


SA

lllll ~H ,51":‘

s =
T










UNCLASSIFIED

U CASSIFICATION OF THIS PAGE
Form Approved
REPORT DOCUMENTATION PAGE OMB No. 0704-0188
Ya. REPORT SECURITY CLASSIFICATION 1b. RESTRICTIVE MARKINGS
UNCLASSIFIED
2a. SECURITY CLASSIFICATION AUTHORITY 3 DISTRIBUTION/AVAILABILITY OF REPORT
[ ———
2b. DECLASSIFICATION / DOWNGRADING SCHEDULE
4. PERFORMING ORGANIZATION REPORT NUMBER(S) S. MONITORING ORGANIZATION REPORT NUMBER(S)
BRL-MR-3649
e . Tt ™S Ty
6a. NAME OF PERFORMING ORGANIZATION 6b. OFFICE SYMBOL | 7a. NAME OF MONITORING ORGANIZATION
(if applicable)
USA Ballistic Research Lab SLCBR-1IB-M USA Ballistic Research Lab
6¢c. ADDRESS (City, State, and 2IP Code) 7b. ADDRESS (C-ity, State, and ZIP Code)
Aberdeen Proving Ground, MD 21005-5066
8a. NAME OF FUNDING / SPONSORING Bb OFFICE SYMBOL | 9. PROCUREMENT INSTRUMENT IDENTIFICATION NUMBER
ORGANIZATION (if applicable)
8¢c. ADDRESS (City, State, and 2IP Code) 10 SOURCE OF FUNDING NUMBERS
PROGRAM PROJECT TASK WORK UNIT
ELEMENT NO. [NO. NO. ACCESSION NO.
62618A 11162618 a

11. TITLE (Include Security C-Iassifitmon)
(U) Polynomial Definition of Discrete Field Points of Map of Diffusion Equation, Part I

e
12. PERSONAL AUTHOR(S)
William F. Donovan

13a. TYPE OF REPORT 13b TIME COVERED 14. DATE OF REPORT (Year, Month, Day) |15. PAGE COUNT
FROM T0

16. SUPPLEMENTARY NOTATION

17. COSATI CODES 18 SUBJECT TERMS (Continue on reverse if necessary and identify by biock number)
FIELD GROUP SUB-GROUP Diffusion Equation

Heat Flow in Ballistic Environment

Finite Difference

20 06

19. ABSTRACT (Continue on reverse if necessary and identify by biock number)

The diffusion equation is solved by differencing methods to present discrete values of the
dependent variable at specific times and locations. The solution is given as coordinate
polynomials and is bounded between 0 and * .

20. DISTRIBUTION / AVAILABILITY OF ABSTRACT 21 ABSTRACT SECURITY CLASSIFICATION
CJ uncLasSIFIEDAUNLIMITED [ SAME AS RPT J oTic USERS
e
222, NAME OF RESPONSIBLE INDIVIDUAL 22b TELEPHONE (include Area Code) | 22c. OFFICE SYMBOL
William F. Donovan 278-6132 SLCBR-IB-M
DD Form 1473, JUN 86 Previous editions are obsolete. SECURITY CLASSIFICATION OF THIS PAGE
UNCLASSIFIED




II.

III.

Iv.

LIST F ILLUSTRATIONS .

LIST & TABLES . . . .

INTRODUCTIN . . . . .

PROCEDURE . « « & « « &

RESULTS o ¢« &« ¢ ¢ o & &

ACKNOWLEDGEMENT . . .

References . . . .

List of Symbols . . . .

Distribution List ., .

{gcossion For

NTIS GRA&I

DTIC TAB
Unannounced 0

By.

Distribution/

Availadility Codes

Avall and/er
Dist Special

A-l

TABLE GF CONTENTS

Page

.11
.35
.36
.37

.39




LIST (F ILLUSTRATIONS

Figure Page
l. Schmidt Diagram . o« « ¢ o o o ¢« o ¢ o o o o o o o« ¢ s o 13

2. -Gregory-—Newton Transposition « « o o « ¢ o o o o o o o o 24




LIST GF TABLES

Table Page
1. Time LoCAtionN. « « = = o« « o o o o o o o o o o o o o o « o« 14
2. Constant Term NUMETALtOTS 4 o « o s o o s s o « o o o o o o 25
3. Polynomial Expansions for Selected Intersections . . . . . 26
4, 1st Power NUMETALOTS &« « « o » o o ¢ o s o o o o o o o o o 27
5. 2nd Power NUMETELOLS o o« o« o o o o o o o o s o o o o » o o 28
6. 3rd Power NUMETEtOTS « « o o« s » o o o » o s o o o o o o o 29
7. 4th Power NUMETALOIS o « « o o o o « o o o o o o o o « « » 30
8. Sth Power NUumeratorS . o« o « o o o o o o s o o o s o o« o » 31
9. 6th Power NUMETALOLS « 4 o s o « o o o o o ¢ o o o o o o o« 32
10. Line Progression Correlations. « « « o + « o o o o o o o » 33

11. Vertical Counter Correlation « « o « o o o o o o o o « « o 34




INTRADUCTION

The diffusion equation of Physics has been used to analyze unsteady heat
transfer, boundary layer velocity distribution, long line electrical voltage
fluctuation, and salt~solute penetration. The general mathematical expression
is

3T/0t = a 3°T/ay% ,
where particular physical constraints determine the context. There are two
approaches to the problem statement and solution; the one most widely used
being transformation, and the otter, finite difference techniques, employ
variations of summing averages of term values established by unique methods.
This report considers an averaging type solution in algebraic format. The
final result consists of a series of discrete polynomials with rational
coefficients which describe the dependent variable at each time-distance
coordinate in the manner of the non-reflecting Schmidt plot,

PROCEDURE
Essentially, the differential equation is recast as a finite difference
expression which is transposed first to geometric and then to polynomial
algebraic form. The polynomials, representing discrete solutions to the
differential equation, are analyzed by differencing techniques whereby the
numerical coefficients of common diagonal terms are found to be expressible in
a generalized matrix.

From the one dimensional partial differential equation
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where T is the dependent variable, t is an independent variable, , is an
independent variable, and a is a constant, In heat transfer problems, T is
temperature, t is time, , is distance, and a is the diffusivity. Application
of the finite difference procedure gives

o T 4 7T
t

1 _ A
a Lt " 2 (2)

with 4t the finite difference in time, 8x the finite difference in distance,
4 T the time variable effecting a change in T, and 4 T the distance variable
effecting a change in T. X

By expansion the equation becomes

(t+1) _ _ (t) (t) _ (t)
T T Tia+1) n * Tin-1) (3)
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where subscript n refers to the x increments and superscript t refers to the t
increments. Schmidt® developed the graphical form shown on Figure 1 with the
stepwise linear temperature gradients across adjacent layers of material.
Since the change in internal energy within a layer of material over a finite
time is the difference between the heat flow in and heat flow out, the
corresponding temperature increment becomes a function of the ratio 8y

and it is convenient to select this ratio as unity, leading to 2abt
ol
ot = —2 . - Y]

Also, a geometric simplification results from defining the graphical
proportions as

By
m :W N (5)

where the Axo is the graphical analogue of the initial film coefficient.

Table 1 shows the discrete algebraic expressions for the time-temperature-
distance intersections of Figure 1. Along the diagonals of Table 1 a matched
power polynomial appears and the coordinate expression for T in time and
distance takes the general form

T (N,P) = -——41—7—— (A - Bm + sz ~ ves ¢ mk) (6)
P

where N is a distance index, P is a time index,

(P+XN) -2- 'sin (P +N) n/2 |
2

(the external denominator exponent), k is the terminal exponent of m, j is k
minus the exponent of m (the individual term denominator exponent), and

0 0
¢ = m (TO - 'Il

)

with A,B, C ... numerical coefficients of the interior terms of the equation.
To establish T (N, P) for any 4 and m (which include the physical constraints)
it is necessary to establish the precise values of the coefficients A&, B, C
«++; and this is the object of the current investigation.

Any fu%l expression, T (N,P), can be developed from a Gregory-Newton
formulation® of the separate terms A, B, C, for the bounded diffusion equation
as shown in Figure 2., Some interesting progressions do result but an alternate
and more geometric presentation is available from the direct finite difference
tables.

1 Sutton, G.P., Rocket Propulsion Elements, John Wiley & Sons, New York 1956.

Spiegel, M.R., Theory and Problems of Finite Differences and Finite
Difference Equations, Schaum’s Outline Series in Mathematics, McGraw-Hill Book
Company, New York, etc., 1971, pp. 36-44,
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Table 2 is also extracted, by difference equation procedure, from Table 1
and generates the coefficients of the constant term, A, for the coordinate
expression of distance and time. The starting point is within the heavy box
of column 7. These numbers, 17548, 25147, 35401, 49024 and 66868, were found
by direct calculation using Figure 1 and Table 1 and are the constant
numerator terms only. Table 3 lists the complete polynomial expressions for
these coordinates. By the usual differencing, the 7th through the lst columns
are established. It is then possible to work vertically using the regression
in column 2, back to zero; and then to complete the elements of columns 1
through 6. Noting the resulting bias progression at the tops of these
columns, the next step is continue diagonally (I, II, III) to column 8 and,
using column 7 as a summation, verify the vertical sequence of column 8.
Columns 9, 10, 11, ..., are generated similarly.

Within the individual frames containing the coefficients is a
parenthesized pair of numbers which indicate the distance and time coordinate.
These indices run diagonally upwards at constant distance and bi-sequentially
as time. Tables 4 through 9 are formed by the same procedure and extend
arbitrarily to the 6th power of m. However, a different sequence appears
along diagonals I, Il and III according to the power of m. Table 10
summarizes this behavior and reveals yet another correlation, shown mainly by
column 4, from which the adjacent columns can be constructed adinfinitum. The
final coincidence occurs from a reinspection of Tables 2, and 4-9 where the
digital vertical counting column (1, 2, 3, 4, 5 ...) conjoins the power of m
and the time sequence of the first distance diagonal (1,3), (1,5), (1,7),
etc., by an interval of 3 in the counter according to Table 1l1.

RESULTS

To write anv term defining the dependent variable in time and distance,
Tables 2 through !l are used to form the numerical coefficients in Equation

(6),

T (N,P) = *——i“f— : A - Bm + Cm2 I mK ]
223 :

For T (1,15) for instance,

N= 1,
P = 15,
P~N=- |sin(p-N)m /2] _ (15 - 1) = |sin 7 ]
k = 3 = ; = 7,
2
4N - o /5 | -y .
h o= P 2 1§1n (P +N) n/2 - (15 + 1) g |51n 8 ﬂl = 7, and
j = (k - term exponent of m) = (7 - term exponent of m) .

11




The finite difference tables for the (1,15), j variables are then
reconstructed (Tables 2, and 4 -9) using Tables 10 and 11 and the respective
numerators determined, yielding

whereby
Term Numerator Exponent "yn
. Value of "m"
A 51480 0 7
B 39796 1 6
c 20264 2 5
D 7050 3 4
E 1672 4 3
F 260 5 2
G 24 6 1
H 1 7 0
hence
2 3 4
’ 128 128 64 32 16 3
_ 260m° . 20® 77,
4 2 o

12
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Figure 1. Schmidt Diagram
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TABLE 1.

TIME LOCATION

N P ————

* 3 4 ) 6

1 g | @G -m| @G -m | @eGes - 92 m e nd) | B/8)30/6 - 972 0+ 2,
2 /2 | /2 (8/4)(7/2 - m) | (B/8)(7/2 = m) (8/8)(38/4 - 10/2 m + n’)
3 B/ B/4 (8/8)(4 - m) (8/8)(4 - m)

4 p/8 8/8 (9/16)(9/2 - m)

5 B/16 p/16

6 B/32

7

8

14




TABLE 1. (continued)

7 g
(8/8)(35/2 - 29/2 m + 12/2 n® = w>) | (B/8)(35/2 - 29/2 m + m® - m’)
(8/8)(35/4 - 10/2 m + m°) (B/16)(187/8 - 69/4 m + 13/2 m? - m°)
(8/16)(47/4 - 11/2 m + m?) (B/16)(47/6 ~ 11/2 m + m?)
(8/16)(9/2 - m) (8/32)(57/6 - 12/2 m + n°)
(8/32)(5 = m) (B/32)(5 - m)
@/32 (B/64)(11/2 - m)
p/64 B/64

g/128

15




TABLE 1, (continued)

9

(B/16)(630/16 - 325/8 m + 95/4 n? = 15/2 > + nd)

(8/16)(187/8 - 69/4 m + 13/2 m? - m>)
(B/32)(264/8 - B1/4 m + 14/2 m2 - nd)
(8/32)(57/4 - 12/2 m + m?)
(B/64)(68/4 - 13/2 m + m?)
(B/64)(11/2 - m)

(B/128)(6 - m)

p/128

B/256




TABLE 1. (continued)

10

(B/16)(630/16 - 325/8 m + 95/4 m? = 15/2 m> + m°)
(8/32)(874/16 - 406/8 m + 109/4 m® - 10/2 w° + o)
(8/32)(264/8 - B1/4 m + 14/2 m? - m°)

(B/64)(312/8 - 94/4 m + 15/2 m% - m°)

(B/64)(68/4 - 13/2 m + n°)

(8/128)(80/4 - 14/2 m + m°)

(B/128)(6 - m)

(8/256)(13/2 - m)

B/256

9/512

T




TABLE 1. (continued)

11

(8/32)(1386/16 - 843/8 m + 312/4 m? - 14174 m° + 18/2 n° - m°)

(8/32)(874/16 - 406/8 m + 109/6 m% - 16/2 m° + m*)
(B/66)(1186/16 - 500/8 m + 124/6 m% - 17/2 m> + m?)

(B/64)(312/8 - 94/4 m + 15/2 m2 - m°)

(B/128)(392/8 - 298/4 m + 16/2 n’ - m°)
(8/128)(60/4 - 14/2 m + m)
(8/256)(93/4 - 15/2 m + mf)
(8/256)(13/2 - m)

(B/512)(14/2 - m)
g/512

B/1024

18




TABLE 1. (continued)

12

(B/32)(1386/16 - 843/8 m + 312/4 m% - 141/4 m° + 18/2 n* - n°)
(B/64)(1979/16 - 1093/8 m + 374/4 m® ~ 79/2 m° + 19/2 o - n°)
(8/64)(1186/16 - 500/8 m + 124/4 n - 17/2 m> + m¥)
(8/128)(1578/16 ~ 608/8 m + 140/4 m? ~ 18/2 m> + m)

%)

)

(8/128)(392/8 - 298/4 m + 16/2 n® - m
(8/256)(485/8 - 123/4 m + 17/2 n® - m°
(B/256)(93/4 - 15/2 m + m?)
(8/512)(214/8 - 16/2 m + m%)
(8/512)(14/2 - m)

(8/1026)(15/2 - m)

B/1024

B/2048

19




TABLE 1. (continued)

13

6

(B/64)(3003/16 - 4165/16 m + 1841/8 me ~ 532/4 m> - 196/6 m* + 21/2 m® - m®)

- (B/64)(1979/16 - 1093/8 m + 374/4 m2 - 79/2 m3 + 19/2 n? - ms)

(B/128)(2762/16 - 1397/8 m + 444/4 me - 88/2 m> + 20/2 m® - m°

)
(B/128)(1578/16 -608/8 m + 140/4 m% - 18/2 m> + m*)
(B/256)(2063/16 - 731/8 m + 157/4 m% - 19/2 m> + n)
3

)

)

(8/256)(485/8 ~ 123/4 m + 17/2 m® - m
(8/512)(592/8 - 139/4 m + 17/2 m* - m°
(8/512)(214/8 =16/2 m + m2)
(8/1024)(266/8 - 17/2 m + m’)
*(8/1026)(15/2 = m)

(8/2048)(16/2 - m)

B/2048

p/4096

20




TABLE 1. (conﬁinued)

14

(B/64)(3003/16 - 4165/16 m + 1841/8 m? - 532/4 m° + 196/4 n° - 21/2 0 + nf)

(8/128)(4387/16 - 5562/16 m + 2285/8 m? - 310/2 m> + 216/4 m* - 22/2 n° + nd)
(B/128)(2786/16 - 2794/16 m + 444/4 m? - 88/2 m> + 20/2 m* - m°)
(B/256)(7599/32 - 3525/16 m + 1045/8 m2 - 195/4 m> + 21/2 n® - m°)
(/256)(2063/16 - 731/8 m + 157/4 n% - 19/2 m> + n)

(B/512)(2655/16 - 870/8 m + 175/4 n? - 20/2 m> + m%)

(8/512)(592/8 - 139/4 m + 18/2 m2 - m>)

(B/1024)(714/8 - 156/4 m + 19/2 m% - m>)

(B/1024)(264/8 - 17/2 m + m?)

(B/2048)(276/8 - 18/2 m + m?

(B/2048)(16/2 - m;
(8/4096;(17/2 - m"
@/4096

B,8192

A9}
(o




TABLE 1. (continued)

15

(B/128)(6435/16 - 9949/16 m + 5066/8 m° - 3525/8 m> + 836/4 m* - 130/2 m° + 24/2 m® - m’

2

)
(8/128) (4387/16 - 5562/16 m + 2285/8 m’ - 310/2 m’ + 216/4 n* - 22/2 m° + m0)
(B/256)(25147/64 - 146469/32 m + 5615/16 me - 1485/8 m> + 237/4 m* - 23/2 m> + m®)

(8/256)(7599/32 - 3525/16 m + 1045/8 m% - 195/4 m°> + 21/2 m® - m°)

(8/512) (10256/32 - 4395/16 m + 1220/8 m2 - 215/4 m° + 22/2 m* - m°)
(8/512)(2655/16 - 873/8 m + 175/4 m? - 20/2 m> + m’)
(8/1024)(3369/16 - 513/6 m + 97/2 mé - 21/2 n° + m°)
(8/1024) (7148 - 156/4 m + 19/2 m2 - n)
(8/2048)(852/8 - 174/4 m + 20/2 m> - m°)
(/2048 (138/6 - 18/2 m + m’)

(B/4096)(155/4 - 19/2 m + m°)

(/6096 (17,2 - m)

(0,8192 (18/2 - .

P/8192

@/16384

ec




TABLE 1. (continued)

16

(8/128) (6435/16 - 9949/16 m + 5066/8 m? - 3525/8 m> + B36/4 m® - 130/2 m° + 24/2 n° - m’)

2 3

(B/256)(76627/128 - 43947/64 m + 25879/32 m +1090/8 n® - 283/4 m° + 23/2nf-m’

2

- 8485/16 m
(8/512)(35401/64 - 9502/16 m + 6835/16 m? - B25/4 m> + 259/4 m* - 24/2 m° + n®)
(8/512)(10254/32 - 4395/16 m + 1220/8 m2 = 215/4 m> + 22/2 m* - m°)

%)

(B/1024)(13623/32 - 5421/16 m + 1414/8 m% - 236/6 m> + 23/8 m® - m
(8/1024) (3369/16 - 513/6 m + 97/2 m% - 21/3 m> + m%)
(B/2048)(4221/16 - 600/4 m + 107/2 mé = 22/2 m> + m*)

(8/2048)(852,/8 - 176/4 m + 20,2 m% - m°)

(B/4096)(1007/8 - 193/6 m + 212 m% - m>)
(B/40961{155/4 - 19,2 m + m%)
(/81921734 - 20/2 m + m°,

(/8192 (18,2 - m

(/16384019 2 - m

B/16384

B/32768

™
w
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TABLE 2, CONSTANT TERM NUMERATORS
“m” EXPONENT = 0
6
6 0
6 5 v
12 5 0
1 5 4
10/ |4 0
9 4 3
8 3 0 '
] 7 3 2
6 2 0
‘ 50 |2 ]
4 ] 0
3 1
7 2 0 \
5 N
I
12 3 0
8 |
; 200 | 4 I
12
] [32 5 I
{ [ L7
! [$a
23
7
72 2.4
y 30
.5
102 '(3.5)
38
140 9
0 |@e
47
— 18 10
"Tbﬁ)5'2_g
25
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TABLE 4. 1ST POWER NUMERATORS

“m" EXPONENT = 1
15
15 (0 -
15| 10
0| |0
10| |6
6| |0
6| |3 y
3 0
C13 1
L6 | ol
la] 11|
100 |2 o\
6| [0 ]
6 |3] 10 I
K IR
25 |4 |0
B, (1
¥ S| 0
el 1o
ol I 1
28 1!
7
|31
8
39
P 9
| | s
48
Bo
|
W
LTI
(4.18) ~B 97954

27




TABLE 5. 2ND POWER NUMERATORS

\\mu EXPONENT - 2

0 i

28

14,18y -C + 40963




TABLE 6, 3RD POWER NUMERATORS

“m" EXPONENT = 3

0 | A4
30 |
130 |0 |
[ [30] Nis[
leol [15] Jo
L lag Dis| s
L 3l s o
75 200 fs! ]
4%l o (1] Jo]
N RE
| e’ 121 1o
| sl Tl
[2¢ 3] To .
IR
35 4] To]
Chs Tl
L is jo]
W%,oi lo!
1]

158 |
(2,12}
64 '
0,134 ~—___
2021
1 ¢ i
:_ a8y S0 = 12021

29




TABLE 7. 4th Power Numerators

“m"” EXPONENT = 4

0 v
21
21 0
21 6
42 o} 0
27 6 ]
12 ] 0
7 ]
19 2 0 \
1 - M
3] ol
_—_—— Y=
17
M
9
212)
96
13
20
=2 ——
{3_57(3;;){ ~E « 2450
[ e | :

30




TABLE 8. 5TH POWER NUMERATORS

1\ mu EXPONENT - 5
0 JAvA
28

/¢

31
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“ TABLE 9., 6TH POWER NUMERATORS

“m"” EXPONENT = 6

6] | X

36 8

25 2 0

36 3 0

32




LINE PROGRESSION CORRELATIONS
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TABLE 11,

Term
Exponent

0

1
2
3
4

(Yo R o I N e v ]

VERTICAL COUNTER CORRELATION

"IV" Column
Value

6

9
12
15
18
21
24
27
30
33

Distance-Time
Coordinate

(1,3)
(1,5)
(1,7)
(1,9)
(1,11)
(1,13)
(1,15)
(1,17
(1,19)
(1,21)
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LIST OF SYMBOLS

a constant (diffusivity)
h exponent of 2 in the external denominator
] exponent of 2 in each term denominator
k exponent of "m" in final term
m constant ( A )
Ax + Bx,
n number of X increments
t independent variable (time)
X independent variable (distauce)

A,B,C,..., numerical coefficients

N distance index
P time index
T Dependent variable (temperature)

Qr

indicating partial differentrative

iy indicating difference

AtT time variable effecting a change in T

AAT distance variable effecting a change in T
¢ external numerator
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