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This report describes the measurement of range, range rate, angle, and
angle rate of a single point-scatterer as obtained frcm the partial deriva-
3?% tives of the received echo-signal phase as a function of frequency f, time

\J

-
-

£

) t, and position x, as foliows:

Z'%

fo,.}, 3¢ _5. range ds| ___5 angle

S 3Tlx,t ax |t

% 3

A 39! _ range rate 9¢s| __5 angle rate

‘% atif,x at |f,x
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i where 3 is a temporal phase (Eq 3 of the text) equal to 2nfT, T is the time
. delay to the target and back, and ¢g is a spatial phase (Eq. 7) equal to

X
)

2x(x/A) sin g, x is the characteristic antenna dimension (in a simple
interferometer it is the distance between the two antennas), A is the radar

el

g}\; wavelength, and £ is the angle of arrival. The angle rate is included along
;Qﬁ with the more usual measurements of range, range rate, and angle since it can
}‘ff be obtained irom a spatial doppler-frequency shift, analogous to the use of
'gqi the temporal doppler-frequency shift that provides the range rate.

Qﬁ% It is shown (Eq. 11) that the spatial doppler-frequency shift obtained by
‘#W‘ ag interferomﬁter antenn? of ch?racteristic ?imension ? is fg = (ve/A)(x/R),
O where v. is the cross velocity (or tangential velocity) and R is the range.
f’t A]thougﬁ the spa..al doppler-frequency shift is derived assuming an interfer-
gﬁqi ometer antenna generating a spatial cosine-wave pattern (grating lobes), it
gﬁgs is shown that the spatial doppler-frequency shift will cause an expansion or
4§$j contraction of a conventional single-beam antenna radiation pattern just as

)

.

the temporal doppler shift results in an expansion or contraction of a time
waveform, If the angle-rate and the range R are known, the cross velocity

B Ve can be determined since the angle rate is v./R. A knowledge of hoth the
e radial velocity (from the temporal doppler) and the cross velocity (from the
,@M spatial doppler) permits the vector velocity (speed and direction) of a

hﬁb: point scatterer to be determined.

Yol »

f‘ﬁ The scanning radar interferometer is used in this report to illustrate
ﬂ.f the extraction of the spatial doppler-frequency shift. 1In some cases, the
o spatial doppler can be obtained on a single scan of the interferometer pat-
;wdi tern past the target. In most practical cases, huwever, a longer observation
§%~ time is necessary. The spatial doppler may be obtained from observations on
ikﬁ: successive antenna scans, similar to how a conventional MTI radar recognizes
%ﬁg the temporal doppler-frequency shift produced by a radially moving target
RS from observations made on successive sweeps. Blind speeds can occur with
k;f spatial MTI processing, but they differ from the temporal blind speeds of
g%i tne classical MTI radar.

i

The use of matched-filter detection of spatial doppler-frequency-shifted

el signals is examined in both the terporal domain and the antenna aperture

rik domain., It was found that the spatial doppler-frequency shift usually
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obtained with a scanning interferometer radar observing aircraft targets

3\

%ﬁ;f requires only a single filter and not a bank of matched filters for detection
i of signals with unknown spatial doppier. A bank of spatial matched filters

4 might still be needed, however, when the total time of observation is large,

as when a moving target traverses the pattern of a fixed (non-scanning)

? o - antenna,
)
hﬁk Radar measurements based on partial phase derivatives are different from
ﬁw, . measurements made by conventional radar. The connection between the two is
oo made in this report. Starting with the two-frequency CW measurement of range
¢‘2 to a single scatterer (A¢/Af), which is either highly ambiguous or very
ﬂ&m inaccurate, it is shown qualitatively how additional frequency components
:&: can produce an accurate and unambiguous range measurement of a single point
K] scatterer. The further addition of frequency components to provide a "filled"
} 0 spectrum allows an accurate, unambiguous measurement of range to multiple
s scatterers. It is also shown that the range measurement of N scatterers can
be had by measuring a¢/af for N independent pairs of frequency.

)
é&i Expressions for the rms accuracy of the range-rate and angle-rate measure-
@%ﬁ ments are given. They show that measurement of range rate based on temporal
;A%; doppler frequency can be much more accurate than the measurement of the rate
! of change of range based on two measurements spaced a finite time apart.
-9 Similarly, the measurement of angle-rate based on the spatial doppler fre-
§ 3 quency can be more accurate than the measurement of the rate of chanye of
P angle with time. It is found that the angle-rate accuracy depends on the
%J ) extent of the antenna radiation pattern in space.
0, This report has shown the connection between classical radar measurements
4 from a point scatterer and the measurements derived from the partial deriva-
A0 tives of phase from the echo signal., This has led to a better appreciation
e of the spatial character of radar signals; in particular, the spatial doppler
iﬁ,ﬁ frequency due to cross velocity and the measurement of angle rate based on
%h@: the spatial doppler.
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""_; ] RADAR INFORMATION FROM THE PARTIAL DERIVATIVES OF
: THE ECHO SIGNAL PHASE FROM ‘A POINT SCATTERER
%0 1. BASIC RADAR INFORMATION
Ty
; 95 The traditional role of radar has been to detect the presence of targets,
vagt to determine their location in range and angle, and to infer something about
' their nature. Initially, radar was essentially a "blob" detector. Targets
SV were detected and located, but little else could be said about them since one
? blob looke” 1ike any other blob when viewed on a conventional PPI radar dis-
Y play. @1 the target were tracked so that its speed and trajectory were found,
‘ﬁﬁ something could be learned about its nature; i.e., that it was a ship and not
qf? ’ a high-speed aircraft. Over the years, improvements in signal processing,
“) waveform design, and a better understanding of radar signals have allowed
§ﬁ& the extraction of more information about the target. For example, high
hﬁﬁ range resolution, using either a short pulse or a pulse compression waveform,
,p&; provided the radial “profile" of a distributed target. The doppler frequency
?k? shift, which is extensively used in radar for detecting moving targets in
a&&# the presence of clutter, was applied to give cross-range resolution when
‘ there was relative motion between radar and target (as in synthetic aperture
o radar). Modulation of the echo cross section due to mechanical motions of
594‘ the target (such as propeller or jet engine modulation) gave information
ol about the character of the target. Radar measurements made with orthogonal
v polarizations have also been explored for target recognition.
144
;‘ ' Table 1 summarizes the information that has been considered in the past
e to be potentially available from radar. The information is grouped according
{'Qg to (1) the target considered as a "point" scatterer, (2) the target considered
A as a distributed scatterer, and (3) the surface properties of a target. (A
f%l. "point" scatterer is, of course, a fiction; but it is a convenient concept
AN when the effects of a finite-size scatterer need not be considered.) The
¢ listing in this table represents what has been achieved or what is thought
O 1ikely, but one finding of the present study is that this list is not
'ﬁgk‘ complete.
W
p } In addition to adding to our knowledge of radar capability, understanding
33: of the basic target information available from a radar signal is of practical
interest for (1) the remote sensing of the environment and (2) noncooperative
o target recognition (NCTR). (A noncooperative target is one which is not in
4 direct communication with the radar; it is recognized by actions taken unilat-
§h~ erally by the radar:) Remote sensing is generally, but not always, a.civilian
ﬁq%- application. NCTR is generally, but rot always, a military application.
s
‘® Radar has been employed or considered as a remote sensor of the environ-
R ment for many applications, as shown by the partial listing in Table 2.
@Jq Weather radar is a good example of the increasing effectiveness of remote
g}é, sensing. The early weather radars, such as the National Weather Service's
yﬁ# WSR-57, can only measure the geometrical extent and strength of precipitation.
;@& New meteorological radars such as Nexrad, that extract the doppler frequency
{ B and its spectral spread, are able to provide considerably more weather infor-
;gs mation. They permit forecasting the appearance of severe meteorological
%ﬁv conditions such as mesocyclones, tornadoes, hail, flooding, and downbursts
#&f that are a threat to aircraft. :
el
ﬁh: As a recognizer of nonccoperative targets, radar can distinguish one
'S type of target from another (e.g., a ship from an airplane) or recognize
i . different classes of the same type of target {e.g., a Starling from a
r S Mallard). There are several levels of NCTR, as listed in Table 3.
t::i:' Manuscript approved October 19, 1987. 1
i
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) Table 1 - Information from a Radar Target

“#% 0 Target as a Point Scatterer

\)
%@& - range

Wt - range rate (doppler frequency shift)
o - angle

%&5 o Target as a Distributed Scatterer

o2
]

size

shape

change of shape

symmetry (polarization response)

i o Surface Properties of a Target

. - roughness
- dielectric constant
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Table 2 - Radar Applications of Remote Sensing

Atmosphere

weather
ionosphere
ornithology
entomology

Land
- geological prospecting
- agriculture (soil moisture, crop census)
- mapping (land use)
Sea
- geoid measurement

- sea state, sea spectrum, surface wind
- ice mapping

Underground

- detection of utility pipes and cables
- subsurface anomalies

Extraterrestrial

- meteors, aurora
- planetary exploration

\
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3 Table 3 - The Several Levels of Noncooperative Target Recognition with Radar

Kind of target

2 - ship, aircraft, land clutter, motor vehicle, cloud, chaff,
gn‘ bird, etc.

General nature of target

R - military or civil

Type of target

fighter vs bomber

cargo ship vs tanker
armored vehicle vs truck
chaff vs ship

o Class of target

D) - F-14 vs MIG-23
o - DD 963 vs FFG-7
o - Starling vs Mallard (birds)

j& Identification
xS

- name or side number (not usually possible with radar)

.,p%

i -
B
o

.
o

ﬁj‘)

st b ol

)
2

PR e
I

55

X
SN
&+

31
R

At

v ey
=

e A o D e I o A ‘VZPQa2ﬁﬁE!F!ﬁﬂ?ﬂ?ﬁ?ﬁﬁﬂ?ﬂ?ﬂ?ﬁkﬁ!%4:fixﬂxﬂxx<4HQXRR%XQXEA!!@GOGOﬁQﬁGO&Qﬂ

>



y S aAs f g gt REN RO R A%S ai%3 aFA £Ph ot R pt
I rm Mo RN R WA WY WL WL WL W7 MYTWTC LA LN CURUR LR LT W N WX LW LW LW LW LW TR TN U AT R RSOROTESY K NN Ol uwy

Thus there are important civilian and military applications which require
the extraction of the information from radar echo signals. Understanding
the basic information available from a radar signal allows radar to be used
to its full potential,

The purpose of the study of Radar Information, of which this report is
a part, is to provide a general treatment of the information potentially
available from radar, to describe the basic nature of radar measurements,
and to identify the factors that affect them. The initial approach is based
on the amplitude and phase spectra of the target-scattered (echo) signal. The
variation of the amplitude and phase of the echo as a function of frequency,
time, and spatial position provides information about the target. In addition
to including current radar measurements and the information they provide, as
outlined in Table 1, two measurements not usually employed with radar have
been added. These are (1) the angle rate, or cross velocity, and (2) the
change {with time) of the profile in the cross-range dimension.

The present report deals chiefly with the information that can be obtained
when the target is considered as a point scatterer, The information available
from a point scatterer is its location and the rate of change of location.

It will be shown that location and the rate of change of location are given
by the partial derivatives of the scattered signal phase as a function of
frequency, spatial position, and time. The measurement of angle-rate is
included, but the change of cross-range profile and other measurements char-
acteristic of a distributed target are not treated here.

2. AMPLITUDE AND PHASE SPECTRA

The fact that the amplitude and phase spectra of the radar echo can pro-
vide a basis for radar information extraction was first advanced in a short
paper by R. J. Lees, then with the Royal Radar Establishment in England.

(His paper apparently is not well known. It is briefly summarized in Appendix
I.) Lees's approach is intere: . 1 in that it allows radar measurements and
the extraction of information ¢ viewed from a different perspective than
normally considered by radar enyineers. He proposed that the phase deriva-
tives of the echo signal are associated with the measurements' of range, range
rate, and angle. As was indicated in Table 1, these three measurements
assume that a target is a "point" scatterer. The amplitude variation* as a
function of frequency, spatial position, and time was said by Lees to provide
the measurements of the size, shape, and change of shape of a target con-
sidered as a distributed scatterer., The description of target information
provided by Lees (Table 4) is not complete and not fully accurate, but he

was probably the first to identify the role of the amplitude and phase
spectra in the basic understanding of radar measurements. The correct
interpretations of the amplitude variations are given in the parentheses in
Table 4.

Consider the transmitted signal to have an amplitude a; and a carrier
frequency fy. The phase is taken to be zero. The transmitted signal is a

* {lees used the term "amplitude derivative"; instead of "amplitude varia-
tion," which is not quite correct.)

ﬁhﬁiﬁOGrﬁﬁZKNQVGVQXKKNQQO?OJ?AhﬁhﬂMOUCVQV?¢Q£3£NCwmHﬁﬁh&ﬂﬂ?ﬁﬁh&hﬂvcveuQV?$ra:rJﬂﬁxh&h&hﬂmﬂﬁquvmﬁhﬂhﬂ
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ﬁﬁﬁ single pulse of sine wave of frequency f, represented as
) }
%ﬁﬁ st(t) = ag sin 2xft (1)

1 ' . . - - .
‘kk (The pulse is assumed to be of finite duration and a constant amplitude, but
o the pulse width does not directly enter in this analysis.) After scattering
SR by the target, the signal received back at the radar will be modified in both
;.1 amplitude and phase by the nature of the target and its distance from the
WA radar. The received signal can be described as having an amplitude spectrum
:\,? ) and a phase spectrum. (For a single point scatterer the amplitude spectrum
O) s the same as that which was transmitted.)

N
?ﬁ{’ The emphasis in this report is on the information available from a single
Ay point scatterer. When the signal of Eq. 1 is transmitted, the received signal
gaf, from a point scatterer is

1
RN

' se(t) = ap sin [2nf(t-T)] = a, sin (2rft-¢) (2)

s

ﬁga' where ¢ = 2rfT, and T = 2R/C = transit time to target at range R and back,
géé ¢ = velocity of propagation, and the received amplitude is ap., It is the
pY partial derivatives of the phase ¢ that will provide the target location
;h’ﬁ information and the rate of change of location. Only the first derivatives
Q’: of phase are considered here. (In Appendix II it is shown that the imaginary
'qnf part of the received signal spectrum from a point scatterer is the same as
! the ¢ in Eq 2.)
g0t
o '
e 3. PHASE DERIVATIVES

'i‘.n ~
R

Frequency derivative - The partial derivative of phase as a function of
frequency, at a particular time t and spatial position x, is a measure of
the range (distance) to the target. Consider, as in Fig. 1, a radar illum-

-wl;:’l-w CR

R inating a target at a range R, If the transmitted signal is of the form

ﬁ i at sin 2xft, and if the target can be considered as a point scatterer, the

‘:; received signal is that given by Eq. 2. We need only consider the phase

i of the argument of Eq. 2, which is ¢ = 2¢fT. The rate of change of phase

el with frequency 3¢/3f = 2xT; thus, the variation of phase with frequency is

gg% the measurement)of time delay, or range. (Range = cT/2, where ¢ = velocity
of propagation.,

o'i}

()

H

}§? In principle, a measurement of the phase ¢ = 2nfT at a single frequency

gfu can provide the range directly, without the need to take the partial deriva-

ydﬁ tive. However, such a measurement is highly ambiguous, since phase cannot be

] - unambiguously determined if it is greater than 2r radians. Thus the product

OLY) .

:qé fT must be less than unity for an unambiguous phase measurement. Since

P T = 2R/c, the maximum unambiguous range is one-half wavelength with a single

: ”: measurement of phase. This is an impractical limitation at microwave fre-

ﬁg‘ quencies.

i‘l (A P

{%&- Time derivative. The phase ¢ = 2rfT is a function of time since T (and

:dﬁ' . the range R) varies when the target is in motion. When ¢ 1s written as 4nxR/a,

@@; then 3¢4/3t = (4n/A) 9R/3t. Hence, the derivative of phase with respect to

= time gives the radial velocity. As indicated in Fig. 1, the range is

g_“ expressed as R = Ry - v(cos 8)t, where Ko is the range at t = 0, v is the

LNy
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velocity of the target, and 6 is the angle between the radar line-of-sight
and the target's velocity-vector (direction). This assumes the target has a
straight-line trajectory with a constant velocity. The radial velocity is vp
= v co$ 8, The phase can be written

¢ = 2nfT = 2nf(2/c)[Rg - v(cos 8)t] (3)

Taking the partial derivative of ¢ with respect to time, at a fixed frequency
and a fixed position, gives

3/t |f,x = ~4nv(cos @)/a = -4nvp/d = ~2nfy {4)

where fq is the usual (temporal) doppler frequency shift = 2vp/A. (The minus
sign in Eq. 4 means the range is decreasing.)

Spatial-position derivative., The measurements of range and range rate
are made from a single position of the radar., The measurement of the angle
of arrival, however, requires that the phase of the received echo signal be
obtained as a function of spatial position. Consider the geometry of Fig. 2
with an antenna at position xj that transmits a signal and receives the echo
reflected by the target. A second antenna at xj + x simultaneously transmits
the same signal and receives an echo from the target. The arrangement of
Fig. 2 is like that of an interferometer. The signal transmitted at both xi
and x1+x is at sin 2rft. The received signal at xj is

s1(t) = ap sin 2rf(t - Tp) (5)

where T = (2R + A)/c, A =(x/2) sin g, £ = angle of arrival., The
signal received at position x7 + X is

so(t) = ap sin 2nf(t - Tp) (6)

where Tp = (2R - A)/c. This assumes the target is in the far field so that
g is the same at any point along the paseline., If the two signals of Eqs. 5
and 6 are applied to a phase detector, the output is the phase difference
2nf(Ty - Tp), or

¢s = 2x(f/c) x sing = 2x(x/2) sin g . (7)
where A = c¢/f. Dividing ¢5 by the spacing x between radars (which is
known) , gives the angle of arrival £. More generally, the angle ¢ is found

from the partial derivative of the phase ¢5 of Eq. 7 as a function of x, at
a particular frequency f and a particular time t; or

3¢s/ax|f t = (2¢/2) sing ’ (8)

Thus Eq. 8, which ~apresents the variation of phase with spatial position,
provides a measurement of the angle of arrival Z.

The phase ¢g of Eq. 7 is a spatial phase that ~~quires observations
ve made at more than one spatial position. It is 1..¢erent from the temgora]
phase ¢ given by Eq. 3, which is found from a meas.:.sent made at a single
point of observation., Lees did not differentiate between these two different
phases since he did not express his ideas in mathematical terms. When both

c.".g
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ﬁﬁ? the temporal and spatial phases are combined, as they are in either Eqs. 5
gb.' or 6, there can be coupling between the two that makes difficult the extrac-
%ﬁa tion of informaticn. This coupling, which is more important when considering
’ﬁé& the measurement of angle rate to be described later, does not appear in Eq. 7.

It might be noted that the phase given by Eq. 7 can provide the angle

DV

% 0 g if the spacing x is known, without taking a derivative. The measurement
5&’ based on Eq. 7, however, is highly ambiguous. Ambiguities can be resolved
Q.\ by measuring ¢¢ at more than a single spacing x. This is similar to what is
) done in obtain?ng 3ps/a%e

\

,;2, A similar result to Eq. 8 can be obtained with only one of the antennas
SN in Fig. 2 transmitting, but with both receiving.

o

The determination of the angle of arrival by measuring the phase differ-
ence between two antennas is not usual in radar, A surveillance radar employs
a scanning beam, and the direction the beam points at the time of maximum

ES

S echo signal strength is taken as the angle at which the target is located.
gy (In a tracking radar, the target's angle lccation is found from the antenna
:&gé pointing direction when the difference-pattern echo signal is a minimum.)
'
%ﬁé A fourth radar measurement (angle rate). The partial derivatives dis-
s )1 cussed previously provide the three usual radar measurements of range, range
R rate (radial velocity), and angle. From considerations of symmetry there
é&g‘ ought to be a fourth begsic measurement -- that of angle rate. Angle rate,
&,ﬁ of course, can be determined from the rate of change of angle, just as range
ﬁ;% rate can be found from the rate of change of range rather than from the
e doppler frequency shift. However, we would like to find the angle rate as a
' partiail derivative of the phase ¢g, £q. 7. 1 will be seen that the phase
e derivative that provides the angle rate can be related to a "spatial doppler-
{i frequency shift" just as the range rate can be related to the classical
%ﬁ { (temporal) doppler-frequency shift.
o
$f‘; If the target is in motion, the angle of arrival g changes with time.
R .
») We write £ = £1 -« (v¢/R)t, where £ is the angle at t = 0, vo = v sin s,
re 8 is defined in Fig. 1, v = target velocity, and R = range. The target's
I : ;
o angle .rate is v¢/R. Assuming sin £ = £, the phase of Eq. 7 becomes
o ¢
l‘,zt‘ os = 2n(x/A)[gy = (ve/R)t] (9)
RO
‘??‘ The angle rate can be written, in general, as the partial derivative of ¢¢
;g;q with respect to t, at a fixed frequency and a fixed distance x, or
ik v .
;ggg\ 3¢s/at|f,x = - 2a(x/A)ve/R (10)
_l‘ é‘ .
jﬁ&f (The wavelength A is used here rather than the frequency f since it is
e customary to do so in antenna analysis.) Thus the angle rate v./R is found
f’t as the rate of change of tha spatial phase ¢g as a function of time,
A )
ﬂ&ﬁ The angle rate has not been a major radar measurement in the past,
ﬂyﬂ probably for the reason that it is generally a small quantity, except at
:ﬁq, very short range. However, it has some interesting attributes that make it
g“ti ) worth considering.
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h ;: Spatial doppler-frequency shift. The rate of change of phase with

) respect to time is a frequency. Thus the partial derivative of ¢g (given
K 5 by Eq. 10) can be thought of as providing a "spatial doppler-frequency shift"
A e equal to (3¢¢/at)/2m, or (ignoring the minus sign)

|
bR 2 A Ve '
) s 3% (11)
e
@ﬂ@ The spatial doppler frequency might be used, analogous to the usual temporal
et doppler-frequency shift, to determine the cross-velocity v. or tu separate
‘;@% moving target echoes from fixed target echoes.
3!1 Cross velocity, angle rate, and vector velocity. A measurement related
‘wt‘ to angle rate is the cross velocity, ve = v sin 8, where 8 was defined in
gﬁgﬂ Fig. 1. (The cross velocity is sometimes called the tangential velocity.)

The angle rate Q¢ (radians/second) is equal to v./R, where R = range. In

. this discussion, the angle rate and the cross velocity will be considered

R (almost) synonymous with each other. A method for finding one will be
assumed to provide the other if the range is known.

(S
Q? If both the cross velocity v. and the relative velocity vp are known,
Wt then the vector velocity of the target can be found, since
1§§:, fvl = (Vc2 + vrz)l/2 - speed (12)
sl

!
EDAD
ﬁ\ \ 8 = arctan (v¢/vp) - direction (13)
3%
2 . Summary of phase-derivative measurements. It has been indicated that
3“%’ there are four basic measurements that can be derived from partial phase
,:; A derivatives:
o
i 39
i‘) 3 — ange -3 — angle

,' af X,t ax f,t
R

A
”§\ 3% — range rate s —» angle rate
“Qe' 9 f,x at f,x
®
3%% The taking of partial derivatives is not the usual radar method for extract-
%f% ing target information, but they can be related to the usual radar measure-
gégv{: ments (as discussed in Sec. 7}.
e
}Jﬁ, Tha incerferometer geometry of Fig. 2 can be used to axtract the spatial
A48 doppler. A signal is transwitted and the echs signals are received by the
$Q$ two antennas separated a distance x. The phase difference ¢4 between the
BONG two receiverd signals is extracted, and the rate of chanae of phase with time
o - ) . -
" ) is the spatial doppler-frequency shift. We next consider the use of a scan-
W ning interferometer to extract the spatial doppler. 1In Sec. 5 it is shown
PN that a spatial doppler effect is not restricted to an interferometer antenna,
A;f; but is also obtained with a single-beam radiation.pattern.
YO
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4, SCANNING INTERFEROMETER

Description. The classical radar waveform is a sine wave time-domain
signal of the form sin(2rft) where f = frequency. A target approaching the
radar with a radial velocity v = v cos 8 traverses an additional v./A cycles
per second of the transmitted signal (A = ¢/f). This changes (increases) the
apparent frequency seen at the target. The echo signal returned to the radar
changes by twice this, or 2vp./A, which is the classical doppler frequency
shift. We next apply this (overly simplified) reasoning to the spatial
domain,

Consider a 2-element interferometer antenna with the elements spaced a
distance d apart, as in Fig. 3. The intensity radiation pattern of the
interferometer can be shown (Appendix III) to be

9(g) = 29a(g) cos [n(d/A)sin £] (14)

where £ is the angle with respect to the normal to the interferometer base-
line, and ge(&) is the "element" pattern, or pattern of the individual
antennas of the interferometer. The factor 2 in this equation occurs because
there are two antennas in the interferometer. It is retained throughout this
report. This is arbitrary; it can be readily omitted, if desired, by normal-
izing the amplitude to unity. If the illumination of the interferometer
antennas of dimension D were uniform, go(£) is [sin =(D/A)ul/(wu), where
u = sin g, (The cosine of Eq. 14 could be replaced with the sine if the two
antennas of the interferometer were combined to provide a difference pattern
rather than a sum pattern.) It is assumed that the angular extent of the
interferome’er pattern is limited to the region A/D by the "element" pattern
f the individual interferometer antennas, each of dimension D. For conven-
ience in analysis, the angle A/D is assumed small so that Eq. 14 can be
approximated by

g(g) = 2ge(g) cos [n(d/r)e] (15)

A time-varying spatial signal is obtained by scanning (rotating) the inter-
ferometer pattern in angle at a rate @ radians per second. A target at

some angle will then see a time-varying cosine spatial waveform extending
for a time duration of approximately A/DR. (The scanning of the interfer-
ometer pattern can be done either electronically or mechanically. Here we
assume it is scanned mechanically so as not to be concerned about the change
of beam shape that occurs when scanned electronically.) The temporail signal
seen at the target will have a carrier of the usual form, sin 2rft, which

is modulated (multiplied) by the spatial signal of Eq. 15. The temporal
carrier signal at frequency f does not basically affect the spatial waveform,
but acts as the means by which the antenna patter:. modulation can be uti-
lized, It is the spatial signal generated by the scanning antenna, as given
by g(g), that is of interest in this discussion. On reception, the carrier
r?pgesented by sin 2rft is separated (filtered) from the spatial signal
gug).

Scanning the interferometer pattern in angle will result in a time vary-
ing signa! g(t). Replacing the angle ¢ with Qt, we have as the transmitted

12
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Figure 3 - Radiation Pattern of Two-Element Interferometer
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spatial signal
g(t) = 2 rect(t/Tg) coslx(d/r)at] (16)

where rect(t/Ts) =1 for -Tg/2 < t < +Tg/2, and is zero otherwise. With this
notation, the effect of the element pattern is taken into account by assuming
the cosine wave of spatial frequency extends over a time duration Tg = A/DQ.
In all that follows the rect function will be omitted as a convenience, but
it is always understood that the signals are of finite duration Tg. It is
assumed that the cross velocity, RQ, of the scanning beam is smal? compared
to the velocity of propagation c, so that any effects of the round-trip
transit time can be ignored. Also, the antenna scanning rate @ is assumed
large with respect to the target's angular component v./R.

The form of the received spatial signal wiil be the square of that trans-
mitted, or

g.(t) = 4 cos?[x(d/x)a(t-T)] (17)

The time T is the time at which the antenna pattern maximum (beam center)
strikes the target located at a particular angle £7. (T = 0 for a target

at § = 0.) If the target located at angle £ has no component of angular
velocity, the time T is equal to £1/@. If the target has an angular compon-
ent of velocity v./R radians/second, the angle ¢ is £1-(v¢/R)t, where g} is
the angle of the target at t = 0. The spatial signal received from a target
with an angular velocity component is then

(£} . 4 cos?{nld/n)[at + (v/R)t - &1}

G

[H]
Ny
—a—
j—

+ cos 2n(d/A)lat + (ve/R)t - £17) (18)

The received spatia
of frequency d/x (R

received from a sta

1 signal consists of a dc component and an ac component
+ ve/R). Its time duration is A/DR. The signal
tionary target with v. = 0 is

sp(t) = 201 + cos 2n(d/2) (ot - £7)] (19)

Its spatial frequency is (d/x)Q. By comparing Eq. 18 and 19, it can be
seen that the spatial frequency from the moving target is shifted an amount

fg = (d/a)(ve/R) (20)

which is defined as the spatial doppler-frequency shifi.

The dc term in Eq. 18 results from the twa-way antenna pattern which
causes the gain to appear as the square in the received signal. This is
different from temporal signals since a dc component cannot ba radiated in
space. The spatial signal, on the other hand, can have a dc component. If
the signal were transmitted with a broad antenna pattern (as from a single,
small antenna) and received with an interferometer pattern, the received
signal wouid be proportional to the square root of Eq. 17 and the spatial
doppler frequency would be one-half of Eq. 20. It has no dc term. The v
transmitted spatial signal of Eq. 16, which is not a squared function, can
ha . a dc component depending on the angular extent covered.
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:&* Measurement on a single scan. The spatial doppler-frequency shift can
éﬁk be extracted by comparing the spatial frequency from a stationary target

3r§? with the spatial frequency received from a moving target. The spatial

2 frequency from a stationary target is found from Eq. 19 as da/a. It is known
£« a priori,

A’?Q 'l -

B

The measurement of frequency requires tine., As an approximate "rule of
thumb”, the number of cycles in the doppler-shifted signal during the time on
target should differ from the number of cycles in the signal from a stationary
terget {ro doppler shift) by at least one in order to determine the spatial
doppier shift on the basis of a single scan by the target. Therefore, if

e T el

A\ SRR

fﬁx the spatial doppler fg is to be measured on a single scan, we need to have
Egﬁ\ fs * (time on target) » 1 (21)
2

The time on target is A/Da, where A/D is the spatial extent of the radiation
e pattern and D is the dimension of the individual antennas of the interfer-

4} ometer, Thus, it is required that

i [(d/A) (v/R)I(A/M) = (4/D) (ve/R) 8 > 1 (22)
%ﬁg; If we let ¢ = 10m, D =1m, vo = 100 m/s, and R = 10 km, then we have
g; (10/1) (100/10% = 0.1 rad/s > @

7‘ This states that, for this exampie, the scanning rate @ must be less than

0.1 rad/s, or 5.7 deg/s, which corresponds to a rotation rate of just under

1 rpm. Thus if an S-band scanning interferometer had its two antennas
separated 10 m and had an interferometer pattern 6 degrees wide, the spatial
doppler frequency shift of target at a range of 10 km that moved with a cross
velocity of 100 m/s {an 2angular rate of 3.3 milliradian per second) would be
detectable on the basis of a single scan of the radiation pattern by the
target. However, an antenna rotation rate of 1 rpm and a range of 10 km are
small. (In this examplie, the spatial doppler frequency f¢ is 1 Hz and the
time an target is one second.) Thus, it might not be usual for the spatial
doppler to be extracted on a single scan.
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Consider the followiny (more reasonable) set of parameters with an inter-
ferometer having a rotation rate of 10 rpm (@ ~ 1 rad/s), and with d = 10 m,
D=1m, vo =100 m/s, and R = 100 km. Using the criterion of Eq. 22, we

find

(d/D) (v./R)/a = (10/1) (100/10%) = 0.01

g%% which is much less than unity. In this case the spatial doppler shift cannot
bl be measured on a single observation. When it is not practical or possible to
iH obtain a measurable spatial doppler shift on a single scan, multiple scans
§§E can be used (analogous to the MTI radar which extracts a doppler frequency

13

shift from sweep to sweep).

Spatial MTI (Moving Target Indication). The raceived signai is that given
by Eq. 18, which is repeated here: \

sp(t) = 2{1 + cos 2n(d/2)[at + (v¢/R)t- g1]} (18)
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It has a time duration A/DQ. The dc component is removed to give
s(t) = 2 cos 2n(d/a)[nt + (ve/R)t - £1] (23)

In the spatial MTI radar (just as in a conventional MTI) the received signal
is mi..ed with a reference, which is twice the scanning spatial frequency, or

reference signal = cos 2w(d/A)at (24)
It is assumed that the reference frequency d@/x is large compared to
the spatial doppler frequency, or @>>v./R. The received signal, Eq. 23,

is mixed in a phase detector (or its digital equivalent) with the reference
signal, Eq. 24, and the difference is extracted, which is

s1(t)

k cos[2n(d/r)(ve/R)t - 2x(d/A)E1]
k cos[2nfst - 4] . (25)

where k is the amplitude (somewhat arbitrary), fs is the spatial doppler
shift = (d/A)(v¢/R), and ¢g is the phase 2r(d/r)E1. On the
next scan, a time T, later, the received spatial signal is

so(t) = k cosl2nfg(t-Ts) - 4] (26)
Subtracting sp(t) from sy(t) gives

difference = 2k sin(nfsTg) sin(2nfg(t-T5/2) - 3¢] (27)
The first sine factor is an amplitude that represents the response of the
spatial MTI, analogous to the amplitude response of a MTI delay line can-

celler. The relative response (normalized by dividing by k) of the
"spatial delay line canceller" is then

H(fs) = 2 sin ﬂfsTS = 2 sin W(d/l)(Vc/R)Ts (28)
This is sketched in Fig. 4.

At those values of fg which are an integer muitiple of 1/Tg, the response
is zero. Thus “spatial blind speeds" v.p occur when

(d/x)(vep/R)Ts = n
or Vep = NMAR/Tgd (29)

With A = 0.1 m, R = 100 km, Tg = 4 s, and d = 10 m, the first (n = 1) blind
speed (cross velocity) is 250 m/s, or about 500 kn., In this case, the
spatial blind speeds are higher than the (relatively low) blind speeds in a
conventional S-band MTI radar. (With a prf of 400 Hz, the first blind speed
of an S-band MTI radar is about 40 kn.) The shorter the range, however, the
Tower (worse) will be the spatial blind speed.
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Figure 4 - Sketch of Spatial MTI Response, With TS=Time
Between QObservations
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.,23 The ratio of the spatial blind speed v,y to the radial-velocity blind
;Qgﬁ speed vpp normally obtained in a classical MIT radar is

“ Vep (AR 2T, 2RTp {0

! Vrb Tsd * A TS d

el

o0 where fo = prf = 1/Tp. Thus there may be situations where the spatial MTI
fﬁiy might provide clear operation when the conventional (temporal) MTI experiences
K 0 blind speeds. Such might be the case where large unambiguous range is desired.
A Since the unambiguous range R, is equal to ch/2, Eq. 30 can be written

Wi €D - 4R2/cTd (31)
ot o

‘:"

ﬁga' (Equation 31 assumes the target is at the maximum unambiguous range.)

13; !l '

i The use of spatial MTI with two observations does not provide a measure-
g ment of angle rate, but only that the target has a component of angular

%%éﬂ velocity. Techniques for measuring the angle rate add complication, but

o A are possible. A problem that needs to be examined (but not here) is whether
§$\, the combining of temporal MTI with spatial MTI is practical.

& %

f"; It was pointed out by Dr. Ben Cantrell (NRL Code 5310) that the degree
N of clutter canceilation with a spatial MTI could depend on the decorrelation
B i of the clutter over the time Tg; especially since the value of Tg (the

:2§% antenna scan period) can be considerably greater than the pulse repetition
S interval (the corresponding otservation time in a conventional MTI). In the
e conventional MTI, clutter movement within the observ- “-n time must not be

H large compared tc the carrier wavelength. In the c7 f spatial MTI,

3%}; however, the clutter movement must not be large comp..:u to a "spatial

B0 wavelength", Thus, clutter decorrelation might not be too severe a probiem.
?£%§ Nonscanning interferometer. If the interferometer is fixed, rather than
Ja3 scanning, the angular (cross-range) component of target velocity and the lobe
) pattern of the interferometer will cause the received signal to be modulated
e in amplitude at the spatial doppler frequency f¢ = (d/A}(v¢/R). The period

: 2§ of the spatial doppler frequency is the time the target takes in traversing
R one cycle of a fixed interferometer pattern. Withd=10m, A = 0.1 m,

S Ve = 100 m/s, and R = 100 km, the spatial doppler fg = 0.1 Hz. Thus the

fl _ period is 10 s, It is the approximate time duration required to make a meas-
o urement of the frequency. (The time can be reduced somewha: if the signal-
EK to-noise ratio is large.) It should be noted that the same time (the recip-
;ﬁ%@ rocal of fg) is required in a scanning interferometer as in a fixed inter-
-éw ferometer. (The relatively long time required for a measurement is why the

- q: spatial MTI processes the signal from scan to scan.) The advantage of scan-
o ning the interferometer is not in reducing the time required for a measure-
.“}g ment, but in covering a large volume of space with a directive antenna.

i
%ﬁ 5. GAUSSIAN RADIATION PATTERN

3%& In Sec. 4, a cosinusoidal spatial waveform of finite duration was assumed,
7 1B as is obtained from a two-element interferometer, Similar spatial doppler
98
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Sl effects occur with other spatial waveforms (such as the radiation patterns of
y conventional antennas).

Consider, for example, a guassian antenna pattern of the form
gt(a) = exp [-2.776 a2/a§] = exp [-k242] (32)

where ag = half-power beamwidth. Replacing the angle q 1 Qt to describe
the time-varying spatial signal gives

g(t) = exp [-k2Q2t2] (33)

Al The received spatial signal is the two-way signal, with a time delay T = ¢£/Q,
or

gr(t) = exp [-2k202(t-T)2] (34)

e As before, the received amplitude is taken to be unity. Substituting for
T = ¢/2 in Eq. 34, where the target angle & =£1 - (v/R)t, gives

g.(t) = exp{-2k% at - (g, - (v./R)t] & (35a)
i It will be shown that the half-power width of the received spatial signal
is modified by a target with an angular component of velocity. For conven-

N ience of analysis, the target will be assumed to be at £ = 0 at t = 0.
i The received spatial signal is then

gn(t) = exp{-2x%%2(1 + (v /Ra) 1%} (35b)

The half-power point t; occurs when the argument of the exponential is

i approximately 0.35. Thus when there is no angular velocity (v, = 0) the
g the half-power width (in time) 2t = aty, is
: at, = 2 x [0.35/2k2q2]"?
VS = (0.84) /ka (36)
o

The half-power width (in time) for a target moving with a velocity v is
at = (0.84)/[ke(1+vc/Ra)] (37)
The ratio of Eq. 36 to Eq. 37 is

Atg/at =1 + v./RQ (38)

If ve = 100 m/s, R = 100 km and @ = 1 rad/s, the ratio of widths of the trans-
mitted and received signals is 1.001, or a change of 0.1%. This is likely to *
be difficult to measure, If, on the other hand R = 10 km and @ = 0.1 rad/s,

the ratio of widths is 1.1, a 10% change, which ought to be much easier to

detect.

When using the spatial radiation pattern it is assumed that there is a
substantial number of pulses received within the pattern and that the ampli-
tude fluctuations of the echo signals do not affect the accuracy of the
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spatial pattern measurements (which follows from the basic assumption of this
section that the target is considered to be a point scatterer).

6. "MATCHED FILTER" DETECTION OF SPATIAL SIGNALS

We return to the scanning interferometer, as discussed in Sec. 4, to
examine the processing of a spatial signal., "Matched filtering" is consid-
ered here in both the temporal and spatial domains. The matched filter is
one which maximizes the peak-signal-to-mean-noise ratio and has a frequency
response H(f) proportional to the conjugate of the Fourier transform of the
signal to be detected, or S*(f). The matched filter in the temporal domain
will be considered first., (This is not the matched filter for temporal
signals, but the L.mporal filter used for extracting spatial signals.)

Spatial matched filter in the time domain. The received signal is
given by Eq. 18, which is repeated beiow:

gr(t) = 2{1 + cos 2x(d/r)[at + (v¢/R)t - €11} (18)

where d = interferometer antenna separation, A = wavelength, @ = antenna
scanning rate, v, = cross velocity, R = range, t = time, and £] = angle of
target at t = 0, The signal of Eq. 18 has a time duration /DR, where D =
diameter of an individual antenna. If the cross velocity v. = 0, Eq. 18
becomes

ge(t) = 2 {1 + cos 2n(d/A)[at - £1]} (39)
The received signal has a dc component and an ac component with twice the

spatial frequency of the transmitted signal (Eq.16). The spectrum of the
received signal gp(t) can be shown to be

£) = 2 sin(xf)/Da)
5(f) nf

+j2n(d/x)€1
- sin a[(d/A)a+f1(r/Da
rL(d/x)a+
-j2n(d/2)eq

+ e sin x[(d/x)a-f1()1/Da (40)
TL(d/2]a-

The exponential factors represent fixed phase shifts. The angle £7 can be
set to zero without loss of generality. (g1 is a known function of time
since the scanning rate @ is known.,) There are three terms: a dc compongnt,
and components at f = * (d/x)a, Fig. 5a. (Only the positive frequencies are
shown, The dc component has its first zero at f = De/x. The ac component is
centered at f = +da/x and has a null-width of 2D@/A. (The sidelobes of the
sin X/X frequency response are not shown, so as to keep the diagram uncom-
plicated.) The matched filter forsthe received signal has a frequency
response equal to S*(f). For a symmetrical signal, as in Fig. 5a, this is
simply Sr(f), the solid curve.
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The above applies to a target with zero cross-velocity; i.e., v¢ = 0.
From £q. 13, a target with an angular velocity will have its response cen-
tered at a frequency da/x + (d/x)vc/R, where the second term is the spatial
doppler fg = (d/x)(vc/R). The classical approach for detection when the
doppler frequency is unknown is to use a bank of matched filters. The
individual filters of the analogous spatial matched filter would have fre-
quencies centered at de/A + nDQ/r, where n =0, 1, 2,...N. The integer N
depends on the maximum doppler to be expected. The received signal, Eq. 18,
will be beyond the half-power width of the filter matched to zero velocity
if

fs = (d/x)(ve/R) > Da/2x
or Ve » (DR)/2d (41)

If, for example, D = 1 m, R = 100 kmy @ =1 r/s, and d = 10 m, then

ve » 5000 m/s before a filter bank is needed. With such numbers, a filter
bank would not be required, and only a single filter could be used. Using
the example numbers usually selected in this report to illustrate the effects,
(d = 106, D = Im, @ = 1 m/s), the spatial scanning frequency dD/x is 100 Hz
and the spectral width between zeros is 2DQ/\» = 20 Hz. The spatial doppler
frequency with v¢ = 100 m/s and R = 100 km is fg = 0.1 Hz, This is illustra-
ted in Fig. 5b. Thus, in this case, the spatia? doppler frequency is well
within the pass band of the zero-doppler filter, If, however, the inter-
ferometer did not scan, the processing has to be modified and a "bank" of
filters then might be required.

Spatial matched filter in the aperture domain. ’n the above it was
indicated that matched filtering of the spatial signal in the time domain
should be adequate. However, it is of interest to determine what spatial
matched filtering might be like as an antenna problem.

The received signal with a spatial doppler-frequency shift fg = (d/A)
(ve/R) s written as

ge(t) = 21 + cos(2x[(do/r) + fglt - 41)} (42)

where ¢1 = 2r(d/r)g1. The signal is assumed to be transmitted by a two-
element inteferometer with antenna separation equal to d. If the spatial
doppler shift fg is sufficiently large, the received signal is not "mat:hed"
to the interferometer of spacing 4, but to some other interferometer spacing
d', given by ,

d'e/x = da/x + fg
or (43)
d' =d + for/a
There is a minimum value of d' - d = 2D since the two interferometers cannot

be spaced closer to one another without the antennas cverlapping, unless a
. phased array is used. The geometry is shown in Fig. 6. The echo signal
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will be matched to the interferomeier of spacing d' rather than d if

d' =d + (fgA)/2a > d+ 2D (44)

or fga/a > 2D
Substituting for fg
ve » 2 2(D/d)R (45)
Withq@ =1 r/s, D/d = 0.1, and R = 100 km, v must be greater than 20,000 m/s
before a separate receiving interferometer is needed. This velocity is quite
large. (At 10 km, the velocity must be greater than 2000 m/s, which is also

large.) Thus it is not likely under most circumstances that a spatial matched
filter bank will be required with a scanning interferometer.

7. RELATION TO CONVENTIONAL RADAR MEASUREMENTS

The phase derivatives for measuring target location and velocity dirfer
from the conventional measurements made by a radar. This section discusses
the relationship between the phase-derivative method and the conventional
method. Emphasis is placed on the range measurement, but similar arguments
apply as well to the other radar measurements.,

Range measurement -- from two frequency components to many. The measure-
ment of range from the partial derivative of phase with respect to frequency,
as is discussed in this report, is not how range is determined by conventional
radar. Range is usually measured from the time taken by a waveform (such as
a short pulse) to transit to the target and back. It is well known, that the
signal bandwidth determines the accuracy of the conventional range measure-
ment. (The greater the bandwidth of the radar signal trhe more accurate will
be the range.) The measurement of range as a partial derivative with respect
to frequency also involves the frequency domain. It is of interest to examine
how the conventional measurement of range as a time delay is related to the
measurement of range as a partial derivative of phase with respect to fre-
quency.

The simplest implementation of' the phase derivative measurement of range
is the two-frequency technique in which range is obtained from the difference
in phase of two closely spaced frequencies. At a frequency fj the phase from
a target at range R is 9, = 4nf1R/c, where ¢ = velocity of propagation. The

phase from a signal at frequency fzis $,= 4nf2R/c. The difference 4, = ¢,
between these two phase measurements gives the range

R = (ca¢)(4naf) (46)

where A¢ = 95" ¢, and Af = fz' fl. This technique for determining range is

not widely used in radar; however, it has been known for a long time and has
seen some application. It is the basis for the multiple-CW-frequency tech-
nique used for measuring distance in surveying and for range instrumentation.
It is also related ta the so-called "delta-k" radar used in remote sensing.
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There are two limitations to the range measurement based on the phase-
difference between two frequencies: (1) its accuracy is low since the fre-
quency difference At must be small in order to avoid ambiguities (this
results from the requirement that A¢ must be less than 2r radians) and (2)

it cannot provide a range measurement when more than one scatterer js present
within the radar resolution cell (since the phase difference a¢ cannot be
extracted when unresolved echo signals from multiple scatterers are presert.)
Both of these limitations will be examined.

..:'

S

=

S

To

The accuracy of the range measurement of a single scatterer can be
improved by increasing the frequency separation Af. It can be shown (from
£q. 24 of Appendix VI.) that the theoretical rms error in measuring range
with two frequencies is

(47)

R = C
S AT (2E/Ng 777

where Af is taken as the bandwidth B, E = received signal energy and
No = noise power per unit bandwidth. The maximum unambiguous range occurs
when A¢ (in Eq. 46) is equal to 2r radians, or

Run = c/(2f) (48)

For a given unambiguous range, the accuracy cannot be improved without limit
(by making Af large in Eq. 47) if range ambiguities (as given by Eq. 48) must
be avoided., It is possible, however, to make accurate, unambiguous measure-
ments of range on a single target by using more than two frequencies, Fig. 7.
If n frequency components are employed, the maximum spacing (f, - fi) deter-
mines the range accuracy. This frequency difference, however, usually gives
a highly ambiguous range measurement. The next-to-the-largest spacing

(fn=1 = f1) is chosen to resolve the ambiguities in the accurate but ambig-
anbiguous measurement made with f, and fi. If the frequency separation

fn-1 = f1 cannot be made small enough to completely remove the ambiguities,
another frequency pair (f,.2, f1) has to be used. Additional frequencies
with closer spacings are added until the separation fo - f1 provides the
required unambiguous range. Thus the frequencies are chosen so that the
widest spacing gives the accuracy required (Eq. 47), the closest spacing
3ives the unambiguous range (Eq. 48), and the intermediate spacings resolve
the ambiguities. Radars that have used this measurement technique have
typically employed about five frequencies with separations in the ratio of

10 to 1.

The abeve has described the measurement of range in the frequency domain,
There is also an equivalent time-domain representation that can be found from
the application of the Fourier transform. Wnat can be done in the frequency
domain has a counter-part in the time domain, The physical implementation
might be different, but the results should be the same. (A weli-known exam-
ple from signal detection theory is the frequency domain matched filter and
the time domain correlation receiver, both of which maximize the peak-signal-
to-mean-noise ratio, but with considerably different physical implementa-
tions. It is sometimes instructive to examine a frequency-domain technique
in the time domain, and vice versa. (The time domain range measurement
technique assumes all frequencies are radiated simultaneously. This need
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EXI:

3}; : not be so in the frequency domain if the scatterer is stationary.) The

‘gf multiple-frequency range measurement will be examined in the time domain.
?é On the right-hand side of Fig. 8a is a sketch of the envelope of the

2& temporal waveform produced by the sum of two frequencies

& sin 2nf t + sin 2nf,t = 2 cosmaft sin(2nfpt) (49)

e

\l 4

K where Af = fy - f1 and fy = (f2 + f1)/2. 7ha magnitude of the envelope is
3,\ |2 cos(nAft)T. The carrier at the average frequency (fo + f3)/2 is not

gn shown, so as to keep the figures simple. Although the waveform of Fig. 8a
B and Eq. 49 is not the typical pulse-train waveform usually associated with
$ radar, it might be considered as a speciai case where the pulse is broad

el in width with a cosine rather than rectangular shape. Its null width is

He 1/af (half-power width = 1/2af) and the pulse repetition frequency is Af;

- hence the duty cycle is unity. The range to a scatterer can be found, in
K principle, by determining the time at which the cosine "pulse" arrives at

%ﬁ the radar, The accuracy will be poor because the width of the "pulse" is
#@’ large. The large width of the "pulse" also makes it unlikely that the range
$§ to multiple targets can be determined. The accuracy of the measurement can
by be improved by increasing Af, but this only increases the ambiguity

, problem,

B The range accuracy can be improved with the same unambiguous range (same
yﬁ value of Af) if a third frequency f3 is added such that f3 - f1, is much

G larger than Af = fy - fj, More than three frequencies might be used. A

e sketch of the time variation of the sum of four frequencies is shown on the
: the right-hand side of Fig. 8b. (Only the envelope is shown.) The unambig-
fﬂ uous range interval is determined, as before, by the smallest frequency

; separation Af, and the width of the major response (which determines the

i accuracy) is inversely proportional to the widest frequency separation. This
S axample shows qualitatively how the addition of a few frequencies improves
=Y the range measurement accuracy (because of the narrowing of the time wave-
#‘ forms) while maintaining the unambiguous range. However, the time-sidelobes
1

of this waveform are poor so that it does not perform well if more than one
target echo is present.

o

S

K An accurate range measurement of more than one scatterer within a

(A specified unambiguous range interval requires a “filled" rather than the

!; “thinned" spectrum of Fig. 3b., There needs to be many frequencies with

?« equal spacing Af covering a bandwidth B, as illustrated in Fig. 8c. Range
;': Range accuracy is determined by the bandwidth B, and the unambiguous range

5 by af. The ability to resolve multiple scatterers, and measure the range

N of each, depends on having the spectrum filled. In principle, there needs

i to be N = (B/af) + 1 frequency components if N scatterers are to be resolved.
L N From the above, and Fig. 8¢, N - 1 equally spaced, equal-amplitude scatterers
) can be resolved with N equally spaced, equal amplitude frequency components.
. In practice, the amplitudes of the frequency components are not equal since

h ) this results in a waveform with high time sidelobes. Lower time-sidelobes

s are obtained by tanering the frequency spectrum so that the frequency compon-
? ents in the center are larger than those at the edge, just as is donz2 with

N the antenna aperture illumination to achieve low sidelobes. The tapered

)
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Spectrum Time Waveform

Figure 8 ~ Spectra (left-hand sice) and the envelope of the corresponding
time wavetorm (right-hand side). (a) Two CW frequencies
providing inaccurate and/or ambiguous range measurement. *
(b) Four frequencies arranged to produce an accurate range
measurement of a single scatterer within the unambiguous
interval. (c) Uniformly filled line-spectrum producing a
periodic waveform for accurately measuring the range of
multiple targets within the unambiguous interval. (d) Con-
tinuous spectrum producing a waveform capable of accurate,
unambiguous range measurement of multiple scatterers.
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“filled" line spectrum produces a repetitive train of "pulses," the type of
radar waveform commonly used in radar for range measurement. As the number
of frequencies is increased with a fixed bandwidth B, N + », af» 0, and

Naf + B, there results a continuous spectrum that generates a single pulse
with a time duration of apbout 1/B, as in Fig. 8d. This demonstrates the dif-
ference between a filled, continuous spectrum (Fig. 8d), that has no ambigui-
ties, and a discrete spectrum (Fig. 8a) that can have many ambiguities.

In the above, we have shown how to go from the two-frequency radar where
a phase-difference measurement gives an unambiquous, but inaccurate, range
measurement of a single scatterer, to the conventional pulse waveform capable
of measuring the range of multiple targets.

The determination of range from the difference in phase A¢ betwsen tvo
closely spaced frequencies Af is an embodiment of the phase-derivative method
of measuring range. A major difference between the simple phase-derivative
method and the usual measurement of range with a short pulse is that a single
phase measurement has meaning only for a single scatterer. Thus the two-
frequency method does not provide the ranges of multiple scatterers as can
the conventional pulse waveform. When there are multiple "point" scatterers
within the radar resolution cell, the phase extracted from the echo signal
is a composite of the contributions from each scatterer, With N scatterers,
each producing an echo signal of amplitude a; and phase ¢; (where i =1 to N,
¢i = 2nfTy, and T; = round trip time delay to the ith scatterer), the target
echo signal can be represented as

zaj sin(2nft + ¢5) = A sin(2xft + ¢) (50)
Thz phase ¢ is given by the classical expression
N
1 34 sin ¢y
& = arctan _1 ; 1 (61)
L aj cos ¢
i=1

A single measurement of phase ¢ (at a single frequency f) as given by Eq. 51
does not provide information about the N individual scatterers. The breakdown
of the phase-derivative measurement when multiple target echoes are present
is found to be similar to the problem of angle or range glint in a tracking
radar., A tracking radar is designed to operate with the phase from a single
scatterer only. When multiple scatterers are present within its resolution
cell, the angle (or range) measurement can be misleading. This is called
glint. It can be severe enough to even cause radar tracking to be directed
outside the physical extent of the target. Similarly, the measurement of
range from the rate of change of phase with respect to frequency assumes
that only a single "point" scatterer is present. With multiple scatterers,
the apparent time delay (range) given by 34/¢f can also be outside the

range extent of the scatterers.

As an example of the problem that occurs wher more than one scatterer
is within the radar resolution cell, we take the partial derivative with
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respect to frequency of the phase given by Eq 51, which is

31277y ajaj cos 2xf(Ty-Tj)
3 U

af = ))ajay cos 2nf(Ty - T3)
1

= ZHTe (52)

where To is an “"effective" time delay, and is defined from the above equation.
Take the simple case of two scatterers with a; = a , ap = pa, ( p<1),
Tm = (T1+T2)/2, and AT = (Tp-T1)/2. Then

1 - o2 (53)

1+ p2 + 2o cos(2nfaT)

Te"'Tm+

When the amplitudes of the two signals are equal (p = 1), then Tg = T, where
Tm is the midpoint between the two scatterers. This is a "satisfying" answer
since it seems to indicate that the effective time delay T, might be some sort
of weighted time delay or target "“center of mass." Unfortunately, this is

not so. When cos 2rfAT = -1, the second term of Eq 53 blows up {equals
infinity). The effective time delay To as given by Eq. 52 and 53, therefore,
is not a usable measure of a target "center of mass." The second term of

Eq. 53 is similar in form to that in the classical expression describing the
phenomenon of glint in a tracking radar.

Thus the single phase-derivative method breaks down when multiple
scatterers are present within the resolution cell of the radar.

A note of caution (and hope), however, should be stated regarding the
above. When Eq. 53 blows up and gives a value of T, that is not related to
reality, the amplitude of the received signal goes to zero. Consider the case
where aj; = ap and the relative phase between the two signals is » radians.
Then the resulting signal amplitude is zero and T, = »; i.e., the two signals
cancel. Te might still be a useful measure of time delay to a distributed
target (a collection of scatterers) if the measurement is ignored when the
amplitude is too low.

In principle, the measurement of the composite phase ¢ and composite
amplitude A of the echo signals from N frequency components can provide the
range to N scatterers. The composite amplitude A in Eq. 50 (the companion
equation to the phase of Eq. 51) is

A = (za; sin2nfT;)2 + (za; cos2afT;)? (54)

Thus if the composite phase (Eq 51) and amplitude (Eq 54) are measured ¢t N
frequencies there are enough equations to find the N values of aj and the

N values of ¢j. The N values of ¢; provide the ranges to N scatterers.
(This can be a formidable task.)
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We again examine the frequency-domain representation. The temporal
response from a collection of point scatterers at various ranges cTi/2, 1 =1,
«ees N, (c = velocity of propagation) is

spit) = Jajs(t - T4) (85)
1

where s(t) represents the transmitted signal, a; is the amplitude of the echo
signal from the ith point scatterer, and Ty is the time delay for each scat-
terer. If the Fourier transform of s(t) is S(f), then the Fourier transform
of s(t - Tj) is given by the shifting theorem as S{f) exp[-j2rfT;]. The
Fourier transform of the received signal (Eq. 55) is

Sp(f)

1aiS(f) exp[-j2nfT;]

i

S(f) Zaiexp[anNfT] (56)
1

[

If there ar~ N equal-spaced, equal-amplitude scatterers (aj = 1) extending
from T1 to T1 + (N-1)AT, the received spectrum is

Sp(f) = S(f) sin nfNAT exp j[-2nfT; - wf(N-1)aT] (57)
sin nfaT

The magnitude (amplitude) of the spectrum Sp(f) is
1Se(f)| = |S(f) (sin =fNaT)/(sin =faT)| (58)

Since the transmitted spectrum S(f) is known, the sin NX/sin X factor will
provide the extent of the target, N AT. The spacing between the lobes is
1/AT, which gives the spacing between the equally spaced scatterers. The
phase ¢ of the spectrum, as given by the exponential of Eq. 57, is

bp = ~jenfTy - nf(N-1)aT (59)

The partial of ¢, with respect to frequency is

3¢p/af = -2n[Ty + (N-1)aT/2] = 2xTe (60)

which is the time delay (range) to the center of the N equal-amplitude,
equally spaced scatterers. Although this result produces a seemingly satis-
factory answer, similar catastrophic events can occur as was the case for
the two-scatterer target (.g. 53) discussed previously in the time domain.

Cther measurements. The above discussion of the measurement of range can
be directly applied to the measurement of angle, starting with 2 two-element
array zantenna (interferometer), progressing to a thinned array antenna with
several unequally spaced elements, and to a filled phased array without
grating lcbes (no angle ambiguities), and to a continuous aperture antenna.
Nothing further need be said in the section regarding the angle measurement.
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A doppler-frequency measurement (range rate, or radial velocity) can be
made from the phases obtained at two separate times, analogous to the measure-
ment of the phases at two frequencies to provide range. An MTI radar makes
this type of measurement in order to separate moving targets from stationary
clutter, The doppler-frequency measurement in an MTI radar, however, is
usually highly ambiguous since the pulse repetition period (time between
phase samples) is made long to avoid range ambiguities (ratner than short to
avoid doppler anbiguities.

The doppler ambiguities in an MTI radar result in ambiguities in radial
valocity that are called "blind speeds.” A target with a radial velocity
equal to a blin’ speed is attenuated and not seen. The usual method to

_mitigate the efrect of blind speeds is to employ more than one pulse repeti-
tion frequency (prf) so that the target will be outside a blind speed on at
least one prf. Although the MTI radar does not need to know unambiguously
the doppler frequency, or radial velocity, it is possible to do so based on
the above discussion of the selection of frequencies for making an accurate,
unambiguous measurement of range. This is done in Appendix IV.

A brief discussion of phase derivative measurements compared to other
radar measurements is given in Appendix V.

Measurement accuracy. Appendix VI examines the accuracy of the phase
derivative measurement methods and compares them with the accuracy of
conventional radar measurement methods. The following are demonstrated in
Appendix VI:

- The theoretical rms error in measuring the radial velocTty from
eitner the doppler frequency shift or the rate of change of phase
with frequency (3¢/3f) is approximately B/f, times the rms
error obtained from a from a measurement of the rate of change of
range with time, where f, is the carrier frequency and B is the
bandwid?h of the signal. (Typical ratios of f,/B might be from 30
to 300.

- Likewise, the rms error in measuring angle rate with a scanning
interferometer or from the rate of change of phase with spatial
position is D/d times the rms error obtained from the classical
measurement of the rate of change of phase with time, where D is
the dimension of the individual interferometer antennas and d is
the spacing between the two antennas (each of dimension D) of the
interferometer. (The ratio d/D might typically be from about 10
to perhaps 100.)

Thus range rate and angle rate measurements based on the partial deriva-
tives of phase or the doppler frequency shift (spatial as well as temporal)
can be much more accurate than measurements based on the first derivative of
range or angle with respect to time.

Appendix VI also shows that the accuracy of the measurement of range or

angle based or partial phase derivatives is about the same as can be obtainsd
with conventinnal range or angle measurement,
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Appendix I - Review of Related Literature

This appendix briefly reviews the highlights of several publications
that relate to the subject of this report. Its purpose is to provide a
brief historical background and to place the work reported in this report
in proper perspective with respect to other work. The first paper is that
of R. J. Lees, which was mentioned in the main body of the report. The
other two publications are related to the subject matter of this report, but
not in as direct a manner as that of Lees,

I. 1. "A Generalized Theory of Radar Observations," by R. J. Lees, AVIONICS
RESEARCH: SATELLITES AND PROBLEMS OF LONG RANGE DETECTION AND TRACKING,
AGARDograph 40, Pergamon Press, N.Y., 1960.

This was the first paper to describe radar measurements in terms of the
phase and amplitude spectra of the echo signal. It is a short paper (about
four pages) and does not go into any detail., All of his discussion and
examples are qualitative. No mathematical analysis is given.

He states that the measurment of the amplitude or phase at a single fre-
quency, time, or position provides little information about a target, other
than something is present that can cause an echo. It is changes in these
quantities that are needed for extracting target information.

The main body of the present report includes several extensions and
corrections to Lees's concept. These include the following:

- Lees correctly mentions that the phase derivatives with respect to
frequency, time, and position provide the range, radial velocity, and angle
of point scatterers; but he also mentions that the amplitude " derivatives"
of the same parameters provide information about finite size targets. How-
ever, it is not the amplitude derivatives that provide target information,
but the variation of the amplitude as a function of these parameters.

(Lees does use the term amplitude variations, but he seems to mean the
derivatives.) The amplitude derivatives of a distributed scatterer are not
constant, as are the phase derivatives that apply for a point target.

- He states that the phase derivatives provide information about a "point"
scatterer (he used the term "source") but he did not indicate that the point
scatterer had to be the only scatterer present; (or else it has to be resolved
in some manner from other scatterers.)

- Lees does not indicate there is a fourth basic phase measurement that
gives the angle rate and that there is a fourth basic amplitude measurement
that provides the change of cross-range profile with time.

- What Lees calls "shape" is actually the radial profile and what he calls
“change of shape" or "target spin" is actually the change of the radial
profile with time,
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Lees also briefly mentions polarization as providing a measure of target
asymmetry, and that ambiguities in measurements will result if the observa-
tion is not continuous.

I. 2. "A Radar Tangential Moving Target Indicator," by G. 0. Young, Proc.
1984 IEEE National Radar Conference, Atlanta, Ga., pp 90-94.

This paper is concerned with the measurement of target tangential veloc-
ity, or angle rate, as well as the detection of crossing targets that would
normally be suppressed by conventional MTI processing. Dr. Young does not
cite any prior references, but the wording he uses in parts of his paper
indicates he is probably familiar with either Lees's original paper or the
description of it in Chap. 10 of the first edition of "Introduction to Radar
Systems." It is a qualitative paper in that it presents ideas without also
justifying that they can be achieved with a practical radar imylementation.
He does not give quantitative (numerical) examples to show that these con-
cepts can be applied.

He offers two methods for finding the angle rate. In his first method he
establishes four equations that relate four radar measurementf to four target
parameters. The four measurements are 3¢/3f, 3¢/9t, 3¢/39x, 3" 4/3tax, where
¢ is not the same as that used in this report but includes both the range
component (as given by Eq 3 in the main body of this report) and the spatial
phase (as given by Eq 7). The target parameters to be found are Ry, Rg', 9,
and 84', where the subscript zero is the value at t = 0. He finds 8,', as
well as the other three parameters, by solving the four equations simultan-
eously. He gives no indication how realistic this might be in practice, nor
does he discuss the value of this approach, nor its advantage compared with
other methods for extracting angle rate.

The other method for obtaining angle rate involves taking the difference
between the doppler frequencies at two separated antennas. (This is some-
times called differential doppler.) He points out that for the spatial
doppler frequency (which he calls the tangential doppler frequency) to be
comparable to the values obtained for the usual (temporal) doppler, the
spacing between antennas should be comparable to the range. For this reason
he states that the ranges must be small if the antenna separation is not to
be impracticably large. He states that the technique is well suited to
synthetic aperture radar (SAR), but he does not elaborate - and it is not
obvious - why this might be true, other than the large separations possible
with a moving vehicle carrying a SAR.

In the last paragraph of the paper the use of the interferometer is sug-
gested, but no details are given. The effect on the angle-rate measurement
of scanning the radiation pattern also is not mentioned. He seems to require
that the target move through the beams, rather than scan the beams through
the target.

A possible Timitation to his method is that he has to eliminate the con-
stant phase term 4rfRy/c from the argument of a sine function representing
the received signal. This he claims can be done from the conventional
measurement of range (determined from the range gate in which the received
pulse lies).
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This does not seem practical since the accuracy of the phase 4nfRy/c must

be within a small fraction of 2r radians in order to subtract the phase term
in the sinusoid. 1his means that the range must be known to a small fraction
of a wavelength, which is not likely.

I. 3. "Some Results From Utilizing Doppler Derivatives," by N. Levanon,
IEEE Trans., vol AES-16, pp 727-729, September 1980,

Assuming a straight-line target trajectory at constant velocity, the
author shows that the range, range-rate, and angle at t = 0 can be found from
the measurement of doppler frequency and its first two derivatives. The three
equations for fy, fy and f are solved simultaneously. Alternatively, the
range, range-rate, and angle can be found from measurements of f4 at three
or more times. No mention is made of angle rate.
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7’; Appendix II - Phase Spectrum from a Point Scatterer
‘A’. 4
~§° The transmitted signal can be represented as having an ampiitude a(t)
Al and a phase ¢(t) modulating a carrier frequency f,, or
i
’ %?} st(t) = a(t) sin[2nfot + ¢(t)] (1)
! | It has a Fourier transform given by
N e
A ] .
v S¢(f) = [ al(t) sin[2nfyt + ¢(t)] e~32nft g¢ (2)
". s
A9 . . .
,..' The signal received from a point scatterer is of the same fgrm as Eq 1, but
gl it is reduced in amplitude by an amount p (p<1) and has a time delay T, so
) that
g sp(t) = psg(t-T) (3)
K
R e For convenience, the scale factor p is set equal to unity., The spectrum of
;.'..‘ of the received signal is given by the Fourier shifting thaorem as
po : -j2n fT
O Sp(f) = S(f) e (4)
R
5 Normalizing the received spectrum Sp(f) by that which was transmitted Se(f)
G gives
A
= = a~jonfT \
(.
33'.)
,';vt Thus, the normalized spectrum So(f) frum a point scatterer has only a phase
& 3\ component ¢ = -2¢f7, The relative amplitude spectrum is unity for the case
1‘ of a point sratterer, Information about the target is only available from
Wy the phase intormation. (The magnitude of the receive signal can, in prin-
; ciple, crovide the range to a point scatterer; but it requires knowledge of
NF X the values of the parameters of the radar range equation, including the
o targat cross section.)
A
-J‘-':I * If the transmitted phase ¢(t) is taken to be zero, the received signal
B . :
"4 {with p = 1 and a(t) constant) is
Lo
‘«" sp(t) = a sin2nf(t-T) = a sin(2nft - 2xfT) (6)
h)
3{:} so that the received phase is ¢ = 2¢fT. This is the same as the phase of the
f:: received signal spectrum.
‘ When the target is a distributea scatterer, the amplitude and phase of
,:;. the normalized spectrum of the received signal is more complicated than
o indicated above and provides inforuacion as to the distributed nature of the
& :
P50 scatterer, The subject of the present report, howeve , is the single point-
;% ) scatterer,
"
':'c
)
a:.f
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Appendix III - Radiation Pattern of a Two-Element Interferometer

Consider two antennas, each of dimension D, separated by a distance d,
as in the interferometer antenna in Fig. 3 of the text. In this appendix,
the intensity radiation pattern in one dimension is derived for the inter-
ferometer, which is Eq. 14 of the text. It is assumed that the illumination
is constant (uniform) across each of the two antennas of dimension D. The
angle & measured from the normal is expressed here as u = sin £, The field
intensity pattern in the far field is

(-d+D)/2 (d+D)/2
1 jor(x/A)u 1 j2n(x/A)u
g(u) = — f e dx + — | e dx
A A
-(d+D)/2 (d=D)/2
1st integral (-d+D)/2
j2n(x/A)u ju(-d+D)u/x ~jn(d+D)u/a
T i T
-(d+D}/2

-jn{d/A)u ( jn(D/2)u -jw(D/A)u)

=p e =B
j2nu
=ju(d/A)u
zp sin[nr(D/x)u]
U
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"

2d_integral (d+D) /2
j2n(x/A)u Jn(#d+D)u/x  =juw £d+D)u/A
I.= & = e -e
2 j2ru J2nu
(d-D) /2

+jm(d/A)u ( jn(D/A)u -jw(D/A)u)

= € e -
J2nu

#jn(d/2)u
= e sin(r(D/a)u]

Tu

tin(d/A)u =jw(d/A)u
I, +1_= sim(D/A)u & o
1 2 ru

mm 2 cos n(d/A)u
Tu/A

The first factor (sine) is the pattern of an antenna of dimension D. The
second factor (cosine), including the factor of 2, represents the interfer-
ometer pattern of jsotropic radiators, which is 2 cosa(d/A)u. This is the
same as Eg. 14 of the text if the first factor is identified with go(g), the
pattern of the individual antenna., If the difference of the two antennas had
been taken, instead of the sum, the sign of I, would be minus and the inter-
ferometer pattern would be -2j sinw(d/A)u. Thus the difference produces a
sine spatial pattern, the sum produces a cosine spatial pattern.

In Sec. 3 of the text, the spatial phase was taken as the phase differ-
ence, ¢g = 2r(d/A)u, between the two antennas of the interferometer rather
than as the phase of the sum of the signals. The phase of the sum (or the
difference) of the signals from the two antennas of the interferometer depends
on both the range and the angle. Therefore, there is coupling between the
range and angle measurements based on the partial derivatives of the received
phase. This is shown below.

The transmit signal from the interferometer is taken as sin 2zxft. The
signal received at one antenna is sin 2rf(t-T) and the signal received at
the other antenna is sin [2xf(t-T) + ¢5], where T = 2R/c,oR = range, c =
velocity of propagation, and ¢5 = 2r(x/A)u. (The two elements of the inter-
ferometer are assumed, for convenience, to be isotropic radiators, and the
spacing d is taken as the variable x.) The sum of the signals from the two
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antennas is
sum = 2 cos [n(x/x)ul sin [2nf(t-T) + w(x/A)u]
= 2 cos [n(x/A)ul sin [2nft + ¢,]
where oa = dn(f/C)R + n(f/c)xu

If we take the partial derivative of ¢, with respect to the spacing x, we
get the angle of arrival &, as expected. Thus

3¢a/3x = wn(f/c) sin g
However, the partial derivative with respect to frequency f gives
3¢a3/3F = (&r/c)R + w(x/c) sin ¢

This provides the sum of the range and the angle, and neither can be
extracted separately. The partial derivative with respect to the angle
g is

3¢a/3u = 4x(f/c) 3R/3u + n(f/c)x

since the range R depends on the angle £ (u = sing). This has no obvious
interpretation. The partial of ¢, with respect to time is

36a/3t = (4n/1) 3R/3t + m(x/A) au/at
which combines both the range rate 3R/at and the angle rate (3u/at).

Thus the phase term of the sum (or difference) signal from the inter-
ferometer does not provide the target information we seek. The information
is in the amplitude, or 2 cos w(dA)u, which can be considered the spatial
signal. It is the phase of the spatial signal as a function of spacing x
and time t which provides, respectively, the angle and angle-rate. It
appears only to be fortuitous that the partial of the temporal phase with
respect to x provides the same (angle) information as the partial of the
spatial phase with respect to x. The angle rate can only be obtained from
the spatial phase.
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Appendix IV — Selection of Pulse Intervals for Accurate,
Unambiguous Doppler Frequency Measurement

This discussion extends that presented in Sec. 7 for selecting the fre-
quencies for the accurate, unambiguous determination of range. The problem
considered in this Appendix is the selection of the successive pulse inter-
vals for the accurate, unambiguous measurement of the doppler frequency
(and, hence, the radial velocity) in an MTI radar. The method described
here differs from the normal staggered pulse repetttion interval waveform
often used in MTI radar.

The waveform consists of a succession of pulse intervals Ty, T2y eees TN
The smallest interval Ty between pulses (the largest prf, f1) is chosen so
that there are no doppler ambiguities (no blind speeds). The prf is

f1 = /Ty = 2fdmax = 4Vpax/A (1)

where fgnay = maximum unambiguous doppler frequency that is expected, vpay =
first blind speed, and A = wavelength. The factor of 2 that multiplies fypax
in Eq. 1 is due to the Nyquist sampling theorem that requires at least two
samples per period of the highest frequency for unambiguous frequency meas-
ure ment. (If the concern is to avoid blind speeds rather than unambiguous
frequency measurement, the factor of 2 would be omitted.) The largest
interval between pulses Ty (the smallest prf, fy) is detarmined by the need
for unambiguous range Ry,. Thus

fy = 1/Ty = ¢/2Ryy (2)
The ratios of the other prfs (fy/fy, f3/fp, etc.) can be taken to be'10 to 1.

As an example, assume the maximum radial velocity (first blind. speed) is
Vmax = 2000 kn and that the wavelength A = 23 cm (L band). From Eq. 1, the
largest prf is 17.4 kHz (Ty = 57.5 ps), corresponding to an unambiguous
range of 8.63 km (4.66 nmi}. If the unambiguous range is assumed to be 240
nmi, the lowest prf as given by Eq. 2 is 337 Hz., One additional prf is
needed, This is selected (somewhat arbitrary) as the geometric mean of the
other two values already selected, which is 2.42 kHz (instead of the 10 to 1
ratio since the ratio of fy/fj in this case is less than 10). The unambig-
uous range for this prf is 62 km, or 33.5 nmi. Thus this waveform contains
four pulses with three spacings: Ty = 5.75 us, To = 413 ps, and T3 = 3 ms,
This waveform has both range and doppler ambiguities, but it should be
possible to resolve them. It would be of interest to examine the classical
ambiguity diagram produced by this waveform.

A waveform commonly used for a long-range L-Band radar consists of a
train of five pulses with four different intervals. Unlike the waveform
described above, each of the four intervals provides an unambiguous range
measurement. The intervals might, for example, be in the ratio 25:30:27:31,
with the shortest interval corresponding to the maximum unambiguous range.
The method for selecting pulse intervals described here should have less
Tess than the conventional staggered interval waveform since it has a large
ratio of max to min spacing. Range ambiguities result, but it should be
possible to resolve them.
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Appendix V -- Phase Derivatives in Qther Measurement Methods

FM-CW Radar. A CW radar does not measure raay: unless its waveform is
modulated in frequency, phase, or amplitude so as to increase its spectral
bandwidth, Frequency modulation is the usual method, as is done in the
classical radio altimeter.

The phase of the returned signal is given by Eq 3 of the main body of the
report as

o = 2nfT (1)

where f = frequency, T = 2R/c = round-trip tim: delay to the target at
range R, and ¢ = velocity of propagation. The frequency f is assumed to be
a function of time. The time delay T can also be a function of time (5T/3t
is a measure of velocity). Normally, the derivative of phase with respect
to time (3¢/9t) gives the doppler frequency shift, and the radial component
of target velocity. When frequency is not a constant, 3¢/3t gives the

range. (It will be recalled that FM-CW radars extract a frequency from which
range is determined.)

Differentiating Eq. 1 with respect to time, we get
3¢/0t = 2nfT" + 2nf'T (2)

If the first term is small compared to the second term, this equation gives
the time delay T (or range) and is

30 = 2nf'T (3)
ot

To see that the first term can be neglected in a practical case, take

f = 3000 MHz, T = 0,001 s (R = 80 nmi), Af = 100 MHz, AT = 0.0! sec,

(f' = of/AT = 10 GHz/s), and T' = 1 us/s (corresponds to a velocity of 150
m/s). Then fT' = 3000 is much smaller than f'T = 107,

Differential Doppler. 1In this techrique, the doppler frequency is
measured at two locations separated a distance x. The measurement provides
angle rate, The doppler shift is given by 3¢4/3t, or

3¢/at = (4n/A)vp (4)

where vp = radial ve1ocfty = 3R/a3t. The differential doppler is

9 3¢ =3 3¢
3x 3t at 3x (5)
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If interchanging the order 8f differentiation is permitted, then Eq 5 shows
that differential doppler 34$/3x3t (left hand side of the equat1on) is the
same as the rate of change of angle 3¢/3x with respect to time.

Jime Difference of Arrival (TDOA). The angle of a target can be found by
measuring the difference in the time of arrival of signals received at two
separate locations., Its advantage is that non-directive antennas can be used.
It has application in ESM, but has not been of interest in radar because it
does not use directive antennas (with their large receiving aperture). The
narrow beamwidths and large apertures associated with directive antennas is
important in radar applications. Time and phase are related, so that »T/Ax
is equivalent to A¢/Ax, or angle. The advantage of measuring AT inctead of
A¢ is that wideband signals can be used which avoid the problems of ambigu-
ities and the contamination from multiple $ignals (targets) that are charac-
teristic of phase measurements.
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:;‘ Appendix VI - Accuracy of Phase-Derivative Measurements

y

?- Introduction

oy The main body of this report discussed the use of phase derivatives
’} for obtaining the target location (range and angle) and change of location
< (range rate and angle rate). The phase derivatives ara not the usual method
Wy for obtaining radar measurements. Therefore, this appendix addresses the

o theoretical accuracy with which phase-derivative measurements can be made and
M compares them with conventional radar measurements. The emphasis is on the
KRy anglé-rate measurement since it has not been a usual type of radar measure-
;}ﬂ ment. Angle rate can be obtained from the spatial doppler frequency shift

ﬁ: or, more conventionally, from two angle-me2surements separated by an interval
o of time.

NG

N Thz accuracy, or rms error, with which radar measurements can be made
1& when the limitation is white, gaussian noise, has been described in a number
f; of references.l=3 1In general, the theoretical accuracy, ém, potentially

; avaiiable from a radar measurement can be expressad in the following general
A form

4 sm = k (1)

M m (2E/N )1/2

Y 0}

o

:& where k = constant (depends on the shape of the waveform, and is generilly of
) the order of unity), E = received signal energy, Ny = noise power per init

! bandwidtn (units of energy), and m is related to the parameter to be ma2asured.
g% The parameter m is defined by the expression

"o

o n? = (z«)?—f;? 02(x)dx (2)

1§ fo (x)dx

gﬂ where #(x) is a spectrum or waveform related to the type of measuremert

i/ to be made. (The parameter m is a form of second mument of the distribution
¢ ¢(x).

: (%))

o

Review of Range-Rate Measurement Accuracy.

;ﬁ The measurement of the more familiar range rate, or radial vejucity,
aﬁ will be discussed first so as to prcvide an introduction to the less well-
o known angle rate measurement. The measurement of range rate can be made

o, either (1) as the rate of change of range with time, (2) from the doppler
- frequency shift, or (3) from the rate of change of echo signai phase with
5\ time. It will be shown that the measurement of range rate vased on either
;& (2) or (3) can be much more accurate than the measurement of range as a
A function of time.

% '
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Method No. 1 - AR/AT. In this method, the range rate is found from
two measurements of range separated by a time interval T. The theoretical
rms error in measuring time delay isl

§T = _1 (3)
R BY 2E/N

whereg is the effective bandwidth defined by Eq. 2 withm =8, x = f, and
¢(x) = S(f). If the bandwidth B determines the pulse rise time (so that the
rise time » 1/8), the rms error from a single measurement is approximately

B(4E/N,) /

where Ey is the energy of the signal in a single range measurement., Since
range R = cTp/2, where ¢ = velocity of propagation and Tp = time delay, the
rms error in measuring a distance R is

R=____C 1/2 (5)
(28) (4E,/Ng) " '

To measure range rate, two range measurements separated by a time at = T
must be made. The rms error in measuring AR, the difference in the two

range measurements, wili be /2 times §R. It is assumed there is no error in
knowledge of the time separation T. The total energy in the twc measurements
is 2E1 = E. Therefore the rms error in measuring aAR/At, or radial velocity,
is

v = ¢ (6)

y 1/2
r (Z)I/ZBT(ZE/NO) /

Method No. 2 - doppler frequency. In this method, the radial velocity
is found from the doppler frequency shift. The theoretical accuracy (rms
error) in the measurement of frequency is given by

5f=___1_1,2 (7)

a{2E/N )’
0

where o = effective time duration (defined by £q 2 with x = t and #(x) = s(t).
For a rectangular pluse of duration T, the effective time duration « = n1/3.
The radial velocity vp and the doppler frequency shift fq are related by

vp = Afy/2 (8)

where X = radar wavelength. The rms error in measuring the radial velocity
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$« is therefore
~.{:"
5'2 sv (1/2)6f Y3\

+ n = A 6 =
;. - d " w2 (9)
S = /3¢
WY 1/2
:%‘\ﬁ anoTZZE7NO)
;ﬁ:{a . where ¢ = velocity of propagation and f, = radar frequency.
s
*‘), The ratio of Egs. 6 and 9 represents the rms error in measuring radial
:‘t, velocity by means of AR/At relative to its measurement from the doppler fre-
W ;: quency.’ This ratio is
a.‘;(.‘
e rms_error from AR/At = Eq6 = n_ fo (10)
ek rms 2rror from doppler Eq 9 vI1.5 B
e“‘ Since fo/B >>1, 1he rms error in measuring radial velocity from the doppler
‘:‘g . frequency shift .an be several orders of magnitude less (that is, better
0::'; accuracy) than the measurement based on the rate of change of range with
{J':',‘. time. The improved accuracy of the radial velocity based on doppler
O ¥requency measurement with pulse waveforms; however, might be accompanied
LB in practice by amgituities in range or radial velocity, or both,
e
"{% Method No. 3 - A¢/at. This is the method described in Sec. 3 of the
\‘j main body of the report.” From Eq. 4 in the main body, the radial velocity
el is
f
;-‘.3;3, Ve = (3/4n)(8¢/6t) = (2/4n)(a¢/T) (11)
o
"z.:::“: The phase derivative is found by measuring two phases separated by the time
f_‘.'{ T, It is assumed that the rate of change of phase with time is linear,
D that the time separation T is known without error, and that the rms error
o in measuring phase is given by
ooy
L/
:’;, rms phase error = (ZE/NO)‘1/2 (12) *
04
;@
e Since two phases have to be measured to find a4, the rms error in Ap is 2
‘:: times that given by the single measurement represented by Eq 12, (A factor
.g;'.q: of YZ is included because two measurements are made. Another v2 factor
f,c?;» accounts for the total energy, a similar argument as given for Eq. 6.)
‘:’_.f Thererore, the rms error in measuring the radial velocity is
2 N‘:‘g *
.‘."‘
&;%:} bup= A _1 (13)
2:':::‘ ) 2T »/ZE/N0
‘f’ ()
i
b
o
.‘.I'..i
Q.ﬂ
3
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This is the same as the rms error of Eq. 9 for the radial velocity found from
the doppler frequency, except that Eq. 13 is smaller (better accuracy) by a
factor of v3. Genera]]g, constant factors of this magnitude have not been

of concern in the past,® so that we will say that the accuracy of the meas-
urement of radial velocity by the rate of change of phase with time is essen-
tially the same as that found by the doppler frequency shift (which seems
intuitively correct.) It might be noted that the equivalent of matched-
filter measurement of phase has not been described in the literature, as it
has for the matched-filter detection of time delay and doppler frequency
shift,

Angle-Rate Measurement Accuracy

As with the measurement of range rate, the angle-rate measurement can
be made by (1) the rate of change of angle with time, (2) the spatial doppler
frequency shift, and (3) the rate of change of spatial phase with time. As
with range rate, methods (2) and (3) are similar.

Method No. 1 - Ae/at. This is the measurement of two angles separated
by a time T. The accuracy in measuring angle is given byl

58 = 1 . (14)
y/ZE/N°

where y = effective aperture size (in wavelengths), which is given by Eq. 2
with x = aperture parameter in wavelengths, and ¢(x) = A(x), the aperture
illumination. With a conventional antenna and a uniform aperture illumina-
tion, y = #D/¥3 A, where D = physical aperture size. The angle rate in
Method No. 1 is found by making two independent measurements of angle
separated by a time T, The time T is assumed to be known precisely. The
rms error in measuring the angle rate ¢ = A8/7 is

Ry = 2732 (15)
0T /ZE/NO

The factor of 2 in the numerator results because two measurements of angie are
needed to find A6, and the total energy is twice that of a single measurement.

Method No. 2 - spatial doppler frequency. The spatial doppler frequency
shift 1s given by Eq. 20 of the text for a scanning interferometer, which is

fs = (d/2)(ve/R) = (d/x)ay (16)

where d = spacing between interferometer antennas, A = wavelength, Ve = Cross
velocity, R = range, and vc/R = Q¢ is the angle rate of the target, The
accuracy with which freguency can be measured was given by Eq. 7 of this
appendix.,
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Assuming that the spatial signal of frequency fs has a duration T, the value

of a, the effective time duration, is a« = nT/¥3. The duration T is equal to

A/DQ, where D = antenna dimension, and @ = angular scan rate of the interfer-
ometer pattern (radians/seconu). From Eqs. 7 and 16, the rms error in meas-

uring the angle rate, based on the spatial doppler frequency, is

80t = /_3 A /3' Vo) (17)
dT/2EN, = &2E/N,

The ratio of the rms error in measuring angle rate based on a6/at (Eq. 15) to
the error in angle rate based on spatial doppler (Eq. 17) is

rms error from AR/At =Eql15 -d ' (18)
rms error from doppler Eq 1 D

Since the spacing d between antennas is larger than the antenna dimension D,
the accuracy of the spatial doppler is better than that from ae/at. The
larger the value of d/D, the better is the accuracy of the spatial doppler
method. (The ratio of Eq. 18 assumes the same total value of E in both
cases. If two antennas are assumed in the interferometer in making the
spatial doppler, but only one for an angle measurement, the energy E in

Eg. 15 is one-half that of Eq. 17. Hence, the ratio of Eq. 18 would be
Y2d/D if the antenna diameters are the same.)

The extraction of the angle rate from the spatial doppler frequency
shift is seen to be more accurate than the conventional measurement of angle
rate based on aA6/At. The difference, however, in the two methods is not as
large as the range rate methods since d/D is usually not as great at fy/B
in Eq. 10.

Method No. 3 - 48¢/At. Eq. 10 of the main body of the report gives the
angular rate as

Q = Ve = b (19)
R 4wx T

where the angle rate is obtained as the measurement of phase at two times
separated by the interval T. The rms error in measuring Q¢ is

8y = A 28 (20)
t =_A_¢ 93¢
dnd T

where x is taken to be equal to the antenna separation d of the scanning
interferometer., The factor 2 is included since two phase measurements are
made and the tota] energy 15 twice Epg energy of a single measurement. The
value of &¢ is (as before) (2E/Nj)~%/“, Then Eq. 20 becomes

S,

5 8¢ = A (21)
7

i+ 2ndT/2E/N

o

h This is similar to that g1ven by Eq 17 for the error obtained from the
[ } doppler frequency shift, but it is smaller by a factor /12.
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Range-Measurement Accuracy.

Equation 4 in this appendix gives the rms error in measuring time
delay Tp as

§TR = 1 (22)
/Z 8 JZETN,

where B = bandwidth.. From Section 3 of the main bcdy, the time delay TR
obtained from the rate of change of phase with frequency is

TR=_1 _3¢_ (23)
2n 'af

If 3¢/3f » (¢2-91)/(fo-f1) and fo-f1 is made equal to the bandwidth B, then
§TR = 1 (24)

=B v2E/ o

assuming, as before, a factor of 2 degradation in accuracy because of the
two measurements, Eq 24 is of the same general form as the time delay accu-
racy of Eq 22, except that it is less by a factor of n//2. The slightly
slightly better accuracy of the A¢/Af measurement (Eq. 24 as compared with
Eq. 22) comes about because the effective bandwidth g for time delay is
largest when the spectral energy is concentrated at the edges of the band,
as it is in the two-frequency measurement of range.

Angle-Measurement Accuracy

The rms error in measuring angle with a uniform illumination over the
aperture D is given by Eq 14 with y = «D//31 , or

68 = _v/3 2 (25)
wD/ZE?No
The angle measurement, from Eq 8 of the main body, can be expressed as
A Ad 2
i 13 ~ = _____S_ ('-6)
sin 5 4n AX

Letting £ = 8, Ax = D, and accounting for the factor of 2 degradation in
accuracy, we then have

60 = A (27)
2nD/2E7NO

which is similar to Eq 25, except for a factor of v12.
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