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1. INTRODUCTION

There are three versions of the finite element method: the h-version,
the p-version and the h-p version. The h-version is the standard one, where
the degree p of the elements is fixed, usually on low level, typically p =
1,2,3 and the accuracy is achieved by properly refining the mesh. The p-
version, in contrast, fixes the mesh and achieves the accuracy by increasing
the degrees p of the elements uniformly or selectively. The h—-p version is
the combination of both.

The standard h-version has been thoroughly investigated, and many
programs are available, both commercial and research codes. The p-version and
h-p versions are new developments. There is only one commercial code, the

system PROBE (Noetic Tech, St. Louis). The theoretical aspects have been

studied only recently. The first theoretical paper appeared in 1981 (see
[71). See also [1}, [7}, [8]), [9}, [10]), [11]. For the numerical, computa-

tional and implementaticnal aspects we refer to [2].

»
.
»
y

In [4] it has been shown that the rate of convergence is an optimal cne

up to an arbitrarily small € > 0, namely

t (1.1) lel | < C(E)p-(k—l)+enuﬂ K

‘ H H

N

;

ﬁ In the case when the solution has singular behaviour of the type
)

’ urr® ad 0, ((r,8) being polar coordinates) and the vertex of the
]

elements is at the origin, then

(1.2) et | < Ce)p 2**E,
H

The p-version has the rate of convergence which is twice the rate of the h-

version with uniform mesh.
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The proof of [4] indicates that the term C(e) can grow quickly with ¢
+ 0. Nevertheless, computational experience indicates that (l.1) and (1.2)

hold without the term €, 1i.e. it suggests

(1.3) tet , < Cp—(k-l)ﬂul K
H H
and
-2
(1.4) lel | < Cp -e
H
respectively.

We show in this paper that in fact (1.3) and (1.4) hold and the term
€ in (1,1) and (1.2) appeared only due to technicalities in the original
proof.

In [4], only the case when essential boundary conditions are homogeneous
was addressed. In this paper we deal with the general case. The ideas and
techniques of this paper differ significantly from what was used in [4]. Sec-
tion 2 addresses the preliminaries and basic notions. Section 3 deals with
approximation properties of polynomials on a square. Section 4 analyzes the
rate of convergence under the assumption that the solution does not have sin-
gular behaviour and proves (l1.3) for homogeneous and nonhomogeneous essential
boundary conditions. Section 5 deals with the case when the solution has a
singular behaviour and proves (l.4). Section 6 summarizes the results and

addresses briefly various generalizations.
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2. PRELIMINARIES

2.1. Notation

2

By R we denote the usual Euclidean space with x = (x1,%x9) € RZ.

By @ € R2 we denote a bounded polygonal domain with the vertices A i=

i
0,..0.,M, Ag = Ay, and the boundary T = z Fi where T, are open straight
lines with the end points Ay_;,Aq. The internal angle of Iy and Ty, 1s
denoted by wg, 1= 1,.e0,M, 0 < wy < 21, We mention that we also allow
wy = 2n  and so we include into our consideration the slit domains (wi = 2m)
when the boundary is two sided (in an obvious sense).

Let 2= 7 T, and ™N=r1-1P = [ Fyo DN =0, ve will call

jen j JEN
the Dirichlet boundary and 'Y the Neumann boundary. Obviously,

rD
rPurNa-r,

By L,(Q) = HO(Q) and Hk(ﬂ), k > 0, integer, we denote the standard
Sobolev spaces (with index 2). Also, H;(Q) = Hk(Q) n Hé(ﬂ) where Hé(ﬂ) =
{u ¢ HI(Q)|u =0 on FD}. For k > 0 not an integer, we define Hk(Q),

HB(Q) as the usual interpolation space (by the K-method, see [6]):

+
2 9(

%) - (u‘(n),u‘*‘(n))e

b

with =2, 0<06<1, 2+0==%, For k> 1 we define H§+G(Q) =

+e(Q) n Hé(Q). In [3] we have shown that if wy < 27 thus

Hk+6( k+1

k
p @ (H,(R),Hy

@y .-
9,q

Later we will also use q = » and will explicitly mention this case.
We will also deal with the Sobolev spaces Hk(Fi), Hk(I), I = (a,m»

which are defined for k 1integer in the analogous way.

g ? ? ?¢ FaSY :(‘ e I,I\I~f\f% ~J_a_f,f~._f_.~r f“fﬁf%:\f )rn~\u e \"'\'N"'u'n'u'\'\'*;" RTIEE
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The spaces "%(Q), HS(Q), Hk(ri), etc., are Hilbert spaces and their

inner products will be denoted by (-,-)Hk(n), etc.
For x > 0 we let
(2.1) R(k) = {(xl’XZ) | |x1| < x, |x2| < x}

and by H%ER(R(K)) c #H*(R(x)) we denote the space of all periodic functions
with period 2«x.

By PP(Q), respectively Tb(R(K)), we denote the space of all algebraic,
respectively trigonometric (with period 2x), polynomials of degree at

most p in each variable on Q, respectively R(x). Analogously we

define P (Ty), P, (1), (I = (a,b)).

2.2. The model problem and its properties

We will consider the following model problem

(2.2) -au+u = F on Q
(2.3a) u = g on r0
(2.3b) 2% = b on FN.

The model problem (2.2) (2.3) is a classical case of the elliptic equation
problem on a nonsmooth domain. The structure of this probiem is well
studied. We refer here to [13] and the survey paper [15] where the relevant
information and references could be found.

We shall assume that the solution of (2.2), (2.3) can be written in the

following form:

(2.4) u = u) *uy+ ) U,




"
N
. \
)
?
? where
o0
n"

u; € Hg(ﬂ), q> 1
4

k 3

uy € H@), u=g on I, k>3
[
D0
Q“ [i] [i]
"Q i Y a R
L) (1] [1] L e Gl1) (1] 1
[ - = E
e (2.5) uj zzl C, " llog r,| r,ooe e )x T (ry) € H(R)
)
X {1} (1) (1) (1) (1], (1] ®
¥ with a, > 0, P! > a, Yy > 0, ¢1 \ei) and X (ri) are C
? (or sufficiently smooth) functions, x[i](ri) =1 for 0 <y« p[i] < %3
) x[i](ri) =0 for ry> 20[11. By (ry,8y) we have denoted the polar coordi-
s nates with the origin at the vertex A; of the polygon Q. The partition
M
-
‘: (2.5) is typical for the regularity of the solution of the problem (2.2)
¥
- (2.3). The functions ugi] describe the singular behaviour of the solution
S caused by the corners of Q or by the abrupt changes of boundary conditions.
e
3 Function u, relates to the nonhomogeneous Dirichlet conditions on 2 and
‘ u) relates to the solution of the problem with the homogeneous Dirichlet
‘.
e, conditions. For the details and proofs of the partition (2.5) we refer to
b [13] [14].
"

So far we assumed that Q 1is a polygon and we considered only the model
problem (2.2) (2.3). In Section 5 we will make comments about more general
cases,

2.3. The p-version of the finite element method
N

Let Q = U Qi where Qi are (open) triangles or parallelograms.

i=1

(In Section 6 we will comment on curvilinear triangles and quadrilaterals.)

We shall assume that Qi n Qj =¢ for i # ], 51 N ﬁj is either the empty

5
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set or an entire side or a vertex of Qi and Qj. We will assume that all

vertices of  are the vertices of some Qj. Qj will be called elements.

Denote

S = {ueBYQ |uc PR, 1=l
D

1
s = s_N&a(q).
> > p(®

Let Y. C PD be a side of the element : and let A; ,A. € rD be the end

b J 317 32
. (3] .
point of Vj. We define gp € Pp(Yj).
(3] - i
(2.6a) gp (Aji) g(Aji), i 1,2
(2.6b) [ g3y nrds = [ grnias
y, ° ¥,
] J

for all h € Pb(Vj) with h(Aji) = 0, We define then
(2.6¢) g = {gLJ]}, y, =D

The p-version of the finite element method consists now of finding up € Sp,

u. =g on FD such that

(2.7) (u_v) = [Fvda+ [ bvds

H(Q) Q D

hold for all v ¢ sg.

(2.7) is the usual definition of the finite element solution when

replacing g by gp on D so that gp is the trace of a function in S

p-

Our construction of gp is slightly restrictive because we assumed

L TR e e ) v 4ca
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that g ¢ Hl(?j) and not g € Hk(Tj), %-( k < 1. This restriction is not

e important in practice. It could be avoided at the expense of simplicity of
N construction of g,.

3
: Remark. If Qi is a parallelogram then PP(Q) is meant as the set of poly-

o nomials in variables which are parallel to the sides of Qi.
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3. APPROXIMATION PROPERTIES OF SP \_.
(¥t
"
Let Q = (-1,1) x (-1,1); Yi» i=1,2,3,4 be the sides of Q and

™
>
Y5 be the diagonal x) = xp, of Q. ;‘
~5
k Y
LEMMA 3.1. Let u ¢ H(Q). Then there exists a sequence z, € Pp(Q), p = 3

0,1,2,... such that
(3.1) for k» 0, q=0,1, q< k: ,
Tu=z 1 ¢ cp (kD . ~
P ad) H(Q) S
N
3 T~
(3.2) for k > vk .
(=1 3
flu-z 1 0 < Cp (k /z)llull K , i=1,...,5 N
P () H(Q) i

3
(3.3) for k > 3 «
~3
hu=z i < cp‘(k"3/2) bt i=1,...,5 ?I;
PH () H(Q) -
3 -
(3.4) for k > 5 and any x € Q: .
- - ~‘.
| {u=z )(x)| < Cp (k 1)Ilull K .
P H(Q) -
The constants C in (3.1) - (3.4) depend in general on k but arz inde- :::
pendent of u and p. ;?
Proof. Llet ry > l. Then Q¢ R(rg) (see (2.1))., Since Q 1is a Lipschitz
domain, there exists an extension operator T wmapping Hk(Q) into :
*
Hk(R(ZrO)) such that L)
~
3 .'\
(3.5a) Tu = 0 on R(2ry) - R(‘rz' I‘O) ::
Y
P_.
8

e e B 3 L ot 4 o L
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i (3.5b) TTul K < Club "
H (R(Zro)) H(Q)

where C 1s independent of u. For a concrete construction of T we refer
to [3].

Let ¢ be the one-to—one mapping of R(%) onto R(2ry):

= = = { i J
R(Zro) 3 x (xl,xz) $(g) (ZrO sin £, 2rO sin 52)
ith (£,,6,) = £ € R()

wi 1°52 5) .
h Further, we let )
; :
q ~ -1 3 " 1
: R = ¢ [R(Z )] © R(D) ]
: -1 , 9
b where ¢ denotes the inverse mapping of ¢. )

3

N
. Let v = Tu and 1
A
(3.6) v(g) = v(2(e)). i
]
Because of (3.5a) we easily see that ;
(3.7) supp V(g) ¢ R. :
In addition it can be readily seen that .
-
)
(3.8a) V(E) 1is a periodic function with period 2n !
Kl
-
K
(3.8b) Ve K < Clvt K 3 < Clul K ¥
H™(R(7)) H(R(7 1)) H(Q) A
]
and hence V ¢ Hk (R(m)). .
"~ "PER "
(3.8¢) V(£) is a symmetric function with respect to the lines Ei = % ;, :
i=1,2. 5
5
9 ,
;:;';.‘;.'%.;\::.'."._:s;\'vf.‘;":_-‘ v“‘.f\:;..:-\:;\::&n L ";\}:'.{l':“'}\}h‘:"\-.‘i':'.‘;/.'}:' . ._-‘ N : o o ':‘_ o \J.




® o i(jEl*ZEZ)
(3.9) V(g ey = 1 L ae
j:_m {=—o J
and denote
1035, +26,)
(3.10) vV (£,,5,) E E a,,e .
prlTe j==p L=p it
Obviously, V, E'E(R(ﬂ))-
We have
lp 2
2 2 2,22
(3.11) it ¥ |aj2! ((1+3%+2%) )
) H (R(®)) i,2
g where = has the usual meaning of equivalency. (3.11) yields immediately
for 0 < q <k
(3.12) BV=V_i ¢ cp K Vyyy .
P y(Rr(n)) HE(R(M))
' (using (3.8.bH))
3
\ < Cp-(k—q)nun ,
H(Q)
with C independent of u.
Let ;i i=1,...,4 be the sides of R{(w) and let g, = 52 be one of
the sides. Then
1(56,+28,)
‘ - % T % % + 7 % a,,e LS
{ 15T 1efep  13T<p 1eDp  15Dp [2]>p 2
10
a. n ------------ - -«
o AP o Y v A S S A e v S A v P SRSy ‘:'Jmingl'cF}J

Let us expand the function V in terms of its Fourier series




. where for |j| > p:

(1],2 .
L d bb = ] I3
: (3.1) o1 e e ) < (el

(by Schwarz inequality)

u < % |a.2|2(1+3 +22)k)( } (1+j 2+£2)'k)
Il <p ] 2| <p
< a(—Rp) < CAjp-(Zk-l)

where we denote
f\ (3.15) Aj = z
X For |j] < p:

. 2
: (3.16) |bJ!2]|

~n
~~
-~
—1
\v4
o
')
[
-
p —

n

CAjI(k,p)

3 where

(3.17) I(k,p) = f de < cp (&-D)

! ptl x

11
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provided that k > Ly .

Analogously

5121}
:

(3.18) < CAjI(k,p) <

provided that k >]/2. Hence for 1 =1,2,3,4,

2
HvV=v_1i
p ~
10,

(3.19)

-(2k-1)

CA,
JP

o
W
"
:‘. < cp‘(Zk-l) z A,
) ja—m J
M
o
' 2 k
- -(%-1) ¢ + 2,2
: = o T T T eyl (143%%)
L) jmmw g=-e
]
N
u = cp (D)2
e (R(™))
g
L < Cp-(Zk-l)uuuzk
L H(Q)
b provided that k >/,
ﬂ Now we estimate IV=V 1 1. We have
3 Ho(¥4)
. ij¢ ij€
J
1 (3.20) EE-(V_Vp) = i % b§1]e by bgzle L
b 1 13[>p lif<p
r and analogously as in (3.14), for |j| > p,
b
12
r
¢
T O T T

2 2
< o bst ) B I3
|if>p |3l<p 131>p

”a FRFS R WA

2

]

+

ijg
J.b[3]e 1]
. j
1il>p
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(3.21) |jb§1]| < —lB_4..

Consider now the function

Then

2%

£7 (%) (1-(k-1)x2)

252 we obviously get f7(x) < O. Hence f£(x)

and hence for k > 3/2 and x
is a decreasing function for x » 2 and k > 3/2.

Hence for [j| > p, p > It

2 2
(3.22) ijb!1]| < -—-L(El-)?_—kA. < CA, p-(2k-3)
] (1+(p+1) ) J

provided that k > 3/2, For j < p we get analogously as in (3.16),

2 o 2 o
(3.23) 1o 207 ¢ ca, [ oL < oca, BTV
J I prl (1+5%x%) 3
provided k > 3/2.
Finally, for j > p,
(3] 2 P .de
(3.24) |3b:7" | < ca, f ___13__51:
] 3ol ritex?)
«© 2
r 1 1+x
= ca [ - - Ydx ]
J ptl (1+j2+x2)k 1 (1+j2+x2)k
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provided that k > 3/2. Hence from (3.20) and (3.19)

(3.25) 1Iv-v n21 o< Cp—(Zk-3)BuH2k .
Pu@)) B (Q)
Let us estimate now |(V-Vp)(€l,52) . Because V-Vp € H?ER(R("))’ we can

assume without loss of generality that (51,52) € ?i. Using (3.13) and (3.22)

we get for k > 3/2

2 2
[1] 20, (1 1
Gae (3D < (] e P
i 131>p 13>p 3
< Cp-(Zk-:;)llullzk L < C;)-Z(knl)lluﬂzk .
B P H(Q)
Using (3.13), (3.16) we get for k > 3/2
2 2
(3.27) ( X bj[zl) < ( % |b.[2]| Jp < Cp 2(k 1)Ilu!lzk .
|31 <p l3Tep H(Q)
Finally, using (3.13), (3.24) we get for k > 3/2
(3142 ~2(k-1), .2
(3.28) ( % 6:7%1) < cp hut
iPp  ? H (q)
Ccmbining (3.26), (3.27), (3.28) and (3.13) we get for k > 3/2
‘ -(k-1)
(3.29) | (v=v )(51,£2)| < Cp fut |
P H(Q)
Let us prove now (3.19), (3.25) for ?5. We have
14
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(3.30) V(E )E) - vp(E,E) =
- . + Ja,, 30
|j%>P |£§<p |j§<p |2§>p |j§>p |l§>p it
R BN I B E) LT
s 4 q q
q
where
(1]
(3.31a) C = ) a,
q J+2=q hE
li>p,l2]<p
(2]
(3.31b) C - a,
4 j+§'q it
lil<p,|2]>p
(3.31¢) cl3l . ) a i,
q j+g=q 3
[i1>p, l2]>p
Now by the Schwarz inequality
2 2 k -k
1 2.2
I L N N A P B L I (R S (T B
j*i=p j+i=q
l31>p,12]<p lil>p,l2l<p
(1]
< AqI (k,p,q)
where
2 2 2.k
(3.33) Aq = ) |a.2| (1+3+2°)
j#i=q I
{1] 1
1 (k,p,q) < N(p,q)
(1+p2)k

15




and N(p,q) 1s the number of terms in the second term on the right hand side of

(3.32). Obviously, N < 2p. Hence

2
(1] -(2k-1)
3.34 C < CA .
(3.34) leg | QP
Analogously,
[2],2 -(2k-1)
(3.35) [ct“'l < ca_p .
q q
Finally,
2 -k
(3.36) lc[3]1 < A ) (1+j2+22) )
s AR R B
l3>p, 12>
< ca [ &« cp 2Dy
ptl x 4
provided that k > 15 . From (3.33) we see that
(3.37) I A < cuvnzk < cuunzk .
q=— 4 HO(R(1)) HU(Q)

(3.37) together with (3,34), (3.35), (3.36) and (3.30) vields

(=1
(3.38) w-vor o < Cp (=72 ) gy K
P (Y) HT(Q)
Now we estimate V-V | L. Using (3.30) we have
H (vg)
d 5 (1), (2], (3], 1qg
3.39 — (V-V , = 1q(cC + C +C
( ) aE ( p)(5 £) qg-w q( q q a Ye
and

16
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2 2
liqC£1]| < A y —31 .

9 j+g=q (1+52422)k
|31>p,|2l<p

If p© > q then

2
j42=q (l+j2+22)k J+2=q (l+j2+22)k

[i]>p,l2]<p |3>p,|2l<p

3 (2K~
< C__p;z__k < Cp (2k3).
(1+p™)
If p2 < q2 then

p2 ¢ q? = (r0? < 203%h

and we get

2 2
_ L -
) 27k ° ) 7% ¢ @ (5=)
j*e=q (1437+27) j*e=q (1+3-) q
lil>p,|2]<p lil>p,[2lep V72
< Cp-(Zk_B) provided k > 1.

Hence,

(17,2 -(2k=3)
(3.40) |ch | < cA_p .
Similarly,

(2],° -(2k=3)
(3.41) |qu | < CAq ) .
Finally,

2 2
3
(3.42) <37 ¢ ) —
q T j4e=q (1+iT420)
lil>e, 2>
17
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For q p we get
2 2 1 ~(2-3)
(3.43) Z +2k < p % RN < Cp .
j+e=q (1+342°) 1i1>p (145 9)
l3]>p, |2 ]>p
If q2 > p2 then
2 I 2 -(2k-3)
(3.44) ) —3 ¢ §J S __ < cp
. 2. 2.k 2 k
j+i=q (1+37+27) q=p+l (143
[31>p, 12 |>p 2
and hence
2
(3.45) ché3]| < CAq P (2k=3)

Combining (3.40), (3.41), (3.45) and (3.39), (3.38), we get

(3.46) W= ¢ cp kT Dy, K
PRG H(Q)

Because of (3.8¢), Vp(@-l(x)) € Pn(Q). Further, ¢ {s a regular mapping

of R(rg) on Q, (rg< %0 and ¢(§1) > Yi. Hence for k integer (3.1)

follows immediately from (3.12), (3.2) from (3.19) and (3.38), (3.3) from

(3.25), (3.46), and (3.4) from (3.29).

There is a known one dimensional version of Lemma (3.1). For the proof

see e.g. [9]

LEMMA 3.2, Let I = (-1,1), u € Hk(I), k » 1. Then there exists a polvnomial

z, € Pp(I) such that

(3,47) u(xl) = zp(tl)

and for t = 0,1:

18
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-(k-t)
(3.48) fu-z 1! < Cp ful .
P yt(1) 1%(1)

Let us mention another form of the approximation theorem

LEMMA 3.3. Let u € HI(I)

+1 k k+1 2

2 d u 2
[ (=x%) (_—EIT) dx = A",
-1 dx

Then there exists a polynomial z, € %ﬁl) such that
(3.49) u(tl) = zp(tl)

and for t =0,1 and p » k:

(3.50) =z ¥ < Cp-(k-t+1) A
Py )

where C depends on k but not on & and p.

For the proof see [5] or ([9].
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k = 0,1,.~o
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4, THE CONVERGENCE RATE OF THE p~VERSION: THE CASE WHEN u ¢ BX(Q)

4,1. The case k > 3/2.

In this section we will analyze the rate of convergence of the p-version

in the case that the exact solution u € Hk(ﬂ), k > 3/2.

THEOREM 4.1. Let wu € Hk(Q), k > 3/2 be the solution of (2.2) (2.3). Then

there exists wu, € S,4), u on TP (see 2.6a,b,c) such that

p = 8p

(4.1) Hu=u 1 < Cp-(k_l)nuﬂ

Pyl k

() H(R)

where C depends on the partition of Q and on k, but is independent of u

and ©p.

i=1,...,N be the elements of the partition of Q. First

(1]

let us construct the functions zp as in Lemma 3.1. The lemma is applicable

i)

because a linear transformation maps the parallelogram or triangular element on

a square or on a right angled triangle, preserving the polynomials. Hence

i 1 < Cp—(k—l)ﬂull K .
H(Q,) H(Q,)
i i

(4.2) Hu-z[i]

Using (3.4) we can assume that u = zéil at the vertices of Q; by adding a

(1]

linear (triangle) or bilinear (parallelogram) function to z

Let now y =0, 52 and A;, A, be the end points of y. Now z

J
k4 zéll on Y. Denote wj2 = zLJ] - zénl on Y. Then because Zéjl

U(Ai) = zéQ](Ai), we have ij(Ai) = 0, Using (3.2) and (3.3) we get for t =

(A,) =
i

0,1

o= 1/n =
(4.3) o, ¢ cp kT2t .

Mty 1)
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If Q. 41is a parallelogram, then we can assume without any loss of generality

J
that Qj =Q = (-1,1) x (-1,1) and v = {x | |xl| <1, x,=-l}.
Let
-p(x,+1)
(4.4) ¢ (x,) = — T e I = (-1,1)
. p *2 =2 X2 € '
1-e
Then
~1
(4.5a) 1, < cp 2
P ao(1)
1
(4.5b) o1, < cpl?
P i)
and
(4.6) ¢p(-l) = 1, ¢p(1) = 0.
Using Lemma 3.3 with k =1 and t = 0,1, there is a wp(xz) € PP(I)
such that
-2p(x,+1) Y,
\ -2+t 4 2 2
(4.7) o,me 8 . < Cp [/ pe (1-x3)dx, ]
H 1
l
2 .
t - t-1
< Cp ([ ye pydy) < Cp .
0

Hence, for

£, = wjlwp(XZ) € Pp(Qj)

je
we get
. = 0 on 3N, -
EJQ J v
£ =
541 le on Yy
21
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and
(4.8) 1E, 8 < Clrw, 1 1wt + w1 Wi
2 Hl(ﬂj) Pty P 0% Patn
< c[rw, 1 (1o 1 + 16 -y 1 )
ol P % PP 0
+ w0 (ne 1 + 16 =y 1
40 Pl PP ylery
by (4.3)
(e . - (k=1 1
< C[p (k 3/2)(p /2+p 1) + p (k /2)(p/2+1)]"u" )
H(Q)
< Cp-(k-l)ﬂuﬂ K .
H(Q)

Repeating this process for all four sides of Qj we can adjust zéj] so that

the continuity across Y 1is obtained and (4.2) still holds on Qj'

So far we assumed that Qj was a rectangle. Now let Qj be a

triangle. Then without any loss of generality we can assume that

Qj = {x]| 0K x, <1, 0 <x, < x}

y = {x]|0<x <1, = 0)

1 X2

and we assume that wjz(O) = wjz(l) = 0.

Let now

Eji(xl’XZ) = wp(sz-l)[(xl-xz)wjz(xl) + (l-xl)wjl(xl-xz)].

Obviously, Ejl is a polynomial of degree at most p + 1 {n each variable,

which vanishes on an - v (because w,, (0) = wj 1(1) = Q) and £. (x,,M)

je jerre

= w., (x ). Now by quite similar arguments as before we see that

“w
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1 Cp‘(k-l)ﬂuu
H (Qj) H(Q)

BE. 0 <

jL k '

Adjusting zéj] by & we achieve the continuity across Y. The continuity

jL

across each side Yy of Q. belonging to D

i can be similarly obtained. This

completes the proof for g =0 and for g a polynomial of degree py < p on

every BQj c FD.

If g 1is general we can proceed quite analogously. Let 7y < 2 be the
side of the element Qj with the end points Ay, i = 1,2, By Lemma 3.1 we
have for t = 0,1 and k > 3/2:

—(k-t- 1
=ull < Cp (k=t /z)ﬂuﬂ K .

P 15 (y) H(Q)

On the other hand, by the imbedding theorem we have for s » 1

1gi = ful < Clul | .
H3(y) 7 (y) aSt 72 ()
Applying Lemma 3.2 we have for t = 0,1:
1g-gl 31y . < cp (Kt gy ¢ cp KT gy e b .
P out(y) H () HO '2(2)
tHence,
: . - - _1
(4.9) !Iz[JJ-g[J]H . < Cp Gemt= 120y
PP wty) 1)
and
(3] - L3l
zp (Ai) g, (Ai)

so that we can construct the adjustment of zéJ] exactly as berfore.

This completes the proof.

23




4.2,

1 < k< 3/2

The case

We assumed in Section 4.1 that u ¢ Hk, k > 3/2. Let us analyze now the
general case,
THEOREM 4.2. Let u € H(2), k > 1, be the solution of (2.2) (2.3) such that
u = u; + u,
Kk k)
uy € Hy (Q), u, € H “(Q), ko > 3/2
and such that if k; < 3/2 then @ 1s a Lipschitz domain (i.e. w; < 27).
Then there exists up € Sp+1, up, = gp on rD (see 2.6a,b,c) such that
(4.10) et <oop k = minCky,ky)
PHi@Q) HO(R)
Proof. Because of Theorem 4.1 we can assume that wu, =0, i.,e. g=0 on rD
and that 1 < k < 2, Let us assume first that for any 0 < t < = we can write
(4.11) u = vl(t) + vo(t)
where v, € Hé(Q), i=1,2 and
(4.12a) v, ¢ e Lun "
H(Q) H(Q)
(4.12b) uv2u2 ¢ ct* il «
H7(Q) H(Q)
with C 1independent of u. Then by Theorem 4,1 there exists z, € Sg such
that
< Cp_lllvzll ) < cp ted .
H7(Q) H(Q)
24
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Choosing t = 1/p, (4.12a) gives

Cp‘(k-l)

iv. 1 < Tl .
Vel ¥ (q)
We get by the triangle inequality
(4.13) fz -ul 1 < Cp-(k-l)ﬂuﬂ K
H(Q) H(Q)

i.e. the estimate (4.1).

The assumed splitting (4.11), (4.12) is equivalent to the definition of
the interpolated space (Hé(ﬂ),ﬂz(ﬂ) n Hé(ﬂ))e defined by the K-method
(see [6]). ’

We have shown in [3] that

1 2 1
(Hp(@),H7(2) N HD(Q))e -

= al@,af@), | 0@

_ 148 1 -~ uk
= BZ’Q(Q) N HD(Q) > Hy

= wh@,imN, ,NH @)

- Hk(n)r1ﬂé(n)

1+6
where B, _ 1is the usual Besov space. Hence (4.11), (4.12) hold if u ¢ H;(J)
4]

and Theorem 4.2 i{s proven.

Remark 4.1. We mention that we have proven slightlv more then the claim of

Theorem 4,1, namely that we can use the Besov space BS () instead of

Hk(Q). This of course follows easily from the interpolation theorv.,
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Remark 4,2, The assumption wg < 2r (i.e. the exclusion of the slit domain)

was made here only because it is used in a result from [3] quoted by us.

4.3. The rate of convergence of the p~version of the finite element method

THEOREM 4.3. Let u € HY(Q), k > 1 be the solution of (2.2), (2.3). Assume

further that g 1is such that

u = Ul + 02
kg ky
u; € H p(Q), uy €1 °(Q), ko > 3/2

and that Q 1is a Lipschitz domain if k; < 3/2. Let up be the finite element

solution based on the p-version defined in Section 2. Then

-(k~1) .
(4.14) Hu—u | < Cp hal , k = min(k,,k5).
Pyl 14 () .

The constant C is independent of p and wu. It depends on the factorization

of Q 1into elements Qi.

Proof. If g = 0, then (4.14) follows immediately from Theorem 4.2 because

flu=u | 1 < Clu=-z 1 1 .
Pui) Puia)

If g # 0 then denote by Up the exact solution of the problem (2.2), (2.3)

when replacing g by gp. Denoting w =u - U function w obviously

p’

satisfies

-Aw +w = 0
dw 0 on FN
an
26
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w = g- gp on FD.

Using Lemma 3.2 and the same argument as in Theorem 4.1, i.e. the extension by

the function ¢p in (4.4) we conclude that there is a function w € #i(Q) such

that
Hwl 1 < Cp-(k-l)ﬂull K
H(Q) HT(Q)
and
w = w = g- gp on PD.
Hence
(4.15) tol < Cp_(k-l)ﬂuﬂ K
H(Q) H ()
because w minimizes M-l 1 among all functions with trace g - g, on
Ho(Q)
0. By Theorem 4.2 and a basic property of the Finite Element Method, we have

la_ =U_1 1 < Clz -U_I 1

PH (2) P P ha(a)

< C(hz =ul 1 + Tu=U_1 1
H(Q) PH(Q)
< Cp—(k—l)ﬂuﬂ .
H(R)
and Theorem 4.3 is proven.
27
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* 5. THE CONVERGENCE RATE OF THE p~VERSION: THE CASE OF THE SINGULAR SOLUTION
i Y
In Section 4 we analyzed the rate of convergence of the p—version under

H.‘.

R

53 the assumption that ugi] = 0 in (2.4). In this section we will consider in |
o

ﬁ; detail the case when u = ugi]. |
o)

0‘ ‘
\5 5.1. An approximation result '
; Let Q = (-1,1) x (-1,1) as in Section 3. Denote ¥, = x, + 1, 1= ‘
- 1,2 and let for x> 1, 0<p <K 1l,

! ‘
o

i |
b s = {xeq|x ®, <X}

ﬂj K k 71 72 1

. P . 2 2 2

. S s, N {x I X, + %, <07} :
\
» . \
L, QO-{xlO<'i1<1,O<'iz<1} |
<.

Q8

N 8. = (x| 0<% < Yy, 0<%, < Y3

i W x 1< Y2 2 ¢ 2

W)

W K,p p

‘\3 S0 T Se NQ

’Q

4 R, = S_NQ

K K 0

¥

2 ¥

e

Let x, >x > 1. Fig. 5.1 shows the domains under consideration.

28
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Fig. 5.1
2
Let (r,0) be the polar coordinates with origin (-1,-1); £ = ?f + ?E,
%
e = arctan(:rj.
X
1
Let
5
(5.1) E(il,iz) (il—tiz)(ril-ﬁz) = T @1(9).

Obviously ¢1(8) is an analytic function in 93, and ¢§

vanishes on the lines ¥ = xX; and ¥ = % X7,

is a polvnomial which




Let, for a >0, v >0

(5.2) u(%l,iz) = rallog rlY x(r)$(o)

where ¢(8), x(r) are sufficiently smooth functions (e.g. €~ functions) and

x(r) = 1 for 0 <1t ¢ %
x{r) = 0 for %ﬂ <r, 0<p« %

is a function defined on Q. We shall assume that u vanishes on the lines

1

11 = K%z and Rl = :-?2, and has support in R‘O. Then
l.l(i )Y ) -

(5.3) u%, %) = ——— = ¥ [log | Tx(r)u(0)
E(il,iz)

where ¥(0) 1is once more smooth (e.g. €~ function).

Now we can write

(5.4) u(xl,xz) = C(xl,xz)uo(xl,xz).
The main result of this section is E
%
4
THEOREM 5.1. Let u be given by (5.2). Then there exists 2, € Pp+2(Q) such :4
1

that z, 0O on the lines %1 = K?z and 21 = ;-22, and for <0 > x, :J
]
(5.5) fu-2z |l |~ < Cllog p!Yp-za :q
PHR ) N

K .
0 4

where C 1s a constant independent of p.

We will need a seriles of lemmas to prove Theorem 5.1,

1@ 2.2

Let w(r), 0O < r <® be a C° function satisfving

PR N
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w(r) = O for 0 <r <1

w(r) = 1 for 2 <r £ =,

Further, for any 4 > 0 let

(5.6) W) = D

and

(5.7a) v = mAuO

(5.7b) w = (l-wA)uo.

Then obviously

(5.8) ug = VvV *w,

It can be readily seen that
v = 0 for 0 < r < A
w = 0 for r > 2A.

LEMMA 5.1. Let k = k; + kp where 0 <k k2 < k are integers. Then there

11

exists a constant C(k) such that for x = (x),x;) ¢ RKO
- -

< C(k)llog AIY(l+xi)a 2k on R

(5.9) 1 772

Proof. We have

I%%I ¢ el og o)X (0@ + £33 1og o] 0w (o) |




+ lra-zllog rle'(r)w(G)wA(r)l + lra—2|log rle(r)w(e)wA'(r)-%l].

Note that the third term on the right hand side is

% <rc¢« %ﬂ and the fourth term is zero for r > 2A. Hence for 4 < %- we have
129 = o for 0 < r < 4
or
< Cllog Aera-3 for A < r € 2A
< Cllog AIY max(ra_z,ru-3) for r » 24, -% < i < %3
- 2
< Cllog Al 3 for r > 248, r ¢ %, 52
Hence
v Yy a3
|3rl < Cllog Al r
for all r.
This process can be repeated to obtain
akv a=2-k
(5.10) |“— < i) log al Ve .
ar
In S we have
K
0
Dl(l+xi) < r < (l“"xi)Dz

r . cos O,
3xl

90 - sin G

axl r °’

%i— = sin 0O
2

30 _ cos 0

X ., r

and $(0) 1is smooth. Hence (5.10) gives immediately (5.9).
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In what follows we will assume that v satisfies (5.9) and not the

explicit form (5.3), (5.7a).

Let
(5.11) vix,,x,) = 7 oa,.P.(x,)P.(x,)
1'72 iZO 320 ij-1iv717 3072

where Pi(xl) = Pi(xz,s,s), B > - %— are Jacobi polynomials of index B8 which
will be determined later. Then
+] +]

. 28,,_.2y8
ag; = CyC3U+DGHD) {1 {1 v(x %P, (%) 0P (x,) (1=x ) "(1-x) "dx dx,

where Cy, Cj are bounded from above and below independently of i, j but

depending on B8 (see [12], p. 841, formula 7.391.1).

Define
P P
i=0 j=0
(5.133) bi(xz) = .2 aijpj(xz),
j=0
(5.13b) b[p](x ) = f a, P:(x,)
: i 2 . ij7 3 72
j=0
with
+1 )
(5.14) by(xy) = Cy(i+l) fl v(x, %) (1=x$)53P, (x))dx .
1t can be readily seen that
(5.158) \' = Z bi(xz)pi(xl)
i=0
33
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O,

)
= [p]
(5.15b) Vo I biPixpp, (x)).
1=0
Let
p
(5.16) ‘bp(xl,xz) - ) by (xy)P (%),
i=0
then
(5017) v = = - + - = + .
vy (v wp) (wp vp) o oy
We now mention a lemma which will be needed.
LEMMA 5.2 [Bernstein]. Let B8 » -% , then
Bl
(5.18) e g« E= ) 24
172
For the proof, see [10], p. 299.
8 5
LEMMA 5.3. Let a - m + 57 < 0. Then
dmbi(xz) v a-mt -g- - %
(5.19) | —=—| < c(i+1)'2 |1og AIY(1+x2) , i=0,1,2,...
dx
2
where C 1s independent of i, Xy but depends on a, B8, Yy, m.
Proof. Using (5.14) and (5.18) we get for i » 1
a™, (x..) +] .m
172
[—=21 = e e [ 2 axDPe (x|
dx> -1 dxT
2 2
8 1
+1  m -5+ )
9
< C (14—1)/2 f lg—vl(l-x“)s(l—xz) 2 [‘dx
dxm 1 1 1
2
34
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]
DO
"
R d®v
9 —— has support in R and is zero for x; lying outside the interval
:: dxg1 0
W,
* Il(Xz) = [-1 +?" (1+X2), -1 + '(O (1+XZ)].
o 0
i .
»
o Using Lemma 5.1 we get
'
&
B B _ 1
dmb (X ) 1 a=-2-m — - —
» 4
y |+l < c(i+1)/2f llog AIY(1+x1) 2 dx,
-, dx., I,(x,)
“‘l
y 8 1
—Jmmrte — = +1
.1/2 Y a=-2 3 A +1

) < Ci'?|log Al (1+x,)
.;Y
2 8 _ S
: provided that a - m+ = - =< 0 which is (5.19) for i > l. The case i =0
¢ 2 4
A
' is verified separately (using the fact that B8 > -1,
D
! 8 _ 5
N LEMMA 5.4, Let a-m+ == =< 0. Then
o 2 4
p g8 7
- d%. (x.) a—mt+ = - —
> (5.20) — 2 J—ﬁ—-\— (1+x,) 24
b dx” /
[ 2 (1+1)'2
b
[y
! Proof. We have (see [12], p. 1039, Formula 8.964)
-
N _.2v,- _ - . _
s (5.21) (1 xl)Pi(xl) 2x1(8+1)Pi(x1) + 1(1.26+1)Pi(x1) = Q.
- 8

Multiplying (5.21) by (I- xl) we get
N
™ (5.22) -1(ir28+) (1D (0 = 2= (U=x AT
- i X il
N
- Hence, differentiating (5.14) m times, using (5.22) and integrating by parts we
N
: get
g
' d™b. (x.) + .m 1+8

it*2 ) oA d 2 vl

X (5.23) | " | ¢ ¢ D l’_l RS (=) PLGep))dxy |
bt 2 2
! 35
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m+1 +8
C 3 ] v 2 A
< T e ( = (1 xl) i \Pi(xl)ldxl A
-1 I 9x,3x .
1°%2 :
As in the proof of the previous lemma, the integrand is zero outside of TI;(xj). -
o W
Further, )
By
m+l 1+8 ',
3 3 2
(5.24) le— (/= (1%} ) :
axl 3x. ax™ 1 3
*19%2
I+ m2 .| 8 -
¢ 1(1-x3) ). j2aes) ¥ (143 x| =4
1 aXZBXm 1%, 3x2 1 1 e
1°%2 *19%2 QY
M
-
< C(m)(1+x1)u-m+8-3|log AIY :\
where we used Lemma 5.1 and the fact that (1-Xf) < 2(1+xl) on Il(XZ)' Hence 5
by Lemma 5.2, (5.23), (5.24) we get -
l -
‘, . ppe & 13
d'b, (x,) 7 4
! (5.25) ]i—mz-l < 'llo;gg;—z (l+xl) Cb(l
dx (1+1) I (x,)
2 2
i cliog a|" “"”'g B %
< B () :
(i+1) ’
‘ ‘;.
l 8 _ 9 : .
| provided that a - m + 5= & < 0. Combining (5.19) and (5.25), -
| x
: Ao
1 4", (x)) oammt % B % ly, (%)) o
| (5.26) |-——=—| < cllog AlY(1+x2) min{(1+1) 2, 377 ”
| dx, (i+1) A
Using the logarithmic inequality kA
min{a,b} <« /Zb/2 \
ylelds (5.20). .
Z
ht
; 36
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Because

(5.27) Ay
Using (5.14) we
where tan GO =

Let us analyze now po_ = ¢ - vp

(see [12], p. 895 formula 8.961.4),

 hat R hk Bl bad' el hoa G acat A atkath ol e50 oty atasatiZath ofi-atasatatakitaliat it ola*olab et dintallav it s At et .":.':X._‘q

given in (5.17). We have

P P

_.[p]
Dp(xl,xz) igo [bi(xz) by (XZ)]Pi(xl)
ap []
Tl E (b (x,)=b; P (x ) IR{ G )
1 i=1
P (x,8,8) L (28+1+1)P, _ (x,8+1,8+1)
i 2 i-1

we obtain for 0 < m < p + 1

+1 +1 9p 2 ) g+1 5 8
= [ (f (3;2 (xl,xz)) (1—x1) dxl)(l—xi] dx,
S |

< ¢f ( 1(b, (x,)=by (x,)) (1-x3) dx,

-1 i=l

+] o 2 8

< C E i (1 a P(xy)) (1-x3) dx

i=l -1 pr1 M -

® ai. ¢ o a2 (j+m)!

= § 1 7 =L < = E 17 .

£ . j 2m . (3-m)!j

i=1 j=ptl p i=1 j=ptl

1 ) +l d bi(x ) , 8+m

< C—= o1 ! ) l-xz) dx .

) i=1 -1 dx,
see that the support of b;(x,) lies in I, = [-1+4 sin 24,7]
%—. Hence from (5.27) and (5.20) for x - m + % -2 0

0 - -+
37
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2
(5.28) A < == ( ) (1-x2) dx,
P i=1 -1+A sin © dx
0 2
Loa 4127 0 | 2(a-m+ & - T+g+n
¢ ¢llee 8]™ 5o § i / T (1+x,) dx,,
P i=1 =1+A sin 60
2y 2a-m+28~ 2
< C log A A 2
2m-1
provided that 2a - m + 28 - % < 0. Analogously, using (5.19) for
a-m+%-%<0am O<m<p+1,
+1 +1 2 2 B 2 8
(5.29) A, = { ({1 (o) (1-x]) dx )(1-x;) dx,
+1 2 8
L _ (o] .2
< cf E T (b (x,) b; (x,)) (1-x5) dx,
-1 i=1l
c 1 0 dmbi(xz) 2 , Bt
S lT (—=—) (1=x3)
P i=1 -l+A sin © dx
0 2
8 5
0 2(a~m+ = - =)
< —g—m E -i- / 1|log AIZY(1+x2) 24 (l+x2)8+mdx2
P i=] =1+A sin 60
3
2a-m+28- =
C Y 2
< o1 |log AI A

p

provided that 2a = m + 28 —'% <0,

Similarly we estimate the term o, in (5.17) with 0O <m<p+1

o (x,,x,) = Y b (x,)P, (x,)
p 12 j=p+l i¥727 172
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+1 +1 3¢ B+l 8
(5.30) By = { ({ (32) (=x]) ax )(1-x3) ax,
+1 @® 2 ZB
< cf (]} ibi(xz))(l-xz) dx,
=1 i=p+l
1 e bA(x,) (4w 8
< C i i 72 ) l-xz) dxz
p2(m-1) ~1 f=p+l (i-m)'i 2
+1  +1 m_ 2 8+m 8
C 3 2 2
< a1 {1 ({1 (;—%) (l-xl) dxl)(l-xz) dxz.
% 3
Since the support of v 1lies in R‘O - Sé we can use Lemma 5.1 and obtain
0
with ) = [-1 + == (I+xp), -1 + x(1+xp)]

0

2y 0 Ca B+m 8
5.3D B, < cllegsl e 2OTED (1) (143 ax ax

= J
p2(m 1) 144 Sine, I L 12
0 "1
l10g a]%Y 0 2a-m+28-3
< C / (1+x,) dx
2(m-1) 2 2
P -1+4A sin 60
2y _
< C Ilog Al A20—m+28 2
2(m-1)
P
provided that 2a - m+ 2p - 2 <0,
Similarly for 0 € m < p + 1
+1 +1 7. 2 8 2 8
(5.32) B, = [ [ (o) (1=x) (1-%3) dx,dx,

-1 -1
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< =1L G) (1-x) (1-x7) e, ax,

O<km<p+1

R

Y
C 2 2a-m+28-2
' < Y [log AI ¥ A
p
b
'l
) provided that 2a - m + 28 - 2 < 0.
L. We will summarize (5.29) - (5.32).
¢
‘ LEMMA 5.5. Let Py and op be defined in (5.17). Then for
3 and k = 0,1
Y
!. k
" #1435 2, B4k, B
N (5.33) [ [ (—2) (1-x)  (1-x)) dx, dx
k 1 2 172
3 -1 -1 axl
\
2 . 2y 2a-m+28- R
) log A 2
y < C A
» Zm-l
- p
¥
B _ 5 3
. provided that 0-'!!1"'5"7"(0 and 2a-m+28-7 k <0
k
r, +1 41 370 2 2 B+k 5 B
\ (5.34) [ [ (—B) (1-x7) (1-x)) dx,dx
k 1 2 172
-1 -1 axl
o
L]
» ZY _ _
< C |log A A2a mt+2B8-2
2(m-k)
P
2 provided that 2a - m + 28 - 2 < 0. The constant C 1is independent of 4,
p but depends on a, B, Y, m.
)
L}
Tet
A 24
3 RK R'< N Q0
A where
40
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24
Q0 = {x1 > -1 + 24, Xy > =1 + 2a}.

Further, for f(xl,xz), X]1,X9 € Q and A < %- we define

24
(5.35) fA(xl,xz) = f(xl-ZA,xz—ZA), (xl,xz) € Q0

and fA(xl,xz) =0 on Q- QSA.

LEMMA 5.h. Let €(xy,x9) be given by (5.1) and 0 < A < %u Then on R:
0
(5.36) le, (x,,x)] < c(l-x2)(1-xd)
: D S 1 2
g

(5.37) e xp ]« ca=d).

axl

and for (xp,x;) € Rﬁ
0

20 < 1 +X1.
Hence

(4,38) |EA(x1x2)l =

= |(1+x1-2A—K(1+x2-2A))(K(1+x1-2A) - (I+x,-24)) |

|(l+x1) - c(l+x,) + 2A(K~1)||<(1+x1) - (4x,) + 2a(1-x)!

n

(|x0(1+x2)| + |K(1+x2)| + |(K-1)<O(l+x2)|)

41
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o
W
<
Y x (lK(1+X1)| + |K0(1+x1)l + I(K-l)(1+xl)|)
e
E
" < (1+x2)(1+x1 )(:O+x+( x-1 )zo)(<+.<0+<—1 ).
ny
o
4 Because on R,
o 0

A
" (I+x,) < C(1-x2)
g

! (1+x,) < C(1-x?)
i X1 1
» (5.38) yields immediately (5.36). (5.37) can be proven in an analogous way.
0
Y LEMMA 5.7. Let v satisfy (5.9) and Vo be given by (5.12). Then for & =
;:o' -2
5 P
',."

' _ Y -2a

N (5.39) HEA(V vp)n 1A < Cllog p|'p

N H'(R_ )
o 0
%
g where C 1is independent of p.
-
"W Proof. As in (5.17) v -v_, = o_+ p_ . Let us estimate first
N —_— P p - Pp 3t
P o1 . To this end we estimate U§,p I s p_1 and
ﬁ, A"n Hl(RA ) ATp L (RA ) axl Py (RA )

K 2"k 2k
" 0 0 0
v p 3
L Erlq The estimates of the terms involving =-—— follow from the
X A X
1 LZ(R ). 2

. K
[ 0
3 symmetry of x; and Xp.
" Using (5.36) we get
#J
D)
{‘ 3p 2 ? ap 2
o (5.40) Dy = 1g, —P'ax PN =[] N (—Eax ) dx dx,

- 1 L°(R ) A 1

q\‘ KO RK

‘ 0

,
4

) 2 2.2 30 2

= < C ff (1-x7) (1-x3) (——R) dx dx .

» 2 X 1 2
l A 1

3 "

¥ 0

A 3 Lol o S Cn T )




A
Because on R'c ’

0
1-x2
0 ¢ ¢ <« TR
using Lemma 5.6 we get for B8 > 2
26+1 2B
}1 ?1 (1-x]) (1-x2) (app)z
D, < C — — dx . dx
1 21 - APl 82 3%, 1772

5
2a-m+2R- 5 -28+3
log A 2¢ 2

< C 1 a
P

2a~(m- 1/5)
= C |log AI2Y s
pZ(m- 1159

provided that o - m + %—— %-( 0 and 20 - m + 28 - %-( 0.
-2

Choosing m large enough and A = p we get

(5.41) D, <« cllog pIsz_aa.

Similarly
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log A 2y 2a-m+28- %--28+2
< C J—————J——— A

2m—1

2a-m+ 1/,
= Cllog a]%Y 2
2(m- 1)
P
8 5 3
provided that a = m+ > - 7< 0 and 20 - m + 28 - 5 < 0. Hence for m
large enough
(5.42) D, < Cllog pIZYp-aa.
Also
8,8
}1 1 (1-x0) (1-x3)
(5.43) Dy = lg,p < p~dx ,dx
8 (Rﬁ ) -1 -1 2% pol2
0
< Cllog p|PVpT4Th,

Combining (5.41), (5.42), (5.43) we get

(5.44) g o 1 < cliog p|Yp %%

ATp 1, A

H (RKO)

The estimate for ﬂEAo 1 1. A can be obtained quite analogouslv.

PRYR® )
0

Let now a > 1 not be an integer and k = [a] be the largest integer

Tl th

less than a. For 0 < 1 < k, 71 {integer, let v[ denote the
derivative of v (see 5.7a) along the direction n where n 1is the unit

vector along the line x, = x;. Then we see that v[T] satisfies Lemma 5.1
2 1

with a replaced by a - 1 > 0, Hence using Lemma 5.7 we get

« Nt ‘q."-.

R AT A
> o _.v\n"\ .

»
>




< C|log p| Yo 2(e"T)-

(z]__,[*]
(5.45) 1g, (vt l-v i
a P ) al@r? )
0

Let w® be defined by (5.6) and w® be its translation given by (5.35).

A
Then (see 5.8)
(5.46)

A A
ug, Uga¥a + uOA(l wA)

= +
Vy t 9,

Because u € HI(R ), then u, € HI(R ) and hence
0 0 A 0 0

A 1,8
u,(l-w,) € H (RKO).

I\

LEMMA 5.8, Let A =P -, X = 2/2 A, Then for k = [a], a > 0 noninteger

k ~i
12 i 2
(5.47) 1g,(vy = 1 (D7 g v[ll)u | s < Cllog pl Yp
1=0 H (R )
0
-2
(5.48) IR TUREN < Cllog p|¥p “°
H'(R” )
0

where C does not depend on p, A.

Proof. By Taylor”s theorem, for any (x;,x9) € Rﬁ and s = 0,1,

0
using Lemma 5.1

3% K 1 34 11)
o (vy - 120 SER AR TR ARRICRSN
1

k+1 35y

we get
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< CAk+l(l+x1)a—3-s-k‘log AiY

where 0 < |8] < 2A. Hence using Lemma 5.6 we get for A = p-2
|
1-s ] k 2 2
e Sy Lot gt |
9x ax i=0 L°(R" )
1 1 K
0 .
2.2, 2.%5 2(k+l1) 2v 2a-6-25-2k f
< ¢ ff (1=x]) (1-x3) & |1og a] " (1+x)) 1
A
R
l(o )

2(a=k=2)+1
dx

1
¢ ca?* D 10g a2 [ (14x)) 1

24 !

< C|log AIZYAZ(k"‘l)"'Z(G-k-l) !

< C|log p\sz_aa.

In the above inequality we used the obvious fact that a - k = 1 < 0. The
other terms in (5.47) can be bounded analogously and the first part of Lemma

5.8 is proven,

l.et us now prove (5.48). It is easy to see that .
R

g w1 = [Ewl K

S8R R(T) \

X0 R

where T = {(r,0)], 0 <r<2, 0<06cXK %&. Using (5.1) we have

2
(5.49) le(r,0)| < cr
(5.50) 2% (r, 0] < cr. ;
46 .
T L v S e R T A R R N A A T T



. .

K

-

A

-

XEL LS SO

.'afa"_‘J Ty

\;
4

1 1 x Ry o
"”s.ﬁ,'t.u N { ""

Further, by (5.3)

[w(r,®)]| < Iuo(r,e)l
(5.51)
= 0
law(rze)l <
ar
(5.52)

Hence, since a > 0 for 4

e 2 !

Similarly,

38

B (T)

== wil

dr

L2

< Cllog rera-z

A 2
/] £33 ¢ dr do
0 T

Y 2a~6+4+1

25
c/[ llog r| dr
0

ZYAZa

C]log A]

-4
cl1og p| 2¥p 7%,

24
< Cf Jlog r
0

¢ cliog pl2Tp 700

}erZ“"Sdr

for

for

for

for

The other terms in (5.48) can be treated in a similar way.

completely proven,

LIP A

5"5',.,.'.'
X )
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r < 2A

r > 24

r < 24

r » 24,

Hence Lemma 5.9 is
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Now we can prove our main result,

Proof of Theorem 5.1

Remark 5.l. We have proven more than Theorem 5.1 claims. It is sufficient to |

Remark 5.2. 1t is easy to see from the proof that the internal angle wy

~

Let S. be the translation of S, obtained by the transformation
X, =% < 24. Let
k ~1
- oy AT (1] _
Z0n eA(iZO -1 17 v, )s k = [a].

Then Z5A € Pp+2(Q) and 258 = 0 on the sides of S:' We have

X
Gl
ha,-z_ 1 = g, (uy, - ) (DY )L
s T P L 1 Vo 1l
< HE w 1 + g (v - E (_1)1 Ei-v[i])n +
Shuled) A8 40 1! ai®RY )
0 “0
k K
(11_, (4]
+ 1 g,y )
K
0
by (5.45), (5.47) and (5.48)
Y 2a

< Cllog p|

Translating back to S, we get the theorem.

assume that v and w defined by (5.7a), (5.7b) satisfy (5.9) and (5.51),

(5.52) respectivelyv.

of Yy and Yi+1 could be equal to 27, {.e, that we may also consider the

slit domain.
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93 5.2 The rate of convergence

We return now to the problem of approximation of the function ugll in
‘ (2-4)0
>
ﬁ Let the vertex Aj; be at the origin 0. The part of the domain Q
N .
"X containing the elements with vertices at O is shown in Fig. 5.2.

NS L TRy
90)
a
W

R~
RS

o™

~

\
",

v
w B m -1

il
b0 Brm 4l
T Fig. 5.2

-,

-, .

j We will assume that the lines OBj have the coordinate Oj and that
‘ —_

. OB1 < FD, OBm+1 c FN. Although we assume that we have only triangular
o elements, the case when elements are parallelograms does not change the
£
o argument.

AN _ m m - ) 2
N Let Q = 9 T;» U BB, = T. Denote Dp = {x | x|+ x5 <o)
i=1 i=2

Nj and assume that U < Q, 0 <p,.< l, Now we prove

v Py 0

‘\)

é THEOREM 5.2. Let u be the function given by (5.2) with p <« oo and w
1

; sufficiently small. Then there exists 2p € Hl(ﬂ) satisfying zpé Pp(Ti)'
" i=1,...,mn, 2, = 0 on 0B; and T and
s
{
! (5.53) hu=z I < Cllog p|Tp -
Pui@)

where C 1is independent of p.
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{ Proof.

' Lrool

'

5 l. Assume first that ¢(6j) =0, j=1,...,m1l. Denote ¢j(e) to be
- -0.|

o an extension of ¢(©) onto (ej A,ej+l+A) where |2A+9j+l ej, < 7 and

4

- - -4
oj(e) =0 on (Gj A,ej 2) and (@j+ 5

0.+4A)
j

)

. \
: \

‘

.
-

N

8

v Fig- 5.3

¥ - —k i
e Let S = {(r,O)IOj-A <o« ®j+l+A} and S = {(r,e)]aj <o < ISR
3,

! Denote by uj the function given by (5.2) when ¢(8) is replaced by ¢j(8)
\ and extend U by zero. Let now | be the linear mapping which maps S

" ~k ~

K onto R and S onto R_. Denote T. = T(T:.) and assume that

; KO K ] J

3 Tj R, QO'

) The mapping T transforms uj into Gj on ¥j' Denoting by nj the
| u,

N linear function which is zero on T(Bij+l)’ the function —& satisfies

D n.

\ ]

4 obviously the conditions mentioned in the Remark 5.1 to Theorem 5.1.

Cl :ll * c o

N Therefore, o= can be approximated by a function zp satisfying (5.53) on
\ 3
L

‘ 50

0}

,‘

3

15 ¥y (W v ARSI TS NS PR JE ety e ] PSR N A R AT R 6 AT PRV s R P oL T T AT I T T St b7 R N T A T By )
'."‘.'.‘."'.' .""..". J Y, g B 'I "- e 8 . D R ‘l\‘ ¢ l-.’ N "| ‘f.{ (R ‘M .\I‘ < X "f\". " ’ J. < *‘f { ‘-."f { ,




S s s A A

]
‘-

’

-1'-’-_1'.‘.

E i

a4 K AT A

i yh

'8 K » & 233 wh'e s s B e m @

xR

D

)

44

T and hence z*n, = 2* satisfies (5.53) too. Hence (5.53) is proven in

b P J p+l
the case that o(ej

2. Now we will consider the case when ¢(9j) =0 for j # jo. Consider

)=0, j=1,...,m.

the elements Tjo_l, Tjo as shown in Fig. 5.4

8j0+|

Fig. 5.4

If the angle |Oj <{ m, then we can proceed exactly in the

-9
+ -
0o*! o
same way as before only replacing nj by nj -lnj . Hence we have to
0 0
consider the case when ©, ., - O, >m (see Fig. 5.5)
Il o

!

lo
. -8. >T
jo +l am‘l
Fig. 5.5
51
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In this case we first map Tjo onto Tj by a linear mapping so that 655
0 0
is mapped onto itself and the total angle is < m (see Fig. 5.6)

B

jo-!

Fig. 5.6

Extending ¢(0), O, <9 <09, so that (B, +1) = 0 we can get the
Jo~! Jo Jo

desired estimate for this case as before. We approximated on T, of

ig’
course, a different function than we wanted. Nevertheless, the difference is
zero at Oj and 6j +1° and we can proceed analogously as in part 1 of the
0 0

proof. Hence (5.53) is proven.
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6. THE CONVERGENCE OF THE p~VERSION OF THE FINITE ELEMENT METHOD

In this section we will summarize the results we have proven and further

generalize them.

h.l. The case with triangular and parallelogram elements

We have

THEOREM 6.1. Let Q be the polygonal domain as introduced in Section 2.

Consider the problem (2.2) (2.3) and assume that the solution can be written

in the form (2.4) (2.5) with k > 3/2 and that Q 1is Lipschitz for q < 3/2.
Assume that u, 1is the finite element solution as described in Section

p

2.3 with triangular or parallelogram elements. Then

(6.1) fumu # < Cp Y|log p| 'R
H™(Q)
where
(6.2a) Ho= m;n(q-l, k-1, 2a£i]) = min(q—l,k—l,za{j]]
i
vV = max Y}j] if w 2a{j]
(6.2b)

= 0 otherwise

(i)
(6.2¢) R = lud + lu, + ) e, M.
Paty M i F

The theorem follows immediately from Theorem 4.3 and 5.2.

Although we have dealt with the model problem (2.2), (2.3) onlv, it is

obvious that the theorem holds for any second order elliptic problem if the




- - .-

solution has the form (2.4), (2.5) or when (2.5) is different but has the same

character concerning the growth of its derivatives.

6.2. The case of curved elements

So far we assumed that the elements are triangular or parallelogram.

The obtained results can be immediately generalized to the case of curvilinear
triangles and quadrilaterals which can be mapped individually on the standard
triangle or square by a mapping which is one-to—-one and sufficiently smooth
(in both directions). (In practice this is always achieved.)

We proceed then in the usual manner by approximating the function on
standard squares and triangles.,

Theorem 6.1 holds then without changes. The function ug 1is of course
defined now on the straight line triangles (squares) and does not have the
explicit form given in (2.5) but possesses the same character.

So far we assumed that all elements are of the same degree, The modifi-
cations 1in our proofs and results when the degrees are different in different

elements are obvious.
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