.57

Totals 885 882.73 88z .75
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TABLE 4.2. Three-~Parameter Estimates

LUOG-NORMAL DISTRIBUTION CALUCULATIONS
Uata file is BROOKS.ODAT
Number of paremeters is 3

3635 45 525 S8 345 38 56 3% 3 % 3% 48 3 3 37 40 3 38 26 G128 4H 2030 30 20 SE 50 0k 48 4F A S 28 K 37 AF o $7 20 Wb G0 b AT 3 de dr 4 %

THE MOMENT ESTIMATES FOR THE LOG-NOHMAL OISTRIBUILON

Lambda{ 8) = -.438B818E+081
Sigma(0) = .215054E+000
Mu( @) = .253126E+001
S8 SEIE 6 50 26 35 3L 51 20 35 46 5 26 3 51 36 38 25 3 36 35 25 35 34 41 S0 36 24 48 36 35 45 45 SF 2F 235 0 S8 3E 26 5 98 25 GE2E wE 5 b SE S 4r

THE DEHIVATIVt EbTIMATtS FO0R THE LOG-NOAMAL UlIsT
Lambda( 1) ~.431653E+001
Sigma( 1) = .216064E+000

L}

Mu( 1) = .252544E+001

3646 3630 26 30 20 30 3635 38 36 35 B 3598 258 3 2 45 52 2638 3045 302k SE 20 3T 3 48 0 B 5 e R SR A ST gt e 4 e
THE POWELL ESTIMATES FUR THE LOG-NORMAL DIST
Lambdal( 2) = ~.431654E+0061

Sigma(2) = .216064€E+8080

Mu( 2) = .252544E+001
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TABLE 4.3. Two-Parameter Estimates

LOG-NORMAL DISTRIBUTIUN CALUULATICONS
Data file is BROOKS.DAT
Number of parameters is 2

36 25 44 3 26 4E SR 3E 2 2R A 4L 3 3 2 3E 36 44 362 e S Sh At ok b A R e St oL 3 P R Lt R RN T Lt L et At

THE MUMENT ESTIMATES FOR THE LDb NUHMAL UISTRIBUTION

Lambdal @) = .000V0ABL +BBD
Sigma(®@) = .321706L+000
Mu( @) = .206539E+001
18583 O f R A Tl 4 S se 3t dp 443 St 3 de 3t S It PRl A R R LI A 2 4 Sy S Ar 4t E At PR Tl JErar

THt UERIVAIIVE ESTIMATES FDR THE LUG-NOURMAL DIST

tambdat 1) = .0P00QOE+DOO
Sigma( 1) = .341545E+000
Mu( 1) = .288132E+001
*%***#***i*“%““**‘*““%‘“’r-‘*%%“*#‘ P R R TR T RS e s ]

THE POWELL ESTIMATES FOR THE LOG-NURMAL D157

Lambda(2) = .000000E +000
Sigma(2) = .341545E+200
Mu( 2) = .208132E+001
*%***#****%%******%%%*%******%*%%%w*ﬁ*ﬁ**ﬁ%*wﬁ%%#%ki
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TABLE 4.4. Expected Frequencies for Two-Parameter Estimates

LOG-NORMAL DISTRIBUTION CALCULATIONS
Data file is brooks.dat

Moment Estimate Max Likelihood Ltst
v f( abs) f(cal) X##2 f(cal) ) S
1 9 .58 122.01 1.23 439 .09
2 15 19.88 1.56 15.57 .02
3 48 47 .45 .01 55.07 .91
4 81 99.01 3.28 192.35 4.45
5 142 135.60 .30 131.76 .80
6 125 143.13 2.30 135.25 .78
7 129 127 .51 .02 119.83 .70
8 189 1901.29 .59 96.14 1.72
9 76 74 .31 .04 72.€2 .22
10 56 51.54 .39 51.41 .41
1" 36 34.3% .08 35.47 .01
12 22 22 .24 .00 23.88 .15
13 13 14.12 .09 15.81 .50
14 12 8.83 1.14 16.34 .27
15 S 5.47 .04 6.71 .43
16 4 3.37 .12 4.33 .02
17 3 2.06 .43 2.79 .02
Totals 885 881.73 879.985
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TABLE 5.1. Weekly Precipitation Sums (in 10°2 inch), Kwajalein, IS,
1949-1958

LOG-NORMAL DISTRIBUTION CALCULATI1ONS
Data file is fq.kwa

Moment Estimate Max Likelihood kst

v f( abs) f(cal) X##2 f(cal) Xy
1 8 10.20 .48 8.84 .08
2 25 15.68 5.54 22.26 .34
3 21 18.08 .47 23.01 .18
4q 15 17.58 .38 18.98 .84
5 18 19.36 .45 14.48 .86
6 9 12.51 .99 10.73 .28
v 8 9.73 .3 7.69 .00
8 6 7.33 .24 5.81 .01
9 5 5.40 .83 4.30 .12
10 4 3.92 .00 3.20 .20
11 3 2.82 .01 2.490 .15
12 1 2.02 .51 1.82 .37
13 1 1.43 .13 1.39 .11
14 1 1.82 .00 1.07 .00
15 2 .72 2.25 .83 1.64
16 2 .52 4.28 .65 2.80
17 1 .37 1.09 .51 .46
Totals 130 124.68 128.19
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TABLE 5.2. Three-Parameter Estimates

LOG-NOHRMAL DISTRLBUTION CALCULATILONG

Data file 19 FR.KWA
Number of perameters is 3

T2 45 3448 S8 S 30 0 40 3 20 30 30 30 3830 0 3k 2r 28 36 38 55 2 3 3k 2

THE MOMENT ESTIMATES FOH THE

LOG-NORMAL UIGIRIBUTION

Lambdal ¥} = -.180499L+B0 3
sigma( @) = L81037Y9E+0U0
Mul V) = .593504E+001

ROAR AR R R IR Rt CR LRI R ARLE ¢ R IR AR R L LRt LR rE LR R R R AR R IPUL N N PR

IHt UEHIVAFth hbllMATtb FUR
Lambdal 1) = -.2169<1E+Q02
aigmal 1) = 694260k +B0V
Mu( 1) = .530061E+001

SE ST E b A o GE 4T de v dbac 36 0E 20 5 25 28 38 5 4 a8 30 38

THE POWELL ESTIMATES FOR THE
Ltambda{ 2) = ~-.216921+802
Sigmal( 2} 694260 +000
Mul 2) .530061E+001

f

S n gn 3n 209G 8L 45 - R . s b dt g 2 2 s s
B R R R R b Rt R et R R R e g L ]

IHE LUGL~ NUHMAL Ulbl

B L R R T L R TR

LOG-NORMAL D11

R R L R T R SR U LR PR

[k S
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TABLE 5.3. Two-Parameter Estima‘es

LUG-NUOHMAL DISTRIBUTIIUON CALUULATIONS
bata file is FQ.KWA
Number ot parameters is 2

ERE L LR LR 3 8 2E 30 3 30 48 50 S0 45 30 4R 20 40 440 20 48 40 46 28 38 36 20 20 55 SE S b 30 3E 5F 3E SE R 2 S SR Ak 3 S et
THE MOMENT ESTIMATES FOR THE LOG-NURMAL DISTARIBUTION
Lambda( @) .PVOVBVE+QVO

Sigmal &) .677532e+000

Mu( 9) .521188E+8301

R L L L L L L L L T L | L e A P NI
n ZO N AR A N AR i A A N ity 2 s w e y

IHE UEHLVATIVE ESTIMATES FOR THE LOG-NURMAL UIbT
Lambdal( 1) = . 0000V YLE +V0OV
Sigmal 1} = .B19763E+800
Mu( 1) = .514332L+8@1

B R L e R L S S L A L B R R I D R T SR TR T AR L
W W AR IR R WU W W e v A I A WT I WO A SRR TR O

THE POWFLL ESTIMATES +OH THE LUG-NOHMAL DinT
Lambdal 2; = .DBVAYYE +0VD
Sigmai 2) = .819763+801Y

ul &J = .5143326+84 1

P L L L L L R e A R T o A T L L L L LU D A I T
O R A R A IR A A i A A N 2 R R R A AL SRR KA i i SR AP A Al S AR Sl R R Bl 4o WIoo W A
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TABLE 5.4. Expected Frequencies for Two-Parameter Estimates

LOG-NORMAL DISTRIBUTIUN CALCULATIONS
Data file is fg.kwa

Moment kstimate Max Likelihood kst
v f(abs) f(cal) X2 flcal) X2
1 8 2.02 17.66 8.04 .00
2 25 21.35 .62 25.39 .a1
3 21 26 .08 .99 23.51 27
4 15 21.82 2.13 18.87 .be
5 18 16.25 .19 13.30 1.66
6 S 11.64 .60 95.74 .06
? 8 8.25 .01 7.17 .10
8 6 5.85 .00 5.34 .08
Y 5 4.17 .16 4.03 .24
10 4 3.01 .33 3.@7 .28
11 3 2.19 .30 2.37 17
12 1 1.61 .23 1.85 .39
13 1 1.19 .03 1.45 .14
14 1 .89 .01 1.6 .02
15 2 .67 2.60 .93 1.24
16 2 .51 4.29 .75 2.0S
17 1 .40 .92 .61 .25
Totals 130 127 .91 126.77
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