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ON THE NASH POINT EQUILIBRIA IN THE CALCULUS OF VARIATICONS

Kung-Ching Chang*

§1. Introduction

The problems of the existence and the reqularity of the local minima are
of fundamental importance in the theory of the calculus of variations.
Although there has been a long history, several remarkable contributions
appeared in recent years. Among them, I would like to mention two results in
these directions.

(1) The existence of a local minimum of the variational integral

J(u) = [ £(x,u(x),Vulx))dx for u e Wy'T(a,RY)
Q

where 2 C R' is a bounded open set, 1< r <, and N 1is an integer. The
function f is assumed satisfying

I. £ : Q x RN(1+n) > R1, is a Caratheodory function, with the growth
condition

|£(x,p,P)| < alx) + c(|p| + [P])T .

where a 1is nonnegative, and is in L’(n), and C > 0 1is a constant.

IX. (Coerciveness) d constants €4, K > 0 such that
c,lPIr - X < £(x,p,P).

Under these conditions, a minimizing sequence exists, and possesses a

weakly convergent subgsequence. If we know that J 1is sequentially weakly

lower semicontinuous (swisc in short), then the local minimum exists. The

following result due to Acerbi and Fusco [1] gives an answer to the swisc.

'Also Department of Mathematics, University of Wisconsin-Madison, Madison, WI
53706, and Peking University, People's Republic of China.

Supported by the U. S. Army Research Office under Contract No. DAAL03-87-K-
0043.
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Theorem 0.1 (Acerbi, Fusco). If £ is a nonnegative function satisfying
(1) and )

III. (Quasiconvexity in the Morrey sense) For a.e. x ¢ f, ¥p ¢ R*,
¥0 C Q, bounded open subset, Ww ¢ CE(O,RN)

£(x,p,P)mes(0) < [ f(x,p,P + Vw(y))dy VP ¢ RN,
0

Then J is swisc.

(Actually, (III) is also a necessary condition for swisc.)

Therefore J possesses a local minimum, if (I), (II) and (III) hold.

(2) Regularity. The following results were obtained by Giaquinta and
Giusti [4].

Theorem 0.2. If f satisfies (I} and (II), and if ug is a local

minimum of J, then ug € wlas(n RN) for some s > r.

Theorem 0.3. Assume that {Ahi(x,p), i,y =1,¢ee,n, hkx = 1,...,N} are

bounded continuous functions in Q x R, with A%a = AE%, satisfying
Aii(x,p)gigjnhnk > A|£]2|n]2 weE,m) e R® xR, A>0,
and
|P|2 - K < £(x,p,P) := Aii(x,p)P <clp|? +x,

VP = {P?} € RnN, for some constants C, X > 0. Let u ¢ W (n RN) be a

loc

local minimum of J, then 3 an open set g C Q@ such that u ¢ c°'“(no,nﬂ)

for every a < 1. Moreover, the Hausdorff measure H“'q(n\no) 0 for some

q > 2.

The purpose of this paper is to extend all these results to Nash point
equilibria for variational integrals.

Let E4,Ey,..«,Ep be m sets, and let fq,fy,ce¢,fy + Eq x Ey eee x Ej
+* R‘ be m functions. A point x = (x1,x2,...,xm) € : Ey 1is called a

i=1
Nash point equilibrium, if
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f1(X1,X2,.-.,xm) > f1(Y1,X2,-.-,xm) ?

f2(X1,x2,.-.,xm) > f2(X1,y2,...,xm) ’

fm(x1,x2'c-a 'xm) P fm(X1‘-x2,-. "Ym)

V(Y11Y2:---:Ym) € 1 Ei'
i=1
The concept of Nash point equilibria is a natural extension of the local

!
{
{
{
!

minima (m =1, £ = -f4), and of the saddle points (m =2, £fq = -f, f5, = f).
In order to simpiify the notations, we only consider m = 2.

F,G : g x ROVFM) (14n)

In the following, we assume both the functions
+ R satisfying
(I) They are Caratheodory functions, with the growth conditions:
] r
IF(x:Pr‘IIPIQ”' lG(x'Pl‘I:PrQ” < a(x) + c(‘Pl + |CI| + |P' + !Ql) ’
¥(x,p,q9,P,Q) € Q x HF x R” x RN RPM, for 1 < r € =,
And we define

J(u,v) = = [ F(x,u(x),v(x),%u(x),v(x))dx ,
Q

K(u,v) = = f G(x,u(x),v(x),Vu(x),Vw(x))dx
Q

for (u,v) € wa'r(Q.RN+M). We introduce a new function H : @ x R2(N*M)(1*n)

as follows

H(x,p,q,P,Q; p,3,%,Q) := F(x,p,q,P,Q) + G(x,p,q,P,Q)

.

- F(X,EIlerQ) - G(X:P:&rpré) .
Some assumptions similar to those for local minima are made:
(II) (Coerciveness) 3 constants C4,Cp,Cq3 > 0 and some 0 < r < r,
such that

H(x,p,q,P,Q: 5:&:5:5) > C1(|P| + lQI)r = C3(|§| + '6I)r -

Rl = Sl 2P ¥ o e

c (1 + Ip| + lal + |B] + [ah* .
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*
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(III) (Quasi-convexity in the Morrey sense) For a.e. x ¢ i, and ¥

AR e -

(p,q,§,§,§,§) € R(2+")(N*M), the function (P,b)l——+ H{x,p,q,P,Q: 5,5,5,6)
is quasi-convex in the Morrey sense.
The main results in this paper read as follows.
Theorem I. In addition fo assumptions (I), (II) and (IIX), we assume
(IV) The functions

(p,P) — F(x,p,q,P,Q) ¥(x,q,0) € 2 x R{VMIM

(q,Q) — G(x,p,q,P,Q) ¥(x,p.,P) € Q x Rr(14n)N

P e

are convex.
The functional pair (J,K) possesses a Nash point equilibrium
(ug,vg) € Wg'r(Q,RN+M)-
Theorem II. Under the assumptions (I) and (II), if (u,,vg) is a Nash
point equilibrium of (J,K), then (ug,vq) € W;62(9,3N+M) for some s > r.
The partial regqularity result is also extended. We restrict ourselves to
perturbed quadratic¢ functionals. Let
F = Aﬁi(x.p.q)Png + Bﬁi(x:p.qu?Q§ + Cig(x,p.q)QfQ? + £(x,p,q,P,Q) .
G = agi(x,p.q)P?Pg + biz(x,p,q)PgQg + ctg(x,p.q)QfQ? + g(x,p,q,P,Q) .
where al), Bl), cii, ald, wl], eid (1,5 = oo nx = 10N,
L,m = 1,...,M), are bounded and uniformly continuous functions in
Q x RN+M, and f, g are Caratheodory functions.
We assume
() AL = adhe add = afhs ol - ol e - o
(b) a is independent of gq, and C is independent of p.

(c) 3 A > 0 such that

A%z(x,p,q)P?P}j‘ > 1|p|?

v(p,Q) ¢ RH(NM)

cg(X.p.q)Q’;Q"j‘ > A]g]?

]
&
]
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and T A' ¢ 2\ such that

18, (x,poa)t o IBL I cpi@dt <A, Wi3m
L L

(d) I3 0<Kr<2 2<r+s8<2+ zs- such that
l£], gl < cqltlp] + 1a)127/772 + (|p] + |aD)Sclp| + JohF) .

Theorem III. Under the above assumptions (a)-(d), let

(u,v) € wloc(n M)  be a Nash point equilibrium of the pair (J,K). Then
d an open set Qg C @ such that (u,v) € C '“(Q RN+M) for every a < 1.
Moreover, Hn'q(n\no) =0 for some q > 2.

The same problems have been studied by Bensoussan and Frehse [2]. 1In
their work, the differentiability of the functions ¥ and G with respect
to (p,q9,P,Q), as well as the growth conditions in these derivatives are
assumed. However, these kinds of assumptions are not natural in the theory of
calculus of variations.

The main difference from theirs, is an assumption of the quasiconvexity
of the function H (Assumption III), which replaces an ellipticity condition
on (F,G) given in their paper. The advantage of this approach are twofold:
(1) Only weakly sequential convergence rather than the strong convergence is
used. It makes the argument clearer and more direct. (2) The functions F
and G are no more quadratic, we may apply our theorems to a large class of
functions.

A different approach, which improves [2] as well, is given by Zhang Ke-
Wei [(7].

The proofs of Theorems I, II and III are given in §2. 1In the thirad
gsection, we present some examples, the first one, in some sense, is a
comparison with Bensoussan and Frehse [{2]. The second one compares with a

study of saddle points dQue to the author [3]. And the third provides a new

example.




§2. The proofs
Firstly, we modify the Ky Fan inequality to noncompact convex sets. It
is the abstract framework of the existence proof.
lemma. Let X be a closed convex get of a separable Banach space E;
and let
p : X x X » R!
be a function satisfying the following conditions:
(1) ¥y € X, x> ¢(x,y) is swisc,
(2) ¥x ¢ X, y— ¢(x,y) is quasiconcave, and is fsc (in the strong
topology).
(3) 3 yp € X such that the function xF— ¢(x,yg) 1is coercive,
i.e. oqlx,yg) + += as Ixl +» =,
(4) o(x,x) <O ¥x € X.
Then there exists xg € X such that
el(xgry) < O ¥y € X .
Proof 1°. We consider a sequence of finite dimensional linear subspaces
of E:
L1 C Ly C esee CL, C eoo

such that ng1 Ln =E and yg € Lko for some kg
On each Lp, n » kg, we define

¢n = wlxnxxn

where Xn = Ln N X. Then we have

(1) ¥z ¢ X, wr—> g (w,z) 1is &sc.
(2) Ww e X,, zF g,(w,z) is quasiconcave.

(3) oplw,yg) > += as uwuLn + @,

(4) q;n(w,w) =0 VW e X,

N A S A A AN Y S
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According to Ky Fan Minimax inequality, we obtain Wy € X; such that
(5) Q(Wn'Z) <0 ¥z ¢ xn- . -
2°. Let us define

K := {x ¢ X|p(x,y5) < 0} .

Provided by the assumptions (1) and (3), X is bounded and sequentially

closed, so it is sequentially weakly compact.

AL

According to (5), one has {wn}n>k0 C K. This implies a subseguence
wnj — xO € K.
Again by the assumption (1), we have !

|3
e(xq,2) € 0 ¥z e U X, . ﬁ
n=1 ;
However, the function zprH— g(xo,z) is assumed lower semicontinuous and ;
at
© .
since U xn = X (in the strong topology) K
n=1 w
e o Q(xo,y) <0 Vy e X .

= w1eT (o pN¥M 3

The proof of Theorem I. Define a Banach space E = Wy’ (Q,R"), and
n
denote £ = (u,v) ¢ E, where u ¢ WA'r(Q.RN) and v ¢ Wa'r(Q,R”)- We define ;
a function o9 : X x X » R! as follows: -
¢(E,n) = f H(x,u(x),v(x),Vu(x),Vv(x); al(x),¥{x),Va(x),9%(x))dx :
n L]
where £ = (u,v), n = (u,¥) € X. The functional ¢ is continuous (strongly) EZ
in E x E, and that N
3
V¢ ¢ X, nb— ¢(E,n) is concave . 3
These follow from the assumptions I and IV respectively. 1
Provided by the assumption II, <
“
N
o(£,0) = [ H(x,u,v,N,%v; 0,0,0,0)dx N
Q2 .
~ N

>Cq [ (|vu] + |ovhTax = cy [ (Ju] + |v] + NTax + +=
Q Q

P B K K,

Lo got J0S
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as 1l + ». And obviously we have

Il
o

e(E,E) =

Therefore, in order to apply the lemma, we only want to verify the swisc

of the functionals: ¥n = (u,¥), £ = (u,v) — ¢(g,n), i.e. ¥(U,V) € E, the

swlsc of the functional
(u,v) — [ H(x,u,v,Vu,Vv; §,9,V8,99)dx .
Q

Let
- - . - s r
g(x,p,q) = Ca(1 + |p| + lql + lu(X)I + |v(x)|)r + C3(|Vu(x)|r + IVV(X)I )
and let
f(x,p,q,P,Q) = H(x:P'QIPIQlG(x)"7(x)lva(x)lv\-’(x)) + g(x,p.q) .

The function f is quasiconvex in the Morrey sense with respect to (P,Q).
Thanks to the theorem due to Acerbi and Fusco, we have

lim [ £(x,up(x),v(x),Vup(x), Vv (x))dx

k+o 2

> [ £(x,u(x),v(x),Vu(x),Vv(x))dx
Q

as gy = {(uyvy) —~> (u,v) weakly in E. Provided by the Sobolev embedding
theorem together with the continuity of the Nemytcki operator, we obtain

lim [ gl(x,uy(x),vy(x))dx = [ g(x,u(x),v(x))dx .

k+o Q Q
It follows

o(Ex,n) + olE,n) as g —> £ in E .
Therefore the lemma is applied, we have g5 = (ug,vg) ¢ E such that
e(Egon) = [ H(x,ug,vg,Vug,Vvg; ,V,V8,V9)dx < 0

Q

¥n = (4,V) ¢ E. The last inequality is equivalent to

I O D

P Ll N
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J(ug,vq) 2 J(G:Vo),
¥(U,¥) ¢ E .
K(UO,Vo) ? K(uO:V)
The theorem is proved.

The proof of Theorem II. Since the Nash point equilibrium (uo,vo) c E

[N % d - - ] e Seem i e D

satisfies the inequality

f H(x,u5(x),vg(x),%g(x),Vvg(x); ulx),v(x),Vul(x),Vv(x))dx < 0 .
Q

1

¥(u,v) € wé'r(Q,RN+M). The coerciveness assumption II implies
cy J (Jwug]T + [vvg]Trax < ¢, [ (|vu|T + |vv|Frax
Q Q

~

+ Cj3 f (1 + lul + lv' + Iuol + fvol)rdx
Q

¥(u,v) € W"r(Q,RN+M). According to the Poincaré inequality, (u,,vn) turns
0 00

out to be a Q-minimum of the generalized Dirichlet integral

~v

[ 1+ {vugl® + [ovglTiax < @ [ (1 + [w|T + [ov]¥)ax

Y] Q
for suitable Q > 0. A result due to Giaquinta ana Giusti [4,5] is applied,
see also Chang [3].

Remark. Theorems I and II can be generalized to the case where F and

G are inhomogeneous with respect tc P and Q. Namely, say F, G are r-
power growth in P, and t-power growth in Q. Under suitably modified
assumptions I and II, these two theorems hold as well. The proof of Theorem I
is similar. As to Theorem 1I, we refer to Chang [3].

... .
The proof of Theorem III. We use_the following conventional notations

A,B,..»,c stand for bilineaf forms Aé;(x,p,q),

B%%(x;ppq),--.cg(x,p,q) aetc.

A,B,s+++,& stand for bilinear forms Aéa(x,ﬁ,q),

B;z(xcﬁrq)a---ct%(x,ﬁlq) etc.
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A,B,+«..,c stand for bilinear forms Aﬁi(x,p,i),

- -

Bi%(xlpua)a---Cig(x,p,a) etc.
P = (Phi), 0 = (Q%),

AP « P = Aii(x,p,q)P?P?,...... etc.

|

UggeR = f u(x)dx, VigiR = f v(ix) ,
BR(XO) BR(xo)

where BR(xO) is the ball with radius R > 0 and center Xqe and f stands

for the mean value.

Let us denote w : Rt Rf, the continuity modulus of the functions
A,B,...,c. It is increasing, concave, continuous and satisfies u(0) = O,
w(t) < M, a const., and
|a(x,p,q) - A(x',p',q9")|, |B(x,p,q@) - B(x',p',q")]|,++.|clx,p,q) = c(x',p".q")|

<allx - x'|2+ |p-p'|2+]a-q1%.

Assume that (u,v) is a Nash point equilibrium of the function pair

{(J,K). The proof is based on the following estimate

i (1 + |vu]? + [w]?)
Bp(xo)
n
<cC (%) + w(r? + C1R2-n f (|vu2 + |vv]2))¥-2/s
BR(xo)
+ o, (f |Vu|2 + IVvlz)z/"'2 / (1 + |wa]2 + Juv]?)
Br{xg! Bor‘Xo!

+ SR (Juy gl + IVXO,RI)zn/n-Z + Cgr? A

¥xg € 0, ¥ 0 < p <R %-dist(xo,an), where C,C4,C5,C3,C4 > 0 are
constants, and s > 2 is a suitable constant. Once it is established, the

conclusion follows directly from Giaquinta and Giusti, cf. Giaquinta [6, Thm.

1.1, ch. VI].

-10-
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: Let A,B,...,¢, denote the constant coefficient bilinear forms
H I
A i ij i3
x Ahz(xO'“xo,R'vxo,R)' Bhi(xo'“xo.R’va.R)""'clm‘xo'“xo.R’vxo.R) etc.
B Let (u,V) be the solutions of the following constant coefficient
i elliptic boundary value problems
L] - 1 L]
o f AVu e« Vo +'2- BYp » Vv = 0, Vo € Wg'z(BR(xo),RN)
BR(xo)
L
4 and
.‘4 .
Py 1
X i &V « W + o bTu - Ty =0 W Wy’ 2(BR(xg) RN
! BR(XO)
>
'3 with ulaBR(xo) = ulaBR(xo)' V'aBR(xo) = vlaBR(xo). And let (uo,vo) €
v
i wa'Z(BR(xo),RN+M) be the solutions of the following equations
r L ] L] - 1 -
) f AVug « Vo - %-BV¢ e Vv = [ cVvgy o Wy - E'qu e« Vy =0
g BR(xo) BR(xo)
y
Vo € WA'Z(BR(xO),RN), ¥ € Wa'z(BR(xo),RM), we have
¥ s -~
;:'. f AV(E + ug) Vg = 0, f &V(T + vg) » VW =0,
r BR(xo) Bp(xq)
!  ¥o e War2(Bgixg) R, ¥ e Wit 2(Bgixg) RN
P Accc~ding to condition (c), the Caciappolli inequality and the P
'
. theory of elliptic systems imply that 3T constant Cg and Cp > 0 such that
‘ for 0 < p < R,
P / (9@ + ug) |2 + |V(F + vy D)
A " 12 2
. <cg(8) (J9E + vg) |2 + [W(T + vy |9
BR(xo)
\ and ¥ 1 < p < =,
v
X
v
0
’
;
0
.'
)
' -11-
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/ (|v(@ + uo)]P + V(T + vy |P)

Bplxy) )

< Cp f (|vi(u + uo)lp + |v(v + vo)IP) .

Bp(xg)

(cf. [6, Ch VI, p. 206-210].)

These inequalities imply that

/ (|va|2 + |v9|?)
Bp(xo)
n ]
<c(§) (Jva|? + [wvj?) + (1 + &) | (lvugl2 + lvvg]?)
BR(xo) BR(xO)
and

i ([v3]P + [velP) < c | (|vu]P + |vv|P)
B_(x_) B_(x.)
R' 0 r' *0

where ¢ > 0 is an arbitrary positive number, and Ce is a constant

depending on €.

let w=u-1U, 2=V - V. According to the Plancherel identity and

because (G,V) are the solutions of the above BVPs, we obtain
A (Jow|2 + |vz]?) < ¢ AVw o Uw + &Vz « Vz
BR(xo) BR(xo)

= | AV(utd) + V(u=G) + BYw « Vv + bVu » ¥z + &V(v+3)V(v=7)
BR(xo)

- f (A-R) (VusVu=-V3+Vd) + (B-B)V@ « Vv + (b=-B)vu « Vv

BR(xO)

+ (&=C) (VVeTv-T7V7)

+ [ (R-A)Vu + Tu + (B=B)Vu « Vv + (b=b)Vu Vv + (c-c)Vv » Vv
B(x4)
+f AVu ¢ Vu + (B+b)Vu « Yv + cVv « Vv
BR(xO)
=12~

o e
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LS S %

- AVG « VG + BV@ « v + 5Vu VG + cVG . V9

w

”A

%

o
LCOECL T

, =I1+12+I3+I4. (4)
. Noticing
I+ <C [ w(rR? + 2[|u - “xo,Rlz + v - VXO,RIZ +
Bp(x4)
+Ju-8|2+ v-92]D[]w]2+ |vv]2 + |vE|2 + |v%]2]

and that ® is bounded, we have for some s > 2

o5 S S NEF G e o e ]

¥
R 1- 2
y .
; [ w e (|va]2 + [wv|?) < e [f lva]® + |wv]®]1?/5(f w] ®
f Bp(x,) BR(xo) BR(xO)
1- 2
% <cg [ (s vl s fmal® o f W] °
; BZR(xo) BR(xo)
N
' by Theorem II. By the concavity of w, we have
i fooowm e atle sy 24 v - v gl% s Jwl® 4 2D
Y BR(xo)
< w(R2 + 2 4 (Ju - Uy R|2 + |v - Vi, Rlz) +2f (lwl2 + |z]2)) ‘
’ ’
Bp(x,) Bo(xy)
] "
C < w(R? + cgRZ™® (jw]2 + |wi2y) .
' Bg(x()

The last inequality follows from the Poincaré inequality and the inequality

¥y

(3). Similarly, we have

I
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{ we (]val2 + |v9]3) < c ] (val® + |vo|®)]® [ w] °®
Bp(xg) - B

ceglf dmltelwBEY )

<Cyy | (s fwal® + fwltif W] 0
, BZR(xO) BR(xo)

It follows

2
1- =

I, + I, < Cqau(R2+CgrRZ™M [ (lva]?+wv|?)) B g (1+|vu]2+|vv]2) .
Bp(xg) Bop(xg)

If we write the integrand of the summation I3 + I, in the form

T TTY ¥ X EEY T

H(x,u,v,..-,Vﬁ,V\-l) + h(x,u,v,..-,Vﬁ,V\-l) »

-

then

2n

Ih(x,psqse-er B:2)] < Coqtlp]| + lal + |B] + [IH™72 +

+ (Ip] + lal + |5l + 1ahs(|p| + |o] + |B] + |37
where 0 < r <2, 2<r +8¢<2+ 2%-, provided by the assumption (d).

However, (u,v) is a Nash point equilibrium, we have

f H(x,u1,v,%4,9v; u,¥,93,¥) < 0 .
BR(xO)

(By extending (u,V) = (u,v) outside the ball Bp(xg).) It follows

2n

I3+ I4<Cqg [ CCla] + Jv] + |a] + |;|)m-2
Bp(x,)

+ (ul + v] + |G + [8DEc|vu] + Jov| + |v8] + [v5))7)

2n 2n
2 2.n=2 n n-2 n
< c16(£ o | u]“+]ov]“) + C oR (,uxo‘R,+’vxo'R,) + CygR
RC
-ld=

S
N\
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\
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cf. {3, Thm. 3]. In summary

2 2
g(x )(IVw|+IVzI) <<%9[£ (
2R %0

1
+ cgR?™P [ ([vul2¢]vl?))
BR(xo)
2n

——

n n=-2 n
+ R (luxo,nl+|vx0,kl) + R?]

Using the relation
/ ([va]? + |vv]?) < (1 + €)

Bp(xo)

+c. | (|2 + |vz]|?)
B (x,)
p 0

and since (ug,vg) € Wa'z(Br(xo)cﬁp+m)

L] 1 *
/ AVugVe = 5 BYp * Vv =0,
Bp(xg)

One sees that from condition (4)

BR(xo)

BR(xO)

Now we substitute (2) and (7) into (6),

[ duel? e vl cer®)
€'‘R

+ (1+6)2

Bp(xo)

- W W W W WS W BN IFTrW@T

2 1
A [ |Vuo| <A

2 1
A [ IVvol <z A

(Jwa]? + lwl? + c. /

(1+|vu|2+]9v]2)) {w(RZ +
)

2
+(f (el ]ov]H)"7?
Bp

-2
s

. (5)

f (|vd|2 + |v5]2)
Bp(xo)

' (6)

satisfying

vy o VY - %-qu Ty =0 .
BR(xo)

BR(xO)

[va]? . (7)

Bn(xo)

it follows

f (|Vu|2 + lelz)
BR(xo)

(|2 + [vz]?) .

B_{x_,)

R0

Choosing ¢ > 0 sufficiently small, (1) is obtained by (5).
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The rest of the proof is -essentially the same as Theorem 1.1, in [6, Ch.

IV] and Theorems 1.1, 1.2 in (6, Ch. vIi].

L JEn e A g
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§3. Examples

In this section, we shall present several ;xamples to illustrate the
conditions stated in the theorems.

Example 1. Suppose that Aﬁi,sﬁi,......,ci& etc. are bounded
Caratheodory functions defined on Q » RM,

let

C = C(x,p,q) - C(x,P,9),

= a(x'p,q) = a(xlpla)

e

and let
Q= (A+a)Ps P+ (B+Db)PeQ+ (C+c)Q 0
where we use the abbreviation notations as in §2 Theorem II.
Assume that Q 1is positive definite in (P,Q)
¥(x,p,q,p,3) € Q@ x RE(N™M)  j.e. T X > 0 such that
0> a|p|2 + |Q|%) . (3.1)
Suppose that f,g : Q x R(1+n)(N+M) + R' are Caratheodory functions
which are linear in (P,Q), and satisfy the growth condition
lel,]al < (1 + p|® + lal® + |2 + ), rc2. (3.2)
Then the functions
F(x,p,q,P,Q) = AP « P+ BP « 0 +CQ » Q + f(x,p,q,P,Q) ,
G(x,p,q,P,Q0) = aP « P + bP « Q0 + cQ « Q + g(x,p,q,P,Q)
satisfy the assumptions I, II, III of Theorem I with r = 2.
We verify the assumption II
H=(A+2a)PeP+ (B+Db)PeQ+ (c+3)Q 0
+f+g-f-g- (AP -pP+BF «Q+bP+3 +ch e+ D)

where we use the abbreviation notations of §2 Theorem III. Thus

-7~
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B> Aa(lpl2 + [0]2) - m(|B|2 + |3 - 21 + |p|T + |q|F + |BIF + 13D

Ajar2 o M yzi2 _ A j2 M o=2 A 2 2. _c? o2, =2,
=2 lelt - IRl =g Ielt - g 1ot - g cdel® + IRl - = (BT + 181D
A 2 2 =2 -2 - - ;
> 5 (|p]€ + {o%) - m ([P + [o") = cqlpl + la] + [B] + lal + DT .

As to assumption III, we observe that the function
(P,Q) —> H(x,p,q,P,Q; .9, P.Q) = Q(x,p,q,B,§; P,Q) + linear terms of (P,Q)
is convex. So that is quasiconvex in the Morrey sense.
Furthermore, we assume that the assumption IV hold, i.e. the function
(p,P) /> F(x,pse..,Q) and (q,Q) — G(x,p,...,Q) are convex.
Then Theorems I and II hold true for this pair (F,G).
Remark. This is just the example given by Bensoussan and Frehse in
{2]. Although the abstract assumptions of theirs are different from ours,
this example is a common model. An obvious advantage in this paper is that
neither the differentiable conditions nor the growth conditions of the
differentials of the functions F, G are needed.
Example 2. Suppose that F is a function satisfying the assumption I
and
Assumption II'. J constants r > r >0 and C,Cq,C3 > 0 such that
F(x,p,q,P,Q) > C|P|T - cylQ|¥ - cytfp| + la| + 1T,
-F(x,p,q,P,Q) > c|o|F - ¢,|PIT = c,o(]p| + |q] + 1); .
Agsumption IV'. W¥(x,p,P) ¢ Q x ROVFIN (4,0) > -F(x,p,q,P,Q), ana ¥
(x,9,9) ¢ @ x r(1DIM (5 p) — F(x,p,q,P,Q) are convex functions.
Then the function pair (F,-F) satisfies the assumptions I-IV. 1In fact,
Assumptions I and IV are obviously true. And
H(x,p,q,P,Qs 5,35, Q)= -F(x,5,q,%,0) + F(x,p,§ P,0)
> c[p|T + [QIfy = c,(|F]T + |8]%) =~ cytlpl + lal + IBl + 13l + 1

it follows the assumption II. Since, now, the function H 1is convex in

-18=
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(P,Q) according to the assumption IV', it is quasiconvex in the Morrey sense

i Sl S D

i.e. the assumption III holds.

The corresponding Nash point equilibrium (ug,vg) of the functional pair

T ¥_a_»

(3,~J), where

e g

J(u,v) = - [ F(x,u,v,%,V¥v)dx ,
‘ Q

is just the saddle point of J.

The existence Theorem I and partial regularity Theorems II, III imply the

WX X _E 3 e

corresponding results in Chang [3].
However, the above assumptions for the saddle point problem do not

satisfy the assumptions given in Bensoussan and Frehse [2], particularly, the

ellipticity condition.
We present here an example. Assume
£(t) =3 |¢|T
r
where 1 < r < 2, and let
F(P,Q) = f(P) - £(Q) .

Obviously, the assumpticns I, II’, IV' are all satisfied, but there is no

positive constant ¢y > 0 such that
(Fo(P,Q) = F_(E,0))(P-F) - (Fp(r,0) - Fo(P,0))(0-Q) > co(lp-ilz + 1o-31% .
Example 3. We present here some high power functionals which have not
been studjied in {2]. lLet n=M=N =1,
F(P,0) = A'P4 + aP2 + BPQ + CQ? ,
G(P,Q) = aP2 + bPQ + c0? + c'0?

where A,B,...,c,A',c' are constants
H(P,Q,B,0) = A'P4 + aP2 + (B + b)PQ + co? + c'gd
4

- a'$% - aB? - BPQ - bRQ - c§2 -c'gd.

Therefore, if A,A',c,c' > 0 and Ac > % (B + b)z, all the assumptions I-IV

hold, and Theorems I and II are applied.
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