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BEARINGS ONLY AIR-TO-AIR RANGING

1. INTRODUCTION

Airborne passive infrared search and track (IRST) devices, once they have detected and started

to acquire the track of a point target, do not provide immediate estimates of the target's location,

range and velocity. It is crucial, of course, to obtain such estimates. As a result, it is desirable to

have effective ranging algorithm as a component of a passive IR detection system.

It is in the nature of passive 11 detection from an aioorne platform that information regarding

the ard Wam the form of collectin of bearings (azimuth and altitude angles) of the target relative

to the observer, who himself is in motion. Target parameters, such as location and velocity, are then

derived frmn non-linear factioa (tyically as ratios of sums of trigonometric functions) of the bear-

Passive rangi has not yet received the attention given to the problem of targ detection. As a

result, e literature on the subject is relatively sparse, and the publications that do exist [1-5] deal

mainly with the simpler two-dimensional problem of surface-to-surface passive anging. Furthermore,

tem focus of each of he published paper has been on the presentation of a particular methodology,

with only a few examples of its performance and no real attempt to relate performance to the parame-

ters rf observer and target motion and sensor characteristics.

The purpose of this report is to present the results of a study of the performiane of a variety of

air-to-air passive ranging techniques, particularly with regard to the behavior of the mean and stan-

dard deviation of range estimates as target location and motion, observer motion, sensor resolution

MinX* pWOUd J#Mny 21. 1968.



and lWagth of track are varied. Attention has been concentrated on the cases of a fixed target and of a

target moving at constant velocity, although the computer programs developed to simulate and analyze

these cam can be used with any specified type of observer and target motion. The methods selected

involve low squares fits using all observed bearings, least squares fits using observed azimuths only

(effectively reducing the problem to two dimensions), and combining "minimal estimates," which -are

closed-fnom solutions for a target that produce a selected small number of bearings. Details of each

mohod are premmed in the appropriate sections of the sequel.

In ts report, to process of obtaining estimates of the range and, where appropriate, velocity of

a tar• by a moving observer is simulated. It is assumed that bearings are obtained at regular inter-

vals (tak.= to be I second in nmary all cases considered) and that errors consist of independent Gaus-

im erron in auih th aatitude an with zero mean and sunudard deviation of 0.333

toad For fied tugels, acurate estimates of target location (to within a few percent of the true

values) c be obmined within abot 30 seconds (assuming one set of bearings is obtained each

sevomd) f mndy amy -co kaI-u1o1 of target location and observer motion. If the target is initially

wall off-ais, such asccracy can be obtained in considerably less time, while if the target is directly in

fiut of the observer whem first detected, more time will be needed for a good estimate. A sound

uinp them is for the observer, having detected the target, to accelerate in order to put the target in

am off-axs position as quickly as possible. Furthermore, range estimates can be obtained in a compu-

tdmfly sinpis manner by usiq the seuence of azimuths to obtain successive estimams of the

target's z and y coordinates and a single altitude angle to provide an estimate of the z component.

Moving targets commonly require some 60 seconds for good estimates of target location and velocity-

this figre is quise sensitive to the specifics of the target's initial position and the relative motion

between observer and target. Unlike the fixed target case, where a good strategy for the observer can

be determined a priori, highly effective maneuvers for the observer in the case of a moving target can

only be determined after a reasonable estimate of the target's velocity has been obtained. Moreover.



it appears that least squares estimation of the location of a moving target will, for certain combina-

tions of observer and target motions, '.onsistently produce estimates based on 40 to 60 sets of bearings

that are far from the true values. In ether cases, estimates cluster, in proportions that depend on tar-

g tand observer motion parameters, about two or more widely separated values, one of which may

be the actual range of the target. Further study i,. required for a more complete understanding of this

It should be pointed out that the most commonly ci.•d method for performing passive ranging

lsm been the application of an exene I•la filter to the sequence of obtained bearings. While

this method has the advantage of producing estimates recursive~ly, and therefore (perhaps) more

rapidly, it baa the diavaue of requiring linearization of the problem, which could entail a loss of

accuracy in the esimator, and of requiring initial esiae (actually no more than guesses) of target

pmrmatsrs and estmation error statisics, which makes estimates depend on other quantities than the

observed beaigis. See [31 for moreon hsa spext of the Kalman filter. Instea, non-linear least-

squars estimatio, which in the linear case is equivalent to Kalman filtering, is used to obtain the

desired esiae in this report.

2. BACKGROUND

A point tare, located at T -(x, y, ), has bearings 8and •relative to anobserver at the ori-

gin, where

tan90-y lx, sin - zlr, r2 =x2 +y 2 + 2 .

Bearings-only tonging methodology requires a moving observer, an appropriate assumption for an

air-to-air s,'enerio. The coordinate system used will be chosen so tl-at at the outset of the ranging

lrocedure, when the target is first detected (i.e., at tim t - 0), the observer is considered to have an

intilvelocity vo in the +x direc'ion.



In besring-only ranging the observer obtain a iequence of sets of measurements oi the target's

bearings. and from this sequence, together with knowledge of his own trajectory, attempts to deter-

mine the relevant target motion parameters, the most important of which are the target's initia~l loca-

dan, rang and velocity. A single set of bearings is not sufficient to estimate any of these features of

the targe's motion, but it will provide iniformation about the line of sight between the observer and

the target at the time the bearings were obtained. Additional sets of bearings then allow estimation of

targe motiam parameters through what are effectively triangulation procedures; i.e., for a fixed tar-

get, imarauedtov of lines of sigh are deteanined.

Th& report will be concerned with obimeve (measured) bearings, which are estimates (cor-

rupted value) of the taget's true bearings. Estimates are, of course, realizations of random variables

refunrd to as estiumeo. To be consistent with statistical usage, estimators will be denoted by upper

ca.n symboal-, wheea stzeir estimate will be written using the corresponding lower case characters.

For exaqisuadae of 0, the arget's azimuth, and 0, its elevation, may be denoted by H and P

respectively; omp dngeutinues will be designate h and p. In general, amu values of quantities

derived from 0 and will be depmntd by lower caeGreek letters, estimators by upper cae Roman

letters, and measurd vdaues by coresondling lower case Rooma symbols. Frequently, bearings will

be Wniduifed by asbacuipsa or by Nationcdual dependence (Of). #0(). In such case, H, P, and other

eud~uasnd all mstinues will be similarly modified. If the true bearings are 0 and , then the

nmired bearings, h and p, Ke assumed to be realizations of independent Gaussian random variables

H suE P with a common variance; i.e. H - N (9, o2) and P - N (0, a2). The purpose of this report

is to specify the statistical behavior of various bearings-only ranging techriquesi in tcnns of observer

matama, target notion and measurement errors.



3. LMN OF SIGHT STATISTCS

Althoug a single line of sight does not specify anything about the range of the target. it dJoes

* ~provide in estimate of the direction in which the target lies. As a resut, given that the estimate of

the direction is suffcently accurate. all that is needed to locate the target is an estimate of any of its

coordinates. From the point of view of determining statistical behavior, the process of estimating a

single coordinate of the target's location is much more amenable to analysis and simple com putational

procedures than is doa of diroctl estimating its range. Prsen day infrared sensors provide estimates

of lHne of sight that ame emtemely good, so that we m~y choose to pursu bearings-only ranging as a

problem in eudnmaIom of a single target location coordinate with negligible loss of accuracy. This Ls

ilusraed in Figure 1, where for a fixed "cone" of probability, say p, a single line of sight i3 seen

to yield a small spread compared to the area commion to two such cones, which is a region that has

pobbshft~ p~ of continin the target. FIgure I also illustrates that the intersection of two lines of

sight produces a biued estimate of the target's tam positiona, and that the estimation region becomes

moe donelomd n the target's iniia azimuth approechs 0 degrees. Furthermore, while the present

topic is Mefrre to U "Passive ranging," it Is really "passive location," since to know only that a

potential target Is, say, 35 nautical miles away is to know practically nothing about the position of the

target Fortunately, when line-of-sight erros are small, the issues of range and location estimation

we effctiel equivalemv

Givun the true bearings 0 an4 0 of a target relative to an observr at the origin, the true line of

sight from the observer to the target is along the unit vector < cosO cos 0. sin 8cos 0. sin s>,

which we will deooe by <k, J2, E3>. On the other hans, observed bearings h and p are realiza-

ioas of Gasasian random variables H andP, %ith H - N (0, 0-)and P ~I N(0. o-),and they

determine an observed line of sight with unit irector

<0 1 ,0 2 , f 3 > =<cosh cosp, sinh cosp, sinp> ,

5
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w"ich is in tm a Mamlisaiom of the random vector

<E•, E2, E3> - < coS H cos P, sin H coS P, sin P >.

u move, we may write H - 0 + U, nd P - € + V, where both U and V are independent

Gmusian random variables with mean 0 and varan 2.. Thus,

EL -coaHcosP -coS(# + U)cos(* + V)

S(co 0 coo U - sin0 linU) (cos Cos V - Sin0 siin ).

;apI- deP we expect to hIve c < < 1, so that we may use the approximationa sin U = U and

Oe U = I - U2/2, and simittvy for V. Thus

E = [(1 - .]/2)cos #,- U dino 0[1 - V2 /2) coo e - Vsin~J.

orom the indepmmdenoe of U and V the expected value of E1 Is easily obxmined:

Jr(Ej) = c= 0 =, #b (I - o2/2)= = .=1 (1 - o2).

After a bit of algebra we also obain, Io4wor n m higher than a2,

Var (91) -WL(f?) - (S(El))z -w 2 (coes 0 si + 0 0 coal,).
SIrmilafly,

2 ,- sinH CosP 2 [(1 - U2 /2) sin 0 + Ucosa 0 [(1 - VI/2)cos*- Vsin 0],

ftm= which It mows thst

AE2z) = . ONeO.• (I - 022)ý fa •(I - 02), and

Var(E2) = 2 (o( 2•GcoS2 # + sn sin2,).

Althougb, E3 can always be obtained rom the condition that EL + E + - 1, we sM specifý

the Mur dI bM Of E3 - 3iuP = (1 - V2/2)sin0 + Vcos0:

E(E3) M0,6 (1 - 2/2) - 60l - 2/2), and

Var(E 3 ) 02cos2 -

7



Note that for certain values, e.g. 9 - 0 " 0, or 9 -0 - r/2, the above formulas yield vari-

ance of 0 in some cases. This is of ;ourse due to the omission of high order terms. In reality, for

9 ei-0 Or r/2, Var(El) cc a4, for example.

To obtain a more complete doscription of the behavior of lines of sight, the pairwise behavior of

El, E2 and E 3 needs to be examined. Recall that the covariance of two random variables X and Y,

deemoed Coy (X, Y), is obtained by Coy (X, Y) - B (XY) - E(X)E(Y). Calculations yield:

COV(E 11 E2) Is 9;co89snG# - 2COu2.0),

Cov(E 1,E 3) a - o2coscosesin*, and

CoV(E 2,E 3) = - o2 necos-sin-.

The pbi of the above analysis is that erros n range estimates due to deviations of estimated

liUm of sig& from their rm values are on the order of a2 R, where R is the true range of the target.

For1exa l, uung - 0.333 mrad, then nm for h - 0 +3 aand p - + 3, the range and

individual coordinate estimates am within 0.1% of their tue values. Thus with negligible additonal

loss of awwrac, rnm eatesm ay often be reduced to estimates of a single targe location coordi-

n=f. ftheruore, with knowledge of t*e individual and joint statistical behavior of the line of sight

waqona, one could obtain sigh improvements on estimates based on lines of sight. (There

appea to be little p advagme in doing so, ýowever.)

4. FIED TARGET RANGING

In a number of situations it is neces•ary to estimate the distance to a target which is known (or

assumed) U be statonary. Pxample are distant small clouds, nearby cloud edges, or objects fixed on

the gound.

Three distinct methods will be presented for estimating the range of a fixed target. The reason

for using a multiplicity of approwhe is that bearings only range estimation is a non-linear estimation

8



problm, and so the investigator is faced with certan trade-offs when selecting the !daumtor to be

used in a particular application. These trade-offs involve bias and efficiency of the estimator. compu-

iAo i equaiemens and eae of use in recursive updating schemes, and analytic tractability. (In

linear etimadtoa problem., such considerations do not arise since least squares estimators are "the"

ch o ording to all of the preceding criteria.)

All of the methods operate on a common set of assumptions. Specifically, N sets of bearings

m maumed, raelting in 2N mearm ts (N azimuths and N altituies) with which to estimate the

&rM uarget • WOOaimusa. T7. kdt at of buear in the colection is denoted by h(k) and p(k) and

the locateon (aimued lmown widtout error) ftom which the observer obtained the kth set of bearings

by (x(k), y(k), z(k)). Whan it is rmlevam to the discussion, we will make use of the fact that the

berings ar obtained in a sequential maner.

In msssing the peurmnance of an estimaor, many different combina'.ons of target location,

obsvur ion and other parammeers of the oboevton process must I= measured. This has been

dam for eac of the ected estimant; results ame given in the folowing sections.

4.1 I" Squm. Rae Iudbse m

WI.. N >1, the most coinouly used technique is that of lest squares estimation of the unk-

om paranmters. For the bearings only ranging problem, two different fbnctions uWgst themselves

as criterion fucnions whose sum of squares is to be minimized. The first is simply the difference

b observed and fited bearings; i.e. we minimize with respect to x, y and z:

S(k)-Actan + (k) - Arsin : (k)

9



where r 2(k) - (x - x(k))2 + (y - y(k)) 2 + (z - z(k)) 2. The second function transfor-ms this

difference between angles into a difference between functions of the angles. Specifically, we minim-

ize with respect to x, y andz:

S2  [ tah(k) - x -x(k)J+ inp(k) - z -r(k) J (2)

Simulations have shown that in many cases these functions yield very similar estimates, but in those

cases where there is a practical difference, minimizing S1 more often produces estimates that are

closer to the mue target coordinates. Consequently, studies of simultaneous least squares estimation

of all three target coordinates have been based upon minimi'ing S1 . A closed form solution of the

normal equations for S1 (i.e. the system of three equations resulting from setting the partial deriva-

tives of S, with respect to each of x, y and z equal to zero) does not appear to be readily obtainable,

so non-linear least squares estimation software (the SNLSE non-linear least squares estimation pack-

age of the MATHLIB subrouting library) was used to produce estimates from simulated sample data.

In order to assess the performance of this least squares estimator, a variety of initial target loca-

tion and observer motions of either constant velocity or constant acceleration were selected. For

each such target/observer combination the number of bearings taken and the time between successive

bearings were varied methodically. With all relevant parameters chosen, simulations were performed

by determining the correct bearings, corrupting tbem by addition of independent samples from a

Gaussian N (0, o2) distribution, and then using the non-linear least squares software to obtain an esti-

mate of the target location. Typically this was repeated 100 times, so that for a selected scenario the

statistics (mean, median, standard deviation, third moment, and selected percentiles for each target

coordinate as well as range) for a sample of size 100 were determined. Tables Al and A2 (see

Appendix) show the results of two such analyses, while Fig. 2 is a plot of the sample standard devia-

tions as a function of the number of points on the track, for a selected set of values of time between

bearings. Examination of the tables and the plot supports the intuitively appealing notion that for a

10
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given amount of time, the estimator thlt involves the largest number of bearings provides the best

estimate of target location. Consequently, all further analyses were carried out with bearings being

obtained at the rate of one set per time unit (assumed to be I second). Further examination of Tables

Al and A2 also supports the argument based on the geometry of Figure 1 that range estimates are

biased towards overestimating the true range.

Even after the interval between successive bearings has been fixed, a large number of combina-

tido of sensor, observer and target parameters still remain. In order to reduce the number of cases

to a manageable one, while preserving the geometric flavor of the relation betw,,en observer motion

and target position, two particular quantities were kept fixed for most of the analyses. These qaanti-

ties are the standard deviation, a, of the measurement errors in the target's azimuth and altitude,

which was held at 0.333 mrad, and the initial observer velocity, which was fixed at 0.16 nm/s in the

x dkection. These values were chosen because 0.333 mrad is a realistic value for errors in modern

passive infrared sensors, while 0.16 nm/s represents a typical speed for a patrol aircraft. Two exam-

plea of the effects of varying the sensor's resolution are g in Figures 3 and 4. These plots and

their accomanying tables (Tables A3 and A4 in the Appendix) imply that, with all other parameters

held fixed, the standard deviation of the least squares range estimator varies approximately linearly

with the standard deviation of sensor error.

The plots that follow will be of standard deviations of range estimates (or their logarithms)

versus number of points on the track, with the latter being equivalent to the length of time the target

is being tracked. Standard deviations have been chosen because they are the most common measure

by which to express expected variability. Recall that for a Gaussian random variable approximately

68., 95% and 99.5% of sample values will fall within 1, 2, and 3 standard deviations, respectively.

of the mean of the random variable. Although least squares range estimators do not appear to be

Gaussian, particularly for short tracks, for sufficiently long tracks (of length at least 20) the above

percentags appear to be reasonable estimates. For example, based on Table A2 the statement can be

12
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made with a high degree of assurance that, at least 90% of the range estimates of a target initially

located at the point (50, 40, 2) nm would be within 0.5 £,a of the true range of 64.06 run for an

observer traveling with initial velocity <.16, 0, 0> nm/s and constant acceleration <0, -.006, 0>

rm/s 2, obtaining bearings every second for 25 seconds. AIso, although least squares estimators are

biased, the bia has ben found to be small compared to expectcd sampling error, so that nearly all of

the information about the reliability of least squares estimators lies in the sample standard deviation.

With the resolution of the sensor and the initial velocity of the observer fixed, the remaining

relevam parameters are the target's rane, its initial direction relative to the ob--srver, and the motion

of the observer. As fr as initial trge direction and observer motion are concerned, two characteris-

tic c=ss will be considered for each: (a) targw that are initially "in front of" the observer; i.e. tar-

gets which have initial azimut of apprxiately 10 degrees or less, and (2) target that are "well

off-asa" - targets with initial azimuth appromimately 40 degrees or more. It is tacitly assumed that

the senso is limited to azimuiths 45 and 45 degrees, although on occasion this limitation is ignored.

The obms e was talen to be moving with either constant velocity or constant acceleration. In the

latter ca accelerations of approxIma Sly g (.006 m/sec2) were used in the simulations. For targets

initially in front of the observer, two different constant accelerations were considered, while for off-

axis targets only a constant velocity observer and one with constant acceleration in the positive x

direction are treated. The reaon for the latter restriction is that once the trget is well off axis, any

appreciable cceleration in any but the x direction will either remove the target from the sensor's field

of view or bring the target into a loss favorable head-on position.

TMh effect of range alone is sea in Figures 5 through 9, where for fixed observer motion and

target direction we see the effects of ever increasing range. Figures 5 and 6 deal with a target ini-

tially well off-axis (initial azimuth - 38.7 degrees) for a constant velocity and accelerating observer

respectively, while Pigs. 7, 8 and 9 repeat the situation for a head-on target (initial azimuth - 11.3

degrees). Note that these ar plots of the logarithm of sample standard deviations against track

1i
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length. Logarithm plow weas chage In order to fit a Wide range of values on a single plot, but

iincdemaily the plows show that from about 20 secon&s on there is a roughly log-linear relation

buwet L @ k length and saw*l sundard deviation. This suggests doa after approximately 20

second., estimatin error &Uh off -pola~ eoetily with length of track. Examination of

* ~~the tables tr thene grqal (Tables A7 through All) indicaes that, for any of the plot, doublin 1 the

wgm uoom roughly multiplies the snamle stamndard~ deviation by four. This suggests that the staidard

dov. of do low s~ses rqp entimaor varies as the square of the range, indinpoenle of track

Ingd v3M dioaW eMobUV snot

7%pecdn five grqh were Imemied to show the efibas of range on acuracy of the estima-

oor. The settwo Upq* Modictei W .lt of Initial iet directio on the estiniam. Figures 10 and

11 (ads Tobles Al2, A13) pise doe sirwn eis dmng the range of a target iniialy 40 orn awy

hown t he mm tw Iodalum of 4S,. 40', 300, 200. 15'. 100 and S5 for two diftfrea

obeerye indin. Now do tw a moerating obeerver, the effct of initia wrgs direction esse.-

df di~ws o 25 mos. FPgur 12 (ado Tablin A14, AlS) shows the result of varying the

d-remdom of a Wne" Whose WInitial 1 om I -e is ffied, in fthinstue at 50 va. Note dtb for short

trockbtoe, W-drelo effis dondife L~e. rw upto 15 c=rKb eatluans of the target at (50, 10,

2) (flang a 51-w) an ilee reliable dwthose of the one at (50, 40, 2) (Rapg - 64 urn),

dmqft w &v dt is do boe con ~ the togr" is 13m= finths away. For smifcicemly long track,_

owever rup plays the domlen rolie. Figures 13 seM 14 are doee-Wq looks at the curve in Figure

M2.

M the pum., is obesier amnokm Figurve 15 through 17 (wher Fig. 16 is a closeup of

the rii end of ftg. 1M show doe uMta of varying obserer accelerstion for on- and off-axis tar-

gut. Nove as in ft fn -o very umrelloble estimaew can amis from an obeerve accelerating in

t*A "WON" am ui10. While OWe a longe perio of time acceleration in any direction produces

iore wmorf rmp slimn. than does remaining at the sam velocity. This of course is the result
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of the obserer moving so that the target passes directly in front of him somewhere along his trajec-

wory. Not included here are plots of other possible observer motions, such as acceleration out of the

x - y phem. &ach accelerations were in fact considered, but all cases examined strongly suggest that

do only important features of observer acceleration are the magnitude of the acceleration in the x

directias and the magnitude orthogonal to the x direction.

tn sumay, the selleut features of leas supares estimation of position and range of a stationary

gapt on: (1) the most reliable estlmms camme ftm warat that are well off axis, k2) for short

MUN elebiky Is dserr mmlm by themy die tio of th tor"a then by its range, while the situa-

tonieesm 'sKitself fo longe traking times, (3) regardless of target direction and range, after some

30Ouucnk he sadsdda rviatim of thrange estimae is no movethan apercentor two of the true

rom of the targeL

Whil the is~m aprsetimatr presentd here offers reliable estimates within a reasonably

sbmf period of ime, the nethtod bee smer distinct drawback. The first disadvantage is that of

reqirig cmpmlaaflycomplex n*in2.-imr lest squares software. While such software ai readily

availble, its tues e considerable amoats, of cairtime. For example, it required an

a verage of ame and a half hours of CPU time on a VAX 11I/78 to yield the 168 sample standard

dev~iamo that were plotte in each of Figures 5 through 9. Another disadvantag of this approach is

tha It does not take advanag of the sequential uainner in which bearings ane obtained by the

obsever. An ideal scheme would use each new pair of bearings, to update the current estimate of tar-

Sot location in a COW putatianly11 simple manner. (A truly ideal method would bW simple enough to

allw updaftn to be done by hanid, patiularl during test and debuggig phases.) For linear estima-

tie. pioAbms the desired adapiv estimation procedure is available in the form of the Kalnun filter,

whc is a recursive method for determining the standard linear leam square fit of the model to the

daL Kalman fibers have been applied to ship-to-ship passive ranging problems (2,31, where the

polmis viewed as two-dinemnsiontal, bearings consist only of azimuths, and the model has been
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lufimaid in order to apply the fibter. One of these references [31 dwells on the p'itfaills; of this

method, particularly regarding the senitivity of short track esimates to the values of required initial

estizmese that must be supplied before any emnt have actually been taken. Fundamental to

the use of the Kalmmn fiter is an initial estimate of the error ccwariance matrix for the quantities

* ~bein estimated, in addition to an initial estimate of their values. Unfortunately, the covaniance

dinpends on the targets range, so initial estimates are Wp to be very unreliable, and it may take quite

a loMgtime for the dsta to correc for a poor gums. On the other land, non-recursive least squaries

fithin requires only an Ilaial pouldom esdoe, to which the procedure is not particularly sensitive.

A fina drawback of both is that they ar purely maurmical schemes, providing no analytic insight into

dom roles played by uarget rnge sad direction or by observer motion in the statistical behavior of the

4.2 &Awo 0*l LA Sqvwnr. Rmng IoiamIin.

Since it hu alredy bin establifsind that, gve small eror= ia bearing -i , accurate

asie.da of a sbqgl or"t coorndluýs asufflcissit to yield good estimew of the other coordinates,

and since nach of the difficulty In dealin askmyticaily With the S1 endl S2 criterion function arse

*=i terms inivolving altitude angles, szinummi~oly estimas of x and y were considered. These

involved winlindizng, with rsetto x and Y,

r 2

S4 E n(h (k) y -y(k) (4)
[t (~'z- k)J

Howeve, S3 dons not lend itself to a simple closed form solution of its normal equations.. Neither

dons S, but a modified form of it does provide the desired simplicity. Setting g(k) - tan(h(k)),

deflne

S9 - E[(Y - y(k)) - g(k) (x - x(k)) 1'. (5)
* k
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&pmft wo wo the partial derivaives of Ss with sup ortLo x MWl y, we obtain the normal equatons

for Ss.

Y ESWk - S(k)Y(k) - x Es'(k) + r,2 (k)x(k) - 0

Med

EY -y(k) - x rs (k) + Es,(k)x (k) - 0.

galving tme. equatlap we obtain sobatlam I md 9 do satisf

yrg(k) - jr,(k)z(k) -r,(k)y(k) + r.12 k)x(k)

whers - LE-Ak) and Ir inNEs(k).

Ibm sedos, w"e an be vwy semil upded as nam aumf we obtained, apper deceptively

sige wo sesma of lap. md heerops Ia lHewr mVuis puI . limm bmwever, wnlih the

Wee megumcam ce, I 9mu )ma o*4w I utido of *a observatloa, whicli we may telu. oo be

doe S(k)'s, md so dhai isuds"l bdmlar cum be naffly desemined is as anytcma*merw.

Imearne as was darn in the pruviou n f secton, ulingas an pud mied. Once spin monor reslution

is so at 0.333 mud, ini&a observer velocity at 0. 16 un/s in the x dirmiction, and the same combins-

times of mute fama and directon and observe notion are umd. tn additio, the saun sequeno of

I-A I I .mbm (ash*g EldS's 0COM& generawo of values from dhe stundard nornial distribution)

is unplao'd Ii Apa di ig bodh not of simulations. Wei aeimuth-only procedmr yields estimate of

x wd y o*l. Bulatlumi of ta"rge tgerquire an estimat of the target's z-cookiinwt as weil.

Used on dom urgunm dot a singl line of siglt is a very good estimator of the trim targt direction,

etimms oft were obtainied via the fbrmula

I- (tanp (O)) -".f I92+ (8)

32I



wher p(O) is dh elevation obsev a time 0. TM result of tdma simulations am presented in

Ta"l A16. For compwiolun, the comapudn results using the standard least squares approach of

dh pVioM mdonm on be band in Tbe A7. From these tables it is clear that .zmuth-only least

sqame sedwion m@Wlh do aciracy of esdanmion using all ohmined bearings. Also of iuerest is

th &a ti .for enut "racs aamuh.oly swimasm nd to underestimate the target's true range. An

emna of the procedre with at to uo shows at, for a typical ranging scenario, the equa-

Onosslr I. adY do ndeed yield x d y as solutiwo, but dey ame not especially well conditioned.

TiM xquM do do WilA. of rane mdigt be a artifact, so the procedure

wm spem d uss dOle pecision ,amnic. Thi poduced mea ranges thot, surpisingly, were

am Ibt Ame d tru rmne, abei by rndhr smell amom ad with he anticipated smaller ston-

dud Seio% in mvoldb lm d -. s tih the oiesm nedesmai is the result of bias

in ddh eewmr. PMq * ,I*y of dth bias in wm.oey is proceeding. Aimt-only

awmniox bw bern briy ms iom d in the herammm 13). where it is coqaCd wih thA IMa

Mw In do h4oq.e ranM pr1lm (wh m te are m omty asho ) wd wher it appears in a

MI d 1 ML I is of agilfi•e hm •in1 d , the average wxm of CPU tim required

ic i1 the dom 9r - =nmu -my simsdm alsivah m to ta In Flg a 5 thro 9 was

hom -rmi , cSk O mMd with th dho MWW *wd W es t lm saquara mthod usi all

Yi n y, -3. umzh•omy rn soam o is cyvery effticien and practically

mrohm the racy of the more comyqanted andard lhant m method. Its main drawbacks are

din it appears to entil a bio of presee*l uakmmow mi and once again is not sufficiently amenable

to malyal to mob it ezlk how dh mea cd variamnc of th n eranger depend on target

locaio, observer mkdm d ma or noluidon. In addiion, th,-bssd mehds do not apply in

th -owr moving targat cm.
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4.3 Raneo Isdo.m BInd am Mbmimal EsImaton

The third method for estimatng range presented in dtis report aisn at uncovering the manner in

which targe and observer parameters affect the statistics of the esamator, at the expense of increased

uacetainy in the estimato. It is ineoded not so much as a practial estimation scheme (at least in

the fixed target case, where the azimuth-only lean squaes approach is prfe.,Able), but as a means of

thowing light or he nturn of the biames and variability inherem in bearings only estimation. The

bodic Mia is to use only as many of the bearinp as ar required in oder to obtain a cosed frm solu-

tion for the taret locaton tdo yielded those bearings. cume the resulting ra estimator uses the

s onle possiMble aumber of bearings, it is referred to as a "minimal" estimmor. Sine minimal

range estimatno umr out to have simple formulations in term of the bearings that define them, it is

possl wt obtai formasl for their man and vaiames that hold to very good apprximions

Uosg bmdon -.r, few bearinsp, minimal estimaor are of course not very accurate. Accurcy can

be bmed, and ue made of all obtained ss of bearings, by combining collections of minimal esti-

mes hmo a sing& btw esretin.

Inthis awlmr taret cna th ree th or" cowrdimses ae to be estimaed, so that, at the

minmum, two sn of beaings mst be obtained. Two sew of bearings yield four measurements, and

sim teMy we aomptued values of the true bearing, they produce an overetermined system. There

is a choice of methods for dealing with this situation. Having four measurements available to esti-

m-tore location coordifmts allows, by selecting all possible sets of three measurements, four dis-

dcti minimal esties of the target location. Thes 'stimates may be considered singly, or as a

comosi estlm such as mean or median

While the two sen of bearings to be taken could be obtained from any two points in space.

immaded applications of this study as well as avoidance of computational complexity suggest that the

im bearings, (ho, pa), be taWm from the origin, aid the second set, (h1,p1), from the point (d,O,O).
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This choice of meood location is also justified by the fact that minimal estimates ame often quick esti-

maes. and as such are based on bearings taken in rapid succession. As a result, since we are assumn-

Iag the x-axis of our coordinat rsysm to be loriete with the observer's initial velocity, we expect

that in a short time inierval only a net change in the observer's x coordinate can realistically be

With the observer moton specified in the previous paragraph, and with realistic target locations

ramtv, to am uwmamd airborne observer. various estimation procedures were examined for the pur-

Pose of aecigone for use it' the eaiulng analysis. While the performances of the various methods

ware expected to be comparable for a target well off-axis, it is desired that the chosen estimator per-

form notably better, in tems of both bias and variance, when the off-axis azimuth OD is near zero.

Canceptualy, the chosen esiation procedure an ho and h I to obtain an azimuth-only estimate of

the terets x and y cooridbas, and then uses po to obtain a Arther estimate of the z coordinate,

awsee the taop cam be estimaed.

As matandod at don begkimlg of this report, the targe Is initially located at (z. y,z) relstive to

the observer Deat1ags , po, and A 1, with h I being the target's azimuath relative to (d, 0,0). yield a

'unique seatle of the targetilcation, t - (IJ,9,), obtained as folows. Letting ado tan ho and

d, M t hwe May wrihe

doe-tank 0o- PI1 (9)
and

a, -tanaA 1 -9/(.R - d). (10)

Solving for I andj Yields

I M dall(al - do) (1

9 - a - da0a 11(a I - a0). (12)
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Uuing these eutimees and dte Uie of sight determined by ho and Pu we can determine !. Letting

bo - jec h0tanpo (13)

k Mowmsham P OM ,,9,) lmto he Xy plane dt

S-- - dboal/(at - a0). (14)

Thus di eshimated target position is T - (2,9,1) - 2< l1ao, bo>. Now, as discussed in the sec-

don on tdo sadas of lines of sight for the small values ofa under consideration, < I,a0o,bo> is a

very good usmm of <l, tano, me tems ,> the tm vector relating the coordinates of the target

Melatve to the ordin. Eos in esntimatung T, then, arise mainly from errors in f. Consequently,

Mantiam will be camcamwae d aI the sanlysis of the random variable ,, particularly with regard to its

dependence on bath T and d.

Note: Th preceding discumsam dos not apply directly when x a 0, for then both a0 and bo

might be arbitrarily la . In this cue, we would simply solve the sam equations explicitly fort,

and oain T - I<ao', 1, bo'>, forppropr• s ao' and bo, and perform a similaranalysis for9.

This, however, will not be a problem hm, since we ar ssuming that I S I does not exceed 45

I is given by I -d4 Il(A, - Ao), wher Ao - tanHo, and A, - tanH. Now

HO = 00 + U, and H, - 01 + V, e to is them e azimuth of the target from the origin, 01 is

doe true azimuth frm (d,0,0), and U and V ar independent Gaussian variables with mean 0 and a

common variance a 2(a< < 1). Now tanHo - tan(=o + U) (tanGo + tanU)/(l - tanOotanU). Let-

ao - tanmo - y/x, (IS)

and recal tdot for small C tantm 0 wwehave

Ao = (aO + U)I(l - ac)U). (16)
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At (at + V)/( - m1V). (18)

Tbu

d(a + V)

(A A 1o t+ V a+U (19)
I - UV 1 -010

Tbhi beco

d(a + V)(01-d4U) (0(4,-aa-) +(I +aoul)(V -U) +(a, -e oUVV(0

finmdqý (i01 - 0, .4Mtof tmdgmaMiOr, Ud uu&dog

KM d C 1+ ac (21)

we ow"at-a 
a -

Xa + !'-~ V) (I - aU) (2
1 +C(V -U) + UV

The bfoowlqg zelmlos SUMa C, 1, ai& a,, z, y end d will be moil in deturmining the behavior

of u. e we im...dlese from the definidams:

y

gat -x, 9fax -d,

C.x(z --d)y -r k+y (23)
yd d
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To obtain estimates of E(X) and Var(X) that are accurate up to the a2 term, note that since U

and V are independent and each has mean zero, the lowest order term to which UV can make a con-

tribution is the v4 term. Thus we may ignore UV terms, and write

K(al - coaU + 1,)I +- C (V U ) (24)

Under the approximation I/(1 + w) 1 - w + w2 , this becomes

X K(al - a0 a1U + U)(1 - C(V - U) + C2(V - V) 2).

Perfoming the specified multiplication, and ignoring terms whose expected values are of degree three

and higher in e, we obtain

K (aj aIC(V - U) + aIC2 (V - U) 2 - aoa U + aoC CU(V- U) + V- CV(V- U))

Taking expected values and recalling that E((V - U)2) - 2o2,

E(I) = K(al + o2C(2a1 C - - 1))

- Kal + o2C(2CKa1 - Ka0ao - K). (25)

SinceKa 1  x and y -a , this becomes

E(X = x + o2C(2xC - y - K).

Using the relation K +y -Cd, we have

E(X) x + 02C 2(2x - d). (26)

Squaring ,, dropping higher order and mixed terms, taking expected values and using the relations

(23) once again we obtain

E(1 2) = x2 + o2(6C 2x 2 + y2 + K 2 - 4aoCx2 - 4KCx).

Then

Var(X) - E(X2) - E(X) 2

o2(2C 2x2 + 2C 2Xd + y2 + K2 - 4aoCx2 - 4KCx). (27)
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Using the relations K - Cd - y and y2 - Cdy - x(x - d), this simplifies to

Var(±) = o2[C 2(2. 2 - 2xd + d2) - 2x(x - d)]. (28)

Remark: In most applications x> > d, so with very little additional loss in accuracy the

moments of t take on much simpler forms; viz.

E(l) = x(I + 2o2C2) (29)

Var(k) = a[2z(C 2 - 1)]. (30)

Futhermore, in this case, C2 > > 1, so that we may use

Var(±) = 2X2C2o2 . (31)

Note that for a fixed range and displacement d, C increases as y decreases, i.e. as the target

becomes more "head-on." As a result both the bias and the variance of X increase. Not only that,

but the second order approximation used for 1/(1 + C(V - U)) becomes less accurate as C

inmcas. Thus even the large values of E(±) and Var(l) obtained above are actually underesti-

mates of the true values when C is large. That C becomes infinite when the target is directly in front

of the observer is, of course, a consequence of the assumption that the second set of bearings is also

ten from a point on the x-axis. In practice, one need not take the second bearings on the x-axis,

but in realistic situaions the point from which they are taken will be quite near the x-axis. As a

rnslt, there will be increases in both the bias and variance of X as an estimator of x when range

increases, when d decreases, and for fixed range and d, when y decreases.

To improve estimanes of E(ff) and Var(X) when C is large, fourth order approximations of

were obtained. Using l/(1 + w) = 1 - w + w2 -w 3 + w 4 , including UV wrms, performing the

required algebra, noting that those terms in which C has the same exponent as a dominate the others,

taking expected values and again assuming that x > > d and C2 > > 1, the results are

E(I) ~ x(I + 2o2C2 + l2a4C4) (32)

Var(;X) = 2x2C2 o2 + 32x 2 CY4. (33)
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The preceding estimates are the results of a great many truncations, and it is reasonable at this

point to inquire as to how good they are in practice. Table I shows the estimated means and standard

deviations using both the second-order and fourth-order approximations to I for a few cases. Also

included in this table are the results of simulations in which the means and standard deviations of

samples of size 1000 were obtained. Note that for large values of C even the fourth order approxi-

mation may grossly underestimate the sample standard deviation. This arises from the fact that in

reality I has infinite mean, and that in any finite sample soi e extremely large or even negative

values are likely to occur. Fortunately these extreme values do aot correspond to realistic situations,

so in practice such an estimate can be ignored if it arises. With this in mind, extreme scores were

effectively eliminated by excluding the upper and lower 1% of the scores in the samples with large

C. The statistics of these middle 98% of the samples are shown in parentheses in the table, where

appropriate. With this proviso we see that for targets well off axis or with sufficient separation

between bearings, the second order approximations are good ones, while in other cases including the

fourth order term produces better estimates.

Table I1- Minimal (Two-point) Estimation of Fixed Target Position
Bearings taken from (0, 0, 0) and (d, 0, 0)

Sample values are from samples with N - 1000 and or 0.333 zurad
Sample values in parentheses refer to middle 98 % of scores

C C 2.1 order AM". 4tbordsr MMMo. -
X y d CE E(2) Var (X) E (X) Var (X) Jr s
25 5 0.16 807.5 0.27 28.6 9.5 30.2 14.0 29.4 (29.3) 43.4 (17.9)
25 5 0.64 198.1 0.07 25.2 2.3 25.2 2.4 25.2 2.4
50 5 0.64 779.1 0.26 56.7 18.3 59.4 26.4 64.1 (57.2) 183.4 (28.5)
50 5 1.28 384.5 0.13 51.6 9.1 51.8 10.2 52.1 (51.5) 16.3 (9.4)
50 10 0.64 401.3 0.13 51.8 9.4 52.0 10.7 52.4 11.3

150 40 10.64 1158.9 f0.05 150.3 3.7 150.3 1 3.8 50.2 13.8

In practice, of course, one does not expect to be restricted to two sets of bearings in estimating

the location of the target. Instead, a collection of sets of bearings would be available, the collection

being obtained in a sequential manner, with new pairs of bearings being added at regular intervals. A

method was sought to select pairs of sets of bearings and combine the resulting minimal estimates into
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a single effective rnge estimate, preferably a scheme that can be easily updated as new sets of bear-

ings are obtained. Examination of sampling distributons of minimal estimtors indicate that the sam-

ple median is a much better estimator of the true target location parameters than is the sample mean,

especially for small separations between the points from which the pair of bearings is taken. (That

the nk-Aian is a better esuamtaor than the mean also follows from the fact that the form of the estima-

tor of x is, effectively, x/(l + W) where W is normally distributed with mean 0. Since, on the

average, half of the W's in a sample are positive, and the other half negative, half of the estimates

will be less than x, and half will be larger. Thus the sample median is an unbiased estimator of x,

while the mean of x/(l + W) is approximately x(l + Var(W)).) The procedure chosen takes a

sequence of sets of bearings, forms minimal estimates of the target's x coordinate from each pair of

azimuth using formula (6), and then takes the median of this collection of minimal estimates to be

the estimate of x. Estimates of y, z, and the range are then obtained using this x estimate and the

initial line of sight. This procedure is still under investigation, particularly regarding the best choice

of pairs of points to be used, so results are still preliminary. Table A17 gives the results of using this

mehod in two familiar cases.

5. CONSTANT VELOCITY TARGETS

Conceptually, the methods for estimating the target motion parameters of a moving target are

the sa-e as those for a fixed target. 1he practical difference is that there are more parameters to be

estimated, just how many more depending on the target motion model selected. For instance, if a

constant velocity target is assumed, there are three velocity components to be estimated in addition to

truee location coordinates, while if a target with constant acceleration is assumed, there are yet

another three acceleration components to be estimated. Specifying that the target move along a partic-

ular type of parametric path, e.g. along the arc of a circle, requires estimating as many quantities as

are needed to completely specify the motion. The effects of having more parameters to estimate are
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that more complicated relationG exist between observer and target motions and the reliability of esti-

mators, that longer tracks must be obtained in order to estimate range and other quantities to specified

accuracies, and that the vagaries of non-linear estimatior procedures with their reliance on numerical

methods must be accepted.

In this section ittention will be restricted to constant velocity targets. Only one estimation

method will be examined in detail-leas. squares fitting of the constant velocity model to the observed

bearings. In this case, there are six quantities to estimate, the three target coordinates, x, y and z, as

well as its velocity components denoted by Vx, Vy and Vz.

Studies of alternative ranging methods are ongoing. Unfortunately, moviag targets do not

neessarily stay at the same altitude, so that the azimuth-only least squares method that works so well

for fixed targets is not applicable to moving targets in general. However, in many cases a distant tar-

get will not undergo significant changes in its altitude during the period of its observation, so that

imuda-bmed estimation prorcedures are currently being considered. Also, as in the fixed target case,

minimal closed-form estimates of target motion parameters are available, in this case requiring three

se of bearings to provide sufficient data to estimate the six target values. Collections of such esti-

mates may be combined to form a single improved value. Concurrent with present efforts in the

f•d target case, the emphasis of ongoing work in minimal estimation of moving target parameters is

on the optimal choice of sets of bearings to be combined for a single minimal estimate.

5.1 Lat Square Ratnge Esmation

A similar procedure is used as in the fixed target case, based on the differences between

observed and fitted bearings; the expression

S6 - [h(k) - Am-tan y+(k - I) Vy - y(k) ]$ k 1h + (k -1)Vx - x(k)

~~[P~)-Arcin [z (k - 1) Vz - z(k)]]Sr(k) (34)
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is lamlbdmi withrimpect to x,Y,z. VX, Vy, Vz,

where A2k) - (x + (k -I) Vx - x(k))2 + (y +(k -1) Vy - y(k))' + (z + (k - 1) Vz

- (k))9.

Once again the properties of the estimator wern studied by examining its performance under a

wide variety of simulated scenario, and again the standard deviation of the 100 range estimates

obtained for each chosen combination of observer and target parameters was used as the primary

m reof relisbiftr. In raning a constant veocity target, the observer cannot himself travel at

constant velocity, for tha, even in the abseace of any measurement erors, the obtained sequence of

Iearings does not yield a unique solution for the tnare parameters. This can be very easily seen by

Imagining two targt, each flin parale to the observer, the first target at half the range a&W speed

of the noon&. As lung as the observer maintains the sam velocity, theme targets will yield the same

noof be1arings- Cammequmatly, in all came examined we have assumed an accelerating observer,

and, Ihr do the acceleration is bald comaeat.

Figares 18 thwough 21 show the smawid deviation of range eadmame as a function of track

length for a vwaniy of combhminado of obs erve and target mdo- (also nee Tables AIS and A19).

In these figre track lwagfth begin at 15 (stil mummingl one sat of bearng per soeod) since for

,_ru F1ck theW d e~sso we. so pow do they prwoie w useM information. Figure 18 deals with

a qpt it~ is Inkhuhy in fvoat of the observer, whie Figs. 19, 20 and 21 examine an off-axis target.

Bww a cersaxy exainson of these graph reveals a greant deal more complexity when the target's

velac* y be eetlmnsd in addItion Io its range. The most apparent diffrence stat thed standard

dsyvo of ds range estimates does no ni mo `eo-cal dec Mreaseý with the length of the track. Indeed

therwe mfw cram *c rise in the sample standard deviation. In an effort to understand this

pbsoonpercentiles %wee obtained for range estmates from samples of size 1000 simulating a

target origioally at (50, 40, 1) nan with velocity < -.20, -.20, 0) nm/s being tracked by an observer
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witb acceleration <0. -.006, .006> nm/s2. Ten such percentile distributions were constructed, and

in each it was found tha there appear to be two distinct clusters of estimates, with approximately

15% of the rang estimates being nar 49 nm and the remainder scattered within a few nautical miles

of 65 am. The sample daua are listed in Table A20.

Figure 18 thrughl 21 are the usual graphs of sample standard deviations versus track lengths,

sad while they indicate irreularty in the estimation processt, they do nix explain its source. Figure

22, whMc as typical of whet can arise in non-Howea least smyaus estimation, providles some insight

lttheo do now of the irregularlties In Figs. 18 thoromugh 21. In Figure 22 the mean of the 100 esti-

maw is plamed as a Ammctin of track lengt, together with error bars corresponding to one sample

.iudd do lrklam. Here the mee range drifts away from, the tue range for a rather long interval of

trac leqahe. Tho a biess which can be amock lage than the sample standard devisawin and which

dinpeo oo ck leoot as wel as target and observer motion parameters, is introduced when target

velocity no also be esdmsoe& As in Table A20. there may be two (or more) well separated values

aroun which esdownm cluster this account for the uoustn~y large sampl standard deviations found

1w Meng track. Thu pmmommono is most liftly doue to the fact that in a non-linear estimation prob-

I=. in six dliseons, rahrdifferent combinmtiams of target location and velocity may yield very

similar sequences of bearings reltrive to the specified observer trajectory. Measurement errors then

tumul in random selection, according to some as yet Undetermined rules, of one of the possible

cheices.

Furthr aunalysis is being perfo Prme to gain a more thorough undertstading of the combined

effects of target location and velocity sand observer motion on the performanice of least squares estima-

tore, both in the cue of a constant velocity target and, in what promises to be much more compli-

cmtd, the siauation of an accelerating target. A final graph, Figure 23, compares the results when a

fixed taWe is known to be fixed, and so can be rnuged using the methods of section 4. versus when

it is not assumed to be stationa~ry, and so its lack of motion must be inferred from its bearings. This
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suggs that a comparative study of the ranging of slowly moving targeft by both methods might be

6. SUMMARY AND CONCLUSIONS

I11 perforance of variotu. ulro-air passive ranging tecnique has been examined as a fimn-

tiam of uarget location andi motiom, observer motion. and length of tback, hearings are obtained at

omp-mend Watmals and there ane indeendent Gausia errors in asimuth and altitude.

For Anxd targets, three range estimatin methods have been considered, each generally giving

accumi estimates of target location for track lengths of 30 seconds or less:

1) Lmau Squaso Range Eudmaution-This method provides accurate range estimates within a

AMee tracking time, but requires comutam il I P Complex software andi extensive computer processing

gSo cms but is mat directly adaptable to the moving target case.

3) Range Estimation 3usd am Minimal Estimator-This method uses only a small number of

bearst so tho a closed form solution for the target location can be found. Consequetly, range esti-

now ane not a accm t as in doe previous methods, but explicit informastion can be obtained on the

effect of target and observer parameters on the estimator statistics.

For moving targets, a track length of 60 seconds is typically required for good estimates of tar-

gIN location and velocity, and this figure is highly dependent on the observer/target geometry. Least

Squires Range Estimation has been investigated for the constant velocity target case. However, it
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was found that in some cases range estimates have a cluster point separate from that at the true range.

Further study will be required to develop a technique to resolve this ambiguity.
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APPWDIX

Table Al
Least Squares Estimates -of FJxed Target Position
100 Samples per Cell a - 0.333 mrad
Target Location: (50,50,2) Range - 70.74 nm

Constant Observer Velocity: <.16.0,0> nm/s
Time Between Bearings (sz

1 2 4 6 8
# of Bearings

2 83.63 73.09 70.94 71.84 71.21
61.80 12.65 5.23 3.62 2.71

3 73.26 70.68 70.66 70.85 70.74
12.31 5.41 2.45 1.73 1.23

4 71.67 70.86 70.98 70.69 70.62
6.76 3.23 1.57 1.19 0.83

5 70.81 70.76 70.93 70.76 70.69
4.75 2.23 1.23 0.88 0.54

6 70.52 70.70 70.70 70.74 70.71
3.45 1.65 0.81 0.57 0.41

8 70.87 70.74 70.66 70.70 70.73
1.96 0.97 0.55 0.32 0.27

9 70.71 70.77 70.71 70.7Y
1.85 0.90 0.42 0.32

10 70.99 70.79 70.75 70.77
1.59 0.71 0.39 0.24

12 70.73 70.79 70.74
1.17 0.59 0.26

15 70.67 70.73 70.71
0.96 0.34 0.20

16 70.88 7u.75
0.73 0.44

18 70.72 70.7b
0.60 0.31

20 70.69 70.73
0.52 0.26

24 70.73
0.37

25 70.71
-. 0.40

30 70.74
0.31

The upper entry in each cell is the sample mean, while the lower
entry is the sample standard deviation.
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Table A2

Least Squares Estimates of Fixed Target Position
100 Samples per Cell a - 0.333 mrad
Target Location: (50,40,2) Range - 64.06 nm

Initial Observer Velocity: <.16,0,0> nm/s
Observer Acoeleratiorn: <0,-.006,0> nm/s 2

Time Between Bearings-(-)
2 4 6 8

of Bearings
2 75.85 66.11 64.53 64.98 64.42

62.07 9.71 4.91 2.93 2.11

3 66.32 64.00 63.98 64.114 64.06
10.88 4.58 1.88 1.24 0.83

4 64.87 614.14 614.23 614.02 63.99
5.89 2.63 1.13 0.77 0.49

5 64.08 64.07 64.19 64.08 64.04
14.02 1.73 0.83 0.53 0.30

6 63.90 641.03 64.05 64.06 64.04
2.86 1.23 0.51 0.31 0.12

8 614.15 64.06 64.01 64.04 614.06
1.55 0.68 0.31 0.16 0.12

9 641.04 64.07 64.05 64.08
1.414 0.60 0.23 0.15

10 614.25 64.09 64.06 64.08
1.21 0.46 0.20 0.11

12 614.06 614.09 64.07
0.86 0.36 0.13

15 614.01 614.06 64.05

0.67 0.19 0.09

16 614.16 614.07
0.50 0.24

18 614.05 64.08
0.39 0.16

20 614.03 614.06
0.314 0.13

24 614.06
0.23

25 614.04
0.24

30 614.06
0.17

The upper entry in each cell is the sample mean, while the lower
entry is the sample standard deviation.
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TABLE A3

Least Squares Estimates of Fixed Target Position
100 Samples per Cell Various a

Target Location: (50,40,2) Range - 64.06 nm
Initial Observer Velocity: <.16,0,0> nm/s
Observer Acceleration: <0,-.006,0> nm/s 2

a - .1 mrad a - .333 •irad a - .666 mrad
# Points
on Traok x s x s 7 s

4 64.27 1.77 64.18 5.58 67.97 16.78
5 64.23 1.22 63.74 4.03 66.19 9.18
6 64.00 0.95 65.28 2.93 64.19 6.54
8 64.05 0.54 63.81 1,80 64.14 3.73
9 64.10 0.43 64.12 1.39 64.43 2.92

10 64.13 0.37 64.10 1.20 64.55 2.53
12 64.03 0.27 64.04 0.86 63.87 1.79
15 64.06 0.19 63.95 0.60 64.07 1.24
16 64.03 0.16 63.95 0.54 63.87 1.04
18 64.07 0.13 64.11 0.49 64.10 0.86
20 64.03 0.11 64.05 0.33 63.84 0.74
24 64.05 0.07 64.04 0.27 64.02 0.50
25 64.06 0.07 64.07 0.23 64.02 0.47
30 64.05 0.05 64.05 0.15 63.99 0.35
32 64.06 0.04 64.06 0.15 64.08 0.25
35 64.06 0.03 64.07 0.12 64.05 0.23
36 64.06 0.03 64.06 0.11 64.07 0.23
40 64.06 0.03 64.08 0.08 64.07 0.20
45 64.06 0".02 64.06 0.08 64.07 0.13
48 64.06 0.02 64.06 0.07. 64.07 0.12
50 64.06 0.02 64.06 0.06 64.08 0.12
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Table A4
Least Squares Estimates of Fixed Target Position

100 Samples per Cell Various a
Target Location: (50,10,2) Range - 51.03 nm

Constant Observer Velocity: <.16,0,0> nm/s

a - .1 mrad a - .333 mrad a - .666 mrad
F Points
on Track x s x 6 x s

4 51.65 3.50 55.57 16.03 186.7 799.7
5 51.18 2.56 52.53 8.86 57.88 23.03
6 51.12 1.85 51.90 6.99 56.42 29.67
8 50.99 1.28 51.11 •4.27 51.97 8.97
9 51.00 1.08 51.14 3.69 51.82 7.93

10 51.07 0.70 51.E4 2.40 51.68 5.07
12 51.10 0.57 51.30 1.93 51.74 4.00
15 50.97 0.46 50.87 1.52 50.82 3.08
16 51.12 0.41 51.35 1.39 51.74 2.83
18 51.00 0.35 50.96 1.16 50.94 2.33
20 51.03 0.28 51.05 0.95 51.11 1.90
24 51.07 0.22 51.17 0.72 51.33 1.44
25 51.03 0.19 51.05 0.65 51.08 1.30
30 51.04 0.16 51.08 0.52 51.15 1.04
32 51.01 0.13 50.98 0.44 50.93 0.89
35 51.03 0.12 51.014 0.41 51.05 0.81
36 51.02 0.13 51.00 0.42 50.98 0.85
410 51.03 0.09 51.014 0.29 51.05 0.58
145 51.041 0.08 51.07 0.25 51.12 0.50
148 51.03 0.06 51.04 0.20 51.05 0.39
50 51.03 0.07 51.02 0.22 51.01 0.44
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Table A5

Least Squares Estimates of Fixed Target Position
100 Samples per Cell Various a

Target Location: (50,40,2) Range - 64.06 nm
Constant Observer Velocity: <.16,0,0> nm/s

a * .1 mrad a - .333 mrad a - .666 mrad
# Points
on Track 3 x a x s

4 63.84 1.70 64.74 6.31 64.48 12.418
5 614.20 1.140 63.11 4.18 66.17 9.94
6 64.18 0.92 63.95 2.83 65.42 6.62
8 64.08 0.61 64.09 2.28 64.38 4.06
9 64.08 0.49 63.91 1.65 64.30 3.28

10 64.00 0.40 64.30 1.50 63.70 2.65
12 64.05 0.30 63.86 1.01 64.04 2.00
15 64.07 0*.24 64.16 0.79 64.17 1.60
16 64.11 0.22 64.06 0.66 64.42 1.46
18 64.05 0.16 64.02 0.59 64.01 1.09
20 64.05 0.16 64.12 0.54 64.02 1.03
24 64.06 0.13 64.03 0.35 64.08 0.86
25 64.08 0.10 64.02 0.39 64.17 0.69
30 64.06 0.08 64.08 0.29 64.05 0.52
32 64.06 0.06 64.07 0.22 64.05 0.43
35 64.06 0.06 64.04 0.22 64.08 0.41

•36 64.05 0.06 64.05 0.21 64.00 0.38
40 64.06 0.05 64.08 0.16 64.04 0.33
45 64.06 0.04 64.06 0.14 64.03 0.29
48 64.06 0.04 64.06, 0.13 64.05 0.23
50 64.07 0.03 64.06 0.11 64.09 0.22
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Table A6

Least Squares Estimates of Fixed Target Position
100 Samples per Coll Various a

Target Looation: (50,10,2) Range - 51.03 nm
Initial Observer Velocity: <.16,0,0> nm/s
Observer Acceleration: <0,-.006,0> nm/as

a - .1 mrad a - .333 urad o - .666 mrad
# Points
on Track x 3 s x s

4 51.117 3.02 51.27 10.87 106.0 379.1
5 50.86 1.75 52.46 6.11 52.58 15.96
6 51.06 1.311 51.30 4.89 52.77 10.67
8 50.95 0.71 51.10 2.116 50.91 11.86
9 51.12 0.57 51.13 2.15 51.91 3.90

10 51.07 0.48 50.99 1.37 51.44 3.19
12 51.00 0.33 51.15 1.08 50.92 2.23
15 51.00 0.21 51.08 0.61 50.84 1.40
16 51.05 0.18 51.06 0.62 51.20 1.18
13 51.03 0.13 51.014 0.46 51.041 0.86
20 51.02 0.10 51.02 0.32 50.97 0.68
211 51.03 0.06 51.06 0.23 51.02 0.43
25 51.02 0.06 51.04 0.19 51.00 0.42
30 51.03 0.01 51.3 0.111 51.011 0.29
32 51.03 0.03 51.05 0.12 51.06 0.22
35 51.03 0.03 51.03 0.09 51.03 0.20
36 51.03 0.03 51.03 0.09 51.03 0.17
40 51.03 0.02 51.03 0.06 51.02 0.111
45- 51.03 0.01 51.0o 0.05 51.02 0.09
118 51.03 0.01 -51.03 0.011 51.02 0.10
50 51.03 0.01 51.03 0.04 51.03 0.07
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Table A7

Least Squares Estimates of Fixed Target Positton
100 Samples per Coll a - 0.333 mrad

Constant Observer Veloolty: <.16,0,0> nm/s

T-(20,16,2) T-(30,24.2) T-(40,32,2) T-(50,480,2)
0 Points R - 25.69 R - 38.17 R - 51.26 R - 64.06
on Track x s a x s 3 34 25.83 0.99 38.77 2.10 51.40 3.75 63.72 5.76

5 25.63 0.63 38.55 1.54 51 .75 2.89 64.76 4.72
6 25.70 0.52 38.53 1.10 51.18 2.26 6..58 3.158 25.65 0.31 38.44, 0.77 51.26 1.34 64.15 2.02
9 25.74 0.26 38.145 0.66 51.39 1.08 64.14 1.62

10 25.71 0.23 38.49 0.43 51.413 0.96 63.86 1.33
12 25.68 0.17 38.52 0.34 51 .18 0.72 64.04 i.0015 25.67 0.12 38.1844 0.27 51.26 0.52 61.11 0.80
16 25.71 0.11 38.53 0.25 51 .18 0.18 611.23 0.73
18 25.69 0.08 38.15 0.21 51.28 0.38 64.03 0.55
20 25.68 0.07 38.47 0.17 51 .16 0.33 64.04 0.52
211 25.69 0.05 38.50 0.13 51.24 0.24 61.07 0.43
25 25.69 0.05 38.47 0.12 51.211 0.23 614.12 0.35
30 25.69 0.0O1 38.18 0.10 51.23 0.18 61.06 0.26
32 25.70 0.03 38.146 0.08 51.28 0.13 64.06 0.21
35 25.69 0.03 38.47 0.07 51.26 0.12 61.07 0.21
36 25.69 0.03 38.47 0.08 51.26 0.12 64.03 0.19
40 25.69 0.02 38.417 0.05 51 .27 0.11 611.05 0.1745 25.69 0.02 38.48 0.05 51.27 0.08 61.05 0.1518 25.69 0.02 38.47 0.04 51 .27 0.07 64.06 0.12
50 25.69 0.01 38.417 0.04 51.27 0.07 618.08 0.11

T- (60,418,2) T-(80.64.2) T-(100,80,2) T-(120,96,2)
# Points R-- 76.86 R - 102.47 R - 128.08 R - 153.69
on Track x 3 x 5 s 3 a4 78.00 9.21 100.96 17.23 128.57 21.88 159.52 11.31

5 76.97 6.041 103.70 11.24 132.02 17.11 1511.62 29.96
6 76.73 4.08 101.03 8.42 129.21 11.71 163.26 20.83
8 76.93 3.30 102.10 5.26 128.115 8.43 152.62 12.15
9 76.66 2.38 103.06 1.28 128.60 7.95 154.37 9.72

10 77.22 2.18 102.6b 3.83 128.041 18.91 154.26 8.62
172 76.58 1.46 102.67 2.93 128.70 11.59 153.63 6.22
15 77.00 1.15 102.58 2.17 128.30 2.99 152.90 4.62
16 76.85 0.95 102.58 1.93 128.22 3.20 152.85 4.29
18 76.81 0.86 102.112 1.413 128.13 2.417 1541.11• 4.05
20 76.95 0.78 102.113 1.31 128.06 1.96 153.62 2.82
24 76.81 0.52 102.63 1.03 128.31 1.57 153.56 2.42
25 76.81 0.57 102.115 0.97 128.16 1.30 153.75 2.18
30 76.89 0.42 102.411 0.72 128.29 1.12 153.57 1.57
32 76.87 0.32 102.47 0.64 128.23 0.98 153.68 1.48
35 76.83 0.32 102.57 0.52 128.11 0.91 153.79 1.27
36 76.81 0.31 102.418 0.62 128.13 0.85 153.67 1.1940 76.88 0.24 102.50 0.42 128.05 0.61 153.86 0.92
45 76.87 0.21 102.48 0.39 128.21 0.63 153.71 0.92
48 76.86 0.19 102.47 0.34 128.14 0.53 153.66 0.81
50 76.86 0.17 102.49 0.29 128.12 0.52 153.68 0.68
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Table A8

Least Squares Estimates of Fixed Target Position
100 Samples per Cell q - 0.333 mrad

Initial Observer Velocity: <.16,0,0> nm/s
Observer Acoeleration: <.006,0,0> nm/s 1

T-(20,16,2) T-(30,24,2) T-(40,32,2) T-(50,40,2)
R - 25.69 R - 38.-7 R - 51.26 R - 64.06

0 Points
on Track 3 s 3 x a

4 25.82 0.94 38.75 1 .98 51.37 3.52 63.72 5.42
5 25.64 0.59 38.54 1.44 51.72 2.67 64.66 4.39
6 25.69 0.48 38.52 1.00 51.17 2.06 64.52 2.86
8 25.66 0.27 38.44 0.68 51.25 1.18 64.14 1.78
9 25.73 0.23 38.45 0.57 51.36 0.94 64.13 1.42

10 25.71 0.20 38.49 0.36 51 .40 0.81 63.87 1.14
12 25.68 0.14 38.51 0.28 51.19 0.59 64.04 0.82
15 25.68 0.10 38.45 0.21 51.26 0.40 64.10 0.63
16 25.70 0.08 38.46 0.19 51.20 0.34 64.19 0.56
18 25.69 0.06 38.47 0.16 51.27 0.28 64.04 0.41
20 25.69 0.05 38.49 0.12 51.19 0.24 64.04 0.37
24 25.69 0.03 38.47 0.09 51.25 0.16 64.07 0.29
25 25.69 0.03 38.48 0.08 51.25 0.15 64.10 0.2330 25.69 0.02 38.47 0.06 51.24 0.11 64.06 0.16
32 25.69 0.02 38.47 0.05 51.27 0.08 64.06 0.13
35 25.69 0.02 38.47 0.04 51.26 0.07 64.07 0.1236 25.69 0.01 38.47 0.04 51.26 0.07 64.04 0.11
40 25.69 0.01 38.47 0.03 51 .27 0.06 64.06 0.09
45 25.69 0.01 38.47 0.02 51.26 0.04 64.06 0.07
48 25.69 0.01 38.47 0.02 51.27 0.03 64.06 0.06
50 25.69 0.00 38.47 0.02 51.27 0.03 64.07 0.05

T.(60,48,2) T-(80.64.2) T-(100.80,2) T-(120.96.2)
# Points R - 76.86 R - 102.47 R- 128.08 R_- 153.69
on Track ax S x a x S

4 77.92. 8.69 100.94 16.41 128.62 25.21 159.01 38.09
5 76.92 5.61 103.51 10.38 131.57 15.69 154.26 26.74
6 77.74 3.73 103.76 7.86 128.89 13.20 162.40 18.83
8 76.91 2.90 102.09 4.62 128.35 7.46 152.59 10.66
9 76.67 2.06 102.97 3.71 128.48 6.84 154.24 8.41

10 77.17 1.85 102.62 3.23 128.02 4.26 154.10 7.31
12 76.63 1.20 102.63 2.41 128.55 3.76 153.64 5.18
15 76.97 0.90 102.55 1.72 128.26 2.35 153.04 3.64
16 76.85 0.74 102.54 1.50 128.19 2.48 153.03 3.32
18 76.82 0.65 102.44 1.08 128.12 1.87 154.02 3.01
20 76.93 0.57 102.44 0.99 128.05 1.42 153.62 2.06
24 76.82 0.35 102.57 0.71 128.23 1.08 153.58 1.67
25 76.83 0.38 102.45 0.66 128.13 0.89 153.71 1.45
30 76.88 0.26 102.43 0.45 128.21 0.72 153.60 0.97
32 76.86 0.19 102.46 0.39 128.18 0.61 153.68 0.92
35 76.84 0.18 102.53 0.30 128.09 0.53 153.7-4 0.76
36 76.85 0.18 102.48 0.36 128.11 0.49 153.67 0.70
40 76.88 0.13 102.49 0.24 128.07 0.33 153.78 0.50
45 76.86 0.10 102.48 0.20 128.15 0.32 153.69 0.47
48 76.86 0.09 102.48 0.17 128.11 0.26 153.67 0.41
50 76.86 0.08 102.47 0.14 128.09 0.25 153.68 0.34
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Table A9

Least Squares Estimates of Fixed Target Position
100 Samples per Cell a a 0.333 mrad

Constant Observer Velocity: (.16,0,0> nm/s

Tw(20,4,2) T-(30.6,2) T-(40,8,2) T-(50,10,2)
R- 20.49 R - 30.66 R * 40.8: R - 40.03

0 Points
an Track 3 3 3

S20.85 1.84 31.73 4.34 41.72 7.79 52.43 14.69
5 20.40 1.14 30.95 2.98 42.29 5.42 53.64 10.34
6 20.57 0.93 30.82 2.21 40.88 4.60 52.39 6.59
8 20.45 0.52 30.64 1.46 40.95 2.59 51.49 3.94
9 20.58 0.47 30.68 1.22 41.13 2.13 51.19 3.14

10 20.51 0.44 30.72 0.80 41.23 1.86 50.68 2.64
12 20.48 0.30 30.73 0.65 40.69 1.35 50.97 1.90
.5 20.47 0.22 30.59 0.51 40.88 0.96 51.14 1.54
16 20.52 0.19 30.75 0.46 40.72 0.84 51.38 1.40
18 20.49 0.15 30.63 0.38 40.86 0.69 51.00 1.04
20 20.48 0.12 30.66 0.30 40.67 0.61 51.02 1.00
24 20.50 0.08 30.70 0.24 40.80 0.44 51.06 0.83
25 20.49 0.08 30.66 0.21 40.80 0.42 51.14 0.66
30 20.50 0.06 30.68 0.16 40.78 0.32 51.01 0.48
32 20.50 0.04 30.64 0.14 40.87 0.24 51.02 0.41
35 20.49 0.04 30.66 0.13 40.83 0.23 51.04 0.38
36 20.49 0.04 30.65 0.13 40.83 0.22 50.97 0.314
40 20.49 0.03 30.66 0.09 40.85 0.19 51.01 0.31
45 20.49 0.02 30.67 0.07 40.85 0.14 51.00 0.26
48 20.49 0.02 30.66 0.06 40.85 0.12 51.02 0.22
50 20.49 0.02 30.66 0.06 40.86 Z.12 51.o6 0.20

T-(60,12,2) T-(80,16,2) T-(100.20.2) T-(120,24,2)
R - 61.22 R - 81.61 R - 102.00 R - 122o39

0 Points
on Track X 3 X 3 x s s

4 67.16 22.79 114.11 228.2 139.77 214.9 275.42 825.5
5 63.25 14.24 90.03 30.21 120.45 53.90 164.73 232.6
6 61.76 8.41 87.36 20.08 112.51 50.76 157.78 71.48
8 61.85 7.10 81.91 11.84 104.50 17.73 123.10 24.89
9 60.93 4.61 83.36 8.78 104.73 18.15 125.84 21.23

10 62.08 4.56 82.36 8.29 102.57 10.11 125.09 18.37
12 60.72 2.86 82.29 5.85 103.77 9.49 123.08 12.99
15 61.54 2.28 82.00 4.35 102.68 6.02 121.22 9.14
16 61.25 1.94 81.96 3.82 102.56 6.54 121.17 8.56
18 61.13 1.70 81.55 2.91 102.28 4.95 123.65 8.13
20 61.41 1.53 81.59 2.61 102.08 3.80 122.39 5.63
24 61.12 0.98 81.95 2.05 102.46 3.14 122.22 4.84
25 61.11 1.08 81.64 1.89 102.19 2.58 122.62 4.30
30 61.27 0.80 81.48 1.43 102.41 2.19 122.25 3.09
32 61.23 0.62 81.60 1.24 102.29 1.92 122.44 2.91
35 61.16 0.59 81.82 1.01 102.10 1.77 122.66 2.46
36 61.18 0.58 81.66 1.20 102.11 1.65 122.37 2.35
40 61.26 0.45 81.67 0.83 101.96 1.18 122.76 1.81
45 61.23 0.38 81.65 0.73 102.26 1.21 122.43 1.81
48 61.22 0.34 81.62 0.64 102.14 1.03 122.33 1.57
50 61.21 0.31 81.64 0.56 102.07 0.99 122.38 1.314
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Table AIO

Least Squares Estimates of Fixed Target Position
100 Samples per Cell a - 0.333 rard

Initial Obeerver Velooity: <.1690.0> nm/s
Observer Aoceleration: <.006,0,0> nm/s 3

T-(20.4.2) T-(30,6,2) T-(40,8,2) T-(50,10,2)

0 Points R - 20.49 R - 30.66 R 40.84 R_- 40.03
on Traok 3 s X 5 x s x s

4 20.82 1.72 31.64 4.06 41.59 7.26 52.18 13.67
5 20.40 1.05 30.91 2.77 42.18 5.42 53.22 9.42
6 20.56 0.85 30.80 2.01 40.84 4.17 52.19 5.94
8 20.46 0.46 30.65 1.29 40.91 2.26 51.40 3.46
9 20.57 0.40 30.67 1.04 41.07 1.83 51.16 2.73

10 20.51 0.37 30.70 0.67 41.16 1.57 50.69 2.25
12 20.48 0.25 30.71 0.53 40.71 1.11 50.97 1.55
15 20.47 0.16 30.61 0.39 40.87 0.75 51.11 1.20
16 20.51 0.14 30.73 0.35 40.T4 0.64 51.28 1.07
18 20.49 0.10 30.64 0.28 40.84 0.50 51.00 0.78
20 20.49 0.08 30.66 0.21 40.73 0.43 51.01 0.71
24 20.50 0.05 30.68 0.16 40.81 0.29 51.05 0.55
25 20.49 0.05 30.66 0.13 40.81 0.27 51.10 0.43
30 20.50 0.03 30.67 0.09 40.81 0.19 51.01 0.28
32 20.50 0.02 30.65 0.07 40.85 0.13 51.02 0.24
35 20.49 0.02 30.66 0.06 40.84 0.12 51.04 0.21
36 20.49 0.02 30.65 0.06 40.84 0.11 51.00 0.18
40 20.49 0.01 30.66 0.04 40.84 0.09 51.02 0.15
45 20.49 0.01 30.66 0.03 40.84 0.06 51.02 0.12
48 20.49 0.00 30.66 0.02 40.84 0.05 51.02 0.09
50 20.49 0.00 30.66 0.02 40.85 0.05 51.04 0.08

T-(60,12,2) T-(80.16.2) T-(100.20,2) T-(120,24,2)
0 Points R_- 61.22 R - 81.61 R - 102.00 R - 122.39
on Traoc x s x s x s x s

4 66.41 20.54 138.64 419.9 145.12 313.4 317.74 *
5 62.80 12.78 88.74 26.72 117.43 44.81 150.68 148.8
6 61.65 7.60 86.63 17.96 109.83 39.41 150.72 55.97
8 61.68 6.08 81.63 10.02 103.82 15.25 122.38 21.42
9 60.92 3.96 83.02 7.54 104.04 15.14 125.08 18.06

10 61.92 3.81 82.11 6.88 102.34 8.67 124.37 15.27
12 60.81 2.37 82.13 4.78 103.28 7.71 122.84 10.66
15 61.46 1.76 81.89 3.40 102.49 4.67 121.32 7.15
16 61.24 1.49 81.84 2.93 102.39 4.97 121.38 6.58
18 61.15 1.27 81.56 2.18 102.17 3.71 123.23 6.00
20 61.36 1.10 81.57 1.92 102.02 2.73 122.36 4.09
24 61.14 0.66 81.82 1.38 102.29 2.14 122.23 3.28
25 61.15 0.72 81.61 1.27 102.12 1.75 122.50 2.82
30 61.24 0.49 81.53 0.88 102.26 1.37 122.26 1.88
32 61.22 0.37 81.60 0.74 102.19 1.17 122.41 1.77
35 61.18 0.32 81.72 0.57 102.04 1.00 122.51 1.44
36 61.z0 0.32 81.64 0.67 102.06 0.92 122.36 1.35
40 61.25 0.23 81.65 0.45 101.99 0.63 122.59 0.97
45 61.23 0.18 81.62 0.36' 102.13 0.58 122.39 0.90
48 61.22 0.15 81.62 0.30 102.06 0.49 122.36 0.77
50 61.22 0.13 81.61 0.25 102.02 0.45 122.39 0.65
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Table Al I

Least Squares Estimates of Fixed Target Position
100 Samples per Cell a - .333 mrad

Initial Observer Velocity: <.16.0,0>
Observer Acceleration: <0,-.006.0>

T-(20,4,2) T-(30,6,2) T-(40.8.2) T-(50,10.2)
0 Poilta R - 20.49 R_- 30.66 R- 40.84 R_- 40.03
on Track x s z s x s x 3

4 20.74 1.50 31.38 3.34 41.37 5.97 51.50 10.28
5 20.40 0.86 30.84 2.21 41.82 4.19 52.36 7.22
6 20.53 0.67 30.75 1.50 40.77 3.09 51.81 4.31
8 20.46 0.31 30.65 0.90 40.84 1.59 51.21 2.39
9 20.54 0.28 30.65 0.72 40.96 1.22 51.15 1.85

10 20.51 0.24 30.68 0.44 41.04 1.02 50.78 1.46
12 20.48 0.16 30.70 0.33 40.75 0.68 51.00 0.95
15 20.48 0.10 30.63 0.23 40.84 0.43 51.08 0.67
16 20.50 0.08 30.70 0.20 40.77 0.36 51.15 0.59
18 20.49 0.06 30.65 0.16 40.85 0.27 51.01 0.42
20 20.49 0.05 30.66 0.11 40.78 0.23 51.01 0.36
24 20.49 0.03 30.67 0.08 40.83 0.14 51.04 0.26
25 20.49 0.03 30.66 0.07 40.83 0.13 51.06 0.20
30 20.49 0.02 30.67 0.05 40.82 0.09 51.02 0.13
32 20.50 0.01 30.66 0.04 40.85 0.06 51.03 0.11
35 20.49 0.01 30.66 0.03 40.84 0.06 51.03 0.09
36 20.49 0.01 30.66 0.03 40.84 0.05 51.01 0.08
40 20.49 0.01 30.66 0.02 40.84 0.04 51.03 0.06
45 20.49 0.01 30.66 0.02 40.84 0.03 51.02 0.05
48 20.49 0.01 30.66 0.01 40.84 0.02 51.03 0.04
50 20.49 0.00 30.66 0.01 40.84 0.02 51.03 0.04

T,(60.12,2) T-(80.16.2) T-(100,20.2) T-(120,24,2)
# Points R - 61.22 R - 81.61 R- 102.00 R - 122.39
o n T r a• k x 3 a 5 5 3 5

4 64.68 15.93 90.41 78.83 130.47 230.0 214.16 644.3
5 61.90 9.40 85.28 18.25 111.74 30.19 138.15 119.8
6 61.30 5.54 84.55 12.28 105.27 22.72 139.72 33.28
8 61.39 4.01 81.37 6.48 102.79 10.22 121.63 14.31
9 60.98 2.65 82.37 4.92 102.80 9.24 123.70 11.24

10 61.64 2.35 81.80 4.14 101.98 5.58 123.12 9.25
12 60.96 1.42 81.86 2.82 102.59 4.50 122.46 6.25
15 61.34 0.96 81.72 1.87 102.24 2.53 121.69 3.90
16 61.21 0.79 81.70 1.58 102.16 2.63 121.75 3.50
18 61.18 0.67 81.59 1.11 102.05 1.91 122.73 3.00
20 61.29 0.55 81.57 0.97 101.97 1.35 122.34 1.99
24 61.18 0.32 81.70 0.64 102.13 0.98 122.30 1.50
25 61.19 0.34 81.59 0.59 102.04 0.80 122.41 1.25
30 61.23 0.22 81.58 0.37 102.11 0.60 122.31 0.78
32 61.22 0.16 81.61 0.32 102.09 0.50 122.39 0.75
35 61.20 0.14 81.65 0.24 102.01 0.41 122.43 0.59
36 61.x1 0.14 81.62 0.28 102.03 0.38 122.37 0.54
40 61.23 0.10 81.63 0.18 102.00 0.25 122.46 0.38
45 61.22 0.08 81.61 0.15 102.05 0.23 122.39 0.34
48 61.22 0.07 81.61 0.12 102.02 0.19 '22.38 0.30
50 61.22 0.06 81.61 0.10 102.01 0.17 122.39 0.24
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Table A12

Least Squares Estimates of Fixed Target Position
100 Samples per Cell * - 0.333 mrad

Target Range a 40 na Various Direotions
Constant Observer Velocity: <.16,0,0) na/s

T-(28.3,28.3,2) T-<30.6,25.7,2> T-<34.6,20.0,2> T-(37.5,13.7,2>
0 PoLntx
on Traok x a x a a 3

3 39.91 1.42 40.07 1.81 39.99 2.26 40.38 3.10
a '$0.111 0.71 10.08 O.7T 39.99 1.07 40.16 1.56

10 4$0.02 0.4$8 39.99 0.57 39.96 0.76 40.06 1.07
12 39.96 0.37 110.02 0.416 '$0.01 0.52 39.90 0.73
15 4$0.02 0.26 4$0.02 0.32 4$0.01 0.39 39.99 0.51
18 110.02 0.22 4$0.05 0.25 110.01 0.25 39.99 0.39
20 110.00 0.18 4$0.01 0.17 4$0.02 0.21 39.98 0.33
25 39.99 0.11 39.99 0.1'$ 4$0.02 0.17 4$o.00 0.26
30 110.00 0.09 4$0.00 0.10 39.99 0.13 39.98 0.16
35 '$0.01 0.07 '$0.00 o.07 39.99 0.10 4$0.02 0.12
110 110.00 0.05 110.00 0.06 39.98 0.08 39.99 0.10
'$5 4$0.00 0.011 110.00 0.05 39.99 0.06 '$0.00 0.09
50 39.99 0.011 '$0.00 0.011 4.0.00 0.05 4,0.00 0.07

T-(38.6,10.3,2) T-<39.3, 6.9,2> T-<39.8, 3.5,2>
f PoLnts
an Track i a S K S

5 110.13 4$.30 4$0.22 6.4T7 4$1.4411 12.56
8 110.05 1.98 4$0.541 2.97 4$0.29 11.4$0

10 '$0.29 1.28 39.68 1.73 4$0.13 3.35
12 110.05 1.02 39.88 1.29 4$0.17 2.53
15 39.99 0.65 '$0.03 0.91 410.24$ 1.814
18 '$0.01 0.58 '$0.11 0.T2 39.914 1.32
20 '$0.01 0.412 39.93 0.71 4$0.21 1.09
25 39.99 0.30 39.99 0.'$1 39.96 0.T7
30 39.96 0.21 4$0.02 0.33 40.09 0.55
35 4$0.03 0.18 39.96 0.21 39.93 0.39
'$0 110.01 0.12 '$0.00 0.21 '$0.01 0.35
'$5 39.99 0.12 '$0.00 0.1T 39.99 0.30
50 '$0.02 0.09 39.98 0.12 4$0.02 0.23
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Table A13.

Least Squares istimates of Fixed Target Position
100 Samples per Cell o - 0.333 mrad

Target Range - 4O nf Various Directions
Initial Observer VelooLty: (.16,0,0> ns/s
Observer Aoceleration: <0,-.006,0> nM/si

Ta(28.3,28.3,2) T-<30.6,25.7,2> T-<31.6,20.0,2> T-<37.5,13.7,2>
# Points
on Traok • a 3 a x a x a

5 40 28 1.31 39.98 1.41 10.45 1.56 40.1f 2.28
a 40.18 0.53 40.04 0.69 39.93 0.71 39.92 0.96

10 39.94 0.40 39.89 0.47 39.97 0.51 39.96 0.75
12 10.05 0.28 40.00 0.29 40.07 0.36 40.00 0.48
15 40.05 0.21 39.99 0.21 10.00 0.23 40.00 0.31
18 39.98 0.14 10.00 0.16 39.99 0.19 39.99 0.19
20 10.01 0.12 39.97 0.13 39.98 0.14 39.98 0.17
25 10.01 0.09 39.99 0.09 39.99 0.10 40.02 0.11
30 10.01 0.05 39.99 0.06 10.00 0.06 40.01 0.06
35 10.00 0.05 39.99 0.01 10.01 0.05 40.00 0.05
10 10.00 0.03 10.00 0.04 10.00 0.01 40.00 0.03
15 40.00 0.03 39.99 0.03 40.00 0.03 40.00 0.03
50 40.00 0.02 40.00 0.02 10.00 0.02 40.00 0.02

T-(38.6,10.3,2) T-<39.3, 6.9,2> T-<39.8, 3.5,2>
f Points
on Traok a x a 3 a

5 10.14 3.10 41.04 1.88 40.10 6.01
8 39.79 1.34 40.12 1.61 40.59 2.37

10 39.93 0.80 39.91 0.98 40.10 1.24
12 39.95 0.52 39.99 0.73 39.92 0.87
15 39.96 0.37 40.00 0.43 10.03 0.51
18 39.98 0.25 39.99 0.26 40.02 0.36
20 10.01 0.19 10.00 0.21 39.99 0.21
25 10.01 0.12 39.99 0.141 40.02 0.13
30 10.00 0.08 10.01 0.07 10.00 0.09
35 39.99 0.05 39.99 0.06 10.00 0.06
10 10.00 0.05 40.00 0.03 10.00 0.04
15 40.00 0.03 39.99 0.03 10.00 0.03
50 10.00 0.02 10.00 0.02 10.00 0.03
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Table A14

Least Squares Estimates of Fixed Target Position
100 Samples per Cell a - 0.333 mrad
iarzet Location: (50,40,2) Range - 64.06 nm

"Initial Observer Velocity: <.16.0,0> nm/s

a-<.006,0,0> P-<O,0,0> a-<O,.006,0> a-10,-.006,0>* Points
on Track 7 s x s 7 s x s4 64.32 5.58 64.74 6.31 63.12 6.87 64.18 5.58

5 64.82 4.24 64.11 4.18 64.48 4.71 63.74 4.03
6 63.97 3.26 63.95 2.83 64.63 3.83 65.25 2.93
8 64.05 1.87 64.09 2.28 63.86 2.43 63.81 1.80
9 64.22 1.48 63.91 1.65 64.33 2.01 64.12 1.39

10 64.29 1.29 64.30 1.50 64.15 1.87 64.10 1.20
12 63.95 0.93 63.86 1.01 64.15 1.51 64.04 0,86
15 64.06 0.64 64.16 0.79 64.12 1.21 63.95 0.60
16 63.96 0.54 64.06 0.66 64.13 1.12 63.95 0.54
18 64.08 0.44 64.02 0.59 64.01 0.88 64.11 0.49
20 63.95 0.38 64.12 0.54 64.05 0.85 64.05 0.33
24 64.04 0.26 64.03 0.35 64.19 0.78 64.04 0.27
25 64.04 0.24 64.02 0.39 64.09 0.75 64.07 0.23
30 64.03 0.17 64.08 0.29 63.98 0.72 64.05 0.15
32 64.07 0.13 64.07 0.22 64.05 0.69 64.06 0.15
35 64.06 0.11 64.04 0.22 64.18 0.66 64.07 0.12
36 64.06 0.11 64.05 0.21 64.08 0.69 64.06 0.11
40 64.07 0.09 64.08 0.16 63.95 0.60 64.08 O.O8
45 64.06 0.06 64.06 0.14 64.10 0.52 64.06 0.08
48 64.07 0.05 64.06 0.13 64.01 0.40 64.06 0.07
50 64.07 0.05 64.06 0.11 64.08 0.30 64.06 0.06
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Table A15

Least Squares Estimates of Fixed Target Position
100 Samples per Cell a - 0.333 mrad
Target Location: (50,10,2) Range - 51.03 run

Initial Observer Velocity: <.16,0,0> nm/s

a-<.006,0,O> a-<0,0,0> a-<0,.006,0> a-<O,-.O06,O>
# Points
on Track x s s s 7 s x s

4 56.52 23.67 55.57 16.03 56.92 35.39 51.27 10.87
5 51.20 8.09 52.53 8.86 57.59 18.41 52.46 6.11
6 51.77 6.48 51.90 6.99 54.29 12.98 51.30 4.89
8 50.82 3.42 51.11 4.27 53.92 12.09 51.10 2.15
9 51.68 2.93 51.14 3.69 50.85 8.21 51.13 2.15

10 51.30 2.56 51.24 2.40 52.64 10.01 50.99 1.37
12 50.95 1.82 51.30 1.93 51.19 5.91 51.15 1.08
15 50.88 1.26 50.87 1.52 50.86 3.21 51.08 0.61
16 51.21 1.09 51.35 1.39 51.03 2.38 51.06 0.62
18 51.04 0.82 50.96 1.16 51.21 1.59 51.04 0.46
20 50.96 0.66 51.05 0.95 51.16 1.06 51.02 0.32
24 51.03 0.43 51.17 0.72 51.01 0.61 51.06 0.23
25 51.00 0.45 51.05 0.65 50.99 0.46 51.04 0.19
30 51.04 0.32 51.08 0.52 51.05 0.24 51.05 0.14
32 51.06 0.23 50.98 0.44 51.014 0.20 51.05 0.12
35 51.03 0.22 51.04 0.41 51.02 0.16 F .03 0.09
36 51.02 0.19 51.00 0.42 51.05 0.14 51.03 0.09
40 51.02 0.15 51.04 0.29 51.03 0.10 51.03 0.06
45 51.02 0.10 51.07 0.25 51.04 0.08 51.04 0.05
48 51.02 0.10 51.04 0.20 51.03 0.06 51.03 0.04
50 51.02 0.07 51.02 0.22 51.02 0.05 51.03 0.04
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TABLE A16

Azimuth Only Least Squares Estimates of Fixed Target Position
100 Samples per Cell a - 0.333 mrad

Constant Observer Velocity: <.16,0.0> nm/s

T-(20,16,2) T-(30,24,2) T-(40,32,2) T-(50,40,2)
# Points R - 25.69 R - 38.47 R - 51.26 R - 64.06
on Track 3 s x s x s 7 s

4 25.70 1.00 38.55 2.15 50.69 3.58 62.59 5.47
5 25.59 0.65 38.54 1.54 51.35 2.92 64.06 4.69
6 25.65 0.53 38.39 1.09 50.89 2.24 63.85 3.02
8 25.63 0.31 38.36 0.76 51.06 1.38 63.73 2.02
9 25.72 0.26 38.38 0.66 51.21 i.08 63.85 1.63

10 25.70 0.23 38.44 0.43 51.30 0.96 63.58 1.28
12 25.65 0.17 38.48 0.35 51.09 0.71 63.87 0.99
15 25.67 0.12 38.42 0.27 51.20 0.52 63.99 0.80
16 25.70 0.11 38.51 0.25 51.13 0.45 64.12 0.73
18 25.68 0.08 38.44 0.22 51.24 0.38 63.95 0.54
20 25.68 0.07 38.46 0.18 51.13 0.33 63.96 0.52
24 25.69 0.05 38.49 0.13 51.22 0.24 64.02 0.43
25 25.68 0.05 38.46 0.12 51.22 0.22 64.07 0.35
30 25.69 0.04 38.47 0.10 51.21 0.18 64.03 0.26
32 25.69 0.03 38.46 0.08 51.26 0.13 64.03 0.21
35 25.69 0.03 38.47 0.07 51.25 0.12 64.05 0.21
36 25.69 0.03 38.46 0.08 51.26 0.12 64.01 0.19
40 25.69 0.02 38.47 0.05 51.26 0.11 64.04 0.17
"45 25.69 0.02 38.48 0.05 51.26 0.08 64.03 0.15
48 25.69 0.02 38.47 0.04 51.27 0.07 64.05 0.12
50 25.69 0.01 38.47 0.04 51.27 0.07 64.07 0.11

T-(60,48.2) T-(80,64,2) T-(100,80.2) T-(120.96,2)
# Points Ru- 76.86 R - 102.47 R - 128.08 R_- 153.69
on Track X s x s x s x s

4 76.51 8.70 96.90 15.80 120.07 21.27 145.50 37.44
5 75.49 5.70 100.89 10.89 125.27 16.16 143.75 23.39
6 75.76 4.15 101.71 8.42 124.04 13.60 153.66 19.79
8 76.24 3.21 100.42 5.10 125.58 8.04 147.52 11.36
9 76.11 2.40 101.98 4.33 126.07 .7.98 150.42 9.66

10 76.83 2.16 101.79 3.73 126.05 5.06 150.46 8.79
12 76.27 1.43 102.00 2.90 127.30 4.50 151.05 6.18
15 76.80 1.16 102.10 2.18 127.34 3.03 151.22 4.47
16 76.66 0.95 102.11 1.95 127.39 3.21 151.29 4.20
18 76.66 0.85 102.08 1.41 127.49 2.41 152.98 4.04
20 76.84 0.78 102.13 1.33 127.45 1.95 152.62 2.80
24 76.73 0.51 102.42 1.03 127.93 1.58 152.88 2.44
25 76.73 0.57 102.26 0.98 127.78 1.28 153.07 2.24
30 76.84 0.42 102.29 0.72 128.05 1.12 153.15 1.60
32 76.83 0.32 102.35 0.64 128.01 0.98 153.27 1.51
35 76.79 0.32 102.48 0.53 127.95 0.90 153.48 1.26
36 76.80 0.31 102.39 0.63 127.95 0.86 153.35 1.20
40 76.85 0.24 102.42 0.42 127.90 0.63 153.59 0.92
45 76.84 0.21 102.43 0.39 128.10 0.63 153.51 0.92
48 76.84 0.19 102.43 0.33 128.05 0.53 153.49 0.81
50 76.84 0.17 102.44 0.29 128.03 0.52 153.52 0.64
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TABLE A17
Median Based Estimates ot Fixed Target Position

Medians of all Pairs of Two-point Estimates
100 Samples per Cell a - 0.333 mrad
Constant Observer Velocity: <.16,0,0>

T - (50,10,2) T - (50,40,2)
R a 51.03 R - 64.06

# Points
on Track 3 s

"4 51.53 15.55 65.09 6.30
5 49.69 10.53 64.23 4.46
6 50.03 7.99 64.20 3.59
8 50.38 4.32 63.99 2.29
9 50.11 3.82 64.02 1.92

10 50.93 3.10 64.15 1.38
12 50.49 2.31 64.24 0.95
15 50.52 1.56 64.01 0.85
16 51.19 1.43 64.20 0.75
18 50.84 1.12 64.02 0.63
20 50.82 0.96 64.05 0.53
24 50.93 0.69 64.13 0.38
25 50.91 0.74 64.06 0.36
30 50.97 0.54 64.09 0.28
32 51.07 0.33 64.04 0.25
35 51.01 0.42 64.07 0.23
36 50.97 0.36 64.05 0.24
40 50.99 0.32 64.06 0.15
45 50.98 0.25 64.09 0.14
48 51.01 0.26 64.07 0.11
50 51.02 0.20 64.06 0.12
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TABLE A18
Least Squares Estimates ot Corfstant Velocity Target Parameters

100 Samples per Cell a - 0.333 mrad
Target: Initial Position - (50,10,1) Range - 51.00

Various Velocities
Initial Observer Velocity: <.16,0,0>

Various Observer Accelerations

a- <0,-.002,.006> a <0,-.006,.002>
V " <-.1,-.1,0> V * <-.1,-.1,0>

Range Vx Range Vx
* Points
on Track s s x X S

15 50.77 5.37 -0.05 0.26 50.45 5.05 0.12 0.55
18 50.25 4.39 -0.07 0.18 49.03 4.68 0.10 0.35
20 50.66 3.10 -0.08 0.12 49.02 5.31 0.06 0.36
24 50.94 1.61 -0.09 0.08 50.35 3.28 -0.06 0.16
30 50.40 2.59 -0.08 0.07 50.36 2.83 -0.08 0.09
36 50.68 1.55 -0.09 0.03 50.77 1.93 -0.10 0.05
40 50.97 0.95 -0.10 0.02 50.80 1.64 -0.10 0.04
48 50.98 0.64 -0.10 0.01 51.03 0.72 -0.10 0.01
54 50.97 0.53 -0.10 0.01 50.81 1.28 -0.10 0.02
60 50.96 0.34 -0.10 0.00 51.08 0.45 -0.10 0.01
75 50.91 0.17 -0.10 0.00 51.01 0.26 -0.10 0.00

a - <0,-.006,.002> a - <0,-.002,.006>
V - <0,-.16,0> V - <0,.-.16,0>

Range Vy Range Vy
* Points
on Track x s x s x s x s

15 53.92 9.81 -0.14 0.05 51 .38 1 4.31 -0.17 0.02
18 50.71 3.80 -0.16 0.02 51.06 2.66 -0.16 0.01
20 51.08 2.88 -0.16 0.02 51.22 2.22 -0.16 0.01
24 51.16 1.27 -0.16 0.01 50.74 1.40 -0.16 0.00
30 50.96 0.82 -0.16 0.01 50.94 0.87 -0.16 0.00
36 51.16 0.58 -0.16 0.00 50.84 0.64 -0.16 0.00
40 50.96 0.49 -0.16 0.00 50.93 0.45 -0.16 0.00
48 50.99 0.45 -0.16 0.00 51.05 0.30 -0.16 0.00
54 50.87 0.35 -0.16 0.00 50.98 0.28 -0.16 0.00
60 50.88 0.30 -0.16 0.00 50.96 0.22 -0.16 0.00
75 50.99 0.19 -0.16 0.00 50.95 0.14 -0.16 0.00
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TAELE A19

Least Souares Estimates cf Ccrstant VeLocity Target Farameters
10C Saiv;Les per CeLL %- 0.333 mrac

Target: initiat Position = (50,40,1) Ranqe = d4.C4
Vetocity:<-.1,-. 1 ,C>

IritiaL Observer VeLocity: <.16,0,0>
Various O:server Acceleraticns

a= (G,.C06,.•0e> a =<C-.C6•,.C~o)
pare Vx Range Vx

# Pointson Track ss s

15 65.33 5.61 -0.16 C.17 66.2. 8.80 -C.16 0.19
18 65.08 3.72 -0.15 C.10 66.97 7.3"S -C.15 0.14
20 64.80 3.C5 -0.14 C.08 64.91 5.18 -C.12 C.C9
24 64.14 2.24 -0.IC C.O6 64.7C 3.79 -C.11 C.C6
30 64.47 1.5 ! -0.11 C.C4 .4.36 2.51 -C.11 0.C4
36 63.99 1.15 -0.10 C.02 63.86 1.75 -C.1C C.C2
40 63.91 1.11 -O.IC C.02 40.25 4.38 -C.05 C.C5
48 63.99 0.7C -3.10 G.01 63.85 1.01 -C.10 O.C1
54 64.09 0.44 *0.1C C.00 64.1C 0.80 -C.10 0.C1
60 63.98 C.44 -0.10 C.00 64.07 0.¶$7 -C.10 O.C1
75 63.96 0.20 -0.1C C.00 63.86 0.37 -C.1Q 0.'ZC

a = <0,.002,.006> a = <0,.O00,.002>
Rarge Vx Range Vx

i Points
on Track s T s s s

15 64.C9 7.Cd O.OC 0.09 65.8C 8.67 -C.02 O.C5
18 63.11 5.1C -0.03 C.09 65.6f 6.03 -C.02 G.C6
20 62.74 4.24 -O.0S C.08 65.09 4.47 -C.01 C.C3
24 64.39 2.98 -0.11 C.06 63.7C 2.00 -C.02 C.C6
30 64.C2 1.92 -0.1G C. 05 62.32 1.72 -C.01 0.C5
36 64.19 1.39 -0.IC C.02 60.74 0.86 C.02 G.C1
40 64.18 1.01 -0.1C C.01 61.42 2.08 -C.03 Q.C6
48 64.C4 0.75 -0.I0 C.01 63.74 1.00 -C.10 3.C2
54 63.81 1.34 -0.1C C.°2 61.72 3.34 -C.06 G.C5
60 64.01 0.44 -0.IC 0.00 64.0f 0.52 -C.10 0.C1
75 63.85 1.25 "0.1C C.01 64.02 0.29 -C.10 O.CC
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TAELE A10 (Continued)

Least Saijares Estimates cf Ccnstant VeLocity Tircet Farameters
10C Saectes oer Cell = 0.333 mrac

Target: Initial Positicn = (50f,4,1) Fange = c4.04
VeLocity:<-.1,-.1 ,,>

Initial Ctserver Velocity: <.eI,0,0>
Various Observer AcceLerations

a <0,-.QCZ,.0C6> a =3,-.0,,.002
Rar.rg e Vx qange Vx

0 Points
on Track V S 17 s "r s x s

15 67.C7 9.70 -C. 1 C.22 70.SQ EE.36 -C.0 0 .4'4
18 64.75 5.41 -0.11 C.11 64.74 1O.os4 -C. 11 0.1l
20 65.82 5.49 -0.13 0.10 63.04 10.24 -C. 0 G.1'1
24 64.31 3.C7 -0.11 G.05 58.4E 6.47 -C.02 3.CQ
30 o3.98 2.13 -0.10 C.03 56.56 1.R. 3 -0.01 0.C2
36 64.17 1.52 -0.1C C.02 55.47 1.59 C.00 0.C2
40 63.98 1.35 -0.1C C.C2 55.21 3.25 C.CO O.C3
48 64.C6 0.S2 -0.1C C.01 60.5C 5.6 9  -C.07 6.C6
54 64.C4 0.e2 -0.1C C.01 61 .e 4.49 -C.08 3.C4
60 63.93 0.65 -0.1C C.01 64.03 1.04 -C.10 0.01
75 63.97 0.31 -0.1C C.00 64.CI 0.62 -C.10 C.C"

a 2 <Q,.004o.0C4>
Rarge Vx

0 Points
on Track IX s s

15 65.16 8.70 -0.16 C.15
16 64.32 5.54 -0.16 C.l1
20 64.91 4.C4 -0.12 C.00
24 64.C5 2.54 -0.11 C.06
30 63.25 1.76 -0.1C G.04
36 64.C0 1.25 -0.1C C.02
40 64.04 0.98 -0.1C C.02
48 62.14 3.33 -0.07 C.C5
54 64.CS 0.64 -0.1C C.01
60 64.08 0.52 -0.1C C.01
75 63.95 0.!1 -0.1C C.00
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TAELE A19 (Continuea)

Least SQuares Estimates of Ccnstant VeLecity Target Farameters
10C SagpLes cer CeLL - 0.333 mrac

Target: InitiaL Positicr = (5O,40,I) Range = 64.04
VeLocity:<C,-.16 ,Q>

InitiaL Observer Vetocity: <.16,0,0>
Various Observer Accelerations

a x <O,-.006,.0C2> 3 = <C,-.CC2,.CC->
Parge Vy Range Vy

I Points
on Trick 134 s s 7 s s

15 70.62 !5.56 -0.41 1.33 73.84 15.63 -C.41 0.42
1i .66.85 6.95 -0.26 G.I1 67.57 7.98 -C.26 C.2.2
20 66.16 6.C0 -0.23 C.15 63.16 8.98 -C.25 G.20
24 64.72 2.47 -O.l C.04 64.55 5.2-3 -C.17 C.12
30 62.a0 2.34 -0.14 C.04 63.95 3.41 -C.16 O.C5
36 61.26 2.SC -0.12 C.04 .63.7e• 1.36 -C.16 0.C2
40 61.68 2.65 -0.13 G.03 63.02 1.35 -C.15 0.C2
43 61.83 3.77 -0.14 C.04 63.1Z 1.35 -C.15 0.C1
54 64.9G 0.56 -0.17 C.01 64.94 0.94 -C.16 0.C1
60 63.16 0.82 -0.15 C.01 63.3e 0.51 -C.16 0.CC
75 63.29 2.41 -0.16 C.02 63.73 0.38 -C.16 O.CC
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TABLE A19 (Continued)

Least Squares Estimates of Constant Velocity Target Parameters
100 Samples per Cell a - 0.333 mrad

Target: Initial Position - (50,40,1) Range - 64.04
Velocity:<-.2,-.2 ,0>

Initial Observer Velocity: <.16,0,0>
Various Observer Accelerations

a - <0,.006,.006> a - <0,-.006,.006>
Range Vx Range Vx

I Points
on Track 3 a s x s x s

15 65.42 6.09 -0.26 0.23 65.57 9.88 -0.25 0.25
18 64.44 3.98 -0.20 0.16 65.81 7.14 -0.24 0.15
20 63.95 4.51 -0.22 0.14 63.80 5.61 -0.20 0.12
24 64.45 2.90 -0.21 0.08 64.56 4.54 -0.21 0.08
30 64.341 2.03 -0.21 0.04 64.07 2.82 -0.20 0.04
36 64.20 -3.116 -0.20 0.02 63.94 1.76 -0.20 0.02
40 63.97 1.10 -0.20 0.02 61.24 6.01 -0.16 0.08
48 64.03 0.70 -0.20 0.01 62.91 5.55 -0.19 0.07
54 64.18 0.59 -0.20 0.01 63.92 0.73 -0.20 0.01
60 64.03 0.39 -0.20 0.00 64.14 0.52 -0.20 0.01
.75 63.94 0.17 -0.20 0.00 64.02 0.32 -0.20 0.00

a - <0,.002,.006> a - <0,.006,.002>
Range Vx Range Vx

# Points
on Track x s x a x 3 x s

15 59.88 7.65 0.03 0.03 64.38 8.25 -0.03 0.06
18 59.86 4.20 -0.05 0.13 65.52 6.47 0.00 0.02
20 60.61 4.69 -0.07 0.13 63.68 3.89 -0.03 0.07
24 63.12 3.56 -0.17 0.08 61.91 2.55 -0.04 0.10
30 61.37 4.73 -0.14 0.10 59.81 2.39 -0.02 0.08
36 64.02 1.43 -0.20 0.02 56.13 2.20 0.02 0.06
40 63.87 1.18 -0.20 0.02 61.07 4.45 -0.13 0.10
48 64.12 0.78 -0.20 0.01 62.28 4.42 -0.17 0.07
54 64.08 0.51 -0.20 0.01 64.04 0.76 -0.20 0.01
60 64.00 0.48 -0.20 0.00 64.13 0.58 -0.20 0.01
75 63.95 0.28 -0.20 0.00 64.07 0.32 -0.20 0.00
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TABLE A20

Least Squares Estimates of Constant Velocity Target Position
1000 Samples per Coll a - 0.333 mr '40 Points/Track 10 Replicates
Target -- Location:(50Oo.10, 1 ) Range: 64.04 Velocity: <-.20,-.20,O>
Observer -- Initial VelooLty:(.16,0,0> Acceleration:CO,-.006..006>

S61.76 62.00 61.88 61.87 61.73 61.50 61.87 61.73 .61.69 61.!
s 5.69 5.56 5.64 5.76 5.82 5.96 5.71 5.77 5.83 5.7,

min 48.413 118.46 48.54 48.50 48.39 48.51 418.412 48.56 48.1T .
1$ 4,8.66 48.67 48.69 48.64 '488.70 48.68 48.73 18.70 48.67 48.7
5% 48.92 48.96 48.94 48.90 48.92 18.92 418.95 18.88 48.92 -.8.9

10$ 119.12 49.16 49.08 49.09 119.09 419.08 419.12 419.08 119.08 -:.i
15% 49.411 59.60 49.119 49.411 49.34 19.26 49.42 419.31 49.35 '-*9. 4
20% 62.03 62.25 62.16 62.17 62.08 61.53 62.13 61.80 61.78 62.0
25% 62.61 62.70 62.63 62.64 62.69 62.48 62.64 62.53 62.u5 62.6
30% 62.94 63.04 62.95 62.93 63.00 62.78 62.99 63.02 62.77 63.0
35% 63.20 63.26 63.26 63.25 63.'30 -63'09 63.28 63.28 63.17 63.3
10% 63.41 63.48 63.53 63.51 63.45 63.35 63.48 63.45 63.19 63.5
45% 63.65 63.T3 63.74 63.76 63.69 63.59 63.68 63.68 63.70 63.7
50% 63.85 63.94 63.92 63.93 63.88 63.79 63.92 63.85 63.88 63.9
55% 64.03 61.11 64.10 64.07 61.05 63.95 61.09 63.99 64.01 64.0
605 -64-.18 641.27- 64.28 164.26 61-.2.9 64.15 61.27 61.15 64.241 64•,
65% 64.37 611.417 641.4 64.45 64.47 64.36 64.52 64.412 64.111 6:.c
7O% 64.54 61.71 64.64 64.79 641.66 61.60 64.77 64.59 61.71 6•-..
75% 641.89 641.95 64.92 65.05 61.89 61.87 65.02 64.88 61.93 6,.:
80% 65.12- 65.20 65.17. 65.34 65.19 65.17 65.24 65.24 65.21 65.-
85% 65.46 65.118 65.50 65.66 65.49 65.45 65.57 65.57 65.52 65.•-
90% 65.714 65.90 65.86 66.04 65.87 65.87 65.95 65.92 65.93 65.9
95% 66.25 66.44 66.33 66.59 66.39 66.48 66.49 66.36 66.L.1 66,.
99% 67.39 67.52 67.26 67.57 67.45 67.59 67.53 6T.49 67.46 67.4
max 68.78 68.56 68.73 69.22 69.75 68.50 69.26 68.35 68.62 69.i
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