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ABSTRACT
This final report summarizes the research results obtained by a two-faceted
basic theoretical investigation involving (1) fundamental analyses of three-
dimensional viscous-inviscid interaction effects within high speed turbulent
boundary layers and (2) study of the influence of streamwise vortex arrays
on the skin friction within attached or separated laminar layer flows. The

work described was carried out from September 1985 to May 31, 1988.




1. INTRODUCTION

The overall objective of this research was the basic theoretical investigation
of three-dimensional pressure, skin friction, and flow field disturbances
in both laminar and turbulent boundary layer flows including viscous-inviscid
interaction effects, separatibn and reattachment. A sound understanding
of these phenomena is required in modern aerodynamic design analyses of high-speed
flight vehicles. Indeed, the interest in and need for such research appears

to be even stronger now than when the current investigation was first begun.

Broadly speaking, the primary emphasis in our studies has been to seek
a basic physical understanding of the underiying fluid behavior by means
of analytically-oriented methods; in this way, the results can be used to
guide and interpret concurrent experimental and computationally oriented
investigations. Specifically, our inquiry has focused on two parallel paths
of investigations: (1) three-dimensional viscous-inviscid interaction phenomena
within turbulent boundary layers in supersonic flow due to impinging swept
shock and/or 3-D surface deflections; and (2) streamwise vortex-disturbance
mechanisms within boundary layers that are either separated or attached.
The project has proven very successful both in solving a number of the target
flow problems and in developing new ideas and tools; this report summarizes

these results.




2. SUMMARY OF ACCOMPLISHMENTS

2.1. Studies of Boundary Layer Vortex Effects

A major phase of the streamwise vortex investigation culminated in applying

1-5 of disturbance vortex-pair formation in

our previously-developed theory
separating boundary layer flows to the analysis of streamwise vortex structure
in the near wake of stalling wings operating at low Reynolds numbers (see
Fig. 1). A paper on this work was presented to the Royal Aeronautical Society
at its October 1986 meeting on Low Reynolds Number Aerodynamics in London

and has been published in the Proceedings of the Meeting.6

A second achievement was the completion of a detailed analytical study
of spanwise, periodic 3-D disturbances (representative of an array of counter-rotating
pairs of streamwise vortices) within an entire family of host pressure-gradient
laminar boundary layer flows, namely the self-similar incompressible Faulkner-Skan
flows along a wedge (Figure 2). In addition to correcting and explaining
several key features of Fannelop's earlier study of the flat plate limit
of this prob1em,7 our new results significantly extend the basic understanding
of how streamwise vortices alter the flow, skin friction, and incipient separation
behavior of nominally 2-D boundary layer flows. This work was documented
by the M.S. thesis of Mr. M. Konno and has been submitted for publication

(an abstract of this paper is included as Appendix A of this report).

The aforementioned work was subsequently extended to treat the situation
where the streamwise vortices are generated at the wall by small spanwise
rinples in its surface that grow linearly in amplitude in the downstram direction.
The results were presented in a paper at the Summer 1986 U.S. National Fluid

Mechanics Conference, a copy of which is attached as Appendix B.
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2.2 Theoretica! Investigation of Three-Dimensional Turbulent Interactions

This aspect of our research had three major goals:

e Apply modern asymptotic methods (high-Re) to elucidate the basic flow
field physics of 3-D interactions, especially near the surface;

e Extract the fundamental similtude laws governing swept interactions
within the framework of "Law of the Wall/Wake" concepts that characterize
the incoming turbulent boundary layer;

o Assess the validity of the "Independence Principle" approximation
for some representative compressible turbulent interactive flows.

In general support of these studies we first completed a basic theoretical
study of nonisotropic turbulence model effects on the Law of the Wall region
of nonseparating three-dimensional turbulent boundary layers (this work was
subsequently factored into our analyses of swept shock/turbulent boundary

8’9)-

layer interaction A paper on this work was prepared for the January

1987 AIAA Aerospace Sciences Meeting (Fig. 3).

Next, a major emphasis was placed in recent years on further refinement

8 for cylindrically-symmetric

of our original swept-shock interaction theory
flows (Fig. 4). Our approach is based on the 3-D extension of our previously
successful nonasymptotic triple-deck interaction theory (Fig. 5), combined

with the aforementioned nonisotropic 3-D viscosity model. A paper on the
application of this theory to the swept compression ramp problem was presented
in July 1985 to the AIAA 18th Fluid and Plasma Dynamics Conference9 and
subsequently in September 1985 to the I[UTAM Symposium on Turbulent Shear
Layer/Shock Wave Interactions held in Paris, being published in the proceedings
of the latter.0 Among the many new analytical results obtained were (a)

relationships governing the generation of significant secondary flow vorticity

by the lateral pressure gradient and boundary layer cross flow effects

-3-




(Fig. 6); (b) assessment of the validity of the independence principle and
the influence of deviations from it due to compressibility and cross-flow
turbulence effects as a function of sweep angle, yielding predictions in
good agreement with experiment (Fig. 7); (c) examination of the 3-D skin
friction line behavior and approach to separation (Fig. 8), including a satisfactory
prediction of the enhanced incipient separation due to shock sweep (Fig.

9); and (d) a new universal solution for the inner viscous/turbulent shear
disturbance deck that accounts exactly for the cross-flow to streamwise eddy
viscosity ratio effect over the entire range of sweep angles. The similtude
properties of these swept interactions as regards Mach Number and Reynolds
Number Effects were also investigated, reported on at a 1986 AIAA Meeting

and documented in AIAA Paper 86-0395 (Ref. 11).

Our investigation was next broadened to consider the case of conically-symmetric
shock interactions (Fig. 10). Since it is an important experimental question
and of basic theoretical significance as well, we particularly addressed
the problem of the so-called "inception distance" in such interactions (see
Figure 11). A fundamental analysis of the governing viscous-inviscid interaction
equations in an appropriate shock-oriented spherical coordinate system revealed
a number of important physical features concerning the radial and far-field
behavior of such interactions. Moreover, this analysis served to derive
an experimentally verified prediction of the inception-length dependence
on the upstream influence scale normal to the shock and the sweep angle.
A paper on this work was presented at the 1986 USAF/FRG D.E.A. meeting at
Dayton, Ohio and the 10th U.S. National Applied Mechanics Congress at the
University of Texas (both in June 1986) and subsequently published in early

1987 by the AIAA Journal.l?




The aforementioned study of the outboard radial-inception length proulem
for swept shocks has been accompanied by an analytical study focused on the
inboard, highly-nonconical (or noncylindrically-symmetric) interactive region
near the shock generator in order to gain a basic understanding of its interactive
physics and the resulting inception distance phenomena: as shown clearly
by our far field analysis, only detailed study of this region can reveal

the specific quantative dependence of ¢, on Mach Number, Reynolds Number,

incept
and shape of the incoming boundary layer profile. To fix ideas, this study
addressed the specific problem of the corner region formed by a thin fin

on a wall (Figure 12) for a supersonic, adiabatic laminar unseparated interaction.
The study was being carried out as the Ph.D. dissertation work of Mr. S. Ahmed
using a 3-D triple-deck and double Fourier-transform method of approach.

At the time of contractual termination, the entire spectrum of the solution

in the Fourier Plane had been completed and was undergoing inversion to obtain

the streamwise and lateral physics including the upstream influence characteristics

and skin friction lines.

Further understanding of the underlying physical trends governing swept
shock-boundary layer interactions was obtained by working out a direct comparison
of our turbulent triple deck theory with the M, = 2.85 small compression
corner interaction 2-D flow data of Sett]es.13 As shown in Figure 13, the
theory is in excellent agreement with experiment over a wide range of large
Reynolds Numbers. Also in evidence in this Figure is the fact that such
comparisons are sensitive to the shape of the incoming turbulent boundary
layer profile. Accordingly, we have also made a detailed study of this question
by recasting our entire theory in terms of Law of the Wall/Law of the Wake
Parameters and then examining the influence of the Quter Wake Function and

Inner Deck Turbulence Modeling, respectively, on the predicted interaction




properties. Typical results taken from the documenting AIAA Paper (attached
as Appendix C), are illustrated here in Figures 14 and 15 for the upstream
influence distance of 2-D interactions; these results clearly indicate that
the wake function in particular must be accurately known to affect meaningful
experimental/theoretical comparisons in high Reynolds Number flows. This
work has had a significant impact on the planning of future experimental

and CFD studies of shock/boundary layer interactions (see Appendix D).

The aforementioned Law of the Wall/Wake similtude version of our turbulent
triple deck theory was subsequently extended to 3-D swept interactions with
either cylindrical or conical symmetry. Typical results from this work,
which was documented in Ref. 14, are given in Figures 16 and 17 to illustrate
the influence of Mach number and shape factor, respectively, over the sweepback

effect on interactive upstream influence distance.

2.3 Complementary Activities

As an outgrowth of an earlier AFQSR-sponsored two-month visit in 1984
by Dr. Nandanan (a previous collaborator), in which we devised a new theoretical
approach for predicting interaction-zone siot suction effects on supercritical
airfoils, a joint paper was prepared on our work and subsequently presented
to the May 1986 AIAA/ASME Fluid Mechanics and Plasma Dynamics Meeting in
Atlanta (Figure 18). Dr. Nandanan was also invited to present the work at
the Summer of 1986 Asian Fluid Mechanics Meeting in Tokyo. This exploratory
research could prove a significant guide to future studies of the use of

localized suction control of 3-D interactions.

Another auxiliary investigation completed under the partial auspices
of this contract was an extension of the triple deck theory to treat moderately

hypersonic shock/laminar boundary layer interactions. The results, which




were presented to an AIAA meeting and documented in Paper 88-0603 (Figure 19),

will serve to guide subsequent studies of hypersonic turbulent 3-D interactions.

Finally, it is important to mention a significant and unique aspect
of this research throughout its execution: the AFOSR-encouraged cooperation
with selected other investigators working in paraliel on the problem, namely
Professors G. Settles, D. Dolling and S. Bogdonoff (experimental studies)
and Dr. C. M. Horstman and Prof. D. Knight (CFD studies). This further resul:ied
in a newly-formed AIAA Ad-hoc Hich Speed Flow Panel that meets twice a year
at the Summer and Winter AIAA Meetings, and also in two successive two-day
summer 3-D Shock/Turbulent Boundary Layer Interaction Workshops at Penn State

(1987) and Princeton University (1988).




3.SUMMARY AND CONCLUSION

The triple-deck approach embodied in this interaction study part of
this project has enabled the successful analysis of non-separating 3-D SBLI's
including the basic features of:
e Turbulence modeling in the middle deck (wake function effect);
e Turbule.ce modeling in the inner deck (Law of the Wall aspects, including
non-isotropy effects and the influence of the cross-flow turbulence);
o Streamwise vorticity generation and skin friction line geometry
predictior;
¢ Determination of the similtude laws for 2,780 & Cpi,s =

Fys(ns Reg, Mel and 7,) over a wide range of conditions.

In particular, our results have yielded fundamental understanding of sweep
effects, showing that: (a) upstream influence increases rapidly with sweepback,
a major contributor to this being the cross-flow interactive turbulence effect;
(b) significant deviations from independence principle-predictions can occur

for A > 300, due to a combiriation of compressibility effects on .ariable

fluid properties and the interactive cross-flow turbulence effect; (c) a
pronounced decrease in incipient separation pressure (i.e. "earlier" separation)

with sweep is predicted in good agreement with experiment.
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ABSTRACT

"THEORY OF STEADY SPANWISE-PERIODIC
DISTURBANCES IN FALKNER-SKAN BOUNDARY LAYERS"

G. R. Inger and M. Konno#*
Iowa State University
Ames, Iowa 50011
United States of America

This work describes a theoretical investigation of the effect of weak
spanwise-periodic cross flow disturbances in the freestream above a high
Reynolds number laminar boundary layer on a wedge-shaped body. Our emphasis
is on a careful treatment of the spanwise-gradient viscous effects in the
perturbation field for arbitrary values of the spanwise wavelength. In
addition to explaining and eliminating a heretofore-~puzzling singularity
encountered in previous studies of this flow problem, we also bring out

how the host flow pressure gradient influences the 3-D disturbance effect

on such properties as the skin friction and displacement thickness distributions.

*
Glenn Murphy Distinguished Professor and Graduate Research Assistant,
respectively, Dept. of Aerospace Engineering.




EXTENDED SUMMARY

"THEORY OF STEADY SPANWISE-PERIODIC

DISTURBANCES IN FALKNER-SKAN BOUNDARY LAYERS"

1. Introduction

Thorough understanding of 3-D disturbance effects on a laminar boundary-
layer is an important problem in fluid mechanics. In particular, it is
of interest in the aerodynamic design of both aircraft and turbomachinery
to formulate an analytical model of streamwise vorticity effects on the

properties of an underlying boundary layer.

Crow [l] investigated a weak periodic transverse flow effect on a
flat-plate boundary layer using a perturbation expansion of the full Navier-Stokes
equations for steady, incompressible, viscous flow. Fannelop (2] then
simplified the governing equations for this problem by a boundary-layer
type approximation (i.e., 3#/35"—‘0 andﬂouu/d'x’—: 0) and obtained an equivalent
result as Crow. In both works, the spanwise viscous derivatives and the
perturbation pressure were neglected, and the resulting predictions of
three-dimensional effects were shown to grow unbounded downstream, suggesting

a breakdown of their analysis.

The present work analyzes the effects of a weak steady periodic transverse
flow on the incompressible laminar Falkner-Skan boundary layer along a
wedge [Fig. 1]. We formulate the problem by also adopting a high Reynolds
number boundary layer approach and introducing a small perturbation expansion
in the simplified governing equations. However, in our approach we retain
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Sketch of the flow model and
coordinate system.
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and carefully treat the pressure perturbation and the viscous z-derivative
effects for arbitrary spanwise wave lengths, since the downstream disturbance
development strongly depends on these effects as shown later.

We first re-investigate the limiting case of flatplate flow to explain
and eliminate the solution singularity. Correct numerical solutions are
obtained using an iterative outward shooting method developed by Nachtsheim
and Swigert [3]. Qualitative behavior of the resulting key boundary layer
properties including the skin friction and three-dimensional displacement
boundary layer thickness are then presented. The work is then further
generalized to study the host flow pressure gradient effect on the disturbed
boundary layer properties. Well-behaved solutions are obtained, and the
disturbance velocities and shear stresses under both favorable or adverse
pressure gradient of different intensities are presented and discussed.

2. Formulation of the Analvsis

The following analysis considers a nominally two-dimensional incompressibie
laminar boundary layer flow over a wedge (i.e., Falkner-Skan flow) which
is subjected to a weak free stream disturbance. The disturbance is spanwise-~
periodic, extends indefinitely far downstream, and has a spanwise wavelengrch
that is constant but arbitrary. The governing equations are formulated
in the orthogonal coordinate svstem shown in Figure 1 with the origin at
the leading edge. We introduce the spanwise-sinusoidal disturbance as
a small perturbatiom on a basic 2-D host flow Uo’ VO as follows:

u(x,y,z) = uglx,y) + e up(x,y) cos(g—;—z-) + .. (.
= 2712 .
vix,y,2z) = volx,y) + e vi(x,y) cos(T) + ... (z
a . (272 (3
wix,y,z) = e wilx,y) s1n(T) + ...
2nz
pix,z) = pg(x) + e pj(x) cos( X ) + ... (-
where €<4<1. Substituting ecuation (3) into the 3-D governing Navier-Stz-. -
flow equations, neglectingz terms of second order and higher (i.e., assuming

a weak disturbance field), and implementing the aforementioned assumptions,
the first order perturbation es:arions for the Ul’ Vl’ and Wl are:

(o%)
(
Q»
<
—
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duy duy dug dug 1 9py y[aZul _(Zn U}
1

“0sx * Vosy * Wisx * Vidy * 5 ax - “layz T \X, (6)
u an . v awl _ 2 E]; -, azwl _(217 v (7)
05x 03y P 3y2 LY AP!
subject to the boundary conditioms

up = vy v =0 @ y =0 8)
u; = 0, w3 = Wg @? y » < (9)

Similarly, the perturbation shear must vanish at the boundary layer edge:

3 2 2

bul _ Wl 0 Ul B 0 Wl= 0 @ g ~ (10)

3y T Ty =ay2 Y'Y

Notice that the outer-boundary conditions (9) further imply that ()ul/Qx) =0
in the inviscid flow.

We next restrict our attention to the case where U, takes a power
law form Ug = c(x/L)™ and consequently the host flow is of self-similar
type (Falkner-Skan flow). Now this well-known,solution is a self-similar
one in terms of the stretched coordinate?= y/(m+1)l,1_e /X
with stream function and velocity components

Yo = VK e fu+) - Fon)

¢
ug = Ug(x) £q(n) (12
PR vUg % - ’ (1)
vg = - 20 (1em) =81 [fo(n) - 358 ae(n))
in which f,(n) is governed .~ :=» following ordinary differential equation

split boundary value proble=:

L e D (1-£4°) = 0
fo *+ Z%:fy - emll-fg™) = (14a.)




! /
fo(O) = fo(O) =0 fo(@) - 1 <P$£) (14)

As suggested by the foregoing plus some preliminary study, we postulate
the solution for disturbance velocity components in the following series
expansion form:

e . [~
Y1 o_ (i-1)(1-m) v i
" E TR el
at! ; i(l-m) [2m V™ L'-{’;.‘ ’( ' (1o
Ge " 351 " [/\We? ¢

-

Where ;EEZFX/A is a rescaled non-dimensional streamwise distance. Then
substituting equation (15) in (7) and setting the net coefficient of each
power of § eq4al to zero, we obtain the fdllowing ordinary

differential equations for the cross flow functions Gl’ GZ"' etc:

st 1 X
Gl + ZfOGl = 0 .
1 " ’ 1-m !
Gy -+ %foGz + I%ﬁ (1-Gy) = (Izﬁ)f0G2
17:
Iy 1! ' - !
1 l-m
Gy + £0G3 - IT™m Gy = 2(IIﬁ)f0G3 A
v (1
s ete.
subject to the boundary conditions
G;(0) = G{(0) = ¢ (i=1,2,3,...) (13
' / ) '
Gl(a) -1 ; Gj(m) - 0 (j=2,3,4,...) (3%

Likewise from (6) and (16) the s:creamwise functiouns F., F

1 27 etc. are governed b




s8¢ ] 4 /!
Fl + ?[foF + (I--—)foFl] + (I—) foGl = foFl (193)
P! (5 3m 1 2
Fp - 3legrpe (223DegF,] + (rim) £0Go- IEF1= T2RfoF2 (19b)
dr 1 ! l 3-m 7
F3 + 7[ 0r3+ (I——— Or3] + (T_—) fOG3 I—_ 2= +meF3 (19¢)

etc.

with the boundary conditions
' / .
F;(0) = Fi(0) =0 : Fi(m) - 0 (i=1,2,3,...) (-

These disturbance equations together with the host flow (14) have been
simultaneously integrated numerically by the Runge-Kutta method [3]. Figures
2 and 3 show the Cyplcal results for the streamwise and cross-flow disturbance

velocity functions F!(% ) and G (ﬁ) respectively, with different values

i
of m. Additional overall propertles of these solutions are summarized

in Figure 4.

3. Discussion of Results

We observe from these results that the disturbance velocity functions
and the corresponding wall shears are strongly amplified by an increasingly
adverse pressure gradient. Furthermore, we expect that the first few terms
of the series suffi- to give numerical solutions with desired accuracy
because with the in. :asing order (i) of the functions Fj, Gj, F;j, aad
Gj, their signs are alternating while the magnitudes of their peak amplitudes
are decreasing for all values of m. Thus we see that an increasingly favorable
pressure gradient decreases the sensitivity of the boundary layer properties
to the 3-D disturbances whereas an adverse pressure gradient dramatically
amplifies the disturbances. Moreover, from Figure 4 and the attendant

skin friction relations (derived from the above analysis)

"

T Y © L
Cfx=2Ue[(1*m)R§;] {£9(0) + ['Zl pi-1,101 m)F (0)] Cos(z“z)} (21)
1=
U C i i-1)(1-m) 27z
Ce-= e %[ g 1 (i1 G;(0)] sin(25Z)
;-2ewe[(l+m)§€;] [i=l B § (22)
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we see”thac an increasingly adverse press§re gradient decreases the basic

term £0(0) of Cfx and, at the same time, increases its disturbance component
F1(0) and so may“cause C¢ —0 at spanwise stations z =)\[(2n-1)/2]) n=1,2,3,..

At these values ol ., Cg "also vanishes. Therefore, we expect a spanwise-periodi
pattern of incipient sepgration as we intensify the adverse pressure gradient.

In the full paper, the corresponding 3-D displacement thickness distribution

will also be examined in detail.

Further study of our solution reveals that Fannelop's singularity
in which the 3-D effect on u grows downstream without bound is, in fact,
due to his neglect of the perturbation pressure and viscous z-derivative
effects, whereas the complete solution including these terms takesa form
of infinite series with Fannelop's solution as only the leading term.
Thus, the perturbation pressure and the viscous z-derivatives correct and
bound the leading term approximation which is otherwise singular. Furthermore,
it is seen that these terms become more important for problems with smaller

wavelength disturbances.
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"A THEORY OF SPANWISE-PERIODIC VORTEX
ARRAYS GENERATED IN THE BOUNDARY
LAYER ALONG A RIPPLED PLATE"

G.R. Inger* and M. Konno*

Iowa State University
Ames, [owa

ABSTRACT

The generation of streamwise vorticity within the
laminar boundary layer along a spanwise-rippled plate
is theoretically investigated for the case where the rip-
ple amplitude is small and grows linearly in the stream-
wise direction. Analytical solutions are obtained for the
vortex-induced disturbance flow for arbitrary values of
the spanwise wavelength to boundary layer thickness
ratio. These are then used to examine the associated
behavior of the 3-D skin friction and displacement thigk-
ness distributions.

NOMENCLATURE

a(z) = peak amplitude of ripples
Cy,, Cy, = component net skin friction coefficients

L = streamwise similarity variables
9 = cross-flow similarity variables
L = characteristic length

= static pressure
R.,, R,, = Reynolds aumbers based on z and A
u,v,v = boundary layer velocity components
U,V,W = outer inviscid flow velocity components
z,y,2 = streamwise, normal and cross-flow coordinates
&5, §; = component displacement thicknessess
80 = 3-D displacement thickness
e = small expansion parameter
€e: ¢y (s = net vorticity components
= similarity coordinate
= wavelength of ripples
= coeflicient of viscosity
= kinetic viscosity coefficient
= nondimensional streamwise coordinate
= density
= ghear stress
= harmonic potential
= amplitude of ¢
= gtream function
subscripts
e = poroperties at the boundary layer edge
w = properties at the wall
oo = f{reestream quantities
0
1

4 9OtV MTE >3

= undisturbed flow properties
= perturbed flow properties
nv = wary wall inviscid disturbance solution

*Glen Murphy Distinguished Prolessor, Dept. of
.serospace Engineering. Associate Fellow AIAA.
" *Graduate Student, Dept. of Aerospace Eagineering.

"Copyright ©1988 by the American Institute of Aero-

1. INTRODUCTION

The significant effect of streamwise-vortex arrays on
a host boundary layer is well known. In particular, the
resulting enhanced mixing rate of the combined flow
(“vortex-generator” effect) is of great practical inter-
est in conjunction with both external aerodynamic flow
fields and those within turbomachinery devices.

Recently, Werle and his co-workers ! have drawn at-
tention to the favorable effects occurring from the use
of a spanwise-periodic surface pattern on an airfoil to
generate such vortex arrays and have reported on ex-
perimental observations of the resulting enhanced mix-
ing and separation effects in the wake downstream of
the airfoil. In the present paper, we give a theoret-
ical analysis of such an array for the simplified case
of attached incompressible laminar boundary layer flow
along a slightly spanwise rippled flat plate (see Fig.
1). Our main focus is to illuminate the physics of the
streamwise vortex generation and its three-dimensional
influence on the flow within the highly viscous region
near the surface.

2. FORMULATION OF THE ANALYSIS
Our theoretical treatment rests on the following as-
sumptions:
¢ Small-amplitude surface ripples that grow linearly
with streamwise distance: y, = easin "—') with
¢ = z and ¢ a given non-dimensional small param-
eter.

o Arbitrary given spanwise wavelength A
o High Reynolds number laminar flow
¢ Steady incompressible flow

¢ Resulting disturbance vortices extend infinitely far
downstream.

The analytical approach is a perturbation method,
analogous to that used by the Junior suthor in a similar
study of freestream vortex-array effects ?, wherein the
flow properties are expressed as small spanwise-periodic
disturbances upon the basic Blasius boundary-layer:

Koo =pm +epi(a)iin (B2) 4 ()
wey,1) = walzy) +an(zy)ain (52) + o )
v(2,y,3) = vo(z,y) + ev\(2,y) sin (23) (3)

nautics and Astronautics, Inc. All rights Reserved.”




- wis,y,3) = ew(2,y)cos (2:‘) - ... (stdewash) (4)

where uqy and vy belong to the Blasius flow. Subatitu-
tion into the basic governing Navier-Stokes equations
uader the high Reynolds aumber conditions of negligi-
ble 8p/8y and i (8 / 8 2?) effects within the boundary
layer, retaining only the leading order ¢ approximation
for the wavyness-induced disturbances, and then sub-
tracting out the basic undisturbed fiow relations yield
appropriate sets of differential equations governing the
disturbance distribution functions p,, ¥y, v, and w, (see
2.2 below). These are to be solved subject to the outer
boundary conditions that » and w at the boundary layer
edge approach values given by their near-wall inviscdd
solution counterparts to the same rippled wall problem,
while along the impermeable surface they are subject to
the no slip condition, giving to order ¢ that

31(2,0) =0 (5)
u(2,0) > -z%(z,o) (8)
wi(z,0) =0 &9

2.1 Inviscid Disturbance Solution

Irrotational inviscid (potential) flow past the rippled-
type of plate shown in Fig. 1 exhibits in itself a non-
trivial disturbance solution. This is necessasily gov-
erned, in general, by a harmonic disturbance potential
$(z,y,3) such that » — Uy = 84,/83 and w = §4,/0z
vanish in the uniform mainstream Uy far from the plate
while on the surface satisfying the inviscid imperme-
ability condition that Vi(2,0) = -U,. In view of Eqs.
(1)-(4), ¢4 is further postulated to have the spanwise-
periodic form & = Uo¥(z,y)sin ('{4) whereupon & is
governed by the Helmbolts equation

8’1» 8’9 (2#) )

subject to the conditions that # vanish for large (22 +?)
while g. (2,0) =1.

Now some preliminary study reveals that a solu-
tion of Eq. (8), having the desired property that «,
(and hence 89/82) vanish for an assumed infinite down-
stream length of ripples, is given by the separation of

variables form *

o= (-;—:) (9)

From this, we then obtain the inviscid sidewnsh distur-
bance velocity at the wall of the present problem (which
is the outer boundary value for the underlying boundary
layer behavior) as

¥This winticn excludes o small sireamwise leading edge regioa
3 < (A/2%) that is aleo excluded by our asglect of viscous x-
derivative terms compacred to those of s-derivative in the underlying
boundary layer regioa.

Vinlzy =0) = P00 = Vs (10)

2.2 Viscous Boundary Layer Disturbance Field

The perturbation functions u,, vy and w, of Egs. (1)-
(4) within the boundary layer are governed by the fol-
lowing set of equations:

o (ume o

& | Bu Suo . Bus  10m

"06:*“”0&”*'“18 -Vloy";g

= v az—u-‘-—('ﬂ:)’ul] (12)

8w bw, 2rx & 2r\?
Ug—t +vo-87‘ + T\-% =v [_w; - (Tar) leJ (13) .
These equations are to be solved subject to the wall
boundary conditions given by Eqs. (5)-(7) with a non-
zero 38(2,0) = 7u,/kw, plus the outer inviscid How
matching conditions that

ui(z,y — ) =0 (14)

w‘(z,y — M) = “’1_'(3,0) = —L"o (15)

corresponding to the vanishing disturbaace (as well as
basic) flow shear stress conditions

%(Q,y —_— m) = %(z'y bd oo) =0 (16)

The attendant pressure perturbation is determined by
observing, from conditions (14)-(16) plus Eq. (13), that
the disturbance pressure is directly associated with the
cross flow viscous shear term ~ u(8w/8z?) and equal
to the z independent constant non-dimensional value

P L -1

(pU.},) pUo A = =k (7
This value is seen to be very small for high Reynolds
number flows except with small scale surface ripple wave-
lengths. In any case, it does not contribute to the z -
momentum Eq. (12) because 8p/8z = 0.

Since the basic host flow is a self-similar one (the
Blasius solution), it proves convenient to reformulate
the foregoing disturbance flow problem in terms of the
appropriate similarity coordinate 5 = y(Us, /vz)''2. The
basic flow stream function vo (such that we = Gwe/8y,
v = —O¥o/8z) can then be expressed in the form ¥, =
(vUo,2)"/2 fo(n) where f, is governed by Blasius's well-
known ordinary differential equation,

5H +§fof: =0 (18)

where ()’ = d()/dn and fo satisfies the split boundary
conditions fo(0) = f4(0) = 0, fo(co) — 1 with f; — 0.




" Now, some preliminary study reveals that the corre-
sponding perturbation velocities in the present problem
must behave for small = as ¥, ~ z}/?F(n), w, ~ G(n)
where F and G are functions of n only; accordingly, to
cover the entire range of 3 we postulate solutions in the
form of the following series:

L L [c"'f:(n) SSenml a9

=3
oy = ~Uo, 36751 (20)
[*11

where £ = z'L is a rescaled streamwise distance in
terms of a conveniently-chosen characteristic length L
specified below, and fi(7) and gi(n) are governed by
suitable ordinary differential equations. Further, we in-
troduce a 3-D disturbance stream function ¥, such that

“ws= % (21)
"= -%-i—‘ - 2_:_/:,,‘(;,}’)JY (22)

(thereby satisfying Eq. (11)) and postulate for it the
form

¥ = (WUe.2)"? Ry €"’!x(ﬂ)+f_:€"‘fa(n)] (23)

Then substituting expressions (19)-(23) into Equations
(12) and (13) after transformation from (2,y) to (£,1),
equating to sero the net coefficients of each power of £,
and choosing L = (A/2x)*V,, /v in order to obtain an
universal form of the equations, we ultimately arrive at
the following set of Equations governing the g; and f;,
respectively:

o+ 3y =0 (26)

o5+ 3he - figy =g, -1 (28)
9 + ;'fo!; -2n=9 (26)
o+ Ghe G-V =g ()

and

F+hf+30h-30f=0  (8)
5+ 30l =3 = L+ fim =0 ()
5+l 438 -2fi= fi-fim (%)

17+ 5 00 +@i- 01 - G- 0Af,
- f-"-: - fo 91 (31)

The corresponding boundary conditions derive from Eqs.
(5)-(7) and (14)-(15) and yield:

9:(0) = 9;(0) =0 (32)
91(0) =1, g, (a0) - 0 (33)
and , .
£(0) = -£(0) (34)
£40) = £, (0) =0 (35)
fi() =0 (36)

wherei =1,2,3,....

The foregoing equations constitute a system of cou-
pled linear ordinary differential equations with split bound-
ary conditions that can be readily solved numerically
by a standard shooting technique combined with the
Runge-Kutta integration method®. Before proceeding
to a preseatation and discussion of the results, an im-
portant general feature of Eqs. (24)-(27) governing the

cross flow should be noted: the non-homogeneous terms
on the right hand sides derive entirely from the viscous
(0, w/02%) effect and its associated small pressure
disturbance (Eq. 17), and would otherwise be szero if
these effects were negiected a priori. Since the boundary
conditions on ¢; for i > 2 are completely homogeneous,
this in turn means that all the g;(n) would necessarily
be identically zero as well. Thus, all the terms in se-
ties (20) that involve a non-sero power of § physically
represent the entire cumulative downstream influence
of this small viscous cross flow effect. Likewise, all the
streamwise disturbance functions fi(n) for i > 3 ‘i.e, the
right hand sides of Eqgs. (30) and beyond] derive solely
from including the effects of the u(8%u/83%) term and
would otherwise be sero if this effect were neglected.
In this later case, only the first two terms of the series
(19) would remain; these express the leading approx-
imation to the dual physical effects of (a) the stream-
wise velocity disturbance due to the surface ripple effect
via the no-slip coadition at the wall [this being ~ ¢'/2
and hence the most dominaat effect], followed by (b)
the disturbance within the boundary layer caused by
the overlying inviscid cross-flow perturbation induced
by the ripples, growing like { and hence taking effect
further downstream.

3. RESULTS AND DISCUSSION

3.1 Disturbance Velocities and Skin Friction

Numerical results for the first four (¢ = 1,2,3 and
4) disturbance velocity functions g;(n) and f;(n) across
the boundary layer are presented in Figures 2 and 3, re-
spectively; the corresponding shear stress distributions
8. (n) sad £(n) sre illustrated in Figs. 4 and 5. Be-
yond i = 2, it is seen that the maximum value of these
perturbations decreases in magnitude and alternates in
sign with increasing s, implying that the higher order
terms in § contribute to the series solutions (19) and
(20) in only s small and cancelling way at larger down-
stream distances. It should be noted that it becomes




increasingly difficult to compute the decreasing values
of the functions at larger i becauss even & small round
off erroc grows relatively large with respect to the very
small target value.

The special values /'(0) and ¢(0), related to the
streamwise and cross-shear disturbances on the surface,
are tabulated in Table [ up to s = 4. From these, the
physical skin friction components can be reconstructed
from the present similarity series solution, ss follows.
For the streamwise skin friction coefficient, we have
C. = 2u(0u/8y)u/(pUl ) which via the similarity trans-
formation and Eq. (19) leads to the final expression

CLR =2£(0) - S22 [67£(0)
+ Ses ) ’% (37)
-

where f;(0) = .3321 pertains to the undisturbed flat
plate boundary layer. The corresponding spanwise skin
friction component Cj, & 2u(w/8y)u/(pU}) likewise
comes out to be

CrL R = —¢ [gc (o)]

Several interesting conclusions emerge from an inspec-
tion of Eqs. (37) and (38). First, since f;(0) is sero
while g;(0) is not (Table [), it is seen that the leading-
term approximation for the rippled wall effect at small
¢ does got coatribute to the streamwise shear stress Cy,
but only to the croes fiow component; the next term
(i = 2) associated with the inviscid croes flow distur-
bance produced by the ripples, however, does influence
C,- Second, we can infer from Eq. (37) that the ripples
will hasten the onset of strsamwise separation Cy, — 0
at those spanwise stations whers the perturbation con-
tribution on the right hand side has a maximum nega-
tive value. Sincs f;(0), 97(0) aad g;(0) are all positive
(Table I), this will occur in the leading approximation
at stations where (2xz/1) = 3%/2,7x/2,.. ; by Eq. (38)
sad Fig. 6, these correspond to spanwise locations that
are troughs in the ripples znd where also the croes flow
shear exactly vanishes.

21?: (38)

3.2 Streamwise Vorticity Generation

Oae of the importaat festures of the present theory
is the prediction from first principles of how streamwise
vorticity (, is generated by the spanwise ripple effect
acting deep within the viscous boundary layer. This
can be detarmined from the foregoing analysis by devel.
oping the basic relationship for {, in terms of the above
similarity-series solutions.

Now it can be shown from an examination of the gen-
eral Navier-Stokes equations that, consistent with the
bigh Reynolds sumber boundary layer model equations
adopted in the present study (specifically, Eqs. 11-13),
we should also employ the following boundary layer-
approximations to the corresponding vorticity compo-
nents: {, =~ Ou/8y, {, = -0u/8s and {, = -8uw/dy.

Focusing on the later streamwise component as the one
of primary interest here, we thus get from Eqs. (4) and
(20) that

CRM = T cos (32) z:e'"g.'(n)] . (39)

In view of the properties of the functions g;(n) shown in
Fig. 4, Eq. (39) predicts as expected that the streamwise
vorticity generated by the surface ripples is a maximum
at the wall. Consistent with our original assumption
that the inviscid velocity disturbance field caused by the
ripples is irrotational, this equation also correctly yields
vanishing vorticity outside the boundary laver since all
the ¢;(0) — 0 as 7 — co. Finally, we note that since the
¢ (0) are positive for i < 2, the present theory predicts
in the leading approximation that the largest stream-
wise vorticity generation occurs at the lateral stations
of maximum spanwise slope and cross-flow shear stress
(Fig. 6) as one would expect on physical grounds.

3.3 Displacement Thickness Distribution

The three dimensional perturbation field due to the
spanwise ripples also alters the displacement thickness
distribution along the plate and hence the effective body
seen by the inviscid flow. Since this property may be of
interest in subsequent studies of high speed boundary
layers, we conclude by examining it in the present prob-
lem to obtain some insight as to the interactive "vortex-
generator effect” on the inviscid flow.

Now the general 3-D displacement thickness distri-
bution §3p(z, z) is defined by the first order partial dif-
ferential equation*

o ulfip = )] + g Wulbip - 6] =0 (40)

where § and § are the streamwise and cross-flow dis-
placement thicknesses defined by

B[ G-) =L (-g)e @

and

i [ (@)=L G-7)e @

Upon substituting the expressions for w,s and y. from
the above analysis, expanding the lower limits of Eqs.
(41)-(42) in & Taylor series about y = 0, retaining oaly
the order ¢ 3-D effects, and expressing results in terms
of our similarity variable formulation, we obtain the fol-

lowing expressions:
(83/2) R = g - exin (Z2)
{R fim 61 + e atm)] + R 09

(6:/2) B = @, + lim {ic‘-w)}
=2

+eRYsin (2:‘) ()
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where the various numerical values of the constants ag =
imy ~ w7 = fo(n)], a1 =limg ~ [ 7 = g1(1)l, 9i(00)
and f,(20) are given in Table L.

Now consistent with the perturbation approach of
the present analysis, the solution of Eq. (40) takes the
form §3p = §3(2) -€bi(2) sin(2z . A); aiter some elemen-
tary calculus, the following results are obtaiced from
Eqs. (43) and (44):

(65/2) R}* = aq (45)

(61/2) R = —RY* = R, {7 lim fi(n)

o
+ im 5 [eatn/ti - preiinl] | (o0
1=3
It is interesting to note that the g; term, although con-
tributing to §;, does got ultimately appear in the &
expression; this is because the lim,_ (7 - gi(1))] is can-
celed in Eq. (10) by the limp—e(n = fo(n)] term in &
(see Table I). It can be seen from Eq. (46) that the per-
turbation of the viscous displacement effect due to the
surface ripples (in the leading approximation) is 180°
out of phase with the wall ripples and so causes a local
increase in §° in the surface valleys, while a correspond-
ing thinning of the boundary layer occurs in the same
ripple pattern location as does the minimum streamwise

skin friction.

4. CONCLUDING REMARKS

The present study has shown that it is possible to
construct a basic analysis of how small amplitude spanwise-
periodic ripples on a surface generate streamwise vor-
ticity in an overlyving laminar boundary layer flow. The
results should prove usefull as an intreptive guide, and
perhaps also as an upstream starting solutions, in the
numerical treatment of the more general nonlinear prob-
lem associated with larger amplitude disturbances.

The compressible-flow counterpart of the present prob-
lem. including especially the 3-D heat transfer distur-
bances associated with these streamwise vortices, would
be of considerable practical interest as a follow-on inves-
tigation.
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TABLE I: Numerical Results of Key Properties

li.(o) 9:(0) limy— fl(") lim, . .9!'('7)
0.0000 0.3321 -0.9954 ———
0.1661 0.8756 0.8492 1.090

3 0.6028 -0.3327 1.558 -0.5782

4 -0.2343 0.1374 -0.8598 0.08261

N v=] e,
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“THE ROLE OF LAW OF THE WALL/WAKE MODELING IN
VALIDATING SHOCK-BOUNDARY LAYER INTERACTION PREDICTIONS®
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ABSTRACT

The treatment of turbulence effects om super-
sonic shock/turbulent boundary layer interaction
is addrcssed vithin the context of & triple
deck approach valid for crbt:rarI practical
Reynolds numbers 103 < Rs, § 1010, The modeling
of the eddy viscosity and basic turbuleat boundary
profils effects in sach deck is examined in detail
using Lav of the Wall/Law of the Wake concapts as
the foundation. Rasults of parametric studias are
then given, shoving how sach of these turbulence
model aspects influences the important interaction
zone property of upstream influence.

Nomenclaturs

[} speed of sound

A Van Driest wvall turbulence damping
parsmatsr

Cr skin friction cosfficient (21;4% u?

o %

H,Hi shape factor &*/9*, incompressible
shape factor

H(T) interactive turbulence effect on
inner deck thickness

Lu upstream influence distance

M Mach number

psp' static pressurs, static pressure
perturbation (p - Pe )

ar preasucres jump across u:dtlturbcd
incident shock

Io‘.la‘ Raynolds numbers based on length
and boundary layer thicknsss,

8(T) intersctive turbulent effect on
skin frictiom perturbation

T absoluts temperature

T basic interactive wall-turbulemnce
parsmeter

u',v' streamvise and vartical interactive
disturbence velocity componsnts

U° undisturbed incoming boundary layer
profile

X,y streamvise and vertical coordinates,
respecively

Tuett effective vall shift (displacement

height of inmer deck) ssen by
{fateractive inviecid flow

Y - spacific heat ratio

] boundary layer thickness

s+ boundary layer displacement thickness
[ sL inner deck sublayer thickness

*Glenn Murphy Distinguished Professor, Department
of Aerospace Ingineering. Associats Pellow, AIAA.

"Copyright @ 1988 by the American Institute of
Asronsutics and Astronautics, All Rights Rasetved.”

TN ordinary and kinematic coefficients
of viscosity, respectively

Ve turbulent kinematic eddy viscosity

& viscosity-tempegpature dependence
sxponsat (uv T%

[} density

9w boundary layer momentum thickness

Ty shear stress

Ty interactive perturbation of shear stress

Subscripte

AD adiabatic wall conditions

1 undisturbed inviscid values ahead of
incident shock

[ conditions at the boundary layer edge

inv inviscid disturbsnce solution value

(-] value pertaining to the undisturbed
incoming boundary layer profile

- conditions st the surface (“vall")

1. INTRODUCTION

Shock/Boundary Layer Interaction is s signifi-
cant feature of the flowv fields around control

surfaces and vithin sir-breathing engine inlets
‘'on supersonic/hypersonic asrodynamic vehicles.
‘Bxperimental validation of CFD ~ddes designed

to accurately predict the essential proparties

of such interactions is therefore of practical
importance. In particular, it is very dasirable

to know the seunsitivity of these properties

to the basic parameters that govern the turbulent
structure of the incoming turbulent boundary

layer (upon which the subsequent interaction
depends). While the influence of various turbulence
models on different types of aerodynamic flow

field calculations has been extensively studied,

.aspecially under ssparated flov conditions (ses,

e.g., Raf. 1), there remains the need for a
systematic study of the shock/boundary layer
{nteraction problem per se vithin the context

of the Lav of the Wall/Wake concept that is

wvidely employed by experimsntalists to characterize
the turbulent boundary layer. The present paper
addresses this question for the case of two-
dimensional supersonic non-separating shock

or compression corner-generated interactions

on adiabatic walls.

Since it has been clearly shown by the
late R.T. Davis and others that all successful
CFD treatments of such interactions must recognize
the inherent triple-deck structure of the inter-
action zone (Pig. 1), our approach is formulated
in terms of this structure using eddy viscosity
concepts. Becsuse it has proven applicable
to & very vide range of Raynolds aumbers and
adaptable to practical flov field calcuation
schemes, wvs employ for this purpose the non-
assymptotic versfon of this triple-deck theory
due to Inger.2 The modeling of the eddy viscosity
and mean velocity profile eaffects in each deck
is then examined using the Lawv of the Wall/Wake
framsvork as the foundation.




2. RATIOMALE OF THE TRIPLE DECK APPROACH

Since it is the foundational framewvork used to
address the varicus turbulence-wodeling issuss,
a brief outline of the triple~deck sapproach and the
advantages of itas non-asyeptotic version will firse
be given. We cousider small disturbances of an
arbitrary incoming turbulent boundary layer due to
s wesk external shock and examine the detailed per-
turbation field within the layer. At high Reynolds
numbers it has been establiashed thet the local
interaction disturbance field in the neighborhood

of the impinging shock organizes itself into

three basic layerad-regions or "decks" (Figure 1),
1) an outer region of potential inviscid flow
above the boundary layer, which containc the
incident shock and interactive vave systems:

2) aa intermediate deck of rocational-inviscid
disturbance flow occupying the outer 90T or

more of the incoming boundary layer thickness,

3) sn inner sublayer adjacent to the wall contain-
ing both turbulent and laminar shesr stress
disturbances, which accounts for the interactive
skin friction perturbations and hence any possibla
incipient separation plus most of the upstream
{influence of the interaction. The "forcing
fvaction” of the problem hare is thus {mpressed

by the outar deck upon the boundary layer;

the middle deck couples this to the response

of the inner dack but in so doing can itself
modify the disturbance field to some extent,

wvhile the alov viscous flov in ths thin inner

deck reacts very strongly to the pressure gradient
disturbances imposed by these overlying decks.
This general triple deck structure is supported

by 1.§l. body of experimsntal and theoretical
studies

Concerning the importance of the inner shear
disturbance deck sand the accuracy of delibarately
using & non-ssymptotic trestmeant of the details
within the boundary laysr, we note that while
asymptotic (Reg + =) theory predicts an
exponentially-small thickness and displacement
effact contribution of the inner deck, thias
is not apparently true at ordinary Reynolds
nuabers, where many snalytic and experimental
studies have firaly established that this deck,
although indeed very thin, still coatridutes
significantly to the overlying interaction
and its displaceaent thickness groveh.2  Thus
we take the point of view hers that the inner
deck is in fact significant at Reynolds numbers
of practical interest. Moreover, it coatsine
all of the skin friction and incipient separation
affects in the intersction, vhich slone are
sufficient reasons to examine (! in detail.

It {e further pointed out that spplication

of asymptotic theory results (no matter how
rigorous in this limit) to ordinary Reynolds
numbers {s {tself an approximation which may

be no more sccurste (indeed parhaps less so)
than a physically well-constructed non-asymptotie
theory. Direct extrapolated-ssymptotic versus
non-asymptotic theory comparisons definitely
show this to be the case for laminar flows
(espacially as ragarde the skin friction aspect)
and the situation can be even worse in turbulent
flow. TYor example, the asymptotic first order
cheory formally excludes both the stresmwise
interactive pressure gradient effect oum the
shear disturbance deck and both the normsl

preassurs gradient and so-called "stresmline diver-
gence" affacts on the middle deck; hovever,
physical considerations plus experimental obser-
vations snd recent comparative numerical studies
suggest that these effects are in fact signifi-~
csut st practical Reynolds numbers and should
not be neglectad. Of course, second order
asyamptotic corrections can be devised to redress
this difficulty but, as Neyfeh and Regab J

have shown, run the risk of breaking down even
wvorse vhen extrapolated to ordinary Reynolds
aumbers. In the present work, we avoid these
problems by using & deliberately nonasymptotic
triple-deck model appropriats to realistic
Reynolds numbers that includes the inner deck
pressure gradient terms plus the middle deck
dp/dy. and streamline divergance effects,

along with some simplifying approximation that
rander the resulting theory tractible from

an engineering standpoint.

3. TURBULENCE MODELING ACROSS THE INTERACTION

3.1) The Outer Deck Flow

Excluding any freestream turbulence, there
1s no explicit modeling nseded in this upper
region of potential inviscid motion; the influence
of the turbulent nature of the flow is felt
only indirectly through the displacement effect
from the underlying decks. The lacter is introduced
by the physical coupling conditiocns that both
v!/Uy_ and p' be continuous with their middle
deck Counterparts along y = §,.

3.2) Turbulence Effects {n the Middle Deck

AR AL R A LA A B e

Our analysis of this layer rests on the
key simplifying assumption that for non-separating
interactions the turbulent Reynolds shear stress
changes are small and have a negligible back
affect on the mean flow properties along the
{nceraction zone; hence thic stress can be
taken to be "“frozen" along each streamline
at its appropriate value in the und{sturbed
incoming boundary lsyer. This approximation,
likevise adopted by a number of earlier investiga-
tors vith good results, is supported not only
by ssymptotic analysis but especially by the
results of Rose's detailad experimental studies ¢
of a non-separating shock turbulent boundary
layer interaction vhich showed that, over the
shortranged interaction length straddling the
shock, the pressurs gradient and inertial forces
outside a thin layer pear the vall are at least
an order of magnitude larger than the corresponding
changes in Raynolds stress. Furthermors, there
is a substantial body of related experimesntal
results on turbulent boundary layer response
to various kinds of sudden perturbations and
rapid pressure gradients which also strongly
support this viewl. These studies unanimously
confirm that, at least for non-separating flows,
significant local Raynolds shear stress disturbances
are essentially confined to a thin sublayer
vithin the Law of the Wall region (see below)
where the turbulence rapidly adjusts to the
local pressure gradient, while outside this
region vhere the Law of the Wake prevails the
turbulent stresses respond very slovly and
remain nearly frozen st their initial values




far out of the local equilibrium with the vall stress.

Confining attention, then, to the short
range local shock interaction zone vhere the afore-~
mentioned “frozen turbulence” approximation
is applicable, the disturbance field caused
by & weak shock i{s ome of small rotational
inviscid perturbstion of the incoming nen-uniform
turbulent boundary layer profile My(y) governed
by thae equations

2 '
].-H° (y;I P /90)

Lgv'(xi)]. . (1)
3y uo(y) Y Hozty)J ax

we e Y v

x Py ly) U (y)  dy Yq (2)
2 an 2um?| 2,
a%er 2 Moape |, 2 1% |ale
3Y2 M, dy dy -] uo 'xz .

88 a result of the combined particls-isentropic
continuity, x-momentum and energy conservation
statements. It is noted that, consistent with

the sssumed short range character of the inter-
action, the streamviss variation of the undisturbed
turbulent boundary layer properties that would
occur over this range are neglsected, taking

Uoly): poly) and Mg(y) to be srbitrary functions
of y only with 85, §,* and T, as constants.

Note that Eq. (3) is a ;onttu?lxa:ton of Light-
hill's well-known pregsure perturbation equation
for non-uniform flows® vhich includes a non-linsar
correction term for possible transonic effects
wvithin the boundary layer including “he diffracted
impinging shock above the sonic level of the
incoming boundary layer profile. Eqs. (1)=(3)
apply to a vide range of incoming boundary

layer profiles and provide an account of lateral
pressure gradients across the interactive boundary
layer.

The incoming undisturbed turbulent boundary
layer is assumed to be two-dimensionsl in the
x-direction and to possess the classical Law
of the Wall/Lav of the Wake structure. It
is modeled by Walz's ® composite analycical
expression for the resulting velocity profile
combined with an adisbatic wall reference tempera-
ture method correction for compressibilitcy ,
slloving arbitrary non-equilibrium values of
its shape factor H{. Thus {f we lat v be Coles'
(incompressible) Wake Puaction, n 3 y/4, and
denoce for convenience R ¥ .41 Regy*/[() +9)
(Ty/T¢)1*%) with w = .76 and Y = 1.4 for a
perfect gas, then the compreseible form of
Walz's composite profile may be written:

u £ [T
_—°-. —1— .—° —v R 2 2
g, "t ATV (1.)[7,1) ni(1-n) - 20+ 2v ot

(%)
€3-2n) «H.n(i' :‘:)- (. 21}0-.655“)-'""}

subject to the following condition linking

T to Cg  and "60"

fo [ Tw
2 4+ .215 + tn(14R) = .4 T(T‘: (s)

gqe. (4) and (5) have the following desirable
properties: (a) for n >.10, Uy/Uy is dominsted
by & Law of the Wake behavior which correctly
satisfies both the outsr limit conditions U,/U,
and dUy/dy « 0 as r, = 1; (b) for very emall
values, U, assumes a Law of the Wall-type behavior
consisting of s logarithamic term that is exponen-
tially damped out into & linear laaminar sublayer
profile U/Uq = Rn as n + 0; (c) Bq. (4) may

be differentiated w.r.t.n to yield an analytical
expression for dU,/dy also, which proves sdvanta-
geous in solving the middle and inner deck
interaction problems.It is evident from these that
as Hy,+ 1, the outer (vake) part of the profile
vantlgce leaving essentially & uniform (and
{nviscid-1ike) profile except for a very thin
sublayer adjscent to the wall.

The defining integral relatlons for §y*
and 0 * yields the following relationship
that links the vake parameter to the resulting
compressible shape factor Hy = (5 */9y*):

4 ! .2 [(T) %% (1 +1.59% + .75-2)
u‘ 41 T. 2 l+7x (o)

Equations (4)-(6) provide a very general and
accurate model of the profile in terms of three
important physical quantities: the shock strength
(Mey), the displacement thickness Reynolds

nuaber # and the Wake function v that reflects
the prior upstream history of the incoming
bouandary ilayer lacludiag possible acaequilibrium
pressure gradient and surface msss transfer
effects. The resulting relationship of the
incompresaible shape factor By to the Wake
Function as a function of Raynolds number for

s typical My = 2.0 flov is illustrated
in Pig. 2. It is seen from this Figure that

'11 approsches a limiting value of unitcy as

Re, * = but that this approach is very gradual,
especially for wvake function values larger

than zero (slightly favorable and adverse pressure
gradient upstream flow histories).

With these parameters prascribed, the afore-
mentioned equations may be solved simultaneously
for the attendant skin friction Cg, the value
of R and, 1f desired, the H; appropriate to
these flow conditions. Using the adiasbatic
temperature velocity relationship

- Ué& )
T Tt ('r. ’u,m)u-_-l- o
L
the associated Msch number profile
Mo(y) = Uo(YRT,)" and its derivative that
are nseded for the middle deck interaction
solution may then be determin~d.

3.3) Turbulenc Shear Stress Disturbances Alomy
the Inner Deck

This very thin layer lies well within the
Lav of the Wall region of the incoming turbulent
boundary lcyig profile. The original work
of Lighthill? treated it by further neglecting
the turbulent stresses altogether and coasidering
only the laminar sublayer effect; while this




greatly simplifies the problem and yialds an
elegant analycical solution, the results can

be significantly in error at high Reynolds
numbers and camnot explain (and i{ndeed conflict
vith) the ultimate asymptotic behavior pertaining
to the Re, » limit. The present theory ramedies
this by extending Lighthill's approach to include
the entire Lav of the Wall region turbulent
stress-effects; ths resulting general shear-
disturbance sublayer theory provides a non-
asymptotic tresatment which encompasses the
complete vange of Reynolds numbers. It is
important to note in this comnection that our
consideration of the entire Lav of the Wall
combined with ths use of the effective inviscid
vall comcept to treat the inner deck displacement
effect eliminates the need for the "biending
layer" that is othervise required to match

the disturbance field in the laminar sublayer
region with the middle inviscid deck; excapt

for higher order derivative aspects of asymptotic
matching, our inner solution effsctively includes
this blending function since it imposes a boundary
condition of vanishing total (laminar plus turbu-
lent) shear disturbance at the outer sdge of

the deck.

To facilitate a tractible theory, we {ntroduce
the folloving simplifying assumptions. (a) The
incoming boundary lsyer Lawv of the Wall region
is charscterized by & constant total (laminar
plus turbulent eddy) shear stress and Van Driest-
Cabeci typs of damped eddy viscosity model.

This model is known to be & good one for a

vide range of upstream non-separsting boundary
layer flov historias. (b) For weak incident

shock etrengths, the sublayer disturbance flov

is sssumed to be & smsll perturbation upon

the incoming boundary layer; in the resultiag
linearized disturbance equations, however, all the
physically-important effects of strecmwise

pressure gradient, stresmvise and vertical
sccelerstion, sud both laminsr and turbulent
disturbances stresses are retained: {(c) Por
adiasbatic flows the undisturbed and perturbatioa
flowv Mach numbers are both quite small within

the shear disturbance sublayer; consaquently,

the density perturbations in the sublayer disburdh-
ance flov may be neglected vhile the corresponding
modest compressibility effect on the Law of

the Wall portion of the undisturbed profile

is quite adequately trested by tha Rckert refarence
temperaturs method vherein incompressible relationg
are used based on wall recovery temperature proper-
ties (this is equivalent {n accuracy to, but
esasiar than, the wee of Van Driest’'s compressidle
Lav of the Wall profils 7). (d) The curbulent
fluctuations and tha small interactive disturbances
are assumed uncorrelated in both the lower

and middle decks. (e) The thinness of the inner
deck allows the boundary layer-type approximstion
of neglecting its lateral pressure gradient.

The disturbance field is thus govarned by
the following contimuity and momentum squations:

ox Ty "0 {))
Uo.a“_'.q,".‘i". +(.ld_'1-
x dy Y% dx

(9)
? ' '’ v o
.3_7 voTy-"‘ToW* .‘l'—d'y—)

vhere p,, and v, are evalusted at the adiabatic
vall recovery temperature and where it should

be noted that the kinematic eddy viscosity
perturbation ¢ 7 1is being taken into account.
The corresponding undisturbed turbuleat boundary
layer Lav of the Wall profile Ug(y) is governed

by du
. W =
P €
Toly) © const. © 'wo * [u'o vy T ¥ (10)

vhere according to the Van Driest-Cebeci eddy
viscosity model with y+ = (ym/\.vo

= [.4ly (1-e YA 2 (11)

‘l'o 3y

which yields for non-separating flow disturbances
that

du
TR PR
o * {.417(1-e )] 3y (12)
-]
¢ . (843, (13)
€r du_/dy T,

Here, A is the so-called Van Driest damping
“coastant;" we use the commonly-accepted value
A * 26 although it is understood that a larger
value may improve the experimental agreement
in regions of shock-bdoundary layer interactioa.
Substituting (13) into (9) we thus have the
disturbance momentum equation

du H- N
o M L2 ) .
o Ix dy w x
(14)
] u’
(v +2 )T}
dy Yo Tb iy

from wvhich wa have seen that inclusiop of the
eddy viscosity perturbation has sxactly doubled
the turbulent shear stress disturbance ters.

We solve these Equations subject to the vall
boundary conditions Ug(0) = u (x,0) = v (x, 0) = 0
plus an initial condition u (-w,y) = 0 requiring
that all {nteractive disturbances vanish far
upstream of the {mpinging shock. Futherwore,
at soms distance § g sufficiently far from
the wall, u' must pass over to the inviscid
solution ughp, along the bottom of the middle
deck, as govermed by

Wyny du, -1 dpy
- v + (o) .0 (15)

° T3x inv “gy ax

with &g, defined as the height where the total
shear disturbance (proportional to 3uf3y) of
the inner solution vanishes to a desired accuracy.

4. SOLUTION METHODOLOGY AND RESULTS

The solution to the foregoing triple deck
problem is achieved for small linearized disturb-
ances shead of, behind and belov the local
shock jump, vhich gives reasonably accurate
predictions for all the properties of engineering
interest. The resulting equations cas be solved by
a Pourier transform method tO yleld the viscous

interaction field physics for non-




separating flows including the upstream (nfluencs,
tha lateral pressure gradient near the shock

aad the onset of incipient separation (see

Rafs. 2 and 12 for the details of this solution).
Mumerous detailed cemperisons with expariment®
have shown that it gives s good account of sll
the important featwwes of the imteraction over

a vide range of Mash=Weynolds number conditions.

4.1) Fourier Transformation Method

We only briefly outline here the steps involved,
since full details can be found sleswhere. Follow
ing Fourier Transformstion v.r.t.x , the rasulting
middle deck pressure problem from Eq. 3 is an
ordinary differential equation in y that can
be solved numerically quite efficiently for the
input turbulent boundary layer profile Mo(y)
of Section 3.2. In particulsar, for the upstresm
interactive pressure rise we find froam the
appropriate Fourier iunversion process using
the calculus of residues that

x/tu

P, =4pe (16)
vhere AP {s the overall shock pressure juap
while tu {s the characteristic upstresm distance
given by
B 1 MG - 11
L0 v i + 1 1 (17a)

Y4 R 2
J"‘l 1 Yoy

in terms of the following protile-dependent
integrals avaluated by the sforementioned turbuleat
Lav of the Wall/Lav of the Wake model:

I, 3/::“ I[1 - (z)]/.: (:)lu
o [

The parameter yyefs here is the effective inviscid
wall shift given by the displacement thickness
of the underlying inner deck.

(176)

(17¢)

The corrasponding Fourier transformationm
of the inner deck problem of Section 3.1, followed
by the introduction of nev _imner deck variables and
y-scaling defined by !n(.tz. yields & set of
ordinary differential equation boundary value
problems in & "usiversal” form that can be solved
and tabulated once and for all. An example of this
1s {1llustrated in Pig. 3, vhich shovs the resulting
inner deck streamwise velocity profiles ia terme
of the addy viscosisty effect as expressed by the
suthors' Interactive Turbulance Parsmster

2 2/3

T3 Can? oy (Ei)

"Z' foyva
The typical Reynolds number snd wake
function-dependenca of this paramster is illustrated
in Figure 4, vhere it is seen that it grows to iarge
values with increasing Reg , 83 well as increasing
vith v,

am)

we turcther obtain the following result for
the deck's displacement thickness:

ud tu /3
y - ,776]..°
vatt e

u(r) (19)

where the eddy viscosity sffect-functioa H(T)
is given in Figure 5. The simultaneous solution
of Eqs. (17)-(19) for t, and y,,¢f implewents

the matching of the inner and middle decks.

The resulting values of the inner deck height
expressed as & fraction of the incoming undisturbed
boundary layer thickness are plotted versus
Rfaynolds auaber with v as a paraseter in Pigure 6;
also shown for comparison are the corresponding
sonic height ratio values. It is clearly seen

hovw rapidly yyefg/S o decreases with increasing Re ,
reaching exceedingly small values indeed, relative
to the much more gradual decrease in yyonic/8o-

It is also interesting to note here, as one

would expect on physical grounds, that while

the inner deck thickness is hardly affected

by v, the sonic height (which lies within the

vake region) is significantly influenced and
increases with the value of the Wake functionm.

Finally, ve note the companion result for
the upstream skin friction that

2 -1/3

‘.l ' P wo LuTwy
T 1.372 p, (!)!p(x) —__ 0 s(1) (20a)
L
vhere
< 2 lu(P\',,)J,z 2/3
fp(x) 3 , 1372 (208)
(p')"" “dx

and $(T) i» another interactive-turbulence
effect funetion, also plotted in Pigure 5.

Pigure 5 {s & central result of the present
genaral turbulent shear-disturbance inner deck
trestment; it gives a unified account of the
inner interactive physics over the antire Raynolds
number range from quasi-laminar behavior at
T <<l (lower Raynolds numbers) to the opposite
extrems of wall turbulence~dominated behavior
at T >> 1 pertaining to asymptotic theory at
very large Raynolds numbers vhere the inner
deack thickness and its discurbance field decome
vanishingly small.

4.2) Predictive Results Showing the Role
of the Turbulence Modealing Paramaters

A computer program has been comstructed
to carry out the foregoing solution method;
it involves the middle-deck disturbance pressure
solution coupled to the inner deck by means
of che effective wall shift combined with an
upstream influence solution subroucine (the
corresponding local total intersctive displacement
thickness growvth and skin frictiom are slso
obtained). This provides a very general fundamen-
tal description of the boundary layer in terms
of three arbitrary parameters: preshock Mach
number, boundary layer displacement thickness
Raynolds aumber, and either the wake function
wor the incompressible shape factor H{,.

Based on the aforementioned program, an
extensive psramstric study has been carried




out to show the sensitivity of preaicted interac-
tion zone properties to the various key turbulent
flov modeling paramsters. For example, Figure 7
shows for & typical M} = 2.0 interaction the
effect of the Wake Punction on the interactive
‘upstreem influence distance tuy (in ratio to

the undisturbed bowadary layer thickness §,)

as a function of Reynolds number. Clearly,

the effect is an important one over a wide range
of Rasynolds numbers, indicating a significant
increase in gu/§o with v, and suggests that
accounting for the upstream boundary layer history
can be important in the experimseatal validation

of CFD predictions of such interactions. In

this counection, it should be noted that thia

wvake function aspect is totally lost in the
leading approximation of the asymptotic triple
deck approach (which is based onm the limiting
value Hi; = 1.0 pertaining to the infinite Reynolds
oumber limit, wherein the wake component complately
vanishes).

Another interesting aspect of the turbulence
modeling is the eddy viscosity perturbation
effect in the innter deck; this is illustraced
in Pigure 8, vhere we shov hov the predicted
upstream influence distance is sltered by includie
(or neglecting) this effect. At moderately-high
Rasynolds numbers (R, 5 100), the effect is
seen to be gquite lario. such that neglect of
the interactive disturbance to ¢t can consequently
underpredict tu by hundreds of perceat. Omn
the other hand, at very large Re where the inter-
active flow is essentially inviscid-dominated
and influenced only by the outer wake region
of the incoming boundary layer, the addy viscosity
perturbations have only a small effect. Pigure 8
also serves to reemphasize the fact that the
present theory applies to s very wvide range
of practical Reynolds numbers.

In Pigure 9, we conclude by illustrating
the excellent agreemsnt of the present predictions
of tu/éo with experiment vhen one properly
accounts for the important effect of the incoming
boundary layer shape factor (or vake functiom).
Clearly, the experimental validation of any
theoretical prediction will requirs a rather
careful determination of the wake component
aspects of the incoming turbuleat boundary layer.

POTENTIAL SMALL

DISTURBANCE FLOW

IOTATIOMAL INVISCID PRERTURBATIONS
WITH "FROZEN" TOTAL SHEAR STRESS
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APPENDIX D

MEETING OF THE WORKGENG (ROP
1 3-D SHOCK widves
TURBUL ST BOREXRY LAYER IRTERACTICNS

JULY 13-12, 1948
FRINCETON (HIVERSITY
CCP1ES OF PRESINTE) MATERIAL

SUMMARY
RESEARCH NEEDS IN 3-D SHOCK-WAVE/
TURBULENT BOUNDARY LAYERS INTERACTIONS

After considerable discussion, thirteen separate topics were identified as

requiring immediate research attention. They are (in no particular order)!as

1.

o

10.

11.

Analytical treatments of near-wall boundary layer behavior to develop
efficient wall-functions for computation.

Experimental (and computational) studies to determine the effect of
modifying the upstream boundary layer using pressure gradients, blowing
and roughness.

Measurements of skin friction and heat transfer distributions.

Studies to identify where turbulence models are important for the
accuracy of the computations (in large regions of the interaction,
turbulence may not be playing a significant role).

Extension of calculations and experiments to higher Mach numbers
(>6).

Extension of calculations and experiments to more complex interactions
(for example, shock/shock interactions, interactions with floor and
sidewall boundary layers, more complicated shock-generator geometry).

More detailed flowfield investigations for carefully selected
interactions. These measurements should have enough detail to give
the flowfield structure, unsteady characteristics, turbulence behavior,
skin friction and heat transfer distributioms.

Studies of the downstream boundary layer relaxation (very important for
inlet design). '

Alteration and control applied within the interaction zone using, for
example, bleeding, blowing, flow guides.

Exploratory calculation of non-adiabatic interactioms.

Full characterization of incoming flow conditioﬁs, including freestreanm
turbulence, spanwise inhomogeneities (3-D effects in nominally 2-D
flows), changes in boundary layer turbulence due to Mach number effects

(especially M > 6).




