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Software Performance on Nonlinear Least-Squares Problems

Christina Fraley
Stanford University! .

Abstract

This paper presents numerical results for a large and varied set of problems using software
that is widely available and has undergone extensive testing. The algorithms implemented in
this softwate include Newton-based linesearch and trust-region methods for unconstrained opti-
mization, as well as Gauss-Newton, Levenberg-Marquardt, and special quasi-Newton methods for
nonlinear least squares. Rather than give a critical assessment of the software itseif, our original
purpose was to use the best available software to compare the underlying algorithms, to identify
classes of problems for each method on which the performance is either very good or very poor,
and to provide benchmarks for future work in nonlinear least squares and unconstrained opti-
mization. The variability in the results made it impossible to meet either of the first two goals;

however the results are significant as a step toward explaining why these aims are so difficult to

accomplish. (\(@) é—-—
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1. Introduction

The nonlinear least-squares problem is that of minimizing a sum of squares

1 < 2
8"6"!’"'5 §¢l(’) '

in which each @; is a real-valued function having continuous second partial derivatives. The

problem can also be posed as a minimization of the /; norm of a multivariate function:
min 2 |2,
re%" 2 2

where

#1(7)
é2(7)
f(z) = .

bm(z)
We shall refer to the function || [(:)]I; as the nonlinear least-squares objective function. It is
assumed that n and m are relatively small, so that algorithms ate not formulated with any special

considerations for limited storage. A common instance is the choice of parameters 8 within a

nonlinear model ¢ :
m
. 1 . 42
a"e“!n"g 2(9’-‘(/’.1’.) d;)*,
where d; are observations at prescribed values ;.

Many specialized algorithms have been developed to take advantage of the structure of the
nonfinear least-squares objective. This paper presents numerical results for a large and varied
set of problems using software that is widely available and has undergone extensive testing.
The algorithms implemented in this software include Newton-based linesearch and trust-region
methods for unconstrained optimization, as well as Gauss-Newton, Levenberg-Marquardt, and
special quasi-Newton methods for nonlinear least squares. Rather than give a critical assessment
of the software itself, our original purpose was to use the best available software to compare the
underlying algorithms, to identify classes of problems on which the performance of each method
is either very good or very poor, and to provide benchmarks for future work in nonlinear least
squares and unconstrained optimization. The variability in the results made it impossible to meet
either of the first two goals. However, the results are significant in that they reveal a great deal

about the reasons these aims why aims are so difficult to accomplish. For treatment of issues and




methodology for software performance evaluation see, e. g.. Moré, Garbow, and Hillstrom [1978;
1981), Hiebert [1979; 1981], and Hanson and Krogh [1987]. Hiebert {1979; 1981] conducts an
extensive evaluation of twelve programs for nonlinear least squares, in which she includes software
that uses first derivatives as well as some that does not. In the present study, all of the software

requires first if not second derivatives of the problem functions.

This paper is organized as follows. Section 2 reviews computational techniques for the uncon-
strained optimization problem. These methods are of interest because the nonlinear least squares
problem is a particular instance of unconstrained optimization, so that special-purpose algorithms
for sums of squares should compare favorably in performance with those developed for the more
general case. Moreover, much of the motivation for unconstrained optimization methods is also
relevant to algorithm development for nonlinear least squares. Our emphasis is on computational
issues related to the methods included in this study. For more extensive treatment of uncon-
strained optimization algorithms, see Fletcher [1980]. Gill, Murray, and Wright [1981], Dennis
and Schnabel [1983], and Moré and Sorensen [1984). Section 3 reviews the principal approaches
that are used in software for nonlinear least-squares problems. These are Gauss-Newton methods;
Levenberg-Marquardt methods, one of which is implemented in the software package MINPACK
[Moré (1978), Moré, Garbow, and Hilistrom (1980)]: corrected Gauss-Newton methods [Gill and
Murray (1978)], which are the basis for the NAG Library nonlinear least-squares software; and
methods that form quasi-Newton approximations to the term B = 37w, ¢;V?¢; in the nonlinear
least-squares Hessian, a strategy that is adaptively combined with a Gauss-Newton method and
a Levenberg-Marquardt method in the computer aigorithm NL2SOL [Dennis, Gay, and Welsch
(1981a, 1981b). We assume a knowledge of numerical techniques for linear least-squares (e g.
Lawson and Hanson [1974], and Golub and Van Loan [1983]). For more information on aigo-
rithms specific to nonlinear least-squares problems, see Fraley [1988] and the references cited in
that paper. Section 4 is a summary and discussion of the numerical results. Section 5 contains
tables of all of the results, as well as information about the software and test problems used in

obtaining them.




1.1 Definitions and Notation

We shall use the following definitions and notational conventions :

Generally subscripts on a function mean that the function is evaluated at the corresponding
subscripted variable (for example, fi = f(7:)). An exception is made for the residual

functions ¢;, where the subscript is the component index for the vector f.

J - The vector of nonlinear functions whose I; norm is to be minimized.

The nonlinear least-squares problem is
| T
Juin '2'/(1') J(z),
where the facter i is introduced in order to avoid a factor of two in the derivatives.

®; - The ith recidnal function, also the ith component of the vector f.

éi(z)
J(r)= :
ém(z)

An alternative formulation of the nonlinear least-squares problem is

1 2
min g 247,

=]
where each ¢;(z) is a smooth function mapping R* to R.
J - The Jacobian matrix of f.

P 9ém
o | fe=

]

)=V f(r)=

g - The gradient of the nonlinear least-squares objective.

g(z) =V (%I(?)Tﬂr)) = J(2)Tf(2)

B - The part of the Hessian matrix of the nonlinear least-squares objective that involves

second derivatives of the residual functions.

<? (%ﬂ,)"{(;)) =J(r)TI(z)+ fl(:r).
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where

B(z)= ) #i(2)V76ilr).

=1

e R(A)- The range of A.

H Ais an m X n matrix, then
R(A)={b] Az =) forsome € R"}
is a subspace of R™.

o N(A)- The null space of A.
if A is an m x n matrix, then

N(A)':'{ZIA::O}

is a subspace of ®". A(A) is the orthogonal complement of R(AT) in 2.




2. Methods for Unconstrained Optimization

2.1 Local Quadratic Approximation
Software for the unconstrained optimization problem
'123'15. F(z).
is usually based on successive minimization of a quadratic approximation
1
Q(p)=VFp+ ipTlhp (2.1.1)

for F(24 + p) — F(74). the change in F at z,. The matrix H, is positive definite, so that the

model Qi(p) has a well-defined minimum

that can be computed efficiently. Positive definiteness of H, also means that p, is a descent
direction for F at z), which is essential for linesearch methods (see Section 2.2.1). For methods

based on (2.1.1), the condition.

i NGB =2 F@0m] o (2.1.2)

ko lirell
is equivalent to local superlinear convergence of the sequence {7, + pi} to an isolated local
minimum 7° of F (see Dennis and Moré [1974; 1977]). The relationship (2.1.2) implies that the
step pp approaches the Newton step in both magnitude and direction, although the sequence of

matrices {H,} need not converge to V2X(2*).

Section 2.2 is concerned with modifications that are used to enforce convergence from an
arbitrary starting point. These modifications fall into two categories: linesearch methods and
trust-region methods. Section 2.3 deals with the choice of [, in (2.1.1), so that condition (2.1.2)
for superlinear convergence is satisfied. We discuss methods that use exact second derivatives as

well as quasi-Newton approximations.
2.2 Globalization Strategies

2.2.1 Linesearch Approach

-V




Linesearch methods obtain a new iterate in two essentially separate phases. First, a descent

direction py is found for F; that is, a vector p; is computed for which

CFIm <O (2.2.1)

Condition (2.2.1) is equivalent to saying that ¥ initially decreases along the direction p, from
7i. Various ways of defining p, are discussed in Section 2.3. This section is concerned with the

second phase of a linesearch method, that of finding a steplength v, satisfying
F(re + mpr) < F(7a), (22.2)

once » descent direction is obtained.

Because of (2.2.1), condition (2.2.2) can be satisfied by choosing a sufficiently small value
of o), but the result may not be an appreciable reduction in F. In fact, {zs + aups} may
converge o a point that is not a stationary point unless conditions stronger than (2.2.2) are
imposed on vy, (see, e. g., Dennis and Schnabel [1983], Chapter 6). On the other hand, finding 2
minimum of F along ps is an iterative process which could require many function and derivative
evaluations. Steplength algorithms instead compute o, that satisfies conditions sufficient to
ensure convergence to 2 stationary point of F whenever the sequence {p,} is bounded away

from orthogonality to the gradient.

The work of Goldstein [1965; 1967], Armijo [1966], Goldstein and Price {1967], and Wolfe
[1969; 1971], (see also Ortega and Rheinboldt [1970]) established the fundamental principles
underlying most steplength algorithms. A simple strategy for sufficient decrease is based on the
condition

F(rr + ups) - F(22) < pe N F ] a, (2.2.3)

for p € [0,1). An initial value (usually a, = 1) is tried first, and then 2 backtracking strategy is
used to reduce it until an admissible step is found. The steplength strategy of Gill et al. [1979],

combines (2.2.3) with the condition
[VF(zr + cxps) | € -0V F s, (2.2.4)

for n € [0,1), which keeps the steplength bounded away from zero by forcing it to approximate a

local minimum of F along pi. A procedure for one-dimensional minimization is truncated, using




(2.2.4) as the criterion for termination. This is accomplished by polynomial interpolation to the
fun :tion

Pa)= F(zp + M), (2.2.5)

together with some safeguards to prevent iterates from being either too close together or too far
apart. An exact minimization would be carried out for n = 0 in (2.2.1), while larger values of 7
increasingly relax this requirement. When p < 5, an interval of steplengths satisfies both (2.2.3)
and (2.2.4); if p is chosen sufficiently small, then (2.2.3) almost always holds when (2.2.4) does.
When ¢ > n. a backtracking strategy may be used if (2.2.3) fails to hold for the steplength

computed in the one-dimensional minimization. if VX p, < 0 and a, satisfies (2.2.3) and

. (2.2.4), then

vrT
lim ——& 2% _ g,
k=x {Ipll,

which implies convergence to a stationary point of F provided {p, } remains uniformly bounded
away from orthogonality to {VF,}. f p < 0.5, both conditions (2.2.3) and (2.2.4) are auto-
matically satisfied by superlinearly or quadratically convergent algorithms with o = 1 when 7,
is sufficiently close to a local minimum.

Although the theory allows considerable flexibility in choosing the interpolant to $(a) and
other parameters in the univariate minimization, as well as in the choice of ;¢ and 5 in (2.2.3)
and (2.2.4), in practice performance on difficult problems may be very sensitive to these factors.
Moreover, safeguarding in univariate minimization requires specification of a finite interval of
uncertainty in which the minimum is presumed to lie. If p, is very large, it could happen that
no satisfactory approximation to a minimum along that direction can be found, resulting in an

excessively small step.

2.2.2 Trust-Region Approach

Trust-region methods were first developed for nonlinear least squares [Levenberg (1944):

* Morrison (1960). Marquardt (1963)] (see Section 3.2), and later independently for general un-
constrained minimization [Goldfeld, Quandt. and Trotter (1966)]. Motivation for trust-region
. methods comes from the following observation: if the step to the unconstrained minimum of the

current local model for F(z 4+ p) — F(r) is relatively large, then it probably falls outside the

region in which the model is applicable. The basic idea is to define a neighborhood of the current
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point over which an approximate minimization of a local model of the change in F will yield a
suitable step 1o the next iterate.
The local model and constraints defining the neighborhood are chosen so that the subproblem

has a well-defined minimum, and so that fast local convergence is possible with the unconstrained

model. Typically, the model at 7, is a quadratic function V5 p+ 5 pTHip. and an upper bound

is imposed on a scaled I, norm of p, giving the subproblem
1
o rToy o, T
r"e‘}ln" VFE r+ 3P Hup (2.2.6)
subject to[| Dipll, < 4.

For practical reasons, the scaling matrices D, are usually diagonal (with positive diagonal entries). -

Solving (2.2.6) is equivalent to minimizing the quadratic function
1
V}?P‘F;PT (He + M DI D) p (2.2.7)

for some ), > 0, where the matrix Hy + A, D D, is at least positive semi-definite.

In practice, it has been found to be more satisfactory to control the value of 4, directly
rather than ), (see Moré [1983)). Increases and decreases in 5, are usually based on comparing
the actual reduction

F(zr + pa) ~ F(12)

to the reduction predicted by the model,
1
VEIp + 50 Hape.

The updating procedure for & can be as simple as multiplying the current value by some pre-
scribed factor, without compromising giobal convergence properties (see below). The preferred
strategy for decreasing §; is more complicated. An approximate minimum 1, of F(74 + i)
is computed by safeguarded polynomial interpolation (as in linesearch methods — see Section
2.2.1), and 7|| Dapall, is taken to be the new value of §;. It may be necessary to decrease 4, a
number of times before a suitable reduction in F is achieved and the step to a new iterate can
be taken.

Once 4, is assigned a value, it remains to find pp when the solution to (2.2.6) is not an -
unconstrained minimum. Moré and Sorensen [1983] obtain ), in (2.2.7) by truncating a numerical

- procedure for computing a zero of the function

W) = WM, - B = ||(n,, FADID) TR, |L — b (2.2.8)

R

_




based on the work of Hebden [1973] (see also Reinsch [1971] and Gay [1981]). The algorithm
of Gay [1981). implemented in the PORT Library [1984). approximates pi(\) by a linear com-
bination of the (scaled) steepest descent direction and the Newton ditection. This technique
was devised by Powell [1970] (see aiso Dennis and Mei [1979]), and is used because it achieves
comparable performance to methods that attempt to approximate W()) closely, with considerably
less computational effort.

Somewhat stronger convergence results have been proven for trust-region methods than are
known for linesearch methods (see Section 2.2.1). Trust-region methods converge to an isolated
local minimum under fairly mild conditions when exact second derivatives are used, and otherwise
to a stationary point. Although global convergence properties are not affected, in practice the
choice of #; and the updating strategy for &, are important. As é;, and hence the norm of p, is
made to approach zero, the minimizer of the quadratic becomes parallel to the steepest descent
ditection, —VF,. Small values of §, are accordingly safe, in the sense that they guarantee a
decrease, but progress may be unacceptably slow if no provision is made for taking larger steps
where possible.

For more detail and general discussion of trust-region methods, see Moré [1983], Shultz,
Schnabel, and Byrd [1985], and Bulteau and Vial [1987]. Related variants are described in
Bulteau and Vial {1985] and Byrd, Schnabel, and Shultz [1988).

2.2.3 Stationary Points and Directions of Negative Curvature

It is possible to decrease F at a stationary point z° if the Hessian matrix has one or more
negative eigenvalues. The decrease is obtained by moving along a direction of negative curvature;
in other words, a direction p for which p" V27 (2*)p < 0. Trust-region methods that use
the quadratic model with exact Hessian information (see Section 2.3.1) will yield directions
of negative curvature at stationary points when V2F(2%) is indefinite, whereas the linesearch
methods discussed above terminate when the gradient vanishes.

A fundamental problem is that of deciding the length of the step to be taken along a direction
of negative curvature. This problem is very much related to the problem of setting a maximum
step length in order to safeguard a linesearch method, or that of determining the step bound in a
trust-region method. First- and second-order information about the function at z* indicates that

an infinite step can be taken, since the quadratic part of the Taylor series at z" is unbounded




below when V2F(r°) is indefinite. Clearly an infinite step is not possible if F has a finite

Neither the question of choosing a direction of negative curvature, nor the problem of choos-
ing 3 steplength along such directions has been adequately resolved, and thus in most methods
directions of negative curvature are not explicitly sought at arbitrary points. For research on
generating directions of negative curvature, and on their use in unconstrained optimization algo-
rithms, see Gill and Murray [1974a), Fletcher and Freeman [1977), McCormick [1977), Moré and
Sorensen [1979], Goldfarb [1980], and Shultz, Schnabel, and Byrd [1985].

2.3 Defining the Quadratic Model

2.3.1 Second-Derivative Methods

There are two basic frameworks for defining J/; in the quadratic model (2.1.1) when second
derivative information is available: direct modification of the Hessian, and trust-region methods.
Both can be viewed as procedures for producing a positive-definite quadratic model by modifying
the exact Hessian V2F,. A method that combines the two approaches is given in Chapter 5
(Section 5) of Dennis and Schnabel [1983].

The modified Newton method of Gill and Murray [1974a) is a linesearch method in which
the definition of the search direction is based on the fact that if H, is positive definite, it can be

characterized by its Cholesky factorization
H. = RIR,, (2.3.1)

where R, is upper-triangular and nonsingular (see, e. g., Stewart {1973], Chapter 3). Gill and
Murray alter the Cholesky factorization procedure so that it can be continued in the event of
indefiniteness or near-singularity. The modified factorization is applied to the Hessian matrix
V2F,. resulting in the Cholesky factorization of a matrix /; with a prescribed upper bound on
its condition number. The matrix I/, may differ from V2 X, only in the diagonal elements. Local
convergence properties of of Newton's method are preserved, because i = V27, whenever
V2F, is sufficiently positive definite. An implementation is available in the NAG Library (1984]
(subroutine EO4LBF). For information on othet' direct modification methods, see Gill, Murray,

and Wright [1981], Chapter 4, and Higham [1986).

10




In trust-region methods with exact Hessian information, a subproblem of the form
minCFTp + _;_r‘r‘-z}-”. (2.3.2)

subject to]| D pll, < &s.

is solved for the step p; to the next iterate. We recall from the overview of trust-regions in

Section 2.2.2 that solving (2.3.2) is equivalent to solving
minCFp + %;)T (V2Fe +MDID,) p (2.3.3)

for some non-ne.gative value of Ay, with V25, 4+ \; DZ'D,, positive semidefinite. In particular,
A will be positive whenever V2, is indefinite, and also when T2F, is positive-definite if &,
happens to be smaller than the norm of the scaled unconstrained minimum of the quadratic
objective. In contrast to the modified Newton method described above, all of the eigenvalues of
V2F, ate changed when ), > 0in (2.3.3). As long as the constraint in (2.3.2) is inactive near
a local minimum, the local convergence behavior of Newton's method is preserved. A recent
implementation of a trust-region method that uses second derivatives is available in the PORT
Library [1984] (subroutine DMNH; see aiso Gay [1983]). For further information on trust-regions
with exact Hessian information, see Fletcher [1980], Chapter 5, Gay [1981], Sorensen [1982],
Moré [1983], Moré and Sorensen [1983), and Shultz, Schnabel, and Byrd [1985).

2.3.2 Quasi-Newton Methods

In gnasi-Newton methods (also calied variable metric or secant methods), a sequence of
approximations Ho, H;,.... to the Hessian matrix of F is generated, with H;,, depending on
H, as well as on gradient information at the current iterate. The approximate Hessian is required

to satisfy the quasi-Newton condition
Hrpr8 = 3. (2.3.4)

H = Tra1—= T M = pr,.“ - V}.*.

The quantity y7 55 approximates the curvature, 27 C2F, 53, of F along 2. Equation (2.3.4) does
not uniquely define 17, ;,; papers that discuss completion of the specification include Dennis and
Moré [1977), Nazareth [1984], Todd [1984). and Flachs [1986]. Conditions imposed on the

approximate Hessian almost always include symmetry and positive definiteness.

11
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It is generally agreed that the best overall performance is achieved by the BFGS update

Hess(Hame)T | nayf

Mooy = Hy - .
k41 * "T”* PR ';f”‘

although precise reasons for its superiority are still not known (see, e. g., Brodlie [1977]). Like
most proposed updates, the BFGS update is a rank-two modification of the current approximate
Hessian. The BFGS update preserves positive definiteness whenever yJ 2, > 0, a condition that
holds automatically in a linesearch method satisfying (2.2.4).

Originally, quasi-Newton updates were formulated in terms of nr; ! rather than H,, so that
minimizing the quadratic (2.1.1) st each stage in a linesearch algorithm involved only a matrix
multiplication (O(n?) arithmetic operations) rather than solution of a linear system (O(n3)
arithmetic operations). Gill and Murray [1972] showed that rank-two quasi-Newton methods
could be implemented in O(n?) operations per iteration by applying an update to a Cholesky
factor (see Section 2.3.1) of H}. This has the additional advantage that it allows the numerical
positive definiteness of H; to be monitored from iteration to iteration. For more information on
computational aspects of the update, see Dennis and Schnabel [1983], Chapter 9, and Gill et al.
[1985].

The BFGS method belongs to a class of quasi-Newton methods that can be derived by
minimizing the difference (Hry1 — Hy) or (II,::l - H,,"). in various weighted norms, subject
to (2.3.4) {Dennis and Schnabel (1979)]. Other classes of methods attempt to minimize the
condition number of H, by selecting parameters in a class of updates at each step {Shanno
and Kettler (1970); Oren (1973, 1982); Davidon (1975); Oren and Spedicato (1976); Spedicato
(1976): Schnabel (1978)]. Al-Baali and Fletcher [1985) apply a scaling factor before updating
that minimizes an approximate measure of the error in the inverse Hessian matrix. Performance
tests indicate that these modified methods are not as successful as the BFGS method for general
problems [Brodlie (1977); Shanno and Phua (1978b); Al-Baali and Fletcher (1985)].

Under the same assumptions as required for local quadratic convergence of Newton's method,
quasi-Newton methods are locally supetlinearly convev;eht, provided H is sufficiently close to
V2F(z0) [Broyden, Dennis, and Moré (1973)]. Selection of the initial Hessian approximation
Ho can be critical in the performance of a quasi-Newton method. Often the identity is chosen
because it gives the steepest-descent direction on the first iteration, and it is positive definite.
Computational tests have shown that improved performance can sometimes be achieved by scaling

I before performing the first update [Shanno and Phua (1978a); Dennis and Schnabel (1983),

12




Chapter 9]. Another possibility is 1o use 2 finite-difference approximation to VZF(xo) for Ho.
modified if necessary to ensure positive definiteness. Although the choice of Ho can have a
significant effect on performance, the question of how best to choose Hp is still open. It is
generally agreed that exact or approximate curvature information should be used to start the
algorithm if it is available at a reasonable cost. For a nonlinear least-squares problem, JJ J, can

be used as the initial estimate, provided the columns of J, are linearly independent.

13




3. Methods for Nonlinear Least Squares

3.1 Gauss-Newton Methods

The Gauss-Newton method is a linesearch method in which the search ditection at the current

iterate minimizes the quadratic function
1
B EFTIRAN (3.1.1)

As a model for the change in the least-squares objective, (3.1.1) has the advantage that it involves

only first derivatives of the residuals, and that JT.J is always at least positive semi-definite. i
+ 1 7.1
anN [
= -p-J ,
P ”s ;2":’“ "2 P Ir

then
JTIp* = -, (3.1.2)

so that p®" is a direction of descent for fTf whenever g # 0, as required in a linesearch method.
To guarantee convergence, the sequence of search directions must also be bounded away from
orthogonality to the gradient, a condition that may not be met by successive Gauss-Newton
directions unless the eigenvalues of JTJ are bounded away from zero. Powell [1970a] gives an
example of convergence of a Gauss-Newton method with exact linesearch to a non-stationary
point.

The Gauss-Newton method can be viewed as a modification of Newton's method in which

JTJ is used to approximate the Hessian matrix

m
JTI+Y 4V =1T1+8
fml
of the nonlinear least-squares objective function. The assumption is that the matrix JTJ should
be a good approximation to the full Hessian when the residuals are small. In fact, if f(2°) =0
and J(2*)T.J(z") is positive definite, then the sequence {7; + p¢"} is locally quadratically
convergent to z°, because J(z3)TJ(2;) is an O(]jz; — 7°]|) approximation to the Hessian of

the nonlinear least-squares objective at 2°.

14




When JTJ is singular, or, equivalently, when ./ has linearly dependent columns, (3.1.1) does
not have a unique minimizer. The set of vectors that minimize (3.1.1) is the same as the set of

solutions to the linear least-squares problem
rlgi*l!. e+ Jll,. (3.13)

One (theoretically) well-defined alternative that is often approximated computationally is to re-

quire the unique solution of minimum /3 norm:

min . 3.1.4
nes "P"z ( )

where S is the set of solutions to (3.1.3), while another is to teplace .J in (3.1.3) by 3 maximal
linearly independent subset of its columns. In finite-precision arithmetic, there is often some
ambiguity about how to formulate and solve an alternative to (3.1.3) when the columns of J are
“nearly” linearly dependent, which is significant because the numerical solution of these problems
is dependent on the criteria used to estimate the rank of J. Fraley [1987b] gives some detailed

examples thst illustrate some of the difficulties that arise in implementation.

3.2 Levenberg-Marquardt Methods

Levenberg-Marquardt methods alter the Gauss-Newton search direction in the range of J,
by replacing JTJ in the quadratic model function with JTJ + ADTD, where A > 0 and D is
a diagonal scaling matrix with positive diagonal entries. The step p between successive iterates

minimizes the quadratic model
'p+ %rT(JTJ +ADTD)p, (3.2.1)

for some A > 0. Since the matrix JTJ + ADT D is positive semidefinite, minimizers py of (3.2.1)

satisfy the equations
(JTI+AD™D)p = —g = =JT/, (3.2.2)

which are the normal equations for the linear least-squares problem

J nNr
rlgl!l!‘ﬂ( /—‘\D)p- (0) 2. (3.2.3)
Equivalently, p solves
o ooy
-p 1" 1.2
min 9 r+agr 1".Ip (3.2.4)

15




subject to || Dpll, < 8.

for some 5 > 0; that is, the Gauss-Newton quadratic model is minimized subject to a trust-region

constraint.

Considerable research effort has been directed toward improvements in this class of methods
since their introduction by Levenberg [1944], Morrison [1960], and Marquardt [1963] for nonlinear
least-squares problems. and independently by Goldfeld, Quandt, and Trotter [1966] for general
unconstrained optimization. Moré [1978] gives an implementation in which he adjusts the step
bound 4 in (3.2.1) rather than A, a strategy used in trust-region methods for unconstrained
optimization (see Moré [1983] for a survey). Changes in & depend on agreement between the

actual reduction in the sum of squares

3 (07 + Pl ~ N7eoE)

with the reduction

1
9T+ 3 rJTIp,

predicted by the model JTJ + ADT D, which is the optimum value of the objective in (3.2.4).
Increases are accomplished by taking 6441 = 2||Depsfl,. while & is decreased by multiplying by

the factor ¥ < 1. In order to obtain A when the bound in (3.2.4) is active, the nonlinear equation
®()) = |Dpall, - 6 = || (JT7 +ADTD)™ ,|L -6=0 (3.2.5)

is approximately solved by truncating a safeguarded Newton method based on the work of Hebden
[1973) (see also Reinsch [1971]). Moré reports that, on the average, (3.2.5) is solved fewer
than two times per iteration. He also proves global convergence to a stationary point of 77,
without assuming boundedness for {A,}. Many computational details are given, including an
efficient method for calculating the derivative of ¥(\) in (3.2.5) that uses the Q R factorization
of J. Equation (3.2.2) is solved by a modification of the two-stage factorization described by
Osborne {1972] that allows column pivoting. Subroutine LMDER in MINPACK [Moré, Garbow,
and Hillstrom (1980)] is an implementation of the method. Variables are scaled internally in
LMDER according to the following scheme: the initial scaling matrix Dy is the square root of the
diagonal of JT.J evaluated at ro, and the ith diagonal element of 1), is taken to be the maximum
of the ith diagonal element of D;_, and the square root of the ith diagonal element of JTJ.

Numerical results are presented indicating that this scaling compares favorably with those used
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in earlier research. The user also has the option of providing an initial diagonal scaling matrix

that is retained throughout the computation.

3.3 Corrected Gauss-Newton Methods

Gill and Murray [1976] propose a linesearch algorithm that divides R* into complementary
subspaces R and N, where R C R(JT), and .V is nearly orthogonal to R(JT). The search
direction is the sum of a Gauss-Newton direction in R, and 3 projected Newton ditection in
N'. This strategy avoids a shortcoming of Gauss-Newton methods — that components of the
search direction that are nearly orthogonal to R(JT) may not be well determined when J is
ill-conditioned — because each component is computed from a reasonably well-conditioned sub-
problem. The vector 7 — 2* may become almost entirely in R(JT) in a Gauss-Newton method,
yet the algotitl;m computes a search direction that is virtually orthogonal to R(JT) due to ill con-
ditioning in the Jacobian (see Fraley [1987b]). Gili and Murray show that both Gauss-Newton
algorithms defined by (3.1.4) and Levenberg-Marquardt algorithms generate search directions
that lie in R(JT), while the Newton search direction generally will have a component in N(J),
the orthogonal complement of R(JT), whenever J has linearly dependent columns. For prob-
lems with small residuals, they point out that JTJ is a reasonable approximation to the full
Hessian in R(JT), but not in M(.J). Thus, in situations where z — z* is orthogonal to R(JT),
and J is well-conditioned but has linearly dependent columns (for example, when m < n), the
Gauss-Newton and Levenberg-Marquardt directions have no component in the direction of z—z°,
while Newton's method and also the method of Gill and Murray would have components in both
R(JT) and N(J). '

A version of this algorithm called the corrected Ganss-Newton method [Gill and Murray
(1978)] forms the basis for the nonlinear least-squares software in the NAG Library [1984). Rules
based on the relative size of the singular values of J are given for choosing an integer grade(J) to
approximate rank(J), and an attempt is made to group together singular values that are similar
in magnitude. The method is not as sensitive to gradc(J) as Gauss-Newton is to rank estimation,
both because of the division of the computation of the search direction into separate components
in R and N, and because grade(J) is varied adaptively based on a measure of the progress of
the minimization. Moreover, the rate of convergence is potentially faster than Gauss-Newton

or Levenberg-Marquardt methods on problems with nonzero residuals. The quantity grade(.J)




* is reduced when the sum of squares is not adequately decreasing. so that there is the potential
of having .\" = R" (with exact second derivatives, this implies taking full Newton steps) in the
vicinity of a solution.

When rank(J) = grade(J) = n, the search direction p is a full-rank Gauss-Newton direc-
tion. Otherwise the vector p is computed as the sum of two mutually orthogonal components: a
Gauss-Newton direction, and a projected Newton direction. The projected Hessian is replaced by
a modified Cholesky factorization (see Section 2.3.1) if it is computationally singular or indefinite.
A modified Newton search direction (corresponding to the case grade(J) = 0) is used when-
ever if |cos(g. p)| is smaller than some prescribed value, or if ¢Tp is positive. A quasi-Newton
approximation to B (see the discussion in Section 3.4) and a finite-difference approximation to
the projected matrix ZTBZ along the columns of Z, where Z is an orthogonal basis for A/, are
given as alternatives to handle cases in which second derivatives of the residual functions are not
available or are difficult to compute. Gill and Murray test their method on a set of twenty-three
problems, and find that the version that uses quasi-Newton approximations to B does not per-
form as well as those that use exact second derivatives or finite-difference approximations to a
projection of B. They observe only linear convergence for the quasi-Newton version on problems
with large residuals. The algorithms are implemented in the NAG Library [1984); subroutine

EO4HEF uses exact second derivatives, while subroutine EO4GBF is the quasi-Newton version.

3.4 Special Quasi-Newton Methods

Special quasi-Newton methods for nonlinear least squares use a Hessian of the form JT.J 4+ B
in the quadratic model, so that the search direction differs from the Gauss-Newton direction
in R(JT), and also has a component in A(J) when J is rank-deficient. The matrix B is a
quasi-Newton approximation to the term B = Y [, 6iV?4; in the Hessian of the nonlinear
least-squares objective. Brown and Dennis [1971] first proposed a method in which the Hessian
matrix of each of the residuals was updated separately. This approach is impractical because it
entails the storage of 1 symmetric matrices of order n, and more recent research has aimed to

approximate B as a sum.

Gill and Murray [1978] discuss a linesearch method in which they use the augmented Gauss-
Newton quadratic model only to compute a component of the search direction in a subspace

that approximates the null space of the Jacobian (see Section 3.3). They apply the BFGS




formula for unconstrained optimization (see, e. g.. Dennis and Moré [1977]) to the matrix /1, =

I+ By with the quasi-Newton condition
ﬁul‘k =W

where

NEThgr1—Tk d = G4 — O,

and then form Byyy = Hayy = JT, Jy,,. They point out that, if JT, 7, ., + Bu is positive
definite, and yT s > 0, then JT, | J, ., + Bayy is also positive definite with this scheme. In
order to safeguard the method, the projected approximate Hessian is replaced by a modified
Cholesky factorization when it is singular or indefinite. In addition, if the cosine of the angle
between the search direction and the gradient of the nonlinear least-squares objective exceeds a
fixed threshold value, a modified Newton step with the full augmented approximate Hessian is

taken. See Section 3.3 for a summary of their observations on the performance of the methods.

Dennis, Gay, and Welsch [1981a] apply a scaled DFP update to B, at each step. The new

approximation §g+1 solves .
: -1/2( B. _ -1/2
min WH ‘ (n By = BYH™/%||F

subject to
Hay = ga;  H positive definite

Bsy = JN i fosr = I fegri B symmetiic,

where

n = min{lyF /25 Bymp|,1).

The scale factor n, is based on the observation that the quasi-Newton approximation to B is
often too large with the unscaled update, on account of the contribution of the residuals. The
term |yTn /n'{bu.l in 7 is derived from the self-scaling principles for quasi-Newton methods
of Oren [1973), and attempts to shift the eigenvalues of the approximation B, to overlap with
those of B,, using curvature information at 7,. The algorithm forms the basis for the ACM
computer program NL2SOL [Dennis, Say, and Welsch (1981b)), which is distributed by the PORT
Library [1984] as subroutines ¥2G and DN2G. It is implemented as an adaptive method, in that
Gauss-Newton steps are taken if the Gauss-Newton quadratic model predicts the reduction in

the function better than the quadratic model that includes the term involving B. A trust-region

19

M




strategy is used to enforce global convergence. Numerical results are given in Dennis, Gay, and
- Welsch [198132] for a set of twenty-four test problems, many with two or three different starting

values.
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4. Discussion and Summary of Numerical Results

In this section, we summarize numerical results obtained for the unconstrained optimization
and nonlinear least-squares methods; more detailed results are tabulated in the Appendix. The

tests were performed using the following software:

o DMNG/SUMSOL - Trust-region method for unconstrained optimization that uses a quasi-

Newton approximation to the Hessian matrix. From the PORT Library [1984].

o WPSOL - Linesearch method for unconstrained optimization that uses a quasi-Newton ap-
proximation to the Hessian matrix. From the Systems Optimization Laboratory, Stanford
University (see Gill et ai. [1986b; 1987]). Also available in the NAG Library.

o DNNH/HUMSOL - Trust-region method for unconstrained optimization that uses analytic second
derivatives. From the PORT Library [1984].

o MUA - Linesearch method for unconstrained optimization that uses analytic second derivatives.
This implementation, which is available at Stanford Linear Accelerator Center, is from the
National Physical Laboratory, England. It is essentially the same as subroutine EO4ALBF from
the NAG Library [1984].

e G-N - Gauss-Newton algorithm for nonlinear least squares that uses LSSOL (Gill et al.
[19862)) to solve the linear least squares subproblems, and the linesearch from WPSOL (Gill
et al. [1986b]). Both LSSOL and NPSOL are also available in the NAG Library.

o LMDER - Levenberg-Marquardt method for nonlinear least squares. From MINPACK (Moré,
Garbow, and Hillstrom [1980]).

o DN2G/NL2SOL - Adaptive method for nonlinear least squares (combines Gauss-Newton,
Levenberg-Marquardt, and special quasi-Newton methods). From the PORT Library [1984).

e LSQFDQ - Corrected Gauss-Newton method that uses a quasi-Newton approximation to the
Hessian matrix. This implementation, which is available at Stanford Linear Accelerator
Center, is from the National Physical Laboratory, England. It is essentially the same as

. subroutine E04GBF from the NAG Library [1984].

o LSQSDN - Corrected Gauss-Newton method that uses analytic second derivatives. This im-

. plementation, which is available at Stanford Linear Accelerator Center, is from the National

Physical Laboratory, England. It is essentially the same as subroutine EO4HEF from the NAG

Library [1984].




Information about the individual test problems is given in the Appendix. The number of
function evaluations required by each subroutine is fisted in the tables at the end of this section.

In addition, the following symbols are used:

¢ - zero-residual problem

" linear least-squares problem

- - failure to achieve an approximate solution

~ - appears to be unable to terminate at an approximate solution

- local minimum
termination criteria satisfied at a point away from a local minimum
- failed with default step length or trust-region size

Two columns of figures corresponding to two different values of a single parameter are given
for each subroutine. For the Gauss-Newton methods, the parameter affects rank estimation; for
all of the other methods, the parameter affects termination criteria. See the tables of numericai
results given in the Appendix for information about the precise choices that were made. The
wide variability in the numerical results makes it difficult to draw definitive conclusions about
the relative performance of the software, because observations of small samples could result in

misleading generalizations. The sources of this variability are discussed below.

First, the number of function evaluations may nnot be an adequate basis for comparison.
The routines vary in the number of gradient evaluations performed per function evaluation, and
second-derivative methods require evaluation of the Hessian matrix. Moreover, when function
evaluations are relatively inexpensive, costs could be dominated by other portions of the compu-
tation. Another difficulty in making comparisons is that the definition of an acceptable minimum
varies from routine to routine. For example, the norm of the gradient of the nonlinear least-
squares objective, {|g]l. at an alleged solution r° may differ considerably for different software,
although 9(7°) = 0is a necessary condition for a minimum. (On problem 10., LKDER terminates
at a point for which ||g|| is of order 107, while DN2G terminates at a point for which [|g|| is of
order 10-3.) Most algorithms do not attempt to reduce |jg|| directly, but convergence criteria
may include a threshold on ||g(z°)||. Dep.unding on how this threshold is used in relation to other
criteria, some routines may spend more function evaluations in anticipation of a reduction in |||
than others. A small value of ||g]] means greater certainty that a minimum has actually been

obtained, but may be unreasonably expensive to achieve in practice.




Second, aside from design choices that define a particular implementation of an algorithm,
the user is permitted to specify certain parameters that may affect performance. Fraley [1987b)
gives examples that illustrate the sensitivity of Gauss-Newton methods to rank estimation criteria
(see, e. g.. problems 35b., 36a., and 20d.). For problems on which an algorithm is linearly
convergent, small changes in tolerances that are used to define convergence criteria can mean
substantial differences in the amount of computation required in order to obtain a point satisfying

conditions for convergence (see, e. g., DMRG on 24b.. and LMDER on 40.). Selection of a maximum

- steplength or an initial trust-region radius can also be critical factor in the performance of a
method. In these tests, the default values for these parameters were altered only in cases where
a method was initially observed to fail by attempting to evaluate problem functions outside the
region in which they are numerically defined (see, e. g., the results for the DeVilliers and Glasser
test problems 42. and 43.). Failures of this sort may be caused either by poor scaling among
the variables in the problem, or by ill-conditioning within subproblems. Hiebert [1981) is of the
opinion that failure due to ill-conditioning can be avoided in software, but that it is not always
possible to anticipate abnormal terminations that are caused by bad scaling.

In NPSOL, one can specify bounds on the variables, a; well as adjust the maximum step
length, in order to deal with this type of difficulty. Subroutine EO4LBF, the version of MEA that
is available in the NAG Library [1984], also provides for bounds on variables, and there are
alternative versions of all of the PORT software used in these tests that allow bounds to be
specified. Unfortunately, when bounds on the variables are included in the problem formulation,
local minima at which the bounds are active may be found rather than local minims for the
nonlinear least-squares problem. See Hanson and Krogh [1987) for numerical results in which
simple bounds are included for some problems. Holt and Fletcher [1979] give an algorithm

designed for nonlinear least-squares problems with explicit bounds on the variables.

Third, the performance of any given method over the set of test problems is by no means
uniform, and it is not easy to separate the problems into classes for which the behavior of an
algorithm can be categorized. One reason for this is that many of the test problems recur in
the literature precisely because they have certain distinguishing properties. Powell’s singular
function and variants (13. and 22.) are zero-residual problems in which the Jacobian becomes
singular at the solution. The McKeown test problems (39., 40., and 41.) are chosen so that
the Jacobian is well-conditioned everywhere, and the rate of convergence for the Gauss-Newton

method with unit steplength can be controlled by varying a single parameter (the parameter can
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also be chosen so that the unit-step Gauss-Newton method diverges). Both Powell’s singular
. function and McKeown's test problems are constructed analytically rather than derived from
data-fitting applications. The matrix square root problems (36.) are examples of small, dense,
nonlinear systems of equations requiring a very accurate solution. Watson's function (20.) comes
from polynomial interpolation, and has multiple local minima with small, but nonzero, residuals.
It also has the feature that the Jacobian becomes increasingly ill-conditioned as the problem
size is increased (see Fraley [1987b]). The Gulf Research and Development function (11.) has
discontinuities in the derivative of each residual on a one-dimensional subspace and hence violates
the assumption (made in developing all of the algorithms we have discussed) that the sum of
squares has continuous second derivatives. The results for the DeVilliers and Glasser test problems
(42. and 43.) illustrate variability in performance due to the use of different starting values.
More generally, the behavior of a given method for a certain type of residual function may not
be uniform over several sets of defining data of similar magnitude, as shown by the results for

the Dennis, Gay, and Vu test problems (44. and 45.).

Finally, there is considerable diversity in performance among the routines tested, and few
generalizations are possible. Our data generally supports the use of nonlinear least-squares soft-
ware over that designed for general unconstrained minimization, but there are some exceptions
(see, e. g., the McKeown test problems 39. - 41.). Of the nonlinear feast-squares routines, DN2G
(FL2SOL) is often the best (the Dennis, Gay, and Vu test problems 44. and 45. are examples of
exceptions). When second derivatives are relatively cheap to obtain, the use of an unconstrained
optimization method that uses exact second derivatives may be a reasonable alternative to a
nonlinear least-squares method (see, e. g., the results for the penalty function 23b.). Our tests
do not indicate overall superiority of any particular method over the others; in situations in which
a variety of problems are being solved, we conclude that it is desirable to have the flexibilty to

choose from among several methods.
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Summary of Results : Unconstrained Optimization Methods

(number of function evalnations)

Moré, Garbow, and Hillstrom Test Problems

n m DMNG NPSOL DMNR MNA
1.0 2 2 40 42 27 29 32 32 14 14
2.0 2 2 12 12 9 10 100 10 8 8
3. 2 2 217 220 897 897 130 132 175 175
4° 2 3 66 67 20 20 22 23 1 1
5.0 2 3 16 17 20 22 11 12 35 35°
6. 2 10 33 34 14°  15° 1 n 12 12
7.0 3 3 28 30 37 38 16 17 1 14
8. 3 15 19 22 22 23 9 10 11 11
9. 3 15 8 12 8 9 4 4 3 3
10. 3 16 465 467 450 450 382 388 249 249
112 3 10 ¢ 327 ? 7 290 292 538 538
12° 3 10 43 45 4 35 24 24 43 43
13° 4 62 89 66 71 27 38 38 23* 23
14° 4 6 100 102 50 51 42 49 54 54
15. 4 11 3B 36 33 35 n 12 20 20
16. 4 20 46 47 24 25 1n 13 9 10
17. 5 33 6 72 32 s6° 46° 47 43 43
18° 6 13 45 47 48’ 45 -~ - 44 44
19. 11 65 69 72 88 90 23 24 7 8*
26a. 6 31 35 37 43 46 15 15 13 13
200, 9 31 % 79 83 85 20 22 14 14
20c. 12 31 89 148 55' 151 24 24 14 14
20d. 20 31 1100 134 3 14 50 ~ 12905' 1295/
21a° 10 10 120 125 101 104 25 26 14 14
21b° 20 20 189 193 252 265 27 27 14 14
22a° 12 12 143' 235 83' 165 28' 40 23 23
22b.° 20 20 187 344 103' 196’ 29' 40 1 24
23a. 4 5 77 78 198 198 2 43 43 43
23b. 10 11 80 81 117 124 44 45 44 44
24a. 4 8 364 472 23' 462 126 128 158 158
24b. 10 20 475 632 368 419 158 162 133 133
26




Summary of Results : Nonlinear Least-Squares Methods

(number of function evaluations)

Moré, Garbow, and Hillstrom Test Problems

G-N LMDER DR2G LSQFDQ LSQsDN
1.° 3 31 2 22 M u 31 31 31 31
2.° 1800 238 148 21 100 12 36' 36 18 18
3° 3 42 19 19 64 65 47 4 47 47
4.0 54 54 40* 54 40 53 64 64 53 53
5.0 8 8 9 10 9 10 14 14 10 10
6. - 21 28 14 16 54 54 36 36
7.0 13 13 1 12 13 U 20 20 14 1T
8. 7 7 6 7 7 8 13 13 6 6
9. 3 3 4 5 3 5 3 3 3 3
10. -t 30 126 126 132 133 18 18 17 17
11.° - - - - - - 6 69 30" 30
12.° 7 ? 7 8 8 9 12 12 8 12
13.° 16 16 65 65 19 25 18 18 18 18
14.° 96 96 7 70 52 53 81 81 87 99
185, 43 a3 18 28 n 12 30 30 16 16
16. 3851 3651 264 356 21 22 62 62 4 45
17. 13 13 18 19 26 27 19 19 14 18
18.° - - 46 46 45 46 ~* - 243 247
19 21 24 17 19 20 22 33 33 19 19
20a. 12 12 8 10 13 13 32 32
20b. 6 e 10 12 15
20c. 6 6 10 12 4 M 6
20d. ¢ 6 18 23 7~ 18 18 100 12
21a.° 3t 31 22 22 27 27 3N 31 31 3
21b.° 3 31 22 2 16 16 3 31 31 3
22a.° 16¢ 16 2 N 20° 26 18 18 180 18
22b." 16¢ 16 69 69 19 26 18 18 8¢ 18
23a. 0 9 4 44 % 37 80 80 58 58
23b. 274 274 84 104 61 68 143 143 124 124
24a. 1043 1043 151 156 139 142 411 4 228 228
24b. - - 80 88 129 138  566° 566 150 150




Summary of Results : Unconstrained Optimisation Methods .

(number of function evaluations)

Moré, Garbow, and Hillstrom Test Problems (continued)

n m DHNG ¥PSOL DMEH NEA
253" 10 12 20 21 19 20 15 15 14 14
25b.° 20 22 25 2 24 24 18 19 17 18
26a° 10 10 ¢ 37 33’ 3% it 12 21 21
26b° 20 20 62 65 O 200 20 30 30
272 10 10 13 16 18 19 9 10 22 22
27b° 20 20 15 18 30 32 112 31 31
282° 10 10 ) 7| 33 3 4 4 4 4
28b° 20 20 60 64 54 56 4 4 4 4
202° 10 10 10 7 8 4 5 4 4
20b° 20 20 10 7 4 5 4 4
30a° 10 10 51 57 37 40 6 7 7 7
30b° 20 20 65 88 es' 67 6 7 7 7
31a° 10 10 46 60 e 70 9 9 9 9
312 20 20 47 63 141 144 9 9 9 9
325 10 20 6 6 6 6 4 ]
33 10 2 4 4 5 5 27 27
34 10 20 5 4 6 6 20 20
35a. 34 38 31 33 M 4 41 41
3Bb° 9 4 46 29 32 17 18 66 66
38c. 10 10 41 45 37 42 19 20 86 86
Matrix Square Root Test Problems
n m DMNG NPSOL DNNH MEA
36a° 4 4 - - -t - - - - -
3" 9 9 - - -t -t - - - -
36c® 9 9 69 101 3 3 31 35 3188 3188
36d4° 9 9 - - -t =t - - - -
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Summary of Results : Nenlinear Least-Squares Methods

(number of function evaluations)

Moré, Garbow, and Hillstrom Test Problems (continued)

G-N LNDER DN2G LSQroQ LSQsDN
25a.° 1 1 1n 12 15 16 16 16 12 17
25b.° 13 13 13 14 19 19 18 18 14 19
. 26a.° 16 16 28 37 1mn 12 2 22 18 22
26b.° 20 20 s7 7t 39 42 18 24 18 26
. 27a° 21 21 15 15 8 9 26°  26* 22 28°
27.° K} L U 5 18 1112 ) LI L 21° 27
28a.° 4 4 5 5 4 '] 4 4 4 4
28b.° 4 4 5 5 3 4 4 4 4
202.° 4 4 5 ] 4 4 10 10 6
29b.° 4 4 5 5 4 4 10 10 6
30a.° 6 6 6 7 8 9 1 11 7 11
30b.° 6 6 6 7 8 9 11 1 7 11
31a.° 7 7 7 8 10 11 12 12 8 12
31b.° 7 7 7 8 10 1 12 12 8 12
32.% 2 2 3 3 5 s 2 2 2
33 3 - 3 8 18 18 2 2 2
34 3 3 3 7 13 13 2 2 2 2
38a. -t - 40 53 23 24 87* 87 " T4
35b.° 48 - 12 13 1 1 34 34 30 3
35¢. - =t 28 M 17 19 73" 73 43 4
Matrix Square Root Test Problems
- G-N LMDER DE2G LSQFDQ LSQSDE
36a.° 2885' 36 - - - - 4 44 38 38
. 36b.° 683 36 9 10 16 - “a  u 38 38
36¢.° 20 20 29 40 16 22 28 28 28 28
364.° 74 - 2 2 4 4 424 424 380 380
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Summary of Results : Unconstrained Optimization Methods

(number of {function evaluations)

Hanson Test Problems

m DMNG WPSOL DMNH KRA
37. 16 22 22 14 15 16 17 6 6
38. 3 16 31 32 21° 23 14 14 13 13
McKeown Test Problems
n m DHNG NPSOL DMRH MEA

39a. 2 3 9 11 10 11 4 4 4 4
39b. 2 3 9 10 9 10 4 4 4 4
39¢. 2 3 6 6 8 4 5 4 4
39d. 2 3 8 9 10 11 6 6 6 €
39e. 2 3 11 12 16 17 8 8 8 8
39f. 2 3 11 11 28 29 11 11 11 11
39g. 2 3 17 18 30 31 13 14 14 14
40a. 3 4 11 12 11 12 4 4 4 4
40b. 3 4 10 12 11 12 4 5 4 4
40c. 3 4 9 10 9 10 5 5 5 5
40d. 3 4 10 11 14 15 5 6 6 6
40e. 3 4 11 13 19 20 7 7 8 8
401. 3 4 14 16 3 34 10 10 10 10
40g. 3 4 18 20 45 46 13 13 13 13
41a. 5 10 11 13 12 12 4 4 4 4
41b. 5 10 11 13 12 13

41c. 5 10 13 14 12 14

41d. 5 10 17 20 17 20 9
4]e. 5 10 24 26 51 54 11 12 12 12
411 ] 10 27 31 51 53 14 14 14 14
41g. 5 10 32 35 62 69 17 17 17 17
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Summary of Results : Nonlinear Least-Squares Methods

(number of function evaluations)

Hanson Test Problems

G-N LMDER DN2G LSQFDQ LSQSDN
7. 39 39 15 21 100 1 25 25 9 9
hd 38. 58 58 18 28 10 12 30 30 10 10
v McKeown Test Problems
G-N LMDER DN2G LSQFDQ LSQSDN
39a. 8 8 ) 6 5 5 17 17 4 4
39b. 3 32 4 2 6 7 24 24 6 6
39c. 23 23 18 25 7 8 22 23 9 9
39d. 681 681 20 128 7 8 31 32 12 12
39e. - - 28 4 9 10 32 3 12 12
39f. - - 31 M 4 15 43 43 25 25
39g. - - 39 44 18 20 49 49 39 39
40a. 13 13 6 9 7 18 18 5
40b. 16 16 4 17 1n 19 19 6
40c. 38 380 16 22 10 27 27 n u
40d. 81 78 26 40 9 9 33 34 13 13
40e. - - 90 146 10 11 70 72 45 45
401. - - 180 272 13 14 92 92 49 49
40g. - - 206 319 23 25 123° 123 85 85
4la. 5 5 4 4 4 4 8 8 « 4
41b. 4 4 s 18 18 4
d1c. 12 12 8 6 21 21
= 41d. 30 30 15 22 11 38 38 9 9
4le. 222 222 29 38 17 20 47 A7 4 14
41f. 933 933 57 89 4 27 54 54 16 16
M alg. 3285 <285 2 84 144 29 30 62 62 21 21
kY




Summary of Results : Unconstrained Optimization Methods .

(number of function evaluations)

DeVilliers and Glasser Test Problems

n m DMNG ¥PSOL DMNE NEA
422° 4 A 53 56 60°  61' 28 28 a4
42b° 4 24 103*  104° 140° 141° 33 36 16 16
42¢° 4 24 76 78 51*  52° 30 31
42d° 4 2 61 64 56° 57° 30 30
432° 5 16 49 51 4t 53 2 22 30*° 30°
43b° 5 16 58 60 37 38 6 27 17”7 1
43c° 5 18 41 44 44 54" 21 21 8o 89
43d° 5 16 57 60 1124 1207 27 28’ ar 42
43¢ 5 16 51 53 95° 97 28° 29° 142°  143°
431° 5 16 45 48 56°  59° 17 18 3 3

Dennis, Gay, and Vu Test Problems

n m DNNG NPSOL DMNE MEA
442 6 6 41 a4 488 490 179 180 143 144
4b° 6 6 31 34 57 59 ) 10 46 46
44c® 6 6 3726 3731 - - 194 198 914 918
444° ¢ &6 -t 3865 - - 187 188 915 916
44¢° 6 6 -* 2815 1976 1978 219 220 475 476
452 8 8 284 288 474 476 63 64 186 186
45H" 8 8 36 40 82 84 15 16 38 38
45¢° 8 8 6197 6200 - - 321 322 1416 1416
45d° 8 8 7929 7934 1654 1656 328 329 1478 1479
45¢° 8 8 3341 3346 - - 351 352 1441 1441
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Summary of Results : Nonlinear Least-Squares Methods

(number of function evalnations)

DeVilliers and Glasser Test Problems

G-N LMDER DN2G LSQFDQ LSQsDN
- 42a.° 51° s1* 18 19 29° 29° 3 73 60*' 64"
42b.° 611° - 48* 49’ T4 T4 94 94° 78 75°
. 42c° 27 7 20° 20 32 32° 46° 46° 48°  48°
424.° 24¢ 24 15*  16° 23 24 27 27 27 v
43a.° 23* 23 14 15° 31 32 33 33 25 33°
43b.° 157 20° 18°  18° 20 20 45'  45° 37 45
43c.° 24 24 1 ar 4 4qt 33 33 25* 33
4340 18°  18° 22 23 17 17 38 38 30* 38
43e.° 3 ar 12 13 28 29 27 T 19° 271
431.° 22 22 12 13 20 20 3 31 23 31

Dennis, Gay, and Vu Test Problems

G-N LMDER DN2G LSQroQ LSQSDN
44a° 171 171 37 38 58 59 97 97 93 95
44b.° 5 5 5 6 f 7 10 10 6 10
44c° 55 55 108 109 93 94 47 47 47 47
444.° B 35 98 99 97 98 40 40 40 40
44e° 42 12 82 83 8 &3 47 47 47 47
45a.° 171 171 47 48 65 66 97 97 93 95
45b.° 5 5 5 6 8 8 12 12 6 12
. 45¢.° a 4 164 168 129 130 47 47 47 47
454.° B 35 144 145 168 168 2 42 42 42
. 45¢.° 42 12 130 131 173 173 49 49 43 4
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5. Appendix : Numerical Results

In this section, numerical results are presented for a large set of test problems, using software
based on the unconstrained optimization techniques and methods for nonlinear least squares

problems discussed in Sections 2 and 3.

5.1 Sources and Presentation

The following is a list of the software sources that were used to obtain the results:

subroutine source problem type  derivatives

DMEG/SUNSOL PORT unconstrained first
WPSOL SOL / NAG unconstrained first

DMNH/HUMSOL PORT unconstrained second

MEA NPL / NAG unconstrained second
G-N uses SOL / NAG LSSOL least squares first
LMDER MINPACK least squares first
DN2G/NL2SOL PORT least squares first
LSQFDQ NPL / NAG least squares first

LSQsSDN NPL / NAG least squares second

ACM - Association for Computing Machinery

MINPACK - Argonne National Laboratory, U. S. A.
NAG - Numerical Algorithms Group
NPL - National Physical Laboratory, England
PORT - PORT Mathematical Software Library, A. T. & T. Bell Laboratories, Inc.
SOL - Systems Optimization Laboratory, Stanford University

All of the programs were run in FORTRAN using double precision on the IBM 3081 and IBM
3033 computers at Stanford Linear Accelerator Center, for which

relative machine precision ¢,, = 2.22...x 107'%; /A5 =149...x10"%

In the tables, associated with the label ‘est. err.’, we include the quantity

1271 = Waeonlly
1+ “!hnlllz

where [* is the value of f at the point of termination, and || fa- ||, is the best available estimate

(5.1.1)

of the norm of the solution, in order to get some idea of the error in [|/*|l,. For those problems

a5




that have nonzero residuals, the value of || fi..||, is given to six figures of accuracy, rounded

- down.
The following abbreviations are used in the headings of the tables:

est. err. -  error estimate (5.1.1)
conv. - termination conditions

The following abbreviations are used in the tables to describe conditions under which the algorithm

terminates abnormally :

FLM. - fanction evaluation limit reached
TIME - time limit exceeded
Loop - subroutine appears to loop

For information on the test problems, see Section 5.9.

36




5.2 Trust-Region Methods
(PORT/ACM DMNH/HUMSL and DNNG/SUMSL)

5.2.1 Software and Algorithms

The results were obtained using subroutines DMNH and DMNG, which are double precision

versions of the ACM algorithms HUMSL and SUMSL available in the PORT Library [1984]. A

* subproblem of the form
. 1
min QAP =gr+ 3 p  Hp
v snbject to  |[Depll, < &
is solved at each iteration for the step p; to the next iterate, where D, is a diagonal scaling
matrix, and H, is the exact Hessian matrix at r; in DMNH, and a quasi-Newton approximation
in DMNG (see Sections 2.3.2 and 2.4).
5.2.2 Parameters
Parameters were kept at their default values with the following exceptions:
IV(MXFCAL) -  min {9999,1000n} function evaluation limit
IV(MXITER) - min {9999,1000n} iteration limit
V(APCTOL) - TOL? (varied; see tahles) absolute function convergence tolerance
V(RPCTOL) - TOL (varicd; sce tables)  relative function convergence tolerance
v( SCTOL) - Cpg singular convergence tolerance
V( XCTOL) - TOL (varied; sce tables) r convergence Lolerance
v( XFTOL) - €ar falee convergence tolerance
V( LMAX0) - wusually 1.0 (defanit) t initial trust-region diameter
t In somne cases the defanlt Y(LEAX0) = 1.0 for the initial diameter of the trust-region was (oo
large and overflow occurred during function cvnluation. These cases are indicated in the table
by giving the lower value of V(LNAX0) that was subsequently nsed to obtain the resulls in the
- column labeled “init. diam.”.
See Dennis, Gay, and Welsch [1981a, 1981b], Gay [1983], and PORT [1984] for details
concerning the parameters.
*
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5.2.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

ohjective function : K (=} 1T1)
objective gradient  : g = VF (= JT /i)

cnrrent step : i, the minimizer of the subproblem

' H g if Hy is positive dchinite;
Newton ste : & ’
! r Pn { undefined  otherwise.

Newton reduction pr = { - 3.('1,) if H; is positive definite ;

otherwise.
predicted reduction @ pp = =Qi(m)
actnal reduction  : p, = Fp — F(ri +m)
maxicica {{D(r —y))il}
maxigige {{(Pri| +1(Dy)l}

t Here r; denotes the ith component of the vector v. There is a provision for the nser to replace
the function »; we used the defanit in all of the tests.

scaled distance o r.y, D)=

1

The convergence criteria used in DMER and DMEG are as follows:

o Absolute function convergence occurs at », if
|Fa| < VCAFCTOL). (5.2.1)
o Relative fanction convergence is intended to approximate the condition
Fi - F(«°) < V(RFCTOL) | %3 ].

The test actually used is
pn < V(RFCTOL) | 7. (5.2.2)

o r convergence is intended to approximate the condition
w(ry, %, Dy) < VCXCTOL),
The test actually used is
Pt =px and p(ri, 1 + . Di) < V(XCTOL). (5.2.3)
o Singnlar convergence is intended to approximate the condition
Fi ~min {F(y) | IDs(y = 72 )]} < V(LMAXS)} < V(SCTOL) | 7],

where 1, is the diagonal scaling matrix at the kth iterate. The test for singular convergence

is made only when none of the convergence criteria listed above holds. It is meant to indicate
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relative function convegence when the Hessian in the subproblem is singular.

The actual test is
Fir ~min {Qu(v) | |Pe(y = 74)|| < V(LMAXS)} < V(SCTOL) | Fuf. (5.2.1)

Under certain conditions, the test (5.2.4) is repeated for a step of length V(LMAXS).

o False convergence is returned if none of the other criteria are satisfied and a trial step no
larger than V(XFCTOL) is rejected. This usually indicates either an error in computing the
objective gradient, a discontinuity (in F or g) near the current iterate, or that one or more of .
the convergence tolerances (V(RFCTOL), V(XCTOL), and V(AFCTOL)) are too small relative
to the accuracy to which the objective is computed.

The test actually used is
Fuo— F(xi + me) SV(TURERL) p,. and x4, 72 + i, D) < V(XFTOL). (5.2.5)

where the parameter V(TUNER1) is adjustable, although in these tests the default value 0.1
is used throughout.

Except for (5.2.1), tests for convergence are performed only when
Pa £ 205 (5.2.6)
See Dennis, Gay, and Welsch [1981a, 1981b), Gay [1983), and PORT [1984) for more dis-

cussion of the convergence criteria.

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates:

ABS.P - (5.2.1)
RFL. P - (5.2.2) and {5.2.6)
x - (5.2.3) and (5.2.6)

¢ - (52.2)and (5.2.3) and (5.2.6)
SING. - (5.2.4) and (5.2.6)
PALSE - (5.2.5) and (5.2.6)
FLIM. - fanction evaluation limit reached
TIME - time limit exceeded

Loop - subroutine appears to loop

The total number of Jacobian evaluations is either equal to the total number of iterations
of the method, or it is one more than the number of iterations. The number in the column
labeled “iters. / J evals.” is followed by a "+" if an extra Jacobian evaluation was used in

the computation.
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Numerical Results for DMNG

n m TOL init. / iters./  {I=°ll, WUy Ho'll,  est. comv.
diam. cvals. J cvals. orr.
1. 2 2 10t 40 35+ 141 107 107" 107!1% e
10~'2 12 37+ 1.41 107" 107 107 x
2 2 2 10" 12 10+ 114 100 1077 10)  wew
10-'? 12 10+ 114 100 1007 10! neL. r
3" 2 2 0 217 160+ 911 107* 107' 107" ams.»
10-'? 220 162¢ 911 1077 1077 107 e v
4" 2 3 107 66 11+ 10° 100" 1007 10
10-? 67 12+ 100 107" 107* 1077
5 2 3 107 16 M+ 304 107} 10719 1077 s
10~12 17 15+ 3.04 1071 107V 107  Lu»
8. 2 10 110" 33 20+ 365 107! 107Y  107% ey
10°1? 34 21+ 365 107! 1007 107*  am»
7 3 13 o-* 28 23+ 1.00 107" 10"* 107"  .ns»
10~'2 30 25+ .00 107" 107" 107  .es»
8. 3 15 107" 19 17+ 260 107! 1007 107"  am.»
10712 22 20 260 107! 100" 10°*  am»
9. 3 15 107 8 5+ 1.08 10°% 107! 107 x e
10-12 12 9 1.08 107' 1077 107 am»
10. 3. 16 10°* 465 328+ 10* 100, . 10 107* am»
10-" 467 327 10* 10" 107 107%  am.»
1. 3 10 10" 4 3+ 566 107 107* 107!
10-1? 327 267 559 107 107" 107%*  .es.»
12 3 10 10™* 43 34+ 101 107* 10710 1071 a5 »
10-"? 45 36+ 10.1 107" 100" 107 s v
132 4 4 107" 62 61+ 107* 100* 107° 107!® s
1012 89 88+ 10°* 107" 1079 100 Les»
14° 4 ¢ 107 100 78+ 200 1070 1077 107'%  aesr
10-12 102 80+ 200 10°' 107" 100M e v
15. 4 11 107" 35 31+ 328 1072 107" 107" aree
10-'? 36 32+ 328 1072 107" 107 e e
16. 4 20 to~" 46 M+ 176 107 1077 10°*  am»
10712 47 35+ 196 102 107* 107"  am.»
7. 5 33 107" 69 55+ 246 1072 1070 10" s
10-1? 72 58+ 246 10°7 107" 107" e v
18" 6 13 10°* 45 11+ 187 107" 1077 1077  am.»
10~'2 47 43+ 18.7 107 107" 10°?  am.»
19. 11 65 107 69 58+ 938 107! 107* 107* e
10-1? 72 61+ 938 107" 107* 107%* aer.»
A




Numerical Resnlts for DMNG

n wm T0L i.uit. j) itees./  {il=*ll, N0l floll;  est. comv.
diam. evals. J evals. err.
20a. 6 31 10_““, 35 32+ 244 1077 107 107 e
10 37 34+ 244 1077 107" 107" amr
-8 P
20h. 9 3% lo_12 76 69+ 606 107 107" 107" wew s
10 79 T 606 107 100" 107" ame.»
Y ]
20c. 12 31 10_” 89 85+ 1280 107 100*  107*  are.r
10 148 143 287 10°* 100" 100" e s
20d. 20 31 10_':‘2 110 107+ 1.06 10°* 100" 10712 x
10 134 119 1.06 1077 107'? 107! raree
[1] -
21a." 10 10 10_"2 120 98+ 316 107" 107 107" ips e
10 125 103+ 316 10°'* 10'? 1077 x
21b.% 20 20 10:“’ 189 148+ 447 107" 100" 1077«
- 10 193 152+ 447 107" 10°'?7 107B  aes»
22a.° 12 12 10_':2 143 131+ 100 107" 1071 107 Lese
10 235 219+  10~%* 1071 1077 10"  ins.»
22b.° 20 20 10°° 187 153+ 107 107" 107" 107!% ey
10 34¢ 311+ 10°% 107" 107" 107 ams. s
2%a. 4 5 1070 77 57+ 500 10°* 40~ 107" v
10 78 58+ 500 107 107 107" en»
23b. 10 11 0::: 80 67+ 500 1077 107° 107" are.e
10 81 68+ 500 1077 10" 107! ame
24a. 4 8 10_-1‘, 364 270+ 769 10°* 1007 10" am.»
10 472 355+ .759 107 100 107" am»
= - -
24h. 10 20 11(())_“ 475 367 606 10‘2 107 107* amv.r
632 510+ 598 10~ 107" 10 am»
25a.° 10 12 10_':z 20 19+ 316 10°'2 107" 10°® s v
10 21 20+ 316 000 000 0.00 x
25h.° 20 22 10:,': 25 24+ 447 10°® 1077 1077 aps s
10 26 25+ 447 107" 107" 107 ams.»
26a." 10 10 0-:': 34 32+ 328 1002 107" 107%  wre»
10 37 35+ 328 1077 107 107%  we e
26h." 20 20 10_"“, 62 50+ 231 107 100 107 ke
.10 65 62 231 100 107" 107F eeve
272% 10 10 1070 13 1+ 316 107% 1077 1071 aner
10 16 14+ 316 107'7 107'7 107" ams
27b." 20 20 10'1'2 15 12+ 447 107% 1077 107" aps e
10~ 18 15+ 447 107 1077 107 amee
(1] -
282" 10 10 10_"" 31 25+ 412 107 100" 107" amse
10 34 28+ 412 107" 107" 107 ses e
[ -8
28h." 20 20 ll(())_n 60 48+ 571 m_-"" w"‘ 10°1¢  ams »
64 52+ 571 10 107" 1077 ps e
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Numerical Results for DMNG

n m  TOL init Ji i
: erS, . . .
200 diam. cvals. 7 t‘\'a{s el (17°0y Natlly  est cony
2’ 10 10 107" - orr.
8 T+ ] = ~
10-"2 10 ;+ A12 IO-:; 10°*  10-'% —
295" 20 20 10°* s * 412 10 10°1 102 e
10-'2 T 571 10-* 10-* Jo-"*
30" 10 10 10~* 10 9+ 51077 107 0P
10-12 :i 39+ 200 10" 10~ 10-" .
30b° 20 20 10-° ‘ 45+ 205 10-'% 10°'? 10~ :
10-"? 65 15+ 304 10-* 10=* 10-77
88 61+ 3 ~12 10 ARS. ¢
312" 10 10 10" 04 10 10-1 107 ey
107" :ig 2?* 1.80 10~* 107* 10°'¢ :
31b." 20 20 10~" - 35+ 180 1017 10777 1077  aee s
10-'2 4i 26+ 266 10-* 10~7 e =
63 36 2 ~12 10 aps. v
322 10 20 107* 8 66 10 " 100% .
= 4 *De -
10~1? 6 . ;lﬁ 10° 10-'% 000 «x e
33510 20 107 4 2 316 100 107 000 xam
10-12 . 1.46 ]0" 10-* s
4 2 146 10° o, 10T e
340 10 20 10~ . 3 10 10~ e
. 10—12 5 3 1.1 10"0 1012 10®  x ame
3a. 8 8 1070 — ' L 10 v‘o-“ 107%  x am
10-12 34 165 10T 10-° 10-°
38 27 - 10 are.
35b." 9 9 10°¢ 165 10°' 10=* 10~°
- L L) 32+ - - AzL. ¥
10-12 1.7 10-* 10~* -
16 M+ 7 -12 10 ABE. ¥
3%¢. 10 10 10°¢ 1.73 10 1012 10" ans. v
10~ 2 a1 31+ 181 100" 100° 10°°
45 36+ -1 _ 10 neL. 7
368,” 4 4 10_. 1.81 10 10 f ] 10_, .y
10-12 (1000) (2891) 17.0 10-°* 10-° 10-1'
0 (4000) (2891) 17.0 10°® e - rim
36h."” 9 o 10-* 10 10 -
101 (9000) (6426) 228, 10~ 10-7 10-"?
F oL
36c” 0 9  10-° (9000) (A426) 228. 10~ 10-7 10~"? ' ::‘:
) a 69 o1+ — — LIN.
107 o1 e 1o 07t 1071 s
36d° 9 9 107" — 173 107" 107" 107 aee s
i 4
10-‘2 :m'm“’) (G“m’ 228. ]0-“ In-7 ‘0-12 LI
7. 2 16 10°* 9000) (6486) 228 107% 1077 1077 4w
10-12 22 10+ 9.05 10! 10-° ppey
38 3 16 10-* 22 10+ 9.05 10 1% 10-' rEL. ®
) ) " REL. 7
10-12 g; };: :g: 0 1070 10 e
. -5 - .
) 10 10 10 (] e, ¢
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Numnerical Results for DMNG

- n m TOL init. ! itere./ Il W/cl; Hetll;  est.  conv.
diam. evals. J evals. err.
3%9a. 2 3 10°° 9 8+ 10°% 107! 107 1077 men.s
10~"? 1n 10+ 10°° 107! 107" 1077 e s
3h. 2 3 10 9 8+ 1077 107" 1077 1077 wex
10~12 10 9+ 10°7 107! 107* 1077 e v
3%. 2 3 10" 6 5+ 1007 107" 1077 1077 e s
1012 7 6+ 1007 107" 100 1077 e v
39d. 2 3 10°® 8 6+ 100 107! 107" 1077 e r
10°12 9 T+ 1007 1007 107" 1077 Ree
3%e. 2 3 107 11 8+ 1007 107! 100 1077 e v
1012 12 9+ 107" 100! 107 1077 ey
3f. 2 3 10°° 1 8+ 1007 107! 107" 1077 aeee
10~12 11 8+ 10 100 100 1077 s e
39g. 2 3 107 17 13+ 100" 107! 107 1077 ames
' 10-1 18 14+ 107" 107' 10™* 1077 am.»
40a. 3 4 10°° 11 10+ 100 10" 107" 1077 we»
10712 12 11+ 10°° 10 107" 1077 ae»
40b. 3 4 107t 10 9+ 100° 10 107* 1077 e
1012 12 11+ 100 10° 107 1077 s
40c. 3 4 107 9 7+ 1007 10" 1077 1077 ae e
10°12 10 8+ 1007 10° 100V 10°7 e »
40d. 3 4 107 10 7 1007 10° 10077 1077 e »
10°12 11 8+ 1007 10" 107" 1077 am.v
40c. 3 4 10°° 11 8+ 1007 10° 107 1077 wm.»
10°12 13 10+ 1007 10°  107® 1077 e
40f. 3 4 10 14 11+ 1007 10° 107 1077 e »
10~12 16 13+ 107" 100 107* 1007 am.»
40g. 3 4 10 18 14+ 10™* 10 100* 1077 ams
10-12 20 16+ 10 10" 100" 1077 ms.»
41a. 5 10 10°° 11 8+ 100 10°  10”* 1077 wm.»
1012 13 10+ 107 10" 100" 1077 am.»
41b. 5 10 108 11 8+ 107 10 107% 1077 e
10-12? 13 10+ 10~" 10° 107" 1077 wr.»
41c. 5 10 10°* 13 9+ 10°% 10" 107* 1077
10-1? 14 10+ 10" 10" 1007 1007 e »
41d. 5 10 107 17 12+ 100 10" 100 1077 wenr
10~!2 20 15+ 100 10" 100" 107 v
4le. 5 10 107° 24 20+ 10°¢ 10" 1072 1077 e
10~12 26 22+ 1077 10" 1007 1077 e e
41f. 5 10 10°* 27 22+ 10°¢ 10" 10 1077 aev.»
10-12 31 26+ 1007 10" 107% 1077 ame»
41g. 5 10 107 32 26+ 100 10" 107' 1077 am s
102 35 29+ 107" 10" 107" 1077 ae.e
44
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Numnerical Results for DENG

n m TOL init. J iters./  flell, 17N, Jletll;  est.  comv.

) ‘ diam. evals. J evals. err.
3 42° 4 24 107 53 41+ 608 10°* 100* o~ x
- 10°12 56 43+ 60.8 10-'* 10°" 1072 x

42b.% 41 24 10°* 0.9 103 6o+ 619 100 100* 107 x
10°12 09 104 70+ 61.9 100" 107! 10

42¢." 4 24 10 76 52+ 60.3 10~ 100* 107V

X
- 10-12 T 54+ 60.3 10°'* 10°"' 10°% x
424." 4 24 107" 61 48+ 60.3 10°° 10°* 107 x
10712 64 51+ 60.3 107'? 107 10~
. 43 5 18 10°* 49 31+ 540 10°* 1007 10”1 x
107'? 51 36+ 540 10°'? 1071 10~
43h." 5 18 107" 58 37+ 540 107 1077 10°!'¢
10-'2 60 39+ 540 107 1007 1077
43c® 5 16 10~° 41 29+ 540 107" 107* 107V
10-12 44 32+ 540 107" 10°? 107
43d° 5 16 10°* 57 44+ 540 10°* 1077 107Y7  .eer
1012 60 47+ 540 10°' 10°"' 0~ x
43¢’ 5 16 10°* 51 41+ 540 10°* 10~* 10°* x
10-12 53 43+ 540 10°* 10°V 10~
43€° 5 16 10°® 15 6+ 540 10~* 10°* 10-!¢ x
10712 48 39+ 540 10°'% 10" 10~ x
44a°% 6 6 10°* 441 341+ 403 107 107* 107! s
10-12 444 344+ 403 1077 107" 107B  aps»
44b° 6 6 10°° 3 24+ 352 10 10°* 10°'* x
10~1? M 27+ 352 107 10712 10-7 x
44c® 6 6 10°* 3726 2748+ 2086 107* 10°% 10" ..,
10°!2 3731 2753+ 206 1077 107" 10¥ e »
44d° 6 6 10°* 2752 1928+ 153  10°'  10” 1072 g »
10~1? 3865 2915+ 153 10°'? 107" 10~M x
44’ 6 6 10°* 2104 1550+ 123 1070 10"  107? a;.»
10™12 2813 2008+ 927 107" 107 107 e s
452" 8 8 to~* 284 227+ 406 107" 1077 107" ape s
10-1? 288 231+ 406 10717 1071 107B e s
45b° 8 8 10™* 36 28+ 356 107" 1077 10~V .ase
" 10~ 40 32+ 356 107" 10°'7 10 x
45¢° 8 8 107 6197 4538+ 206 10~* 107" 10~'*  .ps»
10-12 6200 4541+ 206 10°'? 10-* 10~ x
. 454° 8 8 10°" 7929 5976+ 153 107" 10™% 107!% . »
10~'3 7934 5981+ 153 10°' 10711 1072 L., ¢
45¢." 8 8 10:,“’ 3341 2511+ 031 107° 1077 10717 .ee e
10 3346 2517 031 107! 107" 107 Les
45
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F' Numerical Results for DMNH

» m TOL init. J itees./ Il W0 NetHla est conv,

diam. evals. J cvals. orr.
1.2 2 2 107" 32 24+ 141 107" 107" 107 e s
10~ 32 24+ 1.41 107" 1071 107 ey
2° 2 2 10" 10 T+ 14 100 100" o "eL ¥
10-"? 10 T+ 11.4 100 100" 10! acL. ¢
- 3 2 2 10t 130 101+ 911 107*  107% 1077 amee
10-1? 132 103+ 911 1071 107! 107%  aesv

4° 2 3 107t 22 10+ 10° 100" 107 107%

- 10-1? 23 1+ 10 1072 107 10"
5 2 3 10 11 8+ 304 10°1° 107! 107 s e
10~"? 12 9+ 3.04 110%™ 10700 10" e
6. 2 10 10°° 11 10+ 365 100 107* 107  aeer
~ 10~12 11 10+ 365 100 100" 107° eev.»
7 3 3 10 16 12¢ 100 100* 107" 107! e
10-12 17 13+ 1.00 107! 107'* 107%  .es. ¢
8. 3 15 10°* 9 8+ 260 107! 1072 107" e
10~12 10 9 260 107! 1072 107"  aer
9. 3 15 110t 4 3+ 1.08  107Y 107'* 107Y x am»
10~12 4 3+ 1.08  10°* 107! 10°Y  ame
10. 3 16 10~ 387 244+ 100 100 107! 107%  we»
: 10-12 388 245 10! 1 107" 107% ke »
1. 3 10 10°* 290 167+ 559 ~10™* 107° 107!* e
10~12 292 169+ 559 10°! 10-'¢ 10°* ams. ¥
12" 3 10 10°° 24 19+ 101 107! 10°!% 107%?®  .es»
10-12 24 19+ 101 1071 107! 1077 .as»
13° 4 4 10-° 27 26+ 10 10°% 10°'? 107! ams»
1012 38 37+ 10°¢ 1077 107V 100" e s
14° 4 6 10°* 12 32+ 200 1077 107" 100  aes v
10-12 49 38+ 200 000 000 000 ans.»
15. 4 11 107 11 8+ 328 1077 107" 107" aene
10~12 12 9 328 1077 107" 107" ae.e
16. 4 20 10°* 11 9+ 176 107 10°% 107" ae v
10712 13 1" 16 102 107" 107" s am.»
- 17. 5 33 100 0.2 16 32+ 246 1077 1077 107" aes
' 10°'2 0.2 47 33+ 246 10°?7 107" 107" e r
18° 6 13 10°° (6000) (1824+) 283, 10~! 107 107! s um
¢ 10712 (6000) (1820+) 275. 107! 107" 107! 5 um
19. 11 65 107 23 17+ 938 100" 100 107" ames
10~"? 24 18+ 938 100 1070 107%* s
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Numerical Results for DNNH

n m TOL init. / iters./  Wrolly, N/, latll,  est. conv,
diam. cvals. J evals. err.

20a. 6 31 10°® 15 14 244 1077 1078 1071 ar
10712 15 14 244 1077 107 107" x ame v
20h. 9 31 107" 20 16+ 606 107" 107" 107'% e s
107" 22 18 6.06 10°% 107" 107" s aev»
20c. 12 31 10 24 19 166 107% 107" 107 s oam s
10-'2 24 19 166 10°* 10°'* 107! x we ¢
20d. 20 31 107" 50 26+ 110 107* 107" j07'* uae
10712 (149) (55+) 116 107" 10°'* 107"  Loer
21a." 10 10 107" 25 22+ 316 107" 107% J07'*  ums s
10-12 26 23+ 316 107" 107 107*™ e s
21b." 20 20 10°° 27 23+ 447 107" 107" 107 aper
10~1? 27 23+ 4.47 107" 107" 100 e
22a. 12 12 10~ 28 27+ 107* 107" 10712 107! pe s
1012 40 39+ 107" 10772 107" 107 aes»
22b.% 20 20 10°° 29 28+ 1074 107" 10712 1077 aner
10-12 40 39+ 100 10°'7 10~ 1007 e s
23a. 4 5 107 42 36+ 500 107 1072 1070 sy
10-12 43 37 500 10”2 1077 107 am.»
23b. 10 11 10~¢ 44 37+ 500 1072 10°* 107" am.»
10-12 45 38+ 500 1077 107M 107! apr e
24a. 4 8 10°° 126 110+ .759 10°* 1077 107" s »
1072 1280 112+ .759 10°* 107" 107" ame
24b. 10 20 10~ 158 106+ 598 10~2 1077 107  am.»
1012 162 110 598 1072 107 107 x. am. v
25a.° 10 12 10°¢ 15 14+ 316 107" 10717 107 s e
10-12 15 14+ 316 107" 107'? 107%  .es»
25b.° 20 22 10-* 18 17+ 447 107" 10"% 107 Lpe s

10-12 19 18 447 10~'* 10°1? p0~W x
26a." 10 10 10°° 11 9+ 328 1072 107" 107% e »
10712 12 10 .28 10"4 107" 107% e
26b." 20 20 10~* 20 16 228 107 107" 107% xmee e
10~42 20 16 2220107 107" 107*  xomeu
27a" 10 10 10" 9 7 316 107" 107" 107 nes
10-12 10 8+ 316 107" 107" 107 aes e
27b." 20 20 10°° 1 9+ 447 107" 107" 107" ames
10-"? 12 11+ 447 107" 1077 10°F  apes
28a.° 10 10 10" 4 3+ 412 1077 107" 100 es»
10-1? 4 3+ 412 107'7 107" 1077 aes»
28b.° 20 20 10°°* 4 3+ 571 107" 1071 107 Les e
10°12 4 3+ 571 107 107 1008 aes»

48




Numerical Results for DHNH

n m TOL imit. ] iters./ Il Wla Natlly  est conv.
diam. evals. J evals. err.

29a2.° 10 10 10°* 4 3+ A12 10710 1071% 1077 amss
10-1? 5 q+ 412 107! 107" 1073 aes»

20b.° 20 20 10~ 4 3+ 571 1071 107'° 107 Les v
10-'2 5 4+ 571 107! 107" 10737 aes s

30a." 10 10 10°* 6 5+ 205 107% 107* 107Y  aes v
1012 T 6+ 205 10°1% 107 10°*  aes. v

30b° 20 20 10°* 6 5+ 304 107* 107% 1077 aee v
10-12 7 6+ 3.04 107" 107'* 1073  aes. v

31a 10 10 10°° 9 8+ 1.80 1071 10717 107  .es v
10-"? 9 8+ 1.80 107'% 107'? 1077  .ps»

31b.° 20 20 10" 9 8+ 1.80 107" 1077? 107  .es. v
10~'? 9 8+ 1.80 107! 107" 1077 aes s

32 10 20 10°® 6 4 316  10° 10°% 0.00 «x. mev.r
10~'? 6 4 316 10° 10°* 000 =x. am.r

33 10 20 10°* 5 q 146 10° 107" 10°® sna.
10-"? 5 4 146  10° 107" 107*  swe.

34 10 20 10°° 6 5 1.78 10° 107! 10°¢ ava.
10~ 6 5 .78 10° 107" 107° swe.

35a. 8 8 10 14 1) 165 1070 107 10°® xoamr
1012 14 11 165 107! 100* 10°* e

35" 9 9 10°* 17 124 173 107° 107% 107V aesr
10—12 18 13+ .73 107 1001 1007 ey

35¢. 10 10 10°* 19 11+ 1.7 100 107 107°  am.»
102 20 12 .76 10°' 107* 107"  am.»

36a’ 4 4 107 (4000) (2190) 178 10~ 107% 107'?7  sum
10-12 (4000) (219%0) 17.8 10°%* 10°* 107'?  rum

36b 9 9 107 (1832) (611) 915 10 10°* 10°° ™
10°"? (1881) (628) 924 10°* 10°* 10°* e

36c.” 9 9 10°* 3 30+ .73 16~* 1071 10”7 ame s
10~"? 35 33+ .73 10™' 107" 107 L.y

36d° 9 9 107" (1900) (638) 938 10~* 10~* j0°° Tine
10~"? (1859) (627) 932 100* 10°% 10°° Tiare

37. 2 16 10°® 16 7 905 10' 1007 107! Wk e
10-42 17 8 905 100 1007 107" me e

38. 3 16 107 14 8+ 261 10" 107! 10™*  wev.e
10-12 14 8+ 261 10" 107" 107°  am. v
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Numerical Results for DMNH

mom TOL it f ters/  |l=°ll, W/, Netll, est.  comv.
diam. evals. J evals. err.

39a. 2 3 107t 4 3+ 10°% 107! 1077 1077 e v
10°12 4 3+ 107 100" 100" 1077 we e

3. 2 3 107 4 3+ 1077 107" 107" 1077 e
10-1? 4 3+ 1007 107 100" 1007 apL»

39%¢c. 2 3 10°¢ 4 3+ 1007 107" 107" 1077 am»
10-12 5 q 10-7 107! 107! 1077 weer

30d. 2 3 10°° 6 5+ 1007107 107" 1077 e
10-12 6 5+ 1007 10°' 107 1077wk

3%. 2 3 10°° 8 7 107" 107! 1071 1077 e
1012 8 T 100 107! 107" 1077 mee s

39f. 2 3 10°° 11 10 10°* 107" 107* 1077 am.»
10-13 11 10 107 100" 107" 1077 e v

39g. 2 3 107 13 12# 107 107! 107" 1077 men s
10-12 14 13 100 107! 10°* 1077 e

40a. 2 3 10°° 4 3+ 10 107" 107 1077 mews
10712 4 3+ 100 100! 100" 1077 e e

40b. 3 4 10°® 4 3+ 107 10" 107" 1077 ae»
1012 5 4 100  10° 107" 1077 e r

40c. 3 4 10°° 5 4+ 1007 10° 107" 1077 ame s
10~12 5 4+ 1007 10° 1002 1077 e

40d. 3 ¢ 10°° 5 4+ 107 100 107 1077 ey
1072 6 5+ 10-7 10" 107" 1077 ae e

40c. 3 4 10°° 7 6+ 1007 10° 107 1077 am.»
- 10°"1? 7 6+ 1007 10" 107" 1077 ee»
40f. 3 4 107 10 g+ 107 10° 107" 1077 e e
10-12 10 9+ 100 10° 107" 1077 am.»

40g. 3 4 107t 13 12+ 1007 10®° 107" 1077 aee
10-1? 13 12+ 100 10" 107" 1077 am»

41a. 5 10 10°? 4 3 10" 10° 107% 10°7 e e
10712 4 3 100 10" 100" 1077 e »

41b. 5 10 10°° 4 3+ 10-° 10 107" 1077 em»
10-12 4 3+ 1070 10" 107" 1077 e v

41c. 5 10 107 8 T+ 100 10" 1077 1077 am»
10°12 8 T 10 16" 107'7 1077 e v

41d. 5 10 10°° 8 T+ 100" 30" 100" 1077 e
10712 9 8+ 10 10" 107" 1077 ek

4le. 5 10 10°° 11 10+ 107 10" 107" 1077 e »
10°"2 12 1 1007 10" 107" 1077 amr

4af. 5 10 10°° 14 13 1007 10" 107" 1077 e
10-12 14 13 1007 16" 100V 1077 am.»

41g. 5 10 10°° 17 16+ 100" 10" 107" 1077 e e
10°12 17 16+ 10-* 10" 100" 1077 ar»
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Numerical Results for DMNH

m TOL  init. / iters./  1=*ll, W/l lle®lly  est. comv.
diam. evals. J evals. orT.

42a.° 24 10°* 28 20+ 608 107'27 107'" 107 ney
10~"? 28 20+ 60.8 1072 1071 107  Lpe s

42b.° 24 107* 35 26+ 619 107 107" 107 e

10-12 36 27+ 619 10717 1071 107 x

42c.° 24 10°° 30 22+ 60.3 107'? 107" 1077 aee s

102 31 23+ 60.3 10°'* 1071 107" x

42d.° 24 10°* 30 21+ 603 107 107" 107Y
10-12 30 21+ 60.3 107 107" 1077  .es s

43a.° 16 10" 22 16+ 540 10°'* 100" 1077 x
10-12 22 16+ 540 10°Y 10="" 107?77 aec »

43b.° 16 10°* 26 20+ 540 107 107* 1077 aee s
10-12 27 21+ 540 100 1077 1072 s

43c.0 16 10°°* 21 17+ 540 107! 10°'' 10°% x
10~'2 21 17+ 540 107" 107" 107? ses ¢
43d.° 16 10°* 0.9 27 18+ 540 107° 1077 1071%  Lae s
1072 0.9 28 19+ 540 10°' 107" 1077 .es v
43e.° 16 100* 0.9 28 20+ 540 107/ 107* 1077 Lus e
1072 0.9 29 21+ 540 10~ 10°'? 1007  .es.»
43f£.° 16 10°* 17 14+ 540 10 1077 107!*  .es. vy
10-12 18 15+ 540 107" 107" 107 ass. v
44a.° 6 100" 179 150+ 403 100" 107" 1077 aesr
10~12 180 151+  4.03 107" 107! 107"  ses s
44h." 6 10°° 9 T+ 352 100 100 107" sesr
10-12 10 8+ 352 107 107! 1073 aes

44c.° 6 10°° 194 179+ 206 107! 1077 1072  .ee»
10~'? 195 180+ 206 107" 107! 107 Les.»
44d.° 6 10 187 179+ 153 107* 10°* 1077  .ns v
10-!2 188 180+ 153 107 107" 107  Les. s
44¢.° 6 107" 219 210+ 927 107" 107% 107" e
10-12 220 211+ 927 107" 107 107 Les v
45a.° 8 10" 63 49+ 406 107" 107" 107" anes
10°12 64 50+ 4.06 107" 10°'7 107 ame s
45b.° 8 10" 15 11+ 356 10°* 1077 107 aner
10°1? 16 12+ 356 107" 107" 107" aes. ¢
45¢.” 8 10°* 321 300+ 206 100%  107% 107 ey
10-12 322 301+ 206 10°'" 107! 16" ies. v
45d.° 8 10°°® 328 202+ 153 107" 1077 107! Les v
10°1? 329 293+ 153 107 107" 107  iesr
45¢.° 8 10°® 351 288+ 931 107" 107° 107 asr
10712 352 289+ 931 107'% 107! 1677  es v
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5.3 Quasi-Newton (BFGS) Linesearch Method
(SOL/NAG NPSOL)

5.3.1 Software and Algorithm

The results were obtained using subroutine NPSOL from the Systems Optimization Lab-
oratory (SOL), Stanford University, also available in the NAG Library. In NPSOL a search

direction is determined at each iteration from a subproblem of the form
rmin gl p + lPT"lP-
peRe "t 2

where the Hessian matrix I, is calculated using the BFGS method initialized with / (see Sec-
tion 2.4.2). This is followed by a linesearch that uses both function and gradient information
to obtain a steplength along the search direction [Gill et al. (1979))].

5.3.2 Parameters

Parameters were kept at their default values with the following exceptions { :

Intinite Bound Size - 10%°
Infinite Step Size - 107
Iteration Limit - 10000
Optimality Tolerance - varied; see tables
Step Limit - usnally 2.0 {(default) $

t In those cases (Problems 44¢c., d. (n = m = 6) and 48¢c., e. (n = m = 8) in which the
iteration limit was actually reached, the resnlis listed in the tables are taken from first iteration
in which the number of function cvanlations reaches or rxceeds 1000n.

1 In some cases the defanlt Step Limit = 2.0 was 100 large and overflow occured during function
cvalnation in the Jinesearch. These cases are indicated in the (ables by giving the lower valne of
Step Limit that was subsequently used to obtain the results in the column labeled “Step Lim™.

See Gill et al. [1986] for details concerning the parameters.

5.3.3 Convergence Criteria

The following quantities will be used in describing the convergence criferia :

objective fanction  : Fi (= 4 IT 1r)
objective gradient : @m=VCF (= J;r F/)
optimality tolerance :  €,p¢
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The sequence of iterates generated by NPSOL is judged to have converged if the following

two conditions hold :

willmll; < Vopr(1 + |irell;) (5.3.1)
and
lloell; € e (1 + max {(1 +|FiDlla: I, }) (5.3.2)
orif ,
llgell; < €,(1 + max {(1 + |Z4). llgell,})- (5.3.3)

Condition (5.3.1) is meant to ensure that the sequence {r;} has converged, while conditions
{5.3.2) and (5.3.3) are intended to test whether the requirement that the gradient vanish is
approximately satisfied at r,. Condition (5.3.3) allows NPSOL to accept a point as a local
mimimum if a more restrictive test on the necessary condition than (5.3.2) is satisfied, but
condition (5.3.1) does not hold. For a detailed discussion of convergence criteria similar to

these, see Section 8.2 of Gill, Murray, and Wright [1981].

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

OPT. - optimal point found

* - current point cannot be improved

Li - optimal solution found, hut requested arcuracy could not he achieved
FLIM. - f{unction evaluation limit reached

t A ‘s’ corresponds to the sitnation in which the algorithm terminates dne to failure in the
linesearch to find an acceptable step at the current iteration. A ‘e¢’ neenrs when condition
(5.3.1) is satisfied bat not condition (5.3.2);that is, conditions for optimality are met at the
current point but the iterates have not yet converged.
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Numerical Results for NPSOL

n m Opt Step [f.J iters. |Ixll, /Ml lletlly st conv.

Tol Lim evals. err.
1 2 2 100 27 22 1.4 100 107% 107! oer
10~ 29 24 141 1077 107% 107 o
29 2 2 (0 9 6 640 10°* 1007 107" orr
10~ 10 7 6.40 10°'° 107 1072 opr.
3° 2 2 10700 897 283 911 107" 1077 107" orr
10~ 897 283 9.1 10" 1077 100™  orr
4° 2 3 107 20 14 10* 10-* 10°* 107" .
10~ 20 14 10" 10-* 107* 107" *
52 2 3 107 20 15 304 10°¢ 100 107" orr
10~ 22 17 3.04 107" 1077 1072° o
6. 2 10 100" 0.1 14 9 365 10' 10°%  10°%  orr.
10" o1 15 10 365 10! 107" 107*  orr
73 3 107" 37 31 100 100" 107° 107 e
10~ 38 32 .00 107" 107" 107 orr.
8. 3 15 107" 22 16 260 107! 100 107"  orr
10~ 23 17 260 100' 107" 107"  orr
9. 3 15 1070 8 4 1.08  100*  10™* 107!*  orr.
10— 9 5 108 10°* 10°'? 107" orr
10. 3 16 107! 4 328 10* 100 100" 107 ¢
10-M 450 328 10° 10! 10°!  10°* *
11.° 3 10 10°'° 2 1 839 107! 000 107? orr
10-4 2 1 839 107! 000 1077 orr.
122 3 10 10°'° M T 101 10°% 1077 10°¥  opr
10~ 35 28 101 19°* 107° 10°'* o1
132 4 4 10°1° 66 59 107 10° 1071 10°'*  opr.
10-" 71 64 100 107* 10°'? 107"  orr
14° 4 6 10°1° 50 39 200 107% 10~% 107'* orr
10-14 51 40 200 107 100* 107'*  orr
1. 4 1t 107" 33 20 328 1077 107 107" oy
10~ 35 22 328 1077 107" 107" orr
16. 4 20 10°'° 24 1T 1786 10 1072 107* aer
10— 25 18 17.6 10? 10°Y 107" orr
17. 5 33 107 o1 32 20 237 1072 107* 1077 orr
10-' 0.1 56 14 246 1072 107* 107" aer
18° 6 13 10°'° 45 30 187 107 107 10?7 oer
10~ 45 39 187 107! 100" 1077  orr
19. 11 65 10°!° 88 59 938 107" 10°* 107"  eer.
104 90 61 938 107 1077 107*  o»r.
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Numerical Results for NPSOL

n m opt Step [f.J iters. |I°ll; /%), He'lla  est.  comv.

Tol Lim evals. err.
20a. 6 31 107'° 43 36 24 1007 107" 1070 orr
10-M 46 39 244 1077 107" 107" orr
20h. 8 31 107 83 75 608 107 107" 107! orr
10~ 85 77 606 10°% 107" 107"  orr.
20c. 12 31 107" 55 48 106 107 107% 1077 orr
10~ 151 129 166 10°% 1001 107" opr.
20d. 20 31 10°'° k) 63 1.06 107* 1007 107%  orr.
10 114 93 1.06 100* 107* 107'?7  orr.
21a° 10 10 107" 101 59 3.6 107* 107 10°'? opr.
10~ 104 62 316 107" 10~* 10”7 orr.
21b." 20 20 107 252 157 447 107% 107 107" orr
10~ 265 7 447 10°* 107 10°!'7  orr.
22a." 12 12 107'° 83 72 100* 107" 107* 107!  orr.
10— 165 154  10°* 107" 1077 10" orr.
22b.° 20 20 10°!° 103 85 107* 107* 1007 107V orr.
10~ 19 178 107Y 1007 107" 107" orr.
23a. 4 5 107 198 142 500 1073 10710 10710 oy
10~ 198 142 500 10°* 107 107 opr.
23b. 10 11 107 117 79 500 1072 10°°  10”Y!  cer
10~ 124 86 500 0”2 10717 107V opr.
24a. 4 8 107'° 23 15 828 1072 107" 107°  orr
10-14 462 34 759 10°% 107 1071 o
24b. 10 20 10°'° 368 263 598 1077 100% 10~°  orr.
10~ 419 314 598 1072 100 10°°  orr
252 10 12 10°1° 19 17 316 1007 100* 107" orr.
10~ 20 18 316 107" 107" 10°”  opr.
25b.° 20 22 10°%° 24 22 447 10”1 1071 1078 opr.
10~ 24 22 4.47 10°'% 107! 10~ opr.
26a° 10 10 10°'° 33 31 328 1072 107%  107%  oer
10~ 35 33 328 1002 107" 107%  orr
26b." 20 20 10°'° 76 44 231 100 100 1072 apr
10°"4 't 46 231 100 100" 107 orr
272 10 10 10-!° 18 15 316  10°* 100* 107" orr.
10~ 19 16 316 107 107* 107 orr.
27b." 20 20 10”0 30 17 447 1007 107* 10~ orr
10~ 32 19 447 10°* 107® 107" orr.
28a." 10 10 107 33 18 412 1077 1077 107 oer
10~ 36 20 412 100* 107" 107 o
28h." 20 20 10°'° 54 40 571 100" 107* 107! orr
10~ 56 42 571 107! 107 107 opr.
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Numerical Results for NPSOL

n m Opt Step [f,J iters. |I#*l, i/*ll, Mlo®ll, est.  comv.
Tol Lim evals. err.
292" 10 10 10°'° 7 6 A12 107 107* 10718 oer
10— 8 7 412 1077 107 107 orr.
29b.° 20 20 10-'" 7 6 8571 1007 1007 107 orr
- 10~ 8 7 571 107" 10077 1071 oer.
302" 10 10 107! 37 19 205 100° 1072 1077 opr
10~ 40 22 205 107 107* 107" orr
- 30b. 20 20 10°" 65 33 3.22 10" 100%  10°  orr
10~ 67 35 3.22 10° 1007 10 orr
31a” 10 10 1077 67 38 218 10° 107 10"  oer
) (i 70 41 2.18 10° 1077 10° orr.
31b°% 20 20 107" 141 88 1.90 10° 10°° 10° orr.
10" 144 91 190 10" 1007  10°  orr
32 10 20 107" 2 1 3.16 10° 107 0.00 orr.
10”74 2 1 3.16 10° 107" 0.00 orr
33t 10 20 107" 4 2 1.46 10°  10°'® 10-¢ .
10~ 4 2 1.46 10" 107 10°¢ .
34 10 20 10”1 4 2 1.78 10° 10°'Y 10-¢ .
10~ 4 2 1.78 10° 10°'t 10°¢ .
35a. 8 8 107! 31 20 165 107! 10 107  orr.
10~ 14 33 22 165 107! 10°* 10" orr
35b° 9 9 107 29 16 73 10°% 1070 10710 e
10~ 32 19 .73 1077 1077 107" o1
3%5c. 10 10 10-'° 37 26 181 10°! 107 10"?  orr.
10°4 42 31 1.81 107" 10°° 107! orr
36a’ 4 4 10°'° 609 456 887 10°* 10°°* 107° oorr
10~ 3762 2712 171 10°* 10~ 1071 *
36b.? 9 9 10°'° 887 660 101 10" 10”%° 10°?  orr
10~ 3211 2357 163 10~ 10°* 10" .
36c® 9 9 10°'° 3 1 173 0.00 000 000 orr
10~ 3 1 1.73 000 000 0.00 orr
364" 9 9 10°'° 1063 813 107 10°° 10°% 107" oer
g 10~ 3680 2734 169 10°* 107* 10°!! i
37. 2 16 100\ 14 8 10.8 10! 10°%  10°¢ o1
10~14 15 9 10.8 10! 107" 107%  orr.
- 38. 3 16 100" o0.01 21 14 26.1 10! 1075 10"¢  orr.
107 0.01 23 16 26.1 10 107 10°%  orr.
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Numerical Results for ¥PSOL

iters.

m  Opt Step f,J flretly,  firsf,  le'll;  est.  comv.

Tol Lim  evals. err.
39a. 2 3 107 10 a 10°% 107! 100" 1077 ey
10~ n 10 100 107" 107" 1077 oer.
39b. 2 3 10°V 9 8 1007 100 1077 1077 oy
10~ 10 9 1007 107' 107" 1077 orr
3c. 2 3 107 6 5 1007 107! 1077 1077 err
10~ 8 7 10°7 107" 107 1077 oer
39d. 2 3 10°1° 10 7 1007 107t 1077 1077 eer
10-14 11 8 1007 107" 107 1077 oer
3%. 2 3 107 16 11 1007 100" 100* 1077 orr
10~ 17 12 107" 100t 100" 1077 orr
sof. 2 3 107" 28 2t 107 100! 107* 1077 err
10~ 29 22 10°* 100 100 1077 orr
39g. 2 3 107" 30 21 1077 107! 100* 1077 o
10 31 22 107 107! 107 1077  orr
40a. 3 4 10°° 1110 100 10°  107* 1077 o
10~ 12 1 100 10° 107'° 1077 orr
40b. 3 4 10°'° 11 10 10-* 10" 107" 1077 orr.
10~ 12 11 10 10° 107 1077 osr
40c. 3 4 10710 9 7 1007 10" 100* 1077 orr
10-14 10 8 10-7 10° 107" 1077 orr
40d. 3 4 10710 14 9 10”7 10° 107" 1077 orr
10~ 15 10 1077 10° 107 1077 orr
40e. 3 4 107 19 11 10~ 10" 10°% 1077 orr.
10~ 20 12 1007 10 100 1077 orr
40f. 3 4 107 33 23 100 10° 10° 1077 orr.
10~ 34 24 10~* 10" 100 1077 orr.
40g. 3 4 10°0° 45 3 100" 10" 107" 1077 orr.
107 46 3 100" 10" 1007 1077 orr.
41a. 5 10 10°1° 12 7 10°¢ 10" 100" 1077  orr.
10° 12 7 100 10° 107" 1077 orr
41b. 5 10 107'° 12 7100 10" 107 1077 oer
10~ 13 8 fo-* 10" 107'?7 1077 orr
41c. 5 10 107! 12 7 10-° 10" 1077 1077 aer.
10~ 14 9 10~ 10 107" 1077  orr.
41d. 5 10 107! 17 12 10-* 10° 10°¢ 1077 arr
10~ 20 15 100 10" 107" 1077 orr
4le. 5 10 10°Y° 51 35 10-* 10° 107 1077 oer
10° 54 33 1007 10° 100" 1077 orr
41€. 5 10 1071 51 30 107 10" 10 1077 orr
10~ 53 32 10-7 10" 10°7 107 orr.
41g. 5 10 107" 62 45 100" 10" 107* 1077 orr
10° 69 52 10-* 10° 1007 1077 orr.
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Numerical Results for NPSOL

m Opt Step f.J iters. i), W), le'll, est.  comv.

Tol Lim  evals. err.
42a." 24 107" 10 60 13 619  107* 10~% 1077 are
10" 1.0 61 44 61.9 10°' 100" 100  orr
42h.° 24 107'° 10 140 85 &1.4 107" 107% 107" orr
10" 10 141 86 81.4 10°'"  107* 1072 opr.
42¢.° 24 107" o1 51 9 603 100 107' 107'*  opr
101 o 52 50 603 10~ 1007 1077 orr
42d." 24 100! 0.1 56 51 603 10~ 1077 107" Ay
10°" o1 57 52 603 10! 107" 1072 oer
43a." 16 10°" 0.01 44 38 536 107! 107% 10~?  orr
107 0.01 53 47 536 10~ 107" 10°?  orr.
43b.° 16 10" 1.0 37 25 46.2 10 100 102 orr
10-" 10 38 26 46.2 10! 1075 107 orr
43¢ 16 107" 0.01 44 39 536 10" 10°¢ 107?  orr.
10°'*  o.01 54 49 536 107! 107* 1072 orr
434." 16 100 0.01 112 81 536 10°' 107% 10°? orr
10°'* 001 120 89 536 10~ 10~ 10"?  orr.
43e.° 16 10~ o0.01 95 62 540 10~ 10°% 107!* orr
107" o.01 97 64 540 107 107" 1077  opr
43£.° 16 100 190 56 43 540 107% 10°% 10715 oy
107 10 59 46 54.0 10! 107* 10 opr.
44a.° 6 10°10 488 383 403 100* 10°% 107" orr.
10~ 490 388 403 100" 107* 107" oy
44h.° 6 1071 57 35 352 1077 10°% 1071  oer.
10~ 59 37 352 1071 107 107" orr.
44c.° 6 107 (6001) (4430) 10* 10° 1007 10°  rum
10~ (6001) (4430) 10° 10 107" 10°  rum
44d.° 6 10~ (6000) (3044) 139 107  10° 107 o
10~ (6000) (3944) 139 107  10° 10™% s
44e." 6 10°'° 1976 1420 927 107" 107* 107Y7  oer
10°14 1978 1422 9.27 100" 107* 1007 e
45a.° 8 107" 474 371 406 1077 1077 107 aer
10~ 476 373 406 100" 107" 107" orr
45b.° 8 107 82 57 356 1077 107% 107! opr
10~ 84 59 356 107 107" 1077 opr
45c.” 8 107 (8000) (6180) 128 §0~' 10" 107" s
10— (8000) (6180) (2.8 10°' 10" 107! roume
454.° 8 10°1° 1654 1302 153 107  10°* 107Y7 oy
10~ 1656 1304 153 107" 1077 107" orr
45¢." 8 107! (8000) (5432) 678 107! 10*° 10°? rum
1014 (8000) (5432) 678 107!  10° 10”7 s um
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5.4 Second-Derivative (Modified-Newton) Linesearch Method
(NPL/NAG NHA)

5.4.1 Software and Algorithm

The results were obtained using subroutine MNA from the National Physical Laboratory,
available at Stanford Linear Accelerator Center. The algorithm implements a modified New-
ton method in which the search direction at each iteration is the solution to a subproblem
of the form

mm O p+ p TH.p.

and the exact Hessian matrix is replaced by modified Cholesky factors if it is either indefinite
or computationally singular (see Gill and Murray [19742] and Section 2.4.1). A step length
along the search direction is then computed by a linesearch method [Gill and Murray (1974b)]
that uses both function and gradient information to obtain sufficient decrease in the objective
function. MNA requires exact second derivatives, and is similar to subroutine EO4ALBF from
the ‘\IAG leuty {1984], the principal difference bemg that the latter allows specification of

fixed upper and lower bounds on the vambles

5.4.2 Parameters

Parameters were kept at their defauit values with the following exceptions :

MAXCAL - min {9999, 1000n} fanction evaluation limit
XTOL - varied; sce tables ACCUracy in r
ETA - 0.9 linesearch accnracy
STEPMX - usually 10* (defanlt) ¥ maximmm step for linesearch

t In some cases the defanlt STEPHX = 10* was too Iarge and overflow orcnrred during function
cvalnation in the linesearch. These cases are indicated in the table by giving the lower value of
STEPHX that was subsequently used to obtain the results in the column labeled “max. step”.

See NAG [1984] for details concerning the parameters.
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5.4.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria:

objective function
objective gradient
search direction
steplength

Fe (=447 1)

% =SF (=1])

Pi. the minimizer of the subproblem
ag, determined by the linesearch

An iterate is determined to be optimal by MNA if the following four conditions hold :

okl [l (XTOL + V@, )1 + [lrell,) (54.1)

and
Fioy = Fi <(XT0L? 4 ¢, )(1 + | 7)) (5.4.2)

and
lloell, < (XTOL + €2/3)(1 + ) Fa)) (5.4.3)

and
V2F, is positive definite, (5.4.4)

or if

llg:ll; < 0.01/c,. (5.4.5)

A necessary condition for optimality is that the gradient vanish, and conditions (5.4.3) and

(5.4.5) are intended to test whether this requirement is approximately satisfied at r,. Con-

ditions (5.4.1) and (5.4.2) are meant to ensure that the sequence {r;} has converged, while

condition (5.4.4), together with condition (5.4.3), implies that sufficient conditions for »

strict local minimum appear to hold at 7. Condition (5.4.5) allows MNA to accept a point as

a local mimimum if a more restrictive test than (5.4.1) on the necessary condition is met, but

one or more of the other conditions for convergence do not hold. For a detailed discussion

of convergence criteria similar to these, see Section 8.2 of Gill, Murray, and Wright [1981).

The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates:

oPT. -

] -
FLIM. -
TIME -

optimal point found

current point cannot be improved 1
fanction cvalnation limit reached
time limit excecded

t A ‘¢’ corresponds Lo the situation in which the algorithm terminates due to failure in the
linesearch to find an acceptable step at the current iteration,

62




Numerical Results for MNA

n m XTOL max. f.J iters. flr°fl, (I/°ll; lle*ll, est.  conv.
step  evals, err.

1 2 2 100 14 10 141 10718 107 10730 opr
10-1° 14 10 141 107 1077 1073 o

2" 2 2 10t 8 6 640 10°% 107" 107 ey
10-1° 8 6 640 10=* 107* 107" orr

3 2 2 o~* 175 65 911 100" 10°' 107" d
107° 175 65 911 100" 107* 107 e

4+ 2 3 100 1 1 100 1071 107! 10727 ¢
10-'¢ 1 1 10 107! 107" 10-%? *

82 2 3 100 10° 35 9 304 107 j0°? 107" »
10-"* 10! 35 9 304 10°' 10°* 10°'® *

8. 2 10 10°° 12 9 .36% 10! 1007 10°® *
101 12 9 .365 10! 1007 10°¢ .

7% 3 3 107 7| 11 1.00 107'2 1077 1078 oy
10-1° 14 11 100 1072 107" 1002  orr.

8. 3 15 107 11 10 260 100" 107 107  orr
10~ 11 10 260 107! 107 10°%  orr

9. 3 15 10 3 2 1.08 107 107V 10°Y  opr
10~10 3 2 1.08 100% 100" 10°Y  orr

10. 3 16 10°* 249 164 10t 10! 10! 10 i
10-° 249 164 10* 10! 10-! 10°¢ *

11.° 3 10 10 538 341 559 107" 10°M 107 opr.
10~1° 538 341 559 107! 107" 10" opr.

12° 3 10 107t 43 18 101 10°'¢ 107! 107 opr
10~1° 43 18 101 10~ 107" 10°%  opr.

13 4 4 107t 23 22 10°* 1077 107'° 1071 opr.
_ 10710 23 22 100' 1077 107" 107 o

14 4 6 10°° 54 26 200 1072 107 107 er
10-1° 54 2 200 107" 1072 100" orr

1. 4 11 10°* 20 7 328 1077 107" 107°  eer
10-'" 20 T 3280 1077 107" 107°  oer.

16. 4 20 10°° 9 8 17.6 107 107" 107  oer.
10-'° 10 9 17.6 102 107" 10°* *

17. 5 33 10°¢ .43 28. 246 1072 107" 107! opr
10-1° 43 28 246 10-2 10" 10-M .

18° 6 13 10-¢ 44 20 123 1072 10" 100®  orr
10— 44 20 123 107'2 107" 100 opr

19. 11 65 10°* 100 7 3 938 107! 107* 10"% orr
10°'° 100 8 4 938 10~} 1071 107%  orr
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Numerical Results for MNA

n m XI0L max. J.J iters. ||
CTR. r . -
20 step  evals, l U/°Ml2 Ne®ll;  est.  comv
a. 6 31 107° 13 err .
10710 12 244 1072 '
13 1012 10
20b. 9 31 10-" 12 2.44 10-?  10-'? :g_m orr.
107 :: 13 606 1077 10”M 15 ==
20c. 12 31 107° 13 606 10 10°M :g_‘, orT.
10-1° }: 3 166 10~ 10-1 10-1° orr.
20d. 20 31 10°% 13 166 10°% 10-'® :g"“‘ oPT.
10-10 ;ggs 679 10* 10-%  10-7 orT.
I3 - - -5
21a” 10 10 10°° 679 _10° 107* 1077 :g-s :
- 10~1° :: 10 316 107'* 10-'% o
21b. 20 20 10°° 10 3.16 107! 10— :g_” oPT.
- 10-'° :: 10 4.47 10~ 10-1* = orr.
22a. 12 12 10°° 10 4.47 10°Y 107V :g_” orr.
10-1° ;g 22 10~ 10-7 10-1° o,
- -4
22b.% 20 20 10°° 22 10-* 10°7 10-'° :g_" orr.
10-1° Z: 23 10-4 107 10-1 - orT.
- -1
lo-lo 43 kY 500 ]0'3 lo-lo 1 ~10 ory.
23b. 10 11 0-* 34 500 10-3 10-1° 13-’0 orT.
107" A S 107 10-27 -1 =
24a. 4 8 10°° 36 500 10-? 10~1? ;g_“ orr.
10-1° :ig 110 759 10-* 10-1° = orr.
24b. 10 20 107" ' 110 .759 10-% 10~1° :g_" orr.
25a. 10 12 10-° 94 598 10°2  j0-13 :g_' orT.
- 10°!° i: 13 316 10-1° 10=* 10-° orT.
25b° 20 22 107° 13 316  10-'° 10~* 18-19 :
_ 10-10 :; 16 447 10t 10 107"
26a° 10 10 10-° 17 447  10~* 10~ :g_” orr.
,, 10 2 1 e 1o o i
26h" 20 20 10-° 11 306 10~'S 10-1° 13-» orT.
- 10—"‘ gg 13 189 ]0"’ 10_" 1 —28 orT.
27a. 10 10 lo-‘ 13 .189 ]0-" 10..13 18_25 aPpT.
- 10~10 gg 12 3.16 10°'2 10-'2 10~ orT
27b. 20 20 10°¢ i2 3.16  10-'7 10-'? 18_2‘ orT.
10-10 31 15 447  10-'Y 10-'% orT.
28a." 10 = 31 15 4.47 -19 1074
10 10°° T 10 10-1* 10-?’ i
~ 107 : 3 412 10-'7 10~'* = ort.
28b. 20 20 lo-‘ p 3 412 10-17 1°-|‘ :g_z‘ OPT.
l -10 3 . - — orT.
0 4 3 :;: 10_:: 10-1" 10-% .
. 10 10-1‘ 10-25 »T.
OPT.
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Numerical Results for MNA

. n m XML wmax. f,J iters. Il /N2 llgtll;  est. conv.
step  evals. CrT.

29a.° 10 10 10°° 4 3 412 107 1071 1077 e

10710 4 3 412 107 107" 1077 orr

20b." 20 20 107" 4 3 571 107 107! 107 opr

. 1010 4 3 571 107 10710 100  orr.
302" 10 10 107° 7 6 205 107! 107% 107 apr.

10'° 7 6 205 107 107" 10”%"  oer

30b.° 20 20 10°° 7 6 304 107’ 1071 1073 oy

- 10~ 7 6 304 107" 107 1073 orr.
31a.° 10 10 10°° 9 8 1.80 107 1072 1077 orr

10°'° 9 8 1.80 107 10717 1072  opr.

31b.° 20 20 10°° 9 8 266 107" 107'? 10°%*  orr.

107" 9 8 266 107" 107'? 107 ot

32 10 20 10°* 4 2 3.6 10° 107! 107" orr

10”0 4 2 316 10" 107" 107" orr.

33.* 10 20 10°° 27 1 10! 10° 107" 10°° *

10~'° 27 1 10* 10" 100 107 *

34 10 20 10°° 20 1 212 10° 107! 10°® *

10-1° 20 1 212 10° 100’ 107t *

3%a. 8 & 10°° 41 15 1.65 107! 100" 100"  orr

10-1° 41 15 165 107" 107'* 100" orr

35b.° 9 9 10°° 66 19 .73 107 107* 10~ *

10~1° 66 19 1.73 1071 10°* 10~ *

35¢c. 10 10 10°* 86 17 1.76 107! 10°°* 10°* *

10-'° 86 17 1.76 107" 100* 10”* *
36a 4 4 10°° (4002) (2658) 514 10”* 10°* 107",
10~ (4002) (2658) 514 107" 107* 107" s ome
36b° 9 9 10°°¢ (9014) (692) 512 1077 107* 107 ,um
10-1° (9014) (692) 51.2 1077 107% 107" ;e

36c." 9 9 107" 3188 310 173 107" 107" 1007 orr

107" 3188 310 .73 107" 107" 10772 o1
. 36d° 9 9 10°* (9003) (1985) 990. 107 107 107" .
107" (9003) (1985) 990. 107 107  107% s

37. 2 16 10°¢ 6 5 8.85 100 107 107%  orr.

1071° 6 5 8.85 100 107 107%*  orr

L]

as. 3 16 10°* 13 8 261 10" 100%* 107¢  orr.

10~ 13 8 26.1 100 100%* 107¢  orr.
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Numerical Results for MNA

n m  XTOL wmax. f,J iters. (=l [If°lly  Ho®lf, est.  conv.
step  evals. err.

3%. 2 3 10°¢ 4 3 10°* 107 107V 1077 eer
10~10 4 3 10°* 107! 1077 1077 oer

3%. 2 3 10°° 4 3 1077 107 107" 1077 oer
10~ 4 3 1007 107' 107'Y 1077 orr

39%¢c. 2 3 10 4 3 1007 1070 107 1077 orr
10~1° 4 3 1077 1000 100 1077 ot

39d. 2 3 0-¢ 6 5 10°7 10! 107V 1077 orr.
10~1° 6 5 1007 100 107 1077 orr

3%. 2 3 0-¢ 8 7 100 107! 107 1077 err
10~ 8 7 100" 107" 107" 1077 orr.

39f. 2 3 0* 11 10 100 100! 100" 1077 *
10-10 11 10 10°* 107! 10°* 1077 *

39g. 2 3 107 14 13 107" 10t 100* 1007 ¢
10°1° 14 13 100" 107! 107 1077 *

40a. 3 4 10 4 3 10~¢ 10" 107 1077 oer
1010 4 3 10~ 10" 107 1077 orr.

40b. 3 4 10°® 4 3 107 10° 107! 1077 oer.
10-1° 4 3 100 10° 107! 1077  orr

40c. 3 4 10 5 4 10~7 10" 1072 1077 orr
10-10 5 4 10~7 10" 1072 1077 orr

40d. 3 4 10°° 6 5 10~7 10° 107’ 1077 orr
10-1° 6 5 1007 10° 107" 1077 orr

40e. 3 4 10°¢ 8 7 107 10° 10-* 1077 *
1010 8 7 1007 100 10°% 1077 *

40f. 3 4 10°° 10 9 10" 10° 107" 1077 orr
101 10 9 10-® 10" 107" 1077 orr

40g. 3 4 10 13 12 100" 1¢° 100* 1077 *
10-10 13 12 10-* 10° 10-% 10”7 *

41a. 5 10 10~ 4 3 10-¢ 10° 10-* 1077 *
10-1° 4 3 10-¢ 10° 10°* 10”7 *

41b. 5 10 107" 1 3 10°° 10" 107" 1077 aer
10-'0 4 3 10-* 10" 10°'* 1077 orr.

41c. 5 10 10 8 7 10°¢ 10" 107" 1077 orr
10-'0 8 7 10-* 10" 10°'? 10°7  orr

41d. 5 10 10° 9 8 10-* 10" 107" 1077 orr
10~1° 9 8 100 10" 107" 1077 orr

41e. 5 10 10°® 12 11 10-7 10" 107" 1077 *
10°1° 12 11 10-7 10° 107" 1077 *

41f 5 10 10°° 14 13 10°7 10° 107" 1077 orr.
10-'0 14 13 10~7 10" 107" 1077 orr.

41g. 5 10 10°° 17 16 107" 10" 107" 1077 orr
10-10 17 16 10°* 10" 107'? 1077 orr
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Numerical Results for MNA

m  XTOL max. [, iters. e, lIf0H,  Hlatlls rst, conv.
step  evals. err.
42a." 24 100* 20 41 k1 60.3 10°' 10°* 107 *
107 20 41 35 60.3 107! 10°* 1077 *
42h." 24 107" 16 8 60.3 101 10°* 0%
10°1° 16 8 60.3 107 10°* 107?
. 42¢.° 24 to-* 6 1 603 10°1 107* 10722 *
10°1'° 6 4 60.3 100" 107* 1077 *
42d." 24 10°* 6 1 603 107" 107 1007 orr
10-1° 6 4 603 10~ 107" 1077  orr
- 43a.° 16 100° 100 30 16 540 10~ 107" 1077 orr
10" 100 30 16 540 107 107'' 1077 orr
43b.° 16 10~% 100 17 12 54.0 107 107'! 107 orr
10°'° 100 17 12 540 10°'% 107" 1072 opr.
43c.° 16 100% 100 89 45 540 1071 10! 107 orr
10°'° 100 89 45 540 107'" 107! 1072 orr
43d.° 16 100* 10?2 41 21 540 10717 107 1077 ot
10- 10? 42 22 540 10°'? 100" 1077 *
43e.° 16 10~ 100 142 T 540 10712 1070 10" o1
10-1° 100 143 T 540 10°'? 107 j0-% *
43£.° 16 10 10° 37 19 540 107'7 10710 107B  opr
10" 10 7 19 540 10°'7 10°'° 10~  orr.
44a.° 6 10°¢ 143 49 403 1077 107" 107°®  orr.
10~ 144 50 4.03 10°7?2 10°!° 10-% *
44b.° 6 10°¢ 46 14 352 107 1001 107 opr
10~ 46 14 352 10797 107" 1077 o
44c.? 6 10°¢ 914 364 206 107'7 100* 1072 opr.
1010 915 365 206 10°'* 100 10°% b
444.9° 6 10°¢ 915 342 153 1077 107" 107  orr.
10-'° 916 343 153 10°'? 0" 1072 *
44e.° 6 10°¢ 475 153 927 107" 1077 107" oer
10-" 476 154 927 107" 107" 107 oy
45a.0 8 10°° 186 52 406 107" 107 107 e
10~ 186 52 406 10°'* 100" 107 orr
. 45b.° 8 10°* 38 15 35 10”107 07 *
10-10 38 15 356 100" 100* 107% *
45c.° 8 10°¢ 1416 57 206 107" 107" 100 oy
1010 1416 578 206 10~' 107" 100 opr.
. 454.° 8 10 1478 586 153 1077 1071 1078 opr
10-10 1479 587 153 10°'* 107 10°% *
45¢." 8 10°¢ 1441 489 931 107 107V 107 o
10-1° 1441 489 931 107" 107" 100 orr







f 5.5 Gauss-Newton Methods

5.5.1 Software and Algorithm

The software package LSSOL [Gill et al. (1986a)] is used to solve the linear least-squares
subproblem (3.1.3). The linesearch procedure used for the numerical examples in this section,

requires both function and gradient information. It is taken from the nonlinear programming
- code WPSOL [Gill et al. (1979); (1986b)).
- 5.5.2 Parameters

Parameters in LSSOL were kept at their default values with the following exceptions :

Rank Tolerance - varied, sce tables
Infinite Bound Size - 107

See Gill et al. [1986a] for details concerning the parameters.

In addition, the following parameters are chosen for the linesearch:

7 - 05
max - min {(100(1 4 [Ir]];) + 1) /lipll,, 10%°)
t In some cases the defanlt valne a,,.x was too large and overflow ocenrred during fanction
evalnation in the linescarch. These cases are indicated in the tables by giving the valne ¥ < 100
such that amax == min{(v(1 + |i=ll;) + 1) /lirll,. 10?")} that was snhsequently used to obtain
the results in the colomn labeled “step fac.”.

See, e. g., Gill, Murray, and Wright [1981] for a discussion of the linesearch parameters.

5.5.3 Convergence Criteria
Convergence is judged to have occurred at the kth iterate if either

Well, €657 (5.5.1)

ol € 200 + 10l (5.5.2)

The algorithm is also terminated if there is a negligible change in r,

aellpelly € 0,000+ Nirelly) (5.5.3)
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where «, is the step length determined by the linesearch.

5.5.4 Table Information

Under the label ‘conv.’, the following notation is used to describe conditions under which

the algorithm terminates :

ABS.F - (5-5.1)
q - (5.5.2)
X - (5.5.3)
rLUM. - function evaluation limit reached

A superscript © following a problem number indicates a zero-residual problem.

A superscript © following a problem number denotes a linear least-squares problem.
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Numerical Results for some Gauss-Newton Methods

n m rank  step  f,0  itees. Jle*ll, WM, letll;  est. comv.
tol. fac. evals. err.
1.9 2 2 Lesxio* 31 12 1141 1077 107" 107 v
2.23x10° "¢ 31 12 141 1077 107" 1073 ams.r.o
2 2 2 14exiat 180 42 1n4 10 1007 10! x
2.28x10°" 235 42 1m4 10 10007 10 x
3.0 2 2 1exi0”t 3 16 722 107 1007 1077 x
2323x10"" 42 23 9.11 107" 107" 107*? Les.r.0
4° 2 3 rexr0”? 54 11 10 107" 10710 10732 e rx
2.23x10° 1 54 1 10 10°'% 1071 10737 s e
52 2 3 taeexiot 8 6 304 107 100" 10° °
2.23x10° " 8 6 304 10°" 10°'* 107 o
6. 2 10 114ex10°° 50 (2003) (2904) 36T 10 107 1077 sum
223x10°"* 50 301 44 501 102 10' 10! x
70 3 3 14xio® 13 10 1.00 107" 1002 10°** .ss.r.0
2.23x10°"* 13 10 1.00 100 100%* 107" .ss.r.0
8. 3 15 14exi0”’ 7 6 260 10°' 100" 10" o
2.28x10-" 7 6 260 107! 10" 10" °
9. 3 15 14exi0* 3 2 1.08 10-* 10°'? 107 o
2.23x10°* 3 2 1.08 10°* 10-'* 107 °
10. 3 18 1asmio-* 112 29 - 10 10’ 10 10
2.28x10°"* 30 10 10* 100 10°* 107t
112 3 10 14exie”* (3000) (1300) 252. 107! 10* 1077 i
2.23%10- (3000) (P99) 308. 10~ 10°!' 102 s .i;e.
12 3 10 1t.a4exso~’ 7 6 101 107V 107'7 107 ssvr.e
2.23x10°% 7 [ 10.1 1077 107'7 107% .es r.0
139 4 4  1eex10°* 16 15 10°¢ 100" 1001 10-%¢ °
2.23x10" M 16 13 10°¢ 107 1079 10°'¢ °
147 4 6 1.4exi0™* 96 12 200 000 000 000 aps.ro
2.23%10°"* 96 42 2.00 0.00 0.00 000 aps.r. o
15. 4 11 1.eexi0”* 43 35 328 10027 100" 10-* o
2.23x10° " 43 35 228 1007 100 10”° °
16. 4 20 14exmin? 3651 1765 176 100 107* 10~* .
2.23x30 '* 3651 1765 176 100 107" 107" x
17. 8 33 leexio* 13 9 246 1002 107V q07Y "
2.23x10°"* 13 9 246 10" 107V 0" o
18.° 6 13 14x100* 100 (6001) (770) 299 10° 10® 10"  rum
2.23%107" (6001) (856) 525 10" 10"  10° s um
19. 11 65 149x10°°* 24 16 038 10°' 100" 10°° a
2.29x 107" 24 16 938 10°% 100! 10°* a
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Numerical Results for some Gauss-Newton Methods

" m rank ste .
p f.J ters . . .
tol. fac. evals. [l=ll; 0772 He'lly est. comv.

crr.

20n. 6 31 14ex 10°* 12
2.28%10" ¢ 1 2.44 I()‘2 ]o-ll -10
12 11 244 10°? -1 10 °
20b. 9 31 14x20° p i 10 10~ o
2.23x10°"* M : 6.06 10-% 10-'' 10-"® -
-3 -
20c. 12 31 1.49x10-° e 6.06 10 101 10-"8 o
2.29x10" ' 6 : 166 10~°* 10~ 10-'¢ )
20d. 20 31 tevxio? . 166 100 107" 107" o
2.28x10° ¢ 6 5 1.07 10~* 10-13 10-18
218° 10 10 1.48x10-° - 5 247. 10~'° 10-'? 10~ :
2.33x10"1 31 :: 3.16 ‘o-lﬂ ’o-“ lo-" ams. r,. @
-16 - .’
21b." 20 20 1.4exi0”* 31 316 107" 107" 107 assvo
2.23x10°%* 31 :: 447 107" 107 107 .ns s
- - .ra
22a.° 12 12 149x10”° 447107 107M 107% amsro
2.23x10-" 1: :: 10': 10-* 10~V 10-'¢
- - [ ]
22b.° 20 20 1.4ex10-* 1 10 10-* 10-"' 107'¢ o
2.28x10-"* 6 15 10-* 10°* 10°V' 10°'*
23a 16 5 10-* 10-* 107" 10 .
. 4 5 1esxio”’ 90 10 10 °
2.23x10-"* %0 45 500 10-% 10-'* 10-1°
23b. 10 11 1.49x10-* — 45 500 10°* 107 10°'° :
2.28x10°** 122 500 10°? 10712 —11
274 122 500 10~? 10~ 10 o
24a. 4 8 1.49x10°° 1043 - 10 10-" °
2.28x10" " 302 .759 IO" 10-)2 lo-"
240 10 20 ieere 1043 302 .79 10°* 10-'? 10°M “
: L ]
Lo (10000) (255%) e w0 0 0T
Py (10003) (2556) .598 102 10~-? _7 Lim.
Sa. 10 12 1eexio-* 1 10 P LM,
2.23x10° "¢ ]: :g 316 10~ 107 10°% s
- - .r.0
255.° 20 22 1.48x10°° 13 3.16 107" 10-" ]0‘” a8 7.0
2.23x10- " " 12 447 107" 107" 10°%
26a.0 12 447 107" 107 10-% Ams. 7.0
al 10 10 14exio”? 16 10 avs. 7.0
2.23x10" " 16 8 306 10~ 10~V 10-%
- a
26b." 20 20 1.48x10°* > 8 306 100" 10-" 10722 :
223x10"* 28 : 208 10°' 10~ 107
27ﬂ.o 10 10 1.49x10"* " N .208 IO’" 10"‘ 10—2‘ :
2.23x10° " 2: 7 318 10" 10~ 107 .
7 - [ Y ]
27b." 20 20 1.49xi0”* 10.0 3 1 318 10 B 10-" 107" ams.r.0
2.23x10""* 10.0 1 ‘ 447 10°" 100" 10777
28a.° - 3 7 .47 107" 107" 1077 2
a.% 10 10 1.49x10°° p 10 10 o
2.23%10° ¥ 4 3 412 10-' 107" 107M .
28h.° 3 A12 107" 10™'¢ -31 Rs. 7.0
L 20 20 1vaeexio-* 4 3 10 ASS. P, O
2.23x 10" 571 107 10°" 10-¥
4 3 '5-‘ T _ ABS. P. O
1107 107" 1077 ams v
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Numerical Results for some Gauss-Newton Methods

n m rank  step £, T iters. Il W, Nletll,  est conv.
tol. fac. evals. err.

29a." 10 1O 1.4ex10°* 4 3 A12 107" 107" 107" ses r.a
2.23x10° " 4 3 412 107" 107" 107" e r.o

29b.° 20 20 1.4ex10-* 4 3 A7T1 107! 107 10~ °
2.23x10°'* 4 3 571 10°' 107 1077 a
30a." 10 10 14exio-* 6 5 205 10°'% 107" 107 .msr.0
2.28x10-% 6 5 205 107" 10°'* 107" sesr.0
30b.° 20 20 1.49x10-" 6 5 304 107 107" 107* amero
2.29x10-1* 6 5 304 107" 107" 1073 Lesvr.o
312’ 10 10 t.a4exin-* 7 6 1.80 10! 107'* 10~ s r.o
2.28x10- M 7 6 1.80 10°'* 10°'% 107 .esr.o
31b." 20 20 1.4exio-* T 6 266 10°'* 107" 107* .prr.o
2.28%10-'¢ 7 6 268 10~'* 107'* 107 .ps.r.0

32.° 10 20 t.49xi0-* 2 1 3.16 10° 107" 0.00 e
2.28x10-" 2 1 316 10° 107" o0.00 °

33.° 10 20 1.4ex10* 3 2 540 10° 107 10-¢ a.x
2.23% 1018 8 8 10"? 10° 10? 10°% ,% 20

34 10 20 1.4ex10-° 3 2 490 100 10~ 0~ .x
2.28x10"" 3 2 490 100 107" 10 .x

35a. 8 8 14exi0™* 3053 38 161 10°' 10°' 10°* x
2.29x10- " (8003) (1012) 160 10~ 10" 1072  rume
35h." 9 9 t4sxin-? 148 29 .73 1071 107 1007 ipera
2.23x10° ¢ 249 38 .70 107' 10 1072 x

35c. 10 10 1.4sxi0”* (10006) (1353) 1.79 107" 10° 1077  »um
2.23x10° "¢ 232 31 1.79 107! 10° 10°? x

36a% 4 4 1410 2885 490 188 10°* 10°'? 10-1? °
2.28x10-" 36 21 500 10~'* 107" 10°% .es.v.o

36b° 9 9 14vxi0-* 683 1280 188 10°% 107! 10°%? °
2.23x10° " 36 21 500 10~ 107" 10°* .ns.r.0

36c® 9 9 1.exin’ 20 19 .73 107" 10~ 1077 a
2.23x10° 20 19 1.73 107" 107"t 1072 a

364" 9 9 1aexin® 74 29 11 100 107 0~V °
2.28x10° " (9001) (1190) 345. 10~ 10~%* 107" ,um

37. 2 16 14exio”* 39 38° 88 100 10" 10°¢ x
2.28x10-* 39 38 885 100 10°* 10-* x

38. 3 16 1.49x10°* 58 56 26.1 10! 10°!% 10-¢ a
2.23x10° ¢ 58 56 26.1 10" 10°' 10~ o




¥ Numerical Results for some Gauss-Newton Methods

n m rank step  f,J  iters. |I#*)), SN, Hetll;  est.  conv.
tol. fac. cwals. err.
3%. 2 3 tLasxio* 8 7 10°% 100! 107" 1077 a
2.23%10" 8 7 10-* 100! 107" 1077 o
39h. 2 3 1asxio* 32 31 10°7  100Y 107V 1077 n
2.23x10°" 32 31 1007 100t 107V 1077 a
3%c. 2 3 lLevxio* 23 14 1007 107! 10'? 10”7 a
2.23x10° " 23 114 1007 100" 100" 1077
39d. 2 3 1aexi0”* 681 333 1007 100! 107" 10”7 o
2.23x107"* 681 333 107 100! 107 10”7 a
3%. 2 3 14ex10”* (2001) (925) 1007 107" 107* 1077 s
2.23x107" (2001) (925) 1077 107" 107" 1077 sum
39f. 2 3 1asxi0”’ (2000) (873) 10™* 107" 107* 1077 ruim
2.28x10° " (2000) (873) 10~* 107! 10™* 1077 s
39g. 2 3 1a4exro”’ (2001) (607) 10°* 10°' 107% 1077 s oume
' 2.23x107" (2001) (607) 10™* 107! 10~ 10°7 s um
40a. 3 4 1eex10°° 13 12 100* 100 107" 10”7 o
2.28x107%* 13 12 100 10" 100" 1077 o
40b. 3 4 149%10°° 16 10 100 10" 100'? 1077 o
2.23x10" % 16 10 100 10° 10°'? 10°7 o
40c. 3 4 1eemr0” 380 188 1077 10° 107! 10°F o
2.23x10°"* 380 188 1007 10° 107! 10”7 °
40d. 3 4 1e9x30°° 781 345 1007 10° 107 1077 o
2.23%107"* 81 345 1007 10 107 1077 °
40e. 3 4 149x707* (3000) (690) 1072 10" 107! 10°* ,um
2.23%10° " (3000) (690) 10" 10° 107! 10" ,um
40f. 3 4  14ex107 (3002) (630) .t01  10° 100 107! s ume
2.23%10" 1 (3002) (630) .101  10° 10" 107! sume
40g. 3 4 1esxio”’ ~ (3001) (607) .110 10 100 10" rume
2.23x10"% (3001) (607) .110 10! 10* 10" s
41a. 5 10 1.4x30°° 5 4 100 10®  10”'* 1077 a
2.23x10°"* 5 4 10°* 10" 100'* 1077 a
41b. 5 10 1.49x30° " 6 5 10-° 10" 107" 10”7 a
2.28x10° 1 6 5 10°° 10" 100" 1077 o
4lc. 5 10 1asxio-’ 12 1107 10" 107" 3077 .
2.23x10° " 12 11 10-¢ 100 107" 1077 o
41d. 5 10 1eex107* 30 20 10-* 10" 107" 1077 a
2.23x10° " 30 20 10-* 10" 107" 1077 a
41e. 5 10 14exi0”* 222 170 1007 10° 107" 1077 e
2.23x10° 222 110 1077 10" 107" 1077 o
41f. 5 10 1.4ex10°° 933 414 1007 10" 107 107 o
2.23x10°" 933 414 1007 10 100 1077 °
41g. 5 10 14ex10°° 3285 1065 10°* 10" 10°'° 1077
2.28x10° " 3285 1065 10°* 10° 10! 10”7
T4




Numerical Results for some Gauss-Newton Methods

n m vank step f.J  iters. |I%ll, HS0l, lletHy et conv.
tol. fac. cvals, err.
428" 4 24 r1eexint ) 51 37 60.8 10-'% q0-11 107
228x10°% 0] 51 3T 60.8 1071 100V 1077

42h." 4 24 1e4x0°* 01 611 316 619 10°'% 107! 107 x

228x107" 0.1 (1002) (1577) 10* 102 10" i0* r L.

42c.’ 4 24 149x107° Q] 27 24 60.3 10°'% 10°"' 1077 o
. 223x100 01 27 24 603 107! 10! 10 o

42d4." 4 24 1ex00°* 0] 24 23 60.3 10°'* 107" 107
2.23x10° " 0.1 24 23 60.3 10°'% q10°'1 10~
- 43a." 5 16 14mxic* 10 23 14 540 10°'* 10°'? 100" °
228x10°™ 10 23 11 540 10" 10°'? 1077 °
43b° 5 168 1eexie* 01 15 13 536 10°' 1077 102 x
a:3x10-"* 0.1 20 14 540 10°!¢ 10-'? 102 °
43c.” 53 16 1exi0* 10 24 14 54.0 10°' 10°Y 1077 °
223x30°" 10 24 14 540 10°1 10" 107 °
43d.° 5 16 11eex0°* 10 18 10 54.0 10°' 10 107 o
23x10°™ 10 18 10 540 10°'% 107" 1077 o
4300 5 16 14ex10-* 10 31 17 540 10~ 1072 10" °
23x10°"* 10 31 17 540 10! 107V 107%™ o
431° 5 16 1.49x10°* 22 15 54.0 10~ 10~'? 0~ a
2.28x10-"* 22 15 540 10-'* 10'* 107 °
44n. 6 6 1aexio’ 171 15 4.06 10~'* 107" 10-% o
2.23x 10" 171 45 4.06 107" jo0=1" 1072 °
44b." 6 6 1Lexio~* 5 4 352 10°'% 10~'® 107%® Les.r.a
2.23x30° " 5 4 352 10°'% 107! 100 s .o
44c” 6 6 1.4ex10°" 58 17 206 10°'% 10°'° 10°% x
2.29x10° ' 55 17 206 10~'* 10°'° 10-% x
44d." 6 6 14sxio”* 35 15 153 107" 107" 100 s ra
2.23x10° " 38 15 153 107" 107" 100 a5 ro
440" 6 6 14Px107* 42 18 9.27 10~ 1077 10°® periax
2.28x 10" 42 18 0.27 107 107" 10 .ips r.0.x
452" 8 & 1a4oxin* 171 45 106 10°'* 10~V 107 P
2.28x10° ' 171 15 406 10°'* 107" 107 o
45b°% 8 & taexin? 5 1 356 1075 107" 107®  amer.a
. 2.23x10 ' 5 q 356 107 107'* 107°?  .aera
45¢® 8 8 149x10°* 41 17 206 107" 107" 107?  amerx
2.28% 101 41 17 206 107" 107" 107"  aes.r.x
v 45d4." 8 8 1aexi0-* 35 15 153 107" 10" 107" e r.0
2.28%10- "¢ 35 15 153 10°"% 107" 107  .es.r.0
4%5¢." 8 8 1.4pxi0”" 42 18 931 107" 1077 107 s r.0.x
2.23%x10"** 42 18 931 10715 10717 10 .es r.0.x

-3
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5.6 Levenberg-Marquardt Method
(MINPACK LMDER)

5.6.1 Software and Algorithm

The results were obtained using the MINPACK subroutine LMDER, which implements a

Levenberg-Marquardt method using exact derivative information. A subproblem of the form

min @i(p) = 29fp + "I Jip

subject to  ||Dipll; < A

is solved at each iteration for the step py to the next iterate, where D, is a diagonal scaling

matrix.

5.6.2 Parameters

The results were obtained using the MINPACK subroutine LMDER, with the following

input parameters :

ITOL -  varicd, see tahles acenracy in r

FTOL -  varied, see tables accnracy in sum of squares

GTOL - 0.00 gradient norm tolerance
MAXFEV - min {9999,1000% 2}  fanction cvaluation limit

MODE - 1 specifies internal scaling
FACTOR - 100. (defanit) initial step magnification

t In some cases the defanlt FACTOR = 100.0 was too largr and overflow occurred during fanction
cvaluation. These cases are indicated in the table by giving the lower valne of FACTOR that was
subsequently nsed to obtain the resnlts.

For details about these parameters, Moré, Garbow, and Hillstrom [1980}.

-1
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5.6.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

residual vector : J(xr)
ith residual gradient :  Vei(ry)
Jacobian matrix (1)

objective function  :  F(ri) = f(r)Tf(rs)

ohjective gradient  : g, = VF(r) = 2J(r)Tf(rs)
current step : i, the minimizer of the snbproblem
predicted reduction @ p. = {Hfelly = ((fe + e ity = =)
H£ell, /el
actual reduction C P = (s My = 1M/ (re + M, = F(ze) = Flr + ;1)
"ft "2 "Il‘ ":

Criteria for termination of LMDER at r; ate as follows

® ¥ convergence. Both actual and predicted reductions in the sum of squares are at most
FTOL.

[pal SFTOL and p, <FTOL and p, < 2p, (5.6.1)

This attempts to guarantée that
[l£ell; < (1 4 FTOL)|S (=),
e z convergence. Relative error between two consecutive iterates is at most XTOL.
fra1 SXTOL[[rs + pafly (5.6.2)
This attempts to guarantee that
D (rs = )|, < XTOL|| D (*)],.

o The cosine of the angle between 7, and any column of J; is at most GTOL in absolute

value.
ag NTBTL]
1$&m ||V di(xe )], 11141,

This approximates the necessary condition g(r;) = 0.

< GTOL (5.6.3)

¢ FTOL is too small. No further reduction in the sum of squares is possible.

lpal Sex and  p. <6, and p, < 29, (5.6.4)
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¢ XTOL is too small. No further improvement in the approximate solution r; is possible.
frar Senllre + melly (5.6.5)

* GTOL is too small. f; is orthogonal to the columns of .J; to machine precision.

'véa(rk)’rll'l

o <e 5.6.6
1680 Vi)l fell, = ( )

Except for test (5.6.3), tests for convergence are performed only when
Pa < 0.0001[',-. (5.6.7)

The convergence criteria are described in more detail in Moré, Garbow, and Hillstrom [1980].
The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates:

(5.6.1) and (5.6.7)

(5.6.2) and (5.6.7)

(5.6.1) and (5.6.2) and (5.6.7)
G - (5.6.6)and (5.6.7)

PLIM. - fanction evalnation limit reached

»t
H4 (Y™
e |
.
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Numerical Results for LSEDER

" e

n m I0L max. J iters./  {fl=°ll; {1/, dig"ha et conv,
step evals. J evals. err.
1 2 2 10 22 16 1.41 10°'¢ 10°1% 10-%?
1012 22 16 1.41 107’ 10-'% 107
2° 2 2 100* 14 8 114 10! 10°* 10 neL. v
1072 21 13 114 100 10°% 10! " v
- 32 2 2 10 19 17 911 10! 101 107
1072 19 17 g.11 10°'* 10°M' 1079
4" 2 3 10°* 40 39 100 100! 1002 j0°*
10~12 54 53 10 1007 1007 107M
5° 2 3 10°* 9 7 304 107 10-'% 10°% x
10-12 10 8 3.04 10°'% 1071 107 x
6. 2 10 10-¢ 21 12 365 100 1072 10°% e s
1072 28 16 365 100 107' 10°°*  am»
72 3 3 10" 11 8 1.00 10°'* 10-'% 10°%
10~'2 12 9 1.00 1072 10°% 10°%
8. 3 15 10°° 6 5 260 107! 10°°* 107° ks ¢
10-"? 7 6 260 107! 107" 107%*  am.»
9. 3 15 107 4 3 1.08 100* 10°'¢ 1074 x
10~12 5 4 1.08 10°¢ 107 107 . am.»
10. 3 16 10~°? 126 .. 116 ., 310 10'., 10° 10”% «x. as.»
10~ 126 116 10* 10! 10° 10°¢ x
11.° 3 10 10°° (3000) (2056) 239. 10" 10'* 10”* »um
10-12 (3000) (2956) 239. 1077 10'* 107* ,yum
122 3 10 10°* 7 6 10.1 10°'¢ 10-'¢ 10~%2 x
10-12 8 7 10.1 10°'¢ 10~ 10°%? x
13° 4 4 107 65 60 1077 107% 107% j0-% o
10~12 65 60 107 100 10°% 10-¢ °
14° 4 6 10 70 64 200 000 000 0.00 x
10~12 70 64 200 000 0.00 0.00 x
15. 4 11 10-* 18 16 328 1007 1077 107 sev»
10~12 28 26 328 1072 10~®* 10-° x
16. 4 20 10°° 264 245 176 102 10° 1077 e »
10~'2 356 329 176 100 10?2 107% s v
*
17. 5 33 10°* 18 15 246 1072  107* 107" sy
10-%? 19 16 246 1072 107* 107" ae s
18 6 13 107" 46 32 123 107! 107'* 107% x
. 10-12 46 32 123 100" 107" 10-% x
19. 11 65 10" 17 13 938 10~ 1077 107% e v
10~-"? 19 15 938 100" 100* 107*  amL»
Y




Numerical Results for LADER

n m 10 .
L max. ! "(‘l’!./ "]'" "!o" .
- step evals. .J evals. 2 2 "g ”1 est. cony.
20n. 6 31 10°% s ~ err.
10-12 ‘ 244 1072 -7 Z
10 9 _ 10 10-10
20h. 9 31 10-% 244 10?7 10-* 10-'° '.::.'
10-12 190 g 6.06 10-% 10-" 10-" . nEL *
20c. 12 31 10-8 6.06 10-’ ]0"“ lo—la x l:l.
10”7 12 o 168 T T T '
20d. 20 31 10°° : 166 10~% 10°"* 10-'¢ :
L L AN L
212" 10 10 10-° ; 247. 10~ 10-!? 10~ x
10-1? 2; 16 316 10-'* 10-"* 10-% x
21h." 20 20 lo_. 5 16 316 107! o~ 10-“ x
10~ 2216 447 1078100 107 .
2220 12 12 10-° - 16 447 107'* 10~M 10~%
10-12 7: gg 10-'7 10-% 10-%! 10-%°
-17 -
22b° 20 20 10~% p” - 10 10-% 10-%1 10-% :
1012 1017 10°% YT -
69 - 104 107%
23a. 4 5 10-° S 6  10-7 10-% 104 10~ .
10-1? 4: gg 500 10~* 10-° 1010
23b. 10 ll lo—s 'sm 10-’ 10"11 lo—]o :"" r
10—]2 180‘4 67 .500 lo—z lO" lo-ll sL. 7
24“. 4 8 10_‘ 82 .sw lo-’ lo_lo 10_11 :'I., [
10°12 ig; 113 755 10~° 10-* 10-"! =
24b. 10 20 107 16 759 107 107" 107 s
1012 : g?{ .598 102 -7 10-° .r
2530 10 12 10°° 598 1077 107" 107 ::: ;
10-12 }; :0 3.16 10~ 10" e e
25b° 20 22 10°¢ " 1 3.16 10-'* 10~ 10°% :
10~ 12 447 1071 —13 -
14 10 10-%
262" 10 310 10-° > 13 447 10°" 100 j0-% :
107" 33 ;6 328 1072 1077 107
26h.° 20 20 lo... 1 328 10~’ 10” 10-8 ::L r
10-]2 g: :0 .228 ;(\.—I 10_' ‘o-s L. P
272" 10 10 10“ 5 .228 10-3 10" 10" :::.v
1012 :: ‘g 318 10~1% jo0-M e .
27b° 20 20 10-° - 1 318 10~'% 101 10~¥
10" 18 % 197 10" 10712 100
28a° 10 10 10-* 447 10~ 10-'* 10~ ln:.p
101 . y 12 10-"7 10-1% 10-%
28b.* 20 20 10~* - 412 10-V7 10 1079 i
-12 1 57 -17 -
10 5 4 21: 1077 107!t 1070
R 10 ]()'l6 lo-l?
&2




Numerical Results for LADER

N

n m TOL max. / iters./  Hetll, W0, gty est couv.
step ewals. J evals. erT.
292 10 10 10°* 5 4 412 1077 107'* 102 x
10-1? 5 4 412 1077 107! 1073 x
29b.° 20 20 10°* 5 1 571 100" 1071 10-%?
. 10~'? 5 4 571 107" 107! 107%2
30a. 10 10 10°* 6 5 205 10°'* 10°'% 0% x
10-12 ? 6 205 10°'* 100" 107 x
. 30b. 20 20 10~ 6 5 3.04 107! 1071 10 x
10°1? 7 6 3.04 1077 1071 107% x
31a." 10 10 10~* 7 6 1.80 10~ 107! 10°% x
10-12 8 7 1.80 10~ 10-'% 0~ x
31h. 20 20 10~ 7 6 266 10°!* 107 107% x
10~12 8 T 266 10°'* 107 10°% x
32. 10 10~* 3 2 316 10" 10" 107" & am.r
10~'2 3 2 316 10° 107" 1077 x am.»
33.t 10 20 10°°* 3 2 470. 10° 107 10”%  ae.»
10-12 8 2 470. 10° 1077 107%  am.v
34 10 20 10 3 2 381, 10° 107' 10°%  Am s
10”12 7 3 428. 10° 100* 10°%  am.»r
35a. 8 8 10°* 40 21 1.65 107 100 107°  ame.»
10~ 53 27 165 107! 1007 107  am.»
385 9 9 107 12 9 1.73 1016 10-18 q10-%2 x
10~ 13 10 1.73 10°1¢ 1071 10 x
35¢c. 10 10 10°° 25 12 1.81 107! 107% 107!  am.»
10™1% 34 17 181 1970 1007 107 e
36’ 4 4 10°° (4000) (3985) 279 10°7 1077 107’
102 (4000) (3985) 279 1077 1077 107" s um
b2 9 9 107* (5310) (5202) 308 1077 1077 10°M  rime
10-'2 (5330) (5312) 308 1077 1077 107"  re
36c? 9 9 10" 29 28 1.3 100Y7 107! 1073 x
10~1? 40 33 1.73 100V 1077 107 x
o 3¢d’ 9 9 10°* (9000) (R982) 1392 1077 1077 107  sum
1012 (9000) (8982) 392 1077 1077 107M  ,um
37. 2 16 10t 15 14 885 100 107! 107"  aer. v
. 10-12 21 20 885 10" 107 107° s s
38. 3 18 107" 18 16 261 100 10°2 107%  am.v
10-12 28 26 26.1 100 10°* 107% s »
a1




b Numerical Results for LADER

n m TOL max. 7/ iters./ NIl W0l lle®ll;  est. conmv.

stecp  evals.  J cvals. err.

3¥%. 2 3 10~ 5 4 10°% 107 1007 1077 e r
10-1? 6 5 107 100" 107" 1077 Re s

30h, 2 3 10°" 14 13 100 107! 107 1077 e s
10-12 21 20 10°¢ 107! 1077 1077 e r

3%c. 2 3 107* 18 10 100 107 107* 1077 e s
10~1? 25 13 1007 107" 10°* 1077 am»

39d. 2 3 107 20 13 100 107! 10°* 1077 s
10~ 28 18 1007 107" 1077 1077 e

3%. 2 3 10°* 28 19 107 107! 107* 1077 ee.»
10~'3 44 3 100 107! 107 1077 am. e

39f. 2 3 10°® 31 23 10°° 107! 107* 1077 am.»
10-12 44 33 10°* 107! 100* 1007 s v

39g. 2 3 10°* 39 29 100 107! 107* 1077 aeer
' 10712 44 31 107 107! 107 1077 e »

40a. 3 4 10°° 6 5 10”8 10" 107° 1077 e »
10~!? 9 8 100 10° 10 1077 ae.»

40b. 3 4 10°° 14 8 100 10" 100 1077 am.»
10~12 17 10 1007 10° 1077 1077 am.»

40c. 3 4 10°° 16 8 10°° 10 107 1077 am.»
10~12 22 12 1007 10" 1077 1077 am.»

40d. 3 4 10°° 26 17 10°* 10° 107 1077 am.»
10~1? 40 27 1007 10° 1077 1007 am.»

40e. 3 4 10°° 90 76 10-% 10 107* 1077 am.»
10~"? 146 125 100 10 100% 1077 s

4f. 3 4 10° 180 158 100 10 107 1077 we.r
10~12 272 241 1007 10" 107* 1077 s s

40g. 3 4 107 206 184 10°° 10° 1077 1077 am.r
10~12 319 287 1007 10 10°% 1077 mm.»

41a. 5 10 10°° 4 3 100 10" 107" 1077 am.»
10-!2 4 3 10-¢ 10° 107 1077 wm.»

41h. 5 10 10°° 4 3 10°* 10° 1007 1077 ey
10~12 5 4 10~¢ 10° 107 1077 e r

41c. 5 10 10°¢ 6 5 10-¢ 16° 107% 1077 wevr
10~ 8 7 10°F 10" 1007 1007 . r

41d. 5 10 10-° 15 11 10-% 10" 107% 1077 wev. s
10712 22 16 1077 10" 100* 1077 e

41e. 5 10 10°° 29 18 10-% 10" 107 1077 ame
10~12 38 24 10-7 10° 10°* 1077 wm.»

41f. 5 10 10" 57 46 1078 107 1072 1077 e v
10-12 89 74 10-7 10° 1075 1077 ke

41g. 5 10 10°* 84 1 10~% 1" 107 1077 wen
1012 144 123 10-7 10" 1075 1077 wev. v
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Numerical Resnlts for LADER

n m TOL max J iters./  ||r* ] .
n step evals. J evals. Ead (SN 1F A N V2 18 ::: conv.
42a. 4 24 -y .
100-12 18 15 G0.8 107'% 107V 10—
P 19 16 60.8 10°'* 10~V —~26 x
442h 4 24 10°* 10 x
r, o001 48 2 6 - 10-0 10-
102 0.001 13 10 10 10~
. 49 43 61.3 10" 10~V —25 *
42¢” 4 24 10°* o.1 - 10 x
10-12 0.1 20 17 60.3 10°' j0-'° 0=
-~ X 20 17 60.3 10°'* 10V 2 x
42d. 4 24 10—8 0.1 10 x
10_12 o-l 15 14 60.3 ]0-1) lo.." IO’“
= : 16 15 603 10-" 10" 10-% .
43a. 5 16 10° 0.1 10 x
10-12 0.1 14 11 540 107 10-1? 10777
@60 5 16 107 o 15 12 540 107% 107" 107%
1:—12 g: 18 15 540 10-1% 10-12 10-2
43¢ n 5 16 s - 18 15 54.0 10-]4 10-]2 lo-zs
. 10~
100—12 g': 1 10 54.0 10° 107V 10-7
0 . 11 10 54.0 10'" lo-ll -7 x
43d. 5 18 10" 0.1 10 x
10"'7 o.l 22 18 54.0 lo-l‘ lo-l] 10.71
P . 23 19 54.0 10~ 10-12 —28
43" 5 16 107" 0.1 12 10
10-1? 0.1 11 540 10°'* 1071 1077
- . 13 12 540 10°M 107 10°*
43f. 5 16 10~° 12 10 x
10-12 128 S0 1070 1078 1078
442° 6 6 10°° 7 - 540 107 107'? 1077 ,
10-"? 3 30 406 10°'% 10°1% 10-%
- 38 31 406 10°'* 10°18 -0
44b. 6 6 10—¢ 5 10 x
10-12 o ; 352 100 10-Y® 100® .
4‘C.o 6 6 10“ 3.52 lo-l‘ lo-ls lo-” .
10-12 108 98 206 10°'* 100! 10-%°
0 109 99 20.6 10’" lo—ll ~30 x
4‘d. 6 6 lo-s 98 10 X
lo-ﬂ 88 15.3 ]O-u lo-ll lo-”
0 99 89 15.3 10~'* jo-M ~29
44¢° 6 6 10-* 8 = 10
10-1? 8:23 -‘. 9.27 10~ 10~ 10~ -
4%5a% 8 8 10-* ! 9.27 10°" 10~ 10~ .
1012 :; ;2 4.06 10 0= 1007
-]8 -
45b° 8 8 10-° - 4.06 107! 107 10°7® .
10-12 6 g 31.56 10’u lo—ll 10-79 .
45¢° 8 8 10" 356 10715 101 10-?° ;
10-1? :g; ::3 206 10~ 10°V' 10-7*
45d.° 8 8 ]0-“ 9 20.6 10"“ lo-ll lo-”
—18 -
45¢° 8 8 10-* - 153 10~ 10-1% 10-% :
10~2 i30 119 9.31 10-'% 10-'? 10-%
131 120 9.31 10014 10712 1077







5.7 Adaptive Special Quasi-Newton Method
(PORT/ACM DN2G/NL2SOL)

5.7.1 Software and Algorithm

The results were obtained using subroutine DE2G, a double precision version of the ACM

algorithm NL2SOL available in the PORT Library [1984]. A subproblem of the form
. 1
min Qu(p) = 97p+ = p " (JF 1 4+ B)p
PeER" 2

subject to  ||Dipll, < &

is solved at each iteration for the step p, to the next iterate, where D, is a diagonal scaling
matrix. The method is adaptive, so that B, is sometimes null and sometimes a scaled quasi-

Newton approximation to the part of the Hessian involving the second derivatives of f.

5.7.2 Parameters

Parameters were kept at gheif default values with the foll_owin& e‘x;eptions:

IV(MXFCAL) -  min {9999,1000 = n} function evalnation limit
IV(MXITER) -  min {9999,1000 + n} iteration limit

V(AFCTOL) - TOL+TOL (varied; see tahles) absolute function convergence tolerance
V(RFCTOL) - TOL (varied; sce tables) relative function convergence tolerance
Vv( SCTOL) - (™ singular convergence tolerance

V( XCTOL) - TOL (varied: sce tables) 7 convergence tolerance

v( XFTOL) - €ar false convergence tolerance

V( LMAXO) - wsnally 1.0 (defanlt) ¢ initial trust-region diameter

V( LMAXS) - 1.0 (defanlt) step hound for singnlar convergence test
V(TUNER1) - 0.1 (defanlt) rednetion test coefficient

1 In some cascx the default V(LEAXO) = 1.0 for the initial dinmeter of the trust-region was too large
and overflow occurred during fanction evaluation. These cases are indicated in the table hy giving
the lower valne of V(LEAX0)- that was suhsequently used to abtain the resnits in the colnmn lahrled
“init. diam.”.

See Dennis, Gay, and Welsch [1981a, 1981b), Gay [1983], and PORT [1984] for details concerning

the parameters.
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5.7.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

ohjective function
objective gradient
current step

Newton step

Newton reduction

predicted reduction
actual reduction

scaled distance

Fe = ITh

Coge = V}'b = 2.’;,.‘{*
: e, the minimizer of the subproblem

{ H,;"g if My is positive definite;
Pu undefined  otherwise.

_ [ =Qulpx) if Hs is positive definite;
Pn = { 0 othetrwise.
rr=-Q(p)

Pa=Fi = Fl(ze + )
max;cica {{(D(z - 9))F|}
maxici<a {J(D7)|+ |(DyY]}’

m(z.y. D)=

t Here »; denotes the ith component of the vector v. There is a provision for the nser to
replace the function »; we used the defanit in all of the tests.

The convergence criteria used in DN2G are as follows :

e Absolute function convergence occuts at 7, if

The test actually used is

® z convergence is intended to approximate the condition

The test actually used is

[Fal < v(AFcCTOL). (5.7.1)
o Relative function convergence is intended to approximate the condition
Fi = F(2.) < V(RFCTOL) | Fa|.
pn < Y(RFCTOL) | Fi . (5.7.2)
v{zy, 2%, D) < V(XCTOL),
Pr =pn and v(xp,7x + pr, Di) < V(XCTOL). (5.7.3)

o Singnlar convergence is intended to approximate the condition

Fi — min {F(p) ||| Da(y = z2)l| < V(LHAXS)} < ¥(SCTOL) |Fi|,

&8




“

where D, is the diagonal scaling matrix at the kth iterate — when none of the convergence
criteria listed above hold. It is meant to indicate relative function convegence when the Hessian
in the subproblem is singular.

“The actual test is
Fi — min {Qu(y) | | Dely = )|l < V(LMAXS)} < V(SCTOL) [Fi]. (5.7.4)

Under certain conditions, the test is repeated for a step of length V(LMAXS).

o False convergence is returned if none of the other convergence critesia are satisfied and a trial
step no larger than V(XFCTOL) is rejected. This usually indicates cither an error in computing
the objective gradient, or a discontinuity (in F or g) near the current iterate, or that one or more
of the convergence tolerances (V(RFCTOL), V(XCTOL), and V(AFCTOL)) are too small relative

the accuracy to which the objective is computed.

The test actually used is
Fi = F(z: + p) < V(TUBERY)p, and w(74, 7y + pi, D) < V(XFTOL), (5.7.9)

where the parameter V(TUNER1) is adjustable, although in these tests the default value 0.1 is
used throughout.
Except for test (5.6.13), tests for convergence are performed only when

Pa<20p. (5.7.6)

See Dennis, Gay, and Welsch [1981a, 1981b], Gay [1983]. and PORT [1984] for more discussion

of the convergence criteria.

The foliowing abbreviations are used in the tables to describe the conditions under which the

algorithm terminates:

ABS. P - (5.7.1)
REL. F - (5.7.2) and (5.7.6)
x - {5.7.3) and (5.7.6)

. F - (5.7.2) and (5.7.3) and {5.7.6)
¢ SING. - (5.7.4) and (5.7.6)

FALSE - (5.7.5) and (5.7.6)

F LIM. - function evaluation limit reached
. TIME - time limit exceeded
' Loop -  subroutine appears to loop

The total number of Jacobian evaluations is either equal to the total number of iterations of the
method, or it is one more than the number of iterations. The number in the column labeled “iters.

/ J evals.” is followed by a "+" if an extra Jacobian evaluation was used in the computation.
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Numerical Results for DN2G

n
d' LeTR, ‘ro .
2 2 10 iam. evals. J cvals. Hell, Wl el est .
o 10~ 14 1+ 11 — err. ’
2' 2 2 10_‘ 14 'l"' "‘] )0—]6 lo::" 10—,12 R
> 10-"2 10 8"’ ll : - 10 S 10-32 ‘:: :
32 2 2 10 12 10 114 :01 0= 10
-12 64 0 10"“ 1 REL F
10 50+ 10
4.0 65 911 10-¢ neL r
L o2 3 107 g1+ 911 107 10°¢ 10-1°
10-12 40 VI T ARs ¥
5.0 0 53 33+ 10° T0-? aps. ¥
S 46+ 10 107 1072 10~
10-1? 9 - 301 10 10°% 10-1? x
3.0: -1 — x
6. 2 10 10°* 10 &+ 304 l(?oo 10-1"  10-71
-12 14 : 0.00 0.0 ABS ¥
10 10+ .00
70 16 .65 10! — ARE F
233 1078 12+ 365 10" 102 107* 4
10-12 13 8+ 10-7 107" FL o
8 14 1.00 10~ 10-° REL P
. 3 15 10°*° 9+ 100 10-2 0 102
1 -12 7 ]0-?1 ]0-45 ARS. ¥
9 0 8 ‘.;+ 260 107} pry ABS. 7
: 3 15 10 O 260 10~} 10 107"
10~1? 3 2 0! 1011 10°% e v
10 5 1.08 10~4 = nEL P
. 3 16 lo-l 4 1.08 10_‘ :o—]: ]0-14 -
° 10" 3:25 120+ 10t 10! 2 1071 xam
11. 3 10 lo—l 121 104 lol :g:: ]0’% I
10~12 8"00) (2953) 239, 10-2 _ 10-%  x. msv.
12° 3 10 10-° 000) (2953) 219. 102 :0‘. 10~ —
10-12 8 4 0 10"5
13.° 9 - 10.1  10°'° ¥ LM
3. 4 4 10-* G+ 10.1 10-1% 10”10 g-1?
10-12 19 16+ e 10-1* 10-%2 ::s v
- s.
14° 4 6 10-* 25 22+ 10~ llo_l" 1017 10-17 r
10-" 52 10+ 00 0 10-17 10_2‘ ARS P
2. - - ams.
10-1? 1 0+ 00 000 0.00 AL ¥
16 12 X 328 1072 . aBs. ¥
. 4 2 10 10+ 328 107? 10701070,y
]0",? 21 14+ 176 — 107 ]0—9 "::: 4
[ r
17, s 33 10-* 22 15+ 17.(; :32 10~? 10~
10~12 26 20+ 107 10°%  wewr
18,0 27 2.16 10~2 y REL.F
L 6 13 107* 21+ 2.46 10 10-1
- A6 1072 107" _ ARL ¥
10~ 15 32+ 1o~
19 46 123 10-* = PEL. ¥
. 165 107% 33+ 12.3 10~ 10 1077
-12 20 0 10-1¢ 1079 aBs ¢
10 22 13+ 9.38 10-1 AmS F
15+ 9 10_7 | -8
938 10~! 0
10-9 Io_‘ nEL. P
AL P
)|




Numerical Results for DN2G

n m  TOL init. ! itees./ =%l W/, lle®ll,  est. conv.
diam. evals. J evals. erT.

20a. 6 31 107 13 9+ 244 1072 107" 107" wes
10712 13 9+ 244 1077 107 107" am»
20b. 9 31 107" 12 9+ 6.06 107 107" 107"  ap s
10-1? 15 12 606 10°* 107" 107'% s am v
20e. 12 31 10°*° 14 11+ 166 1072 107 107 arr
10712 14 11+ 166 10°% 107" 107" e »
20d. 20 31 10°% 8 6+ 131 107* 107 107 ansr
10-12 (471) (137+) 118 10~* 107 107" ioor
21a.° 10 10 10°* 27 17+ 316 1071 1071 107 e
10~1? 27 17+ 3.16 107 107" 107 sesk
21b." 20 20 10°® 16 12+ 447 107" 107" 107%  see s
10-12 16 12+ 447 107 107" 107Y e »
22a." 12 12 107! 19 16+ 107' 107* 1072 1077 ane
10712 26 23+ 10°% 10~'?7 107" 107 .es.
22b.° 20 20 10"t 20 17+ 10°Y 107 10712 1077 Lae s
10-12 26 23+ 107% 1072 107" 107 .es.»
23a. 4 5 107° 36 26+ 500 10°* 107'° 107! A s
1072 37 27+ 500 107 10°'° 107'°  agv»
23b. 10 11 10°% 61 46+ 500 1077 1077 107! e
10-1? 68 50+ 500 1072 10°'° 107" wenr
24a. 41 8 10°* 139 110+ 759 10~% 1007 107" wee.e
10-12 142 13+ 759 107* 107" 107V aps
24h. 310 20 10°® 129 101+ 508 10?7 107 10~° am. ¢
10-12 138 108+ 598 10°2 107* 10" am.r
25a. 10 12 10°° 15 10+ 316 10717 107! 107H ey

10-12 16 11+ 3.16 10-'% 10~ 107% x

25b.° 20 22 10°° 19 12+ 447 107" 107" 1077
1012 19 12+ 447 107" 107 1077 sy
26a." 10 10 10°* 11 T+ 306 107" 107" 1071 anew
10712 12 8+ 306 107" 107" 107 aper
26b.” 20 20 10~* 39 25+ 228 107} B [ M
10-12 42 27 2228 107 107 107 e e
27a.% 10 10 10~* 8 6+ 318 107" 107" 100 ape »
10-"? 9 7+ 318 107" 107" 107 aes r
27h." 20 20 10°° 11 8+ 147 107" 107" 1077 aner
10-12 12 9+ 447 107" 107" 107?77 ams»
28a." 10 10 10°° 4 3+ 4121071 1078 107 apsr
10-12 4 3+ A12 107" 107" 1073 ses. v
28h." 20 20 10~% 3 2+ 571 107%  107° 10716 aes
10-12 4 3+ 571 10718 1071 10737 aesy
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Numerical Resnults for DN2G

—

n m TOL init. / iters./  |I7%)l, Wty Hetlly  est conv,
diain.  evals. J evals. crr.

202 10 10 10°* 1 3+ A12 107" 107" 1077 ane s
10-12 1 3+ 412 107" 107" 107" L
29b." 20 20 10°* 4 3+ 571 107 107 100 ey
. 10-'2 4 3+ AT1 107 107 100 aes
30a.° 10 10 10°* 8 5+ 205 100 107" 107" ame s
10-1? 9 6+ 2.05 10°'¢ 10°1% 10°% ke s
. 30b.% 20 20 10°* 8 5+ 304 107" 10* 1077 e
16-1? 9 6+ 3.04 107" 107" 107 e s
31a.” 10 10 10°* 10 T+ 1.80 107'7 107" 10°B  L.es s

10°12 11 8+ 1.80 10°'* 10°'% 10-M x
31b.° 20 20 10°* 10 T+ 266 107'* 1071 107  ane vy
10-"? 11 8+ 266 10°'% 107 10730 aes»
32+ 10 20 10°* 5 2 216 10° 107" 1071 oapLe
10-"? 5 2 316 10° 107" 107" x aen»

33. 10 20 10°*° 18 5 202  10° 107" 107% e

10-"? 18 5 202 10° 107! 107% awe.

34.* 10 20 10-* 13 5 724 10° 10°1° 107%  qwe.

10-7? 13 5 724 10 107" 100%* swa
35a. 8 8 10" 23 14+ 165 107! 3077 107°  ae v
10°1? 24 15+ 165 107" 107" 10" e s
35h. 9 9 107" 11 T+ 1.73 10717 10712 107 e
10-12 11 T+ 173 107" 1072 107" aps»
35¢c. 10 10 10-* 17 12+ 1.8 107! 1077 1073 weu s
10~"? 19 14+ 1.81 107! 100" 107  ae»
36a” 4 4 10°* (1000) (3988) 277 10”7 1077 107'* L
10-12 (4000) (3988) 27.7 10~F 107 107'* s um
36b.’ 9 9 107" (9000) (R977) 355 1077 107" 107 o

1012 (9000) (8977) 355  10~7 10" 107 4w
36c.” 9 9 10t 16 15+ 173 107" 107* 1077 ane s
10-1? 22 21+ .73 1077 107'? 100" pe k
, 364 ¢ g9 107" (7000) (RO6R)  3R4 10°7 1077 107 i
10-'2 (0000) (R966)  3R4  10~7 10”7 107" 4 L
7. 2 16 107" 10 8+ 885 100 107 10°f  neue
R 10-12 11 9+ 885 10" 10°% 107*  ap e
38. T 16 107" 10 8+ 261 100 1072 107%  wev »
10°12 12 10+ 261 10" 1077 10”%  wev ¢
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Numerical Results for DN2ZG

n m TOL init. i) iters./  l=*ll, Hf°ly  Hell,  est. conv,
_ diam. evals. J evals. err.
39a. 2 3 107" 5 4+ 107" 107! 107 1077 e
10712 5 4+ 1077 107 107" 1077 wen»
3%bh. 2 3 107" 6 5+ 1077 107 1077 1077 ek
10-12 T 6+ 1007 107" 107% 1077 e s
3%c. 2 3 107° 7 4+ 1077 107 1077 1077 e
10-12 8 5+ 1077 107! 107" 1077 Ak s .
39d. 2 3 10°° T 5+ 1007 107 107% 1077 aee s
10-12 8 6+ 10°7 107! 107" 1077 e s
3%. 2 3 10°® 9 6+ 107 100' 1077 1077 e
10~12 10 7+ 107" 100" 107" 1077 e -
3. 2 3 107° 14 10+ 107" 107! 107* 1077 ey
10~12 15 11+ 10° 100" 100% 1077 mp»
39g. 2 3 107" 18 12+ 1007 107" 107 1077 ke
10-'? 20 14+ 100 107' 100" 1077 e
40a. 3 4 10°® 7 6 10-* 10 107" 1077 eee v
102 T 6 107 10" 107" 1077 e s
40h. 3 4 10°° 7 5+ 10°¢ 10" 107¢ 1077 ek
10°1? 11 9 100 10 107" 1077 ae v
40c. 3 4 10°* 9 6+ 1007 16° 107°% 1077w s
10-12 10 7+ 1007 10° 100 1077 e v
40d. 3 4 10°° 9 7 1007 100 107" 1077 e
1072 9 7 10~° 10" 100 1077 ey
40e. 3 4 107" 10 9+ 1007 10" 107 1077 e
- 1012 11 10+ 1077 10" 100* 1077 e v
40f. 3 4 10" 13 10+ 100" 10" 107% 1077 e s
10-12 14 11+ 10" 10" 1077 1077 e r
40g. 3 4 107 23 16+ 107" 10" 107 1077 e
10-12 25 18+ 10 10" 1077 107 e s
41a. 5 10 10°° 4 3+ 1070 16" 107 1077 aee
107" 4 3+ 1070 10" 107" 1077 men»
41th. 5 10 10°* 4 3+ 10-% 10" 10°7 1077 wer »
10”2 5 4+ 10°" 10" 107" 1077 e s
41c. 5 10 107" 6 5+ 10~° 10 107" 1077 weur
10-"? 6 5+ 100 10" 107" 1077 e .
a1d. 5 10 107" 9 T+ 100 10" 107% 1077 e s
10-12 1 9+ 10-% 10" 107" 1077 wer s
41c. 5 10 107 17 13+ 1% 100 107 1077 an s .
10°12 20 16+ 10°7 10° 107" 1077 ey
41f. 5 10 107" 24 19+ 10-° 10" 1074 1077 e v
10-1? 27 22+ 107 10" 1077 1077 am.»
41g. 5 10 10°* 29 22+ 1007 10" 1075 1077 ek

10712 30 23+ 10-* 10" 100% 1077 e s




Numerical Results for DN2G

n m TOL init. J iters./  {letll, W7°N, letll;  est. conmv,
diam. evals. J cvals. crr.

422" 4 24 100" 09 29 19+ 60.8 10°'* 107 0-% x
107'7 0.9 29 19+ 60.8 1077 107" 1077 aps s

42h.% 4 24 107* o001 74 48+ 613 107" 107! 107,
10712 0.001 74 48+ 61.3 107 107" 107 aas»

42¢° ¢ 24 100* o001 32 19+ 603 107" 107! 107
. 10°'2  0.01 32 19+ 60.3 10~ 107'° 107 Les r
42d." 4 24 10°* 23 18+ 60.3 107 1077 107'"  aee s

10772 24 19+ 603 10°'* 107" 100* &
- 43a.° 5 16 107" 31 22+ 540 107'27 107" 10~ .ne v

10-"? 32 23+ 540 107 100V 107 x
43b." 5 16 107" 20 13+ 54.0 107'2 107! 107 e
10-12 20 13+ 540 10°'7 107" 107 ape s
43¢’ s 16 107" 34 26+ 53.6 107" 1007 1077 e s
10-1? 41 33+ 536 107" 107" 10"2 e v

43d." 5 16 107" 17 1+ 510 107" 100" 1077,
10~"2 17 11+ 54.0 107" 107" 1077 amss
43¢° 5 16 107" 28 18+ 540 107" 107" 1072 Lus v

10~"2 29 19+ 540 10°' 10°'? 107 x
43° 5 186 10" 20 15+ 54.0 10~'7 10717 10°% e v
10-12 20 15+ 540 107'7 107 107 Las v
442° 6 6 10°° 58 11+ 406 10°'" 107% 1077 e r
10~12 59 42+ 406 10" 10°'* 10°% s s

44b° 6 6 10°* 7 6+ 352 100 10°12 10-7® x
10~12 7 6+ 352 1071 1077 107" e
44c.” 6 6 10 93 84+ 206 107! 107* 107" .es v
10-1 94 85+ 206 10°'* 107" 10°% ame s
44d." 6 6 107" 97 81+ 153 107 10°* 1077 Les s

10~12 98 82+ 153 10°'* 10-!! 10°2 x

44¢" 6 6 10°* 83 T2+ 9.27 107" 10°'? 1077 x
10-"? 83 T2+ 927 10°™ 1077 107 Las»
452° 8 8 107" 65 A5+ 106 107" 107" 1077 aae s
10-1? 66 46+ 106 10777 107" 107* e s
45H" 8 &8 10" 8 T+ 356 107" 10717 1077 e
. 10-1? 8 T+ 356 107" 107" 1077 aee s
45¢” 8 8 10 129 123+ 206 107*  107* 107" sae 0
10-12 130 124+ 206 107" 107" 10”7 e e

- 454° 8 8 107" 168 114+ 153 100" 100V 10~ ? x
10-12 168 144+ 153 107" 107" 107 ses

45¢° 8 8 10™* 173 165+ 9.31 107" 10°'7 10~ x
10-12 173 165+ 931 107" 10°'? 107" aee v
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5.8 Corrected Gauss-Newton Methods
(NPL/NAG LSQSDN and LSQFDQ)

5.8.1 Software and Algorithms

The results were obtained using subroutines LSQSDK and LSQFDQ implementing corrected
Gauss-Newton methods from the National Physical Laboratory, which are available at Stan-

ford Linear Accelerator Center. A subproblem of the form
. 1
min oir+; P IEL 4+ B)p

subject to  Jyp= - [y,

is solved for a search direction p;, where =5 is interpreted in a least-squares sense using
the singular-value decomposition (see Chapters 3 and 4). Subroutine LSQSDF requires exact
second derivatives for the term B, that involves the second derivatives of the residuals,
while LSQFDQ uses a quasi-Newton approximation. The linesearch algorithm used within the
subroutines requires both function and gradient information (see Gill and Murray [1974},
for details). These subroutines are similar to those available in the NAG Library [1984] for
solving nonlinear least-squares problems :LSQSDN corresponds to NAG subroutine EO4HEF
and LSQFDQ to NAG subroutine E04GBF.

5.8.2 Parmeters

LSQSDN and LSQFDQ have the same set of input parameters as the corresponding software
from the NAG Library [1984]. The values chosen are listed below.

MAXCAL -  min {9999,1000+ n) function evalnation limit
ITOL - varied; see tables accnracy in r
ETA - 0.9 linesearch acenracy
STEPMX - usnally 10° (defanlt) t  maxinmm step for linescarch

t In some cases the defanlt STEPNX = 10° was too large and overflow occurred during function
evaluation in the linesearch. These cases are indicated in the tables by giving the lower valne of
STEPEX that was snbsequently nsed to obtain the resuits.

See the NAG (1984] manual for details concerning the parameters.




5.8.3 Convergence Criteria

The following quantities will be used in describing the convergence criteria :

objective function : F, = f;rh
objective gradient : g, =VF, = 21,;"],
search direction : i, the minimizer of the snbproblem
steplength : g, deternined by the linescarch

An iterate is determined to be optimal by LSQSDX and LSQFDQ if
Fr < (z,

or

Noll; < exlifell,

or if the following three conditions hold :

orllpell; < (XTOL + €00 )(1 4 Jlze]l;)

and
Flzio1) = Fe < (XTOL + ¢\, )2(1 4 | F2])
and

flaelly < e7>(1 + | %)

(5.8.1)

(5.8.2)

(5.8.3)

(5.8.4)

(5.8.5)

Conditions (5.8.3) and (5.8.4) are meant to ensure that the sequence r, has converged,

while conditions (5.8.2) and (5.8.5) are intended to test whether the necessary condition

that the gradient vanish at a minimum is approximately satisfied at r;. Condition (5.8.2)

allows the algorithm to accept a point as a local mimimum if a more restrictive test on the

necessary condition than (5.8.5) is met, even if conditions (5.8.3) and (5.R.1) do not hold.

For the zero-residual case, condition (5.8.5) specifies that the method may also terminate

when [|fs]l, is no larger than the relative machine precision. For a detailed discussion of

convergence criteria similar to these, see Sections 8.2 and 8.5 of Gill, Murray, and Wright

[1981]. In particular, Section 8.5.1.3 treats special considerations relevant to nonlinear leas:

squares.
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The following abbreviations are used in the tables to describe the conditions under which the

algorithm terminates :

OoPT - optimal point found

* - cnrrent point canrot he improved §
FLIM. - function evalutaion linit reached
TIME - time limit exceeded

t A ‘s’ corresponds to the situation in which the algorithin terminates dne to failure in the
linescarch to find an acceptable step at the current iteration.

29
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Numerical Results for LSQFDQ

_»

n wm  XTOL wmax. f.J iters. e, 10l lle®ll;  est. conv.
step  evals, CcTT.
. 2 2 10t 3 12 141 000 000 000 orr
10-'? 31 12 1.4) 000 000 0.00 orr
20 2 2 107" 16 26 1.4 10" 10-* 10! *
10-1? 36 26 11.4 10! 10-* 10! *
. 3 2 2 107 47 25 211 107" 107% 107
10~1? 47 25 911 107" 100* 107
4 2 3 107" 61 20 10° 10-* 10°*' 10°'* *
1072 64 20 10 100" 107* q0mt e
" 5 2 3 10" 14 9 304 10" 100" 107 *
10-1? 14 9 304 10°'* 107'* 107 *
8. 2 10 107" 54 28 365 10! 10°*  10°¢ *
10°"2 54 28 .365 10 100 107" *
7 3 3 107" 20 13 1.00 100 107" 102
10~!2 20 13 100 100" 107" 10
8. 3 15 107" 13 12 260 10" 107 107" orr
10-1? 13 12 260 107" 107" 107" orr.
9. 3 15 10" 3 2 108 107Y 107'?7 107" orr
. 10°12 3 2 108  10°Y 1072 107M oer
10. 3 16 10°* 18 10 101 10! 10° 10-* »
} ©o10712 18 10 10 10! 10* 10 .
11 3 10 10°* 69 31 608 -10°! 100" 107! *
10-12 69 31 608 102 107°* 10°* *
122 3 10 10°* 12 8 10.1 107 107" 10°'? *
10~12 12 8 101 10°' 107 107'* *
13° 4 4 107" 18 17 10°% 1077 107" 1071 ot
10-12 18 17 10°* 107" 100" 107!'*  opr
14" 4 6 10~ 81 58 200 100" 1007 107V *
10-12 81 58 200 10°* 1677 10~V *
15. 4 11 107 30 22 328 1007 107 107" orr
102 30 22 328 1077 107" 107 aer
16. 4 20 10~ 62 19 17.6 10? 10-* 10—t *
10-1? 62 39 17.6 102 10-¢ 107" *
. 17. 5 33 107" 19 i 246 1072 1007 107" *
10-1? 19 1" 246  10°?  10°7 107" *
18 6 13 107* 10® (6004) (410R) T56. 10~ 107 107! 4o
107" 10° (6004) (4108) 756. 16™' 107* 107! sum
-a
19. 11 65 10°" 33 22 9238 100" 10°* 107" *
10-1? 33 22 938 100" 10=* 10-? *
10
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Numerical Results for LSQFDQ

n m  XTOL wmax. f,J iters. [, U0, lletll, est.  conv.

step  evals, etr.
20n. 6 31 10°% 32 28 2419 107 10~* p-t° *
10-1? 32 28 244 1077 107* 107M° *
20h. 9 31 1078 6 5 6.06 107% 10°Y 107" opr
10-1? 6 5 6.06 107 107" 107! opr
20c. 12 31 107" 6 5 166 107 107" 107! qpr
10-"? 6 5 166 10 107" 107'¢  oer
20d. 20 31 10°% 18 11 2447, 107" 0?2 10— *
1012 18 11 247. 100" 1072 10~ *
21a.® 10 10 10°° 31 12 316 000 000 000 orr
10-12 31 12 346 000 000 000 orr
2th. 20 20 10°* 31 12 447 000 000 000 orr
10~'? 31 12 447 000 000 0.00 orr
22a.® 12 12 10°* 18 17 10~* 10~°* 10-"® 10~ opr
10~12 18 17 107% 100" 107" 107" orr
22b° 20 20 10°® 18 17 10°% 107?107 107"  orr
10-12 18 17 1002 100" 107 107" cer
23a. 4 5 10°* 80 52 500 1078 10710 107" oer
1012 80 52 500 107 1071 1070 oer
23b. 10 11 10°% 143 78 500 10°7 107" 10~ apr
10-12 143 T 500 1077 107 107" orr
24a. 4 & 10°% 411 370 .759  107* 10°'° 107! orr
10~'? 411 370  .759  10™*  107'" 107" orr.
24b. 10 20 10°* 10° 566 501 598 1072 10°f 10°*  oer
10°'? 102 566 501 .598 1072 10°* 107"  orr.
252" 10 12 10°¢ 16 12 316 10-* 10°* 107! *
10-12 16 12 316 10°* 10~* 101 *
25b.% 20 22 10°? 18 14 447 100* 1007 107V *
10~12 18 14 447 107" 1007 107V *
26a.® 10 10 10°° 22 11 308 10t 107V 10-%? *
10-1? 22 11 306 100" 100" 107% *
26h." 20 20 10-* 18 9 208 107 107" 107'" oer
1012 21 12 208 100" 1071 0°'? .

272.* 10 10 107 10? 26 13 318 107" 101 1072

10717 10? 26 13 318 107'* 10°'* 1077
27b" 20 20 10~%* 100 31 17 447 107" 107" 1077 *
102 100 31 17 447 107" 107" 1077 *
28a." 10 10 10°* 4 3 A12 10718 10718 10°M o1
1012 4 3 412 127" 107" 107 orr
28b.° 20 20 10-® 4 3 571 107" 107 107% oer
10-1? 4 3 571 107" 107" 107M oer
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Numerical Results for LSQFDQ

0 —

n m XML wax. f,J iters. =%, Il lletll, ect. conv.
step  cvals. crr.
292." 10 10 10°* 10 6 A12 100" 107 1077
1072 10 5 412 107" 107 107
29b." 20 20 107" 10 6 5T1 100 107 0 *
. 10-1? 10 6 571 107" 107 107
30a.° 10 10 10°* 11 T 205 100 100% 070
10-2 11 T 205 100" 107" 10°'*
. 30b." 20 20 107" 1 7 304 107° 107" 07 e
10-12 11 7 304 1007 10°%* 10°% *
3ta® 10 10 107" 12 8 180 107* 10”7 j0°'¢ .
10-12 12 8 1.80 107 10~ 10°'¢ *
31b.° 20 20 10~* 12 8 266 107* 107 107’¢
10°12 12 8 266 107* 1077 10°'®
32 10 20 10°" 2 1 3.16 10" 107" 107! opr
10-1? 2 1 3.16 10° 100" 1076 o
33.¢ 10 20 10°* 2 1 1.46 10" 10°*  107%  orr.
10-12 2 1 1.46 10° 107" 107%  orr
34t 10 20 10-°® 2 1 1.78 10° 10°*  107%  orr
10-1? 2 1 1.78 10° 107" 10°%  orr
35a. 8 8 100" 100 87 35 1.65  10°Y 100" 30" *
107 100 87 a5 1.65 107" 10°* 10°° *
35h 9 9 107 34 14 1,73 107'% 1071 1072 *
10712 34 14 1.73 107! 107 107% *
35¢. 10 10 100" 100 73 13 181 100' 107 1073 *
10°'?7 100 73 33 1.8t 100! 100" 1073 *
362" 4 4 10°° 44 25 500 107" 10°" 107% bd
10-13 44 25 500 10-'* 107" 10°% *
36b" 9 9 10 44 25 500 107! 1001 107V *
10-12 44 25 50.0 10°'* 10" 107V *
3¢ 9 9 10°* 28 7 1.73 107" 107" 107%  apr
10-"? 28 7 1.73 107 100" 107" orr
36d° 9 9 107" 424 100  232. 100" 10°* 10-7 *
. 10"? 424 100  232. 100" 107" 107 *
37. 2 16 107" 25 23 8.85 10! 10°*  107°
10~1? 25 23 8.85 10! 100 10°®
38. 3 16 10°°® 30 26 26.1 10! 10-*  10°° *
. 10~12 30 26 26.1 10! 10-% 10-¢ *
103




Numerical Results for LSQFDQ

n m XTOL  wax. f.J  iters. [le*ll, 1SN, llg®ll,  est. comv.
step  evals. err.

39a. 2 13 o0t 17 16 10°% 407t 107" 1077 orr
10-'? 17 16 10°% 107" 107* 1077 orr

3b. 2 3 40" 24 23 1077 107! 107 1077 orr.
10~12 24 23 10°7 107! 107" 1077 orr.

39%. 2 3 107® 22 181077 107" 107% 1077 cer
10712 23 19 1077 107 107" 1007 orr

3. 2 3 107 31 26 1077 107 107* 1077 orr
10~"2 32 27 10°7 107! 107" 1077 orr

3%. 2 3 10°* 32 26 10°* 107! 100" 1077 *
10-12 32 26 10°% 107! 107" 1077 .

3of. 2 3 10°% 43 27 10°*  10°!' 107* 1077 .
10~12 43 27 10" 107! 107* 1077 *

390g. 2 3 107t 49 28 100" 107! 107* 1077 *
10717 49 28 107" 107" 100* 1077 .

40a. 3 4 10°° 18 17 10~ 10” 107 1077 cer
10-12 18 17 10~ 10° 107 1007 orr

40b. 3 4 10°* 19 17 10t 10° 107" 1077 opr
10°2 19 17 10-¢ 10" 107" 1077 oer.

40c. 3 4 107" 27 22 1007 10" 107" 1077 orr
10712 27 22 16~7 10 10=* 1077 orr.

40d. 3 4 10 33 26 1007 100 107" 1077 orr.
1012 34 27 1077 10" 100 1007 orr

40e. 3 4 10°° 70 39 107 10° 107" 1077 orr
10-12 72 40 107 10" 10-* 1077 *

40f. 3 4 10 92 43 100*  10®° 107* 1077 ¢
10-12 92 43 10-* 10° 10°* 1077 *

40g. 3 4 100% 10° 123 53  10°° 10" 10°% 1077 *
10-'? 10* 123 53 10-° 10° 10°% 1077 .

41a. 5 10 10°*° 8 7 10=¢ 107 107" 1077 oer
10-12 8 7 10-¢ 10" 107 1077 orr.

4th. 5 10 107° 18 13107 30" 107 1077 oer
10~12 18 13 10~¢ 10" 10°% 1077 orr.

41c. 5 10 107" 21 18 100% 10" 100" 1077 orr
10-'? 21 18 10-° 10" 107 1077 orr.

41d. 5 10 107" 38 22 107% 0" 107" 1077 ¢
10~12 38 28 10-° 10" 107" 1077 .

41e. 5 10 10°? 47 37 10~° 10" 10-* 1077 *
10-'2 47 37 10-7 10" 10°* 1077 *

41f. 5 10 107" 54 45 10-7 10" 10-* 1077 *
10-!2 54 45 1077 1" 10-* 1077 *

41g. 5 10 10°* 62 52 107" 10 1007 1077 *
10712 62 52 10-* 10" 107 1077 *
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Numerical Results for LSQFDQ

n om  XTOL wax. f,J0 iters. Il W0, wetlh est. conv.

step  evals, crr.
42a.° 4 24 107" 100 T 19 635 1007 107t 107"

10°'2 100 73 19 635 1007 10°%  1071® *
42b" 4 24 107" 20 94 71 619 1071 1077 g0i?
10°'?2 20 094 71 619 107" 1077 10~!°

42c." 4 24 1070* 50 16 10 603  107% 107 jo~! *

. 107'2 50 46 30 603 100 10°% 107" .

42d.° 4 24 100" 50 27 19 60.3 10°% 10°% 107!°
10°'2 5.0 27 19 60.3  10°% 10°% 107"

- 432" 5 16 107 100 33 18 5.0 100" 107 107"
10°'? 100 33 18 5.0 100" 100% 10°"7

43b" 5 16 10°* 100 45 21 540 10°* 107% 10776
107! 100 45 21 540 10°% 107° 107'%

43¢c.® 5 16 107" 100 33 18 5.0 10°* 100% 107'¢ *
10°'? 100 33 18 540 10°* 100* 107'® *

434.° 5 16 107" 100 38 20 510 107° 1007 107"
10-'* 100 38 20 540 10~ 1007 10°'®
43e.® 5 16 107" 100 27 14 540 107 100* 1077
10°'? 100 27 14 540 101 10°" 1077
43t° 5 16 10°° 31 19 540 10°%* 10°% 10°'* *
to-12 31 19 540 100% 107 1076 *
443 6 & 10" 97 28 4.06 10°1? 10-'° 10~ *
10°'2 97 28 406 10°'? 1070 107%® *
44b° ¢ 6 107" 10 6 352 107* 100 107%® *
10°12 10 ] 352 100* 100*° 1007 *
44c® 6 6 10°% 47 19 206 1077 1008 107M
10-? 47 19 206 1007 1007 107M
444" 6 6 10°* 40 17 153 107 107® 107V .
10-1? 40 17 153 100 100% 107V *
44¢." 6 6 107" 47 20 927 107" 100" 107 *
10~12 47 20 9.27 10°'% 100" 107% *
453" 8 & 10°"° 97 28 1.06 10~'7 107" j0-% *
10~12 o7 28 406 1077 100" 107% .
45b°" 8 8 107" 12 7 356 107 107% 1078
. 10~-1? 12 T 356 100 100% 1078
45¢" 8 & 10°* 47 19 06  10°° 100 0~ M *
10-12 47 19 206 107 107 10~ *
a 45d." 8 8 107" 42 18 153 1000 100 107V
10-12 42 18 153 107" 10°% 10~V
45¢.” 8 8 10°° 49 21 931 107'* 107 107 *
10-'2 49 21 931 10! 10-'° 10~ *
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Numerical Results for LSQSDN

w m  XTOL max. [f.]  iters. Iroll, NS0, et est. conv,

step  cvals. err.
1.* 2 2 107t 31 12 1.1 0.00 0.00 0.00  orr
10-1? 31 12 .11 000 0.00 000  osr.
2 2 2 107t 18 8 1.1 10! 10°° 10! ory
10-12 18 8 11.4 1o 10°° 10 ort
3 2 2 107" 47 25 911 107" 100 107% .
10-"? 47 25 o1t 107 107 107 *

4 2 3 10 53 21 10° 10-*  10°* j0-i®

10-"? 53 21 10f 10-* 100 10"
5.° 2 3 10 10 7 3040 107 107 107" aer
10-12 10 T 304 107 107" 1077 orr
6. 2 10 100" 50 36 10 .365 10' 10°%  10°* *
10°'?  so0 36 10 .365 10t 10-* 10" *
79 3 3 10" 14 10 1.00 107" 107" 107 apr
10-12 14 10 100 107" 107 1002 o
8. 3 15 107" 6 5 260 107 100" 107" orr
1072 6 5 260 107 1077 107" orr
9, 3 15 10°® 3 2 1.08  107%Y 1072 107" ey
10712 3 2 1.08 107 1077 10°M e
10. 3 16 107% 17 10 10 10! TU [ *
’ 10°"2 17 10 10! 10 10? 10~¢ *
112 3 10 100" 100 30 15 190 10°? 100" 1073 *
10-'?2 100 30 15 490 10?2 100" 10°? *
12° 3 10 10°¢ 8 6 10.1 107 10710 107" orr
10-"2 12 8 10.1 107" 107" 10°V? b
13° ¢ 4 107" 18 17 10°% 107" 107 107" orr
10-1? 18 17 10°*  100* 107" 107" orr
14° 4 6 10°¢ 87 1?2 200 107 1077 107" aer
10~"? 93 45 200 10°" 1007 107t *
15. 4 11 107" 16 8 A28 1077 10°Y 107" aee
10~"? 16 R 328 1007 107" 107 ot
16. 4 20 107" 45 22 17.6 107 0= 107" *
10-12 45 22 17.6 10? 100 107" M
7. % 33 10°" 14 9 246 1072 107 107" oer
10~"2 18 1 246 1077  107® 107" *
18° 6 13 100 100 243 69 123 10777 107" 100 orr
1077 100 247 71 123 107" 107" 107® d
19. 11 65 10°® 19 10 938 107" 100" 107 orr
10-12 19 10 938 100" 100 107  orr
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Numerical Results for LSQSDN

n
m XTOL wmax. f,J it Il
R ers ¢
step ' . ’ “2 . .
20a. [ 3 10'0 ool "! ", "g "2 o -
lo-” : - - CrT.
2 44 1072 -
oh. 9 31 to-* . : o lo_: o ‘
: Jol g 5 606 10~ o e ‘
0c. 12 31 10°" : = }8::: i o
- o g 5 166 10°° e
d. 20 31 10°* : . w-:: o
= o :g L 10 103 orr
1a” 10 10 107" ; e :o-:: o
o o7} 13;: 12 3.16 0.00 > o
I : 12 316  0.00 g.oo 000 oo
> i g} > 2 - .00 0.00 or-r'.
o : 12 447  0.00 g.oo 000 o
T - = el » .00 0.00 on-.
22b." 20 20 10°" = v = :g-’ o o ’
-1 OoPrT.
o L e ~ 10°1% 10~ or:
L 18 17 10-% :g" o o ‘
_ OF
10-12 58 32 500 s e °":.
23b. 10 = - . oo i '
— 500 10°% 107! o0 ovr
o 124 64 500 S
24a. 4 = = ‘ v o : .
L 500  10°2 1078 oo
tonl 228 136 .759 -3 L
1 228 136  .759 ig" AT
_ [ ]
1012 150 88 508 102 s O:
' 0 a )y = = -
.t 150 88 508 10”2 :g':: o o
- o ;g{ 10 316 10-* .
v e 10 Me 107 10:: 10-1%  opr
26a." 10-'2 :; 1 o T o :
v 12 v 107d 10:; 107 opr
n o ;s 9 306 10°M! = e .
R TT 2 11 306 107" :o::; o o
- o ;8 9 208 10\ : s -
7a® 10 10 100* 10? 2: = T :g::z o
10-1? 2 ’ ) - o -
- 1o 22 kA 318 100" 10~* -0
0 1w 3.18 10-'®  10-* :g SIS
10—17 2 7 : :
n 10 147  10°° -
e M 27 10 447 107" m_: PV
2 ozl 4 3 412 10°'¢ = = :
0 . : :
T 4 3 412 1071 }8-:: oo
b 4 3 571 1071 U
4 3 571 10°'¢ s 1o
10716 105 orr
orPT.
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Numerical Results for LSQSDN

n m XTOL wmax. f,J iters r* * ¢
step cvals. " "2 |U "2 ”q "2 :::' o
292 10 10 10°* .
Jo g 4‘ 412107 107 1077 opr
) ) -14 - - ’
1O 41210 10°1 107" opr.
sl g 41 ST 10°Y 100 1077 arr
[ X -~14 - - '
30a.° 10 10 10~°° T 5 e o
- ! 205 100% 100" 10™'®
: 10 1 = 205 10° 10-° 107'*
30b.° 20 20 10°* 7
loh : 5 306 107 107% 107" orr
: 1 7 304 10~* 10°* 10-'* ¢+
31a.” 10 10 10°* 8
o 6 1.80 107" 1077 107'%  orr
: 12 8 1.80 10°* 10”7 107'¢ *
31b.” 20 20 10" 8
sl 6 266 107" 10”7 107" orr
: 12 8 266 10 1077 107'¢ ¢
32. 10 20 10°" 2
tol 1 3.16 W0 107 107" aer
’ 2 1 316 10° 10°' 10~'*  orr
33.- 10 20 10" 2 o
ol 2 1 1.16 10° 10°*  107%  orr
: i 146  10°  10=* 10-* '
4. 10 20 10°° 2 T -
-l 2 1 1.78 10" 10" 107%  orr
- 1 178 10°  10~* 10-* '
352. 8 8 10" 7 " -
o 7 ;g 165 100! 1007 107° *
; ¢ 1.6 -1 =7 -
35h." 9 9 10°* 30 = > = .
o 12 1.73 100 10-° 10-%?
' M M 13 100" 107 10m? e
35c. to 10 107" 13
i : 10 1.8 10~Y 10°'  10°?
: #0100 181 107 107 107 oer
36a." 4 4 107" - o~
o) 38 22 500 10°'* 10~ 107
_ 38 22 500 10~ 10" 107°™ ore
36b° 9 g9 10°* 3 o
e 8 22 500 10~'* 100" 10°%
— 8 22 500 107" 107 10°Y  oer
6c.” 9 9 107" 28 T -
T 21 .73 107" 107'¢ 107%2
: 22 27 113 100" 107" 1077 e
36d® 9 g9 10* 3 v -
Joh 80 841 233, 107 107® 1077
380 84 233. 100" 10-* 107 ovr
37. 2 16 107" 9 : o
Jorl 8 &85 100 107" 107¢ .
9 8 885 100 107! 10°¢ .
38. 3 16 10°* 10 -
Iozl 10 g 26.1 1o: 10°"  107®  opr
6. - - .
5.1 10 107" 107%  orr.
109




T ——

Numerical Results for LSQSDN

n m  XTOL max. f,J iters. |[°ll; {[/°l; llg°ll; est.  conv.

step  cvals. err.

39a. 2 3 10" 1 310 107! 107 1077 orr
10-12 1 3 10°* 107" 100" 1077 orr

3h. 2 3 107" 6 5 1007 107 107 1077 oer
10-12 6 5 1007 107Y 107" 1077 orr.

30¢. 2 3 10" 9 5 1007 107" 107 1077 oy
102 9 5 1007 107" 107" 1077 oer

3. 2 3 107" 12 7 1007 100t 107 1077 eer
10~ 12 7 1007 107 107" 1077 orr

39e. 2 3 10°¢ 12 7 107 107! 107" 1077 orr
10-12 12 7 10°* 107! 107" 1077 orr.

39f. 2 3 107t 25 10 100" 107! 107 1077 ore
10-12 25 10 107 100" 107" 1077 orr

30g. 2 3 107 39 15 107 10°' 1007 1077 *
10~ 39 15 100" 100" 1007 1077 *

40a. 3 4 10°° 5 4 107 10" 107" 1077  orr
10~7? 5 4 10°¢ 10° 107" 10”7  orr

40b. 3 4 107 6 4 10-¢ 10 107" 1077 arr.
10-12 6 4 10-¢ 10 107'° 10°7  orr.

40c. 3 4 10 11 6 10~7 30° 1071 1077 aer
10~1? 11 6 1077 10 1071 1077 orr.

40d. 3 4 10 13 7 10-7 10° 107! 1077 oer.
10712 13 7 1077 10° 107" 1077 orr

40c. 3 4 107" 45 16 10”7 10° 107 1077 orr.
, 10712 45 16 1077 10° 107'* 1077  orr
40f. 3 4 10°° 49 18 107*  10° 107" 1077 orr
10712 49 18 10-* 10" 107" 1077 orr

40g. 3 4 107" 85 24 100 10" 1077 1077 oer
10-!2 85 24 10”*? 10" 107 10°7  orr.

41a. 5 10 10°° 4 3 10-% 10 10727 1077 orr.
10-12 4 3 10-* 10" 107'?7 1077 orr.

41b. 5 10 10" 4 3 10-¢ 10" 107" 1077 aer
10-12 1 3 10-* 10" 107 1007 orr

41c. & 10 10°° 5 ] 10-° 10" 10°° 1077 eer
10~"? 5 1 10-° 10 107" 1077 orr.

414d. 5 10 107" 9 7 10-¢ 10" 107"? 10-: arr
10-"2 9 7 100 10" 1077 1077 ot

41c. 5 10 107 14 10 107 10" 10" 1077 aper
10~1? 14 10 107 10" 10°" 107" orr

41f. 5 10 10°" 16 12 10°° 100 1071 1077 ot
1012 18 12 10-7 10 107 1077 orr

41g. 5 1 10°° 21 15 10-* 10" 107! 10°7  orr
10~1? 21 15 10-* 10" 10727 1077 oer
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Numerical Results for LSQSDN

n m  XTOL  max. f.J  iters. ([r7ll, 7l Hlatll;  est comv.

step  evals, err.
422" 4 24 100" 50 60 1 635 107" 1077 1071 ey
10°'7 50 64 13 6315 10" 1077 10°1"® *

42b." 4 24 107" 20 i) 67 619 10~* 107 107"

10017 2.0 75 67 619 10°F 100 107V
R 42¢" 4 24 107" 50 1R 28 61.8 10777 100" 1077 opr
10°'7 5.0 48 28 61.8 107'27 107% 107 orr
42d.” 4 2¢ 10" 50 27 19 0.3 107" 100 107" *
10°'? 5.0 27 19 603 10°* 100% 107\ *
o 43a° 5 16 100" 100 25 14 540 107°  107% 107 cer
10-12  10.0 33 18 540 10°* 107¢% 107V *
43b.° 5 16 310°* 100 37 17 840 100%  107% 107" o
10°'7  10.0 45 21 540 100 100 107" *
43¢ 5 16 10°* 100 25 14 540 107* 10™% 107'®  oer
10°'* 100 33 18 540 100* 100%* 107'¢ *
43d® 5 16 10°* 100 30 16 540 107% 1007 107" aer
1077 10.0 38 20 540 100* 1007 107" *
43e.° 5 16 107" 100 19 10 540 107 100" 1007 opr
10°2 (0.0 27 14 540 100" 107 107% *
43£° 5 16 10°° 23 15 540 10  10°%* 10°'*  orr
101 31 19 540 10°* 100* 10°'* *
443" 6 6 107 93 26 14.06 10727 107" 107  orr
10~1? 95 27 406 10°'? 107’ 100®  orr.
44b° 6 6 10°* 6 4 352 10°*  107¢ 1078 opr.
10~'? 10 6 352 100 100% 107" *
44c® 6 6 107 47 19 206 107 100* 107" *
10-'? 47 19 2086 10°7 10°* 107 *
44d” 6 6 10°* 10 17 153 100 107 107V *
10-12 40 17 153 10°% 100% 107V *
44e” 6 6 107" 43 18 027 107" 107" 107P ey
10-12 43 18 927 107" 107" 107 orr
452" 8 8 107" 93 26 .06 107'2 107" 1077 e
1012 95 27 406 107'7 107" 1077 orr
45° 8 8 107" 6 1 356 10°% 100 107" oer
¢ 10-"? 12 T 356 100" 100 107"t
45¢." 8 8 107" 45 19 206 1077 107% 107 ’
10-"? A7 19 206 107 10°* 107 *
) 454 8 8 107" 42 18 153 10°* 10°% 1077 *
10-1? 42 18 153  10°* 10 107" *
45¢.” 8 8 10°* 43 18 931 107'* 107 107 ey
1012 43 18 931 107" 107" 107®  orr

11
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5.9 Test Problems

Superscripts on problem numbers have the following interpretation :

0 . zero-residual problem

L . linear least-squares problem

) Problems from Moré, Garbow, and Hillstrom [1981]
n om
. 12 2 2 Rosenbrock
20 2 2 Freudenstein and Roth
3° 2 2 Powell Badly Scaled
4° 2 3 Brown Badly Scaled
52 2 3 Benle
8. 2 10 Jennrich and Sampson
7¢ 3 3 Helical Valley
8. 3 15 Bard
9. 3 15 Gaussian
10. 3 16 Meyer
11.° 3 10 Gulf Research and Developmentt
122 3 10 - Box 3-Dimensional
139 4 4 Powell Singnlar
142 4 6 Wood
15. 4 11 Kowalik and Osborne
16. 4 20 Brown and Dennis
17. 5 13 Osbhorne 1
18° € 13  Biggs EXP6{
t For the Guif Research and Development Function (# 11), the formula
$i(7) =exp [_M] -1;
I
4
given in Moré, Garbow, and Hillstrom [1981] for the residual functions is in error. The correct
formula is v
s $i(z) = exp [— !?'—:;:—2'—] -1

(see Moré, Garbow, and Hillstrom [1978]).

t For the Biggs EXP6 Function (# 18), the minmum value for the sum of squares is given
in Moré, Garbow, and Hilistrom [1981] as 5.65565... x 10~3. It can be easily verified that the
residuals vanish at several points (for example (1,10, 1,5,4, 3)).
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Problems from Moré, Garbow, and Hillstrom [1881] (continued)

n m

19. 65 Osborne 2%

20a. 6 31 Watson

20h. 8 31 Watson

20c. 12 31 Watson

20d. 20 31 Watson

21a% 10 10 Extended Rosenbrock
21b.° 20 20 Extended Rosenbrock
22a% 12 12 Extended Powell Singular
22b.° 20 20  Extended Powell Singular
23a. 4 5 Penalty I

23b. 10 1N Penalty 1

24na. 4 & Penalty 11

24b. 10 20 Penalty 11

25a°% 10 12 Variably Dimensioned
25b.% 20 22  Variably Dimensioned
26a® 10 10 Trigonometric

26b.° 20 20 Trigonometric

27a.® 10 10 Brown Almost Lincar
27b.° 20 20 Brown Almost Linear
28a% 10 10 Discrete Boundary Value
28h.° 20 20 Discrete Boundary Value
292.° 10 10  Discrete Integral

29b.° 20 20  Discrete Integral

30a.° 10 10 Broyden Tridiagonal
30b° 20 20 Broyden Tridiagonal
31a° 10 10 Broyden Banded

31b.° 20 20 Broyden Banded

32. 10 20 Linear — Full Rank

33.t 10 20 Linear -— Rank 1

34 10 20 Linear -— Rank 1 with Zero Columus and Rows
35a. 8 & Chebyquad

35b° 9 9 Chebyquad

35¢c. 10 10 Chebyquad

G
—

t For Oshorne's Second Function (# 19), the value of f(7°) is given (to six figures) in Moré,
Garbow, and Hillstrom [1981] as 4.01377 x 10~2. The smallest value we were able to obtain was
4.01683 x 10~2.
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Matrix Square Root Problemst}

n m
36a.° 4 4 Matrix Square Root 1
3 36h? 9 9 Matrix Square Root 2
36c? 9 9 Matrix Square Root 3
\ 36d° 9 9 Matrix Square Root 4
t These test problems come from a private communication of S. Hammarling to P. E. Gill in
1983.
MATRIX SQUARF, ROOT
0 107 1t 1002 50
36a. ( 0 10-‘) ( 0 102
107 1 0 10°2 50 0
36b.° 0 100* 0 0 1002 o0
0 o 10 0 0 1072
1 1 1 1 11
36c.° 000 0 00
0 0O 0 0O
010 0 0 1
3ed.° 000 0 00O
0 0O 010
1 The identity matrix was used as the starting value in all instances. Note that the iteration
should not be started with the zero matrix because it is a stationary point of the sum of squares.
o Problems from Salane [1987]
n m
37. 2 16 Hanson 1
. 38. 3 16 Hanson 2
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Problems from McKeown [1975a] (also McKeown [1975b])

n m "
39a. 2 13 McKeawn 1 0.001
39bh. 2 3 McKeown 1 0.0
39c. 2 3 McKeown 1 0.1
39d. 2 3 McKeown 1 1.0
3%e. 2 3 McKeown 1 10.0
3of. 2 1 McKeown 1 100.0
Jeg. 2 3 McKeown 1 1000.0
40a.t 3 4 McKeown 2 0.001
40b.} 3 4 McKeown 2 0.01
40c.t 3 4 McKeown 2 0.1
40d.} 3 4 McKeown 2 1.0
40e.f 3 4 McKeown 2 100
40f.t 3 4 McKecown 2 100.0
40g.t 3 4 McKeown 2 1000.0
41a. 5 10 McKeown 3 0.001
41b. 5 10 McKeown 3 001
4le. 5 10 McKenwn 3 0.1
41d. 5 10 McKeown 3 1.0
41le. 5 10 McKeown 3 100
41f. 5 10 McKeown 3 1000

41g. 5 10 McKeown 3 1000.0

t In the data defining this problem given in McKeown [1975a] and [1975b], the matrix

4.87407  9.39321  ~3.93181

(2.95137 4.87407 ~-2.0506 )
B=
—2.0506 —3.93189  2.6471i5

is in error (it should be symmetric). The value

4.87407 9.39321  ~3.931R9

( 2.95137  4.87407 ~2.0506 )
B= .
—-2.0506 -31.931R9 2.64745

which is correct to six decimal digits, was used in our formulation of the problem.
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Problems from DeVilliers and Glasser [1981] (also Salane [1987])

n m starting value

4220 4 21 DeVilliers and Glasser 1 (1.0,8.0.4.0.4.412)

42h° 4 24 DeVilliers and Glasser 1 (1.0.8.0,8.0,1.0)

42¢° 4 24 DeVilliers and Glasser 1 (1.0,8.0,1.0,4.412)

42d° 4 24 DeVilliers and Glasser 1 (1.0,8.0.4.0,1.0)

43a2.° 5 16 DeVilliers and Glasser 2 (15.0,2.0,2.5,1.5,0.9)

43b%° 5 16  DeVilliers and Glasser 2 (42.0,0.8,1.4,1.8,1.0)

43c® 5 16 DeVilliers and Glasser 2 (45.0,2.0,2.1,2.0,0.9)

43d? 5 16 DeVilliers and Glasser 2 (15.0.2.5,1.7,1.0,1.0)

43¢? 5 16 DeVilliers and Glasser 2 (35.0,2.5,1.7,1.0,1.0)

43t° 5 16 DeVilliers and Glasser 2 (42.0,0.8,1.8,3.15,1.0)

Problems from Dennis, Gay, and Vu [1955]
n m starting value

44a°t 6 6 Exp. 791129 (.299. -0.273. — 474, 474, —.0R92, .0RR2)}
44b.°t 6 6 Exp. 791226 (—.3,.3,-1.2,2.69,1.59, -1.5)
44c’t 6 6 Exp. 0121a (—.041,.03, - 2.565, 2.565, —.754, .754)
444t 6 6 Exp. 0121b {—.056,.026G, —2.991, 2.991, —.56R, .568)
44e°t 6 6 Exp. 0121¢ (-.074,.013. -1.632,3.632, —.289, .289)
452° 8 & Exp. 791129 (.299, .186, —0.273, .0254, —0.474, — 0892, .0892)¢
45b.° R 8 Exp. 791226 (—.3.--.39,.3, -344, -1.2,2.69,1.59, -1.5)
45¢.° & 8  Exp. 0121a  (-.011,-.775,.03, — 047. ~2.565, 2.565, —.754, .754)}
45d.° & 8 Exp. 0121b  (—.056, —.753,.026, -.017, —2.991, 2.991, — 568, .56%)
45¢" & R Exp. 0121¢ (=074, -.733, 013, -.034, —3.6832. 3.632, — 2R3, .2R9)

t Variables 73 and 7, (b and d in Dennis, Gay, and Vu [1985]) are eliminated from the finear

constraints in order to get the G-variable formulation of the problem (see Dennis, Gay, and Vu
{1985]).

} Specification of some starting values in Dennis, Gay, and Vu [1985) is incomplete. The correct
values were obtained from D. M. Gay in 1986.
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