T TN M

%)

M~

‘-

<

{an o

N

< ' MONTE CARLO APPROXIMATIONS IN BAYESIAN
| DECISION THEORY PART III: LIMITING

Q BEHAVIOR OF MONTE CARLO APPROXIMATIONS *

<Y by '

Jun Shao
Purdue University

Technical Report #88-65C

PURDUE UNIVERSITY

Sy 2
0
S
a‘f"{a:,m
of >A
,@

o)

CENTER FOR STATISTICAL =~
DECISION SCIENCES AND
DEPARTMENT OF STATISTICS |

Tl CUSLLUNY Wz Seed -
dor sl caloaes ) alm U8 .
| cSzmibusion A snitmited, o EIEY

A




MONTE CARLO APPROXIMATIONS IN BAYESIAN
DECISION THEORY PART III: LIMITING
BEHAVIOR OF MONTE CARLO APPROXIMATIONS *

by
Jun Shao
Purdue University

Technical Report #88-65C

Department of Statistics ' ST

Purdue University 8 ' Nats

December 1988

* The research of this author was partially supported by the Office of Naval Research
Contract N00014-88-K-1070 and NSF Grant DMS-8717799, DMS-8702620 at Purdue
University.

PN - meme A W

! PEAEIY D oa aent b Dol [ @Y §
* Proe e e miners WA saley UB
Coobrion e weltmticd, o PR




s
©

MONTE CARLO APPROXIMATIONS IN BAYESIAN DECISION THEORY
PART III:
LIMITING BEHAVIOR OF MONTE CARLO APPROXIMATIONS

Jun Shao*

Purdue University

ABSTRACT

/
LD Monte Carlo approximation is a useful method in obtaining a numerical approximation to
a Bayesian action (an action which minimizes the posterior expected loss). We study the
behavior of the Monte Carlo approximation when the Monte Carlo sample size is large. Con-
vergence and convergence rate of the Monte Carlo approximation are established under some

/
weak conditions on the loss function. ( ke) E——
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1. Introduction

Monte Carlo integration (Hammersley and Hahdscomb, 1964) is a very useful method for

numerical calculation in Bayesian analysis when the Bayesian solution (action) of the problem

can not be obtained analytically. Unlike other numerical methods, the use of Monte Carlo
method does not require restrictive conditions such as the dimension of the parameter space is
low (say one or two) and the total number of sample observations is large. Applications of this
method in Bayesian analysis can be found in Stewart and Johnson (1972), Kloek and van Dijk
(1978), Stewart (1979), van Dijk and Kloek (1980), Zellner and Rossi (1984), Bauwens and
Richard (1985), Geweke (1988), and Berger and Deely (1988).

Let 6 be a parameter of interest, 8 © R", 1, (8) be the likelihood function based on the
observed data x (an n-vector), and I1(B) be a prior distribution. The posterior distribution is
then

P,©®) = Is(e)z,, ©)dTI(O)/m,,
where S (8) = (—oo, 6(Vx(—o0, @]x - - - x(—o0, 8*)], @U) is the jth component of 6 and
My = JI, (6)dI1(0). Let @ denote the collection of all possible actions we may take for a prob-
lem under consideration (e.g., @ = © in the problem of estimating 8). @ is assumed to be a
subset of RP. Let L (0, a)20 be the loss incurred when the action a is taken and 6 is the true
parameter. A Bayesian solution of the problem is an action a* which minimizes the posterior

expected loss
r@) = JL®, a)aP,(0).
Since M, is fixed for given x, a* is a solution of
p(a*) =min _ - p(a),
where
p(a) = JL(®, a)L,(8)dTI(®).
The solution g* is referred to as Bayesian action in the literature. Note that ¢* may not be
unique. Only in special cases a* can be obtained analytically.
The numerical approximation to a* using Monte Carlo method is obtained as follows.
Select a distribution H (0) such that the Radon-Nikodym derivative %g(e) exists and it is easy
to generate a random O from H. Let { 9;,i=1,..m } be m independent and identically
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distributed (i.i.d.) random k -vectors generated from H (6). Approximate p(a) by

Pm(a)= #2"‘ L(9;, a)w(9,), (1.1)

i=]
where
dIl
w(0) =, (G)H(G)-
The Monte Carlo approximation to a* is an action a,, satisfying

Pm(@m) =min__ - Pp(@). (12)

This approach is motivated by the fact that for any fixed a,

limyy P (@) = JL @, a)w @)dH ©) = p(a)
for almost all 0,, 6,,... (with respect to the probability distribution H), according to the strong
law of large numbers (SLLN).

A theoretical justification of the use of this Monte Carlo method is the convergence of the
approximation a,, to a Bayesian action a* in some sense. In some simple cases, such as
L (8, a) is the squared error loss (in an estimation problem) or the action space @ is a compact
subset of R?, the convergence of g, is a direct consequence of the SLLN or uniform SLLN.
Shao (1988) proved the almost sure convergence of g, in the situation where d is non-
compact but the loss function is convex in a. There are some important examples of convex
loss functions. Also, convex loss usually ensures the uniqueness of the Bayesian action. How-
ever, reasonable loss functions derived through utility analyses are often not convex but
bounded and concave for large errors (see Berger, 1985, Chapter 2). For a convex loss, large
errors are penalized much too severely. In addition, a bounded loss function usually provides a

robust Bayesian solution to the problem (see Section 2).

In this note we study the limiting behavior of the Monte Carlo approximation a,, for gen-
eral unbounded @ and non-convex loss functions. The convergence of a,, is studied in Sec-
tion 3 for two large classes of loss functions introduced in Section 2. The rate of convergence
and the asymptotic distribution of a, (which provides an accuracy measure for the Monte

Carlo approximation) are obtained in Section 4.




Thrc;ughout the paper we assume that x is a fixed data vector, 0<M, <o, d is a closed
subset of R?, p(a) is finite for any ae @ and a Bayesian action @* exists, and H is a selected
distribution for generating random 6;. Discussions for the selection of the distribution H can
be found in Berger (1985, Section 4.9) and Geweke (1988).

2. Preliminaries

We first consider the modes of convergence of a,, as m -, Let @ denote a particular
sequence (8y, 6,,... ) and a,, (w) denote the corresponding a,, for fixed ®. Since a,, is random,

we may consider the almost sure convergence: for almost all @ (with respect to H),
a,(®w) > a*. .1

However, unless there is a unique Bayesian action, (2.1) usually does not hold. For practical
uses, a,, (®) might be considered as a good approximation as long as a,, (®) is close to a Baye-
sian action @*. That is, if
A’ ={ a":a" is a Bayesian action }
and
A,={ a:a is a limit point of { a,(®w), m=12,..} },

then for almost all ®,

a,ca*. 2.2)

Another way is to consider the posterior expected losses 7 (a,,) and r(a*), since the pos-
terior expected loss is used to judge the performance of an action. Note that 7(a*) is uniquely
defined although a* may not. Denote r(a*) and p(a*) by r* and p*, respectively. It is
desired to show that for almost all ®,

r(a,(w) - r*,
which is equivalent to (since p(a) = M, r(a))
pla, () - p*. (2.3)

Usually p(a) is continuous in @. Then (2.3) is weaker than (2.1).




The following result relates (2.2) to (2.3) and the boundedness of a,, (w):
la, (I sC, forall m, (2.4)

where C ,>0 is a constant for each @, lla Il = (a%a)"* and 4" is the transpose of a.

Lemma 1. Let @ be fixed. Suppose that p(a) is continuous and that
liminf , . _p(a) > p*. (2.5)
Then (2.3) is equivalent to (2.2) and (2.4).
Proof. Suppose that (2.3) holds. If (2.4) does not hold, then there is a subsequence
{ a,,,j(u)), Jj=1,2,... } such that
lim; ..l gy (@) II = oo.
From condition (2.5), this implies
lim;_,..p(a,, (@) > p*,
which contradicts (2.3). Hence (2.4) holds. Let ced, Then there is a subsequence
{ Gy (©), I=1.2,... } such that lim;_,.a,, (®) = c. From the continuity of p,
lim;_,..p(a, (®)) = p(c).
From (2.3), p(c) = p*. Hence ced" and therefore (2.2) holds.
Suppose now (2.2) and (2.4) hold. Let 1} be any limit point of { p(a, (), m=12,... }.
Then there is a subsequence { m; } such that
lim; _,.p(@, (@) = 7.
From (2.2) and (2.4), there is a subsequence { m; }c{ m; } such that
lim_, 4, (@) =a"€ a’.

From the continuity of p, 1 = p*. This proves (2.3). O

Berger (1985) pointed out that reasonable loss functions are usually bounded. Consider

loss functions satisfying the following condition:




Condition (L.1).
(1) L (8, a) is continuous in @ and supg 4L (6, @) < oe.
(2) For any constant C >0, lim,y_,..L (8, a) = A uniformly for all 0 satisfying

19l < C, where A is a fixed constant.

A simple example of a loss function satisfying (L1) is
L(®, a) = min(116-a I, A),
where A is a constant. Note that A usually is an upper bound of the loss function. Hence for a

reasonable loss function satisfying (L.1), it is usually true that A > r*.

The following result shows condition (L1) implies the conditions in Lemma !.

Lemma 2. Assume (L1). Then p(a) is continuous and (2.5) holds if A >r*.

Proof. It is obvious that the continuity and boundedness of L imply the continuity of p. For
(2.5), it suffices to show that

lim"a ”_mr(a) = A. (2.6)

For any €>0, since M, = II, (0)dTI1(0) is finite, there exists a constant C >0 such that
jm RACY ORYS

For this C >0, under condition (L1), there exists a K >0 such that when llall > K,

ioree L@ @)~ A 1L (@dTI®) <.

"Hence for llall > K,

fiL®, a) - A 11,©)dTI(®) < (A+B+1),

where B = supg ,L (6, a). This proves (2.6) since € is arbitrary. O

It can be shown that when the loss function satisfies (L1) and the Bayesian action a* is
unique, the Bayesian action is robust in the sense that for any sequence of posteriors { G, }
converging weakly to P,, we have a, — a*, where g, is a Bayesian action corresponding to

G,. We will not discuss this issue here.
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An unbounded loss function usually satisfies lim, _,..L (8, a) = oo for fixed 6. We con-

sider the loss functions satisfying the following condition.

Condition (L2).
(1) L(9, a) is continuous in a and for any C >0, there is a function B¢ (0) such that
sup 1au<cL (8, a) € Bc(8) and [Bc ()1, (B)dTI(®) < .

(2) There is a constant C such that j

“e"sCodPx(e) > 0 and lim”a"_)"[,(e, a)=oe

holds uniformly for 0 satisfying 161l < C,,.

From the dominated convergence theorem, the first condition in (L2) implies the con-

tinuity of p(a). The second condition in (L2) implies (2.5), as the following lemma shows.

Lemma 3. Assume the second condition in (L2). Then

lim ,_,.7(@)=co

and therefore (2.5) holds.

Proof. For any X > 0, there is a K> 0 such that for any @ with la Il > K,
inf ||9||SC0L(9' a)>k.

Then
ria)z J‘ueusc‘,[‘(e’ a)dPy(8) 2 Kfueuscodp‘(e)‘
The result follows since K is arbitrary and f dpP.(6) > 0. O

HensC,

We also need the following technical lemma for the proof of the main results.

Lemma 4. Let g (8, a) be a function on R¥xRP and F be a distribution function on R*. Sup-
pose that for fixed a, g is measurable and for fixed 0, g is continuous. Suppose also that for
any C >0, there is a function B-(6) such that sup,,,<c!8(0, a)l SB-(0) and
IBC (6)dF () < oo. Let 6,...,6,, be i.i.d. samples from F. Then for almost all 8,,6,,...,




1 D 2ia 86;,a) - Ig 0, a)dF(©)! — 0 for all positive rational C. (2.7)

SUP g usc | X

Proof. For any fixed C, from Theorem 2 of Jennrich (1969),

SUP yanse l;:;-zi’:-lg ©;,a) - Ig ©,a)dF@®)! -0

holds for almost all 6,,0,,.. Then (2.7) follows from the fact that the set of all rational

numbers is countable,

3. Convergence of Monte Carlo approximations

For loss functions satisfying either condition (L1) or (L2), the convergence of a,, (in the

sense of (2.2) and (2.3)) is established in the following theorems.

Theorem 1. Assume that L (0, a) satisfies condition (L1) with A > r*. Then (2.2) and (2.3)
hold for almost all @ (with respect to H).

Proof. From Lemma 2, the conditions of Lemma 1 are satisfied. Using Lemma 1, we only

need to show (2.2) and (2.4).

Consider (2.4) first. Note that Jw(6)dH (8) = JI(8)dTI(6) = M, < =. From the SLLN,
for almost all w,

’—;-zglw(e,-)l( wsc) = Jyg, o WOAH®) for all positive rational €,  (3.1)

8l>C

where I is the indicator function of the set S. Let a* be a Bayesian action. From (1.1) and
the SLLN, for almost all ®,

Pn(a®) = p*. ' (3.2)

Let o be fixed such that (3.1) and (3.2) hold. Suppose that (2.4) does not hold. Then there is a
subsequence of a,,(w) diverging to infinity. Without loss of generality, assume that
la,, (W)l — o. For any €>0, there is a rational C >0 such that

,fm>cw(e)dH(e) <e

From condition (L1), for this C >0, there is an N ,>0 such that for all (81 £C andm > N,
IL®, a,(w)~Al <€
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Then

L . € m A+B)
T L8 @) - AW ®) S =TT w(®) + =y

wO)I  g,u5c y
where B = sup g ,L (0, a). From (3.1),

HASUP == B, L 0, iy (@)) = A Iw(8)) S (A+B-430, )

and therefore
Pm (@ (@) = M A. (3.3)
But from (1.2),
Pm(@m (@) S pp,(a*)
for all m. Hence from (3.2),
limsup ,,, _,..Pm (@, () < p*.

This contradicts (3.3) since M,A > p*. Hence (2.4) holds for almost all .
From Lemma 4, for almost all o,

SUp , u<C Ipp(a) —pa)l — 0 for all positive rational C. (349

Let o be fixed such that (2.4) and (3.4) hold and (3.2) holds for an a*e@*. Then
1P (@ (@)) — Plap (@) — 0. 3.5)
Let a,ed,. Then lla, |l < C, and there is a subsequence { m; } such that
lim;_,.a,,(®) = a,.
From the continuity of p and (3.5), we have
lim;_,_p,, (@, () = p(a,).
But
Prm,(Gm, (@) S Py (@),

which converges to p* by (3.2). Hence p(a,) = p* and a,e@*. This proves (2.2). O

Theorem 2. Assume that L (8, @) satisfies condition (L2). Then (2.2) and (2.3) hold for almost
all w.




Proof. From Lemma 3, the conditions of Lemma 1 are satisfied and therefore we only need to
show (2.2) and (2.4). Note that for almost all ,

. 1 .
limy, e 32w @) (i0sco) = ] rensc, ©H (©). (3.6)
For a fixed o such that (3.2) and (3.6) hold, we have

liminf m_"’pm (am (0))) 2 liminf "‘—"",1;2::11‘ (9, y G (w))w (9‘ )I( 116 1<Cy)

.. . 1
2 liminf ,,_,_[inf gy<c L (6, ap (“’));Z,-':lw(ei)l( 19; 15Co )}

2 Hminf p, ooinf yousc,L @ am @), oo W (O)IH ()

and

limsup,, _Pm(@n(®) Slim _ p, a*)=p".
From condition (L2), limyg y_..inf yoy<c L (0, @) = . Hence { a,(w)} can not have any
subsequence diverging to infinity. Therefore (2.4) holds for almost all . |

From Lemma 4, (3.4) holds under condition (L2). Then the proof of (2.2) is the same as
that in the proof of Theorem 1. This completes the proof of Theorem 2. O

From (2.2), if the Bayesian action is unique, then g, converges to a* in the ordinary

sensc.

Corollary 1. Assume the conditions of Theorem 1 or Theorem 2. If the Bayesian action is
unique, then (2.1) holds for almost all ®.

In estimation problems, it is desired to indicate the accuracy of the Bayes estimate a*.
The posterior expected loss of a*, of course, can be used as an accuracy measure. Let
Im = m'lzi’f‘__ LG, an)w(§;). r, can be used to approximate the posterior expected loss rt.

The following result is a direct consequence of (3.5) and Theorem 1 (or Theorem 2).

Corollary 2. Assume the conditions of Theorem 1 or Theorem 2. Then for almost all w,

P (@) > 1t




4. Convergence rate and limiting distribution

We study the convergence rates of a,, (®) and r(a,, (w)) for differentiable loss functions.
Let VL (8, a) = 0L (6, a)/da, VL (8, a) = 9*L (8, a)/dada” and g, (0, a) be the (u,v)th ele-
ment of V2L (8, a), 1su, v<p.

Condition (L3).
(1) For almost all 8 (with respect to H), V2L (8, a) exists for any a and is continuous
ing.
@) JIVL(@®, a*)12w3(@)dH (8) < = for any a*eQ”.
(3) For any C > 0, there is a function B (8) such that IBC (0)1,(8)dT1(B) < oo and
SUP 1< 18, (0, a)l SB-(0) for all 1su, v<p.

(4) Forany a*eq®, IVZL (6, a*)I,(8)dTI(8) is positive definite.

Under condition (L3), p(a) is second order continuously differentiable and Vp(a*) =0
for any a* e @*, where Vp is the gradient of p.

If the Bayesian action is unique, a,, (W) converges to a* for almost all @ (Corollary 1)
and the convergence rates of a, (®) and r(a,(®)) can be obtained by using standard tech-
niques. Shao (1988) obtained the convergence rates when the loss is convex. The result is
extended to general non-convex loss situations (see Theorem 4 below). When the loss function
is not convex, the Bayesian action may not be unique. If there are more than one Bayesian
actions, a,, (®) may not converge in the ordinary sense and it is also much more difficult to
obtain the convergence rate of r(a,, (®)) (although r(a,, ()) converges according to Theorems
1 and 2). In Theorem 3, without assuming the uniqueness of the Bayesian action, we establish

a convergence rate for r (a,, (®)) in some situations.

Theorem 3. Assume (L3) and either (L1) or (L2). Assume also that for almost all ®,
X VL(®;, a*)w(8;) = O (m"(loglogm)™) for all a*eda*, (4.1)
where d@* is the boundary of @*. Then for almost all w,

10




7 (@p (@) — r* = 0(m~"*(loglogm)").
Remark: Note that for any a*€9a*, ¥, VL(6;, a*)w(6;) is a sum of i.i.d. random variables
and Vp(a*) = IVL (0, a*)w(8)dH (8) = 0. Hence from condition (L3) and the law of iterated
logarithm, for almost all ®,
X VL(®;, a*)w(B;) = O (m "(loglogm) ™).
Thus, condition (4.1) is clearly satisfied if d@* is a countable set. An important example of
countable d@"* is that @ c R and @* = U, pl04,8;], where a;<B; are constants and A is a

countable index set. Another example is that @* is a countable set (d@*c @* since @* is
closed).

Proof. Let Q(a) = IVZL (©, a)w(0)dH (0). Note that under either (L1) or (L2), (2.2) and (2.4)
hold (Theorems 1 and 2). Also, from condition (LL3) and Lemma 4,

SUB 44y | == B, VL (8;, a)w(®;) = Q(@)] — 0 for all positive rational C.  (42)

Let o be fixed such that (2.2), (2.4) and (4.1)-(4.2) hold, and
m'"[p(a,, (@) - p*]
(loglogm)”

It suffices to show that for any subsequence { m; }, there is a subsequence { mj}c{m}

Zy(W) =

such that
limj_,.,z,,,j(a)) =0.

Let { m; ] be a given subsequence. From (2.4), there is a subsequence { m; }c{ m; } such

that
lim;_,.a,, (®) = a*ea”. 4.3)
Case 1. a*eA*-0a". Since a* is an interior point of @*, there is a constant >0 such that

p(a) = p* or all g satisfying la—a* l<3. Then from (4.3),

Zm, (@) =0 for sufficiently large j.

Case 2. a*€dd”. Note that Z‘.':flVL (6;, ap (@)W (B;) = m;Vp,, (@, (®)) =0. Then from the

mean value theorem,

11




T VL(®;, a*w(®;) = [T V2L (®;, & ()w (8,)][a" ~a,, ()] )

i=l
and

P(am, (@) - p* = [Vp(;(@))]"a, (@0)-a°], 4.5)
where §;(©) and {;(w) are on the line segment between a* and @ (®). From (2.4) and (4.2),

tim, -';1- ™ V2L (8;, &;(@)w(8;) = 0(a*), (4.6)
7

which is positive definite under (L3). Since a*€dd@®, (4.1) holds and

lim; ., Vp(C;(w)) = Vp@*) = 0.
Hence limj_,..zmj(co) =0 follows from (4.1) and (4.3)-(4.6). This completes the proof since
r(a)=p(a)m,. O

Theorem 4. Assume the same conditions as in Theorem 3 and there is a unique Bayesian action
a*®. Then for almost all ®,

an, (@) - a* =0 (m "(loglogm)™), %)
and
r (@ (@) = r* =0 (m loglogm). (4.8)
Proof. By the same argument as in the proof of Theorem 3, we can show that for almost all ,

';;2"' V2L (8;, bW (6;) — [V2L(8, a*)w®)dH (8) > O, 4.9)

i=1

where { b, } is any sequence satisfying lb,-a" li<la,(w)—a®l. From the mean value
theorem and the fact that Vp(a*) = 0 and )i 1VL (6;, a,, (W)w(B;) =0, we have

¥ VL(6;, a*w(8;) = [T, VEL(6;, &y (@)]la*~ay (@)] (4.10)

and

P (@) = p* = [, (0)a* IV, ()3, (0)-a*], (4.11)

where &, (@) and {, (w) are on the line segment between a* and a,, (w). Then (4.7) follows
from (4.9)-(4.10) and the law of iterated logarithm and (4.8) follows from (4.7), (4.9) and

12




(4.11). U

From (4.7)-(4.8), r(a,(®)) converges much faster than a,(®). In the following we

obtain a limiting distribution of a,,, which provides an accuracy measure for a,,.

Theorem 5. Assume the same conditions as in Theorem 4. Then
m'"(a, -a*) - N@©,D) in distribution,
where N (0, D) is the p dimensional normal distribution with
D =U"vu,
V = JlVL(@®, a* VL @®, a*)'w(O)dH (©),
U = [VL(®, a*)w(0)dH ().

Proof. The result follows from (4.9)-(4.10) and the central limit theorem. O

A Monte Carlo approximation to D is
Dy, (@) = Uz @V (09U ()

with
V(@) = 5 VL ®;, G @DIIVL s, G (@) WO;)
and

U, @) = -’I;Zi’:IVZL ©;. a, (@)W (8,).

Using the same argument as in the above proofs, we can show the following result.

Theorem 6. Assume the same conditions as in Theorem 4. If for any C > 0, there is a func-
tion Bo(0) such that IBC(O)wz(B)dH (0) < o and sup 43¢ 1 VL(O, a)l?2 S B;(8), then for
almost all o,

lim,, . D,(®)=D.

13
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