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‘,:::,t In this paper, we consider the linear quadratic optimal control
LAAN
ey problem on infinite time interval for linear time-invariant systems defined on
SO\
“';;: Hilbert spaces. The optimal control is given by a feedback form in terms of
o
$: solution M to the associated algebraic Riccati equation (ARE). A Ritz type
o approximation is used to obtain a sequence NN of finite dimensional
M
::‘ 4 approximations of the solution to ARE. A sufficient condition that shows nN
h:q
:'.‘-: converges strongly to M is obtained. Under this condition, we derive a
LN
i’o) formula which can be used to obtain a rate of convergence of NN to N
d‘.
“ We demonstrate and apply the results for the Galerkin approximation for
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(::. parabolic systems and the averaging approximation for hereditary differential
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1. Intr ion {
by
. . \
Assume Z, U and Y are Hilbert spaces. Consider the evolution g
A ;',v equation on Z .;‘.
g i\ :‘.
o : X
,_,: (L) z(t) = A z(t) + B u(t) , z2(0) = z, € Z ::
. . . . e e 34
NN where u(t) is a U-valued control function, 4 is the infinitesimal generator of D
(W »
) ) . M
‘o:',"a strongly continuous semigroup S(t) on Z, and B € £U,2). The Y-valued :
X 2
yele observation function y is given by g
(1.2) y(t) = C z(t) , t>0. ‘.‘
P o
I We assume that C € £(Z,Y). We interpret the equation (L.1) in the mild sense; ‘c"
¥ (
'.’“ . . . "‘
ni the solution of (l.1) is given by !
o t N
" (1.3) z(t) = S(t)z, + S(t-s)B u(s)ds . '
: :: ° 3
‘r' Consider the minimization problem; minimize the cost functional t!f
" © 2 2 o
“~ (L4 Juzy) = [ (O + JumPat "
o 0 t
& i
'.f»:: subject to (1.3). Then the following resuilt is well-known [10],[11}: )
")' . - . e
:. Theorem 1.1 Assume (A.B) is stabilizable and (4,C) is detectable. Then :,;.
I’ ""
Mo there exists a unique nonnegative self-adjoint solution M to the algebraic ":-
DN W
i Riccati equation in Z: i
. .’!"
[ Ky
:' (1.5) (A*NI + N4 - NBB*N + C*C)z = 0 for all z ¢ dom(4) , '.vj
s v
o, Wt
:;:: and the optimal solution u® to (L4) is given by o
'L. 0 - ¢
L) u’(t) = -B*n T(1)z, "
o ::o_
. \J
.. where T(t) is the strongly continuous semigroup generated by A - BB*N :
J
i . o
i' and it is uniformly exponentially stable. =
'a‘:, ':.
I:,: :0:
:c:. .:o
]
‘:': ::Q
:v:. A
\“
*-.- ".v'-' f—‘ W \ '- '\1 .Y "‘- \ ‘- ‘.\} \" .r - by B
S R -~.a B
oo o "9.. P e R AR TR L AR
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W Here we have

Definition 1,2 0))] (A.B) is stabilizable if there exists an operator
.u" K € ¥(Z,U) such that A-BK generates a uniformly exponentially stable
semigroup on Z.

:'-, (2) (A.C) is detectable if there exists an operator. G € £Y,Z) such that 4 - GC

) generates a uniformly exponentially stable semigroup.

t The purpose here is to construct a finite dimensional approximation

of the optimal feedback gain operator B*Nn Let us consider a sequence of

..,‘.":w’

approximating problems (ZNANBNCN). let ZN be a sequence of finite

=y
"

y
Rk
ot
1
¥

4
\

[
"

' dimensional subspaces of Z and PN be the orthogonal projection of Z onto
ZN. Assume AN : ZN -zN BN . U - ZN and ¢N: zZN - Y are continuous.

A Then consider the Nth approximating problem of (1.4)
! (1.6) minimize JN(u,zo) = .[0 ("CNzN(t)"2 + ||u(t)||2)dt

B subject to

A t
X (1.7) 2N(t) = SN(PNz, + I SN(t-5)BNu(s)ds
0

( N
",:n" where SN(t) = e t 3 0. Then the optimal control uN of (1.6) is given
i by

N pNpN*%.N
uN@) = -BN‘nNe(A -B787 N )tPNzo , t 30

W where 0N : zZN - zZN  js self-adjoint and satisfies the Nth approximating

DA algebraic Riccati equation in ZN;

N (1.8) AN'ON 4 pNgN _ pNpNN*pN L oN*CN _ o
a"'

s Here, BN nM, N 3 1 yields a sequence of finite dimensional approximations of

o.:.n.
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{1 3
‘::‘, :"
. of, 3 N
€ s
o'qz L

. . \*
¥ the optimal feedback gain [3). By,
£ 40

0 ,
: . . ys . t*
oy In this paper we first obtain a condition on (ZN.4N,BN.CN) for which ),
ol (1.8) admits a unique nonnegative solution NN, and MPN converges strongly to I W
gg" 'f‘,
" . . e . e
ﬁ::»}'. in §2. Such a condition has been discussed in {2}, [3] but the condition in this ;:
0"'. .‘.
". - » 3 . 3 ogq e 5
;5:-;:: paper improves those in {2]), [3], i.., we introduce the uniform detectability .z:
v ‘e . . ‘e -
oy condition (see, (H3) in §2, for the definition) which is additional to those -
i)

D) 0
.“:::’ considered in [2], and wusing this condition, we are able to show that there :;
Iy K)

\ N
':q:: exists an integer N, such that for N 3 N, ::i
N_gNpN* N ]
;E:" "e(A ~-BYB" 1 )tPN “ <M e-h) t Lt 3 0 ",
ap .n
et )
o &
g . . . 0%
::.,' for positive constants M 3 1 and w (independent of N 3 Ng). This assertion i
A w v
o, is a part of assumptions in [2, Theorem 2.2). The uniform detectability 3’
) ""
RO condition is satisfied if C*C is coercive, which is assumed in the discussions in {",
’u. _.:h
:,' [2,p. 693]. Thus, the uniform detectability condition can be regarded as a ":‘
W relaxation of the coercivity assumption mentioned above. Next, under the "
Yy ,"!,
e, t
;’::' condition in §2 we derive a formula which provides a rate of convergence of :::
‘l' O‘f
i s )
,:E!e mN to 1 and apply the formula for specific examples. a:::
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S 2. Uniform Stability and Strong Convergence
::::g
N
We assume the following. Let SN(t) = e4 t t 3 0
.t.“i
jc'!‘c
)
;'\‘. (HD For each z ¢ Z, we have
e () SM®PVz ~ S(t)z , and
[ 1
i (i) SNW*PNz - S¥0)z
é,"\‘
;:::" where the convergences are uniform in t on bounded subsets of [0,%).
':r-‘".l
e (H2) (i) For each u ¢ U, BMu » Bu and for each z ¢ Z
s, BN'PN; - B*z,
“,‘tf
#':'}1'; (ii) For each z ¢ Z, CNPNz - Cz and for each y ¢ Y
o
1‘ O N* - C*
{.A CY'y = C*y.
? " (H3) (i) The family of the pairs (AN,BN) is uniformly stabilizable: i.c.
'."f'-Z . N . gzN
AN there exists a sequence of operators K" ¢ B(ZNU) such that
T
s N -
fl. sup"K " < @ and
{
A N_pNgN
:" "C(A -BYK )tPN" < Mlc-wlt ,t 30
{
:’é“ for some positive constants M; 3 1 and w, .
W
")’ . (ii) The family of the pairs (4N,CY) is uniformly detectable; i.c.
;:: 3 there exists a sequence of operators GN ¢ 2(Y,ZN) such that
Jivgh
::'::‘ sup||GN)] < » and
R e~
:3:.:0:.
N_~N-N —-W,t
. Je(AT-CTEDNPN) ¢ Mpe "2 Lt 5 0
l'.'
L)
‘:::::' for some positive constants M, 3 1 and w,.
*.9.0'0 2 2
VO
Q:::::: Remark (1) Suppose BN = PNB and CN = CPN. Then (H2) holds
;‘: since it follows from (HI) that PNz =z for all z ¢ Z.
;‘l "
‘:g:.‘ (2) The assumption (H3) 1is closely related to the preservation of
:'l"'i:
::.'l exponential stability under approximation in [3,Conjecture 7.1) and it is shown
L Dol
'};,‘.‘ in [2] that (H3) (i) ((POES) in (2]) is satisfied for parabolic systems using the
e
:‘:'::n
LI
s .'0
W
n'n
i
“:;.‘:; :“:. Mgy ! ;..‘ Wy s'; \. . ] ‘t..’.:.\.; 'l' o t';‘i..‘\ %) l‘,n‘! " ;'l““'u
i d v'o o o ! 'l "t"- iy ‘ ' RN % .a.
"‘ "‘, .“‘“ :"““ l l‘p‘:n’ ‘:: e\.‘l.‘b:‘o' :: ‘n q'::’ ::‘ .:‘a ::, ng'o‘..: " NG .‘ :‘ ‘\ w"i‘l::““ '!:‘ 0N




2 t
o:‘::: ::
i
=5= .
N L\
Y ()
:‘jﬁ “g
"‘»:: Galerkin approximation. _,
O 5
ya¥ . X
4 3) A natural way to argue (H3) is to take KN = KPN and GN = PNG for W
b
W some K € ®Z,U) and G ¢ ¥Y,Z) such that 4 - BK and A - GC generate :;«
e 8
‘ -
:::3 uniformly exponentially stable semigroups on Z. *:3
¢‘¢’| ‘i,
\d i
::0:: Theorem 2.1 Suppose (HI1)-(H3) are satisfied. Then for each N, (L.8) o
1 ] E
;q;.‘ admits a unique nonnegative solution N, sup"nN" < », and there exist N
10’8 %
i . ) t
ft.:f positive constants Mg 3 1 and w; (independent of N) such that .9}
" o
Ty N_pNpN* N ~W,t -
"c(A -BYB" i )tpN“ $Mge * ,t20. T
1w,
i O
>, .‘
LW 1
"l ) )
3’5 Proof: The proof is based on the arguments in [ll] The existence and ,.:
&0 W
» ot
2" uniqueness of solutions to (1.8) follow from Theorem 1l Since {‘
s5d I
gg: <i¥PNz,z> = min IN(u,2), (H3) (i) implies that ¢
o g
Ay
0 Iy
‘|.. s
W <nVPNz,z> ¢ INCKNZN(-)2) e
4
W ® N_pNpgN N_pNpN .
Y - ]‘ (e B K tpN 1y gNG(AT-BNKNtpN, 2y gy 3
0 "';
i h
() .
{ )y
.' € B"z"2 for some positive constant B ':';;
) -
M WA
.:',: Since nV s self-adjoint, nonnegative definite, this implies that ”nN” ¢ B ;::,
0 'y
Q‘,:‘ By the variation of constants formula ;;:4
G AR
o . . . Iy
‘ N_pNpN*_N * N_pNpN*-N
PR (A7-B7BT MOt _ Ny o I TN(t-s)GNCN-BNBN Ny (47-87"B™ M)s 4¢ o
a‘;: 0 ;
"y &l
I\ ¥
o »n
- N.oNeN "
K where TN(t) = (4 -G"COt ¢ 3 0. Here, from (1.8)
¥ * * * )y
” (aN-BNBN* N+ nN(aN-BNBNIY) + nNBNBN'IN + cN'eN - o, ot
(] (X
) N
a:’: AN BN N‘r}q :::!
N so that if zN(t) = (4"-B"B )‘PNz, t » 0, then W
Ve LN
R
. o
::l »"‘
ROh e,
N :.vv
.
w
Ly ! ", u IO T gt
Sy -'.- ﬁ‘ .n ln'\q t | l .'o '(g .l.i . u O
v ,a'.o.“l‘ ‘ ”‘ e, '; |‘0 i":”."‘l’ ;', m.‘t.l g“.“,*‘!‘ \ ‘ * “ lct I N




d
o — O + BN TN + 2N 2
. T u I + geh2)
) Thus, for all t 3 0
t
'i':O (2.2) (rlNzN(t),zN(t)) + I(IlBN.nNzN(t)Hz + IICNZN(t)Ilz)dt
o
! ¢ mPRz,z> ¢ Bz
o Now, from (2.1), we have for all t 3 0
y N/cyn2 z N N2 ¢ N¥* ON. Ny 12
- B uzu (SN + 18P | (B i)
L)
1‘“ 2 0
ol + |CN2Ns) Prds

M where we have used the Young’s inequality, From (2.2), we have

1’§ © Mz
N 2 2 N2 N2 2
R0 J. 1ENOIPa € 2, + 28 sup(IGP + B
2

Al for all z € Z. Therefore, the theorem follows from the Datko’s theorem {71

_.v::;;‘ (Q.E.D.)

) The following is a consequence of [3, Theorem 6.9] and [2, Theorem
) 2.2).

:::',: rollary 2.2 Suppose (A4.B) is stabilizable and (4,C) is detectable and
assume (HI) ~ (H3) are satisfied. Then the unique nonnegative solution N
to (1.8) converges strongly to I, the unique solution to (L.5).

o't Theorem 2. Suppose that B is compact and BN = PNB  and that

e (HI)(i) and (H3)(i) are satisfied. Then (4,B) is stabilizable.

- Proof: Let us consider the case C = I and CN = PN with Y = Z. Then it is

u'::n easy to show that (4,C) is detectable and (A4N,cM), N 31 are uniformly

kS
T Ty S oy

e detectable since (HI)(i) implies that for some M 3 | and w independent of N,
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ISYOPY|) € Me**, t 3 0. It then follows from Theorem LI and (H3)(i) that for
each N, (18) with CN = PN has a unique solution AN. Using the same
argument as in the proof of Theorem 2.1, we have "ﬁN" ¢ B for some positive
constant 8. Thus, by Theorem 6.5 in [3], there exists a subsequence of v
converges weakly to some nonnegative, self-adjoint operator n We will show
that M0 satisfies (L5) with C =1L  Since PVAN = ¥ BV'N
B*PNON = B*fN. Since B* is compact, for each z ¢ Z, BNj*ﬁNjPNz converges
strongly to B*Nz. It now follows from [3, Theorem 6.7] that N satisfies (1.5)
But since (4,C) is detectable, by [10, Theorem 3.2}, 4 - BB*1i generates a
uniformly exponentially stable semigroup on Z.
(QE.D)

Remark 24 Roughly speaking, Theorem 2.3 means that the uniform
stabilizability implies the stabilizability of (4,B). The dual statement of
Theorem 2.3 also holds: i.e., suppose C is compact, CN = CPN  then (HI1)(ii)
and (H3)(ii) imply that (A4,C) is detectable. This statement can be proved by
applying the exactly same arguments as in the proof of Theorem 2.3 to the
dual Riccati equation

(AL + E4* - EC*CE + D 2 =0

for all z ¢ dom(A4*).

.I..'J
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:\ 3. Convergence Rate
s In this section, we assume that (Hl) and (H3) are satisfied and let
o BN = PNB and CN = CPN. Moreover, we assume

P (H4) For each z ¢ Z, Nz ¢ dom(4*) and B is compact.

From (1.5), we have for all z € dom(A4)

Py
O

¥ 227 2

Y

24{Nz,Az> - {B*nz,B*nz> + {Cz,Cz> =

-

Thus, (H4) and the density of dom(4) in Z imply that for all z ¢ Z

o 2{A4*nz,z> - {B*nz,B*mz> + <Cz,Cz> =
o n
:"_. Define the self-adjoint operator m¥ = PNnPN. Then for all x ¢ ZN
o
B x A A A
(3.1 244N ANx x> - <B*1x, B*mVx> + <CNx,CNx> + <&aNx x> =

".
,c: N N . .- .
where AN ¢ X(ZV) is a self-adjoint operator defined by
o N N*ON

(3.2) BV%,x> = 2{(A* - AN PY)Nx,x>

"’ ~ A
,&,’ + B¥mN - MYx.B* N + mNx> for all x € ZN .
s
I\ ':. N
' From (18), for x ¢ Z

)
R N* N N* N, pN* N N, ~N
:‘ (3.3) 24aN mNx x> - BN ', BN mx> + {CVx,CVx> = 0 .
¢ Y
l' )
:11'. Hence by subtracting (3.1) from (3.3)

@
iy N _ pNpN* N N _ AN
.;::. 244N - BNBN mNyx, (¥ - mV)x>
U >
U, A = A
':" + <BN‘(HN - nN)x, BN (I'lN - mMx> - ANx x> =
M
KA
.‘..‘ for all x ¢ ZN. Or equivalently
* o }
R
st n ®  N_pNpN* N n . n
;'\.‘ (3.4) nN _ nN = C(A -BYBY N )t((nN _ nN)BNBN (nN . m) - AN)
[} 'n 0 *
he . o(AN-BYBN'IM)t 4
1
\‘\"

s.”l

».'::\
l"gl
::,:l
:ff::
‘

ii"‘t":‘s":q".-;‘!v :‘ t“o » ""‘ .'!. O“"‘ O" .'li" \.‘! ‘\0‘.” "' "’i' .‘" '.‘ .l' 0‘.. ',‘l’i,"t ‘.Qi"o,"l "l‘ ) ',’l \ ‘ '. ;\. ;‘, '. t ‘ll v

”f “‘i. h‘ l!:"l.:” '“1:3: .’ 'h .‘\.w‘. i‘n " t\'. % :|'|: 0@" .l, 0,‘.5.‘0".:' v'.‘ }l: ,"" ::’.:: ,‘,,“\. ‘.,}o,..':: W Q'\‘o 3 ’:‘ ':' ‘p .' ;‘4" o
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Similarly, subtracting (3.3) from (3.1), we obtain
35 mN.nN- rc("N‘B"BN‘ﬁN)'((nN - NBNENT N - 1Y) + aV)
0
« (AN-BNBN N
Here, from Theorem 2.1, we have

N_pNpN* N -W
e BB I PNy ¢ M 15 0

with Mg 21 and wy > 0. Since nNpN - strongly by Corollary 2.2 and

B is compact

&

||B“"(nN - M) = @ - MPNB| -+ 0 as N~ =,

.z

Hence by the variation of constants formula and the Gronwall’s lemma,

Aok

A N* -N_{N
Ile(AN'BNBN‘nN)t PN" < M3c('w3+"B""B (n-n )")t

i
0‘

It then follows that there exists an integer N; such that if N > N,

W
N_pNpN*AN .
e B B IO pNy e ME T 13 0.

SR

Now, from (3.4) for all x ¢ ZN

A A N_pNpN* N
(3.6) «m¥ - MMx,x> - I Tt ye(47-B7B7 I )‘x"2 dt
0

* *
- . J‘ ¢e(AN-BNBN I, 4N (AN-BNBN M)t oy,
0

and from (3.5)

a N_pNpN*AN
(3.7) (N - Mx x> - j BN - fiN)e(4"-B7B" 1 )‘x"’dt
0

© * A * A
- ]’ e(AN-BNBN TNty oN (AT-BNBN TN, o
0

These inequalities imply that for x e 2N
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(3.8) o~ - ﬁN" < z_h_dé 18N
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where from (3.2)

(3.9) ||AN | € 2|4*

atey ‘.o.'.c ) 0 '. ‘\.“\‘_.0 “9, ‘c

l;!' 'o‘l “Q
‘
"’:""" "' n.\ w Ln l‘ u

o ‘0 Ao w",» - ~.\'l
i l 2 a
) R Aot

.l" .
‘

'0

%

ANPNA| + 28] |(B*5" )

0 "
Ol
l 0“;

nh, ,x

|"

for all N 2 N

o

> e B o

t
l .,!

l‘ 'c' “u"‘

.“r [} .'l “l Q‘\ U .,
*"n y

. '

‘ ¢ ! ‘*‘ ) "

DO [\ 4
4 ]'. t‘ "! i

,"u

f‘) !f‘ ‘l‘@‘

'o




A "
i‘,v‘ f:v
oy ¢
i
.ch;. "11‘ ‘
‘o‘§ :"
W A
# O
:'f. 4, Examples .::'
B ) b
I. LB
() . . . . . of
RN In this section we discuss the examples in which (HI)-(H4) are -"
{:' satisfied and then apply the formula (3.8) and (3.9) to obtain a convergence :.*
4 A, O
B\ U3
>, rate of ™ to I X
o o
4;‘ o::
- 41 Parabolic Systems ¢
e i
. . 0
:.':: Assume A\’ and H are Hilbert spaces and VCH with .:lf
‘e '1{&
X . e . . . ey U
;;{ continuous dense injection 1i. Consider a bilinear form ¢ on V such that v:;:
t"’l l»_
R
. L] "‘
.,;: 4.1) |o(u,v)| € c"u" ||v" for uyv ¢ V 0“.
o vV Vv X3
e \ \ o
¢ - v
‘.=: (4.2) o(u,u) 2 w"u"v p“u"H for ueV .:';
'fk wle
¢ =
)
§ (]
N where w > 0. It then follows from [9] that there exists an operator A ¢ ::::
{
'l‘
y
Wy Z(V,V*) such that ’:"1
[ § |"".
. .':
o (4.3) o(u,v) = <Auyvd for uyv eV, :‘
EXD vV 0
1! "G
;'. '.‘
Y . . . (3
:1:' where V C H = H* € V* and H being the pivoting space, and that A §§:
t*’ 'J!‘
J on H with
. LR
&5 o
L “ 7
- (44)  dom(4) = (x € H: Ax ¢ H) dense in V, o
AN
) o . (o
',{. generates the analytic semigroup on H and V*  For given B ¢ £U,H) and ,‘_:,
o C ¢ ¥(H,V) consider approximating problems (ZNANBNCN). je. let ZN be a i
A .g.
! . . . . i - . 5
" sequence of finite dimensional subspace of V and AM™ zZN - ZN js defined by K
., e
; &
(4.5) ANz x> = o(z,x) for zx € ZN . -
LN ‘:'5
q" 01 t
0 .. (B0
o Let PN be the orthogonal projection of H onto ZN and assume BN = "o
A o
, . . el o
fg. PNB and CN = CPN. We assume the approximation condition: W,
n
. i
AT
' DO INDBRINW Y AOCNIOURERINONIN 0,*‘!_; «. 0 A.o;nn-ﬂn*\'i‘ﬂ\ o T e S v' AU u*Mt“"‘s,_‘!,'?"."gﬁ
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For each z € V there exists an element zN ¢ ZN

PRI NY
e

P

(4.6) such that ||z - z"" ¢ ¢(N) where €(N) =0 as N - o
\"

X It then follows from [2] that (Hl) holds and if (A4.B) is stabilizable and (A4,C) is
St detectable, then (H3) holds. Thus from Corollary 2.2, N converges strongly to

18 However one cannot apply the formula (3.8)-(3.9) as it 1is, since

nZ < dom(4*) is the maximal regularity without assuming any regularity of C.
This can be demonstrated by the following example. Consider the case when
H = L¥0,l) and V = HXO,), and

1

d d N
a(u,v) = I —— u(x) —v(x)dx for u,v € Hy .
o dx dx

Let us consider the Liapunov equation on H

(4.7) AL + A + Q =
where Q is self-adjoint operator on H. If for each z ¢ Z,
1 1
(Ez)(x) = I #(x,y)z(y)dy and (Qz)}{x) = I a(x,y)z(y)dy,
0 )

then ¢ satisfies A¢p + q = 0 with Dirichlet boundary condition,

3? a?
where Ap = — ¢+ — ¢ for ¢ ¢ H¥[O,1] x [0,1]). In general (e.g., see

ax? dy?
[6].8])
1 o1 3* 2 a* 2 1,1
J J “_¢ ' |..,_¢ ] dxdy € M I I |a|? dxdy .
o ‘0 ‘ox? ay? o o

This implies [L? € dom(A4) is the maximal regularity.
Hence we will modify the arguments in Section 3 to improve the

formula (3.8)-(3.9) for this example. First we note that in (3.2) for x ¢ ZN

|<(A'-AN‘PN)nx,x>| = olx (N - mx)]

< x| - ﬁ")x“v by (41) .

oA
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Thus from (3.2)

N N
@8 oy =sup LEERN g sup MOV

2
x| 0 lixlly x¥0 x|
A\ \4

B*(n-n®
+ 2aB||B|| sup —" ( )x"v s

x¥0 ),

where ||x||H < a”x"v.

Lemma 4.1 There exists a positive constant M such that

*° *
j. ”c(AN_BNBN nN)t PNx'izv dt < M”x”:{ s an
0

@ N*AN
A BB py ® ae ¢ My
\'"2 H
0

N_pNpNEN
Proof: Let {N(t) = c(A -B7B )t PNx , t 3 0. Then {N(t) satisfies
d n N_pNpN* Ny ;N
Fi(t)'—'(A'BB n)(,(t),t)O,

so that from (4.5)

1 d 2 * .
— &N NNy _ . N*.N N* N;N
3 g I Of, + @787 = - BT LH(1),B7 171 >,

and from (4.2)

d 2 2 2 2
5 5 IO, + oY), < (0 + 288 RO

The integration of this inequality with respect to t yields
Ny o2 N2 I N2 8 2 (Y N, 2
= It (t)"}l + W .[0 I (t)"v < > NE7@)) + (p + 2B)B||) L (K3 (S)||Hds.

Now the lemma follows from Theorem 2.1

aem 2 " L ECALANRNANANONAY
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It then follows from Lemma 4.1 and (4.8) that

W J‘ N (AN-BNBN' TN (4N-BNBN' N,
0

* N_pNpN* N
BN <y I ||e(" -8B M)t P""x"z dt ¢ M7||x||2
o v H

, N_pNpN* N
O Similary for e(47-87B" M)t , t 3 0. Therefore we obtain, using (3.6) and

(4.9) o - ﬁN" < My .
where 7 is given by (4.8).

e Consider the (1-dimensional) parabolic control system [2];

9 d
:: 7 2bX) = (D(x) 1) + q(x) 3 2Tz

+ T b;(x)u;(t) in (0.1)

b 3 i=l
t."' with boundary condition z(t,0) = z(t,]) = 0, where p ¢ C'(0,1), being bounded
d
".;:.,‘ below by a positive constant w, Ix Q, r € L70,}), and b; € L%0,), i = 1,..m.
NI In this case, H = L%0,)) and V = HXO0,), and the bilinear form o is
;.:‘,h:‘, given by
Ry ! d d d
DY o(u,v) = [P(x) —u —v - (q(x) —u + r(x)u)vidx .
RN 0 dx dx dx
R B: R™ - L%0,1) is defined by
m
RO (Bu)(x) = £ by(x)u; for u ¢ R™,

K i=l

e and dom(4) = dom(4*) = H*0,1) N H)0,1). Let us consider the following

X finite dimensional subspace ZN of V:

"':.‘i N-1
={zeH:2(x) =L oBN(x), g

1
.t" i=l

¢ R}

. A
LR ,.t‘,?? A

LAFYES byt
cralaty AN 's’h B, »"H
LN ]“0
o
‘

OO DO '- zi»,‘-.-.uu-;'.' o‘w,w.q‘,‘u'ﬂ-‘ﬂ
. .0,! Q! 0!,‘; AP RO ' i. fy ) g‘ 1} i
Y RN CUN l __,,1”, RO s it bt £ soh t lu *e - ¥
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where BiN(-), i = 1,.,N-1 are the linear B-spline ¢lements on the interval [0,1];
ie.,

.

N( i+l ) i i+l]
-N(x-—) , B
N

N
. il .
N(x-i), X € [l_,_l_]
N N N J .

0 elsewhere

-

Then the approximation condition (4.6) is satisfied {[8]. Suppose (4.8) is
stabilizable and (4,C) is detectable. Then (1.5) has the unique solution I
and using a similar arguments to those given above to show the regularity of
solutions to Liapanov equation (4.7), one can show that for x e H, Ix ¢
dom(A4*). Since A4* is closed in H and dom(A4*) C V, by the closcd graph
theorem, there exists a positive constant k,, such that ||nz||H2(0,l) £ k1||z||L2(0’l).

Hence the fundamental error estimate (e.g., [8]) gives
AN < 132
[Pz - 07z)f 2 € Ky (5] 1202
AN |
Iz - B2 € ks (e,

for some positive constants k,ks. Now it follows from (4.8) and (4.9) that

N 1
||nN-nN|| < k[ﬁ] for some constant k.

Hereditary Differcntial m

Consider the hereditary differential system in RY;

x(t) = Agx(t) + Ax(t-r) + r A(8)x(t+8)d® + Bu(t)

x(0) n and x(8) = ¢6), -r € 8 < 0

y(t) = C x(t)
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oy and the optimal control problem; for given initial data z (nd) ¢ R x

L2%(-r,0; R") , minimize the cost functional

(]

4.11) J(u,z) = I (|y(t)|z+ |u(t)|2)dt .
0

Here, x ¢ R, u ¢ R" and y ¢ R* and the element of A(-) is square

1%, integrable. It is shown [1] that (4.10) and (4.11) are equivalently formulated as

-:" the problem (11) ~ (1.4) on the product space Z = R* x L2-r,0:R™); ie, z(t) =

R (x(t),x(t+-)) € Z is the mild solution of (l.l) with

ol dom(4) = {((n,¢) ¢ Z : & ¢ HY(-r,0) and &0) = n)

e for (¢(0),4) ¢ dom(4)

N AK0),8) = (AH0) + A ) + r A(0)¥(8)d8, ¢) .

A -r

"j" The input operator B : R® - Z and the output operator C : Z - RF are
given by

P Bu = (Bu,0) ¢ Z and C(n,¢) = Cn .

!':‘ . Let us consider the averaging approximation [1] of (4.10); let

) N
by ZN=(z ¢ Z 2= (apTax ; , ) a3, €¢R",0¢k €«N)cCZ,
A k=1 [~—r-— ¢

N N
'& and AN has the matrix representation (QN)"HN on RMN¥)  when ZN s

e identified with RN+) by its coordinate vector col(ag,...,ag;), where the block

oy diagonal matrix QN and the block Hessenberg matrix HN are given by

- N AN N
1 Aq Al"'AN

‘W QN = | N . and HN =

ol

Yool
‘| ‘ ; ‘. it
t' Q" ¢ u,o

n‘ ‘l‘..l' W

wis

q \5 M ' .."4 ' KN *y 'I. '0. '!‘ ’Ql
Lyt ?,(

n\e

\ }‘5 i) \‘. S}

‘/Q‘ . .
' e 1.
.&\ by RN

O8]
S48, l A .‘ ‘. " o! “ ' N‘l
s 3% '
. i

3,
‘."I’I ‘. "1‘ o \‘Q,' ‘9, L g‘l'g |:| .
- LN .

u‘l"'o‘.‘\!.::' ) 't ity '|: |’
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i-1 N-1
J'F'A (8)d® and AN = A, + I'F'A(e)de. Note that
1

-r

-—r

N
=B and CPN=C. Set BN =B and CN =C. Then (4M* has the

T
martrix representation (QN)'HN on Re(N+1) (HD)(@) is proved in [l} and
(HI)(i1) is proved in [3]. Using the arguments in [5], {7] one can show that
(H3) is satisfied (i.e., (i) is straightforward but (ii) is not so). Thus, the

formula (3.8)-(3.9) yields

o - A < 2)a - AP
By the regularity result in [4),if A(-) € H(-r,0;R™"), then

A*N + C*C € dom(4*)
where dom(4*) = ((v.¥) € Z : ¢ € H' and ¥-r) = Aly} and A%y =
(H0) + Aoy, - -b(e) + AT(-)y) € Z [3]. Since C*C(n,$) = (CTCn,0) ¢ Z for
(n,0) € Z, this implies that if Nz = (y,), then ¢ ¢ H' so that ¢ ¢ H? and
since A* is closed, ||xb|| 24 M"z"z for some constant M. It then follows
from the arguments and e}:ror'estimate in [1], [3] that

M
[(4*-A¥ PGy 0) | € —(|y| + [191l;;2)
N

: N N !
Hence we obtain (7 - M7 = O(F) .
N
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