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: INTRODUCTION

x

£ r
d Phase-shift (References 1 through 5) and ring-down (References 4 ﬁ
z and 5) methods of determining the reflectance of mirrors in a high Q 3
b optical cavity possess high sensitivity and precision. 1In maintaining -
] this precision, the errors in the measurement must be minimized. The .
K errors include--but are not limited to--(1) mode matching the input [
{ source to the optical cavity, (2) stable input source in power and ?
? waveform over the time required to make measurement, (3) in terms of '
; loss, cavity mirrors equal to or better than the unknown mirror's !
K losses, and (4) thermal stability of the cavity. Rahn (Reference 5) .
P examined an optical cavity and included a random thermal fluctuation «
{, in the analysis to explore the range of fluctuations that can be f
; tolerated. He was not able to evaluate two time-averaged integrals i
g exactly but derived an expression for the 1loss on a numerical )
4 approach. Starting from the same assumptions as Rahn, we will derive I
2 an exact solution to a passive optical cavity, including the thermal M
. fluctuation. Also, an error analysis of the phase-shift method is

¥ derived and examined. )
"

)

x )
g '
) THEORY X
p ’
5 Consider an optical cavity consisting of two mirrors with their A
# symmetry axes on a common line, as in Figure 1. Once the reflectance )
: of one of the mirrors is known, the other can be calculated. A phase \
B shift can be uniquely associated with the product of the cavity mirror

R reflectances:

' :f
K R_ = RjR (1) !
\! "
i where Ry 1is the total reflectance of the cavity and R; and R, are A
\ the respective reflectance values of the cavity mirrors.
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MIRROR 1 MIRROR 2
— [—r E
INJECTED
LASER SOURCE DETECTOR
R, R,

FIGURE 1. Two-Mirror Passive Cavity. Injection laser source can be
short pulsed laser or modulated-CW laser source.

Another configuration-—a three-mirror cavity--will be discussed
in the remainder of this paper. In a three-mirror passive cavity, the
optimum position of the test mirror is at the vertex of the triangle
defined by the three mirrors. In the configuration of Figure 2, the
total reflectance of the cavity is

INJECTED
LASER
SOURCE

DETECTOR

MIRROR 1

MIRROR 2

MIRROR 3

FIGURE 2. Three-Mirror Passive Cavity. Advan-
tage over cavity in Figure 1 1is in one-round
trip test Mirror 3 1is sampled twice, 1i.e.,
RT = R1R2R32.
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2
R, = RjRoR3 (2)

where R3 is the test mirror reflectance. Rj3 is squared because in one
round trip the test mirror is sampled twice. Thus, R3 may be calcu-
lated if R), Ry, and Ry are known. To obtain high~reflectance
values of R3, high-reflectance end mirrors are required to aid in
minimizing the error of the measurement. The effects of errors will
be discussed later.

To model the cavity exactly, careful attention must be given to
the input wave and its representation. The representation of the
input laser power used by Rahn (Reference 5) will be the starting
point in this analysis. This power is described by

- 2 =1 -
I(t) = Io sinc wt = 5 Io(l cos 2uwt) (3)

where I, is the output power of the laser, f (w = 2nf) is the ampli-
tude modulation frequency of this laser determined by a suitable
intensity modulator, and t is time.

The passive cavity is designed to allow oscillation of the cavity
modes defined by f, = nc/2L, where f, is the optical frequency of
the injection source (units = sec™ ), n is any integer (on the order
of 10 for optical frequencies injected into cavities with lengths
from centimeters to meters), L is the length of the cavity in meters,
and ¢ is the gspeed of light in meters per second. If the source is a
laser possessing a mode bandwidth, a change in cavity length will not
quench the oscillation but will select a slightly different mode. If
the length of the cavity changes beyond an integral number of half
wavelengths or if only one mode is available from the laser, the
oscillation may be intermittent. This will lead to errors in measure-
ment of the cavity loss. Care in system design is necessary to pre-
vent intermittent operation.

The beam is free to propagate through the cavity subject (o
losses from the mirrors. Since the modulation of the beam changes 1its
phase with time, we can expect that as the beam traverses through
the cavity in the course of one rouad trip, the relative phase changes
by the amount (References 6 through 8)
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2L, _ 4xfL
or = Wt = (2nf)(—z) = .

for a single mode. The resulting Intercavity intensity is therefore a
summation of the intensities of all modes oscillating in the cavity.
Each of these modes is subject to reductions in intensity because of
the cavity losses. If Equation 3 is representative of the modulation,
this summation over all modes can be expressed as (References 5 and 8)

I =1 X R: sin? (ut + nwt) (3a)

where T = 2L/c and Ry 1is the total cavity reflectance. This
summation can be evaluated by expressing the trigonometric function iIn
its complex exponential form, so that the summation takes the form of
a geometric series. In the case of Equation 3, the appropriate
trigonometric power relation is applied. Details of this process are
included in Appendix A, Thus,

€
I =1 z Rn sin2 (wt + nwt) = 1T 7
o t o -R)
n=o0 t

(sin 2wt)(R s8in 2wt)-(cos 2wt)(1-R cos 2wTt)
t t

1
pd (3b)

1 - 2R cos 2wt + RE

The power and the phase angle of the transmitted beam I, can be
related since it follows a pattern similar to that of the injected
beam. Thus,

I

0
IT -3-[1 - cos (2wt + 4)]

-4

% Io + %—Io(sin 2wt sin 9 - cos 2wt cos ) (4)
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Now the time dependence can be eliminated by equating the appropriate ’
time-related coefficients in Equations 3b and 4. Thus, equating the "
coefficient of sin 2uwt, .
1
'.'"’
Rtsin 2wt ol
. sin ¢ = > (5)
- +
1 2Rt cos 2wt Rt e
R,
", :
Equating the coefficient of cos 2wt in Equations 3a and 4, R
a
4
1 - Rt cos 2wt el
cos ¢ = (6) N
1 - 2R_ cos 2wt + R2 !
t t Ay
Y
So that A
P\ J
‘.\
N
. ’ ‘
can ¢ = sin ¢ _ Rt sin 2wt - ’t
cos ¢ 1 - Rt cos 2wt -
)
W
This is the result if no random thermal fluctuations are included in aﬁ
the analysis. iy

To examine the effect of a random phase induced by a thermal 1
variation in the cavity, the amplitude rather than the intensity must 4
be used. The amplitude function is related to intensity I by

ALY

-

T = A*A (8a)

as is also

L

T

&

where A 1s the electric field amplitude of the laser beam, r is the 5}

reflectivity coefficient, and Ry as before is the reflectance of the o
"

cavity. "

)

Rahn (Reference 5) suggests that a random phase shift & could ';‘
range from -m to +m; he used numerical averaging to obtain an expres- ’

sion for <tan . Increased precision may be realized if the ﬂr
! :

fy

A .

o

() 8. A% hn _J% | e % % h% 1% A" 0% A% B TR N i e N NS BN n 1% al ; v 0% T% % % aj W W
A R 00, T T A R R (Y G O A M A R A v W ) R oI A S ST S A



LN AN RN TN WU R O R R R R e U ‘Pt Rat- L 808", y » atavat, N v ',‘,___.__
NWC TP 6776
averaging evaluation of tan ¢ can be done c¢xactly. Starting with

Equation 4 of Reference 5 for the traunsmitted intensity,

@©

A(t) = Agt tqaty ) (r)
p=0

b e”)p sin[w(t - p1)]

where r = r1r2r32; ty, ty, and t3 are the reflection and transmission
coefficients, respectively; p {is the number of passes through the
cavity; & is the round-trip phasc shift; and 1 is the time required
for a photon to make a single round trip in the cavity. Summing the
infinite series gives

sin wt 1 1
A(t)~ - +
2 | - l’e:l(o + wrt) | - rei( & WwT)
+ L cos ut 1 e I -
2 - re1(6 + t) | - rei(8 - wt)

i
sin wt(l - rlrge16 cos wt) ~ cos wt(rjre 5 sin wt)
= . 2 L P T (9)
|l - 2reld cos wr + rle?ib

Squaring to get the transmitted power,

1
cos 2uwt(r cos wt cos & - 7" t? cos 2wt)

N —

2
= |A(t ~
1T|()| —
4r° cos® & - 4 cos wi(r + r3) cos 5 + hr“

- sin 2wt(r sin wt cos & - r? sin wt €os wt)
(10)
- 2v? + 4c? cos? wr ¢ 1
details of which are 1in Appendix B, Equating trigonometric

coefficients in Equations 4 and 13 for the transmitted power gives
expressions for sin ¢ and cos ¢,
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2(1’2 sin wt cos wt-r sin wt cos §)

gin ¢ = 2

2 3 4 2 2 2
4° cos® 6-4 cos wrt(r+r”) cos &H4r -2r “+4r° cos wrtl

and

2

(1l + r“ cos 2wt) - 2r cos Wt cos &

cos2 8~4 cos mr(r+r3) cos 6+4r“—2r2+4r2 cos

cos ¢ =

2 2

4r wt+l

Both expressions are of the form

acos 6§+ b

F(8) = >
c cos“ §-dcos 5+ e
where
c = 4r2
d = 4r(1 + r?) cos wrt
e =1+ 4r2 cos? wr + " - 2r?
or

e = (1 - rz)2 + 4r? cos2 wT

For sin ¢,

a = -2r sin wt

b = 21'2 sin wt cos wt
For cos ¢,

a = -2r cos wT

b=1+ r2 cos 2wt

17 Ba® Ba® $2? )0 04® ot S $a® bt 02t d O 4B ot ha¥ Bt BVt B0 RV g2t #o8 0t Bl : o ‘Bl NV "HY ANEO Y

(11)

(12)

(13)

Equations 11 and 12 rewritten in the form of Equation 13 must be
integrated between the limits 0 to 2n to obtain an average value of

tan ¢. Evaluation of these integrands 1is by partial fractions

The

decomposition of the denominator to produce partial fractions is

accomplished by noting that

- A - > YA L A e PR Pt L —n
A A A0y A AS A A RGN A RO N D NI 2 T TR IR OGS

LY N e (U AT
9,

NN

< i e re gl A S

oW o,
-

..'4" --,fr LN

N2 AT

L o B I
Lol s

ot}

] ‘l'.l‘ 'n’. - -.".‘ TR,

[ 4
r

LT N



v Wby g Bt T 170 875 4% S '@ 89 L 2 B 0 9.0 0.7 8.0 8a¥ R R AR RS R SR E R AW TP O " O T I oA T
i

NWC TP 6776

c cos2 5~-~dcos b+e = (/¢ cos & - h)(Yc cos & - k)
= ¢ cos? & - (h + k)/c cos & + hk
where h and k are coefficients that satisfy d = (h + k)/c and ¢ = hk.
These equations yield

kZ2/c - kd + e/e = 0

and

so that

| /7;-_-—_d 1 fz-‘-“_—
k = -— [d + /d° - dbec v h=-—-(d - /d° - 4ec
2vc 2vYe

To find the partial fractions, we first write

acos §+b A B

¢ cos? & - (h+k) Yc cos & + hk Jc cos & - h Jc cos & - k

where A and B are unknown coefficients, then
acos §+ b =A(/c cos § - k) + B(V/c cos & - h)

and evaluate at /c cos & = k and /c cos & = h separately. These yield

10
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A= —-(ah + bve)
/d2 - 4ec
and
B ak + b/c

/dz - 4ec

We integrate
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(l4a)

(14b)

with similar results for

2n (a)} cos 6 + by)do A} 21
1 de
<sin > = o > - | ———
" o ccos“ 8-dcos 6+ e "o ¥Ccos B-h
By 2=n A B,
T a6 = + (15a)
o vJc cos 8 -k A2 e A2 - e

1 2n (ap cos 8 + by)d8
<eos > = 5 f > (15b)
o) c cos”“ 8 -dcos O+ e
so that
2 2
Al/k -c + Blv/h - C
tan ¢> = S8in & — (16)
<cos ¢ sz/{(z -c + Bzv'{lz -c
This becomes
r2 sin 2wt Rt sin 2wt
{tan ¢ = = — (17)
1 - r2 cos 2wt i Rt cos 2wT
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the details of which appear in Appendixes C and D. Notice this is
exactly equivalent to Equation 7. Thus, random phase shifts are not a
major source of error over the time interval of measurement of ¢.

An expression for Rj3——the unknown mirror's reflectance--can be
derived starting from Equation 17. Using a common denominator and
solving for Ry gives

R = {tan ¢>

t cos 2wt <tan ¢> + sin 2T (18)

Using Equation 2, solving for R3, and substituting into Equation 18
for Ry gives

1/2
Ry = [ {tan ¢> ] (19)

R)Ry(cos 2wt <tan ¢> + sin 2wT)

The cavity parameters 4mfL/c substitute for wrt; thus

: 1/ 2
_ <{tan ¢

Ry = BEL L (20)

R1R3 {<tan ¢> cos ¢ sin —?;—>

If the cavity satisfies 8nfL/c €1 and R} ~ Ry ~ 1, then

<{tan ¢> 1/2 2
8nfL (21)
{tan ¢> + —-c—

Ry =

a good approximation for very low-loss mirrors.

A comparison of the sample reflectance R3 derived by the
numerical analysis of Rahn (Reference 5) and the exact expression,
Equation 20, is given in Figure 3. The expression used by Rahn is

12
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<tan 8> - 4nfL\ Y 2
R3 = <

R;R; <tan &>

1.000

0.999

0.998

TEST MIRROR REFLECTANCE

0.997

0.996

I I | ! |

50 55 60 65 70 75
PHASE ANGLE ¢, DEG

FIGURE 3. Comparison of the Numerical Analysis by Rahn (Reference 5)
and the Exact Analysis for the Same Cavity Parameters, R} = Rjp =
0.998, £ = 100 kHz, and L = 3.864 m. Shows sample reflectance versus
measured phase angle between injected and transmitted wave.

where L is the round-trip length of the cavity. Recall that the
length used in Equation 20 is defined as the length of the cavity.
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: Notice that the numerical analysis gives a lower sample reflectance
'\ than the exact expression, but differences are not seen in Rj3 until ‘
d the fourth decimal place. The numerical analysis of Rahn is adequate

unless one requires higher precision, 1 part in 10" or better. This \
is the situation for characterization of state-of-the-art low-loss

mirrors used in laser gyros and low-gain lasers. The high precision -
" is also useful for detecting very small changes in the performance of !
1 an optical coating under laser loading when determining functional

litetime.

ERROR ANALYSIS FOR THREE-MIRROR CONFIGURATION

In order to evaluate the total error in the value of reflectance

3 of a sample mirror in a passive cavity, errors must be included from i
|: four sources: errors from (1) modulation frequency; (2) cavity d
length; (3) cavity end-mirror; and (4) phase in the phase detector.
; Although several of these contribute relatively insignificantly to the :
» overall error, the error analysis nevertheless includes them, both as \
*? reference for future systems and for the sake of completeness. Future 0
) advaunces in measuring systems may reduce some errors to the point that
" others are increasingly significant. Existing systems can have their )
total errors calculated without concern that error sources have become
Y more (or less) significant.
N
For

e e o -

Rt sin (2wt)

1 - Rt cos (2wt)

tan ¢ =

3 R sin (2w7t) )
3 1 - R cos (2wt

5% (tan ¢) =

So that

(1-R_ cos 2wt) sin 2w1:+Rt sin 2wt cos 2wt bRt

06

secz(o) =

(1 - R cos Zu)‘r)2

14 "
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and

- 2
bRt ] 1 Rt cos 2wt
¢ cos ¢

1

X (1 - Rt cos 2wt) sin 2wt + Rt sin 2wt cos 2wt

2
bRt 1 - Rt cos 2wt
= csc (2wt) (22)

¢ cos ¢

Since we are concerned with the error associated with the sample
mirror rather than that of the system, we must consider the previous
equation Ry = R1R2R32, where Rj and R, are the system mirrors and Rj
is the sample, so that

Ry - ot
R)R;
and
3R3 ) L R
N S/RTITE 2/% 26
1 R

® 2R|RR3 3¢ (23)

The chain rule applies for the variables in the equation relating
to the frequency and delay time of the system; also, so that the total
error 1is
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" ) R, \* [k, \* [or  \?

:'. AR3 = EY) Ad) + Y Ao} + 3t At

:' 2/R1R2Rt

. oR, 2 oR_ 2 :
L ——— —_

; *\ R, R\, ARe

Evaluating the partial differentials gives the following:

)
" %R _.d tan ¢
:'t ot 3t | sin 2wt + cos 2wt tan ¢

o _ - tan $(2w cos 2wt - 2w sin 2wt tan ¢)

(sin 2wt + cos 2wt tan ¢)2

- -2w tan ¢(cos 2wt - sin 2wt tan ¢)

(sin 2wt + cos 2wt tan ¢)2

;: dw dw

K
Y S [ tan ¢ ]

sin 2wt + cos 2wt tan ¢

.~ tan $(21 cos 2wt - 2 t sin 2wt tan ¢)

(sin 2wt + cos 2wt tan ¢)2

_ =27 tan ¢ (cos 2wt - sin 2wt tan ¢)

d (sin 2wt + cos 2wt tan 4))2

“: Now

o T
R, \ [or. \?
o ) t\wm N

:; 4 tan? ¢(cos 2wt ~ sin 2wt tan 0)2 2 2

K = . [(To2w) “4+(weAT) ‘)

(sin 2wt + cos 2wt tan ¢)
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Rt sin2 2wt )2 :::

4Rt2 sin2 2wt (cos 2wt - 1 - Rt cos 2wt

sin 2wt + t

(1 - Rt cos 2u)'|:)2 R_ sin 2wt cos 2wt\' "sf
1 - thos 2wt

X

[(TeAw) 2, {weAT) 2} S

AR: sin? 2wt(l - Rt cos 2(.01:)2 .

(1 - Rt cos 2urc)'+ -

cos 2wt - t
1 - Rt cos 2wt

A0
R, sin? 2wt ]2 N

[(1°Aw)2 + (w-At)2] .,:,

Rt sin 2wt cos 2wt]" by

[sin 2wt +
1 - Rt cos 2wT

AR:[sin 2wt cos Zw'r(l-Rt cos 2w1:)-Rt sin’ 2(»1:]2[(1-Am) 2+(m-A'c) 2] 1

[sin 2wt(1-R cos 2wt) + R sin 2wt cos 2w1]" ‘.:

¢ sin 2wt) 2 [(tedw)? + (werD)?) '

sin" 2wt

ARE [sin 2wt cos 2wt - R

o)

4R? (cos 20t - R )2 [(toAw) 2 + (weAt?]
t t
- 5 (26)
sin® 2wt
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and

1 - 2Rt cos 2wt + R:

sec2 ¢=1+ tan2 ¢ =
(1 - Rt cos 2wt)2

so that Equation 22 becomes

- 2 - 2
aRt (1 Rt cos 2wt)“ (1 2Rt cos 2wt + Rt)

o¢

sin? 2ut(l - Rt cos 2wt)?

- 2
(1 2Rt cos 2wt + Rt)

sin2 2wT

According to Equation 2, the reflectance of the sample mirror can be

expressed as

/Rt
Ry = ——
7RjR2

where Ry is the reflectance of the three-mirror system and R; and Rj
are the end-mirror reflectances. Since they are inextricably bound to
the measuring system, the end mirrors contribute to errors in the

determination of the sample reflectance as follows:

Ry R, “Va2  ROL 32 .
= Ry  T=—71-3R = - %R

oRy /E; Ry /R 2 2R}

R3
=—-2—R—1
and
ORj Rj3
dR, 2R,
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so that the total squared error contribution from end-mirror accuracy

is
2 2 2 2 L
OR3 oR3 1., AR}  ARs Rj3
3§I AR) + 3§;AR2 = % R3 > + =

2 2 2.2
R] Ry 4R1RoR3

2 2 2 2
x [R2AR; + R}AR5] (28)

and the total root-mean-square (rms) error is

1

—— 2 2 2
= TR /1(1 - 2R, cos 2wt + RD)csc“(2wr) Ad)

AR 3

+ 4R§(cos 20T - Rt)2 csc2 wT

x 4(Cnat) 2+ (B 2]+ ry%(Ry 2R\ %+ RY2R,D) (29)

For example, a system in which

3 h 4 102 hertz

f =10
L = 2 meters + 0.002 meters
R; = Rz = 0.999 + 0.0001

then wt equals

4nfL

wt = = 0.48 degrees

A sample with a nominal reflectance of 0.998 (therefore, Ry = 0.996)
would produce an angle exiting the cavity of

R, sin 2wt

-1 -
¢ = tan 1= R: o8 2o 82.706 degrees
19
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If this measurement is subject to an error of +] degree, then the !
reflectance measurement is subject to an error of ’

= .l— - .“"
AR3( ) IR 1RoR3 (1 2R cos 2wt + R, 2y csc (Zwt)(wo W

= 1.545 x 10~ "
The measurement due to end-mirror deviations would be

2 ::‘o

th
Rj {2 2 2 2 Ry /2 2 M
AR3(R]R2) = 5=—— /RyAR) + R}]ARy = s=—— V2R AR ||'(

2R}R)R3 2R1R9 e

R3AR) 5 X
= ——— = 7.064 x 10~ 4
/2 R 'O:t

Finally, the error caused by the frequency and cavity-length »
deviations would be equal to I:;

AR 3( wt)

) Rt cos 2wt

2 ;
»{nfm)z + (-L—f—“’) < R L

t
R RoRs ) (cos 2wt - Rt)

—62 -6y2
} A4.1888x10 ()) 352-1888"10 )" (240.9)(3.85x10" %)

5.516 x 10~°

go that the total rms error would be equal to %
)
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T

-
IO

AR3C0C = V[(l~545 x 10-“)2 + (7.064 x 10—5)2 + (5.516 x 10—6)2

= 1.700 x 10~"

and the reflectance of the sample would be expressed as R3; = 0.998 ¢
0.00017. It is seen from the above that, for this system, the major
sources of error in calculating the reflectance are the measurement of
the phase angle of the superimposed waves and the uncertalnty of end-
mirror reflectances. However, the contributing sources of error are
sufficiently comparable in magnitude that we suggest including them
all, especially with the foreseeable modifications of greater phase-
angle sensitivity and different end-mirror uncertainty values. The
above analysis would not be valid for a two-mirror system, since
Re¢ = RjR2, but those elements that are based on partial derivatives
of Ry can be incorporated into a two-mirror system error analysis.

SUMMARY

An exact calculation has been performed on the influence of a
random phase fluctuation induced by a thermal variation in the cavity
to the performance of a passive cavity reflectometer. The analysis
started with the assumptions stated by Rahn (Reference 5) inm his
numerical analysis of this problem. The expression that was derived
is identical to the expression where no random phase fluctuations were
included. Thus, thermal variation of the cavity 1s not a major source
of error for the operation of a reflectometer. Comparison of the
numerical and exact analyses show that the numerical expression for Rj
is not a good approximation where high precision—-better than 1 part
in 10*——1s required.

Error analysis was performed to determine the functional
dependence of cavity 1length, modulation frequency, cavity mirror
reflectance, and phase measurement errors on the precision of the
reflectometer. The total error of a simple reflectometer was
determined to be on the order of 2 parts in 10" .

If high precision 1is8 required, care must be taken in the design
and construction of a passive cavity reflectometer to minimize or
eliminate the sources of error that are mentioned above. On the other
hand, a simple reflectometer can be constructed with a precision and
error of approximately 2 parts in 10°; either analysis is adequate for
the measurement of Rj.
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: Appendix A 4
A "
: DERIVATION OF THE INFINITE SUM IN EQUATION 3 é
!
Using the power relation for sin? (a), &
"
!
1 l‘:
1} @ l [ -] +
! I' = ) R: sin? (wt + nwr) =3 ) R:[l - cos (2ut + 2nuwr)] =
. n=0 n=o -
h "
¢ N
i Now applying the sum—and-difference formula )
4 q
1 )
|
1 v .n 1§ n W
X I' = 3 X Rt ) X Rt[cos 2wt cos 2nwt-sin 2wt sin 2nwt] (A-1) bt
) n=o0 n=0 ¢
) ‘:r
k) (9
' [}
A ® 2
1 1 1 n
! o (—m ) - =
I 7 T—x ) 5 cos 2Zut ) R, cos 2nuwt

t n=o0
l oD
+ = sin 2wt 2 R: sin 2nwt (A-2)

2
n=o

' The trigonometric identities for complex exponential yield
)
¢
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’

("

’

1 1 °§ Re  joawr  -i2nwe )

1' = 45+————~ - & cos 2wt — (e +e )
2T -Rr) 2 L2

Lot g o8 A

»

i2nwr _ e—iZnun

v -

@®
+lsin2wt z R:e

2 21 g
n=o0
vy
1 1 S i2n S -12 s
= ———— - cos 20t § Re "4+ 7§ RTe™HENOT ]
2(1 -R) 4 L Tt L - “
t n=o0 n=o0 '...‘
v,
@ ® ::b
- n
+ 1 sin 2ut )‘ R? e12nw1: - E R%e 12nwr M
41 ot t
n=o0 n=0 !
P
"'D
et 1 cos 2wt 1 1 4
2(1 - Rt) 4 | - R e12(0‘l‘ 1 - R e—iZwt .:,:
t t
L
Q
1 1 1 '
+ 57 sin 2wt 7ot Ti7on (A-3) iy
1 -Re 1 -Re i
t t <%
~
R
The complex fractions can be evaluated by expressing them with a '
common denominator: .l:
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i2 i2 '
1 - Re MW 4| - gettUt )
I'=——————1—————Lcos2wt t ~ t wy
v 2(1 - Rt) 4 1 - R e-Zwt - R el?_un: + R2 :
: t t t 1
! | i - Rte-12wt -1+ RteiZwt $
; Y41 sin 2ut -i2wt i2wt -
b 1 - R,e - R.e + R2 ”
t t t e
»
]
2 -2 R_cos 2wt .
- 1 - = co8 2ut £ "
2(1 - Rt) 4 l -~ 2 R, cos 2wt + R2 3
t t ]
1 ‘:
W
. 21R, sin 2wt !
+ Z—i' sin 2wt
; ] - 2R, cos 2wt + R?
y t t &
: £
L ’
1 -~ R cos 2wt |
-1t _1 cos 2ut t '
- ¢
4 2(1 Rt) 2 1 -2 Rt cos 2wt + th Ny
:
1 Rt gin 2wt "
+ 5 sin 2at (a-4) 0
1 - 2R, cos 2wt + R2 )
t t :
B
Ky
Thus, ¥
|
}
cos 2wt(l - R cos 2wt) - sin 2wt R_ sin 2wt \
’ 1' = ._—1___._ - .‘.l_ t t l'»
i 21 - R 2 (1 ~ 2R cos 2wt + Rg) X
) 3
b )
b » 9
gt
F~
”
L
‘-
o
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Appendix B

DERIVATION OF A*A

id
1 - re cos Wt

T

A ~ sin wt

I - 2re16 cos wt + r2e216

v rei(S sin wt
+ cos wt

1 - 2re15 cos Wt + rze216

. _ sin wt(l - re16 cos wt) + cos wt(re16 sin wt)

1 - 2rei<5 cos wtT + r2e215 .

2 2

sin? wt (l—re16 cos tm:)(l—re-16 cos wrt)+cos u)t(r2 sin‘ wt)

(1 - Zre16 cos wt + r2e216)(1 - 21'e_16 cos Wt + r2e-216)

-

A*A =

o

- X
a

ol

+ sinumcoswt[(l—reiécoswm)re_{§sinwr+(l—reblécoswt)relésinwt]

2 2ib ié 2 -2ib

15 = (B-1) .
(1-2re coSWT+r ‘e Y(1-2re coswt+r ‘e )

The denominator becomes
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X !
R 1 - 21'e-':l6 cos wrt +r e_z 16 2re16cos wT
o )
.:.
1t
3 i
".‘ + 4r? cos? wr - 2r 3o 6 cos Wt
)
" 215 5 \
/ i t
1: + rle - 2r3%*® cos wr + r*
‘ 3
P ]
() N 2 2 2
{ =1+ r - 4r cos 6 cos wt + 2r° cos 28 + 4r° cos® w1
!.‘ 3
, - 4r” cos 6 cos w1
W j
A
& "
‘:f =] + - 4r(l + r2) cos & cos wt + 4r2 cos2 wT i
R v
l' 2 2 !
i +2r°(2 cos® 8- 1) !
0 g
A
> = 4r? cos2 &~ 4r(l + r2) cos & cos wt + 4r? cos? wT
1" R
i: + (1 -12H? )
)
1
Y Simplifying the numerator as follows,
-i8 -1
> %(1 - cos 2ut)(l - re 20 cos wt - re Gcos wt + r? cos? wt) .
“.» Lt
i \
_ 1 2 .2 '
b 5 (1 + cos 2wt)(r” sin”® wr)
y '-’
i +-% sin 2wt(re sin wt - r? sin wr cos wt .
l' )
» 16
' + re sin wt - r2 sin T cos wT) :
L]
Py [
% .
4 = —;— (1 - 2r cos & cos wT + 12 cos? wr + r? sin? w1)
]
' 28
0
1
5
!: -\
‘u T R R S S e T A A T v I A, Ry et S Ny
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+ 1 cos Zuot:(t'2 sin2

2 wt - 1+ 2r cos 8 cos wt

- r2 c082 wT)

+ -;— sin 2wt(2r cos & sin wt - 2r2 sin wt cos wt)
1 2

=-2—(1 - 2r cos § cos wt + r°)

+ % cos 2wt(2r cos & cos wt - 1 - Zr2 cos 2wt)

+ % sin 2wt(2r cos 8 cos wt - 2r2 sin wt cos wt)

Using double-angle identities for sin? wt and cos? wt,

A*A ~

%cos wt(2rcoswicos &-r 2coszz wt-1)-sin2wt(rsinwicos §-r 251n WTCOos WT)

(B-2)
4r 2cos 25—4 r(l+r 2)cos ScoswtHbr 2cos 2un:+( 1-r 2) 2
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Appendix C

REDUCTION OF VARIABLES IN EQUATIONS 20 AND 21

Equation 16 is

A 2-;+Bl¢h2- c
A2¢£2 -c+ Bzr’(\z -c

o>

TR s

-
‘-

ks
‘l
)
)
)
1

-(ajh + bl/Z) (ak + blv/?:.)

sz - 4ec d2 - bec

—(alh + bl/z) (azk + bz/_(;)

/dz - 4ec ldz - 4ec

2

ay; = -2r sin wrt = 2r° sin wt cos wrt

2

az = -2r cos wt =1+ r° cos 2wt

c = Arz
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d 4r(l + rz) CO8 WT .8

(1 -192+ 4r? cos? un o

e

It is noted that the expression N
/a7 - sec W
is an imaginary term since

2

d2-4ec = l6r2(l+r2)2 cos un~4[(l-r2)2+4r2 cos ? wt](&rz)

‘0
- —16t2(1-t2)2 sin? wrt ?

Thus JG? - 4ec = 4ir(l - t2) sin wt, and imaginary terms are present RS
in Equation 16. Upon multiplying the numerator and denominator of

Equation 16 by /E! - c,

A/(k? - ¢)(h? - ¢) + By(h? - ¢) he

{tan ¢> = (c-2)
A/ (k% - ¢)(h? - ¢) + By(h? - ©) hy
4

Using hk = e and (h2 + k2)c =42 - 2ec, the argument under the radical
in Equation C-2 becomes .

i Wl
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(k2-¢)(h?-¢) = hZk2-(h2+k2)c+c?

e?-d%2ec+c?

(e+c)2-d2

[(1-r2)2+4r2coszwt+4r2]2-16r2(1+r2)2coszwt

[(14r2) 2-4r? cos? 1) 2 (c-3)

and X = Jka - c)(h2 -c) = (1 + r2)2 - 4r? cos? wr 1s entirely
real. Now Equation C-2 can be written

AX + Bj(h? - ¢)
{tan ¢ = 5 , X = (1 + )2 - 412 cos? wr
AX + Bo(h® - ¢)

ah + by/c ak + blﬁE‘
x| n? - o)
L (h - k)/%ﬁlr | (k- h)/c ]
‘a2h+b2/ET a2k+b2/37
- X+———-——_— (hz—c)
L(h - k)/e (k - h)/c

(a)h + b1/c) X - (ajk + by/e)(h? - ¢)

(azh + ba/c) X - (azk + by/c)(h? - ¢)

(a;h + by/c) X - (ajkh? - ajke + b1/2h2 - bjc/e)

= — __ (C_a)
(azh + by/e) X - (agkh? - agkc + bofch? - boerc)
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Using hk = e again,

(ajh + by/c) X - (ajeh - ajke + by/ch? - byc/c)
{tan ¢> =

(azh + bo/C) X - (agzeh - ajke + by/ch? - byevc)

ajh(X ~ e) + bl/?(x + ¢) blfzhz + a)ke

b2/Eh2 + agke

ash(X - e) + ba/c(X + ¢)

ajh(e X) - bl/Z(X + c) + blhzv’z - ajke
= — (C-5)
ash(e ~ X) - ba/c(X + ¢) + boh¥/C - agke

Using

h —1—-<d - J/dl- 4ec—)
2/c

=L @-pi) , D=4r(l - r2) sin wt
2/c

2 __1 .2 _ 2
h e 2dpi - D)

kK = (d + pi)
2/c

and Equation C-5 can be written

34
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ai _ bl al/z
— (d-Di)(e-X)-b/c(c+X)+ ~—— (d2-21dp-D?)- (d+Di)
Ctan ¢ = 228 4/c 2 (C-6)
aj bo azvlz
—— (d-Di)(e~X)-by/c(c+X)+ — (d2-21dD-D2)- (d+D1)
2/c 4/c 2
or, multiplying numerator and denominator by 4/c,
2a)(d - Di)(e - X) - 4bjc(c + X)
{tan ¢> =
2az(d - Di)(e - X) - 4bge(c + X)
+ b3(d? - 21dD - D?) - 2a,C(d + Di)
(c-7)

+ ba(dy - 24dD - D?) - 2a,C(d + Di)

Separating into real and imaginary parts,

2ajd(e-X) - 4bjc(c + X) + b1(d? - p?) - 2a;cd

{tan ¢> =
2ad(e-X) - 4bye(c + X) + by(d? - p?) - 2a,cd

- Di[2a)(e-X) + 2b)d + 2a)c]
- Di[2aj(e-X) + 2byd + 2a,c]

(c-8)

For

A = 2ajd(e - X) - 4bje(c + X) + b;(d? - p?) - 2a;ed

4r(l - r2) sin wt

w
[}

2azd(e -X) - 4bje(c + X) + bz(d2 - 1% - 2a5cd

a
]

=1
]

2a2(e - X) + szd + 232(.‘.

«
[]

2a1(e - X) + Zbld + 2a1c

35
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A - BiG
C - BiE

-JA - BiG C + BiE
“Ic -BiE C + BiE

_ AC + B%EG + Bi(AE - CG) (c-9)
c? + p%?

{tan ¢> =

Since the original integrand was real, we expect that the above
expression should also be real, with the inference that AE ~ CG = 0 or

AE
¢ G

(C-10)

This is indeed the case, as shown in Appendix D. Using Equation D-1,

A(%E) + B2EG
AE
G

{tan ¢> =
)2 + BZEZ

_ A%c + %63 _ Ec(a% + 8% _ ¢

(c-11)
a%? + %%? E%(a?+ %2 F
Now,
36
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{tan ¢>

S
E

2aj(e - X) + 2bjd + 2a;c N
. 2ag(e - X) + 2bod + 2aj5c

al(e -X+c) + b;d W,
az(e - X +c¢) + bad .

2rsinwt(8r 2cos 2(m:) -2r%sinwtcos wt{4rcoswt)(1+r 2) K

-2rcoswt(8r 2c08 2m1:)+( 1+r 2cos2 wt)(4rcoswt)(1+r 2) N

2 wt(l + t2)

cos 2wt) - 16r3 cos? wr )

l6r3 sin w7t cos2 wT — 81'3 sin wt cos
2

4r cos wt(l + r2)(l +r

3 2 2
. 8r° sin wt cos” wi(l - r9) (C-12)

4r cos wt(l + rz)(l + 2 3

cos 2wt) - 16v3 cos? wt

e e

S~ 7

e -

T,

EXT
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3

Dividing the numerator and denominator by 4r cos wr, ,
.‘!

N

<tan > = 2r? sin wt cos wi(l - r?) L .q'f
(1 + rz)(l + 2 cos 2uwt) - 4e2 c082 wt ':',

e

- 2r? sin wt cos wt(l - t2) t

1+ r2 cos 2wt + r2 + " cos 2wt - 4r2 cos? wt .

Q2

A

- 2r? sin wt cos wt (1 - r?) ’.

1 + 1'2(2cos2 wt - 1) + r? + r* cos 2wt - 4r2 c032 wt .:'

3

bt

2 2 3

- 2r“ sin wt cos wt(l - r°) (c-13)

1 - 2r? cos? wr + r"*(2cos? wt - 1) :

l:g‘

2 9 ‘o:,

- 4

<tan ¢ = 21‘2 sinzwt cos w:(l 2r ) ‘::
1 - 2r° cos” wt + 2r cos wt—r" h"
o

21'2 sin wt cos wt(l - r2) :l‘

L 2 2 2 )

(1 -r7) - 2r° cos“ wi(l - r4) 4

,

2 2 -

- 2r° sin wt cos wt(l - r“) -

(1 - rz)(l + r2) - (1 - r2)(2t2 cos 2 wt) Y,

3

2 1

2r” sin wT cos wrt )

1+ 1r%- 2r? cos? we W™

O

2 g

et

. _T ;m 2wt ’ Rr. = 2 ':l“

1 - £° cos 2ut . .'

_

0

Rt sin 2wt "'.:

{tan ¢> = = Rt “on Tun (C-14) *
U

)

.".‘

)

'1
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Appendix D ;
PROOF OF AE - GC = O E{
Starting with substitution of terms .
AE - GC = [2a1d(e - Xi) - 4bjc + X) + by(d? - BY) -~ 2a)cd] ﬁ?
"
x [2aj2as(e - X) + 2bpd + 2anc] - [2a;(e = X) + 2byd + 2a)c) :ﬁ
x [2a5d(e - X) - 4bye(c + X) + ba(d? - BH)- 2ajcd] :;
= 4ajaz(e - )% + 4ajd(e - X)(bad + asc) ~ 8ay bje(c + X) ‘
x (e - X) - 8bjc(c + X)(bad + apc) + 2azb)(e -X)(d2 - Bz) ;g
+ 2b1)d? - B?)(byd + aze) - 4ajacd(e - X) - 4ajcd ;‘
x (byd + agc) - [4ajaz(e - % - 8abyc(c + X) + 2a;b, 3
x (e - )()(d2 - 8% - 4ajajscd(e - X) + 4agbyd(e ~ X) t
-~ 8b)byed(c + X) + 2b1b2d(d2 - 8% - 482b1¢d2 + 4ajajscd f
x (e - X) - 8aybsc(c + X) + 2ajbc(d? - B - 4ajazcld) :ﬁ
= 4a;d(e - X)(bad + apc) - 8azbje(c + X)(e - X) - 8b)c i
x (c + X)(bod + ae) + 2ajb))e - X)(d2 - BY) + 2b1(d2 - B?) '
x (bod + aje) - 4ajaged(e -X) - 4ajed(bod + azc) + 8ajbjye o
x (c + X)(e - X) - 2a;by(e - X)(d2 - B2 + 4ajarcd(e - X) d&

4asbyd%(e - X) + 8bibjed(c + X) - 2bjbyd(d? - B?)

4azb1cd2 + aalbzcz(c + X) - Zalbzc(dz - Bz) + 4alazc2d]

+

«, T - b _d
a‘?’;ﬁ-ﬂ%‘

- e - g

39

AL LA

A

'

w

= -~ [ ¥

EAUCRICAI A - N N " . - o , . -
O O O T S L N T M B L A A Nt R et



g gt gt Ta” ¥x” by’ Snt DR Pa iR $a 9a" V2t e 4a¥ 04’ 6 ba 12t nta et iyt 0t e 0T tet B a0 ¥ 0t Eat bt Ba’ st Wa'ata ' bat AaTaa O §R" 200" N 1

e
%
=

NWC TP 6776 .;;
oA
\j

AE - GC = 4alb2d2(e - X) + 4ajazed(e - X) + 8c(c + X)(e - X)(aby :
0
- agb)) - 8bjboed(c + X) - 8a2b1c2(c + X) + 2(e -~ X) .::"
]
x (42 = B2)(agb) - a;by) + 2b;byd(d2b?) + 2a,b;c(d? - B?) ':::‘
- bajaged(e - X) - Aalbzcd2 - Aalagczd - 632b1d2(e - X) s
'
+ 8bpbycd(c + X) - 2b3bpd(d? - B?) + sajbjcd? + 8ajbyc? _ 'f.f
o
x (¢ + X) - Zalbzc(dz - Bz) + loalazczd :
= Adz(e - X)(a]_bz - azbl) + 8c(c + X)(e ~ X)(albz - azbl) ..:
.(
+ 8c2(c + X)(ajby - agby) + 2(e - X)(d% - B?)(azb; - a}by) N
3
+ 2c(d% - B2)(agb| - ajby) + 4cd2(azb; - ajby) X
= (ayby - asb)[4d%(e - X) + 8c(c + X)(e ~ X) + 8c2 S
x (¢ + X) - 2(e - X)(d? ~ B - 2c(d? - B?) - 4cd?) ‘_"
'-\
= (ayby - agby)[4d%(e = X - ¢) + 8c(c + X)(e - X + ¢) 2
- 2(e - X)(d? - BY) - 2¢(d? - BY) - 4ed?) o
e
= (a)bp - asby)[4d%(e - X - ¢) + 8c(c + X)(e - X + ¢) 3
2 _ g2 &
- 2(d° - B)(e - X + <)} N
= (ajby - asby)[(e - X + c)(8c? + 8cX - 2d2 + 28?) 3
L
+ Adz(e - X+ ) - 8d2c] = (a)by -~ azby)[(e - X + ¢) v'h
>4

x (8¢? + 8cX - 2d2 + 282 + 4d?) - 8d%] e
= (ajby -~ azby)[(e - X + c)(8c? +8cx + 242 + 28%) - 8d%c] ..
h

.o

= 2(ajby - azb){e = X + c)(4c? + 4cxX + d2 + B?) - 4dc) e
W

o

Using .

Ky

-‘.

¢ = 4r? o
\:_

X=(1+ r2)2 - 4r? cos? :
L
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e = (1 - r2)2 + 4r? cos? wr
W
then ‘z
hl
)
e-X+c=(-1t)%+4r2cos? wr- (1 +r)%2+ 4r? cos? un ;:
|
. + 412 cos? wr + 4r? )
-
=] - 2r2 + r“ + 8t2 cos2 wr -1 - 2r2 -+ 4r2 X
= 8r? cos? wr *j
X
4e(c + X) = 16r2[4r2 + (1 + rz)2 - 4r2 cos? wt] 4
W
y
= 161'2[4!:2 gin? wt + (1 + r2)2] $§
a2+ %= l6r2(1 + r2)2 cos wt + l6r2( | r2)2 sin? wrt \i
= l6r2(1 + 1'2)2 cos? wr + 16r2(l + 1'2)2 sin? 1 ‘
- 64r" sin? wrt :ﬁ
“A
b
= l6r2(1 + t2)2 - 64r" sin? wr o

2

be(e + X) + a2+ B?a 16r2[4r2 8in“ wt]

O

= 32r2(1 + r?)? .ﬂ
A
(e - X + c)(4c2 + 4cX + a2 + B2) - 4p%c ;ﬁ

%

= 8r2 c032 wt(32r2)(1 + rz) - 4[l6r2(1 + r2)2

l.;

x cog? wr](arz)

-~

< &

2 2

= 256:“(1 + r2)2 cos® wt - 256r“(1 + r2)2 cos‘ wt

T2

z

=0

Therefore,

s A P R R
-

AE - GC = 0 (D-1)

or 's
[

AE

¢c=%
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