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field is prescribed around a small cylindrical cavity along the crack front and
the boundary element method is used to obtain weight functions for the stress

intensity factor. The advantages of the method are demonstrated for an edge

cracked rectangular bar.

This paper was presented at the 4th International Conference on Numerical
Methods in Fracture Mechanics, held at San Antonio, Texas, 22-26 March 1987.

Departmental Reference: Materials/Structures 199

Copuright
(o
Controller HMS0 London
1387

* Department of Mechanical Engineering, Bucknell University, Lewisburg,

Pa 17837, USA
** Department of Aeronautics and Astronautics, University of Southampton.




2
LIST OF CONTENTS
Page

1 INTRODUCTION 3
2 FORMULATION OF METHOD 4
3 STRAIGHT FRONTED CRACK: MODE I 6
4 SOLUTION STABILITY 8
5 VARIATION OF THE STRESS INTENSITY FACTOR ALONG THE CRACK FRONT 8
6 CONCLUSIONS 9
Appendix Derivation of singular field 11
References 15
Illustrations Figures 1-5
Report documentation page inside back cover

oc —
! NTIS  GRAKI —+
I DTIC TAB g

Unanncisiced O
Justification o —d

S

By

pistribution/
_Availabllity Codes
7 {avall and/or
Dist Speclal

8£0/(8 dlL




1 INTRODUCTION

The application of the principles of fracture mechanics to the safe and
economic design of engineering structures, which may develop cracks in service,
requires that the stress intensity factors of the cracks be known. In any
analysis a complicated structure must usually be modelled as a three-dimensional
body in which several boundaries interact with the crack tip. The stress inten-—
sity factor will now vary with position on the crack front and cannot be accu-
rately represented by a two-dimensional model. It is therefore necessary to
develop efficient, accurate and economic methods for determining stress intensity

factors in three—-dimensional cracked bodies.

Techniques based on weight functions are efficient since once known they
can be used to find the stress intensity factor for any arbitrary loading from
a simple summation or integration. Weight functions for three-dimensional sym-
metrical crack problems have been determined1 using the finite element method
(FEM). 1In this work it was observed that for three-dimensional problems the
boundary element method (BEM) may lead to faster solutions because of the
reduction in the number of elements that would be possible. The BEM has been
used2 to obtain stress intensity factors for a semi-elliptical crack subjected

to a polynomial distribution of tractions over the crack surfaces.

Recently it has been shown® that an application of Betti's theorem allows
the stress intensity factor, for arbitrary applied stresses, to be derived
efficiently and economically from certain 'weight functions'. These weight
functions are derived from the boundary displacements of the body, resulting
from point forces applied near the tip of the crack; the crack-tip region is
modelled by a Bueckner singular field“. This approach was developed for two-
dimensional bodies containing cracks where it was shown that a boundary method
has considerable advantages over domain methodss; these advantages will be
greater in modelling three-dimensional bodies. The use of a Bueckner singular
field in the determination of weight functions reduces the number of boundary

integrations needed in the BEM calculations.

In the present application to three-dimensional cracked bodies a singular
displacement field, analogous to the two-dimensional Bueckner field, is derived
from the analysis6 for a planar, rectilinear crack subjected to equal and opposite
localised forces on the crack surface. The singular displacement field is then
prescribed over a small cylindrical cavity along the crack front and the BEM is

used to obtain weight functions. The advantages of the method are demonstrated

TR 87038

for an edge-cracked rectangular bar by calculating the stress intensity factors




are calculated, from the weight functions, at points on the crack froant for
uniform normal tractions on the ends of the bar. Even for relatively coarse
meshes the results are in good agreement with those determined from other

methods.

2 FORMULATION OF METHOD

For an elastic body Betti's reciprocal theorem can be written as

.[ift*ds = Efgfds , (1)

s s

where Ef, Ef are the self-equilibriated tractions and displacement field,
respectively, corresponding to one state (state 1) of loading and Ef, gf are
those corresponding to another independent state (state 2) of loading. The
choice of (Ef,gf) and (Ef,gf) are arbitrary except that they must separately
satisfy the equations of equilibrium, the compatibility conditions within the

body and the boundary conditions on the body.

It 1s assumed that state 1 corresponds to the desired solution of a crack
in the body whose surface is subjected to a set of self-equilibriated tractions
+

v The leading terms in the general expansion of displacements near the crack

tip can be obtained from Sih and Liebowitz7 in the form

u{' = *v) ;: \))(12‘—!.)5 3!(1 cos(-g-)[(l - 2v) + sinz(%)]*- K“ sin(%)[Z(I -v) + cosz(%)]z '
2 (3 e s - ] e -0 -

u;" =2 -(L%l’—)(i—') . sin(%) L (2)

where u§ (3 = 1,2,3) are the respective local displacements in the local x§

coordinate directions parallel to the normal, the binormal and the tangent to

the crack. That is the displacement vector u for state 1 can be written

+ AR + L2
UpyXy + ugxy (3)

8t0/.8 ¥l
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where §§ are the local unit vectors in the x2 directions (j = 1,2,3). The

i 2

coordinates (r,6) are local cylindrical polar coordinates in the X/ xg plane,
centred on the crack front at x§ = 0 . The stress intensity factor KN

(N = I,II,III) corresponds to the opening, sliding and tearing modes respec—
tively; E and v are the elastic modulus and Poisson's ratio respectively.
Since the only loading to be considered in state 2 is on the crack surface, it
is convenient to simplify equation (2) to obtain the displacement components on

the crack surfaces 6 = tg at a distance x2 behind the crack front. These

1
are given from equation (2) by
Y
2 2x
Ug - 2(1“\)) K , (4)
2 E I B
- -%
2x
L 2(1 = v?)
%1 E =1 %o (5)
-k
; 2x
L 2(1 4+ v)
Y3 7 E En I ®)

The state 2 is taken to be that corresponding to a solution of a body
containing a crack which is subjected to pairs of concentrated symmetrical
forces located on the crack surfaces near the crack tip as shown in Fig 1. The
tractions E* are represented in terms of point forces in each of the three
orthogonal directions and are given by the vector P = P1§§ + Pzig + P3§§ where

Pj(j = 1,2,3) are the magnitudes of the point force in the xj directions.
For point forces located at xf = -c, x; = x§ = 0 the traction vector Ef

can be written as

L
£* = 6(x1 + c)g s 7)
where é(xf + c) represents the Dirac delta function. Substituting equations (3)

and (7) in equation (1) gives

P.K
PK _ + P K +olll E/T /c*.g*ds : (8)




Thus the stress intensity factor KN for any mode (N = I,II,III) can be

determined independently by making P, corresponding to that mode non-zero, and

3

all other Pj zero. The displacements 3* will be those, on the surface S ,
corresponding to Pj acting on the crack near the tip. Following Bueckner's
suggestion“ for two~dimensional fields, the components of Ef are called weight
functions, since the integral in equation (8) represents a weighted average of
the tractions over the surface S . Because Ef depends only on the displace-
ments on the surface of the cracked body, it follows that a boundary method of
analysis, such as the BEM, should be a more efficient procedure than a domain

method. The boundary integral equation to be solved is

ery@Duye + [T au s = [u @xe s,
S S

where uj, tj are general displacements and tractions (i,j = 1,2,3) respec-
tively on the boundary S , Uij(i’i') and Tij(l}zf) are the Kelvin's fundamen-
tal sclution in an infinite elastic (uncracked) body and cij is a known
constant.

In order to determine Ef it is necessary to solve the boundary integral
equation (9) for the cracked body subjected to state 2 loading; for which

equation (9) becomes

cij(y)ug(ywf’rij(i.y)u’;(yds(x) - /Uij(i.y)t;(_{)dS(i) ,  (10)
S S0
where the surface integral on the right-hand side of equation (10) is over a
small near-tip region S0 only, since t; are zero everywhere except on S0 .
Thus the computing time to evaluate the right-hand side integral is less since
the number of elements on § is much less than the total number of elements

0
on S .

3 STRAIGHT FRONTED CRACK: MODE I

Equations (8) and (9) are now applied to the determination of weight

8€0.8 dl

functions and opening mode stress intensity factors for a straight-fronted

planar crack. For this case P1 = P3 = 0 1in equation (8). The traction t;

now becomes the applied force P2 .« In order to avoid numerical difficulties
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due to the resulting singular field, this force is modelled by taking S0 to

be a cylindrical cavity of radius ro centred on the crack front with a displace-

ment field vj prescribed over its surface.

This avoids numerical difficulties due to the singular field resulting
2 and, 1if r,
the force P, near the crack tip. The displacement field is taken to be that

2
for a semi-infinite planar crack subjected to forces perpendicular to the crack

from P is small enough, adequately represents the presence of

surface and has been derived from the general solutions given by Kassir and
6
Sih . The displacement field on a cylindrical surface r = r, near the crack

line may be written, using the equation (3) in the Appendix, with

_ - 3/2) _ - - 2
uy = RI/(JZutO » Py = p/r0 » 2 }\(3/r0 and RI = gg Pz/?/n , as

! )
sin © sin(—)
v{ = -u, (1 - 2v)rg/2A - -——-—1:————3- (po + ﬁ_EEE_g) R
V2p3 °o
0
- 2/2(1 - v) sin(g) 2
I _ 2 sin” 8 4
v, = -u > + - 37 [Po ~ 5= (1 - cos 8) » 0 (1)
Po Zlibo sin(i) 0
L 3/2 2/5}0 sin 6 sin(%)
v3 = -uo a - 2v‘ro B - . .
Do J

*
Equation (10) is solved for ug on § and tj on S, for a body
subjected to the displacement conditions on the cylindrical cavity given by

equation (11). The opening mode stress intensity factor is given from
equation (8) by
1 I |

K. = t .U d . (12)
I 41 - v)(ur0)3f2 S/‘ =

where EI = u*/u0 is the normalised weight function for the body and Ef are

the applied tractions for which KI is to be determined.




4 SOLUTION STABILITY

It is necessary to choose an optimum value for the radius I, which must
be sufficiently small to represent adequately the concentrated forces near the
crack front but not so small that the cavity cannot be modelled without using an
excessive number of boundary elements on its surface. The stability of the

solution, as r varles, is studied using an edge cracked bar of rectangular

0
cross-section, thickness t , width b and total length 2h . The bar contains

an edge crack of uniform depth a across the thickness t .

The element distribution on the surface of the bar is shown in Fig 2, for
a = 0.5b, t = 1.5b, h = 1.5b . There are a total of 68 elements, 46 on the rec-
tanglar surfaces and 22 on the cylindrical cavity. The elements on the cavity
were clustered in the vicinity of the origin of the singular field in order to
model accurately the rapid variation of the field in that region. Because of
the symmetry of the bar about the crack-line, only half of the configuration

needs to be modelled.

Welight functions were determined from the solution of equation (10). The
stress intensity factor at the mid-point on the crack front was calculated from
equation (12) for a uniform stress applied over the ends of the bar as shown in
Fig 3. The variation of the normalised stress intensity factor KI/ of¥ma with
rO/t for 0.003 < rO/t < 0.01 1is shown in Fig 4.

Results for various values of t/a and h/a are compared with the known
plane strain value8 which they should approach for large t/a . It can be seen
that the present results differ from the plane strain value by less than 2% for
ro/t < 0.006, and for any given configuration the maximum variation is 12% over
the whole range of rO/t . For subsequent calculations a value of rO/t = 0.004

was chosen.

5 VARIATION OF THE STRESS INTENSITY FACTOR ALONG THE CRACK FRONT

In order to illustrate the versatility of the method developed in this
paper, it is applied to the determination of stress [ntensity factors at differ-
ent positions along the crack front for the edge cracked bar shown in Fig 3,
with the same dimensions as given in the previous section. This problem has
also been solved by Raju and Newman9 using the FEM and by Mendelson and Alam10
using the method of lines (MOL). The boundary element equation (10) is solved
for the weight functions with the coordinate origin of the singular field at
x3/t = 0.0, 0.15, 0.3, 0.4 and 0.45 . These weight functions are used in

equation (12) with Ef = o§2 where ¢ 18 the uniform tensile stress acting

BENLB d1
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on the ends of the bar. The resulting normalised stress intensity factor

KI/ g/mna 1is shown in Fig 5 as a function of position along the crack front.
These results are compared with those determined by Raju and Newmang: other
results10 show similar trends. Also shown in Fig 5 is the plane strain solution
for the case t =« . This is close to the three-dimensional solution near the
centre of the body but differs significantly in the region x3/t > 0.4 , where
the traction-free boundary conditions on the faces of the bar affect the stress

intensity factor.

The boundary element results were determined using 68 surface elements
compared with 432 solid elements in the finite element analysisg. Thus the BEM
coupled with a singular field, as developed herein, represents a substantial
saving in data preparation and computer storage. Furthermore since the method
produces weight functions, the stress intensity factors along the crack front
can be determined for any symmetrical loading on the body without re-solving the

boundary element equations.
6 CONCLUSIONS

A three-dimensional singular field has been derived and used to model
point forces acting at a crack tip in a boundary element analysis. The tip is
replaced by a cylindrical boundary over which the field acts; an optimum value

1s suggested for the radius of the cylinder.

This field combined with the boundary element method can be used to
determine weight functions on all surfaces of a body simultaneously, and hence

the stress intensity factors for arbitrary loadings can be calculated.

This combination is more efficient than the standard boundary element
procedure because it requires less boundary integrations: it also requires much
less data preparation and storage than domain methods. Even with relatively
coarse meshes, accurate values of the stress intensity factor were obtained for

a cracked bar.
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Appendix

DERIVATION OF SINGULAR FIELD

From Ref 6 the displacement field for a semi-infinite planar crack subjec-
ted to opening forces iPZ perpendicular to the crack are given (see Fig 1 for

Py = 0, j=1,3 and xg = X5, § = 1,2,3) by

X
1 : afl af!
V1 = (1 - 2v) Tx. dX2 + Xz %o ?
J 1 1
1 1 af!
v, = =2(1 = v) £+ Xy === (A-1)
2
X
1 i afT T
vy = (1 - 2v) F dx2 + Xy 37 s
Iy 3 3
where
P
1 _ 2 -1 | 2cr . (9
f = = 7 tan sin 7
2um p e

The constants p and v are the shear modulus and Poisson's ratio respec-
tively, (r,6) are the polar coordinates in the X1 Xy plane, p 1is defined
by

2 2 2 2

p = (x1 +c) + Xy + Xy
and the coordinate system xj » 3=1,2,3 has an origin on the crack line with
the xj directions parallel to the normal, the binormal and the tangent to the
crack front.

I Ry — /8
In the limit as ¢+ 0, f = =~ 3 /T sin(i) .
Y 2up
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where

and now

Writing

where

equations (A-1) becone

W

(S8 ]

i

szc_>

RI = 1im( 3
c*0O\ 7

2 2
p _x1+x +X3

R 1
—%}-;2(1 - v)gI + X, %é—g
V2 3
R 1
—-i—gu - 20)B + x gig
v2u 2 X3
Yr ~ x ( 4x )
- 1fe ., 1
203 r P
X, (—-_ 4(r - xl)
2p3/r - % r e
2x3/r - x1

R

——_—3(1 ‘2\))A+X28——§

v 2u

3gI
X

Appendix

(A-2)

8¢0/8 YL
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Appendix 13

The functions A and B are then given by

% ¥
e a) s [ o) )
A = - l. xl + x2 xl . o X x2 - x1 x2
2 (2 2 2 xz 2 2
X +x ) (x +x +x ) (
it 1 2 3 e x1 + x2 + x3
and
r2 2 \!4 :
(x + X ) - X dx
1 2 1 2
B = - 2x
3 2 2 2
(x + x,  + x )
g 1
2 2 2
Substitution of X +x, =t enables the integrals to be evaluated and

the final expression for the singular field becomes

3/2 8 W
R j r sin 6 sin
v{ = —._i_ (1 - 2v)A - (7) [% + 4r Cgs 9] ,
uv2 l /; pS
251 — L 8
J oo R; J 2/2(1 - v)r sin(f) + r3/? sing [g'_ 4r(l - cos 6)] (A-3)
2 V2 2 - 2 8 r P (
M o 272 p sin(z)
I Ry 2/§'x3r3/2 sin 6 sin(g)
vy = - ——:—ﬁ (1 - 2v)B ~ D ,
u/2 P
where
X
A = 1 — [% sin ¢0 + T cos ¢0] - 1 B
2x./YR X4
3
and
= 3/2
/2 X4T (1 - cos 9) cos(%) xq X
B = 72 - 572 (cos ¢0 + = sin ¢O>L
R p 4R 3




— T ———
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Appendix

r(l + cos 8) + R - 2/2Rr cos ¢ cos(g)

r(l + cos 8) + R + 2/2Rr cos 9% cos(%)

L = 1n

2/7Rr si (3)
r(l + cos 8) - R >

where ¢0

[
0
re
o
=]
'
—_
A
xl x
- W
N
=
1
x
N
:T]
»
N

8€0/(8 ¥l




TR 87038

No.

10

Author

R.C. Labbens
J. Heliot

A. Pellissier-Tannon

J. Heliot
R.C. Labbens

A. Pellissier-Tannon

D.J. Cartwright
D.P. Rooke

H.F. Bueckner

P.C. Paris
R.M. McMeeking
H. Tada

M.K. Kassir
G.C. Sih

G.C. Sih
H. Liebowitz

L.M. Keer

J.M. Freedman

I.S. Raju

J.C. Newman

A. Mendelson
J. Alam

15

REFERENCES
Title, etc

Weight functions for three-dimensional symmetrical

crack problems.
Cracks and Fracture, ASTM STP 601, pp 448-470 (1976)

Semi-elliptical cracks in a cylinder subjected

to stress gradients.
Fracture Mechanics, ASTM STP 677, pp 341-364 (1979)

An efficlent boundary element model for calcu-
lating Green's functions in fracture wmechanics.

Int. Journal of Fracture, 21, R45-R50 (1985)

Field singularities and related integral
representations.

In Methods of Analysis and Solutions of Crack
Problems, Mechanics of Fracture, pp 239-316,
Ed G.C. Sih, Noordhoff, Leyden (1973)

Cracks and Fracture, STP 601, pp 471-489.
American Society for Testing and Materials,
Philadelphia (1976)

Semi-infinite plane cracks in three-dimensional
crack problems.

Mechanics of Fracture 2, pp 134-176, Noordhoff,
Leyden (1975)

Mathematical theories of fracture.
In Fracture II, Ed H. Liebowitz, Academic Press,
New York (1968)

Tensile strip with edge cracks.
Int. Journal Engng. Sci., !l, 1265-1279 (1975)

Three-dimensional finite element analysis of
finite~-thickness fracture specimens.
NASA TND-88414 (1977)

The use of the method of lines in 3-D fracture
mechanics analyses with application to compact
tension specimens.

Int. Journal of Fracture, 22, pp 105-116 (1983)

o m




Fig 1

'

— M

TR 87038

Fig 1 Concentrated forces near the tip of a planar Crack




Fig 2

Fig2 Representative boundary element distribution
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Fig 3

Fig3
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Fig4
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Fig4  Effect of radius rg on the stress intensity factor at mid-thickness




Fig5
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Fig®  Variation of the stress intensity factor along the crack front







