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Abstract

. The behavior of multi-dimensional discrete Boltzmann systems with highly oscillatory data is
studied. Homogenized equations for the mean solutions are obtained. Uniform convergence of the
oscillatory solutions of the discrete Boltzmann equations to the solutions of the corresponding
homogenized equations is established. Moreover, we find that the weak limits of the oscillatory
solutions for a model of Broadwell type are not continuous functions of the discrete velocities.
Generalization of the above results to problems with multiple-scale initial data is also established.

<
<
1. Introduction

One of the essential problems in nonlinear partial differential equations is to
understand how the behavior in the microscopic level affects the behavior in the
macroscopic level. One approach is to find the corresponding effective or ho-
mogenized equations which determine the weak limits of the oscillatory solutions
(see [3]). Such homogenization resuits are important both for the understanding
of the nonlinear interaction between the high frequencies and for the study of the
numerical approximation for problems with oscillatory solutions (see [7],[8],[9]).

We choose to study the nonlinear discrete Boltzmann equations in kinetic
theory of discrete velocity. In such equations, high frequency components can be
transformed into lower frequencies through nonlinear interaction, thus affecting
the average of solutions. In this paper, we study the homogenization theory of the
discrete Boltzmann equations in multi-dimensional space and with finitely many
real-valued velocities (see equations (4.1)). We assume that the initial values are
of the form a(x, x/¢) with a(x, y) 1-periodic 1n each component of y. Our
results show that the behavior of oscillatory solutions for a model of Broadwell
type (see equations (2.1)) is very sensitive to the velocity coefficients. It depends
on whether a certain ratio among the velocity components is a rational number or
an irrational number. Furthermore we find that the form of homogenized
equations depends on the velocity coefficients, and the weak limits of the
oscillatory solutions are not continuous in the velocity components. This singular
behavior for a model of Broadwell type is not shared by the simple Carleman
model (see equations (3.1)).

Our study also shows that the structure of oscillatory solutions for a model of
Broadwell type is quite stable (in the sense of Theorem 2.3) when we perturb
velocity coefficients around irrational numbers. In this case, the resonance effect
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of u and v on w vanishes in the limit of ¢ — 0. However, the behavior of
oscillatory solutions for a model of Broadwell type becomes singular when
perturbing around integer velocity coefficients. There is a strong interaction
between the high frequency components of u and v, and the interaction in the u,
v term would create oscillation of order O(1) on the w component even in the
limit as ¢ — 0. In [14), Tartar showed that for the Carleman model the weak
limits of all powers of the initial oscillatory data will uniquely determine the
weak limits of the oscillatory solutions at later time. We found that this is no
longer true for a model of Broadwell type with integer-valued velocity coeffi-
cients.

The homogenization theory of the Carleman and Broadwell models with
oscillatory initial data has been studied by McLaughlin, Papanicolaou and Tartar
[11]. They proved that the oscillatory solutions of the Carleman and Broadwell
models converge strongly in L”-noun, p < oo, to the solutions of the corre-
sponding homogenized equations. By using certain ergodicity property of the
oscillatory solutions and taking into account cancellations among high frequency
components, we are able to obtain homogenization results for more general
discrete Boltzmann equations. Moreover we establish uniform convergence of the
oscillatory solutions to the solutions of the corresponding homogenized equa-
tions. This uniform convergence result is essential in the convergence analysis of
particle methods for the discrete Boltzmann equations (see [7],[8],[9]).

The paper is organized as follows. In Section 2, we study a model of
Broadwell type in detail and compare the homogenization results with those for
the Carleman model. Section 3 contains homogenization results for the problems
in which the initial data are of more than two scales. In Section 4, we extend the
results of Section 2 to the discrete Boltzmann equations in multi-dimensional
space with finitely many velocities.

2. Behavior of Oscillatory Solutions in the Model of Broadwell Type

The Broadwell model describes a three-dimensional model of rarefied gas in
which particles travel with speed ¢ in either direction along a coordinate axis (see
[4]). If particles traveling in opposite directions collide, they are equally likely to
move in each of the three coordinate directions after collision, with velocities of
opposite sign. Other collisions can lead to an exchange of velocities. We denote
by N{"(x, y, z, t) the number density of particles with velocity (c, 0,0); a similar
notation is used for N, N,* and N;*. Then the resulting equations are

AN IN? 1 Nt ‘-
T e = 30(N; Ny + NNy — 2N/ Ny),

aNy INS
IN I Loy NN - 2NN,

etc., where ¢ is the frequency of collision.
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Here we consider the special case of one-dimensional motions in which the
N’s are independent of y,z, and furthermore N,”= N; = N;*= N;. Setting
N = u(x,t), Ny=uv(x, 1), NS=w(x,t) and rescaling the variables so that
¢ =1, 0 = 3, we then obtain the 1-D Broadwell equations

du  du 2
a7t tww =0,

dv dv 2
T T3y Twow =0,

a7‘;1—uu+w3=0.

A lot of effort has been made in obtaining global solutions for the discrete
Boltzmann equations. For the 1-D Broadwell model, Nishida and Mimura [12]
first showed that a global solution exists when the initial values are small in some
sense. Their result has been generalized to more general 1-D discrete Boltzmann
equations by Crandali and Tartar [13], Cabannes [5], Illner [10] and Beale [2].
among others.

To study how oscillatory solutions depend on velocity coefficients, we intro-
duce an additional term a dw/dx. |a| < 1, in the last equation of the Broadwell
model. We get

(2.1a) %+g—:~+uv—w2=0,
(2.1b) %—%+uv—w2=0.
(2.1¢) %—‘: +a%¥ —uv +w2=0.

We refer to equations (2.1a-c¢) as a model of Broadwell type. Suppose in
addition that initial values are given by

X X X o
(22) u(x,0) = up(x, T), 0(x,0) =vp(x T}, w(x.0) = w(x. 5). g
0
where we assume that uy(x, y), vy(x, y) and wy(x, y) are 1-periodic in y. ——
We denote by u,, v, and w, the solutions of equations (2.1) and (2.2). e ——
The behavior of solutions u,, v, and w, as ¢ — 0 is very sensitive to the
coefficient a. This is described by the following homogenization result.
-~ avaliiabllity Codes

N -
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Case I: a = m/n (m and n mutually prime); the homogenized equations for
(2.1a-c) are

(2.3a) %—’tj+ ‘;—g+ UjO‘de—fOlWZdy=o,
(2.3b) % - % + VfO‘Udy - j:Wzdy =0,
E)a_VtV + a%ui + w?
(2.3¢) - . .
—;j(; U(x,y + (-’T - l)z,t)V(x, y+ (7 + 1)2,!) dz = 0.

If m =0, then n =1 in (2.3¢c).
Case II: a is an irrational number; the homogenized equations become

aU dU 1 1
2.4a — 4+ 5=+ Ul Vdy— | W?dy =0,
( ) T} Ix L y j(; y

Vv  aV 1 1
2.4b — — — + V| Udy- | Wy =0,
( ) T, Ix j; y _/;) ly

W . oW . [ 1 _
(2.4¢) S tagy tW- (/(; U(x, y, t) dy)(j(; V(x,y,t)dy) =0.

The initial data in both cases are given by
U(x, y,0) = up(x, y), V(x,y,0) =uv(x, y),

W(x* y,O) = Wo(xs y)-

(2.5)

Here we have assumed that smooth and bounded global solutions of (2.3a—c)
and (2.4a—c) exist up to time T.

THEOREM 2.1.  For smooth and bounded non-negative initial data, the solutions

of (2.1a—c) and (2.2) converge to those of the corresponding homogenized equations
strongly in the L®-norm,

u,(x,t)—U(x,x—e——t,t)—»O as €—-0,
v,(x,t)—V(x,xT-H,t)—*O as € -0,

X — al
€

wz(x,t)—W(x, ,t}—»O as ¢—>0 for 0<tgT.
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Remark 2.1. The homogenization result above can be generalized to the case
when uy(x, y), vy(x, y) and wy(x, y) are periodic functions in y with arbitrary
periods.

Remark 2.2, In the case when a = 0, our homogenization result is the same
as that obtained in [11]. The only difference is that we obtain uniform conver-
gence instead of convergence in L?-norm, p < oo, of [11].

Remark 2.3. The local existence result of the homogenized equations (2.3) or
(2.4) can be obtained by classical analysis for smooth and bounded non-negative
initial data. The global existence result for the homogenized equations then
follow by combining the known global existence results for (2.1)-(2.2) (e.g. [10])
with Theorem 2.1. Therefore the value of T in Theorem 2.1 is arbitrarily large.

LEMMA 2.1. Let f(x), g(x, y) € CL. Assume further that g(x, y) is n-peri-
odic in y and satisfies the relation [{'g(x, y) dy = 0. Then for any constants a and b,
we have

|Fl—aj;bf(x)g(x, %) dx| < Ce.

Proof: Express g(x, x/¢) as
x\ _d ¢ 5 xJg( s
(2.6) g(x,-e—) =7 ag(x,;)ds— /{; m—(x,z)ds.
Since, for any real number 4,
d+ndg _ 3 (d+n
fd (X p)dy = 75[4 g(x, ) dy

we conclude that

fbg(x, %) ds} < Cie,

a

i
i=]

From this, we deduce that
|52 [r0e(x.5) ]
o) [[o{0.5) de = [{[s(x 1) @) L a

_fdbf(x)(fa"g%(x, %) ds) dx‘ < Ce.

This completes the proof of the lemma.

I
~ b -
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LEMMA 2.2.  Suppose that f(x, y, z) is continuous. Moreover, we assume that
is 1-periodic in y and z. If v,/ is an irrational number, then we have

[ S B g

as € = 0 for any constants a, b, x, and x,.

< C(e) =0,

Proof: We assume for simplicity that f has been normalized so that
flflf(x, y,z)dydz = 0.
070

We first prove the lemma in the case when f(x, y, z) is independent of the first
variable x. By change of variables, we can further reduce the problem to showing
that

’—;:fo(x,xm+)\x)dx -0 as T - oo,
0

where A = v, /v, is an irrational number, T = y,(b ~ a) /e, x, ; = (x, — Ax;)/e.
We need only to show this for integer-valued 7. Note that

1 (N lN_l n+1
ﬁff(x,xl'2+)\x)dx= Zf f(x.x, , + Ax) dx
0

N n=0"n
(2.7)
1 N2
=% ’E,Oj(;f(x,xl‘z + nA + Ax) dx.
Define

F(y) = /O‘/(x, y + Ax) dx.

Then F(y) is a 1-periodic continuous function. Applying the well-known theo-
rem of equipartition modulo 1 (Bohl-Serpinskii-Weyl) of ergodic theory (see [1)),
we obtain

N-1
(2.8) l% Y F(x; 5+ nA) —/1F(y)dy -0 as N — o0,

n=0 Y

independently of the value of x, ,. By interchanging the order of integration, we
get

fO‘F(y)dy=fo‘folf(y,z)dydz=0.
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Thus (2.7) and (2.8) yield

1 b X1+ VX Xy + YpX
(2.9) b—a./a(f( Nt B )dx—>0asr:—~»0‘

For the case where f depends on its first variable, we have, in light of (2.6),

1 fb(f(X, X, + v x . X, + -yzx) dx

b—a € €

1 b X1+ Y5 xy+ v5s
(2.10) = f(b, 1E s 26 2

a

1 fb(/xi?_f_()“ x‘+Y1s,x2+Y2s)ds)dx.

b—-al, dx € €

) ds

Note that 3f(x, y, z)/dx is 1-periodic in the y and z variables, and satisfies
1019f _ 4 nn ~
fo /(; ?;(x, y,2)dydz = axj(; /;f(x, y,2z)dvdz =0,

by the assumption on f(x, y, z). Applying (2.9) to the integrals with respect to ds
on the right-hand side of (2.10), we obtain

+ +
! fb(f(x,xl Lk sz)dx—+0 as & —0.

b~-a € : £
This completes the proof of Lemma 2.2.

Proof of Theorem 2.1: We only give the proof for the case when a is an
irrational number. The case when a = m/n follows similarly by using Lemma
2.1. Subtracting equation (2.4c) from equation (2.1c) and integrating the resulting
equation along their characteristics from 0 to ¢, we obtain

- al
ws(x,t)—W(x,x ga ,I)

= _j;'(we(x - a(t - s),s)2 - W(x —alt - s). a : o ,s)z) ds

(2.11) +T(x,t) + folu,(x —a(t—s),s)o(x—alt—s),5)ds

4

—/‘U(x —aft—3), (x —at) + (a - ])s's)

-V(x—a(t—-s), (x—~ar)+ (a+ l)s‘s)ds,
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where T(x, t) is defined by

T(x,t)=/0tU(x—a(t—s),x—at + (a—l)s’s)

€ 4

x—at+(a+l)s
3 3

-V(x—a(t—s), ,s)ds

_for(folu(x ~a(t—s),z,5) dz)(folV(x ~a(t-s), y,5) dy) ds.

For fixed x and ¢, define A = (a« + 1)/(a — 1) and

f(s,y,2)=U(x—a(t —s),y,8)V(x — a(t —5), 2, 5),

x,=x;=x-af, y,=a—-1, y,=a+1.

Then the T(x, ¢) term in (2.11) becomes

fl(f(s, X, -:y‘s ’ b 2 -: yzs) _ folj(;lf(s’ ). 2) dydz) ds,

0

which is bounded uniformly by C(¢) by Lemma 2.2.
Define

M= sup {SUP{Iu,(X»I)I, [U(x, y,t)l,---,IW(x,y.t)l}}-
0gtgT " x,y

We deduce from (2.11) that

(2.12)

X — at

‘w,(x,t)—- W(x, ,t)\gZM/,G(x—a(t—s),s)ds+C(e),
0
where G(x, t) i1s defined by

G(x,t) =
(2.13)

u,(x,1) - U(x, x—:i, t)‘ +

v(x,1) — V(x, X+ ’,t\l‘

€

— at
+[w,(x,1) - W(x, x—¢ ,t)’.

€
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Similarly, we obtain

(2.14) _’.1)#§2Mj(;’0(x—1+s,s)ds+C(e).

u,(x,1) - U(x. X

X+t

(2.15)

v(x,1) = V(x. ,!)l§2Mj(;’G(x+t—s,s)ds+C(s).

Adding (2.12), (2.14) and (2.15) yields
G(x,t) < ZMfI(G(x ~t+s,5)
0

(2.16) +G(x+1~-35,5)

+G(x —a(t—s),5))ds + 3C(e).
Define
E(t) = sup{G(x.1)}.

It follows immediately from (2.16) that

(2.17) E(t) < 6Mj0’13(s) ds + 3C(e).

Application of the Gronwall inequality to (2.17) then proves the theorem.

Suppose that w, is y independent. The oscillation of u and ¢ will create
oscillations on w at later time. The homogenized equation (2.3¢) indicates that w
remains oscillatory as ¢ -+ 0 if a is rational. However. if « is an irrational
number, (2.4c) implies that W(x, y,t) is y independent. Thus we expect that
there is some kind of singularity in the high-order powers of solutions. Since the
equations are nonlinear, such a singularity would affect the local average of
solutions. This is described by the following theorem.,

THEOREM 2.2. Let ay = m/n. Assume w(x,0) = wy(x) and

a m m m
—37'[;u0(x,y+ (7 - l)z)vo(x,y+ (7 + l)z)dz # 0.
Then at least one of the following limits does not hold as a = ay:
1 1 1 1 1 1
Udy - | U dy, V.dy - |V, dy, W, dy - | W, dv,
(o= [ [V [Vt [t [0

where U,, V, and W, are solutions of equations (2.3) or (2.4).
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Proof: It can be shown that

/(;l%j:uao(x,y + (_’r"i _ l)z,[)Vao(x,y + (% + l)z,t) dzdy

“(fs)(frne)

Let U™ = [lU™dy. For irrational a, we first integrate equation (2.3c) corre-
sponding to a, and equation (2.4c) corresponding to a in y from O to 1 and then
integrate from 0 to ¢ along their characteristics, respectively. The difference of the
resulting equations gives

W,,(U(X, l) - Wn‘:)(x, t) + ./(‘)l(wo(x — agf, y) - Wo(x - at, y)) dy
(2.18) + f’(U;ol)V;Ol) _ U;”V,,(”) ds
0
= = [(WO(x =~ alt = 5).5) = WD(x ~ aglt = ). )) ds.
0

Since W (x, y,0) is y-independent, W (x, y, t) is independent of y for irrational
a according to equation (2.4c). Thus W2 = (W )2 On the other hand, the
assumption on u,, v, and equation (2.3c) imply that W, (x, y, ¢) is a nontrivial
function of y at least in some interval [0, ¢;] with ¢, > 0. Thus we have

[we-w)as= [

() = (W) as
0

(2.19)
f @ 1 2
—_/(; (W"o) - (Wﬂ(o)) )dS
Since W, (x, y, t) is not independent of y, Schwartz’s inequality yields
WD — (Wa‘”)z > 0.

Therefore the last term on the right of (2.19) is a non-zero function independent
of a. Consequently,

um S @y, p0 ) ) a5 o o a
a ag a ag a ag s
would contradict (2.18) and (2.19). This completes the proof of Theorem 2.2.

The situation for « irrational is quite different. Weinan E and 1 can show
that the solution is ‘structurally stable’ near a; in the following sense.
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THEOREM 2.3. Suppose that solutions U (x,+,t) and V (x.*.t) of (2.3) or
(2.4) belong to C2. If a, is an irrational number, then solutions U,, V, and W, of
(2.3) or (2.4) are continuous functions of a at ag. Mureover, for any positive
integer m, we have

lim flUn(x.y,t)'"dy = /an“(x.y.t)'" dy,
a—ag Y0 0

m 1 m
llm .[OlVa(x’y‘l) d_Vz‘/(’)Vn“(X.y,I) d}H

a—ay

. 1 1

lim f W (x, y,t)'"dy=/ W, (x.y.1)"dy.
a—ay 0 o "

Proof: Case 1: « » a, and a = m/n. We assume that 0 < |a,| < 1. and
that m and n are mutually ~rime with n > 0. Since a; is an irrational number.
clearly we have lim,_ , n(a) = oo.

Define the function H(x, y, t) by

H(x.y,t)= %L"Ua(x.y + (% - 1):.1)Va(x. v+ (’—:} + l)z,t) A

-([ otz 0 @ )( [Valx s dv)

We first show that lim, , H(x, y.t) = 0. Since U x, v, ) and V (x. y. () are

1-periodic functions in y, we can expand U, and V, by their Fourier series. We
get

H = -’1; ”( Y aexp{2mik(y + (m/n — 1):)})
0V k=0

(2.20)
. ( Y bexp{2mil(y + (m/n + l):)}) dz.

1#0

It can be shown that 33Ua is bounded independently of a. Therefore. we have
la,| < ¢(1/k?) and

Y aexp(2mik(y + (m/n—1):)} i < C/n.
\k|>n/3

Similarly, we have

Y bexp{2nil{y + (m/n+ 1)z)} l < C/n.
> n/3

On the other hand, note that, for 0 < |k| £ in, 0 < |l| £ in.

(2.21) k(m/n—1)+1(m/n+1)+0.
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Suppose otherwise. We then get m/n = (k ~ )/(k + ). But }k + I} € 3n < n,
jm} < n, which contradicts the assumption that m nd n are mutually prime.

As a result of (2.21), we can easily show by interchanging the order of
integration and summation that

1 "( Z akexp{Zvrik(_v + (m/n — 1)3)})
[¢]

n 0<(kisn/3

. ( Y. bexp{2mil(y + (m/n + 1)2)}) dz] = 0.

0<)ljgsn/3
Therefore we have proven that lim, |,  H(x, y. 1) = 0 by showing that
(222) [H(x,y,t)[ = C/n,

where C is independent of a.

Integrate equation (2.4c) corresponding to a,, and equation (2.3c) correspond-
ing to a from O to ¢ along their characteristics, respectively. The difference of the
resulting equations gives

W(x,vit)~ W {x.y.1)=wlx—~at y) = wlx ~au. )

ay

f(/U {x — aft —s), »s)d\)(fol (x—alt —5), y.5) d\)ds

(2.23) ‘fl(j:U —ay(t~s) y.s) dy)(fV (x ~ ag(t = s5), ¥, s)dx) 's

o
+ fIH (x —a{t~s).v.s)ds
# (Wl = ale = 5)p5) = W(x —ali =5 vos)) ds
Define
Gx,t) =W (x, 2, 8) ~ Uy (x, o, )l = + Vol 0 0) =V, (x.o 1)

HIW(x, o t) = W, (x.*, 1)~
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Since U,. V, and W, are bounded and u,, v, and w, have bounded partial
derivatives, we can show that

|Wa(x, yor) = W (x,», t)| < 2Mf'G(x —alt—s5).1)ds
(2.24) . 0
+C/n + Cla — ay).

Similarly. we have

|Ua(x. yor) = U, (x, 0, t)‘

(2.25) ,
gZMfG(x— (t=s5).t)ds+ C/n+ Cla — g
0

|V (x.y.1) =V, (x5, t)|

a

(2.26) ,
S2M|G(x+(1—s).t)ds + C/n+ Cla — agl
0

Define E(t) = sup, G(x, ). Adding (2.24), (2.25) and (2.26) vyields

(2.27) E(z)§6M[’E(s)ds+ 3C/n + 3C|a — ay).
0

The Gronwall inequality then implies the theorem for Case 1.

Case 2: a is an irrational number. In this case the homogenized equations
corresponding to a and a, are of the same form (2.4). The proof is identical to
the second step in the Case 1 beginning from (2.22). Hence the proof of Theorem
2.3 is complete.

The proof of Theorem 2.3 contains the following result.

THEOREM 2.4.  If ay = m/n and n > 1, then there exists 8(n) > O such that.
for la — agy| < 8(n).

‘/an(x. y. ) dy - fan (x. y.t)kdy‘ < O(l) + A(a — ay).
0 o " n

Similar expressions hold for V .and W. Here A(8) = 0 as 8 = 0. and k is any
positive integer.

The following theorcm tells us how the structure of oscillatory initial du 2
affects the higher-order powers of solutions in the future. For the Carleman
model. Tartar [14] has shown that the weak limits of u,(x.7)™ are uniquely
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determined by the weak limits ot u (x,0)* for all k. For a model of Broadwell
type, we show that this is true only if « is an irrational number.

THEOREM 2.5. Case 1. a is an irrational number. Assume {U,. V, W, } and
(U, V. Wy} are two different solutions of system (24). Then we have

(2.282) [ty dv = ["U(xo )" dr.
( 0 0
(2.28b) flVa(x,y,t)'"dy - f‘V,,(x,y,x)"‘ d.
0 0
1 m 1 m
(2.28¢) [ Walxoy ) dy = [(Wy(x,y.0)" dn.
0 0

for all integer m > 1 and 0 <t < T provided thatr (2.28a). (2.28b) and (2.28¢) are
valid at t = 0 for all integer m = 1.

Case 11: a is a rational number. Let {U,, V,. W,} and {U,. V,. W,} be two
different solutions of system (2.3). Then (2.28a). (2.28b) and (2.28¢c) may not be
true in general for all integer m 2 1 and 0 <t < T even if (2.28a). (2.28b} and
(2.28c) are valid at t = 0 for all integer m > 1.

rrvo— e o

| Proof: Case I: We follow closely the proof given by Tartar in [14].
| Throughout the proof we shall use the notation U™ (x, 1) = [fU(x. v. ()™ dy.
" For irrational a. one could easily derive equations for U/, V™ and W™ as
} follows:

U™ auLm
a a (m)p/ 1y _ (m Dy —
(2.29a) 3t T T mUmY, mU, W 0.
qvim  yim )
(2.29b) i = e A mV U - ml i W = 0,
awtm) aW(m)
a a (m+ 1) _ thp«hysem O — .
(2.29¢) 3 tTe gt mW mUS W 0:

U™, V™ and W™ satisfy the same equations (2.29a-c).
From the global existence results [12].[13] and [2]. we know that there exists a
constant M|, such that solutions U, V.- - -, W, are bounded by M,,. Define

8,(1) = sup My 7max(Us7 (s, s) = U (oo sl =
O<s=
lé_pg_'il

2.30
(230 VP (xos) = VAP Ceus)llps

”Wu(/’)(-‘s) — W,:’”(‘.S)”[‘*)'
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We obtain from (2.29¢)

a d m rim
(797 +aa—x)(w,; V- Wwim)

oy R W) m(U - Uy
+ mUD (VD = VYW
+ mUDYD(Wim=D — wim- by,
The right-hand side of (2.31), denoted by A(x, ), is bounded by
WA, M s m, .\ (1) + 2mM{8,(1) + mMG3, (1) < 4m$, . (1).

By the assumption of Theorem 2.5, W/™(x,0) = W/™(x,0). Integration of
(2.31) along its characteristic line will give

W (e 1) = Wm0 < 4m'/;’8,,,”(s)ds.

Moreover one can show that, for1 < p < m,
MWD (1) = WP 0) e 5 0 [(8,1(5) ds.
0

A similar result applies to the U and V components. Thus we conclude that
(2.32) 5, (1) §4mf'8m“(s)ds.
0

Note that 8,(¢) < M{". By induction one can show that

+ k — 1) ¢*
(2.33) 8m(t)§4"(—m(—m—fl—)!l%M(;"”‘ for k=0,1,--.

For T < 1/4M,, the right-hand side of (2.33) tends to zero as k — co. Hence
8,,(t) = 0. This proves the theorem for the case I.

Case II: a is a rational number, a« = m/n. We assume that |m/n] < 1. Let us
choose initial data of type a to be

U,(x, y,0) = sin2Qa(m + n)y) + 1.0,
V.(x,y,0) = cos(2n(m — n)y) + 1.0,

W, (x, y,0) = 8.0(1 + 0.5sin(4mny)),
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and choose initial data of type b to be
Uy(x, y,0) = sin(2e(m + n)y) + 1.0,
Vy(x,y,0) =cos(2a(m — n)y) + 10,
W,(x, y,0) = 8.0(1 + 0.5cos(4mny)).

Then equalities (2.28a-c) are satisfied at time ¢t = 0. However, direct computa-
tion shows that

1 1 o7
L (Wa(x. y‘O);j(‘) Ufx.y+ (m/n—-1)z,0)

VAix.y+(m/n+1)z2.0)dz| dy = 9.0,

and
1 1
f W,(x. y.O);f Ufx.y+ (m/n—1)z.0)
0 0

Vo(x,y+ (m/n+1)z,0) dz) dy = 8.0.

Thus for the above choices of initial data, we get

( 0 d

1 2
(2.34) 5t “ﬁ)j(; (Wa(x. y, 1) - W,(x.,y, 1) )dy =20 at =0,

and we conclude from (2.34) that

fl(Wa(x, y.t) - W,(x,y, t)z) dy >0 for t> 0small
0

Therefore (2.28c) cannot be true for all r > 0. This compietes the proof of
Theorem 2.5.

3. Discrete Boltzmann Equations with Multiple Scale Initial Data

We choose the simple Carleman model to illustrate the results. Generalization
to more complicated models follows directly. The Carleman equations are given
as follows (see [6]):

(3.1a) %% + % +u? -0 =0,
(3.1b) %—-%+vz——uz=0.
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We assume that the initial values are given by

(3.2) u(x,0)=u0(x,i,i), v(x,0) =vo(x,£.i).

€ & & &

where uy(x, y,, ¥;) and vy(x, y,, y,) are 1-periodic functions in each y, variable.
Case 1: ¢,/¢; = 0 as &, —» 0. The homogenized equations for (3.1)-(3.2) are
given by

au  au 1rl

(3.3a) 5t et UZ—-L_/()V(x,y1~y2.t)zdv,dy2=0.
aVv v 101

(3.3b) a7 " Ox + V- j(; _/(; U(xv)’p)’pf)zd)'ldyz:&

with inmitial data
(3.4) U(x, Vi ¥2.0) = ug(x, v, ¥2), V(x. y1. 12.0) = vo(x. ¥y, 1y).

Case 2: €, /¢, — a, an irrational number. and |¢, /e, — a| £ c(g)" with r > 1.
Then the homogenized equations for (3.1)-(3.2) are given by (3.3)-(3.4). the same
homogenized equations as for the case 1.

Case 3: ¢, /e, @ m/n # 0, and |g; /e, — m/n| < c(g)" with r > 1. Then the
homogenized equations for (3.1)-(3.2) are different from (3.3)-(3.4). They are
given by

U JdU 1 2

(353) ‘97+W+U2—;j; V(x,z.(m/n)z.t) d: = 0.
av v 1 2

(3.5b) W_W-’-VZ“;./; Ulx,z,{m/n)z, 1) dz =0

with initial data

(3-6) U(X’ Y1 )’2,0) = “o(xg Y1 )’2)« V(x. V1. ¥2.0) = v x. ¥, ,Vz)-

THEOREM 3.1. Suppose that uy(x. ¥, y,), o X, ¥,. ¥;) are bounded. non-
negative and continuously differentiable. Then we have

xX—1t x—1 )
J

. -0 as ¢.¢,-0,
& £

u(x,t) - U(x,

-0 as ¢g.¢e -0,

+
v(x,t)—V(x,x ! x+1,t)

£ &,

strongly in the L®-norm.
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Remark 3.1. The above homogenization results can be generalized to the

case where the initial data are of finitely many scales. For instances, if the initial
values for (3.1) are given by

and if ¢, /¢, > m/n # 0, &,/¢, — 0, then the homogenized equations will be

au . au 1 (71 2
St ot U?- ;;j; fo V(x,z,,(m/n)z,, z,,1) dz,dz, = 0,

v av 1 gmpt 2
Ty T V-~ ;/(; fo U(x, z,(m/n)zy, 25, 1) dzydzy = 0,

with initial dat:
U(x, y1, 5, y3.0) = “0(x~ Y1 Y2 P

V(x, Yis V20 ¥3,0) = Uo(x’ V1> Y25 ¥3)-

To prove Theorem 3.1, we need a few technical lemmas.

LEMMA 3.1. Suppose that f(x, y, z) is continuously differentiable and is 1-peri-
odic in y and z. Assume that e,/¢; — 0 as €, — 0; then, for any constants, a, b
and x,

(3.7)

. 1 b X— Xy X—X 11
lim mf(f(x, P, 0,——82—9)—/;/(;f(x,y,z)dydz dx = 0.

g 0

Proof: Arguing as in Lemma 2.2, we need only to prove the lemma in the
case when f is independent of the first variable. We assume for simplicity that f
has been normalized so that

(3.8) [)lfolf(y.z)dydz =0.




M

HOMOGENIZATION FOR SEMILINEAR HYPERBOLIC SYSTEMS 489

For simplicity, we let x, = 0. By change of variable, the left-hand side of (3.7)
becomes

€ b/ £1X _ & b/gg 1
b—"gf f(x.e—z)dx— —a “-/;/sl (fof(x,z)dz)dx

a/g
i ) ) - [t

Since f(y, z) is assumed to be 1-periodic in y and z, the first term on the
right-hand side of (3.9) is bounded by ce, in light of (3.8). Define

gy, 2)=f(y.z) - folf(y, z) dz.

Then g(y, z) is 1-periodic in z and satisfies [jg(y, z) dz = 0. The last term in
(3.9) is then bounded by

& [b/e &x n+1
b_aj;/ﬁg(x, £2)dx j;. ('fz/l)dx

Applying Lemma 2.1 to [*'g(x, x/(¢,/€,)) dx, we conclude that the left-hand
side of (3.9) converges to zero as ¢; — . This completes the proof of Lemma 3.1.

(3.10) < sup + O(¢).

n

LEMMA 3.2, Suppose that f(x. y, z2) is continuously differentiable and is 1-peri-
odic in y and z. Assume that €,/¢; = a + O((g,)") with a # 0 and r > 1. then,
for any constants a, b and x,,

. 1 b X=Xy X=X,
T

1

(3.11)

z) dydz dx if a is irrational ,

1

)z)dzdx if a =m/n.

Proof: Arguing as in Lemma 2.2, we need only to prove the lemma in the
case when f is independent of the first variable. For simplicity, we assume
xo = 0. By change of variable, we obtain

1 b(x Xx g b/e
ml/(g,g)dx—b_aa f(y ay)dy

(3.12) |
) o)
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The second term on the right-hand side of (3.12) is bounded by
s L) o)
. ' S - N y
b_afa/q fiv\g )y = 1ey)
L —a

cgy b/e, | €
< b — a/a 3%

/8 )

(3.13)

dy < Cel ™1,

For the first term on the right-hand side of (3.12), if « is irrational, Lemma 2.2
implies

R € b/¢ _ 1 /1 .
(3.14) j“l‘ob—afa/q fray)dy = [ [ 7(y.2) dv.

If « = m/n, then f(y.(m/n)y) is an n-periodic function in y. Thus we have

(3.15) lim b? afa';:'f(y.(%)y) = %fo"f(y‘(%)y) dy.

&

Lemma 3.2 then follows from (3.10)-(3.15).

Proof of Theorem 3.1: The solutions of the Carleman equations are known
to be bounded for all time for bounded non-negative initial data (see [10],[13)).
Thus Theorem 3.1 can be proved by using the similar techniques we use in the
proof of Theorem 2.1 and the two lemmas above. We omit the proof.

Remark 3.1. If g /e, > a # 0 and the rate of convergence is of order
O((¢,)") with r < 1, then Lemma 3.2 may not hold in general.

For examples, suppose that ¢,/e,=1+¢ (r=1). We take f(y.z)=
cos(2my)sin(2mz), xo = 0,a = 0, b = §. Then a direct calculation shows that

2[()‘”/(:—1, E";)dx - /O’f(z,z)dz = 1/7 + O(g,) # 0.

4. General Model for a Gas with Discrete Velocity Distribution

Consider a gas composed of identical particles of mass m. The velocities of
these particles are restricted to a given finite set of p vectors: u,,---,u P
N, = N,(x, t) denotes the number density of particles with velocity u, at the point
x and at the time ¢.

We consider the binary collisions only. Denote by u, and u, the velocities of
two molecules before an encounter, after the encounter these molecules have
velocities u, and u,. They must satisfy the following two relations expressing the
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conservation of momentum and the conservation of energy:

]

u, + u

fu,l? +

u, +u,

]

|“k12 + '“/|2~

A transition probability A is associated with the collision “u,, u, to u,, u,”.
AXN, N, is the number of colhswns ¢, u to u,, u, per unit time and unit
volume satisfying the particle mdlstmgunshability:

Akl Alk _Alk

Then the Beltzmann equation is replaced by a system of p nonlinear partial
differential equations (see [10]):

an,
(4.1) ?t—' + u, % Y (Ak,NN AX 2\,\1) i=1,2.-.p.
k

ettty
Jok. 1

We are especially interested in the case when the initial values are of the
form:

(4.2) No(x) =¢,(x T). i=1,2., p.

where ¢,(x, y) are 1-periodic functions in each component of y.

ASSUMPTION. Let {y, 1 <i<n} be a sequence of non-zero numbers.
Suppose that {v,,---, v, } is the largest linearly independent set of {v,, -, v,}
among the integers in the following sense:

We say that {y,,---,v,]} is linearly independent among integers provided
m * (y;," - -, ¥,) = O for some integer-valued vector m implies that m = 0.

Since {y,," - -, v, } is the largest linearly independent set of {y,,- - -. v, }. there
exist integers / and m such that

1

(4.3) y, = —Zl,m for i=k+1.
fy=1
We denote by N, the smallest common integral multiple of m, ,,,---, m,,.
LEMMA 4.1.  Suppose f(x,, - -, x,) is a continuous function, and is 1-periodic

in each component. Let {vy,, 1 <i < n} be defined as in the above assumption.




492 T. Y. HOU

Then we have

Case 1: k=1,
1 T
lim 4 + YL, X + y.t)dr
T‘—{“ac T-/(;f(xl n EAREE
(4.4)
_ %1_1_ ONl/Ylf(xl + ¥t x, + ynl)df'.
Case 2: k = n,
1 T
im 4 Yt x, 4y, dt
Tl—Enoo T'/(')f(xl n * ! )
(4.5)

- E...j(;lf(xl‘...‘x")dxl dx

Case 3:1 <k <n,

.1 T
lim T‘/(;f(x1+ylt.---,x,,+y,,t)dt

T—x
1 ka fN,(
= e | flx oz x o2,
(4.6) (Nk)k A A 1 v 4 k

k [k+l k !

. n,y
Xt X L X ) poantd dzy -+ dz,.

J=1 kel 1=1 "

Proof: We only give the proof in the case 1 < k < n. The other cases can be
proved similarly. Let M = N, /y,. We have

1 7
H Tj(;f(xl+yll,-~-,x,,+y"t)dt

“7) 1740 enm
-5 £ F(x, + yyfe oo X, + y,0) dt + O(1/T).
=0

M

By change of variable ¢t = z; + jM, we have

RUZIE N
H= = )y j(') f(xl Nz Xyt vz M Xy M.
j=0

[k&l.m( .

YuM).

k
Xpo F ezl ¥ L po m
k+1

m=2

n,

m

“(j¥aM)| dzy + O(1/T).

n

k
xn+ Ynzl + Z

m=2
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Define function g(z,.---. z,) by
M
g(Zz,- ) Zk) = _/; flxitnznxa+ vz + 250 0t vz + oz,

k
Z 1k+1,m
Xeaateanr t m Zm»
m=2 k+1

1”."1

m"

k
Xyt Y,z t Z

m=2

z,1dz,.

Then g(z,. -, z,) is a continuous N,-periodic function in each z, for2 < m <&,
and

1 [T/M]-1
H=7 Y g(nM.-- juM)+0(1/T).
j=0

Suppose that there exists an integer-valued vector m € Z* such that
my(v,M)+ - +m(yM)=-m € Z.
Recall that M = N, /y,. So we have
my; + myNy, + - +m Ny, = 0.

The assumption on {y;; 1 £ i < k} implies that m, = 0 for 1 < < k. Thus
we conclude that {y,M; 2 < i < k} are linearly independent among integers in
the sense of [1). Applying the theorem of “Ergodic Translation of Tori” in [1] to
g(zy,- -, z;) with w = (,M,- - -, v, M), we obtain

. Y1 Ny N
48 im H= —— Zoytry 2, )dzy o dz,.
(4.8) rm (Nk)k'/‘; _/(; g(z, v) dz; k

Thus we prove (4.6) by expressing the right-hand side of (4.8) in terms of f. This
completes the proof of the lemma.

Now we can define the homogenized equations for the general discrete
Boltzmann equations.

Suppose f(y,,--+, y,) is a continuous 1-periodic function in y,, 1 <i < n.
Let vy = (v, "+, ¥n)-

DEfFINITION. Define functional F[f; v] as the limiting function on the right-
hand side of (4.4), (4.5) and (4.6) corresponding to the cases k = 1, k =n or
1 < k < n, respectively.
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For x and r fixed, we regard M (x,y, t) as a function of y alone. Define the
functional G,(M,, M,) as follows:

MM, if j=k=1i.
MF[M;; (u, - u,)] if j=i k#+i,
G,(M,(x.y.0). Mi(x.y.0)) = MkF[M,: (u, - u,)] if j#i k=1,

FIMM:(u,—u.u,—u)| ifj#i k=i

where F[M M,; (u,—u,u, = u,)] corresponds to the limiting function in
Lemma 4.1 with f given by

fly+arz+Be)=M(-.y+ (u,—u)i. )M (.2 + (u, — u,)r. ).

Then the homogenized equations are given by

M, 1 _
(49) _(W + u, VxMt = 7 Z (A'I\:.lel(MA' MI) - Af.[/G:(Mn' M]))‘
NN

with initial values

(4.10) M, (x.y.0) = ¢ (x.y), i=1.--.p.

THEOREM 4.1. Let M, be the solutions of the homogenized equations
(4.9)-(4.10). Then we have

p
)3
i=1

-t
N(x,t) - M,(x. X . u'.z)

-0 a -0,
L*(RY[0.T)

provided that equations (4.1)-(4.2) and (4.9)-(4.10) have bounded solutions for
O0<tgT

Proof of Theorem 4.1: Using Lemma 4.1, we can prove Theorem 4.1 in a
similar way to Theorem 2.1. We omit the proof.

Remark 4.1. The global existence theory of equations (4.1)-(4.2) has been
investigated by several authors (see e.g. [12],{10],{5].{13] and [2]). The general
results in [10] indicate that the bounded global solutions exist for long time if the
initial data are small in some sense. The local existence of the homogenized
equations (4.9) can be obtained by classical analysis. By combining the known
global existence results for (4.1) with Theorem 4.1, we can show that bounded
global solutions of (4.9) exist as long as the global solutions of (4.1) exist.

Remark 4.2. The techniques we use here in deriving the homogenized
equations can be used for more complicated models. For examples, our tech-
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niques will apply to the semi-linear hyperbolic systems of the form
oN
—‘#+u,-vN,=f,(Nl‘---,Nk), i=1,--,k,
with oscillatory initial data
N(x.0) = N o(x. 7). i=1.2. k.

if the u, are constant vectors and the f, are smooth and separable functions in
N,j=1 -k
J
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